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Abstract:
This study is an experimental investigation of the differential magnetic susceptibility of the spin
one-half, one-dimensional, Ising-Heisenberg ferromagnet (S=l/2,1d,HIF). Recent theoretical work
predicts the existence of magnon bound states in this model system, and that these bound spin wave
states dominate its thermodynamic properties. Further, the theories indicate that classical linearized
spin wave theory fails completely in such systems, and may also be intrinsically incorrect in certain
higher dimensional systems. The purpose of this research is to confirm the existence of bound magnons
in the S=l/2,ld,HIF for the nearly Heisenberg case, and demonstrate the dominance of the bound states
over the spin wave states in determining thermodynamic behavior.

A preliminary numerical study was performed to determine the ranges of magnetic field and
temperature at which bound magnons might be expected to make a significant contribution to the
magnetic susceptibility and specific heat of the S=l/2,ld,HIF. It was found that bound magnons
dominate at low and high fields, and spin waves dominate at intermediate fields. For anisotropies less
than 2% bound magnons dominate the low temperature regime for all fields.

To test the theoretical predictions cyclohexylammonium trichloro-cuprate(II) (CHAC) was chosen as a
model S=l/2,ld,HIF compound for experimental study. The differential susceptibility of a powder
sample of CHAC was measured as a function of temperature in fields of 0, 1, 2, and 3T. The
temperature range for these studies was 4.2K to 40K. Susceptibility measurements were performed
using an ac mutual inductance bridge which employs a SQUID (Superconducting Quantum
Interference Device) as a null detector. The design, calibration, and operation of this instrument are
described.

Data from the experiments compare favorably with the theoretical predictions, confirming the existence
of bound magnons in the nearly Heisenberg S=1/2,1d,HIF. Further, the experimental results clearly
show that bound magnons are the dominant excitation determining the susceptibility for all fields and
temperatures studied. Spin wave theory cannot describe the data for any values of the adjustable
parameters. 
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ABSTRACT

This study is an experimental investigation of the differential 
magnetic susceptibility of the spin one-half, one-dimensional, Ising- 
Heisenberg ferromagnet (S=l/2,ld,HIF). Recent theoretical work pre
dicts the existence of magnon bound states in this model system, and 
that these bound spin wave states dominate its thermodynamic proper
ties. Further, the theories indicate that classical linearized spin 
wave theory fails completely in such systems, and may also be intrin
sically incorrect in certain higher dimensional systems. The purpose 
of this research is to confirm the existence of bound magnons in the 
S=l/2,ld,HIF for the nearly Heisenberg case, and demonstrate the 
dominance of the bound states over the spin wave states in determining 
thermodynamic behavior.

A preliminary numerical study was performed to determine the 
ranges of magnetic field and temperature at which bound magnons might 
be expected to make a significant contribution to the magnetic suscep
tibility and specific heat of the S=l/2,~ld,HIF. It was found that 
bound magnons dominate at low and high fields, and spin waves dominate 
at intermediate fields. For anisotropies less than 2% bound magnons 
dominate the low temperature regime for all fields.

To test the theoretical predictions cyclohexylammonium trichloro- 
cuprate(II) (CHAC) was chosen as a model S=l/2,ld,HIF compound for 
experimental study. The differential susceptibility of a powder sam
ple of CHAC was measured as a function of temperature in fields of 0, 
I, 2, and 3T. The temperature range for these studies was 4.2K to 
4OK. Susceptibility measurements were performed using an ac mutual 
inductance bridge which employs a SQUID (,Superconducting Quantum 
Interference Device) as a null detector. The design, calibration, and 
operation of this instrument are described.

Data from the experiments compare favorably with the theoretical 
predictions, confirming the existence of bound magnons in the nearly 
Heisenberg 8=1/2,Id,EIF. Further, the experimental results clearly 
show that bound magnons are the dominant excitation determining the 
susceptibility for all fields and temperatures studied. Spin wave 
theory cannot describe the data for any values of the adjustable 
parameters.
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CHAPTER ONE 

INTRODUCTION

In recent years there has been substantial interest in the quan

tum and nonlinear characteristics of one dimensional (Id) magnetic 

systems [I]. In particular, special attention has been given to 

various cases of the Id, Ising—Heisenberg—XY model. These studies 

indicate that classical linearized spin wave theory is not uniformly 

valid in these systems, and that nonlinear excitations and quantum 

effects play a significant role [2-4]. Although much of this research 

has dealt with soliton models and their experimental realizations [5- 

9], significant progress has also been made in numerical and analyti

cal studies of the low temperature excitation spectrum and dynamics 

[10-14]. However, complete and rigorous solutions are available only 

for a few special cases of the general model. Consequently, even 

though appropriate quasi-ld magnetic compounds are available, detailed 

experimental studies of their quantum aspects, especially of the low 

lying excitations (commonly referred to as bound spin waves or bound 

magnons) are scarce. Far infrared absorption has been used by 

Torrance [15] and Bosch [16] to show that these excitations exist in 

the ferromagnetic Ising chain compounds C o C ^ ’̂ I^O and C0CI2 2(pyr). 

Also, Nijhof [17] has interpreted the low temperature ESR spectrum of 

the anisotropic linear chain antiferromagnet RbCoClg"ZI^O in terms of 

magnon bound states.
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There exists only one experimental study of bound magnons in the 

ferromagnetic spin one-half (8=1/2) Heisenberg chain: Hoogerbeets

[18] has measured the first seven bound state energies in 

(G6h IiNH3)CuCI3 (CHAC) using low temperature ESR. This thesis pre

sents experimental confirmation of the existence of bound magnons in 

this important case, and of their dominance over spin waves in deter

mining thermodynamic behavior [19].

To present these results in more detail it is first necessary to 

introduce concepts which are fundamental to the study of Id magnetic 

systems. The remainder of this chapter is devoted to a discussion of 

these ideas.

One-Dimensional Magnetism

A one dimensional (Id) magnet is an idealized system in which the 

spins lie on a line and interact only with spins on the same line.

Although study of Id systems instead of the physical 3d case may 

seem unreasonable, there is justification for this choice. Quite 

simply, the mathematics entailed by a theoretical treatment of the 

magnetic properties of a 3d system are intractable, and an exact 

solution has not been found even in the simplest case. Further, 

although a variety of approximate calculations— mean field theory, 

spin wave theory, high temperature series expansions, and a number of 

others— have often been successful in describing experimental data, 

they invariably neglect or obscure the nonlinear and quantum aspects 

inherent in magnetism, and therefore provide only a vague understand

ing of these phenomena. Consequently, a great deal of theoretical
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attention has been given to the mathematically simpler lower dimen

sional systems.

Unfortunately, calculations are only slightly less difficult in v 

2d, and only the simplest model has been solved exactly. However, in 

Id, even though theoretical difficulties are still substantial, sev

eral exact results, and a number of approximate analytical calcula

tions have appeared [1-4,10-14]. These studies show that even though 

they do not display critical behavior except at zero temperature, 

nonlinear and quantum effects are more prominent in Id magnets than in 

their 3d counterparts. Indeed, it now appears that some of the basic 

assumptions typically made in studies of higher dimensional systems 

may be incorrect [2-4].

These theoretical results have generated interest in experimental 

studies of Id magnets. For experimental purposes, a magnetic insula

tor is said to be Id if its structure consists of widely separated 

chains of spins, with the chains weakly bonded together so that the 

interactions between spins within a chain are much stronger than 

interactions between spins which lie in different chains. Although 

compounds with these characteristics are fare, a number have been 

synthesized, some with intrachain interactions 10,000 times greater 

than interchain interactions [20,21].

Basic Theory

The following sections provide a review of fundamental theoreti

cal concepts. This treatment is not intended to be complete, and 

presents only the ideas needed for discussion of the Johnson and
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Bonner theory in the next chapter. The material presented below is 

for the spin one-half. Id, Heisenberg ferromagnet (abbreviated 

S=l/2,ld,HF) in zero field. An analysis of the ground state, calcula

tions of the energy spectra for one spin reversal (one magnon solu

tion— the spin wave states) and two spin reversals (two magnon solu

tion), which contains not only the spin wave states but also a bound 

magnon state, are given. The discussion of the one magnon solution 

and of spin waves follows that of Keffer [23], and the two magnon 

solution can be found in Mattis [22] and in Keffer [241.

The Hamiltonian for the S=l/2,ld,HF in zero field is

.
H = —2J 2 S . * S.+1 ,

1=1

where J>0 is the exchange energy, N is the number of spins in the 

chain, and Si is the spin operator in units of t at site i. Only 

interactions between nearest neighbors in the chain are considered. 

Periodic boundary conditions, S^+i = .Si, will be applied. Since the 

ground state and the zero temperature excited.states are degenerate in 

the absence of a magnetic field, it will be assumed that an effective 

field which removes this degeneracy exists, but this field will not be 

included in the calculation of the energy levels. Also, it is assumed 

that the field is in the z-direction so that the preferred spin orien

tation is along the z-axis.

To proceed further it is necessary to introduce,and define the 

relevant angular momentum operators. Basic elements of the quantum 

theory of angular momentum are discussed by Mattis [22]. The spin
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operator at site i is

= S\± + S\f + S\t ,

where the components Sj satisfy the usual commutation relations 

[S^,Sj] = ieJivffSj. Spin states at site i are given in terms of the 

spinors Oj (spin up) and pj (spin down), which have z components

S|aj = (l/2)aj , and S|pj = (-l/2)pj .

Spinors Oj and Pj are normalized and orthogonal to each other:

<ajluj> = <PjlPj> = I , <ajlpj> = 0 .

Operators Sj = S j + S7 are the raising and lowering operators for 

spinors aj and pj :

Sj Uj = 0 , Sj Pj = Uj J 

Si Ui  = Pj  , Sj Pj = O.

The total spin at i is given by SjUj = (3/4)oj, S?Pj = (3/4)pj. 

Operators for the spin at site i leave spinors at other sites unaffec

ted; e.g., SjUj = Oj. Also, inner products can only be formed between 

spins on the same site, so that for product wave functions such as 

Qmn = UmPn the inner product of Qmn and Qnm is

For what follows it is convenient to write the Hamiltonian in 

terms of the raising and lowering operators Sj:
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N
H = —2J ^ [(l/2)stsi+1 + (IZl)SiS ^ 1 + SfS?+1] . (I)

i=l

Although analysis of the ground state and first two excited states 

cannot provide a complete understanding of the spin system, these 

results illustrate important basic concepts. We begin with a discus

sion of the ground state.

Ground State

At zero temperature all spins in the chain point in the same 

direction, which is defined to be the z-direction. This means that 

all of the spins have the same quantum number for their z-component of 

angular momentum, m=+l/2. This ground state can be expressed as the 

product wave function

Y 0 = ala2a3 ••• aN •

This is an eigenfunction of Hamiltonian (1):

N
Hxlr0 = -2J J [0 + 0 + (l/2)(l/2)xlr0] = -2J(N/4)x)r0 .

1=1

So, the ground state energy is

E0 = -(1/2)NJ . (3)

Since the interaction energy between two spins with S=l/2 is just 

- I K S 1 • S2 ) = -2JU/2)2, and there are N spins interacting, this is 

the expected result.
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The squared magnitude of the z-component of spin at site j is 

given by

(Sj)2V 0 = (IM)V0 , 

and its total magnitude squared by

S ^ V o = ( 3Z4)V0 -

Clearly, part of the total angular momentum is carried by the x and 

y-components of spin. V0 is not an eigenfunction of S? and Sj, and 

the expectation values of these operators is zero. However, the 

squared magnitude of the transverse component (Sj)2 = (Sj)2 + (S?)2 is 

an eigenfunction

(Sj)2V0 = (l/2)v0 .

Thus, the spins must precess about the z axis. The transverse spin 

correlation function

( 4  • 4 >  -  <s j s £ ♦ s f s i )  - j *  *  -

is zero for all sites j and k. Since the correlation function is 

proportional to the average of the cosine, of the phase angle between 

spins j and k, the precession must therefore be random. This is 

consistent with the zero average values found for the x and 

y-components of spin j.

The precession gives rise to a zero point correction in the 

ground state energy. Each spin has magnitude [S(S+1)]2Z^ = V37?. If 

the spins were completely aligned, as if they were classical angular
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momentum vectors, the energy would be = (-2J)(3/4)N = -(3/2)NJ.

So, the zero point energy resulting from quantum mechanical uncer

tainty is Eq-E^ = NJ.

One Spin Reversed

As the temperature is raised from T=O the spin system will be 

excited out of the ground state into low energy excited states. The 

first excited state is one in which a single spin is reversed from its 

ground state direction. This is called the one magnon state. A one 

spin reversed state, with the jth spin reversed, is given by

= 8J^o ̂  aIa^aJ-IPjctJ+! aN *

This state, however, is not an eigenfunction. Operating on <t>j with 

Hamiltonian (I) yields

_ N
H<t>, = HS,* = -2J 2 [(l/2)sTsi+1

J J i=l

' + (l/2)STst+1 + S?S?+1]ST*o

N
= -2J 2 [(l/2)(stSj)Si+i&j i

i=l

+ (l/2)ST(S^+1ST)5j>i+1 + S?S?+1ST]*o

= -2J[(l/2)<t>j+1 + (l/2)*j_i

+ (l/4)*j(j-2) - 2(l/4)*j + (l/4)<t)j(N-j)]

= -2J[(l/2)(j)j+1 + (l/2)*j_i + (l/4)(N-4)*j] . (5)
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In order to diagonalize H, form a linear superposition of the 

product wave functions <|>j:

V1 = .

Normalization requires that

N
<V$IVi> = Y IciI2 = I .

i=l J

Since all sites are equivalent, the modulus of the amplitude for each 

reversed spin site should be independent of j. Then cj can be 

expressed in polar form:

Cj =  cexp(i6j) ,

where c is the magnitude of cj and 9j is the phase. The normalization 

condition gives c = N "^2, so can be written as

N I0i
Xlr1 = (N-1'2) <t>j . (6)

j=l

To find the energy of Xjr1 use the Schroedinger equation Hxjr1 = E1Xjr1 

and take the inner product with rĵ :

E1 = <<j>. IHxjr1) = <<t>.| / c . H<j>, >
j=l

N ■
= KrjxiI % Cj{-2J[(l/2)(j)j+1 + (l/2)4j_1 + (1/4)( N ^ H j]}> ,

j=1



10

= -J [c^_1 + c^ + 2 + (1/2) (N-4)cil ,

where expression (5) for H(|)j has been used. This can be written as

(7)

where C1 = (E1 - Eq) - 2J. Expressing cn in polar form gives

exp[i(en+1 - On)] + exp[-i(6n - O ^ 1)! - -E1ZJ . (8)

Equating the imaginary parts of equation (8) yields

sin(6n+l “ 0J  " sin(6n - 6n-l) ™ 0 '

which is satisfied for On = (l/2)(0n+1 + O ^ 1), indicating that the 

phase at site n is intermediate between the phase at site n+1 and the 

phase at site n—I. One possible solution is 6^ = ■Kn, K=constant. For 

u=N the periodic boundary conditions require that 0^+1 = O1, so K is 

restricted to the values

Equating the real parts of equation (8) with On = xn results in a 

relationship between the energy and k :

This is periodic with half-period n, so x can be restricted to be 

between -Tt and it without loss of generality, thereby limiting the 

range of m to |m I <_ N/2. If x is expressed in units of the lattice 

spacing a, the familiar reciprocal lattice formalism is obtained.

K = 2mn/N., m=integer . (9)

E1 - Eq = 2J(1 - cosx) = 4Jsin^(x/2) . (10)
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The. solution thus is a linear combination of the one spin 

reversed product wave functions (4),

(N-1/2)
N i(ka)j

6 '
(11)

with energy given by equation (10) with K=Ica,

E1 - Eq = 2J(1 - coska) , (12)

k = 2mn/aN , m = 0,±l,±2,...,±N/2 .

To interpret this solution it is necessary to calculate the 

values of the various spin components. The total z-component of spin 

for the whole chain reflects the net loss of one unit of angular 

momentum caused by flipping a single spin in the ground state:

N N
StotxIfI = 5 Si 2 = [(N/2) ™ llxIfI *

i=l j=l

The operator S? acting on V1 gives

(1/2)V1 - CiVi ,

so the expectation value of the z-component of spin at site i is just

<vjlsflvi> = (1/2) - I c i I2 = (1/2) - (1/N) ,

indicating that on the average the loss of one unit of angular momen

tum from the ground state configuration is shared equally by all N

spins.
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As was found for the ground state, the squared magnitude of the 

z-component of spin at site i is given by

(S|)̂ vlr̂  = (l/4)ijr̂  ,

and its total magnitude squared by

S ^ i  = (3/4)x|r1 .

Again, part of the total angular momentum must be carried by the x and 

y-components of spin. S? and Sj operating on give

, _ ^
S?V 1 = (1/2) (Sj + Sj ) 2 Cn(I)

n=l

(l/2)c.xlro + (1/2) ^ cn*jn ,
n=l

and

S ^ 1 = (l/2i)(Sj cn*n

= (l/2i)Cj0o
N

(l/2i) 2 
n=l °n+jn

where Ojn is the product wave function (4) with a second spin reversed 

(<j)nn = 0). As in the ground state the expectation values of Sj and SY 

are zero, and is not an eigenfunction. But is an eigenfunction 

of the squared magnitude of the transverse component and has an 

eigenvalue equal to one—half:
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(s|)2v0 = ( I m v 1 .

Again, the spins must process about the z axis. In the ground state 

the precession was random: the spins were in a state of maximum

(quantum mechanical) alignment so that their relative orientations had 

no effect on the energy. However, in the first excited state the 

spins are not aligned, and the phase of the precession, which deter

mines the orientation of neighboring spins, will therefore also deter

mine the energy. The transverse spin correlation operator for sites j 

and n is

S j  • S i  - S j s ;  + S j S j

( l / 4 ) ( s t  + Sj )(S^ + Sn)

(l/2)(stsi + STsJ) .

( l / 4) ( s t  -  Sj MSj- -  Sn)

Operating on with Sj ' Sj gives

(Sj * sJ ^ i  = (1/2) (CjVn + CnV j)

which yields the transverse spin correlation function

(Sj " SiJ^ = (l/N)cos [ka( j - n) ] .

Since the correlation function is the expectation value of IS-lI2CosV 

where V is the angle between Sj and Sj, the transverse component has 

magnitude N-^ 2, and the angle between adjacent spins is ka.

To summarize, in the single spin reversed state the spins process

about the z-axis with constant phase. The first excited state has one 

unit of z-component of angular momentum less than the ground state.
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and this difference is on the average divided equally among all the 

spins in the chain. Each spin therefore has a transverse component 

with magnitude 1/N, and rotates with frequency Eg/6. The difference 

in phase angle between adjacent spins is ka. Thus, the amplitude of 

the y—component varies sinusoidally in space and time:

< ( r, t) > = (1/N)exp [i(kaj - wt)] .

Because of this plane wave form the one spin reversed solutions are 

called spin waves. By analogy with phonons the quantized excitations 

with energy Eg = iuo are called magnons, and the one spin reversed 

solutions are one magnon states.

The analysis of spin systems in terms of spin waves was first 

developed by Bloch [25]. He extended the analysis given above by 

assuming that all of the higher energy excitations (multiple spin
kreversals) could be approximately described by combinations of the x|r̂, 

and that the number of spin waves excited was small compared to N, so 

that interaction between magnons could be neglected. Under these 

assumptions Bose—Einstein statistics apply, and Bloch used them to 

derive the T3 law for the magnetization of a ferromagnet as a func

tion of temperature:

M(T) = M(0)[l - (TZTc)372] ,

where Tc is the critical temperature at which ferromagnetic ordering 

occurs.

Although the above analysis is exact, spin wave (SW) theory is 

not limited to systems where the one spin reversed solution is the
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exact lowest excited state. Virtually any spin Hamiltonian can be 

analyzed in terms of SWs. Because the spin operators can be written 

in terms of spin raising and lowering operators, as in Hamiltonian 

(I), an analogy can be drawn between the harmonic oscillator creation- 

annihilation operators used in the analysis of elastic solids and the 

spin operators used in the study of magnetic phenomena. If the Hamil

tonian is expanded in terms of the analogous spin creation- 

annihilation operators, and anharmonic terms are neglected, the resul

ting energies are proportional to (ka)^, which is just the one spin 

reversed solution for small k. A similar procedure can be success

fully applied to other systems besides the S=l/2,ld,HF.

Although SW theory has been applied to a wide variety of systems, 

there are circumstances in which its validity is questionable. These 

shortcomings of SW theory are discussed in the following sections.

The first question which must be dealt with in this context is whether 

or not the higher excited states can be represented in terms of the 

single spin reversed solutions. This question was first examined by 

Bethe [26], who studied the multiple reversed spins problem and dis

covered the existence of bound spin wave states. In order to provide 

a simple introduction to the bound magnon (BM) states, a discussion of 

the two spins reversed state is given below.

Two Spins Reversed

A two spins reversed wave function is obtained by flipping two 

spins out of the ground state
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^jm = 8JsmO0 = °la2aj-lPjaj+l -  am-lPmam+l —  aN * (13)

Note that the same spin cannot be reversed twice, <J)jj = 0, and that 

0 'm = OmJi This state, however, is not an eigenfunction. Operating 

on <t>jm with Hamiltonian (I)

» ■ + '
H* j »  = “ S j V o  " "2 j  J  [ < l /2) s t s 1+1

+ <l/2)STst+1 + S|S?+1lSjS>0 ,

gives three terms. From the one spin reversed analysis it is apparent 

that the first term in the Hamiltonian shifts the reversed spins one 

position to the right, yielding Oj+i ^ + Ojjin+!1 the reversed

spins are adjacent, m = j ± I, one of these terms is zero. Similarly, 

the second term in the Hamiltonian shifts the reversed spins one 

position to the left, resulting in + ^jjm-I* Again, if the

reversed spins are adjacent one of these terms is zero. The third 

term is, by inspection,

{N(l/2)2 - 2 [2(1/2)2] - 2 [2(1/2)2] }<t> jm = (1/4) (N-S)O jm 

if the reversed spins are not adjacent, or

{N(l/2)2 - 2[2(l/2)2 ]}<Djni = (l/4)(N-4)<t>jm 

if the reversed spins are adjacent. So HOjm is given by

HOjm " -J(0j+l,m + 0j,m+l + Oj-Ijffl + 0j,m-i)
- (J/2MN- 8 + 45j±lim)<t,jm .
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Since H<j>jm , consists of a combination of <|>jm and other states 

with only two spins flipped, it is reasonable to try a solution which 

is a linear superposition of the <t>jm :

V2 I I= 1 m=:
(14)

where fjm = fm r  fj. = °.

The energy of ^ 2  can be found by taking the inner product of both 

sides of the Schroedinger equation = 3^#% with <t>qr* Since the (j>jm 

are orthonormal,

<*qrl*in> = 5qi8rn + 8qn8ri ' 

the inner product of <|> and ^2  is just

“ -2Jlf,+l,r + £q-l.r + V + l  +
- J[N- * + 2(»4±l,r + »i±l.t> » qI

And, the inner product of <|> and £2^2 is

W 1V  = 2E2f c

Finally, the equation governing the amplitudes f is

e2^qr + ^^q+l,r + ^q-IjT + ^q,r+l + ^q,r-l^ (15)

™J(8q±l,r + 8r±l,q)fqr '

where 82 - (E2 - Eq) - 4J.
If the reversed spins are not nearest neighbors, the right hand 

side of equation (15) is zero. In this case the analogy to equation
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(7) which gives the amplitudes Cj for the one spin reversed solution 

is clear. Separating the q and r dependence of the amplitudes,

fqr = V r ’ gives

[(l/2)e2[ir + J(|ir_i + 4r+i)]^q
+ [(IZZ)E2Xg + J (Xq_i + = 0 •

Obviously, this equation is satisfied if Xq and |ir are chosen to be 

the plane wave solution found in the one spin reversed analysis. This 

is physically reasonable. Since only neighboring spins interact, if 

two non-neighboring spins are flipped, the system should behave as if 

there were two non—interacting SWs present. The plane wave solutions 

for Xq and pr are

Xq = (N""1/'2)exp(ik1aq), and pr = (N 2/2)exp(ik2ar) , (16)

where k^ and k2 are the momenta (wavenumbers) of the two plane waves. 

As with the single spin flipped solution the periodic boundary condi

tions are satisfied for only the values of k = k^a given in equation 

(9). For f to be symmetric only the symmetric part of XqPr can be 

retained

fqr = <l/2N)(XqHr + XrtIq) . (17)

Substituting the solution of equations (16) and (17) into the non- 

adjacent reversed spin form of equation (15) yields the energy:

E2 — Eq = 2J(1 — cosk^a) + 2J(1 — cosk2a) , (18)

which is the energy of two plane waves with wavenumbers k^ and k2.
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The energy can be conveniently expressed in terms of the total momen

tum K = + k2 and the relative momentum p = (l/2)(k2 - k^):

E2 - Eq = 4J[1 - cos(Ka/2)cos(pa)] . (19)

For a given K this is periodic with half-period pa = n, so only 

Ipl _< n need be considered. Similarly, |k | <_ n. Likewise, the ampli

tudes fqr can be written in terms of K, p, the center of mass coordi

nate = (a/2)(q + r), and the relative separation of the flipped

spins Tqr = a(q - r):

fqr = (1/N)exp(iKRqr)cOSpTqr . (20)

It now remains to solve equation (15) for the f and the energy 

when the reversed spins are nearest neighbors. Since the total momen

tum K is a constant of the motion the resulting states can be classi- 

fied in terms of K. One constructs a solution which employs the f 

found for the non-adjacent flipped spin problem, using cosprqr as a 

set of basis functions. Summing over all of the allowed values of 

p = (nn/aN), n = 0,±1,±2,...,±N, gives

(l/N)exp(iKR ) f^exp[i(n/aN)r n] ,
n=-N

where the fn are to be determined. Substituting this expansion into 

equation (15) for the amplitudes f , multiplying by exp[-i(jr/aN)rqrm] 

and summing over q and r (using the orthogonality of the exponentials 

to evaluate the sums) leads to an integral equation which can be 

solved, after some effort, for the fn and the energy £2- This
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derivation is tedious, and provides little physical insight, so only 

the final results will be presented. Details are given by Mattis . 

[22].
As might have been expected from analysis of the non-adjacent 

reversed spins problem, the SW spectrum of the single spin flipped 

problem is recovered, but is now expanded into a continuum because of 

the added degree of freedom provided by the possible choices of and 

i.2 for a given total momentum K = + k2« The energy (correct to

0(1/N)) is given by equations (18) and (19). From equation (19) the 

upper bound of the continuum (for cospa = -I) is

E2 _ Eq = 4 J [I + cos(Ka/2) ] ,

and the lower bound (for cospa = +1) is

E2 - E0 = 4J[1 - cos(Ka/2)] .

Because of the interaction between reversed spins, a bound state 

appears. It has energy

E2 " Eo = Jsin2 (Ka/2) ,

which lies below the lower bound of the continuum energy. Physically, 

it is reasonable that a single (bound) state with energy lower than 

the SW continuum should exist in the spectrum of the two reversed 

spins state. If the system is considered to be a chain of classical 

spins with perfect spin alignment, and two non-adjacent spins are 

flipped, each of those spins becomes antialigned with its two nearest 

neighbors. The resulting energy increase due to the exchange
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interaction is 16J. Each of these spin reversals is free to move 

along the chain with no constraints on its momentum, and the resulting 

energy spectrum for a given total momentum is a continuum. However, 

if the two reversed spins are adjacent each spin becomes antialigned 

with only one of its nearest neighbors, resulting in an energy 

increase of only 8J. Since these spins are bound together their 

momenta are constrained to one-half of the total momentum and there is 

only a single energy state for each momentum.

Clearly,. the presence of a BM in the excitation spectrum casts 

doubt on the validity of SW theory. The BM cannot be accounted for by 

a superposition of the simple one reversed spin solutions described 

above. Further, as the number of flipped spins increases more BMs 

appear. Despite this apparent theoretical failing, SW theory has been 

quite successful in describing a wide variety of experimental data. 

This paradox points out the need for a careful study of the limita

tions of SW theory.

Limitations of Spin Wave Theory

Since the introduction of SW theory by Bloch [25], and the subse

quent prediction of BMs by Bethe [26], there have been a number of 

attempts to understand how the existence of BMs affects the validity 

of the assumptions made in SW theory.

Spin wave theory is successful in many 3d experimental systems 

because the BMs exist only at large K values. Wortis [27] and Hanus

[28] have studied the two spins reversed problem in 2d and 3d. In 2d 

there is at least one bound state below the continuum for all K, and a
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second bound state may exist for some values of K. In 3d a single 

bound state exists for sufficiently large K, and as K increases a 

second and even a third bound state appears. However, all of the 

bound states in 3d occur only in a restricted range of K near the zone 

boundary. There is a broad range of low energy K values for which 

there are no bound states. Thus, even though the linearization proce

dure used in the SW approximation may not be valid in Id and 2d, its 

use appears to be justified in 3d. Some caution must be exercised 

though: introduction of anisotropy, as in the Ising-Heisenberg ferro-

magnet, pushes the BM momentum existence threshold towards smaller 

values of K, and BMs can exist for all K if the anisotropy is suffi

ciently large [27]. Even in this case, Reklis [29] has shown that for 

sufficiently small K values (low temperatures) SW theory should be 

valid.

Even though the effects of BMs are negligible in some 3d systems 

the linearization procedures used in SW theory still are cause for 

concern. Careful analysis of the low order nonlinear corrections to 

the theory provide insight into SW interactions. Studies have been 

done by Dyson [30], Boyd [31], and Hepp [32]. Other than the possible 

effects of BMs Dyson identifies two basic flaws in SW theory. First, 

the SW states which describe situations with multiple reversed spins 

do not form an orthogonal set. This gives rise to what Dyson calls a 

kinematical interaction between SWs. Each SW reduces the total 

z—component of angular momentum by one unit, so that if 2NS magnons 

are excited the sample magnetization is completely reversed. Clearly, 

only a finite number of SWs can be supported, so they must interact in
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some way to account for the finite value of NS. Further, in order to 

keep SWs from accumulating at a single spin site the kinematical 

interaction must be repulsive. Excitation of too many magnons causes 

spin reduction, destruction of the ordered ground state assumed to 

exist in SW theory, and can cause the theory to fail. Second, the SW 

states do not diagonalize the Hamiltonian. Dyson identifies the 

associated energy correction, which shifts the energy downwards, as 

being due to an attractive dynamical interaction between magnons.

This is the same interaction which leads to the formation of the BMs 

but the approximate nonlinear corrections to SW theory do not predict 

formation of a BM. Indeed, Dyson's calculation predicts a very small 

energy shift at low temperature. But at higher temperatures, where 

the density of magnons is increased and spin reduction becomes a 

problem, the dynamical interaction could seriously affect the applica

bility of SW theory. In Id, recent calculations by Muller [3,4] 

indicate that the failure of SW theory is not due to spin reduction, 

as was previously thought, but is due to other factors (perhaps the 

dynamical interaction) relating to neglect of the anharmonic terms.

If this is the case, the reliability of SW theory is suspect even in 

the ordered state of 3d magnets.

In summary, there are three problems associated with linearized 

SW theory. First, the existence of BMs cannot be accounted for in a 

linear theory. Second, spin reduction may cause energy shifts asso

ciated with the kinematical interaction. Third, the dynamical inter

action between magnons may induce further shifts in energy. All of 

these difficulties are introduced because anharmonic terms are not
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included in the linearized SW Hamiltonian. Obviously, because of 

their common origin, these effects complement each other, and it is 

very difficult to tell which is dominant. Consequently, it is also 

very difficult to decide on a set of criteria for the validity of SW 

theory.

This thesis presents experimental confirmation of the existence 

of BMs in the S=l/2,ld,HF, and gives experimental evidence of their 

importance in determining the magnetic susceptibility of a quantum 

spin chain. Further, the relative importance of BMs and SWs in the 

S=l/2,ld,HF has been numerically studied by comparing the sizes of 

their magnetic susceptibilities and specific heats at various applied 

field strengths. In order to interpret the experimental results and 

perform the numerical studies, the Johnson and Bonner theory [12] for 

the thermodynamics of the S=l/2,ld,HIF was used. This theory is 

reviewed in Chapter Two. Chapter Three presents the results of the 

numerical studies. Chapter Four consists of two parts, a description 

of the experimental apparatus, and a discussion of the model 

8=1/2,Id,HIF compound used in the experiments. The data is presented 

and analyzed in Chapter Five. A conclusion, along with a discussion 

of possible extensions of this work, is given in Chapter Six.
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CHAPTER TWO

A REVIEW OF THE JOHNSON AND BONNER THEORY

The last chapter introduced the basic concepts of bound magnons 

and spin waves. These simple calculations, however, do not provide a 

complete description of the spin system. Only the ground, one magnon 

and two magnon states were discussed. In order to understand the 

excitation spectrum, and the relative importance of spin waves and 

bound magnons in determining the behavior of the system, the higher 

energy multi-magnon states must be considered. Unfortunately, the 

mathematical complexity involved in calculating the energies of these 

states makes such an approach impractical. Solutions are available in 

some cases [33,34], but are mathematically complex and difficult to 

interpret, and/or are incomplete in some respect.

In addition to these difficulties, knowledge of the m-magnon 

energy spectrum is not sufficient. It is the combined spectrum of all 

magnon excitations which determines the properties of the system.

Also, it is not enough simply to know the energy levels. As pointed 

out by Johnson and Bonner [12], it is not only the low lying energy 

levels of the excitation spectrum which are important to the charac

teristic behavior of a quantum spin system, but also the degeneracies 

of those levels. It is important to verify the existence of bound 

magnons, but it is perhaps more important to determine their impact on 

the behavior of the spin system. This requires a thorough study of
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thermodynamic properties as a function of temperature, magnetic field, 

and any other relevant parameters.

Since the thermodynamics depends only on the free energy of the 

system, much of the mathematical complexity of calculating magnon 

energy levels can be circumvented by directly substituting the tran

scendental equations for these energies into the free energy. This 

has been done by Gaudin [35]. The result is still complicated, but 

leads more directly to the thermodynamic functions. Johnson and 

Bonner have extended the formalism presented by Gaudin to develop a 

complete, analytic theory for the excitation spectrum and low tempera

ture thermodynamics of the spin one—half. Id, Ising-Heisenberg ferro— 

magnet (S=l/2,Id.HIF).

Johnson and Bonner Theory

The remainder of this chapter deals with the theory of the 

S=i/2,Id.HIF. A brief review of analytic results for this model is 

given by Johnson [11]. The Hamiltonian is given by

H = -2j J [s|s?+1 - d/4) + y(sfsf+1 + STsY h )] 
i

- SI-BhP 5 Sii

where the S's are 1/2 the respective Pauli matrices, Hp is the applied 

(physical) magnetic field, J is the exchange energy, and y is the 

anisotropy parameter. The allowed anisotropy range is (K y <1, with 

Y = I  corresponding to the Heisenberg model and y = 0 to the Ising

model.
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The low temperature excitation spectrum and thermodynamics of the 

S=l/2,ld,HIF model have been calculated by Johnson and Bonner (JB) 

[12]. Using Gaudin's free energy formalism [35], they derive the low 

temperature free energy, susceptibility and specific heat. The sus

ceptibility and specific heat are

-(A2-l)1/2y
0E4<»<

-(A2- D iz2/
/4 + )3Z2]-I

+ U n T 0) 1/2
-(A+Hq-DZT0

and.

CB = H0 - U V 11+ 1>/T°

-(A2 - 1)1Z2/T
+ (Az - D e ° K /2 + i =

-(A2 - D iz2ZTr

x [4T0{H2Z2 + T%e
-(A2 - D iz2ZT°)3Z2j

In these expressions the dimensionless field and temperature (Hq1Tq) 

are given in terms of the physical field and temperature (HplTp), the 

exchange energy J, and the anisotropy parameter A = IZy :

Bo = (gpBHp)Z(2yJ), Tq = (kTp)Z(2yJ). Although these forms are low 

temperature approximations (TQ<<1), the approximations are introduced 

only in the final step of the derivation. The analytical approach 

used by JB appears to be exact [12].

The free energy formalism is exact, but provides little physical 

insight into the fundamental excitations involved. A simplified.
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physical argument which gives the same results is possible [12]. The 

Tt=O elementary excitations for the 8=1/2,Id,HIF are given by

En (P) = nH0 + {[cosh(n$)-cos(P)]sinh$}/sinh(n$) ,

where A = 1/y = cosh$, n = 1,2,3,..., and 0 _< P _< 2 tt. The P's are 

uniformly distributed between 0 and 2ji and, for a given n, obey a 

Fermi-like exclusion principle. The n=l excitations and linear combi

nations of them are free magnons (spin waves). When the and their 

degeneracies are used to form a partition function, and the thermody

namic functions calculated, the results are (after appropriate low 

temperature approximations are made) just the second terms in % and 

Cg. The higher n excitations are bound magnons (bound states of spin 

waves). For large n the En become independent of P, and are just the 

energies of a Id Ising model with exchange constant J = sinM>. Accor

dingly, the thermodynamics of these excitations are just those of the 

Ising model, which, after making the low temperature approximations, 

give the first terms in % and Cg. The susceptibility, equation (I), 

and specific heat, equation (2), are thus the sum of two different 

types of thermodynamic behavior which result from two distinctly 

different types of excitations: the n=l spin wave (SW) excitations,

which lead to the second terms of equations (I) and (2); and, the 

high-n, Ising-Iike bound magnon (BM) excitations, which produce the 

first terms of equations (I) and (2).

Figures I, 2, and 3 show susceptibility vs. temperature. The

solid curves are for the JB model with J/k = 7OK, y = 0.99, and

= 2.15. The dashed curve is for a simple paramagnet with fieldg



29

dependence included. Figure I gives % vs. T in fields of 3, 6, and 

9T. The behavior of the JB susceptibility is distinctive, showing 

pronounced high temperature maxima. These maxima are not related to 

any ordering phenomena, but rather are due to the freezing out of 

dynamic modes (spin waves and bound magnons). Referring to Figure 2, 

which shows the T dependence of the total, SW, and BM susceptibilities 

at H = 4T, it is clear that the maxima are almost entirely due to the 

BM contribution to the susceptibility. Figure 3 shows % vs. H at the 

temperatures 4, 5, and 6K. Here the deviations from paramagnetic 

behavior are even more pronounced. The large values of zero field 

susceptibility, and the rapid decrease in % as T and H are increased 

are due to the behavior of the BM term.

Specific heat is shown in Figures 4, 5,. and 6. Solid lines are 

from the JB theory for J/k = 70K, y = 0,99, and g = 2.15. The dashed 

line is the field dependent Schottky specific heat of a paramagnet.

As with the susceptibility, the behavior of the Johnson and Bonner 

curves is distinctive, and can be attributed to the influence of bound 

magnons. Figure 4 shows Cg vs. T for 2, 6, and 10T, and Figure 5 

gives the total, BM, and SW specific heat vs. T at H = 8T. Clearly, 

the BM contribution determines the general shape and magnitude of Cg. 

Figure 6 shows Cg vs. H at T = 2, 4, 7K. Again, the large zero field 

values and the rapid decreases as field and temperature are increased

are due to the influence of BMs.
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Figure I. Susceptibility vs. temperature in fields of 3, 6, and 9T.
Solid lines are the Johnson and Bonner model for J/k = 70K,
y = 0.99, g = 2.15. Dashed curve is for a simple paramag-
net with field dependence included.
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H=4T
AiTOTALX

T(K)
Figure 2. Susceptibility vs. temperature for H = 4T. Solid lines

show the total, bound magnon (BM), and spin wave (SW)
susceptibilities of the Johnson and Bonner model for
J/k = 70K, Y = 0.99, g = 2.15. Dashed curve is for a sim
ple paramagnet with field dependence included.
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Figure 3. Susceptibility vs. field for temperatures 4, 5, and 6K.
Solid lines are the Johnson and Bonner model for J/k = 70K,
Y = 0.99, g = 2.15. Dashed curve is for a simple
paramagnet with field dependence included.
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Figure 4. Specific heat vs. temperature in fields of 2, 6, and 10T.
Solid lines are the Johnson and Bonner model for J/k = 70K,
Y = 0.99, g = 2.15. Dashed curve is for a simple paramag-
net with field dependence included.
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A;TOTAL C

T(K)
Figure 5. Specific heat vs. temperature for H = 8T. Solid lines show

the total, bound magnon (BM), and spin wave (SW) specific
heats of the Johnson and Bonner model for J/k = 70K,
y = 0.99, g = 2.15. Dashed curve is for a simple paramag-
net with field dependence included.
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C:4K

Figure 6. Specific heat vs. field for temperatures 2, 4, and 7K.
Solid lines are the Johnson and Bonner model for J/k = 70K,
Y = 0.99, g = 2.15. Dashed curve is for a simple paramag-
net with field dependence included.
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To summarize, the interesting effects predicted by the Johnson 

and Bonner theory are primarily due to bound magnons. Indeed, it 

appears that spin wave theory cannot provide an adequate description 

of the S=l/2,ld,HIF. Close examination of Figures 2 and 5 reveals 

that the spin wave contribution is significant only for T<8K. Below 

this temperature a crossover from bound magnon domination to spin wave 

domination of the thermodynamics occurs. The fields and temperatures 

at which these crossovers occur depends strongly on the anisotropy. 

Careful study of the crossovers leads to a complex diagram of regions 

of bound magnon and spin wave domination in field—temperature- 

anisotropy space, and gives further insight into the role of spin 

waves and bound magnons in determining the behavior of the

S=l/2,ld,HIF.
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CHAPTER THREE

CROSSOVERS BETWEEN BOUND MAGNONS AND SPIN WAVES

As seen in the last chapter JB theory [12] provides a basis for 

comparison of SW and BM effects in the S=l/2,ld,HIF. SW theory should 

be valid as long as the ferromagnetic ground state is not substan

tially altered by excitation of too many SWs, and as long as the 

energy required to reverse a spin is not too large. If the tempera

ture is too high, so that too many SWs are produced, the magnon 

interaction energy will become large, and formation of a magnon bound 

state will become energetically favorable. Also, if the field or 

anisotropy is too large, so that reversal of non-adjacent spins 

requires too much energy, the result will be one or more bound states 

in which only adjacent spins are reversed. So, it seems that BMs 

should prevail at high temperatures and fields, or when the anisotropy 

is large. However, since high fields and large anisotropies increase 

the energy required to reverse a spin, they also tend to preserve the 

ferromagnetic ground state, thereby making SW theory applicable at 

higher temperatures. These competing mechanisms give rise to a com

plex set of crossovers between BM and SW dominance of the thermody

namics. This chapter examines these crossover effects in detail, and 

presents new numerical results for the temperature, field, and ani

sotropy dependence of the crossovers. We begin with the simplest 

case, zero temperature and zero field.
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Zero Temperature, Zero Field

This analysis will provide the effective energy gaps for BM and 

SW excitations as a function of anisotropy. The Tb=O elementary exci

tations for the S=l/2,ld,HIF were given in Chapter Two. For zero 

field the energy spectrum is given by

En (P) = {[cosh(n$) - cos(P)] sinh$}/sinh(n$) , (I)

where the energy is given in units of 2yJ, A = 1/y = cosM>, 

n = 1,2,3,..., and 0 P 2n. The P's are uniformly distributed 

between 0 and 2jt and, for a given n, obey a Fermi-like exclusion 

principle. The n=l levels and linear combinations of them are spin 

waves. The higher-n excitations are bound magnons.

The lowest spin wave level is E^(P) = cosh$ - cos(P). Since the 

bottom of the gap is at P=0, the SW gap, relative to the zero energy 

ground state, is

(AE)sw = 2J(1 - y) . (2)

For zero anisotropy (y=l), the Heisenberg case, the k=0 result found 

in Chapter One is recovered.

The BM excitations are just the high-n states of equation (I), 

for which En ~ sinh$, independent of P. This is the same as the 

solution for the Ising model with periodic boundary conditions. For 

the Ising chain it is found that an energy level with degeneracy O(N) 

exists at one-half of the ring energy level (see JB [12], sec. III.A). 

Thus, the BM gap is given by (l/2)En,



39

(AE)bm = (1/2) (ZyDsinh® = J(1 - r2)1/2 , . (3)

Comparison of (AE)bffl and (AE)gw reveals that

(AE)s w I(AE)bm for 0< Y <3/5 ,

(AE)bm < (AE)sw for 3/5< Y <1 .

Apparently, the thermodynamics is dominated by BMs for y <3/5 and SWs 

for Y > 3/5. Careful comparison of the BM and SW terms of the suscep

tibility and specific heat at T=O shows that while this is indeed the 

case for the specific heat, the susceptibility is dominated by BMs 

throughout the whole range of anisotropy. This indicates that the 

free energy of the BMs decreases more rapidly with field than the SW 

free energy. More information about BM-SW crossovers can be obtained 

by evaluating the JB susceptibility and specific heat directly, as a 

function of field and temperature.

Finite Temperature, Finite Field

This, the most general case, is too difficult for analytical 

analysis. JB [12] define the parameters a = T0InH0 for the suscepti

bility and p = T0InH0 for the specific heat, and derive approximate 

values of a and P for the BM-SW crossovers. Unfortunately, the resul-
•V t

ting estimates are very inaccurate. Graphical comparison of the BM 

terms and SW terms shows that the actual crossover values are much 

different than those predicted by JB.

In general, it is not possible to describe the crossovers in 

terms of a single parameter. The BM and SW terms of the
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susceptibility and specific heat must be compared numerically for each 

field, temperature, and anisotropy. Introduction of a and p simply 

merges the field and anisotropy dependence into a single parameter.

The resulting crossover values are still temperature dependent.

Haines and Drumheller [36] have performed a numerical analysis of the 

BM-SW crossovers in the nearly Heisenberg case, and found that not 

only are the JB estimates of the crossover parameters inaccurate, but 

also that the general behavior of the crossovers as a function of 

field is quite different than that predicted by JB. This presentation 

is based on the results of that work.

Numerical comparisons of the BM and SW terms of % and Cg are 

shown in Figures 7 and 8. In these graphs a = T0InH0 < 0 and 

p = TglnH0 < 0 are plotted Vertically and -A = -Ify is plotted hori

zontally. The curves were calculated for T = 3.2K, J/k = 70K, 

g = 2.15, 0.93 <_ Yl I. Note that, despite parameterization in terms 

of a and p, the temperature dependence has not been normalized out of 

X and Cg, so the shapes of these curves are temperature dependent.

From Figure 7 the susceptibility is seen to be dominated by BMs 

for high field, near a=0, and for low field, a<<0, with a region in 

which SWs dominate at intermediate field. The low field crossover 

tends towards smaller fields as the anisotropy is increased. BMs 

dominate for all fields when y > 0.998. The BM-SW crossovers for 

specific heat are shown in Figure 8. It is immediately clear that for 

some fields BMs dominate even when y > 3/5.. The crossovers for spe

cific heat are qualitatively the same as those for the susceptibility 

when A < 1.07. For y > 0.935 there is only one crossover, and SWs are
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Figure 7. Regions of bound magnon (BM) and spin wave (SW) domination 
of the susceptibility in field-temperature-anisotropy 
space, numerically calculated for T = 3.2K, J/k — 70K, 
g = 2.15, 0.93 < Y < I. - A =  -1/y - a =  T0InH0.
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Figure 8. Regions of bound magnon (BM) and spin wave (SW) domination 
of the specific heat in field-temperature-anisotropy space, 
numerically calculated for T = 3.2K, J/k = 70K, g = 2.15, 
0.93 < Y < I. -A = -1/y . p = T0InH0-
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dominate at all but the highest fields. Also, near A = 1.07 there is 

a region in which three crossovers occur. As with the susceptibility, 

BMs dominate near the Heisenberg limit, for y > 0.989.

The central fact apparent from this analysis is that BMs dominate 

the thermodynamic behavior of the S=l/2,ld,HIF over a broad range of 

temperature and field. In these regions SW theory is not applicable. 

Further, the fields, temperatures, and anisotropies at which cross

overs between SW and BM dominance occur form complex shapes in field- 

temperature-anisotropy space.
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CHAPTER FOUR

EXPERIMENTAL PROCEDURES AND CONSIDERATIONS

In order to test the JB theory, and to study the thermodynamics 

of BMs, it was necessary to perform experiments on a S=l/2,ld,HIF 

model compound. The experiments consisted of differential magnetic 

susceptibility measurements done at low temperatures and high fields. 

This study required construction of a new experimental apparatus which 

is described in the first section of this chapter. Cyclohexylammonium 

trichlorocuprate(II) (CHAC) was chosen as a model S=l/2,ld,HIF com

pound. Considerations leading to the selection of CHAC and its proper

ties are outlined in the second section.

Experimental Apparatus

Experiments were performed by placing the sample in a constant 

applied magnetic field, at contant temperature, and measuring the 

differential magnetic volume susceptibility. Besides measuring sus

ceptibility it was also necessary to measure and control the tempera

ture and applied magnetic field. The methods used to measure each of 

these quantities is described in the following subsections. Details 

of the theory of susceptibility measurement can be found in the Appen

dix.
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Susceptibility Measurement

The SHE model RLM measurement system [37] was used for these 

experiments. This electronics package consists of the following com

ponents: model MFP multifunction SQUID probe, model 330X SQUID con

trol, model RBU low level ac impedance bridge, and a two phase lockin 

amplifier (SHE model BPD biphase detector, replaced by Princeton 

Applied Research model 5204 lockin analyzer [38]). Detailed specifi

cations and instructions for using each of these instruments is given 

in manufacturers' manuals. The remainder of this section will empha

size general principles of operation and design details specific to 

this instrument. Similar instruments have been described elsewhere 

[39,41].

The measurement system is shown in Figure 9. Briefly, its opera

tion is as follows: Changes in the sample (S) magnetization change

the flux through the flux transformer (FT), which consists of a closed 

loop of superconducting wire, and has the sample coil (inductance Lg) 

and two compensation coils (each of inductance Lc,) wound in as part of 

the loop. These flux changes are detected by the SQUID sensor. The 

SQUID and the 330X controller act together as a flux to voltage 

converter/amplifier, and produce a voltage Vg^ which is directly 

proportional to the flux change sensed by the SQUID. This voltage is 

measured by the lockin amplifier. Current Igx for the ac excitation 

field, generated by solenoid L^, is provided by the RBU bridge oscil

lator. The oscillator voltage also provides a reference signal Vref

for the lockin.
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Figure 9. Susceptibility measurement system.
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If a null measurement of mutual inductance is being made, a 

balancing flux is coupled into the flux transformer through the mutual 

inductance m, and bridge settings a, P are adjusted until the lockin 

reads zero voltage.

The design of the flux transformer and the operation of the SQUID 

sensor are of primary importance to the function of the apparatus.

The means of excitation and the processing of the signal generated by 

the SQUID determine the mode of measurement. These three aspects of 

the instrument are discussed below.

Flux transformer

The flux transformer FT couples flux changes which occur in the 

inductor Lg surrounding the sample into the SQUID sensor. Because the 

transformer is a closed loop of superconducting wire, the flux linking 

it is constant. If an external flux.impinges on the loop, supercur

rents are set up to cancel the applied flux. These induced supercur— 

rents, which are generated by both the sample and external noise, link 

flux into the SQUID sensor through the SQUID's mutual inductance m sq. 

For optimum performance the FT should be designed so that the flux 

coupled into the SQUID is maximized, but so that the intrinsic device 

noise of the SQUID is minimized. Also, if a null measurement is being 

performed, the balance sensitivity should be optimized. Design of 

flux transformers is discussed in references [39-40] and [42-43].

If the flux change through Lg is #, the induced supercurrent is

I = ®/[(Ls+2Lc) + I m + £ sq)] ,



48

where Zffl and £g^ are the inductances of the secondary of the balancing 

mutual m and the inductance of the SQUID input coil, respectively (see 

Figure 9). The resulting flux energy Eg^ in the SQUID coil £g^ is

V  = (1/2)£S1®2 / [ a s+2V  + •

For a given flux determined by the sample magnetic moment and by Lg, 

ESq is maximized when Z gq = (Lg+2LC) + £m . However, proper operation 

of the SQUID requires a small value for £g ,̂ so it is customary to 

choose the other inductances in the flux transformer so that their 

total inductance equals £gq. This does not actually optimize Eg .̂ In 

order to find the value of Lg which maximizes Eg^ it is necessary to 

express $ in terms of Lg before calculating the optimum Lg. While it 

is possible, at least in principle, to do this, in actual practice the 

value of Lg seems to make little difference in the performance of the 

apparatus. Typically £g^ ~ 2[iH and £m ~ 0.1 pH, so Lg+2LC ~ 2 pH, 

although sufficient sensitivity is still available even for values 

much larger than this.

The value of (Lg+2LC) + £m also affects the signal to noise ratio 

of the device. Normal currents flowing in the SQUID are subject to 

thermal fluctuations which give rise to flux noise. The signal to 

noise ratio for this noise is maximized for (Lg+2LC) + £m = (5/3)£g<1 

[42]. During an experiment, there are other noise sources, primarily 

rf noise and microphonia noise, which are far larger than this thermal 

noise, so signal to noise ratio is of little practical importance in 

design of the flux transformer.
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Finally, if the instrument is being used to make null measure

ments in which the induced supercurrent is zero at balance, it is 

important to couple as much flux from the sample into the flux trans

former as is practically possible. This can be done by making Ls . 

large. However, if L5 is made too large is not maximized. So, 

choice of Lg is a compromise between flux sensitivity and balance 

sensitivity. Since balance sensitivity can be increased by increasing 

the excitation field (by increasing L^), it is usually better to keep 

Lg near its optimum flux transfer value.

For this experiment the three pickup inductors Lg, Lc, Lq were 

wound directly on the outer wall of the cryostat (see section on 

cryogenic system). The diameter was 12 mm. Lg consisted of.eight 

turns and was 2.5 mm long. The compensation coils, wound in the 

opposite direction, were four turns each and both 1.25 mm long. Com

pensation coils were located 50 mm from the center of the sample coil. 

Superconducting wire was obtained from Supercon, Inc. [44], and had a 

0.003 in superconducting NbTi core surrounded by a copper cladding to 

give a total diameter of 0.004 in, excluding insualtion. The excita

tion coil Lp was wound with the same wire. Its inner diameter was 

15 mm, its length 10.3 cm, and it consisted of approximately 12,400 

turns in 14 layers.

Although this coil system performed adequately for these experi

ments, it has some design flaws. First of all it is wound directly 

onto the cryostat, which is not supported rigidly. Consequently, when 

the dewar vibrates (because of external vibration or acoustic noise), 

the coils vibrate in the field of the superconducting magnet, causing
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spurious flux changes which are detected as noise in the signal. This 

problem makes it impossible to perform experiments in fields larger 

than 3T.

Other problems relate to the construction of the coils them

selves. Despite painstaking efforts, the coils are far from astatic. 

With no sample their mutual inductance is ~2nH. This value increases 

by only about 0.2|iH when a sample is inserted. Also, the quadrature 

signal from the coils is quite large. This prevents full use of the 

available excitation current because the bridge cannot provide enough 

quadrature voltage to allow balancing. The origin of this problem is 

not fully understood. It may be that because of the copper cladding 

on the wire a small resistance is introduced into the flux transformer 

at the terminal connections to the SQUID signal coil. DC measurements 

and swept field ac measurements show peculiar effects which may be due 

to flux leakages from the flux transformer. Another possibility is 

that the ac field induces eddy currents in the copper cladding, giving 

the coil impedance a resistive component. ' The coils are currently 

being redesigned in an attempt to solve these difficulties.

SQUID detection

The operation of rf biased SQUIDs has been described by several 

authors [39,42,45-47]. Since the SQUID"s response is linear only over 

a very small range of applied flux, it is operated in a flux locked 

mode so that the net flux detected by the SQUID is kept within this 

narrow range. Briefly, the SQUID, the inductance £rf, and the capaci

tance cr£ form an LC circuit which is tuned to resonate at 19 MHz.
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The 19 MHz rf signal is weakly modulated at 50 kHz. The voltage 

across the LC circuit is demodulated and measured by a phase sensitive 

detector (PSD) referenced to the modulation frequency. A change in 

the external flux applied to the SQUID causes a change in the modu

lated voltage across the tuned circuit. This change is detected by 

the PSD, whose output is integrated and amplified by an integrating 

amplifier. The amplifier output is then fed back into the resonate 

circuit to null the externally applied flux. Thus, the feedback 

voltage supplied by the amplifier provides a direct measure of the 

applied flux. This voltage is further amplified by the model 330X 

controller and finally measured as VgQ by the lockin.

The SQUID and its associated electronics essentially serve as a 

very sensitive flux to voltage converter and amplifier. The main 

advantage of SQUID detection over more conventional inductance meas

urement techniques is greater sensitivity. This is particularly 

important when low excitation frequencies are being used. Also, the 

small number of turns in the secondary of the mutual inductor used to 

sense changes in the sample moment minimizes capacitance effects which 

cause nonlinearities in the output signals. There is no need for a 

grounded coil foil shield separating primary and secondary coils, a 

necessity in conventional Faraday detection systems.

Although a detailed understanding of the SQUID's operation is not 

required to successfully operate the instrument, certain basic aspects 

of its design affect the design and use of ancillary equipment. In 

particular, the characteristics of the SQUID feedback system determine 

the types and levels of external noise which can be tolerated.
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Because the SQUID is part of a tuned rf circuit, its operation is 

very sensitive to external rf signals. This includes the usual rf 

modulation of lower frequency noise, such as line frequency noise.

The operation of the SQUID can be monitored by observing the (ampli

fied) voltage across the LC circuit versus the modulation voltage on 

an oscilloscope. The trace is a triangle pattern. The horizontal 

voltage is due to flux coupled into the SQUID, and the vertical vol

tage is due to the rf signal. External rf noise coupled into the 

SQUID causes the amplitude of the triangle pattern to be depressed 

from its normal value; in extreme cases the pattern totally collapses 

and the SQUID becomes inoperable. Although it is still possible to 

operate the system with quite small triangle amplitudes, there is a 

loss of sensitivity, linearity, and rejection of other types of noise. 

In order to minimize these effects it is necessary to shield the 

cryostat from rf signals. Also, all of the input circuits into the 

cryostat, such as leads to the temperature sensor, must be filtered. 

Ground loops, since they can broadcast rf, should be eliminated.

Besides rf, the SQUID system is also susceptible to other types 

of noise. Lower frequency electrical noise and magnetic noise can 

also make operation of the SQUID impossible. Although they do not 

interfere with the tuned circuitry, if they have large enough ampli

tude and high enough frequency, the feedback circuitry will not be 

able to track them and the SQUID will lose its flux lock. For 

instance, due to magnetic noise caused by microphonic vibrations it is 

usually necessary to select a higher slew rate on the 330X control 

unit when a large magnetic field is applied to the sample. Higher
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slew rates enable better peformance in situations where magnetic noise 

is a problem, but decrease rejection of electrical noise.

Measurement modes

There are three modes in which the measurement system can be 

operated.

D.C. measurement

If the ac excitation is turned off changes in the sample's mag

netic moment can be measured directly. The instrument has only been 

operated in this mode on two occasions, and the results were ambig

uous. Because of the resistive terminal connections in the flux 

transformer it was not quite clear what was being measured. This 

method should, however, provide a measurement of the static magnetiza

tion if this difficulty is eliminated. The other major difficulty is 

noise; since the measurement is dc, the whole frequency range of the 

noise spectrum is detected.

Null measurement of mutual inductance

This was the method used for these experiments. In this mode the 

KBU bridge is used. The transformer T^ serves as a voltage divider to 

adjust the excitation current Iex to the primary coil of the mutual 

inductor. The other two transformers Tq and Tp control the in-phase 

and quadrature currents to the balancing mutual inductor m. Null 

measurements made in this fashion are very accurate and sensitive, but 

require a great deal of time to perform.
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Off-balance measurements

In this method the temperature is slowly varied and the off- 

balance signal from the lockin meters measured on the y-axis of an x-y 

recorder. The output from a temperature or field measurement is 

recorded on the x—axis. While this method has its drawbacks [41], for 

most cases it is adequate, and data can be taken relatively quickly. 

For measurements of this type the bridge is used only as an oscillator 

to drive the excitation coil and as a flux offset source (through the 

balancing mutual inductance) so.that the total flux change during a 

temperature or field scan does not exceed the full scale voltage of 

the lockin.

Temperature Measurement and Control

The temperature measurement and control system is shown in Figure 

10. The sample S is mounted at the end of a 5 mm diameter sapphire 

rod (SR). This rod is mounted in a screw made of phosphor bronze.

The attachment is accomplished using nonsuperconducting Bi-Cd solder, 

by a method analogous to that described in [48]. The top of the screw 

is drilled and tapped with left hand threads. This allows easy inser

tion and removal of the sample and sample rod: When the screw seats

in the temperature sensing block B the left hand threads attaching the 

sample rod to the sample mounting rod (not shown) break, leaving the 

sample rod in the sample space, but allowing the mounting rod to be 

removed from the cryostat. The temperature sensor (CGR), a calibrated 

carbon glass resistor [49], is mounted in the phosphor bronze
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temperature sensor block. A heater made of 6 ft of number 41 nonmag

netic Nichrome wire was wound around the outside of the temperature 

sensor block; the wire was doubled and tightly twisted to prevent 

introduction of stray magnetic fields. Leads to the heater and sensor 

were filtered for rf noise using feedthru capacitors F at the top of 

the cryostat.

In order to maintain the sample at constant temperature, the heat 

flow from the sample into the Helium bath had to be balanced by the . 

heat from the heater and the heat flowing down the sample support 

structure and sensor leads. This balance was partly maintained by the 

temperature controller, but it was also necessary to adjust the pres

sure of Helium gas within the sample space. This was done by leaking 

small amounts.of gas from the boil off of the Helium bath into the 

sample space through a precision leak valve at the top of the cryo

stat. This valve and the rest of the Helium backfill system are shown 

in Figure 11. Unfortunately, heat conduction from the sample rod to 

the Helium bath caused a significant temperature gradient between the 

sensor and the sample. This error was reduced at high temperatures by 

operating under vacuum. At low temperatures it was necessary to 

backfill to a higher Helium pressure, and data had to be corrected to 

eliminate the gradient. Conductance across the sensor was measured 

and controlled using an SHE model 1000 conductance bridge/controller.
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Figure 10. Temperature measurement and control system, showing sample 
(S)1 sapphire sample rod (SR), sample rod mounting screw 
(SC), temperature sensor block (B), temperature sensor 
(CGR), and heater (H). All electrical leads pass through 
feedthru capacitors (F) which are mounted in a wall of the 
micrometer drive (MD).
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Figure 11. Helium backfill system and upper portion of sample support 
system.



Superconducting Magnet System

The superconducting magnet system was manufactured by Cryogenic 

Consultants, Ltd. [50], and is shown in Figure 12. The magnet is 

capable of generating static fields of 8T at 4.2K and IOT at 2.2K.

The field is homogeneous to 0.012% over a region I cm in diameter and 

6 cm long. In persistent mode the field decay rate is less than 

0.2 ppm/hr. At the upper end of the magnet the inner diameter of the 

magnet increases from 51 mm to 100 mm in order to accommodate the 

SQUID probe. To insure the SQUID's proper operation, the field at the 

SQUID probe is less than 450 Oe at 8T. The magnet has a fixed 

field/current ratio, and currents are digitally displayed to 0.1 A on 

the power supply, or may be measured with increased resolution as an 

equivalent voltage across a precision shunt in the power supply.

Field resolution is about 50 Oe using the digital meter, or about 3 Oe 

using the shunt voltage.
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Sample Support System

The sample support system is shown in Figures 11 and 12. The 

phosphor bronze block B which holds the. sample rod is itself supported 

by three 1/32 in diameter x 0.012 in wall thickness stainless steel 

tubes. These tubes extend upwards, with only one connection, which 

serves as a centering ring, to the top of the cryostat where they 

terminate at the slider of the micrometer drive. The micrometer drive 

allows the sample to be centered in the coils for maximum signal.
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Figure 12. Superconducting magnet and lower portion of sample support 
system. Stainless steel (SS) and pyrex tubes isolate the 
sample space from the liquid He bath. Mutual inductance 
coils are mounted on the last five inches of the glass 
tube, which are made of quartz.



60

Cryogenic System

The sample and its support system are isolated from the Helium 

bath by a vacuum tight tube. The lower 19 in of the tube, shown in 

Figure 12, are glass. The last 4.5 in, on which the coils are wound, 

are 12 mm dia. fused quartz; the upper portion is pyrex. At the upper 

end of the pyrex there is a glass to stainless steel seal connecting 

the pyrex to a KF flange. The glass portion of the cryostat was 

custom built by Larson Electronic Glass [51]. The glass side of the 

KF flange connects to a matching flange with an Indium O-ring seal.

The remainder of the cryostat tube is 3/4 in dia. x 0.010 in wall 

stainless steel tubing, and connects to the bottom of the micrometer 

drive with an 0-ring flange.

The entire system is housed in a 50 liter liquid Helium dewar 

manufactured by Cryogenic Consultants, Ltd. [50].

Selection of a Model 8=1/2,Id,HIF Compound

As mentioned in the Introduction, a number of quasi-ld compounds 

have been synthesized. Only a few of these, however, are in the 

S=l/2,ld,HIF class. Even though these compounds are very nearly one

dimensional, none of them is ideal. Besides not being perfectly Id, 

they all possess anisotropies which are not accounted for in the JB 

theory, but which may affect experimental results. It is necessary to 

carefully evaluate the suitability of each compound individually^

Of particular concern is the relative magnitude of the intra- and 

inter-chain exchange. Goncharuk [52] has done theoretical
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calculations which indicate that even a weak interchain exchange can 

cause a substantial upwards shift in the bound state momentum exis

tence threshold, perhaps making BMs unobservable. However, consid

ering the experimental evidence for the existence of BMs [15—18], and 

the good agreement between the experimental and theoretical energy 

levels, the validity of Goncharuk's conclusion must be questioned. In 

any case, the effect of interchain interactions is not clearly under

stood and must be studied more carefully.

The effects of small intrachain XY anisotropies has never been 

studied for the HIF model, but at least within a mean field framework 

they should be similar to those of interchain exchange. Likewise, the 

effects of impurities and defects on bound magnon energy levels is 

unknown. But, since only short range correlations are present in 

quasi-ld materials above their transition temperature, it may be 

qualitatively argued that they should be small. Also, there is sub

stantial evidence [53] that impurities mitigate interchain correla

tions.

Besides evaluating these factors the suitability of a compound 

must be evaluated with consideration of the conditions under which the 

experiments will be performed. In order to observe the effects pre

dicted by the JB theory, experiments must be performed outside the 

field and temperature region where long range ordering effects begin 

to manifest themselves; i.e., experiments must be performed in the 

paramagnetic region of the phase diagram of the material under study. 

Also, since most of the interesting features of the thermodynamics 

occur at low temperatures, it is not enough to just make measurements
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at temperatures far above the critical temperature. Instead, experi

ments must be done at low temperatures and fields far greater than the 

critical field. Because susceptibility decreases rapidly as magnetic 

field is increased, the compound chosen must have an acceptably large 

susceptibility.

With these considerations, cyclohexylammonium trichlorocu- 

prate(II), (CgH^NHg)CuClg (abbreviated CHAC) was chosen as a model 

S=l/2,ld,HIF compound for experimental study. Experimental investiga

tions of the phase diagram of CHAC have established it as one of the 

best S=l/2, quasi-ld, HIFs currently available [20,21].

The crystallographic structure of CHAC has been determined in 

detail [20], and is shown in Figures 13 and 14. It consists of linear 

chains of bibridged CuClg ions extending parallel to the c-axis.

These chains, which are about 8.5 A apart, are hydrogen bonded 

together by the NHg moieties of the cyclohexylammonium (CA) ions to 

form sheets in the b-c plane. Adjacent sheets are separated by two 

layers of CA ions and lie nearly 10 A apart.

General features of CHACs magnetic behavior have been thoroughly 

studied and analyzed [20,21]. Its ordered state spin structure is 

shown in Figure 15. The interchain exchange between copper ions has 

been estimated as J/k = 70K from susceptibility measurements [20] and 

J/k = 45K from heat capacity experiments [21]. Exchange between 

chains within sheets in the b-c plane is ferromagnetic,

ZpJp/k ~ 0.15K. Exchange between chains in different sheets is anti

ferromagnetic, A p / k ---0.014K. The g tensor has orthorhombic

symmetry, with ga = 2.090, gg = 2.234, and gc = 2.122, indicating
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Figure 13. Perspective view of chains of magnetic copper ions in
CHAC. Solid circles are copper, open circles chlorine, 
and half solid circles NHg groups. Cyclohexyl rings are 
shown as hexagons.

Figure 14. View of CHAC structure in the b-c plane, showing bonding 
between chains. The apical chlorine Cl(I) of each CuClg 
group hydrogen bonds (dashed lines) to three NHg groups. 
Cyclohexyl rings are not shown.
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nearly axial symmetry with = g„ > gx . Anisotropy (l%-2%) in the 

intrachain exchange tends to align the spins parallel to the b (easy) 

axis. This anisotropy (JflZJ ~ 0.015) is much larger than the inter

chain exchange (JjZJ ~ IO-3 - IO-4). There is also a small antisym

metric intrachain interaction (DZJ ~ 0.15) which tilts the spins (by 

~4° in the ordered state) out of the a—b plane. Magnetization and 

susceptibility measurements along the a—axis show development of a 

spontaneous moment below Tfi, revealing that the spins are canted 

approximately 17° out of the b-c plane. The steep rise in suscepti

bility associated with development of this moment does not appear 

until the temperature falls below ~4K. Above 4K the a-axis suscepti

bility is essentially equal to the c (hard) axis susceptibility.

Despite the fact that the major interaction is ferromagnetic, the 

character of the bulk ordering below the critical temperature (Tc) is 

determined by the small antiferromagnetic exchange between planes, and 

the ordered state is antiferromagnetic. If the temperature is held 

below Tfl and a progressively larger field is applied along the b-axis, 

a first order transition from the antiferromagnetic state to the 

paramagnetic state occurs. Thus, the phase diagram, shown in Figure 

16, is metamagnetic with Tc = 2.18K, and an upper critical field 

Hc = 96 Ge. Because of demagnetizing effects a mixed antiferro- 

magneticZparamagnetic region exists for fields up to about 400 Ge 

(depending on sample geometry).
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Figure 15. Spin structure of CHAC. Diagram on left shows a single
chain with ferromagnetic exchange J/k = 70K between copper 
ions, and spins canted ~4° from b-axis. Diagram on right 
shows three chains, viewed from the a-b plane. Exchange 
within sheets (along b-axis) is ferromagnetic with 
J/k = 0.15K. Exchange between sheets (along a-axis) is 
antiferromagnetic with J/k = -0.01K. Spins are canted 17° 
out of the b-c plane.

Figure 16. Magnetic phase diagram of CHAC along the b (easy) axis.
The antiferromagnetic region (AF) is separated from the 
paramagnetic region (P) by a first order transition at 
H = 96 Ge. Due to nonuniform demagnetization, the tran
sition does not occur uniformly throughout the crystal, so 
there is a region (M) where AF and P phases are mixed.



66

Hoogerbeets [18] has used ESR to measure the first seven BM 

energy levels in CHAC. His data were taken at various frequencies 

between 9.6 GHz and 75 GHz, and at temperatures from 1.2K to 10K. In 

addition to the normal ferromagnetic resonances, between five and 

seven satellite lines were observed, depending upon the frequency. No 

satellite lines were observed at 9.6 GHz, but the lines were present 

in all of the higher frequency spectra, and their existence was inde

pendent of sample shape and orientation. The satellite lines became 

visible at about 3K, but were broad and not well resolved. As the 

temperature was lowered, the lines became sharper, but their intensity 

rapidly decreased below 2K, and they had disappeared completely at 

1.2K. Hoogerbeets interprets the satellite lines in terms of transi

tions between magnon bound states. The field separations of the 

satellite resonances were fit to the S=l/2 ferromagnetic xyz model, 

and to the 8=1/2,Id,HIF model. Energies were obtained for the xyz 

model by assuming a linear field dependence for the energy levels.

Both models fit the data well, but fits to the xyz model were slightly 

better than fits to the HIF model, presumably because the anisotropy 

in CHAC has a small transverse component as well as a uniaxial compon

ent. The error introduced by assuming a linear field dependence for 

the energies of the xyz model is unknown, and may also account for the 

slightly better fit.

From the above considerations, it seems that CHAC is a good 

candidate for an experimental study of the JB theory: It is a very 

■good quasi—Id ferromagnet, has uniaxial anisotropy, and possesses a 

phase diagram which has a relatively low critical field and
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temperature. Further, the existence of BMs in CHAC has been experi

mentally confirmed in ESR measurements, and analysis of this data 

indicates the 8=1/2,Id,HIF model provides a good approximation of the

energy levels.
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CHAPTER FIVE 

DATA ANALYSIS

The sample used in these experiments consisted of 70.Omg of CHAC 

powder in a frozen mineral oil matrix. Differential susceptibility 

versus temperature for 4.2K < T < 4OK was measured in magnetic fields 

of I, 2, and 3T. Diamagnetism and temperature independent paramagne

tism in CHAC [20] are more than two orders of magnitude smaller than 

the total susceptibility in this temperature range, and nearly cancel 

each other, so corrections for these effects were unnecessary. Meas

ured susceptibilities were small, and the calibration sample and the 

CHAC sample were of approximately the same dimensions, so no correc

tions for demagnetizing effects were required. The data are plotted 

as x vs. T in Figures 17-20 with data points shown as solid circles. 

Relative errors in these measurements are less than or equal to the 

circle radius. Drawn curves are from theoretical expressions for sus

ceptibility.

Fits.of the JB susceptibility to the data are shown as solid 

lines in Figures 17-20. Fitting parameter values for these curves are 

J/k = 78K, Y = 0.973, g = 2.15, and the same values are used for all 

fields. From the fits shown in the figures, it is apparent that JB 

theory semi-quantitatively matches the data. As discussed below, dis

crepancies can be attributed to averaging of anisotropic suscep

tibilities in the powder.
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H  = O T

_______I_______I_______I_______I_______ I_______I_____ I
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T ( K )

Figure 17. Differential magnetic susceptibility of CHAC powder in
zero field. Data are indicated by closed circles, theo
retical fits by lines. Solid line is the Johnson and 
Bonner susceptibility for J/k = 78K, y = 0.973, g = 2.15. 
Dashed line is Baker's susceptibility for J/k = 55K, 
g = 2.15.
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Figure 18. Differential magnetic susceptibility of CHAC powder for
H = IT. Data are indicated by closed circles, theoretical 
fits by lines. Solid line is the Johnson and Bonner 
total susceptibility for J/k = 78K, y = 0.973, g = 2.15. 
Dashed lines are the bound magnon (BM) and spin wave (SW) 
susceptibilities for the same parameters as the total 
susceptibility.
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H  = 2 T

O  8 16 14 3 2
T(K)

Figure 19. Differential magnetic susceptibility of CHAC powder for
H = 2T. Data are indicated by closed circles, theoretical 
fits by lines. Solid line is the Johnson and Bonner 
total susceptibility for J/k = 78K, y = 0.973, g = 2.15. 
Dashed lines are the bound magnon (BM) and spin wave (SW) 
susceptibilities for the same parameters as the total 
susceptibility.
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H = 3 T

Figure 20. Differential magnetic susceptibility of CHAC powder for
H = 3T. Data are indicated by closed circles, theoretical 
fits by lines. Solid line is the Johnson and Bonner 
total susceptibility for J/k = 78K, y = 0.973, g = 2.15. 
Dashed lines are the bound magnon (BM) and spin wave (SW) 
susceptibilities for the same parameters as the total 
susceptibility.
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Plots of the SW and BM susceptibilities for the same parameters 

are shown as dashed lines in Figures 18-20. In zero field the SW 

susceptibility is very small, and the curve cannot be distinguished 

from the T axis. At higher fields the SW term is still quite small, 

and shows only a broad, weak maximum. Clearly, the SW curves are 

qualitatively different from the data. However, the BM term and the 

data are comparable in magnitude, and each of the BM curves displays a 

strong maximum which is at nearly the same temperature as the maximum 

in the corresponding data set.

The JB exchange and anisotropy (J/k = 78K, 2.7%) are larger than 

values reported in other studies [20,21] of CHAC (J/k = 45K - 70K, 1%- 

2%). Previous estimates of anisotropy were made using mean field or 

numerical methods. These estimates, however, did not include effects 

due to the spin canting and small intrachain antisymmetric exchange 

found in CHAC, and they may account for the larger JB anisotropy. The 

exchange constants found in earlier studies were obtained using 

approximate results for the zero field S=l/2,ld,HF (pure Heisenberg) 

model. In the previous susceptibility study Baker's [54] Id high 

temperature series expansion was used. We have also fit Baker's 

susceptibility to our zero field data (Figure 17, dashed line), and 

find a reasonable correlation with the data using J/k = 55K and 

g = 2.15. Slight systematic deviations from the theoretical curve are 

perhaps due to small non-random instrumental errors. The difference 

between the JB value (J/k = 78K) and Baker's value (J/k = 55K) can be 

attributed to anisotropy. It is important to realize that although 

the susceptibilities seen along various crystal axes are averaged in a
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powder sample, the interactions which contribute to them are not 

eliminated. The susceptibility of a powder is still determined by 

microscopic interactions, including anisotropies, which are not 

accounted for in Baker's or other approximations for the pure Heisen

berg model.

Since the powder susceptibility and the easy axis susceptibility 

are nearly equal at high temperatures, parameters for the JB suscepti

bility were chosen so that the theory matched the high temperature 

data. Although this criterion does not give a good fit over the whole 

temperature range, the correspondence is close down to 14K-18K, depen

ding on the field. Below 14K, the JB susceptibility becomes increas

ingly larger than the experimental, values. In a powder the large low 

temperature easy axis susceptibility is averaged with much smaller 

hard axes susceptibilities, so this deviation is expected. The I, 2, 

and 3T data show distinct peaks which occur at progressively higher 

temperatures and which become broader and smaller in magnitude as the 

field is increased. Note that the peaks in % vs.T for a simple 

paramagnet in a field occur at much lower temperatures and are much 

sharper and of greater height than the peaks in our data. The peaks in 

the JB susceptibility qualitatively match the behavior of the data, 

but occur ~2K higher in temperature and are somewhat taller. Again, 

these deviations are not surprising. Since anisotropic behavior is 

averaged in the powder, freezing out of the higher energy spin states 

occurs at a lower average temperature than would normally be expected. 

The JB susceptibility fit to the data seems to improve as the field is 

increased. Since the temperature at which the spontaneous
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ferromagnetic moment in CHAC develops (~4K in zero field) almost 

certainly increases when a field is applied, the effective anisotropy 

of the powder as reflected by the size of the susceptibility may show 

a weak monotonic increase as the field is increased and the temper

ature decreased. Although this feature of the phase diagram has not 

been investigated, it might explain the improved fit at higher fields.
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CHAPTER SIX 

CONCLUSION

From the preceding analysis,, it is clear that the JB susceptibil

ity provides a good semi-quantitative description of the data, con

firming that bound magnons exist in the S=l/2,ld,HIF. The JB theory 

is unique in that it provides a description of the effects of BMs on 

the thermodynamic properties of a quantum spin system, and supplies a 

basis for directly comparing the importance of BMs and SWs in deter

mining those properties. In order to fully utilize JB theory for such 

a comparison, it will first be necessary to perform a more detailed 

test of its validity. Such a study would include not only more exten

sive experiments on CHAC, but also experimental investigations of 

other S=l/2,ld,HIF model compounds, such as those listed in Table I on 

the following page.

Close inspection of the SW and BM susceptibility curves shown in 

Figures 18-20, reveals that only for T < 8K does the SW term become 

significant compared to the BM term. The data do not approach the SW 

term in the temperature range studied. At higher temperatures, and 

for all four fields (including H=0), BM contributions completely domi

nate SW effects. The BM term approximates the data fairly well for 

the given parameters, but the SW term does not even qualitatively 

resemble the data, and cannot be made to fit for any values of the 

parameters. Since the S=l/2,ld,HIF in zero field is ordered only at
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Table I. S=l/2,ld,HIF magnetic systems. J1/J is the ratio of inter 
to intrachain exchange, and Tq is the ordering temperature.

Name (acronym) 
Formula

J'/J
anisotropy Tc (K) References

Cyclohexylammonium 
trichlorocuprate(II) 
(CHAC)
(C6H11NH3)CuCl3

IO-3 - IO"4 
Heis.

2.18 20,21

Tetramethylammonium 
copper(II) chloride 
(TMCuC)
(CH3)4NCuCl3

IO"2 - IO"3 
Heis.

1.24 55

Copper(II) chloride 
monodimethyIsulfoxide 
Cu CI2 1DMSO

0.04 
Heis.

5.4 56

Copper(II) chloride 
tetramethylsulfoxide 
CuCl2 TMSO

0.02 
Heis.

3.3 57

Trimethylammonium 
copper(II) chloride 
dihydrate 
(CuTAC)
[(CH3)3NHlCuCl31ZH2O

0.01 - 0.05 
Heis.

0.165 58

Cobalt(II) chloride
dihydrate
CoCl2 1ZH2O

0.19
Ising

17.2 15,59

Cobalt(II) chloride
dipyridine
CoCl2 1Zpyr
(CoPC)

0.17
Ising

3.17 16

Trimethylammonium 
cobalt(II) chloride 
dihydrate 
(CoTAC)
[(CH3)3NH]CoCl3 ZH2O

0.01
Ising

4.2 60

Trimethylammonium 
iron(II) chloride 
dihydrate 
(FeTAC)
[(CH3)3NHlFeCl31ZH2O

Ising
61
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T=O [3], the failure of SW theory, due to spin reduction (caused by 

both.quantum and thermal fluctuations), might have been anticipated 

for H=0. However, for finite field, particularly since the physical 

fields used in this experiment were large, it could have been expected 

that the spin reduction problem would be mitigated and that SW theory 

would be at least approximately correct. Recently, though, Muller 

[3,4] has shown that SW theory is incorrect at T=O even for certain Id 

systems which are ordered for T>0. SW theory fails in these cases not 

as a result of spin reduction, but because of neglect of anharmonic 

terms in the Hamiltonian. Since these nonlinearities are also present 

in higher dimensional systems, the reliability of SW theory in 2d and 

3d is also suspect. Although SW theory is exact for the S=l/2,ld,HIF 

at 1^0, the role of nonlinearities at finite T has not been estab

lished. Applying the Johnson and Bonner theory to a more detailed 

experimental study of the S=l/2,ld,HIF may provide further insights 

into what factors are most important in the break down of SW theory, 

and into the requirements for its validity. In particular, both 

numerical studies and careful experimental investigations of the 

crossover behavior described in Chapter Three are needed to better 

understand the field, temperature, and anisotropy dependence of the 

low lying excitations. The numerical studies need to be done for the 

whole anisotropy range, and for various temperatures. The limiting 

behavior of the zero field case should also be examined. 

Experimentally, the crossovers can be best studied by measuring the 

susceptibility as a function of field at constant temperature. It 

should be possible to fit data to the SW susceptibility on one side of
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crossover, and to the BM susceptibility on the other side of the 

crossover, with a perhaps broad region near the crossover where nei

ther form fits. The predicted crossover fields for the nearly Heisen

berg case are quite large and may not allow investigation of both the 

crossovers, so these studies may have to be performed on a more aniso

tropic compound [59-63] for which the predicted crossover fields are 

smaller. Also, comparison of the data and the JB theory to the non

linear SW theories of Dyson [30], Boyd [31], and Hepp [32], which deal 

with enharmonic terms in an approximate way, but do not consider the 

bound states, should give a better indication of whether SW theory 

fails merely because it is a linearized theory, or if it fails because 

it neglects bound state effects.

The difficulties associated with nonlinear behavior in magnetic 

chains can be dealt with in a different way: If the spins in the

chain are assumed to be classical, and the spin deviation is assumed 

to vary continuously along the chain, the Id,HI-XY Hamiltonian gives 

rise to a nonlinear equation of motion which predicts the existence of 

solitons. In fact, theoretical calculations have shown a close corre

spondence between BMs and solitons [64,65], There have been numerous 

theoretical studies of magnetic solitons, and results are reviewed by 

Mikeska [66]. Also, solitons have been experimentally observed in a 

number of ID magnets, most notably in CsNiFg [67], and TMMC [68]. 

However, because of the classical spin assumption inherent in most 

soliton models, their applicability to S=l/2 systems is questionable. 

In this regard, studies of the S=l/2, ID, quasi—XY ferromagnet CHAB 

(the bromine analogue of CHAC) have shown that systematic variations
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from a sine Gordon soliton model appear not to be due to the non- 

classical spin value, or due to the continuum approximation, but 

rather due to out of plane fluctuations [69,70]. For the 

S=l/2,id,HIF Hamiltonian, Schneider [64] has shown that the one soli

ton solution consists of a stationary bound kink/antikink pair. For 

large quantum numbers the (quantized) energies of these solitons are 

identical to the BM energies. A comparison of experimental data and 

the JB theory to an appropriate soliton model would not only enhance 

physical understanding of ,BMs and solitons, but might also provide 

insights important to the quantum soliton problem.
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APPENDIX

THEORY OF DIFFERENTIAL SUSCEPTIBILITY 

MEASUREMENT

When a magnetic material is placed in a magnetic field it devel

ops a (total) magnetic moment,, denoted m. The change in m which takes 

place when a change SH in field occurs is proportional to the volume 

susceptibility, %: Sm = %(SH). Hence, the differential volume sus

ceptibility is defined, from an electromagnetic viewpoint, as

Xem = dm/9H . (I)

In general, % is a function of field and temperature. Other intensive 

thermodynamic parameters may also affect %, but these will not be 

discussed here. This electromagnetic definition of % gives the same 

susceptibility as the definition used in statistical mechanical calcu

lations of %, such as the JB theory. In statistical mechanics the 

isothermal susceptibility is calculated from the Gibbs free energy,

XT = - O 2GZdH2X1, , G=-RTlnQ,

where G(T,H) is the free energy and Q is the partition function. The 

thermodynamic definition of G is dG = -SdT + mdH, where S is the 

entropy, so m = -(dG/9H)j. Thus, if measurements of 5m are made at 

thermal equilibrium, the differential electromagnetic and thermody

namic isothermal susceptibility are the same quantity. Further, if
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the sample moment m is a function only of field and temperature, or if 

all other variables are held constant during the experiment, at ther

mal equilibrium the partial derivative in equation (I) may be replaced 

by a total derivative:

X = Xem = Xt  = dm/dH . (2)

Unless otherwise noted % will be used to denote the isothermal differ—
3ential volume susceptibility, in units of cm -emu. Gaussian cgs units 

will be used except as indicated.

Basic Measurement Principles

Inlorder to determine the susceptibility, changes in the sample 

moment must be induced by applying a small, low frequency oscillating 

magnetic field. Denote the amplitude of this excitation field by Hq. 

Such a field is most conveniently produced by placing the sample 

inside a solenoid through which a small alternating current flows. 

Changes in the field applied to the sample are then given by

SH0 = (n1f1)8I0 , (3)

where Iq is the current, n^ is the solenoid winding density, and f  ̂ is 

a geometrical factor which depends on the length and radius of the 

solenoid and on the position of the sample within the solenoid. A 

change SHq in the applied field will cause a change Sm = (X0)SHq in 

the sample moment, so if Sm can be determined the susceptibility can

be found.
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Since 8m itself cannot be measured directly, some related quan

tity must be measured instead. If the sample is placed in an inductor 

a change in sample magnetic moment will change the flux through the 

inductor. This flux change 5<}> can be detected directly, if the induc

tor is part of a closed superconducting loop of wire, by employing a 

SQUID (Superconducting Quantum Interference Device). Or, if the 

inductor is connected across the terminals of a voltmeter, the voltage 

measured will be, according to Faraday's Law, equal to minus the time 

rate of change of flux. In either case the flux change measured will 

be caused not only the by the change in sample moment, but also by the 

change in applied field. This difficulty can be solved by placing a 

second inductor, connected in series with the inductor surrounding the 

sample, inside the solenoid. The second inductor serves as a compen

sation coil, and must be identical to the sample inductor, except with 

windings in the opposite direction of those on the sample coil. If 

the compensation coil is placed distant from the sample coil, so that 

flux linkage from the sample is negligible, the flux through this coil

will be due only to the applied field, and will exactly cancel the
%

applied field flux through the sample coil. This, of course, assumes 

that the solenoid field at the sample coil is identical to the field 

at compensation coil. The resulting combination of the solenoid and 

the two inductors forms an astatic mutual inductor whose mutual induc

tance is proportional to the sample susceptibility.

The flux change in the sample coil caused by a change SHq in the 

applied field is
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8<t) = (112fjJ&ni , (4)

where is the winding density of the sample coil, and £2 is a 

geometrical factor which depends on the sample coil length and radius, 

and on the sample geometry. By definition the mutual inductance M is 

given by (j) = ■ M 'I where § is the flux linking the secondary and Iq is 

the current through the primary. So, in the limit of differential 

changes, combining equations (2), (3), and (4) yields

Mo = nlfl(X0)n2f2 ’ (5)

Where quantities with subscript—0 are measured relative to the excita

tion field Hq. Values of the geometrical factors for a small spheri

cal sample have been calculated by Anderson [64].

When the secondary of the mutual inductor is wound in two parts 

it is termed a first order gradient coil because it is sensitive to 

the first spatial derivative of an applied static field [43]. If it 

is wound in three sections, with the sample coil in the center and the 

compensation coils at each end, it is sensitive to the second spatial 

derivative of an applied static field, and is called a second order 

gradient coil. For a second order gradient coil the mutual inductance 

with a spherical sample placed in the center coil is still given by 

equation (5), but with different geometrical factors. It can be shown 

by a straightforward calculation that

i 1 = (L/2R)/[1 + (L/2R)2 ]1/2 ,

where L and R are the length and radius of the primary; and, for the
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secondary

f2 = [I + (ZrZZ1)2]"172 + U  + [r/(Z1+d)]2}~1/2
+ {1 + [Zr/(I1I-Zd)]2}"1/2 ,

where the length of the central coil is Z1, the lengths of the two 

outer coils are Z1ZZ, the coil radius is r, and the coils are separa

ted by a distance d (total coil length is ZZ1 + Zd). These expressions 

include demagnetizing effects for the sphere.

Demagnetizing Effects

The magnetic induction due to a magnetized sample can be calcu

lated using standard potential theory [65]. It is found that the 

sample develops an effective volume magnetic charge density 

pjj = -V " M, and an effective magnetic surface charge density 

orjj = n " M, where M is the magnetization and n is the unit normal. 

Because of the effective surface charge density a magnetic field is 

induced within the sample. points exactly opposite M, and effec

tively cancels part of the applied field Hq. This demagnetizing field 

is uniform only for uniformly magnetized ellipsoidally shaped samples, 

or in the limit of an infinite plate; otherwise, it varies throughout 

the volume of the sample, and is largest near sharp corners.

Without exception, the demagnetizing field is assumed to be 

uniform even for non—ellipsoidal samples. In this case

Hd = -D(mZV) ,

where V is the sample volume, and the magnetization of the uniformly
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magnetized sample is given by m/V. The proportionality factor D is 

called the demagnetizing factor. D depends only on the sample geome

try and the orientation of the sample magnetization relative to the 

sample axes. Explicit forms of D for ellipsoidal samples and special 

cases of them are given by Morrish [66], and by Klemm [67]. Approxi

mate demagnetizing factors for cylinders have been calculated by 

Bozorth [68]. Assuming the demagnetizing field to be uniform, the 

effective field acting upon the spins within a sample is

H = H0 - D(mVV) . (6).

The measured susceptibility found from equation (5) is X0 = dm/d'H0, 

and must be corrected for demagnetizing effects. Denoting the actual 

value of susceptibility defined in equation (2) by Xcorr the differen

tial form of equation (6) for H yields

Xcolt - [I - (DZV)X0I-1X0 ■ «>

In the limit of large sample volume and small susceptibility demagne

tizing effects are negligible. Also, in the limit Xcorr "* ”» as ^11 a 

first order phase transition, the maximum value of %0 is D/V.

Demagnetizing Effects Due to Superconducting 

Shields and Magnets

In the apparatus used in these experiments, and in other related 

applications, a superconducting magnet placed in persistent mode is 

used to apply a large static magnetic field to the sample. Also, 

although one was not used in this experiment, a long hollow cylinder
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of superconductor is sometimes placed around the sample and the detec

tion coils. This shield stabilizes the field and reduces magnetic 

noise. Because of the Meissner effect [69] the superconducting magnet 

or shield generates a field which tends to cancel the excitation field 

produced by the primary of the mutual inductance coil. As a result, 

the measured mutual inductance and susceptibility are smaller than the 

expected values M q and x Q given by equation (5).

To estimate the size of this effect the net field acting on the 

sample, Hnet., must be calculated. This field is just the sum of the 

excitation field Hq and the field due to the shield, Hs .̂ Assume that 

the excitation coil can be approximated by a long solenoid with zero 

field outside and uniform field Hq inside. Likewise, assume that the 

superconducting magnet/shield is equivalent to an infinitely long, 

hollow circular cylinder made of a type I superconducting material. 

Because of the Meissner effect this cylinder will maintain the mag

netic flux through any surface in its interior at a constant value.

If a magnetic disturbance is introduced supercurrents will be gener

ated on the cylinder's inner surface so that the impinging field is 

neutralized.

To calculate consider the flux passing through a plane sur

face S which is perpendicular to the cylinder/excitation coil axis.

It is clear that introduction of a magnetized sample into the shield 

has no effect. Since the field lines of the sample are closed loops, 

and all of the sample flux is contained within the infinite cylinder, 

the net flux change due to the sample is zero. The excitation coil, 

however, has been approximated by a long solenoid, which does not
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generate any return flux to cancel the flux introduced by its interior 

field. So, its contribution, to the flux through S is just

where rc is the coil radius. The supercurrents in the shield generate 

an opposing field which is Uniform throughout the interior of the 

cylinder. Denoting the shield radius by RgJ1, the resulting flux is

”RshH sh

Since these two fluxes exactly cancel each other.

0 = $ c $ sh '

the shield due to the field is

"sh - fV 1W 2llO •

Thus, the net field acting on the sample is reduced by a geometrical 

factor

W h O- W  fSliV' fSh-I - <rc/Rshr

As a result, the net mutual inductance and susceptibility measured are

Mmeas = Mnet = fshMo ' and

umeas %net ^sh*o

Finally, the actual susceptibility, corrected for all demagnetizing
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effects is, from equation (7)

X c o r ,  "  11 "  • <»>

The primary difficulty with this calculation of the shielding 

effect is neglect of return fluxes. For instance, if the shield 

really could be approximated by a long solenoid which traps all of the 

field, but the excitation coil were in reality short, all of the 

coil's return flux would be contained by the shield and no correction 

for shielding would be required. Unfortunately, the problem for 

finite coils has not been solved analytically, but experimental [70] 

and numerical [71] studies are available.

Calibration

If the absolute value of % (in emu) is required, the result of 

the measurement, typically a voltage or a mutual inductance, must be 

converted to susceptibility units. Because the measured susceptibil

ity depends on sample and coil geometry, the conversion is not 

straightforward. There are several ways in which a calibration can be 

performed.

It is possible to use equation (8) to obtain Mq from Mmeag, and 

then use equation (5) to calculate % Q , and finally correct for demag

netization using equation (7). This procedure, however, requires a 

detailed knowledge of fg ,̂ the geometrical factors n^f^ and n2f2» and 

the demagnetizing factor. Detailed numerical calibrations for realis

tic coils and sample geometries have been done [72], but computations 

are difficult and require use of a computer. In these studies the
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coils are assumed to have uniform windings, but in practice it is very 

difficult to construct such a coil. These problems, along with the 

necessity of performing a new calibration whenever a new sample shape 

is encountered, makes the procedure difficult.

A second possible method involves comparison of sample measure

ments with measurements of the known susceptibility of a small cali

bration coil placed in the sample coil [73]. While this method pre

sents certain distinct advantages, it once again involves calculation 

or independent measurement of coil parameters. Also, since the cali

bration coil is cylindrical it is not strictly applicable to other 

sample shapes because of demagnetizing effects. Further, its imple

mentation requires somewhat awkward provisions for installation of the 

standard coil in the sample space.

The simplest, most reliable, and most commonly used calibration 

technique is comparison of measured values for the sample with meas

ured values for a material with known susceptibility. In this method 

the effects of shielding and coil geometry are eliminated— they have 

the same effect on both the standard and the sample. However, if the 

sample and the standard have different shapes and/or different suscep

tibilities the effects of different demagnetizing fields must be taken 

into account. A prescription for making these corrections is given 

below.

Although several different measurements leading to the suscepti

bility can be made, all involve a determination of the flux through 

the sample coil. To study the way in which the the calibration 

depends on demagnetizing factors, consider the flux through a single
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loop of wire. If an ellipsoidal sample is placed in the loop with its 

magnetization parallel to the loop axis, the resulting flux due to its 

magnetization is just the area of the region where the sample and the 

plane of the loop intersect, multiplied by the (uniform) magnetic 

induction inside the sample. The induction inside the sample is 

B^n = f - D(m/V) + 4ji(m/V). The flux due to effective the field 

IshH0 of the primary coil is canceled by the other loops of the 

astatic secondary and doesn't contribute to the total flux. If the 

sample flux linking the other loops can be neglected, then for a 

sample with circular cross-section of radius r in the plane of the 

loop the net flux is <ti = c|>0 - where <t>0 is the flux due to the 

magnetization and <j>̂ is the flux due to the demagnetizing field. This 

can be written

<t> = [I - (D/4n)]<t>0 , (10)

where

<t>0 = 4jt[2n/Q(m/v)pdp] = 4n^r^(m/V) . (11)

If the sample magnetic moment changes by an amount Sm = (X0)SHq the 

resulting flux change is

S<t> = [I - (D/4n)]&<i>0 (12)
= [I - (D/4n)](4jt2r2/V)(X0)SHq
= [I - (D/4n)] (4n2r2/V)(xcorr) [I + (DZVHxcorr)I-1SH0 ,

where equation (7) has been used to express x0 in terms of the actual 

susceptibility Xcorr-
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This calculation does not, however, include the return flux which 

passes through the loop outside of the sample. If the sample radius r 

is small compared to the loop radius the return flux may cancel a 

significant portion of the sample flux given in equations (10). and

(11). Evaluation of the return flux requires detailed knowledge of 

the field outside the sample. Denhoff [74] has calculated the outside 

field for oblate and prolate spheroids of revolution, and the resul

ting flux, including return flux. The development given here follows 

his discussion. For the center of the ellipsoid at the center of the 

loop, and the magnetization directed along the axis of revolution, 

coaxial with the loop axis, the total net flux through the loop is, 

since the field lines of the sample are closed,

<t> = -2n/^Hout(p)pdp = f(8,R/r)<t>0 ', (13)

where R is the loop radius, f(e,R/r) is the flux fill factor, and e is 

either m for a prolate spheroid or 1/m for an oblate spheroid (m = 

ratio of the long axis to the short axis). <t>0 is the flux due the 

sample magnetization and is given in equations (11) and (12). Note 

that <|>0 is equal to <|>m in [74], and that susceptibilities in [74] are 

true static susceptibilities [% = (m/V)/H, unitless]. For. the prolate 

spheroid (s = m, ellipse revolved around its long axis):

f(m,R/r) = m(m2 - 1)™1/2{(1 - yp0>ln[(ypo + DZtypo ~ D l 172 + ypo} , 

ypo = [(RZr)2U 2 - I)-1 + 111/2 . U4a)

For an oblate spheroid (e = 1/m, ellipse revolved around its

short axis):
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f(l/m,R/r) - (m2 - I) + y^0)arctan(y0 )̂ - yoo} ,

y00 = [(R/r)2m2(m2 - I)-1 - 1]1/2 . (14b)

The corresponding demagnetizing factors are

Dp = 4n(m2 - l)-1{m(m2 - D -lyf2Intm + (m2 - D lyf2] - 1} (15a)

for the prolate spheroid, and

D0 = 4Jim2(m2 - 1)-1{1 - (m2 - l)-1/2arctan(m2 - 1)1/2} (15b)

for the oblate spheroid. The prolate spheroid is useful for approxi

mating a cylinder or needle with its long axis in the direction of the 

excitation field. The oblate spheroid is useful for approximating a 

circular disk with the excitation field normal to the disk plane. For 

either case the radius r used in calculating f(e,R/r) is not the 

actual sample radius, r1, but is instead the, radius of the equivalent 

ellipsoid of revolution. Requiring that the equivalent ellipsoid have 

the same volume V and aspect ratio e as the actual sample gives the 

transformation for the sample radius

-disk- r«yl - r -  <3/2>1/3r' . (16)

In many instances the sample is much smaller than the pickup 

coil, or the sample can be made spherical. Under these circumstances 

the field outside the sample is nearly or exactly dipolar. Normali

zing the dipole field to the same far field as the sample, the flux 

filling factor reduces to the simple form

f(ji(e,R/r) = 2er/3R , e~l or R/r>>l . (17)
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For the prolate spheroid this approximation is good for R/r > 20, 

s <_ 10; for the oblate spheroid it is good for R/r > 2, e >_ 0.01 [74]. 

For a sphere, 8=1, f ^  is exact. When (R/r) ■» I, the flux filling 

factor reduces to f(e>R/r) -» (I - D/4n), as in equation (10).

If the axis of revolution of the ellipse is normal to the excita

tion field f(e,R/r) must be calculated by numerical integration unless 

the dipole field approximation is applicable. In this case the dipole 

form f ^  can be used without further modification. The aspect ratio 8 

is defined in the same way, and the radius, r is still the radius of 

revolution (maximum radius perpendicular to the axis of revolution) 

even though it now lies in a plane normal to the plane of the loop. 

This is particularly useful for the important cases of a disk with the 

the disk plane parallel to the excitation field, and a cylinder with 

the long axis perpendicular to the excitation field.

The above analysis assumes that a single turn sample coil is used 

and that the sample flux linking the compensation turn(s) of the coil 

is negligible. If a multiple turn coil is used, <t> in equation (13) 

can be interpreted as the flux per turn only if the sample cross- 

sectional radius is essentially constant over the length of the coil. 

The sample must intersect all turns in the coil. Sample flux through 

the compensation coils can be ignored only if the compensating turns 

are distant from the sample coil, or if they are symmetrically placed 

so that the sample flux through them sums to zero.

With the above results, it is possible to calibrate measured 

values to actual susceptibilities even if the sample and the calibra

tion standard have different geometries and susceptibilities. Since
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flux changes are being measured, the measured quantity (whether a 

mutual inductance or a voltage) will be directly proportional to the 

flux change 5<|> given in equation (12), except that the flux filling 

factor f = f(e,R/r) replaces [I - (D/4jr)]:

5<t) = f(4n2r2/V)(Xo)8H0 ,

= f(4jl2r2/V)x[l + (DZV)Xr1SH0 , .

where x = Xcorr = X0£1 " (DZV)X0I 1 is the actual susceptibility, 

corrected for demagnetizing effects. X0 is the measured susceptibil

ity, not corrected for demagnetization, calculated from the measured 

quantity Q by multiplying by the calibration constant Kq:

X0 = K0Q •

k q depends on the geometry of both the calibration standard and the 
sample. Now Qg = uS<j>s and Qc = u5<t>0, where subscript-s is for quanti

ties relating to the sample, subscriptyc is for quantities relating to 

the calibration standard, and u is a proportionality constant indepen

dent of the sample and calibration standard. So, the ratio of a 

measurement on the sample to a measurement on the standard is given by

QsZQc = 6*gZ8*0 ,

-[(tr2/V)1/(fr2-/V)0l(x0,/x0,) .

This results in

Xos = (QsZQc)[(fr2ZV)cZ(fr2ZV)s][x™1+ (DZV)c]"1 , 

where xc is the known susceptibility of the calibration standard.
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Thus, the actual value of the sample susceptibility, corrected for 

demagnetizing effects, is

Xs - XosIl - (DsZVs)Xos]"1 . (18)

where Xos = ^0Qs • (19)

The calibration constant Kq is given by

%  - (XcZdc) U  * <Dc/Vc)xcl"1 [(fcI1/V1,>/(fsrX/Vs)] . (20)

Summary of notation:

subscript-c refers to the calibration standard;

subscript-s refers to the sample;

subscript-o refers to quantities not corrected for demagnet

izing effects;

Xs is the volume differential susceptibility of the sample, 

in emu, to be measured/calculated;

Xc is the known volume differential susceptibility of the 

calibration standard, in emu;

Q is a measurement obtained from the experimental apparatus;

D is a demagnetizing factor, given in equations (15);

V is the total sample or calibration standard volume;

r is the radius of revolution (max. radius perpendicular to 

axis of rev.) of a spheroid equivalent to the sample/cali

bration standard;

f = f(e,R/r) is a flux filling factor, given in equations

(14) and (17).
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There are several special cases of these general formulas which are of 

particular interest.

Small Susceptibilities 

If (DsZVs)Xs << I and (DcZVtJx c << I then

X s ~ X os , and

So, the correct sample susceptibility is given by

I s ~ S s(XcZQc)[ U V l f i y Z d ^ Z V , ) ]  .

Note that the measured value still must be corrected for return flux 

effects. The dependence of measured susceptibility on sample geometry 

can be ignored only when the sample and the calibration standard are 

of the same size and shape.

Sample and Calibration Standard with 

same Shape and Size

For this case all of the geometrical factors for the sample and 

the calibration standard are equal. This simplifies the calibration 

constant,

* 0 -  <%c/Qc>I 1 + < W * c r l -

Substituting xos = Ko®s ^nto IZxs = IZxos " D/V gives the correct 

susceptibility of the sample



98

Xs = cV X c zcV {1 + t l  " (Qs ZQc )I(DZV)Xc J'1 .

If Qs ~ Qc, or if Qg<<QC, then [I - (Q3ZQc) ] (DZV)x c <<1, which gives, 
to first order .

Xs Z Qs (Xc ZQc )Cl + C(Qs ZQc ) -  Il(DZV)Xc J ;

or, to zeroth order, x s Z  Q g(XcZQc)* ,

Although this case may at first seem of little practical value, 

this situation can often be realized if a paramagnetic powder is used 

as a standard. If the sample is also a powder, the sample holders, if 

they have the same diameter, can be packed with the same height of 

sample and standard powder. If the sample is a single crystal, the 

standard powder can be pressed into a wafer (pelletized) and then 

carved into the same shape as the single crystal; or, a single crystal 

of a standard material can be cut into the shape of the sample. For 

powder standards, the effective volume and dimensions can be estimated 

by comparing the density of the packed powder standard to the actual 

density of the material. Also, the susceptibility of a powder stan

dard can be reduced to a value comparable to the sample's by mixing a 

known amount of an inert non-magnetic powder with the standard.

While constructing the calibration standard so that it is the 

same shape as the sample may be useful for detailed quantitative 

studies, it requires that a new calibration be done for each sample. 

More often, only a reasonable estimate of the correct sample suscepti

bility is required. In these cases it is sufficient to use the gen

eral equations (18)-(20). However, unless the standard can be closely
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approximated by an ellipsoid of revolution; this procedure introduces 

an error at the very outset of the calculation. It is better to use a 

superconducting sphere, which has not only a known demagnetizing, 

factor, but also is a perfect diamagnet.

Superconducting Sphere as Calibration Standard

In this case, the geometrical factors simplify:

D c = 4jr/3 , Vc = (4n/3)rc , fc = fdi = 2rc/3R .

If the sphere is made of a type I superconductor such as lead, and the 

calibration measurement is made while the standard is in its supercon

ducting state, then

Xc = "V c *

The lead should not be of ultrahigh purity or phonon interactions will 

interfere with formation of the type I superconducting state; 99.7% 

pure is adequate. Also note that pure niobium is not quite a perfect 

diamagnet in its superconducting state.

If the dipole approximation can be used for the sample (see 

comments for equation (17)), the calibration constant can be written

Ko -  trCzaC^[1 ~ (3/4ll)rl[Vs/(4,iesrs)] *

For a sample which is a sphere or a spheroid of revolution (either 

prolate or oblate) with effective radius rs, this result becomes 

independent of the sample dimensions:
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K0 ~ (rJ/Qc)[l - (3/4n) ]-1 .

Thus, the same calibration factor may be applied to a sphere, a disk, 

a cylinder, or a needle. Of course, the resulting xos must still be 

corrected for demagnetizing effects.



REFERENCES CITED

[1] See review articles on magnetic chains, in Physics in One Dimen
sion, edited by J. Bernasconi and T. Schneider (Springer-Verlag, 
Berlin, Heidelberg, 1981).

[2] H. Beck, M. W. Puga, and G. Mhller, J. Appl. Phys. 52̂ , 1998 
(1981).

[3] J. H. Taylor and G. Muller, Phys. Rev. B 28, 1529 (1983).

[4] G. Muller and R. E. Shrock, J. Magn. Magn. Mat. 54-57, 1255 
(1986).

[5] H. J. Mikeska, J. Appl. Phys. 5%, 1950 (1981).

[6] L. P. Regnault, J. P. Boucher, J. Rossat-Mignod, J. P. Renard,
J. Bouillot, and W. G. Stirling, J. Phys. C 1£, 1261 (1982).

[7] M. Steiner, K. Kakurai, and J. K. Kjems, Z. Phys. B 5ĵ , 117 
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