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Abstract:
The belief that early concrete experiences in the construction of three-dimensional models in the study
of solid geometry would result in better understanding and improved final achievement led to this
investigation. An examination of the literature concerning the teaching of solid geometry revealed a
need for improved techniques of teaching to help overcome the difficulties of spatial visualization and
understanding often encountered by pupils studying solid geometry. No research had been done to
determine the value of the concentrated use of models at the beginning of the course; however, the use
of models, which was widely recommended, was in accord with generally accepted theories of learning
reported in the literature.

A 10-day introductory unit on model construction was designed and an investigation conducted in
which eight teachers and 219 pupils cooperated. In teaching their classes, the teachers of the
experimental groups used the introductory unit on the construction of the five regular solids and the
five stellated solids based upon the regular solids. The teachers of the control groups did not use
introductory exercises in model construction. Pupils of the experimental and control groups were tested
at the beginning of the course to measure initial space perception abilities and at the conclusion of the
course to measure final achievement in solid geometry. It was found that there was no statistically
significant difference in final achievement between pupils who studied solid geometry in the traditional
manner and pupils who completed an introductory unit consisting of the drawing of one-piece patterns,
the cutting, and the assembling of tagboard models of the five regular solids plus the stellated
polyhedra based upon these five solids prior to proceeding with the conventional study of the course.

The following conclusions concerning the teaching of solid geometry were made on the basis of the
review of literature and the findings of this study: (1) there is a need for improved teaching techniques
in the field of solid geometry; (2) learning theorists and educators are generally agreed that the use of
models in the study of solid geometry will improve learning in solid geometry; (3) the age of the high
school pupil and the mathematics courses taken prior to enrollment in high school solid geometry do
not affect final achievement in solid geometry; (4) there is little or no correlation between space
perception abilities and final achievement in solid geometry; (5) a reduction in time spent in formal
study of solid geometry does not affect final achievement in solid geometry; (6) the belief that final
achievement in solid geometry, as measured by conventional tests, is improved by the use of models
has no statistical justification; and (7) the use of models in developing spatial concepts does not affect
achievement on topics involving these spatial concepts. 
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ABSTRACT

The belief that early concrete experiences in the construction of 
three-dimensional models in the study of solid geometry would result in 
better understanding and improved final achievement led to this investi
gation. An examination of the literature concerning the teaching of 
solid geometry revealed a need for improved techniques of teaching to 
help overcome the difficulties of spatial visualization and understanding 
often encountered by pupils studying solid geometry. No research had 
been done to determine the value of the concentrated use of models at the 
beginning of the course; however, the use of models, which was widely 
recommended, was in accord with generally accepted theories of learning 
reported in the literature.

A 10-day introductory unit on model construction was designed and 
an investigation conducted in which eight teachers and 219 pupils cooper
ated. In teaching their classes, the teachers of the experimental groups 
used the introductory unit on the construction of the five regular solids 
and the five stellated solids based upon the regular .solids. The teach
ers of the control groups did not use introductory exercises in model 
construction. Pupils of the experimental and control groups were tested 
at the beginning of the course to measure initial space perception abil
ities and at the conclusion of the course to measure final achievement in 
sqlid geometry. It was found that there was no statistically significant 
difference in final achievement between pupils who studied solid geometry 
in the traditional manner and pupils who completed an introductory unit 
consisting of the drawing of one-piece patterns, the cutting, and the 
assembling of tagboard models of the five regular solids plus the stel
lated polyhedra based upon these five solids prior to proceeding with the 
conventional study of the course.

The following conclusions concerning the teaching of solid geome
try were made on the basis of the review of literature and the findings 
of this study: (I) there is a need for improved teaching techniques in
the field of solid geometry; (2) learning theorists and educators are 
generally agreed that the use of models in the study of solid geometry 
will improve learning in solid geometry; (3) the age of the high school 
pupil and the mathematics courses taken prior to enrollment in high 
school solid geometry do not affect final achievement in solid geometry; 
(4) there is little or no correlation between space perception abilities 
and final achievement in solid geometry; (5) a reduction in time spent in 
formal study of solid geometry does not affect final achievement in solid 
geometry; (6) the belief that final achievement in solid geometry, as 
measured by conventional tests, is improved by the use of models has no 
statistical justification; and (7) the use of models in developing spa
tial concepts does not affect achievement on topics involving these spa
tial concepts.



CHAPTEE I
INTRODUCTION

The fact that we live in a multidimensional world has become much 

more evident in recent years„ Problems of national defense are becoming 

increasingly concerned with the multidimensional aspects of the oceans, 

the atmosphere, the globe, and even of outer space. The time is rapidly 

approaching when a person will have to be able to visualize happenings in 

many dimensions if he is to understand and to appreciate the events of 

the day.

The concepts of space which are studied in solid geometry also 

have important applications in many other fields necessary to the mainte

nance of civilization. The successful carpenter must be able to apply 

many of the principles normally studied in solid geometry. This is also 

true of the plumber, the electrician, the mechanic, the machinist, and 

the electronic technician. Such diverse professions as architecture, 

engineering, geology, oceanography, metallurgy, dentistry, surgery, and 

art demand the use of the three-dimensional thinking and visualization 

which is the concern of solid geometry. A serious study of the life 

processes requires spatial perception ability=. Many recent advances in 

both inorganic and organic chemistry have resulted from the direct appli

cation of the concepts of space studied in solid geometry.

The objectives of the teaching of solid geometry are certainly in 

keeping with the demands of the vocations which involve spatial concepts. 

These objectives, which have been listed by a number of different
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writers, include the extension of ability in postulational thinking, 

improved skill in mensuration of surfaces and solids in space, the devel

opment of skill in applying three-dimensional geometric principles to 

practical problems, and the development of the pupil's ability in spatial 

perception and visualization.

The development of the pupil's proficiency in spatial perception

and visualization has for many years been considered one of the problems
2which confronts the teacher of solid geometry. Because many pupils have 

difficulty in working with the complex geometric figures, there is a need 

for improved techniques in the teaching of three-dimensional concepts.

The use of models acquaints the pupil with the concrete forms of 

solid figures and enables him to more readily understand the abstractions 

of solid geometry. The construction of models provides an even greater 

opportunity for understanding the nature of solid figures. In his expe

riences in teaching solid geometry, the writer found that the construc

tion of models at the beginning of the course appeared to improve the 

pupil's ability in spatial perception. For example, one of the first 

abstractions presented in solid geometry states that if two planes inter

sect, the intersection is a straight line. Somewhat later in the course,

Butler, Go H., and Wren, F. L., The Teaching of Secondary Mathe
matics, pp. 399-411; Morgan, F. M., and Breckenridge, W. E., Solid Geome
try, p. I; Reeve, W. D., editor, The Place of Mathematics in Secondary 
Education, Fifteenth Yearbook of The National Council of Teachers of 
Mathematics, pp. 1 1 5 - 1 1 6 Shute, W. G.; Shirk, W. W.; and Porter, G. F., 
Solid Geometry, pp. 1-2; Strader, W. W., and Rhoads, L= D., Solid Geome- 
try, p. I.

2Hartley, M. C., "Models in Solid Geometry," The Mathematics 
Teacher 35:5, January, 1942.



3
the pupils encounter the fact that three planes meet in a point = The 

visualization of these simple concepts often causes difficulty for begin

ning pupils of solid geometry. If the pupils have made models of the 

geometric solids, these propositions often become clear and meaningful to 

them. In fact, the propositions sometimes become so clear and obvious 

that some of the pupils feel they do not even require stating.

It was felt that providing the pupil with concrete experiences in 

spatial visualization prior to the consideration of the abstractions 

found in the traditional solid geometry course aided the development of 

the pupil's ability in spatial perception and served to raise his level 

of achievement in the course. This feeling that final achievement in 

solid geometry was improved by early concrete experiences in the con

struction of three-dimensional models led to this investigation.

Statement of the- Problem

It was the problem of this study to determine the effect on final 

achievement in solid geometry of an introductory unit based upon develop- 

ing visualization and understanding through the construction of tagboard 

models of certain geometric solids prior to the study of the usual topics 

of the course.

The hypothesis (H^) to be tested was that pupils who completed an 

introductory unit consisting of the drawing of one-piece patterns, the 

cutting, and the assembling of tagboard models of the five regular solids 

plus the stellated polyhedra based upon these five solids prior to
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proceeding with the conventional study of solid geometry would show a 

significant improvement in final achievement over pupils who studied 

solid geometry in the traditional manner.

Procedures

To determine the effect on final achievement in solid geometry of 

an introductory unit based upon developing visualization and understand

ing through the use of models, the following procedures were used.

An examination of the literature relating to the problem of the 

study was made to determine (I) the status of the teaching of solid 

geometry, (2) the difficulties encountered in the study of solid geometry, 

(3) the place of models in the teaching of solid geometry, and (4) what 

objective data had been collected relative to the problem of the study.

An introductory unit on the construction of models of geometric 

solids was devised. The writer used two of his classes in solid geometry 

as pilot groups to determine the time required for the unit and pupil 

reaction to the unit.

In order to obtain data for testing the hypothesis, it was neces

sary to enlist the aid of teachers of semester courses in high school 

solid geometry who were then assigned to experimental and control groups. 

A questionnaire was prepared which was used in obtaining information from 

the cooperating teachers concerning such things as the course length, 

duration of the class periods, prerequisites for solid geometry, and 

grade level of pupils normally enrolled in solid geometry.•
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The teachers of the control groups taught their classes in their 

usual manner while those of the experimental groups taught in a specified 

mannero This specified manner consisted of having each pupil construct 

tagboard models of the five regular solids and the five stellated poly- 

hedra based upon the five regular solids. Following this 10-day intro

ductory unit in construction, which occupied approximately 12 per cent of 

the semester course, the textbooks were issued to the pupils and the 

remainder of the course proceeded as usual.

In order to provide additional information to be used in equating

the pupils of the experimental and control groups, a test designed to

measure ability in spatial perception was selected. The test selected

for this purpose was the "Differential Aptitude Space Relations Test,
3Form A," This test was administered to the pupils in the experimental 

and control groups on the first day of class„
4The "Cooperative Solid Geometry Test9 Form P," was selected for 

use in measuring the final achievement in solid geometry of the experi

mental and the control group pupils. This test was administered to the 

pupils of the experimental and control groups on the last day of the 

semester course. The results were then examined statistically to deter

mine the validity of the hypothesis.

^Bennett, G. K.; Seashore, H. G„; and Wesman, A. G. ,■ Differential 
Aptitude Tests: Space Relations; Form A, The Psychological Corporation,
New York, 19^7, 11 pp. See Appendix A........

k . . . .
Lundholm, H. T=; Long, J= A.; and Siceloff, L. P-., -Cooperative 

Solid Geometry Test: Form P, Cooperative Test Service, Educational Test
ing Service, Princeton, N=J=, 1938, 4 pp. See Appendix B=
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Limitations

Certain limitations which were placed upon the study are given in 

the following paragraphs:

The experimental portion of the study was limited to a period of 

10 days at the beginning of the semester course in solid geometry because 

it was felt that this was sufficient time to permit the pupils to com

plete the construction of the models and for the'additional reason that 

any longer period of time would probably have discouraged teachers from 

participating in the study. The 10 days of class time devoted to this 

study, on the part of the experimental groups, represented about 12 per 

cent of the entire semester course.

The level of significance for the statistical tests was set at 

.05. Since the hypothesis (H^) stated the direction of the predicted 

difference, the region of rejection was one-tailed.

In order that the statistical tests have the desired power, the 

sample size was set at about 200 pupils. A portion of the approximately 

200 pupils were assigned to experimental groups and the remaining portion 

■to control groups. The random assignment of the cooperating teachers to 

the experimental or control groups determined in which group a pupil was 

placed.

To obtain the assistance of competent and experienced teachers in 

conducting the investigation, volunteers were secured among-the teachers 

attending a summer National Science Foundation Mathematics Institute at 

Montana State College. The aid of additional mathematics teachers was
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secured by contacting them individually„ These teachers, who had not 

attended the National Science Foundations Mathematics Institute at 

Montana State College, were likewise experienced and competent.

Because of the necessity of conserving the time of the participat

ing teachers and pupils, the measurement of space perception abilities 

demonstrated by the pupils at the beginning of the experiment was con

fined to one test and the measurement of final achievement was confined 

to one final test.

The feeling that providing the pupil with early concrete experi

ences in the construction of three-dimensional models was a technique of 

teaching solid geometry which would improve final achievement in the 

course led to this investigation. To determine the effect on- final 

achievement in solid geometry of an introductory unit based upon develop

ing visualization and understanding' through the use of models, an experi

ment was conducted in which the final achievement of solid geometry 

pupils who used the specified introductory unit on model construction was 

compared with the final achievement of solid geometry pupils who did not 

use introductory exercises in model construction. A review of the lit

erature relative to the problem of the study is reported next.



CHAPTEE II
REVIEW OF LITERATURE

The purpose of the review of literature was to provide a back

ground of information concerning the history and present status of the 

teaching of solid geometry as related to the effect of the use of models 

on final achievement and to present a brief summary of previous investi

gations of this and closely related problems, Four phases pertinent to 

the problem of this study were considered in the review: (l) the status

of the teaching of solid geometry, (2) the reported difficulties encoun

tered in the study of solid geometry, (3) the place of models in the 

teaching of solid geometry, and (4) the studies related to space percep

tion and the use of models in the teaching of solid geometry. These four 

phases are presented in the following sections <>

Status of the Teaching of Solid Geometry

A search of the literature relating to the status of the teaching 

of solid geometry was made to determine if there was a need for improved 

teaching techniques such as the introductory unit on model construction 

used in this study» The investigation of the literature relating to the 

status of the teaching of solid geometry disclosed an apparent dissatis

faction in that area=, There was a wealth of evidence in the literature 

that this dissatisfaction extended back to before the turn of the present 

centuryo In February, 1932, The National Council of Teachers of Mathe

matics appointed a Committee on Geometry which was directed to study the
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entire question of geometry in the schools. The committee which was 

established proceeded with a study of the periodicals, reports, books, 

and textbooks concerning the teaching of geometry which had been pub

lished since about 1900. This survey included foreign as well as domes

tic publications. That there had been an apparent lack of satisfaction: 

with the teaching of geometry for the previous 50 or more years and that 

although many attempts had been made to correct the situation, no solu

tion had yet been reached, was pointed out by the committee in its state

ment : , ■ -

I

One receives the impression that the teaching of geometry 
for the last fifty years or more has not been entirely satisfac
tory, that numerous efforts have constantly been made to improve 
the situation, and that often these methods are really not new but 
have been tried in one form or another before.^

The fact that dissatisfaction with the teaching of solid geometry 

continued over subsequent years was indicated by Hartley in 19^5° In 

commenting on the lack of advances in teaching techniques, courses of 

study, and textbooks in solid geometry as compared to plane geometry, he 

stated that . . solid geometry as now taught in our secondary schools 

has been called the most uninteresting subject of the curriculum. . . .

' Beatley, Ralph, "Preliminary Report of the Committee on Geome
try," The Mathematics Teacher 25:42-7, November, 1952". •

pBeatley, "Second Report of the Committee on Geometry," The Mathe
matics Teacher 26:369, October, 1933° „ ■ - ■ - .- - .

•3Hartley, M= C., "A Laboratory Approach to Solid Geometry," in 
Multi-Sensory Aids in the Teaching of Mathematics, Eighteenth Yearbook 
of the National Council of Teachers of Mathematics, p. 42.
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The present controversy among both mathematicians and teachers of 

mathematics concerning whether or not to retain solid geometry as a dis

tinct course in the curriculum certainly indicates that a basic dissat

isfaction with the teaching of solid -geometry continues to exist» In the 

spring of i960, the writer participated in a regional conference whicjh 

was sponsored by the National Association of State Directors of Teacher 

Education and Certification in cooperation with the American Association 

for the Advancement of Science. This conference was concerned, in part, 

with the training of teachers of high school mathematics„ During the 

portion of the discussion pertaining to geometry, a number of the partic

ipants showed a concern over the present status of the teaching of solid 

geometry= They indicated that there appeared to be a continuing general 

dissatisfaction with the course as presently conceived, not only from the 

standpoint of content, but, more pointedly, from the standpoint of the 

ineffectiveness of the teaching of the topics normally contained in the 

course =

A study of the literature relative to the problem of this study . 

revealed that for the past 80 years or more there has been dissatisfac

tion with the teaching of solid geometry= The .1933 report by the 

National Council of Teachers of Mathematics Committee on Geometry indi

cated that for at least 50 years prior to 1933 the teaching of solid 

geometry had not been satisfactory= A continuing dissatisfaction- was 

reported in 19^5 by Hartley^ and in i960 at a meeting of educators who

lfIbid=, p= 42.
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als© pointed out a need for improving the effectiveness of the teaching 

and overcoming the difficulties encountered by pupils when studying solid 

geometry, A search of the literature was made to find out what difficul

ties were encountered by pupils in the study of solid geometry,

Reported Difficulties Encountered- 
in the Study of Solid Geometry

The difficulties encountered in the study of solid geometry which 

were reported in the literature were reviewed to determine which diffi

culties could be overcome by the use of the introductory unit on model 

construction employed in this study. The areas in which pupils experi

ence their greatest difficulties in the study of geometry have been
5reported in a study conducted by Smith. The three areas of difficulty 

which he listed were: unfamiliarity with geometric figures, lack of

understanding of the "if-then" relationship, and lack of understanding - of 

the meaning of proof. The unfamiliarity with geometric figures which 

pupils encounter in the study of solid geometry was found to be compli

cated by difficulties of spatial visualization and understanding, These 

difficulties of spatial visualization and understanding were closely 

related to this study since the introductory unit used in this study was 

based upon the visualization and understanding of geometric figures 

through the use of models.

In the literature reviewed, there was a general consensus by

'’Smith, R. R,, "Three Major Difficulties in the Learning of Demon-- 
strative Geometry," The Mathematics .Teacher ,33»100  ̂ March, 1940.
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several writers that pupils of solid geometry often experience consider

edable difficulty in visualizing three-dimensional relationships. Wiseman 

considered the analysis of complex figures to be one of the major diffi

culties experienced by high school geometry pupils. In speaking of the -

three-dimensional visualization of the points, lines, and planes repre-
8sented in two-dimensional drawings, Breslich also recognized the diffi

culty of spatial visualization as a major difficulty in the study of 

solid geometry. That the average pupil encounters difficulty in working, 

with three-dimensional figures was pointed out by Bernardo' when he wrote, 

"It has been my experience, as it has been undoubtedly that of many who

teach solid geometry, to find that the three dimensional concepts are not
Qeasily conceived by the average student."

An examination of the literature indicated that although other 

areas of difficulty in the study of solid geometry existed, the areas

Bernardo, J. V., "A Helpful Technique in Teaching Solid Geome
try, " The Mathematics Teacher 33:39? January, 1940; Brown, E. I., "A 
Different Approach to Solid Geometry," The Mathematics Teacher 29:1^3, 
March, 1936; Drake, Richard, and Johnson, Donovan, "Vitalizing Geometry 
with Visual Aids," The Mathematics Teacher 33:36-37, February, 19^0; 
Hartley, "Models in Solid Geometry," The Mathematics Teacher 33:3,
January, 1942; Morris, D= L., "Inverted Geometry," The Mathematics 
Teacher 31:79, February, 1938; Nicholson, Gb -H., -"The Teaching of Solid 
Geometry at the University of Vermont," The Mathematics Teacher 30:326, 
November, 1937; Wiseman, J. D., Jr., "Complex Figures in Geometry," The- 
Mathematics Teacher 32:91, February, 1959-

7Wiseman, op. cit., p. 91. ........ -
O
0Breslich, E 0 R., "Visual Aids in Teaching," in Multi-Sensory Aids 

in the Teaching of Mathematics, Eighteenth Yearbook of The National Coun
cil of Teachers of Mathematics, p. 38.

^Bernardo, op. cit. , pi. 39-
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which caused major- difficulties concerned the pupil's unfamiliarity with 

complex geometric figures and the visualization of three-dimensional 

objects and relationships= Models were suggested as teaching devices for 

overcoming the difficulties in spatial visualization which the pupil 

encounters when studying solid geometry=

Place of Models in the Teaching of Solid Geometry

Since the introductory unit used in this study involved the con

struction of models, a search of the literature concerning the place of 

models in the teaching of solid geometry was made= The search revealed 

two phases related to this study: (I) the practice concerning the use of

models and (2) the psychology of learning as related to the use of models= 

Practice concerning the use of models. The practice of using mod

els of geometric solids and of various theorems to assist in developing 

the concept of space was widely recommended throughout the literature
10reviewed= The literature was replete with statements by many writers

Ibid=, p= 39; Brown, op. cit., p« I4$; Butler,. C= H=, and Wren,
F= L=, The Teaching of Secondary Mathematics, pp. 116-117; Drake and 
Johnson, op. cit=, pp= 56-57; Hartley, r,A Laboratory Approach to Solid 
Geometry,'1 in Multi-Sensory Aids in the Teaching of Mathematics, Eight
eenth Yearbook of The National Council of Teachers of Mathematics, pp.
42, 49; Hartley, "Models in Solid Geometry," The Mathematics Teacher 35:
5, January, 1942; Morris, op. cit=, p= 79; Nicholson, op= cit=, p= 326; 
Reeve, W= D=, editor, The Place of Mathematics in Secondary Education, 
Fifteenth Yearbook of The National Council of Teachers of Mathematics, 
pp. 96-97; The Mathematical Association of America, Inc.., National Com
mittee on Mathematical Requirements, The Reorganization of Mathematics in 
Secondary Education, Part I, pp. 9, 52; Simons, L= G=, "Historical Mate
rial on Models and Other Teaching Aids in Mathematics," in Multi-Sensory 
Aids in the Teaching of Mathematics, Eighteenth Yearbook of The National 
Council of Teachers of Mathematics, pp. 253-265; Wiseman, op. cit., p . 91»



regarding the value of multi-sensory aids and pointing out the interrela

tionship of spatial perception and solid geometry» Hartley pointed out 

the value of using models and indicated the desirability of their more 

extensive use in the teaching of solid geometry when he wrote:

Models have been employed for many, many years, but they 
have not been used extensively in solid geometry-because their 
value in the development of the concept of space has been woefully 
underestimatedo In the early stages of a course in solid geometry, 
models are essential.^

That the importance of sensory learning as applied to mathematics

was a generally accepted fact was indicated in the following statement by

Syer: "It hardly seems necessary to justify the importance of sensory
12learning— it is an essential part of all learning. . . ." The writers 

of the literature reveiwed were agreed that solid geometry requires multi- 

sensory aids in one form or another to provide a foundation of sensory 

learning experiences which can help to improve the pupil's ability in 

spatial perception and understanding. Brake and Johnson agreed with the 

other writers in the field that much more should be done to develop 

visual aids and to improve the techniques of their use when they stated:

Geometry more than any other subject is dependent upon vis
ual aids. Every theorem and every exercise requires a diagram in 
a book, on the blackboard or in one's mind. Yet probably in no

Hartley, "A Laboratory Approach to Solid Geometry," in Multi- 
Sensory Aids in the Teaching of Mathematics, Eighteenth Yearbook of The 
National Council of Teachers of Mathematics, p,- 4$.

12Syer, H. W., "Sensory Learning Applied to Mathematics," in The 
Learning of Mathematics: Its Theory and Practice, Twenty-First Yearbook
of The National Council of Teachers of Mathematics, p. 99»
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subject have teachers shown less progress in developing visual 
aids and improved visual techniques. . . . much more visual mate
rial is needed to bring geometry closer to everyday things.

The practice of using models and other multi-sensory aids in the 

teaching of solid geometry was widely recommended in the literature which 

was reviewed. The second phase of the literature concerning the place of 

models in the teaching of solid geometry involved the psychology of 

learning as related to the use of models.

Psychology of learning as related to the use of models. The use 

of models and other sensory aids to learning has a very secure foundation
• • « I • s /I . ‘ • I. I .1 - • . . . • . .14in the psychology of learning. A principle of learning which was quite

generally accepted by the writers of the literature which was reviewed

was that learning proceeds most effectively from the concrete to the

abstract, from the particular to the general, and from the known to the 
15unknown. Most pupils need experiences in working with simple, concrete 

examples of an idea before they can understand a more complex, generaliza

tion."*"̂  The use of multi-sensory aids in concept formation provides for

"*"̂ Drake and Johnson, op. cit., p. ■ 56. - . . .
tAVan Engen, Henry, "The Formation of Concepts," in The Learning 

of Mathematics; Its Theory and Practice, Twenty-First Yearbook of The 
National Council of Teachers of Mathematics-, pp. 86-87-1' ■

"^Christian, E. R., "A Role for High School Geometry," The Mathe
matics Teacher 55:435, October, I960; Manheimer, Wallace, "Some Heretical 
Thoughts from an Orthodox Teacher," The Mathematics Teacher 55:25-24, 
January, i960.

1^Christian, op. cit., p.. 455; Peak, Philip, "What Contributions 
to Mathematics Instruction Can We Expect in the Last One Half of the 
Twentieth Century?" School Science and Mathematics 51:175» March, 1951*
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these concrete experiences which are necessary before pupils can be 

expected to abstract and generalize^
17In his book, Theories of Learning, Hilgard reviewed 10 theories 

of learning and developed 14 points of general agreement among psycholo

gists writing in the field of learning theory= Three of these points of 

agreement have a particular bearing upon the use of models in the teach

ing of solid geometry: (I) that learning which is under the control of

reward is generally to be more desired than learning which is under the 

control of punishment— that success as a motivator of learning is prefer

able to failure as a motivator; (2) that active participation on the part 

of the learner is to be preferred to passive reception; and (3) that if 

the learner discovers relationships for himself and if, during the period 

of learning, he has experience in applying the principles to a variety of 

situations, there will be improved transfer to new tasks=

The first of the three points of agreement named in the preceding 

paragraph, which recognized the desirability of success as a motivator, 

is related to the use of models in the teaching of solid geometry. Both 

Hartung"*"̂  and Lankford"^ stated that the use of multi-sensory aids 

improves the motivation for the learning of mathematics because it helps

"^Hilgard, E, E=, Theories- of Learning, pp, 483-487.
I R0Hartung, M= L=, "Motivation for Education in Mathematics," in 

The Learning of Mathematics: Its Theory and Practice, Twenty-First Year
book of The National Council of Teachers of Mathematics, pp. 54-57«

"^Lankford, F= G=, Jr=, "Implications of the Psychology of Learn
ing for the Teaching of Mathematics," in The Growth of Mathematical 
Ideas: Grades K-12, Twenty-Fourth Yearbook of The National Council of
Teachers of Mathematics, p = 4l6 =
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the pupil to gain insights and understandings which result in successful 

learning. An introductory unit in the construction of models, such as 

that proposed in this study, would provide opportunities for learning 

motivated by success. The pupil should be able to have more initial suc

cess in making models than in grasping an abstract mathematical idea. 

Also, providing the pupil with concrete experiences in the construction 

of models should furnish more opportunity for success in the abstractions 

which will be encountered later than could be expected if the pupil had 

not had these experiences with concrete objects.

Learning in which the pupil is an active participant, which was 

considered desirable according the the second point of agreement among 

psychologists, as listed on page l6, could be provided for through the 

use of pupil constructed models since active participation on the part 

of the pupil is more readily assured- in making models than in listening 

to a lecture = If, in addition to a verbal description of an object, a 

pupil is permitted to see, touch, and manipulate the object, a greater 

understanding will result than if only the verbal description is pro

vided.

Lankford^ stated that visual aids in the teaching of mathematics 

provide the pupil with assistance in gaining insights, discovering gener

alizations, or formulating hypotheses. The value of experiences which 

permit the pupil to discover relationships for himself, which was given 

on page l6 as the third point of agreement having a bearing on the use of

^ Ibid., p. 4l6.
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models in the teaching of solid geometry, has been recognized by several 

21authorities„ The self-discovery of principles stimulates interest, 

memory, and the will to investigate further- The construction and study 

of models of the geometric solids by the pupils, as proposed in this 

experiment, certainly would provide an opportunity for the discovery of 

relationships and for the application of the principles to a variety of 

situations.

A study of the literature concerning the teaching of solid geome

try disclosed that the solution to the problem of improving the pupil's 

ability in spatial perception, which was most commonly given, involved 

the use of multi-sensory aids - These recommended aids most frequently 

took the form of models of geometric figures and models of various 

theorems - The use of this type of multi-sensory aid was in accord with 

the generally accepted theories of learning which were reported in the 

literature that was reviewed- .A search was made to find reports of pre

vious investigations concerning the use of models in the teaching of 

solid geometry-

21Berger, E 0 J., "Principles Guiding the Use of Teacher- and 
Pupil-Made Learning Aids," in Emerging Practices in Mathematics Educa
tion, Twenty-Second Yearbook of The National Council of Teachers of 
Mathematics, p- 169; Brune, I- H-, "Language in Mathematics," in The 
Learning of Mathematics: Its Theory and Practice, Twenty-First Yearbook
of The National Council of Teachers of Mathematics, p- l63; Henderson,
K- B-, and Pingry, E- E-, "Problem-Solving in Mathematics," in The Learn
ing of Mathematics: Its Theory and Practice, Twenty-First Yearbook of
The National Council of Teachers of Mathematics, p. 266; Hildebrandt,
E- H- C-, "Mathematical Modes of Thought," in The Growth of Mathematical 
Ideas: Grades K-12, Twenty-Fourth Yearbook of The National Council of
Teachers of Mathematics, p- 371; Lankford, op. ext., pp. 40$, 4l6, 429=
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Studies Related to Space Perception and the Use 
of Models in the Teaching of Solid Geometry

An examination of the literature related to the problem of this

study was made to determine what research had been done concerning space

perception and the use of models in the teaching of solid geometry= Four

recent studies in the field were located. Although teachers of solid

geometry who use models to develop space perception abilities contend

that learning is improved, none of these four related studies furnished

any objective data to substantiate the belief that learning is improved
22by the use of models= One recent study by Johnson reported some data - 

concerning such claims= It dealt with the effectiveness of the use of 

certain audio-visual aids on the "achievement of pupils in geometry and 

presented objective data concerning the effectiveness of the use of mod

els on final achievement in solid geometry.

The three other studies reviewed took a different approach to the 

relationship between solid geometry and spatial visualization. .All three 

studies were concerned with the effect of the study of solid geometry on
p ~Z

space perception abilities= Ranucci investigated the effect of the
24study of solid geometry on space perception abilities while Brown 

22Johnson, D= A=, An Experimental Study of the Relative Effective
ness of Certain Visual Aids in Teaching Geometry, Doctoral dissertation, 
389 pp.

^Ranucci, R= R=, Effect of the Study of Solid Geometry on Certain 
Aspects of Space Perception Abilities-, Doctoral dissertation, 75 PR-

24Brown, F= R., The Effect of an Experimental Course in Geometry 
on Ability to Visualize in Three Dimensions, Doctoral dissertation,
82 pp.
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reported on experimental courses in plane and solid geometry and their

25effect on three-dimensional visualization. Cohen evaluated a technique 

to improve space perception abilities through the construction of models 

by pupils in solid geometry. It was felt that although these three stud

ies by Eanucci, Brown, and Cohen were not directly related to the problem 

of this study, they did involve closely related problems and provided 

additional information concerning the possible interrelationship of spa

tial visualization and solid geometry. For this reason, they were 

included in this review.

Effect of the use of models on final achievement in solid geometry. 

One study which presented objective data concerning the effectiveness of 

the use of models on final achievement in solid geometry was reported by 

Johnson. The first portion of the report by Johnson was concerned with 

experiments in plane geometry and is reported here for information only. 

The plane geometry experiments were conducted in 27 plane geometry 

classes in 12 Minnesota high schools. Experiments using experimental and 

control classes from the same high school were performed to compare the 

effectiveness of the use of films and filmstrips on the achievement of 

the pupils. Some experimental classes used only filmstrips, some only 

sound motion pictures, and some used both films and filmstrips. The data 

which were- obtained supported the acceptance of the hypothesis that there

25"zCohen, Louis, An Evaluation of a Technique to Improve Space Per
ception Abilities Through the Construction of Models by Students in a 
Course in Solid Geometry, Doctoral dissertation, 72 pp.

26Johnson, ojd. cit., 389 PP-
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was no significant difference in informational learning between the 

experimental groups which used either films or filmstrips, or both, and 

the control groups which did not use the aids.

The second portion of Johnson's report dealt with an experiment to 

determine the effectiveness of the use of models on final achievement in 

solid geometry. The experiment was conducted in a Minneapolis high 

school using two solid geometry classes taught by the same instructor.

The $4 pupils of one class, which was designated as the experimental 

group, had their instruction supplemented by the use of the '-'Multi-Model 

Geometric Construction Set." This was a device which could be manipu

lated by the pupil to construct models of almost all the theorems, postu

lates, or exercises of a typical solid geometry textbook. The 35 pupils, 

of the other class, the control group, did not use the construction set 

to build models. Both groups had the same time devoted to instruction, 

the same assignments, and the same instruction except for the use of the 

construction set. The study covered the entire semester course of solid 

geometry. Achievement was measured by the "Survey of Object Visualiza

tion Test" and the "Cooperative Solid Geometry Test." The conclusion 

reached was that there was no significant difference in achievement 

between pupils who used a construction set to build models of theorems, 

postulates, and exercises in solid geometry and pupils who did not use a 

construction set in their study of solid geometry.

Effect of the study of solid geometry on space perception•abil

ities . Three experiments were found which dealt with the effect of the 

study of solid geometry on space perception abilities. The problem of
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the study by Ranucci was to determine if the study of solid geometry 

affects space perception abilities. Pupils in 11 New Jersey high schools 

were used in an experiment which extended over a period of five months. 

There were 225 pupils in the experimental group and 90 in the control 

group. The experimental group consisted of pupils studying solid geome

try; the control group consisted of pupils who were not studying solid 

geometry. The tests used to measure the space perception abilities were 

"Thurstone's Lozenge Test A," "The Revised Minnesota Paper Form Board 

Test, Form MA," the "Army General Classification Test, Form AH" (Block 

Counting Section only), and the "Space Relations Test, Differential Apti

tude Battery." Because the two groups were found to be statistically, 

different initially, Ranucci used matched groups. He matched on the 

basis of school attended,, mathematical background, sex, I.Q., and whether 

or not the pupil had taken mechanical drawing. The statistical tests 

showed that there was no significant difference in space perception abil

ities between those who studied solid geometry and those who did not.

The second study which dealt with the effect of the study of solid

geometry upon ability to visualize in three dimensions was reported by
28Brown. This study, which involved a total of 28l pupils in three 

Illinois schools, was concerned with three hypotheses. One was that 

there was no significant difference in ability in spatial visualization 

between pupils who completed a two-year sequence composed of plane

27Ranucci, o£. cit., 75 PP-
28

27

Brown, ojd . cit., 82 pp.
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geometry, algebra, and solid geometry and those who completed a one-year 

course in plane geometry fused with solid geometry„ The second hypothe

sis involved a comparison between the spatial perception abilities of 

those who had completed a one-year conventional course in plane geometry 

and those"who had completed a one-year fused plane-solid geometry course„ 

The third hypothesis dealt with the relative achievements in the subject 

matter commonly taught in plane geometry between those who completed the 

one-year plane geometry course and those who completed the one-year fused 

course = The instruments used in the evaluation were the "Differential 

Aptitude Space Relations Test" and the "Cooperative Plane Geometry Test."

The conclusions arrived at by Brown were that the pupils in both 

groups learned the subject matter commonly taught in plane geometry; that 

there was no significant difference in spatial visualization between 

those who studied a one-year course in plane geometry and those who stud

ied a one-year fused course of plane and solid geometry; and that those 

taking the conventional two-year sequence composed of plane geometry, 

algebra, and solid geometry developed greater ability in spatial visuali

zation than those taking the one-year fused course. Brown pointed out 

that the difference in ability in spatial perception could very well have 

been due to the natural maturing of the pupils in the two-year course 

over those aging only one year and, therefore, was not necessarily due to

any particular influence of the solid geometry course.
29Cohen conducted the third study dealing with the improvement of

^Cohen, 0£. cit., ?2 pp.
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space perception abilities through the study of solid geometry. Three 

experimental and three control solid geometry classes in a New York high 

school were used in the study. The. experimental classes constructed 

models of 22 previously selected theorems throughout the entire semester 

course. The problem was to determine if the pupils' abilities in spatial 

perception would be improved by such training. From the 240 pupils 

involved in the study, 63 matched pairs were secured. Space perception 

abilities were measured by the "Minnesota Paper Form Board Test" and the 

"Space Relations Test, Differential Aptitude Tests." Although Cohen 

found that the experimental group showed a greater gain than did the con

trol group, the difference was not significant at either the I per cent 

or 5 per cent levels. Cohen concluded that the construction of models of 

solid geometry theorems by pupils during their study of solid geometry 

did not improve their visualization abilities as measured by the two 

tests.

A search of the literature related to the problem of this study 

revealed four recent studies which were concerned with space perception 

and the use of models in the teaching of solid geometry. None of the 

four related studies which were examined furnished any objective data to 

substantiate the claim that training in space perception will improve 

achievement in solid geometry or the claim that the study of solid geome

try will increase ability in spatial perception.
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Summary

The reports in the literature reviewed indicated that, generally 

speaking, the teaching of solid geometry has not been considered entirely 

satisfactory for at least the past 80 years. The reasons for this dis

satisfaction appeared to lie in the difficulties which the pupil encoun

ters in the study of the subject. Although other areas of difficulty 

exist, the ones which cause the greatest difficulties concern the pupil's 

unfamiliarity with complex geometric figures and the visualization and 

understanding of three-dimensional figures.

The use of models of geometric solids and of various theorems has 

been advocated and tried to rectify these difficulties which the pupil 

encounters in working with three-dimensional figures. Psychologists and 

others writing in the field of learning theory are generally agreed that 

learning is aided by the proper use of multi-sensory aids.

Until very recently, there was little evidence of anyone's ques

tioning the belief that training.in space perception will improve 

achievement in solid geometry or the belief that the study of solid

geometry will increase ability in spatial perception. There was one
30 ' -study reported by Johnson which attempted to measure the effect on

final achievement in solid geometry of pupil manipulation of models of

the theorems and problems. Johnson reported no significant difference in

final achievement between pupils who manipulated models and pupils who

did not manipulate models.

^Johnson, 0£. cit,, 389 pp°
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Three studies involving the effect of the study of solid geometry

upon the ability of spatial visualization were reported by Eanuoci, by 
32 33Brown, and by Cohen. Eanucci reported no significant difference in 

spatial perception between a group which had studied solid geometry and a 

group which had not. Brown reported a significant difference in spatial 

perception abilities in favor of pupils who had taken a two-year sequence 

involving solid geometry over those who took only a one-year course in 

plane geometry fused with solid geometry. It is very possible that this 

difference was due to natural maturation rather than to the study of 

solid geometry. Cohen found no significant difference in space percep

tion abilities between pupils who made models of theorems during their 

study of solid geometry and those who studied solid geometry without mak

ing models.

There was no statistical evidence in the literature reviewed which 

supported either the contention that improved spatial perception will 

increase achievement in solid geometry or the contention that a study of 

solid geometry will improve space perception abilities.

To determine the effect on final achievement in solid geometry of 

an introductory unit on model construction, an experiment was designed 

and conducted. A detailed description of the design of the experiment 

and the investigational procedures followed are presented next.

^Eanucci, op. cit., 75 PP»
32Brown, op. cit., 82 pp.
33Cohen, op. cit., ?2 pp.



CHAPTER III
EXPERIMENTAL DESIGN AND INVESTIGATIONAL PROCEDURES-

Because it was felt that introductory exercises in the construc

tion of models would improve final achievement in solid geometry, an 

experiment involving the cooperation of teachers and pupils in several 

schools was designed and an investigation conducted to determine if there 

was any significant difference in the final achievement in solid geometry 

between pupils who studied solid geometry in the traditional manner and 

pupils who completed an introductory unit consisting of the drawing of 

one-piece patterns, the cutting, and the assembling, of tagboard models of 

certain geometric solids prior to the study of the usual topics of the 

courseo The following items were considered in designing the experiment 

and conducting the investigation: (I) introductory unit on model con-■

struction, (2) selection and assignment of teachers, (3) information used 

in comparing the experimental and control groups, (4) teaching procedures, 

and (5) statistical procedures = These five items'are presented in the 

following sections.

Introductory Unit on Model Construction

A unit on model construction was selected for use at the beginning 

of the solid geometry course rather than later in the course because of 

the need for aids to the imagination which will help the pupil to make a 

transition from the two-dimensional thinking of plane geometry to the 

three-dimensional thinking necessary in solid geometry. The use of
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models to help the imagination during the early stages of the course was
I 'advocated by Nyberg, but he recommended that later in the course models 

be used less and that more emphasis be placed on mental images of the 

solid figures. Working with models at the beginning of the course pro

vides opportunities for â  study of the relationships between points,
2 . . .

lines, and planes in space, which Breslich recommended as one of the 

first steps in the study of solid geometry. The use of model construc

tion at the beginning of- the solid geometry course not only acquaints the 

pupil with concrete forms of solid figures and provides opportunities for
I . « ' * >. s \ . "l.

understanding the nature of solids, but also furnishes a background of 

experiences to serve as a basis for future discussions. Devising the 

introductory unit on model construction to influence final achievement in 

solid geometry required the consideration of three phases: (I) criteria

for the selection of exercises to be included in the unit, (2) the deter-. 

mination of the time required for completion of the unit, and (3) the 

content of the unit.

Criteria for selection of exercises to be included in the unit.

In selecting the exercises to be included in the introductory unit on

model construction, it was felt that certain criteria should be met, The

group of exercises selected should follow generally accepted principles 
xof learning; that is, they should: proceed from the known to the

"Sfyberg, J. A., Fundamentals of Solid Geometry, p. 35- 
2Breslich, E„ R0, Purposeful Mathematics: Solid Geometry, p. 11.

^See Chapter II, pages 13-18.
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unknown, provide opportunities for successful learning, require the 

active participation of the pupils, and provide opportunities for the 

self-discovery of principles. The exercises should be directly related 

to the course content of solid geometry, which includes the following 

sequence of topics usually studied in the course: points, lines, and

planes; polyhedral angles; prisms, pyramids, and polyhedronscylinders 

and cones; and spheres and spherical polygons. A group of related exer

cises proceeding from the simple to the complex which would illustrate 

some of the properties of lines and planes in space, polyhedral angles, 

and figures enclosed in planes were desired to introduce the basic prop

erties of three-dimensional figures.

Since the plan of the experiment involved the cooperation of 

teachers and pupils in various schools, it was deemed advisable that the 

introductory unit on model construction occupy as short a time as possi

ble so as not to discourage participation in the study. However $ the 

time allotted to the exercises should be sufficient to permit the pupils 

to gain insights and understandings which could have an effect on their 

final achievement in the course and should be sufficient to permit an 

adequate measure of the effect on final achievement in solid geometry of 

the introductory unit on model construction. The exercises selected for 

inclusion in the introductory unit should be of such a nature that the 

directions accompanying them could be kept comparatively simple to insure 

uniform content when presented by the several teachers cooperating in the 

experimental portion of the study. The exercises selected should require 

no special references or resources, and the materials and equipment used
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should be inexpensive and readily available.

The exercises selected for the introductory unit consisted of the 

drawing of patterns and the construction of the five regular solids and 

the stellated polyhedra based upon the regular solids, in the following 

order: tetrahedron, hexahedron, octahedron, dodecahedron, icosahedron,

stellated tetrahedron, stellated hexahedron, stellated octahedron, stel

lated dodecahedron, and stellated icosahedron. Also included in the unit 

was the sketching of pictures of the constructed regular solids. Since 

the introductory unit was to be completed before textbooks were issued, 

each pupil was required to exercise his spatial imagination rather than 

merely copying the patterns for regular solids which are often included 

in solid geometry textbooks. The construction of tagboard models 

required the pupil to visualize how to cut and fold a two-dimensional 

surface to form a three-dimensional object, while sketching pictures of 

the regular solids provided experience in representing three dimensions 

in two dimensions. These experiences provided opportunities for develop

ing the three-dimensional thinking which is required in the study of 

solid geometry.

The selected introductory unit on model construction met the • 

requirements which had been established. The construction of the models 

followed generally accepted principles of learning. The unit was 

designed so that the models would be constructed in a sequence from the 

known to the unknown to permit the pupils to work with familiar figures 

before proceeding to unfamiliar figures. These constructions, which 

required the active participation of the pupils, provided opportunities
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for learning motivated by success because the pupils have more initial 

success in making models than in grasping abstract mathematical ideas.

The concrete experiences with models at the beginning of the course pro

vided opportunities for discovering and understanding basic principles of 

three-dimensional figures which served as a background for success in the 

abstractions encountered later in the study of solid geometry. The con

struction of the models involving lines and planes in space, polyhedral 

angles, and figures enclosed in planes was directly related to the course 

content of solid geometry.

By having the pupils construct all of the selected models as a 

concentrated unit at the beginning of the course in solid geometry, not 

only was the time devoted to the exercises readily controlled, but the 

pupils were provided with a background of experiences which served as a 

basis for future discussions. By choosing the five regular solids and 

the five stellated solids based upon these regular solids, in a sequence 

proceeding from the simple to the complex, it was possible to keep the 

directions relatively simple to insure uniform content of the introduc

tory unit when presented by the several teachers cooperating in the 

experimental portion of the study. No special references, resources, or 

equipment were required for the exercises selected for inclusion in the 

introductory unit other than instructional models of the five regular 

solids, which could be commercial models, such as those, commonly avail

able in high schools where solid geometry is taught, or tagboard models 

constructed in advance by the teacher. The material selected for use in 

the construction of the models was tagboard, which was inexpensive and
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readily available„ Another reason for selecting tagboard was that it 

could be easily cut, folded, and glued to form the required shapes.

Determination of the time required for completion of the unit. A 

necessary part of planning the introductory unit on models involved the 

determination of the time required for the completion of the exercises. 

The writer used two of his classes in high school solid geometry as pilot 

groups to determine the time required for the unit and the pupil reaction 

to the unit. It was found that a total of 10 class periods, plus the 

usual amount of accompanying study time spent out of class, was suffi

cient for the completion of the unit on the construction of the five 

regular solids and the five stellated polyhedra based upon the regular 

solids„■ The 10 days of class time required for completion of the unit, 

which represented about 12 per cent of the entire semester course, were 

sufficient to permit an adequate measure of the effect of the introduc

tory unit in relation to final achievement in solid geometry. The pupils 

in the two pilot groups felt that the construction of models at the 

beginning of the course was helpful in promoting an easier and more com

plete understanding of the subject matter which followed.

Content of the unit. The introductory unit which was selected for 

use in the experimental portion of the study contained 10 exercises which 

were completed during the first 10 days of the course, before the text

books were issued to the pupils. The first four exercises involved the 

planning and drawing of one-piece patterns, including tabs for gluing, 

and the cutting, folding, and assembling of tagboard models of the five 

regular solids. The construction of two Platonic solids, a regular
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tetrahedron and a regular hexahedron, was assigned on the first day of 

the courseo The next three day's assignments were the planning and con

struction of a regular octahedron, a regular dodecahedron, and a regular 

icosahedron, with instructional models provided during the class period 

to facilitate the planning« After the completion of each day's assign- . 

ment, the pupils were asked to make two-dimensional drawings of the com

pleted models and to discuss the variety of patterns which can be used 

for each. During the fifth class session, the pupils were asked to con

sider the duality of the Platonic solids with a vertice-face interchange; 

to determine the number of regular solids possible; and to attempt to 

discover the relationship among the number of edges, faces, and vertices 

of the five regular polyhedra. The assignment for the sixth through the 

tenth days was the planning and drawing of one-piece patterns, the cut

ting, and the assembling of tagboard models of the five stellated poly

hedra based upon the five Platonic solids. Only verbal descriptions of 

the stellated figures were given; no instructional models were provided.

Experience in the mental manipulation of plane and solid figures 

in space was provided by having the pupiis make patterns of the solids.

In making the patterns, it was necessary for the pupil to picture in his 

mind how the adjacent surfaces would be positioned in space and where the 

tabs for gluing would be required. Beginning with the construction of 

the tetrahedron and the cube and proceeding to the octahedron, dodeca

hedron, icosahedron, and then to models of the associated star polyhedra 

provided a related series of constructions which started with simple 

figures and ended with more complex figures. The construction of these
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models served to illustrate many of the properties of lines and planes, 

polyhedral angles, and figures bounded by planes. For example, the cube 

illustrates such theorems as the following: two lines perpendicular to

the same plane are parallel; if two planes intersect, the intersection is 

a straight line; two planes perpendicular to the same line are parallel; 

if a plane is perpendicular to two intersecting planes, it is perpendicu

lar to the line of intersection. The cube also illustrates trirectangu- 

Iar trihedral angles. The trihedral angles found in the regular tetra

hedron and regular dodecahedron serve to illustrate the effect that
/

changing the size of the face angles has on the appearance of trihedral 

angles. The octahedron and icosahedron illustrate tetrahedral and penta

hedral angles, respectively. Sketching pictures of the regular solids 

provided experience in representing three dimensions in two dimensions 

which is important in the study of solid geometry. The construction of 

the star polyhedra required the pupil to mentally manipulate complex fig

ures in space, thereby providing additional experience in the visualize-
\

tion of three-dimensional figures. Following the construction of the 

figures in the introductory unit, the pupils could more easily visualize 

the intersection of two, three, four, or five planes and could appreciate 

the fact that many of the geometric solids are bounded by surfaces in the 

shape of familiar plane figures.

In designing the experiment, 10 exercises were selected for inclu

sion in an introductory unit on model construction, A pilot study con

ducted to determine the time required for presenting the unit in the 

classroom showed that the first 10 days of the course were sufficient for
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completion of the exercises, The introductory unit selected for use in 

the experimental portion of the study required that each pupil plan a 

pattern, cut, fold, and assemble one-piece tagboard models of the five 

regular solids— tetrahedron, hexahedron, octahedron, dodecahedron, and 

icosahedron— and of the five star polyhedra based upon the five regular 

solids; that the pupils draw sketches of the five Platonic solids; and 

that the pupils attempt to discover the properties of the solids and the 

relationships among the parts of each regular solid. In order to deter

mine the effect on final achievement of the use of the selected introduc

tory unit on model construction, it was necessary.to secure the aid of 

several teachers who would teach their solid geometry pupils according to 

the methods prescribed for the experimental or control groups,

Selection and Assignment of Teachers

To obtain data for determining if there is any significant differ

ence in final achievement between pupils who study solid geometry in the 

conventional manner and pupils who complete the introductory unit on 

model construction, it was necessary.to enlist the aid of teachers of 

one-semester courses in high school solid geometry who were then assigned 

to experimental or control groups, An "experimental group" consisted of 

one selected teacher in a cooperating high school and the pupils in his 

solid geometry class, or classes, who used the specified introductory 

unit on model construction in the semester course in solid geometry, A 

"control group" consisted of one selected teacher in a cooperating high
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school and the pupils in his solid geometry class, or classes, who did 

not use introductory exercises in model construction, but proceeded with 

the solid geometry course in the conventional manner.

To secure competent and experienced teachers to assist in conduct

ing the experiment, volunteers were sought among the high school teachers 

attending a summer National Science Foundation Mathematics Institute at 

Montana State College„ Five cooperating teachers were secured from those 

attending the summer institute. When it was determined that these five 

volunteers would not teach a sufficient number of solid geometry pupils 

to provide the desired sample size of approximately 200 pupils, four 

additional mathematics teachers were selected after contacting them indi

vidually. These four teachers who were secured individually were also 

experienced and competent. The nine participating teachers taught a 

total of 263 solid geometry pupils in 12 classes in eight high schools 

which ranged in size from 120 to 1,800 pupils. The high schools repre

sented in the study were located in Tucson, Arizona; Grand Eapids, 

Michigan; Bozeman, Fairfield, and Lewistown, Montana; and Lovell, Powell, 

and Sheridan, Wyoming. Tucson was represented by two teachers and each 

of the other schools by one teacher.
4To secure teachers to assist with the study, a questionnaire was 

prepared and distributed to high school mathematics teachers, to be com

pleted by those who wished to indicate a willingness to assist with the 

experiment. The completed questionnaires furnished preliminary

See Appendix C.4



/
37

information concerning the approximate size of the solid geometry classes 

expected to be taught, length of course, length of class periods, prereq

uisites for the course, and the grade level of the pupils usually taking 

solid geometry. After the teachers were assigned to the experimental or 

control groups, this information was used to make a preliminary compari

son of the groups. To provide the high school mathematics teachers with

information concerning the nature of the proposed experiment, brief
5descriptions of the procedures to be followed by the teachers of the 

experimental and control groups were distributed with the questionnaire.

Following the recruiting of the teachers, each teacher was 

assigned to an experimental or control group. This assigning was done in 

part on a random basis and in part to honor the request of one of the 

participating teachers that, due to a particular local situation, he be 

in a.control group = Since this request involved administrative policy in 

his school and not a particular preference of the teacher, it was felt 

that it would be permissible to include this teacher on an equal basis 

with those randomly assigned. Five teachers were assigned to experimen

tal groups and four to control groups.

The assignment of the teachers to the experimental or control 

groups determined in which group a pupil would be placed. The solid 

geometry pupils of the teachers who were assigned to experimental groups 

were placed in experimental groups, while the solid geometry pupils of 

the teachers who were assigned to control groups were placed in control

5 1See Appendix D.
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groups. The experimental groups participating in the study involved a 

total of five teachers in five high schools, teaching $6 pupils in six 

solid geometry classes. One solid geometry class of 15 pupils, which had 

been assigned as an experimental group, was excluded from the final sta

tistical treatment because the class did not receive its textbooks from 

the publisher until late in the course. There were four pupils in the 

experimental groups who did not complete the course. Hence, the experi

mental groups used in the final statistical computations of this study 

involved four teachers in four high schools, teaching 77 pupils in five 

solid geometry classes. The control groups participating in the study 

involved a total of four teachers in three high schools, teaching 167 

pupils in six classes. Due to the fact that 25 pupils in the control 

groups did not complete the course, the number of pupils from the control 

groups used in the final statistical computations was 142.

In order to obtain data for determining the relative effectiveness 

of an introductory unit on model construction, nine teachers were 

selected and then assigned to experimental or control groups in a random 

manner. The solid geometry pupils of each teacher were placed in an 

experimental or a control group to correspond with the assignment of 

their teacher. The experimental groups used in the statistical computa

tions of the study consisted of four teachers in four high schools, 

teaching 77 pupils in five solid geometry classes; the control groups, 

four teachers in three high schools, teaching 142 pupils in six classes. 

Prior to reaching an objective decision as to whether or not the level of 

achievement in solid geometry was increased by the use of the



39

introductory unit, a comparison of the experimental and control groups 

was made„

Information Used in Comparing the Experimental 
and Control Groups

To determine the effect on final achievement in solid geometry of 

the specified introductory unit on model construction, it was necessary 

to compare the experimental and control groups to ascertain the extent to 

which \they were similar prior to the statistical analysis of the data.
X

The information used in comparing the experimental groups with the con

trol groups was obtained from three sources: (I) the questionnaire

answered by cooperating teachers, (2) a test of space perception abil

ities administered to the experimental and control groups on the first 

day of the solid geometry course, and (3) a test administered to the 

experimental and control groups on the last day of the course to measure 

final achievement.

Questionnaire answered by teachers. After the teachers were 

selected and assigned to the experimental or control groups, the infor

mation obtained from the questionnaire answered by the cooperating teach

ers, concerning the solid geometry classes which they expected to teach, 

was examined to make a preliminary comparison of the groups. It was 

determined that all the courses were l8 weeks in length and that the 

grade level of pupils usually taking solid geometry was similar in all 

the participating schools. From the information concerning the length of 

the class period, it was found that the experimental and control groups
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were closely matched. The number of minutes in the daily class periods 

for the experimental groups were found to be 60 minutes in one school, 55 

minutes in two, 50 minutes in one, and 45 minutes in one„ The control 

groups involved one school with 60 minutes and two schools with 56 min

utes in their class periods. The solid geometry class from the school 

with the 45-minute period was excluded from the final statistical treat

ment because the class did not receive its textbooks from the publisher 

until the end of the first six weeks of the semester.

An examination of the questionnaire results relative to the pre

requisites for the course revealed that the mathematical backgrounds of 

the pupils in the experimental and control groups were similar. All of 

the participating schools required a minimum of three semesters of alge

bra and one year of plane geometry as prerequisites for enrollment in 

solid geometry; 'however, some of the pupils completed more than the mini

mum requirements for admission to the solid geometry course. One experi

mental group school also required a fourth semester of algebra and one 

semester of trigonometry as prerequisites, while one control group school 

required a fourth semester of algebra.

Initial test of space perception abilities. Because the introduc

tory unit on model construction used in the experimental portion of the 

study involved space perception abilities, it was necessary to provide 

for measurement of the space perception abilities of the pupils in the 

experimental and control groups at the beginning of the experiment. The 

information obtained by the initial test of space perception abilities 

was necessary for matching pupils in order to determine the effect on
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final achievement of the introductory unit.

It was felt that the test selected for measuring initial space 

perception abilities should test for ability in visualizing a three- 

dimensional object from a pattern of its surfaces and for ability to men

tally rotate a three-dimensional figure in space because these were the 

abilities which were required in constructing the models in the introduc

tory unit used in the study. In order to conserve the time of the coop

erating teachers and pupils, the administration of the test selected 

should not require more than one class period. The type of response

required for the test selected should assure objectivity in scoring. The
6test selected should be valid and reliable. A published test was pre

ferred over a teacher-made test because of the good design and high reli

ability of most published tests.
7The "Differential Aptitude Space Relations Test, Form A," was 

deemed appropriate for use in this study because it included items which 

required the spatial visualization abilities that are involved in' devel

oping three-dimensional models from two-dimensional surfaces. The test

evaluated the pupil's ability to visualize an object from a picture of
8its pattern and to imagine how an object would look if rotated in

^The "validity" of a test may be defined as the extent to which 
the test measures what it is presumed to measure. The "reliability" of a 
test may be defined as the extent to which similar results are attained 
when the same test is given a number of times.

7See Appendix A.

^Berdie, R. F., reviewer, in The Fourth Mental Measurements Year
book, p. 679"



three-dimensional space. This ability to think in three dimensions, 

which was required in constructing the models in the introductory unit 

used in this study, is important because there are relatively few occa

sions in which the perception of two-dimensional space alone is suffi- 
9cient.

Although the "Differential Aptitude Space Delations Test" could be 

administered during one class period, it adequately covered the desired 

space perception abilities= The test included 40 multiple-choice items, 

each of which had one to five correct responses, with a total of 100 cor

rect answers for the entire test, which could be scored objectively.

The validity and reliability of the "Differential Aptitude Space 

Relations Test" were adequate for the purposes of this investigation.

The validity studies of the "Differential Aptitude Tests," as reported in 

the manual for these tests,^  included predictions of course grades, of 

achievement test results, and of vocational and educational success. 

Bechtold indicated the generally satisfactory level of the validity coef

ficients of these tests when he stated that "the positive correlations 

with school grades are consistent with the general literature on the pre

diction of educational success.""^ The reliability coefficients for the 

"Differential Aptitude Tests" were calculated by using the split-half

9Bennett, G= K..; Seashore, H. G=; and Wesman, A= G. , Differential 
Aptitude Tests: Manual, p. ?•

^0Ibid., pp. 35-64.

^Bechtold, Harold, reviewer, in The Fourth Mental Measurements 
Yearbook, p= 678=
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12coefficient corrected by the Spearman-Brown formula. The manual gives 

a reliability coefficient for boys of .93, with a standard error of meas

urement of 6.4, and a reliability coefficient for girls of .90, with a 

standard error of measurement of 6.6, for the "Space Relations Test,

Form A."

The "Differential Aptitude Space Relations Test, Form A," was 

administered to the pupils of the experimental and control groups on the 

first day of the solid geometry course. The scores obtained on the test 

were used in equating the pupils who participated in the study to deter

mine the effect on final achievement of the introductory unit on model 

construction. The personal information regarding age in years and months, 

sex, and grade in school which each pupil furnished on the answer sheet 

for the space relations test also was used in comparing the pupils of the 

experimental groups with those of the control groups.

Final achievement test. In order to have a basis for comparing 

the differences in final achievement in solid geometry between the pupils 

who completed an introductory unit on model construction and the pupils 

who studied solid geometry in the conventional manner, it was necessary 

to administer a test to secure objective information concerning the 

achievement of the pupils in the experimental and control groups at the 

conclusion of the course.

It was felt that the test selected for measuring final achievement 

in solid geometry should cover the typical solid geometry course as

clBennett, Seashore, and Wesman., op. cit., pp. 66-67-
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comprehensively as possible within the time limitations required for 

administering the test, and should sample basic theorems, loci, and for

mulas commonly studied in solid geometry. Since other investigations had

been conducted relative to the effect of the study of solid geometry on
13 'space perception abilities, this particular objective of solid geometry

did not necessarily need to be included in the test. To conserve the

time of the cooperating teachers and pupils, the administration of the

test selected should not require more than one class period. The test

should have the property of objectivity and be of the short answer type

to assure the objective evaluation of responses„ The test selected

should be valid, reliable, and appropriate to the grade level involved in

the study. A published test was preferred over a teacher-made test

because of the good design and high reliability of most published tests.
]_4The "Cooperative Solid Geometry Test, Form P," was deemed appro

priate for use in this study because it was suitable for the grade level 

of the pupils involved in the study and included items regarding the 

topics usually studied in solid geometry. The test included items 

involving lines and planes in space, polyhedral angles, prisms, pyramids, 

polyhedrons, cylinders, cones, spheres, and spherical polygons„ ■ The 

test, which could be administered during one class period, was divided 

into three parts. The first part of the test included 20 true-false 

items. The second and third parts of the test included 30 multiple-choice

^See Chapter II, pages 21-24.
14See Appendix B.
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questions based on mensuration and loci. The responses to all 50 items 

of the test could be evaluated objectively.

The validity and reliability of the "Cooperative Solid Geometry 

Test, Form P," were considered adequate for the purposes of this investi

gation. Although the manual for use with the "Cooperative Solid Geometry 

Test" did not contain any coefficients of validity or reliability, the

procedures used "to insure the validity and reliability of each test 
15form" were given. From an examination of the procedures for insuring 

validity and reliability which were listed in the manual, it was deter

mined that the validity and reliability of the test which had been estab

lished by the authors were adequate for the purposes of this study.

■ The "Cooperative Solid Geometry Test, Form P," was administered to 

the pupils of the experimental and control groups on the last day of the 

solid geometry course. The scores' obtained on the test were used in com

paring the pupils who participated in the study to determine the effect 

on final achievement of the introductory unit on model construction. The 

personal information concerning date of birth; age in years and months; 

sex; grade in school; and courses of high school mathematics completed, 

together with the grade in which each was studied, which each pupil fur

nished on the answer sheet.for the achievement test also was used in the 

analysis of the results of the experiment.

Information for comparing the experimental and control groups was 

secured from the cooperating teachers by means of a questionnaire, the

15Educational Testing Service, The Cooperative Tests: Manual of
Directions, p. 2.
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results of which showed that the experimental and control groups were 

similar with respect to course length, length of class periods, prerequi

sites , and grade level of pupils normally enrolled in solid geometry in 

the participating high schools„ Additional information for comparing the 

pupils of the experimental groups with the pupils of the control groups 

was obtained by the administration of the "Differential Aptitude Space 

Relations Test," which was used to measure space perception abilities at 

the beginning of the experiment and by administration of the "Cooperative 

Solid Geometry Test," which was used to measure final achievement at the 

conclusion of the course. The differences in the teaching procedures 

used by the teachers of the experimental and control groups are reported 

next.

Teaching Procedures-

The investigation which was conducted to answer the problem of the 

study required that certain procedures for teaching solid geometry be 

followed by the teachers of: (I) the experimental groups and (2) the

control groups.

Experimental groups. Copies of suggested procedures for teaching 

the experimental classes'^ were prepared and given to the cooperating 

teachers who had been assigned to the experimental groups. According to 

these procedures, at the first regular meeting of the classes, the teach

ers in the experimental groups administered the "Differential Aptitude

16See Appendix E.
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17Space Relations Test" to their pupils in solid geometry according to 

the printed directions which accompany the test. The completed tests 

were then returned to the writer for scoring, after which lists of all 

the test results were sent to the cooperating teachers.

After administering the space relations test, the teachers of the 

experimental groups proceeded with the presentation of the selected 

introductory unit on model construction"^ which was designed to be com

pleted during the first 10 days of the course. In the introductory unit, 

each pupil drew a one-piece pattern, including tabs for gluing, for each 

solid figure which was assigned for construction. The figure was then 

cut from tagboard, folded, and assembled to form the assigned polyhedron.

On the first day, following the space relations test, the pupils 

of the experimental groups were assigned the construction of a regular 

tetrahedron and a regular hexahedron.

During the second class session, the pupils of the experimental 

groups drew pictures of the cube and the regular tetrahedron and dis

cussed the variations in the patterns which had been made for these first 

two models. The assignment which was given for the next day was the con

struction of a regular octahedron. An instructional model of a regular 

octahedron was provided for the pupils to study in planning their models.

The pupils of the experimental groups drew pictures of their mod

els of the regular octahedron from at least two different angles on the

^See pages 40-43.
I Q
See pages 27-34.
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third day of class and were assigned the construction of a regular dodec

ahedron, an instructional model of which was available„ The construction 

of a regular pentagon was reviewed.

The fourth class session was begun by a discussion of the variety 

of patterns which will work for the construction of the dodecahedron.

The pupils drew two-dimensional representations of their models of the 

regular dodecahedron, with special emphasis on the three-dimensional 

aspects of the'sketches. Some class time was allotted to the next 

assignment, the construction of a regular icosahedron, to permit the 

pupils to work with the instructional model which was provided.

The pupils of the experimental groups sketched pictures of their 

icosahedrons on the fifth day. The question of the number of regular 

solids possible was raised and the pupils were encouraged to arrive at 

some intuitive, if not formal, reasoning as to the limiting factors of 

the situation. The duality of the solids with a vertice-face interchange 

was also discussed. The next assignment consisted of jotting down the, 

number of edges, faces, and vertices of the five Platonic solids which 

had been constructed and attempting to discover the relationship involv

ing these properties. The pupils were encouraged to write a formula for 

this relationship.

The constructions of the five stellated polyhedra based upon the 

five regular solids were assigned to the pupils of the experimental 

groups at one time, to be completed during the sixth through tenth days 

of the solid geometry course. Instructional models of the five stellated 

polyhedra were not provided, but rather, only verbal descriptions of
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these solids were given by the teachers.

Following the construction of the star icosahedron, which was the 

last of the stellated polyhedra to be constructed, the teachers of the 

experimental groups issued the textbooks for the solid geometry course 

and proceeded with the teaching of the classes in the manner usually fol

lowed, with the single exception that the topics of the course be pre

sented at a slightly increased rate in order to compensate for the time 

devoted to the introductory unit on the construction of models.

On the last day of the course, the teachers of the experimental
19classes administered the "Cooperative Solid Geometry Test" according to 

the directions furnished by the publisher of that achievement test. All 

tests were then returned to the writer for scoring- This completed the 

procedure for the experimental portion of the study, which constituted 

about 12 per cent of the class time of the entire semester course in 

solid geometry.

Control groups. The teaching procedures for the control groups 

.were similar to those for the experimental groups, except that the pre

sentation of the introductory unit on model construction was omitted. 

During the first regular session of the classes, the teachers of the con

trol groups administered the "Differential Aptitude Space Relations 

Test"21"1 to their solid geometry pupils according to the printed direc

tions which accompany the test. The completed tests were then returned

■^See pages 43-45.

2^See pages 40-43-
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to the writer for scoring, after which lists of all the test results were 

sent to the cooperating teachers.

Following the administration of the space relations test, the 

teachers in the control groups proceeded to teach their solid geometry 

classes as usual, with the one requirement that they avoid the use of any 

exercises in model construction at the beginning of the course. The use 

of models and their construction later in the course was acceptable 

within the limits of this study.

On the last day of the course, the teachers of the control groups
21administered the "Cooperative Solid Geometry Test" according to the 

printed directions furnished with that test. These final achievement 

tests were then returned to the writer for scoring. This completed the 

procedure for the control groups.

In conducting the investigation to answer the problem of the 

study, certain teaching procedures were required for the teachers of the 

experimental and control classes. The teachers in the experimental and 

control groups administered the "Differential Aptitude Space Relations 

Test" to their solid geometry pupils at the first regular meeting of 

their classes and the "Cooperative Solid Geometry Test" on the last day 

of the course. The teachers of the experimental groups presented the 

specified introductory unit on model construction to their pupils during 

the first 10 days of the course, while the teachers of the control groups 

avoided the use of any exercises in model construction at the beginning

p  "I
See pages 45-45.
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of the course„ During the remainder of the course, the teachers of all 

groups taught in their usual manner, except that the work for the experi

mental groups was presented at a slightly accelerated pace to compensate 

for the time spent on the introductory unit= In planning for the evalua

tion of the data which were obtained when the cooperating teachers con

ducted their classes according to the prescribed methods, certain statis

tical procedures were necessary=

Statistical Procedures

In order to reach an objective decision on the basis of the data 

collected in this study as to whether or not the. use of an introductory 

unit on model construction in solid geometry would increase the level of 

final achievement.in the course, certain statistical procedures were nec

essary prior to the actual computations of the values of the statistical 

tests= The preliminary procedures involved: (l) statement of the

hypotheses, (2) choice of the statistical techniques used in testing the 

hypotheses, and (3) methods of relating samples.

Statement of the hypotheses. The first step in the statistical 

procedures was the statement of the null hypothesis (Hq) and the alterna

tive hypothesis (H^) which were to be tested. The null hypothesis (Hq) 

was that there was no significant difference in final achievement in 

solid geometry between pupils who studied solid geometry in the tradi

tional manner and pupils who completed an introductory unit consisting of 

the drawing of one-piece patterns, the cutting, and the assembling of
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tagboard models of the five regular solids plus the stellated polyhedra 

based upon these five solids prior to proceeding with the conventional 

study of solid geometry. The alternative hypothesis (H^) was that pupils 

who completed an introductory unit consisting of the drawing of one-piece 

patterns, the cutting, and the assembling of tagboard models of the five 

regular solids plus the stellated polyhedra based upon these five solids 

prior to proceeding with the conventional study of solid geometry would 

show a significant improvement in final achievement over pupils who
- ■ • >. I i.

studied solid geometry in the traditional manner.

Choice of statistical techniques used in testing the hypotheses.

In choosing the statistical techniques to be used in testing the hypothe

ses in this study, it was necessary to determine if more appropriate use 

of the available information in the sample could be made with parametric 

methods or nonparametric methods.

The usual parametric analysis of variance tests (t-tests and F- 

tests) depend upon the assumptions that the observations are independent, 

that the population is normally distributed and homogeneous in variance, 

and that the measurement is at least on an interval scale„ Nonparametric 

tests also depend upon the assumption that the observations are independ

ent but do not require normal distribution of population, homogeneity of

variances, or measurement on the strength of an interval scale— measure-
22ment on an ordinal scale applies for most nonparametric tests.

The scores obtained from the administration of the ability and

22Siegel, Sidney, Nonparametric Statistics: For the Behavioral
Sciences, pp. 1$, 21, 51.
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achievement tests used in this study .could be ranked from high to low in 

an ordinal scale. Although any two scores appeared to have a known dis

tance between them, the actual measurement was probably not strong enough 

to give an interval scale such as,is required for parametric statistics; 

therefore, nonparametric techniques were selected to test the hypotheses. 

The decision to use nonparametric statistical methods also served to

reduce the number of required assumptions concerning the nature of the
23population and served to make the conclusions more general.

After the selection of nonparametric methods for use in testing 

the hypotheses, it was necessary to determine the specific nonparametric 

techniques which would be used: (I) to test if the pupils from the vari

ous groups used in the study could be pooled to form a composite experi

mental group' and a composite control group; (2) to test if the initial 

differences in age, mathematics background, and space perception abil

ities between the composite experimental and control groups had an effect 

on final achievement; (3) to measure the degree of relation between the 

scores obtained on the "Differential Aptitude Space Relations Test" and 

the "Cooperative Solid Geometry Test" which were administered to the par

ticipating, pupils; and (4) to test for a significant difference in final 

achievement in solid geometry between pupils who studied solid geometry 

in the traditional manner and pupils who completed an introductory unit 

on model construction prior to proceeding with the conventional study of 

solid geometry.

25Ibid., p. 20.
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in order to be able to pool the pupils from the various groups to 

form a composite experimental group and a composite control group for ■ 

testing the hypotheses, it was necessary to examine the results obtained 

by the participating pupils on the space relations test to determine if 

the pupils from the' four groups comprising the composite experimental 

group were from the same population or identical populations and if the 

pupils from the four groups comprising the composite control group were 

from the same population or identical populations„ Because the measure

ments of pupil space perception abilities were at least ordinal and 

because the analysis of four independent groups required a test for k 

samples, the Kruskal-Wallis one-way analysis of variance by ranks tech

nique was selected to determine if the differences existing among the 

pupils from the various groups signified genuine population differences 

or if the differences merely represented chance variations to be expected 

among random samples from the same population. The Kruskal-Wallis tech

nique was applied to the space relations test scores for the composite 

experimental group and to the space relations test scores for the compos

ite control group.

Three tests were conducted to determine if final achievement was

affected by the initial differences between the composite experimental

and control groups in (I) age, (2) mathematics background, and (3) space

perception abilities. Although the preliminary information obtained from
24 _the questionnaires answered by the cooperating, teachers indicated that

24See page 39.
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the ages of the participating pupils could be expected to be similar, the 

information which each pupil furnished on the answer sheet for the space 

relations test showed that there were significant differences in the ages 

of the pupils.. An examination of the ages of the pupils at the time they 

took the "Differential Aptitude Space Relations Test" showed that the 

mean age of the 77 pupils of the. composite experimental group was 17 

years 7 months, while the mean age of the 142 pupils of the composite 

control group was l6 years 9 months. The standard deviation of the ages 

of the pupils in the composite experimental group was 6.5 months and the 

standard deviation of the ages of the pupils in the composite control 

group was 6.5 months. In order to determine the effect of the 10-month 

difference in mean ages on final achievement in solid geometry, the 

Wilcoxon matched-pairs signed-ranks test was applied to the "Cooperative 

Solid Geometry Test" scores of related samples from the composite control 

group. Pupils from only the composite control group were used for this 

application of the Wilcoxon technique to avoid any possible influence of 

the introductory unit on model construction. The Wilcoxon technique was 

deemed appropriate to test related samples for the effect on final 

achievement of differences in ages because the two related samples 

yielded difference scores that could be ranked in order of magnitude.

Although the preliminary information obtained from the question- 
25naires answered by the cooperating teachers indicated that the partici

pating pupils could be expected to be similar with respect to mathematics

^See page 40.
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backgrounds, the information which each pupil- furnished on the answer 

sheet for the final achievement test showed that there were differences 

in the number of semesters of high school mathematics completed by the 

pupils prior to enrollment in the solid geometry course. The mean number
t

of semesters of high school mathematics taken by the pupils of the com

posite experimental group prior to enrolling in solid geometry was 6.3, 

while the mean number of semesters for those of the composite control 

group was 5*1* In order to determine the effect of the 1.2-semester dif

ference in mathematics backgrounds on final achievement in solid geometry, 

the Wilcoxon matched-pairs signed-ranks test was applied to the "Cooper

ative Solid Geometry Test" scores of related samples from the composite 

control group. Pupils from only the composite control group were used 

for this application of the Wilcoxon technique to avoid any possible 

influence of the introductory unit on model construction. The Wilcoxon 

technique was deemed appropriate to test related samples for the effect 

on final achievement of differences in mathematics backgrounds because 

the two related samples yielded difference scores that could be ranked in 

order of magnitude.

To determine if the initial differences in space perception abil

ities between the composite experimental and control groups were signifi

cant, the Mann-Whitney U technique was applied to the "Differential Apti

tude Space Relations Test" scores from both the composite experimental 

and control groups. The Mann-Whitney U technique was selected because 

the sample size was large, the samples were independent, and the measure

ment was at least ordinal.
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The statistical technique selected to measure the degree of rela

tion between the "Differential Aptitude Space Relatidns Test" scores and 

the "Cooperative Solid Geometry Test" scores which were obtained by the

pupils who participated in the experimental and control groups was the
\

Spearman rank correlation coefficient =, The Spearman rank correlation 

coefficient was chosen because the scores"' to be used in. the computation 

represented at least ordinal measurement»

Two statistical techniques, the Wilcoxon matched-pairs signed- 

ranks test and the Mann-Whitney U test, were employed in testing for a 

significant difference in final achievement in solid geometry between
< ' ■ • - < * - ' J 'I I' . - V  s «" I

pupils who studied solid geometry in the traditional manner and pupils 

who completed an introductory unit on model construction prior to proceed 

ing with the conventional study of solid geometry. The Wilcoxon matched- 

pairs signed-ranks test was applied to the "Cooperative Solid Geometry 

Test" scores of two sets of related samples which were "obtained by using 

different matching criteria. The Wilcoxon technique was deemed appropri

ate to test the related samples for a difference between the composite 

experimental group and. the composite control group in final achievement, 

as measured by the "Cooperative Solid Geometry Test," because the study 

involved two related samples which yielded difference scores that could 

be ranked in order of magnitude.

The composite experimental and the composite control groups were 

treated as two independent samples by the Mann-Whitney U technique in 

analyzing the data obtained from the administration of the "Cooperative 

Solid Geometry Test" in order to test for a significant difference in
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final achievement in solid geometry between the two composite groups.

The Mann-Whitney U technique was applied four times. The first applica

tion of the Mann-Whitney U technique was made to the scores obtained on 

the entire "Cooperative Solid Geometry Test." The second application was 

made to the results obtained on 26 items of the test involving figures 

consisting of points, lines, and planes, which were the direct concern of 

the introductory unit completed by the experimental groups. The third 

application was made to the results obtained on the remaining 24 items of 

the "Cooperative Solid Geometry Test," which involved figures with curved 

surfaces„ The fourth application of the Mann-Whitney U technique was 

made to the scores obtained on the l4 items of the test which required 

the exercise of spatial imagination. The Mann-Whitney U technique was 

chosen because the sample size was large, the samples were independent, 

and the measurement was at least ordinal.

For all tests of significance used in this study, a significance 

level of .05 was specified in testing the hypotheses. The number of sub

jects necessary to give the desired power was set at approximately 200 

for the Manh-Whitney U test and a correspondingly fewer number of usable 

pairs for the Wilcoxon matched-pairs signed-ranks test. The sampling 

distribution was assumed to be approximately normal. For the tests of
.V

significant difference in final achievement between the composite experi

mental and control groups, the appropriate region of rejection was one- 

tailed since the direction of difference was stated in the alternative 

hypothesis (H^).

Methods of relating samples. In order to use the Wilcoxon
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matched-pairs signed-ranks technique, it was necessary to employ certain 

methods of relating samples. Prior to using the Wilcoxon technique to . 

determine the effect on final achievement in solid geometry of age dif

ferences among the participating pupils, older pupils from the composite 

control group were paired with other pupils from the composite control 

group who were 10 to 12 months younger and matched on the basis of sex 

and "Differential Aptitude Space Relations Test" scores. Matching on the 

basis of sex was deemed important because the published norms for the . 

"Differential Aptitude Space Relations Test", indicated that generally 

girls do not do as well as boys on the test. In order to properly match 

the pupils on the basis of the scores obtained on the "Differential Apti

tude Space Relations Test," it was necessary to derive scaled score 

equivalents for the raw scores because the publisher of the test did not 

provide a table for converting the raw scores to scaled scores. The . 

authors of the test published national norms for each grade level from 

grade 8 through grade 12 which gave the various raw scores for different 

percentile ranks. The scaled scores, which had a mean of 50 and a stand

ard deviation of 10, were computed by calculating the cumulative frequen

cies from the norms of the eleventh grade boys. The eleventh grade
26national norms for boys were used in preparing the conversion table, 

which was used for converting raw scores to scaled scores for all pupils 

involved in the study, rather than norms based upon the data from this 

study. The national norms were used because they are based upon a much

26See Appendix F, Table I.
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wider sampling of the population» The norms for the eleventh grade boys 

were selected because they were applicable to the majority of pupils 

involved in this study. Pupils were considered matched on the basis of 

their "Differential Aptitude Space Relations Test" scores if they were 

within one scaled score of each other. Pupils were paired with an age 

difference of 10 to 12 months because the difference in mean ages of the 

composite experimental and control groups was 10 months. To avoid any 

possible influence on final achievement of the introductory unit on model 

construction, pupils from only the composite control group were used to 

determine the effect of age differences on final achievement in solid 

geometry.

Prior to using the Wilcoxon matched-pairs signed-ranks technique 

to determine the effect on final achievement in solid geometry of differ

ences in mathematics backgrounds among the participating pupils, pupils 

from the composite control group were paired with other pupils from the 

composite control group who had completed one less semester of mathematics

prior to enrolling in solid geometry and matched on the basis of sex and
27"Differential Aptitude Space Relations Test" scores. The table which 

was prepared for converting raw scores of the "Differential Aptitude 

Space Relations Test" to scaled scores was employed to find the scaled 

scores for all pupils involved in the study. Pupils were considered 

matched on the basis of their space relations test scores if they were 

within one scaled score of each other. Pupils were paired with a

^See Appendix F, Table I.
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difference in mathematics background of one semester because the differ

ence in the mean number of semesters of mathematics completed by the 

pupils of the composite experimental and control groups prior to enroll

ing in the solid geometry course was 1.2. To avoid any possible influ

ence on final achievement of the introductory unit on model construction, 

pupils from only the composite control group were used to determine the 

effect of differences in mathematics backgrounds on final achievement in 

solid geometry.

Prior to using the Wilcoxon matched-pairs signed-ranks technique 

to test for a significant difference in final achievement in solid geome

try between the pupils of the composite experimental group and the pupils 

of the composite control group, the available samples were related by two 

different sets of matching criteria. For the first application of the 

Wilcoxon technique, pupils in" the composite experimental group were 

matched with pupils in the composite control group on the basis of age, 

sex, background, in mathematics, and scores obtained1 on the "Differential 

Aptitude Space Relations Test." Pupils were considered matched on the 

basis of age if their ages did not vary by more than six months. Pupils 

were considered matched on the basis of background in mathematics if the 

number of semesters of high school mathematics completed prior to enroll

ment in the solid geometry course did not vary by more than one. The 
28table which was prepared for converting raw scores of the "Differential 

Aptitude Space Relations Test" to scaled scores was used to find the

28See Appendix F, Table I.
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scaled scores for all pupils involved in the study. Pupils were consid

ered matched on the basis of their space relations test scores if they 

were within one scaled score of each other.

For the second application of the Wilcoxon matched-pairs signed-

ranks technique to test for a significant difference in final achievement

in solid geometry between the pupils of the composite experimental and

control groups, the pupils in the composite-experimental group were

matched with the pupils in the composite control group on the basis of

sex and scores obtained on the "Differential Aptitude Space Relations
29Test." The table which was prepared for converting raw scores of the 

"Differential Aptitude Space Relations Test" to scaled scores was used to 

find the scaled scores for all pupils involved in the study. Pupils were 

considered matched on the basis of their space relations test scores- if 

they were within one scaled score of each other.

In order to reach an objective conclusion as to the effect on 

final achievement in solid geometry of an introductory unit on model con

struction, it was necessary to determine the statistical techniques to be 

used in analyzing the data which were collected during this experiment. 

Following a statement of the null hypothesis (Hq) and the alternative 

hypothesis (H^), it was determined that nonparametric statistical tech

niques would be appropriate for use with the available data. Four non

parametric techniques were selected to test for the following: (l) the

validity of pooling the samples from the various groups to form a

29See Appendix F, Table I.
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composite experimental group and a composite control group;, (2) the 

effect on final achievement of initial differences in age, mathematics 

background, and space perception abilities between the composite experi

mental and control groups; (3) the correlation between the scores 

obtained on the space relations test and the final achievement test; and 

(4) the significant difference in final achievement in solid geometry 

between the pupils of the composite experimental group and the pupils of 

the composite control group.

Summary

To determine the effect on final achievement in solid geometry of 

an introductory unit based upon developing visualization and understand

ing through the use of models, an experiment requiring the cooperation of 

solid geometry teachers and pupils in several schools was designed and an 

investigation conducted. Certain criteria were established for the exer

cises to be included in the introductory unit and the content of the unit 

on models was selected, which included the active participation of the 

pupil in the planning and construction of the five regular solids and the 

five stellated solids based upon the five regular polyhedra„

Nine teachers were selected to assist with the experiment. Each 

teacher was assigned to either an experimental group or a control group 

in a random manner, and the solid geometry pupils of each teacher were 

placed in the group to which their teacher had been assigned.

In order to'.make comparisons of the experimental and control



groups, information concerning each group and each individual pupil was 

collected. The participating teachers furnished information regarding 

the solid geometry classes in their schools by means of a questionnaire. 

The pupils in the experimental and control groups were tested at the 

first meeting of their classes to measure space perception abilities at 

the beginning of the experiment, and all pupils were tested again at the 

conclusion of the course to measure final achievement in solid geometry. 

During the period between the administration of the two tests, the teach

ers of the experimental groups presented the introductory unit on model 

construction, which required the first 10 days of the solid geometry 

course, and then proceeded with the remainder of the course in their 

usual manner, except at a slightly accelerated pace to compensate for the 

time spent on the introductory unit. During the same period, the teach

ers of the control groups taught their classes in their usual manner, but 

making certain they avoided any exercises in the construction of models 

at the beginning of the solid geometry course. In the experimental 

groups, 77 pupils taught by four teachers completed the course according 

to the design of the experiment; in the control groups, 142 pupils taught 

by four teachers completed the course.

The use of nonparametric statistical techniques was deemed suit

able for analyzing the data which were collected during the experiment. 

The Kruskal-Wallis one-way analysis of variance by ranks was selected to 

test.if the pupils from the various groups could be pooled to form a com

posite experimental group and a composite control group„ The Wilcoxon 

matched-pairs signed-ranks test was chosen to determine the effect on
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final achievement of initial differences in hge and mathematics back

ground and the Mann-Whitney U technique was chosen to determine the sig

nificance of initial differences in space perception abilities between 

the composite experimental and control groups, as measured by the "Dif

ferential Aptitude Space Relations Test." To measure the degree of rela

tion between the scores obtained on the "Differential Aptitude Space 

Relations Test" and the scores obtained on the "Cooperative Solid Geome

try Test" which were administered to the participating pupils, the 

Spearman rank correlation coefficient was applied.. To test for a signif

icant difference in final achievement in solid geometry between pupils 

who studied solid geometry in the traditional manner and pupils who com

pleted an introductory unit on model construction prior to proceeding 

with the conventional study of solid geometry, the Wilcoxon matched-pairs 

signed-ranks test and the Mann-Whitney U technique were selected. For 

all applications of the Wilcoxon matched-pairs signed-ranks technique, 

appropriate methods of relating samples were employed. The applications 

of the selected statistical techniques are presented next.



CHAPTER IV

EFFECT ON FINAL ACHIEVEMENT IN SOLID GEOMETRY OF 
AN INTRODUCTORY UNIT ON MODEL CONSTRUCTION

Determining the effect on- final achievement in solid geometry of 

an introductory unit consisting of the drawing of one-piece patterns, the 

cutting, and the assembling of tagboard models of the five regular solids 

plus the stellated polyhedra based upon these five solids prior to pro

ceeding with the conventional study of solid geometry involved four 

phases of statistical comparison of the research data which were col

lected during the investigation. The four phases of statistical compari

son were conducted to determine: (I) the validity of pooling the samples

from the various groups to form one composite experimental group and one 

composite control group; (2) the effect on final achievement of the ini

tial differences between the pupils of the composite experimental and 

control groups; (3) the extent of the correlation between the scores 

obtained on the space relations test and the scores obtained on the final 

achievement test; and (4) the significant difference in final achievement 

between the pupils of the composite experimental and control groups.

These four phases are presented in the following sections.

Validity of Pooling Samples from Various Groups to 
Form One Composite Experimental Group and 

One Composite Control Group

Since the samples used in this study were drawn from a number of 

different schools and involved pupils who were taught by several
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different teachers, it was necessary to determine if the pupils from the 

various experimental groups could be pooled to form one composite experi

mental group and to determine if the pupils from the various control 

groups could be pooled to form one composite control group» The validity 

of pooling the pupils was determined on the basis of initial space per

ception abilities, as measured by the "Differential Aptitude Space Rela-
1tions Test, Form A," administered to all participating pupils. The

space relations test scores were selected for use in determining the

validity of pooling the pupils because the scores were obtained at the

beginning of the experiment before the pupils of the experimental groups

received the additional experiences in spatial visualization furnished by

the introductory unit on model construction. The Kruskal-Wallis one-way
2analysis of variance by ranks technique was selected to analyze the 

"Differential Aptitude Space Relations Test" scores'’ of the participating 

pupils to test if the observed differences among the k samples were 

merely the expected chance variations or if they denoted significant 

population differences.

Two null hypotheses were tested by the Kruskal-Wallis one-way 

analysis of variance by ranks technique to determine if there were sig

nificant differences among the samples from the various experimental 

groups and among the samples from the various control groups: (l). there

^See Chapter III, pages 40-43-
2
See Chapter III, page $4.

^See Appendix F, Table 2.
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was no difference among the average scores obtained on the "Differential 

Aptitude Space Relations Test, Form A," by the pupils from each of the 

four experimental groups and (2) there was no difference among the aver

age scores obtained on the "Differential Aptitude Space Relations Test, 

Form A," by the pupils from each of the four control groups„ The alter

native hypotheses were: (l) there was a difference among the average

scores obtained on the "Differential Aptitude Space Relations Test, Form 

A," by the pupils from each of the four experimental groups and (2) there 

was a difference among the average scores obtained on the "Differential 

Aptitude Space Relations Test, Form A," by the pupils from each of the 

four control groups. The significance level was set at .05 where the 

total number of cases in the samples, N, was 77 for the experimental 

groups and 142 for the control groups.

In testing the first null hypothesis; namely, there was no differ

ence among the average scores obtained on the "Differential Aptitude 

Space Relations Test, Form A," by the pupils from each of the four exper

imental groups, H was computed by means of the Kruskal-Wallis one-way
4 ' 'analysis of variance by ranks technique. The value of H was found to be 

2.58 with 3 degrees of freedom which had an associated probability, p, of 

.47. Since p was greater than the previously set level of significance

4The steps in the computation of the Kruskal-Wallis one-way analy
sis of variance by ranks technique are as -follows:

1. Rank the total number of observations, N, from all the k sam
ples in a single series, with the smallest score receiving a rank of I, 
the next smallest a rank of 2, and the largest a rank of N; Tied obser
vations are assigned the mean of the tied ranks.

2. Find the sum of the ranks, R, in each of the k samples.
3. Compute the value of H from the following formula:
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of =05, the first null hypothesis was accepted.

In testing the second null hypothesis; namely, there was no dif

ference among the average scores obtained on the "Differential Aptitude

Space Relations Test, Form A," by the pupils from each of the four con-
5trol groups, H was computed by means of the Kruskal-Wallis technique.

The value of H was found to be 4.^8 with 3 degrees of freedom which had 

an associated probability, p, of .20. Since p was greater than the pre

viously set level of significance of .05, the second null hypothesis was

H

12
N(N + I)

I

- 3(N + I)

where k = number of samples
Uj = number of cases in the jtb sample
N = ̂ n-, the number of cases in all k samples combined 

Rj = sum of the ranks in the sample
T = t^~ t where t is the number of tied scores in a group of 

observations
T directs one to sum all the T's

directs one to sum over all the k samples.
j =1

Where the sample sizes, nj's, are. sufficiently large; that is, nj >  5, 
the values of H are distributed approximately as chi square with k - I 
degrees of freedom, df.

4. Determine the associated probability of the observed value of 
H by reference to the proper table with df = k - I.

5. If the probability thus determined is equal to or less than
the previously set level of significance, reject the null hypothesis and 
accept the alternative hypothesis. (Siegel, Sidney, Nonparametric Sta
tistics : For the Behavioral Sciences, pp. 185, 192.)'

5See footnote 4, page 68.
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accepted.

Since both null hypotheses were accepted, the conclusion was that 

there was no statistically significant difference in space perception 

abilities, as measured by the "Differential Aptitude Space Relations Test, 

Form A," among the pupils in the various experimental groups or among the 

pupils in the various control groups. Therefore, the pupils from the var

ious experimental groups were pooled to form one composite experimental 

group which could be treated as though it consisted of a single sample 

from the same population, and the pupils from the various control groups 

were pooled to form one composite control group which could be treated as 

though it consisted of a single sample from the same population.

Two applications of the Kruskal-Wallis one-way analysis of vari

ance by ranks technique revealed that the pupils from the various experi

mental groups could be pooled to form one composite experimental group 

and that the pupils from the various control groups could be pooled to 

form one composite control group. The next phase of statistical compari

son involved the effect on final achievement of initial differences 

between the two composite groups.

Effect on Final Achievement of Initial Differences 
Between the Composite Experimental 

and Control Groups

To determine the effect on final achievement in solid geometry of 

the initial differences between the pupils of the composite experimental 

and control groups, differences in three areas were examined: (I) age,
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(2) mathematics background, and (3) space perception abilities.

Age. Since a 10-month difference in mean ages existed between 

the pupils of the composite experimental group and the pupils of the com

posite control group, it was necessary to determine the effect of age

differences on final achievement, as measured by the "Cooperative Solid
7Geometry Test, Form P." The Wilcoxon matched-pairs signed-ranks tech

nique® was applied to the "Cooperative Solid Geometry Test" scores of 32
Qpairs of pupils from the composite control group. Pupils from the com

posite control group were paired with other pupils from the composite 

control group who were 10 to 12 months younger and matched on the basis 

of sex and "Differential Aptitude Space Relations Test" s c o r e s P u p i l s  

from only the composite control group were used to determine the effect 

of age differences on final achievement in solid geometry to avoid any 

possible influence of the introductory unit on model construction.

The null hypothesis tested by the Wilcoxon matched-pairs signed- 

ranks technique to determine the effect of age differences on final 

achievement in solid geometry was that 10 to 12 months of additional age 

at the time of enrollment in the solid geometry course did not affect 

final achievement, as measured by the "Cooperative Solid Geometry Test,

®See Chapter III, pages 5^—55•

^See Chapter III, pages 43-43*
8See Chapter III, page 55•

^See Appendix F, Table 3- 

"^See Chapter III, pages 58-60.
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Form P." The alternative hypothesis was that the level of final achieve

ment, as measured by the "Cooperative Solid Geometry Test, Form P," was 

higher for pupils who had 10 to 12 months of additional age at the time 

of enrollment in the solid geometry course. The significance level was 

set at .05. Since the alternative hypothesis predicted the direction of 

the difference, the test was one-tailed.

In testing the null hypothesis, z was computed by means of the
11Wilcoxon matched-pairs signed-ranks technique. The value of z was

The steps in the computation of the Wilcoxon matched-pairs 
signed-ranks technique are as follows: .......

1. Determine the signed difference, d, between the■scores for 
each matched pair.

2. Eank the d's from low to high without respect to sign, assign
ing the average of the tied ranks to the tied d's.

3. To each rank, affix the sign of the difference it represents.
4. Determine the value of the smaller■of the like-signed ranks, T 

■ 5• Determine N by counting the total number of d's having a sign.
If there is no difference between the scores of matched pairs, such pairs 
are dropped from the analysis. . . . .

6. Determine the significance of the observed value' of T by one 
of the following methods:

a. If N < 25, refer to the table which shows the critical value 
of T for various sizes of N. If the observed- value of T < 
that given in the table for a particular significance level 
and value of N, the null hypothesis may be rejected at that 
level of significance.

b. If N >25, compute the value of z by the following formula:
N(N + I)

1 " 4
Z = ' —■—

/N(N + I) (ZN +'I)'
Y 24

where T = smaller of the sums of the like-signed.ranks
N = number of pairs with a non-zero score difference. 

Determine the associated probability level of the observed 
value of z by reference to the proper table of values. If the 
determined probability is equal to or less than the previously 
set significance level, reject the null hypothesis and accept 
the alternative hypothesis. (Siegel, op. cit., pp. 8l, 83.)
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found to be 0.l4 which had an associated probability, p, of .44. Since p 

was greater than the previously set level of significance of .05, the null 

hypothesis, that 10 to 12 months of additional age at the time of enroll

ment in the solid geometry course did not affect final achievement, as 

measured by the "Cooperative Solid Geometry Test, Form P," was accepted.

Since there was no statistically significant difference in final 

achievement, as measured by the "Cooperative Solid Geometry Test, Form P," 

between the older pupils and the younger pupils of 32 matched pairs from 

the composite control group, it was concluded that the 10-month differ

ence in the mean ages between the pupils of the composite experimental 

and control groups did not significantly affect the results obtained on 

the "Cooperative Solid Geometry Test, Form P."

Mathematics background. Because there was a 1.2 difference in the

mean number of semesters of mathematics studied prior to enrolling in 
12solid geometry between the pupils of the composite experimental and the 

composite control groups, it was necessary to determine the effect of 

differences in mathematics backgrounds on final achievement, as measured 

by the "Cooperative Solid Geometry Test, Form P." The Wilcoxon matched- 

pairs signed-ranks technique"*"̂  was applied to the "Cooperative Solid 

Geometry Test" scores of 23 pairs of pupils from the composite control 

g r o u p . P u p i l s  from the composite control group were paired with other

12See Chapter III, pages 55-56.
2%
jSee Chapter III, pages 60-6l.

^See Appendix F, Table 4.



pupils from the composite control group who had completed one less semes

ter of mathematics and matched on the basis of sex and "Differential 

Aptitude Space Relations Test" s c o res.Pupils  from only the composite 

control group were used to determine the effect of difference in mathe

matics backgrounds on final achievement in solid geometry to avoid any 

possible influence of the introductory unit on model construction.

The null hypothesis tested by the Wilcoxon matched-pairs signed- 

ranks technique to determine the effect of differences in mathematics 

backgrounds on final achievement in solid geometry was that the comple

tion of an additional semester of mathematics prior to enrollment in 

solid geometry did not affect final achievement, as measured by the 

"Cooperative Solid Geometry Test, Form P." The alternative hypothesis 

was that the completion of an additional semester of mathematics prior 

to enrollment in solid geometry did affect final achievement, as measured 

by the "Cooperative Solid Geometry Test, Form P." The significance level 

was set at «05 for the two-tailed test.

In testing the null hypothesis, T was computed by means of the 

Wilcoxon test for small s a m p l e s . T h e  value of T was found to be 128, 

which was greater than the critical value.of 73 required for .significance 

at the .05 level under the two-tailed test. Therefore, the associated 

probability, p, was in excess of the previously set level of significance 

of =05, and the null hypothesis, that the completion of an additional

"*"̂ See Chapter III, pages 60-6l.
-I /7 <

See footnote 11, page 72.

74
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semester of mathematics prior to enrollment in solid geometry did not 

affect final achievement, as measured by the "Cooperative Solid Geometry 

Test, Form P," was accepted.

Since an analysis of 25 matched pairs from the composite control 

group by the Wilcoxon technique indicated that the completion of an addi

tional semester of mathematics prior to enrollment in solid geometry did 

not significantly affect final achievement, as measured by the "Coopera

tive Solid Geometry Test, Form P," it was concluded that the 1.2 differ

ence in the mean number of semesters of mathematics studied prior to 

enrolling in solid geometry between the pupils of the composite experi

mental group and the pupils of the composite control group did not sig

nificantly affect the results obtained on the "Cooperative Solid Geometry 

Test, Form P."

Space perception abilities. To determine if the initial space 

perception abilities of the pupils in the composite experimental and con

trol groups differed sufficiently to affect final achievement in solid 

geometry, the pupils of the composite experimental and control groups
I?were treated as two independent samples by the Mann-Whitney TJ technique 

which was applied to the "Differential Aptitude Space Relations Test" 

scores^ of the pupils from both composite groups.

The null hypothesis tested by the Mann-Whitney TJ technique to 

determine if the initial differences in space perception abilities

17 rSee Chapter III, page 5«*
- j g

See Appendix F 5 Table 5»



between the composite experimental group and the composite control group 

were significant was that there was no significant difference between the 

"Differential Aptitude Space Delations Test., Form A," scores of the 

pupils from the composite experimental group and the "Differential Apti

tude Space Relations Test, Form A," scores of the pupils from the compos

ite control groupo The alternative hypothesis was that the "Differential 

Aptitude Space Relations Test, Form A," scores of the pupils from the 

composite experimental group were higher than the "Differential Aptitude 

Space Relations Test, Form A," scores of the pupils from the composite 

control groupo The significance level was set at <>05 where the total 

number of cases in the composite experimental group, n^, was 77 and the 

total number of cases in the composite control group, n^, was 142. Since 

the alternative hypothesis stated the direction of the predicted differ

ence , the region of rejection was one-tailed.

In testing the null hypothesis, z was computed by means of the 

Mann-Whitney TI t ec h n i q u e T h e  value of z was found to be 0.23 which 

had an associated probability, p, of Al. Since p was greater than the 

previously set level of significance of .05, the null hypothesis, that 

there was no significant difference between the "Differential Aptitude * 1 2
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^The steps in the computation of the Mann-Whitney TJ technique are 
as follows:

1. Determine the number of cases in the smaller group, nj, and 
the number of cases in the larger group, ngo

2. Rank the scores for both groups together, with the smallest 
score receiving a rank of I, the next smallest a rank of 2, and the 
largest a rank of N, where N = n^+ no = the total number of cases in both 
groups. Tied scores are assigned the mean of the tied ranks.

3o Determine the value of U by means of one of the following 
formulas:
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Space Relations Test, Form A," scores of the pupils from the composite 

experimental group and the "Differential Aptitude Space Relations Test, 

Form A," scores of the pupils from the composite control group, was 

accepted.

The analysis by means of the Mann-Whitney U technique of the 

scores obtained on the "Differential Aptitude Space Relations Test, Form 

A," indicated that there was no statistically significant difference in 

initial space perception abilities between the pupils of the composite 

experimental and control groups = Therefore, it was concluded that the 

differences in initial space perception abilities between the pupils of 

the two composite groups were not sufficient to significantly affect 

final achievement in solid geometry.

n^ng +
nI^nI+ - R1 U1U2 +

n2(n2+ I)

where nq = number of cases in the smaller of the two independent groups
n2 = number of cases in the larger of the two independent groups
Rq = sum of ranks assigned to the group with a sample size of nq
R2 = sum of ranks assigned to the group with a sample size of n2-

The two formulas yield different values of H and it is the smaller value 
of U which is needed. The investigator can check to determine which 
value, the larger or smaller, he has found by applying the transformation 
U = H^k2 - U' where IT1 is the larger of the two values.

4. Compute the value of z by the following formula;

z =
U -

U1U2
2

(nq)(n2 )(nq+ n2+ I) 5

5. Determine the associated probability level of the observed 
value of z by reference to the proper table of values. If the probabil
ity thus determined is equal to or less than the previously set level of 
significance, reject the null hypothesis and accept the alternative 
hypothesis. (Siegel, ojd. cit., pp. 120-121, 126.)
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Applications of the Wilcoxon matched-pairs signed-ranks technique 

to two sets of related samples from the composite control group revealed 

that an age difference of IG to 12 months and a difference in mathematics 

background of one semester did not have a statistically significant 

effect upon final achievement in solid geometry, as measured by the 

"Cooperative Solid Qeometry Test, Form P;" therefore, it was concluded 

that the initial 10-month difference in mean ages and the 1.2 difference 

in mean number of semesters of mathematics backgrounds between the pupils 

of the composite experimental and control groups did not have a signifi

cant effect upon their final achievement in solid geometry. The applica

tion of the Mann-Whitney U technique showed that the differences between 

the pupils of the composite experimental group and the pupils of the 

composite control group in space perception abilities, as measured by the 

"Differential Aptitude Space Relations Test, Form A," were not statisti

cally significant; therefore, it was concluded that initial differences 

between the two composite groups in space perception abilities, as meas

ured by the "Differential Aptitude Space Relations Test, Form A," did not 

have a significant effect on final achievement in solid geometry. The 

next phase of statistical comparison involved the determination of the 

correlation between the scores obtained on the space relations test and 

the scores obtained on the final achievement test.
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Correlation Between Scores on the Space Relations 

and Final Achievement Tests

To determine the validity of using the scores of the participating

pupils on the space relations test as a basis for obtaining matched pairs

in testing for differences in the results on the final achievement test,

it was necessary to determine the extent of the correlation between- the

scores of the pupils on the "Differential Aptitude Space Relations Test,

Form A," and on the "Cooperative Solid Geometry Test, Form P." The
• 20Spearman rank correlation coefficient, together with the associated

probability of the coefficient, were computed to determine the extent and

statistical significance of the correlation between the scores of the
21pupils on the space relations and final achievement tests.

22The Spearman rank correlation coefficient, r , between the

^See Chapter III, page 57- 
21See Appendix F, Table 5- ,
22The steps in computing the Spearman rank correlation coeffi

cient, rs , are as follows:
1„ Rank the total number of observations-, N, on the first vari

able, X, from I to N and rank the total number of observations, N, on the 
second variable, Y, from I to N. Tied observations are assigned the mean 
of the tied ranks. ■ ■

2. List the N subjects together with the X rank and Y rank for
each subject. , -

3. Determine the value of the differences in rank, dj_, for each 
subject by subtracting his Y rank from his X rank. Square the differ
ences to determine each subjects d ^  and then sum the squares, d^'s, 
for all the N subjects to determine £dj^.

4. Compute the values of T, which are used in correcting for
ties, by the formula T = where t = the number of observations
tied at a given rank. Sum all the T's on the first variable, X, to 
obtain ^Tx and sum all the T's on the second variable, Y, to obtain ^Ty .

5. Compute the value of rs by the following formula:
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"Differential Aptitude Space Relations Test, Form A," scores and the 

"Cooperative Solid Geometry Test, Form P," scores of the participating 

pupils was found to be =30.

The null hypothesis tested to determine the significance of the 

obtained value of the Spearman rank correlation coefficient, r , was that 

the "Differential Aptitude Space Relations Test, Form A," scores and the 

"Cooperative Solid Geometry Test, Form P," scores of the participating 

pupils were unrelated in the population. The alternative hypothesis was 

that the "Differential Aptitude Space Relations Test, Form A," scores and 

the "Cooperative Solid Geometry Test, Form P," scores of the participat

ing pupils were related, in a positive direction, in the population. A 

significance level of .05 was specified where the total number of cases, 

N, was 219. Since the alternative hypothesis predicted the direction of 

the difference, the test was one-tailed.

In testing the null hypothesis, the associated significance level

[=2 + IyZ'_ IdZ
r = s

/ w
where Ix'2 N - N

12 " ̂ Tx and Iy
2' N -  N

12
N = number of individuals ranked
,2■ Id^ = sum of the squares of the differences between ranks for each 

of the N cases '
t^— tT = where, t is the number of tied scores on the first
variable 
t3_ t

T = — 7-— where t is the number of tied scores on the second y 12variable'
I directs one to sum the T 's and to sum the T 's. (Siegel, ©£. 

cit=, pp. 207, 212-213.) X 1
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of .the obtained Spearman rank correlation coefficient, r , was computed 

by means of a "tn test. The t value was found to be 4.63 which had an 

associated probability, p, of .0005. Since p was less than the previ

ously set level of significance of .05, the null hypothesis was rejected 

and the alternative hypothesis, that the "Differential Aptitude Space 

Relations Test, Form A," scores and the "Cooperative Solid Geometry Test, 

Form P," scores of the participating pupils were related, in a positive 

direction, in the population, was accepted.

Since the null hypothesis was rejected and the alternative hypoth

esis was accepted, it was concluded that the space relations test scores 

and the final achievement test scores of the participating pupils were 

related, in a positive direction. Therefore, the space relations test 

scores were used as a basis for obtaining matched pairs in testing for 

differences in the final achievement test scores.

23Following are the steps used in computing the associated level 
of significance of the obtained Spearman rank correlation coefficient, 
r , by means of a "t" test:
S I. Compute the value of t from the formula

where rs = Spearman rank correlation coefficient 
N = number of cases.
2. Determine■the significance of the value of t by reference to

the proper table with the degrees of freedom, df, equal to N - 2. The 
significance of the value of t which has been computed indicates the 
probability association with the occurrence of a value as large as the 
observed value of rs . -

3. If the obtained value of t has an associated probability which 
is equal to or less than the previously set level of significance, reject 
the null hypothesis and accept the alternative hypothesis. (Siegel, op. 
cit., pp. 212-213.)
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The Spearman rank correlation coefficient and the associated 

probability of the coefficient revealed that there was a small positive 

relationship between the space relations test scores and the final 

achievement test scores and, hence, the space relations test scores could 

be used as a basis for obtaining matched pairs to test for a significant 

difference in the final achievement test scores of the participating 

pupils„ The. final.phase of statistical.comparison, which involved test

ing for a significant difference in final achievement between the pupils 

of the composite experimental and control groups, is presented next.

Significant Difference in Final Achievement Between 
the Composite Experimental and Control Groups

To determine the effect on final achievement in solid geometry of 

the specified introductory unit based upon developing visualization and 

understanding through the use of models, it was necessary to test for a 

significant difference in final achievement between the composite experi

mental and control groups.

For all tests of significant difference in final achievement 

between the composite experimental and control groups, the null hypothe

sis, hereinafter referred to as Hq, was that there was no significant 

difference in final achievement in solid geometry between pupils who 

studied solid geometry in the traditional manner and pupils who completed 

an introductory unit consisting of the drawing of one-piece patterns, the 

cutting, and the assembling of tagboard models of the five regular solids 

plus the stellated polyhedra based upon these five solids prior to
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proceeding with the conventional study of solid geometry. The alter

native hypothesis, hereinafter referred to as was that pupils who 

completed an introductory unit consisting of the drawing of one-piece 

patterns, the cutting, and the assembling of tagboard models of the five 

regular solids plus the stellated polyhedra based upon these five solids 

prior to proceeding with the conventional study of solid geometry would 

show a significant improvement in final achievement over pupils who stud

ied solid geometry in the traditional manner. For all tests of signifi

cant difference in final achievement between the composite experimental 

and control groups, the significance level was set at .05• Since the 

alternative hypothesis, predicted the direction of the difference, 

the region of rejection was one-tailed.

Three methods were employed in testing for a significant differ

ence in final achievement in solid geometry between the pupils of the 

composite control group who studied solid geometry in the traditional 

manner and the pupils of the composite experimental group who completed 

an introductory unit consisting of the drawing of one-piece patterns, the 

cutting, and the assembling of tagboard models of the five regular solids 

plus the stellated polyhedra based upon these five solids prior to pro

ceeding with the conventional study of solid geometry. The three methods 

of testing for a significant difference in' final achievement in solid 

geometry between the pupils of the composite experimental group and the 

pupils of the composite control group involved treating the cases in the 

study as: (l) samples related with respect to age, sex, mathematics

background, and space relations test scores; (2) samples related with
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respect to sex and space relations test scores; and (3) independent 

samples.

Samples related with respect to age, sex, mathematics background,
and space relations test scores. The "Cooperative Solid Geometry Test,

24Form P," scores of 35 matched pairs from the composite experimental and

control groups were analyzed by the Wilcoxon matched-pairs signed-ranks 
25technique to test for significant difference in final achievement

between the composite experimental and control groups„ Pupils from the

composite experimental group were matched with pupils from the composite

control group on the basis of age, sex, mathematics background, and "Dif-
26ferential Aptitude Space Relations Test, Form A," scores.

In testing the null hypothesis, Hq, z  was computed by means of the 
27Wilcoxon technique. The value of z was found to be 0.55 which had an 

associated probability, p, of .29. Since p was greater than the previ

ously set level of significance of <.05, the null hypothesis, Hq, that 

there was no significant difference in final achievement in solid geome

try between pupils who studied solid geometry in the traditional manner 

and pupils who completed an introductory unit consisting of the drawing 

of one-piece patterns, the cutting, and the assembling- of- tagboard models 

of the five regular solids plus the stellated polyhedra based upon these

24

25
See Appendix F, Table 6.

See Chapter III, page 57*

^See Chapter III, pages 6l-62. 

^See footnote 11, page 72.
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five solids prior to proceeding with the conventional study of solid 

geometry, was accepted. There was no statistically significant differ

ence in final achievement, as measured by the "Cooperative Solid Geometry 

Test, Form P," between 35 pupils from the composite experimental group - 

and 35 pupils from the composite control group who were matched on the 

basis of age, sex, mathematics background, and scores on the "Differen

tial Aptitude Space Relations Test, Form A="

Samples related with respect to sex and space relations test
28scores0 The "Cooperative Solid Geometry Test, Form P1," scores of 76

matched pairs from the composite experimental and control groups were
29analyzed by the Wilcoxon matched-pairs signed-ranks technique to test 

for significant difference in final achievement between the composite 

experimental and control groups. Pupils from the composite experimental 

group were matched with'pupils from the composite control group on the

basis of sex and "Differential Aptitude Space Relations Test, Form A,"
50scores„

In testing the null hypothesis, Hq, z  was computed by means of the 

Wilcoxon technique The value of z was found to be 0 = 45 which had an 

associated probability, p, of =33. .Since p was greater than the previ

ously set level of significance of =05, the null hypothesis, Hq, that

28See Appendix F s Table 7-
^See Chapter III, page 57-

^See Chapter III, page 62.
31See footnote 11, page 72.
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there was no significant difference in final achievement in solid geometry 

between pupils who studied solid geometry in the traditional manner and 

pupils who completed an introductory unit consisting of the drawing of 

one-piece patterns, the cutting, and the assembling of tagboard models of 

the five regular solids plus the stellated polyhedra based upon these five 

solids prior to proceeding with the conventional study of solid geometry, 

was acceptedo There was no statistically significant difference in final 

achievement, as measured by the "Cooperative Solid’ Geometry Test, Form 

P," between 76 pupils from the composite experimental group and 76 pupils 

from the composite control group who were matched on the basis of sex and 

"Differential Aptitude Space Delations Test, Form A," scores„

Independent samples. The composite experimental and control

groups were treated as two independent samples by the Mann-Whitney TJ
32technique in analyzing the "Cooperative Solid Geometry Test, Form P9" 

scores of the participating pupils to test for significant difference in 

final achievement between the composite experimental and control groups. 

Four applications of the Mann-Whitney U technique were made: (l) to the

scores obtained^ on the entire "Cooperative Solid Geometry Test, Form P;" 

(2) to the results obtained on 26 items of the test involving figures 

consisting of points, lines, and planes, which were the direct concern of 

the introductory unit completed by the pupils of the composite experi

mental group; (3) to the results obtained on the remaining 24 items of 

the test, which involved figures with curved surfaces; and (4) to the

32See Chapter III, pages 57-58.



results obtained on the I4 items of the test which required the exercise 

of spatial imagination.

The first application of the Mann-Whitney IT technique was made to

the scores obtained on the entire "Cooperative Solid Geometry Test, Form
33P," ^ by the pupils of the composite experimental and control groups. In 

testing the null hypothesis, Hq, z was computed by means of the Mann- 

Whitney TJ technique. The value of z was found to be 0.44 which had an 

associated probability, p, of .33. Since p was greater than the previ

ously set level of significance of .05, the null hypothesis, Hq, that 

there was no significant difference in final achievement in solid geome

try between pupils who studied solid geometry in the traditional manner 

and pupils who completed an introductory unit consisting of the drawing 

of one-piece patterns, the cutting, and the assembling of tagboard models 

of the five regular solids plus the stellated polyhedra based upon these 

five solids- prior to proceeding with the conventional study of solid 

geometry, was accepted. There was no statistically significant differ

ence in final achievement, as measured by the entire "Cooperative Solid 

Geometry Test, Form P," between pupils of the composite experimental 

group and pupils of the composite control group =

The next application of the Mann-Whitney TJ technique was made to 

the results obtained by the pupils of the composite experimental and con

trol groups on the 26 items of the "Cooperative Solid Geometry Test,

87

^See Appendix F, Table 5 ■ 

^See footnote 19, page 76.
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Form Pi" involving figures consisting of points, lines, and planes, 

which were the direct concern of the introductory unit completed by the 

pupils - of the composite experimental group = In testing the null hypothe

sis, Hq, z  was computed by means of the Mann-Whitney Dr t e c h n i q u e T h e  

value of z was found to be 0.89 which had an associated probability, p, 

of .19. Since p was greater than the previously set level of signifi

cance of .05, the null hypothesis, Hq, that there was no significant dif

ference in final achievement in solid geometry between pupils who studied 

solid geometry in the traditional manner and pupils who completed an 

introductory unit consisting of the drawing of one-piece patterns, the 

cutting, and the assembling of tagboard models of the five regular solids 

plus the stellated polyhedra based upon these five solids prior to pro

ceeding with the conventional study of solid geometry, was accepted.

There was no statistically significant difference between the pupils of 

the composite experimental group and the pupils of the composite control 

group in final achievement on the 26 items of the "Cooperative Solid 

Geometry Test, Form P," involving figures consisting of points, lines, 

and planes, which were the direct concern of the introductory unit com

pleted by the pupils of the composite experimental group.

The third application of the Mann-Whitney U technique was made to 

the results obtained by the pupils of the composite experimental and con

trol groups on the 24 items of the "Cooperative Solid Geometry Test,

35

^See Appendix F, Table 5• 

^See footnote 19, page 76.
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Form P," which involved figures with curved surfaces„ In testing the 

null hypothesis, Hq, z was computed by means of the Mann-Whitney U tech

nique The value of z was found to be 1.4l which had an associated 

probability, p, of .08. Since p was greater than the previously set level 

of significance of <,05, the null hypothesis, H , that there was no signifi

cant difference in final achievement in solid geometry between pupils who 

studied solid geometry in the traditional manner and pupils who completed 

an introductory unit consisting of the drawing of one-piece patterns, the 

cutting, and the assembling of tagboard models of the five regular solids 

plus the stellated polyhedra based upon these five solids prior to pro

ceeding with the conventional study of solid geometry, was accepted.

There was no statistically significant difference between the pupils of 

the composite experimental group and the pupils of the composite control 

group in final achievement on the 24 items of the "Cooperative Solid 

Geometry Test, Form P," which involved figures with curved surfaces.

The final application of the Mann-Whitney U technique was made to 

the results obtained by the pupils of the composite experimental and con

trol groups on the l4 items of the "Cooperative Solid Geometry Test, Form 

P,"^ which required the exercise of spatial imagination. In testing the
40null hypothesis, H , z was computed by means of the Mann-Whitney U test.

"57'See Appendix F, Table 5-
? Q
See footnote 19, page 76.

"^See Appendix F, Table 5*
4o ,See footnote 19, page 76.

37
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The value of z was found to be 0.6$ which had an associated probability, 

p, of .24. Since p was greater than the previously set level of signifi

cance of .05, the null hypothesis, Hq, that there was no significant dif

ference in final achievement in solid geometry between pupils who studied 

solid geometry in the traditional manner and pupils who completed an 

introductory unit consisting of the drawing of one-piece patterns, the 

cutting, and the assembling of tagboard models of the five regular solids 

plus the stellated polyhedra based upon these five solids prior to pro

ceeding with the conventional study of solid geometry, was accepted.

There was no statistically significant difference between the pupils of 

the composite experimental group and the pupils of the composite control 

group in final achievement on the l4 items of the "Cooperative Solid 

Geometry Test, Form P," which required the exercise of spatial imagina

tion.

Two applications of the Wilcoxon matched-pairs,signed-ranks tech

nique and one application of the Mann-Whitney TI technique were made to 

the scores of the pupils from the composite experimental and control 

groups obtained on the entire "Cooperative Solid Geometry Test, Form P." 

The three tests applied to the scores on the entire "Cooperative Solid 

Geometry Test" revealed that there was no statistically significant dif

ference in final achievement between pupils of the composite■experimental 

group and pupils of the composite control group. To determine further 

the effect on final achievement in solid geometry of the introductory 

unit on model construction which was completed by the pupils in the com

posite- experimental group, three areas of solid geometry included in the
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"Cooperative Solid Geometry Test, Form P," were analyzed by the Mann- 

Whitney U technique. These three applications of the Mann-Whitney U tech

nique revealed that there was no statistically significant difference 

between pupils of the composite experimental group and pupils of the com

posite control group in final achievement on items of the "Cooperative 

Solid Geometry Test" involving figures consisting of points, lines, and 

planes, which were the direct concern of the introductory unit on model 

construction; on items of the test which involved figures with curved sur

faces ; and on items of the test which required the exercise of spatial 

imaginationo

Summary

The data collected during the investigation were analyzed statis

tically to determine the effect on final achievement in solid geometry of 

an introductory unit consisting of the drawing of one-piece patterns, the 

cutting, and the assembling of tagboard models of the five regular solids 

plus the stellated polyhedra based upon these five solids prior to pro

ceeding with the conventional study of solid geometry»

To determine the validity of pooling the samples from the various 

groups to form one composite experimental group and one composite control 

group, the Kruskal-Wallis one-way analysis of variance by ranks technique 

was employed. It was concluded that the pupils from the various experi

mental groups could be pooled to form one composite experimental group, 

and the pupils from the various control groups could be pooled to form
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one composite control group =

The Wilcoxon matched-pairs signed-ranks technique and the Mann- 

Whitney TI technique were used to determine the effect on final achieve

ment of initial differences in age, mathematics background, and space 

perception abilities between the pupils of the composite experimental and 

control groups. It was concluded that the initial differences between 

the pupils of the composite experimental group and the pupils of the com

posite control group in age,mathematics background, and space perception 

abilities did not significantly affect final achievement in solid geome

try, as measured by the "Cooperative Solid Geometry Test, Form P."

To determine the extent of the correlation between the scores 

obtained on the space relations test and the scores obtained on the final 

achievement test, the Spearman rank correlation coefficient and the asso

ciated probability of the coefficient were computed. Since it was found 

that the "Differential Aptitude Space Relations Test, Form A," scores and 

the "Cooperative Solid Geometry Test, Form P," scores were related in a 

positive direction, the scores on the space relations test could be used 

as a basis for obtaining matched pairs in testing for a significant dif

ference in final achievement test scores„

To test for a significant difference in final achievement between 

the pupils of the composite experimental group, who completed the intro

ductory unit on model construction, and the pupils of the composite con

trol group, who did not complete introductory exercises in model con

struction, statistical comparisons were made by two applications of the 

Wilcoxon matched-pairs signed-ranks technique and four applications of
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the Mann-Whitney U technique. The applications of the Wilcoxon technique 

revealed that there was no statistically significant difference in final 

achievement, as measured by the "Cooperative Solid Geometry Test, Form P," 

between pupils of the two composite groups when pupils were matched on 

the basis of age, sex, mathematics background, and space relations test 

scores and when pupils were matched on the basis of sex and space rela

tions test scoreso To determine further the effect on final achievement 

in solid geometry of the introductory unit on model construction, the 

applications of the Mann-Whitney U technique revealed that there was no 

statistically significant difference in final achievement between the 

pupils of the composite experimental and control groups when the two com

posite groups were treated as independent samples to analyze the results 

obtained on: the entire "Cooperative Solid Geometry Test, Form P;" the

test items involving figures consisting of points, lines, and planes, 

which were the direct concern of the introductory unit on model construc

tion; the test items involving figures with curved surfaces; and the test 

items requiring the exercise of spatial imagination.

It was concluded that there was no statistically significant dif

ference in final achievement in solid geometry between pupils who studied 

solid geometry in the traditional manner and pupils who completed an 

introductory unit consisting of the drawing of one-piece patterns, the 

cutting, and the assembling of tagboard models of the five regular solids 

plus the stellated polyhedra based upon these five solids prior to pro

ceeding with the conventional study of solid geometry.



CHAPTER V

SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS

The purpose of this investigation was to determine the effect on 

final achievement in solid geometry of an introductory unit based upon 

developing visualization and understanding through the use of models. In 

this age of rapid technological advances, there is a great need for 

people who have the ability to think in three dimensions and to utilize 

the principles of solid geometry. However, since professional opinion 

was that the teaching of solid geometry had not been satisfactory for 

many years, the need for improved teaching techniques was apparent. The 

belief that early concrete experiences in the construction of three- 

dimensional models in the study of solid geometry would result in better 

understanding and improved fxnal achievement led to this investigation.

Summary

An examination of the literature concerning the teaching of solid 

geometry revealed a need for improved techniques of teaching to help 

overcome the difficulties of spatial visualization and understanding 

often encountered by pupils studying solid geometry. The use of models, 

which was widely recommended, was in accord with generally accepted theo

ries of learning reported in the literature. Although a previous inves

tigation had been conducted to determine the effect of the use of models
j

on final achievement in solid geometry, no research had been done to 

determine the value of the concentrated use of models at the beginning of
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the course.

Following a study of the course content of solid geometry and the 

principles of learning to be applied, an introductory unit on model con

struction was designed and an investigation conducted in which a number 

of teachers and their pupils cooperated. In teaching their classes, the 

teachers of the experimental groups used the 10-day introductory unit on 

the construction of the five regular solids and the five stellated solids 

based upon the regular solids. The teachers of the control groups did • 

not use introductory exercises in model construction. Pupils of the 

experimental and control groups were tested at the beginning of the 

course to measure initial space perception abilities and were tested at 

the conclusion of the course to measure final achievement in solid 

geometry.

The data obtained during the investigation were examined statisti

cally to determine the effect on final achievement in solid geometry of 

the introductory unit based upon developing visualization and understand

ing through the use of models. It was concluded that there was no sta

tistically significant difference in final achievement in solid geometry 

between pupils who studied solid geometry in the traditional manner and 

pupils who completed an introductory unit consisting of the drawing of 

one-piece patterns, the cutting, and the assembling of tagboard models of 

the five regular solids plus the stellated polyhedra based upon these 

five solids prior to proceeding with the conventional study of.solid

geometry.
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The following conclusions concerning the teaching of high school 

solid geometry were made on the basis of the review of literature:

Io There is a need for improved teaching techniques in the field 

of solid geometry.

2. Learning theorists and educators are generally agreed that the 

use of models in the study of solid geometry will improve learning in 

solid geometry.

On the basis of previous investigations and the experimental find

ings of this study, subject to the assumption that the samples were 

indicative of the characteristics of the population and subject to the 

limitations of the sensitivity of the tests employed and the power of the 

statistical techniques used, the following conclusions were made:

1. The age of the high school pupil and the mathematics courses 

taken prior to enrollment in high school solid geometry do not affect 

final achievement in solid geometry.

2. There is little or no correlation between space perception 

abilities and final achievement in solid geometry.

3. A reduction in time spent in formal study of solid geometry 

does not affect final achievement in solid geometry.

4. The belief that final achievement in solid geometry, as meas

ured by conventional tests, is improved by the use of models has no sta

tistical justification.

5. The use of models in developing spatial concepts does not
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affect achievement on topics involving these spatial concepts.

Recommendations

The following observations and recommendations became evident dur 

ing the course of the investigation and are presented here to indicate 

areas of possible future research relative to the teaching of solid 

geometry:

In view of the fact that the concepts studied in solid geometry 

are becoming increasingly important and because the methods of teaching 

solid geometry have not kept pace with other advances, more research is 

heeded into methods of improving instruction in the fundamental ideas 

studied in solid geometry.

Although one of the main objectives frequently given for the 

teaching of solid geometry is the development of spatial perception abil 

ities, the results obtained on the tests used in this study and related 

studies indicate that this objective is not being reached. Study should 

be given to determining why this objective apparently is not being 

reached, to redefining the objectives of the course, and to developing 

instruments which will effectively measure the extent of the pupil's 

attainment of the objectives.

Research should be conducted to ascertain which fundamental ideas 

can best be taught by intuitive means and which by more formal'study.

Although educators are generally agreed that the use of models 

will improve achievement in solid geometry, this study and related
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studies furnished no statistical data to substantiate this theory. Fur

ther experimentation should be made to evaluate a more extensive use of 

models. Since this study involved the concentrated use of model con

struction during the first 10 days of the course with no planned use of 

models during the remainder of the course, further study should be con

ducted to ascertain if learning would be improved by using the introduc

tory unit on model construction followed by continued experiences with 

models throughout the remainder of the course in solid geometry.

Investigations should be conducted to determine the place of mod

els in integrating the fundamental relationships of solid geometry into a 

unified whole.

Research is needed to determine the optimum grade placement, 

sequence, and necessary prerequisites which will lead most efficiently to 

an understanding of the fundamental concepts of solid geometry.

Studies are needed which will identify the specific abilities 

needed for success in working with the fundamental concepts of solid 

geometry and also what abilities or skills can be improved by the study 

of solid geometry.
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; -A. ■

vfold̂ ,in|p. fî ceŝ ôt each pattern, five figures' are show. 
You are to decide which of these figures can be made from the pattern shown. The pattern always shov 
the outside of the figure. Here is an example: s i| ^

I  '  - •

E x a m p l e  . X  : .

Which of these: five figures -r- .C, D, E —  can be made from the paftefn" in Example X? A and
certainly cannot be made; they are not the right shape: G and D are. correct both- .in shape and size. Yo 
cannot make E from this pattern. ,

—  In the test there will always be a row of five figures for each pattern. ..
—  In every row there is at least one correct figure.
—  Usually more than one is correct. In fact, in some cases, all five may be correct.

Now look at the patteirn for’ ExamplS Y  and the five choices for if; Note that when the pattern is folde< 
the figure must have two gray surfaces. One of these is a large surface which could be either the top c 
bottom of a box. The other is. a small surface which would be one end of the box.
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Appendix B

Cooperative Solid Geometry Test



COOPERATIVE SOLID GEOMETRY TEST
FORM P TEST NUMBER 542  -9 3 -1

by
H. T. LUNDHOLM, State University of Iowe 

JOHN A. LONG, University of Toronto 
and

L. P. SICELOFF, Columbia University

Please print:

Name............................................................................................................Date...................................................
Lest First Middle

Grade or Class.....................................................Age............................... .....Date of Birth.............................
Yrs. M os.

School............................................................ City.................................................................Sex............................
M. or F.

Instructor................ .......................................... ............

Number of years you have studied Solid Geometry

(one semester—='/2 year; one quarter—'/3 year):............................................. ...........................................

General Directions: Do not turn this page until the examiner tells you to do so. This examination consists of three 
parts, and requires 40 minutes of working time. The directions for each part are printed a t the beginning of the 
part. Read them carefully, and proceed a t once to answer the questions. DO NOT SPEND TOO MUCH TIME 
ON ANY ONE ITEM; ANSWER THE EASIER QUESTIONS FIRST; then return to the harder ones, If you have time. 
There is a time limit for each part. You are not expected to answer all the questions in any part In the time limit; 
but if you should, go on to the next part. If you have not finished Port I when the time is up, stop work on that 
port and proceed a t once to Part II. No questions may be asked after the examination has begun.
By exercising careful judgment and making shrewd guesses you may profitably answer questions about which you are 
not absolutely sure; but since your score will be the number of correct answers diminished by a number proportional to 
the number of wrong answers, you should avoid answering questions about which you are totally ignorant. Shrewd 
guessing based on intelligent Inference will improve your score, but wild guessing on questions that ore entirely 
unknown to you will waste time which you could better put on other questions in the test, and may result in a large 
subtraction from the number of your correct answers.

Part Raw Score

I
11 and 111
T otal

Scaled Score
Percentile

P a rt M inutes

I 10

II 15

III 15

Total 4 0

Copyright 1938, by the Cooperative Test Service. All Rights Reserved.
COOPERATIVE TEST DIVISION 

Educational Testing Service
Princeton, N. J. Los Angeles, Calif.



Direction:: Read these statements and mark each one in the parentheses at'the right with a"plui sign (+) if you think it is true, or with a zero (O) if you think it is false, wholly or in pari
I. One and only one 'pianV can'^Vpassed trirbugh'â glVen Tirie i; ̂  .r:.
2.' If'two pi'ahe's ■ ar e < perpend lcular to each other, a line drawn in one of them, perpendicular . to. their intersection, . is perpendicular to the .other,,

<' 3. The sum of the angles of a spherical triangle is 180 degrees. ...........
4. There is only one common perpendicular between any two skew lines .......
5. Any number of planes can be passed through a given point. . . . . . . . . .
6 . The areas of two spheres.have theTsame ratio' as'the-squares of their radii.

- 2 { ...

3 (
4(

7. The volume of a circular cylinder is equal to one-third the product of its altitudeand the area of a right section . . . . ' . ........................ ............7(
8 . A sphere of radius r has an area equal to twice that of a sphere whose radius is -T. . ' 8(
9. The locus of a line drawn through a given external point, parallel to a glveriV-'"-:; plane, is a plane............................................... '. . . . ,. 9 (
10. Two lines parallel to the same plane are parallel to each other . . . . . . . . . . .  .lO.f,

& -rSj K' > •. , :<}11. The locus of the,centers of spheres tangent to a given plane at a given pointis a line perpendicular" to the plane at the given point............... .-..: 'T ;.-.a11 (̂V"»
> ■ ■ -s- -•.: 12. If the diameter of one sphere is twice that of another, the ratio of their volumes

is 8 to I . .. . . . . . . . . . . . . . . . . . .... ~... . . . . . . . . . . . . . . . . .  12 {'
13. If a line segment is perpendicular to a plane, its projection on the plane is ofinfinite length . . '....................................... -,<:,13.(■
14. The altitude of a right circular cone is equal to twice the volume divided by thearea of the base. . . . . * . . . . . . . . . .- • ■ * - . v i *': * -  ̂A 0 &'
15. If two prisms have equal lateral edges, their altitudes are equal . . . . . . . i . . 15(

'■■■ .-f : if.) \ y : V -'-'-V.-? -..AO: .16. If the lateral faces of a prism are tangent to a cylinder and if the bases lie Inthe same planes as the bases of the cylinder, the prism is inscribed in the cylinder. 16( .
\ • -.-J.,.I.--"r j'-f ’ • /■ ;Z : ; - -Cr • ...J-17. The mi.npr. arc,, of the .great, circle .,t.hat,, cpnnqc,te two points, on a sphere Ig- less 17(.the arc. of. any- s:mali 'circle, of the; sphere connecting the two1 points;

18';' The' squahe of" the "diagonal of a cube Ts^threb^tlmes 'the'square ' of' lts-edge ; . v . - T 1 8 ( -
ISTf-'The' least number, of- edges that a polyhedron may- have, is- six,. . 19 Lr
20. Any plane drawn through the bisector of the plane angle of a dihedral"angle bisectsthe dihedral4 angle; Zi . . ... v. .. ..20(.

■ •; • • ■: » : <.
Number right- 

' ' ' Number wrong- 
Raw Score - = Difference' _

-S ■ -XVV

Part II
Directions: Each problem below is accompanied by several possible answers, only' one of which is correct. In each problem find which is the correct answer, then write the number of that correct answer in the parentheses to the right of the problem. . . ...
21. The dimensions of the base of a rectangular parallelepiped are 2 and 3 Inches respectively .■ The altitude of the parallelepiped, if its volume is 24 cubic Inches,is

21(1) 6. inches.........  . . .
21(2 ) 8 Inches 21(3) 12 Inches 21(4) 4 Inches21(5) 4 4/5 Inches........ . .21( )

22. The dimensions of a rectangular- parallelepiped are in the ratio 1:2:3, and its greatest dimension is 6 feet. Its volume is22(1) 48 cubic feet ' 22(2) 24 cubic feet 22(3) 18 cubic feet 22(4) 16 cubic feet-22(5) 36 cubic feet.........22( )

Go on to the next' page'.



3
3. One side of a spherical triangle is 80 degrees. The angle lying opposite this side in the polar triangle contains23(1) 160°23(2) 80"23(3) 90”23(4) 280”23(5) 100%.......... ■ . . . . 23 ( )
4. A line segment meets a plane at an angle of 45 degrees. The length of the segment, if its projection is Z \ j 2 Inches, is24(1) 8V§" inches 24(2) 8 Inches 24(3) 16 Inches 24(4) 4 inches24(5) 2\/2~ Inches............ 24( )
5. The volume of a circular cylinder is 45rr cubic Inches and the altitude is 5 inches. The radius of the base of the cylinder is25(1) 4 1/2 Inches 25(2) 9 Inches 25(3) 3 Inches 25(4) 2VIo Inches25(5) 5 Inches..............25( )
26. Two angles of a spherical triangle are 80 and 40 degrees, respectively.The third angle must be more than26(1) 40”26(2) 50”26(3) 120”26(4) 60”26(5) 59”................... 26( )
27. The base of a right prism-is a right triangle, one of whose sides is 3 inches and whose hypotenuse is 5 inches. If its lateral edge is 6 Inches, the volume of the prism is27(1) 12 cubic inches 27(2) 24 cubic Inches 2?(3) 36 cubic inches 27(4) 108 cubic Inches27(5 ) 72 cubic Inches........ 27( )
28. The lateral area of a regular square pyramid is 160 square feet and one side of the base is 8 feet. The slant height of the pyramid is28(1) 7 1/2 feet 28(2) 2 1/2 feet 28(3) 10 feet 28(4) 20 feet28(5) 5 feet............... 28( )
29. The spherical excess of a spherical polygon of four sides, if the sum of its angles is 410 degrees, is29(1) 150°29(2) 130°29(3) 140”29(4) 230°29(5) 50”...................29( )

30. The lateral area of a regular hexagonal pyramid is 120 square Inches and one side of the base is 4 Inches. The slant height of the pyramid is30(1) 15 inches 30(2) 10 Inches
30(3) inches
30(4) Inches
30(5) 5 Inches............. 30( )

31. The volume of a right circular cone is 
30tt cubic inches and the altitude is 10 Inches. The radius of the base of the cone is31(1) I inch31(2) 2 inches r31(3) 3 Inches 31(4) 10 inches31(5) VS- Inches............. 31 ( )

32. The slant height of a frustum of a regular pyramid is 10 inches, and the sides of its triangular bases are 3 and 2 Inches, respectively. The lateral area of the frustum is32(1) 6.5 square inches 32(2) 100 square inches 32(3) 90 square inches 32(4) 75 square Inches32(5) 85 square Inches.......32( )
33. The length of an edge of a cube whose volume in cubic inches is numerically equal to one-sixth its area in square inches is33(1) I inch 33(2J 2 inches 33(3) 36 Inches 33(4) 1/6 inch33(5) 6 Inches..............33( )
34. The total area of a right circular cylinder is 28tt square Inches and the altitude is 5 Inches. The radius of the base of the cylinder is34(1) 2.8 Inches 34(2) 2 Inches 34(5) V2 -8 Inches

34(4 ) -̂r- inches
34(5) /5• 6 Inches.......... , .34( )

35. The total area of a regular triangular pyramid is +(20 + \ f S ) square Inches.
Each side of the base is 3 inches.
The slant height is35(1) /t" inches 35(2) 2 1/2 Inches 35(3) 3/6 Inches 35(4 ) 10 Inches35(5) 30 inches.......... . .35( )

Part III
Directions: Continue as in the preceding exercises.
36. The volume in cubic inches of a sphere whose radius is one inch is 36(1) TT 36(2) 12rr

36(3) -M.
36(4) 4rr
36(5)_E_................... 36 ( )

37 The total area of a cube whose face diagonal is d is 37(1) 6dZ 37(2) 2d2 37(3) d/T"37(4) 3d237(5) 2d\/37 ............... 37( )
Go on to the next page.



-38. The edge of: a: given- ,cube. Is- e-. .Thê yol- 45,- The :-s lant. height of - a, cone of revolu.tl makes.;an angle of-30'degrees, with "tne base. If the altitude of the cone.- is 
2 inches, its volume is 45(1) 16ir cubic inches
45(2) cubicrinches '  ̂ . . . .45(3) 24rr cubic inches 45(t4) - ISlT.. cubic, inches.'.. - , -

■ :i; ume-. of-' a.-cubes that: has an? edges twice as long as that of the givens cube,, Is - 38(I) e ̂ -38(2) 8e3 38(3) 2e3 38(4) 16e3 38(5) 4e3. ..38( )
39. The locus of the center; of. a sphere, of fixed radius, that is tangent to a: given-'line: in' space- is -'.m- 39(1)' a line' parallel to the '. 1 given line s39(2) a cylindrical surface:39(3) a circle •39(4) a perpendicular to the .given line ? . ( - ■39(5) a plane coht'alalhg; the ''given line • /- ; I' . ■ . .39(

If the diagonal-of one. of the faces of a- cube-iIs ̂ Vs", the 'diagonal' of. the cube 'itself l-s’.-: - ' i ' ■,
■ m , s f  ,v';::;:;:: .:,.- 
.Sliji ,;?:?;:.:?.; v?

, .JSiJI . S f r J B

-

• -'-f. ' • . •
.4o-( )

A,.tetrahedron is ..cut,;;by a plane which, -is,,p_ar.a,l,lel |to j its base..and .bisects ■its..altitude,. The ‘ratio of the , volume of the new pyramid formed to the.,volume of the original tetrahedron,- is
Aid, j

41(4)^:V
41(5)-i- .41 ( )

An equilateral triangle whose'side is £ is revolved about'-it s' altitude, as an axis. The lsteral area of the. resulting solid is ' ' '
e £ VT

■ 42(2) - ::
42(3) ire2 '' " ; ' ■■ ’I 'i !■.■■■.-
4 2 ( 4 ) f | -  

4 2 ( 5 )  e 2Tr V3

.What is the length of1 the locus' of a point 2 on a plane, if 2  the given point is at a distance of 13 inches from a fixed point 5 inches above the plane?43(1) 18 inches 43(2) 144tt inches 43(3) 12 indies 43(4) 64ir inches43(5 ) 24tt Inches . ............ 45(
The ratio of the volume of a sphere to that of its circumscribed cube is
44(1) f  
44(2) H^L 
44(3)
44(4) -S_
44(5) JI^T..................44(

- -

' Lr , ' -: ' ' ■ '45(5): 8TT cubic.,, inches^ . ■ i
46. The area of the spherical triangle,' whose angles are 75° ,. 100° and 12.5° on a sphere whose area .is 24rr Is. I 46(1) 4it46(2) 16rr 

46(5) 9rr.

'Vh ■ i- -

, 't:.;
• ■■■■ .

' " ;• t
. ,. -1.46 (

- -f- 1I'. ' I - I -. - ,47. The slant height of a,cone,of,revolution makes an angle .of 60 degrees, wit] the base. If the.,, altitude, of the cone. is. 3 inches. Its lateral, area, is; 47(1) 6TT square inches 47(2) 1217 ,square: Inches . . 47.(3), 27ir. square? inches47(4) ISrr- square.,-inches, , :•47(5) 3rr. square inches . ... ; ... .47(
?48. The expression for the -diameter. I) of a sphere in terms of its area"

- w i ,  4 . .
v -v, • *V • N■' • ■- .1 48(2)

■ 48(3).
1 Vi

’« ; . ' : -> ■.
*

*- ■ .

z.U

,-'I;-

48(4) £2- ' 
48(5) ' V: z-•,

;.48(
49. The diameter of a sphere is 10 Inches and the altitude of a zone - cut,from • this sphere, is. 3,Inches, The area of - the zone is ,• .,, $ , <• j49(1) 60rr square Inches- , - .49(2) 90rr square inches .49(3) 30tt square inches 49(4) 45rr square inches. - 49(5) 15fr square inches .49(
50. The locus of all points at a distance d from one. plane: and- at. a-distance d ' from,a second plane which-Intersects the first is, in: general.50(1). four parallel lines ,50(2) four points in one plane 50(3) four planes50(4) a line parallel to both plane! 50(5) two parallel lines-...... 50(

Number wrong 0
12
3
6

7
I1OI15I1S 19

y=Amount to be 'subtracted 0 I. 2 3.■> 5

Number right. 
Subtract.

Raw Score = Difference _

G86P10X
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Appendix C

Draft of Questionnaire Answered by 
Cooperating Teachers



io8

A study is to be undertaken in an attempt to determine the rela

tive effectiveness of a particular manner of introducing solid geometry. 

The method of approach to the problem consists of having two groups of 

teachers teach in two different manners. One group will proceed as they 

normally do and the other group will follow the plan of presentation out

lined on the attached sheet.

If you expect to teach solid geometry during the coming school 

year and are willing to assist in this study, please complete the follow

ing questionnaire. Your assistance in this study will be greatly appre

ciated.

Draft of Questionnaire Answered by
Cooperating Teachers

Name of
Name_______________________________ School___________________

Home School
Address____________________________ Address _______________

Street Street

City State City State

Approximate enrollment in grades 10-12__________

Approximate number of pupils expected in solid geometry class this coming 

year__________

Name and author of the textbook to be used in solid geometry:

Length of solid geometry class __________ minutes

Length of solid geometry course _________  weeks



109

In the following, please check those which apply:

Is solid geometry an elective course?_____

A required course?_____

What are the usual prerequisites for enrollment in solid geometry 

in your school:

First year -algebra_____ Plane geometry_____

Third semester algebra_____ Trigonometry_____

Fourth semester algebra_____ Other (please specify)_____

What grade students usually take solid geometry in your school?

Grade 10____ Grade 11____ Grades 11 and 12____ Grade 12____

Would ,you be willing to cooperate in this study as a teacher of

the: Experimental group only?_____

Control group only? _____

Either group?



H O

Appendix D

General Directions for Cooperating Teachers



Ill

Please examine the following general directions which indicate 

what is to be asked of. those teachers who will participate in the study 

as members of the experimental groups.

1. Please administer the "Differential Aptitude Space Relations 

Test" (which will be provided) to your pupils in solid geometry at the 

first regular meeting of the class = This test should be administered 

according to the directions published for that purpose.

2. Please return all tests and answer sheets in the envelope pro

vided for that purpose. The tests will be corrected and the individual 

results sent to you.

3. Following the administration of the test, please have your 

pupils draw one-piece patterns, cut out, and assemble tagboard models of 

the five regular solids plus the five stellated polyhedra based upon 

these five regular solids. Have them provide for the necessary gluing 

tabs as a part of the single piece. The students should be provided with 

models of the five regular solids for study. They should construct the 

stellated figures from a verbal description of them which relates them to 

the five regular solids which they have completed. Please devote 10 

class sessions to this project according to the outline which will be 

provided.

4. Following the completion of the unit on models, as described 

in item 3, please issue your texts and proceed to teach your class as 

usual (referring to the unit on construction as you see fit), only at a

General Directions for Teachers
of the Experimental Groups
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slightly increased pace to compensate for the time devoted to the model 

construction. (The reason for not issuing the texts earlier is that many 

of them contain patterns for the five regular solids.)

5. At the end of the course, please administer to your students 

the "Cooperative Solid Geometry Test" (which will be provided) according 

to the directions of the publisher.

6. Please return all tests and answer sheets in the envelope pro

vided for that purpose. The tests will be corrected and the individual 

results sent to you.

Thank you for your help. A summary of the results of this study 

will be sent you.
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Please examine the following general directions which indicate 

what is to be asked of those teachers who will participate in the study 

as members of the control groups.

1. Please administer the "Differential Aptitude Space Relations 

Test" (which will be provided) to your pupils in solid geometry at the 

first regular meeting of the class. This test should be administered 

according to the directions published for that purpose.

2. Please return all tests and answer sheets in the envelope pro

vided for that purpose. The tests will be corrected and the individual 

results sent to you,

3. Following the administration of the test, please proceed to 

teach your class as usual. Please avoid the use of an introductory unit 

in model construction at the beginning of the course. The use of models 

and their construction later in the course is acceptable within the lim

its of this study.

4. At the end of the course, please administer to your students 

the "Cooperative Solid Geometry Test" (which will be provided) according 

to the directions of the publisher.

5. Please return all tests and answer sheets in the envelope pro

vided for that purpose. The tests will be corrected and the individual 

results sent to you.

Thank you for your help. A summary of the results of this study 

will be sent you.

General Directions for Teachers
of the Control Groups-
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The following is an outline of the material to be covered by the 

students in the first 10 assignments under the experimental portion of 

the study. These are merely suggestions and you are free to develop the 

discussions of the various topics as you see fit. However, I do ask that 

you please have each student make the patterns and the models from one 

continuous piece of tagboard rather than a number of separate pieces.

Generally speaking, the students will find it easiest to work with 

material about the weight and consistency of ordinary tagboard. If they 

use material which is much lighter in weight, they might experience dif

ficulty in gluing and having the figures hold their shape. If the 

material of construction is much heavier or more coarse, such as the 

cardboard backing on most pencil tablets, the students will have a more 

difficult time in making neat and accurate folds. You might suggest' to 

the students that after they get the figure cut out, they may take a 

sharp knife or razor blade and cut part way through along the lines of 

fold. These cuts should be made on the side which will be the exterior 

of the polyhedron. Such a procedure will facilitate the neat and accu

rate folding of the figure.

Please require the pupils to glue the figures together by means of 

tabs rather than "Scotch Tape." This will require the. pupils to deter

mine, when making their patterns, which edges of adjacent faces meet.

First day:

I. Administer the "Differential Aptitude Space Relations Test"

Specific Directions to Teachers
of the Experimental Groups
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according to the directions provided for that purpose. Please have the 

students complete all the information requested on the answer sheets.

This information will be used for matching purposes. It is permissible 

to inform the students that they are serving as "guinea pigs" if you so 

desire. Please encourage them to put forth their best efforts on the 

test. Please return all tests and answer sheets in the envelope which 

will be provided. The individual results will be returned to you.

2. Depending upon the amount of time you have left following the 

administration of the test, you might either start a discussion of some 

of the properties of solids or postpone such a discussion to the second 

day. Following your introductory remarks on solid geometry, you might 

raise the question: What is the least number of planes which can enclose

a space? Show them an example of a tetrahedron and develop the concept 

of "regular solids." Discuss the nomenclature of solids.

3- Assignment: Make a regular hexahedron and a regular tetrahe

dron, each out of one continuous piece of tagboard. Provide for tabs for 

gluing as a part of the one piece. Also turn in patterns of the layout, 

including gluing tabs, used in the construction of these two solids.

(Some students might wish to paint their models. A quick-drying paint 

should be used. Model airplane dope works well.)

Second day:

1. Collect the patterns and discuss their variations with the

pupils.
' ' "V,.---.

2. Have the students draw pictures of the cube and the tetrahe

dron in order that they may have practice in representing three
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dimensions on two. They may represent the "hidden lines" if you wish. 

This should aid them in drawing their diagrams later in the course.

3- Assign the construction of the regular octahedron and permit 

them some time to work on it in class in order that they may study your 

model.

Third day:

1. Have the students draw pictures of their octahedron from at 

least two different angles. Such things as foreshortening will become 

very evident in their perspective work.

2. Assign the layout and construction of a regular dodecahedron. 

This also should be started in class where the model is available. The 

construction of a pentagon should be. reviewed.

Fourth day:

I. Consider with the students the variety of patterns which will 

work for the construction of their dodecahedron.

■ 2. Have the students draw a two-dimensional representation of 

their three-dimesnional dodecahedron. The three-dimensional aspect of 

these drawings should be stressed.

3. Assign the construction of an icosahedron. Again class time 

should be used for the students' preliminary work with the instructional 

model provided.

Fifth day:

1. The students should sketch pictures of their icosahedrons.

2. Raise the question of the number of regular solids possible. 

It is very possible that your group will be able to arrive at some



118

intuitive, if not formal, reasoning as to the limiting factors of the 

situation.

3- Discuss the duality of,the solids with a vertice-face inter

change. The tetrahedron is self-dual under this interchange since it has 

four vertices and four faces. The cube and the octahedron are duals of 

each other (six faces and eight vertices in one to eight faces and six 

vertices in the other). Are the dodecahedron and icosahedron duals? A 

bit of the history connected with these figures might be of interest to 

your group.

4. Assignment: Jot down the number of edges, faces, and vertices

of the five Platonic solids just constructed and see if you can discover 

any relationship involving these properties. Write a formula for it if 

you can.

Sixth through tenth days:

The construction of the stellated figures which follow will proba

bly require considerably more time on the part of the student and, there

fore, I would suggest that they be assigned as a group and most of the 

class period, as well as their out-of-class study time, be devoted to 

them. The students will have to complete an average of one per day to 

finish in the allotted time. As usually happens, some will finish early 

and others in the class will have a struggle. Please require the stu

dents to .turn in layouts in order that you may have some check on origi

nality of patterns.

May I suggest that this is, quite an exercise in visualization 

which you might find interesting if you were to do it.
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Do not provide models for the five stellated polyhedra based upon 

the five regular solids, but rather, give verbal descriptions of what is 

wanted. For example: What would a regular tetrahedron look like if it

had a tetrahedron constructed on each face? Construct one out of one 

piece of tagboard. It is not necessary or desirable to construct the 

faces of the base tetrahedron but only those exterior faces- of the figure 

which will show,. In other words, in place of each face of the existing 

tetrahedron you will have three faces of the new figure. (You might hold 

a few of the student-made tetrahedrons together, at this point, to illus

trate the situation.)

In the case of the tetrahedron, triangular pyramids are to be con

structed on the faces. In the case of the cube, a square pyramid is to 

be constructed on each face. The stellated dodecahedron calls for penta

gonal pyramids with all sixty faces plus tabs cut from one continuous 

piece of material. (At this point, you may wish to inform your students 

that other high school students have done this very assignment and, 

hence, they should be able to also.)

Note:

1. The tetrahedrons on the faces of a tetrahedron make a figure 

which is interesting in that, when properly constructed, it has the 

appearance of being lopsided.

2. If one desires to make the five regular solids all the same 

height, one may do so by inscribing the face of the tetrahedron, the face 

of the hexahedron, and the face of the octahedron all in the same circle. 

The faces of the dodecahedron and the icosahedron may be constructed by
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inscribing them in the circle which circumscribes the interior pentagon 

of the star pentagon inscribed in a circle whose radius is equal to the 

edge of the cube. In other words, if you desire a cube of height h then, 

of course, the first circle will be that one which circumscribes a square 

of side h, and the circle which circumscribes the star pentagon will have 

a radius of h. (The derivation of this may be found in: "A Note on the

Platonic Solids" by E. E. Lowney, Proceedings of the Montana Academy of 

Sciences, Fifth Annual Meeting, Butte, 19^5; Sixth Annual Meeting, Butte, 

1946, Volumes 5 and 6, pages 71-72.)

Following the construction of the star icosahedron, which should 

be the last of the stellated polyhedra to be constructed, proceed with 

the remainder of the course as you wish.

At the end of the course,,please administer the "Cooperative Solid 

Geometry Test" according to directions. Again at this point, it would be 

most helpful if you encourage your pupils to do their best on the test. 

Please return all tests and answer sheets in the envelope which will be 

provided. The individual results will be returned to you. (if you would 

like an answer key to this test, please let me know ahead of time and I 

will see that one is included with the tests. Some of the teachers plan 

to use this test as their final, which certainly meets with my approval 

as long as the material is returned to me.)

I will send you the results of this study when it is completed.

Thank you very much for your cooperation in this study. Your 

assistance is greatly appreciated.

John 0, Picton
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TABLE I. CONVERSION OF "DIFFERENTIAL APTITUDE SPACE RELATIONS TEST, 
FORM A," RAW SCORES TO T-SCALE SCORES ON THE BASIS OF NATIONAL NORMS 
FOR GRADE 11 BOYS

Raw score
T-scale
score Raw score

■T-scale
score Raw score

T-scale
score

IOO 80 67 55 34 45
99 79 66 55 33 44
98 78 65 54 ■ 32 44
97 77 64 54 31 44
96 76 ■ 63 53 30 44
95 75 62 53 29 43
94 ' 74 61 53 28 43
93 74 60 52 27 43
92 73 59 52 26 ■ 42
91 72 58 52 25 42 r
90 71 57 51 24 42
89 70 56 51 23 42
88 69 55 51 22 • 4l
87 68 54 • 50 21 4l
86 67 . 53 50 20 ' 4i
85 67 52 ■ 49 19 4o
84 66 51 49 18 4o
83 . 65 50 49 17 39
82 65 49 48 16 39
8l 64 48 48 15 38
8o 63 47 48 i4 38
79 62 46 48 13 37
78 62 45 47 12 37
77 61 44 47 11 36
76 60 43 47 10 35
75 60 42 46 9 35
74 ■ 59 4l 46 8 34
73 59 4o- 46 7 33
72 58 39 46 6 33
71 57 38 46 5 33
70 57 37 45 4 32
69 56 36 45 3 32
68 56 35 45 2 31
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TABLE 2. AGE, SEX, MATHEMATICS BACKGROUND, GROUP ASSIGNMENT, AND SPACE 
RELATIONS TEST SCALED SCORE AND RANK BY ASSIGNED GROUP FOR EACH PAR- 

'■ TICIPATING PUPIL

Pupil
code
number

Group
code
letter

Age in 
years 
and 
months

Sex

Semes
ters of 
mathe
matics

Space
rela
tions
test
score

Rank of space rela
tions test score by 
assigned group

Experimental Control

I E 17 7 M 6 37 I
2 B 17 7 M 7 4l I
3 E 16 11 M 6 42 2.5

' 4 G 16 7 M 5 42 2.5
5 E ■ 17 4 M 6 43 4
6 A 16 10 M 4 43 2
7 B l8 I M 7 . 44 4
8 D 16 9 F 6 44 4
9 H l6 7 M 5 44 5.5

IO E 17 4 M 6 44 5.5
11 B 18 I M 7 44 4
12 H 15 4 F 5 45 8.5
13 B . 18 3 M 7 45 6
l4 E 17 3 M 6 • 45 8.5
15 H 16 5 M 5 45 8.5
16 F 17 10 M 5 45 8.5
17 B 17 11 M 7 46 8.'5

. 18 A 16 4 M 4 46 8.5
19 G , 17 I M 5 46 12
20 F 16 3 M 5 ■ 46 12
21 B 18 4 M 7 46 • 8.5 ■
22 B 17 4 M 5 46 . 8.5
23 H 15 io M 5 46 12
24 G 16 10 M 5 47 14.5
25 F 16 6 M 5 47 14.5
26 H 16 6 M 5 ' 48 18
27 F 16 8 M 5 48 18
28 F 16 ll M 5 48 18
29 F 16 2 M 5 48 ■ 18
50 F 16 7 M 5 48 18
31 B 17 6 M 7 48 LI
32 H 16 5 M 5 49 22.5
33 F 16 3 F 5 49 22.5
34 H 16 7 F 5 49 22.5
35 B 17 10 M 7 ■ 49 12.5
36- B 17 4 M 7 49 12.5
37 H ■ 16 4 M 5 49 22.5
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TABLE 2 (Continued)

Pupil
code
number

Group
code
letter

Age in 
years 
and 
months

Sex

Semes
ters of 
mathe
matics

Space
rela
tions
test
score

-■Bank of space rela
tions test score by 
assigned group

Experimental Control

38 H 16 10 M 5 50 • 25.5
39 E 17 9 M 6 50 25.54o G 15 11 ■ M 5 51 30
4i H 16 I F 5 51 30
42 H 16 4 M 5 51 30
43 H 16 9 M 5 51 30
44 F 16 4 M 5 51- 30
43 F 17 4 M 5 51 30
46 F 15 8 M 5 51

14 ■
30-

47 C 17 10 M 5 51
48 B 17 6 M 7 52 16
49 F 16 6 M 5 52

16
35'

50 B 17 8 M 7 52
51 E 17 10 M 6 . 52 35
52 F. 16 3 M 5 ■ 52

16
35

53 C 17 5 M 5 52
54 D ‘ 17 .1 M 5 53 • 21
55 D 17 I M 6 53 ■ • 21 -
56 D 16 11 M 5 53 21
57 D . 17 3 M 6 53 ■ 21 .
58 F .16 4 : M 5 53 39
59 H 16 7 M 5 53 39
60 B 18 I M 7 53 21
6l F 17 6 M 5 53 39
62 F 16 5 M 5 53 39
63 C 17 2 H . 5 53 21
64 C 17 11 M 5 53 21 ■
65 E 17 6 M 6 53 39
66 H 16 3 M 5 54 47.5
67 ■ F 18 I M 5 54 47.5
68 F 17 4 M 5 54 47.5
69 H 16 0 M 5 54 47.5
70 B 17 11 M 7 54 25

47.571 G 16 9 M 5 54.
72 H 16 8 M 5 54 ■ 47.5
73 G 16 ■ 4 M 4 54 47.5
74 H 16 ll M 5 54 • 47.5
75 H 16 2 F • 5 54 47.5
76 E 16 ll F 6 54 47.5
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TABLE 2 (Continued)

Pupil
code
number

Group
code
letter

Age in 
years 
and 
months

Sex

Semes
ters of 
mathe
matics

Space
rela
tions
test
score

Eank of space rela
tions test score by 
assigned group

Experimental Control

77 G 17 0 M 5 54 47.5
78 H 17 I M 5 ■54 47.5
79 B 17 10 M 7 55 ■ 27.5
80 F 16 3 F 5 55 55
8l H 16 11 M 5 55 55
82 G 16 7 M 5 55 • 55
83 B 17 2 F 7 55 27.5
84 G 17 11 M 5 55 27.5
85 C 17 11 M 5 55 27.5
86 D 17 7 M 6 56 31.5
87 G 16 2 H 5 56 58.5
88 B 17 11 F 7 56 31.5
89 H 16 4 F 5 56 58.5
90 B 17 7 M 7 56 31.5
91 B 17 10 M 7 56 31.5
92 G 17 10 M 4 56 38.5
93 F 15 11 M 5 56 58,5
94 D 16 10 M 6 57 35
95 H 16 I M 5 57 • 63
96 F 17 I M 5 57 - < 63
97 F 16 10 M 5 57 63
98 G 16 5 M 5 57 63
99 B 17 7 M 7 57 35
100 H l6 6 M 5 57 63
101 B 17 8 M 7 57 35
102 H 16 2 M 5 58 67.5
103 B . 17 5 ' M 7 58 . 39
104 H 16 7 M • 5 58 67.5
105 B 17 5 F 5 58 39
106 E 17 8 M 6 58 67.5
107 B 17 6 M 7 58 39

67.5108 H 17 0 M 5 58
109 B 17 6 M 7 58 39
H O C 17 8 M 5 58 39
111 B 18 0 M 7 59 ' 43
112 B 17 10 ■M 7 59 43
113 H 16 6 M 5 59 73
114 E 17 10 M 6 59 73
115 E 17 5 M 6 59 73
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TABLE 2 (Continued)

Pupil
code
number

Group
code
letter

Age in 
years 
and 
months

Sex

Semes
ters of 
mathe
matics

Space-
rela
tions
test
score

Eank of space rela
tions test score by 
assigned group

Experimental Control

116 B ’ 17 4 M 7 59 43 ■
117 G 17 5 M 6 59 73
118 F 17 4 M 5 59 73
119 E 16 7 ■ F 6 59 73
120 F 16 9 M 5 59 73
121 A 16 2 M 5 60 47
122 F 16 7 M 5 60 84
123 E 17 6 M 6 60 ■ 84
124 F l6 4 M 5 60. 84
125 B 17 8 . ' M 7 60 4?
126 H 16 10 M 5 60 84
127 B 17 6 M 7 60 4?
128 F l6 5 M 5 60 84
129 F 17 2 M 5 60 84
130 G 17 7 M 5 60 84
131 G 17 7 M 6 60 84
132 F 17 0 M 5 60 84
133 B 17 8 M 7 60 47
134 F 16 9 M 5 60 84
135 E 17 0 M 6 60 . 84
136 F 16 I M 5 60 84 ■
137 E 17 4 M 6 60 84
138 B 17 4 M 6 60 47
139 G l6 9 M 5 60 84
i4o H 16 10 M 5 60 84
i4i H 16 Il M 5 61 92.5
142 F 15 9 M 5 61 92.5
143 D 16 11 M 6 62 50.5
144 G 16 9 M 5 62 95
145 H 16 I M 5 62 95
146 A 16 11 M 4 62 50.5
147 F 16 0 M 5 • 62 95
148 H 16 4 M 5 - 63 99
149 B 17 4 M 7 63 53 X
150 B 17 6 M 7 63 - 53
151 G 16 3 F 5 63 ' 99
152 B 17 4 M 7 63 53
153 G 15 10 M 4 63 99
154 F l6 8 M 5 63 99
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TABLE 2 (Continue d)

Pupil
code
number

Group
code
letter

Age in 
years 
and 
months

Sex

Semes
ters of 
mathe
matics

Space- - 
rela
tions 
test 
score

•■Bank■of space■rela
tions test score by 
assigned group

Experimental Control

155 H 16'11.. M 5 63 99
156 . F 16 11 M 5 64 102.5
157 H l6 8 M 5 64 102.5
158 B 17 6 M 7 64 56 ■
159 B 18 0 M 7 64 56
160 C 17 1 M 7 64 56
l6l A 16 .1 F 4 65 6033
162 F 16 3 M 5 65 107.5
163 E 17 6 M 6 65 107.5
164 H 16 Il M 5 65 107-5
165 B 18 2 M 6 65 60.5
166 H 16 2 M 5 65 107.5
167 G 16 9 M 5 65 107.5
168 A 17 8 F 6 65 60.5
169 G 16 7 M 5 ■ 65 107.5
170 D 17 8 M 6 65 60.5
171 F 16 10 M 5 65 107.5
172 G 16 9 M 5 65 107.5
175 B 17 3 M 7 65 6Q.5
174 B 18 2 M 7 65 60.5
175 G 17 7 F 6 66 113.5
176 H 16 11 F 5 66 113.5
177 H 16 6 M 5 66 113.5-
178 B ■ 17 8 M 7 66 64.5
179 F 15 4 . F 5 66 113.5
180 C 17 Il M 7 66 64.5
181 H 16 6 M 5 67 118
182 G 16 3 M 5 67 118
183 H 16 9 M 5 67 118
184 F 16 5 M 5 67 118
185 G 16 5 M 5 67 118
186 B 17 6 M 7 67 67.5
187 B 17 4 M 7 67 1 67.5
188 B 19 8 . M 7 67 67.5
189 C 17 5 M 7 67 67.5
190 F 17 10 M 5 69 122.5
191 B 17 2 M 7 69 70.5
192 G l6 4 M 5 69 122.5
195 F 16 4 F ■ 5 69 122.5



TABLE 2 (Continued)

Pupil
code
number

Group
code
letter

Age in 
years 
and 
months

Sex

Semes
ters of 
mathe
matics

Space
rela
tions
test
score

■ Rank of space rela
tions test score by 
assigned group

Experimental Control

194 H 16 7 M 5 69 122.5
195 C 17 2 M 7 69 70.5'
196 E 17 5 M 6 70 125
197 E 18 0 M 6 71 126.5
198 A 17 10 M 6 71 ■ 72
199 G 16 3 M 5 71 . 126.5
200 B 17 4 M 7 ■72 73.5' •
201 H 16 11 M 5 72 ■ 130
202 F 16 7 M 5 72 130
203 B 18 0 F 7 72 ■ 73-5
204 F 16 10 M .5 72 130
205 G 16 11 M 5 72 130
206 G 16 11 M 5 72 130
207 E 17 6 M 6 73 133.5
208 H 16 11 M 5 73 133.5
209 ' C 17 11 M 7 73 ■■ 75
210 F 16 9 M 5 74 137
211 F •l6 ll M ' 5 74 137
212 H 16 3 F 5 74 137
213 H 17 0 M 5 74 137
214 G 16 2 M 5 74 ■ 137
215 F 17 4 M 5 73 l4l
216 G 16 7 M 5 75 l4l
217 B 17 7 M 7 75 76.5
218 C 18 9 M 5 ' 75 76.5
219 F 17 I . M 5 75 l4l
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TABLE 3. FINAL ACHIEVEMENT TEST SCALED SCORES FOR MATCHED PAIRS FROM THE 
COMPOSITE CONTROL GROUP PAIRED ON THE BASIS OF. SEX AND SPACE RELATIONS 
TEST SCALED SCORES WITHIN ONE POINT, WITH PUPIL A BEING IO TO 12 MONTHS 
YOUNGER THAN PUPIL B

Pupil
number

code Ages in years 
and months

Sex of 
pairs

Space relations 
test scores

Final achievement 
test scores

A B A B A B A B

66 78 16 3 17 I M 54 54 • • 46 86
4o 43 . 15 11 16 9- M ■ 51 ■51-- • • 47- ■■■59
8? 96 16 2 17 I zM 56 57 ■ 53 ■ 60
59 6l 16 7 17 6 M 53 53 56 60
69 74 16 0 16 ll M 54 54 • 56 ■ 64
104 115 16 7 17 5 M 58 59 56 68
124 129 16 4 17 2 M 60 60 56 60
15 l4 16 5 17 3 M 45 45 57 52
72 65 16 8 17 6 M 54 53 58 81
95 108 16 I 17 O M 57 58 60 67
128 137 16 5 17 4 M 60 ' 60 60 67 ■
145 155 16 I 16 Il M 62 63 60 . 79
44 45 16 4 17 4 M 51 51 62 72
75 68 16 4 17 4 M 54 54 62 52
8i 92 16 11 ' 17 10 M 55 56 62 71
166 163 16 6 17 6 M 65 65 ■ 65 56
113 118 16 6 17 4 M 59 59 65 76
134 131 16 9 17 7 M 60 60 66 62
156 132 16 I 17 0 M 60 60 67 64
202 207 16 7 17 6 M 72 73 67 67
38 39 ■ l6 10 17 9 M 50 ■ 50 70 76
159 150 16 9 17 7 M 60 60 ■ 70 62
14? l4l 16 0 16 11 M 62 6l 72 59
194 196 16 7 17 5 M 69 70 72 63
23 24 15 10 16 10 M 46 47 74 50
142 122 15 9 16 7 M 61 60 - 75 ■ 55
46 49 15 8 16 6 M 51 52 78 51
153 154 15 10 16 8 M 63 63 78 78
93 97 15 11 16 10 M 56 57 ■ 79 69

214 213 16 2 17 0 M • 74 74 80. . 76
l4o 114 16 10 17 10 M 60 59 83 6?
120 106 16 9 17 8 M 59 58 83 65
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TABLE 4. FINAL ACHIEVEMENT TEST SCALED SCORES FOR MATCHED PAIRS FROM THE 
COMPOSITE CONTROL GROUP PAIRED ON THE BASIS OF SEX AND, SPACE RELATIONS. 
TEST SCALED SCORES WITHIN ONE POINT, WITH PUPIL A HAVING ONE .SEMESTER 
OF MATHEMATICS BACKGROUND LESS THAN PUPIL B

Pupil
number

code Semesters of 
mathematics

Sex of 
pairs

Space relations 
test scores

Final achievement 
test scores

A B A B A B- • - ' A’ ■ ■ B '

75 76 5 6 F 54 54 65 72
208 20? 5 6 M 73 73 74 • 67i4o 115 5 6 M 60 ■ 59 83 68
129 131 5 6 M 60 60 60 62
139 135 5 6 M 60 ■ - 60 - 70 ■ 66
130 123 5 6 ' M 60 . - 60 ■ 62 ■ ■ ■ 53 -
190 196 5 6 M 69 70 - 54 63
113 117 5 6 M 59 • 59 65 73
199 197 5 6 M 71 ■ ■ 71 74 ■ 62
4 3 5 6 M 42 42 70 56
9 5 5 - G M 44 - 43 ■ 59 • 51

15 l4 5 6 M 45 - 45- ■ 57 ■ 52
16 10 5 6 M 45 44 61 59
38 39 5 6 M 50 50 70 76
49 51 5 6 M 52 52 51 61
6i 65 5 6 M 53 53 60 81
92 87 4 5 M 56 56 ■ 71- 53
118 114 5 6 M 59 59 . 76 - 67-
153 148 4 5 M 63 63 • 78 ■47
73 78 4 5 M 54 54 62 86
162 163 5 6 M 65- . 65 '■ ■ . 55 - • 56
122 137 5 6 M 60 60 53 . 67
104 106 5 6 M 58 58 56 65
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?. SPACE RELATIONS TEST SCALED SCORE AND RANK, FINAL ACHIEVEMENT 
SCALED SCORE AND RANK, AND SCORE.AND RANK OF FINAL ACHIEVEMENT 
RESULTS BY TOPICS FOR EACH PARTICIPATING PUPIL OF THE COMPOSITE 
RIMENTAL, E, AND CONTROL, C, GROUPS

Com
posite
group

Space
relations
test

Final
achieve
ment
test

Analysis of final 
results by topics

achievement •test

26 items: 
points, 
'lines, 
planes

24 items:
curved
surfaces

14 items : 
spatial 
imagina
tion

Score Rank Score Rank Score Rank Score Rank- Score Rank

C 37 I 6l 92 14 . 50 16 133 5 45
E 4l 2 55 44 15 66.5 12 65.5 8 131
C 42 3-5 56 50 15 66.5 13 83.5 5 45
C 42 3.5 70 148 19 139.5 19 182.5 6 75.5
C 43 5.5 51 24 13 33.5 10 34.5 4 21.5
E 43 5.5 54 39.5 12 24.5 8 ■ ■ 10.5 2 3.5
E 44 9 48 7.5 9 7.5 7 3.5 I 2
E 44 9 57 59 18 121.5 9 20.5 8 131
C 44 9 59 75 13 33.5 16 133 6 75.5
C 44 9 59 75 16 79.5 12 65.5 5 45
E 44 9 66 124 18 121.5 13 83.5 5 45 ‘
C 45 14 49 12 13 33.5 9- 20.5 4 21.5
E 45 l4 50 18 11 17.5 11 50 6 75.5
C 45 14 52 29 11 17.5 -12 65.5 5 45
C 45 l4 57 59 16 79.5 13 83.5 6 75.5
C 45 l4 61 92 17 99.5 13 83.5 5 45
E 46 20 44 I 7 2 2 I 2 3.5
E 46 20 49 12 11 17.5 11 50 4 21.5
C 46 20 54 39.5 14 . 50 ■ 10 - 34*5 4 21.5
C ■ 46 20 57 59 14 50 ■ - 14 98.5 ■"6 75.5
E 46 20 65 117 14 50 18 169.5 6. 75.5
E 46 20 71 156 20 156.5 16 133 10 .■178.5
C 46 20 74 176.5 22 179.5 16 133 , 8 131
C 47 24.5 50 18 11 17.5 8 10.5 5 45
C 47 24.5 61 92 16 79.5 12 65.5 5 45
C 48 28.5 56 50 14 50 11 50 8 131
C 48 28.5 59 75 14 50 11 50 7 104
C 48 28.5 63 106 17 99.5 14 98.5 5 45
C 48 28.5 65 117 18 121.5 16 133 6 75.5
C 48 28.5 65 117 18 121.5 16 133 8 131
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TABLE 5 (Continued)

Pupil
code
number

Com
posite
group

Space
relations
test

Final
achieve
ment
test

Analysis of 
results by

final
topics

achievement test

26 items: 
points, 
lines, 
planes

24 items:
curved
surfaces

l4 items: 
spatial . 
imagina
tion

Score Rank Score Rank Score Rank Score Rank Score Rank

31 ■E 48 28.5 72 165.5 20 • 156.5 19- 182.5 10 178.5
32 C 49 34.5 48 7.5 13 33.5 8 10.5 6 75.5
33 C 49 34.5 49 12 10 11.5 9 20.5 5 45
34 C 49 34.5 53 34 14 50 8 10.5 3 8.5
35 E 49 34.5 62 100 16 79.5 13 83.5 5 45
36 E 49 34.5 66 124 17 99.5 15 115 5 45
37 C 49 34.5 77 189 21 167.5 21 199 9 158
38 C 50 38.5 70 148 20 156.5 16 133 8 131
39 C 50 38.5 76 186 23 194 18 169.5 12 197.5
4o C 51 43.5 47 4 6 I 10 - 34.5 3 8.5
4i C 51 ■ 43.5 51 24 14 50 10 34.5 7 io4
42 C 51 43.5 57 59 14 , 50 13 83.5 5- 45
43 C 51 43.5 59 - 75 l4 50 15 115 10 178.5
44 C 51 ' 43.5 62 100 17 99.5 13 83.5 8 131
45 C 51 43.5 72 165.5 20 156.5 18 169.5 9 158
46 C 51 43.5 78 193.5 22 ■ 179.5 23 216.5 13 205.5
47 E 51 43.5 81 209 24 203.5 22. ■ 209 13 205.5
48 E 52 50.5 48 7-5 13 33.5 7 3.5 7 io4
49 C 52 50.5 51 24 11 17.5 11 - 50 ■ . 4 21.5
50 E 52 50.5 59 75 17 99.5 ■11 50 7 104
51 C 52 50.5 61 92 14 50 ■ 15 115 7 io4
52 C 52 50.5 72 165.5 19 139.5 ■17 152.5 8 131
53 E 52 50.5 81 209 25 212 21 199 14 214.5
54 E 53 59.5 50 18 9 7.5 9 20.5 4 21.5
55 E 53 59.5 51 24 12 24.5 10 34.5 5 45
56 E 53 59.5 52 29 13 33.5 8 10.5 4 21.5
57 E 53 59.5 54 39.5 16 79.5 8 10.5 6 75.5
58 C 53 59.5 54 39.5 14 50 12 65.5 6 75.5
59 C 53 59.5 56 50 13 33.5 15 115 5 45
60 E 53 59.5 57 59 13 33.5 13 83.5 5 45
6l C 53 59.5 6o 84 15 66.5 15 115 7 io4
62 C 53 59.5 6l 92 18 121.5 13 83.5 8 131
63 E 53 59.5 78 193.5 22 179.5 22 209 12 197.5



64
65
66
6?68
69
70
71
72
75
74
75
76
77
78
79
80
81
82
85
84
85
86
87
88
89
90
91
92
95
94
95
96

155

TABLE 5 (Continued)

Space
relations
test

Final
achieve
ment
test

Analysis of final 
results by topics

achievement test

26 items: 
points, 
lines, 
planes

24 items:
curved
surfaces

l4 items: 
spatial 
imagina
tion

Score Rank Score Rank Score Rank Score Rank Score Rank

55 59.5 79 200.5 22 179.5 22 209 13 205.5
55 59.5 81 209 23 194 22 209 12 197.5
54 72 46 2 8 . 4 8 10.5 6 75.5
54 72 50 18 11 17.5 10 34.5 3 8.5
54 72' 52 29 14 50 12 65.5 6 75.5
54 72 56 50 16 79.5 12 65.5 4 21.5
54 72 58 67 17 99.3 11 50 6 .75.5
54 72 58 6? 17 99.5 11 _5° 5 45
54 72 58 67 16 79.5 13 83.5 6 75.5
54 72 62 100 15 66.5 15 H 5 6 75.5
54 72 64 H O 19 139.5 16 133- 8 131
54 72 65 117 18 121.5 16 133 7 104
54 72 72 165.5 19 139.5 -21 - 199 • 10 178.5
54 72 73 172 20 156.5 19 182.5 10 178.5
54 72 86 219 25 212 24 219 l4 214.5
55 82 49 12 10 11.5 11 50 4 21.5
55 82 58 67 14 50 12 65.5 ■ 3 8.5
55 82 62 100 15 66.5 15 115 6 75.5
55 82 68 138.5 19 139.5 15 H 5 ■6 - 75-5
55 82 71 156 18 121.5 18 169.5 9 158
55 82 76 186 25 212 17 152.5 l4 214.5
55 82 82 214 26 218 21 199 l4 214.5
56 89.5 51 24 16 79.5 ■ .8 10.5 7 104
56 89.5 53 34 13. 33.5 ■ 12 65.5 6 75.5
56 89.5 57 59 18 121.5 ■ 8 10.5 ■ 5 45
56 89.5 60 84 17 99.5 14 98.5 7 io4
56 89.5 64 H O 19 139.5 12 65.5 7 io4
56 89.5 69 143.5 17 99.5 18 169.5 8 131
56 89.5 71 156 20 156,5 17 152.5 8 131
56 89.5 79 200.5 23 194 20 192 10 178.5
57 97.5 49 12 8 4 9 20.5 0 I
57 97.5 60 84 16 79.5 15 115 7 io4
57 97V5 60 84 20 156.5 10 34.5 8 131



code
numbs

97
98
99
100
101
102
103io4
105
106
107
108
109
H O
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129

134
TABLE 5 (Continued)

Com
posite
group

Space
relations
test

Final
achieve
ment
test

Analysis of final 
results by topics

achievement test

26 items: 
points, 
lines, 
planes

24 items:
curved
surfaces

l4 items: 
spatial 
imagina
tion

Score Bank Score Bank Score Bank Score Bank ■Score Bank

C 57 97.5 69 143-5 18 121.5 16 . 133 10 17&.5
C 57 9745 70 l48 19 139.5 17 152.5 9 158
E 57 97.5 74 176.5 21 167.5 17 ' 152.5 9 158
C 57 97.5 78 193.5 22 179.5 20 192 9 158
E 57 97.5 82 214 23 194 23 216.5 12 197.5
C 58 106 50 18 14 50 9 20.5 6 75.5
E 58 106 56 50 12 24.5 •10 34.5 4 21.5
C 58 106 56 50 10 11.5 „17. 152.5 8 131
E 58 106 58 67 17 99.5 9 20.5 6 75.5
C 58 106 65 117 16 79.5 17 152.5 5 45
E 58 106 67 131 17 99.5 15 115 8 131
C 58 106 67 131 19 139.5 15 . 115 9 158
E 58 106 78 193.5 22 179.5 20 192 11 190
E 58 106 84 218 26 218 22 209 14 214.5
E 59 115.5 59 75 17 99.5 12 65.5 7 104
E 59 115.5 64 H O 17 99.5 15 83.5 7 104
C 59 115.5 65 117 18 121.5 17 152.5 8 131
C 59 115.5 67 131 20 156.5 14 98.5 9 158
C 59 115.5 68 138.5 17 99.5 17 152.5 6 75.5
E 59 115.5 73 172 19 139.5 19 182.5 9 158
C 59 115.5 73 172 19 139.5 19 182.5 8 131
C 59 115.5 76 186 23 194 ■ 17 152.5 10 178.5
C 59 115.5 81 209 25 212 22 - 209 14 214 0 5
C 59 115.5 83 216.5 26 218 21 199- •i4 214.5
E 60 - 13Q.5 48 7-5 9 7.5 • 8 10.5 3 8.5
C 60 130.5 53 34 12 24.5 14 98.5 4 21.5
C 60 130.5 53 34 11 17.5 13 83.5 3 8.5
C 60 130.5 56 50 13 33.5 14 98.5 6 75.5
E 60 130.5 58 67 16 79.5 12 65.5 5 45
C 60 130.5 58 67 17 99.5 12 65.5 7 104
E 60 130.5 60 84 16 79.5 14 98.5 6 • 75-5
C 60 130.5 60 84 l4 50 15 115 5 45
C 60 130.5 60 84 19 139.5 12 65.5 9 158
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TABLE 5 (Continued)

Pupil
code
number

Com
posite
group

Space
relations
test

• Final 
achieve
ment •- 
test

Analysis of final 
results by topics

achievement test

26 items: 
points, 
lines, 
planes

24 items:
curved
surfaces

14 items: 
spatial 
imagina
tion

Score Eank Score Rank Score Rank Score Rank Score Rank

130 C 60 130.5 62 100 17 99.5 12 65.5 7 104
131 C 60 130.5 62 100 15 66.5 16 133 5 45
132 C 60 130.5 64 H O 19 139.5 15 115 6 . 75.5
133 E 60 130.5 66 124 17 99.5 15 ■115 5 ■45
134 C 60 130.5 66 124 18 121.5 l6 133- 9 158
135 C 60 130.5 66 124 16 79.5 19 182.5 6- ■75.5
136 C 60 130.5 67 131 17 99.5 17 ■ 152.5 10 178.5
137 C 60 130.5 67 131 18 121.5 17 152.5 8 131
138 E 60 130.5 69 143-5 22 179.5 14 98.5 11 190
139 C 60 130.5 70 148 18 121.5 17 152.5 8 131
l4o C 60 130.5 83 216.5 25 212 22 209 13 205.5
l4i C 6l 141.5 59 75 17 99.5 13 83.5 7 io4
142 C 6l 141.5 75 181 22 179.5 18 169.5 • 10 178.5
143 E 62 145 50 18 13 33.5 10 34.5 6 75.5
144 C 62 145 57 59 15 65-. 5 11 - 50 6 75.5
145 C 62 145 60 84 15 ■ 66.5 12 65.5 4 21.5
146 E 62 145 62 100 18 121.5 l4 98.5 5 45
14? C 62 145 72 165.5 20 156.5 15 H 5 9 158
148 C 63 151.5 47 4 8 4 10 34.5 5 45
149 E 63 151.5 52 29 13 33.5 10 34.5 4 21.5
150 E 63 151.5 65 ll? 20 156.5 14 98.5 6 75.5
151 C 63 151.5 71 156 18 121.5 • 19 ■182.5 9 158
152 E 63 151.5 75 181 22 179,5 ■ 17 •152.5 8 131
153 C 63 151.5 78 193.5 22 179.5 21 ■ 199 12 -197.5
154 C 63 151.5 78 193.5 24 203.5 19 182.5 10- 178.5
155 C 63 151.5 79 200.5 25 212 ■ 19 182.5 ■ 11 ■ 190
156 C ■ 64 158 68 138.5 17' 99.5 18 169,5 7 ■ 104
157 C 64 158 71 156 22 179.5 16 -133 8 131
158 E 64 158 73 172 18 121.5 19 182.5 8 131
159 E 64 158 73 172 21 167.5 17 152.5 9 158
160 E 64 158 81 209 25 212 21 199 14 214.5
161 E 65 167.5 47 4 10 ,11.5 6 2 3 8.5
162 C 65 167.5 53 34 15 66.5 10 34.5 6 .75.5



code
numbe

163
164
165
166
167
168
169
170
171
172
173174
175176
177
178
179
180
l8l
182
183
184
185
186
187
188
189
190
191
192
193
194
195

136

TABLE 5 (Continued)

Space
relations
test

Final
achieve
ment
test

Analysis of final 
results by topics

achievement test

26 items: 
points, 
lines 9 
planes

24 items:
curved
surfaces

I4 items: 
spatial 
imagina
tion

Score Bank Score Rank Score Rank Score Rank Score Rank

65 167.5 56 50 12 24.5 10 34.5 4 21.5
63 167.5 59 75 20 156.5 10 34.5 7 104

• 65 167.5 6l 92 15 66.5 12 65.5 4 21.5
65 167.5 65 117 18 121.5 17 152.5 8 131
65 167.5 67 131 17 99.5 18 169.5 8 131
65 167.5 67 131 23 194' 9 20.5 8 131
65 167.5 68 138.5 16 79.5 17 152.5 7 104
65 167.5 69 143-5 19 139.5 17 152.5 9 158
65 167.5 71 156 19 139.5 18 169.5 9 158
65 167.5 71 156 21 167.5 15 115 7 104
65 167.5 75 181 19 139.5 20 192 11 190
65 167.5 78 193.5 22 179.5 22 209 12 197.5
66 177.5 54 39.5 12 24.5 10 34.5 4 21.5
66 177.5 71 156 22 179.5 16 133 7 104
66 177.5 72 165.5 21 167.5 16 133 9 158
66 177.5 75 181 22 179.5 17 152.5 9 158
66 177.5 76 186 22 179.5 19 182.5 9 158
66 177.5 79 200.5 23 194 21 199 14 214.5
67 185 50 18 14 50 8 10.5 5 45
67 185 52 29 1.1 17.5 12 65.5 4 21.5
67 183 55 44 l4 50 10 34.5 8 131
67 183 57 59 17 99.5 10 34.5 6 75.5
67 185 57 59 9 7.5 11 50 3 8.5
67 183 59 75 l4 50 13 83.5 7 io4
67 185 60 84 18 121.5 10 34.5 8 131
67 185 61 92 20 156.5 10 34.5 8 131
67 185 81 209 24 203.5 22 209 13 205.5
69 192.3 54 39.5 14. 50 8 10.5 4 21.5
69 192.5 55 44 15 . 66.5 10 34.5 5 45
69 192.5 68 138.5 20 156.5 15 115 10 178.5
69 192.5 71 156 19 139.5 19 182.5 • 7 io4
69 192.5 72 165.5 22 179.5 16 133 9 158
69 192.5 82 214 24 203.5 23 216.5 13 205.5
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TABLE 5 (Continued)

Pupil.
code
number

Com
posite
group

Space
relations
test

Final
achieve
ment
test

Analysis of final 
results by topics

achievement test

26 items: 
points, 
lines, 
planes

24 items :
curved
surfaces

l4 items: 
spatial 
imagina
tion

Score Rank Score Rank Score Rank Score Rank Score Rank

196 C 70 196 63 106 17 99.5 15 115 5 ■45
197 C 71 198 62 100 14 50 17 152.5 5 • 45
198 E 71 198 71 156 24 203.5 12 65.5 1 1 : 190
199 C 71 198 74 176.5 22 179.5 18 169.5 8 131
200 E 72 203 62 100 17 99.5 13 83.5 7 io4
201 C 72 203 64 H O 17 99.5 15 115 7 io4
202 C 72 203 67 131 22 179.5 i4 98.5 9 158
203 E 72 203 70 148 21 167.5 16 133 10 178.5
204 C 72 203 75 181 20 156.5 19 182.5 • 10 178.5
205 C 72 203 78 193.5 24 ■ 203.5 19 182.5 12 197.5
206 C 72 203 79 200.3 23 194 22 209 11 190
207 C 73 208 67 131 17 99.5 17 • 152.5 10 178.5
208 C 73 208 74 176.3 23 194 18 169.5 10 178.5
209 E 73 208 79 200.3 25 212 20 192 13 205.5
210 C 74 212 56 50 15 66.5 12 65.5 9 158
211 C ■ 74 212 63 106 19 139.5 13- 83.5 9 158
212 C 74 212 71 156 23 194 14 98.5 9 158
213 C 74 212 76 186 25 212 17 152.5 12. 197.5
214 C 74 212 80 204.5 24 203.5 22 209 l4 214.5
215 C 75 217 65 117 19 139.5 ■14- 98.5 6 75.5
216 C 75 217 68 138.3 20 156.5 l4 98.5 6 • 75.5
217 E 75 217 72 165.5 .20. 156.5 .18 ..169.5 . 9 ■ .158
218 E 75 217 - 80 204.5 24 203.5 21 199 13 205.5
219 C 75 217 81 209 23 194 23 216.5 ll 190
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TABLE 6. FINAL ACHIEVEMENT TEST SCALED SCORES FOR MATCHED PAIRS FROM THE 
COMPOSITE EXPERIMENTAL, E, AND CONTROL, C,. GROUPS. PAIRED ON THE BASIS 
OF AGE WITHIN SIX MONTHS, SEX, MATHEMATICS BACKGROUND WITHIN ONE SEMES
TER, AND SPACE RELATIONS TEST SCALED SCORES WITHIN ONE POINT

Pupil code 
numbers

Ages in years 
and months

Sex
of
pairs

Semesters of 
mathematics

Space rela
tions test 
scores

Final
achievement 
test scores

E C E C E ' C E - C ' E "c 1

6 4 16 10 16 7 M 4 5 ■43. ■ 42 ■ -54 7018 20 16 4 16 3 M 4 5 46 46 49 5722 19 17 4 17 I M 5 5 46 46 71 54
35 39 17 10 17 9 M 7 6- ■49 • 50 62 76
4? 45 17 10 17 4 M 5 5 51- ■ •51 . 8l ’7248 65 17 6 17 6 M 7 6 52 ■ 53 48 • 8l
50 51 17 8 17 10 M 7 6 52 ■ 52 59 6l
53 61 17 5 17 6 M 5 5 52 53 81. 60
54 72 17 I 16 8 M 5 5 53 54 50 58
55 59 17 I 16 7 M 6 5 53 53 51' ■ 56.56 62" 16 11 16 5 M 5 5 53 33 52. 6l .
57 71 17 3 16 9 M 6 5 53 54 54 58
63 74 17 2 16 11 M 5 5 53 54 78 64
64 67 17 11 18 I M 5 5 53 54 79 50
83 76 17 2 16 11 F 7 6 55 ■ 54 71 72
84 92 17 11 17 10 M 5 4 • 55 56 - 76 71
86 96 17 7 17 I M 6 5 56. 57 51 60
94 97 16 10 16 10 M 6 5 57 57 49 69

109 106 17 7 17 8 M 7 6 58 58 78 65
H O 118 17 8 17 4 M 5 5 58 59 84. 76
111 114 18 O 17 10 M 7 6 59 59 59 67112 H5 17 10 17 5 M 7 6 59 59 64 68
116 117 17 4 17 5 M 7 6 59 59 73 73121 124 16 2 16 4 M 5 5 60 60 48 56
125 123 17 8 17 6 M 7 6 60 60 58 53
127 137 17 6 17 4 M 7 6 • 60 ■ 60 • 60 • 67
133 131 17 8 17 7 M 7 6 60 60 65. 62
138 135 17 4 17 O M 6 6 60 60 69 66
143 144 16 11 16 9 M 6 5- 62 62 50 57l46 i4l l6 H 16 11 M 4 5 62 6l 62 59
168 175 17 8 17 7 F 6 7 65 66. 67 54
170 163 17 8 17 6 M 6 6 65 ■ 65 • , 69 56
' 195 196 17 2 17 5 M 7 6 69 .. 70. . .82 , 63
198 197 17 10 18 0 M 6 6 71 71 71 62
209 207 17 11 17 6 M 7 6 73 73 79 67
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TAPT^ ?. FINAL ACHIEVEMENT TEST SCALED SCORES FOR MATCHED PAIRS FROM THE 
COMPOSITE EXPERIMENTAL, E, AND CONTROL, C, GROUPS PAIRED ON THE BASIS 
OF SEX AND SPACE RELATIONS TEST SCALED SCORES WITHIN ONE POINT

Pupil code numbers Sex of 
pairs

Space relations ■ 
test scores

Final achievement 
test scores

E C E " 5" ' " ' E C

2 4 M 4l 42 55 70
6 5 • M 43 43 54 51
7 9 M 44 44 48 59
8 12 F 44 45 57 49

11 10 M 44 44 66 59
13 16 M 45 45 50 61
17 19 M ' 46 46 44 54
18 20 M 46 46 49 57
21 23 M 46 46 65 74
22 25 M 46' 47 71 61
31 30 M 48 48 72 65
35 32 M 49 49 62 48
36 37 M 49 49 66 77
47 46 M 51 51 81 78
48 49 M 52 52 48 51
50 51 M 52 52 59 61
53 52 M 52 52 81 72
54 58 M 53 53 50 54
55 59 M 53 53 51 56
56 61 M 53 53 52 60
57 62 M 53 53 54 61
6o 65 M • 53 53 57 81
63 74 M 53 ■ 54 ■ 78. 64
64 77 M 53 54 79 73
70 78 M 54 54 58 86
79 8l M 55 55 ■49 62
83 80 F 55 55 • 71 58
84 ' 82 M 55 55 76 68
85 73 M 55 54 82 62
86 87 M 56 56 ■ • 51 53
88 89 F 56 56- 57 60
90 92 M 56 56 . . 64 71
91 93 M 56 ■56 69 79
94 97 M 57 57 ■ , . 49, 69
99 98 M 57 57 74 ' 70
101 100 M 57 57 82 78
103 102 M 58 58 56 50
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TABLE 7 (Continued)

Pupil code numbers Sex of 
pairs

Space relations 
test scores

Final achievement 
■test scores

E C E C E C

105 119 F 58 59 58 81
10? 104 M 58 58 67 56
109 106 M 58 58 78 '65 .H O 108 ■ M 58 58 84 - 67 •
111 118 • M 59 59 59 76
112 120 M 59 59 64 83
116 117 M 59 59 73 73
121 136 M 60 60 48 67
125 137 M 60 60 58 67
127 134 M 60 60 60 66

- 133 135 M 60 60 66 66
138 139 M 60 60 ■ 69 • 70
143 145 M 62 62 50 ■ 60
146 147 M 62 62 62 72
149 l48 M 63 63 52- 47
150 153 M 63 63 65 78
152 ; 154 M 63 63 75 78
158 155 M 64 63 73 79
159 156 M 64 64 ' 73 . 68
160 157 M 64 64 81 Tl
161 176 F 65 66 47 71
165 163 M 65 65 61 56
168 179 F 65 66 67 76
170 167 M 65 65 69 67
173 171 M 65 65 75 ■ 71
174 164 M 65 65 7'8' 59
178' ; 177 M 66 66 75 72
180 ; 183 M 66 •67 • • 79 ■ 55
186 181 M 67 67 - 59 - - 50
187 182 M 67 . 67 . 60 • ■ ■ 52:
188 184 M 67 '67 -61 ■ ■ • 57
189 185 M 67 . 67 .. .. - ,81 ■ 57
191 190 M 69 69 55 54
195 194 M 69 69 82 72
198 197 M 71 ' 71 71 62
200 206 M 72 72 62 79
209 207 ' M 73 73 79 .67
217 215. ■■ M 75 75 72 65
218 219 M 75 75 80 81
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