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ABSTRACT 

The ability to diagnose irregular flow patterns clinically in the left ventricle (LV) 
is currently very challenging.  One potential approach for non-invasively measuring 
blood flow dynamics in the LV is particle image velocimetry (PIV) using microbubbles. 
To obtain local flow velocity vectors and velocity maps, PIV software calculates 
displacements of microbubbles over a given time interval, which is typically determined 
by the actual frame rate. In addition to the PIV, ultrasound images of the left ventricle can 
be used to determine the wall position as a function of time, and the inflow and outflow 
fluid velocity during the cardiac cycle. Despite the abundance of data, ultrasound and 
PIV alone are insufficient for calculating the flow properties of interest to clinicians. 
Specifically, the pressure gradient and total energy loss are of primary importance, but 
their calculation requires a full three-dimensional velocity field. Echo-PIV only provides 
2D velocity data along a single plane within the LV.  Further, numerous technical hurdles 
prevent three-dimensional ultrasound from having a sufficiently high frame rate 
(currently approximately 10 frames per second) for 3D PIV analysis.  Beyond 
microbubble imaging in the left ventricle, there are a number of other settings where 2D 
velocity data is available using PIV, but a full 3D velocity field is desired.   

This thesis develops a novel methodology to assimilate two-dimensional PIV data 
into a three-dimensional Computational Fluid Dynamics simulation with moving 
domains. To illustrate and validate our approach, we tested the approach on three 
different problems: a flap displaced by a fluid jut; an expanding hemisphere; and an 
expanding half ellipsoid representing the left ventricle of the heart. To account for the 
changing shape of the domain in each problem, the CFD mesh was deformed using a 
pseudo-solid domain mapping technique at each time step. 

The incorporation of experimental PIV data can help to identify when the 
imposed boundary conditions are incorrect. This approach can also help to capture effects 
that are not modeled directly like the impacts of heart valves on the flow of blood into the 
left ventricle. 
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CHAPTER ONE  

INTRODUCTION 

   Mathematical modeling methods for application in the biological and medical 

science fields have been developed for decades.  The standardization and wider 

availability of algorithms to approximately solve differential and integral equations by 

converting them into systems of algebraic equations has expanded the application of 

mathematical modeling exponentially. However, the accuracy and performance of 

mathematical models and algorithms must continue to evolve due to the increase in 

experimental data provided by various diagnostic technologies (e.g., MRI, ultrasound). 

Motivations for the development of mathematical models are diverse. For instance, in 

the research presented here, the purpose is the development of a reasonable 

computational fluid dynamics model that can incorporate sub-dimensional experimental 

data (i.e., the incorporation of two-dimensional experimental data into a three-

dimensional model) from a non-invasive imaging technology, ultrasound imaging.  There 

are a number of difficulties with the development of such a model. For example, 

simulation of the human right ventricle is complicated by the structural complexity of the 

chamber, and experimental geometric information is often limited to a few sub-

dimensional perspectives (i.e., cross-sections of the three-dimensional geometry).  In the 

simulation of the left-ventricle, the interaction between the fluid and the solid tissue must 

also be considered. 
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The purpose of the work presented in this thesis is to develop a novel methodology to 

assimilate two-dimensional Particle Image Velocimetry data into a three-dimensional 

Computational Fluid Dynamics simulation. To illustrate and validate our approach, we 

examine three different test problems.  The first one is a cellulose acetate film immersed 

in water that is deformed by a jet pulse, which is entirely located in a fluid tank filled 

with PIV imaging particles. The second problem is an expanding hemisphere model, and 

the third one is an expanding and collapsing half-ellipsoid, which represents the left-

ventricle. To account for the changing shape of the cellulose acetate film or the heart wall, 

the CFD mesh is deformed using a pseudo-solid domain mapping technique at each time 

step. 

The Anatomy of Human Heart 

The essential function of the heart is to pump blood to various parts of the body. The 

human heart has four chambers: right and left atria and right and left ventricles (figure 1). 

The two atria act as collecting reservoirs for blood returning to the heart, while the two 

ventricles act as pumps to eject the blood to the body. As in some pumping systems that 

have valves to prevent backflow, the heart comes complete with valves to prevent the 

back flow of blood from the ventricles into the aorta. Deoxygenated blood returns to the 

heart via the major veins (superior and inferior vena cava), enters the right atrium, passes 

into the right ventricle, and from there is ejected to the pulmonary artery on the way to 

the lungs. Oxygenated blood returning from the lungs enters the left atrium via the 

pulmonary veins, passes into the left ventricle, and is then ejected to the aorta. Figure 1 is 

a picture of the inside of a normal, healthy, human heart (NHLBI, 2009).  
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Figure 1. The illustration shows a cross-section of a healthy heart and its inside structures. The 
blue arrow shows the direction in which oxygen-poor blood flows from the body to the lungs. The 
red arrow shows the direction in which oxygen-rich blood flows from the lungs to the rest of the 
body (NHLBI , 2009).  
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 Figure 2  shows a cross-section of a human heart and the corresponding ultra-sound 

graph with the chambers labeled (Mayo Clinic-Scottsdale). Figure 3 depicts the different 

planes used for ultrasound imaging (Fuster, 2004). 

 

 

Figure 2. The cross-section of human heart and the corresponding 4-chamber view provided by 
ultrasound.  RA – right atrium, LA – left atrium, MV – mitral valve,  AV – aortic valve, LV – left 
ventricle, RV-right ventricle. TV – tricuspid valve (Mayo Clinic-Scottsdale). 
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Figure 3. The 3 different planes that are commonly used in ultrasound imaging of the heart.  The 
planes may also be rotated.  The four-chamber plane and long-axis plane are used for the PIV 
imaging studies described here (Mayo Clinic-Scottsdale). 

 
 

The Anatomy of Left Ventricle 

The left ventricle is one of four chambers (two atria and two ventricles) in the human 

heart (figure 2). It receives oxygenated blood from the left atrium via the mitral valve, 

and pumps it into the aorta via the aortic valve. The left ventricle is shorter and more 

conical in shape than the right, and on transverse section its concavity presents an oval or 

nearly circular outline (McQueen, 2000). It forms a small part of the sternocostal surface 

and a considerable part of the diaphragmatic surface of the heart; it also forms the apex of 

the heart. The left ventricle is thicker and more muscular than the right ventricle because 

it pumps blood at a higher pressure. A typical healthy adult heart pumping volume is ~5 
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liters/min, resting. Maximum pumping capacity volume extends from ~25 liters/min for 

non-athletes to as high as ~45 liters/min for Olympic level athletes (Schlosser, 2005; 

Lifesciences, 2009; O'Connor, 2009).  Figure 4 shows the physical structure of a typical 

human ventricle including both left-ventricle and right-ventricle and the heart ventricular 

walls consist of three layers: the (1) epicardium, the (2) myocardium (cardiac muscle), 

and the (3) endocardium (Medicalartlibrary, 2011). Figure 5 (Mayo Clinic-Scottsdale) 

shows the ultrasound image obtained along the same plane as the PIV data used in the 

simulation presented later. 

 

 

Figure 4.  This cross-section of the heart shows the right ventricle, tricuspid valve, left ventricle, 
bicuspid (mitral) valve, left atrium, right atrium, superior vena cava, inferior vena cava, aorta, 
aortic valve, papillary muscle, chordae tendineae, and trabeculae carneae (Mayo Clinic-
Scottsdale). 
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Figure 5. Cross-section view of  LV corresponding to the long-axis plane shown in figure 3.  The 
inset shows a typical ultrasound image corresponding to the two-chamber (LV and LA) view of 
the heart (Mayo Clinic-Scottsdale). 

 
The Functioning Parameters of Left Ventricle 

Table 1 lists typical parameters of a normal left ventricle (Schlosser, 2005; 

Lifesciences, 2009; O'Connor, 2009) : 

Measure Typical Value Normal Range 
End-diastolic volume 120ml 65ml --- 240ml 
End –systolic volume 50ml 16ml --- 143ml 
Stroke volume 70ml 55ml --- 100ml 
Ejection Fraction 58% 55 --- 70% 
Heart rate 72 bpm  
Cardiac output 4.9 L/minute 4.0 --- 8.0 L/minute 
                                               
                                   Table 1. Physical parameters of a human heart 
 
 

Based on the information above, the numerical simulation can be constructed to 

represent a typical human heart.  The simulation of the heart wall movement is set to 
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match the volume change typically found in the heart.  The simulation parameters can 

also be set for a specific patient based on echocardiographic analysis of the patient. In 

this research, the ejection fraction was set to approximately at 45%. 

 
Introduction to Particle Image Velocimetry (PIV) 

 
Background of PIV 

Particle image velocimetry (PIV) is an optical method of flow visualization used in 

education and research. It is used to obtain instantaneous velocity measurements and 

related properties in fluids. The fluid is seeded with tracer particles, which, for the 

purposes of PIV, are generally assumed to be neutrally buoyant and faithfully follow the 

flow dynamics. It is the motion of these seeding particles that is used to calculate velocity 

information of the flow being studied based on the displacement of the particles over a 

known time span (Stromungsmechanik , 1997). Other techniques used to measure flow 

properties are Laser Doppler velocimetry, hot-wire anemometry and magnetic resonance. 

The main difference between PIV and those techniques is that PIV produces two- 

dimensional vector fields, while the other techniques measure the velocity magnitude at a 

point.  

During PIV, the particle concentration is such that it is possible to identify individual 

particles in an image, but not to track it between images with certainty. When the particle 

concentration is sufficiently low that it is possible to follow an individual particle, it is 

called Particle Tracking Velocimetry, while Laser Speckle Velocimetry is used for cases 

where the particle concentration is so high that it is difficult to observe individual 

particles in an image (Stromungsmechanik,1997). 
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A typical PIV apparatus consists of a camera (normally, a digital camera with a CCD 

chip in modern systems), a high power laser, for example a double-pulsed Nd:YAG laser 

or a copper vapor laser, an optical arrangement to convert the laser output light to a thin 

light sheet (normally using a cylindrical lens and a spherical lens), a synchronizer to act 

as an external trigger for control of the camera and laser, the seeding particles and the 

fluid under investigation. A fiber optic cable or liquid light guide often connects the laser 

to the lens setup. 

PIV has been applied to a wide range of flow problems, varying from the flow over 

an aircraft wing in a wind tunnel to vortex formation in prosthetic heart valves 

(Stromungsmechanik,1997). Three-dimensional techniques have been sought to analyze 

turbulent flow and jets. Rudimentary PIV algorithms based on cross-correlation can be 

implemented in a matter of hours, while more sophisticated algorithms may require a 

significant investment of time. Currently ultrasound Doppler and phase-contrast MRI 

(PC-MRI) are two basic techniques that have been widely adopted in the clinical 

measurements of human hemodynamics (Stromungsmechanik,1997). However, even 

though ultrasound Doppler is cheap and fast, it has the inherent limitations of angle-

dependence, aliasing and difficulties in providing multi-component flow velocity 

information; PC-MRI has exceptional performance in accuracy and multi-dimensional, 

three-component flow measurement, but still suffers from low the temporal resolution 

(Chen, 2010). 
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Development and Application in Biological and Medicine Field 

   Ultrasound techniques have been widely used as a diagnostic tool in the medical field 

for decades.  It is usually used to image anatomy and measure blood flow velocity in 

clinical applications where the noninvasive measurement of opaque flows is required. 

The Doppler shift of ultrasound echoes scattered from blood cells allows measurement of 

the component of flow velocity along the ultrasound beam (Atkinson, 1982) and 

sweeping the beam provides a two-dimensional map of this velocity component. 

However, the measured velocity component is related to the flow speed by the cosine of 

the angle between the beam and the flow direction, severely limiting the utility of this 

technique. Indeed, a small angular variation in the Doppler measurement leads to large 

velocity errors, which limits the accuracy and efficiency of this technique (Gill, 1985; 

Fillinger, 1993).  

 
Echo-PIV Applied into Developing Full  
3D Velocity Field by CFD Simulation 

   The quantification of the blood flow circulating through the left ventricle is important 

for giving information on various cardiac functions, including velocity magnitude, 

pressure gradients, vortex patterns, etc., which are closely related to multiple 

cardiovascular dysfunction issues. However, the ability to determine and diagnose 

irregular flow patterns clinically in the left ventricle (LV) is currently very challenging 

even though ultrasound has enabled non-invasive, real time, and high-resolution imaging 

of the heart walls. One potential approach for non-invasively measuring blood flow 

dynamics in the LV is particle image velocimetry (PIV) using ultrasound with 

microbubbles (Ge, 2002; Sengupta, 2007). Figures 6 and 7 are typical ultrasound images. 
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The four-chamber view is shown if figure 6, and various transverse planes are shown in 

figure 7 (Fuster, 2004). 

 

Figure 6. The four-chambered ultrasound image(B) is obtained by measuring the plane with the 
angle shown above(A). 

 

Figure 7. The four-chamber ultrasound image can be measured at various angles shown above. 
( B: from the plane in the left of A; C: from the plane in the left of A; D: from the plane in the right 
of A) 
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Technological advances have allowed echocardiologists to obtain two-dimensional 

images of the left ventricle of the heart (figures 6 and 7) with a temporal resolution of 10 

to 150 frames per second (t = 7ms).  Recently, FDA-approved microbubbles (small gas- 

filled)  have been developed that can be injected into circulating blood, and these bubbles, 

due to the sharp density difference between the microbubbles and blood, are easily 

visualized using ultrasound. Particle image velocimetry (PIV) software can be used to 

determine the displacement of the bubbles between ultrasound frames and calculate two 

components of the blood velocity vector based on the displacement and t (Sengupta, 

2006). The data from a single plane of the left ventricle can potentially provide valuable 

information for the diagnosis of deficiencies from cardiac diseases.  

In addition to the fluid velocity, ultrasound images of the left ventricle can be used to 

determine the heart wall position as a function of time (Sengupta, 2007), and the inflow 

and outflow fluid velocity during the cardiac cycle. Despite the abundance of data, 

ultrasound and PIV alone are insufficient for providing the parameters that are of most 

interest to clinicians. Specifically, clinicians wish to know the pressure gradient across 

the ventricle, and total energy loss is also of primary importance.  However, the 

calculation of these parameters requires a full three-dimensional velocity field, which 

cannot be obtained from PIV data. There are numerous technical hurdles that prevent 

three-dimensional ultrasound from having a sufficiently high frame rate (it is currently 10 

frames per second) for 3-dimensional PIV analysis. To overcome the two-dimensional 

limitation of current ultrasound analysis, we used computational fluid dynamics to 

calculate the three-dimensional velocity field and assimilate the two-dimensional 
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experimental PIV data into the three-dimensional simulation.  Beyond microbubble 

imaging in the left ventricle, there are a number of other settings where 2D velocity data 

is available using PIV, but a full 3D velocity field is desired.  In the future, our goal is to 

extend the method developed here for coupling PIV data with computational fluid 

dynamics (CFD) so that CFD can be used to physically interpolate and extend the 2D 

PIV data into a full 3D field of velocity data in a wide range of problems.  

The focus here is on the simulation of the fluid flow in the left ventricle over a single 

heart beat. The fundamental events that occur during a single heart beat are summarized 

in figure 8 (Fuster, 2004). 

 

Figure 8. During diastole(left panel), an ultrasound beam directed toward the junction of the mitral 
and aortic annuli is reflected by red blood cells moving toward the transducer. The frequency of 
the received ultrasound is greater than that of the transmitted beam, and the spectral tracing is 
recorded above the baseline. During the isovolumic phase(middle panel), both the mitral and 
aortic valves are closed and little flow occurs within the left ventricle. Therefore, there are no 
significant changes in the transmitted and received frequencies of the Doppler beam and no 
spectral tracing is recorded. During systole (right panel), the transmitted beam is reflected by red 
blood cells moving away from the transducer. Therefore, the frequency of the received ultrasound 
is lower than that of the transmitted beam, and the spectral tracing is recorded below the baseline 
(Fuster, 2004) 
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Geometric Models of the Left-Ventricle 

Existing 3D Model of Left-Ventricle 

Various models have been developed. Charles S. Peskin’s work utilized a cone-

shaped model for an immersed boundary simulation. Figure 9 shows the basic geometric 

concept of the model. The heart wall is constructed using three layers of fibers with each 

layer having a different orientation (McQueen, 2000). 

 

Figure 9. The three types of cone pairs used to construct the ventricles of the model heart. 
(a)Outer and Inner layer;(b)Right-Inner/Left-Outer layer,(c)Left ventricular cylinder layer . The 
upper row shows the cone surface, the lower row shows a typical fiber path on each surface 
(McQueen, 2000). 
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 A three-dimensional model of right and left ventricles has been developed by Smaill’s 

group (Smaill, 2004). Their research group has made measurements of myofibre 

orientation throughout the walls of the  right and left ventricles in dog (Nielsen, 1991) 

and pig (Stevens, 2003) and have shown that there is significant local variation of fiber 

orientation, particularly at the junctions of the free walls of right ventricle (RV) and left 

ventricle (LV), and in the interventricular septum. Figure 10 shows their finite element 

model, which incorporated the information described above.        

 
Figure 10. Finite element representation of ventricular anatomy in the pig heart, incorporating 
accurate topology for inlet and outlet valve orifices. Epicardial and endocardial surfaces are 
rendered and surface element boundaries are shown. The inset region in the LV free wall 
indicates the transmural variation of myofibre orientation from around -60° with respect to the 
circumferential axis close to the epicardial surface to near longitudinal in the subendocardium 
(Smaill, 2004). 
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Models like this can contain highly accurate information on the targets’ geometrical 

information thanks to the high accuracy of experimental measurements.  

Another finite element-based computational model of the heart has been developed 

by Veress’s team and was based on based on the geometry of a normal 25-year-old male 

obtained by high-resolution CT (Veress, 2006). This highly developed model 

incorporates patient-specific geometry as well as the fiber-sheet microstructure of the 

myocardium. Figure 11 shows the finite element-based models of the left ventricle at 

end-diastole and end-systole status (Veress, 2009). Realistic material models, parameters, 

and fiber definitions were used to represent the myocardium (Veress, 2006). An active 

contraction model formulated by Guccione et al. (Guccione, 1993; Veress, 2006) 

provided the active contractile stress responsible for systolic contraction in the model. 

 

 

Figure 11. The left ventricle finite element model in the end-diastolic (left) and end-systolic (right) 
configurations (Guccione, 1993). 
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The Models in This Research 

In this work, the mechanical interaction between the heart wall and the blood was 

modeled in a limited sense: only the velocity matching condition was used and the force 

balance was not included.   The velocity and displacement of the heart wall were 

specified in the model based on typical parameters for the human heart (see Table 1) and 

patient specific ultrasound data.  A detail description of our boundary conditions and wall 

displacement specification are given in Chapter 2.  The initial test geometry for the left 

ventricle was a hemisphere, and this was used for verifying that the numerical algorithm 

was reasonable. Figure 12 is a typical finite element mesh for the hemispherical model.   

 

Figure 12.  The initial shape and velocity of the hemisphere LV model with no deformation. 
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We also examined a more realistic shape for the left ventricle -- a half ellipsoid. The 

boundary conditions are applied in a similar way, and figure 13 shows a typical finite 

element mesh for this model.   

 

  Figure 13. The initial status of the half-ellipsoid LV model with no deformation.  
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This half-ellipsoid represents the left-ventricle and figure 13 shows the heart at the 

initial position without any deformation.  The strategy for moving the boundary in 

response to heart wall motion is described in Chapter 2.  

The model in this work only includes the fluid (blood), but does not include the heart 

wall, or other chambers of the heart. Unlike the other approaches described, we did not 

take the force interaction between the heart wall and blood into consideration due to the 

lack of an acceptable heart wall model and the availability of heart wall location data 

from ultrasound. 
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CHAPTER TWO  

METHODS 

   The methods section is divided into four parts.  First, the least-squares finite element 

method (LSFEM) and weighted LSFEM for solving the Navier-Stokes equations with 

additional experimental data is presented.  Second, the pseudo-solid domain mapping 

technique, which is only required for problems with a changing or moving fluid domain, 

is described.  Third, the model problem used to test this approach is described. Finally, 

the polynomial fitting method for the moving-boundary conditions is described. 

Least -Squares Finite Element Methods (LSFEM) 

Objectives 

    Many numerical methods have been developed for approximately solving the Navier-

Stokes equations for a given domain and boundary conditions. The problem of interest in 

this work is unique in that additional data is available beyond the boundary conditions 

Specifically, the fluid velocity is partially known along a single plane (the PIV plane) in 

the interior of the three-dimensional domain of interest. While having too much 

information is not necessarily a problem, in this situation all the known data --- the 

boundary conditions and the velocity along the internal plane --- are not known precisely 

and contain experimental error. The objective here is to develop an accurate and 

computationally efficient numerical method for approximately solving the Navier-Stokes 

equations that can utilize all the available experimental data in a weighted manner.  
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   We utilize least-squares finite element methods (LSFEMs) to approximately solve the 

Navier-Stokes equations and, significantly, to weakly constrain the solution along the 

internal PIV plane to weakly match the experimental data, which includes error. LSFEMs 

provide tremendous flexibility in handling the additional experimental data, including the 

ability to weight the importance of the data if the experimental error is known. 

Introduction of Least -Squares Finite Element Methods 

    Least-squares finite element methods are attractive because they are based on a 

minimization principle and yield discrete linear systems that are symmetric and positive 

definite. These benefits hold even for problems like the Navier-Stokes equations, which 

yield a saddle-point problem and indefinite linear systems for mixed finite element 

methods (Bochev,1998; Bochev,1998; Brenner, 2000).  

   The Navier-Stokes equations are second-order equations, so a least-squares method 

based on the original, primitive variables would yield an undesirable linear system with a 

condition number that is proportional to h-4 (Deang, 1998). To avoid this difficulty, the 

second-order equations are typically reformulated as a system of first-order equations 

through the introduction of new variables. Additional, equivalent equations can be added 

to the first-order system of equations because the problem is cast as a least-squares 

minimization problem. For example, if the original system of equations contains the 

equation  =0, the equation  (  ) = 0 could be included in the system of 

equations without contradiction, assuming that ν is sufficiently smooth. There is typically 

some flexibility in how the second-order equations are rewritten as first-order equations 

and flexibility in which additional equations are added to the first-order system (Chang, 
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1997; Bochev, 1998; Jiang, 1998). This flexibility is often exploited to achieve a second 

advantage of LSFEM: some reformulations of the original equations allow the system 

variables to be essentially decoupled. The homogeneous form is then elliptic and 

continuous, providing significant computational advantages (Cai, 1997). A third 

advantage is that the functional provides a sharp a posteriori error estimator (Cai, 1994). 

   Every approximate solution contains error, and the goal of numerical approximation 

is to minimize that error, possibly under additional constraints. The Navier-Stokes 

equations represent conservation of momentum and conservation of mass for a region 

containing an incompressible, Newtonian fluid.  For mixed finite element methods, 

conservation of mass is enforced by the divergence-free constraint on the velocity field, 

which essentially uses pressure as a Lagrange multiplier. As a result, most of the error in 

the numerical approximation is in the conservation of momentum. In contrast, least-

squares finite element methods distribute the error between the different terms in the 

functional, so the approximate solution can emphasize conservation of mass or 

conservation of momentum by simply changing the functional. Typically, in an 

approximate solution, error in the conservation of mass is more obvious than error in the 

conservation of momentum. As a result, one of the often cited drawbacks of least-squares 

methods for the Navier-Stokes equations is that some approximate solutions do not 

conserve mass at a reasonable level between the inflow surface and the outflow surface. 

Obviously, by adjusting the functional, conservation of mass can be improved at the 

expense of the other terms in the functional (Proot, 2006). An additional expense of 

improving mass conservation is that the performance of standard multigrid solvers, a 

popular choice for these elliptic operators (Cai, 1997; Heys, 2004), degrades significantly. 
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The Application and Background 

One potential approach for obtaining the clinically desirable flow properties in the LV 

is to use computational fluid dynamics to calculate the three-dimensional velocity based 

on the approximate location of the boundary and the approximate inflow and outflow 

velocities obtained from ultrasound data. The drawback of this approach is that it does 

not utilize the additional information provided by PIV analysis of the ultrasound images, 

which gives the approximate 2D velocity along a single plane in the three-dimensional 

domain. Here we develop a computational fluid dynamics approach that can properly 

incorporate or assimilate the two-dimensional PIV data along a plane inside the three-

dimensional domain.  For addressing this problem, we utilize least-squares finite element 

methods (LSFEM) because of their flexibility in the enforcement of various boundary 

conditions. 

Blood flow in the left ventricle can be approximately modeled using the Navier-

Stokes equations for an incompressible, Newtonian fluid, which are 

 

0
Re

1
p

t
Re 






 

          in ,      (1) 

 
 

0    in ,                                                                              (2) 
 
where p is the non-dimensional pressure, Re is the Reynolds number, and  is the 

dimensionless velocity vector. To rewrite equation (1) and (2) as a first-order system of 

equations, we use the vorticity, , which is equal to the curl of the velocity (Jiang, 1990; 

Bochev, 1997; Cai, 2000): 
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This first-order system can be augmented by the following consistent equation: 

              
            0 .                                                               (6) 
 

Eqs. (3) - (6) may be combined in a least-squares sense into a single functional given 
by 
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The final two terms are used for boundary conditions on velocity and vorticity where 

appropriate, and the final term is also used for PIV data assimilation.  The 1/h factor is 

used so that the L2-norm can be used to approximate the H1/2-norm. This approximation 

tends to deemphasize highly oscillatory components.  The value of the weight, , is set to 

the inverse of the variance in the data space (Heys, 2010). For regions where the velocity 

is known accurately (low variance),   is set to 1.  For regions where the velocity is 

known less accurately (i.e., larger variance along the PIV plane),   is set to a value less 
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than 1.  In this way, the approximate solution tends to closely match the accurate data, 

but not match the noisy data as closely due to the smaller weight in the functional.  The 

functional shown above must be minimized in order to achieve an acceptable result. In 

some cases, the mass conservation term in the functional,  , is multiplied by a constant, 

, greater than 1.0 to improve mass conservation (Heys, 2010). 

   In general, we assume the inlet velocity is fully specified, the velocity along walls is 

set to the velocity of the wall, and along the outlet the tangential velocity and the normal 

gradient of the normal velocity are set to zero. These are the only boundary conditions 

that are known and any other boundary conditions are derived from these known 

conditions. The extra boundary condition is defined by the experimental PIV data. 

 
The Advantages of the LSFEM  

The weighted LSFEM has a number of computational and algorithmic advantages for 

the problem of solving the Navier-Stokes equations with assimilated data: 

1. It provides flexibility in handling the additional conditions imposed by the 

experimental data, including the ability to weight data based on its accuracy– i.e., 

accurate data can be weighted and matched more closely by the CFD solution 

while less accurate data is only loosely matched by the CFD approximation.  

2. The rigorous mathematical framework of least-squares minimization leads to 

symmetric positive definite matrices, which generally allows for efficient and 

reliable algebraic solvers such as a variational multigrid (Cai, 1994).  

3. The functional itself provides a natural sharp local error estimator, which enables 

effective adaptive refinement (Cai, 1994). 
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4. The approximation space for the solution variable can be chosen independently, 

and the Ladyzhenskaya-Babuska-Brezzi or LBB condition does not apply 

(Bochev, 1998). 

Pseudo-Solid Domain Mapping 

   Free and moving boundary problems in fluid dynamics, heat transfer, and other 

disciplines pose a challenge to computational techniques because the computational 

domain, or boundary shape, must be determined together with any field variables internal 

to the domain. From an industrial perspective, many materials processing issues involve 

free boundary or moving boundary problems (Sackinger, 1996). There are various 

choices for solving the free boundary or moving boundary problems, for example, the 

immersed boundary method, which was developed and applied by Mori and Peskin (Mori, 

2007). The best approach depends on the specific set of field equations, boundary 

conditions, parameter ranges of interest and the range of domain topologies that need to 

be simulated.  Each computational technique offers its own balance between efficiency, 

accuracy, and robustness, all of which are desirable objectives for any computational 

approach to analyzing free boundary or moving boundary problems (Floryan 1989; 

Christodoulou 1996). 

Pseudo-Solid Method 

Since we are interested in problems in which the fluid domain is not a fixed shape, at 

each time step the computational mesh is moved based on the solution of the 

compressible elasticity equation.  This is the so-called pseudo-solid domain mapping 

technique (Sackinger 1996; Heys 2001). Initially, an unstructured mesh is constructed, 
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with refinement performed to allow for the resolution of internal and boundary layers and 

other regions of strong local variations in the solution.  At each time step, the mesh is 

moved based on the solution to the compressible linear elasticity equation: 

 
0)u(u                                                              (8) 

 
where u is the displacement vector.  Equation (8) is rewritten as a first-order system of 

equations by defining a matrix of unknowns, U, equal to the gradient of the displacement, 

giving: 

 
0 Uu ,                                                                   (9)  

 
 

          0))((  UtrU ,     and                                                               (10)  
 
             
           0 U .                                                                          (11)    
     

This first-order system of equations is also minimized by combining the sum of the 

square of each equation in a functional analogous to functional (7).  Both functional (7) 

and the functional for the pseudo-solid domain mapping are minimized using standard 

calculus of variation methods. This minimization is performed using a code we 

developed called ‘ParaFOS’.  It uses the BoomerAMG solver, a distributed memory, 

parallel, multigrid solver from Lawrence Livermore National Lab (Falgout, 2002). 

Polynomial Approximation Scenario  

  For addressing the moving boundary problem in this work, we use a numerical 

polynomial to describe the shape of a moving boundary. 
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In the first model problem, the position of the flap inside the tank can be determined 

from the experimental images. Then, the position of the flap at each time step can be 

approximated by a polynomial, which is obtained with the Matlab POLYFIT function 

based on the experimental data. As a result, at each new time step, a new polynomial is 

used to define the new position for the flap. 

Figure 14 shows the computational mesh early in the deformation of the flap (a) and 

late in the simulation after the flap has fully deformed (b). Note that only the 2D plane is 

shown instead of the full 3D mesh in figure 14. The physical domain and mesh are 

deformed by the moving flap whose location has been determined from the PIV images. 

One of our goals is to avoid elements that deform to the point that they have extreme 

aspect ratios.  

 

 
 

Figure 14 (a). The computational mesh with the flap only slightly deformed. The red line shows 
the position of the flexible flap. 
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Figure 14 (b). The mesh after the flap has been fully deformed by the fluid jet. The red line shows 
the position of the flexible flap. 
 

  
 In the second model problem, the position of the hemisphere wall can be 

approximated by numerical polynomials too, as we did on the flap problem. However, in 

this case, the numerical polynomials are defined in spherical coordinates and the updated 

position is calculated by converting the spherical coordinates back to Cartesian 

coordinates, which are used for the mesh node locations.   

Figure 15 shows the computational mesh of the wall without any deformation at the 

beginning (a) and late in the simulation after the wall has fully deformed (b). The 

physical domain and mesh are deformed by the moving wall whose location has been 

determined based on a change in radius. 
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 Figure 15(a). Hemi-sphere model: The heart-wall at original position without any displacement  
 

 

 
Figure 15(b). Hemi-sphere model: The heart-wall after deformation which is at the maximum 
volume 
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 In the third model problem, the approach is very close to what we did on the second 

model problem. The difference is that the geometry is an ellipsoid  and the volume 

change for determining the boundary condition on the inlet not only depends on the 

radius, but also depends on the height of the half-ellipsoid model we have applied here, 

(i.e., both the major and minor axis of the ellipsoid). 

Figure 16 shows the computational mesh of the wall without any deformation at the 

beginning figure (a) and late in the simulation after the wall has fully deformed figure (b).  

The physical domain and mesh are deformed by the moving wall which has been 

determined by the different radius, length and height values. 
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Figure 16 (a). Half-ellipsoid model: heart-wall before deformation. 
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Figure 16 (b). Half-ellipsoid model: heart-wall after deformation. 
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CHAPTER THREE  

RESULTS 
 
 

Our goal is to assimilate experimental PIV data into a weighted LSFEM simulation of 

flow with moving boundaries.  The one model parameter that can be adjusted in order to 

achieve a proper level of PIV data assimilation is the weight, , on the boundary terms in 

the functional.  If the weight is set too large, the errors in the PIV data will contaminate 

the entire CFD simulation.  On the other hand, if the weight is set too small, the PIV data 

will not be used in a meaningful way in the CFD simulation.  Here we explore the impact 

of different values for the weight and different methods for setting the weight.   

There are two approaches for setting a value for the weight that are examined here. 

The first one is to set the weight to a constant value over the entire PIV data plane. In 

other words, assume that the errors in the PIV data (i.e., the noise) are relatively constant 

over the entire PIV plane.  The second approach is to set the weight proportional to the 

magnitude of the PIV velocity so that larger velocities in the data are matched more 

closely than smaller velocities in the data.  This style of weighting is appealing because 

low velocity or stagnant flow regions tend to have larger errors in some types of PIV 

analysis. 

The PIV-Flap Model 

Model Problem 

 The experimental setup was based on a flexible plastic film that is attached to a stand 

and submerged in water. The flap is then deflected by a pulse of water generated by a 
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typical aquarium pump.  The flow velocity data was obtained using a pair of high speed 

cameras and a laser sheet to illuminate the particles in the fluid.  The experiment was 

performed in Dr. Michele Milano’s laboratory in the Department of Mechanical 

Engineering at Arizona State University. The fluid domain, including the flap, was 

meshed into hexahedral elements using Cubit (Sandia National Laboratory) for import 

into the ParaFOS software. The location of the flap was determined by interpolating high-

order (>4) polynomials through points on the flap.  Figure 17 shows the set-up of the 

experiment apparatus.  The central chamber, where imaging and ultrasound data is 

collected, is a closed, 15.4 cm cube manufactured using 1.2 cm thick transparent acrylic. 

This particular acrylic was selected based on the level of transparency and its distortion 

free surface. In addition, based on previous tests, the material properties did not 

noticeably affect ultrasound readings. The setup is a closed system whereby the inlet is 

connected to a pump submerged in a reservoir (at zero head with respect to the centerline 

of the chamber) and the outlet vents directly into the reservoir. The inlet and outlet 

sections are both acrylic tubes 70cm in length with square cross-sectional area and inner 

diameter of 2.2cm. The length and square cross-sectional area of the inlet tube was 

chosen to reduce the amount of ‘swirl’ within the flow. The jet is generated by a 20W 

centrifugal pump which is triggered for 200 ms.  The Reynolds number for the flow 

characterized by the inlet tube diameter is approximately 10, which ensures no turbulent 

effects are present (Westerdale, 2010). The data was processed by the DaVis software 

using the iterative cross-correlation technique with decreasing interrogation window size. 
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Figure 17 shows the configuration of the experimental apparatus and figure 18 shows 

a typical image from the high speed cameras, and the PIV particles are visible in the 

image.  

 

Figure 17. Experimental Configuration  
 

 
 

Figure 18.  An experimental image showing the PIV contrast particles and flexible flap.  
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The Interpolation of Experimental PIV Data 

Ideally, we expect to incorporate the experimental data with the largest appropriate 

weight, but, in some cases, the appropriate weight is not known.  Further, rampant 

divergence can result if the weight is too large due to the errors in the data. In other 

words, too many incorrect constraints will be damaging to the simulation. To help reduce 

the error in the experimental data and make it more usable, we typically reduce the total 

amount of the experimental data for each frame (a total 10 frames of data are available). 

To achieve this data reduction, we applied linear interpolation to reduce the experimental 

points due to the stability concern.  There are two fundamental steps to accomplish the 

linear interpolation (in one dimension) in Matlab, which was used to implement linear 

interpolation to the PIV data: first, for any point u, given a set of (x, y) pairs with a 

monotonic vector x find the index k, such that : 

                                                                                                  (12) 

Second, perform the linear interpolation to predict the value of y at x=u, between the 

pair of points (x(k),y(k)) and (x(k+1),y(k+1)) (MatlabCentral). At the end, a total number 

of 651 points were interpolated. The Figure 19 and 20 shows the difference between the 

full PIV data set and the reduced PIV data set.  
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Figure 19. Original PIV data generated by PIV plane, contains full information and shows high 
density. The total number of PIV points are 5590. 

 
Figure 20.  Reduced number of PIV data generated by PIV plane and shows less density. 
The total number of PIV points are 651. 
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 The main reason for applying interpolation on the experimental data is because 

we need the number of data nodes to be the same order as the number of 

computational nodes. Using 20 PIV data points per computational node would 

effectively over weight the PIV data. In addition, the interpolation process smoothes 

the data by eliminating some of the high frequency error. 

 Then the computational domain will be defined. Figure 21 shows the PIV-plane 

side of the computational domain. The boundary condition imposed on the inlet was 

defined as a parabolic profile: )y125.0()y125.0()55.0z()z8.0(  . 

 

Figure 21. A 2D slice of the computational domain of the model problem (this is the PIV-plane 
side and the node-number of this side is 850). The total-node number is 36278,the total-
element number is 33561. The computational domain is defined within (0,1) in each x,y and z 
direction. 
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Modeling Results 

After the data interpolation, we begin by showing results for a constant weight over 

the entire PIV data plane at the first time step and last time step in the simulation. Figure 

22 shows a moving flap (non-zero velocity along the flap) without PIV data. Figure 23 is 

at the same time point with a moving flap. The boundary condition is a no-slip boundary 

condition.  

 
 

Figure 22. CFD simulation at t=0.1 with = 0.0. the deformation of the flap is shown in red. 
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Figure 23. CFD simulation at t=0.1 with = 1.0, the deformation of the flap is shown in red. 
 

 
  As figure 23 shows above, the incorporation of PIV data has a small impact on the 

simulation result for the first time step of displacement.  

 Figures 24 and 25 show the difference between two different weights at the last time 

step when the flap stops moving and the boundary conditions imposed on each case are 

uniform. 
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Figure 24. CFD simulation at t=1.0 with = 0, the deformation of the flap is shown in red. 
 

 
 

Figure 25. CFD simulation at t=1.0 with = 1.0 the deformation of the flap is shown in red.   
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From the figures above, we can see the apparent impact that the PIV data has on the 

simulation. At the beginning, the PIV data impacts the simulation by “slowing down” the 

approximate velocity solution.  At later time points, the PIV data impacts the simulation 

by “accelerating” the approximate velocity.  To better quantify the impact of the weight, , 

on the CFD simulation results, it is helpful to calculate the L2-norm of the velocity along 

the PIV plane for different values of . These results are summarized in Figure 26. The 

velocities tend to be lowest when no PIV data is assimilated ( = 0.0), and the velocities 

converge as the weight on the experimental data is increased.  If the weight is set too 

large, however, it can cause numerical instabilities.  

                                         
 

 
Figure 26. The L2--norm comparison between weight  = 0.0 (blue), 0.5 (yellow), and 0.8 (red).   
 

 
Finally, we examined the impact of the inflow velocity boundary condition on the L2-

norm of the velocity at each time step.  A logical conclusion from the results shown in 

Figure 26 is that the inflow boundary condition on the CFD simulation was set too low, 
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and using a larger weight on the PIV data increased the norm of the velocity to reflect the 

larger velocities that were actually present in the experiment.  In figure 27, we increased 

the inflow velocity and the result is that the incorporation of the PIV data had a smaller 

impact on the norm of the velocity along the PIV plane.  Hence, the incorporation of 

experimental data into the CFD simulation can be used to determine if boundary 

conditions are set appropriately because inappropriate boundary conditions give 

significantly different results with different PIV data weights. 

 
Figure 27. The L2-norm of velocity along the PIV plane with  = 0.5 and 3 different inflow 
velocities: minimum inflow velocity(blue), medium inflow velocity(red) and maximum inflow 
velocity(yellow) 
 
 

The Hemisphere Model 

Model Problem 

The total number of available frames of experimental PIV data from the left ventricle 

is 138, and each frame contains varied numbers of valid data. The difficulty in utilizing 
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all the data available in the simulation is the computation cost of simulating that many 

time steps.  The temporal resolution necessary for acceptable simulation accuracy is not 

as fine as the PIV temporal resolution.  In other words, a total number of 138 time steps 

would need to be computed to incorporate all the experimental data, which would impose 

a very high computational cost.  To avoid the cost of taking too many time steps, we 

selected 10 frames out of the total 138 frames, which contain the major information of a 

ventricular-systole and ventricular-diastole process. Namely, we select 4 frames, evenly 

spaced in time, from the relaxation phases and contraction phase and 2 frames from the 

stagnant phases which take place both after the relaxation phase and contraction phase 

due to the release and refilling of blood flow. Figure 28 (Arizona/Scottsdale 2009) shows 

3 sample frames of experimental PIV data from each single phase: (a) the relaxation 

phase, (b) stagnant phase and (c) contraction phase. 

 

Figure 28 (a). Relaxation phase 
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Figure 28 (b). Stagnant phase 
 

 

Figure 28 (c). Contraction phase. The velocity is shown in colored arrows and the color bar 
representing the distribution of velocity. The deep red on top is the maximum velocity (The 
sample frames of experimental data from a single heart beat process). 
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 The PIV software reports either a velocity vector or an invalid result for each cell in 

the image (the image cells are not the same as the finite element mesh cells), and the 

number of valid data points for each frame is roughly 800, which are all incorporated into 

numerical simulation.  In the numerical model, the PIV data will be imposed on the plane 

locating in the middle of the geometry.  

Modeling Results 

Now that we have completed the selection and preprocessing of the experimental PIV 

data, we can show the simulation results for a constant weight over the entire PIV data 

plane at the first and the fifth time step in the simulation. Figures 29 and 30 show the 

difference between two different weights at the first time step when the hemisphere wall 

is moving. The deformation of the side-wall is defined by changing the radius of the 

hemisphere by 5% relative to the initial radius of each time step.  The radius is modified 

by approximately 21.5% in total. The boundary condition imposed on the inlet is 

determined by the volume change for each time step. Specifically, the boundary condition 

is defined as following: 
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                                                        (13) 

 

Vc : The volume change at each time-step; 
t : physical time between each time-step; 
uinlet : velocity entering into the domain; 
A : area of the inlet; 
umax : the maximum velocity entering into the domain; 
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The Reynolds number is set to 1000 based on the typical Reynolds number for the left 

ventricle (Oertel, 2009). 

 

Figure 29. CFD simulation at t=0.1 with = 0.0. The side-wall is deformed by an increased radius. 
Re=1000. 
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Figure 30. CFD simulation at t=0.1 with = 10.0. The side-wall is deformed by an increased 
radius. Re=1000. 
 
 As shown in figures 29 and 30, the incorporation of PIV data does not have a 

significant impact on the simulation result for the first time step. Figure 31 shows the 

mesh of inflow and outflow region. 
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Figure 31. This is the top view of the hemisphere model and the inflow and out flow region are 
circled in red. The black line in the middle is the PIV plane where the experimental data will be 
imposed. 
 
 
 Figures 32 and 33 show the difference between two different weights at the 5th time 

step when the side-wall stops moving and the boundary conditions imposed on the inlet 

and outlet are zero. 



51 
 

 

Figure 32. CFD simulation at t=0.5 with = 0.0. The side-wall is deformed by increased radius. 
The PIV impacted area is circled  in red. Re=1000. 
 

 

Figure 33. CFD simulation at t=0.5 with = 10.0. The side-wall is deformed by increased radius. 
The PIV impacted area is circled in red. Re=1000. 
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From the figures 22 and 23, we can see the impact (circled, red-line area) that the PIV 

data has on the simulation at the fifth time step. Near the inflow boundary, a recirculation 

is generated. Without the PIV data, when the side-wall stops moving, the velocity near 

the inlet area is barely seen and tends to be zero. After incorporating the PIV data, the 

recirculation (i.e., the vortex) starts to appear. The experimental data indicts that the 

recirculation exists, and it is probably caused by the presence of the valve flaps along the 

inlet to the heart.  In the numerical model, the valve-flaps are not modeled but with the 

experimental PIV data we can still capture the effect caused by valve-activity in the 

actual left ventricle. 

If the Reynolds number equals 10 the simulation results are different. Figures 34 and 

35 show the simulation results at 4th time-step with =0.0 and  = 5.5 respectively and 

Reynolds number set at 10. And figures 36 and 37 show the simulation results at 5th 

time-step with the same weights and Reynolds number. The recirculation vortex appears 

at the 4th time-step, and the intensity of the recirculation vortex decreases at the 

following time-step. 
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Figure 34. CFD simulation at t=0.5 with = 0.0. The side-wall is deformed by increased radius. 
Re=10. 

 

Figure 35. CFD simulation at t=0.5 with = 5.5. The side-wall is deformed by increased radius. 
Re=10. 
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Figure 36. CFD simulation at t=0.4 with = 0.0. The side-wall is deformed by increased radius. 
Re=10. 

 

 

Figure 37. CFD simulation at t=0.4 with = 5.5. The side-wall is deformed by increased radius. 
Re=10. 
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From the figures above, we can see that the impact of PIV data is more obvious with 

Reynolds number at 10 than the results with Reynolds number at 1000 due to scaling. 

The Half-Ellipsoid Model 

 
 Due to the fact that the conceptual model (model geometry, flow governing parameter 

values, material properties, constitutive equations, boundary conditions, 

etc.) of the physical problem is associated with the modeling error, a more realistic 

geometry model is expected to provide a more accurate result.   

In this half-ellipsoid model, we incorporated the same PIV data that has been used 

with the hemisphere model, but we use a more realistic geometry and properly scaled 

experimental data. Also, instead of imposing a parabolic inflow velocity profile as 

boundary condition, we have modified the boundary condition in order to approach a 

more realistic blood flow profile that enters into the left ventricle. The boundary 

condition of the inflow velocity is set to v=[(x-0.136)  (0.864-x)]2   [(0.364-z)   

(z+0.364)]2 . The reason to modify the boundary condition is to make the inflow velocity 

profile more close to realistic. 

Figures 38 and 39 show the difference between two boundary functional weights at 

the 1st time-step when the side-wall is moving and the boundary conditions are imposed 

at the inlet so that mass is conserved (i.e., inflow rate is based on volume change). 
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Figure 38 CFD simulation at t=0.1 with = 0.0. The side-wall is deformed by increased radius. 
Re=1000. 
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Figure 39 CFD simulation at t=0.1 with = 5.5. The side-wall is deformed by increased radius. 
Re=1000.  
 
 
 As figures 38 and 39 show, the incorporation of the PIV data does not have a 

significant impact on the simulation results for the first time step of displacement. Figures 

40 and 41 show the difference between two different weights at the 5th time-step when 
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the side-wall stops moving and the boundary conditions imposed on the inlet and outlet 

are zero. 

 

Figure 40 CFD simulation at t=0.5 with = 0.0. The side-wall is not moving at this time-step. 
Re=1000.  
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Figure 41 CFD simulation at t=0.5 with = 5.5. The side-wall is not moving at this time-step.The 
impacted area is circled in red. Re=1000. 
 
 

In figures 40 and 41, we can see the impact (circled, red-line area) that the PIV data 

has on the simulation. A recirculation (or vortex) and some backflow close to the outlet 

area is generated, however, the impact is not as obvious as with a lower Reynolds number 

(10.0).  Without the PIV data, when the side-wall stops moving, the velocity inside the 

lower circled area tends to be close to zero. After incorporating the PIV data, the 
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recirculation starts to show. Figures 42 and 43 show the simulation results at 4th time-

step with =0.0 and = 2.0, respectively, and Reynolds number was set at 10. And figures 

44 and 45 show the simulation results at 5th time-step with same weights and Reynolds 

number (10). Similarly, the recirculation vortex appears at the 4th time-step, and the 

intensity of the recirculation vortex decreases at the following time-step. The boundary 

condition imposed here is the parabola profile which is v=[(x-0.136)  (0.864-x)]   

[(0.364-z)   (z+0.364)]  because the Reynolds number is changed to 10. 

 

Figure 42. CFD simulation at t=0.4 with = 0.0. The side-wall is deformed by increased radius. 
Re=10. 
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Figure 43. CFD simulation at t=0.4 with = 2.0. The side-wall is deformed by increased radius. 
Re=10. 
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Figure 44. CFD simulation at t=0.5 with = 0.0. The side-wall is not moving at this time-step. 
Re=10. 



63 
 

 
Figure 45. CFD simulation at t=0.5 with = 2.0. The side-wall is not moving at this time-step. 
Re=10. 
 
 
 To understand the cause for the simulation results listed above, we need to realize that 

larger Reynolds numbers could decrease the contribution of experimental data to the 

simulation results even when using the same weights. In order to obtain an equivalent 

impact on the simulation results using a larger Reynolds number, the weight of the 
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experimental data needs to be increased. Furthermore, since backflow occurs close to the 

outlet area when the PIV data is incorporated, it suggests that as the left ventricle 

functions in reality, backflow could exist due to the valve activity. 
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CHAPTER FOUR  

CONCLUSIONS AND FUTURE WORK 

Conclusions 

 This thesis presents a mathematical method to simulate blood flow in the left 

ventricle while incorporating subdimensional experimental PIV data in a mathematically 

consistent manner. Three different model problems that all included PIV data have been 

examined. In every example, the physical domain was deforming, and a pseudo-solid 

domain mapping technique was utilized to account for the deformation. For simulating 

blood flow through the left ventricle, a half-ellipsoid geometry and a hemispherical 

geometry were used to represent the shape of the left ventricle.  

 We were able to construct a fully three-dimensional model by utilizing only two- 

dimensional experimental PIV data. From the results shown in previous chapters, the 2D 

experimental data can also serve as an aid to help verify the boundary conditions imposed 

on the three-dimensional model.   

 The moving domain problem associated with the movement of either a flap inside a 

tank or the movement of a heart-wall requires that the mesh be moved in a manner that 

matches the actual experimental movement of the physical domain. Moving the mesh 

based on the solution to the compressible linear elasticity equation is shown to be an 

effective technique. In order to define the location of moving boundaries, polynomial 

interpolation was used to describe the shape of the moving boundaries at each time step.  
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 The simulation result of the tank-flap model problem, the first problem examined in 

this thesis, demonstrated that there can be a disagreement between simulations with and 

without experimental data if boundary conditions are incorrect. If correct boundary 

conditions are applied, simulation results should be consistent, with or without the 

additional experimental PIV data (assuming that the model equations accurately reflect 

the physics of the problem and the approximate solution is reasonably accurate).  

 From the simulation of the left ventricle modeled by a hemispherical geometry and 

half-ellipsoid geometry, the experimental data showed the existence of a recirculation or 

vortex during the filling of the left ventricle. Without the PIV data, the recirculation 

vortex was not significant in the simulation prediction. One of the main causes of this 

inconsistency between the experimental data and simulation data is the valve flaps that 

impart an additional drag on the inflowing blood but are not included in the model. The 

valve flaps are frequently assumed to have a negligible impact on blood flow. However 

the experimental PIV data suggests that the valve flap does impose a dragging force on 

the blood flow. By assimilating the PIV data into the blood flow simulation, we can 

approximately incorporate the physical impact of the valve flaps without actually 

including in them in the model domain.  

 The sensitivity of the weight applied to the PIV data in the least-squares functional  

has been explored. Adjusting the weight value leads to different computational results. 

With a larger weight value, noise in the experiment data has a significant impact on the 

simulation. By examining how the PIV data impact the numerical simulation, the 

accuracy of the boundary conditions can also be quantified. Specifically, if the 

assimilated data does not conserve mass, the lack of conservation will be manifest 
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through a larger mass conservation term in the least-squares functional. Finally, when a 

higher Reynolds number is used in the simulation, the weight of the PIV data should be 

adjusted to reflect the proper functional scaling and enable the data to have a proper 

contribution.  

Future Work 

Generalized Geometry 

Currently, there is no clear cut choice from the numerous geometrical models 

previously developed for simulating the human heart. There are a number of different 

model geometries that have been used in the past. The two different model geometries 

presented in this thesis require further improvement due to the deviation from actual 

cardiac geometry data. The method presented here defines the deformation of left 

ventricle using a series of polynomials and this same approach would allow more 

generalized geometries that may be capable of yielding more accurate results. 

Higher-order Elements 

The simulations in this thesis all utilized triquadratic finite elements. Continuing on to 

build higher-order elements, such as tricubic elements or higher elements, could be 

beneficial in many ways. However the cost of building higher-order operators has 

hindered the utilization of higher-order elements in the past. This is partially due to the 

fact that these least-squares finite element formulations typically have 9 degrees of 

freedom, or more, on every node so the linear operator associated with a single element 

can be very large (e.g., 1000’s of non-zeros per row in the operator).  
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Improved Boundary Condition 

The inlet boundary condition is set based on the volume change of the left ventricle. 

The Dirichlet boundary condition imposed on the inlet surface in this thesis was assumed 

by a parabolic profile. The profile of the inlet velocity boundary condition can be 

improved to more accurately represent actual velocity profiles for blood flow into left 

ventricle. For example, the Womersley profile has been widely used to represent blood 

flow velocity profile containing pulsatile periodic perturbation (Milisic, 2009). With a 

more refined and accurate boundary condition, a more accurate simulation is possible.  

Improved Mass Conservation 

The least-squares formulation appears to provide acceptable mass conservation; 

however, a change in scaling or boundary condition can still have a dramatic effect on 

mass conservation. The developments of functionals that provide better mass 

conservation are needed to achieve more accurate results. 

More Straightforward Weight Deformation to Estimate Variance 

In this thesis, we have explored how the boundary functional weight for the 

experimental data impacts the simulation results. The optimal weight can be calculated if 

the standard error is known for all the boundary data. However, it remains difficult to 

determine a good value for the weight automatically and explicitly just using the 

experimental data. The development of algorithms to automatically estimate either the 

standard error in the boundary data or, simply, a good value for the weight would be very 

valuable for the further development of this approach. 
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APPENDIX A 

 
C CODE OF ‘PARAFOS.C’ FILE 
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This code was developed to test least-squares on big, real world problems. Parafos 

requires hypre from CASC at LLNL and Metis for mesh partitioning. The location of 

hypre and Metis should be set in the “makefile”. To compile, first type ‘make clean’ to 

remove all the old .o files. Next, type ‘make’ to build parafos, ‘make partition’ to build 

the partitioner code, ‘make collect’ to build the code to collect output files into a single 

file, and ‘make cubit2dx’ is to convert Exodus mesh files(in ASCII) from the Cubit mesh 

generator to Parafos input files. And the required header library for ‘parafoc.c’ is 

‘parafos.h’. And the following code is partially selected. 

A few key sections of code are given below and the first set of code highlights is from 

‘parafos.c’. 

The program begins by reading in the ‘input.dat’ file which will be shown in details 

in appendix B. The ‘read_mesh’ function is to read in the mesh geometry file that has 

been generated in Cubit. 

input_data(&info); 
read_mesh(&info, &mesh, &veldata, &glob, &proc, &eglob, 
&eproc, &map, 
&boundary, &interior, &face_map, &sol, &oldsol); 
sol_move = (double 
*)my_calloc((info.t_nodes*12),sizeof(double)); 
 

  Following part is for setting up the location of quadrature points. Can be ‘gauss’ for 

Gauss quadrature , or ‘lobatto’ for the chebyshev-lobatto points 

if(!strcmp(info.quadtype,"lobatto")){ 
quadrature=setup_lobatto; 
} else { 
quadrature=setup_gauss; 
} 
quadrature(info.num_gp, info.init, &gp, &gw); 
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setup_basis(info, gp, gw, &gw2, &gw3, &phi, &phi2, &phi_1, 
&phi_2, &phi_3, 
&phi2_1,&phi2_2); 
 

This section is to read in the experimental PIV data . For each time-step, the PIV data 

is passed into the computation. 

setup=MPI_Wtime(); 
info.time=0.0; 
for(info.Tstep=0; info.Tstep<info.Niter; info.Tstep++){ 
setup_comm(&info, map, proc, glob, &sends, &recvs); 
info.time = info.time + info.dt; 
readPIVdata(&info, &veldata); 
for(i=0;i<(info.t_nodes*info.unkn);i++) 
oldsol[i] = sol[i]; 

 

The following part of “parafos.c”code is for setting boundary conditions for “verde” 

type problems, which is a new vorticity formulation developed by Tom Mantueffel. It has 

9 unknowns, 12 equations in the functional, and about 10 weak boundary conditions. 

if(!strcmp(info.prob,"verde")) 
set_bc_verde(info, mesh, veldata, face_map, boundary, 
&is_essential, 
&essential); 
info.dof=build_gdof(&info, proc, map, is_essential, &gdof); 
get_cols(info, glob, recvs, sends, gdof); 

 

Following code is for solving fluid flow problem such as Navier-Stokes equations. 

 
solve(info, mesh, map, face_map, gdof, glob, proc, recvs, 
sends, 
boundary, interior, gp, gw2, gw3, phi, phi2, phi_1, phi_2, 
phi_3, 
phi2_1, phi2_2, essential, sol, oldsol, sol_move, veldata); 
info.init = 1; 
unkn_tmp = info.unkn; 
eqs_tmp = info.eqs; 
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info.unkn = 12; 
info.eqs = 21; 
 

The ‘sol_move’ vectors stores the node motion information.  

for(i=0;i<(info.t_nodes*info.unkn);i++) 
sol_move[i] = 0.0; 
 
 The ‘set_bc-move’ is for setting the boundary condition on the deforming boundary. 

setup_comm(&info, map, proc, glob, &sends, &recvs); 
set_bc_move(info, mesh, veldata, face_map, boundary, 
&is_essential, 
&essential); 
 
info.dof=build_gdof(&info, proc, map, is_essential, &gdof); 
get_cols(info, glob, recvs, sends, gdof); 
 

To calculate mesh motion by solving Elasticity PDE with boundary conditions 

defined by set_bc_move  as mentioned above. 

solve_move(info, mesh, map, face_map, gdof, glob, proc, 
recvs, sends, 
boundary, interior, gp, gw2, gw3, phi, phi2, phi_1, phi_2, 
phi_3, 
phi2_1, phi2_2, essential, sol_move); 
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DATA CODE OF ‘INPUT.DAT’ FILE 
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The goal is that the only changes the user will ever need to make can be made in this file 

and recompilation can be avoided.    

problem                    verde 
mesh_file                    mesh 
gauss_points                    2 
quadrature                    gauss 
num_weak_bcs                 10 
max_iter                      12 
iter_tol                       1.0e-4 
amg_iter               200 
solver_tol                     1.0e-4 
print                3 
wrapper                        1 
amg_st                0.0 
div_scaling                     1.0e0 
gradtr_scaling                   1.0e0 
curl_scaling               1.0e0 
Udef_scaling               1.0e0 
Re#               1000.0 
dt                          2.608e-1 
Niter                          10 
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APPENDIX C 

 
 

C CODE OF ‘SOLVE.C’ FILE  
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The ‘solve.c’ file contains the solve() function which set to solve the equations in the 
relative domain. This part of code requires two libraries, ‘parafos.h’ and ‘solve_proto.h’. 

The following part of ‘solve.c’ code is to create HYPRE arrays. 
 
 
HYPRE_IJVectorCreate(MPI_COMM_WORLD, info.ilower, 
info.iupper, &dsol); 
HYPRE_IJVectorCreate(MPI_COMM_WORLD, info.ilower, 
info.iupper, &rhs); 
HYPRE_IJMatrixCreate(MPI_COMM_WORLD, info.ilower, 
info.iupper, info.ilower, 
info.iupper, &matrix); 
HYPRE_IJMatrixSetObjectType(matrix, HYPRE_PARCSR); 
HYPRE_IJVectorSetObjectType(dsol, HYPRE_PARCSR); 
HYPRE_IJVectorSetObjectType(rhs, HYPRE_PARCSR); 

 

 The following code is to open files for writting output, only ‘fun.txt’ is normally used. 

 
if(info.myid == 0){ 
if(info.init == 0){fun_out = fopen("fun.txt","w"); 
sol_out = fopen("sol.txt","w"); 
} else { 
fun_out = fopen("fun.txt","a");sol_out = 
fopen("sol.txt","a"); 
} 
fprintf(fun_out,"\nREFINEMENT LEVEL = %d\n\n",info.level); 
} 
 

The following part is to loop for a set number of Newton iterations. 

for(niter=0;niter<info.max_iter;niter++){ 
initialize_global(info, niter, gdof, map, fun, face_fun, 
&(matrix),&(rhs), &(dsol));for(e=0;e<info.t_elem;e++){ 
initialize_local(dof_elem, localA, localb);  
for(gpt=0;gpt<gp_elem;gpt++){   
phi_primes(info, e, gpt, map, mesh, phi, phi_1, phi_2, 
phi_3, phi_x, phi_y, phi_z, &detJ, 
gp_loc);calc_U_at_gp(info, gpt, e, map, phi, phi_x, phi_y, 
phi_z, unkn, unkn_x, unkn_y, unkn_z, sol);calc_U_at_gp(info, 
gpt, e, map, phi, phi_x, phi_y, phi_z, unkn_old,unkn_x_old, 
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unkn_y_old, unkn_z_old, oldsol);calc_motion(info, gpt, e, 
map, phi, motion, sol_move);detJ=detJ * gw3[gpt]; 
 

The ‘set intial’ is to set solution for strong boundary conditions. 

set_initial(info, glob, gdof, recvs, sends, sol, 
essential);for(i=0;i<=(info.iupper-
info.ilower);i++){rowsize[i]=dof_elem*8 
 

 The following part of ‘solve.c’ code is building local element matrices for each 

equations for ‘verde’ type of problem. When changing the functional in any way, 

including changing the original PDE, the following calls must be changed as desired. 

Also make the equivalent changes in the calc_fun routine. 

if(e < info.elem) 
fun_flag = TRUE;elsefun_flag = 
NO_FUN;if(!strcmp(info.prob,"verde")){curlUplus(info, 0, 1, 
2, 3, 4, 5, gpt, gp_loc, phi, phi_x, phi_y, phi_z, unkn, 
unkn_x, unkn_y, unkn_z, localA, localb, detJ, &(fun[0]), 
1.0, fun_flag); 
divU(info, 0,1,2, gpt, gp_loc, phi_x, phi_y, phi_z, unkn_x, 
unkn_y, unkn_z, localA, localb, detJ, &(fun[3]), 200.0, 
fun_flag); 
NSverde(info, 0, 1, 2, 3, 4, 5, 6, 7, 8, gpt, gp_loc, phi, 
phi_x, phi_y, phi_z, unkn, unkn_x, unkn_y, unkn_z, localA, 
localb, detJ, &(fun[4]), 1.0, fun_flag, unkn_old, motion); 
divU(info, 3,4,5, gpt, gp_loc, phi_x, phi_y, phi_z, unkn_x, 
unkn_y, unkn_z, localA, localb, detJ, &(fun[7]), 1.0, 
fun_flag); 
curlU(info, 6,7,8, gpt, gp_loc, phi_x, phi_y, phi_z, unkn_x, 
unkn_y, unkn_z, localA, localb, detJ, &(fun[8]), 1.0, 
fun_flag); 
verdediv(info, 0,1,2,3,4,5,6,7,8, gpt, gp_loc, phi, phi_x, 
phi_y, phi_z, unkn, unkn_x, unkn_y, unkn_z, localA, localb, 
detJ, &(fun[11]), 1.0, fun_flag); 
curlUplus(info, 0, 1, 2, 3, 4, 5, gpt, gp_loc, phi, phi_x, 
phi_y, phi_z, unkn, unkn_x, unkn_y, unkn_z, localA, localb, 
detJ, &(fun[0]), 1.0, fun_flag); 
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divU(info, 0,1,2, gpt, gp_loc, phi_x, phi_y, phi_z, unkn_x, 
unkn_y, unkn_z, localA, localb, detJ, &(fun[3]), 50.0, 
fun_flag); 
NSverde(info, 0, 1, 2, 3, 4, 5, 6, 7, 8, gpt, gp_loc, phi, 
phi_x, phi_y, phi_z, unkn, unkn_x, unkn_y, unkn_z, localA, 
localb, detJ, &(fun[4]), 1.0, fun_flag, unkn_old, motion); 
divU(info, 3,4,5, gpt, gp_loc, phi_x, phi_y, phi_z, unkn_x, 
unkn_y, unkn_z, localA, localb, detJ, &(fun[7]), 1.0, 
fun_flag); 
curlU(info, 6,7,8, gpt, gp_loc, phi_x, phi_y, phi_z, unkn_x, 
unkn_y, unkn_z, localA, localb, detJ, &(fun[8]), 1.0, 
fun_flag); 
verdediv(info, 0,1,2,3,4,5,6,7,8, gpt, gp_loc, phi, phi_x, 
phi_y, phi_z, unkn, unkn_x, unkn_y, unkn_z, localA, localb, 
detJ, &(fun[11]), 1.0, fun_flag); 
} 
 

This section contains the code to enforce WEAK boundary conditions for ‘verde’ 

type of problem. Currently, variables may be set to a value using Uset_val(), or tangent 

vector_of_unknowns may be set to a value using U_tang.  The normal vector may be 

used in place of tangent. Equavelent changes must be made to calc_fun().    

if(e < info.face_elem)fun_flag = TRUE; 
else 
fun_flag = NO_FUN; 
if(!strcmp(info.prob,"verde")){      
if((face == 1) || (face == 2)){     
U_tang(info, 3, 4, 5, face, gpt, 0.0, gp_loc, phi2, unkn, 
norm, localA, localb, detJ, &(face_fun[0]), fun_flag); 
} 
if(face == 3){U_tang(info, 0, 1, 2, face, gpt, 0.0, gp_loc, 
phi2, unkn, tang1,localA, localb, detJ, &(face_fun[1]), 
fun_flag); 
U_tang(info, 0, 1, 2, face, gpt, 0.0, gp_loc, phi2, unkn, 
tang2, localA, localb, detJ, &(face_fun[1]), fun_flag); 
} 
if(face == 4){U_tang(info, 3, 4, 5, face, gpt, 0.0, gp_loc, 
phi2, unkn, norm, localA, localb, detJ, &(face_fun[2]), 
fun_flag); 
} 
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if(face == 5){U_tang(info, 3, 4, 5, face, gpt, 0.0, gp_loc, 
phi2, unkn, norm, localA, localb, detJ, &(face_fun[2]), 
fun_flag);} 
if(face == 6){Uset_PIV(info, 0, 1, face, gpt, e, face_map, 
mesh, veldata, sol, gp_loc, phi2, unkn, localA, localb, 
detJ, &(face_fun[4]), } 
 


