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Abstract:
A model is proposed for the generation of the basic data of an acute toxicity test, the survival times of
the test organisms at the various concentrations. The model is based on a one compartment open model
for the internal kinetics of toxic substances together with the concept of a tolerance distribution. It leads
in a natural way to a function giving the true median survival time for a population exposed to a fixed
environmental concentration of some toxin, the toxicity curve. This form for the toxicity curve is tested
by being fit by least squares to the median survival times of trout fry exposed to high environmental
concentrations of ammonia. A hypothesis test to determine which concentrations actually fall within
the domain of definition of the toxicity curve is developed and applied to these experimental data. After
application of the test, the lower concentrations are eliminated, and the model is seen to fit the
remaining data points.

The strong consistency of parameter estimates obtained from fitting nonlinear functions to sample
medians by least squares is investigated. It is shown that increasing the number of concentrations does
not guarantee strong consistency. However, for a restricted class of functions, increasing the number of
concentrations together with the number of organisms per concentration produces strongly consistent
parameter estimates. 
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ABSTRACT

A model is proposed for the generation of the basic data of an 
acute toxicity test, the survival times of the test organisms at the 
various concentrations. The model is based on a one compartment open 
model for the internal kinetics of toxic substances together with the 
concept of a tolerance distribution. It leads in a natural way to a 
function giving the true median survival time for a population expos
ed to a fixed environmental concentration of some toxin, the toxicity 
curve. This form for the toxicity curve is tested by being fit by 
least squares to the median survival times of trout fry exposed to 
high environmental concentrations of ammonia. A hypothesis test to 
determine which concentrations actually fall within the domain of 
definition of the toxicity curve is developed and applied to these 
experimental data. After application of the test, the lower concen
trations are eliminated, and the model is seen to fit the remaining 
data points.

The strong consistency of parameter estimates obtained from 
fitting nonlinear functions to sample medians by least squares is 
investigated. It is shown that increasing the number of concentra
tions does not guarantee strong consistency. However, for a restrict
ed class of functions, increasing the number of concentrations together 
with the number of organisms per concentration produces strongly con
sistent parameter estimates.



I. INTRODUCTION

1.1 Quantal Response Acute Toxicity Bioassays

A quantal response acute toxicity bioassay is a study in which 

randomly selected members of a population of organisms are challenged 

by various doses of some toxic substance, either introduced directly 

(e.g. injection) or through their environment (e.g. in the air or 

water in which they live). The sample of organisms is randomly divided 

into a number of subsamples, each subsample receiving a different dose 

of the toxicant. In a quantal response bioassay the measured response 

is binary, either occurring or not occurring in each organism, and in 

an acute toxicity bioassay the measured response is death. The object 

of such a study is usually to determine the relative toxicity of the 

toxicant being tested, often with the purpose of setting safe environ

mental levels of the chemical.

We will have in mind throughout the example of acute toxicity bio

assays conducted on aquatic organisms during which the toxicant is in

troduced into their environmental water. Standard general references 

for bioassays involving aquatic organisms are APHA (1980) and Sprague 

(1969).

In Chapter 3 the data from a study of the toxicity of ammonia to 

cutthroat trout fry (3g) will be presented and analysed (Thurston et al. 

1978). A short description of the protocol for this experiment will 

serve to exemplify the general discussion given above.

In each of these tests (nos. 192 and 193 in Thurston et al. 1978).
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sixty cutthroat trout fry were randomized into six flow-through tanks, 

ten to a tank. One of the tanks served as a control receiving only the 

dilution water, while the water in the other five tanks was maintained 

at a nearly constant concentration of ammonia, a different concentration 

in each tank. Periodically, the number of survivors in each tank was 

recorded. These data, the number of survivors at various times through

out the study together with the concentrations of ammonia in their watei; 

constitute the basic data of the study.

The toxicity of a substance to a population of organisms is usually 

measured as the median lethal concentration, abbreviated LC50. The LC50 

is defined as that concentration which will kill exactly half of the 

population. However when the toxicant is introduced via the environment^ 

a lower environmental concentration will kill the same fraction of a pop

ulation over a longer period of time as a higher concentration applied 

for a shorter period. Thus the LC50 is a function of time of exposure, 

and we speak of the 48-hr LC50, the 96-hr LC50, etc.. The subject of 

this paper is statistical inference concerning the relationship among 

environmental concentration, exposure time, and degree of mortality in 

the population; specifically, the statistical estimation of the toxicity 

curve, the definition of which begins the next section.

1.2 The Toxicity Curve

Definition 1.1. The toxicity curve is a curve on the (cone., time) 

or (time, cone.) plane such that for a given concentration the
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corresponding time coordinate is the time it takes for 50% mortality 

to occur if the population is challenged by that environmental concen

tration, and such that, for a given time, the corresponding concentra

tion coordinate is that environmental concentration which will produce 

50% mortality in the population in that time.

This thesis will present a derivation, based on a compartmental 

model for toxic action, of the functional form of the true toxicity 

curve, propose an estimation method, and give some results concerning 

the strong consistency of the method. But first, let us review some of 

the methods currently used and/or advocated by others.

1.3 LCSO-Based Methods

One philosophy of estimation views the toxicity curve as a plot of 

LC50 versus exposure time. At several time points during the course of 

the bioassay, the mortality at each concentration is noted, and the esti

mated LCSO's for these exposure times are calculated. The various 

methods used for this computation fit a curve to a plot of fraction 

responding versus concentration and estimate that concentration at which 

the height of the true CDF is .5. Details can be found in APHA (1980) 

and Finney (1978) as well as other sources. The estimated toxicity 

curve is a curve fit to the resulting data points.

There are however several different versions of the LC50-based 

method. There is little agreement on the scales to use for the ab

scissa and ordinate or, indeed, which variable should appear on which
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axis. For example APHA (1980) recommends a plot on a log-log scale 

with log-exposure-time serving as ordinate. Others (Cardwell et al. 

1976) have used the double log scale with log-LC50 as ordinate. Still 

others (Thurston et al , 1978, Chackoumakos et al . 1979) have used

linear scales for both axes with LCSO as the ordinate.

Most statisticians would prefer to use LCSO (transformed or un

transformed) as the ordinate. The LCSO is the data-based estimator for 

the data points generated as described above and thus contains the 

random variation in the problem, while time (transformed or untrans- 

formed") plays the role of the "independent" variable in the regression 

sense.

The practice of using a logarithmic scale for exposure time dates 

back at least to 1937 (Bliss 1937) and stems from the belief that sur

vival distributions for organisms under stress are suitably modeled by 

the lognormal family of distributions as well as the empirical observa

tion that in many experiments the probit1 of proportion surviving 
plotted against the logarithm of exposure time seems to fit a straight 

line (Sprague 1969). This is explained as being due to the

... logarithmic nature of biological time. (For example, to a 
fish which has been exposed for one minute, an additional minute, 
would double his exposure. To a fish exposed for an hour, an 
additional minute would be insignificant, and doubling his ex
posure would require another hour.) (Sprague 1973)

The use of a transformation considered appropriate for inference

1Probit(P) = $ 1(p) + 5 where $ is the standard normal CDF.
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concerning survival time at a fixed concentration has simply been 

carried over to the problem of estimating the toxicity curve.

The use of the logarithmic scale for concentrations is based on a 

supposition of lognormal tolerance distributions for most populations 

challenged by toxic agents (Bliss 1957). The definition of the term 

tolerance distribution requires two preliminary definitions.

Definition 1.2. The term dose refers to the amount of a substance 

which actually enters the organism (APHA 1980). (Note the distinction 

between the dose and the concentration in the environment.)

Definition 1.3. The tolerance of an individual to a substance is 

the dose of the substance which will just produce the quanta! response 

of interest in that individual (Finney 1978). In the case of acute 

toxicity tests this is the division point between a fatal dose and a 

nonfatal dose for that individual.

Definition 1.4. For a given population and a given substance the 

tolerance distribution is the probability distribution of the tolerance 

of a randomly selected member of the population (Finney 1978).

In pharmacology, where the dose tends to be given by injection, 

the fraction responding is plotted on a probit scale against log-dose 

in an effort to produce a straight line dose-response relationship. An

estimate of the median of the tolerance distribution (called the LD50 
if the quantal response is death or ED50 for "median effective dose"
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if the response is not death) is then computed from the dose-response 

curve.

By analogy with pharmacological practice, many researchers conduct

ing acute toxicity bioassays, in which the dose is administered via 

the environment, plot the fraction dead (probit scale) at a particular 

time versus log-concentration and use the same methods as pharmacolo

gists to compute the LC50 for that exposure time. However in the latter 

situation it is not the tolerance distribution but dose which is chang

ing over time. Unless it can be shown that dose is a particular kind 

of function of concentration and exposure time (proportional to the 

product of exposure time and a positive power of concentration, for 

example), there is no reason to expect the concentration-response re

lationship to be linear under the probit-log transformations.

In any case no claim is made that the plot of Iog-LC50 as ordinate 

and log-exposure-time as abscissa should yield a straight line toxicity 

curve. The transformations are simply a carryover from methods used to 

solve two related but essentially different problems. In the absence 

of a compelling reason to transform, it would seem a specious practice.

Therefore the best representative of the LC50-based methods would 

appear to be a curve fit to a plot of (exposure time, LC50) points ex

pressed in their original units.

1.4 Criticisms of LCSO-Based Methods

Two objections to the use of any LC50-based method can be raised.
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The first concerns the difficulty in making the usual regression-type 

inferences with respect to the toxicity curve, and the second concerns 

an intuitive feeling that a substantial amount of information is sacri

ficed by this approach.

1.4.1 Inferential Difficulties

Suppose one were confronted with a set of n (t, LC50) data points 

generated by the process described above. The usual approach is to fit 

an estimated toxicity curve to these points using least squares methods 

with LC50 as the dependent variable and time t as the independent vari

able. Estimates produced in this fashion are seldom accompanied by 

standard error or confidence interval estimates since the usual in

ference statements concerning regression analyses are not valid in 

this context.

For example, imagine that a straight line model is considered 

suitable for the range of time points under consideration (a simple 

situation that avoids nonessential details). Now suppose that one 

wants to construct a confidence interval for the true LC50 at a time 

point t* which was not part of the data set. Standard methods (e.g., 

Dunn and Clark 1974, formulas 10.23-10.25) would yield an interval of
i-

width roughly inversely proportional to n .

But notice that, other things being equal, the size of the exper

iment has little bearing on the width of this confidence interval. 

Whether the bioassay utilized 5 concentrations with 10 organisms per
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concentration or 50 concentrations with 100 organisms per concentration 

matters little because the number of data points n simply equals the 

number of times the progress of the experiment was checked and an LC50 

calculated. Most scientists would prefer to have estimates of precision 

depend on the data themselves rather than on the diligence of the data 

gatherer.

Furthermore, each point generated by the method of the previous 

section is based on the responses of exactly the same set of individuals, 

Thus the LC50's are stochastically dependent, and the pattern of de

pendence is extremely complicated. There seems to be no tractable in

ferential technique in classical regression theory for dealing with this 

lack of independence between data points.

1.4.2 Loss of Information

In the opinion of several researchers the LC50 regressed on time 

approach neglects important information about relative toxicity contain

ed in the survival times of the experimental organisms.

Sprague (1969) reports:

Criticism as a research method centres mainly on using data in its 
quantal form (reacted or not reacted at an arbitrary time) instead 
of utilizing the graded time-response which is available. Each 
animal supplies more information if its survival time is measured, 
rather than being classified as positive or negative (BLISS and 
CATTEL, 1943). If most of the animals die during the test, "neg
lect of the information conveyed by the detailed time measurments 
may seriously reduce the precision..." (FINNEY,1964). GADDUM 
(1953) estimates that "theoretically it may be expected that 
about half the information will be lost, so that twice as many 
observations will be needed for any given degree of accuracy."
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An even higher estimate is "ten times the number of replicates to 
obtain the same confidence limits that would be reached through 
the use of the logarithmic mean time of the death time of all 
fish" (BURDICK, 1960).

The question of exactly how much information is lost through re

liance on quantal data only seems to be a very difficult one and, to 

my knowledge, has not been satisfactorily answered (despite the claims 

in the quotation above). Nevertheless, the intuition of most scien

tists would correspond with the general thrust of the above quotation. 

Most would feel that the neglect of the informationally richer continu

ous data, the survival times, must result in the loss of some inferen

tial power. See the appendix for the analysis of an analogous problem 

in a much simpler setting.

I.5 Summary

Perhaps sound inferential techniques for toxicity curves from 

data based on successive LC50 calculations can be found. For instance, 

time series methods might be profitably employed. But it is clear that, 

in the absence of a theory of errors for this specific problem, the fit

ting of a curve to the (t, LC50) points simply amounts to the descrip

tion of the progress of the bioassay by means of some smooth curve 

which cannot be accompanied by statements of precision.

A method for estimating toxicity curves, then, should use the in

formation contained in the survival times and have at its foundation 

a clear theory describing the process generating the basic data. This
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second requirement is the problem treated in chapter 2, and we shall 
see that its fulfillment naturally leads to the fulfillment of the 

first.

/



2. THE POPULATION TOXICITY CURVE

2.1 Introduction

In this chapter I shall propose a model to account for the gener

ation of the basic data in an acute toxicity bioassay. This model 

leads in a natural way to a mathematical form for the toxicity curve 

(Definition 1.1).

The model is based on a compartmental model for the kinetics of 

substances in organisms. Compartmental models in general are discus

sed in section 2.2. The particular•one used to derive the form of the 

toxicity curve is discussed in section 2.3.1, survival times in 2.3.2, 

and the resulting toxicity curve is given in section 2.4.

2.2 Compartmental Models

The terminology in this section follows Jacquez (1972).

Compartmental models are a class of models designed to analyse the 

kinetics of substances in organisms. Under these models an organism 

is considered to consist of a series of interconnected physiological 

spaces. These spaces may be very small physically, for example the 

spaces between cells in a capillary bed. Or they may be very large, 

consisting of several major organs as does the digestive tract in 

higher animals.

Definition 1.1 A compartment is an amount of material which, 

when confined to a physiological space, acts kinetically like a homo

geneous well-mixed amount of that material.
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Note that there is a distinction between the space of a compart

ment, an anatomical entity, and the compartment itself, a chemical 

entity. But in practice this distinction is blurred somewhat and no 

confusion results.

Since the spaces of compartments can be interconnected, the com

partments typically communicate with each other. The material of in

terest flows from one compartment to another by mechanisms such as 

diffusion across membranes, simple physical transfer as when food 

passes through the digestive tract, or via the bloodstream.

Compartmental models are represented schematically in various ways, 

one of which is as a group of boxes connected by arrows indicating the 

directions of transfer of the material.

The following example (Jacquez 1972, pp. 2-3) illustrates the 

concepts and their schematic representation.

Imagine two spaces which are capable of exchanging a material A 

(e.g., by diffusion across a membrane). Denote the amount of A in 

space i by i = 1,2, and represent the two compartments as shown in 
figure 2.1.

qI q2

Figure 2.1 Two Compartment System
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But suppose further that A undergoes a reaction with compound B " 

to form a complex AB. Then, if A were labeled with a radioactive 

tracer, and we wished to represent the compartments of the tracer, we 

might require the four compartment system of Figure 2.2.

-4»
<e-

xl/f

Figure 2.2 Four Compartment System

In Figure 2.2 is the amount of A (tracer) complexed with B in

physical space I, and q^ is the amount complexed with B in space 2.

If it happens that the material can pass into the environment 

from one or more of the compartments, then the system is said to be 

open. If material can enter the system from the environment, then the 

system is said to have inputs. Thus, returning to the simplest case 

of the example, if we allow excretion from compartment 2 and entry 
into compartment I we have a two compartment open model with inputs 

as shown in Figure 2.3.

^4

q2

4f t

q3
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Figure 2.3 Two Compartment Open System with Iiput

In addition to the qualitative description of the network in 

terms of its compartments and pathways, an important consideration is 

the rate of transfer of material along each pathway. These rates 

could be fixed or variable with respect to time. Frequently it is 

reasonable to assume that the rate of transfer out of a compartment 

into another one or into the environment is proportional to the size 

of that compartment. Denote the proportionality constants by f jj » 

where the first subscript denotes the destination compartment (0 if 
the flow is out of the system) and the second subscript denotes the 

source compartment. If we denote the size of the It*1 compartment at 
time t by q^(t), the input from the environment to the It*1 compartment 
as I^(t), and all transfer rates are proportional to size, then, in 

an n-compartment system, q^(t) satisfies the differential equation

(2. D q^t) - -fo A Ct) - J 1 fJ1S1W  + J 1 I11Qjto ♦ I1Ct) .

The It*1 compartment in an arbitrary n-compartment system with transfer 
rates proportional to size is diagrammed in Figure 2.4.



15

Figure 2.4 Compartment I in an n Compartment System

Letting I.. = f , + E f., we have & 11 oi j#i ji

V tj ■ +jii fD qj <l:) + 1Ict5

Defining Q = Cq^q2,.. ,qn>', I(t) = (I1Ct)fI2Ct),..., I^(t))'

and "fH  f12,,,fln

f2r f22* ',f2n

_ fnl fn2“  "fnn_
we see that the system satisfies the following linear nonhomogenous 

differential equation.

(2.2) Q = FQ + I(t)

In the example of Figure 2.3 we have

Ci1Ct)
q2(t)

with f11= f21, f22 = fI2 + fQ2

"fIl fl2 Q1Ct)
+

I1Ct)

_f 21 "f 22 q2(t) 0
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It is not possible to exhibit the general solution to equation

(2.2) in detail. However, given some observations and assumptions 

concerning the matrix F, we can give the general form of the solution 

for a form of the input function which we shall encounter later.

First observe that the matrix F is diagonally dominant 

Cfii ^ fjj) and real. These conditions imply that the real parts 

of the eigenvalues of F are non-positive and that there are no purely 

imaginary eigenvalues (i.e. the solutions are stable). Jacquez remarks 

that in most applications the eigenvalues are all real and negative, 

so if we assume this to be true it is not restrictive. Jacquez also 

remarks, "In practical problems it is rare to find multiple roots of 

the characteristic polynomial." Therefore assume that the eigenvalues 

of F are real, negative, and distinct and denote them -X^, -X^,..,-X^.

The form of the input function encountered later is I(tj = cot where 

c is the concentration of some toxic substance in the environment and 

ct is annxl vector of constants. This form of the input function im

poses the same sort of proportional transfer law on inputs as that 

which governs the transfer between compartments.

Under the assumptions of the preceding two paragraphs the It*1 
component of the solution Q(t) satisfying non-zero initial condition 

can be written in the form

(2.3) q,(t) - g a e'Xkt + c S b„ Cl-e"^)
k=l k=l
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The first of the two terms on the right hand side of equation

(2.3) is a "washout function" for compartment i. If Q(O) = 0, then 

this term is equal to zero also. The second term represents the accum

ulation of the substance in compartment i over time and, as could be 

anticipated, is asymptotically proportional to c.

2.3 A Model For Survival Times

Chapters 2 and 3 of this paper will employ the one compartment 

open model with input to address the problem of estimating the re

lationship between the size of an environmental concentration of a toxic 

substance and the survival times of a population of organisms challeng

ed by that concentration.

2.3.1 The One Compartment Open Model

Suppose that, for a given toxin and a given organism, the follow

ing assumptions are valid.

(i) Death occurs when the concentration of the toxin in some 

single critical compartment reaches the tolerance of that individual 

organism.

(ii) The volume of the space of the critical compartment is 

constant over time.

(hi) The rate at which the toxin enters the critical compartment 

is proportional to the difference between the environmental concentra

tion and the concentration in the space of the compartment.
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(iv) The rate at which the toxin is excreted from the critical 

compartment is proportional to the concentration in the space of the 

compartment.

C v ) The input and excretion mechanisms operate in the same 

manner regardless of the size of the compartment.

Assumption (i) also appears in Kooijman (1981) where the one 

compartment open model (2.5) is applied to the problem of LC50 

estimation.

In assumption (i) dose and tolerance are referred to as concen

trations rather than masses. Assumption (ii) permits this change of 

scale without introducing complications or changing the concepts.

Assumptions (Iii) and (iv) are appropriate, for example, if the 

toxin enters the space of the compartment by diffusion across a mem

brane separating the compartment and the environment (Pick’s 'Law, 

Jacquez 1972, pp. 8-9) and is washed out by some fluid which flows 

through the space of the compartment at a constant rate. The 

kinetics of a toxin which enters the gill space of fish during res

piration might reasonably be supposed to satisfy assumptions (iii) 

and (iv). But the assumptions themselves are purely quantitative and 

do not imply any particular mechanism. Thus they could hold for 

other physiological processes as well.

Assumption (v) is somewhat redundant since it is implicit in

(iii) and (iv). However it is conceivable that at high concentrations
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both elimination and absorption mechanisms could either degrade or be 

augmented by secondary systems. That is, the toxin itself could act 

on the pathways by which it enters and leaves the organism. For 

this reason assumption (v) needs to be stated explicitly.

Figure 2.5 shows the schematic diagram for the critical compart

ment.

a
-> q

f

Figure 2.5 One Compartment Open System

Letting q(t) be the size of the compartment at time t, a the proportion

ality constant for inflow, and f the proportionality constant for out

flow, assumptions (i)-(v) imply that q(t) satisfies the following 

differential equation:

(2.4) q(t) = a(cw - c(t)) - f c(t), c(0) = Cq

where c is the constant environmental concentration and c(t) is theW
concentration in the space of the critical compartment after exposure 

to concentration c^ for length of time t.

By assumption (ii) Vc(t) = q(t) where V is the volume of the 

space of the compartment. Hence, Vc(t) = q(t) and (2.4) becomes 

V c (t) = a(cw - c(t)) - f c(t), c(0) ” Cq
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Dividing both sides by V and re-associating gives

(2.5) c(t) = ̂  cw - (-5̂ )  c(t), c(0) = cQ

Temporarily denoting the coefficients of c and c(t) by a* and 3*w
(2.5) becomes

c(t) = a*cw - 3*c(t), c(0) = cQ

which has solution 

c(t) V ^ t +

It is convenient to reparameterize one more time, letting 

A = a*/3* = a/(a+f), and rewrite the solution to (2.5) as

(2.6) c(t) = c()e-3*t + Acw(l-e ^ t)

The typical shape of c(t) is shown in figure 2.6

cone.

time
Figure Typical Shape

2.3.2 Individual Survival Times

Suppose that an individual having tolerance x is challenged by
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an environmental concentration of some toxic substance, and suppose 

that assumptions (i)-(v) of section 2.3.1 hold. Note that for assump

tion (i) to hold it must be true that cn < x < Iim c(t) = Ac .U CO w

The individual’s survival time is related to his tolerance via 

equation (2.6). Death occurs at that time t satisfying the equation

(2.7) x =  Cq6 ^ tx + Acw (1-e ^ *"x)
Solving for tx

(2.8) tx ACW

C
X
0

X --

Figure 2.7 Survival Time Related to Tolerance

Suppose that the quantities c^, a, f, and V are population para

meters for some test population and that X is a randomly selected 

tolerance from that population's tolerance distribution. Then 

equation (2.7) gives the transformation relating the tolerance 

distribution to the survival times distribution.
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cone.

c =

time
Figure 2.8 The Induced Survival Distribution

In figure 2.8 a tolerance distribution is represented on the con

centration axis and the induced survival times distribution on the 

time axis.

Notice that the distribution of survival times has, in effect,

a point mass at infinity equal to the area of the crosshatched

portion of the tolerance distribution. Individuals whose tolerances

exceed the limiting concentration would appear to survive for their

normal lifetime. However concentration Ac would be stressful to thosew
individuals, and we should expect to observe considerable mortality 

in this subset of the population.

Thus it is necessary to draw a distinction between deaths occur

ring as a result of acute toxicity according to assumption (i) (i.e. 

those individuals whose tolerances fall in the interval (c^, Acw)), 

and deaths occurring as a result of the stress of prolonged exposure 

to high but sublethal levels. More will be said about this point in 

Chapter 3.
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In the rest of this section the terms survival distribution and 

tolerance distribution should be understood to refer to the conditional 

distributions of survival times and tolerances conditioned on toler

ances falling in the interval (c., Ac ).0 w
The functional form of the survival distribution induced by a 

particular form of tolerance distribution will now be found.

Suppose that the tolerance distribution takes an appropriately 

scaled beta form. Because the beta distributions can assume a wide 

variety of shapes, this is not an unduly restrictive supposition.

The probability density function of the beta distribution with 

parameters a and b is

(2.9) f(x) xa-l(1_ )b-l
r(a)r(b) KL x;

= 0
To rescale (2.8) so that it lies in

y - co + (Acw - c0)x

0 < x < I a,b > 0 

elsewhere

the interval (c_,,Ac ) let U w

or,

u(y) y - cO
ACW ' C0

The density with respect to y is given by

g(y) f(u(y)) |u' (y)I

r(a+b) f y 
r(a)T(b) ^Acw - I
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(2.10) g(y) * T u M b T  (Ac»
»1-a-b . . -

cO (y - c0)a (Acjj -y)

C0 < y < Acv 
elsewhere

a, b > 0

Theorem 2.1. If the tolerance distribution is given by (2.10) 

then the p.d.f. of the survival distribution is given by

(2.11) s(t) ( l - e - ^ r 1 (c-64t)bK r(a)r(b)

Proof. From equation (2.7), survival time t and tolerance 

y are related by

y = u(t) = c e  ̂C + Ac (1-e ^ t)U W
-6*t —8*t

y ' co " cOe + Acw -aV  - cO

y - C0 - U-C-61tHA c w -C0)
and

. . —8*t —R*tAc - y = Ac - cne - Ac + Ac e w w 0 w w
—8*tAcw - y = e (Acw - Cq)

= -8* c0e 6 t + 8*Acwe”e*t

dt " 3*e~3*t(Acw ~ c0) 
s(t) = g(u(t)) |u'(t)I



r(a-fb)
1 ,a+b-1 [<! - 'acW - =O1]

V-cO1

a - I

r(a>r(b) (A=

[B-sttCAcw - C0)] 6*e 6ttCAcu - c0)

S(t> - St T^TCb) Cl-'6̂ )" - 1Ce-sV
which is equation (2.11). This completes the proof. 

Rewriting equation (2.11) as 

= Ct) - Cl-e-Stt,a-1Ce-Stt,b"1B.e-Stt

we see that, provided a and b are integers, the survival times p.d.f.
th(2.11) takes the form of that of the a order statistic in a simple 

random sample of size a + b - I from an exponential distribution with 

parameter 3* (Hogg and Craig 1970, p. 150).

We see also that, for beta tolerances, only in the case"of the uni

form member of this family do we obtain the customary exponential 

survival distribution.

Clearly it is possible to use the same methods to obtain the in

duced survival distribution for tolerances modeled by other families 

of distributions. It is also possible to assume a survival distribu

tion and determine the tolerance distribution which induced it. When 

cases other than the one presented in Theorem 2.1 were examined, how

ever, the results were messy and nonstandard. Therorem 2.1 is present

ed here not because it is the best result of its kind, but because it
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is the cleanest and most straightforward of the cases examined.

2.4 The Toxicity Curve

The form of the toxicity curve arising from assumptions (i)-(v) 

will be derived in this section. Recall that the toxicity curve 

for a particular population is a function of environmental concen

tration c (dropping the subscript w), f(c), such that if an in

dividual is selected at random from the population and challenged by 

exposure to concentration c, P {T £ f(c)} = .5 where T is his survival 

time.

Now suppose £ is the median of the tolerance distribution, 

g > c^, and X the tolerance of a randomly selected individual:

P {X * £ ) = .5

Since g(z) -[-EM is a monotone increasing function

of z for z > Cq , it is true that

p {F ln [ac - x°]s F ln E
But, by equation (2.8)

T "F ln [f'- X0-]

Ac - c,
Ac - E } = .5

Therefore

p{T S g* In
Ac - c,

Ac - £
} = .5
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and the toxicity curve is given by

Ac - c.
(2.12) f(c) « I* In Ac - £

or in terms of the paramenters of the underlying differential equa

tion (2.5),
a i
a+f c “ cO

The generation of the (c,t) points on the true toxicity curve is 

illustrated in Figure 2.9

(2.13) f(c) = In

cone.

K - - -

time
Figure 2.9 Generation of the Toxicity Curve

The curves in Figure (2.9) illustrate the internal concentra

tions at time t at environmental concentrations c^ and c^. Thus the 

points (cp t^) and (Cg, t^) lie on the population toxicity curve.

A plot illustrating the shape of f(c) is given in Figure (2.10).
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time

concentration

Figure 2.10 Population Toxicity Curve

The curve in Figure (2.10) is asymptotic to the concentration axis 

since ^l^m f(c) = In I = 0. It has a vertical asymptote at

c = C (oH-f)/cx.

The reader may notice that figure 2.10 does not include the entire 

set of (c,t) points for which equation (2.13) is defined. At very low 

concentrations, those such that c < c^, the RHS of equation (2.13)

is a real number. However this branch of the curve is meaningless 

with respect to acute toxicity since, under the model (2.4), at 

these environmental concentrations internal concentrations are actually 

decreasing (from cQ) with time.



3. AN EXAMPLE

3.1 The Data

Having developed a model for the toxicity curve based on the one 

compartment open model, the next step is to investigate the process of 

fitting that model to experimental data. As mentioned in section 1.1, 

I fit the model to data from two tests of the acute toxicity of 

ammonia to cutthroat trout fry. These are the data from bioassays 

no. 192 and 193 of Thurston et al. (1978). Although these are two 

separate tests, the fry were obtained from the same stock and were 

the same age at the time of testing. Thus these bioassays are pure 

replications. There is no apparent replication effect. It is, there

forê  proper to combine the data from the two tests for the purpose of 

estimating the toxicity curve.

The model of equation (2.12) gives the median survival" 'time at a 

given concentration. In view of the efficiency considerations at the 

end of section 1.4, the model will be fit to the median survival times 

at each concentration of ammonia. A preliminary difficulty presents 

itself, however. Since the LC50 based methods are so widely used, 

and since continuous mortality observation is expensive, mortality 

observations in these types of experiments are typically made only 

periodically during the course of the experiment. This was the case 

in the two tests to be presented here, and exact survival times are 

not available. (My thesis advisor. Dr. M. A. Hamilton, made an effort
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to obtain exact survival time data for this type of experiment, but 

was unable to do so. It is our opinion that, if such data exist at all 

they are very scarce.)

Mortality observations were made at 4 to 8 hr. intervals during 
the first 24 hr. of the tests, 6 to 12 hr. intervals during the next 
three days, and at intervals no longer than 24 hrs. thereafter. Thus 

the survival time data, which are shown in Table 3.1, are in grouped 

form. Median survival times suitable for testing the fit of the model 

will be "manufactured" from the grouped data.

To determine median survival times and their variance estimates 

it was decided to use the techniques generally accepted to be appli

cable for grouped data (e.g., Johnson and Johnson 1980, section 5.3). 

No claim is made that this approach is optimal, especially in view of 

the fact that the sample sizes of n = 10 are much smaller than those 
for which grouped data techniques were designed. But, by adopting 

this approach, it is at least possible to obtain both estimators in 

an internally consistent fashion.

The continuous form of the empirical survival distribution
A

function (ogive) F was constructed for each tank. (Figure 3.1, p. 33) 

The sample median m was taken to be
A A *

tm = inf{t : F(t) & 1/2} (= F -L(l/2) for all tanks except C4

and D2).
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Table 3.1 CUMULATIVE NUMBER OF MORTALITIES

The observation times and cumulative number of mortalities for 
toxicity tests 192 and 193 of Thurston et al. (1978).

Tanka D2 03° D3 CA DA C5 D5 D6 C6
Time Cone? .3A2 .A17 .A66 .566 .589 .709 .792 1.052 1.128

0 0 0 0 0
A hrs. 0 0 0 0
8 0 0 0 0
12 0 0 0 I
20 0 0 0 I
2A 0 0 0 I
28 0 0 0 I

?!.d
0 0 0 I

a a ' 0 0 0 I
AS 0 0 0 I
68 0 0 0 2
92 0 0 0 2
96 0 0 I 2
100 0 0 I 2
10A 0 0 I 3
107 0 0 I 3
116 0 0 I 3
120 0 0 I A
128 0 0 I 4
1A0 0 0 I 5
6 days 0 I I 5
6.2 0 I I 5
6.3 I I I 5
6.8 I 2 I 6
7.2 I 2 I 6
7.5 I 2 2 6
7.8 I 2 2 6
8.0 I 2 3 6
8.2 I 2 3 6
8.5 I 2 3 7

0 0 0 0 0
0 0 0 I 0
0 0 3 9 9
I 4 9 10 10
2 8 10
2 8
A 8
9 9

9 9
10 9

9

9
9
9
9
9
10

9.2 1 2 3 7
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Table 3.1 (Continued)

Tanka D2 C3b D3 C4 D4 C5 D5 D6 C6
Time Cone? .342 .417 .466 .566 .589 .709 .792 1.052 1.128

9.8 I 3 6 8
10.0 I 3 6 8
10.2 I 3 7 9
10.8 I 4 7 10
11.0 I 4 7
12 I 4 8
13 I 4 9

16 I 4 9
17 2 4 9
18 2 4 9
19 2 5 9
20 2 5 9
21 3 5 9
22 3 6 9
23 3 7 9
24 3 7 9
25 3 7 9 •

26 5 7 9

29 5 7 9
Observation Terminated.

aIn the tenth test tank. tank C2 at concentration .317, the median
survival time was not observed by the time observation was terminated.

^One fish was lost to observation in tank C3. . The analysis simply
uses a sample size of 9 for that tank.

Cmg/1 un-ionized NH^*

.. denotes periods during which checks were made but no deaths 
were observed in any tanks.



F(t)

8 9.33

UJu>

Figure 3.1 The CDF estimate F and the p.d.f. estimate f for tank D5. t
A 1,1

f(t ) = .1375.m

9.33,
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2

Since the asymptotic variance of the sample median is I/4nf (C) 

(Kendall and Stuart 1977) where n is the sample size, f is the survival' 

p.d.f., and C is the true population median, the variance estimator
a 2

used was l/4nf (t^) where f is the "histogram" density estimator:

A.
For t* the midpoint of an observation interval, f(t*) = d/hn 

where d = no. of deaths in interval and h = length of interval.
Zv

To find f(t) for a point other than the midpoint of an observation 

interval, linear interpolation was used.

This process generated the data of table 3.2.

Table 3.2 MEDIANS AND VARIANCE ESTIMATES

The interpolated median survival times and their variance 
estimates computed from the raw data of Table 3.1.

Tank Concentration tm / • var(t ) m

C6 1.128 6.22 .2140 .5459
D6 1.052 6.00 .2000 .6250
D5 .792 9.33 .1375 . 1.3223
CS . 709 14.00 .0833 3.6000
D4 .589 29.60 .0575 7.5614
C4 .566 ' 140.00 4.0230 x 10 , 1544.7
D3 .466 230.40 1.5625 x 10"^ 102.4
C3 .417 444.00 4.1666 x 10"^ 1600.0
D2 .342 624.00 8.3333 x 10_J 360.0
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The variances of the survival distributions decrease with in

creasing concentration. Hence a weighted least squares fit of the 

model was considered appropriate. The weights used were proportional 

to the reciprocals of the estimated variances given in Table 3.2.

To be precise:

W1 = (2.5) Cvar1) ^

The data set actually used to obtain the estimates is given in 

Table 3.3.

Table 3.3 DATA USED IN COMPUTATIONS

The interpolated sample medians and their weights. The concentra
tions have been rescaled.

Tank Concentration3 tm Weight

C6 112.8 6.22 4.5796
D6 105.2 6.00 4.0000
D5 79.2 9.33 1.8906
C5 70.9 14.0 .6944
D4 58.8 29.6 .3306
D4 56.6 140.0 .00162
D3 46.6 230.4 .0244
C3 41.7 444.0 .00156
D2 34.2 624.0 .00694

amg/centiliter.
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The fry were acclimated to the diluent but not to low concentra

tions of ammonia, as is the case in some studies. The endogenous 

production of ammonia is assumed to be negligible compared to the 

concentrations in the environment. Therefore, the initial concentration 

parameter (Cq in 2.12) was taken to be zero. This simplifies the para

meterization considerably: writing P = 1/3*, (2.12) becomes

,(=> “ p ln £ Ac - c° ] ‘ p 1^ aT h

(3.1) = P In -Qj where 8 = C/A

Parameterization (3.1) is the one which was fit to the (c, t )in
points of Table 3.3.

The software used was BMDPAR (Dixon et al. 1979). Computations 

were performed on the Honewell Level 66 computer at the Montana State 
University Computing Center.

3.2 Results For Nine Cases

The results of the W.L.S. fit of model (3.1) to the 9 data points

of Table 3.3 are shown in Table 3.4 and Figure 3.2. The 3  markings

give intervals of ± 2 estimated standard deviations about the t .m
The unweighted fit of the model to the data is also given in order 

to show the pronounced effect which weighting has on the predicted

values.



time (hrs)

600 --

cone

Figure 3.2.— All .Cases. --Observed (•), weighted (— ) , unweighted (-■>■)

..^Indicates ± 2 s.d. (t ).m
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What strikes the eye immediately upon viewing Figure 3.2 is that 

neither the weighted nor the unweighted curve fits the data points 

very well, although the weighted fit does fairly well at the higher 

concentrations, which is not surprising.

Table 3.4 THE FIT TO ALL CASES
Shown are the parameter estimates, sum of squared errors, observ

ed values, predicted values, and residuals for the fit of model 3.1 to 
all (c, tm) points of Table 3.3 .

6 _ P SSE
Weighted 34.2 29.78 1,733.6
Unweighted 33.38 171.97 64,249.3

Cone. Observed Predicted Residual
Weighted Unweighted Weighted Unweighted

112.8 6.22 10.76 60.25 -4.54 -54.03
105.2 6.00 11.71 65.54 -5.71 -59.54
79.2 9.33 16.84 93.95 -7.51 -84.62
70.9 14.00 19.61 109.25 -5.61 -95.25
58.9 29.60 25.88 143.55 3.72 -113.95
56.6 140.00 27.61 152.91 112.39 -12.91
46.6 230.40 39.42 216.11 190.97 14.29
41.7 444.00 51.09 276.31 392.91 167.69
34.2 624.00 . 444.01 632.82 179.94 -8.82

*34.19999, the maximum allowed by the program control language.

3.3 The Domain of the Toxicity Curve

It is possible that the one compartment open model together 

with the notion of a tolerance distribution is too unsophisticated a 

conception to be completely appropriate for these survival data. 

However, the model is not intended to quantitatively account for all 

forms of toxic action, just acute toxicity.

Acute toxicity is "a relatively short term lethal or other
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effect, usually defined as occurring within 4 days for fish and 

other macroinvertibrates and shorter times for smaller organisms"

(APHA 1980). Sprague (1969) found that, "For 211 out of 

375 toxicity tests [conducted on aquatic organisms, mostly fish] 

reviewed, acute lethal action apparently ceased within 4 days, 

although this tabulation may have been biased towards short times 

by a large number of static tests." In discussing upper limits 

for this phenomenon he mentions a week to 10 days. Clearly a 

model which ascribes death simply to the buildup of a substance to 

a single lethal level for that organism can only aspire to describe 

acute toxicity.

Chronic toxicity, on the other hand, might be generally under

stood to concern death due to physiological changes and system failures 

from the prolonged stress of exposure to the toxin. For example, 

Thurston et al. (1978) found deterioration in the gill and kidney of 

fry sacrificed after 29 days’ exposure. Presumably a different and 

more complex physiology is responsible for the long-term toxicity ob

served at the lower environmental concentrations. A multiple risk 

model might be more appropriate for modeling survival at these exposure 

levels.

Perhaps time to death is not the best way to draw.the line between 

acute and chronic toxicity since the distinction is based on the feel

ing that there are different causes of death for the two forms of toxic
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action. But in the absence of a detailed knowlege of the physiology 

involved, some limit on survival time, however imprecise, is an avail

able proxy for the physiological distinction.

Since the one compartment open model and the resulting toxicity 

curve are proposed to explain acute toxicity, the foregoing considera

tions relate to the domain of the function defining the toxicity curve. 

The analyst should pick a survival time, say T*, beyond which death 

can be attributed to chronic toxicity and exclude those (c, t^) points 

such that t > T*.

However, even after these points have been discarded, it is still

possible that at moderately low concentrations a median survival time

t 5 T* will be observed, death will be due to acute toxicity, and in
the environmental concentration will fail to be in the domain of f(c). 

Referring to the parameterization

we see that Dom f = {c:Ac > £)• That is, the acute toxicity curve is 

defined at only those environmental concentrations which give an asymp

totic internal concentration (dose) greater than the true median 

tolerance. (See 2.6 and following.)

If T* is sufficiently large to allow internal concentrations to 

approach their asymptotic levels, but the concentration is such that 

Ac is less than £» and the sample median tolerance is less than Ac,

m

the median survival time will be less than T* but the concentration
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Will fall outside Dom f. See Figure 3.3

cone.

Figure 3.3 Limiting concentration slightly less than £.

For example suppose that Ac is just slightly less than as 

Ac in Figure 3.3. Let denote the median tolerance in a sample

of size n ■ 10 organisms, and let denote the median survival

time. If the experiment is not terminated until dose levels have 

nearly reached their asymptotic levels, then

P { T ^  observed} = P { X ^  3 Ac}

10
= P {X.ex < C} ” (1/2)10 S C1.0) = .6230 

V) j=5 J

Rounding down somewhat to account for the fact that Ac < C we 

still see that it is as likely as not that this data point will fall 

outside Dom f.

Thus if the analyst simply fits the toxicity curve to every 

observed (c, t ) point such that t 5 T*, he runs substantial risk
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of fitting the curve over concentration intervals in which it does 

not exist. He should rather require that a majority of deaths at a 

given concentration occur prior to T* before including that concentra

tion in the domain of f. More formally, each data point should be 

included or not according to the outcome of a test of the hypotheses 

Hq : c £ Dom f : c £ Dom f which, in terms of parameters of 

the model, may be restated as

(3.1) H : Ac £' £ vs. H1 : Ac > C

The content of the null and alternative hypotheses in 3.1 is reversed 

from that of the usual tests for outliers in regression (e.g., Snedecor 

and Cochran, 1967, Section 6.13). The reason for this is a difference

in the relative seriousness of the two types of errors. In either
■ .

situation one can either reject a data point which should have been 

included (a type I error in the outlier test, a type II error in the 

"inlier" test 3.1) or include a data point which should have been re

jected ( a type II error in the outlier test, a type I error in the 

inlier test). If the test of 3.1 were conducted in the same spirit as 

the outlier test, a type II error would result in fitting the curve 

over a region for which it is not defined, a much more serious in

ferential miscalculation than the introduction of some bias into the 

estimators. On the principle, then, that the more serious error 

should be type I (in that protection against it can be arranged),
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test 3.1 is appropriate for toxicity curve estimation.

The proposed test statistic for 3.1 is N = //deaths observed prior 

to T*, and the rejection region is RH:N k k where k is chosen to give 

the desired protection against a type I error.

It is not possible to set a exactly but an upper limit can be 

calculated:

a S T* I Ac £ £>

< Ac I Ac £ £}

< O  = (1/2)* S(j)
j=k

If n = 10, as is the case with all but one of the tanks in Table 

3.1, taking k = 8 gives an upper limit for a of .055 which seems 
reasonable. In tank C3, k = 7 gives an upper limit of .09,and 

k = 8 gives .02.

3.4 Results For Subsets of the Data

The selection of T* is admittedly arbitrary. But if acute 

toxicity is believed to have ceased after two weeks ( a generous 

limit by the usual standards) we would (using k = 8 for n = 10 and 
k = 7 for tank C3) fit the model using only the (c, t^) points from 

tanks D3-C6. Except for the point (56.6, 140) the fit seems much 

improved. See Figure 3.4.



time (hrs) x-x

cone

Figure 3.4 Seven Cases. Observed (•), weighted (— ), unweighted (— )

Oindicates ± 2 s.d. (tm).
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T* = 10 days gives the result of Figure 3.5 and T* = the customary 

4 days yields the fit of Figure 3.6.

The results for the four subsets of the data are summarized in 

Tables 3.5 and 3.6.

3.5 An Alternative Variance Estimator

The question of how best to obtain variance estimates for sample

medians is an interesting one. Efron has proposed a very promising

technique which he calls bootstrapping (Efron 1980). It essentially

amounts to considering the parameter of interest to be a functional

of the underlying D.F.. In this case interest is in the variance of
2the sample median, (F). In general the method simply evaluates 

the functional at the empirical D.F. to obtain the estimate.

O2(F) = O2(F) m m
2 ~It is possible to obtain O (F) in closed form provided the exact

A,

survival times are known and F is the usual step function E .D.F. How

ever when F is the ogive for grouped data, the process of evaluation
\

is considerably more involved, requiring a Monte Carlo approximation
2

to Om (F). Partly because of the expense and partly because I desired 

a unified treatment of the basic data, the bootstrap variance estimator 

was not used here. But it probably should be used for exact survival

times data.
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The weighted fit is shown.
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Figure 3.6 Five Cases. The weighted fit is shown



Table 3.5 SUMMARY OF RESULTS, WEIGHTED

The parameter estimates, sum of squared errors, observed values, predicted values, and 
residuals for W.L.S. fit of model (3.1) to subsets of the data of Table 3.3.

Concentration 112.8 105.2 79.2 70.9 58.9 56.6 46.6 41.7 34.2
Observed 6.22 6.0 9.33 14.0 29.6 140.0 230.4 444.0 624.0

All Cases 
6 = 34.2* Predicted 10.76 11.71 16.84 19.61 25.88 27.61 39.43 51.09 444.06
P = 29.78 
SSE = 1733.6

Residual -4.54 -5.71 -7.51 -5.61 3.72 112.39 190.97 392.91 179.94

J Cases 
X = 46.6a Predicted 7.27 7.97 12.10 14.60 21.35 23.63 209.97
P = 13.63 
SSE - 90.02

Residual -1.05 -1.97 -2.77 - .60 8.25 116.37 20.43

6 Cases 
9 ■ 56.6* Predicted 5.86 6.50 10.55 13.47 27.29 131.23
P = 8.41 
SSE = 6.49

Residual .36 —.50 —1.22 .53 2.31 8.77

5 Cases 
8 - 57.51 Predicted 5.63 6.24 10.22 13.15 29.58
P =  7.89 
SSE = 3.85

Residual .59 —.24 —.88 .85 .02 — — — —

aGiven value minus 10 the maximum allowed by the program control language.



Table 3.6 SUMMARY OF RESULTS, UNWEIGHTED

The parameter values, sum of squared errors, observed values, predicted values, and 
residuals for the unweighted least squares fit of model (3.1) to subsets of the data of 
Table 3.3.

Concentration
Observed

112.8
6.22

105.2
6.00

79.2
9.33

70.9
14.0

58.9
29.6

56.6
140.0

46.6
230.4

41.7
444.0

34.2
624.0

All Cases
9 = 33.34 Predicted 60.25 65.54 93.95 109.25 143.55 152.91 216.11 276.31 632.1
P - 171.97 Residual 
SSE = 64,249.

-54.03 -59.54 -84.62 -95.25 113.95 -12.91 14.29 167.69 -8. J

7 Cases
9 = 46.46 Predicted 21.14 23.2. 35.18 42.42 61.93 68.48 230.68 - -

P = 39.83 
SSE = 8155.

Residual -14.92 -17.21 -25.82 -28.42 -32.33 71.51 - .28
■

6 Cases
g - 56.6 Predicted 6.25 6.93 11.25 14.36 29.08 139.87 - - -
P = 8.97 
SSE = 4.94

Residual -.03 -.93 -1.92 -.36 .52 .13

5 Cases
g = 57.46 Predicted 5.68 6.31 10.32 13.28 29.62 - - - -

P = 7.98 Residual .54 -.31 -.99 .72 -.02 - — — —
3  w 5Given value minus 10 , the maximum allowed by the program control language.



4. STRONG CONSISTENCY OF PARAMETER ESTIMATES 
WHEN NONLINEAR FUNCTIONS ARE FIT 

TO SAMPLE MEDIANS

In sections 4.1 and 4.2 results are given which contain sufficient 

conditions for the strong consistency of least squares fits of non

linear functions to sample medians.

Throughout, denote the observations as ordered pairs (x^,y^) 

t - I, 2, ... where is the median of a simple random sample of 

observations recorded at x^. Denote the function being fit to these 

medians as f(x,0). Often f(x^,8) will be shortened to f^(8). Let 6̂  

be the true value of the parameter. If the model is correctly speci

fied, then the true population median at x is equal to f(x ,8q). Let 

8n be the least squares estimator of 8q obtained by minimizing

I n 2Qn (Q) = ̂  2 [yt - f(xt,6)r.
t-i

4.1 Approximate Consistency For The Case Of Fixed Sample Size At

Each x.

Make the following assumptions concerning the function f and the 

parameter space 0.

Assumption 4.1.1. 0 is a compact subset of R^.

Assumption 4.1,2. For fixed 6, f is a Lebesgue measurable func
tion of x, and, for fixed x, f is a continuous function of 0.
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Assumption 4.1.3. For all a, 3 £ 0>

I n 2—  Z [f (a) - f (3)] converges uniformly as n approaches 
n t=l

infinity to some function 0 x 6 R.

Note that under assumptions 4.1.1 and 4.1.2 is continuous.

Assumption 4.1.3 follows Jennrich (1969) , which is the first

paper to provide a general treatment of the large sample properties

of nonlinear least squares estimates, and in the language used there

asserts the existence of the tail norm of the sequence of functions

<ft(a)' - ft(3)>. It is analagous to a hypothesis used in deriving

large sample properties of least squares estimators for linear models:
Ithat —X1X converges to some positive definite limit (Wu 1981).

Assumption 4.1.3 is not as restrictive as it might first appear.

For example, suppose that f(x,0) is continuous and bounded oA X x 0 

where X C R  and x^, ... is a sequence of real valued random variables

whose empirical distribution function converges in distribution to a 

distribution function F, then for any a, 3 E Q,

^ I LfOc.cO - f(x. ,3)] Jtf(x,a) - f(x,3)TdF(X) 
t-1 c

(Jennrich 1969, Theorem I).

Here and throughout Chapter 4, unless indicated otherwise, an 

arrow indicates the limit as n 0O. The u over the arrow indicates 

uniform convergence.
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Assumption 4.1.4.

Yt e g(x£) + t = I, 2, ... , x e X where the e^ are independ

ent, E(et) = 0, EjetI £  M < <» f0r some 6 > 0, all t.
g(x) will play the role of the mean value function for the sample 

median. Because the sample median can be a biased estimator of the 

population median g(x) is not necessarily equal to f(x,6g).

Assumption 4.1.5. Let [E(et)]  ̂- W(xt) for xt G X. Then there 

exist W7 > 0 and Wtt such that W < W(x„) < W1T for all x. G XL U L w U - U  L
t ■ I, 2, ... ; i.e. the weights are bounded and are bounded away

from zero.

Assumption 4.1.6.

I n 9 U . . 9
—  E w(x )[g(x ) - f(x ,6)] ftg(x) - f(x,6)] W(x)dx 
n t»l L ^

= Q*(6)
where Q*(6) has a unique minimum at 6 = 8*.

Let F = {f(x,8): 6 G 0} be the family of median-value functions. 
Assumption 4.1.6 allows for the possibility that g(x), the mean value 

function of the sample median, is not a member of F. The unique 

member of F that is closest to g(x) in a least squares sense is 
f(x,8*).

Theorem 4.1.1 shows that, owing to the bias in y as an estimator 

of f(XtlQy), a weighted least squares estimator generally fails to be
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consistent for 0q if the number of x^'s increases without bound while 
the nt stay constant.

Theorem 4.1.1. Under assumptions 4.1.1-4.1.6 the weighted least 

squares estimator 0* which minimizes

I n 2Q*(9) - ± E W(Xfc)[yfc - f(xt,0)]Z

converges almost surely to 0* as n -» <».
The proof of theorem 4.1.1, which is deferred to near the end of 

section 4.1, is based on three lemmas. The first of these is due to 

White (1980). It is given here in a less general form more to the 

point for the applications considered in this paper.

Lemma 4.1.1. Let (ft,® , P) be a probability measure space and 

0 a compact subset of Rp . Suppose that, for each 9, (w,8) is a
measurable function of U) and, for each w E ft, (w,6) is a continuous 
function of 0.

Then,

(i) there exists a measurable function 8̂ (w) such that

Q [u),0 (to)] - inf Q (to,6) for all to E ft. 
n n 0eO n

Also,
u

(ii) If Qn(to,0) -*■ Q(0) a.e. [P] and if Q(0) has a unique minimum
^

at 0, then 0̂ (to) ■+• 0 a.e. [P].
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Part (I) of lemma 4.1.1 is a restatement of lemma 2 in Jennrich 

(1969), and it guarantees the existence and measurability of the least 

squares estimator. In this context

A I n 98*(m) - I n f - - S  W.[y. (w) - ^(0)1 = inf Q*(w,8).
n 0 n t=l r t r 0 n

Part (ii) as given in White (1980) is a generalization of the con

cluding portion of a standard consistency argument.

Lemma 4.1.2. Suppose <a^> is a sequence of nonnegative real

I n “ atnumbers. Then Iim - E a = L  implies E —y < 00•
n-*» n t=l t=l t

Proof. By Abel's formula for partial summation (Rogers 1976, 

Lemma 3.1)

n at n n-1 t
2 Z a + E (-j-------j) Z a
t=l t n t=l C t=l tZ (t+l)Z j=l 3

t2 (t+1)2 t2(t+l)2 t3
2t+1 < A, for t = I, 2, ...

Hence,

n-1 . . t n-1 t
Z (— j -------j) Z a. _< E E a,
t=l tz (t+l)z j=l J t-1 V  j=l 3

Since Iim —  E a. exists, there exist N and some real number 
n-x» t=l 3

B > 0 such that, if n > N, then E a  < nB.
c l  C -
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Now suppose n > N + 2. Then,

n-1 , t N „ t n-1 t
Z —r Za,= Z —r- Za,+ Z —r- Z a,

t=l j=l •* t=l t j=l  ̂ t=N+l f3 j=l ^
N „ t n—I __

< Z ^  Z a + Z 
t=l t j=l J t=N+l

And 

n a. n-1~t I “ ^ 3 ^Z - y £ — r Z a + Z — Z a, + Z
t*l t n t=l t=l t j=l ■* t=N+l t

3B
2

n 
Z

t=l

where the limit as n *♦■ « of the first term on the right hand side is 

zero, 'the second term is independent of n, and the limit of the third

Co a
term is finite. Since a > 0 t = I, 2, ... Z — 5- < ", which

C t=l t

completes the proof.

The next lemma is a law of large numbers which is a slight 

extension of theorems 3 and 4 in Jennrich (1969).

Lemma 4.1.3. Suppose h(x,8): X x Q ->• R satisfies assumptions 
4.1.1-4.I.3. Suppose e^, 62» ••• is a sequence of independent random 

variables with zero expectations, unit variance, and such that 

E I I is uniformly bounded for some 6 > 0. Then the existence of

I n 2 1 n ulira—  Z h (x ,0) implies that —  Z h(x ,9)e •* 0 a.s. with respect
n->" n t=l C n t=l  ̂ 1
to 0.
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Proof. Denote h(x^,8) by h^(8). Var(h^(8)e^) = h^(8), and the

I n 2 " ht<8)existence of lira —  Z h (8) implies that E — =—  < 00 by lemma
n-x” n t=l t=l c

4.1.2.

Then by the corollary to Theorem 5.4.1 of Chung (1974),

I n—  Z h (8)e 0 a.s.
n t=l Z

The argument which Jennrich (1969) uses to establish uniform 

convergence in his Theorem 4 completes the proof. It is given here, 

with some of the details filled in, for completeness.

Let E > 0 be given and 3 e 0. For a £ 0

+ I n  2 ht(e)et lt=l z

by the Cauchy-Schwarz inequality and the triangle inequality.

By the corollary to theorem 5.4.1 of Chung (1974) there exists

I ^ o u
N* such that I—  Z e f P  < 2 if n > N*. 
e l̂ t- I t “  e-

I nBy the almost sure convergence of —  E h  (B)e to zero, there
n t=l Z t I

I nexists N q such that I—  E h (g)e I < ■=■ if n > Nt. • p 'n _ . t t 2. —  pt=l
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By hypothesis, there exists N such thatOt j p

J j h t Ca) -  Iit (B )I2Ils -  I^h ( a ,B) I15 < |  i f  n > N * ^ .

Since ^  is continuous and ^(8,0) = 0, there exists an open, 

neighborhood of 8, Og, such that, if a E 0 ,̂ then |^(a,8)|^ <
Let = max(N*, N*, N ^ g) , a  e and n >_ N^,

Then,

£  J M ltW et' < | x 2 + | < E.

Now the collection of open sets {0g: 8 E 0} is a covering of 0. 
Since 0 is compact there exists a finite subcollection which also 

covers 0, {0Q , O0 ..... Oti }.
Pl P2 3K

Let n 2  max{Nfi , Nti , ... Nti }, and since all a E 0 are in one 
15I P2 t5K

of the Oti I < i < K 
3I -  *

I n|—  Z h (ot)e I < e for all a E 0. 
n t=l C t

This completes the proof.

Proof of Theorem 4.1.1. By lemma 4.1.1 it suffices to show that
U — -V

Q*(9) Q(9) a.s. where Q(9) = Q*(6) + I.

I n ,Qn(Q) = n (gt - ft(9) + et)Z or

Now
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(4.1) Q*(0) - i  J iW J g t - It(S)]2 + §  - ft(O)IWjt

By hypothesis the first term of (4.1) converges uniformly to 

Q*(9). The second term converges uniformly to zero a.s. by lemma

4.1.3. The third term converges to one a.s. by Markov's strong law 

of large numbers. Application of White's lemma (lemma 4.1.1 (ii)) 

completes the proof.

In general there is little that can be said about whether

g(x) £ F. If it is, then there are two possibilities, (i)

g(x) ■ f(x ,0q) the true median of the distribution of responses given
x, or (11) g(x) = f(XjO1) where Q1 f Qq. If the distributions of

individual responses at fixed x are symmetric then (i) is true, and

0* is consistent for 0^. If the responses are asymmetrically

distributed, then (ii) could be true, in which case 0* is consistentn
for Q1 not 0q .

If g(x) - f(x ,9q ), then the conclusion of the theorem also holds 

for random (estimated) weights under conditions given by White (1980, 

Theorem 2.5). The difficulty in the case of random weights when 

g(x) J4 f(x ,0q) is due to the questionable convergence of the first 
term of equation 4.1
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4.2 Consistency For The Case Of Increasing Sample Sizes At Each x.

In the previous section a sampling plan with fixed and an

increasing number of was considered. Under that arrangement it was

seen that, although f(x,8n) approaches a useful function, the best
weighted least squares approximation to g(x), 6̂  is not necessarily

strongly consistent for 6q , the parameter of interest in the problem.
We evidently need to allow the n^ to increase also in order to exploit

the consistency of the sample median and thus obtain strong consistency

for 6 . n
Accordingly, consider the following sequence of experiments, 

which will be abbreviated ES.

Let the experiment n = I, 2, ... consist of n independent 

responses measured at each of n distinct values of the independent 

variable x t * I, 2, ..., n.

Notation:

n Values of x Sample Sizes Sample Medians

I xIl I yIl
2 X21* X22 2, 2 y21* y22
3 X31‘ X32* x33 3, 3, 3 y31* y32* y33

n Xnl' Xn2..... Xnn Il1 Il1 Wee1 n yn V  yn2' •••' ynn
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f Cxnt-»®) will be abbreviated to £ ^ (6).
In the demonstration of strong consistency under ES, the following 

assumptions are used.

Assumption 4.2.1.

I n 2 u
Qn (9) ^ n [fnt(6) “ W V 1 * Q(6) on and Q(6) has a t*l

unique minimum at 0 - 6̂ 1

Assumption 4.2.2.

I n 2Iim —  E f (6) exists for all 0 £ 0. 
nrx” n t=l n

Notation: Let F(y|x) represent the conditional distribution of the

responses. Suppose that under ES x £ X for all pairs n,t.

Assumption 4.2.3.
d2
— T- F ^(u|x)| i is uniformly bounded for x £ X du u - »5

Theorem 4.2.1. Under ES and assumptions 4.I.1-4.I.3, 4.2.1-
A

4.2.3, 0„ which minimizes.’ n

! »  a
V 6> - i / ,  £„c<9’i

is strongly consistent for 0̂ .

The proof of Theorem 4.2.1 depends on a series of lemmas which
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will be stated and proved prior to proving Theorem 4.2.1. The first 

lemma is a bound for the mean Ict*1 power error of the sample median as 
an estimate of the population median. This result seems to be well 

known (e.g. David 1981, p. 80) at least for k = I, 2, but no proof as 

complete and general as the one below has been found.

Lemma 4.2,1. Let be the median of a simple random sample of

size n = 2m-I from a population having a strictly increasing and 
continuous distribution function F. Suppose F(9) = *$. Then

E(X(a) " 6>k - £°r k > I.

Proof. If < X (2) < < X (n) are t l̂e ort̂ er statistics for

the sample, then

"(I) ‘ n x C D 5 < U (2) " n x (2)> < ' < B (n) “ F(X(n))
are distributed as the order statistics for a simple random sample

from the uniform [0,1] distribution and F(x, O = U z x .(m) (m)
Let F-1 = G

V o  ■ ^  * 0k

V r  - k £°r r > I.
k kNow X ^ ' =  G ( U ^ )  and if G has two continuous derivatives in 

an interval containing % we have, expanding in a Taylor series about i$,

xL ’ *k + V l  "(a) -.W + V z  ("Ca) - ̂)2 + E2



62

where Iim
<U(m)"y

Tj- “ O a.s. (since % a.s.).

That is, with probability one, there exists N such that, if n

I r 2 I <  < U ( m )  -  y 2 -
Thus EjRgI < E(Um - for n sufficiently large.

Now E(U(m) - *s) - 0 and E(U(m) - k)2 = (David 1981, p

Hence,

E'xw>-ek + 4̂ i7 +E<V
l E ( X ( m )  - 0 k I I - S M +  I e c V I  

I i M  +  e I r 2 I
< V 2 + 1
—  4(n+2)

i.e. EcxRm)) - ek + o(i)

Furthermore,

E a w  - e)k - E ( ^ c k) (-6)1 X k;1 )

- Z A  (-l)j 6k + Z 0(1)
j=0 2 j=0 n

But, 
k
z (?) (-Dj - (i-Dk - o

j-0 J

> N,

. 36).
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Hence, E(X^  - 6)k = O(^).

This completes the proof.

Next come three lemmas which collectively play the role of lemma

4.1.3 but under experimental sequence ES.

Lemma 4.2.2. Let {e n = l ,  2, ...be a triangular sequence

of random variables such that e ., e ..., e are independent fornl nz nn
all n and such that, there exists M , < » ,  k = l , 2 ,  3, 4 and N for

I |k ^which E|ent| < —  for t = I, 2 ..... .. k = I, 2, 3, 4, and n _> N.

I n 2Then Iim —  Z e ■ 0 a.s. 
n t-l nt

I ” 2Proof. Let Y = —  E e . Let e > 0 be given. Define n n t=1 nt

Pq  ■ P{|Yn - E(Yn){ > e). By Chebyshev's inequality, ?n 

for all n.

Var(Yn)

I 11 2But Var(Y ) = — r E Var(e ), and if n > N 
n n t-1 nt

. n M. M,
Yar(Yn) < —  Z —

n t=l n

And

00 N oo N 00 M
E P - ■ E P + E P < ■ E P + ■ E - ~  

n=l n=l n=N+l n n=l n n=n+l n s
< ” .
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By the Borel-Cantelli lemma (Chung 1974, p. 73), 

PtjYn - E(Yn) I > e i.o.} = O .

For n sufficiently large

I 2E (Y ) < —  Z —  O as n co. 
n ~  n t=l n

Thus Y -» O a.s. as n -> <», which completes the proof.

Lemma 4.2.3. Let {e__} be as in lemma 4.2.2, and suppose {x_" n t n t L—i

n = I, 2, ...is a triangular sequence of real numbers such that 

I n 2
—  Z x%  approaches some finite limit as n increases without bound. 
n t=i “

i nThen —  Z x ^e  ̂-> O a.s. as n -+ n  ̂ , nt nt t=l

IProof. Let Y = —  Z x  e First it will be established that n n . . nt nt t=l

P{lim IYn - E(Yn) I = 0} = I. 
n-x”

Let G > 0 be given. By Chebyshev’s inequality,
Var(Y )

P« " P{|? - E(Ym)I > g } < ---x-5-  for all n.n 1 n n 1 z

I ^ o ^ ^ n
Var(Yn) = —  Z xnt Var (e^) -y (—  Z xnt) for sufficiently

n t=l n 1 t=l
large n
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I n 2Since - Z x  has a finite limit, there exists N such that, for 
n C-I “

I n 2n > N, —  Z x < R < o0. And if m > N + I 
-  n t-i nt

m N m N m
Z P = Z P + Z P < Z P + Z

n=l n n=l n n=N+l n n=l n n=N+l 2 ‘

m M, R ”
Since Iim Z — ^ Z pn < 00 an<i by the Borel-Cantelli

n-H» n=N+l n n=l

lemma P{lim |Y - E(Y )| = 0} = I. 
n-x”

Next we show that Iim E(Y ) =0.
nr*” n

|E(Y)| = |1 Z xn E(enJ| < 1  ? Jx I |E(e^)|
n t=i nt nt n t=l' nt' ' ' nt

- I l  W-
<_ (— • Z Ixnt]) ~  for n sufficiently large.

No" ” t!i l̂ 1 ■= I' Î lx- 1 + " I / i>i|x”cl

I n 2< I + -  Z x \  
n t=l nt

I n
and —  Z |x I is bounded by a convergent sequence and therefore by 

n t=l nc

some real number B < ” .
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M B
Hence |E(Y )I < --- and Ilm |E(Y )I = 0. This, together with the1 n 1 —  n 1 n 1n-x”

fact that |Y - E(Yfi) | -»• 0 a.s., completes the proof.

Lemma 4.2.4. Let {e ^ n = I, 2, ... be as in lemma 4.2.2. ------------  nt t=i

Let n = I, 2, ...be a sequence of continuous real valued

functions on a compact set 0. Suppose Cgfifc) satisfies assumption

4.1.3.

i n 2 u
i.e. Iim —  S [gn1.(a) - g (3)] (a,3) on 0 x 0.

n-x» n t =l nc M  8

1 2Further suppose that Iim —  Z g (8) exists and is finite for all
n-x» n t-1

6 e 0.
I n u

Then —  Z g e . -*• 0 a.s. on 0. n t=1 nt nt

Proof. Lemma 4.2.3 yields the almost sure convergence to zero, 

and a very slight modification of the argument used to establish 

uniformity in lemma 4.1.3 establishes uniformity here as well.

Proof of Theorem 4.2.1. Gfi exists and is measurable by lemma

V e> fnt ( S ) ] 2 .

4.1.1
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Adding and subtracting ^nt-(®q ) yields.

(4.2) Qn(S) - ^ j i tynt - £nt(e0),2

+ S ' V 7M - fM tV 1 [fntt91 - f^ tV 1 t=l

^ i fV fW tV  - fHtt91!2-t=l

By assumption 4.2.3 and lemmas 4.2.1, 4.2.2, the first term of

(4.2) converges to zero a.s.

By assumptions 4.I.1-4.1.3, 4.2.2 and lemma 4.2.4, the second

term converges uniformly to zero a.s.

Finally, by assumption 4.2.1, the third term converges uniformly

to Q(0) having a unique minimum at 6.. Lemma 4.1.1 finishes the proof.U •



5. SUMMARY

5.1 Review of Results

In the introduction the problem of how best to estimate toxicity 

curves was posed. Three criteria for a good estimation method were 

mentioned. First, a good estimation method should be based on a 

realistic model for the generation of the basic data in a study of 

acute toxicity, the survival times of the test organisms at the various 

concentrations. Second, the method should utilize the information con

tained in the survival times of the organisms rather than reducing 

the data set to a few counts. And third, a good estimation method 

should be capable of producing estimates of the precision of the 

estimators.

In Chapter 2 a model for the generation of the survival times 

of the organisms was proposed. It is based on a one compartment 

open model for the kinetics of the toxin together with a tolerance 

distribution. The variation in survival times is due to random vari

ation in tolerances and the time dependency of the internal concen

tration of the toxin.

This model for survival times led to a functional form for the 

median survival time at a given concentration, the toxicity curve.

The curve was tested by being fit to the observed median survival 

times from an experiment to determine the toxicity of ammonia to 

cutthroat trout fry. It fit poorly when fit to the entire data set.
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which included low concentrations and long median survival times.

This lack of fit was explained as being due to the difference be

tween short-term or acute toxicity and long-term or chronic toxicity. 

The model was not designed for application to situations in which 

mortality due to the relatively more complex consequences of pro

longed exposure to lower concentrations is present. After applying 

a test of hypothesis to determine the true domain of the function 

defining the toxicity curve, the lower concentrations were eliminat

ed. The model then fit the remaining data points reasonably well.

Thus the method of toxicity curve estimation developed in this 

paper meets the first two of the criteria stated above for a good 

estimation technique. Although some progress was made on the question 

of the large sample properties of fits of nonlinear functions to 

sample medians, the method proposed here has not yet been shown to 

satisfy the third criterion.

The strong consistency of estimates of the parameters of non

linear functions fit to sample medians by least squares was examined 

in general in Chapter 4. Sufficient conditions for the convergence of 

the W.L.S. parameter estimates to those of the best least squares ap

proximate to the true mean value function for the sample medians were 

given in section 4.1. Sufficient conditions for the convergence of 

the unweighted least squares parameter estimates to their true popula-f ' -
tion values were given in section 4.2.
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5.2 Further Problems

Both sets of sufficient conditions require that the function being 

fit to the data possess certain convergence properties. Assumption

4.1.3, for example, says that the function f(x,@) and the sequence 

of design points is such that the sequence

(5.1) ^  ? [f(xt,a) - f(xt,B)]2
t=l

converges uniformly on 0 x 0 .  Jennrich (1969, Theorem I) guarantees 

that this assumption is satisfied if the sequence of design points is 

reasonably well-behaved and f is continuous and bounded on X x 0, 

which would be true in many situations. However, the toxicity curve 

f (c) = P Injj-Ti ]

is clearly not bounded with respect to either c or 6 and thus fails to 
satisfy the hypotheses of Jennrich1s Theorem I.

If one tries to verify the convergence of (5.1) directly, one 

is led to consider the uniform convergence of

(5.2)
i ,a-. 4% r c r I <

_  P 2 I n
L

I—
c

rt CD

n ^ ln2 t=a
(P1 - p2) (ct ~

(ct - S1)'!

A carefully chosen sequence {c^} and a likewise carefully restrict 

ed parameter space might result in uniform convergence of (5.3) by



71
Jennrich's Theorem I. But the estimation of the parameter 0 is of 

interest in this problem, and arbitrarily restricting it to some 

closed interval, for example, while leading to mathematically pleasant 

results, is statistically unsatisfactory.

In order to meet the third requirement for good toxicity curve 

estimation, then, the large sample properties of the parameter es

timates must be established. Asymptotic normality and asymptotic 

variances for the method presented in this paper are still open 

questions. But since the deviations of sample medians about their 

respective population medians are asymptotically normal with mean 

zero, it appears that the usual results can be obtained, at 

least for the case of bounded f(x,0) under an experimental sequence 
similar to ES of Chapter 4. White (1980), for example, showed that, 

for the case of mean zero heteroscedastic deviations about regression, 

the estimates obtained by weighted nonlinear least squares are asympto

tically normal and gave their asymptotic variances.

However, most models of toxicity curves would, like model (2.12), 

have a vertical asymptote to the right of the time axis. Fitting 

functions with vertical asymptotes presents additional theoretical and 

computational problems. The theoretical difficulties with respect to 

consistency were discussed in the previous section. The reader may 

have noticed that the BMDPAR algorithm, in half of the cases presented 

in Chapter 3, simply placed the vertical asymptote at the lowest
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concentration in the data set. This may be due to the sensitivity 

of the method of least squares to large deviations, and other methods 

of curve fitting might be applied to this problem.

Methods specifically designed for the purpose of estimating the 

quantiles of the distribution of a response at a fixed value of a 

control variable have been given in the literature. Hogg (1975) 

proposed a method based on counting the number of data points lying 

above and below the curve over various intervals. This method is 

intuitively appealing for the problem of estimating a straight line 

quantile regression and could perhaps be adapted to the problem of 

estimating toxicity curves.

Koenker and Bassett (1978) showed that, for linear models, a 

method based on minimizing a linear combination of absolute deviations 

about regression gave parameter estimates with satisfactory large 

sample properties. In the nonlinear case the application of this 

technique would be computationally challenging, and the relevant 

large sample properties would still have to be established. But the 

method of minimizing absolute deviations is less sensitive to large 

deviations, such as those which might occur near asymptotes, and 

might therefore prove to be a profitable method of attack.

One other problem which deserves mention is the extension of 

the method to toxicity curves derived from multicompartment models. 

The difficulty here is that time is defined only implicitly as a
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function of concentration in the general solution of (2.2) given in
(2.3). Thus the simple inversion process which yielded (2.8) and 

(2.12) is not possible. A completely different method of analysis 

seems to be indicated for this type of model.
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A Result Concerning the Relative 
Efficiency of Counts and 

Survival Times

Consider the problem of estimating the parameter X of an exponen

tial survival distribution with density f(t) = Xexp(-Xt) from data 

right-censored at a nonrandom time t^. Let n^ (number uncensored) be

the number of survival times less than t , which is the number ofc
survival times actually observed. Let n^ (number censored) be the

number of survival times exceeding t and thus not observed. Let

n = n + n be the sample size, u c

Lemma A.I. I f t  > 0, n f 0, n ^ 0 then the maximum likelihood ----------  c u e
extimator for X based on the counts n^ and n̂ _ is given by 

(A.i) Ac = L  ln(1 + !a,.
C C

Proof. The likelihood function for X based on ny is 

L(nu ,X) - ( M  p \ l  - p)n ""
' u'

g
where n - n^ = n^, p = I - exp(-Xtc). Setting-^ln L(n^,X) = 0 gives 

n t exp(-Xt )
I - exp(-Xtc) nCtC ®

solving for X yields equation (A.I).

Lemma A.2. The asymptotic variance of Xc is given by



(A.2) AV(Xc) =

76

Proof. Fisher’s information for LCn^fX) is

tCeXP(-Xt )
E — »ln L(n ,X) = E rlIi 7[ax2 u J  ̂u [I - exp(-Xtc)]

t exp(-Xt ) t exp(-Xt )
= --------------- r E (n ) ----------------- r n[l - exp(-Xt )]

[I - exp(-Xtc)] [I - exp(-Xtc)]Z

tCexP C-Xtc)
n I -  exp(-Xt ). c

r- ^ D -IBy 5f.2.3 of Rao (1973) /a (Xfi - X) + N(0,ic ) where 

i = I /n. This establishes the result.

tCexP(-Xtc) 
n I -  exp (-Xtc)

Lemma A.3. The maximum likelihood estimator for X based on the

observed survival times T^, T^..... T^ together with the information
u

contained in the fact that n survival times exceed t isc c
- /nC . - V 1 _  I nU

(A. 3) X = I —  t + T ] where T = —  I T4.
1 Xnu C I nu 1=1 1

Proof.

Define = minC11Stc) * = 1» ..., n and 6^
I if T4 < t i c
O if T4 > t - i —  c

Then
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n -XT, 5i -Xt (1"6i)

![(Yv S1)1 .... (Yn,6 )] = H (Xe S  (e C)1 1  n  n

(Miller 1980, p. 11)

-XT. -%t
= II Xe H e  where II and H are the products taken

u c u c

over uncensored and censored observations respectively.

3 ISetting -^rln L = O yields I y - I  T, - E t  =0. Solving for X gives
3A U a u 1 C c

equation (A.3).

The next lemma is essentially given in Miller (1980), p. 138.

Its proof is included here for completeness.

Lemma A.4. The asymptotic variance of X^ is given by

-I
(A. 4) AV(Xt )

I - exp(-Xtc)

Proof. Fisher’s information for L[Y^,6^), ..., (Y^,S^)] is

Tt - - E{-^ln Lt(Yr S1), ..., (Yn,6n)]} 
3X

- E E
Xu X ■ eB) n[l - exp(-Xtc)]

By 5f.2.3 of Rao (1973) /H (Xc - X) -» N^.i^1) where

It/n. This establishes the result.

The ratio of the asymptotic variances (A.2) and (A.4) is
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AV(Xt) Ic tcexp(-Xtc)/[l - e x p (-Xtc)]
----—  = -S- --------------------- --------
AV(Xq) [I - exp(-Xtc)]/X

(Xt ) 2exp(-Xt )
(A. 5 ) ---------------— 7

(I - exp(-Xtc)]

Note that this ratio is a function of Xt = t /p where p is thec c
mean survival time.

Let x = t /U. As a function of x, the ratio (A.5) is c

(A.6)- E(x) x2e ^ x2eX
e_X) 2 (eX - I)2

Theorem A.I.

(i) Iim E(x) = I 
x-K)

(ii) Iim E(x) = 0 
x-*»

(iii) E(x) is a monotone decreasing function of x on (0,”). 

Proof.

(I) Three applications of ! ’Hospital's rule gives

Iim ;— 2L®---- = Iim  ̂— x = I.
x-H) : (eX - I) x-H) eX

(Ii) Four applications of !'Hospital’s rule gives

x2ex
lira-------- - = Iim —  = 0.
x-*» (ex - I) x-Ko ex
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(ill) It suffices to show that E1(x) < 0 for x e(0,o°). 
Differentiating (A.6),

E'(x) xeX (2eX - 2 - x - xeX) 
<ex - I)3

Since, for x > 0, -------- r >0, the sign of
(eX - I)3

s(x) = 2eX - 2 - x - xeX = 2(eX - I) - x(eX + I) 
determines the sign of E1(x).

Since s(0) = 0, in order to show that s(x) < 0 for x > 0 (and 

thus that E ’(x) < 0 for x > 0), it suffices to show that s(x) is 
monotone decreasing on (O,00).

s'(x) = ex (l - x) - I < 0 
iff eX (l - x) < I.

The inequality is clearly satisfied if x ̂  I, so suppose 0 < x < I

Then s'(x) < 0 iff

(A. 7) ex < r l lr

But I
I - X

2 31 + x  + x + x  + ...

x X^ X^ and e = l +  x +  -j~ + g- + ... .

Thus the inequality (A.7) is satisfied for 0 < x < I since, termwise, 

the series for 1/(1 - x) dominates the series for ex after the second 
term. Since s' (x) < 0 for positive x, s (x) is decreasing on (0,“).
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This, together with the fact that s(0) =0, implies that s (x) < 0 for 

x > 0 which, in turn, implies that E'(x) < 0 on (O,00). Hence E(x)

Theorem A.I shows that for all positive censoring times estimation 

of X based on counts is asymptotically less efficient than estimation 

based on observed survival times. The actual loss of efficiency is a 

function of the ratio of the censoring time to the mean of the survival 

distribution. A few values are given.

x = t /p c E(x)

0.5
1.0
2.0
4.0

.98

.92

.72

.30
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