
NONEQUILIBRIUM THERMODYNAMICS OF TEMPERATURE GRADIENT

METAMORPHISM IN SNOW

by

Patrick Joseph Staron

A dissertation submitted in partial fulfillment
of the requirements for the degree

of

Doctor of Philosophy

in

Engineering

MONTANA STATE UNIVERSITY
Bozeman, Montana

March 2013



© COPYRIGHT

by

Patrick Joseph Staron

2013

All Rights Reserved



ii

APPROVAL

of a dissertation submitted by

Patrick Joseph Staron

This dissertation has been read by each member of the dissertation committee and
has been found to be satisfactory regarding content, English usage, format, citations,
bibliographic style, and consistency, and is ready for submission to The Graduate
School.

Dr. Edward E. Adams

Approved for the Department of Civil Engineering

Dr. Jerry Stephens

Approved for The Graduate School

Dr. Ronald W. Larsen



iii

STATEMENT OF PERMISSION TO USE

In presenting this dissertation in partial fulfillment of the requirements for a doc-

toral degree at Montana State University, I agree that the Library shall make it

available to borrowers under rules of the Library. I further agree that copying of this

dissertation is allowable only for scholarly purposes, consistent with “fair use” as pre-

scribed in the U.S. Copyright Law. Requests for extensive copying or reproduction of

this dissertation should be referred to ProQuest Information and Learning, 300 North

Zeeb Road, Ann Arbor, Michigan 48106, to whom I have granted “the exclusive right

to reproduce and distribute my dissertation in and from microform along with the

non-exclusive right to reproduce and distribute my abstract in any format in whole

or in part.”

Patrick Joseph Staron

March 2013



iv

ACKNOWLEDGEMENTS

First, I would like to thank my adviser, Dr. Adams, for his guidance and for

securing funding to support me during this research project. His encouragement and

confidence in my abilities allowed this experience to be possible. Also, I want to

thank Dr. Miller for his help in developing the analytical model used in this research,

as well as my entire committee for their contributions during the production of this

dissertation. Thank you to my colleagues and fellow graduate students with whom I

had many interesting discussions. Lastly, I wish to express my gratitude to my family

and friends who never stopped believing in me.



v

TABLE OF CONTENTS

1. INTRODUCTION ........................................................................................1

Research Objective and Framework................................................................3

2. THERMODYNAMICS..................................................................................5

Thermodynamic Laws ...................................................................................5
Classical Equilibrium Thermodynamics ..........................................................7

Entropy ....................................................................................................9
Entropy Production Rate......................................................................... 12

Nonequilibrium Thermodynamics................................................................. 19
Extremum Principles of Entropy Production................................................. 20

Entropy Generation Minimization ............................................................ 21
Minimum Entropy Production Principle ................................................... 23
Maximum Entropy Production Principle ................................................... 28

Self-Organization of Nonequilibrium Systems ................................................ 33
Summary of Maximization Versus Minimization of Entropy Production.......... 34
Gibbs Free Energy and Spontaneous Reactions ............................................. 35
Summary.................................................................................................... 39

3. SNOW METAMORPHISM ......................................................................... 41

Depth Hoar ................................................................................................ 42
Formation............................................................................................... 43
Effective Thermal Conductivity................................................................ 45
Effective Diffusivity ................................................................................. 47
Consolidation of Depth Hoar.................................................................... 51

Nonequilibrium Thermodynamics of Snow .................................................... 53
Role of Entropy in Snow Research ............................................................ 54
Minimum Entropy Production.................................................................. 55
Maximum Entropy Production ................................................................. 59

Summary.................................................................................................... 60

4. NUMERICAL MODEL ............................................................................... 62

Model Description....................................................................................... 63
Model Geometry ..................................................................................... 64
Mass Flow in the Pore ............................................................................. 65
Heat Conduction in the Ice ...................................................................... 67
Coupling of Heat and Mass Flow.............................................................. 68



vi

TABLE OF CONTENTS – CONTINUED

Entropy Production .................................................................................... 69

Entropy Production from Mass Diffusion .................................................. 69
Entropy Production from Enthalpy flow.................................................... 73
Entropy Production from Heat Conduction ............................................... 74

Implementation........................................................................................... 75
Summary.................................................................................................... 76

5. EXPERIMENTS AND METHODS.............................................................. 77

Snow Maker................................................................................................ 77
Kinetic Metamorphism ................................................................................ 80

Experimental Setup ................................................................................. 80
Thermocouple Array Calibration .............................................................. 85
Experimental Procedure Overview............................................................ 86
Calculation of Gibbs Potential ................................................................. 87
Calculation of Entropy Production Density ............................................... 89

Mass Flux Measurements............................................................................. 90
Micro-CT Studies........................................................................................ 93
Numerical Studies ....................................................................................... 94
Summary.................................................................................................... 95

6. RESULTS AND DISCUSSION .................................................................... 97

Closed System Experiments - Fixed Temperature Boundaries ........................ 98
Experiment #1 ....................................................................................... 98
Experiment #2 ..................................................................................... 112
Experiment #3 ..................................................................................... 121
Summary of Fixed Temperature Experiments.......................................... 127

Closed System Experiments - Fixed Heat Flux Input .................................. 129
Experiment #4 ..................................................................................... 129
Experiment #5 ..................................................................................... 133

Open System Experiment - Fixed Temperature Boundaries ......................... 138
Isothermal Conditions............................................................................ 139
Temperature Gradient Conditions .......................................................... 140
Micro-CT Results.................................................................................. 149
Summary of Laboratory Experiments ..................................................... 152

Numerical Model ...................................................................................... 155
Temperature Distribution ...................................................................... 155
Mass Flow ............................................................................................ 158



vii

TABLE OF CONTENTS – CONTINUED

Entropy Production............................................................................... 160
Numerical Model Summary.................................................................... 169

Summary.................................................................................................. 170

7. CONCLUSIONS AND RECOMMENDATIONS.......................................... 172

Laboratory Experiments............................................................................ 173
Numerical Model ...................................................................................... 176
Recommendations for Future Research ....................................................... 178

REFERENCES CITED.................................................................................. 181



viii

LIST OF TABLES
Table Page

5.1 Correction factors for thermocouple array ............................................. 86

6.1 Summary of closed system experiments with fixed temperature bound-
aries. ................................................................................................ 129



ix

LIST OF FIGURES
Figure Page

2.1 Minimization of entropy production for conduction through ice: setup
(Tw and Tc are the temperatures of the warm and cold reservoirs, re-
spectively; Ti is the temperature in the ice midway between the reser-
voirs; Q̇in and Q̇out are the total heat flow in and out of the ice) ............ 25

2.2 Heat flow and entropy production rate for conduction through ice based
on equations 2.28, 2.29, and 2.30. ........................................................ 26

2.3 Maximization of entropy production rate in the Earth’s climate (σ is
entropy production rate; TT and TP are the temperatures of the tropics
and poles, respectively; k is the heat transport constant for the Earth’s
atmosphere [1]. .................................................................................. 33

3.1 Depth hoar chain on a 1mm grid. ......................................................... 43

3.2 System of depth hoar chains on a 1mm grid. ......................................... 44

3.3 Dependence of diffusive conductivity on temperature. c=1 corresponds
to the minimum values of kdiff where the effective diffusivity is equal
to the diffusivity of water vapor in air. The c=5 line represents the
theoretical maximum contribution that mass diffusion could make to
the effective thermal conductivity. ....................................................... 49

3.4 Basic element geometry including two ice grains connected by a bond
neck. Microstructural parameters include the grain radius (rg) and
bond radius of curvature (rc) [2]. ........................................................ 57

4.1 Schematic drawing of heat and mass flow. Q is the heat flow in the
ice, J is the mass flow in the pore, Qec is the heat flow associated with
phase change, and Jec is the mass flow associated with phase change [3].. 62

4.2 Basic element geometry including two ice grains connected by a bond
neck. rg is the grain radius, rb is the bond radius, rn is the neck radius,
and nl is the neck length [3]. .............................................................. 65

4.3 Division of ice grains and the associated pore space into elements and
nodes. (a) Element and node descriptions. (b) Grain radii, bond radii,
and pore width descriptions. [3] ........................................................... 65



x

LIST OF FIGURES – CONTINUED
Figure Page

4.4 Differential element used to derive heat conduction in the ice. Q̇y and
Q̇y+dy are vertical heat flow, dQ̇ec is the differential heat flow to the ice
surface required for phase change. All heat flows represent total flow
with units of W [3]. ............................................................................ 68

4.5 Heat flux and mass flux descriptions at the ice/pore interface [3]. ......... 69

5.1 Overview of snow maker in MSU cold laboratory. .................................. 78

5.2 Looking down on snow nucleation strings in snow maker chimney. .......... 79

5.3 New snow produced in snow maker shown on a 1 mm grid. .................... 79

5.4 Overview of depth hoar apparatus. Wood frame supports vertical foam
insulation that surrounds the snow on 4 sides. Wood box under the
sample box contains the temperature controlled heater plate. ............... 81

5.5 Instrumented base of depth hoar apparatus. The foam ledge surround-
ing the sample edges supports the metal cover and upper heat flux
transducer........................................................................................... 83

5.6 Thermocouple array measures temperature at 1 cm intervals vertically
through the snow sample. .................................................................... 83

5.7 Profile schematic of kinetic metamorphism experimental setup. .............. 84

5.8 Vertical and horizontally oriented thermal conductivity probes. .............. 85

5.9 LiCor LI-8100A measurement dome ..................................................... 91

5.10 LiCor LI-8100A gas analyzer (left) and controller (center)...................... 92

6.1 Microscope image of new snow used for experiments. Grid lines are
spaced at 1 mm................................................................................... 99

6.2 Experiment #1: Vertical chains of depth hoar on 1 mm grid ............... 100

6.3 Vertical profile of bottom 3 cm of in situ metamorphosed snow. .......... 100

6.4 Results: Experiment #1- Temperatures. (TB - Base; T1 – 1 cm; T4 –
4 cm; T7 – 7 cm; T10 – 10 cm; TA - Air). Distances are measured from
base of snow sample. ........................................................................ 102



xi

LIST OF FIGURES – CONTINUED
Figure Page

6.5 Experiment #1 Results: (a) Magnitude of temperature gradient. Neg-
ative sign indicating downward orientation of gradient vector is omit-
ted. (b) Heat flux. (c) Effective thermal conductivity. (d) Entropy
production rate density. ..................................................................... 103

6.6 Results: Experiment #1 - The average Gibbs energy density of snow
follows a decreasing trend similar to the average snow temperature....... 104

6.7 Results: Experiment #1 - The gradient of specific Gibbs energy for
water vapor follows a similar trend to the temperature gradient. .......... 104

6.8 Results: Experiment #1 - Temperature gradients present in the region
indicated, measured from the base of the snow sample. ....................... 108

6.9 Results: Experiment #1 - Effective thermal conductivity for the region
indicated, measured from the base of the snow sample. ....................... 108

6.10 Results: Experiment #1 - Entropy production rate density occurring
in region indicated, measured from the base of the snow sample. ......... 109

6.11 Overview of snow sample after metamorphism..................................... 111

6.12 Ice deposition on underside of snow sample lid. ................................... 111

6.13 Experiment #2 - Vertical profile of metamorphosed snow. The smallest
grid visible near the base of the sample is 1 mm. ............................... 114

6.14 Results: Experiment #2 - Temperatures. (TB - Base; T1 – 1 cm; T4 –
4 cm; T7 – 7 cm; T10 – 10 cm; TA - Air). Distances are measured from
base of snow sample. ........................................................................ 114

6.15 Experiment #2 Results: (a) Magnitude of temperature gradient. Neg-
ative sign indicating downward orientation of gradient vector is omit-
ted. (b) Heat flux. (c) Effective thermal conductivity. (d) Entropy
production rate density. ..................................................................... 115

6.16 Results: Experiment #2 - The average Gibbs energy density of snow
follows a decreasing trend similar to the average snow temperature....... 116

6.17 Results: Experiment #2 - The gradient of specific Gibbs energy for
water vapor follows a similar trend to the temperature gradient. .......... 116



xii

LIST OF FIGURES – CONTINUED
Figure Page

6.18 Results: Experiment #2 - Temperature gradients present in the region
indicated, measured from the base of the snow sample. ....................... 117

6.19 Results: Experiment #2 - Effective thermal conductivity for the region
indicated, measured from the base of the snow sample. ....................... 117

6.20 Results: Experiment #2 - Entropy production rate density occurring
in region indicated, measured from the base of the snow sample. .......... 118

6.21 Results: Experiment #2 - Thermal conductivity in the vertical direc-
tion as measured by heated needle probes. ......................................... 118

6.22 Experiment #3 - Vertical profile of metamorphosed snow. Note the
vertical structure indicated by the darker chains of ice grains. Sample
is approximately 5 cm wide. ............................................................. 122

6.23 Results: Experiment #3 - Temperatures. (TB - Base; T1 – 1 cm; T4 –
4 cm; T7 – 7 cm; T10 – 10 cm; TA - Air). Distances are measured from
base of snow sample. ........................................................................ 123

6.24 Experiment #3 Results: (a) Magnitude of temperature gradient. Neg-
ative sign indicating downward orientation of gradient vector is omit-
ted. (b) Heat flux. (c) Effective thermal conductivity. (d) Entropy
production rate density. ..................................................................... 124

6.25 Results: Experiment #3 - Temperature gradients present in the region
indicated, measured from the top of the thermal couple array. ............ 125

6.26 Results: Experiment #3 - Effective thermal conductivity for the region
indicated, measured from the top of the thermal couple array. ............ 125

6.27 Results: Experiment #3 - Entropy production rate density occurring
in region indicated, measured from the top of the thermal couple array. 126

6.28 Results: Experiment #3 - The average Gibbs energy density of snow
follows a trend similar to the average snow temperature. After the
initial rise due to an increase laboratory temperature, the system began
a cooling trend around day 6 that reduced the free energy.................... 126

6.29 Results: Experiment #3 - The gradient of specific Gibbs energy for
water vapor follows a similar decreasing trend to the temperature gra-
dient................................................................................................. 127



xiii

LIST OF FIGURES – CONTINUED
Figure Page

6.30 Experiment #4: Vertical chains of depth hoar on 1 mm grid. ............. 130

6.31 Results: Experiment #4 - (a) Temperature (TB - Base; T1 – 1 cm; T4 –
4 cm; T7 – 7 cm; T10 – 10 cm; TA - Air). Distances are measured from
base of snow sample. (b) Magnitude of temperature gradient. Negative
sign indicating downward orientation of gradient vector is omitted. (c)
Effective thermal conductivity. (d) Entropy production rate density. .... 131

6.32 Results: Experiment #4 - The average Gibbs energy density of snow
follows a trend similar to the average snow temperature....................... 132

6.33 Results: Experiment #4 - The gradient of specific Gibbs energy for
water vapor follows a similar decreasing trend to the temperature gra-
dient................................................................................................. 132

6.34 Results: Experiment #5 - Temperatures. ........................................... 135

6.35 Results: Comparison of Experiments #1 and #5; temperature gradient
over entire sample depths. ................................................................ 135

6.36 Results: Comparison of Experiments #1 and #5; effective thermal
conductivity over entire sample depths................................................ 136

6.37 Results: Comparison of Experiments #1 and #5; entropy production
rate density over entire sample depths. ............................................... 136

6.38 Results: Experiment #5 - The average Gibbs energy density of snow
follows a trend similar to the average snow temperature. The jump in
the data near day 3 resulted from the variation in the base and top
temperatures shown in figure 6.34....................................................... 137

6.39 Results: Experiment #5 - The gradient of specific Gibbs energy for
water vapor follows a similar decreasing trend to the temperature gra-
dient. .............................................................................................. 137

6.40 Initial snow morphology..................................................................... 139

6.41 Experiment # 6: Vertical chains of depth hoar on 1 mm grid. ............ 142

6.42 Diffusive mass flux through the snow. ................................................. 143

6.43 Concentration gradient present in the snow. ........................................ 144

6.44 Effective mass diffusivity.................................................................... 144



xiv

LIST OF FIGURES – CONTINUED
Figure Page

6.45 Results: Experiment #6 - Temperature (TB - Base; T1 – 1 cm; T4 – 4
cm; T7 – 7 cm; T10 – 10 cm; TA - Air). Distances are measured from
base of snow sample. ........................................................................ 145

6.46 Results:Experiment #6 - (a) Temperature gradient. (b) Heat Flux.
(c) Effective thermal conductivity. (d) Entropy production rate density. 146

6.47 Results: Experiment #6 - The average Gibbs energy density of snow
follows a trend similar to the average snow temperature. The jumps
in the data are due to the addition of snow at the sample surface to
counteract the sublimation of snow into the laboratory air. The overall
decreasing trend indicates the system is moving toward equilibrium...... 148

6.48 Results: Experiment #6 - The gradient of specific Gibbs energy for
water vapor follows a similar decreasing trend to the temperature gra-
dient. The decreasing trend indicates the system is moving toward
equilibrium. ..................................................................................... 149

6.49 CT image of horizontal plane through depth hoar sample. Images are
approximately 2 cm wide. (a) Day 1 (b) Day 7 (c) Day 13 (d) Day 19 .. 150

6.50 CT image of vertical plane through depth hoar sample. Images are
approximately 2 cm wide. (a) Day 1 (b) Day 7 (c) Day 13 (d) Day 19 .. 151

6.51 Specific surface area derived from micro-CT scans. ............................. 152

6.52 (a) Total porosity and (b) snow density derived from micro-CT scans. .. 153

6.53 Ice temperature variation with distance from the model base. Linear
regression shows the average temperature gradient equal to the global
gradient. ........................................................................................... 157

6.54 Variation of bond radius to grain radius ratio over time. ...................... 157

6.55 Variation of modeled mass flux onto a (a) grain and (b) bond at mid-
depth................................................................................................ 159



xv

LIST OF FIGURES – CONTINUED
Figure Page

6.56 Specific entropy production rate for processes occurring (a) vertical
direction and (b) due to phase change. Condgrain/bond refers to heat
conduction in the grain and bond, respectively. Diffgrain/bond refers to
diffusion of water vapor in the pore space adjacent to the grain and
bond, respectively. The specific entropy production rates for vertical
diffusion adjacent to the grain and bond were nearly equal................... 163

6.57 Entropy production rate density for processes occurring (a) parallel
(vertical) to the applied temperature gradient and (b) due to phase
change. Condgrain/bond refers to heat conduction in the grain and bond,
respectively. Diffgrain/bond refers to diffusion of water vapor in the pore
space adjacent to the grain and bond, respectively. The entropy pro-
duction rate densities for vertical diffusion in the grain and bond were
nearly equal. ..................................................................................... 164

6.58 Specific entropy production rate for processes occurring (a) vertical
direction and (b) due to phase change. Enthgrain/bond refers to en-
thalpy flow in pore space adjacent to the grain and bond, respectively.
Diffgrain/bond refers to diffusion of water vapor in the pore space adjacent
to the grain and bond, respectively. The specific entropy production
rates for vertical mass diffusion adjacent to the grain and bond were
nearly equal. Similarly, the vertical rates for enthalpy flow were also
nearly equal. ..................................................................................... 165

6.59 Entropy production rate density for processes occurring (a) parallel
(vertical) to the applied temperature gradient and (b) due to phase
change. Enthgrain/bond refers to enthalpy flow in pore space adjacent
to the grain and bond, respectively. Diffgrain/bond refers to diffusion of
water vapor in the pore space adjacent to the grain and bond, respec-
tively. The entropy production rate densities for vertical diffusion in
the grain and bond were nearly equal. Similarly, the vertical rates for
enthalpy flow were also nearly equal. .................................................. 166



 NOMENCLATURE

Roman Symbols

A Ice cross-sectional area for conduction [m2]

Aec Ice surface area available for phase change [m2]

dAec Differential ice surface area available for phase change [m2]

C Water vapor concentration in air [kg/m3]

cp Specific heat capacity of water vapor or ice at a constant pressure [J/kg·K]

D Water vapor diffusion coefficient in air [2.02E (−5) m2/s]

D∗ Effective diffusivity of water vapor in snow [m2/s]

ex, ey Horizontal and vertical unit base vectors, respectively

G Gibbs free energy [J ]

G′ Gibbs free energy per unit volume [J/m3]

H Enthalpy [J ]

H ′ Enthalpy per unit volume [J/m3]

heff Effective heat transport coefficient [W/(m·K)]

h0 Reference specific enthalpy [J/kg]

Ji Flux of any quantity ’i’
[
i/(m2·s)

]
Jec Vapor mass flux associated with phase change

[
kg/(m2·s)

]

xvi



−→
J ζ Flux of entropy density

[
W/(K·m3)

]
kdiff Diffusive thermal conductivity of snow [W/(m·K)]

kice Thermal conductivity of ice [2.2W/(m·K)]

km Average thermal conductivity of the horizontal and vertical planes [W/(m·K)]

kpore Thermal conductivity of pore air [0.025W/(m·K)]

kx Thermal conductivity in the horizontal plane [W/(m·K)]

ky Thermal conductivity in the vertical plane [W/(m·K)]

L Water latent heat of sublimation [2.838E (6) J/kg]

Lij Onsager coefficients relating fluxes and conjugate forces

m′ Mass of ice or water vapor per unit volume of snow [kg/m3]

mflux Mass flux
[
kg/(m2·s)

]
n̂ Outward unit vector normal to the control surface

p Partial pressure of water vapor in air [N/m2]

P Power [W ]

p0 Reference pressure [N/m2]

Q Heat input [J ]

Q̇ Heat flow via conduction in the ice [W ]

 NOMENCLATURE - CONTINUED

xvii



δQ Inexact differential heat input [J ]

q Heat input per unit mass [J/kg]

q Total heat flux vector [W/m2]

q′ Modified total heat flux vector [W/m2]

qc Heat flux vector for conduction [W/m2]

δq Inexact differential heat input per unit mass [J/kg]

R Water vapor gas constant [462 J/(kg·K)]

Re Reynold’s number

r Heat source per unit mass [J/kg]

S Entropy [J/K]

S ′ Entropy per unit volume
[
W/(m3·K)

]
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ABSTRACT

In the presence of a sufficient temperature gradient, snow evolves from an isotropic
network of ice crystals to a transversely isotropic system of depth hoar chains. This
morphology is often the weak layer responsible for full depth avalanches. Previous
research primarily focused on quantifying the conditions necessary to produce depth
hoar. Limited work has been performed to determine the underlying reason for the
microstructural changes. Using entropy production rates derived from nonequilibrium
thermodynamics, this research shows that depth hoar forms as a result of the snow
progressing naturally toward thermal equilibrium.

Laboratory experiments were undertaken to examine the evolution of snow mi-
crostructure at the macro scale under nonequilibrium thermal conditions. Snow sam-
ples with similar initial microstructure were subjected to either a fixed temperature
gradient or fixed heat input. The metamorphism for both sets of boundary conditions
produced similar depth hoar chains with comparable increases in effective thermal
conductivity. Examination of the Gibbs free energy and entropy production rates
showed that all metamorphic changes were driven by the system evolving to facilitate
equilibrium in the snow or the surroundings. This behavior was dictated by the
second law of thermodynamics.

An existing numerical model was modified to examine depth hoar formation at
the grain scale. Entropy production rate relations were developed for an open system
of ice and water vapor. This analysis showed that heat conduction in the bonds had
the highest specific entropy production rate, indicating they were the most inefficient
part of the snow system. As the metamorphism advanced, the increase in bond
size enhanced the conduction pathways through the snow, making the system more
efficient at transferring heat. This spontaneous microstructural evolution moved the
system and the surroundings toward equilibrium by reducing the local temperature
gradients over the bonds and increasing the entropy production rate density.

The employment of nonequilibrium thermodynamics determined that the need
to reach equilibrium was the underlying force that drives the evolution of snow mi-
crostructure. This research also expanded the relevance of nonequilibrium thermody-
namics by applying it to a complicated, but well bounded, natural problem.



1

INTRODUCTION

Snow is a natural material that influences the lives of nearly half the world’s

population. Of the approximately 150 million km2 of land area on earth, nearly

one third is seasonally covered with snow [4]. People rely on snow melt for drinking

water, agricultural irrigation, electrical power generation, recreation, transportation,

and much more. Up to 75 percent of the water supply in the western United States

is derived from snow melt [5]. Prior to melting, the snow provides a reflective shield

that reduces heating of the earth surface from solar radiation. In the arctic, terrestrial

snow cover provides access to remote areas for scientific research and the extraction

of resources. In mountainous regions, snow avalanches can restrict access and close

commerce routes vital to local economies. Snow can be deadly with avalanches killing

25 people annually in the United States [6]. An improved scientific understanding of

snow is not purely academic, but has the potential to affect countless of human lives

as well as the world economy.

Snow crystals form when thermal energy is removed from water vapor at a tem-

perature below freezing and the vapor passes directly into the solid phase. The wide

spacing and free motion of the water vapor molecules allows them to align with the

hexagonal crystalline structure of ice. Each snow flake is a single ice crystal with a

unique configuration resulting from the conditions under which it formed. The air

temperature and concentration of water vapor surrounding the crystal determine the

size and shape of the snowflake [7]. Though it is possible for two identical snowflakes

to exist, the constantly changing environment under which they form and the tremen-

dous number of combinations for the alignment of water molecules would imply that

twin snow flakes are highly unlikely.
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Once on the ground, individual snowflakes accumulate and bond together into a

continuous porous material consisting of an ice skeleton with air filled pores. This

material is commonly referred to as a dry snowpack and has several properties of

interest for engineering research. Due to the microstructural configuration of the ice,

the mechanical behavior of snow is often similar to a porous granular material such

as soil, though soil grains are typically not bonded together. The deflection of snow

under load depends on the deformation of the individual ice grains, the movement of

the grains relative to one another, and the breaking and deformation of bonds between

grains. This bonding sets snow apart from typical granular materials. Due to this

complex interaction, the mechanical behavior can range from nearly linear elastic

and brittle to non-linear and ductile [8]. For small loads applied over short durations,

little change in the structure occurs and snow responds almost linear elastically. If the

duration of the load is increased, consolidation and rearrangement of the ice structure

will cause the behavior to be visco-elastic. If the load is large and applied quickly,

the snow may respond in an elastic brittle manner [8]. This is the case for fracture

propagation in a weak layer that results in a slab avalanche. The focus of this research

is on the formation of these weak layers.

The property of snow that primarily affects the formation of weak layers is that

ice exists near its triple point at normal atmospheric conditions. This makes snow

unique in that the dramatic changes that regularly occur in nature can be readily

observed without significantly altering the environment. From thermodynamics, the

triple point is the combination of pressure and temperature where all three phases

of a material exist in equilibrium [9]. This implies that solid ice, liquid water, and

gaseous water vapor may exist simultaneously in a snowpack. Further, water is likely

to transition between phases with small fluctuations in the environment making snow

very thermodynamically active. As the water changes phase and moves within the
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snowpack, the microstructure changes. This behavior is known as metamorphism.

As with most materials, the physical characteristics and behavior of snow are derived

from the microstructure. For this research, microstructure refers to ice grains on the

order of millimeters and the connectivity of these grains in a snowpack.

As one might imagine, the range of research topics pertaining to snow is vast.

Nevertheless, a single underlying theme is present: snow is continuously changing

with variations in the environment. These variations are not arbitrary however. Pre-

vious snow research has observed many trends that consistently occur in a given

thermal environment. These include the rounding of ice grains under near isothermal

conditions, and the formation of facets and chains of ice grains when subjected to a

temperature gradient. In order to understand why these changes occur, the problem

can be simplified and snow metamorphism examined under constant, not necessarily

isothermal, environmental conditions. This allows the underlying principles that drive

the change to be exposed. The research presented here shows that snow moves toward

equilibrium as dictated by the second law of thermodynamics. If the constraints on

the system preclude equilibrium, the system will evolve such that all unconstrained

parts move as close to equilibrium as possible.

Research Objective and Framework

The objective of this research project is to examine kinetic metamorphism of

snow using nonequilibrium thermodynamics to gain insight into the driving forces

behind the evolution of the microstructure. This represents the first application

of nonequilibrium thermodynamics to the natural evolution of snow microstructure.

The development of depth hoar that is often responsible for avalanche formation

is not primarily the result of physical forces imposed on the snow. Rather, this
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mechanical evolution is a consequence of thermal forces that drive a change in the

thermal conductivity. The hypothesis examined in this research is that the formation

of depth hoar is driven by the system moving toward equilibrium in accordance with

the second law of thermodynamics.

The work presented in this dissertation is organized into seven chapters includ-

ing this introduction. Chapter 2 provides the reader with a thorough review of the

underlying concepts of thermodynamics that will later be applied to snow meta-

morphism. These include the laws of thermodynamics, an overview of equilibrium

and nonequilibrium thermodynamics, entropy production, extremum principles, and

self-organizing systems. The first half of chapter 3 focuses on previous snow meta-

morphism research concerned with the formation and behavior of depth hoar. The

second half reviews previous applications of entropy and entropy production to snow

metamorphism. Chapter 4 describes an analytical snow metamorphism model that

was revised to incorporate the entropy production relations derived in chapter 2. The

model is used to examine changes in the temperature field, mass flow, and entropy

production rates during the evolution of the microstructure. Chapter 5 outlines the

laboratory experiments and methods used to validate the theory and modeling efforts

described in the previous chapters. Calculations of effective thermal conductivity and

entropy production rates are made for all experiments. Micro-CT imaging and mass

flux measurements are performed for one test. Chapters 6 and 7 discuss the results of

the research project and present conclusions and recommendations for future work.
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THERMODYNAMICS

The intent of this chapter is to outline the fundamental concepts of thermody-

namics that apply to snow metamorphism. These concepts include the basic ther-

modynamic laws, classical and nonequilibrium thermodynamics, entropy production,

extremum principles, and a brief discussion of self-organizing systems. Application

of these concepts to snow is withheld until the end of Chapter 3 after a basic under-

standing of snow metamorphism has been established.

Thermodynamic Laws

The field of thermodynamics was founded in the nineteenth century out of a desire

to understand the motive power of heat: the potential for hot bodies to produce

work [9]. In order to describe the movement of energy and its conversion from one

form to another, the concept of a system was introduced to designate the subject

of interest. Thermodynamics describes systems at a macroscopic scale where the

motion of microscopic particles is averaged over a sufficiently large volume such that

the behavior of the individual particles is imperceptible. Thus, the system is described

by the observable properties and behavior.

To be of value, a branch of science must have guiding principles, descriptive quan-

tities, and governing rules. As with most scientific laws, the laws of thermodynamics

were developed from extensive observations. Common to each law is the definition

of a new property that all systems possess and a description of the behavior of that

property.

The zeroth law of thermodynamics states that if two systems are in thermal equi-

librium with a third system, then they are in equilibrium with each other. Thermal

equilibrium is defined by an equal value of temperature at all points in the system.
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Therefore, the intensive property of a system that allows verification of this law is

temperature. The third system used to make the comparison is typically a thermome-

ter.

The first law of thermodynamics states that the change in the total energy of a

system is equal to the energy transferred to the system by heat plus the work done

on the system. The law is written as a balance equation that proclaims the existence

of the extensive property energy, and describes its movement. To accomplish this,

it introduces heat and work as two forms of energy in transit. Consequently, it is

impossible to quantify the amount of heat or work present in a system, only the

amount of energy. The first law does not place restrictions on the direction of the

energy flow. This is reserved for the second law.

The second law of thermodynamics was developed from observations of sponta-

neous processes. According to the Clausius statement, “it is impossible for any system

to operate in such a way that the sole result would be an energy transfer by heat from

a cooler to a hotter body” [9]. This does not imply that heat cannot flow from cold

to hot, only that it cannot do so spontaneously. In a Carnot refrigeration or heat

pump cycle, heat is extracted from a cold reservoir and expelled to a warm reservoir.

In order to accomplish this, work is done on the system to compress the gas during

two of the required processes. Because of the required work, the heat does not flow

spontaneously from the cold to hot reservoirs. In this way, the second law restricts

the direction of heat flow.

The Kelvin-Plank statement of the second law places restrictions on the direction

of work flow. It states, “it is impossible for any system to operate in a thermodynamic

cycle and deliver a net amount of work to its surroundings while receiving energy by

heat transfer from a single reservoir” [9]. This statement requires that some heat must

pass through the system and exit into a cold reservoir. This prevents heat energy
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from being extracted from a single reservoir and completely converted to mechanical

work. However, work could flow in the opposite direction and be input to a system,

raising the temperature and expelling heat to a single reservoir.

Similar to the zeroth and first laws, a new property was defined to ensure that

the second law is not violated. The second law states that there exists an extensive

property for a system in equilibrium called entropy. For an isolated system, the

entropy cannot decrease and is a maximum at equilibrium. This concept will be

revisited in detail in the coming sections.

Classical Equilibrium Thermodynamics

The originators of thermodynamics envisioned a science where a system is de-

scribed by its spatially and temporally invariant properties. This requirement intro-

duced the idea of thermodynamic equilibrium, similar to the mechanical equilibrium

used by Newton in the seventeenth century. A system is said to be in global thermo-

dynamic equilibrium if no changes are observed in the properties when the system is

isolated from its surroundings. This is the basic assumption of classical equilibrium

thermodynamics. A system can only be described at equilibrium states. Processes

take place that move the system between states, but classical thermodynamics does

not describe the system during these transitions.

Classical thermodynamics also requires an assumption of local equilibrium be valid

at the differential scale in order to define intensive quantities such as temperature and

pressure. This local volume must be large enough to describe the average particle

behavior but small compared to the distances over which the average values of inten-

sive variables vary in the system. The time required for the local volume to reach
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equilibrium must be shorter than the time required for the entire system and short

compared to variations in the average values of the intensive properties.

For a system not in a global equilibrium state, gradients in the intensive properties

drive flows of the extensive quantities. For example, gradients in temperature and

chemical potential drive flows of heat and mass, respectively. If this system becomes

isolated, the gradients will be eliminated and the flows will cease. Recall an isolated

system does not exchange mass, energy, or work with the surrounding environment.

The resulting equilibrium state will also have a larger entropy than the previous

nonequilibrium state [10].

Given sufficient information about the initial nonequilibrium state, the final equi-

librium state can be predicted. This is the fundamental assumption of classical equi-

librium thermodynamics. For example, if the total volume, energy, and mass are

known initially, the evenly distributed energy and mass densities can be calculated for

the final equilibrium state. Using these, the final entropy density can be determined.

Classical thermodynamics uses state variables to describe systems that move be-

tween equilibrium states. At each state, there are no flows of extensive variables

(energy, mass) and the intensive variables (density, temperature, concentration, pres-

sure) are constant in space and time. During the transition between states, a system

can undergo processes where work is done on or by the system, and heat and mass

may flow into the system from the surroundings or out of the system to the surround-

ings. In natural spontaneous processes such as heat conduction or mass diffusion, the

flows are irreversible and occur over a finite time. In general, if a system undergoes

a process where the system and all parts of its surroundings cannot be restored to

their initial states without the input of additional work or energy, it is considered

irreversible. For the purposes of analysis by classical thermodynamics, all processes

are considered reversible and imagined to take place at an infinitely slow rate [11].



9

The system is not described during the flow of heat and mass because the system is

not in global equilibrium. Once the process is complete the system achieves a new

equilibrium state that can be described by new values of the state variables. If the

processes persist, the system may reach a steady state that can also by described by

state variables.

The idea of equilibrium is central to understanding snow metamorphism. Due to

its ability to change phase readily at typical atmospheric conditions, and the fact that

it is never isolated from the surroundings, snow is never in a state of global equilib-

rium. Small fluctuations in the environment result in microstructural changes that

in turn affect the temperature and vapor pressure distributions within the snowpack.

In the presence of a global temperature gradient, the movement of heat and mass

prevent the equilibrium state. Even under global isothermal conditions, differences

in surface curvature of the ice microstructure cause vapor pressure gradients that

move mass via diffusion [12]. As a result, classical thermodynamic analyses of snow

must be performed at discreet times with short time intervals and small variations

in the state variables to satisfy the equilibrium assumptions. In the coming sections,

alternative techniques that describe the system in nonequilibrium states that exist

during a process are explored.

Entropy

As stated above, the first law of thermodynamics is a balance relation that de-

scribes the exchange of energy between a system and the surroundings. The second

law restricts the direction of energy flow to coincide with observed natural processes.

In order to express the second law mathematically, the entropy state function relating
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heat transfer and temperature was introduced:

dS =

(
δQ

T

)
rev

. (2.1)

A closed system (no mass exchanged with the surroundings) that undergoes an

internally reversible process and receives a differential amount of heat (δQ) from the

outside at a temperature (T ), will see a differential increase in entropy (dS) where

entropy is a state variable not dependent on path. The symbol δ is used to indicate

that the addition of heat is path dependent and not a perfect differential. The ratio

of δQ/T is a perfect differential however, resulting in the term dS. Equation (2.1) can

also be expressed per unit mass using the specific entropy (s) and specific heat input

(q) . q should not be confused with the common notation for the total heat input

(Q) or the heat flux vector (q). Using a per unit mass version of equation (2.1), the

change in entropy for a system that undergoes a reversible process from state 1 to

state 2 can be calculated as,

ˆ 2

1

ds = s2 − s1 =

ˆ 2

1

(
δq

T

)
rev

. (2.2)

Since entropy is a state variable, equation (2.2) can be integrated over a reversible

cycle to yield:

˛
ds =

˛ (
δq

T

)
rev

= 0. (2.3)

For an irreversible cycle where the system returns to the initial state, the change in

the state variable will still equal zero,
¸
ds = 0, but

¸
(δq/T)irr 6= 0. In general,

˛ (
δq

T

)
irrev

< 0 (2.4)
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where
¸ (

δq
T

)
irrev

represents the net balance of entropy during the cycle. Since this

quantity is negative, more entropy leaves the system than enters. Thus entropy was

produced by internal irreversiblities.

This result can be visualized by examining the heat transfer via conduction

through a system that includes a metal bar. In an initial process, some amount

of thermal energy per unit mass (q) enters the bar from a reservoir at a higher tem-

perature (Thot) raising the bar temperature. In a second process, the same amount

of energy exits the bar (−q) into a reservoir at a lower temperature (Tcold) lowering

the bar temperature. Since the bar (system) started and ended in the same state, the

initial and final temperature and entropy of the system are unchanged. However, since

heat flowed spontaneously from hot to cold in two processes (at least two processes

are required to complete a cycle), an irreversible cycle was completed. Using equation

(2.4) we have,

˛ (
δq

T

)
=

δq

Thot
+
−δq
Tcold

< 0.

The terms δq/Thot and −δq/Tcold can be thought of as the entropy transferred to and

from the system along with the heat transfer, respectively. Since the net input of

entropy is negative, entropy was produced inside the system due to the irreversible

process of conduction. Because of this entropy production, the change in entropy for

a system that undergoes an irreversible process from state 1 to state 2 is greater than

the the net input of entropy with heat transfer,

∆s >

ˆ 2

1

(
δq

T

)
irrev

. (2.5)

In the conduction example, state 1 is the initial cold state and state 2 is the inter-

mediate state with elevated temperature before the energy leaves the system into the
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hot reservoir. The system returned to state 1 after the heat has exited. Interestingly,

the transfer of heat across the system boundary does not produce entropy. However,

heat must conduct toward or away from the boundary to allow for the heat transfer

across the boundary to occur. For either of these cases, a temperature difference must

exist to produce the heat flow. This results in an irreversible process that produces

entropy within the system. In this way, the change in entropy of the system is greater

than the net input of entropy, as depicted in equation (2.5).

The purpose of the entropy quantity described in this section is to define equi-

librium states and restrict the direction of energy flow. Entropy has units of energy

per temperature (J/K) with no time dependence. It does not describe what happens

to the system during a process between states or when a system is held away from

equilibrium by a flow of heat or mass. This is reserved for a quantity called the

entropy production rate.

Entropy Production Rate

When a system is not in an equilibrium state, irreversible flows of heat and mass

move through the system. The entropy production rate provides a measure of the

efficiency of these flows. According to the second law of thermodynamics, the en-

tropy of a system reaches a maximum value at equilibrium and the rate of entropy

production reaches zero. With this in mind, the entropy production rate can be used

to evaluate the progression of a system toward equilibrium even though it may never

reach equilibrium.

The Clausius-Duhem equation is a relation that calculates the specific entropy

production rate based on the flow of heat and mass through an open system [13]. The

first step in deriving the relation is to define the total entropy input rate
(
Ṡinput

)
to

an open control volume fixed in space,
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Ṡinput = −
ˆ
Sfc

q

T
· n̂dSfc+

ˆ
V

ρr

T
dV −

ˆ
Sfc

sρv · n̂dSfc. (2.6)

The term −
´
Sfc

q
T
· n̂dSfc represents the entropy input rate associated with the total

heat flux (q) through the surface that bounds the system
(´

Sfc
dSfc

)
. In the case of

an open system, the total heat flux is equal to a conductive flux (qc) plus an enthalpy

flux (hρv) where h is the specific enthalpy, ρ is the mass density, and v is the flow

velocity. −
´
Sfc

sρv · n̂dSfc is equal to the entropy input rate associated with the

mass flux (ρv) where s is the specific entropy.
´
V
ρr
T
dV is the entropy input rate

associated with a specific heat source (r) (such as radiation) inside the volume (V )

of the system.

According to the second law, the rate of entropy increase inside the control volume

is greater than or equal to the entropy input rate,

d

dt

ˆ
V

sρdV ≥ −
ˆ
Sfc

q

T
· n̂dSfc+

ˆ
V

ρr

T
dV −

ˆ
Sfc

ρsv · n̂dSfc. (2.7)

Equation (2.7) is analogous to an energy or mass balance except the time rate of

change of the conserved quantity (mass or energy) is usually equal to the input rate.

In the case of a mass balance, the rate of accumulation of mass inside the system

is equal to the mass input rate
(
d
dt

´
V
ρdV = −

´
Sfc

ρv · n̂dSfc
)

. The inequality in

equation (2.7) implies the time rate of change of entropy in the system is greater

than the entropy input rate when entropy is produced inside the system. This occurs

whenever an irreversible process is present in the system.

Using the Reynold’s transport theorem on the left hand side of equation (2.7), the

divergence theorem to transform the surface integrals into volume integrals, and then

dividing by ρ, the resulting equation at a discrete point yields the Clausius-Duhem

inequality,
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ds

dt
≥ r

T
− 1

ρ

(
∇ · q

T

)
− (∇ · sv) . (2.8)

The divergence terms in equation (2.8) can be expanded using the vector identity,

∇ · FG = F (∇ ·G) + G · ∇F , where F and G are are scalar and vector fields,

respectively. This yields,

ds

dt
≥ r

T
− 1

ρ

[
1

T
(∇ · q) + q ·∇

(
1

T

)]
− [s (∇ · v) + (v ·∇s)] . (2.9)

Again, the inequality in equation (2.9) is necessary since the time rate of change of the

the specific entropy in the system can be greater than the net input of specific entropy.

The additional change in entropy inside the system is due to the internal specific

entropy production. The rate of specific entropy production (γ) is defined as the

difference between the time rate of change of the specific entropy
(
ds
dt

)
and the specific

entropy input rate
(
ṡinput = r

T
− 1

ρ

[
1
T

(∇ · q) + q ·∇
(

1
T

)]
− [s (∇ · v) + (v ·∇s)]

)
,

γ ≡ ds

dt
− r

T
+

1

ρT
(∇ · q) +

(
q

ρ
·∇

(
1

T

))
+ s (∇ · v) + (v ·∇s) ≥ 0. (2.10)

Substituting q = qc + hρv into equation (2.10) yields,

γ ≡ ds

dt
− r

T
+

1

ρT
(∇ · qc + ∇ · hρv) + ...

...+
1

ρ

[
qc ·∇

(
1

T

)
+ hρv ·∇

(
1

T

)]
+ s (∇ · v) + (v ·∇s) ≥ 0.

The final form for the specific entropy production rate is obtained using the vector

identity ∇ · FG = F (∇ ·G) + G · ∇F ,
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γ ≡ ds

dt
− r

T
+

1

ρT
∇ · qc +

1

ρT
[h (∇ · ρv) + ρv ·∇h] + ...

...+
1

ρ

[
qc ·∇

(
1

T

)
+ hρv ·∇

(
1

T

)]
+ s (∇ · v) + (v ·∇s) ≥ 0. (2.11)

Equation (2.11) can be simplified by examining what processes make up ds
dt

. From

the first law of thermodynamics, a differential change in the internal energy (dU) for

a closed system is equal to a differential amount of heat entering the system (δQ) plus

a differential amount of work performed on the system (δW ). The additional term

(
∑

i µidmi) accounts for the change in internal energy for systems where i different

phases exist or chemical reactions occur,

dU = δQ+ δW +
∑
i

µidmi. (2.12)

µi and dmi are the chemical potential and change in mass of the ith constituent,

respectively. The symbol δ is used to indicate that the addition of heat and work are

path dependent and not perfect differentials.

Recall the second law of thermodynamics relates a differential change in entropy to

heat input by δQ = TdS. Mechanical work performed on a system can be represented

by δW = −pdV [9]. The negative sign results because a positive (inward) pressure

applied during a positive change in volume is regarded as work done by the system

on the surroundings (i.e., negative work). Inserting these relations into equation

2.12 yields, dU = TdS − pdV +
∑

i µidmi Now substituting the volumetric forms of

internal energy (u′ = U/V ), entropy (s′ = S/V ), mass (ρ = m/V ) ,and volume (v′ = V/V )

and solving for ds′, we obtain,
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ds′ =
1

T
du′ − 1

T

∑
i

µidρi (2.13)

Taking the time derivative at a constant temperature and chemical potential yields,

ds′

dt
=

1

T

du′

dt
− 1

T

∑
i

µi
dρi
dt

(2.14)

The same techniques employed above to derive the Clausius Duhem inequality (equa-

tion (2.8)) can be used to derive an energy balance
(
du′

dt
= −∇ · [qc + hρv] + ρr

)
and

a mass balance
(
dρ
dt

= −∇ · ρv
)

over the system. Substituting these balances into

equation (2.14) yields,

ds′

dt
=

1

T
(−∇ · [qc + hρv] + ρr)− 1

T

∑
i

µi (−∇ · ρivi) (2.15)

The chemical potential (µi) is equal to the specific Gibbs energy (gi) for a given

constituent (i) and is calculated using the specific enthalpy (hi) and specific entropy

(si) according to,

µi = gi = hi − Tsi. (2.16)

Substituting equation (2.16) into equation (2.15), and dividing through by the system

density (ρ) yields,

ds

dt
= − 1

ρT
(∇ · qc) +

r

T
− 1

ρT

∑
i

{(ρivi ·∇hi) + si (∇ · ρivi)} (2.17)

Equation (2.17) is now substituted into the specific entropy production rate equation

(2.11). After canceling like terms,
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γ ≡ 1

ρ

[
qc ·∇

(
1

T

)]
+

[
hv ·∇

(
1

T

)]
+
∑
i

{
vi ·∇

(
−µi
T

)}
+ ...

...+ ∇ · h
T
v +

∑
i

{
µi
ρiT

(vi ·∇ρi)

}
≥ 0. (2.18)

Equation (2.18) can be divided into four parts,

γloc = ∇ · h
T
v +

∑
i

{
µi
ρiT

(vi ·∇ρi)

}
≥ 0 (2.19)

γcon =
1

ρ

[
qc ·∇

(
1

T

)]
≥ 0 (2.20)

γenth =

[
hv ·∇

(
1

T

)]
≥ 0 (2.21)

γmass =
∑
i

{
vi ·∇

(
−µi
T

)}
≥ 0 (2.22)

Equation (2.19) is the local specific entropy production rate. [14] state that the

local specific entropy production rate is based on “the physical observation that a

substance at uniform temperature free from sources of heat may consume mechanical

energy (work) but cannot give it out”. Equation (2.19) is equal to zero for a reversible

reaction such as phase change occurring at a constant temperature. In this case, the

enthalpy that flows away from a point must be equal to the enthalpy input with mass

accumulation resulting from phase change.

Equations (2.20), (2.21), and (2.22) are the specific entropy production rates due

to heat conduction, enthalpy flow, and mass flow, respectively. Equations (2.20) and

(2.21) indicate that heat and enthalpy cannot spontaneously flow from a cold region
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to a warm region. Equation (2.22) dictates that mass spontaneously flows from areas

of higher to lower chemical potential. All three of these equations are equal to zero

for reversible processes.

The above description of specific entropy production rate is based on an open

system subject to heat and mass flow from the outside. Equations (2.19) through

(2.22) define the specific entropy production rates in terms of the gradients of in-

tensive variables and the flows of extensive quantities at a point. These alternate

forms of the second law of thermodynamics place restrictions on proposed constitutive

relations that relate intensive variables and the extensive quantities. For instance,

equation (2.20) dictates that the thermal conductivity of a material (k) in Fourier’s

heat conduction law (qc = −k∇T ) must be positive. Otherwise the entropy produc-

tion would be negative and the second law would be violated. If it were negative,

this would imply that heat flows in the direction of the temperature gradient, from

cold to hot. The flowing extensive quantity in this case is energy, since heat is the

energy that is transferred from one location to another. Temperature is the intensive

variable whose gradient drives the flow of energy.

The Clausius-Duhem inequality (equation (2.8)) and the resulting specific entropy

production rates were developed by classical thermodynamicists to describe a system

that is not in global equilibrium [15, 16, 14]. That is, to describe the system during

a process occurring between equilibrium states, or a system that is held away from

equilibrium by a flow of energy and/or mass. This work laid the foundation for the

modern field of nonequilibrium thermodynamics.
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Nonequilibrium Thermodynamics

For a non-isolated system that is kept away from equilibrium, classical thermody-

namics is insufficient to completely and accurately describe the system. Both classical

and nonequilibrium thermodynamics require that an assumption of local equilibrium

be valid at the differential scale in order to define intensive quantities such as tem-

perature and pressure. Recall however that classical thermodynamics requires the

more limiting assumption of the global equilibrium of the system. Nonequilibrium

thermodynamics differs from classical thermodynamics in that it describes transport

processes in systems that are not in global equilibrium. That is, it describes a system

during the transition between equilibrium states or a system that is held away from

equilibrium by an imposed gradient or flux.

The entropy production rate density is similar to the specific entropy production

rate except it is expressed per unit volume instead of per unit mass. [17] used the

volumetric versions of equations (2.20), (2.21), and (2.22) to develop a new notation

for quantifying the entropy production rate density using linearized near-equilibrium

thermodynamics. The original intent was to determine a generalized constitutive law

based on Fick’s, Ohm’s, and Fourier’s laws. In this universal formulation, the “flux”

(Jj) of an extensive quantity is linearly proportional to the conjugate “force”, (Xk)

according to:

Ji =
∑
k

LikXk. (2.23)

For this formulation, Lik represents a symmetric matrix of coefficients relating the

forces and fluxes. These coefficients are defined such that the entropy production rate

density, σs′ , can be calculated with:
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σs′ =
∑
i

JiXi =
∑
i

∑
k

LikXiXk ≥ 0. (2.24)

The summation symbols are not necessary if Einstein notation is used, but they are

added here for clarity. Using this universal notation for flows and forces, conductive

heat flux can be expressed as qc = JQ. If heat conduction is the only process present

in a system, the entropy production rate density can be expressed as,

σs′ = JqXq = qc · ∇
(

1

T

)
. (2.25)

This result is the volumetric form of equation (2.20)
(
γcon = 1

ρ

[
qc ·∇

(
1
T

)])
. The

entropy production rate densities for enthalpy flow and mass flow can be represented

in a similar manner. Using the Onsager notation, the entropy production rate density

for an open system subject to heat and mass flow becomes,

σs′ = JqXq+JeXe+JmXm = qc ·∇
(

1

T

)
+hv·∇

(
1

T

)
+
∑
i

{
vi ·∇

(
−µi
T

)}
(2.26)

Extremum Principles of Entropy Production

The techniques presented in the previous sections provide methods to describe

the entropy production rate in a system during the transition between equilibrium

states or when a system is held away from equilibrium. As stated previously, entropy

production rate is a representation of the irreversibility or inefficiency of a system.

This information can be used to control the efficiency of a designed nonequilibrium

system or to predict the evolution of a natural system subject to known constraints.
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When a system reaches a nonequilibrium steady state, the rate of entropy production

is constant. Depending on the boundary conditions, the entropy production rate can

increase or decrease with respect to the initial value. The following sections present

several methods for examining the extreme values of entropy production rate.

Entropy Generation Minimization

Entropy generation minimization is a concept presented by mechanical engineering

professor Adrian Bejan in his book outlining techniques for optimizing industrial

processes [18]. The most simple application of entropy generation minimization is in

the evaluation of power plant efficiency. In the designed processes of a power plant,

a portion of the heat and mass that flow through the system is converted to work

that ultimately is used to produce electricity. The ideal set of processes would be

reversible, produce no entropy, and consequently provide the most work or electricity.

Unfortunately, these processes involve irreversiblities that produce entropy and are

far from ideal. For an open system that expels heat to its surroundings, the maximum

ideal power provided by the reversible processes (Prev) is equal to the actual power

provided by the irreversible processes (Pirrev) plus the total entropy production rate(
Ṡgen

)
multiplied by the temperature of the system’s surroundings (T0),

Prev = Pirrev + ṠgenT0. (2.27)

The total entropy production rate
(
Ṡgen

)
(with units of W/K) can be calculated

from the entropy production rate density (σs′) multiplied by the system volume, or

the specific entropy production rate (γ) multiplied by the mass of the system. In this

way, the entropy produced is proportional to the power lost
(
Plost = ṠgenT0

)
. The

relating of entropy production rate with lost work is referred to as the Gouy-Stodola
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theorem [18]. Since natural processes always contain irreversiblities, engineers seek

to minimize these in order to maximize the work output. This is accomplished by

minimizing the entropy production or generation.

As one might imagine, the entropy production rate can be defined for any ir-

reversible process. The difficulty in minimizing the entropy production rate for a

process is identifying and quantifying all the internal sources. [18] derives entropy

production rate relations for several common industrial processes including conductive

and convective heat transfer, fluid flow due to a pressure difference in a pipe, viscous

dissipation for Hagen-Poisuelle flow, and others. Once the process is well understood,

the individual sources of entropy production rate can be accounted for and the total

can be calculated.

One typical source of entropy production in industrial processes is heat flow result-

ing from a temperature difference between two systems. In an attempt to optimize

this process, the designer seeks to either enhance or inhibit the heat transfer between

the systems depending on the design requirements. In the first case, a process may

require a constant heat flux and the designer would attempt to increase the thermal

conductivity of the body connecting the systems. As a consequence, the temperature

difference necessary to drive the heat would decrease as would the entropy production

rate. This would be the case for a radiator acting as a conductive body to transfer

heat from an engine to the surroundings. By using a system of metal fins to transfer

the heat, the effective thermal conductivity of the body is higher than if the radiator

was a flat piece of wood. Thus, the radiator can maintain the desired heat flux away

from the engine when temperature of the surroundings is high. If the radiator was

made of wood, the engine and air temperatures would need to be further apart to

maintain the heat flux. Clearly, this is a simplified description of an engine cooling

system. However, this example does illustrate that when the engine temperature rises
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above the operating range, the radiator is designed to maximize the heat flux away

from the engine.

For the second case, a constant temperature difference between parts of the system

may be desired. The designer would reduce the conductivity of the material between

the different temperature regions to reduce the heat flux. This is the reason for

adding insulation to the walls of a house. The effect of the less conductive system is

that the heat flux through the walls is reduced for the same temperature difference

across the walls. Thus, less heat must be added to the interior to maintain a constant

temperature difference across the exterior walls. Similar to the first case, the entropy

production rate is reduced as a result of the optimization.

A similar procedure exists to optimize fluid flow in a pipe. If a constant flow

rate is desired, reducing the drag would reduce the required pressure difference and

the entropy production rate. Equation (2.22)
(∑

i

{
vi ·∇

(
−µi

T

)})
can be used to

illustrate this point. A reduction in pressure difference would cause a reduction in

the gradient of chemical potential divided by temperature
(
∇µi

T

)
. Alternately, if a

pressure difference is desired as in the case of a hydroelectric dam, the designer looks

to inhibit the flow rate and minimize the entropy production rate for a given pressure

differential. In this case, the velocity of the fluid would decrease, resulting in a

reduction in the specific entropy production rate.

Minimum Entropy Production Principle

The minimum entropy production principle differs from entropy generation mini-

mization in that it applies to natural rather than designed systems. Determination of

the steady states for designed systems are controlled by varying the system properties

and boundary conditions to minimize the entropy production rate. Natural systems

can evolve to any steady state possible within the given constraints. For this analysis
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to apply, the system must have fixed material properties and be subjected to fixed

boundary conditions.

The minimum entropy production principle can be readily observed by examining

heat conduction through a system located between two reservoirs at different tem-

peratures [1]. For this example, the system is filled with ice and the warm and cold

reservoirs have constant temperatures of 268 and 272 K, respectively (figure 2.1).

Initially, the ice is at the same temperature as the cold reservoir.

The example is intended to describe the transient period when the heat flux in

and out of the sample are not equal. To accomplish this, the flow of heat through the

ice is divided into two separate irreversible conduction processes. The total heat flow

from the warm reservoir to the ice midpoint Q̇in and the total flow from the midpoint

to the cold reservoir Q̇out are defined according to:

Q̇in = |qin|A = Ak
(Tw − Ti)

L
, (2.28)

Q̇out = |qout|A = Ak
(Ti − Tc)

L
. (2.29)

The cross-sectional area available for heat flow is A = 1m2, k is the conductivity

of ice, L = 1m is the distance between the reservoirs, Ti is the temperature in the

ice midway between the reservoirs, and Tw and Tc are the fixed temperatures of the

warm and cold reservoir, respectively. As the heat flow enters the ice from the hot

reservoir, Ti and the flux out will increase until the system reaches steady state and

the flux in is equal to the flux out. The total entropy production rate of the system(
Ṡgen

)
during this transient phase and at steady state is equal to the sum of the two

conduction processes as calculated by,
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Ṡgen = Q̇in

(
1

Ti
− 1

Tw

)
+ Q̇out

(
1

Tc
− 1

Ti

)
. (2.30)

Prior to reaching a steady state heat flow, the flux into and out of the system are

not equal; when the input of heat is initiated, there is no heat flow out of the ice.

As the system moves toward steady state, the heat flux in and out become equal,

and the ice temperature midway between the reservoirs is the average of the hot and

cold reservoir temperatures. Notice, each term in equation (2.30) is derived from the

entropy production rate density equation (2.25)
[
σs′ = qc · ∇

(
1
T

)]
.

A plot of total entropy production rate
(
Ṡgen

)
versus the ice temperature between

the reservoirs (Ti) shows that a minimum value of entropy production rate is reached

when the flux in and out of the system are equal (figure 2.2). This implies that the

production at steady state is less than at a time when the system was in a transient

state. Thus, the natural conduction of heat through ice is driven to a steady state

with the minimum entropy production rate for these fixed temperature boundary

conditions.

[19] provided the general formulation of the minimum entropy production princi-

ple while examining natural systems in the context of nonequilibrium thermodynam-

ics. These systems initially contained spatial variations of intensive quantities (mass

concentration, temperature) within the system that resulted in flows of extensive

quantities through the system (mass, energy). Considering all possible forces and

flows, only those flows associated with fixed forces (fixed boundary conditions) at the

system boundaries will persist in time. In other words, if the intensive properties are

allowed to become uniform in space, the associated flows will cease. As these flows

through the system are eliminated, they no longer produce entropy inside the system.

Thus, the entropy production rate decreases to a minimum steady state value.
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Figure 2.1: Minimization of entropy production for conduction through ice: setup
(Tw and Tc are the temperatures of the warm and cold reservoirs, respectively; Ti is
the temperature in the ice midway between the reservoirs; Q̇in and Q̇out are the total
heat flow in and out of the ice)
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Figure 2.2: Heat flow and entropy production rate for conduction through ice based
on equations 2.28, 2.29, and 2.30.
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[20] offer an interesting justification for why nonequilibrium systems should seek

a steady state. According to the second law of thermodynamics, an isolated system

that is subjected to a certain set of constraints will progress to a state of equilibrium.

This final state would be unchanging with time and therefore it can be considered a

steady state. Another set of constraints on the same system might result in a flow

of extensive quantities that would prevent equilibrium. In the previous example, the

constraints were the fixed temperatures at the boundaries and the extensive quantity

that flowed through the system was energy in the form of heat.

Assuming the same physical laws apply in both cases, this system should also

reach a steady state some distance away from equilibrium. If that state is maintained

by a potential difference, it will have minimum entropy production rate compared

to non-steady states where transient flows are present [21]. In the case of snow

metamorphism, the gradient of the temperature potential field drives heat flow while

the gradient of the chemical potential field drives the diffusive mass flow.

Another version of this principle is applied to fluid mechanics to determine the

division of fluid flow for a system of parallel pipes with a fixed flow rate. The total

flow in the system is equal to the sum of the flows in all pipes. Also, the head loss is

assumed equal for different pipe sections connecting the same junctions. These two

constraints are analogous to Kirchhoff’s current and voltage laws in electric circuits,

respectively. A function analogous to the entropy production rate was derived in

terms of the individual flow rates. By taking derivatives of this function with respect

to each flow rate, [22] showed that the steady state division of the total flow into

separate pipes corresponded to a minimum entropy production rate for the entire

system. In other words, the total pipe flow naturally divides into individual pipes

such that the total entropy production rate is a minimum compared to other possible

arrangements of the flow rates.
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This technique employed by [22] differs from Prigogine’s principle described above

because it applies to a pipe system where the flow rates are not independent from

one another. Prigogine’s theory applies to the sum of entropy production rates for

multiple independent processes. Further, Prigogine’s theory applies to systems with

a linear relationship between the forces and fluxes (head loss and fluid flow) whereas

the version presented by [23] applies to systems where the head loss is related to flow

rate via a power law.

The above discussion illustrates the importance and diversity of the minimum

entropy production principle. It was used to describe three examples where a steady

state was achieved by a system with fixed boundary conditions that precluded equilib-

rium. First, a block of ice subjected to fixed temperature boundaries evolved through

a transient period when the inward heat flux was not equal to the heat flux out. The

entropy production rate during this transient period was greater than the production

present once the system reached steady state. Next, a system was examined where the

initial state was described by variations in intensive properties and the corresponding

flows in extensive quantities. The system evolved to a steady state where only the

flows associated with fixed intensive boundary conditions persisted. The final state

produced less entropy than the initial state. Finally, the division of the individual

steady state flow rates in a system of pipes are naturally arranged to minimize the

entropy production of the entire pipe system.

The minimum entropy production principle does not apply to all nonequilibrium

systems. Depending on the system properties and constraints, systems may behave

contrary to the previous examples.



29

Maximum Entropy Production Principle

To explore the application of the maximum entropy production principle to fluid

flow, [22] examined a system of parallel pipes where the total head loss was fixed.

This is a fundamental difference from the minimum principle described above where

the total flow rate was fixed. Variational calculus was used to examine the deriva-

tives of a function analogous to the entropy production resulting from fluid flow.

The derivatives were again taken with respect to the flow rate in each pipe. This

time, the natural division of the flows into the individual pipes corresponded to a

maximum value of entropy production for the system. This result shows that the

type of constraints placed on a system can have an effect on the arrangement of the

system properties and behavior.

[24] performed case studies to examine the effect of boundary conditions on the

entropy production rate for viscous fluid flow in a single pipe. It is well established

that two flow regimes (laminar and turbulent) exist for a given pipe and fluid depend-

ing on the flow rate. In this analysis, the flow rate was driven by a pressure drop per

unit length of pipe. Thus the boundary conditions examined were a fixed flow rate

with a variable pressure drop, and a set pressure drop with a variable flow rate.

Case 1 examined the variation of a dimensionless entropy production rate for a

range of fixed flow rates represented by the Reynold’s number, Re. Since Re is a

function of the mass flow rate, pipe diameter, and fluid viscosity, it can be thought

of as a dimensionless flow rate for a given pipe and fluid. They concluded that at

low Re where laminar flows are observed, the entropy production rate for laminar

flow was higher than for the theoretical value for turbulent flow. Conversely, at high

R′es where turbulent flows are realized, entropy production rate for turbulent flow is

higher. Thus, for a given flow rate (Re) the flow regime spontaneously chosen by the

system was the one with the higher entropy production rate.
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Case 2 involved a system where the pressure drop was specified rather than the

flow rate. The pressure drop was mathematically related to the specific entropy

production rate. In this case, for a given pressure drop, the system chose the regime

with the lower flow rate. Since the specific entropy production rate of the fluid was

fixed with the pressure drop, the lower flow rate corresponded to a lower total entropy

production. So for a system with a specified pressure drop, the chosen flow regime

has the lower entropy production rate.

These examples illustrate how examining the entropy production rate can deter-

mine which steady state a system must assume given multiple options. The next

section will demonstrate how entropy production can be used to estimate variable

material properties such as the effective thermal conductivity of the Earth’s atmo-

sphere.

A significant amount of research has been conducted to model the Earth’s climate

using extremum principles. [25] provides a review of these efforts dating back to

the 1960’s. One study of particular interest to snow metamorphism research was

presented by [1]. In this case, the Earth as a whole is modeled as a closed system

where energy from space can enter or leave, but no mass exchange with space is

allowed. The interior of the system is divided into two regions - the poles and the

tropics. Energy is free to move between these regions. A steady supply of energy from

the sun enters the Earth system at the warm tropics and leaves at the cold poles,

preventing equilibrium. This is analogous to to a constant flux boundary condition.

Since the energy enters the system at the warm tropic temperature, the entropy

associated with the flux is small (ds = δq/T). Once inside the system, the energy flows

from the warmer tropics to the cooler poles via conduction, convection, and latent

heat transfer. When the same energy leaves the Earth system at the colder pole
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temperature, it has a higher entropy. This indicates that entropy was produced by

the irreversible processes that moved the energy from the tropics to the poles.

To describe the heat flux through the system, all the heat transfer modes are

combined into a single relation,

|q′| = heff (TT − TP ) . (2.31)

The magnitude of the modified total heat flux (|q′|) is related to the difference in

temperature between the tropics and poles (TT − TP ) and the heat transport constant

of the system (heff ). This departure from Fourier’s heat conduction law is done

to simplify the model geometry and to combine the various heat transfer modes.

In this case, the distance between the poles and tropics was omitted from what

would normally be the temperature gradient, resulting in units on |q′| of W/m. The

temperatures are not fixed but are determined by local energy balances at the poles

and tropics. For this energy balance, the tropics are considered a control volume

subjected to three heat fluxes:

• a known constant incoming radiation heat flux from the sun

• an outgoing radiative flux to space that is dependent on the unknown tropic

temperature

• an unknown outgoing heat flux to the poles dependent on the tropic and pole

temperatures as well as the heat transport constant of the Earth system

Similarly, a control volume at the poles experiences:

• a known constant incoming radiation heat flux from the sun, different from the

incoming flux at the tropics
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• an outgoing radiative flux to space that is dependent on the unknown pole

temperature

• the same heat flux that left the tropics enters the poles

Since the tropic temperature, pole temperature, and the effective conductivity of the

Earth system constitute three unknowns, the problem cannot be solved using only

the two energy balance equations. A modified version of the entropy production rate

density (σ′s′) for the system is used as a third equation to relate the unknowns. It

can be calculated a modified version of the entropy production rate density equation

(2.25),

σ′s′ = |q′|
[

1

TP
− 1

TT

]
.

σ′s′ represents the entropy production rate density with slightly different units

(W/(m2·K)) due to the modification of |q′| discussed for equation (2.31).

By varying the heat transport constant and solving the two corresponding energy

balances and the entropy production rate equation, [1] derived figure 2.3. The bell

shape of the entropy production rate curve indicates that the temperatures of the

poles and tropics adjust into a configuration that produces entropy at the maximum

rate for a given fixed heat input. If the system evolves to a configuration where

the heat transport constant is low, the temperature difference is maximized but the

corresponding heat flux is small. This results in a low entropy production rate as

depicted by the left side of figure 2.3. Conversely, when the heat transport constant is

high the heat flux is large but the temperature difference declines, again resulting in a

lower entropy production rate (right side of figure 2.3). This negative feedback results

in an optimum conductivity for which the entropy production rate is a maximum and

the corresponding temperature differences and heat flux can be determined. The peak
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Figure 2.3: Maximization of entropy production rate in the Earth’s climate (σ is
entropy production rate; TT and TP are the temperatures of the tropics and poles,
respectively; k is the heat transport constant for the Earth’s atmosphere [1].

of the entropy production rate curve in figure 2.3 corresponds to a heat transport

constant of approximately 1 W/m2·K. This is close to the value commonly used in

energy balance climate models [26]. The Earth climate example illustrates one way

entropy production can be used to evaluate and predict the behavior of a natural

system subject to variable boundary conditions and system properties.

Self-Organization of Nonequilibrium Systems

Interestingly, some nonequilibrium systems spontaneously morph from one phys-

ical configuration to another in an effort to either maximize or minimize the entropy

production rate. The patterns that form in nonequilibrium systems result from heat

or mass flow. The formation of convective cells during heat transfer in a fluid is an

“example in which the energy flow drives a system to an organized state which in turn
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increases the energy flow” [11]. This new configuration produces entropy at a faster

rate than without convective cells. The transition from laminar flow to turbulent flow

is another example. “The consequent instability under far-from-equilibrium systems

drives the system to states with a high level of organization, such as oscillations and

spontaneous formation of spatial patterns” [11]. These are different from equilibrium

patterns such as the separation of different liquids based on density and gravity. When

the flows cease, the nonequilibrium patterns disappear.

Organized dissipative structures require more energy to sustain them than the

simpler structures they replace [27]. When fluctuations in the forces push a system

into a state far from equilibrium, the system may reach a transition point and move

to a new state with different structure. Two transition points can be observed for the

addition of heat to a fluid. If the temperature gradient is small, the heat is transferred

through the fluid by conduction or thermal diffusion and the fluid remains static. As

the temperature gradient increases, the first transition point is reached resulting in the

formation of convective cells. This new organized structure facilitates the movement of

heat through advection. Increasing the gradient further will ultimately cause the fluid

to boil, increasing the heat transfer of the system even more. Organized structures

such as convective cells or water vapor bubbles moving in the liquid require a larger

temperature gradient to sustain them compared to pure conduction through a static

fluid. Both of these structures produce entropy at a faster rate than conduction alone.

Summary of Maximization Versus Minimization of Entropy Production

Several example of systems exhibiting either minimization of maximization of

entropy production were presented in the previous sections. When a system of parallel

pipes is subjected to a fixed flow rate, the flow divides among the pipes such that
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the total entropy production rate is minimized. The entropy production is a function

the forcing pressure drop (or head loss) and the resulting flow of material. Since the

entropy production rate is minimized, this implies that the system arranges itself to

utilize the smallest pressure drops possible to induce the total flow. The smaller the

pressure drop, the closer the system is to equilibrium since there would be no pressure

drop present at equilibrium. This indicates that when the boundary conditions allow,

the system will move toward equilibrium.

If the system of pipes is subjected to a specified head loss over each pipe, the flow

is distributed among the pipes to maximize the entropy production rate. Since the

head loss is fixed, the system is not allowed to move toward equilibrium. Instead, the

flow rates and entropy production rate are maximized. This increases the entropy

of the surroundings since the rate of entropy leaving the pipe system is maximized.

According to the second law of thermodynamics, entropy reaches a maximum value

at equilibrium. Thus, when the system is not allowed to move toward equilibrium, it

arranges to move the surroundings toward equilibrium.

The present research examines a similar phenomenon in snow metamorphism. In

this case, the flow is heat rather than mass, and the force is a temperature gradient

instead of a pressure drop. It will be shown that when possible, the snow system

evolves toward equilibrium. When the heat flow is fixed, the entropy production rate

and temperature gradient spontaneously decrease. Conversely, when the temperature

gradient is fixed and the snow is not allowed to approach equilibrium, the heat flux

and entropy production increase. Similar to the fluid flow example, this increases the

entropy of the surroundings bringing them closer to equilibrium.
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Gibbs Free Energy and Spontaneous Reactions

Gibbs free energy (Gibbs energy or Gibbs potential) is a thermodynamic potential

that can be used to predict the direction of a spontaneous process that moves a system

between two equilibrium states [9]. The Gibbs energy of a system can be quantified

for an equilibrium state using,

G = U + pV − TS. (2.32)

G is the total Gibbs energy of the system, U is the the total internal energy, pV is

the pressure multiplied with the volume, and TS is temperature multiplied by the

total entropy. Using the definition for the total enthalpy of the system, H = U + pV ,

equation (2.32) can also be written as,

G = H − TS (2.33)

After assuming the direction of a process, the Gibbs energy of the final state minus

the initial Gibbs energy can be calculated. In the case of phase change, the assumed

direction of the reaction could be melting. The total Gibbs energy of liquid water

minus the total Gibbs energy of ice would be calculated at the designated state. If

the change is negative, the assumed direction of the process (melting) is correct and it

will proceed spontaneously. If the change in Gibbs is positive, energy must be added

to the system to force the reaction in the assumed direction. Otherwise, the reaction

will proceed spontaneously in the opposite direction (freezing).

For a closed system undergoing a process at a given temperature and pressure, the

change in Gibbs is determined by ∆G = ∆H−T∆S. The application of Gibbs energy

to predict the direction of a spontaneous process can be illustrated by examining phase
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changes that occur at different temperatures. The values of H and S were taken from

[9].

At temperatures below the freezing point, liquid water will spontaneously turn

into ice. Since ice has a lower entropy than liquid water, the change in the entropy

of the system is negative (−∆S). However, the system must expel enthalpy to the

surroundings (−∆H) to remove the latent heat of melt from the liquid water. When

all the material has changed phase, the resulting change in the total Gibbs energy

is ∆G = −∆H − T (−∆S) = −∆H + T∆S. Since the temperature is low and

unchanging, the decrease in ∆H is larger than the increase in T∆S resulting in an

overall decrease in the Gibbs energy (∆G = −∆H + T∆S < 0; ∆H > T∆S).

At high temperatures, ice will spontaneously melt and change into liquid. The

final liquid state has more entropy than the ice resulting in a positive change in

entropy (+∆S). The system also absorbs enthalpy from the surroundings equal to

the latent heat of melting. This increases the enthalpy of the system (+∆H). Since

the reaction occurs at a higher temperature, the increase in T∆S is larger than the

increase in ∆H. Since the entropic component T∆S is subtracted, the resulting

change in Gibbs energy is again negative (∆G = ∆H − T∆S < 0; ∆H < T∆S).

The second law of thermodynamics states that all systems must move toward

equilibrium when boundary conditions permit. Since the change in total Gibbs energy

for a spontaneous reaction is negative, the total Gibbs must decrease as a system

progresses toward equilibrium. Further, the total Gibbs energy reaches a minimum

value at equilibrium for a system subjected to surroundings with constant temperature

and pressure. These constant conditions typically exist for experiments performed at

atmospheric conditions.
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The concept of minimum Gibbs energy is applied in the current research to evalu-

ate the progression of the snow toward equilibrium. Equation (2.33) is converted into

a per unit volume form to describe the total Gibbs energy per unit volume of snow,

g′ = h′ − Ts′. (2.34)

Calculations of g′, h′, and s′ per unit volume of snow are presented in section 5.

The Gibbs energy density (g′) is calculated at each time step in the experiments so

that the change over time can be observed. A decreasing trend in the Gibbs energy

density indicates that the system is evolving toward equilibrium where the Gibbs

energy would reach a minimum value.

Another use for Gibbs energy is to evaluate phase equilibrium and the diffusion of

mass. The specific Gibbs energy (g) is equal to the chemical potential (µ) for a given

constituent and is calculated using the specific enthalpy (h) and specific entropy (s)

according to equation (2.16) (g = h− Ts). When two phases of a material are in

equilibrium with each other, the specific Gibbs potentials are equal [9] . At the triple

point, the specific Gibbs potentials for all three phases are equal. If the potentials

are not equal, mass will move from the area of higher potential to a region with lower

potential. The gradient of the specific Gibbs potential drives the diffusive flow of

mass. For a system in a state of equilibrium, no flows of mass are present and no

gradients can exist. Thus, a decrease in the gradient of specific Gibbs potential over

time indicates that the system is moving toward equilibrium.

In the laboratory experiments presented in the following sections, the water vapor

in the pore space is assumed to be in local equilibrium with the adjacent ice. This

implies that at a given point in the snow, the vapor and ice exist at the same temper-

ature, the pore air is saturated with water vapor, and the specific Gibbs potentials
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of the two phases are equal. This assumption is necessary however because the local

difference in temperature between the phases cannot be easily measured. The specific

Gibbs potential can vary macroscopically if the snow temperature varies with depth

in the sample. This global nonequilibrium condition is the focus of the laboratory

research. In the numerical model portion of the present research, the temperatures

of the ice and adjacent pore are described independently.

The snow system studied in this research is subjected to a fixed temperature

gradient or an imposed heat flux to cause kinetic metamorphism. This nonequilibrium

state results in a gradient in the specific Gibbs potential through the snow. The

gradient is determined by examining the difference in the potential over the sample

depth. As the metamorphism progresses, the gradient of the specific Gibbs potential

for water vapor will be shown to decrease over time. Since no macroscopic gradients

are present when the system reaches equilibrium, the reduction in gradient indicates

that the metamorphism is occurring to move the system toward equilibrium.

If the snow were allowed to reach equilibrium, the gradients of temperature and

specific Gibbs energy would eventually be eliminated. At equilibrium the total Gibbs

potential of both phases would reach a minimum value corresponding to the temper-

ature and pressure of the surroundings [28]. For the nonequilibrium system studied

here, the potential gradients cannot be eliminated due to the imposed boundary

conditions. It will be shown that the gradients decrease to a minimum value for the

boundary conditions. This results in a minimization of entropy production rate simi-

lar to the examples presented in section 2. When the thermal environment prohibits

the potential gradients from changing, the system seeks to maximize the entropy

production rate like the systems discussed in section 2. Details of these imposed

boundary conditions and calculations are presented in the next chapter.
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Summary

Thermodynamics is a diverse and powerful theory that has been used for cen-

turies to describe all manner of complicated physical systems. Albert Einstein was

so enamored with the field that he once said [29]:

A theory is more impressive the greater the simplicity of its premises, the
more different are the kinds of things it relates, and the more extended
its range of applicability. Therefore, the deep impression which classical
thermodynamics made on me. It is the only physical theory of universal
content, which I am convinced, that within the framework of applicability
of its basic concepts will never be overthrown.

The basic application of thermodynamics to simple processes such as ideal gases and

heat engines is widely used and well understood. The more recent efforts using entropy

extremum principles and self-organizing systems are still in their infancy. In fact, one

of the foremost experts on the Earth’s climate [30] made a formal request for research

in fields outside atmospheric science to determine if a principle of maximum entropy

production rate can be generally applied to other complex systems. The application

of these concepts to the problem of snow metamorphism in the current research is

intended to answer this call. The relations developed in this chapter provide a new

method for evaluating the evolution of snow thermal properties and behavior during

kinetic metamorphism.

Snow is well suited for entropy production rate analyses due primarily to its ability

to change material properties at common ambient temperatures. During metamor-

phism, the properties that control heat and mass transfer (effective thermal conduc-

tivity and mass diffusivity) change with the evolution of the microstructure. As dis-

cussed previously, systems with variable material properties are commonly analyzed

by observing trends in the entropy production rate.
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SNOW METAMORPHISM

The metamorphism of snow microstructure is the result of reversible and irre-

versible thermodynamic processes. Environmental conditions encountered by the

snow define these processes, and consequently the size and shape of the snow crystals.

A snow crystal forms in the atmosphere when water vapor deposits onto a nucleation

site. The temperature at which the crystal forms, and the concentration of water

vapor surrounding the crystal determine the shape [7]. Once on the ground, the form

of the crystal continues to change. Similar to the atmospheric environment, terrestrial

metamorphism is driven by variations in temperature and water vapor concentration

in the snowpack.

Terrestrial dry snow cover is a porous material consisting of an interconnected

ice matrix with interstitial air filled pores. Since ice exists near its phase transition

state at typical terrestrial conditions, slight changes in the thermal environment can

significantly alter the ice matrix. As stated in section 2, two phases that are in

equilibrium with each other have equal specific chemical potentials. When the chem-

ical potentials are not equal, mass will change phase and flow from a region of high

potential to low. In the case of an isothermal snowpack, variations in curvature drive

mass flow until the potential difference is eliminated [12]. The resulting equilibrium

form is a system of rounded grains where the vapor pressure over the ice surface is

equal to the partial pressure of water vapor in the pore space. This morphology was

termed “equi-temperature” growth by [31]. Even though a snow pack never reaches

equilibrium, it may approach these conditions late in the winter season.

The metamorphic process that is responsible for the formation of weak layers that

cause avalanches avalanches is dependent on the presence and magnitude of tempera-

ture gradients and the overall temperature of the snow. [32] defined the kinetic growth
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form as the poorly bonded faceted crystals that form in the presence of temperature

gradients larger than ∼10 degrees C per meter. The changes in microstructure as-

sociated with kinetic metamorphism are not arbitrary. Researchers have frequently

observed chains of ice grains oriented in the direction of a temperature gradient

[33, 34, 35]. Figures 3.1 and 3.2 show depth hoar chains produced in a laboratory at

Montana State University.

Though limited research has been performed to evaluate the strength of ice chains,

a structural analysis of a system of columns can provide insight into the mechanical

behavior. The axial load that can be resisted by a single column is controlled by the

compressive strength of the material and the lateral support conditions to prevent

buckling. Further, a system of columns requires additional lateral support to prevent

a global shear failure. The strength of an assembly of ice chains is probably controlled

by similar parameters. Frequent lateral connections between columns (as shown in

figure 3.2) likely prevents individual buckling of the chains resulting in a relatively

strong system in the longitudinal direction. The strength of a system to resist a

global shear failure is the major concern. This is significant to the avalanche problem

because a weak layer composed of ice chains may support the vertical weight of a

large snow slab prior to failing in the transverse direction.

This chapter first provides an overview of the formation, properties, and behavior

of depth hoar which is the focus of this research. Next, a review of previous research

on the thermodynamics of snow metamorphism is presented. Finally, the role of

entropy production in snow research is investigated.
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Depth Hoar

Formation

Temperature gradients may develop in the snowpack under a variety of conditions.

[36] coined the term “depth hoar” to describe kinetic growth identified near the base of

a snowpack. In this case, the ground provides a near constant temperature boundary

condition near freezing while the top surface of the snow is subject to the air temper-

ature, typically below freezing during winter conditions. This vertical temperature

gradient causes a water vapor concentration gradient to develop in the pore air. The

resulting mass flux reorganizes the microstructure into chains of faceted crystals. [37]

showed that the rate of metamorphism increases with the snow temperature and the

temperature gradient. In general, depth hoar develops most rapidly early in the season

in shallow snowpacks where the ground temperature is warmest and the temperature

gradient is largest.

Attempts to quantify the flow of heat and mass in a snowpack immediately reveal

the importance of microstructure. To model the evolution of snow microstructure,

the mechanisms driving snow metamorphism must be understood. [37] identified the

diffusion of water vapor through the pore spaces as the primary mechanism for mass

transfer in snow. Due to the large specific surface area, the concentration of water

vapor in the pore air is often assumed to be saturated with respect to planer ice exist-

ing at the same temperature as the air [3]. Thus, the water vapor concentration is a

function of temperature. Diffusion is initiated by localized differences in temperature

between the ice and pore air. These temperature differences result from heat flux

through the irregular ice geometry, variations in the ice surface curvature, and the

difference in the thermal conductivities of ice and air [37, 38, 39]. This nonequilib-
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Figure 3.1: Depth hoar chain on a 1mm grid.

Figure 3.2: System of depth hoar chains on a 1mm grid.
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rium condition causes an imbalance between the concentration over the ice surface

and in the pore air. In an effort to reach equilibrium, ice sublimates from areas of

high concentration, diffuses through the pore space via concentration gradients, and

deposits at areas of lower concentration. The rate of diffusion was examined by [40]

and determined to be directly related to snow microstructure through the average

pore size.

[37] used an analytical model to examine why depth hoar forms near the warmer

base of the snowpack and not in other regions with similar gradient. His model

determined that faceted crystal geometries may form throughout the snow depth in

the presence of a temperature gradient. However, higher crystal growth rates were

associated with warmer temperatures. Thus the cooler surface snow does develop

facets but not as rapidly as the base. Given sufficient time, the cooler region could

develop depth hoar as is often the case when a shallow snowpack persists into the

mid-winter months.

Effective Thermal Conductivity

Due to the complex interaction of ice and air within the snow, the thermodynamic

behavior is often examined using effective properties. This provides a bulk description

of snow that includes the contribution of the ice and air together. For heat transfer

in snow, it is widely recognized that the two primary mechanisms are conduction

through the ice lattice and the movement of latent heat associated with vapor diffusion

through the pore [37, 41, 42]. Which of these modes dominates depends on the

interconnectivity of the grains. [41] showed that the majority of heat is moved via

conduction when the ice grains were connected by well developed necks. Conversely,

diffusion driven heat transfer dominates when the necks are small relative to the

grains. The transfer of energy with diffusion occurs when the latent heat of phase
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change is liberated from the sublimation site and returned to the ice matrix at the

deposition site. If vapor that originated as solid ice exits the surface of the snow

surface, the energy used in the phase change exits the system with the mass.

The effective thermal conductivity accounts for all modes of heat transfer including

latent heat associated with mass diffusion. Since this mode of heat transfer results

from a temperature gradient, it is considered a form of “conduction”. [43, 44] provides

a thorough development for the contribution of mass transfer to the effective thermal

conductivity of snow. The resulting “apparent” conductivity due to diffusion that

can be linearly combined with the conductivity of the ice matrix is,

kdiff =
L2p

R2T 3
D∗ (3.1)

L is the latent heat of sublimation, R is the gas constant for water vapor, T is

temperature, and D∗ is the diffusion constant for water vapor in snow. p is the

saturation water vapor pressure and can be calculated according to the Clausius-

Clapeyron equation:

p = p0exp

[
L

R

(
1

T0

− 1

T

)]
(3.2)

where p0 and T0 are the reference saturation pressure and temperature, respectively.

Clearly, equation (3.1) has a nonlinear dependence on temperature that is a combi-

nation of p and 1/T 3.

Previous research has shown that the effective thermal conductivity of snow in-

creases in the direction of heat flow [45, 44]. The present research confirms these

results for snow samples large enough to develop chains of depth hoar.
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Effective Diffusivity

Similar to the flow of heat, the diffusion of water vapor through snow is controlled

by the combined effect of the ice and air. The bulk property for describing this

movement is the effective diffusivity. Since a bulk flow of air is generally not present

in a natural snowpack, the movement of water vapor is primarily by concentration

gradient driven diffusion governed by Fick’s law,

mflux = D∗∇C (3.3)

where mflux is the flux of mass [kg/m2·s], D∗ is the effective diffusivity [m2/s], and

C is the concentration of water vapor in air [kg/m3]. In snow, three factors alter

the diffusion constant from its value in air. First, the presence of solid particles

lengthen the diffusion distance by increasing the tortuosity. This results in a decrease

in the effective diffusivity. Second, liquid or solid water surrounding the particles can

act as sources and sinks effectively shortening the diffusion distance and increasing

the effective diffusivity over its value in air. Ice particles actively participate in the

diffusion when water vapor deposits on one side and sublimates from the other. This

“hand-to-hand” process was first proposed for snow by [46], who determined that the

net affect of the presence of ice grains was an increase in the effective diffusivity by four

to five times its value in air. Diffusion constants were determined by weighing different

portions of snow in a 15 cm tall stack that was subjected to a temperature gradient

in a closed system. The applied gradient of approximately 50 K/m was maintained

for no longer than six hours. Yoshida found that the diffusivity measurements were

not strongly affected by snow density in the range of 80-510 kg/m3. [47] concluded

that Yoshida’s experiments were approaching steady state due to the short sample

length and the fact that the opposite boundaries were being heated and and cooled
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simultaneously. The effect of gravity was eliminated by applying the vertical gradient

in opposite directions for two successive tests to obtain similar results.

In addition to the ice grains acting as sources and sinks to shorten the path of

vapor transport, the high thermal conductivity of ice versus air causes enhanced

temperature gradients to develop across the pores [37, 46]. Since the temperature

gradients across the grains is less than the global gradient, an increased gradient is

required across the pores to maintain a continuous flow of heat through the alternating

ice and air. This causes the concentration gradients across the pores to increase due

to the direct temperature dependence of concentration as illustrated by the ideal gas

law.

[40] showed that the effective diffusivity of water vapor in snow (here referred to

as D∗ = cD) can be as high as five times the diffusivity of water vapor in air (D).

This maximum would occur for snow with relatively small pore spaces. As the pore

size increases for a constant ice particle size, the value of c likely decreases. Figure 3.3

shows the variation in the apparent diffusive conductivity with temperature calculated

using equations (3.1) and (3.2). The c=1 line on figure 3.3 represents the minimum

values of kdiff where the effective diffusivity (D∗) is equal to the diffusivity of water

vapor in air. The c=5 line represents the theoretical maximum contribution that

mass diffusion could make to the effective thermal conductivity based on results from

snow experiments [46], and analytical data [47].

[48] have proposed the opposite effect to that observed by [46] and [47]. They

examined heat and mass flow in relatively dense snow (422-515 kg/m3) subject to a

range of temperature gradients (28-169 K/m) and found the effective diffusivity to

be less than the diffusivity in air (0.6-2 x 10−5 m2/s). The apparatus used to induce

temperature and concentration gradients included a heated flat panel tank located at

the center of the snow sample in a closed system. The snow box was placed in a cold
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Figure 3.3: Dependence of diffusive conductivity on temperature. c=1 corresponds to
the minimum values of kdiff where the effective diffusivity is equal to the diffusivity
of water vapor in air. The c=5 line represents the theoretical maximum contribution
that mass diffusion could make to the effective thermal conductivity.

room with the air temperature less than the heated tank. This arrangement resulted

in an outward flow of heat through the snow and into the room air. After several

hours a wave pattern was observed in the temperature profile with a wave length

of 2 to 6 cm. After approximately eight days, similar waves were observed in the

density profile. Regions of higher density were associated with a lower gradient due

to the high conductivity of ice. Areas with lower density required a larger gradient to

provide a continuous heat flow. The mass flux was determine by measuring changes

in density at the ends of the waves. The diffusivity was determined by examining the

temperature gradient between the waves that produced the calculated mass flux. The

reduced diffusivity was attributed to the use of the higher local temperature gradients

between the waves rather than the global gradient.
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To further evaluate the participation of ice grains in diffusion processes, [49] ex-

amined the flow of carbon dioxide gas through snow similar to that used by [48].

Each snow sample was placed in contact with a container of known carbon diox-

ide concentration. The system was closed until a uniform concentration was present

throughout. When the top surface of the snow was opened to the atmosphere, the rate

of decreasing concentration in the container beneath the snow was recorded. Knowing

the constant atmospheric concentration and the transient decay of the concentration

at the base of the snow, the effective diffusivity was determined.

Since carbon dioxide does not interact with the ice structure, the effective diffu-

sivity can be described using,

De =
φ

τ
D (3.4)

where De is the effective diffusivity of carbon dioxide in snow, φ is the porosity, τ

is the tortuosity, and D is the diffusivity in air. As expected, the presence of solid

particles decreases the effective diffusivity as the porosity decreases. The tortuosity

increases as the pore structure meanders and as some of the pores become blocked.

Based on the reported results, the tortuosity of the snow examined was not a function

of porosity. That is, the tortuosity was between 1.5 and 2 for a porosity range of 0.889-

0.402 and a density range of 102-550 kg/m3. This is not surprising since all specimens

were prepared by sifting natural compact snow into the container to produce a similar

nearly isotropic structure.

To the author’s knowledge, previous research on snow diffusivity has primarily

focused on measuring the coefficient for sifted snow over a short period of time to

avoid the affects of metamorphism. [48] subjected snow to a temperature gradient

for several days but the high density likely prohibited significant microstructural



51

changes. Since metamorphism of lower density snow usually involves a change in the

microstructure, properties like effective diffusivity are no doubt affected. For example,

the growth of ice chains associated with depth hoar development corresponds to a

more connected network of pores. This is the case even when the density remains

constant. Thus the formation of depth hoar likely decreases the tortuosity, increasing

the effective diffusivity. In the case of a gas that interacts with the ice such as water

vapor, the interconnection of pores likely decreases the number of sources and sinks

as well as locating them further apart. This would tend to decrease the effective

diffusivity of a gas that interacts with the ice particles.

Attempts to model diffusivity in snow are limited. [47] provides perhaps the most

comprehensive analytical model in which the snow is described as a collection of

spheres. The distances between the particles were distributed log normally. The mean

of the distribution is a measure of the mean pore size while the standard deviation

describes the distribution of the pore sizes around the mean. According to the [47]

model, the effective diffusivity is sensitive to the mean pore size but not the standard

deviation. This implies that a range of snow densities (80-250 kg/m3) can correspond

to a constant mean pore size. This finding was used to explain the observation by

[46] that effective diffusivity is not a strong function of snow density.

Consolidation of Depth Hoar

As discussed previously, an upward movement water vapor occurs during the for-

mation of depth hoar. The upward mass flow is opposed by the downward settlement

of the snow due to gravity. [50] performed experiments to examine density changes

of naturally accumulating snow on the ground and on adjacent wooden tables. The

snow on the tables was essentially isothermal while the snow on the ground was

subject to a base temperature near freezing. Air temperatures approaching 233 K
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in mid winter resulted in temperature gradients up to 200 K/m and the formation

of advanced depth hoar with the largest grains measuring 1.5 cm in diameter. The

density of the isothermal snow sample increased almost linearly with depth while

the natural snow displayed a much different profile. The density of the bottom half

actually decreased with depth due to the upward flux of water vapor. This resulted

in a near constant density at the base of the sample because of the offsetting affects

of consolidation and upward mass flow.

[51] performed a study similar to [50] to examine the densification rate of several

snow types and layers as the snow accumulated at a field site. The parameter used

to quantify this material behavior was the compactive viscosity factor ηc defined by

σ = ηcε̇ where σ is stress and ε̇ is the strain rate. During his observation period,

a layer of depth hoar formed near the ground. The settlement of this layer was

compared to snow that collected naturally on an adjacent metal screen supported

1.7 m above the ground. The screen provided cold airflow along the base of the

sample, eliminating the warm boundary condition provided by the ground. No facets

or depth hoar were observed in this control sample. Because both samples resulted

from the same snowfall, the stresses on the layer being examined were equivalent. The

compactive viscosity factor associated with the depth hoar was up to one order of

magnitude higher than for the control sample of the same density not subjected to a

temperature gradient. In other words, depth hoar appeared to settle more slowly than

a fine grained snow with the same density. The difference in hardness between the

depth hoar and control sample was also examined. For samples with similar density,

the depth hoar hardness was observed to be approximately four times smaller than the

control sample. Unfortunately, the method of measuring hardness was not described

in detail. These studies illustrate how two snow samples with similar age and density

can have very different mechanical properties due to their respective environments.
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Nonequilibrium Thermodynamics of Snow

Kinetic metamorphism of snow occurs when the boundary conditions induce flows

of heat and mass that reorganize the microstructure. These flows prevent the system

from reaching equilibrium making classical thermodynamics insufficient to completely

describe the process. For this reason, the field of nonequilibrium thermodynamics and

the concept of entropy production are utilized in the present research to investigate

the driving forces behind depth hoar formation.

According to the second law of thermodynamics, the entropy of the universe is

always increasing and the entropy of an isolated system is maximized at equilib-

rium. As a system approaches equilibrium, the structure becomes more uniform and

evenly distributed. When the system is held away from equilibrium the opposite

may occur. The formation of ice chains represents a spontaneous production of order

in the system. This is consistent with previous research by [52] who observed that

“spontaneous order can appear in systems with energy flowing through them by their

ability to build their order by dissipating potentials in their environments.” When

the boundary conditions permit, the formation of ordered ice chains dissipates the

potential across the snow bringing the system and surroundings closer to equilibrium.

Based on previous research, the variation in effective thermal conductivity of snow

increases quickly at first before gradually approaching a constant value [45]. If the

evolution progresses until the system reaches steady state, this final configuration

corresponds to an extreme value of entropy production rate compared to the initial

value. Thus the evolution of snow microstructure may be described by an extremum

principle. According to [53], extremum principles are applied to a range of scientific

disciplines to find “...the state of a system and its stability, to describe (dynamical

or static) fluctuations, to find dynamical laws, to find solutions to the equations of
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motion, to find constraints on the direction of processes and evolutions...”. Since the

total entropy and entropy production rate of a system are fundamental quantities

related to the flow of heat and mass, they are frequently used in extremum analyses

that describe the Earth’s climate system [54, 55, 25, 56] and other natural processes

[28].

Role of Entropy in Snow Research

Research into the role of entropy and entropy production in snow metamorphism

is limited. This is not to say that these investigations were not significant in the

advancement of snow science. On the contrary, one early application by [12] provided

the fundamental relations linking water vapor pressure to ice temperature and sur-

face curvature. Using the Gibbs-Duhem equation and the thermodynamic definition

of entropy (dg = dµ = vdp− sdT and dS = δQ
T

, respectively) Colbeck presented the

assumptions used to derive the Clausius-Clapeyron relation and Kelvin’s equation

(ln
(
p
p0

)
= Ls

R

(
1
T0
− 1

T

)
and ln

(
p
p0

)
= v2σ

RTr
, respectively). In these equations, g is

the specific Gibbs energy, µ is the specific chemical potential, v is specific volume, p is

the vapor pressure over the ice surface, s is specific entropy, dS is the change in total

entropy, T is the ice temperature, δQ is a differential amount of heat input, T0 and p0

define a reference state, Ls is the latent heat of sublimation, R is the gas constant for

water vapor, σ is the surface energy of ice, and r is the radius of curvature. These as-

sumptions were then examined for snow subject to equi-temperature and temperature

gradient environments. Colbeck concluded that the constant-temperature Kelvin’s

equation provided a good approximation for equi-temperature snow metamorphism

dominated by radius of curvature effects. For temperature gradient metamorphism,

where radius of curvature effects are minimal and the vapor flux induced by temper-

ature differences is large, the Clausius-Clapeyron equation should be used.
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An important extension of Colbeck’s work was made by [57] when they combined

Kelvin’s equation with the Clausius-Clapeyron relation. This provided a method to

calculate the vapor pressure over an ice surface at any temperature with any radius

of curvature. These applications of entropy to snow provided working equations

to describe the pressure differences that develop during metamorphism. They did

not however utilize the full power of the second law: prediction of the direction and

potential extent of a process. This required an examination of the entropy production

during metamorphism.

Minimum Entropy Production

Possibly the most involved application of entropy production to snow was made by

[2]. The goal was to identify a thermodynamic function related to form that reached

an extreme value for a given thermal environment. To accomplish this, they applied

techniques commonly used in process engineering to determine the optimal geometric

configuration necessary to minimize the entropy production rate. This is referred to

as Entropy Generation Minimization and was discussed in section 2. For thermal

systems, where a portion of the heat flow is converted into work, the minimization

of the entropy production rate equates to a minimization of the dissipated work and

therefore a maximum efficiency. Though no mechanical work is being extracted from

the snow during the movement of heat through the system, the arrangement of the

microstructure affects the efficiency of the heat flow. [2] were not concerned with the

arrangement or connectivity of the ice network but rather how the shape of the grains

affected the entropy production rate. This is a topic that is examined in the present

research.

The procedure of entropy generation minimization in snow involved first quan-

tifying all the entropy producing processes and then defining them with respect to
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a geometric variable. The system used by [2] was divided into ice, air, and inter-

facial boundary regions, as shown in figure 3.4. Heat flowed through the system via

conduction in the ice and air regions. It was assumed that bulk air flow was present

in the pore due to natural convection. The flow of air was modeled as viscous fluid

flow in a pipe with an assumed average velocity. Due to this flow, heat transfer across

the boundary layer was modeled using an assumed local heat convection coefficient

multiplied by the ice-air temperature difference. Mass transfer across the boundary

was modeled similarly with a mass-transfer coefficient multiplied by the difference

between the vapor pressure over the ice and the partial pressure of the vapor in the

pore air. As stated previously, the vapor pressure is a function of the ice temperature

and the curvature while the partial pressure in the pore is only a function of the

air temperature. To reduce the number of control parameters, the pressures driving

the mass flow were given in terms of the ice and air temperature. Mass diffusion

via partial pressure gradients in the pore air was not included. Since diffusion is the

primary mode of mass transfer during the formation of depth hoar, this process is

examined thoroughly in the current research.

All of the heat and mass transfer processes included in the model were irreversible

and produced entropy. Relations accounting for entropy production rate due to heat

conduction were taken from [18] and applied to the ice and air portions of the system.

A relation for entropy produced by viscous dissipation due to the bulk air flow was

also included. Entropy production resulting from the mass flow across the inter-facial

boundary was calculated using a relation derived by [18] for turbulent fluid flow in a

pipe due to a pressure difference. Each of the entropy production rate relations was

derived for a unit volume which provided a way to incorporate the microstructural

geometry into the analysis. To determine if an optimized geometry corresponded to

an extreme state of entropy production rate, the total production of the system was
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calculated by summing the contributions of the individual processes integrated over

the volume of the system. By taking the derivative of the entropy production rate

with respect to the grain radius, a local minimum production corresponding to an

optimized radius of curvature was determined.

Isothermal and temperature gradient metamorphism were examined by varying

the ice and air temperatures. The degree of bonding was varied by adjusting the bond

radius of curvature; a large radius corresponded to more extensive bonding. Contri-

butions of individual processes were examined for a range of grain radii. The optimal

radius of curvature was calculated for a range of ice-air temperature differences. The

degree of saturation was examined by scaling the partial pressure of the vapor in the

pore with respect to the Clausius-Clapeyron equation.

Figure 3.4: Basic element geometry including two ice grains connected by a bond
neck. Microstructural parameters include the grain radius (rg) and bond radius of
curvature (rc) [2].

Several interesting results were observed by [2]. For the isothermal analysis, the

optimal grain radius increased with temperature. When the grain radius was in-
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creased, a higher optimum bond radius resulted. For the two cases examined, opti-

mum grain radius ranged from approximately 5 mm to 10 mm. Though snow rarely

evolves to a structure with grains this large, the rounding of grains observed during

isothermal metamorphism is the system tending toward a structure with larger radii

of curvature. This corresponds to a reduction in entropy production rate as the snow

approaches an equilibrium isothermal state. Once the system reaches equilibrium,

the entropy is a maximum and the production of entropy stops. The examination

of the degree of saturation in the pores also yielded interesting results. The degree

of saturation did not significantly affect the optimal bond radius but did increase

the magnitude of the entropy production rate with increasing saturation over the ice

surface. The mass flux is directly related to the difference in vapor pressure between

the ice surface and the pore air. As this difference increases with super-saturation

over the ice, the mass flux and corresponding entropy production rate both increase.

For non-isothermal conditions, the largest optimal radii occurred when the tem-

perature was higher in the ice than in the air. This is odd since sublimation results

when this condition exists. This would imply that a vapor must be supplied from

outside the system to maintain vapor equilibrium between the ice and air. Perhaps

this means the air must be supersaturated to prevent the sublimation.

Mass sublimation across the boundary was determined to produce the most en-

tropy by six orders of magnitude. As stated previously, the entropy production rate

of this process was modeled as turbulent flow in a pipe. Clearly this is a rough

approximation for the actual process of mass flow via diffusion. The second highest

entropy producing processes were convective heat transfer at the ice/air interface and

heat conduction in the ice.

To obtain the optimal grain radius for a given average temperature and temper-

ature gradient, a temperature difference must exist between the ice and air. This
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difference results from variations in the microstructural geometry and the difference

in thermal conductivity between the ice and air. [2] noted that temperature gradient

metamorphism is not typically observed in snow with density in excess of 350 kg/m3. In

dense snow, large grains are common and the bond radii are often similar in size to the

grain radii. This geometry has less variation than in new snow where ice grains have

highly irregular shapes and are not well bonded. Without the geometric variations,

differences in ice and air temperature disappear and kinetic metamorphism ceases

even in the presence of a global temperature gradient. A similar geometric progres-

sion is observed with the formation of ice chains. As the ice structure becomes more

columnar, the bond and grain radii approach the same value. The constant cross-

section eliminates the temperature difference between ice and air and minimizes mass

flow due to phase change in the snow.

One limitation of the [2] method was the quantities that govern the metamorphism

and entropy production rate were arbitrarily selected for each analysis case. These

quantities included ice, air, and average temperatures, temperature gradient, air flow

velocity, and microstructural geometry. To examine the influence of each parameter,

they were varied individually and the corresponding optimum grain radius and en-

tropy production rate were determined. This provided an effective way to examine

the process, but lends little insight into the way the natural coupled system behaves.

For instance, certain combinations of geometry and temperatures that may not be

possible in nature can be artificially simulated in this model.

Maximum Entropy Production

To the author’s knowledge, no previous research has been conducted to exam-

ine the maximization of entropy production rate during snow metamorphism. This

maximization concept applies to open systems with limited constraints. Due to the
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lack of constraints, there may exist multiple steady states that satisfy the first and

second laws of thermodynamics. The maximization of entropy production principle

implies the gradients, fluxes, and material properties will assume the configuration

that would facilitate the system’s progression toward equilibrium should it become

isolated. Snow is uniquely suited for this analysis because the microstructure and

material properties can change under the influence of thermal inputs. As the snow

microstructure evolves in the presence of a temperature gradient, the effective ther-

mal conductivity has been observed to increase [45, 58]. Typical experiments hold

the top and bottom temperatures constant. As the conductivity increases, the heat

flux increases according to Fourier’s heat conduction law. Using equation (2.20), if

the temperature profile remains constant and the heat flux increases, so must the

entropy production rate. Since the conductivity usually approaches a steady-state

value for a given set of thermal boundary conditions, this implies that the final en-

tropy production rate is a maximum for that system. This maximization does not

imply the system becomes less efficient. On the contrary, for a given forcing gradient,

the amount of heat that moves through the snow increases indicating the flow becomes

more efficient. The increase in total entropy production rate occurs because the total

heat flow increases.

Summary

Depth hoar is a snow morphology that is often responsible for destructive deep slab

avalanches. It typically forms early in the winter when a thin snowpack is subjected

to a large temperature gradient for several weeks. The vertical ice chains that form

parallel to the flow of heat are capable of supporting the static weight of a large
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snow slab. However, if a rupture is initiated, the brittle nature of this weak layer can

propagate the fracture over long distances releasing the overlying slab.

The environmental conditions required for kinetic metamorphism and the forma-

tion of depth hoar are well documented [59, 50, 60, 61, 62, 63]. However, the question

of why the microstructure evolves into specific orientations when subjected to ther-

mal forces has received little attention. Previous applications of entropy production

analysis to snow is limited to an isolated study on an arbitrary theoretical system.

The experiments and numerical model presented in the following chapters examine

the natural evolution of snow and the associated entropy production rate. The forma-

tion of depth hoar is shown to be a consequence of the system and its surroundings

moving toward thermodynamic equilibrium in accordance with the second law of

thermodynamics.



62

NUMERICAL MODEL

Laboratory and field observations provide valuable insight into the behavior of

natural systems. The direction of processes and the evolution of system properties

can be directly measured and evaluated. In the case of snow metamorphism, the

system is continuously evolving through a variety of non-homogeneous configurations.

Further, many of the significant and pertinent changes occur at physical and temporal

scales that are difficult to observe. Analytical models provide a way to estimate these

changes using balance equations of mass and energy, and established constitutive

laws. The evolution of the system geometry and state variables are then estimated

for comparison to actual observations.

For the present research, an existing analytical model was adapted to evaluate the

evolution of snow microstructure and the associated changes in the state variables.

The model describes heat and mass flow in the snow based on a system of three

coupled partial differential equations [3]. These include heat flow through the ice

network, mass flow through the pore space, and the exchange of heat and mass at

the ice/pore interface, as shown in figure 4.1.

Figure 4.1: Schematic drawing of heat and mass flow. Q is the heat flow in the ice, J
is the mass flow in the pore, Qec is the heat flow associated with phase change, and
Jec is the mass flow associated with phase change [3].
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Derivatives found in the equations are expressed using the central difference

method for a system of unevenly spaced nodes. A numerical solving routine de-

termines the heat and mass flows along with the temperature distributions in the ice,

pore air, and at the ice/pore interface for an initial assumed geometry. Once the mass

fluxes are known, the geometry is updated for an arbitrary time step and the process

is repeated. The process proceeds indefinitely and without bound.

Many previous snow metamorphism models assumed the adjacent ice and air

temperatures were equal at any individual location. Constitutive models typically

require bulk effective material properties that accounted for the interaction of ice and

air in a single value. The model used in the present research decouples the ice and

air temperatures and eliminates the need for effective properties.

The precise description of the state variables throughout the model allows the

governing processes to be described individually. This allows the entropy production

rate of each process to be calculated. Examining the contribution of each irreversible

process to the overall entropy production rate indicates which processes are most

active during metamorphism. For example, the contribution of conduction rises with

the increase in ice grain connectivity associated with the formation of ice chains.

Calculation of the total system entropy production rate is accomplished by summing

the contribution of each process. In addition to performing an entropic analysis of

snow metamorphism, the model is used to examine the evolution of the state variables

with the changing microstructure.

Model Description

The following sections provide an overview of the underlying assumptions, gov-

erning balance and constitutive equations, and the relations required for calculating
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entropy production rate. Numerical representations of the partial differential equa-

tions and details of the iterative solution routines are omitted for brevity but can be

found in [3].

Model Geometry

The microstructure is represented with an arbitrary number of ice grains connected

by bonds to form a vertical chain. Parallel chains are separated by air filled pore

space. The size of the pore is determined by the snow density and the grain and bond

dimensions. Heat is assumed to conduct through the ice matrix and mass to diffuse

through the pore space. Conduction in the pores is ignored due to the low thermal

conductivity of air. The effects of convection and bulk fluid motion are also ignored.

Geometric definitions for the basic element of two grains and one bond is shown in

figure 4.2. The ice chain is divided into n elements and central nodes with nodal

dimensions (ri) as shown in figure 4.3a. Figure 4.3b shows the grain radii (rg(i)),

bond radii (rb(i)), pore widths (w(i)), and the distance from the ice chain center line

to the plane of symmetry (X).

This assumed geometry was used in the original model to examine small tempera-

ture gradients that resulted in equilibrium crystal growth where the grains decay and

the necks grow. The onset of kinetic growth was defined as the critical temperature

gradient at which the grains cease decaying and begin to grow. When this occurs, the

model used a different element geometry to represent the growth of individual faceted

crystals at arbitrary nucleation sites. The intent of the kinetic model was to examine

the effect of temperature, direction of the temperature gradient, and orientation of the

parent ice grain on the crystal growth rates. For the current research, the evolution

of the microstructure into chains of ice grains is explored. Since the equilibrium

geometry adequately represents the ice chains, the kinetic geometry is omitted.
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Figure 4.2: Basic element geometry including two ice grains connected by a bond
neck. rg is the grain radius, rb is the bond radius, rn is the neck radius, and nl is the
neck length [3].

(a) (b)

Figure 4.3: Division of ice grains and the associated pore space into elements and
nodes. (a) Element and node descriptions. (b) Grain radii, bond radii, and pore
width descriptions. [3]

Mass Flow in the Pore

The desired relation describes the mass flow as a function of the air temperature

(T ), the temperature at the ice/pore interface (Ts) and geometry. These designations

are used in the analytical model only. T is used for any general temperature, as

well as snow temperature, in the rest of this dissertation. Examining an Eulerian

description of the mass balance at a discrete point in the pore yields the local scale

mass conservation equation,
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∂ρ

∂t
= − [∇ · (ρv)] + rmass, (4.1)

where ρ is the mass density of water vapor in the air, v is the diffusion velocity of

the mass at the point, and rmass is a mass source per unit volume used to model the

addition of mass to the pore space due to sublimation of the adjacent ice. It does not

imply that mass is created within the pore. This term will be negative when water

vapor leaves the pore to condense on the adjacent ice. The density of the water vapor

is free to change with time.

Five basic assumptions of the model are:

1. The pore air is saturated relative to a flat ice surface at the air temperature

as described by the Clausius-Clapeyron equation.
(
p = p0exp

[
L
R

(
1
T0
− 1

T

)])
,

where T0 and p0 are reference temperature and pressure, respectively, and p is

the partial pressure of water vapor in air.

2. The water vapor is treated as an ideal gas (p = ρRT ).

3. The mass flux is via diffusion in the pore space and governed by Fick’s Law

(ρv = −D∇ρ).

4. The problem is assumed “quasi-steady” by ignoring the transient contribution

of specific heat capacity to the energy balance. This implies that at each time

step, the time derivative terms in the differential equations are equal to zero.

Using these assumptions, Equation (4.1) can be rewritten as,

−
DP0exp

[
L
R

(
1
T0
− 1

T

)]
L

R2T 3

[
∂2T

∂y2
+

L

RT 2

(
∂T

∂y

)2

− 3

T

(
∂T

∂y

)2
]

= Jec
Aec
Vpore

(4.2)
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where L is the latent heat of vaporization, R is the gas constant for water vapor, D

is the diffusion coefficient of water vapor in air, Jec is the mass flux in the x-direction

associated with phase change, Aec is the area available for phase change, Vpore is the

volume of the pore. Jec provides the desired coupling of the mass flow in the pore

and heat flow in the ice. The subscript ec indicates mass flux from evaporation or

condensation. Using a relation developed by [12] describing the vapor pressure over

a curved ice surface,

Jec =
DP0

RT∆x

[
exp

(
2σ

ρiceRT0ρs

)
exp

(
L

R

(
1

T0

− 1

Ts

))
− exp

(
L

R

(
1

T0

− 1

T

))]
.

(4.3)

∆x is the diffusion distance, σ is the ice surface tension, and ρs is the mean radius of

curvature of the ice surface. Several values were used for

Heat Conduction in the Ice

Similar to the mass flow analysis, relations describing the heat flow in the ice and

the associated EP are desired. Examining heat flow through the differential element

in figure 4.4 yields the energy balance,

Q̇y = Q̇y+dy + dQ̇ec + ρicecp
∂θ

∂t
dVice (4.4)

where Q̇y and Q̇y+dy are the total heat flow rate in the y-direction, ρice is the density

of ice, cp is the specific heat capacity of ice, θ is the ice temperature, dVice is the

differential volume of ice, and dQ̇ec is the differential heat flow rate in the x-direction

associated with phase change at the ice/pore interface. The use of θ for ice tempera-

ture in this present is restricted to the analytical model for consistency with [63]. In
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Figure 4.4: Differential element used to derive heat conduction in the ice. Q̇y and
Q̇y+dy are vertical heat flow, dQ̇ec is the differential heat flow to the ice surface required
for phase change. All heat flows represent total flow with units of W [3].

the experiments presented later sections, the adjacent ice and air temperatures are

equal at any given location in the snow and are represented by T .

In equation 4.4, dQ̇ec is coupled to the mass flow rate between the ice surface and

pore according to dQ̇ec = LJecdAec where dAec is the differential area available for

phase change. A truncated Taylor series approximation is used to describe the heat

flow rate out of the element as Q̇y+dy = Q̇y + ∂Q̇y/∂ydy. The heat flow rate is then

set equal to a conductive flow
(
Q̇y = −kA∂θ/∂y

)
where A is the cross-sectional area

of the bond or grain available for conduction. Using a quasi-steady state assumption(
∂θ
∂t

= 0
)

to eliminate the heat storage term
(
ρicec

∂θ
∂t
dVice

)
, and substituting for dQ̇ec

and Q̇y, Equation (4.4) becomes,

∂2θ

∂y2
+

1

A

∂A

∂y

∂θ

∂y
=

JecL

kiceA

dAec
dy

, (4.5)

where kice is the thermal conductivity of ice and A is the area associated with con-

duction in the y-direction.

Coupling of Heat and Mass Flow

Figure 4.5 depicts the flow of heat and mass at the ice/pore interface for conditions

resulting in sublimation. An energy balance performed at the ice surface combined

with Fourier’s heat conduction law yields,
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Figure 4.5: Heat flux and mass flux descriptions at the ice/pore interface [3].

− kice
∂θ

∂x
+ kpore

∂T

∂x
= JecL. (4.6)

The balance Equations (4.3), (4.5), and (4.6) describe the heat and mass flow in

the snow in terms of the ice and air temperatures. Equation (4.3) couples the balance

equations so that only one set of temperatures will satisfy the system. The model

uses Dirichlet boundary conditions to represent constant temperatures at the system

boundaries.

Entropy Production

Using the temperatures and geometry predicted from the model described above,

the entropy production rate due to the irreversible flow of heat and mass are calculated

at each time step for discrete locations throughout the model. The following sections

develop the required relations and describe how they are implemented into the model.

Entropy Production from Mass Diffusion

The entropy production rate due to diffusion of water vapor in the pore is calcu-

lated using equation (2.22),

γmass =
∑
i

{
vi ·∇

(
−µi
T

)}
.
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γdiff = v ·∇
(
−µ
T

)
= vx

∂

∂x

(
−µ
T

)
+ vy

∂

∂y

(
−µ
T

)
(4.7)

Since the model describes diffusive mass flow horizontally and vertically, the veloc-

ity must be divided into x and y components. Using Fick’s law (J = ρv = −D∇ρ) and

the ideal gas law(ρ = p/RT), and the Clausius-Clapeyron relationship (∂ρ/∂T = pL/RT 2) ,

the component of the velocity of water vapor in the y-direction (vy) can be written

as,

vy =
Jy
ρ

=
−D∇yρ

ρ
=

−DpL
R2T 3

∂T
∂y

p/RT
=
−DL
RT 2

∂T

∂y
. (4.8)

The x-component of the velocity is described by vx = Jec
ρ

. Equation (4.3) is used

to describe the horizontal mass flux between the ice surface and pore space (Jec).

Using the ideal gas law and the Clausius-Clapeyron equation, the water vapor density

becomes, ρ = P
RT

= P0

RT
exp

[
L
R

(
1
T0
− 1

T

)]
. Combining these results, we can express

vx in terms of the ice surface temperature (Ts) and the pore air temperature (T ).

vx =
Jec
ρ

=
D

∆x

[
exp

(
2σ

ρiceRT0ρs

)
exp

(
L

R

(
1

T
− 1

Ts

))
− 1

]
. (4.9)

Now that the velocity of water vapor diffusing through the pore is described, the

gradient of the chemical potential divided by temperature
(
∇ µ

T

)
in the pore must

be determined. Here we use equation (2.16) that defines the chemical potential (µi)

for a given constituent (i) in terms of the specific enthalpy (hi) and specific entropy

(si) according to, (µi = hi − Tsi). Since water vapor is the only component in the

system, the subscript can be omitted. The specific entropy of an ideal gas at a point

in terms of the temperature(T ) and the pressure (p) can be calculated by,
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s = s0 + cp · ln
(
T

T0

)
−R · ln

(
p

p0

)
. (4.10)

cp is the specific heat capacity of water vapor at a constant pressure, R is the water

vapor gas constant, and s0, T0, and p0 are the specific entropy, temperature, and

pressure that define a known reference state. Assuming the water vapor in the pore

is saturated with respect to flat ice at the same temperature, the Clausius-Clapeyron

equation can be used to write the pressures in terms of temperatures. The entropy

of the system can then be expressed solely as a function of temperature and equation

(4.10) becomes,

s = s0 + cp · ln
(
T

T0

)
− L ·

(
1

T0

− 1

T

)
. (4.11)

The enthalpy is calculated in a similar manner using,

h = h0 + cp (T − T0) · (4.12)

where h0 is the reference enthalpy at the reference temperature T0. Substituting

equations (2.16), (4.11)and (4.12) into ∇ µ
T

yields,

∇µ

T
= ∇h− Ts

T
= ∇

[h0 + cp (T0 − T )]− T
[
s0 + cp · ln

(
T
T0

)
− L ·

(
1
T0
− 1

T

)]
T

,

∇µ

T
=

∇T [L− (h0 + cp (T − T0))]

T 2
(4.13)

The specific entropy production rate is a scalar value that is calculated as a function

of the mass flow using equation (4.7). This result can be divided into two parts: a
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vertical flow in the pore space and a flow between the ice and pore due to phase

change. The specific entropy production rate corresponding to the vertical mass flow

is found by evaluating the term,vy
∂
∂y

(
− µ
T

)
, from equation (4.7) using equations (4.13)

and (4.8),

γdiff y = vy ·
∂

∂y

(
−µ
T

)
,

γdiff y = vy ·
∂

∂y

(
−µ
T

)
=

[
− DL

RT 2

∂T

∂y

] [
−∂T
∂y

[L− (h0 + cp (T − T0))]

T 2

]
,

γdiff y = [L− h0 + cp (T0 − T )]

[
DL

RT 4

](
∂T

∂y

)2

(4.14)

The specific entropy production rate corresponding to water vapor diffusion

due to phase change, is found by substituting equations (4.9) and (4.13) into the

term,vx
∂
∂x

(
− µ
T

)
, from equation (4.7),

γdiff ec = vx ·
∂

∂x

(
−µ
T

)
,

γdiff ec = − D

∆x

[
exp

(
2σ

ρiceRT0ρs

)
exp

(
L

R

(
1

T
− 1

Ts

))
− 1

]
...

[
(T − Ts)

∆x

]
[L− h0 + cp (T0 − T )]

T 2
. (4.15)

The temperature gradient in the direction of phase change flow is approximated by

∂T/∂x = (T−Ts)/∆x, using the difference between the pore and ice surface temperatures

(T − Ts), and the diffusion distance (∆x). Since the specific entropy production rate



73

is a scalar value, equations (4.14) and (4.15) are not intended to represent vector

components. Rather, they are the contributions of mass flow due to vertical flow in

the pore and phase change between the ice and pore air.

Entropy Production from Enthalpy flow

The entropy production rate associated with the flow of enthalpy can be calculated

using Equation (2.21)
(
γenth =

[
hv ·∇

(
1
T

)]
≥ 0
)
. Expanding the gradient term and

combining this result with equation (4.12) (h = h0 + cp (T0 − T )), the entropy pro-

duction rate due to heat enthalpy flow in the pore becomes,

γenth = [h0 + cp (T0 − T )]v ·
(
−∇ (T )

T 2

)
= ....

− 1

T 2
[h0 + cp (T − T0)]

[
vy ·

(
∂T

∂y

)
+ vx ·

(
∂T

∂x

)]
≥ 0

Examining the contribution of vertical enthalpy flow to the total specific entropy

production yields,

γenth y = − 1

T 2
[h0 + cp (T − T0)] vy ·

(
∂T

∂y

)
,

Substituting equation (4.8) for the mass velocity in the y-direction,

γenth y = − 1

T 2
[h0 + cp (T − T0)]

[
−DL
RT 2

∂T

∂y

]
·
(
∂T

∂y

)
,

γenth y = [h0 + cp (T − T0)]

[
DL

RT 4

](
∂T

∂y

)2

· (4.16)

A similar procedure is followed for the contribution of enthalpy flow due to phase

change using equation (4.9) yielding,
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γenth ec = − 1

T 2
[h0 + cp (T − T0)] vx ·

(
∂T

∂x

)
,

γenth ec = − D

∆x

[
exp

(
2σ

ρiceRT0ρs

)
exp

(
L

R

(
1

T
− 1

Ts

))
− 1

]
...

[
(T − Ts)

∆x

]
[h0 + cp (T − T0)]

T 2
. (4.17)

Entropy Production from Heat Conduction

With the temperatures described for each element, the entropy production rate

associated with the conduction of heat can be calculated using Equation (2.20)[
γcon = 1

ρ

[
qc ·∇

(
1
T

)]
≥ 0
]
. For use in the analytical model, the general temper-

ature, T , is replaced with the ice temperature, θ. Expanding the gradient term

yields the form, γcon = −qc/ρθ2 ·∇θ ≥ 0. Combining this result with Fourier’s heat

conduction law [qc = −k∇θ], the entropy production rate due to heat conduction in

the ice becomes,

γcon = −−k∇θ ·∇θ

ρθ2
=

kice
ρiceθ2

[(
∂θ

∂x

)2

+

(
∂θ

∂y

)2
]
≥ 0. (4.18)

The total specific entropy production rate is a function of the temperature gradient

between the ice and pore space resulting from phase change
(
∂θ
∂x

)
and in the vertical

direction in the ice
(
∂θ
∂y

)
. Examining the individual contributions of the two heat

flows allows equation (4.18) to be divided into two parts,

γcon ec =
kice
ρiceθ2

(
∂θ

∂x

)2

, (4.19)
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γcon y =
kice
ρiceθ2

(
∂θ

∂y

)2

. (4.20)

The local specific entropy production rate is calculated using equation (2.19)[
γloc = ∇ · h

T
v − h

T
rm ≥ 0

]
. Recall that rm was designated to examine the contri-

bution of phase change to the total mass input in equation (2.6). It does not imply

that mass is created in the system, only that a portion of the mass input results from

a localized phase change. Since phase change is a reversible process, the local specific

entropy production rate is equal to zero. This implies that at a given temperature,

the net input of enthalpy is equal to a net outflow of enthalpy associated with the

resulting phase change.

Implementation

The development of three MatLab subroutines was required to implement the

entropy production rate relations into the model and to examine the evolution of

the microstructure and state variables. The first subroutine (History.m) created a

data structure of the state variables at each time step for use in calculations and

for plotting. A separate subroutine (EntropyProd.m) was written to calculate the

entropy production rate for each irreversible process using equations (4.14), (4.15),

(4.16), (4.17), (4.20), and (4.19). The final piece of new code (Heatflux.m) was used to

examine the variation of the temperature gradients, the heat flux due to conduction,

and flow of enthalpy and mass with diffusion. The master code (metamorphism.m)

calls the three subroutines at each time step so that the metamorphism can be ex-

amined over time.
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Summary

An existing analytical snow metamorphism model was augmented with expressions

for entropy production rates. The irreversible processes described in the model include

heat conduction in the ice, and the flow of enthalpy and mass in the pore space. These

processes were simultaneously modeled in directions parallel and perpendicular to the

global temperature gradient. A description of the boundary conditions investigated

and the corresponding results are included in sections 5 and 6, respectively.
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EXPERIMENTS AND METHODS

The following sections describe the experimental procedures and methods used to

examine the evolution of the snow properties and geometry.

Snow Maker

The snow used for the majority of experiments was produced in a temperature

controlled environmental chamber at Montana State University. The chamber was

equipped with a hydraulic piping system to provide water at the desired flow rate

and temperature, as shown along the ceiling in the upper portion of figure 5.1. The

snow maker was based on the concept of [64]. The apparatus consisted of a frame

constructed with 1 in. diameter PVC piping covered with polyethylene sheeting. The

entire frame measured approximately 2.5 m long and 1 m wide with a vertical chimney

section located nearest the chiller unit. The chimney measured 1.5 m tall while the

horizontal run up to the chimney measured 0.5 m tall. The entire apparatus was

supported on wooden legs approximately 0.15 m off the floor. Figure 5.1 shows an

overview of the snow maker.

The theoretical concept behind the snow maker is as follows. Air enters the

opening furthest from the chimney and is drawn through the snow maker by the

chiller fans located adjacent to the chimney top. A warm water bath located at the

air inlet provides moisture to produce the snow. Incoming water is dripped through

vertically oriented sponges before passing through the bath and returning to the

chamber hydraulic system. Cold air drawn into the end of the run up passes through

the sponges and becomes saturated with water vapor. As the air moves toward the

chimney, it cools and becomes supersaturated. The chimney is traversed by strings

that act as nucleation sites for the snow crystals, as shown in figure 5.2. As the
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Figure 5.1: Overview of snow maker in MSU cold laboratory.

air passes through the chimney, water vapor deposits on the strings forming snow

crystals.

Several combinations of environmental conditions were investigated before the

most efficient setup was determined. To produce low density snow (approximately

100-150 kg/m3) the air and water temperatures were set to 253 K and 293 K, respec-

tively. The flow rate of water passing through the hydraulic system was 75 liters per

minute. The flow rate through the water bath was significantly less (approximately

4 liters per minute). The snow maker was capable of producing approximately 0.1

m3 of snow every 24 hours. Typical crystals were two or three legged dendrites that

grew down into the flow of water vapor, as shown in figures 5.2 and 5.3. Snow was

removed from the snow maker and stored in an insulated box at 253 K until the time

of the experiments.
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Figure 5.2: Looking down on snow nucleation strings in snow maker chimney.

Figure 5.3: New snow produced in snow maker shown on a 1 mm grid.
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Kinetic Metamorphism

Experimental Setup

Kinetic metamorphism experiments were carried out in a temperature and humid-

ity controlled environmental chamber at Montana State University. The temperature

of the 2 m by 2 m working area could be controlled to ±0.2 K from 233 K to 273

K. The air temperature was controlled by a thermocouple placed in the chiller out

flow. The apparatus for metamorphosing the snow consisted of a 0.5 by 0.5 by 0.4

m box constructed of a lumber frame with 5 cm thick polystyrene insulation sides,

as shown in figure 5.4. The experiment was specifically designed to ensure the heat

flux entering the bottom of the sample was equal to the flux leaving the surface. The

region of the sample used for the analysis (located over the heat flux transducers) was

surrounded by 10 cm of snow to simulate an infinite snowpack. This experimental

configuration also minimizes the horizontal components of the temperature gradient

in the region of interest. Near the edges, some horizontal gradients and heat flow are

likely due to the large temperature difference across the foam insulation, especially

near the base of the sample.

A piece of 0.8 mm thick sheet metal was used as the bottom of the box to provide

good thermal contact with the lower boundary condition. Snow was passed through a

6 mm sieve to remove ice particles that were occasionally formed in the snow maker.

The large sieve opening was chosen to prevent the snow from being broken into smaller

particles which would undesirably increase the density. The box was typically filled

to a depth of approximately 12-15 cm of snow (depending on the test) and covered

with a lid made from 0.8 mm thick sheet metal. The lid was cut to fit tight to the
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Figure 5.4: Overview of depth hoar apparatus. Wood frame supports vertical foam
insulation that surrounds the snow on 4 sides. Wood box under the sample box
contains the temperature controlled heater plate.

inner walls of the box to prevent water vapor from escaping during the experiment.

One experiment was performed without the lid to form an open system.

Heat flow through the snow was induced by two different sets of boundary con-

ditions. For all experiments, the room air temperature was held steady for the test

duration. This resulted in a nearly constant temperature at the top surface of the

snow. For the snow base, two different boundary conditions were applied depending

on the experiment.

To impart a constant temperature Dirichlet boundary condition, the snow box

was placed on a temperature controlled metal plate. Silicon oil was circulated from

a chiller through copper pipe attached to the backside of the plate. The chiller

maintained the fluid and plate at the desired temperature, typically 272 K.

Alternately, a constant flux Neumann boundary condition was applied to the

sample base in some experiments using a Model SRFG-1212 silicon rubber fiberglass
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heater. The heater pad was attached to a 5 cm thick polystyrene insulation panel

and placed under the snow box. The magnitude of heat flux entering the snow was

controlled by varying the voltage supplied to the pad using an AC voltage regulator.

Instrumentation for the kinetic metamorphism experiments was designed to record

heat flux through the snow sample as well as temperatures at discrete locations

throughout the snow depth. Heat flux measurements were made using two 30 cm

square Model ALT-12 solid state flat plate transducers. Measured heat flux is cor-

related to an output voltage according to a published instrument sensitivity of ap-

proximately 6 W/m2·mV . These sensors were located at the base and top of the snow,

in the center of the sample area. For the open system experiment, the top heat

flux transducer was removed. The snow extended approximately 10 cm laterally

beyond the edges of the sensors to simulate an infinite snowpack. Figure 5.5 shows

the instrumented base of the box without snow. The thermal conductivity of the

sensor material was approximately 0.25 W/m·K which is on the order of moderate to

highly conductive snow. This prevented the sensor from acting as a thermal barrier

resulting in inaccurate flux measurements. Temperature measurements were made at

the snow base, on both sides of the top lid, and every cm through the depth using

Type T thermocouple wires. Figure 5.6 shows an array constructed to support the

thermocouples in the snow. Data was recorded remotely by an Agilent 34970A data-

logger at 6 minute intervals. Figure 5.7 shows a profile schematic of the experimental

setup.

In addition to heat flux and temperature measurements, the thermal conductivity

of the snow was measured directly for select tests. Two KD2 Pro needle probe sensors

manufactured by Decagon Devices were placed in the box prior to filling with snow.

The sensors were mounted horizontally and vertically as shown in figure 5.8. The

metal probes were approximately 8 cm long and 2 mm in diameter. Conductivity
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Figure 5.5: Instrumented base of depth hoar apparatus. The foam ledge surrounding
the sample edges supports the metal cover and upper heat flux transducer.

Figure 5.6: Thermocouple array measures temperature at 1 cm intervals vertically
through the snow sample.
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Figure 5.7: Profile schematic of kinetic metamorphism experimental setup.

measurements were recorded on 1 hour intervals for each sensor using hand held

readers provided by Decagon. To determine the conductivity, each needle probe is

equipped with a thermistor located midway down the probe. During the 10 minute

measurement cycle, the entire needle heats for 5 minutes and cools for 5 minutes

while recording the temperature every 10 seconds. Based on the rate of heating and

cooling, an estimate for the thermal conductivity of the snow is determined. The

probes also recorded the snow temperature at the beginning of each cycle.

Due to the unidirectional vertical heat flow induced for the experiments, meta-

morphosed snow samples typically exhibited chaining of ice grains parallel to the

heat flow. This oriented microstructure resulted in different values of the thermal

conductivity between the vertical direction parallel to the heat flow, and the trans-

verse horizontal plane. For this reason, the conductivity sensors were oriented parallel

and perpendicular to the direction of heat flow, as shown in figure 5.8. During the
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Figure 5.8: Vertical and horizontally oriented thermal conductivity probes.

measurement, the heat leaving the probe conducts radially into the snow. Thus,

the vertically oriented sensor measures the conductivity in the horizontal plane (kh)

averaged over the 8 cm probe length. The measured value for the horizontal probe

(km) is the average of the vertical (ky) and horizontal (kx) conductivity components.

The vertical conductivity can be calculated from the two measured values according

to,

ky = 2km − kx (5.1)

Thermocouple Array Calibration

The accuracy of the thermocouples in the array was examined using a slurry

of snow and water. The bath was placed in the cold lab at 271 K and the array

was placed in the bath and allowed to acclimate for twenty four hours. Due to the

presence of both ice and water in the bath, the temperature was assumed to be 273
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TC 1 2 3 4 5 6 7 8 9 10

Corr. (K) -0.20 -0.38 -0.46 -0.54 -0.66 -0.73 -0.76 -0.73 -0.66 -0.44

Table 5.1: Correction factors for thermocouple array

K. Correction factors shown in Table 5.1 were determined for each thermocouple

based on the departure from 273 K. Thermocouple 1 was located near the top with

thermocouples 2 through 10 measuring temperature at 1 cm intervals and base of the

snow, respectively.

Experimental Procedure Overview

Prior to starting any experiment, the snow was placed in the metamorphism box

and allowed to acclimate to the room temperature. Typically the initial snow tem-

perature was 263-253 K and the initial room temperature was approximately 255

K. Snow density was determined by sieving snow into a 1000 ml beaker in a similar

manner. For select tests, conductivity measurements were made using the horizontal

and vertically oriented needle probe sensors discussed previously.

For the experiments with Dirichlet boundary conditions, the air temperature was

lowered and the base temperature was raised simultaneously until the desired gradient

was achieved. The base and air temperatures were varied gradually over several

hours to ensure the gradient in the snow never exceeded the target. Once the target

gradient was established, the boundary temperatures were held constant until the

calculated vertical thermal conductivity and heat flux approached steady state values.

This typically occurred within 2 to 3 weeks. The temperature gradient was then

reduced to approximately the same magnitude that was applied to determine the

initial conductivity. Boundary conditions and details pertaining to the individual

experiments are presented with the results in chapter 6.
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The intent of the Neumann boundary condition experiments was to determine if

similar metamorphism would take place compared to the Dirichlet experiments. The

constant heat flux applied to the Neumann experiments was taken as the steady state

value from the end Dirichlet experiments. The voltage provided to the heater pad was

increased slowly up to the target value to prevent an excessively high temperature

gradient from developing at the beginning of the test. As the conductivity of the

snow varied over time, the voltage to the heater was adjusted slightly to maintain a

constant heat flux.

Calculation of Gibbs Potential

The Gibbs potential was calculated for all experiments to examine the progression

toward equilibrium with the formation of depth hoar chains. At equilibrium, the

total Gibbs free energy reaches a minimum value compared to a previously occupied

nonequilibrium state. Equation (2.34) (g′ = h′ − Ts′) was used to calculate the total

potential per unit volume of snow for the ice and water vapor at locations where

temperature measurements were collected. The enthalpy of the ice (ice) or water

vapor (wv) per unit volume of snow were determined using,

h′ice/wv = [m′(h0 + cp(T − T0))]ice/wv (5.2)

where cp is the specific heat capacity, T is the temperature of the ice or water vapor,

h0 and T0 are the specific enthalpy and temperature of a reference state [9]. m′ is

the mass of ice or water vapor per unit volume of snow. For the ice, m′ice is equal

to the snow density. The ideal gas law is used to calculate the mass of water vapor

per unit volume of snow according to, m′wv = pV ′/RT . The pressure (p) is calculated

as a function of the snow temperature using the Clausius-Clapeyron equation (3.2)
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(
p = p0exp

[
L
R

(
1
T0
− 1

T

)])
. The volume term (V ′) is equal to the volume of the pore

space per unit volume of snow. It is calculated using, V ′ = 1 − ρsnow/ρicewhere ρsnow

and ρice are the densities of snow and ice, respectively.

The entropy density of water vapor and ice (s′) was calculated by multiplying

equation (4.10) by the mass of water vapor or ice per unit volume of snow (m′),

s′ice/wv =

[
m′
(
s0 + cp · ln

(
T

T0

)
−R · ln

(
p

p0

))]
ice/wv

(5.3)

where s0 and p0 are the specific entropy and pressure of a reference state [9]. The pres-

sure p was calculated using the Clausius-Clapeyron equation (3.2) and the assumption

that the pore air was saturated with respect to flat ice. The pressure term in equation

(5.3) is omitted when calculating the entropy of an incompressible material like ice.

The gradient of Gibbs potential was determined by calculating the change in potential

divided by the vertical distance between temperature measurements. Position was

measured upward from the base of the sample.

The gradient of specific Gibbs energy (g) will also go to zero at equilibrium because

in that case the snow is also isothermal. The gradient of specific Gibbs energy for

water vapor was examined in the present research because it drives the mass flux

responsible for metamorphism. The specific Gibbs energy (g) was calculated using

equation (2.16) (g = h− Ts) where the specific enthalpy h = h0 +cp(T −T0), and the

specific entropy s = s0 + cp · ln
(
T
T0

)
−R · ln

(
p
p0

)
. The results presented in the next

chapter show that the gradient of specific Gibbs energy for water vapor is reduced by

the metamorphism.
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Calculation of Entropy Production Density

Entropy production rates can be calculated in several different forms including

the total, specific, and volumetric rates. Total entropy production rate has units of

W/K. Specific entropy production rate is calculated on a per mass basis with units

of W/K·kg. It represents the intensity of the production for a given mass of material

in the system. The volumetric entropy production rate in the system, or entropy

production rate density with units of W/K·m3 describes the production for material

located within a region of space. This allows for the comparison of entropy production

rates at different depths within a snow sample.

Equation (2.24) [σs′ =
∑

i JiXi] was used to calculate the entropy production rate

density for the experiments. For the closed system experiments, mass was not permit-

ted to move through the boundaries. As a result, heat conduction was the only irre-

versible process occurring at the system boundaries and the entropy production rate

density for the snow was calculated using equation (2.25)
[
σs′ = JqXq = qc · ∇

(
1
T

)]
.

Since the inward and outward heat fluxes both oriented vertically and nearly equal in

magnitude, equation (2.25) could be defined over the snow sample depth according

to,

σs′ = qc · ∇
(

1

T

)
=
qc
l

(
1

Ttop
− 1

Tbottom

)
(5.4)

l is the distance from the bottom to the top thermocouple on the array, and Ttop

and Tbottom are the temperatures of the top and bottom thermocouples, respectively.

Since the orientation of q and ∇
(

1
T

)
are in the same direction, their dot product

yields a positive entropy production rate density.

Evaluations of the entropy production rate density were also made for the bottom,

middle and top thirds of the samples volume using the various thermocouple temper-
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atures. These subsystems within the closed snow system were considered open since

mass could flow through the various regions. The entropy production rate densities

for these regions were calculated using (2.25)
[
σs′ = JqXq = qc · ∇

(
1
T

)]
to examine

changes in the ice network. Further, mass flow rates could not be measured within

the snow so estimating the entropy production rates due to enthalpy and mass flow

was not reasonable.

Mass Flux Measurements

One kinetic metamorphism experiment was performed with the snow surface open

to the air. All other parameters and instrumentation were similar to the experiments

described in the previous section. The snow was subjected to three different sets of

temperature boundary conditions: isothermal, small temperature gradient (∼ 15K/m),

and large temperature gradient (∼ 100K/m). The test progressed continuously be-

tween thermal environments to examine the affect of the changing conditions on the

mass flux.

Mass flux exiting the surface of the snow was measured using a LiCor LI-8100A

automated soil carbon dioxide flux system. The apparatus consisted of a 20 cm

diameter hemispherical dome that was placed on the snow surface, as shown in figure

5.9. Plastic gas lines provided a closed loop between the dome and an infrared gas

analyzer that measured the carbon dioxide and water vapor concentrations as well

as the air temperature in the dome. The relative humidity of the air inside the

dome was calculated based on air saturated with respect to liquid water. The gas

analyzer and controlling computer are shown in figure 5.10. The dome was initialized

to the laboratory temperature and relative humidity prior to contacting the snow

surface. Once in contact, the analyzer logged data every second until the measured
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Figure 5.9: LiCor LI-8100A measurement dome

water vapor concentration approached a constant value. By evaluating the transient

accumulation of water vapor in the dome, the mass flux out of the snow surface was

calculated.

At the beginning test, the accumulation of water vapor inside the dome resulted

in a linear increase of water vapor concentration over time. By plotting the measured

concentration over time, the slope of the curve was equal the time rate of change of

the water vapor concentration in the dome, dC/dt. Using this rate and knowing the

system volume and the area of the dome base, a simple mass balance equation was

used to calculate the mass flux into the dome:

V · dC
dt

= A ·mflux.

V is the volume of the flux measuring apparatus, A the cross sectional area of

the dome opening, and mflux the flux of water vapor out of the snow surface. As the
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Figure 5.10: LiCor LI-8100A gas analyzer (left) and controller (center)

dome filled with water vapor, the concentration approached a constant value. That

steady state vapor concentration was an estimate of the concentration present in the

snow at some level below the surface. Since some of the water vapor was allowed to

pass around the dome through the surrounding snow surface, the steady state value

did not correspond to the maximum concentration in the snow.

Once the mass flux was known, the diffusivity of water vapor flowing through the

snow was estimated using Fick’s Law (equation (3.3)). The gradient of the concen-

tration was determined using the temperatures measured by the thermocouple array.

The air in the pore space was assumed to be saturated with respect to flat ice at

the air temperature. Using the Clausius-Clapeyron equation (3.2), the pressure of

the vapor in the pore was calculated. Then using the ideal gas law (C = P/RT), the

mass concentration was defined as a function of the pressure and temperature. The

gradient was then calculated using the concentration of water vapor at two locations
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along the thermocouple array, a fixed distance apart in the direction of vapor flow

(vertical). Additional details of the mass flux calculations and the variation of the

mass flux and snow diffusivity with time are presented in section 6.

Due to the constant outflow of mass from the open system, additional snow was

sifted onto the surface periodically to maintain the global temperature gradient. Each

time snow was added, the temperature of the thermocouples embedded in the snow

increased. The uppermost thermocouple experienced the greatest increase with the

lower thermocouples increasing progressively less with depth. These jumps in the

measured data can be seen in the results presented in section 6.

Micro-CT Studies

For the open system experiment, the evolution of the snow microstructure was

examined using micro-computed tomography. Images were collected using a SkyScan

1173 high energy spiral scanner. The SkyScan 1173 system includes a 130kV, 8

Watt x-ray source, a 5 mega-pixel flat panel sensor, and a micro-positioning stage.

The x-ray source produces a cone-shaped beam that allows the entire specimen to

be contained in each image. The specimen is then rotated through 360 degrees to

produce a series of .tiff images that are then reconstructed into bitmap files for viewing

and analysis.

Five snow samples used for scanning were each contained in a plastic cylinder of

40 mm diameter and 40 mm height. Five cylinders were placed in the kinetic meta-

morphism apparatus described in section 5 prior to sieving snow into the insulated

box. The bottom of each cylinder consisted of thin plastic to minimize the thermal

resistance with the lower temperature boundary condition. Samples were removed

from the insulated box and the hole was immediately filled with sieved new snow.
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Micro-CT scans of snow were taken on 6/20, 6/23, 6/26, 7/02, and 7/08 2012 at both

19 µm and 10 µm resolution. Each sample was rotated 0.7 degrees between frames

and four frames were averaged for each recorded image. Images were reconstructed

using the proprietary software NRecon, specific to the SkyScan system. The original

.tiff files were loaded into the NRecon and a variety of parameters were selected by the

operator to reduce noise and produce a set of images for analysis. Each set of images

was smoothed with a Gaussian kernel filter at a value of 8. The brightness thresh-

olds were fixed between 0.001 and 0.02 so that subsequent samples could be readily

compared. Analysis of the images was performed using the Skyscan software CTan.

Geometric microstructural parameters investigated included the specific surface area,

total porosity, and snow density.

Numerical Studies

The model described in chapter 4 was used to examine changes in geometry for

snow subjected to a temperature gradient of 85 K/m for a duration of 10 days. The

model included 91 grains with an assumed initial bond radius to grain radius ratio of

0.05. The assumed initial grain size was 0.001 m. The pore structure was determined

based on an initial snow density of 120 kg/m3. These parameters were chosen to

simulate laboratory experiment #1, described in chapter 6.

Multiple time steps were tried before a value of 10 seconds was used. Trial tests

were run for 5 hours using a time step of 1, 10, and 100 seconds. Since the mass

flux is the driving force behind metamorphism, it was used to examine the effect of

the time step length on the results. The calculated mass flux onto the ice surface

was compared at the central grain node for all trial time steps. The flux for the 1

second time step was less than 1% smaller than for the 100 second time step. Thus
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the longer time step was used to shorten the time required for successive runs of the

model.

One geometric parameter that had a significant effect on the model results was

the diffusion distance. Mass flux at the ice surface was determined using equation

(4.3). The difference in vapor pressure between the ice surface and the pore is used

to calculate the partial pressure gradient that ultimately drives the mass flux. The

distance between these two points is the diffusion distance. The location in the

pore that corresponds to the partial pressure used in the flux calculation is not well

established. Though the logical choice would be the center of the pore, this yielded

unrealistic results including a nonlinear increase in the mass flux over time. If the

natural system behaved this way, it would eventually evolve into a solid block of

ice. Ultimately the distance between nodes (ri), as shown in figure 4.2, was used to

achieve a behavior that more closely resembled nature. [3] also made this assumption

based on similar observations of the metamorphic rates.

The model was used to observe the evolution of several parameters that describe

the metamorphism. These include the temperature field, mass flux between the ice

and pore, and heat flux through the ice network. The nonequilibrium equations

developed for snow metamorphism in chapter 4 were applied to examine the entropy

production rates due to conduction, enthalpy flux, and mass flux. Results from the

simulated kinetic metamorphism experiment are presented in section 6.

Summary

A series of laboratory experiments were conducted to examine the evolution of

snow microstructure and the resulting changes in the material properties. Fresh snow

contained in a closed system was subjected to either constant temperature gradient
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or constant heat flux boundary conditions to produce an upward vertical heat flow

through the sample. Instrumentation was designed to measure the heat flux through

the snow sample as well as temperatures at discrete locations throughout the snow

depth. The data was used to calculate the effective thermal conductivity, Gibbs

free energy, and entropy production rate over the duration of the experiments. The

present research represents the first application of nonequilibrium thermodynamics

to quantify the entropy production rates for kinetic metamorphism of snow in a

laboratory setting. This novel approach provides a new method for examining the

physical and thermal evolution of snow.

One open system experiment was conducted to observe changes in the outward

mass flux from the snow surface with the development of depth hoar. Micro-CT

images were collected at periodic intervals to quantify the microstructure. Images

were processed to examine the specific surface area, total porosity, and snow density.

A numerical model was used to quantitatively examine the metamorphism at the

grain scale. The model used the finite difference method to describe the governing

physical processes that drive changes in microstructure. Boundary conditions used in

the simulations were similar to the laboratory experiments to allow for comparison of

the changing material properties. Entropy production rates for conduction, enthalpy

flow, and mass flow were calculated using nonequilibrium thermodynamics.
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RESULTS AND DISCUSSION

This chapter presents the results of six laboratory experiments and a numerical

model undertaken to quantify the thermodynamic properties of snow during the for-

mation of depth hoar chains. Nonequilibrium thermodynamics was used to calculate

the entropy production rate resulting from heat conduction through the snow during

kinetic metamorphism. These relations are described in detail in chapter 2. The

evolution of the effective thermal conductivity and entropy production were exam-

ined for different snow densities and thermal boundary conditions. The samples were

evaluated through the depth to examine the influence of temperature and location

within the snowpack.

Five experiments were undertaken where snow was enclosed in a box that allowed

heat flow but not mass flow, forming a closed system. Three of these experiments were

subjected to fixed temperature boundary conditions at the top and bottom surfaces.

The other two were exposed to an imposed heat flux at the snow base and a fixed

temperature at the top surface. Fixed temperature experiments caused the system to

maximize the entropy production rate by increasing the thermal conductivity. Similar

metamorphism and changes in the conductivity induced by fixed heat flux conditions

resulted in a minimization of the entropy production rate. The unique capability of

snow microstructure to evolve with the thermal environment allows it to display these

opposite trends in entropy production.

The sixth experiment was open to the air at the top surface to form an open

system. Fixed temperature boundary conditions were applied to the top and bottom

surfaces. Snow samples were removed periodically and imaged using a micro-CT

scanner to observe the evolution of the microstructure. The mass flux exiting the

snow was measured and the effective diffusivity of the snow was calculated.
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The results from a numerical model used to simulate an experiment with fixed

temperature boundary conditions are presented. The evolution of the local tempera-

ture gradients and mass fluxes were calculated and examined. The entropy production

rates of the individual metamorphic processes (heat conduction, enthalpy flow, and

mass diffusion) are examined at the grain scale. The efficiency of these processes and

their contribution to the total entropy production is also evaluated.

Closed System Experiments - Fixed Temperature Boundaries

For the following series of experiments, the base plate and room air temperature

were controlled to provide constant temperature Dirichlet boundary conditions. A

metal lid covering the top surface of the snow provided a boundary to mass flow,

forming a closed system. This state of thermal nonequilibrium caused a variable flow

of heat to enter the snow through the warm base and exit the cooler top surface

into the environmental chamber. As discussed in chapter 3, the flow of heat through

the snow induced a mass flow that reorganized the microstructure and changed the

material properties.

Experiment #1

The density of the snow used in this experiment was approximately 120 kg/m3 and

the snow depth was 12 cm. The initial temperature of the snow prior to testing

was 258 K. The room temperature was set to 255 K and the sample was allowed to

acclimate for approximately 24 hours. Figure 6.1 shows a microscope image of the

new snow on a 1 mm grid.

After acclimating to the laboratory environment, the sample was subjected to a

fixed temperature gradient sufficient to induce kinetic metamorphism and the forma-

tion of depth hoar chains. Figure 6.2 shows an image of the snow on a 1 mm grid
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Figure 6.1: Microscope image of new snow used for experiments. Grid lines are spaced
at 1 mm.

after metamorphism. Figure 6.3 shows an in situ vertical profile of the lowest 3 cm

of metamorphosed snow. Vertical chains with large interstitial pores can be seen.

To induce the temperature gradient, the air temperature was set to 257 K and

the liquid bath used to control the base temperature of the snow was set to 272

K. As stated in section 5, the temperature was measured just above the base and

at 1 cm intervals vertically through the sample. This allowed for an evaluation of

the snow thermal properties at different levels within the sample. Figure 6.4 shows

the evolution of the snow temperatures over the course of the test. At day nine of

the test, the evaporator in the cold lab became covered with snow and ice. This

resulted in the room temperature fluctuating from the set point. During this period

the room temperature rose continuously for two days and then entered a 24 hour

cycle of heating and cooling between 258 and 259 K until the end of the test.
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Figure 6.2: Experiment #1: Vertical chains of depth hoar on 1 mm grid

Figure 6.3: Vertical profile of bottom 3 cm of in situ metamorphosed snow.
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Figures 6.5a, 6.5b, 6.5c, and 6.5d show the evolution of the temperature gradient,

heat flux, effective thermal conductivity, and entropy production density, respectively.

Even though the boundary temperatures were held constant, the lowest thermocou-

ple within the snow (located 1 cm above the base) cooled slightly more than the

top thermocouple. This resulted in a small decrease (∼ 10K/m) in the temperature

gradient, and the average snow temperature (∼ 1K) measured by the array. The

orientation of the temperature gradient points vertically downward in the direction

of the increasing temperature. This results in an upward heat flow moving from

warmer to cooler temperatures. For ease of viewing the results, figure 6.5a and all

future plots of temperature gradient show the magnitude of the gradient without the

negative sign indicating the downward direction. This is done so that a decrease in

the gradient is depicted by a downward trend on the plots.

The effective conductivity, calculated using Fourier’s law, increased (∼ 0.05W/m·K)

in the direction of heat flow. This increase in efficiency allowed more heat to flow

through the snow with the same forcing gradient resulting in the observed increase

in the heat flux (∼ 4W/m2).

The combination of the near constant temperature gradient and increase in heat

flux resulted in a rise in the entropy production rate density calculated using equations

(5.4)
[
σs′ = qc · ∇

(
1
T

)
= qc

l

(
1

Ttop
− 1

Tbottom

)]
. This increasing trend occurred because

the system was not permitted to eliminate the temperature gradient to facilitate

equilibrium. Instead, the system evolved to increase the entropy of the surroundings.

Since entropy reaches a maximum value at equilibrium, the microstructural evolution

increased the rate at which the surroundings approached equilibrium. This result

indicates that the evolution was driven by the second law of thermodynamics. The use

of nonequilibrium thermodynamics to calculate the entropy production rate during

the metamorphism made this observation possible.
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Figure 6.4: Results: Experiment #1- Temperatures. (TB - Base; T1 – 1 cm; T4 – 4
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sample.

Figure 6.6 show a decreasing trend in the average Gibbs energy density of snow.

The Gibbs energy density was calculated using equations (2.34) [g′ = h′ − Ts′], (5.2)

[h′ = m′(h0 + cp(T − T0)]), and (5.3)
[
s′ = m′

(
s0 + cp · ln

(
T
T0

)
−R · ln

(
p
p0

))]
. The

pressure term in equation (4.10) was omitted from the calculation of the ice entropy.

The negative energy is the result of arbitrarily setting the specific internal energy and

specific entropy equal to zero for liquid water at 273 K [9].

The mass of ice present in 1m3 of snow was on the order of 102 kg while the mass

of water vapor was 10−3 kg. As a result, the Gibbs energy density of the snow was

essentially equal to the Gibbs energy density of the ice. The decreasing result indicates

that the system is spontaneously moving toward equilibrium by minimizing the free

energy [65]. Since the system is spontaneously progressing toward equilibrium, this
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Figure 6.5: Experiment #1 Results: (a) Magnitude of temperature gradient. Negative
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behavior is driven by the second law of thermodynamics, similar to the increasing

trend in the entropy production rate density.

Figure 6.7 shows a decreasing trend for the gradient of specific Gibbs energy of

water vapor up until the time when the laboratory malfunction induced the sporadic

variations in the data. This trend is similar to the decrease in temperature gradient

measured over the thermocouple array. The gradient was determined by first calcu-

lating the specific Gibbs energy at top and bottom temperature measurements using

equation (2.16) [g = h− Ts]. The difference between the top and bottom specific

Gibbs energy was then divided by the vertical distance between the measurements

to yield the gradient over the sample. Since the ice and water vapor were assumed

to be in equilibrium at any given location, the specific Gibbs energy for ice evolved

in exactly the same manner as for water vapor. Water vapor was examined and

presented because it directly drives the vertical flow of mass in the pore.

Similar to the temperature gradient in the snow, the gradient of specific Gibbs

energy was oriented downward from the snow surface to the base in the direction of

increasing potential. Since position in the snow was measured from the base upward,

the gradient of specific Gibbs energy is negative; i.e. it is orientated downward. The

second law of thermodynamics requires that mass flow from higher to lower specific

Gibbs energy, upward from the warm base to the cooler surface. For ease of view the

trends, the negative sign is omitted from the gradients and a decreasing gradient over

time is shown as a downward trend on the plots. The reduction of the gradient of

specific Gibbs energy indicates the system is moving toward equilibrium.

The temperature gradients present between the thermocouples for the top (7-

10 cm), middle (4-7 cm), and bottom (1-4 cm) thirds of the sample are shown in

figure 6.8. The bottom third is closest to the warm boundary and required a smaller

temperature gradient to force the heat flow than the cooler layers. This is due to the
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greater contribution of the diffusive component of the effective thermal conductivity

at higher temperatures, as depicted in figure 3.3.

Figure 6.9 shows the effective thermal conductivity for the top, middle, and bot-

tom, thirds of the sample. The initial difference between the conductivities is due to

the variation in temperature between the layers. As mentioned previously, the contri-

bution of the diffusive conductivity is greater at warmer temperatures. The effective

thermal conductivity for the bottom third of the sample increased for a period of

approximately ten days before reaching a steady state value. It is interesting to note

that the fluctuations observed in the flux and gradient plots are not as apparent in

the effective thermal conductivity. This is because the gradient and resulting heat

flux are coupled and vary in unison.

The near steady-state value of effective thermal conductivity indicates the mi-

crostructure was nearly optimized for the thermal boundary conditions and that the

metamorphism had essentially ceased. This does not mean that the mass flux ceased.

Since a temperature gradient was still present, a gradient in Gibbs potential of the

water vapor was still driving mass diffusion in the vertical direction. The steady-

state conductivity implies that wherever ice sublimated, water vapor subsequently

deposited to result in negligible changes to the ice matrix.

For the middle third, the variation of effective thermal conductivity with time

starts to level off but never reaches a steady state value. Near the end of the test,

it appears to be approaching the steady effective thermal conductivity achieved by

the warmer bottom third. The effective thermal conductivity of the cool top third,

lags behind the rest of the sample and does not level off. This is likely because the

microstructure is far from the optimized state. Given sufficient time, one might expect

the effective thermal conductivity to approach 0.15 W/m·K, similar to the bottom third.
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The average temperature of the bottom third was approximately 264K while

the average temperature of the top third was 269K. [3] showed that the growth

rate of the bonds for isothermal snow at 264 K was approximately 50% slower than

for similar snow at 269 K. Even though the [3] analysis was for isothermal snow,

it illustrates the importance of temperature on the metamorphic rate since bond

growth is known to increase the effective thermal conductivity [41, 44]. This result is

also in agreement with the increasing trend of crystal growth rates with temperature

examined by [37]. In the final steady-state optimized configuration, a slight difference

between the conductivities would likely persist since the diffusive contributions would

never be equal due to the difference in average temperature of the layers.

Figure 6.10 shows the evolution of the entropy production rate density with

time for each layer in the snow. As stated in chapter 5, the entropy production

rate density was calculated for conduction in the ice network using equation (5.4)[
σs′ = qc · ∇

(
1
T

)
= qc

l

(
1

Ttop
− 1

Tbottom

)]
. The entropy production rates for enthalpy

and mass flow were not examined because the velocity of the mass could not be

measured.

The entropy production rate density increased at all sample depths with the for-

mation ice chains. The highest rate of entropy production per unit volume of snow

was observed in the upper third of the sample. This occurred for two reasons: the

average snow temperature was colder and the temperature gradient required to force

the heat flow was larger. Both of these conditions increase the forcing gradient in

equation (5.4)
[
∇
(

1
T

)]
. The snow in this region had a lower effective thermal con-

ductivity and was less efficient at transferring heat. This translated into a higher

entropy production rate density compared to the same heat flow through the warmer

layers with higher thermal conductivity.
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Figure 6.8: Results: Experiment #1 - Temperature gradients present in the region
indicated, measured from the base of the snow sample.
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Figure 6.9: Results: Experiment #1 - Effective thermal conductivity for the region
indicated, measured from the base of the snow sample.
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Figure 6.10: Results: Experiment #1 - Entropy production rate density occurring in
region indicated, measured from the base of the snow sample.

Even though the experiment was intended to be a closed system with minimal mass

loss, a small gap (approximately 2-4 mm) was observed between the vertical sides of

the sample and the foam insulation. This was likely the result of mass escaping around

the edges of the sample lid and contraction of the snow. The influence of these edge

effects on the heat flux measurements was minimized by placing the transducers at

the center of the sample, approximately 10 cm from the edges. Similarly, the thermal

couple array was located so the temperatures were measured away from the edges,

over the edge of the transducer, as shown in figure 5.5.

Figure 6.11 shows the snow surface at the end of the experiment was approximately

2 cm lower than the initial conditions. If this change was due to settlement, the density

would have increased by 17 percent. However, density measurements using the entire

sample height before and after the experiment did not show a significant change.

One explanation for the near constant density is the upward flux of water vapor
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associated with the temperature gradient. When the sample cover was removed, ice

deposition was observed on the underside of the lid indicating upward vapor flow, as

shown in figure 6.12. This redistribution of mass likely offset some of the expected

increase in density due to settlement. This finding is consistent with field studies

reported by [66] that showed “...the density of snow may decrease or not change

much with depth in layers of depth hoar or coarse-grained faceted snow. This is likely

because...metamorphism results in a flux of material upward in the snowpack.” [51]

conducted a study of depth hoar settlement that was previously discussed in section

3. The study found that the strain rate measured for downward movement of snow

that was actively metamorphosing into depth hoar was one order of magnitude lower

than for snow of similar initial density not subjected to a temperature gradient. In

other words, the isothermal snow settled faster than snow that was metamorphosing

into depth hoar. [51] never explained this observation. The near constant density

and the collection of ice on the underside of the lid in experiment #1 indicates that

the upward flow of water vapor needed to form depth hoar likely counteracts the

downward settlement of the ice matrix.

An effort was made to examine the variation of density through the depth of the

sample. Due to the upward flux of water vapor associated with the temperature

gradient, the density of the upper portion of the sample should have increased while

the lower region decreased. However, based on the previous discussion, the rate of

upward flux is likely the same order of magnitude as the mass flux down resulting from

settlement. Because of the brittle nature of the metamorphosed snow, attempts to

measure this density variation were difficult and did not yield a significant difference.

As an alternative to density measurements, it is possible to estimate the vertical mass

flux associated with the metamorphism by examining the changes in conductivity and
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Figure 6.11: Overview of snow sample after metamorphism.

Figure 6.12: Ice deposition on underside of snow sample lid.
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the associated heat flux. This upward flux can then be compared to estimations for

settlement of new snow versus depth hoar.

A study by [67] investigated the settlement rate of a natural snowpack over several

months. Snow that fell early in the season metamorphosed into depth hoar and was

buried by subsequent storms. The approximate settlement rate for this layer was 0.1

cm/day during metamorphism. To compare this settlement rate to the upward flux

of mass during metamorphism, the mass flux must be converted into an equivalent

“upward settlement rate”. Based on figure (3.3), an approximate value for the thermal

conductivity component corresponding to mass diffusion in snow near 273 K is in the

range of 0.02-0.1 W/m·K. If the snow is subjected to a temperature gradient of 100 K/m

similar to experiment #1, the resulting heat flow associated with diffusion calculated

using Fourier’s heat conduction law is 2-10 W/m2. Dividing this value by the latent

heat of sublimation for ice at 273 K we arrive at a mass flow rate of 0.71E-6 to 3.5E-6

kg/s·m2. Assuming the snow density remains constant at 150 kg/m3, this mass flow rate

corresponds to an “upward settlement rate” of 0.05-.20 cm/day. This simple calculation

shows that the upward mass flux likely falls in a range equal to settlement rates often

observed during the formation of depth hoar.

Experiment #2

The density of the snow used in this experiment was approximately 120 kg/m3

and the snow depth was 12 cm. The initial snow morphology was similar to that

used in experiment #1 and shown in figure 5.3. The initial temperature of the snow

was 258 K. Prior to subjecting the sample to a temperature gradient sufficient to

cause metamorphism, a smaller gradient was imposed for approximately 24 hours.

This was done to examine the effect of the magnitude of the temperature gradient on

the effective thermal conductivity. The base plate and laboratory air temperatures
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were set to 258 K and 255 K, respectively. These conditions resulted in an average

temperature of 257 K, a temperature gradient over the array of 13 K/m, and a heat

flux of 1 W/m2. Using Fourier’s heat conduction law, the effective thermal conductivity

was calculated to be 0.077 W/m·K. This is in the range consistent with the historical

findings reported by [68].

After determining the initial conductivity, the base plate temperature was in-

creased to 272 K while the room air temperature was decreased to 242 K. These

conditions resulted in an average snow temperature of 257 K, a temperature gradient

over the array equal to 201 K/m, and a heat flux of 15.0 W/m2. Again using Fourier’s

heat conduction law, the effective thermal conductivity was calculated to be 0.075

W/m·K which was nearly equal to the conductivity measured previously at the same

average snow temperature but over a much smaller temperature gradient. This result

indicated that the contribution of water vapor flow to the effective thermal conduc-

tivity is not a strong function of the temperature gradient, as discussed in section 3

and depicted in equation 3.1
(
kdiff = L2p

R2T 3D
∗
)

.

The temperature boundary conditions were maintained for 14 days, at the end of

which the temperature gradient over the array and the heat flux were 200 K/m and 23

W/m2, respectively. Figure 6.13 shows a vertical profile of the snow at the end of the

test to be similar to the final morphology from experiment #1. Figure 6.14 shows

the evolution of the snow temperatures measured by the thermocouple array. Figures

6.15a, 6.15b, 6.15c, and 6.15d show the temperature gradient, heat flux, effective

thermal conductivity, and entropy production rate density, respectively.

The average temperature of the snow in experiment #2 (260 K) was approxi-

mately 6 K lower than for experiment #1 (266 K). The latent heat contribution to

the effective conductivity was lower for the colder snow, as shown in figure 3.3. This

explains the slightly lower initial effective thermal conductivity measured in experi-
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Figure 6.13: Experiment #2 - Vertical profile of metamorphosed snow. The smallest
grid visible near the base of the sample is 1 mm.

0 5 10 15 20
240

245

250

255

260

265

270

275

Time (days)

T
em

pe
ra

tu
re

 (
K

)

 

 

T
B

T
1

T
4

T
7

T
10

T
A

Figure 6.14: Results: Experiment #2 - Temperatures. (TB - Base; T1 – 1 cm; T4 –
4 cm; T7 – 7 cm; T10 – 10 cm; TA - Air). Distances are measured from base of snow
sample.
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Figure 6.15: Experiment #2 Results: (a) Magnitude of temperature gradient. Neg-
ative sign indicating downward orientation of gradient vector is omitted. (b) Heat
flux. (c) Effective thermal conductivity. (d) Entropy production rate density.
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Figure 6.16: Results: Experiment #2 - The average Gibbs energy density of snow
follows a decreasing trend similar to the average snow temperature.
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Figure 6.17: Results: Experiment #2 - The gradient of specific Gibbs energy for
water vapor follows a similar trend to the temperature gradient.
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Figure 6.18: Results: Experiment #2 - Temperature gradients present in the region
indicated, measured from the base of the snow sample.
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Figure 6.19: Results: Experiment #2 - Effective thermal conductivity for the region
indicated, measured from the base of the snow sample.
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Figure 6.20: Results: Experiment #2 - Entropy production rate density occurring in
region indicated, measured from the base of the snow sample.
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Figure 6.21: Results: Experiment #2 - Thermal conductivity in the vertical direction
as measured by heated needle probes.
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ment #2, even though the temperature gradient was twice as large. Also, the increase

in effective thermal conductivity over the entire test duration was approximately the

same for both experiments (∼ 0.05W/m·K). This result agrees with previous research

that the crystal growth rates, and therefore metamorphic rates, are primarily driven

by temperature [37, 69, 63]. The entropy production rate density for experiment #2

was higher than experiment #1 even though the metamorphic changes were similar.

This was due to the larger heat flux and temperature gradient used in equation

(5.4)
[
σs′ = qc · ∇

(
1
T

)
= qc

l

(
1

Ttop
− 1

Tbottom

)]
. The higher entropy production rate

density implies that the system in experiment #2 was less efficient at transferring

heat than the system in experiment #1. This was due to the lower effective thermal

conductivity.

At the end of the metamorphism, the base plate and cold room temperatures

were again set to 258 K and 255 K, respectively. Using a final temperature gradient

of 17 K/m and a heat flux of 1.8 W/m2, the final effective thermal conductivity was

calculated to be 0.107 W/m·K which is only slightly lower than the final effective

thermal conductivity of 0.115 W/m·K measured with the large gradient. This further

confirms that the effective thermal conductivity is primarily a function of temperature.

The formation of the depth hoar chains resulted in a decrease in the the average

Gibbs energy density for the snow, as shown in figure 6.16. Even though the boundary

temperatures were held constant, the average of the top and bottom thermocouple

measurements decreased over time. This result was similar to experiment #1, again

showing the evolution of the microstructure was the result of the system moving

toward equilibrium by reducing the free energy. The gradient of the specific Gibbs

energy for the water vapor show in figure 6.17 displayed a trend similar to the tem-

perature gradient. In this case, the boundary conditions did not allow the gradient

to be significantly reduced from the beginning to the end of the test. However, the
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downward trend after day 4 indicates that the system was evolving to reduce the

gradient as the boundary conditions allowed.

Figures 6.18 through 6.20 show the evolution of the temperature gradient, heat

flux, effective thermal conductivity, and entropy production for the bottom, middle,

and top thirds of the sample. Similar to experiment #1, a larger temperature gradient

was required to force the heat flow in the top third of the sample due to the lower

effective thermal conductivity. The conductivity of the bottom third again reached

a steady-state value while the metamorphism of the middle and upper thirds lagged

behind. The faster metamorphic rate was due to the higher average snow temperature

near the base of the sample. The entropy production density increased with the

formation of ice chains due to the restrictions placed on the temperatures at the

boundaries. The temperature and Gibbs potential gradients were not allowed to be

eliminated as the system attempted to move toward equilibrium.

Heated needle probes described in Section 5 were used to measure the thermal

conductivity of the snow during the metamorphism experiments. Figure 6.21 shows

the evolution of the thermal conductivity measured by the probes. Time 0 days

represents the beginning of the large gradient portion of the test. At Time 14 days

the temperature gradient was reduced for comparison with the initial measurements.

Even though the temperature gradient increased at time 0 and decreased at time

14, there was not a significant change in the conductivity measured by the probes.

This result further confirms the the effective conductivity is not heavily affected by

the magnitude of the temperature gradient. Also, the conductivity in the direction

of the heat flow and ice chains increased more than in the perpendicular direction.

The increase in conductivity measured in the vertical direction was approximately

0.03 W/m·K. This was similar to the increase observed in the top third of the snow

determine from the thermocouple array and heat flux measurements.
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Though the probes confirmed that the effective thermal conductivity in the vertical

direction increased, the accuracy of the measurements was in question for several

reasons. The vertical probe reported an average conductivity measured over its length.

It is intended to measure the conductivity of an isothermal, homogeneous material.

The snow was not isothermal and the conductivity varied over the length of the probe.

Both of these factors likely affected the measurements.

Experiment #3

Experiment #3 was conducted to examine the affect of increased snow density

on the formation of depth hoar chains. The density of the snow used to conduct

this experiment was approximately 250 kg/m3 and the snow depth was 13 cm. The

initial snow temperature was 253 K. To further examine the affect of temperature

gradient on the effective thermal conductivity, a small gradient was applied prior to

inducing metamorphism. The base temperature was increased to 255 K and the air

temperature remained at 253 K resulting in a gradient of 11 K/m and a heat flux of

1.3 W/m2. Using Fourier’s heat conduction law, the effective thermal conductivity was

0.12 W/m·K, which is nearly double the initial measurements for experiments #1 and

#2. This was due to the density being twice as high as the previous experiments and

is in agreement with previous research [68].

To induce metamorphism, the base plate temperature was increased to 272 K

while the room air temperature was maintained at 253 K resulting in an average

temperature of 265 K, a temperature gradient of 110 K/m, heat flux of 17 W/m2, and

an effective thermal conductivity of 0.15 W/m·K. This slight increase in conductivity

with the application of the large gradient is due to the increase in average tempera-

ture. Using figure 3.3, the maximum contribution of latent heat flow to the effective

conductivity measured at 254 K is approximately 0.02 W/m·K. By subtracting this
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Figure 6.22: Experiment #3 - Vertical profile of metamorphosed snow. Note the
vertical structure indicated by the darker chains of ice grains. Sample is approximately
5 cm wide.

value from the initial conductivity measured at the cooler temperature (0.12 W/m·K),

the conductivity of the ice matrix is estimated to be 0.10 W/m·K. At an average tem-

perature of 265 K, latent heat contribution could be as large as 0.06 W/m·K. If this is

added to the ice matrix conductivity of 0.10 W/m·K, the effective thermal conductivity

of the snow at 265 K is approximately 0.16 W/m·K. This is nearly equal to the effective

thermal conductivity measured at the higher average temperature of 265 K.

The final morphology of depth hoar chains is shown in figure 6.22. Figures 6.23

shows the evolution of the temperatures measured on the thermocouple array and

at the base and top of the snow sample. The top and bottom thermocouples were

used to calculate the temperature gradient, heat flux, effective thermal conductivity,

and entropy production density as shown in figures 6.24a, 6.24b, 6.24c, and 6.24d,

respectively. Slight fluctuations in the laboratory room control resulted in a rise in
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Figure 6.23: Results: Experiment #3 - Temperatures. (TB - Base; T1 – 1 cm; T4 –
4 cm; T7 – 7 cm; T10 – 10 cm; TA - Air). Distances are measured from base of snow
sample.

the air temperature, as shown in figure 6.14. Similar to previous experiments, the

temperature of the bottom thermocouple decreased with the metamorphism. This

caused the decrease in the temperature gradient observed in figure 6.24c. Figures

through 6.27 show the evolution of the temperatures, temperature gradient, heat

flux, effective thermal conductivity, and EP for the top (7-10 cm) middle (4-7 cm)

and bottom (1-4 cm) thirds of the sample when subjected to the large gradient. The

bottom third is closest to the warm boundary. Figure 6.28 shows the decreasing

trend in the average Gibbs energy density for the snow. The gradient in specific

Gibbs energy for water vapor also decreased, as shown figure 6.29.

Similar to previous experiments, the formation of ice chains in the presence of a

fixed temperature gradient resulted in an increase in the effective thermal conductivity

and entropy production rate density. The total Gibbs energy density and gradient of
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Figure 6.24: Experiment #3 Results: (a) Magnitude of temperature gradient. Neg-
ative sign indicating downward orientation of gradient vector is omitted. (b) Heat
flux. (c) Effective thermal conductivity. (d) Entropy production rate density.
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Figure 6.25: Results: Experiment #3 - Temperature gradients present in the region
indicated, measured from the top of the thermal couple array.
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Figure 6.26: Results: Experiment #3 - Effective thermal conductivity for the region
indicated, measured from the top of the thermal couple array.
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Figure 6.27: Results: Experiment #3 - Entropy production rate density occurring in
region indicated, measured from the top of the thermal couple array.
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Figure 6.28: Results: Experiment #3 - The average Gibbs energy density of snow
follows a trend similar to the average snow temperature. After the initial rise due to
an increase laboratory temperature, the system began a cooling trend around day 6
that reduced the free energy.
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Figure 6.29: Results: Experiment #3 - The gradient of specific Gibbs energy for
water vapor follows a similar decreasing trend to the temperature gradient.

specific Gibbs energy also decreased. As discussed above, these trends all indicate the

system evolution is driven by the need to reach equilibrium. The region of the sample

closest to the warm boundary exhibited the highest effective thermal conductivity, the

greatest increase in conductivity, and the lowest entropy production. These trends

are similar to previous experiments.

Summary of Fixed Temperature Experiments

Experiments #1 through #3 all displayed an increase in effective thermal con-

ductivity with the formation of ice chains. This implies that the system evolved

to move heat more efficiently. As a result, more heat could flow for the same

forcing temperature gradient. Since the temperature gradient was fixed and the

heat flux increased, the entropy production density calculated using equation (5.4)[
σs′ = qc · ∇

(
1
T

)
= qc

l

(
1

Ttop
− 1

Tbottom

)]
increased. Typically, an increase in the en-

tropy production rate is viewed as a decrease in efficiency. In this case however, the
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system evolved to more quickly increase the entropy of the surroundings. Since the

entropy reaches a maximum value at equilibrium, the microstructural changes made

the system more efficient at driving toward equilibrium in accordance with the second

law of thermodynamics.

Even though the air and base temperatures were held nearly fixed, the tempera-

tures of the top and bottom thermocouples varied slightly. This resulted in a decrease

in the average snow temperature which correlated to a decrease in the total Gibbs

free energy. For experiments #1 and 3, the gradient in temperature and specific

Gibbs energy also decreased as measured over the thermocouple array. All of these

changes move the system closer to equilibrium in accordance with the second law of

thermodynamics [70, 65].

Table 6.1 summarizes several important parameters from experiments #1 through

#3. The first interesting point is the similarity in the measured conductivity for ex-

periments #1 and #2. This indicates that the effective conductivity is primarily a

function of the average snow temperature. In experiments #1 and #3 samples with

different densities were subjected to similar environmental conditions. The higher

density snow exhibited a larger conductivity as well as a greater increase with similar

metamorphism. The dependence of conductivity on density is well established [71, 68]

but the greater increase observed in more dense snow is a new development. The

closer spacing of the ice particles in the more dense snow likely increases the effective

diffusivity (D∗), in turn increasing the diffusive component of thermal conductivity

described by equation 3.1
(
kdiff = L2p

R2T 3D
∗
)

. The increased effective diffusivity also

increases the mass flow, possibly leading to greater reorganization of the microstruc-

ture [37, 47].
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Exp. # Density Temp. Gradient Average Temp. Conductivity change
(kg/m3) (K/m) (K) (W/m·K)

1 120 90 266 0.085-0.135
2 120 200 257 0.075-0.115
3 250 100 265 0.16-0.23

Table 6.1: Summary of closed system experiments with fixed temperature boundaries.

Closed System Experiments - Fixed Heat Flux Input

Two experiments were performed with a fixed heat flux into the base of the sample

and constant air temperature at the top surface. The intent was to determine if snow

samples subjected to different thermal boundary conditions would experience similar

metamorphism but with different changes in the entropy production density. Snow

is well suited to demonstrate this behavior since the material properties can evolve

depending on the thermal environment. For the fixed temperature boundary condi-

tion experiments described previously, the increase in effective thermal conductivity

with the formation of ice chains resulted in an increase in entropy production. Given

sufficient time, the systems would evolve to a state of maximum entropy production

for the given conditions. The results presented in the next section will show that the

opposite is true for snow subjected to fixed heat flux. As the conductivity increases,

the system dissipates the gradient in Gibbs potential and the entropy production

density decreases.

Experiment #4

A snow sample with a density of 200 kg/m3 was subjected to a heat flux of 11 W/m2

for approximately 25 days. Figure 6.30 shows the final morphology of a system of

depth hoar chains on a 1 mm grid. Figures 6.31a, 6.31b, 6.31c, and 6.31d show the

evolution of the temperatures, temperature gradient, effective thermal conductivity,
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Figure 6.30: Experiment #4: Vertical chains of depth hoar on 1 mm grid.

and entropy production, respectively. Data was calculated using the top and bottom

thermocouples on the array.

The effective thermal conductivity (calculated using Fourier’s heat conduction

law) increased with the formation of depth hoar. The rate of change began to flat-

ten out slightly at approximately 10 days. Though a steady-state value was never

reached, the decreasing rate of change indicated that the system was approach-

ing an optimum configuration. The entropy production calculated using equation

(5.4)
[
σs′ = qc · ∇

(
1
T

)
= qc

l

(
1

Ttop
− 1

Tbottom

)]
decreased as the system became more

efficient. Since the heat could flow more easily, the force required
[
∇
(

1
T

)]
was re-

duced. This minimization of entropy production is exactly opposite to experiments

#1 through #3 where similar changes in microstructure resulted in the maximization

of entropy production.

Since the air temperature was held constant and the base temperature was free

to fluctuate, the formation of depth hoar corresponded to an overall cooling of the
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Figure 6.31: Results: Experiment #4 - (a) Temperature (TB - Base; T1 – 1 cm; T4 –
4 cm; T7 – 7 cm; T10 – 10 cm; TA - Air). Distances are measured from base of snow
sample. (b) Magnitude of temperature gradient. Negative sign indicating downward
orientation of gradient vector is omitted. (c) Effective thermal conductivity. (d)
Entropy production rate density.
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Figure 6.32: Results: Experiment #4 - The average Gibbs energy density of snow
follows a trend similar to the average snow temperature.
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Figure 6.33: Results: Experiment #4 - The gradient of specific Gibbs energy for
water vapor follows a similar decreasing trend to the temperature gradient.
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snow. The lowest thermocouple reading decreased more than the temperature of the

top thermocouple resulting in a reduction in the temperature gradient. This cooling

caused the reduction in the average Gibbs energy density seen in figure 6.32. The

decreasing trend indicates the system is moving toward equilibrium for both the ice

and water vapor.

The reduction of the temperature gradient indicates that the formation of ice

chains helped to dissipate the potential across the snow and move the system closer

to equilibrium. Figure 6.33 show a decreasing trend in the gradient of the specific

Gibbs energy for the water vapor. Since the ice and water vapor are assumed to be in

equilibrium, the exact same trend would be present in the ice. This reduction in the

potential gradient and progression toward equilibrium, as permitted by the boundary

conditions, is required by the second law of thermodynamics.

Experiment #5

Experiment #5 was designed to be directly compared to experiment #1 but with

different boundary conditions. Snow with a density of approximately 120 kg/m3 and

an initial temperature of 258 K was subjected to an imposed heat flux of 9.5 W/m2

for approximately nine days. Similar to experiment #1, the air temperature was

maintained at 258 K for the duration of the test. The temperature gradient over the

12 cm deep snow sample was calculated using thermocouples located at the base and

on the underside of the lid covering the snow. Figure 6.34 shows the variation of the

base and top temperatures with the formation of ice chains. Near day 3, the lid was

removed and snow was added to the top surface of the sample to ensure good thermal

contact when the lid was replaced. This caused the jump in the temperature data

seen in figure 6.34. The effective thermal conductivity was calculated using Fourier’s

heat conduction law by dividing the heat flux by the temperature gradient. Figures
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6.35 and 6.36 show the evolution of the temperature gradient and effective thermal

conductivity for experiments #1 and #5, respectively.

Similar to all previous experiments, the effective thermal conductivity increased

for experiment #5, though not as much as experiment #1 (figure 6.36). This was

likely due to the lower average temperature present in experiment #5 (263 K) versus

experiment #1 (267 K). Similar to the discussion presented for experiment #1 [3]

showed that the growth rate of the bonds for isothermal snow at 263 K was approxi-

mately 50% slower than for similar snow at 267 K. The [3] analysis was for isothermal

snow, however it illustrates the importance of temperature on the metamorphic rate.

This result is also in agreement with the increasing trend of crystal growth rates with

temperature examined by [37].

Figure 6.37 show the evolution of the entropy production rate density calculated

using equation (5.4)
[
σs′ = qc · ∇

(
1
T

)
= qc

l

(
1

Ttop
− 1

Tbottom

)]
for experiments #1 and

#5, respectively. The results for experiment #1 represent the vertical region of snow

located within the thermocouple array.

The entropy production rate density decreased over the test duration for experi-

ment #5 and increased for experiment #1 (figure 6.37). Similar to experiment #4,

this is an example of the same material exhibiting similar changes in the material

properties but opposite trends in the entropy production. In the case of the fixed

temperature experiments #1 through #3, the entropy production rate density was

maximized with the formation of ice chains. This was due to an increase in the heat

flux through the snow resulting from an increase in the effective thermal conductivity.

The rise in entropy production rate density increased the entropy of the surroundings

to facilitate equilibrium.

Experiments #4 and #5 displayed a minimization of entropy production rate

density for similar snow subjected to a fixed heat input. As the effective thermal
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Figure 6.34: Results: Experiment #5 - Temperatures.
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Figure 6.35: Results: Comparison of Experiments #1 and #5; temperature gradient
over entire sample depths.
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Figure 6.36: Results: Comparison of Experiments #1 and #5; effective thermal
conductivity over entire sample depths.
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Figure 6.38: Results: Experiment #5 - The average Gibbs energy density of snow
follows a trend similar to the average snow temperature. The jump in the data near
day 3 resulted from the variation in the base and top temperatures shown in figure
6.34.
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Figure 6.39: Results: Experiment #5 - The gradient of specific Gibbs energy for
water vapor follows a similar decreasing trend to the temperature gradient.
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conductivity increased, the system became more efficient at conducting heat, de-

creasing the entropy production rate density. This resulted in a natural reduction

of the temperature gradient as the system moved toward equilibrium. The ability of

snow to alter its microstructure and material properties to facilitate equilibrium is

the cause for this unique behavior.

Similar to experiment #4, the average Gibbs energy density for experiment #5

decreased with the metamorphism indicating the system was moving toward equilib-

rium, as shown in figure 6.38. The jump in the data around day 3 resulted from the

variation in the base and top temperatures shown previously in figure 6.34.

The temperature gradient in experiment #5 also decreased with the development

of depth hoar chains (figure 6.35). Similar to previous results, this corresponded to

reduction in the gradient of specific Gibbs potential for water vapor as show in figure

6.39.

Open System Experiment - Fixed Temperature Boundaries

Experiment #6 was conducted with the top surface of the snow open to the air

resulting in an open system. The snow used for the experiment was produced in the

laboratory as described in section 5 and stored at 258 K for approximately seven days

prior to the test. The density was 150 kg/m3 and the initial morphology was rounded

decomposing stellars, as shown on the 1 mm grid in figure 6.40.

The experiment was divided into two parts where the snow was examined in an

isothermal environment, and then subjected to a temperature gradient. The same

experimental setup and data acquisition system described in section 5 were used to

metamorphose the snow. The mass flux leaving the snow surface was measured using

the LiCor LI-8100A gas analyzer, as described in section 5. Samples were removed
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Figure 6.40: Initial snow morphology

periodically during the formation of depth hoar chains for micro-CT imaging and

analysis.

Isothermal Conditions

Initial mass flux measurements were performed on isothermal snow to examine

the effect of sub-saturated air in the laboratory. The relative humidity in the room

was typically between 45 and 55 percent. The air immediately above the snow surface

was assumed to be saturated with respect to the ice temperature. This difference in

concentration resulted in a mass flux away from the snow surface.

Two experiments were conducted to examine the mass flux under isothermal con-

ditions. First, a block of solid ice was placed in the laboratory and allowed to reach

equilibrium with the 255 K air. Using the LiCor, the mass flux from the ice surface

was measured to be 1.29 E-6 kg/m2·s. Next, the snow sample was allowed to reach

equilibrium with an air temperature of 258 K. The mass flux from the snow surface
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was measured to be 1.31 E-6 kg/m2·s. Since the flux from snow and ice were nearly

equal for similar environmental conditions, the morphology of the snow was assumed

to not affect the isothermal surface flux.

An expression was desired to calculate the isothermal surface mass flux as a func-

tion of the snow surface temperature, the ambient air temperature away from the snow

surface, and the relative humidity in the cold room. To accomplish this, Fick’s Law

(equation 3.3) was used to describe the mass flux through the air above the snow.

The surface mass flux was equal to the diffusion coefficient of water vapor in air

multiplied by the concentration gradient above the snow surface. The only unknown

quantity was the thickness of the boundary layer between the snow surface and the

point in the air where the relative humidity was equal to the ambient value. Based

on the measured mass flux over isothermal snow, the layer thickness was determined

to be 0.0069 m. Using the flux measured over the solid ice block, the boundary layer

over the ice was calculated to be 0.0072 m. Since the boundary layers for snow and

ice were reasonably similar, a value of 0.007 m was assumed for the boundary layer

thickness.

The boundary layer thickness would likely vary slightly with fluctuations in the

concentration difference between the surface and ambient air. The assumed constant

value was justified since the slight wind (± 1 m/s) over the snow surface provided

mixing that remained constant during the experiment. With the boundary layer

known, Fick’s Law was used to calculate the isothermal surface component of the

mass flux.

Temperature Gradient Conditions

When snow is subjected to a temperature gradient, a gradient in the water va-

por concentration develops. This concentration gradient drives a diffusive mass flux
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through the snow. The magnitude of the diffusive flux depends on the size of the

gradient and the effective diffusivity of the snow. For the open system experiment,

mass flux measured at the surface includes both this diffusive flux and the isothermal

surface flux described previously. By subtracting the isothermal flux from the total

measured flux, the diffusive component driven by the temperature gradient could be

determined. This differed from previous efforts to measure the diffusion coefficient

for snow where the snow was subjected to a temperature gradient in a closed system

[46].

The snow sample was subjected to an initial temperature gradient of 110 K/m.

Though the air and base plate temperatures were held constant, the temperatures

at the top and bottom of the thermocouple array that were used in the calculations

varied slightly. As the metamorphism progressed, the temperature near the base

of the sample gradually decreased while the uppermost measurement remained rela-

tively constant. The temperature gradient after 16 days was approximately 90 K/m

as calculated using the top and bottom thermocouples on the array. Figure 6.41

shows the final morphology of the depth hoar with similar characteristics to previous

experiments #1 through #5.

Figure 6.42 shows a slight decreasing trend in the diffusive component of the mass

flux measured at the snow surface. A gap exists in the data between days 10 and

15 due to the mass flux measuring equipment being unavailable. The gradient in

water vapor concentration that drove this flux was calculated using the temperatures

measured at various depths through the snow and assuming the pore air was satu-

rated with respect to flat ice at the measured temperatures. The Clausius-Clapeyron

equation and the ideal gas law were then used to calculate the concentration as a

function of temperature according to,
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Figure 6.41: Experiment # 6: Vertical chains of depth hoar on 1 mm grid.

C =
p0

RT
· exp

[
L

R

(
1

T0

− 1

T

)]
C is the water vapor concentration at temperature T . p0 and T0 refer to a refer-

ence state, L is the latent heat of sublimation, and R is the gas constant for water

vapor. Figure 6.43 shows a decreasing trend in the concentration gradient with the

formation of depth hoar chains. Since no gradients can exist at equilibrium, this result

indicates the system is moving toward equilibrium in accordance with the second law

of thermodynamics.

The effective diffusivity was found by inserting the measured mass flux and concen-

tration gradient in Fick’s law. Figure 6.44 shows a near constant effective diffusivity

that is slightly lower than the diffusivity of water vapor in air. This result corresponds

to research by [48]. Typically in porous media, the effective diffusivity is less than for
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Figure 6.42: Diffusive mass flux through the snow.

the same gas diffusing through air. The presence of solid material in the flow path

increases the tortuosity and inhibits the mass flow.

Figures 6.45, 6.46a, 6.46b, 6.46c, and 6.46d show the evolution of the tempera-

tures, temperature gradient, heat flux, effective thermal conductivity, and entropy

production, respectively. Because the top snow surface was exposed to the room air,

ice sublimated at a rate of several mm per day. Snow was sifted onto the surface every

few days in an effort to maintain a constant depth. This resulted in an immediate

increase in the temperature from the insulation provided by the new snow. In the days

between the additions of snow, the surface moved downward with the sublimation.

Since the location of the uppermost thermocouple on the array remained stationary,

the shrinking snow depth effectively cooled the thermocouple and caused the ramping

seen in the data.
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Figure 6.43: Concentration gradient present in the snow.
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Figure 6.45: Results: Experiment #6 - Temperature (TB - Base; T1 – 1 cm; T4 – 4
cm; T7 – 7 cm; T10 – 10 cm; TA - Air). Distances are measured from base of snow
sample.
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Figure 6.46: Results:Experiment #6 - (a) Temperature gradient. (b) Heat Flux. (c)
Effective thermal conductivity. (d) Entropy production rate density.
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Similar to previous experiments, the effective thermal conductivity increased with

the formation of ice chains. This increase in efficiency resulted in an increase in

the heat flux and reduction in the temperature gradient. These offsetting behaviors

resulted in the entropy production rate density for conduction fluctuating around

a near constant value. This illustrates that if the constraints allow, a system will

simultaneously dissipate the gradient over the system and increase the entropy of the

surroundings to facilitate equilibrium. In this case only the entropy production due

to heat conduction in the snow was evaluated. The sublimation of mass from the

surface and the periodic addition of snow affected the total entropy production rate

of the snow but were not examined.

Figure 6.47 shows a decreasing trend in the average Gibbs energy density with

the formation of ice chains. The gradient of the specific Gibbs energy for the vapor

also displayed a decreasing trend, as shown in figure 6.47. These decreasing trends

show that the system is reducing the free energy as well as the potential gradient in

an effort to reach equilibrium in accordance with the second law of thermodynamics.

As stated above, the diffusive mass flux decreased slightly during the test. The

amount of heat transferred through the snow with the latent heat was proportional

to the mass flux measured. The measured total heat flux through the snow increased

while the latent heat flux decreased slightly. Since the total heat flux was a com-

bination of latent heat and conduction, the amount of heat conducted through the

ice must have increased. This result shows that the metamorphism and formation

of ice chains preferentially improves the conductivity of the ice network rather than

increasing the latent heat flow. In section 6 this behavior is examined further to show

that increasing the flow of heat through the ice is the fastest way to move the system

toward equilibrium.
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Figure 6.47: Results: Experiment #6 - The average Gibbs energy density of snow
follows a trend similar to the average snow temperature. The jumps in the data are
due to the addition of snow at the sample surface to counteract the sublimation of
snow into the laboratory air. The overall decreasing trend indicates the system is
moving toward equilibrium.
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Figure 6.48: Results: Experiment #6 - The gradient of specific Gibbs energy for water
vapor follows a similar decreasing trend to the temperature gradient. The decreasing
trend indicates the system is moving toward equilibrium.

Micro-CT Results

Snow samples were removed from experiment #6 every six days and imaged with

the micro-CT scanner described in section 5. Figures 6.49 and 6.50 contain images

taken from horizontal and vertical planes through each snow sample, respectively.

Figure 6.49 shows the development of the typical cup-shaped depth hoar crystals

while figure 6.50 captures the formation of vertical ice chains. Previous efforts to

image the formation of depth hoar did not show the development of ice chains [45].

This was due to the high initial density of snow and the small sample volume.

A three dimensional analysis was performed to quantify the microstructural evo-

lution for each snow sample, as described in section 5. Figure 6.51 shows a decreasing

trend for the specific surface area of the ice network. These results are consistent

with previous research by [72] who measured the specific surface area of new snow
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(a) (b)

(c) (d)

Figure 6.49: CT image of horizontal plane through depth hoar sample. Images are
approximately 2 cm wide. (a) Day 1 (b) Day 7 (c) Day 13 (d) Day 19
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(a) (b)

(c) (d)

Figure 6.50: CT image of vertical plane through depth hoar sample. Images are
approximately 2 cm wide. (a) Day 1 (b) Day 7 (c) Day 13 (d) Day 19
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Figure 6.51: Specific surface area derived from micro-CT scans.

using gas adsorption techniques to be in the range of 400-1500 cm2/g and depth hoar

in the range of 100-225 cm2/g. [73] showed a decreasing trend in the specific surface

area for snow subjected to a temperature gradient.

Figures 6.52a and 6.52b do not show a clear trend in the porosity and correspond-

ing snow density, respectively. This near constant density with the formation of depth

hoar agrees with the research of [50] and [51] who made similar observations while

examining depth hoar development in the field.

Summary of Laboratory Experiments

Six experiments were performed to examine the changes in microstructure and

material properties of snow subjected to a nonequilibrium thermal environment. For

experiments #1 through #3, fixed temperature boundaries were imposed on the snow

samples to induce a variable heat flux. The resulting metamorphism formed vertical
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Figure 6.52: (a) Total porosity and (b) snow density derived from micro-CT scans.
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chains of depth hoar crystals in the direction of heat flow. The effective thermal

conductivity increased in the vertical direction making each system more efficient

at moving heat, there by increasing the heat flux through the snow. Each system

saw decreasing trends in the Gibbs free energy density and the gradient of the spe-

cific Gibbs energy. This indicated that each system was moving toward a state of

equilibrium. The entropy production rate density calculated in each system using

equation (5.4)
[
σs′ = qc · ∇

(
1
T

)
= qc

l

(
1

Ttop
− 1

Tbottom

)]
, increased in an effort to bring

the surroundings closer to equilibrium.

Experiments # 4 and #5 were subjected to a fixed heat input at the sample

base. The resulting metamorphism produced similar changes in the microstructure

and material properties to those observed in experiments #1 through #3. Again, a

decrease in the Gibbs energy density and the specific Gibbs energy gradient showed

the system was moving toward equilibrium. The major difference was a decrease in the

entropy production density due to the natural reduction of the temperature gradient

over the snow. Thus two initially similar materials subjected to different thermal

environments displayed opposite trends in the extremization of entropy production.

This is the first documented case of a material exhibiting this behavior.

Open system experiment #6 was performed to measure the mass flux exiting the

snow surface as well as document the microstructural changes using micro-computed

tomography. The mass flux through the snow and the concentration gradient de-

creased slightly with the formation of depth hoar chains. As a result, the effective

diffusivity which controls the rate of mass diffusion in snow was nearly constant. The

magnitude of the diffusivity of water vapor in snow was slightly less than for water

vapor in air. This result agreed with previous research by [48]. The thermodynamic

behavior of experiment #6 exhibited similarities to experiments #1 through #5. The

temperature gradient decreased while the heat flux and effective thermal conductiv-
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ity increased. This resulted in a near constant entropy production rate density for

conduction through the ice network. The micro-CT analysis showed a decrease in the

specific surface area and a near constant density with the formation of depth hoar

chains. Both these results agree with previous research.

Numerical Model

The intent of the model analysis was to examine the microstructural evolution for

a chain of interconnected ice grains in the presence of a temperature gradient. The

initial model geometry and boundary conditions were chosen to simulate experiment

#1 where snow was subjected to a temperature gradient of 85 K/m for a duration of

10 days. The model included 91 elements with an initial grain size of 0.001 m. Each

element included one grain and bond. This configuration modeled the 9 cm of snow

located between the top and bottom thermocouple on the experimental array. The

initial bond radius to grain radius ratio was arbitrarily chosen to be 0.05 and the pore

volume was determined based on an initial snow density of 120 kg/m3. The roughly

annulus shape of the pore volume was dictated by the size of the grains and bonds.

The model was used to observe the evolution of several key parameters that de-

scribe the metamorphism. These include the temperature field, mass flow between

the ice and pore, and the entropy production due to heat conduction and mass flow.

Temperature Distribution

The model is based on the assumption that the total energy flow into a grain must

flow out through the adjacent bond or via latent heat exchange with the pore space.

The total heat transfer into the pore was at least one order of magnitude smaller

than for conduction between the grains and bonds. Therefore, the vast majority of

the heat that entered a grain must exit through a bond. The cross-sectional area
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available to transfer this thermal energy was much smaller for the bonds than for

the grains. This implies that the flux through the bonds was much higher to achieve

the same total energy flow. Since the thermal conductivity of ice is the same for

the bonds and grains, the only way to have different fluxes was for the temperature

gradients to be different. Figure 6.53 shows the temperature profile through the snow

at the beginning of the test.

The steps in the plot indicate a steeper temperature gradient was present in the

bonds than in the grains. The overall slope of the plot is equal to the global gradient

85 K/m which corresponds to the gradient measured over the thermocouple array

in the experiment #2. The gradient over the bonds was 250 times larger than the

gradient over the grains at the start of the test.

As the metamorphism progressed, the bond to grain ratio increased, as shown

in figure 6.54. Since the grain radius did not increase significantly, the increasing

bond to grain radius ratio was driven by the bonds getting larger. The bond radius

increased from 0.05 mm to 0.3 mm while the grain radius only increased from 1 to

1.01 mm over the ten day duration. This resulted in an increase in cross-sectional

area of the bonds and consequently reduced the temperature gradient required to

force the heat flow through the bond.

At the end of the simulation, the gradient across a typical bond had decreased

from 250 to less than 8 times the gradient over the neighboring grain. Thus, the

increase in bond size reduced the temperature difference bringing the bond closer to

thermodynamic equilibrium. This is an example of mechanical changes being driven

by the thermodynamics of the system and the need to move toward equilibrium.
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Figure 6.54: Variation of bond radius to grain radius ratio over time.
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Mass Flow

As shown in the laboratory experiments, the effective thermal conductivity

changed rapidly at first and then approached a steady-state value for a constant set

of boundary conditions. Previous research has shown that the effective conductivity

is directly related to the snow microstructure [41, 45, 44]. This implies that as the

conductivity approaches a constant value, the microstructure approaches an optimum

configuration that will persist in time. For this to be true, mass flux from the pore

space onto the ice should taper off as the test progresses. The model was used to

examine this phenomenon.

Figures 6.55a and 6.55b shows the mass flux onto the surface of a grain and bond

at mid-depth, respectively. The negative sign on the fluxes shows the direction of

mass flow is onto the ice, adding mass. The decreasing magnitude indicates that

the rate of metamorphism is decreasing with the formation of ice chains. A decrease

in diffusive mass flux was also observed in experiment #6. Since the mass flux is

approaching zero, the system is moving toward equilibrium where no flow is present.

Similar to the reduction in the temperature gradient over the bonds, the formation

of ice chains is also driven by a need to eliminate the flow of mass between the ice

and pore and bring the system closer to equilibrium.

The bonds and grains both increased in size due to the mass flow caused by the

imposed temperature gradient. The mass flux onto the bond was initially two orders

of magnitude larger than for the grain. As the bonds grew, the difference in fluxes

diminished quickly. However, an order of magnitude still separated the fluxes after ten

days. This indicates that the metamorphic rate slowed significantly, but the system

was still evolving toward a column of ice with equal bond and grain radii.
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Figure 6.55: Variation of modeled mass flux onto a (a) grain and (b) bond at mid-
depth.
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Entropy Production

Two ways to calculate entropy production rate in snow are on a per unit

mass (specific) and per unit volume (density) basis. The basic relations to

calculate the specific entropy production rates for conduction (equation (2.20)[
γcon = 1

ρ

[
qc ·∇

(
1
T

)]
≥ 0
]
), enthalpy flow (equation (2.21)

[
γenth =

[
hv ·∇

(
1
T

)]
≥ 0
]
),

and mass flow (equation (2.22)
[
γmass =

∑
i

{
vi ·∇

(
−µi

T

)}
≥ 0
]
) were derived using

nonequilibrium thermodynamics in chapter 2. For a given mass of material, the spe-

cific entropy production rate indicates how irreversible and therefore inefficient the

flow associated with that material is. In the case of snow, these flows are diffusion of

water vapor, the flow of enthalpy, and conduction of heat in the ice.

The general nonequilibrium relations for specific entropy production rate were

further developed for application to snow metamorphism in chapter 4. The specific

entropy production rates for vertical conduction in the ice and conduction resulting

from phase change were calculated using equations (4.20)

[
γcon y = kice

ρiceθ2

(
∂θ
∂y

)2
]

and

(4.19)
[
γcon ec = kice

ρiceθ2

(
∂θ
∂x

)2
.
]
, respectively. Specific entropy production rates for en-

thalpy flow in the vertical direction and due to phase change between the ice and

pore were calculated using equations (4.16),

γenth y = [h0 + cp (T − T0)]

[
DL

RT 4

](
∂T

∂y

)2

·

and (4.17), respectively.

γenth ec = − D

∆x

[
exp

(
2σ

ρiceRT0ρs

)
exp

(
L

R

(
1

T
− 1

Ts

))
− 1

]
...

[
(T − Ts)

∆x

]
[h0 + cp (T − T0)]

T 2
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Specific entropy production rates corresponding to mass flow in the vertical direc-

tion and due to phase change were calculated using equations (4.14),

γdiff y = [L− (h0 + cp (T − T0))]

[
DL

RT 4

](
∂T

∂y

)2

and (4.15), respectively.

γdiff ec = − D

∆x

[
exp

(
2σ

ρiceRT0ρs

)
exp

(
L

R

(
1

T
− 1

Ts

))
− 1

]
...

[
(T − Ts)

∆x

]
[L− (h0 + cp (T − T0))]

T 2
.

Figures 6.56a and 6.56b show contributions to the total specific entropy production

rate for heat conduction and mass flow occurring in the vertical direction and due to

phase change, respectively. Since the total specific entropy production rate is a scalar

value, the individual contributions from each process are not intended to represent

the components of a vector quantity. They are separated for the sake of examining

the importance and evolution of the various process occurring in the vertical direction

and due to phase change.

In the vertical direction, the specific entropy production was initially highest for

heat conduction in the bonds. This was due to the large temperature gradient neces-

sary to force heat flow through the small bond area. As the bond size grew with the

formation of ice chains, the specific entropy production decreased, indicating the ice

mass of ice located in the bonds was becoming more efficient at transferring heat. The

lowest specific entropy production rate in the vertical direction was for conduction

in the grains. The larger area available for conduction made this the most efficient

process in the system.
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The specific entropy production rates for mass diffusion adjacent to the grain and

bond were nearly equal in the vertical direction and did not change significantly with

the metamorphism (figure 6.56a) . This was due to a near constant vertical flow of

mass throughout the simulation. After approximately one day, the magnitude of the

specific entropy production rates for mass flow were larger than for conduction in

either the bond or grain. This indicates that the flow of mass via diffusion was less

efficient than the flow of heat via conduction per unit mass of material involved in

the process. Since the system was evolving to move the heat more easily, it naturally

enhanced the more efficient process of conduction.

The specific entropy production rate resulting from phase change was again higher

for the mass diffusion than for heat conduction (figure 6.56b). The specific entropy

production rates associated with the bonds decreased for both mass and heat flow

with the development of ice chains. The system naturally evolved to decrease the

specific entropy production at the bonds since this was the most inefficient part of

the system.

The mass of ice involved in the conduction process was much larger than the mass

of water vapor moving via diffusion. Thus, the total entropy production rate of the

conduction was higher than for the diffusion simply due to the larger amount of mass

involved in the process. To compare the contribution of the individual processes

to the total entropy production in snow, each process was normalized to a repre-

sentative snow volume. This per unit volume description is the entropy production

rate density (σS′) with units of (W/K·m3). The control volume included one grain,

one bond, and the associated pore space. To obtain the entropy production density,

the specific entropy production rate for each process was calculated using equation

(2.20)
[
γcon = 1

ρ

[
qc ·∇

(
1
T

)]]
, equation (2.21)

[
γenth =

[
hv ·∇

(
1
T

)]]
, or equation

(2.22)
[
γdiff = v ·∇

(
− µ
T

)]
and then multiplied by the density of ice or water vapor
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Figure 6.56: Specific entropy production rate for processes occurring (a) vertical
direction and (b) due to phase change. Condgrain/bond refers to heat conduction in
the grain and bond, respectively. Diffgrain/bond refers to diffusion of water vapor in
the pore space adjacent to the grain and bond, respectively. The specific entropy
production rates for vertical diffusion adjacent to the grain and bond were nearly
equal.
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Figure 6.57: Entropy production rate density for processes occurring (a) parallel (ver-
tical) to the applied temperature gradient and (b) due to phase change. Condgrain/bond

refers to heat conduction in the grain and bond, respectively. Diffgrain/bond refers to
diffusion of water vapor in the pore space adjacent to the grain and bond, respectively.
The entropy production rate densities for vertical diffusion in the grain and bond were
nearly equal.
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Figure 6.58: Specific entropy production rate for processes occurring (a) vertical
direction and (b) due to phase change. Enthgrain/bond refers to enthalpy flow in pore
space adjacent to the grain and bond, respectively. Diffgrain/bond refers to diffusion
of water vapor in the pore space adjacent to the grain and bond, respectively. The
specific entropy production rates for vertical mass diffusion adjacent to the grain and
bond were nearly equal. Similarly, the vertical rates for enthalpy flow were also nearly
equal.
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Figure 6.59: Entropy production rate density for processes occurring (a) parallel (ver-
tical) to the applied temperature gradient and (b) due to phase change. Enthgrain/bond

refers to enthalpy flow in pore space adjacent to the grain and bond, respectively.
Diffgrain/bond refers to diffusion of water vapor in the pore space adjacent to the grain
and bond, respectively. The entropy production rate densities for vertical diffusion in
the grain and bond were nearly equal. Similarly, the vertical rates for enthalpy flow
were also nearly equal.
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depending on the process. This value was then multiplied by the volume of ice or

pore and then divided by the control volume. This yielded the entropy production

rate density for conduction or diffusion per unit volume of snow.

Figures 6.57a and 6.57b show the entropy production rate densities of the conduc-

tion and mass diffusion processes in the vertical direction and due to phase change,

respectively. The first important result to note is the order of magnitude differ-

ence between the two plots. The processes occurring in the direction parallel to the

applied temperature gradient (vertical) contribute more entropy to the total than

the processes perpendicular to the gradient. This result is logical since the applied

temperature gradient and the majority of the heat flow was in the vertical direction,

making these processes more active.

Conduction in the vertical direction had a significantly higher entropy production

density compared to mass diffusion (figure 6.57a). As the snow systems in experiments

#1 through #3 evolved to approach equilibrium, they increased the production of

entropy because they could not eliminate the fixed temperature gradient. If the goal

of the system was to produce entropy as fast as possible, changes that intensify the

largest entropy producing processes will promote this. Since vertical conduction in

the grain and bond produce entropy at the fastest rate per unit volume of snow,

the evolution of the microstructure seeks to enhance these processes most. This is

apparent in the formation of ice chains that ultimately cause an increase in heat

conduction through the ice matrix. As the bonds grow, the amount of material

producing entropy per unit volume increased. This resulted in an increase in the

entropy production rate density for vertical conduction in the bonds, as shown in

figure 6.57b.

The entropy production rate density due to phase change for mass diffusion was

significantly higher than for conduction (figure 6.57b). The rate for diffusion at the
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bond decreased rapidly with the formation of ice chains but remained one order of

magnitude higher than the next highest entropy producing process after ten days.

Since the snow system spontaneously increased the bond size, it follows that mass

diffusion at the pore would be the most active process. The entropy production rate

density for diffusion at the bond decreased and appeared to approach a steady state

value. This result corresponds to the decreasing mass flow rate at the bonds shown in

figure 6.55b. The effective thermal conductivity in the laboratory experiments showed

a similar transient change that approached a steady state value. This result verifies

that the rate of metamorphism, responsible for reorganizing the microstructure and

increasing the effective thermal conductivity, is driven by the mass flux at the bonds.

The specific entropy production rates for enthalpy and mass flow were very similar.

The only difference was between the [h0 + cp (T − T0)] term in the enthalpy flow equa-

tions ((4.16),(4.17)) and the [L− (h0 + cp (T − T0))] term in the mass flow equations

((4.14), (4.15)). The specific entropy production rates for the mass flow varied from

the enthalpy relations by the difference between the latent heat of sublimation (L)

and the specific enthalpy of water vapor [h = h0 + cp (T − T0)]. Figures 6.58a and

6.58b illustrate this finding. A similar offset was observed in the entropy production

rate densities, as shown in Figures 6.58a and 6.58b. Clearly, the mass flow dictates

the rate of entropy production associated with the flow of enthalpy. The entropy

production resulting from enthalpy flow represents the additional entropy produced

in the system by the coupled interaction of heat and mass flow.

Similar to the mass flow, the specific entropy production rate from enthalpy flow

was greater than for heat conduction. This implies that conduction in the ice is more

efficient at moving heat than enthalpy flow in the pore. The development of depth

hoar chains improves the efficiency of the system at transporting heat by enhancing

the conduction rather than the less efficient enthalpy flow.
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Numerical Model Summary

The numerical analysis has shown that the formation of ice chains results from

the system driving to reach equilibrium, similar to the laboratory experiments. The

reduction of the temperature gradient over the bonds and the decreasing mass flux due

to phase change over the duration of the test are two examples of this phenomenon.

Examination of the specific entropy production rate for each process determined that

conduction in the ice was more efficient than diffusion of mass. Thus, the system

evolved to intensify the conduction processes by increasing the bond size and enhanc-

ing the conduction pathways through the ice. The specific entropy production rate

was found to be higher for the bonds than for the grains. As the microstructure

evolved, the increase in bond size reduced the specific entropy production rate in the

bonds making the system more efficient. Thus the formation of ice chains was driven

by the system becoming more efficient in an effort to facilitate equilibrium.

Since the snow system could not eliminate the temperature gradient, the evolu-

tion sought to increase the total entropy production. This was best accomplished by

affecting the processes that produced entropy at the fastest rate and contributed the

most to the total entropy production density of the snow. The process that produced

entropy at the fastest rate for a given volume of snow was heat conduction in the

vertical direction. By altering this process with the formation of ice chains, the mi-

crostructural changes were most effective in bringing the system and its surroundings

closer to equilibrium.

Overall, the nonequilibrium thermodynamic model provided verification for the

trends observed in the laboratory experiments as well as previous field observations.

This examination of snow metamorphism at the grain scale provided valuable insight

into the driving forces behind the evolution of snow microstructure and the formation

of depth hoar chains.
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Summary

The second law of thermodynamics states that an isolated system will tend toward

a state of equilibrium where the free energy is minimized, all gradients are eliminated,

and the entropy is maximized. Due to the nonequilibrium conditions imposed on

the snow, none of the systems were permitted to reach thermodynamic equilibrium.

The evolution of the systems observed in the laboratory experiments and analytical

model indicated that the systems were driven to a configuration that moved heat more

efficiently. Depending on the conditions, these changes either eliminated gradients or

increased the production of entropy. In all cases, a decreasing trend was observed in

the free energy and the changes ultimately brought the systems and their surroundings

closer to equilibrium.

The results presented in this chapter are consistent with the examples described

in chapter 2 regarding the division of fluid flow in parallel pipes. When the pressure

drop was specified over the pipe lengths, the system was not permitted to move

toward equilibrium where the pressure drop would be zero. In this case the flow

rates in each pipe were spontaneously arranged to maximize the total flow rate. This

resulted in a maximization of entropy production similar to that observed in the fixed

temperature gradient experiments with snow. When the mass flow rate was fixed in

the pipe example, the flows divided among the pipes according to the smallest pressure

drops, thus minimizing the entropy production. This corresponds to the fixed heat

flux experiments with snow where the temperature gradient and entropy production

rate decreased over time.

The general trend of a nonequilibrium system involving heat and mass flow tend-

ing toward equilibrium will prove useful in future snow modeling efforts to ensure

realistic results. If a model predicts a change in the snow system that moves it away
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from thermal equilibrium, this result should be reviewed with caution. Improved

understanding of snow metamorphism will also improve the meteorological models

that are used to predict the formation of weak layers in snow. Avalanche forecasters

use these models to supplement field observations as well as to anticipate unstable

conditions occurring in areas

In addition to providing insight into snow metamorphism, the current research

represents a new application of nonequilibrium thermodynamics to a problem in the

natural world. The difficulty in using nonequilibrium theories is sufficiently defining

and bounding the problem so that the entropy production rates can be calculated.

The requirement that equations (2.19) through (2.22) be greater than or equal to

zero provides a check that the problem is being correctly evaluated. The farther

the specific entropy production rates are from zero, the more inefficient the process

is. For the entropy production rates per unit volume, a higher entropy production

rate indicates the process is more actively involved in the nonequilibrium system.

This helps to designate the processes of importance that should be the focus of the

analysis.
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CONCLUSIONS AND RECOMMENDATIONS

Snow is a thermodynamically active material that can adapt and evolve with the

surrounding environment. This unique behavior results from snow existing near its

triple point at normal atmospheric conditions. Fluctuations in the thermal conditions

around the snow can cause a rearrangement of the microstructure that determines the

material properties. In the presence of a sufficient temperature gradient or imposed

heat flux, an initially isotropic arrangement of snow crystals can reorganize into ice

chains oriented in the direction of heat flow. This process is referred to as kinetic

metamorphism and the resulting morphology is called depth hoar. This microstruc-

tural evolution is responsible for changes in the effective thermal conductivity as

well as the strength and fracture propagation characteristics of snow that control the

formation of avalanches.

This research proposed that the microstructural evolution of snow is not arbitrary.

In fact, the changes are dictated by the requirement that all systems progress toward

equilibrium in accordance with the second law of thermodynamics. At equilibrium,

the free energy in a system is minimized and the entropy reaches a maximum value.

The conditions that produce depth hoar chains do not allow the system to reach

equilibrium. Instead, a fixed temperature gradient or imposed heat flow result in a

state of nonequilibrium. As the system evolves, some processes dissipate to move

the system as close to equilibrium as possible. For the processes that persist, their

entropy production rates provide an indicator for the progression of the system toward

equilibrium.

The field of nonequilibrium thermodynamics was developed as a means to inves-

tigate systems that are prevented from reaching equilibrium by the boundary con-

ditions. These systems are described by the potential gradients and the resulting
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flows. In the case of snow metamorphism, gradients in temperature and specific

Gibbs potential drive the conduction of heat and diffusion of mass, respectively. [17]

won a Nobel prize by showing that the concept of entropy production rates (σs′)

connects the forcing gradients (Xi) to the resulting flows (Ji) according to equation

(2.24) [σs′ =
∑

i JiXi]. Rather than representing the system using state variables

that describe equilibrium states, the forces and flows that preclude equilibrium are

used. Application of nonequilibrium thermodynamics to snow metamorphism in the

current research provides new insight into the evolution of the microstructure and the

resulting material properties.

Laboratory Experiments

A series of laboratory experiments were conducted to examine changes in the

microstructure and material properties for snow experiencing kinetic metamorphism.

The concepts of nonequilibrium thermodynamics were applied and the forces and flows

present during metamorphism were examined. Temperature and heat flux measure-

ments were made so that the effective thermal conductivity and entropy production

rates could be calculated. Five closed system experiments were performed: three with

fixed temperature boundary conditions and two with a fixed heat input at the snow

base. All experiments exhibited similar microstructural changes with the formation

of depth hoar chains. The average effective thermal conductivity also increased in

the direction of heat flow and tended toward a constant value for all tests. This was

the first time temperature gradient and flux boundary conditions have been applied

to similar snow samples for comparison in a controlled laboratory setting. The re-

sults indicate that snow will tend to develop ice chains regardless of the boundary

conditions, as long as sufficient heat flow is induced.
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Microstructural changes in snow are the result of phase changes that occur at

constant temperature and atmospheric pressure. For this reason, the Gibbs free

energy or Gibbs potential was used to evaluate the progression toward equilibrium. A

spontaneous reaction always results in a negative change in the total Gibbs energy of a

system. Since the Gibbs energy reaches a minimum value at equilibrium, a decreasing

trend in the total Gibbs energy over time indicates that the system is spontaneously

moving toward equilibrium. For all experiments performed in the current research, the

average Gibbs energy displayed a decreasing trend with the formation of ice chains.

This result showed that the systems progressed toward equilibrium by the need to

drive the free energy to a minimum value. This behavior is required by the second

law of thermodynamics.

Since no gradients can exist in a system at equilibrium, decreasing trends in the

gradients of temperature and specific Gibbs energy over time also indicate that the

system is moving toward equilibrium. For the constant heat input experiments, the

base temperature was allowed to fluctuate while the top temperature was in equilib-

rium with the laboratory air. The resulting increase in effective thermal conductivity

caused the base temperature to cool. This reduced the temperature gradient, the

gradient of specific Gibbs potential, and the entropy production rate density. The

resulting microstructural evolution moved the system closer to equilibrium in which

case, no gradients would be present and the rate of entropy production would be zero.

For the fixed temperature boundary condition experiments, the heat flux at the

base varied to maintain a constant base temperature. The top surface boundary

was again in equilibrium with the laboratory air. Similar to the fixed heat input

experiment, the effective thermal conductivity increased in an effort to move heat

more efficiently and eliminate the temperature gradient. In this case, the heat input

was increased to keep the base temperature and the temperature gradient constant.
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Even though the experiment was designed to have constant temperature boundaries,

the evolution of the system slightly reduced the average snow temperature and the

temperature gradient across the snow. This resulted in a decreasing trend in the

Gibbs energy and the gradient of the specific Gibbs energy. Both of these results

indicate that the system was moving toward equilibrium.

The increase in heat flux required to maintain the base temperature caused the

entropy production rate density to increase. This increasing trend occurred because

the system was not permitted to eliminate the temperature gradient to facilitate

equilibrium. Instead, the system evolved to increase the entropy of the surroundings.

Since entropy reaches a maximum at equilibrium, and the snow was not allowed to

progress toward equilibrium, it evolved to move the surroundings toward equilibrium.

These results illustrate that regardless of the boundary conditions, microstructural

changes in snow are driven by the requirement of the second law of thermodynamics

that all systems spontaneously progress toward equilibrium whenever possible. The

fixed temperature versus fixed heat flux conditions resulted in opposing nonequilib-

rium behaviors; the heat flow and entropy production rate increased for fixed temper-

ature experiments while the forcing gradient (temperature) and entropy production

rate decreased for fixed flux conditions. This occurred even though the evolution of

the material properties and microstructure were similar. These results are significant

to the field of nonequilibrium thermodynamics since this is the first documented case

of a material exhibiting this behavior.

One open system experiment subjected to fixed temperature boundaries was un-

dertaken to measure the mass flux exiting the snow surface. The mass flux through

the snow was driven by a gradient in the specific Gibbs potential resulting from the

imposed temperature gradient or heat flow. Since water vapor is an ideal gas, the

mass flux can be put in terms of a concentration gradient using Fick’s law of diffusion.
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The concentration gradient and mass flux decreased slightly with the formation of

depth hoar chains, moving the system closer to equilibrium. The effective diffusivity

of the snow remained nearly constant with a magnitude slightly less than the diffu-

sivity of water vapor in air. Similar to the closed system experiments, the effective

thermal conductivity increased in the direction of heat flow. The entropy production

rate remained nearly constant due to a slight decrease in the forcing gradient and

an increase in the heat flux. This behavior shows a system dissipating the potential

gradients while producing entropy as fast as possible in an effort to simultaneously

satisfy both requirements of the second law of thermodynamics.

Snow samples were removed from the experiment every six days and imaged with

a micro-CT scanner. Vertical sections through the snow showed the formation of ice

chains while horizontal sections captured the growth of cup shaped crystals. Three

dimensional analyses of the images determined that the specific surface area was

decreasing with the formation of ice chains. This agreed with previous measurements

of specific surface area using gas adsorption techniques [72, 73]. The porosity and

corresponding snow density fluctuated slightly between samples but did not exhibit

an increasing or decreasing trend. This confirmed previous observations that the snow

density does not change with the development of depth hoar [50, 51].

Numerical Model

An existing analytical model was modified to examine the formation of ice chains

and the associated changes in the temperature field, mass flow, and entropy pro-

duction rate at the grain scale. The model geometry included a chain of spherical

grains linked together with round contact areas. The simulated snow was subjected to

fixed temperature conditions at the boundary grains to produce a global temperature
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gradient. This resulted in a chemical potential gradient that drove mass flow and

reorganized the microstructure. Similar to the laboratory experiments, the concepts

of nonequilibrium thermodynamics were used to describe the system. The forcing

gradients and the resulting flows were examined to observe the system’s progression

toward equilibrium.

As the metamorphism progressed, the bonds grew in size and the ice chain be-

came more cylindrical. This caused the local temperature gradients over the bonds

to decrease, bringing the system closer to equilibrium. The mass flux between the ice

and pore space, responsible for altering the microstructure, decreased as the model

progressed. This indicated that the system was tending toward a steady state, closer

to equilibrium, where the microstructure would persist in time. Since the microstruc-

ture determines the effective thermal conductivity, this supports the trend observed

in the experiments where the conductivity approached a constant value.

The specific entropy production rate for the heat flow in the ice was lower than

for the mass and enthalpy flow in the pore. The conduction in the ice was therefore a

more efficient way to move heat than via the latent heat flow associated with the mass

diffusion. This was the reason that conduction was enhanced by the metamorphism

rather than spontaneously increasing the mass flow. For a different set of environ-

mental conditions, the mass flow might be a more efficient way to move heat. In this

case, the system would have evolved to allow for increased mass flow in the pores.

This might occur if the boundary conditions were sufficient to induce bulk air flow in

the pore space through natural convection.

Since the total mass of the ice present in snow was much larger than the mass

of water vapor, the entropy production rate per unit volume of snow was higher for

conduction. In other words, the conduction was the greatest contributor to the total

entropy production rate in the snow. Experiments showed that snow subjected to
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fixed temperature boundary conditions evolved to increase the total entropy produc-

tion rate. The best way to accomplish this is to enhance the process with the highest

entropy production rate density, in this case, conduction in the ice.

The objective of examining snow metamorphism using nonequilibrium thermo-

dynamics to determine the driving forces behind depth hoar formation was accom-

plished. The forcing potential gradients that cause flows of heat and mass within

the snow were quantified. The rate of entropy production that relates these forces

and flows was used to examine the progression of each system toward equilibrium.

Depending on the boundary conditions, the system evolved to eliminate the forcing

gradients or maximize the entropy production. Thus, the microstructural evolution of

snow is driven by the requirement that a system progress toward equilibrium whenever

possible in accordance with the second law of thermodynamics.

Recommendations for Future Research

As with any experimentally based research project, additional data adds credi-

bility to the results. The techniques used in this research to measure the diffusive

mass flux through snow are ground breaking. Future experiments that quantify the

effective diffusivity of snow using this equipment will provide valuable insight for the

material properties used in analytical modeling.

Quantification of the microstructure through micro-CT analyses provides impor-

tant geometric information for those seeking to understand fracture propagation in

snow. This research verified that depth hoar crystals are connected by ice chains that

form in the direction of heat flow. The organization of snow into vertical ice columns

provides a weak layer that can propagate a fracture over long distances. The lateral

interconnection and distribution of these columns is crucial to predicting the dynamic
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behavior during a progressive rupture of the system. Future imaging efforts should

include large enough samples to capture this information.

The application of fixed temperature versus fixed heat flux boundary conditions

was utilized to examine opposing trends in the rates of entropy production density

(minimization versus maximization). This newly discovered behavior is unique to

snow metamorphism. The original intent was to drive two snow samples through

similar metamorphism and end in the same final morphology and nonequilibrium

state using different boundary conditions. Unfortunately the initial conditions of

the experiments did not allow the systems to arrive at the same final temperature

gradients and average temperatures.

For the systems subjected to different boundary conditions to end in the same

nonequilibrium state, the base temperatures (as well as air temperatures) at the end of

the experiments needed to be equal. For the fixed temperature gradient experiments,

the base temperature was held near freezing. The base temperature for the fixed heat

flux experiments started near freezing and always decreased with the metamorphism.

Since the two systems started with the same base temperature, they could not end

in the same nonequilibrium state. An additional fixed temperature experiment is

necessary where the base temperature is set significantly below freezing. This way,

the base temperature for the fixed heat flux could start near freezing and decrease to

a final state, equivalent to the fixed temperature boundary conditions. If the systems

ended in the same state, the entropy production rate densities would converge after

trending in opposite directions.

Entropy production analyses have been applied to a wide range of problems from

modeling the Earth’s climate to engineered industrial processes. This research is the

most comprehensive effort to calculate and examine the entropy production rates for

processes occurring in snow during kinetic metamorphism. Each time these techniques
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are applied to a new problem, the subtleties of the second law of thermodynamics are

exposed and a deeper understanding of the natural evolution of physical systems is

achieved. Hopefully this project has made the concept of entropy more practical and

will promote its continued application to a wide variety of scientific problems.
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