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ABSTRACT 

 Nanoparticles with various diameters, i.e.              , were studied 

with respect to their transport and deposition properties in the human airways. A finite 

element code, written in C++, was developed that solved both the Navier-Stokes and 

Advection-Diffusion equation monolithically. When modeling nanoparticles, the regular 

finite element method becomes unstable, and, in order resolve this issue, various 

stabilization methods were consider including Streamline Upwind, Streamline Upwind 

Petrov-Galerkin and Galerkin Least Square. In order to validate the various types of 

stabilization, the stabilized finite element solution was compared to the analytical Graetz 

solution. The comparison was done by calculation an approximation of the         , 

and the best stabilization method was found to be Galerkin Least Square. Also in this 

thesis, we found that the Crank-Nicolson time stepping scheme is not the best option for 

the human airways simulations problem, and this is due to both the complex nature of the 

geometry and the Crank-Nicolson method lacks the ability to damp out error when the 

problem is advection dominated. However, using Crank-Nicolson in straight tube 

geometry with various stabilization methods provides better accuracy than other second-

order time stepping schemes, such as BDF-2. The type of stabilization method used when 

        does matter since Streamline Upwind Petrov-Galerkin introduces higher 

deposition fraction compared to Galerkin Least Square. This statement is not true 

when        , since mesh refinement is important at this range. In the human airways 

simulation, we found that for        the concentration distribution is uniform 

compared to         , where localized concentration exists. This implies a potential 

health risk when inhaling nanoparticles because nanoparticles have a very high surface 

area and the potential for exposure is much greater. The stabilization methods tested in 

this thesis show promise for modeling nanoparticle transport in the human airways. 
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CHAPTER 1 

BACKGROUND 

Application of nanoparticles in the medical field is an important area of study, 

especially in targeted drug delivery for the human airways. This application shares the 

same governing equations with other applications in other fields because the nanoparticle 

transport and deposition are determined by particle characteristics, flow pattern and the 

geometry [1-7]. There have been many studies performed on micro-particle transport in 

the human airways, but very few studies have been done on nanoparticles in human 

airways. This is due in part to the failure of methods such as the Finite Element Method 

(FEM) to capture the actual physics of the problem in a numerically stable manner.  

 

Lung Anatomy 

 The lung’s primary job is to exchange oxygen and carbon dioxide between blood 

and the respiratory gas [1-7]. Modeling the human airway poses several challenges 

because the exact geometry is not known due to the massive number of branching 

generations [1-7]. In this thesis we use a very simple model geometry of the human 

airway, which is Weibel’s model [1-7]. Even though other studies have shown that the 

Weibel model is not accurate [3], it is still very popular among many researchers [7-12].  

This will be discussed in much detail in later chapters. 

The human airways are composed of two very important regions: the conducting 

region and respiratory region. The conducting region is built by several sub-sections 
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which start from the nasal cavity, pharynx, larynx, trachea, bronchi, and bronchioles. The 

branches in the human airways divide in a very specific way; the main branch divides 

into two sub-branches that are smaller in diameter and shorter in length [1-7]. One feature 

of the human airways, which makes them very efficient, is that at the end of every branch 

point, the branches are doubled and this causes an exponential increase in the interface 

area. The conducting region, which is shown in figure 2, is from branches 1 to 16; this 

range is only from the trachea onwards.  

The gas exchange happens in the respiratory region, which is also shown in figure 

2; the branches/generation are from 17 to 23. The number of branches may vary from 6 to 

30 before the respiratory region of the bronchioles, alveolar ducts, and alveolar sacs are 

reached. The alveolar epithelial in the respiratory zone is where the gas-blood barrier 

exists and the gas exchange happens. The surface area of the alveolar epithelial is huge 

because of its thinness (0.1-0.5 µm), and it allows gas exchange by passive diffusion. 

This thesis will not cover the workings of the human airways in much depth, since the 

primary focus is to model nanoparticle transport in the human airways. 

 

Drug Delivery in Human Airways 

A particle is characterized as a nanoparticle when one of the dimensions is less 

than 100 nm or 0.1 µm, and new applications for nanoparticles, which require controlling 

matter at near atomic levels, have become an area of great potential for growth. There 

have been concerns raised against using nanoparticles since there could be unforeseen 
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health hazards [6]. Figure 1 shows size comparisons of nanoparticles relative to other 

well know materials such as protein and DNA. 

 

Figure 1. Sizes of common material  of micro- or nano-scale (used without permission) 

[6]. 

 

 

Figure 2. General structure of human airways and their characteristics (used without 

permission) [7]. 
 



4 

 

 

Health Impact of Nanoparticles 

There are several ways nanoparticles may enter the human body including the skin, 

gut or human airways, but our primary focus will be studying the impact via human 

airway access. Previous studies have raised three main disadvantages when using 

nanoparticles [6]. 

1. Since nanoparticle possess a large surface area compared to other large particles, 

the amount of exposure increases dramatically.  

2. Some nanoparticles, such as Carbon Nanotubes (CNT), are fiber shaped, which 

can cause similar, negative impacts as asbestos. 

3. If carbon is used as a main component of the nanoparticle, it is expected to be 

biologically persistent, and it will accumulate in the human airway system. 

A nanoparticle that gets deposited in the human airways may be missed by the cilia 

and will travel further into the terminal bronchioles, compared to when deposited in the 

proximal airways. Since nanoparticles are very small and have a greater surface area per 

unit mass, the intrinsic toxicity is increased, and, if the lung clears this nanoparticle 

slowly, it also increases the exposure time. This could be very damaging to the lungs, as 

demonstrated by the example of the lung related disease Mesothelioma, cause by 

prolonged exposure to asbestos. What happens to the nanoparticles that are inhaled 

depends on the section of the human airways and the characteristics of the nanoparticle 

[6]. 
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Nanoparticle Transport / Deposition 

 Nanoparticles, which have a diameter of ≤ 100 nm, will pass into the airways very 

fast, as has been shown in previous studies [7, 10-14]. These studies used hamsters and 

aerosol inhalation in humans, where particles were injected into the trachea rather than 

going thru the natural process of breathing. Nanoparticles in the range from 40 nm to 400 

nm are transferred into the blood stream very fast, as demonstrated by a previous study, 

which was conducted on rats, that showed nanoparticles in the alveolar walls and in 

pulmonary lymph nodes [7]. 

 The human respiratory tract also functions as a filter that removes particles from 

inhaled air, and the efficiency of this filter depends on the properties of the particles such 

as the size, shape density, charge, respiratory tract morphology and also the breathing 

pattern [6, 7]. All these parameters will impact the regions of the human airway where 

the particle will get deposited and also the amount of particle deposited. When the 

branching happens in human airways, the airflow rate decreases very fast, the time any 

particle spends in the human airways increases and diffusion starts to dominant in the 

transport of the particle. 

There are three types of particle deposition: diffusion, sedimentation and inertial 

impaction, as shown in figure 3. Particle deposition by inertial impaction is dominant in 

the extrathoracic and trancheobronchial tree because this region of the airways has very 

high velocities and directional changes happen rapidly [7, 10-14]. Particles with diameter 

greater than 10 µm have a higher probability of being deposited in the extrathoracic 

region, where as particles with diameters ranging from 2 to 10 µm get deposited in the 
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trancheobronchial region. Particles deposited by the sedimentation and diffusion 

mechanisms have a longer residence time. Deposition in the smaller airways and alveoli 

occurs thru sedimentation; these particles have diameters ranging from 0.5 to 2 µm. 

Particles with diameters of less than 0.5 µm will be deposited primarily by the diffusion 

mechanism, which has the highest residence time compared to other transport 

mechanisms in human airways. Previous studies have shown that the correlation between 

particle size and the amount of particle deposited to be similar among species [7, 10-15]. 

 

 

Figure 3. Different mechanisms of particle deposition in human airways (used without 

permission) [7]. 
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Scope of The Thesis 

 The primary focus of the thesis is to simulate the behavior, transport and 

deposition of nanoparticles in human airways. This thesis will focus on nanoparticle 

inhalation and deposition in human airways. The model equations are solved using the 

Finite Element Method (FEM), and the governing equations that are used in the model 

are the Navier-Stokes equations with one or more advection-diffusion equations [6, 9-12, 

15, 16].  All governing equations are solved at the same time, or monolithically, and 

solving the model problem monolithically raises several issues when the matrix is 

assembled. The matrix problem is solved using the Trilinos library, which is developed 

and distributed by Sandia National Lab, and the details of the solver are discussed in 

Chapter 3.  

 FEM is not stable when modeling nanoparticles due to the small diffusivity 

relative to the velocity (i.e., the small Peclet number), and modeling these systems 

requires one of several different methods of stabilization such as Stream-Upwinding 

(SU), Stream-Upwind Petrov-Galerkin (SUPG) and Galerkin Least Square (GLS) [8, 17, 

18]. Another method regularly used to model advection dominated nanoparticle transport 

is the Discontinuous Galerkin Method (DG), but, while this method is stable for 

nanoparticle transport modeling, it is very difficult to implement in 3D and very 

computationally expensive [19]. A 3D FEM model is created here to study nanoparticles 

in human airways; this model is solved in parallel using the library package METIS. The 

programming language used for the 3D FEM model is C++, and all packages and 

libraries required for this model are available for free. 
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 To compare the various stabilization methods, nanoparticle behavior is compared 

to an analytical solution, the Graetz solution, and the error is computed for flow through a 

simple cylinder [20]. The nanoparticle models are also compared for a human airway 

geometry with multiple bifurcations. The results presented will show the amount of 

particle being deposited for a steady state problem with different particle sizes. 

 Commercially available software such as ANSYS or COMSOL can model 

nanoparticle behavior in human airways, but there are many advantages for creating the 

model from scratch in C++.  One obvious reason is the cost because, when writing the 

model in C++, the user can leverage packages and libraries that are available for free thru 

various universities and organizations. Also, commercial software generally doesn’t 

allow the user to vary certain parameters in order to optimize the model [10-12]. For 

example this study will show the impact of error with respect to different stabilization 

methods for advection diffusion equation. In relation to this work, ANSYS is popular 

software used to model transport in the human airways and is preferred by many 

researchers, but the user generally does not have any idea of the numerical accuracy of 

their model. 

 The outline of this work is presented as follows. Chapter 2 will discuss previous 

work on modeling human airways and finally conclude with how the current work differs 

from other previously published work. In Chapter 3, development of the FEM 

formulation for incompressible flow, advection-diffusion, stabilization techniques and the 

implementation will be discussed. Next, Chapter 4 will present the simulation results and 
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discussion. Conclusion and future research will be presented in Chapter 5, and a 

summary of goals reached in this current work will also be presented. 
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CHAPTER 2 

LITERATURE REVIEW 

 This chapter will discuss work previously published by other researchers 

regarding the simulation of nanoparticle in human airways, and the unique aspects of the 

work in this thesis. This chapter will begin by discussing the previous studies performed 

on the human airway geometry by Weibel [21]. Discussion on modeling methods for the 

fluid phase and nanoparticle phase in human airways, including methods such as Euler-

Euler and Euler-Lagrange are discussed in the following section. Finally, the chapter will 

end with the validation of the current algorithm. 

 

Airway Geometry 

 The human airways are a very complex organ, and creating a computer model of 

the airway geometry poses a number of challenges. Previous studies have presented 

various airway geometries with lots of variations and complexity. Zhang and Kleinstreuer 

presented a model of the human airways based on Weibel’s geometric data. Figure 4 

shows the model that was used in their simulation. Typical human airway models are 

from generation 0-3 or -6, and any additional generations create too much computational 

complexity to be feasibly modeled [6, 9-12].  

The Weibel model was the very first model that gave geometric information for 

the lung such as airway diameter and length, and the Weibel Type A is a very popular 

model that describes asymmetrically bifurcating airways [9-12]. Another method for 
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obtaining human airway geometry data is to use a CT scan or MRI, but these experiments 

are very difficult and expensive to conduct [9-12]. Many researchers build a rough 

representation of the human airways for meshing in 3D. A particularly interesting 

problem, which is not addressed in this thesis, is the change in human airways geometry 

and transport properties due to airways diseases.  

 

 

Figure 4. Human airways model for (Generation G0-G3), where B stands for the 

bifurcation (used without permission) [11].  
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 In studies such as [12], where a human airway model with 16 generations (G0-

G15) was created, the model was divided into 5 different stages of bifurcation. The 

dimensions of this model also follow the Weibel Type A geometry, assuming a lung 

volume of 3.5 L, and various changes made to the model, such as extending the outlet 

tubes in order to reduce any outlet and downstream effects. 

 

Fluid Phase Models 

 Many studies have been done using Computational Fluid Dynamics (CFD) for 

fluid flow in human airways, especially where flows are laminar, due to the inherent 

complexity of modeling turbulent flow. Studies including turbulent flow typically used a 

low-Reynolds-number (LRN) k-ω model, which is very popular when studying human 

airways [6-12]. This model performed best at a Reynolds number of 300 to 10
4
, and the 

model does not require additional wall-layer functions since it captures both laminar and 

turbulent flow. This method is claimed to produce accurate results and is easy to 

implement [12].  

 Finding the velocity profile in human airways is a very difficult task due to 

experimental limitations [1, 8]. Knowing the velocity profile will help determine where 

the particles will get deposited, and this can also be related to the breathing pattern of a 

person. The distribution of velocity in bronchi has a great impact to the particle 

deposition [1, 8]. 

In order to find a specific site where the particle are being deposited, a detailed 

model of the lung is required, and this model must take into account the non-uniform 
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lobar expansion due to the pressure variation in the pleural cavity [1, 8]. The work of [1, 

8] takes into account the uniform air expansion and contraction, but not the non-uniform 

lobar expansion due to its modeling complexity. Figure 5 shows a typical velocity flow 

field in a bifurcating human airway and cross sections at specific locations in the airways. 

 

 

Figure 5. Velocity profiles in a human airway model and the different cross sections 

(used without permission) [10]. 
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Nanoparticle Transport Models 

 Studies which compared both microparticle and nanoparticle transport in their 

model, have found that the inhaled particulate deposition depends greatly on the particle 

size [10]. Nanoparticles get dispersed due to diffusion and convection, and microparticle 

transport is governed by convection and sedimentation. The diffusion coefficient of 

nanoparticles is due to Brownian effects and can be calculated using the Stokes-Einstein 

relationship, defined as [10]. 

      
        

     
                                                             (1) 

where    is the Boltzmann constant,   is the temperature, µ is the fluid viscosity and 

      is the Cunningham slip correction factor.  

Rather than using Equation (1), many researchers have used the Euler-Lagrange 

approach when modeling nanoparticles.  The convection-diffusion equation can be 

written as [10]:  

  

  
 

      

   
 

 

   
        

  

  
 
  

   
                                       (2)       

where Y is the mass fraction of the concentration,    is the turbulent Schmidt number for 

Y and    is the viscosity. The airway walls act as a sink, so the boundary condition at the 

wall is      ; this boundary condition is a good assumption for the nearly 

instantaneous reaction kinetics between the wall and particulate [10]. Since the airway 

wall is set to      , it is straight forward to calculate the maximum amount of 

deposited particulate per area (DF) in the airways using Equation (3) [10].  
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                                                                 (3) 

where    is the area of the lung wall, i is the local wall cell and n is the number of wall 

cells in the airways. Equation (4) is used to calculate the deposition enhancement factor 

(DEF), which shows the distribution of nanoparticles in the human airways [10]: 

    
     

  
  
   

  

  
   

         
  
  
   

  

  
    

 
       

 
   

 .                                                  (4) 

There have been other studies that have modeled nanoparticle transport in human 

airways [1, 13, 22, 23], but these studies are not directly relevant to this work. 

 

Nanoparticle Deposition Characteristic in Human Airways 

Kleinstreuer et al. [9-12] studied nanoparticle distribution in terms of DEF 

(Distribution Enhancement Factor), and the flow rate was set to        
 

   
 .  Figures 6 

and 7 show the DEF for nanoparticle diameters from 1 nm to 100 nm for bifurcating 

airways (G0 to G3). When the nanoparticle diameters range from 1 nm to 10 nm, the 

deposition specifically occurs at the carinal ridges and the inner wall around this region 

[11].  This is due to the complex flow characteristics and very large concentration 

gradients in the carinal region [11]. When the nanoparticles are in the range of 100 nm, 

the highest DEF are in the third carinal region and uniform at the entrance due to the 

lower diffusion limit [11]. 
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Figure 6. Validated model results of DF (%) as a function of particle diameter (used 

without permission) [10]. 
 

 

Figure 7. DEF of nanoparticles for varying flow rates for a human airway model (used 

without permission) [11]. 
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Figure 8 shows the DEF values as a function of nanoparticle diameter and inlet 

flow rate [11]. The relationship shows that the maximum DEF will decrease when the 

particle size increases, while for nanoparticles from 10 nm to 30 nm, the DEF will 

decrease [11]. The deposition fraction (DF) for human airways (G0-G3) as function of 

inhalation flow rate and particle diameter is shown in Figure 8.  

 

Figure 8. DEF of nanoparticle in human airways for a steady flow rate of        
 

   
 

(used without permission) [11]. 
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The DF is calculated using Equation (3), and these results agree with many other 

studies [11]. When nanoparticles are inhaled, the DF will be lower since the diffusion 

limit is decreased, but when microparticles are inhaled the DF value increased because of 

deposition by impaction [11]. As shown in Figure 9, for nanoparticles there are minimal 

impacts due to the inlet flow rate compared to larger particle size. When modeling 

nanoparticles, geometric effects are not significant, and the deposition sites for 

microparticles and nanoparticles are very similar [10]. 

 

Figure 9. Varying DF for different flow rate and particle diameter in a human airways 

model (taken without permission) [11]. 
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Model Validations 

  The model created by, [9-12] as described in the previous section was validated 

with data from previous studies, which included experimental data for steady and 

transient laminar flows in human airways. The LRN k-ω model used in, [9-12] has been 

extensively validated and has been shown to capture the physics of the problem at hand 

[11]. The models of nanoparticles in human airways due to diffusion have been compared 

to both analytical solutions in straight pipes and with experimental data of a double 

bifurcation airway by Zhang et al. [11]. This method of comparing the model solution 

with an analytical solution will be covered in the next chapter. 

In conclusion, previous studies showed that the computer model agrees very well 

with the experiment observation [11]. Previous studies have shown that computer 

simulations are an excellent method for predicting laminar-to-turbulent flow including 

mass transfer and nanoparticle deposition in 3D bifurcating human airways [9-12]. 

 Other studies, such as [1, 8], have focused on the upper airways using in-vivo and 

in-vitro deposition data in human airways, and this method has led to the construction of 

empirical relationships, such as that shown in Figure 10. Using this upper airway 

empirical data, other researchers have extended this information and applied it to 

modeling human airways [10]. The empirical data shown in Figure 10 was proposed by 

Jayaraju et al. 2009 and Stahlhofen et al. [1, 24-31], and this data was obtained using 

mono-dispersed particles that were tagged with a radiolabel, and the measured DF was 

combined with the inflow and outflow particle concentration [1, 8]. 
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Figure 10. Empirical fit for the deposition efficiency in humans conducted by different 

studies (used without permission) [1]. 
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CHAPTER 3 

METHODS 

 Before creating a finite element model, the governing model equations are 

required. In this section, the derivation of Navier–Stokes equations from the continuity 

and the momentum equation will be shown, and the Advection-Diffusion equation will be 

included. Next, a brief introduction to the Finite Element Method and the discretization 

process for Navier-Stokes and Advection Diffusion equations will be presented. 

 

Incompressible Navier-Stokes 

 Several phenomena in fluid mechanics can be described using the Navier-Stokes 

equations [32-35]. The equations are derived based on conservation of mass and 

momentum and can include external effects. The internally conserved quantities are 

affected by the pressure and viscous nature of the fluid. In this thesis, we will focus on 

the incompressible Navier-Stokes equations in a laminar regime. Since we assume 

incompressibility, the continuity equation simplifies as shown in equation (5). 

           (5) 

If body forces are ignored the momentum equation is written as:  

 
  
    

  
                     

(6) 
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Since the focus of this thesis is looking at Newtonian fluids, σ can be expanded by 

equation (7), where   the hydrostatic pressure and τ is the total stress which is defined in 

equation (8).  

         (7) 

       (8) 

In equation (8), η is the viscosity and D is the rate of strain tensor and is defined in 

equation (9). 

 
  

 

 
                  

 
  

(9) 

 The final form of the Navier-Stokes equation for an incompressible viscous fluid, 

neglecting body forces, is achieved by combining equations (6) and (9), and the result is 

shown in equation (10). 

 
  
    

  
                           

(10) 

 In the next section we will discuss how the advection diffusion equation is derived, 

followed by the process for transforming these two equations into discrete sets of 

equations for FEM. 
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Advection-Diffusion 

 The combination of advection and diffusion happens regularly in nature; in this 

section we will derive the advection diffusion equation. The principle of superposition 

states that the advection and diffusion terms may be added if and only if they are linearly 

independent [36]. Diffusion happens randomly due to molecular motion, and, in one 

dimension, each molecule moves either to the left or right (figure 11 shows the control 

volume schematic [36]). 

 Since we include advection, each of the molecules will also move     in the cross 

flow direction as shown in figure 11 [36]. The total flux in the x-direction is    since the 

net movement of the molecule is          and the Fickian diffusion is shown in 

equation (11). Where   is the concentration and   is the diffusion coefficient. 

 
             

  

  
 

(11) 

 



24 

 

 

 

Figure 11. Control volume with cross flow (used without permission) [36]. 
 

 Using the flux law and conservation of mass we can derive the full advection-

diffusion equation using the control volume and the velocity           [36]. The net 

flux from the conservation of mass is shown in equation (12) and (13).  

   

  
              

(12) 

 
           

  

  
             

  

  
        

(13) 
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The final form of the advection diffusion equation is shown in equation (14). 

   

  
             

(14) 

Finite Element Method (FEM) 

The finite element method [32-35] is a very popular method for finding solutions 

to PDE’s which are governed by boundary values [37]. Exact solutions for these 

problems are very hard to obtain when dealing with complex domains or nonlinear 

equations, but approximate solutions can be found using the FEM [37]. When the Navier-

Stokes and advection-diffusion equations are solved monolithically (i.e., simultaneously) 

a solution vector,   is found that contains an approximation to the exact solution at a finite 

number of points, usually referred to as the interpolation points. Using basis functions to 

connect the approximate solution at the interpolation points, a continuous approximation 

of the solution can be constructed. 

 In order to derive a set of discrete equations, a standard process is normally used 

[37]. Using this process, the PDE is transformed into an integral equation using partial 

integration and weighted-residuals. The Galerkin approach is used to create a linear set of 

equations from the weak formulation [37]. The spatial discretization is created by 

dividing the domain Ω into non-overlapping subdomains, which are called elements    

[37]. The collection of elements is often referred to as the mesh. 
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Discretization of the Navier-Stokes Equations 

 When solving the Navier-Stokes equations we need to consider both the spatial 

and temporal discretization. A temporal discretization is achieved by redefining the term 

     

  
 in equation (10); this is shown in equation (15). 

 
 
    

  
  

        

  
 

(15) 

           is the variable we want to determine, and      is the known solution 

from the previous time step. With this redefinition we can re-write equation (10) using 

the implicit Euler method. A tiny detail that we have not yet discussed for the Navier-

Stokes equation is the non-linear term,            , and, in order to avoid this nonlinearity, we 

must linearize the term using a Newton iteration, which is defined in equation (16). 

                   (16) 

     in equation (16) is the approximate solution vector from the previous Newton iteration 

step, and        is the approximate solution vector of the current iteration.      is the 

change in the approximate solution that is found using equation (17). We are going to 

redefine            in the rest of the equations in order to have a simplified form.   

                                                               (17) 

 The higher-order term in equation (17) is assumed to be small and thrown out.  

Equation (17) is commonly known as the Newton-Raphson method [32-35, 37, 38]. 
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Applying equation (17) to equation (10) create a new relationship as shown in equation 

(18). 

 
  

   

  
                                                    

     

  
   

(18) 

The variable      is defined as     
 

 
                            

 
 .  The unknown now is the 

change in the approximate solution,    .  The method of weighted residuals can be 

applied to equation (18) and (5), which produces the weak form and is shown in equation 

(19). 

 
        

   

  
                                          

     

  
     

(19) 

       in equation (19) is the weight function, which is continuous over the integration 

domain, Ω. The next step is to do the integration by parts on the terms with second-order 

derivatives, and the final equation in weak form is shown in equation (20) and (21), with 

Г being the boundary of the domain Ω. 

 
       

   

  
                                                       

                      
    
  
                  

(20) 

 

(21) 

The continuity equation (5) must also go through some changes, which are shown in 

equation (22). 
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(22) 

Since we are splitting the domain into many subdomains using elements, the next 

step is to create interpolation points or nodes. The element type that is used in the thesis 

is discussed in detail later in this chapter. In order to approximate      at any point    we 

need the shape function   , and equation (23) is the sum of values of     for i nodes per 

element: 

 
            

 

   

     
         

(23) 

where n is the number of nodes in an element,    is an array of shape function   , and 

  
 are the unknowns, which are held by vector     [37]. The Galerkin method is applied 

when the shape functions are also used for weighting functions   , and this is shown in 

equation (24) [37]. 

 
            

 

   

     
         

(24) 

 After the substituting (24) into the weak form, the next step is to assemble all the 

different components, which yields the set of equations for the model problem as shown 

in equation (25). A much more detailed description of how the assembly is done in C++ 

is given in appendix A.  
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(25) 

Discretize Advection-Diffusion 

 In this section we will discuss how the Advection-Diffusion equation will be 

discretized, and, since we need to stabilize the advection-diffusion equation, the 

stabilization portion will be discussed in a later section. In order to proceed with the FEM 

discretization, an approximation space must be declared first [18]. In the previous section 

we declared a spatial domain   which is divided with elements   .  

In order to create the weak form, the advection-diffusion equation is multiplied by 

the weight function, and doing integration by parts to reduce the order of the second 

derivatives. It has been well established that the Galerkin method can be unstable for 

advection-dominated problem such as nano-particulate transport in the human airways 

[18]. In order to solve this problem we must add a stabilization term into the standard 

Galerkin form, and this will be shown in a later section of this chapter, and this technique 

is often referred to as upwinding [18]. The weak form is shown in equation (26). 

 
                             

(26) 

 Further details of the weak form and implementation can be found in Appendix A. 

In the next section we will discuss the type of elements that will be used in this model to 

divide the mesh into   . Equation (27) shows how the discretized Navier-Stokes and 

Advection-Diffusion equations are assembled in matrix form.         in equation (27) 

are the non-zero entries and zero entries in the matrix and each         can be looked as 
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a block with a similar number of nodes. The diagonal entry for pressure is filled in with 

small number (      to help the iterative solver, but this does allow for a very small 

amount of compressibility.  More detail about the assembly of the matrix can be found in 

Appendix A.  

 

               

     
     
     
  
  

 
 
 
 
     
     
     
     
         

 
 
 
 
 
 
 
 
 

 

(27) 

Elements 

 When modeling in 3D using the FEM, the two most popular elements are the 

hexahedron and the tetrahedron, and in this thesis we will primarily focus on using 

tetrahedron. Hexahedrons are preferred when the volumes have a regular structure, and 

tetrahedrons are preferred for irregular shapes or high aspect ratio shapes because they 

have the ability to mesh irregular volumes without creating badly shaped elements [32-

35, 37, 38].  Since we are modeling human airways, using tetrahedrons as elements is the 

best option because of the complex geometry. 

 When solving the Navier-Stokes equation, we need to choose the type of pressure 

approximation to use, and there are two types of pressure approximation: continuous and 

discontinuous. The continuous approximation will use the vertex nodes of the element, in 

order to have continuity from element to element [32-35, 37, 38]. These elements are 

called the Taylor-Hood elements, and they will also ensure mass conservation, but the 

drawback is that the oscillations in velocity and pressure may be amplified [37]. The next 
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type of elements is the discontinuous pressure approximation element, which are called 

the Crouzeix-Raviart elements. The pressure nodes are placed at the center of the 

element, and this method unlinks the element-level pressure approximation with other 

neighboring elements and creates the discontinuity of pressure [37]. These elements have 

mass conservation at the element level but not at the global level like the Taylor-Hood 

elements [37].  

 The next focus is how the velocity and concentration should be handled, and this 

can be done either with a linear or quadratic approximation. It has been well established 

that quadratic approximations are better and also converge faster [37]. Using higher-order 

elements will allow curved element edges and surfaces, which leads to accurately 

meshing the volume with curved boundaries and lessening the number of elements 

required compared with the linear elements [37].  

The distribution of degree of freedom (DOF) is very important once we have 

chosen the type of element and the approximation for pressure, velocity and 

concentration. The distribution of DOF must follow the Ladyshenskaya-Babuška-Brezzi 

(LBB) stability condition [37]. In figure 12 we can see the possible node locations for the 

tetrahedron. The 15 node tetrahedron is analogues to the 27 node hexahedron, but in this 

thesis a 10 node tetrahedron is chosen since it is much cheaper in terms of computational 

cost and easier to implement compared to the 15 node tetrahedron.  
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Figure 1. Example of a tetrahedron with 15 nodes (used without permission) [37]. 

 

The 10 node tetrahedrons have no nodes placed on the face and in the center of 

the element, and this element is called      element where the subscripts stands for 

quadratic (2) or linear (1) approximation [37]. The two Ps refers to how the DOF are 

distributed, so for    the velocity and concentration use a quadratic approximation while 

   is the linear approximation for pressure. A single tetrahedron element with 10 nodes 

will have 44 DOF’s per element: 10 nodes with velocity in 3 directions along with 

concentration and 4 pressure nodes on the vertices. In the next section we will discuss 

Baricentric coordinates and Isoparametric Coordinates. 

 

Baricentric Coordinates and Isoparametric Coordinates 

 After we have established the type of elements that are going to be used, we need 

to create a local coordinate system, and, for this, employing Baricentric coordinates is 

very popular [37]. The coordinate system is based on             where    is a linear 

combination of the global coordinates, x, y, and z [37].  
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(28) 

In equation (28),           are the coordinates of the vertices, and solving equation (28) 

leads to equation (29). 

 
    

              

  
         

(29) 

The sign   refers to + when i is odd and – for even, the constants          and   can be 

calculated using equation (30) and (31). Finally    in equation (29) can be calculated 

using equation (32). 

 

       

      
      
      

          

     
     
     

  

(30) 

 

        
     
     
     

          

     
     
     

  

(31) 

 

       

       
       
       
       

  

(32) 

 V is the volume of the tetrahedron, and, even though the Baricentric coordinates 

work well, one of the downsides is that the information about the other nodes will be lost 

when there is a mapping between Cartesian and Baricentric coordinate [37]. In order to 

overcome this problem we need to perform an isoparametric mapping, which is shown in 
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figure 13. This works by placing one of the vertices at the origin and the other nodes are 

placed on the coordinate axes at unity distance from the origin [37]. The volume of the 

tetrahedron is 
 

 
, and derivatives are used when we need to transform the curved element 

into the unity/reference tetrahedron [37].  

 

Figure 2. Isoparametric mapping of curved element onto a standard element (used 

without permission) [37]. 

 

 

 

  

 

 
 
 
 

  

  

  

  

  

  
  

  

  

  

  

  
  

  

  

  

  

   

 
 
 
 

 

(33) 

The transformation is performed using equation (33) and will be discussed in 

detail later in this chapter. Once the derivatives and the location of the nodes are 
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determined for the element, it is transformed back to the original shape using the inverse 

of equation (33).  

 

Shape Function 

 In this section we will discuss the shape functions required for a 10 node 

tetrahedron, and there are several criteria the shape functions must satisfy. First, the 

quadratic approximation must be smooth on each element    [37]. Next, the behavior for 

all types of approximation functions (i.e., linear and quadratic) must be prescribed [37]. 

Finally, the polynomial expression must be complete. For example, the approximate field 

must be able to capture an arbitrary polynomial if the nodal values are defined correctly 

[37]. 

 The DOF’s that we are solving in this model, which are pressure, concentration, 

and velocity, must be chosen in order to satisfy the LBB condition. Any concentration 

basis can be selected, including the same basis as velocity or pressure. As established in 

the previous section the pressure approximation will be linear    , while the velocity and 

concentration will be quadratic    , which satisfies the LBB condition.  

 Starting with the pressure shape function and using the linear interpolation 

technique, we can find the linear approximation    as shown in equation (34). 

 
      

  

  
       

  

  
       

  

  
       

(34) 
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Here,       and    are the location of the vertex nodes in Cartesian coordinates for the 

element. The definition of the linear shape functions are given in equation (35) and 

equation (36) will be the final form of the linear approximation of the pressure nodes. 

      

        

        

        

 

 

(35) 

  
        

  

  
   

  

  
   

  

  
   

(36) 

 Next, the velocity and concentration shape function,  , for a 10 node tetrahedron 

will be determined, as established in previous section. The 10 node tetrahedron will only 

have nodes on the vertex and edges, and this element must satisfy equation (37), which 

will be transformed into the Baricentric, coordinates later. 

                                       

      
 

 
                                  

(37) 

The C++ implementation of the shape function is shown in Appendix A, and in the next 

section we discuss the calculation of the derivatives of the shape functions at the 

integration points in order to build the matrices. 
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Shape Function Derivatives 

 The derivatives of the shape function, depends very much on the shape of each 

element because when meshing these elements the shape will be irregular according to 

the geometry of the mesh [37].  When mapping curved elements to the reference element, 

we need to use the isoparametric coordinates and the derivatives are expressed in 

equation (38), where k=1, 2, 3 [37]. 

    

   
  

   

   

   

   
 

   

   

   

   
 

   

   

   

   
 

   

   

   

   
  (38) 

 Using the global coordinates                we can find the derivatives of 
   

   
 

as shown in equation (39). We have defined  , which is the Jacobian, previously and 

computing         gives the volume of the element [37].  

     

   
  

   
    

  

   

    
(39) 

Integration Rule 

 An integration rule plays an important role in finding approximations, and a 

simple way of calculating an integral numerically is shown in equation (40) [37]. 

 

                     

    

   

 

(40) 
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In equation (40),    is the location of the integration point   ,    is the weight function, 

     is the total number of integration points used, and   is the error from the quadrature 

points used [37]. The Gaussian quadrature rule is very popular because it delivers high 

accuracy compared to other rules [37]. In this thesis we used the 11-point rule, and the 

implementation of the rule is attached in Appendix A [39].  

 Previous studied have used other integration rules such as Newton-Cotes, and 

such integration rules can provide better accuracy [37]. The better accuracy in Newton-

Cotes is due to segregating the nodes in 4 types (vertex, edge, face and center), and each 

type will have a different weight function      [37]. Since we use only a 10 node 

tetrahedron, Gauss quadrature is exact and easier to implement.  

 

Temporal Discretization 

 In this section we will discuss the temporal discretization of both Navier-Stokes 

and Advection-Diffusion equations. In previous sections, we have discussed how to 

linearize the non-linear term in the Navier-Stokes equation using Newton’s method.  

Expanding from there, we have looked at three different methods for temporal 

discretization, which are the Backward Euler method (BE), Crank-Nicolson (CN) and the 

second-order Backward-Difference Method (BDF2). Each method has its advantages and 

disadvantages, and the BE method is first-order accurate in time where as CN and BDF2 

are second-order accurate in time [32-35, 38, 40]. 

 We opted for the second-order methods, CN and BDF 2, for computational 

efficiency. A preliminary study showed that CN damps out error for oscillatory problems 
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better that BDF 2 with different stabilization methods. The advection–diffusion results 

with different time stepping scheme and stabilization are shown in figure 14, and other 

studies that used BDF2 have shown it to perform much better [33]. The test was 

performed on straight tube comparing multiple stabilized methods for the advection 

diffusion equation; this result was compared with the Graetz solution and further 

discussion will be included in the next chapter [20, 41]. The    error shown in figure 14 

is an approximation of the actual   , and this approximation is not accurate when 

calculated and compared with meshes with different number of elements. The steps used 

to calculate the approximate    error are shown in Appendix A. 

 

Figure 3.    error for BDF2 and CN with varying τ parameter. 

 

0.1 

0.15 

0.2 

0.25 

0.3 

0.35 

0.4 

0.45 

0.5 

0 0.2 0.4 0.6 0.8 1 

Er
ro

r 
L 2

 

τ 

SU 

SUPG 

CNSUPG 

CNSU 

GLS 

CNGLS 



40 

 

 

 Equation (41) shows how the advection diffusion equation has been discretized 

temporally with BDF 2. BDF2 is not very stable compared to other methods, such as the 

implicit midpoint rule (IMR), but, because we are solving an advection dominated 

problem, BDF 2 will damp an oscillatory solution [33]. In equation (41),            is 

the unknown,         is the solution at the previous time step,             is the 

solution from two time steps ago, and, finally,    is the time step size. 

        
  

 
 

 

       
  

 
 

 
          

(41) 

 Similarly, the CN method was also implemented based on equation (42). As 

shown in figure 14, the CN method does damp the error better than BDF 2 and CN also 

tends to slow GMRES convergence for difficult problems such as the current airway 

model. The final model was implemented with BDF2, because of its faster performance 

in solving the airway model. 

        
  

 
 

 
          

 

 
        

(42) 

 Implementing BDF 2 for the Navier-Stokes equation becomes slightly difficult 

because of the inherent non-linear nature of the Navier-Stokes equation. Equation (43) 

shows how BDF 2 was applied to the Navier–Stokes equation, and      is the Navier-

Stokes equation and       is the pressure component. Further impacts of changing the 

temporal discretization will be discussed in the next chapter. Implementation of the 

temporal discretization in C++ can be found in Appendix A. 
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(43) 

 The next section describes the variety of stabilization methods, such as 

Streamwise-Upwinding (SU), Galerkin Least Square (GLS) and Streamwise-Upwind 

Petrov Galerkin (SUPG), used to stabilize the advection-diffusion equation. 

 

Stabilized Advection Diffusion 

 Different stabilization methods were tested for their accuracy and computational 

efficiency using the Graetz solution, which will be discussed in detail in the next chapter. 

First, SU stabilization is presented, and this stabilization method adds diffusion in the 

flow direction and not transversely using a diffusion operator in tensorial form [32]. 

 The final form of the SU method can be looked at as the standard Galerkin 

method plus additional terms; this is shown in equation (44). 

 
                          

(44) 

Where   is the intrinsic time, which is a constant between 0 and 1,    is weighting 

function,    is the unknown, and finally   is the component of the flow velocity [32]. 

The SU method utilizes the upwind test function only for the advection term, so there 

exists a potential problem regarding the accuracy of this method [32]. A more consistent 

stabilization method is needed, and, extending from the SU method, the SUPG method 

was created. 
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 The SUPG method is very similar to SU, the only difference is an additional term 

in the weak form that makes the method consistent [17, 32]. Many studies have shown 

that the SUPG method performs better than SU, but the issue in using the SUPG method 

is the unknown   parameter, as shown in equation (45), which introduces stability 

problems. 

 
                              

(45) 

In equation (45),     is the unknown and can be described as 
         

  
 after 

discretization. In equation (45), we can also see that the nonlinear term            

from the advection-diffusion equation is not included, and this simplification is done 

when using linear elements [17, 32]. This simplification for quadratic elements is only an 

approximation.  

The GLS method addresses the stability issues in SUPG; since it adds a 

symmetric stabilization term consistently [17, 32]. The GLS method works by element-

to-element, weighted least-squares of the advection-diffusion equation, and this method 

provides symmetry, which is very important to achieve stability [32]. The GLS method 

can be formulated with SUPG and a Galerkin term weighted      [32].  

If there exists any instabilities in the Galerkin method, GLS will tend to amplify 

them more than SUPG [32]. In Equation (46), we can see how the GLS method is being 

added to the advection-diffusion equation. Here,     is the weighting function, which 

can also be described as 
  

  
 and    is the time step-size. 
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(46) 

 When implementing the different stabilization methods, several implementations 

were tried. First, each individual stabilization method was implemented, and then a 

combination of the different methods. When comparing this combined implementation 

for the Graetz problem, the L
2
-error is lower compared with the traditional 

implementation, but more study is required on this multiple stabilization method. Another 

idea was trying to use stabilization for a particular region of the mesh. For example, in a 

human airways mesh, SUPG could be used in the straighter regions and a different 

stabilization method, such as GLS, could be used near bifurcations. This concept is very 

promising and more study should be done on both of these ideas, but this thesis will not 

discuss these methods any further because they are not the primary focus. 

 

Implementation 

 This section discusses the implementation of the model in C++, and the several 

additional packages that are required for the model to work. The main external package 

for this model is Trilinos, which is a compilation of several linear algebra packages 

created by Sandia National Lab. Trilinos is built with almost 50 packages, and the main 

packages that are required for this model are Epetra, AztecOO, and Ifpack. The Epetra 

package is used for the operator and vector construction routines, including functions for 

serial and parallel linear algebra packages [42-45]. The Epetra package builds the matrix 

and vectors for the      model problem, and passes them to the AztecOO solver. 
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Trilinos also requires some basics Math packages such as BLAS and LAPACK, and 

additional packages can be built with Trilinos, but they are not necessary for this model 

problem. 

 There are several linear algebra solvers in Trilinos, and the most robust solver is 

AztecOO using the default ILUT preconditioner [42]. The model problem that we are 

solving is very difficult, and several validation tests were conducted to test the algorithm 

and determine the best linear solver for this problem. Solving the Navier-Stokes and 

advection diffusion equations monolithically is difficult because the operator is ill-

conditioned, but a better preconditioner can be helpful and such a preconditioner exists in 

the Ifpack package [46]. 

 Solving the model problem in 3D requires lots of computational power, and there 

is a need to parallelize the C++ code. The parallelization is achieved using two packages: 

OpenMPI, a well-known open source library, and Metis, developed by George Karypis at 

the University of Minnesota [47]. OpenMPI is a message passing interface, and Metis is a 

serial graph partitioning algorithm and fill-reducing matrix ordering [47]. Metis does 

nodal partitioning on a single core and then redistributes the partitioning to all the other 

cores to finally solve the problem [47]. 

 Finally, in order to build the human airway mesh, Cubit, a meshing program 

developed by Sandia National Lab, is used. The Cubit program writes a Genesis file, 

which contains all the information about the mesh necessary to solve the model problem. 

This Genesis file requires other libraries, such as NetCDF and Exodus II, and these 

libraries are commonly available.  



45 

 

 

Additional information regarding the programs and libraries are listed below:- 

 Trilinos:- [http http://trilinos.sandia.gov/] 

 Metis:- [http://glaros.dtc.umn.edu/gkhome/metis/metis/overview] 

 OpenMPI:- [http://www.open-mpi.org/] 

 Cubit:- [http://cubit.sandia.gov/] 

 NetCDF:- [http://www.unidata.ucar.edu/software/netcdf/] 

 Exodus II:- [http://sourceforge.net/projects/exodusii/] 

 

Model Validation 

 In this section we will discuss the steps taken for validating the model; three test 

problems were used. The three tests are the backward facing step problem, flow around a 

cylinder and finally flow in a cylinder. The first test was conducted to find the best solver 

for solving Navier-Stokes and advection-diffusion monolithically. There are four 

different solvers tested for the backward step problem and the flow around a cylinder 

problem. The temporal discretization used for these tests was CN, since implementation 

was easier and the test problems are not as hard as the human airways problem. The 

solver uses preconditioning to solve the matrix problem     , and GMRES was used 

as the iteration solver. 

 Figure 15 shows the computational time for different solvers with different levels 

of mesh refinement for the backward step problem. As shown in figure 15 the best 

solvers are the Ifpack Amesos and the AztecOO, while Ifpack Amesos is a complete LU 

factorization and AztecOO in default Trilinos setting is ILUT (Incomplete LU 
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factorization with Threshold). Similarly, in figure 16, we can see the results for the flow 

around the cylinder problem and the best solver is the Ifpack ILU and Ifpack Amesos. 

 

 

Figure 4. Computational time (min) for backward step problem with different solvers and 

varying number of elements (NumElem). 

 

Figure 5. Computational time (min) for flow around a cylinder problem with different 

solvers and varying number of elements (NumElem). 
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 Both results in figure 15 and 16 show that the model created works without any 

major error and the vector solutions for both problems are also shown in figures 17 and 

18. In figure 17 we can see the backward step problem where a recirculation formed, and 

we can also see that at the wall the velocity is zero. In order to check the solution for the 

advection-diffusion problem, a test in a straight cylinder was conducted, and the result 

can be seen in figure 19.  

 

Figure 6. Vector solution for backward step problem with no flux boundary condition at 

the outlet when    . 

 

Figure 18 shows the result for the flow around a cylinder problem, and the 

simulation was run until     (dimensionless time). The inlet concentration enters the 

domain from only the top half as shown in figure 18.  All the test problems have similar 

boundary conditions, where the inlet velocity and concentration are set to a parabola with 
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a peak of 1. The wall boundary conditions are set to zero and finally the outlet is set to a 

no flux boundary condition.  

Figure 7. Vector solution and concentration for flow around a cylinder problem with no 

flux boundary condition at the outlet when    . 

 

 
 The final test problem is the flow in a cylinder, which is shown in figure 19 where 

the later shows the velocity vector solution. The simulation was run until     

(dimensionless time) and the diffusion coefficient       . The solution was also 

compared with the Graetz solution, and more details about the comparison will be given 

in the next chapter. The next chapter will also discuss the results of the bifurcation 

geometry and stabilization results. 
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(a) (b) 

  

Figure 8. Concentration solution (a) and vector solution (b) for flow in a cylinder 

problem at the outlet when    . 
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CHAPTER 4 

RESULT AND DISSCUSION 

Graetz Solution 

 In this section we will discuss the simulation results for the Graetz problem, 

which is an important benchmark problem in the study of advection-diffusion problems 

because it has an analytical solution.  The Graetz solution can be used to compare 

different stabilization methods, and determine the error associated with each method in 

the   -norm.  The Graetz problem can also be used to determine the best   value for a 

particular stabilization method. 

         The analytical solution to the Graetz problem was obtained from previous work, 

and the result was compared to the solution of the various approximate mathematical 

methods [41]. A cylinder mesh, as shown in figure 20, was constructed with around 4500 

elements, the inlet boundary condition was set as the same as the Graetz solution, at the 

outlet a no flux boundary condition was applied, and finally the surrounding wall 

concentration was set to zero. The inlet velocity is set to a parabola with a peak of one, 

and, finally, the Reynolds number was set one. Since we are solving this model 

monolithically the Navier-Stokes solution in a cylinder will be close to the analytical 

solution, so a test of the validity of the Navier-Stokes equation is not necessary. Also, the 

mesh used for this comparison consists of approximately 4500 elements, and this 

provides a very good approximation in the finite element space, especially since the 

elements are third-order accurate. The cylinder is made with a radius (  ,     and with 
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a height ( ),     . The height and radius are dimensionless variables used in this 

model. 

 

Figure 20. Meshed cylinder with 4532 elements, which was used for the Graetz solution 

comparison. 

 

 
 The comparison test was conducted with varying diffusion coefficients (D=0.01 

to 0.000001), and also varying   (0 to 1.0). Figure 21 shows the approximation error for 

different values of   and different stabilization methods for          , and we can 

clearly see that the best method for stabilization of the advection-diffusion equation for 

this particular problem and diffusivity is the GLS method.  

 When      , all the different stabilization methods show the smallest error. The 

second best stabilization method is SUPG, and, finally, SU is the least favorable method. 

Since previous studies have shown that the time step size    does have an impact on the   

coefficient, we will not study this relationship in much detail, and, for these simulations, 

we set        .  
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Figure 21.    error for different stabilization methods using BDF-2 time stepping  

scheme. 

 

 

Figure 9.    error for CFEM without any stabilization. 
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In figure 22 we can see the growth of the error when the regular FEM method is 

chosen without any stabilization implemented. This shows that stabilization methods are 

needed for small diffusion coefficients. Since we have the data for the stabilized FEM 

and regular FEM, we can compute the (% improvement) when utilizing a stabilization 

method. When       , stabilization is not required since the regular FEM provides 

very good approximation, where as when         the regular, unstabilized method 

starts to include more error. Introducing stabilization will help to reduce this error, and 

this holds true for both SU and SUPG. Figure 23 show the improvement in percentage for 

both stabilization method SUPG and GLS compared to regular FEM. 

 

 

Figure 10. % Improvement of FEM when applying stabilization with varying diffusion 

coefficient. 
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 As shown in figure 23, the regular FEM starts to become unstable when   

     , and, using either SU or SUPG, we can solve this instability problem. When   

     , it does not matter which stabilization method is used, since all the stabilization 

methods provides similar improvements. When using GLS stabilization at        , 

the solution is worse since regular FEM error is small and when calculating the % 

improvement, this produces a large magnitude for % improvement for GLS. The GLS 

method is also known to amplify any instability in regular FEM when the problem is 

diffusion dominated. Another method of solving this instability is to refine the mesh, but 

this introduces other problems such as extremely long computational time and meshing 

software capabilities [15]. Other studies have shown that as the number of elements 

increase in a mesh,     and this is also what we have observed in this study. This is 

because as the number of elements increase, the better the approximation we can obtain 

in the FEM space solution as long as the exact solution is also in that same space. 

 In figure 24, we can see the decay of   -error when the number of elements 

(NumElem) in the mesh is increased. If the number of elements is increased even further, 

we can see that the error will converge to a specific value. This result is unexpected since 

FEM theory states the error should converge to zero and is due to several factors. When 

comparing with the Graetz solution, we are ignoring the discontinuity at the inlet and also 

the SUPG stabilization method, which introduces certain amount of artificial diffusion 

and error. The test was conducted on similar mesh geometry as stated before, and the 

boundary conditions are also the same as before. Since we see very similar performance 

with SU and SUPG, further tests only include SUPG and GLS. 
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Figure 11.    error when varying number of elements (NumElem) in mesh, when   
     . 

 

Next, we will discuss the simulation results for multiple diffusion coefficients and 

different stabilization methods. Figure 25 shows a comparison of different stabilization 

methods, and we can see in figure 25 (d) where the concentration in the middle of the 

solution is higher compared to the Graetz solution in figure 25 (e). This is due to the 

artificial diffusion introduced by the GLS stabilization method when the regular FEM is 

stable, and we observed this trend when calculating the    error. We can conclude that 

when the         the GLS stabilization method is not the best option for this 

particular problem. 

Comparing the other methods in figure 25 (b) and (c) with the regular FEM 

solution (a) and the Graetz solution (e) shows a very similar trend, where most of the 

concentration sticks to the wall rather than exiting thru the outlet. This is due to the large 
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diffusion coefficient which causes a larger numbers of particles to stick to the wall and 

not exit the domain. 

     

(a) (b) (c) (d) (e) 

Figure 12. Simulation results for      , where (a) is the regular FEM, (b) is SU-

FEM, (c) is SUPG-FEM, (d) is GLS-FEM and finally (e) is the Graetz solution. 

 

In figure 26 (a) we can see the regular FEM fails when           , and the 

stabilization methods work excellently, especially GLS. We can see clearly from the 

simulation results that when         , the concentration at the inlet is largely 
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conserved through the domain to the outlet and very little diffuses to the wall. The Graetz 

solution agrees very closely with the GLS solution, which is shown in figure 26 (d). 

     

(a) (b) (c) (d) (e) 

Figure 13. Simulation results for           , where (a) is the regular FEM, (b) is 

SU-FEM, (c) is SUPG-FEM, (d) is GLS-FEM and finally (e) is the Graetz solution. 

 

 In the next section we will discuss the human airways simulation for nanoparticle 

deposition, and this will also include a flux calculation at both the inlet and outlet of the 

domain to give a sense of the accuracy of the method. We will also look at two 

stabilization methods, SUPG and GLS, since SU provides similar performance as SUPG. 
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Many of the choices made in this model are motivated by the observations made using 

the Graetz problem. The boundary condition at the wall the Graetz problem was set as a 

Dirichlet boundary condition and at the outlet a Neumann boundary condition was 

applied.  

Human Airways Simulation 

 In this section, the results from the human airway geometry are discussed.  The 

simulations were run with a constant inlet volumetric flow rate of      
 

   
, and the 

flow rate is consistent with that used by other studies [9-12, 14]. This flow rate impacts 

the Reynolds number     , so we need to calculate the Re based on the characteristic 

velocity, i.e., the inlet velocity    , and the characteristic length    . After recalculating 

these variables, we obtain a constant       , which was used in all the simulations. In 

this work we will not vary the volumetric flow rate and the   , since a higher    would 

require stabilizing the Navier-Stokes equation. Stabilization of the Navier-Stokes 

equation creates additional complexity since there would be two equations that require 

stabilization. 

 The diffusion coefficient for the nanoparticles was based on a previous study and 

rescaled to fit the current model [9]. Table 1 shows the particle size, the diffusion 

coefficient     and finally the dimensionless diffusion coefficient    . The     can be 

calculated using     and     , which will be used in the model. The dimensionless 

diffusion coefficient defined here is the inverse of the Peclet number  
 

  
 

  

  
 . 
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Particle Diameter,d (nm) Diffusion, Ď(m2/s) Dimensionless Diffusion,D

1.00E+00 5.34E-06 1.34E-03

5.00E+00 2.15E-07 5.40E-05

1.00E+01 5.44E-08 1.37E-05

5.00E+01 2.38E-09 5.98E-07

1.00E+02 6.76E-10 1.70E-07

1.50E+02 3.15E-10 7.92E-08  

Table 1. Relationship of particle diameter and dimensionless diffusion. 

Figure 27 shows the human airways mesh. The geometry was meshed with a 10 

node tetrahedron and this step was done by the software Cubit. The mesh clearly shows 

that there is only one inlet and six outlets. 

 
Figure 14. Human airways mesh from G0-G3 with approximately 100000 elements. 

 



60 

 

 

 The inlet boundary condition for concentration was set as a parabola with a peak 

of 1, while the inlet velocity was set also to be a parabola with a peak of 2. The outlet 

boundary conditions are set as a Neumann boundary condition and finally the walls of the 

mesh were set to zero concentration and velocity.  These boundary conditions are 

commonly used in other studies [2, 4, 6, 9, 11, 12, 14]. As shown in Table 1, the 

simulation was run for particle diameters ranging from 1 nm to 150 nm, and the 

simulations used SUPG and GLS stabilizations. The stabilization methods were 

compared by calculating the flux at both the inlet and outlet of the airways, and the flux 

calculation is shown in Appendix A. The flux is used to calculate the deposition fraction 

(DF), defined by equation 3 [9, 11, 12, 14].  

 Since modeling human airways is very computationally expensive, as stated in the 

previous chapter, we need to implement the model in parallel. For any computational 

model, the scalability becomes an important aspect of the algorithm development, and it 

can also show how efficiently the model has been implemented. In order to show the 

scalability, multiple human airways mesh with varying numbers of elements was created. 

The simulation was run to       (dimensionless time); this is to ensure that the 

solutions have reached steady state and all the simulations were run with 4 processors. 

Figure 28 shows the scalability plot, and we can see that for a range of problem sizes, 

there exist an approximately linear relationship between computational time and number 

of elements. 

In order to check the DF calculation, a similar method as the scalability test was 

employed, and the DF values was calculated for varying number of elements. A base case 
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was used for all the simulation runs, where SUPG was used as the stabilization method 

and the diffusion was set to       .  Once again, the simulation was run for       

to ensure that the solution reaches steady state. Figure 29 shows the DF results for 

meshes with varying number of elements, and, from the result, we can conclude that as 

the mesh becomes finer the DF value converges to a non-zero value, as expected. This 

trend reflects the improvement in accuracy when more elements are used in the 

simulation. 

 

 

Figure 15. Computational time relationship with number of elements in a mesh. 
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Figure 16. DF as function of number of elements for SUPG stabilization with       . 

 

 The next set of simulations was run for particles with different diameters, and 

these runs were conducted with two different mesh resolutions. The mesh resolutions that 

were used had approximately 30000 elements and 100000 elements, for comparison 

between a coarse and fine mesh.  In figure 30 we can see changes in DF with respect to 

particle diameter for both SUPG and GLS stabilization, SUPG* and GLS* are 

simulations run using the finest mesh. 

There are several important relationships to take from figure 31. First we can see 

that for particle diameters        , the stabilization method that is chosen has 

minimal impact on the DF, and this holds true even when the mesh is refined. Second, 

when the particle        , the stabilization method that is used for the model 

becomes very important. We now know that for the Graetz problem, the GLS 

stabilization method is much more accurate than its counterpart SUPG for small 

diffusivities values, and that same result is seen here. These relationships are simply 
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overlooked in many other studies, especially studies conducted using commercially 

available software such as ANSYS [9, 11, 12, 14].  

This clearly shows that the stabilization method used to stabilize advection-

diffusion equation does impact the solution, and another area that we did not cover in this 

thesis is comparing of different temporal discretization methods, such as 3
rd

-order and 

4
th

-order. Higher-order temporal discretization is known to damp out error much better 

than the 2
nd

-order methods, which were used in these models [32, 33]. When using a 

higher order time stepping scheme, the   parameter in the stabilization methods must be 

redefined since the higher order scheme will amplify the error for advection dominated 

problems. 

 

Figure 30. DF as function of particle diameter for SUPG and GLS stabilization, SUPG* 

and GLS* are simulation with 100000 elements. 
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 We will briefly discuss the velocity solution, which is shown in figure 31, since 

we are running the simulation at a moderately high Re and there are some recirculation 

forming in the model. The simulation results are consistent with other studies [9-12, 14]. 

We can see from figure 31 that in the first bifurcation (G1), the maximum velocity is very 

close to the wall, and the generation to the right shows the highest airflow. We can also 

see in the third bifurcation (G3) the inertial forces due to the high Re at the inlet. Even 

though we set a parabolic boundary condition at the inlet, which is symmetric, the 

velocity splits in an asymmetric manner. This is due to the asymmetrical geometry of the 

human airway structure and the bifurcations.  

Figure 31. Velocity field for parabolic inlet velocity profile with       . 
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(G2) 

(G1) 
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The velocity field shown in figure 31 can indicate the particle distribution for very 

small particles.  For example, the high velocity region shown in figure 31 implies a high 

rate of transport for particles in that region. This is true because the advection term 

dominates the mass transfer in the high velocity areas. Since larger particle can’t diffuse 

as fast as smaller particles, they are more likely to get deposited on the walls. 

Figures 32 and 33 shows the concentration distributions for nanoparticles using 

both SUPG and GLS stabilization methods.  The 1 nm particle gets deposited much more 

rapidly compared to the 150 nm particle. We can conclude that the nanoparticle DF will 

decrease when we increase particle diameter (up to a point), and this is due to reduced 

diffusivity. In figure 33 we can see for particles with larger diameter, there exists a local 

area where the concentration is the highest, and such a local area will not exists when the 

particle diameter is smaller, as shown in boxed region of figure 32 and figure 33.  Re will 

also have an impact on the DF values but in this work we will not focus on this impact. 

This is consistent with other nanoparticle in human airways studies [6, 9-12, 14].  
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(a) (b) 

Figure 17. Concentration distribution for        , where (a) is with SUPG 

stabilization and (b) is with GLS stabilization. 

  

(a) (b) 

Figure 18. Concentration distribution for          , where (a) is with SUPG 

stabilization and (b) is with GLS stabilization. 

  

  



67 

 

 

 We can conclude from the results presented here that the stabilization method 

used in these models provides an accurate approximation for the concentration 

distribution, and the best stabilization method for particles larger than 10 nm is GLS. In 

the next chapter we will summarize the major findings from this study and recommend 

future improvements for the model. 
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CHAPTER 5 

CONCLUSION AND FUTURE WORK 

 The main focus of this thesis is to better understand various diameter 

nanoparticles in human airways. Even though the particle diameter was very much in 

focus, other properties such as flow field, the geometry of human airways and 

stabilization method were also considered. There are many issues associated with the 

simulation of nanoparticles using regular FEM; especially instabilities when the diffusion 

coefficient is very small. In order to overcome this problem we tested several 

stabilization methods such as SUPG and GLS when modeling nanoparticles. While the 

stabilizations methods tested have been used and test in many other application, there are 

no other studies comparing these methods to the 3D Graetz problem. We have 

successfully compared different stabilization method with the Graetz Solution in 3D, 

where the best stabilization method was found to be GLS. 

 When testing the different stabilization methods, we observed that the temporal 

discretization method used has an impact on the error when comparing with the analytical 

Graetz solution. Previous studies have stated that CN temporal discretization is a poor 

option when the problem is advection dominated, but we have observed the opposite 

when there are stabilization terms included in the weak form [32, 33]. This is an 

interesting result, and more work on temporal discretization with stabilization will 

provide greater insight on this subject, although similar studies do exist but they only 

solve simple 1D and 2D problems. 
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 Comparing the human airways results with varying particle diameter has shown 

that, for particles with large diameter (> 10 nm), the DF value is smaller compared to 

particle with smaller diameter (< 10 nm). This result agrees with previous studies, but 

those studies do not include the impact of different stabilization methods. In this thesis, 

we have shown that the type of stabilization methods chosen when the particle diameter 

is less than 10 nm do impact the DF value and when the particle diameter is greater than 

10 nm the type of stabilization method used does not matter significantly. In the region 

where the particle size is larger, mesh refinement is important, and this is clearly shown 

in figure 30. When modeling human airways with commercially available software, such 

as ANSYS, the results are impacted by the type of stabilization method used in the 

software, and we do not have any means of knowing exactly which stabilization method 

is being used because of confidential information. Studies previous done using 

commercial software suffers greatly from this lack of information. 

 The human airways simulations have shown that when we inhale superfine 

particles (1 nm), the distribution is uniform and this leads to a greater deposition fraction 

and toxicity compared to larger particle (150 nm). This means that the superfine particle 

will cover more area than the larger particles, which will have localized concentration 

areas. This is due to smaller particle that have a much larger diffusion coefficient 

compared to larger sized particles. 

Future work on this topic could be focused on creating a much more accurate 

model (i.e., larger numbers of elements) in order to understand the impacts of inhaling 

nanoparticle. This could lead to a better understanding and treatment for inhaled toxic 
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nanoparticles. Improving computing capabilities, for example, running simulation in 

petascale could enable patient specific diagnosis and targeted drug delivery. 
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HUMAN AIRWAYS MODEL IMPLEMENTATION IN C++ 
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Human Airways Model Implementation In C++ 

 This appendix is a summary of the C++ code that is used to build the human 

airways model. The important parts of the code will be discussed in detail. The main 

function is call fem3d, which includes all the prototypes, as shown below. There are 5 

prototypes in this model: the first prototypes is build_local, which is the function where 

the isoparametric mapping is done, the assemble function is where the matrix and vector 

is assembled, initZero is where the matrix is initialized to zero before assembling the 

matrix, sol_out is the function called to write the results of the model, and, finally, mass 

is the function called to do the flux calculations. 

 

int build_local(int, TriMesh *, RefElem *, double **, double *, 

Epetra_Vector *, Epetra_Vector *,Epetra_Vector *, double); 

void assemble(int, int,int, Epetra_CrsMatrix *, Epetra_Vector *, 

double**, double *, TriMesh *, double, Epetra_Vector *); 

void initZero(int,int, Epetra_CrsMatrix *, Epetra_Vector *, TriMesh *); 

void sol_out(int *, Epetra_Vector *, TriMesh *, int, double); 

int mass(TriMesh *, Epetra_Vector *); 
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for (int i=0; i<NumNodes; i++) 

  pnop[i] = -1; 

  int counter = 0.0; 

  for (int e=0; e<NumElem; e++) 

    for (int i=0; i<NPpE; i++) 

      if( pnop[nop[e][i]] == -1) 

        pnop[nop[e][i]] = counter; 

        counter++; 

mymesh.partition(myid,NumProc); 

int counter = 0; 

  for (int e=0; e<NumElem; e++){ 

    for (int i=0; i<NPpE; i++){ 

     if (oldnew[nop[e][i]]== -1){ 

      oldnew[nop[e][i]]= counter; 

      newold[counter] = nop[e][i]; 

      nop4[e][i]= counter; 

      counter++; 

     }else{ 

      nop4[e][i]=oldnew[nop[e][i]]; 

      } 

NumNodes4=counter; 

METIS_PartMeshNodal(&NumElem, &NumNodes4, tmp_elem, &etype, &numflag, 

&NumProc, &edgecut, epart, mpinpart); 

 

 The code above is called the Trimesh object and the RefElem object. The Trimesh 

object will read in the mesh file and organize the data from the file. In Trimesh we will 

also do the mesh partitioning for parallel computing using the Metis library, which is 
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shown at the very end of the code. In Trimesh, pnop() is the pressure nop() where, given 

an element number and a node number, we can know whether the node has a pressure 

unknown. Similarly, nop() is created for the other degree of freedom such as velocity and 

concentration, since all these unknowns are on every node in the element,  we can lump 

them into a single nop. The RefElem object is where the basis functions for the 

tetrahedron are create and the Gauss Quadrature is defined. 

 

//Create Map 

  Epetra_Map dofmap(-1,mymesh.num_local_dof,mymesh.MyLocalDof.Values(), 

0, Comm); 

  Epetra_Map solmap(mymesh.NumDof,mymesh.NumDof, 0, Comm); 

  Epetra_Import FullImporter(solmap,dofmap); 

  //Create Vector & Matrix 

  Epetra_CrsMatrix A(Copy, dofmap, 10 * mymesh.localDof); 

  Epetra_Vector b(dofmap); 

  Epetra_Vector dsol(dofmap); 

  Epetra_Vector fulldsol(solmap); 

  Epetra_Vector sol(solmap); 

  Epetra_Vector sol_old(solmap); 

  Epetra_Vector sol_older(solmap); 

 

 The code above creates the maps, matrix, and vectors for the model, and this is 

done by using the Trilinos Epetra package. 
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for(int e=0; e<(mymesh.num_local_elem); e++){ 

    initZero(mymesh.MyElem[e],myid, &A, &b, &mymesh);//intiliaze A to 

zero 

  }  

for (j=0; j<(mymesh->NpE);j++){ 

    dof = mymesh->nop[e][j];//dof= local nodes 

      if (mymesh->npart[dof]==myid){ 

      switch(mymesh->BCType[mymesh->nop[e][j]]){ 

      case 1: 

      case 2: 

      NumEntries = 1; 

      vals[0] = 0.0; 

      cols[0] = dof; 

      A->InsertGlobalValues(dof, NumEntries, vals, cols); 

      break; 

      case 3: 

      NumEntries = 1; 

      vals[0] = 0.0; 

      cols[0] = dof; 

      A->InsertGlobalValues(dof, NumEntries, vals, cols); 

      break; 

      default: 

      NumEntries = 3*mymesh->NpE+mymesh->NPpE; 

     for (i=0; i < mymesh->NpE; i++){ 

     cols[i] = mymesh->nop[e][i]; 

     vals[i] = 0.0; 

 } 

    for (i=0; i < mymesh->NpE; i++){ 



80 

 

 

     cols[mymesh->NpE+i] = mymesh->NumNodes + mymesh->nop[e][i]; 

     vals[mymesh->NpE+i] = 0.0; 

} 

for (i=0; i < mymesh->NpE; i++){ 

  cols[2*mymesh->NpE+i] = 2*mymesh->NumNodes + mymesh->nop[e][i]; 

  vals[2*mymesh->NpE+i] = 0.0; 

} 

for (i=0; i < mymesh->NPpE; i++){ 

 cols[3*mymesh->NpE+i] = 4 * mymesh->NumNodes + mymesh->pnop[mymesh-

>nop[e][i]]; 

 vals[3*mymesh->NpE+i] = 0.0; 

} 

 A->InsertGlobalValues(dof, NumEntries, vals, cols); 

 break; 

   } 

  } 

  } 

 

  The code above initializes the matrix A by filling it in with zeros, and the very 

first line is the call in the main() function. The next part of the code is the routine used to 

fill the matrix in zeros first, and this code is only a part of the function initZero. The code 

shown here will only fill the first row of the matrix. The case() statements are used to set 

the boundary conditions. 
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Ifpack Factory; 

  Ifpack_Preconditioner *Prec; 

  string PrecType = "ILU"; 

  Prec = Factory.Create(PrecType, &A); 

  assert (Prec != 0); 

  Teuchos::ParameterList List; 

 

  Epetra_LinearProblem LP(&A,&dsol,&b); 

  AztecOO Solver(LP); 

 

  Prec->SetParameters(List); 

  Prec->Initialize(); 

   

 Solver.SetPrecOperator(Prec); 

  Solver.SetAztecOption(AZ_solver,AZ_gmres); 

  Solver.SetAztecOption(AZ_output,100); 

 

  The code above implements the Ifpack solver from the Trilinos package, and the 

solver uses ILU-type preconditioner with GMRES. Additional information about the 

solver can be found in Trilinos documentation. 

 

 for (int t_step=0; t_step < total_steps; t_step++){ 

    for (int i_ter=0; i_ter<iter; i_ter++){ 

      currentTime = (t_step+1.0) * dt; 

      A.PutScalar(0.0); b.PutScalar(0.0);  

      dsol.PutScalar(0.0); fulldsol.PutScalar(0.0); 



82 

 

 

 for(int e=0; e<(mymesh.num_local_elem); e++){ 

build_local(mymesh.MyElem[e], &mymesh, &basis, A_local, b_local, &sol, 

&sol_old, &sol_older,dt); 

assemble(mymesh.MyElem[e],myid, mymesh.NpE, &A, &b, A_local, b_local, 

&mymesh, currentTime, &sol); 

  } 

 Prec->Compute(); 

 Solver.Iterate(1000, TOL); 

 fulldsol.Import(dsol,FullImporter,Add); 

        for (int i=0; i<mymesh.NumDof; i++){ 

   sol[i] = sol[i]-fulldsol[i]; 

        } 

      //Condition for Newton 

      b.Norm2(&norm); 

      if(norm < TOL){ 

 i_ter = iter; 

      } 

    } // End of iteration loop     

    //Write output 

    if(myid==0){ 

      if((t_step % 10) == 0){     

    sol_out(&ex_id, &sol, &mymesh, out_step, currentTime); 

    out_step++; 

      //Solution update 

    for (int i=0; i<mymesh.NumDof; i++){ 

      sol_old[i] = sol[i]; 

      sol_older[i] = sol_old[i]; 

    } 

  } // End of time loop 
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 The code above implements the time loop and Newton iteration steps, and after 

the iteration loop and time step loop we insert zeros into the matrix and vectors using 

Trilinos commands. After this step we loop thru the elements and call the two 

functions:build_local() and assemble(). The convergence condition for Newton is done 

by calculating the norm of the residual, which are calculated using the Trilinos package. 

After ending the iteration loop we write the solution to an Exodus file using the function 

sol_out. After wring the solution to a file we will update the solution for the old and older 

time steps since this is need for the temporal discretization before ending the time loop. 

 In build_local (), the main steps are the isoparametric mapping and the weak form 

implementation, and these steps are shown below. The weak form shown below is for the 

advection-diffusion equation only. 

 

for (int i=0; i<(basis->NpE); i++){ 

     x_xsi += mymesh->getNodeLocX(mymesh->nop[e][i]) * basis-

>dphi10_xsi[i][gpt]; 

     x_eta += mymesh->getNodeLocX(mymesh->nop[e][i]) * basis-

>dphi10_eta[i][gpt]; 

     x_del += mymesh->getNodeLocX(mymesh->nop[e][i]) * basis-

>dphi10_del[i][gpt]; 

     y_xsi += mymesh->getNodeLocY(mymesh->nop[e][i]) * basis-

>dphi10_xsi[i][gpt]; 

     y_eta += mymesh->getNodeLocY(mymesh->nop[e][i]) * basis-

>dphi10_eta[i][gpt]; 

     y_del += mymesh->getNodeLocY(mymesh->nop[e][i]) * basis-

>dphi10_del[i][gpt]; 

     z_xsi += mymesh->getNodeLocZ(mymesh->nop[e][i]) * basis-

>dphi10_xsi[i][gpt]; 

     z_eta += mymesh->getNodeLocZ(mymesh->nop[e][i]) * basis-

>dphi10_eta[i][gpt]; 
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     z_del += mymesh->getNodeLocZ(mymesh->nop[e][i]) * basis-

>dphi10_del[i][gpt]; 

   } 

 

detJ = (x_xsi*y_eta*z_del)+(z_eta*y_xsi*x_del)+(z_xsi*x_eta*y_del)-

(x_xsi*z_eta*y_del)-               (y_xsi*x_eta*z_del)-

(z_xsi*y_eta*x_del); 

 //Isoparametric mapping 

for (int i=0; i<(basis->NpE); i++){ 

 phi_x[i] = ((y_eta*basis->dphi10_xsi[i][gpt]*z_del)+(y_xsi*basis-

>dphi10_del[i][gpt]*z_eta)+(y_del*basis->dphi10_eta[i][gpt]*z_xsi)-

(y_del*basis->dphi10_xsi[i][gpt]*z_eta)-(y_xsi*basis-

>dphi10_eta[i][gpt]*z_del)-(y_eta*basis-

>dphi10_del[i][gpt]*z_xsi))/detJ; 

   phi_y[i] = ((x_xsi*basis-

>dphi10_eta[i][gpt]*z_del)+(x_del*basis-

>dphi10_xsi[i][gpt]*z_eta)+(x_eta*basis->dphi10_del[i][gpt]*z_xsi)-

(x_xsi*basis->dphi10_del[i][gpt]*z_eta)-(x_eta*basis-

>dphi10_xsi[i][gpt]*z_del)-(z_xsi*basis-

>dphi10_eta[i][gpt]*x_del))/detJ; 

   phi_z[i] = ((x_xsi*basis-

>dphi10_del[i][gpt]*y_eta)+(x_del*basis-

>dphi10_eta[i][gpt]*y_xsi)+(x_eta*basis->dphi10_xsi[i][gpt]*y_del)-

(x_xsi*basis->dphi10_eta[i][gpt]*y_del)-(x_eta*basis-

>dphi10_del[i][gpt]*y_xsi)-(x_del*basis-

>dphi10_xsi[i][gpt]*y_eta))/detJ; 

 } 

for (int i=0; i<(basis->NpE); i++){ 

 for (int j=0; j<(basis->NpE); j++){ 

    A_local[3*basis->NpE+i][j]+=dt*(BDF1*basis-

>phi10[j][gpt]*c_x*basis->phi10[i][gpt] + BDF1*t_gls*basis-

>phi10[j][gpt]*((1.0/t_gls)*(basis->phi10[i][gpt])*c_x + phi_t*phi_x[i] 

+ 2.0*unew*phi_x[i]*c_x + phi_x[i]*vnew*c_y + phi_x[i]*unew*c_z + 

vnew*phi_y[i]*c_x + wnew*phi_z[i]*c_x))*detJ*basis->gw[gpt]; 

   } 

 for (int j=0; j<(basis->NpE); j++){ 

       A_local[3*basis->NpE+i][basis->NpE+j]+=dt*(BDF1*basis-

>phi10[j][gpt]*c_y*basis->phi10[i][gpt] + BDF1*t_gls*basis-

>phi10[j][gpt]*((1.0/t_gls)*(basis->phi10[i][gpt])*c_y + phi_t*phi_y[i] 

+ unew*phi_x[i]*c_y + unew*c_x*phi_y[i] + 2.0*vnew*c_y*phi_y[i] + 

phi_y[i]*wnew*c_z + wnew*phi_z[i]*c_y))*detJ*basis->gw[gpt]; 
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  for (int j=0; j<(basis->NpE); j++){ 

  A_local[3*basis->NpE+i][2*basis->NpE+j]+=dt*(BDF1*basis-

>phi10[j][gpt]*c_z*basis->phi10[i][gpt] + BDF1*t_gls*basis-

>phi10[j][gpt]*((1.0/t_gls)*(basis->phi10[i][gpt])*c_z + phi_t*phi_z[i] 

+ unew*phi_x[i]*c_z + vnew*phi_y[i]*c_z + phi_z[i]*unew*c_x + 

phi_z[i]*vnew*c_y + 2.0*wnew*phi_z[i]*c_z))*detJ*basis->gw[gpt];    

  for (int j=0; j<(basis->NpE); j++){ 

    A_local[3*basis->NpE+i][3*basis->NpE+j]+=(basis-

>phi10[i][gpt]*basis->phi10[j][gpt] + 

dt*(BDF1*D*phi_x[i]*phi_x[j]+BDF1*D*phi_y[i]*phi_y[j]+BDF1*D*phi_z[i]*p

hi_z[j]+BDF1*unew*phi_x[j]*basis-

>phi10[i][gpt]+BDF1*vnew*phi_y[j]*basis->phi10[i][gpt] + 

BDF1*wnew*phi_z[j]*basis->phi10[i][gpt] + 

BDF1*t_gls*((1.0/(t_gls*dt))*(basis->phi10[i][gpt]*basis-

>phi10[j][gpt]) + (1.0/t_gls)*(basis->phi10[i][gpt]*unew*phi_x[j]) + 

(1.0/t_gls)*(basis->phi10[i][gpt]*vnew*phi_y[j])+(1.0/t_gls)*(basis-

>phi10[i][gpt]*wnew*phi_z[j]) + (1.0/dt)*(basis-

>phi10[j][gpt]*unew*phi_x[i]) + (1.0/dt)*(basis-

>phi10[j][gpt]*vnew*phi_y[i]) + (1.0/dt)*(basis-

>phi10[j][gpt]*wnew*phi_z[i]) + (unew*unew*phi_x[i]*phi_x[j]) + 

(unew*phi_x[i]*vnew*phi_y[j]) + (unew*phi_x[i]*wnew*phi_z[j]) + 

(vnew*phi_y[i]*unew*phi_x[j]) + (vnew*vnew*phi_y[i]*phi_y[j]) + 

(vnew*phi_y[i]*wnew*phi_z[j]) + (wnew*phi_z[i]*unew*phi_x[j]) + 

(wnew*phi_z[i]*vnew*phi_y[j]) + 

(wnew*wnew*phi_z[i]*phi_z[j]))))*detJ*basis->gw[gpt]; 

  } 

for (int j=0; j<(basis->NPpE); j++){ 

A_local[3*basis->NpE+i][4*basis->NpE+j] += 0.0*detJ*basis->gw[gpt]; 

    }                                                                                                     

      b_local[3*basis->NpE+i] += (cnew*basis->phi10[i][gpt] - 

cold*basis->phi10[i][gpt] + dt*(BDF1*D*c_x*phi_x[i] + 

BDF1*D*c_y*phi_y[i]+ BDF1*D*c_z*phi_z[i] + BDF1*unew*c_x*basis-

>phi10[i][gpt]+BDF1*vnew*c_y*basis->phi10[i][gpt] + 

BDF1*wnew*c_z*basis->phi10[i][gpt] + BDF1*t_gls*((1.0/t_gls)*(basis-

>phi10[i][gpt])*phi_t + (1.0/t_gls)*(basis-

>phi10[i][gpt])*(unew*c_x+vnew*c_y+wnew*c_z) + phi_t*(unew*phi_x[i] + 

vnew*phi_y[i] + wnew*phi_z[i]) + (unew*phi_x[i] + vnew*phi_y[i] + 

wnew*phi_z[i])*(unew*c_x + vnew*c_y + wnew*c_z)) + 

(1.0/dt)*((BDF2*cold*basis->phi10[i][gpt] - BDF2*colder*basis-

>phi10[i][gpt]))))*detJ*basis->gw[gpt]; 

 } 

 

 Assemble is the function used to fill the matrix and residual and where the 
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boundary conditions are set. The case() statement indicates where the boundary 

conditions are set. 

 

for (j=0; j<(mymesh->NpE); j++){ 

    dof = 3*mymesh->NumNodes + mymesh->nop[e][j]; 

      if(mymesh->npart[mymesh->nop[e][j]]==myid){ 

 if (A->LRID(dof) == -1){ 

   cout << "ERROR in assemble" << endl; 

 } 

      x = mymesh->getNodeLocX(mymesh->nop[e][j]); 

      y = mymesh->getNodeLocY(mymesh->nop[e][j]); 

      z = mymesh->getNodeLocZ(mymesh->nop[e][j]); 

      switch(mymesh->BCType[mymesh->nop[e][j]]){ 

        case 1: 

   NumEntries = 1; 

          vals[0] = 1.0; 

          cols[0] = dof; 

   A->ReplaceGlobalValues(dof, NumEntries, vals, cols); 

          vals[0] = (*sol)[dof]-1.0*((1.0-y)*(1.0+y)*(1.0-x)*(1.0+x)); 

   b->ReplaceGlobalValues(NumEntries, vals, &dof); 

        break; 

       case 3: 

 NumEntries = 1; 

          vals[0] = 1.0; 

          cols[0] = dof; 

   A->ReplaceGlobalValues(dof, NumEntries, vals, cols); 

          vals[0] = (*sol)[dof]-0.0; 

   b->ReplaceGlobalValues(NumEntries, vals, &dof); 
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        break; 

        case 2: 

          NumEntries = 1; 

          vals[0] = 1.0; 

          cols[0] = dof; 

   A->ReplaceGlobalValues(dof, NumEntries, vals, cols); 

          vals[0] = (*sol)[dof]-0.0; 

   b->ReplaceGlobalValues(NumEntries, vals, &dof); 

        break; 

        default: 

   NumEntries = 4*mymesh->NpE; 

     for (i=0; i < mymesh->NpE; i++){ 

            cols[i] = mymesh->nop[e][i]; 

            vals[i] = A_local[3*mymesh->NpE+j][i]; 

    } 

          for (i=0; i < mymesh->NpE; i++){ 

            cols[mymesh->NpE+i] = mymesh->NumNodes + mymesh->nop[e][i]; 

            vals[mymesh->NpE+i] = A_local[3*mymesh->NpE+j][mymesh-

>NpE+i]; 

    } 

   for (i=0; i < mymesh->NpE; i++){ 

            cols[2*mymesh->NpE+i] = 2*mymesh->NumNodes + mymesh-

>nop[e][i]; 

            vals[2*mymesh->NpE+i] = A_local[3*mymesh->NpE+j][2*mymesh-

>NpE+i]; 

    } 

          for (i=0; i < mymesh->NpE; i++){ 

            cols[3*mymesh->NpE+i] = 3 * mymesh->NumNodes + mymesh-

>nop[e][i]; 

            vals[3*mymesh->NpE+i] = A_local[3*mymesh->NpE+j][3*mymesh-

>NpE+i]; 
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   } 

        

          A->SumIntoGlobalValues(dof, NumEntries, vals, cols); 

          NumEntries = 1; 

          vals[0] = b_local[3*mymesh->NpE+j]; 

   b->SumIntoGlobalValues(NumEntries, vals, &dof); 

  break; 

      } 

      } 

  } 

 

 The final section of the main function is the flux calculation.  Sum1 is the flux 

calculation for the inlet of the human airways. A similar calculation is done for the outlet; 

the flux calculation is done by multiplying the average area of the triangle, average 

concentration and finally the normal velocity. 

 

double sum1 =0.0; 

  for (int e=0; e<mymesh->NumElem; e++){ 

    int counter = 0; 

    for (int i=0; i<mymesh->NpE; i++){ 

     if(mymesh->BCType[mymesh->nop[e][i]]== 1){ 

      counter++;}} 

      if (counter == 6){ 

      int locCount = 0; 

      for (int i=0; i<mymesh->NpE; i++){ 

        if(mymesh->BCType[mymesh->nop[e][i]]== 1){ 

   nop1[locCount] = i; 
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   locCount++;}} 

  a_1=mymesh->nop[e][nop1[0]]; 

      b_1=mymesh->nop[e][nop1[1]]; 

      c_1=mymesh->nop[e][nop1[2]]; 

      x1 = mymesh->getNodeLocX(a_1); 

      y1 = mymesh->getNodeLocY(a_1); 

      z1 = mymesh->getNodeLocZ(a_1); 

      x2 = mymesh->getNodeLocX(b_1); 

      y2 = mymesh->getNodeLocY(b_1); 

      z2 = mymesh->getNodeLocZ(b_1); 

      x3 = mymesh->getNodeLocX(c_1); 

      y3 = mymesh->getNodeLocY(c_1); 

      z3 = mymesh->getNodeLocZ(c_1); 

 BA_x=x2-x1; 

 BA_y=y2-y1; 

 BA_z=z2-z1; 

 CA_x=x3-x1; 

 CA_y=y3-y1; 

 CA_z=z3-z1; 

 BC_x=x2-x3; 

 BC_y=y2-y3; 

 BC_z=z2-z3; 

 distance_x=0.5*((BA_y*CA_z)-(BA_z*CA_y)); 

 distance_y=0.5*((BA_z*CA_x)-(BA_x*CA_z)); 

 distance_z=0.5*((BA_x*CA_y)-(BA_y*CA_x)); 

 dot_x=distance_x*distance_x; 

 dot_y=distance_y*distance_y; 

 dot_z=distance_z*distance_z; 

 add_1=(dot_x+dot_y+dot_z); 
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 area_1=pow(add_1,0.5);// area of inflow 

    U_x=a_1; 

    U_y=DOF_y+a_1; 

    U_z=DOF_z+a_1; 

    V_x=b_1; 

    V_y=DOF_y+b_1; 

    V_z=DOF_z+b_1; 

    W_x=c_1; 

    W_y=DOF_y+c_1; 

    W_z=DOF_z+c_1; 

    C_x=DOF_c+a_1; 

    C_y=DOF_c+b_1; 

    C_z=DOF_c+c_1; 

    

Vel_1=(*sol)[U_x]*(*sol)[U_x]+(*sol)[U_y]*(*sol)[U_y]+(*sol)[U_z]*(*sol

)[U_z]; 

    

Vel_2=(*sol)[V_x]*(*sol)[V_x]+(*sol)[V_y]*(*sol)[V_y]+(*sol)[V_z]*(*sol

)[V_z]; 

    

Vel_3=(*sol)[W_x]*(*sol)[W_x]+(*sol)[W_y]*(*sol)[W_y]+(*sol)[W_z]*(*sol

)[W_z]; 

    Con_total=((*sol)[C_x]+(*sol)[C_y]+(*sol)[C_z])/3.0; 

    Vel_mag1=pow(Vel_1,0.5); 

    Vel_mag2=pow(Vel_2,0.5); 

    Vel_mag3=pow(Vel_3,0.5); 

    Vel_total=(Vel_mag1+Vel_mag2+Vel_mag3)/3.0; 

    sum1+=area_1*Vel_total*Con_total; 
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 The final implementation that is shown below is the function which calculation 

the Graetz solution, this function is called the eigen function. Further details can be found 

in the reference paper [20]. 

 

for (int j=0; j<(mymesh->NumNodes); j++){ 

    x = mymesh->getNodeLocX(j); 

    y = mymesh->getNodeLocY(j); 

    z = mymesh->getNodeLocZ(j); 

 

    z_new =(z)/(Re*Sc); 

    rad= ((x*x) + (y*y)); 

    r= pow(rad,0.5); 

    rm= pow(r,2.0); 

    phi_rz[j] = 0.0; 

  

    for(int n=1; n<=Nmax; n++){ 

      Z_n = 0.0; 

      Y_n[n-1] = 0.0; 

      m=1.0; 

      for (int i=1; i <= 10; i++){ 

 F_n=1.0; 

 for (int p=1; p<=i; p++){ 

   F_n *= (4*p-2.0-ev[n-1]); 

 } 

        dn=pow(4,i); 

        kn=pow(ev[n-1],i); 

        rn= pow(r,(2*i)); 
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 m=factorialFinder(i); 

        Z_n += ((F_n*(kn*rn))/(dn*m*m)); 

      } 

      en= -1.0*((ev[n-1]*rm)/(2.0)); 

      Y_n[n-1] = exp(en)*(1.0 + Z_n); 

      double zn = pow(ev[n-1],2.0); 

      phi_rz[j] += (ec[n-1]*Y_n[n-1]*exp(-1.0*zn*z_new)); 

      } 

  }   

  } 

int factorialFinder (int num) { 

  if (num==1){ 

    return 1; 

  } else { 

    return num*factorialFinder (num-1); 

  } 

 

 

 

 


