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Abstract. Measurement of displacement time and length scale dependent dynamics by pulsed gradient
spin echo nuclear magnetic resonance in porous media directly provides the preasymptotic hydrodynamic
dispersion coefficient. This allows for comparison with nonequilibrium statistical mechanics models of
hydrodynamics dispersion in porous media. Preasymptotic dispersion data and models provide character-
ization of porous media structure length scales relevant to transport and are related to the permeability
and sample heterogeneity.

1 Introduction

Nuclear magnetic resonance (NMR) has been an impor-
tant experimental technique for the characterization of
porous media structure and transport processes for over
50 years. This is due to the combination of the nonin-
vasive nature of the technique and the range of chemi-
cal, physical and dynamic phenomena for which the NMR
signal can be encoded. Recently there have been several
excellent reviews on the many facets of NMR analysis
of porous media including a topical issue [1], with pa-
pers capturing a snapshot of current research applications
and detailed reviews on topics ranging from magnetic re-
laxation time structural characterization [2], to adsorp-
tion and advective transport quantitation [3]. A review
by Song et al. [4] and proceedings from the magnetic res-
onance in porous media conferences summarize the cur-
rent state of the art. Additionally, the fundamentals of
the theory and implementation of the NMR methods rel-
evant to measurements in porous media are covered in de-
tail in the new book of Callaghan [5]. Thus, in this article
rather than cover material already extensively reviewed,
we focus specifically on recent NMR measurement of the
displacement time and length scale dependent transport
dynamics of hydrodynamic dispersion in porous media
using the low order statistical moments of the displace-
ment probability distribution measured by pulsed gradi-
ent spin echo (PGSE) NMR. Use of the time-dependent
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hydrodynamic dispersion coefficient measured from the
mean squared displacement or second moment allows
direct comparison to statistical mechanics models of
transport.

Theoretical modeling of transport processes in porous
media [6] applies physics concepts from probability the-
ory [7,8] and statistical mechanics [9], including percola-
tion theory [10,11] and continuous time random walks [12].
Just as granular materials and colloids have become the
“statistical mechanics sandbox” for testing concepts of
many body and nonequilibrium statistical mechanics [13]
porous media provide a statistical mechanics jungle gym
where nonequilibrium statistical mechanics models of the
interplay of structure and transport can be explored. Mea-
surement of displacement length and time scale depen-
dent molecular dynamics of hydrodynamic dispersion by
NMR can be directly compared to these models. In this
overview, data from a number of papers are synthesized
to demonstrate a unifying approach based on nonequi-
librium statistical mechanics. As much as possible, the
nomenclature in the original papers is used, even if this
means redefinition of variables referred to earlier in the
paper with different nomenclature. This has been done in
keeping with our goal of unifying and interpreting sev-
eral recent papers on NMR of porous media transport
whose connection may not be apparent for the broader
applied physics porous media readership. The use of the
coarse-grained moments of the full displacement probabil-
ity distribution is demonstrated to provide direct inter-
pretation of hydrodynamic dispersion in terms of system
structure.
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2 Theory of nonequilibrium statistical
mechanics of hydrodynamic dispersion
in porous media

Hydrodynamic dispersion refers to the dispersion or
spreading of passive scalar tracers in fluid flows due to the
interaction of advective velocity fields and molecular dif-
fusion. Modeling of hydrodynamic dispersion is rooted in
statistical mechanics, and particularly Brownian motion
theory. This approach was initiated with the early work
of G.I. Taylor who in 1921 derived what would become
known as the Ornstein-Uhlenbeck process [14], for the dis-
persion of a scalar in a turbulent flow [15], and which we
refer to in this paper as the Ornstein-Uhlenbeck-Taylor
(OUT) process. The diffusive sampling of a spatial distri-
bution of velocity in laminar capillary flow, hydrodynamic
dispersion, was elucidated by G.I. Taylor in 1953 [16]. The
connections between hydrodynamic, or Taylor dispersion
and stochastic process theory are well established [17,18].
Application of the theory of Brownian motion of
Einstein, Langevin and Smoluchowski to define dispersiv-
ity in porous media was undertaken in 1954 by
Scheidegger [7]. A firm fluid mechanical basis connecting
capillary and random media approaches was subsequently
developed by Saffman [8,19]. The result of these devel-
opments is modeling of scalar passive tracer transport
during flow through a porous medium by the advection
diffusion equation (ADE), i.e., Smoluchowski or Fokker-
Planck equation, or a corresponding stochastic differen-
tial equation of the Langevin type [20]. Modification of
these types of models using continuous time random walks
(CTRWS) and fractional advection diffusion equations to
incorporate non-Gaussian statistics and anomalous diffu-
sion is an area of intense current research [6,12]. These
models incorporate nonlocal effects due to long ranged
space and time correlations in dynamics [21]. Long dis-
placement relative to pore scale, or asymptotic in time
dispersion in consolidated granular porous media, is char-
acterized by the scaling of hydrodynamic dispersion coef-
ficient D⊥or‖(t → ∞) ∝ Peα with Peclet number Pe =
l〈v||〉/Dm, the ratio of the rate of advection to the rate
of diffusion, in which l is a characteristic system length
scale, 〈v||〉 is the average axial bulk flow direction velocity
and Dm is the molecular diffusion [22]. The scaling with
Pe of the longitudinal, or axial in direction of mean flow,
hydrodynamic dispersion D|| at low Reynolds numbers,
Re = l〈v||〉/ν with fluid kinematic viscosity ν depends on
the physical mechanisms generating the dispersion. Phys-
ical mechanisms include Taylor dispersion due to diffusion
across streamlines which scales as α = 2, pure mechani-
cal mixing of streamlines α = 1 and hold up dispersion
scaling as Pe lnPe which is near α = 1.2 [22,23]. For
many consolidated granular packs a scaling α ∼ 1.4 at
intermediate Pe is observed which is an indication of a
combination of physical mechanisms of dispersion [22,23].
The origin of the scaling behavior of longitudinal disper-
sion with Pe has recently been discussed in the context
of CTRWs generated by a power law distribution of dis-
placement lengths [24]. In contrast to the longitudinal dis-

persion the transverse hydrodynamic dispersion D⊥, per-
pendicular to the direction of flow in which there is no
mean velocity, scales linearly α = 1, with Pe in the ma-
jority of data and simulations in the literature [25]. The
identification of the appropriate characteristic transport
length scale l in a porous media is often difficult due to
complicated and hierarchical pore structures.

Preasymptotic hydrodynamic dispersion in porous
media is modeled by nonequilibrium statistical mechan-
ics using a projection operator method, as formulated by
Cushman et al. [9,26]. The model results in a memory
function equation governing the Lagrangian velocity fluc-
tuation u(t) = v − 〈v〉 autocorrelation function Ψ(t) =
〈u(t)u(0)〉:

dΨ(t)
dt

=

t∫

−∞
K(t′)Ψ(t− t′)dt′. (1)

Equation (1) provides a general approach in which the
form of the memory function K(t) models the system
dynamics. The relation between the hydrodynamic
dispersion coefficient D(t) and the velocity fluctuation
autocorrelation function (VACF) is given by the Green-
Kubo-Taylor [14,27] relation:

D(t) =

t∫

−∞
ψ(t′)dt′, (2)

where the velocity fluctuation u||,⊥(t) is in the longitu-
dinal or transverse direction for the respective dispersion
coefficient. The classical Ornstein-Uhlenbeck process for
Brownian motion with exponential VACF Ψ(t) = 〈u2〉
exp(−t/τc) is obtained for a Markovian process with a
Dirac delta function memory function K(t) = δ(t)/τc,
where τc is the correlation time of the process [26]. This
results in a time dependent diffusion, or dispersion coeffi-
cient given in the context of the Einstein relation between
mean squared displacement and time 〈(Z(t) − 〈Z〉)2〉 =
2D(t)t as

D(t) =
〈
u2

〉
τc

[
1 − τc

t
(1 − exp(−t/τc))

]
. (3)

In the long time asymptotic limit relative to the correla-
tion time t � τc the dispersion coefficient is time indepen-
dent and given by the intensity of the velocity fluctuation
〈u2〉 and the correlation time D = 〈u2〉τc, resulting in the
normal diffusion process linear time scaling of the mean
squared displacement [14,26].

A general approach to the time dependence of Ψ(t) is
an infinite continued fraction solution to equation (1) in
Laplace space [26]. This results in the exponential VACF
and delta function memory function when truncated to
first-order and to second-order results in an exponential
memory function K(t) = ω2

v exp(−t/τo). A physical in-
terpretation of the exponential memory function is the
position evolution of a Brownian harmonic oscillator [20]
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or cage diffusion within a fluctuating cage of surround-
ing fluid particles in dense fluids [28]. In these contexts
ω2

v represents the force autocorrelation function, given by
the second moment of the VACF, and τo the correlation
time related to the long time asymptotic relaxation to
equilibrium diffusion [26]. Hence for the simple harmonic
oscillator, a mass on a spring, ω2

v, is the spring constant
over the mass and in the dense fluid model it is given by
∇2U(x), where U(x) is the intermolecular energy poten-
tial. The exponential memory function applied in equa-
tion (1) results in a velocity autocorrelation function of
the form:

Ψ(t) =
〈
u2

〉
exp (−t/2τo)

[
cos(ωt) +

1
2τot

sin (ωt)
]
, (4)

where ω =
√

(ω2
v − 1/4τ2

o ) [26]. Equation (4) has a nega-
tive lobe at a time corresponding to the period of oscilla-
tion, due to correlated dynamics induced by the restricting
potential.

The minimum of the negative lobe in the VACF cor-
responds to a maximum in the time dependent diffusion
coefficient. In the Brownian harmonic oscillator the mini-
mum in the VACF occurs around the period of the oscil-
lator 1/ω =

√
(m/k) while in the fluctuating cage dense

fluid model it occurs on the order of the time for a tracer
molecule to transit the cage of surrounding fluid mole-
cules, which is determined by the constraining length of
the intermolecular potential and the fluid diffusi-
vity [26,28]. In flow in porous media ω2

v is related to the
pore structure constraining effect and curvature of the
pore scale fluid particle pathlines, coincident with stream-
lines for short displacements in which negligible hydrody-
namic dispersion occurs and stationary Eulerian flow [29],
determined by the pore scale velocity field. In a simple toy
model of the flow a sinusoidal velocity at the pore scale is
superimposed on dispersive flow over many pore lengths,
as proposed by Callaghan and Codd [30]. The sinusoidal
flow is induced by the pore structure. As an example
consider an array of ordered cylinders, or a crystalline
sphere pack in 2D, of diameter d which generates a si-
nusoidal flow with longitudinal flow along the x-direction,
the transverse component can be approximated with the
form vy = vo cos(y/L), where L is the period of the flow
and vo is a characteristic velocity. Then the time scale
when the velocity is correlated with itself is τv ∼ (L/vo),
where the period of the flow is L = 2d. The velocity is anti-
correlated with itself at time corresponding to the nega-
tive lobe of the velocity autocorrelation function at time
τv ∼ (d/vo) and the minimum in the velocity autocorre-
lation provides the length scale d of the structure which
induced the oscillatory flow [31]. Thus, the exponential
memory function K(t) = ω2

v exp(−t/τo) provides a sim-
ple coarse-grained model for the preasymptotic transverse
hydrodynamic dispersion which directly connects a maxi-
mum in D⊥(t) to a pore scale structure induced transport
length scale [32].

Fig. 1. The PGSE NMR pulse sequence indicating the time
sequence for radio frequency (rf) and magnetic field gradient
pulses to encode for displacement over experimental time Δ.
The 90◦ rf pulse excites the first magnetization which is then
encoded for position of the NMR active nuclei by the mag-
netic field gradient pulse of amplitude g and duration δ during
the phase evolution period before the 180◦ rf pulse. After the
180◦ rf pulse, the sense of phase evolution of the magnetiza-
tion is reversed and the second gradient pulse unwraps the
phase encoded by the first gradient. This encodes the NMR
voltage signal for displacement as mathematically described in
the text.

3 Experimental pulsed gradient spin
echo NMR

The measurement of diffusion using pulsed magnetic field
gradients provides a means to measure displacement
dynamics of NMR active nuclei over experimentally
controlled displacement wavelength and observation time
scales. The simplest form of the experiment is shown in
the pulse sequence of Figure 1 which shows the time se-
quence of the application of radio frequency (rf) pulses and
pulsed magnetic gradients applied to measure displace-
ment dynamics [5]. More complex combinations of rf and
gradient pulses can be used to encode multidimensional
displacement correlations [33] and dynamics including the
full nonlocal dispersion correlations [5,34]. In porous me-
dia with significant magnetic susceptibility between the
solid and fluid phase, such as some geologic media, more
advanced pulse sequences using combinations of rf and
gradient pulses to refocus susceptibility-induced dephas-
ing of the NMR signal are required [35]. The measured
voltage signal in the PGSE NMR experiment normalized
to eliminate the effects of magnetic relaxation is

E(q,Δ) =
S(q,Δ)

S(q = 0,Δ)
=

∫
P (Z,Δ) exp [i2πqZ] dZ

= 〈exp [i2πqZ]〉 . (5)

The signal depends on the pulsed gradient amplitude g
applied in the z-direction and duration δ through the
reciprocal Fourier variable q = (2π)−1γgδ to displace-
ment Z(Δ) = z(Δ) – z(0) over displacement time Δ
determined by the time separation of the magnetic field
gradient pair [5]. Here, γ is the gyromagnetic ratio. The
spin echo signal E(q, Δ) is the Fourier transform
of the average propagator of the motion P (Z,Δ) =∫
ρ (z′)P (Z,Δ|z′, 0) dz′ which gives the probability for a

displacement Z in time Δ and is the average over the
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initial distribution of the nuclei ρ(z′) of the conditional
probability for the nuclei to be at z at time Δ, given
it was at z′ initially [5]. The applied gradient direction
can be changed to encode longitudinal or transverse dis-
placements. The full propagator is a powerful means for
characterizing preasymptotic dispersion in porous
media [23,33,36,37]. Structural features in ordered porous
media manifest themselves as coherence, or diffraction-
like features at l ∼ q−1, in the reciprocal q-space and a
corresponding displacement length scale features in the
propagator [5,38,39]. The amount of detailed informa-
tion in the propagator even in model sphere bead packs
often necessitates comparison with numerical simulation
to extract meaningful physical insight into the preasymp-
totic transport process [37,40]. In the case of full propa-
gator longitudinal and transverse displacement correlation
measurements which exhibit highly complicated structure,
Stapf et al. quote a statistical viewpoint that “. . . the math-
ematical representation of the relationship, once demon-
strated, is an art in itself” [5,33,41]. The same is true for
interpretation of the full propagator itself in terms of pore
structure, connectivity or permeability and other proper-
ties and testing of analytical models.

The low order coarse-grained moments of the propa-
gator can provide characterization of the hydrodynamic
dispersion transport dynamics [5,38,42]. The relationship
in equation (6) indicates that the measured PGSE NMR
signal is the characteristic function of the probability dis-
tribution of the displacement dynamics [14]. The time de-
pendent dispersion dynamics can be obtained by focusing
on the low-q regime and applying the cumulant expan-
sion theorem to analyze the measured signal [5,43]. The
cumulant expansion leads to

E (q,Δ) = 〈exp [i2πqZ]〉 = exp [i2πq 〈Z〉]
× exp

[−4π2q2 〈Z (Δ)Z (0)〉c + · · ·] . (6)

This expansion exhibits oscillations due to the mean ve-
locity and odd cumulants of higher order such as the third-
order skew. Whereas the signal attenuates due to the
second-order cumulant 〈Z(t)Z(0)〉c = 〈(Z(t) − 〈Z〉)2〉 or
mean squared displacement and higher-order even
cumulants [5,42,43]. A linear fit to the attenuation of
ln[E(q,Δ)] in the low-q limit as a function of q2 pro-
vides the displacement time dependent dispersion coef-
ficient D(Δ) = 〈(Z(Δ) − 〈Z〉)2〉/2Δ [5]. The utility of
this approach to characterize structure and transport in
porous media is demonstrated in the representative work
discussed below.

4 NMR measurement of displacement scale
dependent hydrodynamic dispersion

4.1 Longitudinal dispersion and packed bed scale
heterogeneity

The displacement time dependent longitudinal dispersion
in the direction of flow measured in model packed beds of

(a) (b)

Fig. 2. Longitudinal dispersion D|| = DL normalized by mole-
cular diffusion Dm as a function of displacement time Δ in
seconds. (a) A comparison of NMR data from Seymour and
Callaghan [23] with simulations using porosity ε = 0.44, sphere
diameter d = 91 μm, Dm = 2.13 × 10−9 m2/s. (b) A compari-
son of NMR data from Stapf et al. [33] with simulations using
ε = 0.44, d = 600 μm, Dm = 2.1×10−9 m2/s. Values of Pe are
noted on the plots. Values of τ denote the elapsed dimension-
less time of experiment and simulation. The data demonstrate
the linear short-time scaling which asymptotes to a constant
value of the classic Brownian motion and Ornstein-Uhlenbeck
process. From reference [45].

spheres by NMR shows the classic OUT process behavior
as demonstrated in Figure 2 [23,33,44,45]. The NMR data
points measured by PGSE NMR are those of Seymour and
Callaghan [23] for polystyrene monodisperse d = 91μm
spheres at porosity ε = 0.4450 < Pe < 700 in Figure 2a
and Stapf et al. [33] for glass spheres of d = 600μm at
ε ∼ 0.45 and 70 < Pe < 800 in Figure 2b. The data of
Seymour and Callaghan show a scaling of longitudinal dis-
persion with D⊥ ∝ Pe1.4 [23]. The solid lines in Figure 2
are generated by lattice Boltzmann (LB) simulations [45].
Data and simulation exhibit the linear increase with time
of the longitudinal dispersion coefficient D|| = 〈u2

‖〉Δ in
the ballistic regime 〈(Z(Δ) − 〈Z〉)2〉 = 〈u2

‖〉Δ2, at dis-
placement times below the correlation time Δ < τc, and
an asymptotic approach to a constant value D|| = 〈u2

||〉τc
at times long relative to the correlation time Δ � τc.
The preasymptotic longitudinal dispersion through the
OUT process of equation (3) provides a measure of the
Lagrangian velocity fluctuation intensity 〈u2

||〉 and the cor-
relation time of the displacement dynamics τc.

Preasymptotic longitudinal dispersion allows analysis
of the impact of the packing heterogeneity on the hydrody-
namic dispersion behavior [46,47]. Packing heterogeneity
at the macroscale induced, for instance, by wall regions is
important for granular packed beds in conduits, commonly
found in technological applications such as chromatogra-
phy and packed bed reactors [47,48]. The PGSE NMR
approach is based on measurement of the intrinsic dis-
persivity ld = D||/〈v||〉 due to the longitudinal dispersion
induced by an exact random packing structure of identi-
cal spheres with no macroscale heterogeneity [46]. Hetero-
geneity in the actual packing is assumed to induce a sta-
tionary distribution of velocity variation Pv(β), where β =
δv||/〈v||〉 is the amplitude of the variation in
velocity δv|| within each pore from, and relative to, the
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mean 〈v||〉. This fluctuation in velocity is due not to the
“intrinsic” hydrodynamic dispersion as given by u|| above,
but rather due to the macroscale heterogeneity of the
system due to packing variations. In this way the mean
squared displacement σ2/2ζo = 〈(Z(t) − 〈Z〉)2〉/2ζo =
ld + 〈β2 > ζo/2 normalized by the mean longitudinal dis-
placement ζo = 〈ζ||〉 = 〈v||〉Δ is decomposed into an in-
trinsic dispersivity ld and a dispersion contribution from
the sample packing heterogeneity which induces a spread-
ing due to the macroscale velocity variance [46].

The experimental separation of the two effects is
demonstrated using NMR in Figure 3 [46]. The skew of
the displacement dynamics distribution, that is the third
order cumulant γ3, is measured from the imaginary phase
oscillated part of the measured PGSE NMR signal [42].
Figure 3a plots the measured skew normalized by the cube
of the root mean squared displacement γ3/σ3 as a func-
tion of the mean longitudinal displacement normalized by
the sphere diameter ζo/d [46]. The data are for three sepa-
rate packed beds of spheres in 37.5 mm diameter columns.
Packed beds P1 and P3 are composed of d = 100μm
beads with porosity ε = 0.352 and 0.374, respectively,
and P4 is composed of d = 500μm beads with porosity
ε = 0.341 and flow rates corresponding to the Pe numbers
shown. The authors identify three flow regimes. A velocity
distribution smeared by diffusion regime (I) at displace-
ments less than a bead diameter, a transition regime, (II)
from displacements just below a bead diameter to near
10 bead diameters and a quasi-asymptotic regime, and
(III) beyond 10 bead diameters [46]. The overlap of the
skew for P3 and P4 is attributed to mechanical disper-
sion at the higher Pe of these data, which is absent at
the lower Pe of packed bed P1 [46]. Using the skew of the
displacement probability distribution to identify the dif-
ferent flow regimes allows the mean squared displacement
data plotted versus the sphere diameter normalized mean
displacement Figure 3b to be used to determine the intrin-
sic dispersivity ld from the intercept of a line fit through
the quasi-asymptotic regime (III) data. The results indi-
cate that the correct scaling for the system length scale is
the hydrodynamic length λ = l = dε/(1 − ε) and excel-
lent agreement is shown with the random capillary net-
work model of Saffman [19,46]. This work uses the skew
to identify the approach to asymptotic behavior for which
Δ � τc. The OUT process behavior analogous to Figure 2
is evident in Figure 3b with the mean squared displace-
ment scaling with time squared ζ2

o = 〈ζ||〉2 = 〈v||〉Δ2 in
the ballistic regime at times Δ < τc or ζo/d < 10 and lin-
early with time ζo = 〈ζ||〉 = 〈v||〉Δ at long times Δ � τc
or ζo/d > 10.

4.2 Transverse dispersion and porous media structure

The transverse dispersion in the direction perpendicular
to the bulk flow shows a more complex behavior with a
maximum at a certain time and decay to an asymptotic
constant [30,45]. Callaghan and Codd used a frequency-
modulated PGSE method which measures the pulsed gra-
dient frequency dependent dispersion coefficient D⊥(ω) =

(a)

(b)

Fig. 3. (a) Skewness factor γ3/σ3, given by the variance, or
mean squared displacement σ2 and skew γ3 of the displacement
distribution, as a function of mean displacement normalized by
bead diameter ζo/d = 〈ζ||〉/d. Three regimes of flow are indi-
cated by the preasymptotic decrease of the skewness factor
with displacement length: (I) velocity distribution smeared by
diffusion; (II) transition regime; (III) quasi-asymptotic regime.
(b) Linear behavior of the normalized mean squared displace-
ment σ2/2ζod as a function of the normalized mean displace-
ment ζo/d. The solid symbols in the quasi-asymptotic mean
displacement regime (III) fitted to σ2/2ζo = ld + 〈β2〉ζo/2
provide the intrinsic dispersivity ld as the intercept of the
line. Reprinted figure with permission from U.M. Scheven, R.
Harris, M.L. Johns, Phys. Rev. Lett. 99 (5) (2007). Copyright
2007 by the American Physical Society.

∫
ψ(t′) exp(iωt′)dt′, the frequency spectrum of the

VACF [49]. The method applies a train of small ampli-
tude g gradient pulses with periodicity T = 1/ω encod-
ing the NMR signal for displacements as a function of T
corresponding to Δ in the simple PGSE experiment in-
troduced above [30,49]. The displacement frequency de-
pendent transverse dispersion measured for packed beds
in 2 mm circular columns of monodisperse spheres of d =
136, 90 and 50 μm and porosity ε ∼ 0.4 are shown in
Figure 4 [30]. The flow regime studied was for Peclet num-
ber range of 10 < Pe < 300 and linear scaling the D⊥ ∝
Pe of the transverse dispersion with Pe was observed at
low frequency corresponding to long displacement time
[ref]. The NMR measured transverse dispersion coefficient
exhibits a maximum at intermediate frequency and begins
to asymptote to a constant at longer times, i.e., lower ω.
The solid lines show an excellent agreement of the NMR
data with the simulations of Maier et al. [45]. The sim-
ulations exhibit negative lobes in the VACF correspond-
ing to the exhibited maxima in the D⊥(ω) curves [30,45]
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(a)

(b)

(c)

Fig. 4. Effective transverse dispersion coefficients measured
by a frequency modulated PGSE NMR method, D(ω) symbols
measured as a function of magnetic field gradient application
frequency. Results are for a range of volumetric flow rates as
shown for (a) 136 μm, (b) 90 μm and (c) 50 μm bead packs.
The theoretical fits given by the solid lines are obtained by
Fourier transforming the velocity autocorrelation functions of
Maier et al. [45]. From Callaghan and Codd [30].

consistent with the analytic exponential memory function
model for the VACF. Callaghan and Codd interpreted the
data in terms of a simple toy model in which an oscil-
latory flow due to motion around individual spheres is
superimposed on the dispersive mixing flow over multiple
pore lengths [30]. The correlation time was taken to be
the time τv = d/〈v||〉 to transit a particle diameter d due
to the mean velocity 〈v||〉 which gives the frequency of the
oscillatory flow as 2/τv. This simple model is analogous to
the oscillatory Brownian harmonic oscillator or exponen-
tial memory function model for the VACF, as discussed
in Section 2.

The correlation between structure and preasymptotic
transverse dispersion dynamics evidenced by the model
sphere packs of Callaghan and Codd [30] is not limited to
granular packing porous media. PGSE NMR measurement
of transverse dispersion in an open cell polymer foam for
which porosity is much larger ε > 0.9 exhibits the same be-
havior as is demonstrated in the data of Figure 5 [32]. The
transverse dispersion coefficient obtained at varying dis-
placement observation times Δ, normalized by the mole-
cular diffusion of water at four flow rates corresponding
to 300 < Pe < 2500 in a single sample of polyurethane
110 ppi (pores per inch, an industry standard) open cell
random polymer foam sample of volume fraction ε = 0.97
is plotted as a function of the average longitudinal dis-
placement length 〈ζ||〉 = 〈v||〉Δ in Figure 5a. The scaling
of the transverse dispersion D⊥ ∝ Pe is again linear in
Peclet number despite the significant structural and poros-
ity difference with granular packed beds [50]. The solid
lines are the second-order exponential memory function
model with parameters ranging from ω2

v = 31807 s−2 and
τo = 0.0117 s at the highest flow rate of 〈v||〉 = 15 mm/s
to ω2

v = 2309 s−2 and τo = 0.0362 s at the lowest flow
rate of 〈v||〉 = 3.7 mm/s [50] and the agreement is ex-
cellent. In Figure 5b the molecular diffusion normalized
transverse dispersion coefficient for two foam samples, the
one mentioned above and the same material with 80 ppi
and ε = 0.93, measured by NMR and an LB simulation
of a larger 50 ppi digitized open cell foam [51] are shown.
Each exhibits a maximum in D⊥ at a different dispersion
length.

Figure 6a shows the transverse dispersion coefficients
in Figure 5b normalized by its own maxima as a function
of the displacement length scale normalized by a charac-
teristic length scale for each system. The characteristic
length scale is determined from the maximum of the D⊥
curve such that l ≡ 〈ζ||〉|(dD⊥/d〈ζ||〉)=0 [32]. The NMR
data for the two different foam samples, the numerical
foam, a digital bead pack of spheres of porosity ε = 0.44
with dispersion simulated by the LB method and the expo-
nential memory function model, all collapse on to a com-
mon curve indicating a universal preasymptotic transverse
dispersion behavior related to a characteristic transport
length scale [32,52]. This provides a means to characterize
complex porous media such as foams, where a typical grain
size or sphere diameter is not obvious due to varying strut
lengths and diameters resulting in cell polygonal shape
and size differences, by a single transport length scale
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(a) (b)

Fig. 5. (Color online) (a) Transverse dispersion coefficient D⊥ measured by PGSE NMR (open circles) normalized by molecular
diffusion Dm for flow of water through a 110 ppi open cell polymer foam at four different average velocities plotted as a
function of mean displacement 〈ζ||〉 = 〈v〉Δ. The NMR data show agreement with fits to the exponential memory function
model (blue/solid lines) indicating the correlated dynamics at a displacement where the maxima in D⊥ occur. (b) Transverse
dispersion coefficient D⊥ for LB simulation (red line) of a digital foam structure, NMR data for a 110 ppi foam sample 1 (open
circles) at 〈v||〉 = 12.1 mm/s and 80 ppi foam sample 2 (open squares) at 〈v||〉 = 8.3 mm/s indicating the change in the maxima
location with foam structure.

(a) (b)

Fig. 6. (Color online) (a) Transverse dispersion coefficient normalized by its maximum amplitude as a function of the mean
longitudinal displacement length scaled by the transport length scale 〈ζ||〉/l for LB simulation (red line) of a digital foam
structure, NMR data for a 110 ppi foam sample 1 (open circles) at 〈v||〉 = 12.1 mm/s, an 80 ppi sample 2 (open squares)
at 〈v||〉 = 8.3 mm/s, the scaled exponential memory function model (blue line) and LB simulation for a consolidated random
sphere packing (black line). (b) The velocity autocorrelation for the average of all the NMR experiments shown in Figure 4a
on the 110 ppi foam sample 1 and the nonequilibrium statistical mechanics exponential memory function model (blue line) and
L-B simulation (red line). Reprinted figure with permission from T.R. Brosten, S.L. Codd, R.S. Maier, J.D. Seymour, Phys.
Rev. Lett. 103, 218001 (2009). Copyright 2009 by the American Physical Society.

related to the hydrodynamic dispersion dynamics [32].
The length scale determined for the packed bed of spheres
used in the LB simulation is given by l = dε/(1−ε) as ex-
pected from classic models of transport in packed beds of
spheres. It is clear from Figure 6b that the maxima in the
time dependent transverse dispersion coefficient are due to
correlation of the velocity over the characteristic transport
length, as indicated by the negative lobe of the transverse
VACF. Further advances can be made by development of a
rigorous direct connection between the pore scale Eulerian
velocity field which has streamlines which oscillate around
the solid pore structure and the force correlation ω2

v of the
exponential memory function. This has the potential to al-
low computational fluid dynamics design of porous media
structures to generate controlled transport dynamics and
mixing.

4.3 Permeability and preasymptotic dispersion

The permeability k of porous media has been a primary
means of characterization since the work of Darcy demon-
strated the relationship between the mean flow velocity
of a liquid of viscosity μ and the pressure drop 〈v||〉 =
(k/με)∇p. The connection between permeability and
preasymptotic dispersion has recently been demonstrated
by Brosten et al. for dispersion arising from low Re flow
in macroscopically homogeneous porous media, using LB
simulation and PGSE NMR measurement [53]. The model
experimental system was a packed bed of d = 240μm
monodisperse polystyrene spheres of porosity ε = 0.44
in a 10 mm cylindrical column [53]. A key component
of this work is the general short-time expansion of the
dispersion coefficient in terms of a Taylor series expan-
sion of the velocity field. The result is analogous to the
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Fig. 7. The difference in time dependent dispersion and diffu-
sion coefficients measured by PGSE NMR (open circles) com-
pared with the linear (dashed line) and quadratic (solid line)
short-time predictions for Pe = 50.1 in a consolidated ran-
dom sphere pack. Parameters of the experiment were 〈v〉 =
5.7 × 10−4 m/s, porosity ε = 0.42, molecular diffusion κ =
Dm = 2 × 10−9 m2/s and permeability k = 7.4 × 10−11 m2

estimated from the Carman-Kozeny relation. The impact of
the quadratic in time t2 term which depends on the molecular
diffusion and permeability is to reduce the dispersion relative
to the linear behavior. Reprinted figure with permission from
T.R. Brosten, S.J. Vogt, J.D. Seymour, S.L. Codd, R.S. Maier,
Phys. Rev. E 85, 045301(R) (2012). Copyright 2012 by the
American Physical Society.

established approach for preasymptotic Taylor dispersion
in a capillary [17,54] and dispersion in turbulent flow [55].
PGSE NMR has been demonstrated to characterize the
time dependent Taylor dispersion in capillary flow in ex-
cellent agreement with the theory [38,54,56]. The reader
is directed to Brosten et al. and Saffman for details of
the treatment [53,55]. In summary, the expansion in time
based on that of Saffman results in a short-time quadratic
t2 scaling of dispersion coefficient with 〈∇2v〉2, i.e.,D(t) ∝
〈∇2v〉2t2 [55]. In low Re Stokes flow μ∇2v = ∇p resulting
in the scaling 〈∇2v〉2 ∝ 〈v||〉2/k from Darcy’s law [53].
The result of the approach applied to low Re macroscopi-
cally homogeneous porous media is the trace of the short-
time preasymptotic dispersion coefficient which is given
by D(t) = Do(t)+ 〈u2〉t/6−〈v||〉2εκt2/18k+ . . . [53]. Here
Do(t) is the time dependent effective restricted diffusion
due to the molecular diffusion κ = Dm sampling of the
pore space [57]. Figure 7 shows the difference between the
time dependent dispersion and diffusion coefficients nor-
malized by the molecular diffusion [D(t) − Do(t)]/κ as
measured by PGSE NMR for Pe = 50 compared to the
linear and quadratic time fits of the preasymptotic dis-
persion coefficient [53]. The behavior of the dispersion as
plotted in Figure 7 shows elegant dependence on Pe with

the contribution of the permeability term varying with
Pe as shown in Brosten et al. [53]. The data demonstrate
the short-time decrease in dispersion dynamics due to the
negative sign on the quadratic term which is dependent
on the molecular diffusion and the permeability. This de-
crease in short-time dispersion due to the interaction of
molecular diffusion and the permeability of the porous
media is analogous to the impact of molecular diffusion
on hydrodynamic dispersion in turbulent flow [55]. The
linear behavior shown by the dashed line corresponds to
the simple ballistic motion of the OUT process as at short
times. The PGSE NMR data is in exact agreement with
the reduced dispersion coefficient predicted by the nega-
tive sign of the t2 quadratic in time term dependent on
the permeability.

5 Conclusions

In this paper the measurement of preasymptotic hydro-
dynamic dispersion using displacement time dependent
PGSE NMR techniques has been overviewed. The dis-
placement scale dependent hydrodynamic dispersion
dynamics obtained from the low-order moments of the
displacement probability distribution, or propagator, pro-
vide a means to characterize the transport length scale
in porous media and permeability. Analysis of the second
moment of the displacement dynamics in the long dis-
placement, low-q, regime allows isolation of the time de-
pendence of the dispersion from the displacement length,
or wavelength q, dependence simplifying interpretation.
The ability to characterize a transport-based structural
length scale from the preasymptotic transverse dispersion
behavior is demonstrated in consolidated granular sphere
packings and solid open cell foam porous media, systems
with drastically differing porosity, permeability and topo-
logical complexity. Further application of the methods dis-
cussed in this overview, to more geometrically and topo-
logically complex natural porous media exhibiting fractal
and multiscale heterogeneity, is an open research topic.
The connection between porous media models based on
Brownian motion theory, random capillary networks and
generalized Langevin memory function equations of
nonequilibrium statistical mechanics and the PGSE NMR
data provides an experimental basis for testing the ap-
plicability of these theories. The PGSE NMR data open
up new avenues for development of nonequilibrium sta-
tistical mechanics memory function models which incor-
porate specific details of pore structure. This has poten-
tial to enhance the design of porous media to control
transport processes in a range of applications through fur-
ther understanding of models which relate structure and
transport.
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