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Abstract:
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Resolved-acceleration control requires large amounts of computation, but the manipulator follows the
desired trajectory very closely. 



APPLICATIONS OF FAST NONLINEAR CONTROL

WITH ARBITRARY POLE PLACEMENT AND RESOLVED ACCELERATION CONTROL

TO A  TWO-LINK MANIPULATOR

by

Hatice Sahin

A  thesis submitted in, partial fulfillment 
of the requirements for the degree

of

Master of Science 

in

Electrical Engineering

MONTANA STATE UNIVERSITY 
Bozeman, Montana

August, 1986



ii

APPROVAL

of a thesis submitted by

Hatice Sabin

This thesis has been read by each member of the thesis committee 
and has been found to be satisfactory regarding content, English usage, 
format, citations, bibliographic style, and consistency, and is ready 
for submission to the College of Graduate Studies.

Aua 8  , N 8&
Date

/IL, a Jt Ji Jjr
Chairperson, Graduate commixtee

Approved for the Major Department

Date Head, Maj/fcoZg^ment

Approved for the College of Graduate Studies

^ < 9  / 9
Date Graduate Dean



N 378

ill

STATEMENT OF PERMISSION TO USE

In presenting this thesis in partial fulfillment of the 

requirements for a master's degree at Montana State University, I agree 

that the Library shall make it available to borrowers under the rules 

of the Library. Brief quotations from this thesis are allowable without 

special permission, provided that accurate acknowledgement of source is 

made.

Permission for extensive quotation from or reproduction of this 

thesis may be granted by my major professor, or in his absence, by the 

Director of Libraries when, in the opinion of either, the proposed use 

of the material is for the scholarly purposes. Any copying or use of 

the material in this thesis for financial gain shall not be allowed 

without my written permission.

Date



V

ACKNOWLEDGEMENTS

The author would like to thank Dr. D.A. Rudberg for his guidance 

and encouragement with this research. She also wishes to thank Dr. D.A. 

Pierre for his help and valuable suggestions.

Finally the author wishes to thank her husband, Turgut, for his 

encouragement and her son, Koray, for his patience.



TABLE OF CONTENTS

Page

APPROVAL .......................................................... ii

STATEMENT OF PERMISSION TO USE .................................. .ill

V I T A .............................................................. iv

ACKNOWLEDGEMENT ....................................................v

TABLE OF CONTENTS ................................................ vi

LIST OF FIGURE ......................    vii

ABSTRACT ......................................................... xii

1. INTRODUCTION ................................................ I

2. TWO-LINK MANIPULATOR .............. 4

3. FAST NONLINEAR CONTROL WITH ARBITRARY POLE PLACEMENT...........14

Control Method ..................  14
Sensitivity Analysis ......................................... 20
Conclusion ....................................................38

4. RESOLVED ACCELERATION CONTROL OF MECHANICAL MANIPULATORS.... 41

Control Method .......   41
Trajectory Planning .................   48
Sensitivity Analysis .............  54
Conclusion .................................................... 69

5. CONCLUSIONS AND RECOMMENDATIONS ...............................73

REFERENCES CI T E D ...................................  75

vi



LIST OF FIGURES

Figure Page

1. Two link planar manipulator with rotary joints....... .......... 4

2. Illustration of vectors defined in this chapter.................5

3. Free body diagram of link i. ................................ ....7

4. Block diagram of nonlinear control algorithm...................18

5. Angular position of first link w.r. to base coordinates
for different zeta values. ............ .........................21

6. Angular position of the second link w.r. to the first
link for different zeta values............ 21

7. Angular position of the first link w.r. to base
coordinates for different lamda values..........................22

8. Angular position of the second link w.r. to the first
link for different lamda values..................................22

9. Angular position of the first link w.r. to base
coordinates for variations in mass of link 1...................24

10. Angular position of the first link w.r. to base
coordinates for variations in mass of link 2...................24

11. Angular position of the first link w.r. to base
coordinates for variations in length of link 1.................25

12. Angular position of the first link w.r. to the base
coordinates for variations, in length of link 2.................25

13. Angular position of the first link w.r. to the base
coordinates for variations in mass of load...... .............. 26

14. Angular position of the second link w.r. to the first
link for variations in mass of link I............ ............. 26

15. Angular position of the second link w.r. to the first
link for variations in mass of link 2.......................... 27

16. Angular position of the second link w.r. to the first
link for variations in length of link 1........................ 27

vii



viii

LIST OF FIGURES— Continued

Figure

17. Angular position of the second link w.r. to the first
link for variations in length of link 2........................ 28

18. Angular position of the second link w.r. to the first
link for variations in mass of load.....................28

19. Torque applied to the first link by the base for
variations in mass of link I. ................................. 29

20. Torque applied to the first link by the base fpr
variations in mass of link 2................................... 29

21. Torque applied to the first link by the base for
variations in length of link I. ...................... ......... 30

22. Torque applied to the first link by the base for
variations in length of link 2................................. 30

23. Torque applied to the first link by the base for
variations in mass of load.....................................31

24. Torque applied to the second link by the first link for
variations in mass of link 1....................................31

25. Torque applied to the second link by the first link for
variations in mass of link 2.......... ........................ 32

26. Torque applied to the second link by the first link for
variations in length of link I......................... ........ 32

27. Torque applied to the second link by the first link for
variations in length of link 2....... ..........................33

28. Torque applied to the second link by the first link for
variations in mass of load......................................33

29. Angular position of the first link w.r. to the base 
coordinates for different desired positions with +5%
error in mass of link I................   34

30. Angular position of the second link w.r. to the first 
link for different desired positions for +5% error in
mass of link 1...................................................34

31. Torque applied to the first link by the base for
different load conditions....................................... 36

32. Torque applied to the second link by the first link for
different load conditions..... ..................................36



LIST OF FIGURES-Continued

Figure

33. Angular position of the first link w.r. to the base
coordinates for different load conditions......... .............37

34. Angular position of the second link w.r. to the first
link for different load conditions............................. 37

35. Angular position of the first link v.r. to the base 
coordinates for the limits imposed upon torques applied 
to the first link by the base and to the second link by
the first link.......................... ........................39

36. Angular position of the second link w.r. to the first 
link for the limits imposed upon torques applied to the 
first link by the base and to the second link by the
first link..............................................  39

37. Torque applied to the first link by the base for the
limits imposed upon joint torques...........  40

38. Torque applied to the second link by the first link with
the limits imposed upon joint torques............. *........... 40

39. Block diagram of resolved acceleration control algorithm.......47

40. Desired trajectory of the hand....................... 48

41. Desired trajectory of the hand in X-direction...................50

42; Desired trajectory of the hand in Y-direction...................50

43. Path transition.....................   ....51

44. Position error in X-direction for different arm masses......... 55

45. Position error in Y-direction for different arm masses. ....... 55

46. Torque applied to the first link by the base for
different arm masses.......................................  56

47. Torque applied to the second link by the first link for
different arm masses.............................................56

48. Position error in X-direction for different load masses........ 57

49. Position error in Y-direction for different load masses........ 57

50. Torque applied to the first link by the base for
variations in load mass......................................... 58

ix



LIST OF FIGURES-Continued

Figure

51. Torque applied to the second link by the first link for
variations in load mass....................................... ..58

52. Torque applied to the first link by the base for
variations in lengths of the links I and 2.....................60

53. Torque applied to the second link by the first link for
variations in lengths of the links I and 2..................... 60

54. Position error in X-direction for variations in lengths
of the links I and 2.............. ............. ............... 61

55. Position error in !-direction for variations in lengths
of the links I and 2................................. .......... 61

56. Position error in X-direction for different hand
velocities...................................................... 62

57. Position error in !-direction for different hand
velocities.........................................,............. 62

58. Torque applied to the first link by the base for
different hand velocities....................................... 63

59. Torque applied to the second link by the first link for
different hand velocities......................... 63

60. X-position of the hand for different hand velocities............ 64

61. Position error in X-direction with the errors in initial
X-position....................     64

62. Position error in !-direction with the errors in initial
!-position.......................................   65

63. Torque applied to the first link by the base with the
errors in initial X-position.................................... 65

64. Torque applied to the second link by the first link
with the errors in initial X-position...........................66

65. Acceleration of the hand in X-direction for different
acceleration times.....................  66

66. Acceleration of the hand in !-direction for different
acceleration times.............................................. 67‘ , :

X



LIST OF FIGURES-Continued
I

Figure

67. Velocity of the hand in X-direction for different
acceleration times................................   67

68. Velocity of the hand in Y-direction for different
acceleration times. ............................................. 68

69. Position error of the hand in X-direction for different
acceleration times.............................................. 70

70. Position error of the hand in Y-direction for different
acceleration times.............................................. 70

71. Position of the hand in X-direction for different
acceleration times. .............................   71

72. Position of the hand in Y-direction for different
acceleration times.............................   71

73. Torque applied to the first link by the base for different
acceleration times..........................  .72

74. Torque applied to the second link by the first link for
different acceleration times. ..........................  72

xi



xii

ABSTRACT

A two link manipulator is simulated on the VAX11/750. Applications 

of Fast Nonlinear Control with arbitrary pole Placement for Industrial 

Robots and Manipulators and Resolved-Acceleration Control of Mechanical 

Manipulators to the two link manipulator are described. Fast nonlinear 

control masks the nonlinearities of the manipulator, causing the input- 

output relations regarding joint angles to appear like two decoupled, 

linear, second-order systems. Results of sensitivity analyses applied 

to nonlinear control show that the system is very sensitive to 

parameter variations of the manipulator. Resolved-acceleration control 

requires large amounts of computation, but the manipulator follows the 

desired trajectory very closely.
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CHAPTER I 

INTRODUCTION

Robots are computer controlled machines. They are built and 

programmed to do specific tasks. Robots are mostly used for handling 

dangerous materials, pick and place tasks, spot welding, arc welding, 

painting, assembly and inspection tasks.

The planning of motions to solve some previously specified tasks 

and controlling the robot to execute the commands necessary to achieve 

those motions are basic problems in robotics. Control of a robot 

manipulator is the main concern of this thesis.

There are many different methods of controlling a robot 

manipulator. Linear state-feedback control of manipulators is studied 

by Golla, Garg and Hughes [1], and several methods for assigning 

closed-loop poles using centralized control are presented. Arimoto and 

Takegaki [2] show the effectiveness of a linear feedback of generalized 

coordinates and their derivatives, and propose a method for task 

oriented coordinate control. The effects of linear independent joint 

torque control are analyzed by Luh, Fisher and Paul [3]. A  model- 

referenced adaptive control law is developed by Dubowsky and DesForges 

[4]. The task of the adaptive controller is to adjust the feedback 

gains of the manipulator so that its closed loop performance 

characteristics closely match the set of desired performance 

characteristics embedded in the behavior of the reference model. The
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time optimal control of an open-loop system is studied by Kahn and Roth 

[5], and a suboptimal feedback control, which provides a close 

approximation to the optimal control, is developed. A  hybrid 

position/force control of manipulators is developed by Raibert' and 

Craig [6], The "hybrid" technique described combines force and torque 
information with positional data to satisfy simultaneous position and 

force trajectory constraints specified in a convenient task-related 

coordinate system. Sliding mode theory to develop a nonlinear-switching 

control law with guaranteed tracking and stability is studied by Young 

[7], General nonlinear decoupling and control theory has been studied 

by Freund [8, 9] and a sufficient condition for the observability of ya 
decoupled, nonlinear, time-varying system is derived. A  nonlinear 

control algorithm with arbitrary pole placement has been developed by 

Freund [10] which provides a decoupled overall-system behavior.

Resolved motion-rate control has been studied by Whitney [11, 12],. In 

this control method, joint velocities are obtained from hand velocities 

and positions. Luh and Walker [13] extended this idea to include 

resolved acceleration. The inverse problem technique was investigated 

by Paul [14], and Raibert and Horn [15]. In the inverse problem 

technique the joint torques necessary to drive the manipulator are 

computed as a function of desired and actual joint accelerations, 

velocities and positions, together with calculated values of inertia, 

viscous friction, coriolis and centrifugal terms, and gravity terms.

Luh, Walker and Paul's resolved acceleration control [16] extends the

ideas of resolved motion rate control and the inverse problem.
i'
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The subjects of this thesis are the applications of Fast Nonlinear 

Control with Arbitrary Pole Placement for Industrial Robots and 

Manipulators [10], and Resolved-Acceleration Control of Mechanical 

Manipulators [16] to a two link manipulator.

First the dynamic equations of motion of a two-link manipulator are 

derived. Then, in the next two parts of the thesis, the control methods.
I

are described, applications of these control methods to the two-link 

manipulator are shown and sensitivity analyses are made. For the 

resolved-acceleration control method, trajectory planning is also

included.
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CHAPTER 2

TWO-LINK MANIPULATOR

The subject of this thesis is control of a two-link manipulator. 

Both links of this manipulator have only rotational motion. The z-axis 

is the axis of rotation for both links, which means the manipulator has 

a planar motion in the x-y plane. The gravity vector, g, is in the -y 

direction. As seen in Figure I, I^ and Ig are the lengths, and m^ and 

mg are the masses of link I and link 2, respectively. The links have 

equal lengths (I^=Ig) and equal masses (m^=mg). They are both 

cylindrical links with radius R and uniform mass distribution [17].

Figure I. Two-link planar manipulator with rotary joints.
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The dynamic formulation of the manipulator is done in two parts: 

kinematics and kinetics. Kinematics is the relationship between 

position, velocity and acceleration of the links of the manipulator. 

Kinetics is the relationship between the forces causing the motion and 

the kinematical variables representing the motion of the system.

link i-1 
origin

base origin

link i 
origin

Figure 2. Illustration of vectors defined in this chapter.

As seen in Figure 2, Pi* is the vector from the proximal to the 

distal joint of link i, where

*
Pl

*
P2

CosGi

SinGi

cos(6i+62)

(2.1)

Sin(G^G2)
(2.2)
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and is the vector from the base to the distal joint of link i. For 

the first link

Pl = Pj

and for the second link

* *
P2 ~ Pl + P2‘

p2(x,y) is the position of the end point of the second link, where

X IJcosGj t I2COS(GjtGj)

y IjSinGj t I2Sin(GjtG2)

The Cartesian velocities of the manipulator end point in terms of 

joint velocities are

*

y

-I1SinG1 - I2Sin(GjtG2) 

I1CosG1 + I2Cos(Gj^-G2 )

-I2Sin(GjtG2 )

I2Cos(GjtG2)
(2.4)

and the accelerations are

x

y

-IjSinG1 

I cosGj

-I2Sin(GjtG2)

I2Cos(GjtG2)

G1

G ^ G 2

IjCOsGj

IjSinGj

I2Sin(GjtG2)

I2Sin(GjtG2 ) (GitG2)2
(2.5)
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‘fi,i+l

Figure 3. Free body diagram of link i.

From the free body diagram of the manipulator above (Figure 3) the 

total forces and torques acting on an isolated link are zero. The 

external forces acting on link i are the force of gravity and the 

forces exerted by links (i-1) and (i+1). Therefore the net force is

£i - fI-I1I - 1I1U l  * -I* (2-6)

where

_fi,i+l = fi+l»i

fx  ̂  ̂ is the force exerted by link i-1 on link i and -f^ is the 

force exerted by link i+1 on link i. f. is the net force acting on link

i. For the two link manipulator the force balance is

fI - fO,I ' fIf2 + mIg (2-7)

f2 ' fl,2 f2,3 + m2g (2.8)
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(2.9)f3 = f2,3 + mLg

where f9 - is the force exerted on link. 2 by the load, which is a pointL f j
mass applied to the end point of the second link, and f^ is the net 

force exerted on load.

The torque balance is

ni = ni-l,i - "1,1+1 " (pi+ri)xfi-l,i + rixfi,i+l 

where

(2.10)

~ni,i+l " "i+l,i’

n^  ̂  ̂ is the torque exerted on link i by link i-1, -n^ i+1 is the
torque exerted on link i by link i+l, -(p^ +r^ )xf^  ̂  ̂ is the torque

. . . * *, * ,due to the force f  ̂ through the moment arm -(P1 +rj ), ^  Xf1 1+1 
is the torque due to the force -f1 1+1 through the moment arm -T1 and

H1 is the net torque. As shown in Figure 2, -(P1 +^1 ) is the vector

from the center of gravity of link i to joint i, and is the vector

from the center of gravity of link i to joint i+l.

For the two link manipulator the torque balance is

nI = n0,I 

n2 = nI,2 

n3 = "2,3

"1,2 - (pl+ri)xf0,l

n2,3 ~ (P2+r2>x£l,2
. * *V £
(p3+r3)xf2,3

+ r*xf12 

+ C2Xf2 3̂

(2.11)

(2.12)

(2.13)

Since the load is assumed to be a point mass (dimensionless) its 

rotational inertia through the center of mass is zero, therefore the

net
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torque exerted on load is zero. The torque 3 is zero, because there 
is no torque exerted on mass by the second link. The remaining term in 

Equation 2.13 is zero also, because the load is dimensionless.

Kinetic formulation of the manipulator is based on Newton's and 

Euler's equations. Newton's equation is

where r^ is the linear acceleration of the center of mass of link i 
with respect to base coordinates. Euler's equation is

where Ii is the inertia of link !,wu and Wi are the angular velocity 

and acceleration of link i with respect to the base coordinates.

For the two link manipulator the forces are:

fi - V i (2.14)

ni ” 1I^i + wixliwi (2.15)

fI = V l (2.16)

f2 ” * V 2 (2.17)

f3 = V 3 (2.18)

where ri=pi/2, r2=p2 +r2 and r3-p2. r 
Equation 2.5. The torques are

i# r'2 and Jr3 are derived from

n.1I = ^l^L + (2.19)

n2 " %  + V : 2*2 (2 .20)
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where

w^xl^w =̂0

W2X12OJ2=O.

I1 and I2 are the rotational inertias through the centers of mass of 
link I and 2.

I1= HVlI1ZLZ + m1R2/4

I2 = Hi2I2ZLZ + Hi2R2Zd

(2.21)

(2.22)

The angular velocities are:

wI = 9I

U2 = ei + Q2

(2.23)

(2.24)

and accelerations are:

*1 Q1

&2 = 9I + 9Z

(2.25)

(2.26)

Therefore

nI “ ^l9I (2.27) 

n2 = ^2^9I+9Z^ (2.28)

By substituting Equations 2.7-2.9, 2.16-2.18, 2.27, 2.28, into 

Equations 2.11 and 2.12, and simplifying, the following dynamic 

equations are
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obtained, where n̂  ^^ is the torque applied to link i by the link i+1.

nI, 2= [1Z + ( V Z +mL)1I1Zcos0Z + ("VZ+mJ 1Zj6I +

[1Z + ("Vz+mJ 1Zj6Z + ("TmZ+mJ 1I1Z(sin6Z)0I +

( " V +mJ  1Zgcos (6i+0z) (Z.Z9)

no, r

2 2
. mlll+m2l2 / I 2[1I + I2 + ^m2+mLj I1I2COse2 + 4 + ^ +mLj1Z

+ mL1I1Zj6I + [1Z + (-TnZ+mJ 1I1Zcos^  + ( " V 1Z+mJ 1Zj6Z 

- [("Vz+mJ  (Sin02)0Z + 2 ( " V z +mJ  (sin0Z)0I0Zj1I1Z

+ ^-2^-+mLjl2gcos^ei+e2] + (-y— +H2-hmL) 1Igcos6I1 (2.30)

Dynamic equations of the two link manipulator are rearranged in the 

following form to obtain state space representation of the system.

1Il6I + 1IZ0Z = (-V 2 +mL) 1I1Z5in0Ẑ  0l+02̂

+ -̂̂ —m^+m2+mjJ IjgCosQ^ + nQj- n^Z

01 " nIZ= FXl + n, (2.31)
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1Zl̂ l + 1ZẐ Z “ (T^Z+mL) 1I1Zsin0Ẑ l

" ("FinZ+niL) 1Zg0os ̂0I+0Z ̂ + n

where,

= FXZ + n 2̂ (2.32)

1Il = 1I + ( - V W mL) 1I + ( V nZ+mL)1I1Zcos0Z (2.33)

1IZ = (-ym Z+mL)1I1Zcos0Z (2.34)

1Zl

+CS
HIl ( - V nZ+mLjlz + ( V nZ+mL)1I1Zcos0Z (2.35)

CMCS
H +CS
HIl ("TmZ+mLj1Z (2.36)

Equation 2.31 and 2.32 can be written in general

where

AXl f l Il L a '
-I FXl

AXZ rHCS
H

1ZZ . FXZ
(2.38)
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r—I r—I
OQ B12 I I I-11Il I12 I -I nOl

. B21 B22 . I21 Z22 . 0 I . n12

where the state variables X1 and X3 are G1 and G2 respectively
Equation 2.37 was coded as a system model.

(2.39)
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CHAPTER 3

FAST NONLINEAR CONTROL WITH ARBITRARY POLE PLACEMENT

Control method

Robot manipulators are characterized by highly nonlinear equations 

with nonlinear couplings between the variables of motion. The main idea 

of nonlinear control with arbitrary pole placement is to obtain 

decoupled behavior of the output variables without linearizing the 

system equations [10J. After application of this control method, the 

overall system (manipulator and controller) equations will be linear, 

decoupled., second-order equations, whose coefficients can be chosen 

arbitrarily (arbitrary pole placements).

The following development is taken from Freund [10]. JPhe nonlinear 

control law for the following general time varying system"

x ft) = A(x,t) + B(x,t)u(tr (3.1)

y(t) = C(x,t) + D(x,t)u(t) (3.2)

is of the form

u(t) = F(x,t) + G(x,t)w(t) (3.3)

in which «(t) is a new m-dimensional reference input vector.

F(x,t) = F*(x,t) = F^(x,t) + F^(Xft) (3.4)
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where

F*(x,t) -= -D*-1(x,t)C*(x,t) (3.5)

F*(x,t) - -D*-1(x,t)M*(x,t) (3.6)

F^(x,t) represents the part of the feedback that yields decoupling 

F^(Xft) performs the control part with arbitrary pole assignment 

and

G(x,t) - G*(x,t) - D*™1(x,t)A (3.7)

where A is an mxm diagonal input gain matrix. The elements of the 

matrix L are (i-1,2,...,m).

D*(x ,t) is an mxm matrix with the i th row

' D^(Xft)........................... for dj,- 0

0Ilxitl ■ ■ . , d,-i . '3-*'
L-Ix-nA C%(x,t)jB(x,t)...... for di9< 0

is the nonlinear operator which is defined as

N^C.(x,t) - -^-N^ 1Ci(Xft) + [-|t-N^ 1Ci(Xft)Jh(Xft) (3.9)

where di is the order of the differential equations. C (x,t) is an

m-dimensional vector with i th component

Ci(Xft) = Na 1C-U,t) (3.10)
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M (x,t) is an m-dimensional vector with the i th component

MU(x,t) =
for Cii - O

d.-l (3.11)

^ kI0 ........ £or dt ^ 0

Therefore the control law is:

u(t) = -D* "̂(Xft) I C*(x,t) + M*(x,t) - («)(t)X j. (3.12)

implication of the feedback law to the nonlinear system yields the 

overall behavior of all input-output pairs wuft), yi(t) (i-1,2,...,m).

y f ^ t t ) + aj
i-l, i

y f rl)(t» Xi(A)i (t) (3.13)

where a's and X's can be chosen arbitrarily.
In order to apply this control method to the two link manipulator,

the dynamic equations of the manipulator need to be written in the form

of Equations 3.1 and 3.2. Equation 2.37 is in the form of Equation 3.1

*1 x2 ’ 0 0 ‘

*2 AXl B11 B12 nOl

*3 X4
+ 0 0 n12

*4. AX2 . B21 B22 .

(2.37)

For the two link manipulator, the observable output variables are 

the state variables. This simplifies the overall algorithm.

The outputs are:
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Y2
C.(x). (3.14)

After the application of control method to the two link manipulator 

the following equations are obtained:

D*(x) =

C*(x) -

M*(x) -

B11 B12

. B21 B22 .

AXl

AX2

aOlxI + aIlxI

a02x3 + “12X4

(3.15)

(3.16)

(3.17)

U1It)

u2 ( t )

-D* 1U)
Ci(X) + Mg(X) - XiWi 

Cg(X) + Mg(X) - XgWg
(3.18)

Substitution of Equations 3.14, 3.15, 3.16 and 3.17 into 3.18 gives the 

following control effort

D O (-» ' Bll fiI2 '
-I ' AXl + Uq1X1 + aIlx2 ‘ xIwI-

n12. . B21 B22 . + aO2xS + a12X4 - ^ w2.
(3.19)

The block diagram of the overall system is shown in Figure 2.4. In this
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block diagram the block which has the input u(t) and output x 

represents the manipulator, and the other three blocks represent the 

controller. In the controller u(t) is obtained by multiplying the input 

of the upper left block by [B(X)] The terms inside the other two 

blocks in the controller represent their outputs.

[B(X)] A - A(x) + B(x)u(t)

Figure 4. Block diagram of nonlinear control algorithm.

As shown in the Figure 4, A(x) and B(x) are time invariant, where

A(x)
AXl' Pll »12

B(x) =
AX2. »21 »22.

(3.20)

The control vector is

(3.21)

For the two link robot arm, the nonlinearities of the manipulator
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are embedded in the controller. Then, in the overall system, the 

controller generates a nonlinear control signal that masks the 

nonlinear nature of the manipulator, yielding a pair of second-order, 

linear, decoupled relations from w to y. In the end, the following 

overall equations are obtained:

^1(I) + O11Y1(I) + aQ1Y1Ct) = W1(I)X^ (3.22)

y2(t) + o12y2(t) + OQ2y2(t) = M2(I)X2- (3.23)

Since the above equations are linear, second-order equations, the 

coefficients , «q2, a^, a^2, X^ and X2 can be defined as follows:

aOl = Mnl «02 = Wn2

aIl = 2^lwnI “12 = 2Z;2“n2

xI = Mnl h  = Wn2

where Mfî  is the natural frequency and C1 is the damping coefficient.
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Sensitivity Analysis

I
After application of the nonlinear control method, it is observed 

that the overall fourth-order system behaves like two decoupled, 

linear, second-order systems, which indicates that the nonlinear signal 

from the controller masks the nonlinear nature of the manipulator. Any 

difference of manipulator parameters from controller parameters is 

expected to affect masking. If the masking is not perfect because of 

inexact modeling in the controller, the overall system may not behave 

like two decoupled, linear, second-order systems. Therefore the overall 

system was tested to see the effect of any difference between the 

manipulator parameters and the corresponding parameters embedded in the 

controller. The masses of links and load (m^, mg and m^) and the 

lengths of links (1^, lg) of the manipulator are varied by +1%, +5% and 

+10% about design center while the controller parameters remain 
constant. The state variables (0^, 0g) and control efforts (Oq ,̂ n^g) 

are recorded. State variables and control efforts are also recorded for 

limited joint torques (n^^, n^g).

In the sensitivity analysis some arbitrary design center values are 

given to the parameters C and X. Figures 5, 6, 7 and 8 show the 
decoupled second-order behavior when manipulator parameters and 

corresponding controller parameters are identical. The following table 

shows the design center values of the manipulator parameters.

Table I. Manipulator design center parameters.

mI m2 1I V mL

20kg 20kg 0.60m 0.60m 10kg
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Figure 8, Angular position of the second link w.r. to the first link
for different lamda values.
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The errors in manipulator parameters m^, , mg, Ig and m^ affect

the maximum overshoots of the state variables and the joint torques, 

the time of maximum overshoot, and the steady state values of state 

variables and joint torques. For the analysis desired positions for 0^ 

and 9g are chosen as -0.5 radian and 0.5 radian respectively. The 

results are shown in Figures 9 through 28. In these Figures, plot 4 

corresponds to the system response when the manipulator parameters and 

controller parameters are identical.

As seen from the Figures 9-13, the state variable X^ (0^) is more 

sensitive to the changes in I^ and less sensitive to the changes in m^ 

The state variable x^ (0g) is more sensitive to the changes in I^ and 

less sensitive to the changes in mg (Figures 14-18). Figures 19-23 are 

the plots of torque Uq .̂ From these Figures it is observed that 

variations in Ig have more effect on control effort, while variations 

in m^ have less effect on control effort. As seen from Figures, 24-28 

changes in m^ has the minimum effect on torque n^g. However these 

results are strictly position dependent. Because of gravity, certain 

positions require more control effort than others. The system becomes 

more sensitive to the parameter variations when high control efforts 

are required because, of the position of the manipulator. For different 

desired positions effects of variations in the manipulator parameters 

will be different. Figures 29 and 30 show the effect of +5% variation 

in m^ on the state variables. As seen from these figures steady-state 

errors of state variables are directly dependent on the desired 

positions. For desired positions of -1.5 radian (9^) and 1.5 radian 

(0g) state variables (0^) and (0g) have
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TIME ISECI

Figure 9. Angular position of the first link w.r. to base 
coordinates for variations in mass of link I.
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TIME lSECi'

Figure 11. Angular position of the first link w.r. to base 
coordinates for variations in length of link I.

TIME ISECI

Figure 12. Angular position of the first link w.r. to the base
coordinates for variations in length of link 2.
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for variations in length of link I.
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Angular position of the second link w.r. to the first link
for variations in mass of load.

Figure 18.
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Figure 19. Torque applied to the first link by the base for 
variations in mass of link I.
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Figure 20 Torque applied to the first link by the base for
variations in mass of link 2.
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Figure 21. Torque applied to the first link by the base for 
variations in length of link I.

Figure 22. Torque applied to the first link by the base for
variations in length of link 2.
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variations in mass of load.
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TIME (SEC)

Figure 27. Torque applied to the second link by the first link for 
variations in length of link 2.

Figure 28. Torque applied to the second link by the first link for
variations in mass of load.
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Figure 29. Error in angular position of the first link w.r. to the
base coordinates for different desired positions with +5% 
error in mass of link I.
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minimum position, error, while desired positions 0.00 radian (9^) and 

0.00 radian (Sg) have maximum position error, because the second case 

requires more control effort.

Error in the length of any link affects the whole system more than 

error in the mass of any link because length is a squared term in the 

inertia equation of each link, while mass is a linear term.

As errors in the parameters vary from -10% to +10% (from mass or 

length below design center to mass or length above design center), 

maximum torques and steady-state torques are expected to increase,

since more weight or length requires more control effort. As seen from
!'

the Figures 19 through 28 this is not always the case. This is because 

of the error in steady-state positions of the angles 9^ and 9g. Any 

error in the parameters causes steady-state position error.

Finally, settling times and steady-state errors of the state 

variables increase with increasing errors in the parameters, as 

expected.

Later, the manipulator and controller parameters are kept identical 

and the system is tested for different loads. The system is also tested 

to see the effects of limits imposed upon joint torques.

When the system is tested for different loads (0, 5, 10, 15, 20kgs) 

it is observed that control efforts (n^^ and n ^ )  are affected (Figures 

31, 32). Any increment in the load mass requires increased control 

effort. Maximum overshoot value, maximum overshoot time, settling time 

and steady-state error of the state variables are not affected (Figures 

33, 34).

When limits are imposed upon joint torques (n^^ or n ^ )  it is
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TIME ISECi'

Figure 31. . Torque applied to the first link by the base for different 
load conditions.

Figure 32. Torque applied to the second link by the first link for 
different load conditions.
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Figure 33. . Angular position of the first link w.r. to the base
coordinates for different load conditions.

Figure 34. Angular position of the second link w.r. to the first link 
for different load conditions.
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observed that steady-state values of the torques and steady-state error 

of the state variables are not affected. Maximum overshoots of the 

state variables are increased with the limits on torques (Figures 35- 

36). Maximum overshoot of torque is increased with the limit on 

torque n ^  (Figure 37), and maximum overshoot of torque n ^  is 

increased with the limit on torque n ^  (Figure 38).

Conclusion

As seen from the sensitivity analysis, when there is no error in the 

manipulator parameters the overall fourth-order system behaves like two 

decoupled, linear, second-order systems. The outputs follow the 

reference inputs with zero steady-state error for any load. The overall 

system is very sensitive to the parameter changes. Sensitivity of the 

the system depends on desired positions. Effects of the change in load, 

when the manipulator and controller parameters are identical, can be 

observed by looking at the control effort. Maximum values and steady- 

state values of the torques increase with increase in the mass of the

load.
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coordinates for the limits imposed upon torques applied to 
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Figure 37. Torque applied to the first link by the base for the 
limits imposed upon joint torques.

Figure 38. Torque applied to the second link by the first link with 
the limits imposed upon joint torques.
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CHAPTER 4

RESOLVED ACCELERATION CONTROL

Control Method

Resolved acceleration control is designed to control the position 

of the hand [16]. With this control method the hand can follow a 

predetermined trajectory with desired speed and acceleration. Feedback 

control is done at the hand level. The actual position and orientation 

of the hand, and actual angular position and velocity of the joints 

from the sensors are directly fed back, but the angular accelerations 

of the joints are calculated. Actual angular positions and velocities, 

and calculated accelerations of the joints are used to calculate the 

required torques to derive the manipulator through a set of specified 

positions, velocities and accelerations. The following is the torque 

equation of the manipulator in general.

T = J(q)q + f(q,q) + g(q) (4.1)

where

q = actual joint position in generalized coordinates 

J(q) = Inertia matrix 

f(q,q) = Coriolis and centrifigual terms 

g(q) = Gravity terms 

T = torque ■ v-
q is the acceleration term to be calculated from the equation
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%  + kIiq + k2eq = 0

where

6Q = qd -  q

therefore

(4.2)

(4.3)

q = qd + It1(Qd-Q) + k2(qd-q) (4.4)

The torque equations for the two-link manipulator are given by 

Equations 2.29 and 2.30 and are repeated here for convenience.

"1,2= [h + ( ~ r m2+mL)1l 12COS02 + ( " T mZ+mJ  1^] 6I +

[Z2+ (-T n2+mL)12]02 + (“T n2+mL)1l12(sin02)0l + 

(_T n2+mL)12gc0S (0l+02) (2.29)

,2 ,2m-I. +m„l.r / \ miIj"! "r",2'1"2
"0,1= L1I + 1Z + ( m2+mLj1l12COS02 + ----- 4----  + (m2+mJ

+ mL1I1J 0I + [1Z + ("T ^1Z+mL) 1112COS02 + ( " T nZ+mL j1J 0Z

" [(-TnZ+mLj(sin0Z)0Z + 2 ( T nZ+mL)(sln^ )616Zj1I^

("TnZ+mLj1Zgcos (0l+02j + ("TnI+n̂ Z+mLj1Igcos0I (2.30)

As seen from the torque equations above, the acceleration term that 

needs to be calculated is
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For resolved acceleration control, e is the position and 

orientation error of the hand. Resolved acceleration control is based 

on the convergence of the Equation 4.2 where e is the position and 

orientation error vector of the hand. The values of R1 and V.2 should be 

chosen such that the characteristic roots of above equation have 

negative real parts. Then the error e will approach zero 

asymptotically.

The position and orientation of the hand can be written in matrix

form.

H(t)
n(t) s(t) a(t) p(t)

0 0 0 I .

The desired position and orientation of the hand is

Hd (t)
nd (t) sd (t) ad (t) pd (t) 

0 0 0 1

(4.6)

(4.7)

where n, s, and a are the unit normal, unit slide and unit approach 

vectors of the hand, and p is the position vector of the hand. In hand 

coordinates the unit normal vector is in the z-direction, the unit 

slide vector is in the y-direction and the unit approach vector is in 

the x-direction. The position and orientation error is

e = Hd (t) - H(t) (4.8)
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q in Equation 4.4 is in the joint coordinates, but resolved 

acceleration control deals directly with the hand in Cartesian 

coordinates. Therefore q in joint coordinates needs to be calculated as 

a function of desired hand position, velocity and acceleration.

v is the velocity vector of the hand which can be written in the 

following form

where is the linear position and pQ is the orientation (angular 

position) of the hand. Therefore v is the linear velocity and w is the 

angular velocity of the hand.

The acceleration vector is

(4.9)

V I = Mq + Bqto J (4.10)

The error equation

e + k^e + k^e = 0 (4.11)

can be written in terms of v and v. Which yields

\>d - v + It1(Vd-V) + k^e = 0 (4.12)

v = i>d + R1(Vd-V) + RgO (4.13)

Substituting 4.9 and 4.10 into 4.13 and solving for q gives the 

following equation;
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q M I ^ ^2® — ^

- R1^ + M-1 r <>d + R1Vd + R2e - Pk) (4.14)

which is used to calculate the torques.

For the two-link manipulator the position of the end point of the 

manipulator in Cartesian coordinates is given in the following equation

I1CosG1 + I2Cos(G1H-G2) 

I1SinG1 + I2Sin(G1H-G2 )

and the orientation is

(4.15)

P0= G1 +G2

v

v

V

L w
d_
dt

' -I1SinG1 

I1CosG1

"Pi ‘
. Po.

- I2Sin(G1H-G2) 

+ I2Cos(G1H-G2)

I

(4.16)

(4.17)

I2Sin(G1H-G2)'

I2Cos(G1H-G2)
e2

I

(4.18)

= M(G)G

In the above equation M(G) is a 3x2 matrix, therefore it can not be 

inverted. A 2x2 matrix is obtained by taking the first two rows of the 

M matrix. This way the position of the manipulator in the x-y plane 

will be controlled, but not the orientation (orientation control is
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explained in Luh, Walker and Paul [16]). 

Therefore the position error e^ is

r pXd(t) - px(t)

L Pyd(t) - Py(t)
(4.19)

where px(̂  and p ^  are the desired positions in x and y-directions 

respectively.

The M matrix is

M(G) =
' -I1SinG1-I2Sin(G^G2) -I2Sin(G1^G2)

l1cosG1+l2cos(61+G2) I2Cos(G^G2)

The determinant of M is

(4.20)

detM(6) = SinO2

Which means the M matrix can be inverted for all values of O2-Cn except 

(c-0,+1,+2...). These are the singularities of the two link 

manipulator. After calculation of the M matrix, detM and M  ̂ can be 

calculated. The following figure is the block diagram of the resolved 

acceleration control algoritm.



-P(t)

Manipulator

Joint to hand 
transformation

t*J(q)q+f(q,q)+g(q)

Figure 39. Block diagram of the resolved acceleration control algorithm.
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Trajectory Planning

Sometimes it is important for the manipulator to follow a 

trajectory with desired velocity and acceleration, as in conveyor 

tracking. Resolved acceleration control is designed for this purpose. 

Therefore it is important to discuss trajectory planning.

Trajectories can be straight-line trajectories, circular 

trajectories or any other trajectory which can be written as a function 

of time. Straight-line trajectories can be either in Cartesian 

coordinates or in joint coordinates (angles). Resolved acceleration 

control is designed to drive the manipulator in Cartesian coordinates. 

Here, only straight-line trajectories in Cartesian coordinates will be 

mentioned.

Figure 40 shows a trajectory of the manipulator in Cartesian 

coordinates. Let the manipulator be at rest at point A. It is desired 

to move the hand from point A to point B in T^ seconds, from point B to 

point C in T£ seconds and from point C to point D in Tg seconds, and to 

bring the manipulator to rest at point D.

A(t=0)

Figure 40. Desired trajectory of the hand.
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In order to have the manipulator be at the right position ait the 

right time, the position, velocity and acceleration have to be defined 

as functions of time along the trajectory. It is necessary to evaluate 

these functions and to transform them into joint coordinates 

continuously to have minimum position error. Figures 41 and 42 show the 

desired motion of the hand in the x-direction and in the y-direction 

with respect to time. Notice the motion from k' to A or from D to D' in 

both of these figures. Actually there is no motion between these points 

but repeating the same point is necessary as it allows time to start or 

to stop a motion.

In order to start or to stop a motion or to change the velocity

along the trajectory, the manipulator has to accelerate or decelerate

from one velocity to another. Acceleration is to be a continuous

function of time because discontinuous or impulsive acceleration would

cause undesired vibration and jerk. The time allowed for acceleration

or deceleration is called t . Therefore the time necessary to startacc
or to stop a motion should be at least Iqcc long. As seen from the 

Figures 41 and 42 ( x vs. t and y vs. t ) each trajectory segment 

requires different speed. Forcing the manipulator to pass through the 

points A, B, C and D with a speed other than zero would require 

impulsive accelerations and discontinuity in velocity at these points 

which are not desired. Therefore small deviations from the desired 

trajectory are necessary. Continuity in position, velocity and 

acceleration for any motion is necessary to prevent vibration and jerk. 

In order to provide continuity in position, velocity and acceleration 

during the transition from one trajectory segment to another, a
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Figure 41. Desired trajectory of hand in X-direction.

Figure 42. Desired trajectory of hand in Y- direction.
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function f(t) has to be defined over the transition period. Because of 

the six boundary conditions (position, velocity and acceleration at 

both ends of the transition), the function f(t) would be a fifth order 

polynomial, but due to the symmetry of the transition a fourth order 

polynomial will suffice [18]

A 3 2f(t) = a^t + a^t + a2t + a^t + a^. (4.21)

In Cartesian coordinates f(t) is x(t) or y(t).

We now analyze the transition from trajectory segment AB to BC in

x-direction in the Figure 43. Let t=0 at point B and T be the time

allowed for the trajectory segment BC (notice T2 in Figure 41 is

reseted to T). The transition should start at t=-t and end atacc
t=t . and T should be greater than 2t to allow time for the next acc ° acc
transition period. Coefficients of Equation 4.21 are calculated by 

using the following boundary conditions.

Figure 43. Path transitions.
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At t — t.acc

x = AB + B

& -AB
'acc

x = 0

at t = tacc

T acct _ + B

x = 0

Then the position, velocity and acceleration in x-direction are

x = [(AC + Afij (2-h)h2 - 2Afijh + B + AB (4.22)

i = [(AC + Afij (1.5 - h)2h2 - Afij p —  (4.23)

where

x = (AC -|25. + Afijd - h) - p -
tacc

(4.24)

AC = C - B

AB = A  — B

t + tacc
acc
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The following variables need to be reset to start the transition to 

trajectory segment CD.

"
A = X  present position

B = C

C = D
I!

AB = A  - B 

AC = C - B

t = -t reset timeacc

AB, AC and T have to be evaluated before the manipulator reaches point
„

A  . It is not necessary to plan the entire motion, but only to look

ahead one position. In other words, when the manipulator is at point 
11

A  , evaluation of the motion from point C to D may begin.
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Sensitivity Analysis
I

The major distinction between resolved acceleration control and 

decoupled nonlinear control is that with nonlinear control, the 

manipulator is driven to reach desired joint angles without regard to 

the intermediate trajectory, whereas, with resolved acceleration 

control, position, velocity and acceleration of the hand are controlled 

directly to provide trajectory following.

Since the purpose of resolved acceleration control is to follow a 

trajectory with desired velocity and acceleration, the sensitivity 

analysis is aimed to show how closely the manipulator can follow a 

trajectory and what the torque requirements are under different 

conditions. For this purpose the manipulator is tested by changing the 

following parameters about design values: arm mass, arm length, load 

mass, hand velocity, acceleration time and time constants. The 

manipulator is also tested with errors in initial positions.

The manipulator is first tested for different arm masses. Results 

as seen from Figures 44-47 showed that errors in position are not 

affected much, but torque requirements are. As expected, any increment 

in mass of the arm requires more torque while the decrements require 

less torque. The same thing is true for changes in load mass, but in 

this case errors in position are affected slightly, especially under no 

load condition (Figures 48-51) Different manipulator masses do not have 

much effect in the position error because the mass is equally 

distributed along the manipulator, but changes in the load (which is a 

point mass at the end point of the manipulator) affect the position 

error. Almost all the time the actual position of the manipulator leads



55

Figure 44. Position error in X-direction for different arm masses

Figure 45. Position error in Y-direction for different arm masses
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Figure 46. Torque applied to the first link by the base for different 
arm masses.

Figure 47. Torque applied to the second link by the first link for 
different arm masses.
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Figure 50. Torque applied to the first link by the base for 
variations in load mass.

Figure 51. Torque applied to the second link by the first link for 
variations in load mass.
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the desired position. Under no load condition, and during the 

acceleration times the manipulator responds much faster which causes 

more error. The changes in arm length affect the positions of the links 

and these are expected to affect the torques. Figures 52 and 53 show 

the changes in torques clearly. Again there is no significant change 

in position errors (Figures 54 and 55).

The changes in hand velocity affect the position error. For the 

velocity of 0.05 m/sec the maximum error is -0.510x10"^ m, but for the
. _3

velocity of 0.15 m/sec the maximum error is -0.138x10 m which means 

higher velocity results in more position error (Figures 56-57). But the 

torque requirements are not affected at all (Figures 58-59). Figure 60 

shows the x-position of the manipulator end point for different 

velocities.

When the manipulator is tested with errors in initial x-position it 

is observed that the controller corrects the error in 0.5 second at a 

cost of excessive torque requirements at these times (Figures 61-64).

Changing the acceleration time (t ) affects the acceleration,

velocity and position of the hand (Figures 65-74). The integral of the

acceleration curve (which is the area under the acceleration curve) is

the velocity of the manipulator. The desired velocity at the end of

acceleration period is the same for all t values. Which means areaacc
under the acceleration curve stays constant for different tacc values. 

Therefore, when tacc approaches zero, acceleration becomes impulsive 

(Figures 65, 66) and velocity becomes discontinuous (Figures 67-68), 

and when tacc approaches T^/2, acceleration and velocity curves
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Figure 53. Torque applied to the second link by the first link for 
variations in lengths of the links I and 4.



61
S B R
ol  O1II I Sd d d

7  ** I*

f  S  I

~S " S

■■■ .■ q

I O O
E x x  
oH 0 8  oor r F
S  S  3ft ft b

B S B
f  "F f

8 8 2 ̂  ̂ ^

2

I----------- —

.00 I

- ■ ■ 'I

.00 I

I '  '  1

^OO I^ — I.00 S.00 • .00 7.oo e

I

.00 I .00 I
TIME (SEC)

Figure 54. Position error in X-direction for variations in lengths of 
the links I and 4.

2
OsI

20“

a
8
t

I
£$
%

ft
C

8-Fj

Figure 55. Position error in Y-direction for variations in lengths of
the links I and 4.



62
S1 Sr S

S S S

d  tJ  da? Ie T
J  „5

P  Pu u rP #I I IS? b h
I I I
? ? I

3 ŝj J J

*̂ W- ■ "(

— - - aI ■ ■ ■h • ■ i—
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Figure 58. Torque applied to the first link by the base for different 
hand velocities.
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Figure 59. Torque applied to the second link by the first link for 
different hand velocities.
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Figure 61. Position error in X-direction with the errors in initial 
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Acceleration of the hand in X-direction for different
acceleration times.
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Figure 66. Acceleration of the hand in Y-direction for different 
acceleration times.

Figure 67. Velocity of the hand in X-direction for different 
acceleration times.
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Figure 68. Velocity of the hand in Y-direction for different 
acceleration times.

become smoother. Although the error in desired position at acceleration 

or deceleration times are high for the short acceleration time (Figures 

69, 70) the manipulator follows the desired trajectory more closely 

(Figures 71-72). As seen from the plots, overshoots in torques are 

results of short acceleration time (Figures 73-74). These excessive 

torque requirements are the cause of vibration and jerk.

Conclusion

As seen from the sensitivity analysis, the end point of the

manipulator follows the desired trajectory very closely. The maximum
_2

error for the velocity of IScm/sec is 0.0138x10 cm, and for the
_2

velocity of lOcm/sec it is 0.00963x10 cm.
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The main disadvantage of this control method .is the computational 

complexity. Since continuous evaluations of manipulator set points 

(position, velocity and acceleration) are necessary, large amounts of 

calculations are required, and this will affect the speed and accuracy 

of computations.

Dynamic decoupling in Cartesian coordinates is the major advantage 

of this control method.

For the two link manipulator, orientation control of the hand is 

ignored. Therefore it has been mentioned very briefly in this thesis. 

For more complex manipulators, orientation control may be important.
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Figure 71. Position of the hand in X-direction for different 
acceleration times.

Figure 72. Position of the hand in Y-direction for different
acceleration times.
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CHAPTER 5

CONCLUSION AND RECOMMENDATIONS

In this research, fast nonlinear control with arbitrary pole 

placement and resolved acceleration control are applied to a two-link 

manipulator. The main advantages of both control methods are decoupling 

of the output variables. Nonlinear control yields decoupling with 

respect to joint coordinates. Resolved acceleration control yields 

decoupling with respect to hand coordinates (Cartesian coordinates).

With nonlinear control, the manipulator behaves like two decoupled, 

linear, second-order systems. Nonlinearities of the two-link 

manipulator are embedded in the controller to mask the nonlinearities 

of the manipulator. Therefore accurate estimation of manipulator 

parameters is very important for nonlinear control.

With resolved acceleration control the hand follows the desired 

trajectory very closely. The disadvantage of resolved acceleration 

control is computational complexity. First, the manipulator set points 

(position, velocity and acceleration) in Cartesian coordinates need to 

be calculated continuously. Second, angular joint accelerations need to 

be computed from Cartesian velocities in real time, which requires 

inversion of the M matrix. This is not a big problem for a two-link 

manipulator, because M is a 2x2 matrix, but for more complicated 

manipulators inversion becomes time consuming.

In the case of nonlinear control accurate parameter estimation is
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important to have minimum steady-state errors of the outputs. 

Application of an integral control is recommended as future work to 

reduce the effect of the parameter errors.

The singularities of a two-link manipulator with resolved 

acceleration control occur when the arm is fully extended and fully 

folded. There are different solutions for the singularity problem [19, 

20], but they are not applicable to the two-link manipulator. For the 

two-link manipulator around the singularity regions, an open-loop 

control (by directly giving the desired joint positions, velocities and 

accelerations) is recommended as future work. The second recommendation 

would be to find approximate solutions for the joint accelerations 

around these regions.
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