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Abstract:
The two-dimensional, spin five-halves, Heisenberg antiferromagnet is studied experimentally and
theoretically. In the classical, continuum limit this model Hamiltonian has been shown to support static,
nonlinear solutions known as skyrmions. Skyrmions are topologically continuous spin excitations that
extend over the entire crystalline lattice and are defined by a boundary condition at the origin in order
to avoid a spin discontinuity: these factors combine to produce a very large excitation energy which
makes their observation and perhaps their existence unlikely. Their electron paramagnetic resonance
(EPR) linewidth temperature dependence proposed earlier by other authors is similar to that of spin
waves and thus further complicates their detection. However, it is shown here that the addition of
nonmagnetic impurities provides pinning sites for new, topologically unstable excitations by removing
the skyrmion boundary condition at the origin. The new solutions are then gapless and energetically
favorable. The resulting concentration dependence of the linewidths may be used to distinguish them
from spin waves. These are the first theoretical indications that two-dimensional solitons may exist and
be observable in a magnetic system.

In order to test the above predictions, X-band continuous-wave EPR data on the well-characterized,
nearly isotropic, two-dimensional, spin five-halves, Heisenberg antiferromagnet
(n-proplyammonium)2CdxMn1-xzCl4 are presented over a wide temperature range. Cadmium acts as
the nonmagnetic impurity ion and is present in relatively small molar quantities well below the
percolation limit. The form of the linewidth temperature dependence agrees qualitatively very well with
the above theory, showing strong concentration dependence for small impurity amounts and an
exponential dependence on the inverse temperature over a limited range from the three-dimensional
ordering temperature up to the exchange narrowing peak, beyond which the two dimensional short
range correlations begin to decay.

Further theoretical work is presented wherein a framework is developed for the calculation of spin-spin
correlation functions and the EPR linewidths. This allows a more rigorous, quantitative comparison to
the theory, reducing the number of unconstrained parameters to one, which is the energy scale of the
excitations. Dynamical properties are briefly considered. 
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ABSTRACT

The two-dimensional, spin five-halves, Heisenberg ahtiferromagnet is studied 
experimentally and theoretically. In the classical, continuum limit this model Hamiltonian 
has been shown to support static, nonlinear solutions known as skyrmions. Skyrmions are 
topologically continuous spin excitations that extend over the entire crystalline lattice and 
are defined by a boundary condition at the origin in order to avoid a spin discontinuity: 
these factors combine to produce a very large excitation energy which makes their 
observation and perhaps their existence unlikely. Their electron paramagnetic resonance 
(EPR) linewidth temperature dependence proposed earlier by other authors is similar to 
that of spin waves and thus further complicates their detection. However, it is shown here 
that the addition of nonmagnetic impurities provides pinning sites for new, topologically 
unstable excitations by removing the skyrmion boundary condition at the origin. The new 
solutions are then gapless and energetically favorable. The resulting concentration 
dependence o f the linewidths may be used to distinguish them from spin waves. These are 
the first theoretical indications that two-dimensional solitons may exist and be observable 
in a magnetic system.

In order to test the above predictions, X-band continuous-wave EPR data on the 
well-characterized, nearly isotropic, two-dimensional, spin five-halves, Heisenberg 
antiferromagnet (n-proplyammonium)2CdxMn1„x0 4 are presented over a wide 
temperature range. Cadmium acts as the nonmagnetic impurity ion and is present in 
relatively small molar quantities well below the percolation limit. The form of the 
linewidth temperature dependence agrees qualitatively very well with the above theory, 
showing strong concentration dependence for small impurity amounts and an exponential 
dependence on the inverse temperature oyer a !united range from the three-dimensional 
ordering temperature up to the exchange narrowing peak, beyond which the two- 
dimensional short range correlations begin to decay.

Further theoretical work is presented wherein a framework is developed for the 
calculation o f spin-spin correlation functions and the EPR linewidths. This allows a more 
rigorous, quantitative comparison to the theory, reducing the number o f unconstrained 
parameters to one, which is the energy scale of the excitations. Dynamical properties are 
briefly considered.
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CHAPTER I 

INTRODUCTION

In recent decades the importance of nonlinear effects, especially solitons, in physical 

systems has begun to be realized, as evidenced by the growing number of reviews1’2’3 on 

the subject. Several reasons for this include the accessibility of high-speed computers, 

progress in the development o f nonlinear theories such as those concerning chaos, 

turbulence, and self-organized criticality , and a growing realization of the ubiquity o f the 

applications of such theories in nature. These advances have ushered in a new era in 

condensed matter physics wherein realistic models are beginning to appear possible. The 

linear way of thinking in physics is slowly being replaced, and with it, the infamous 

spherical cow. However, definitive experimental results demonstrating the applicability of 

these new theories have been slower in coming. This thesis is an investigation into the 

possible dominance of nonlinear effects in the critical region of a two-dimensional 

magnetic insulator. While many speculations concerning the effects o f nonlinear 

excitations near phase transitions have been discussed in the literature, their actual role is 

largely unknown.
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Low-Dimensional Magnetism

Insulating atomic lattice structures with effectively reduced spatial dimensionality 

exist today and are commonplace in research in condensed matter physics4’5’6.. The 

reduced dimensionality is usually achieved by the insertion of large organic cations which 

separate the chains (in the one-dimensional case) or the layers (in the two-dimensional 

case) thus limiting the atomic orbital overlap which determines long-range order in such 

crystals to one or two dimensions. These systems are experimental realizations of the 

types of model spin systems that have provided a playground for theorists for almost a 

hundred years, beginning with the statistical mechanics of the Ising model7 and its 

various exact solutions8 such as the classic one by Onsager9 in 1944. The reduced 

dimensionality renders the statistical mechanics o f these magnetic models much more 

tractable, and therefore ideal testing grounds for theories of magnetism, or critical 

phenomena and phase transitions in general. The remainder of this section is devoted to 

the development of the basic theoretical concepts and language necessary to later 

understand the subject o f this thesis.

The Heisenberg-Dirac-Van Vleck spin Hamiltonian10’11 ’>2 may be derived by 

considering a quantum-mechanical system of two identical atoms, each with a single 

unpaired spin. The Schrodinger equation for this system may be. written as

ZfxP = (//< ,+ //') '$ '= EtF (I)

where

and

(  f -,2 \

#0  = 2m
e2 e2(V, +V 2)-------
Li rb2

L& Hz Lz L,
H

( 2 )

(3)



(3)

3

H  — -
'',2

where a and b denote the atomic nuclei and I and 2 refer to the corresponding electrons. 

For a noninteracting system, // '  = 0 , and letting E = E ^ E m, two solutions to the

Schrodinger equation are

where XfZjt and Xgm are solutions to the single electron problem. Xgit (I) is interpreted to 

mean that electron one is in state (or orbital) k. In addition to vF, and vF7f, any linear 

combination o f them is also a solution to equation (I) and thus a two-fold degeneracy is 

encountered. This is called exchange degeneracy since it arises from the exchange o f two 

particles.

To remove the degeneracy, the interaction potential H' is added to the Hamiltonian 

as a perturbation resulting in equation (I). Using time independent degenerate 

perturbation theory, the eigenvalues o f the perturbed Hamiltonian occur as the solutions of 

the secular equation

where Em = E - E 0 to first order and H0xF = E0xF. The exchange and Coulomb integrals 

are defined respectively as

■ tpZ=V* (I)Vm (2) tpZ, =V* (2) Vm (I) (4)

(6)

(7)

while the matrix element o f the first order energy term is

(8)

The secular equation, (5), then becomes

K 12 E Jn
„ = 0.

Tn 7?o + K n E (9)
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and

Ea = E0+K^2- J n (11)

where the overlap integral (normalization) has been neglected13. The normalized 

eigenvectors are then obtained as

%4 = ^ 2  -  'P/f ) = ^ /2 ^ *  (l)Ym(2) -  Vi (2)Ym(l)] (12)

using eigenvalue (11) and

^ = ^ ( ^  +  '*,//) = ^ [ v * (1)V » (2) + V t (2)V M(1)] (13)

using eigenvalue (12), for the antisymmetric and symmetric orbital wavefunctions, 

respectively. The Pauli exclusion principle requires that the total wavefunction be 

antisymmetric with respect to interchange o f particles. Since the total wavefunction can 

be written as a product of orbital and spin eigenfunctions, the required symmetry of the 

spin functions is known once the orbital solutions are obtained. Thus the total 

wavefunctions are

'P1 = 3Pyl

oc(l)a(2) 
P(Dj5(2) 

-j=[a(l)P(2)+P(l)a(2)]
(14)

and

3P2= 3Ps [a ( l)P (2 )-P ( l)a (2 )]  (15)

where a  and P are the usual (Pauli) spin eigenfunctions. Equation (14) includes all anti

symmetric possibilities for 3P1 by including all symmetric possibilities for the spin 

wavefunction.

The relationship between orbital symmetry and spin alignment imposed by the 

exclusion principle can be shown to be equivalent to an apparent spin coupling between
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orbitals %  and V|/m The total spin is S = S1 + S 2, with an eigenvalue of *JS(S + 1). For a 

system of two spin-1/2 particles, S = 0 or S = I. These are characteristic values obtained 

formally by diagonalizing the Hamiltonian matrix, but they can be found by inspection in 

this case. Noting that

S2 = (s, + S2 )2 = S12 + S22 +  2S, • S2 (16)

the characteristic values o f S1 • S2 are

I r , f—3 /4  S = Ol
- — [S(.S+1)—Sj(S, + l ) - S 2(S2 + l)]==j 1 /4  S = 1 (17)

since S 1 and S2 are c-numbers of value 1/2. The eigenvalue S = I corresponds to a 

symmetric spin wavefunction with the spins aligned parallel while S = O corresponds to 

the antisymmetric case with antiparallel alignment. If one now recalls the eigenvalues of 

H, equations (10) and (11), and neglects E0 , it becomes clear that the interaction

V = Z s : - ^ / - 2 / S , -S2 (18)

yields the same results. That is, for S1 -S2 = - 3/4 , V = K + J , while for S1-S2 = 1/4,

V = K- J .  Since V -7 £  + /  /  2 + 2 /  S1 • S2 has zeroes for eigenvalues in this diagonal 

representation, it must have zeroes in every representation. Thus V is a completely 

equivalent way o f representing the interaction between the atoms. However, one must 

keep in mind that the resemblance to actual spin dipolar (first order) coupling is only a 

consequence of the requirement of antisymmetry of the total wavefunction. In this way 

the orbital exchange effect manifests itself in an apparent spin-dependent coupling via the 

Pauli principle. The interaction (18) is usually written without the additive constants as

y  = - 2 / 5 ,  -S2 (19)

and is generalized to
Hhdw ~ -Aw Sk • S1 (20)

k*i . '
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to become the so-called exchange Hamiltonian, which is responsible for ferro- and 

antiferromagnetism, and dominates the nearest-neighbor interaction energies for a wide 

variety of solid state systems. Limitations on the H D W  spin Hamiltonian include 

necessarily localized (on the metal atom) unpaired electrons and a negligible orbital 

contribution to the exchange; quenched orbital angular momentum, for instance, by a 

crystal field. The insulating low-dimensional inorganic salts studied for decades by 

magneto-chemists, inorganic chemists, and physicists are often synthesized with specific 

modifications of the H D W r Hamiltonian in mind.

Cooperative Phenomena in Low-Dimensional Systems

A large part o f the interest in low-dimensional (Iow-D) systems is due to the 

discovery, both theoretical and experimental o f the details of the relationship between the 

lattice dimensionality, d, and the spin dimensionality, n. It turns out that n and d alone 

largely determine the critical behavior of Iow-D solids. Of prime concern is the presence 

or absence of a phase transition to long-range order (LRO) at some transition 

temperature, Tc . Table 114 summarizes the various combinations o f n and d. For three

d=l d=2 d=3

Ising (n=l) X O O

XY (n=2) X O

Heisenberg (n=3) X X O

Table I. Presence (°) or absence (x) o f a phase transition to long-range order at a finite 
temperature.
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dimensions phase transitions are predicted to always occur whereas in ID  they cannot 

occur, regardless o f the spin isotropy. The Mermin-Wagner theorem15 rigorously 

proves, in fact, that for systems in one or two dimensions with continuous isotropic 

symmetry no long-range order can occur, in the limit o f zero external field. This can be 

understood to be a result o f the reduction in correlations as a consequence o f the 

reduction in dimensionality. The 2D XY model is marked both ways, indicating the 

presence o f an unconventional type o f phase transition: the topological vortex binding

unbinding transition of Kosterlitz, Thouless, and Berezinsky16’17’18’19.

To illustrate the kind o f topological arguments that yield insight into the cooperative 

behavior o f these systems, we consider an example due to Landau20. The Hamiltonian 

for the ID  Ising model yields a total nearest neighbor interaction energy of

E = where nj = +1 for up or down spins at each site. The interaction (J>0)

tends to favor total spin alignment, with E=-NJ for N + l sites. This is the ordered 

ground state for the Ising ferromagnet. At finite temperatures, however, the minimum of 

the free energy F=E-TS will determine the states of the system. The effect of a single 

spin reversal is to increase the system energy by 2J due to the formation o f two 

antialigned pairs: the pair formed by the reversed spin and its right-hand nearest 

neighbor, and also the pair formed with the left neighbor. However, the reversal may 

occur anywhere along the chain so that the number of microstates is kBln(N) which 

contributes a favorable entropy term to the free energy. Then AF = 2J - kBT In(N) is 

negative at finite temperatures for reasonably long chains. Therefore the chain will 

prefer to break up into ferromagnetic domains with characteristic length given by setting 

AF=O and solving for N/a:

N / a ~  ^(T)/ a ~  e 2JlkBT (21)
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where a is the lattice spacing. %(T) obtained in this dimensional analysis fashion is 

essentially the temperature-dependent correlation length, which is the distance over 

which different spins remain correlated ( have some phase relation) at a particular 

temperature. So, domains o f strong short-range order (SRO) but no LRO are obtained. 

As the temperature is lowered, the size o f the domains increases with %(T) until at T=O 

the ferromagnetic state is achieved.

This type o f SRO clustering is a general phenomenon in ID systems, the rest of the 

physics comes from the model-dependent correlation length. The ID Heisenberg model, 

for example, has a low-temperature correlation length of the form

(22)
kB1

which has been experimentally verified for the ID Heisenberg ferromagnet TMMC21.

The temperature-dependent correlation length is thus seen to govern the thennodynamics 

of Iow-D systems above their 3D ordering temperature.

The 2D Ising system is considered next for comparison, as it is known to undergo 

a phase transition at finite temperature. In a 2D square lattice of Ising spins, a domain of 

P reversed spins in an otherwise aligned array has free energy given by the antialignment 

energy gain o f 2JP and a favorable entropy term. The entropy term may be estimated by 

mentally Connecting the perimeter sites to obtain a picture of the domain wall. Following 

along the wall it is evident that at each juncture there is a three-fold choice of which 

neighboring site to connect to the wall. Therefore, S ~ kBln(3p )so that the total change 

in the free energy is approximately

AF = 2 / P - kBT\n 3? = P(2J -  kBT\n 3) (23)

and is not negative for all temperatures as was the case in ID. In fact, by setting AF 

equal to zero, a transition temperature is obtained, TC=2J /  kBln3. Below the Tc the 

change in the free energy is positive and the breakup into domains is therefore
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unfavorable while above this temperature domains will fonn, thus destroying the LRO. 

This crude argument is topological in nature as it referred to the geometry o f domain 

structure. The exact transition temperature22 is 2J /  kBln(l+V2).

Mean field theory is the simplest theory that successfully describes the 3D versions 

of the spin Hamiltonians discussed here, but it is known to fail completely in lower 

dimensions. The reasons for this are very elucidating but lengthy and so only the 

conclusion will be stated here. In lower dimensions, fluctuations away from the mean- 

field kind o f averages are much more important that in 3D. This is due to the 

enhancement of the SRO effects as glimpsed in the above illustration o f the ID and 2D 

Ising model. A very useful result from mean-field theory is the following rule of thumb 

for the relationship between the 2D interlayer exchange coupling I' that is always present 

in a real system and the observed 3D ordering temperature:

(24)

The 3D transition to LRO obviously requires an interaction in the third dimension and 

this interaction, no matter how small, eventually allows 3D correlations to begin forming 

on top of the 2D correlations thus driving the phase transition.

There are three basic temperature regimes defined by the above considerations, 

based on the relevant interactions present. The first is for T « T C, where 3D order is 

present. In this regime one expects to see long-wavelength magnetic excitations of the 

spin-wave type dominate the thermodynamics. Secondly for T » T C the paramagnetic 

regime is encountered, which is largely dominated by random thermal fluctuations, but 

the residual effects o f the magnetic interactions are well-described by high-temperature 

series expansions. The temperature region near Tc may be called the fluctuation regime, 

the extent of which is determined by n, d, and the strengths of the exchange constants. 

This regime may be subdivided into a short-range order region for the higher 

temperatures, the crossover region where 3D effects begin to arise, and the critical
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transition. Although the entire fluctuation regime will be investigated in this work, the 

experimental emphasis will be upon the effects o f short-range order in the critical regime, 

rather than crossover phenomena.

Unfortunately, there are few exact solutions to the models discussed above, and none 

at all for the Heisenberg model, except for the ID  S=°° case. The existing state of theory 

in this research area is thus a morass o f highly technical results which nonetheless can be 

reasonably categorized by their associated approximation techniques. The main 

techniques are high and low temperature series expansions, scaling theory and the 

renormalization group for critical behavior, exact results for special lattices or very 

specialized interaction types, and numerical calculation or simulations. It is upon this 

foundation that the recently developed analytical theory for the classical 2D Heisenberg 

model with non-magnetic impurities used in this thesis rests.
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CHAPTER 2

EPR LINEWIDTHS IN LOW-DIMENSIONAL SYSTEMS

Introduction to Electron Paramagnetic Resonance23

EPR is a well-established experimental technique for investigating the local electric 

and magnetic environment of the spins associated with the electrons in the paramagnet 

under study. The sample is placed in a region of two known magnetic fields typically in a 

perpendicular arrangement. The first is a (large) D.C. field H and the second is a (small) 

A C. field h(t) = cos(tot). The response of the magnetic moment o f an electron 

jl = - g | l fl S to the local D.C. field, B = H is precession about its direction according to

^  = Y(KXB) (I)
dt

which is termed Larmor precession, where (iB = eh/47t m e  is the Bohr magneton. The 

Larmor frequency is then I y IB. For an electron, y  = -e/2m r c so that for typical

electromagnet D.C. fields o f up to I kiloGauss, the frequency is in the microwave region 

of the electromagnetic spectrum. For example, at B=3300 Gauss, the frequency Is (0,7271 

=9.2 GigaHertz, or 9.2xl0"9 seconds-1.

Classically the effect o f the alternating field h(t) on this processing system is simple 

resonance: at CO = COl microwave energy absoiption occurs in the quantity
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eh
hv = //CO = -------- B = (X8B . (26)

4 Tt me

In the quantum picture a single electron spin S= 1/2 has two allowable magnetic quantum 

numbers ms = +1/2 or -1/2. The Zeeman Hamiltonian is derived from the classical energy 

-(I B and is given by

g m B s 2 (27)

if B = B z . Thus the energy 

levels are degenerate at B = O 

and separate linearly with 

increasing B as in figure I .

Resonance occurs when AE 

between the levels is exactly 

equal to the photon energy 

from the A C. field. An 

electron may then be Figure I. Zeeman energy level splitting in a magnetic field.

promoted from the -ms level to the +ms level by absorbing the photon energy hv. Thus

hv = g p BB, (28)

a factor of g different from the classical result due to the quantum nature of the electron.

To maintain thermal equilibrium, some excited electrons must fall back down, 

releasing energy by interacting with the lattice or with each other in characteristic 

relaxation times T 1 and T2 respectively. These spin-lattice and spin-spin relaxation times 

may be used to investigate the dynamics of the spin system, but are difficult to obtain from 

a standard continuous-wave apparatus; only if the upper level may be saturated by the 

available microwave power can the relaxation back to thennal equilibrium be directly 

observed, and the relaxation times be extracted. Pulsed EPR experiments also measure 

the times directly by the input of a single pulse or pulse series of high energy with the



13

subsequent relaxation the output o f the experiment. The experiments described in chapter 

4 are continuous wave EPR on a system that cannot be saturated with the present 

apparatus.

The response24 to the A C. field h(t) = hcos(tt> t)x is an A C. magnetization

M x = x' hcos(ti) t) + x" hsin(CL) t) (29)

where the imaginary part of the 

susceptibility %" is related to the 

energy absorption measured in the 

spectrometer. The dependence of 

X" on H (or B) is typically 

measured with fixed microwave 

frequency, as in figure 2. A single 

absorption line yields three 

quantities: the line position H0,
Figure 2. An EPR absorption line.

the half-width at half-maximum AH, and the lineshape of the absorption curve.

The line width is the quantity o f interest in this work and it is important to realize why 

it is not a simple delta function at the resonant frequency. Broadening of the absorption 

curve occurs when electrons in the sample experience different local fields and thus 

different resonant conditions. Magnetic dipolar broadening accomplishes different local 

field environments via the random sum of the dipolar fields of neighboring spins at each 

spin site, which changes the value of the local magnetic field (i.e., from H to B). The 

range of local fields at a site can be estimated from the dipole field expression

r. _2

AH
3(jT f ) f -p. r

(30)

which is about I Gauss for a single electron spin, where a is a typical lattice parameter.
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Since the individual magnetic moments are random, the distribution spanning AH is 

Gaussian,

AH = H0exp[-C(co-co0)2], (31)

where oo0 is the resonant frequency.

Exchange narrowing25 o f the absorption line competes with the above effect by 

averaging the local fields to reduce AH from the dipolar value. The averaging occurs 

simply because the exchange interaction provides a means by which the electrons may 

communicate yielding a correlation length, or an averaging distance. For a Heisenberg 

Hamiltonian, the exchange narrowing can be shown to be Aco^ = (Am)2 /i/J where Ti/J is

the exchange "frequency", or rate o f spin flips induced by the exchange interaction. Thus 

larger values of J yield narrower absorption lines in some cases.

Lineshapes are typically either Gaussian as described earlier, or Lorentzian, wherein

AH aH0
a + b(co-co0)2

(32)

The lineshape may be conveniently analyzed by plotting %"(Hq ) 
.%"(H)

vs.
(H -H 0)2

(AH)2
. This

simply illustrates the rate o f decrease of the absorption curve from the resonance peak as 

H departs from H0, as in figure 3. Gaussian curves fall off much faster than Lorentzian 

curves indicating a more random process or a shorter correlation length in the system.
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Lorentziaii

Figm e 3. Lorentzian and Gaussian lineshapes.

General Tlieorv of Magnetic Resonance Absorption26 

The Relaxation Equation

According to the fundamental relation of linear (in h, the magnitude of the A C. field) 

theory due to Kubo and Tomita271 the EPR lineshape is given by

X"(to) = Jn (M x (t)M x (0))cos(cot)dt (33)
kBT n

where

M x (t)  = e x p ( i/ /t  /  /OMx (O) e x p ( - i / / t  /  A / )  (34)

and V is the system volume. The equilibrium magnetization will point along z in
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alignment with the external field H = H z so that (M x ) = 0. Equation 33 also assumes 

/Zco «  k BT . The triangular brackets indicate a thermal average,

(O) -
Tr exp(-p.7f )0
Tr exp (-(BH)

The Hamiltonian may be written as

H  = -Y  /-ZSzH + j £ (jj)S i • Sj + H ' = H0 + H '

(35)

(36)

where the first term is the Zeeman interaction Hz, the second is the exchange term Hex, 

and for EPR the perturbative term is quadratic in spin operators and represents for 

example, the dipolar interaction, crystal field, or anisotropy present in the system. It may 

be written in general as

» ' = £  (37)
ij ap

where i and j denote lattice sites while a  and P represent vector components.

Now the relaxation equation can be derived. Working in an interaction representation 

M x = exp(-iH0t/f /)M x (t)exp(iH0t/fz) . • (38)

the time-development o f M is governed by H' according to

<39)

with

H z(I) = exp(-iHot//z )H ,(0)exp(iH ot//z ). (40)

X" can then be shown to be (with suitable approximations) given by

X"«D) =

toV
8kBT

CO OO

J (M +(t)M .(O)  ̂exp[i(ro0 - to)t]dt + J (t) M+ (O)) exp[-i(co0 -  co)t]dt (50)

which clearly indicates a curve peaked at (O0 with a width proportional to the correlation 

function (M +or„(t)M„or+(0)).

The relaxation function is defined as



17

4>(t)
(M +(t)M .(0))

(M +M .) (51)

which provides the lineshape %"(co) through a Fourier transfonn at the frequency OD0 -  to. 

Here (M +M .) is the static correlation function. The solution to this problem was shown 

by Kubo28 to be

<t»(t) = exp -jdT(t-'C)'P(T) + ] r C n (52)

where the correlation function is given by

tF(T)
Ti2

> ( t ) , M +(0)][M „(0),//'(0)])

(MjvT) (53)

Exchange Narrowing

For Gaussian random processes such as are assumed in the Kubo-Tomita theory, all 

the above terms Cn in the cumulant expansion are zero. This approximation to real 

systems breaks down in the event of long-time correlations and the effects are discussed 

by Richards29 in some detail. Ignoring these questions for now, the relaxation function is

<j>(t) = exp -JdT(I-T)xF(T) (54)

In (53) above, the time dependence is governed by H'(\) which is ,modulated by H0 

according to (40). Thus xF(T) decays to zero in a characteristic time Tc ~ /i/J since the

exchange interaction dominates H0. Thus from (54) for t « T c,

<|)(t) = exp[-xF (0 )t2 / 2 ]  (55)

where xF(O) = (Aod2) is the second moment of the resonance line. However, for the other 

extreme, t »  Tc, again from (54) the relaxation function becomes
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<|>(t) = exp[-t| t] (56)

where

T| = = xP(O)Tc . (57)
O

Since ^Aco2 t̂c = r\xc « I , this latter form describes the resonance line for times of

interest. The lineshape is then Lorentzian (Fourier transform of an exponential), with a 

width

AH
//^Aco2)

yJ
(58)

Note that for the Gaussian line the frequency width would have been ^ A to 2 ̂  since 

that is the width o f a Gaussian line o f the form e x p ^  Aco2 )t2 /  2 j, as in (31). Therefore, 

the line has been narrowed by a factor of ^ A co2 t̂c « I and hence this effect is called

exchange narrowing30.

Spin Diffusion3'

The results given in (50), (52), and (53) above for the lineshape as a Fourier 

transform of the relaxation function are quite general. However, the derivation of a 

Lorentzian shape based on exchange narrowing fails in ID and 2D due to the effect of spin

diffusion32. This refers to the diffusion equation, which is obeyed by the spin-spin 

correlation function C(f,T) = .̂ Sf (T)5Sf^ in the limits i  —> oo, t —> o° with f  = Fij as follows

, aCf ,T) = DV2Q f , T). (59)
ot

It is generally accepted that this equation is valid for q,co —> 0 behavior at temperatures 

high enough above the ordered state that spin waves are unimportant, where q is the 

wavevector and to is the frequency.
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The analysis o f spin diffusion is carried out in terms of spatial Fourier components of 

the spins

so that the correlation function becomes

( S - (T )S f )= -^ (S -C t )S ; ,)  
q

and in the limit o f the number o f spins N —> oo

. (s* (T)S') = J qd‘,dq(s'(T)Sf,)

where d is the spatial dimensionality of the spin system. A temporal Fourier transform
.

decomposition leads to the spectral density at frequency to 

. ( s Is I)to= Jdt(Si(t)Si)exp(icot)

(60)

(61)

<62)

= j  dt J q ^ d q (s; (t )S ; ) exp(iw t )

: J qd dq jdt(s*(t)Srq)exp(i(ot) 

jq " d q ( s ; s ; ) ^

The solution to the diffusion equation (59) is then

(S; m S-,H s;S (,)exp [-D q 2M]

(63)

(64)

Thus (62) yields

Iim T —» °o (T)Sf) ~ T_d/2 (65)

where x implies that Dq^ax » I where (̂ inax is a zone boundary wave vector. Thus

long wavelength modes contribute and the upper limit of the integral over dq may be 

extended to infinity. Static correlations (SqS^,) near q=0 halve been ignored in the
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derivation of (65), which is valid in the very high temperature limit where the static 

correlations are independent o f q. The effect of the static correlations due to exchange 

has been considered in more detail by Soos, et. al.33 and they discuss the effects to 

temperatures as low as kBT~2J.

In order to obtain the lineshape and linewidth a detailed analysis o f <j>(t) is performed 

using a decomposition o f H\x) into modulation factors exp(imco0i:). This discussion by 

Richards is illuminating but lengthy and can be found in reference 24. The NMR 

(hyperfine) interaction, being linear in spin operators and therefore simpler than the EPR 

quadratic interaction, is treated exactly yielding

where the first unmodulated term in the integrand is the secular or diagonal (in an Sz

representation) part which is equivalent to one half the nonsecular term for isotropic

correlations above the ordering temperature. A  is the hyperfine coupling constant in the

NMR interaction ATnmr. Considering the "t" part of (t-t), the upper limit of (66) may be 

extended to o° for d=3 upon substitution o f (65) since £  x~dn&l converges there.

However, this integral diverges for d=l or d=2. The "t" part of the integral can be shown 

to be negligible even though it is not convergent at the upper limit for d=l,2 , or 3. This 

effect of diffusion in less than three dimensions can also be understood via the spectral 

density. Inserting (64) into the top equation of (63) yields

O
(66)

(67)

and using the bottom equation o f (63)

(68)

so that, as CO->0,



SS <ln (l/(o )

constant

d = 2 . 
d = 3

(69)

Thus it is seen that since T) =  (l/2)'P(co = 0) = (S fS f)^ 0 in (56) for example, this only

makes sense for d=3.

In one dimension the actual form of the Fourier transform of the lineshape can be 

shown to be

<j)(t) = exp[-(rt)3/2-T|t] (70)

where

T = (Aco2)2z3Tg3 (71)

so that for T » T |

<j)(t) = exp[-(Ft)3/2]. (72)

The fraction rj/T turns out to be ~(A/J)2/3« 1  for the NMR width. Thus a Xi'1 dependence 

dominates the transform and diffusion has drastically altered the lineshape in ID. The ID  

width F  »  (A(02) tc for 3D from previous arguments. This is due to the slow rate of

decay o f spin fluctuations for long times in ID. The exchange modulation is much less 

efficient at narrowing the line.

In 2D the analysis is more complex but the 2D lineshape transform may be written in 

the form

<|> = exp[-(F 2t )ln(F2t) - T|t] (73)

for complicated expressions for F2 and f| which may be found in reference 24. Typically,

d=2 behavior lies between d=l and d=3 as one would expect. For d=l the r 1/2 decay is so 

slow that the major contribution to Jo(t-T)^(T)dT comes from times t» t, , a

characteristic time ~TC. The exact value of this characteristic time is then unimportant.

For d=3, the T 3z2 decay is fast.enough that there is not much contribution to the above 

integral for T>Tj. The lineshape is then Lorentzian, as discussed in the previous section,
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and the width is determined by the behavior in the nondiffusive region o f small x. Now, 

for d=2, the T 1 decay leads to a logarithmic tenn as in (73), which forces the integral 

above to depend on the characteristic time T1 as well as the behavior in the diffusive region 

of large %.

EPR Lirieshape

In converting the previous results for an NMR interaction to that of EPR, four-spin 

instead o f two-spin correlation functions are encountered. One way or another these 

correlation functions are decoupled into two-spin correlation functions in order to be 

theoretically tractable and to link more directly with other experiments (neutron scattering, 

for example, directly measures the spin-spin correlation function structure factor). There 

are various approximate procedures for accomplishing this, including factorization, 

random-phase approximation, and the assumption of diffusive behavior from the outset. 

The factorization scheme proceeds according to

(sr(T)ŝ T)s:'sr)=(sr(T)s:'XsP(T)sr)+(sr(T)sr)(sP(T)s:') ^
ignoring time-independent terms which yield zero, for example with a dipolar interaction.

It would at the outset appear that since two-spin correlations decay as T-1/2 that four-spin 

correlations would decay as 1/T yielding a different shape function. However, Richards 

(again in reference 24) shows that the net effect is that the sum of four-spin correlation 

functions becomes the sum over a single Wavevector as in (61). However, since the 

function is the square of a two-spin correlation function, the decay rate (diffusion constant 

D) ends up twice as large.
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Angular Dependence o f the Linewidth in 2D

The dominant secular part o f the lineshape transform for a 2D square lattice leads to a 

dependence o f the form

AH = (Scos2G -I )2 +  constant. (75)

In 2D besides the m=0 secular term the q->0 mode also dominates and this results in the 

vanishing o f the secular term at 8 = cos"'( I / V3) = 55 yielding a Lorentzian line at this

"magic angle". For other angles the shape is the Fourier transform of 

exp[-(F t )ln(Ft) - Tj t] and depends on the details o f the ratio r|/F.

Temperature Dependence o f the Linewidth34

The following sections briefly outline the origin and nature of the EPR linewidth 

temperature dependence in 2D. These results are used in the derivation and analysis of the 

2D classical Heisenberg antiferromagnet discussed in the following chapters.

Introduction. The temperature scale is divided into three regions regarding low

dimensional effects:

region I T > 2Tmax (ID), 2TC (2D) 

region II Tc < T < 2TC

region III Tc < T < Tmax (ID)

in addition to T<TC which is the 3D ordered state. Tmax = —  S(S + 1) and is identified
k B

with short range order (SRO) by, for example, the broad peak in the specific heat, whereas
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Tc is the critical temperature for a 3D phase transition into the ordered state. For ID  

systems, Tmax may exceed Tc but for 2D LRO may be achieved with only a small 

interplanar coupling or anisotropy and hence Tc is higher or nearer to Tmax.

Region I is governed by SRO and the diffusion model discussed earlier should hold. 

For region II precursor effects to LRO begin to become manifest and the dominant mode 

for an antiferromagnet switches from q->0 to the superlattice vector q0. Region in  is

only seen for ID magnets typically, and the dynamics therein are likely to be due to spin 

waves rather than diffusion although no LRO exists for the propagation o f magnons.

Qualitative Estimate o f the Linewidth Temperature Dependence. The lineshape

expression (66) for the secular part in EPR rather than NMR is

■lnK t > = ^ S ^ j d ^ ( t - t ) 2 F ” F” (s;(T)s.*(T)s;.s;.)
qq'(s;s;) J'

which becomes, after the random-phase approximation,

- hlWt) = |Fq(0T ( Sq <T)S-q ̂

using = 2 y 2/z2N^SoSq ̂ ). The fluctuation-dissipation theorem states that

/CzCz\ _ Xok8T

(76)

(77)

(78)

where %0 is the static uniform (q=0) susceptibility. Using the Curie-Weiss law this 

becomes

(s;s;)= (79)

with the Curie-Weiss temperature T9 = - — ZS(S + 1) for Z nearest neighbors. Note that
3kB

T6 and J are positive: for antiferromagnetic coupling here.
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For 3D in which short time behavior is most important (t—>0), the ratio o f the 

lineshape at T to that at T=oo determines the linewidth:

a h - ( s ;s ; ) ”' - ( i + ^ - )  (80)

so that for an AFM the linewidth decreases as T is raised from Tc and vice-versa for a 

FM. In ID  or 2D however, the relaxation is controlled by the q—>0 behavior so that

A H = ( s ; s ; ) = ( 81 )

and the opposite behavior is obtained; namely that for an AFM the linewidth increases as

T is raised from the critical temperature. These results for AH were obtained by
[ I n W j iconsidering the behavior of the lineshape transform at T relative to that at

Temperature Dependence o f LinewidthS near Tc. For an AFM the static correlation 

function ( S ^ )  at q=0 decreases with T while the staggered correlation ^

diverges as —-----I
V T c  j

as T-^Tc (n=l in mean-field theory). Therefore, the importance of

q=0 gives way to the dominance of the superlattice vector q0. In addition the diffusion 

constant at q0 decreases as T—>TC due to critical slowing down so that the importance of

, q0 is increased even more as the linewidth is determined by the long-time behavior of the 

staggered correlation. For the FM, q—>0 dominates at low temperatures so that AH 

should increase rapidly near Tc.

The following analysis applies to the AFM case. From (77) the linewidth is 

approximately given by
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AH ^ R ' d q| P < t M (82)

where Pi is the damping constant associated with the time dependence of (s^ (T )S ^ , 

assumed to decay exponentially. For an AFM near q* = |q - q0

R s U
R sO

1 + q‘V
(83)

with Fq. — Fq and (SqoSqo 'j ~ %ST where %s is the staggered susceptibility, which diverges 

at Tc, and E, is the correlation length. The damping rate Fqn is finite but known to go to 

zero proportional to the inverse correlation length. Thus the linewidth becomes

'(O)I2Zs ^sz ' 2

q" dql q-T )
(84)

The integrand is proportional to (q )̂"4 and so the upper limit may be extended to °° if 

Now, contrary to the FM case, as long as the inverse correlation length is 

nonzero, the integral will converge near q* . Thus a Lorentzian line is produced and 

exchange narrowing is appropriate. Then the linewidth becomes

ATT.. (s Oos -Qo) f q'dq"
r,.Rs;)J(i+q-^)2

..Rs-J1 ,,
r  E2

(85)

since35 (SqoS^o 'j ~ X0T =  and36 Fq 1 and where the static (q=0) correlation has

/ T ' ,/2
been neglected due to its weak temperature dependence. For k = = —  - 1

v Tc
from

neutron scattering data37 in the critical region, the q0 contribution to the linewidth causes 

AH to diverge as (TZTc-I)-372. The q—>0 contribution tp AH dominates at high 

temperature but is taken over by the divergent q0 component eventually and the linewidth 

diverges as T-ZTc from above.
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Summary and Application to the 2D Heisenberg AFM Square Lattice38

The results o f the last section have shown that by measuring both temperature 

dependence and angular variation o f the resonance one can obtain information about both 

long-wavelength diffusive processes at high temperature and short-wavelength 

antiferromagnetic correlation effects in the precritical region in two dimensions. These 

results have been tested on K2MnF4 by Richards and Salamon39. Following is a brief 

summary and application to the 2D model o f this work, with the intent being to obtain a 

closed form of the linewidth to compare to the experimental data that will be presented in 

chapter 4.

High Temperature Spin Dynamics. Summarizing, in 3D, at high temperatures, the EPR 

linewidth is given by Ato ~  (Op/toc where Mp is the rms dipolar perturbation frequency

(equivalent to the second moment of the resonance line) and Me is the exchange frequency. 

The power spectrum

P(M) = ( S ^ ) a = J(Sf(t)Sj)exp(iMt). (86)

is therefore finite at M=O. In 2D however, the long time correlations are dominated by

spin diffusion processes40 so that

Iim (Sf(t JS*) = ^  (87)
t - > ~ ' ' |t|

which leads to a logarithmic divergence in the power spectrum as M—>0. This leads to an 

extra contribution to the linewidth from spin diffusion. The geometry of this contribution 

is the same as the secular part o f the dipole-dipole interaction with q—>0. Therefore, in a 

2D lattice, the spin diffusion term has an angular dependence of (3cos26 - l)2, where 0 is
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the angle between the external field direction and the normal to the crystal planes. This is 

to be contrasted to conventional exchange narrowing (-square o f two-spin correlation 

function from the RPA times dipolar factor averaged over the whole Brillouin zone) which 

varies weakly with 0. Therefore, at high temperatures, the EPR linewidth has the 

following form

AH = a  + p(3cos20 - l ) 2 (88)

where a  describes the q^O exchange narrowing contribution and p describes the processes 

from the q -0  part of the Brillouin zone such as spin diffusion.

Intermediate Temperature Spin Dynamics. As the temperature is lowered the behavior of 

a  and (3 must be re-examined. Both involve %0T in their denominators and the square of 

two-spin correlation functions times a dipolar factor in their numerators. Since the 

numerator o f a  is only weakly temperature dependent, it is expected that a  = l /x 0T . But

since the singular behavior o f (3 near q -0  leads (via the fluctuation-dissipation theorem) to 

a (X0T ) 2 contribution, one expects that (3 = X0T 1 where

X o T -^ g ^ B S lS  + D ^ r .  (89)

Thus as T decreases, a  increases while (3 decreases.

Low Temperature Spin Dynamics. At lower temperatures still, the short-range AFM 

coupling must affect the spin-spin correlation functions. This will cause the q-dependent 

susceptibility to rapidly increase at the superlattice vector q0 = (a* / 2 , a* /2 ) ,  where a* is a

reciprocal lattice vector in the 2D Brillouin zone. As the spin correlations grow a new 

contribution to the linewidth appears with anisotropy f(0):
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. AH = a(T)+.p(T)(3cos20 - l ) 2 +Y(T)f(e). (90)

The evaluation o f Y(T) follows the calculation o f the spin-spin relaxation time by Huber 

and Kawasaki41-42.43 which will now be outlined.

The spin-spin relaxation time for Lorentzian lines is given by

(91)

where the relaxation function is defined to be 

(A (t), A) = J dXfexp f  X - H i - I f f  ■ Aexp

I-------------

+«;

I_________

L I n) J . V Ti)
A +) -P (A ) (A +) (92)

where P = l/k BT and the angular brackets denote a thermal average as usual. The time 

derivative o f the spin operators is given by the usual expression (39), and the components

Sct = g |iB^ S “ . The dipolar anisotropy tensor at q = q0 has uniaxial symmetry and varies

little with temperature(Dx D 1 , Dzz = D, I). Assuming isotropic spin fluctuations

and using the RPA to factorize the four-spin correlation functions,

1 1 " ■ 7 ^ [ Di r Dx]2Zj'l>(S“(q.t)S“(q.O))3
q**qo \  /

(93)
q-qoo

For strongly correlated spins

(S“(q,t)s(q\0))
K11 exp[—r(q*)t]

K2 +q*2
(94)

where q* = q - q0 as before, and K is the inverse correlation length. From dynamic scaling 

44it is known that

IXq*) = K 7 (q * /K ). . (95)

Substitution into (93) then yields

E JdtO ic'■(4-d-2r|+Z) (96)

Next Xo is assumed to be weakly temperature-dependent so that the correlation function is
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simply proportional to T. Lastly, for a q=0 damping rate F much greater than the 

microwave energy (as is the case for EPR), then the linewidth is simply proportional to the 

inverse spin-spin relaxation time averaged over the plane perpendicular to the external 

field. Therefore, the final expression is

Y(T)f(0) = (BZTXD12! - D l  )K:(4-d-2,1+Z) ( I + cos20), (97)

to be inserted into (90) for the final linewidth expression.
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CHAPTER 3

THEORY OF NONLINEAR EXCITATIONS

Introduction

Understanding the connection between microscopic physics and macroscopic 

properties is the goal of much o f condensed matter physics, if not all of physical science. 

Typically the connection occurs in the form of linear, collective, coherent modes 

(elementary excitations) such as spin waves and phonons. More recently advances in 

nonlinear dynamics and digital computing power have opened up the possibility of 

investigating the effects of nonlinear excitations in many-body systems. In nonlinear 

systems there exists not only the usual spatially extended modes but also localized 

structures such as vortices and domain walls (solitons). These excitations may also have 

quasi-particle-like characteristics and may be described phenomenologically in tenns of a 

small number of linear modes. An example of this within magnetism is a many-body

system of Heisenberg spins with Landau dynamics ' dS =M The collective

excitations may then be vortices, domain walls, or spin waves, depending on the details of 

the Hamiltonian.
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The last century o f work in classical nonlinear dynamics beginning with naval engineer 

John Scott Russell's famous 1834 observation45 of solitary waves on the water surface in a 

narrow channel near Edinburgh, has recently culminated in the exact solution o f many 

problems in classical nonlinear dynamics in ID, including continuum (classical or 

continuum limit: Ti —> 0, S —> oo, ZzS = constant) versions of spin chains46. The 

theoretical47 and experimental48 work toward observing the effects o f solitons in spin 

dynamics and other properties o f spin chains has been quite successful.

Progress in 2D has been slower in coming, perhaps because o f the lack of solvable 

models in 2D. Considering the general spin Hamiltonian featuring the H D W  exchange 

derived in chapter I,
/ f = - j 2 [ s » s ; + s : s ; + « - s ; ]  y g )

(ij)

analytical results to nonlinear excitations from the continuum approximation to this model 

exist only for X=O (XY model) or I (isotropic Heisenberg model). In the planar limit 

wherein the spin vectors themselves are confined to the plane, by a large single ion 

anisotropy term in the z direction for example, an interesting topological phase transition 

is known49 to exist at a temperature Tkt in the classical limit. This is interesting in light of 

the fact that Mermin and Wagner have rigorously proven that LRO is absent from 2D 

systems with continuous symmetry50. In fact, the phase transition is to a phase without 

LRO but with a diverging susceptibility. This corresponds to the unbinding of vortex- 

antivortex pairs into a gas o f free vortices, the density of which increases with T. Thus, at 

high T when the average distance between vortices approaches the vortex core size 

diffusive spin dynamics occurs, whereas at lower T the Gaussian velocity distribution in 

the less dense gas leads to a central (q=0) peak in the spin-spin correlation function in 

reciprocal space, S(q,a>). This central peak structure will be seen to be ubiquitous in these 

types of systems, and is important since it is directly observable by neutron scattering.
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For the Hamiltonian in (98) approximate analytical work and molecular dynamics 

simulations51 with O cXd reveal two types o f stable vortex motion. For XcXc- . 72 on a 

square lattice, the static vortices are purely in-plane, whereas for X>XC the out-of-plane 

component increases with X. Approximations in this work include an asymptotic foim for 

the out-of-plane vortex since the static correlations are unknown. The above authors find 

a continuous crossover to the Heisenberg limit X=I where the solutions are merons or 

instantons as discussed below. Other analytical work by Reiter52 involves the calculation 

of the dynamic correlation functions by a spin wave expansion in 1/s. This was later 

applied to the s= l/2  antiferromagnet by Becher and Reiter53.

For the 2D isotropic Heisenberg model (X=I) localized, analytic, continuous solutions 

were found by Belavin and Polyakov54. Their technique is to conformally map the 2D 

Heisenberg ferromagnet (xy coordinate plane) onto the 0 (3 ) nonlinear sigma model (spin 

space sphere), yielding an excitation energy of 4jtJS2D where D is a topological invariant, 

the integer describing the degree of mapping (the number of tunes the sphere is covered by 

the plane). D=I is assumed throughout. The 0 (3 ) nonlinear sigma model has also been 

mapped onto the quantum mechanical 2D Heisenberg antiferromagnet in the continuum 

limit by Haldane55 in connection with his now famous discovery o f the Haldane gap. 

Furthermore, recent numerical simulations56 o f the 2D S = 1/2 antiferromagnet have shown 

that the spin correlation functions have the same behavior as in the 2D classical spin 

system, thereby establishing a correspondence between the classical 2D magnet and high- 

Tc superconductivity57.

The solutions of Belavin and Polyakov are called "skynnions" because they were 

discovered earlier by Skyrme58 in the context of nuclear physics. These solutions are 

continuous or topologically stable (static) solutions since the complete spin-space sphere 

is mapped onto the lattice plane. The field variables are the polar and azimuthal angles of 

the spin vector, 0(x,y) and 0(x,y) respectively, where (x,y) is a point in the lattice plane.
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The boundary conditions are that 0=0 or TC as r->°o and 6 - k or 0 as r-*0. The first choice 

of these ensures that S is continuous at r=0. The effect of these excitations on the spin 

correlation functions was investigated by Trimper59 who found that the correlation 

function changes over from a power law decay to that o f an exponential and that the 

correlation length does not diverge for finite temperatures. He concluded that the 

pseudoparticles associated with the skyrmions prevent a phase transition to LRO in the 2D  

Heisenberg ferromagnet.

Waldner has done more recent work on the shape60 of skyrmions with small 

anisotropy present and their possible effects61 on the temperature-dependent EPR 

linewidth in layered Mn compounds. This effect he bases largely on a possible extension 

of Mikeska's theory62 for ID magnets of slowly moving solitons with excitation energy E. 

He proposes that because o f the presence of skyrmions, the 2D spin correlations will have 

an Arrhenius behavior ~exp(E/T). If skyrmions were the main cause o f line broadening in 

2D classical magnets, then the Arrhenius behavior leads to

By re-examining EPR data on layered quasi-2D spin 5/2 AFMs, he found excellent 

agreement to fits to the above model, neglecting quantum renonnalization which is 

expected to be small for S=5/2 in any case. This relies upon the fact that, according to 

Waldner's numerical work, the shape of the skyrmion does not change appreciably in the 

presence o f weak easy-axis anisotropy (which is usually present in real systems). He 

concludes by noting that the spatial effects o f skyrmions are too similar to that of spin 

waves to allow experimental resolution of the effects to be successful. In addition, the 

critical line broadening o f the compounds considered is pretty well described by the 

theories presented in chapter 2 (i.e. y(T)f(0)).

The recent work of Zaspel on skyrmion dynamics65 contains several major results. 

First, the random thermal motion o f the spins breaks the circular symmetry of the isotropic

(99)
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Heisenberg model, modifies the solution 6(r), and adds a kinetic term to the energy. 

Secondly, moving skyrmions are technically no longer skyrmions but are instead vortex

like with a nonzero spin projection onto the lattice plane at r = ° o  Finally, and most 

importantly for this work, the dynamic correlation function is found to be a modified 

Gaussian with a central peak structure. This result will be reviewed along with a detailed 

derivation o f the static skyrmion solution later in this chapter.

Nontopologically stable or equivalently, discontinuous solutions to the 2D classical 

Heisenberg Hamiltonian include magnon drops, discussed in the review by Kosevich, 

Ivanov, and Kovalev64. Here, 6(r)~l/r as r—>°° so that they are very localized solutions 

which are stabilized by a uniform precession about the direction of the external field. 

Preliminary work by Zaspel65 on the equations of motion indicate that the energy of these 

excitations is field-dependent.

The focus of this chapter is on the properties o f new solutions to the 2D classical 

Heisenberg model with nonmagnetic impurities obtained by replacing skyrmions with 

gapless, topologically unstable excitations. To stabilize these excitations energetically, 

nonmagnetic impurity ions are doped into the 2D Heisenberg magnet. These defects 

remove the energy gap required o f skyrmions (recall 6(r)=7t as r->0) by inserting a 

topological discontinuity at the origin, where, due to the presence o f the nonmagnetic 

impurity, exchange coupling no longer exists. This corresponds to a mapping of only part 

of the spin space sphere onto the lattice plane. Since the size of the excitations is on the 

order o f the size o f the correlation length close to the transition temperature, a small 

impurity concentration will fill the plane with the gapless solutions. Because of the 

different nature of these solutions, the thermodynamic properties will drastically change 

for a small impurity concentration. Similar experiments have been done to investigate the 

effect o f impurities on spin waves66, and on percolation67, but the effects described in 

those experiments occurred only for much larger concentrations of the impurity, near the
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percolation threshold. The effect seen here, that o f a very small concentration causing a 

large thermodynamic change, is the basis for excluding other mechanisms to explain the 

results presented in chapter 4. The remainder o f this chapter is used to develop the 

skyrmion solution, the impurity excitations, and their effect On the EPR lineshape via the 

spin-spin correlation function.

The Skvrmion Solution

The isotropic Heisenberg Hamiltonian H = - J ^ S i Sj can be written in the

continuum limit as 

H = -2JS2N 2 + - S 2J J dxdy [(VG)2 + sin2 G(V^)2J (100)

with the classical spin vector represented in a spherical polar coordinate system as 

Si = S(sinGi cos(j);,sinGi sin (̂ i , cosGi) . For a 2D xy plane space, 6 is the angle of

deviation of the spin vector from the +z-axis while (j) is the angle o f rotation in the plane, 

as usual. The first term in (100) is the ground state energy with N  the number o f spins and 

the integral represents the excitation energy.

To find the lowest-lying excitations o f this system the Hamiltonian is minimized with 

respect to the field coordinates,
m m
56 ” 5<j>

0. (101)

To obtain dynamical information, the variational derivatives would be set equal to G, § 

respectively. Considering the x-derivatives for simplicity, the integral is

I =  J J [G2 + sin 2(6)<|)2]dxdy ( 102)

so that minimization proceeds as
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2sin0cos0(|)^ + 2 0 J
30

50dxdy (103)

= 2  J  J [sin 0 cos 0^2+ Oxx ]60dxdy

where an integration by parts was done in the last step. The first minimization condition is 

therefore

V 2O-(Vtj))2 SinOcosO = O (104)

and a similar procedure yields, for the second condition,

V 2<j>sin2 0 + 2sin0cos0V<j)-V0 = 0 , (105)

which may be written as

V (sin2OVtj)) = 0. (106)

Surprisingly, these equations can be solved in simple polar coordinates (r, tp), which 

are coordinates in the plane as opposed to spin vector orientation coordinates. Using the 

standard forms of the gradient and Laplacian in polar coordinates, the minimization 

equations become,

^ + 9 „ _ s t a ^ c o s e < = 0

and
sin 0

<t>w=0.

(107)

(108)

If <|)=<p (108) is trivially solved and (107) becomes

6 + *ii— !HIec o s9  -Q
r r2 " O ’

which can be integrated twice by standard techniques to yield the solution

0(r)

(109)

tan-
/ \±> r

r O
(HO)

or
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r

ro
( 111)

where r0 is an integration constant and the - sign in (110) has been chosen to satisfy the 

defining boundary condition

9(r -> 0) = Tt (112)

as discussed in the last section. An antiskyrmion solution can also be found (the + solution 

in (1 10)) in which the spin vector points in the opposite direction to the skyrmion. 

Substitution o f (111) back into the continuum Hamiltonian yields the skyrmion excitation 

energy, 47tJS2. This calculation is very similar to the energy calculation for the impurity 

solution and is not presented here. The skyrmion appears as in figure 4, which may be 

taken to be the x-axis for example.

At the origin the angle 

9 is seen to be K 

whereas it is 0 at ±°° so 

that the spins are in 

their (ordered 

ferromagnetic) ground 

state far from the 

excitation center. r0 is 

seen to be the effective 

radius o f the excitation, 

defining the edge of the 

spin-flip region. The y-axis 

will look the same so that

an xy plot at large r will Figure 5. xy plane projection of the spin vectors

resemble a vortex, as in in a skyrmion.
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figure 5. This is a picture o f the projection o f the classical spin vector onto the xy plane. 

At the origin o f the excitation there is no spin projection but on either side the projection 

points in opposite directions so that if  it were not for the boundary condition (112) a 

discontinuity in the spin projection vector would occur, representing a spin flip. This 

would cost an energy o f 2J, which is large compared to other low-energy long-wavelength 

excitations also available to this system.

This then shows the mathematical motivation for doping the lattice with nonmagnetic 

impurities; if  the origin o f the excitation is nonmagnetic (i.e. a hole in the lattice plane) 

then there is no discontinuity there and excitations are free to form without the energy gap 

(112) being required. The boundary condition (112) may therefore be dropped and a new 

coordinate system introduced to model the defect in the plane. These then are no longer 

skyrmions as (112) defines skyrmion excitations o f the form (HG). The changes will 

produce a lower excitation energy, dependent on some initial value o f 6 at the origin 

which must be thermally averaged over.

The Solution with Impurities

The coordinate transformation is defined in terms of generalized coordinates u=f(x,y), 

which is a radial coordinate o f range (0,°o) and v=g(x,y), which is an angular coordinate of 

range (0,2k). The following restrictions also apply: u • v = 0, dx=h(u,v)du, and 

dy=h(u,v)dv, where h(u,v) is the 2D line element in the new coordinate system. A  

solution to the minimization equations (104), (106) due to Zaspel68 is

<j)(v) = v and 0 = 0(u) . (113)

for which the equations reduce to
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(114)

Integrating twice, the solution is found to be

tan® = exp[±(u + u0)]. (115)

The - solution assumes that all spins point up far from the excitation center as in figure 4. 

This is chosen as a conventional FM ordered ground state. The other solution is then that 

of an anti-excitation. The primary difference between this and the skyrmion solution is 

that there is no obvious radial symmetry here; the symmetries will be determined by the 

transformations which have not yet been specified. This is done next.

Recalling the need for a coordinate system with a singularity at the origin, the elliptic- 

hyperbolic system is particularly appropriate. The transformations are given by

x = a cosh(u) cos(v)
(116)y = a smh(u) sin(v) 

for which the line element becomes

h2(u ,v) = az[sinh2u + sin2v] (117)

where a is the lattice spacing. Since

------ ------------ =—= a
cosh u smh u

the curves of constant u are seen to be ellipses whereas since

(118)
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-----2-------^ l -  = 3 (H 9 )cos v sin v

the curves of constant v are seen to be hyperbolae, as in figure 6. The lattice parameter a 

is the distance between foci o f the curves and the u=0 ellipse is a line segment between ±a 

where the Jacobian of the transformation vanishes. This is the defect in the lattice plane

X

Figure 6. Tiie elliptical-hyperbolic coordinate system.

that prevents spin discontinuities from occurring and allows the initial spin projection 

angle to be less than Tt in order to lower the excitation energy.
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The form of 6(r) is shown in figure 7, for the upper, skyrmion solution and the lower, 

impurity solution, which is for U0= I , a= I, and <j)=7t/4. The skynnion solution begins at a 

value of K at the origin, while the impurity excitation simply depends on u0

Figure 7. 9 vs. r for the skyrmion (upper) and the impurity (lower) 

solution.

Now the excitation energy for the impurity solutions will be derived. Beginning 

with the continuum Hamiltonian (100), and using the first integral of (114), the excitation 

energy becomes

Ee, = jS2JJ  dudvO2. (120)

Now using (115) to express G11 in terms of u,

and inserting this into the above integral, the energy is found to be
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I - I
l  + exp (-2u 0)

where Es=4tl7S2 is the skyrmion energy and u0 is determined by the relation

f 6(u = 0)tan -
V  2

;exp( u0).

( 122)

(123)

The result (122) clearly indicates the possibility of excitation energies less than Es.

This result for the excitation energy may in principle be expressed as a finite number 

of magnons defined by the magnon number.

u' 2n

n = S J J(1 -  cos 6 )h 2dudv (124)
0 0

where the upper limit on u would be some function o f the correlation length of the 

excitations. Inserting the solution for 0(u) into (124) and inverting it would yield u0(n) 

which could then be substituted into E(u0) to give E(n). An approximate form may be 

derived for E(n) and is presented in Appendix A. The lowest order approximation yields

where

E(n) = Esn
(125)

. TtS n ~  —
4

The impurity energy therefore depends only upon n (or u0) and % which are both 

temperature-dependent. The correlation length may be calculated from other theories 

while the number o f magnons n is the variable that will be summed over in the thermal 

averages. Through u0, n represents the possible starting values o f energy for the 

excitation as indicated in figure 7, and thus is expected to follow Boltzmann statistics.

(126)
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The spin-spin correlation function, or the Fourier transform thereof (known as the 

form factor), is calculated in this section for later use in detennining a theoretical value of 

the temperature- and concentration-dependent EPR linewidth. An outline o f the 

calculation that shows the important steps is presented here arid further details are 

contained in Appendix B.

The z-component o f the classical spin vector at each point in the plane may be written 

in the so-called "cosine representation" as

Sz( r ) ^ s X c o s [ e ( f - R m)] (127)
m=l

where 9 is the angle between the point of interest at f  and one of the vectors Rm that 

point to the origins of the surrounding excitations. The influence o f the spin excitations in 

the plane on the spin deviation at r, Sz(r), is taken into account in this fashion. The static 

correlation function can then be written as

(Sz(T)Sz(0)) = l^t,cosQ(r - R m) cos6(Rk)j. (128)

The cosines may be Fourier transformed as follows

cos e(f - Rm) = J f  (q)exp[iq • ( r - R m )]d2q (129)

with Fourier amplitudes

f  (q) = J cos0exp[-iq • f  ]d2r . (130)

The following expansion69 o f the exponential in terms of Bessel and Modified Bessel 

functions
exp(iq• r) = exp[iqr cos(y -<)>)] = I0(iqr) + 2]T Ik(iqr)cos[k(y-§)],  (131)

. k=1

when substituted into (130) yields

f  (q) = J COs(G)J0 (qr)rdr (132)

by integrating over y and using the relation In(x) = i"nJn ( ix ) . In the above, y is the angle
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made by the q to the x axis while (j) is the angle made by the radial vector. Using the form 

of the impurity solution discussed in Appendix A

r = acosh(2u) (133)

cos(6) = tanh(u + u0) (134)

the amplitude becomes

f  (q) = J du cosh2u tanh(u + u0) J0 (qa-7cosh(2u)), (135)

where the angular variable and the Jacobian h(u,v) have been integrated over. The

argument o f the Bessel function can be simplified by changing variables from u to

x = 7 cosh(2u) = — resulting in 
a

f(q ) = J x d x  J0(qax) h(x) (136)

where

h(x) =
c +

x 2- l  
x 2 +1

I + c
X 2 - I

X 2 + 1

(137)

where c=tanh(u0). This integral is difficult as well, but can be simplified by substituting a 

simpler function for h(x) that retains the essential behavior at large and small values o f x, 

namely, that as x goes to infinity h(x) goes to I while as x goes to one (zero in the

continuum limit), h(x) goes to c. (Note that this h is not related to the Jacobian function 

h(u,v) in (117)). The replacement function as a function of r, with r0 = ex p (-u 0) / V2 is

h'(r) = ^ ± ^  (138)
r +r02

which has the correct limiting values and reproduces (137) quite well for any r in fact, as 

can be seen in figures 8 and 9. Figure 8 illustrates the dependence o f the substitution 

function on the crucial energy parameter u0, and it is to be compared directly to the actual 

(but non-integrable) function shown in figure 9.
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Figure 8. The substituted function in the impurity fourier amplitude.

The function is now integrable (see Appendix B) and the amplitude may be written in 

the simple form

f(q )=  E + Dq2 (139)

where E and D are complicated functions of the correlation length and u0, both of which 

are temperature-dependent.
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Figure 9. The actual impurity integrand in the fourier amplitude.

The correlation length entered by replacing °° in the upper limit on the integral in 

(138) with Treating the expression for f(q) as an expansion in small q (low-energy 

excitations), the amplitude in the first approximation is independent o f q. The fonn factor 

(Fourier transform of the spin-spin correlation function) may now be written as

S(qHf(q>r =TT-T (140)s +q
and the function g is obtained from the expansion of f(q) as E2 to zeroth order. The above 

expression for S(q) is missing a thermal average and a density of excitations necessary for

the dimensions to come out correctly. The corrected expression is
Esn

U ' M T n*
(141)

The density of excitations p is proportional70 to l/^ 2 and the amplitude if independent of n 

in the zeroth approximation, as above. Therefore the sum may be done with the result
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exp(—PEs/n*) g(%)

I-Hq2I 2 I 2

_ . £ 2 exp [-P Es/n*]
■ l  + q 2| 2

since E ~ |2. The q=0 behavior then gives the usual result for static excitations (from 

scaling theory71 S0- | 2) plus an additional concentration and temperature dependence due 

to the thermal average

Sqs0 = | 2 exp[-pE s/ n ‘] (143)

where p= l/kBT as usual.

EPR Linewidth

An approximate theoretical expression for the EPR linewidth may now be obtained by 

combining the results of the last section with the general formalism for the linewidth from 

chapter two. In terms of the form factor, the linewidth is given approximately by

r —J q d q  S2 .-

Substitution of (142) and (143) into (144) yields

A H » 4 ’ exp(-P E s / n- )J II^ _

exp(-pEs/n*)

( 1 + q T )

:^ exp (—pEs/n*)

(144)

(145)

which is just the Arrhenius form predicted by Waldner. The effect o f the static excitations 

on the linewidth has canceled out in the last integration, showing that dynamical effects 

are necessary to produce temperature dependencies for the canonical form factor (140).
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In the case presented above, the thermal average has produced the Imewidth changes, 

which was the purpose in the beginning o f this chapter for introducing nonmagnetic 

impurities and hence drastically affecting the thermodynamics through the variable u0. The 

logarithm of the linewidth plotted vs. the inverse temperature thus yields the impurity 

excitation energy as a function o f concentration and temperature. The expectation is that 

the absolute value o f E will decrease as . a rapid function o f the concentration, as these low- 

energy excitations begin to form in greater numbers.

Skvrmion Dynamics

The effects o f moving skyrmions have been recently worked out by Zaspel72. The 

analysis proceeds in a similar fashion to that presented for impurity solutions with the 

following changes.

The solution to the excitation Hamiltonian is found by setting the minimization 

equations in (101) equal to (l/JS)0t and (-l/JS)sin(0)(j)t to obtain Hamilton's equations of 

motion. The form of the solutions is assumed to be the static solutions with small motion- 

induced perturbations. The increase in the excitation energy due to the motion is found to

E '= ! B L v 2ln
Z T, \

V R0 /
(146)

for large r where r0 is the same integration constant as in (111), v is the velocity, R 1 is the 

radius that defines the boundary between large r and small r behavior, and R is the largest 

radius integrated over.
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The time-dependent correlation function calculation is similar to that of the impurity

solutions but with averages over velocity and velocity-dependent fourier amplitudes. The 

result is

S(q,t):
S(0)exp(-b2q2t2/4)

(147)
l  + q25 2

which shows the usual central peak structure o f width bq where b-i/%. The 

corresponding EPR linewidth AH = %2. Since %2 = exp(2Es/k BT ), the Arrhenius form 

AH = exp(Es/k BT) is obtained directly from the dynamics. This result explains the strong

temperature dependence o f the linewidth in the pure compound. In the doped compounds 

the temperature dependence is explained by the reduction of the number o f mobile 

skyrmions as lower-energy static impurity excitations replace them. Thus the net effect of 

the nonmagnetic impurities is to drastically reduce the temperature dependence o f the EPR 

linewidths previously due to skyrmion dynamics and additionally to contribute the residual 

temperature dependence o f the impurity solution derived in the last section.
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CHAPTER 4 

EPR EXPERIMENTS

Selection o f a Sample

These experiments were designed to test the predictions o f the theory outlined in 

chapter three. As the Hamiltonian under consideration is isotropic, and no correction was 

made for 3D behavior, an appropriate sample must be very nearly 2D and preferably an S- 

state ion to minimize spin-orbit coupling and hence crystal-field anisotropy. Such a 

sample is n-propylammoniummanganesetetrachloride, abbreviated PAMC with the 

chemical formula (C3H7NH3 )2 MnCl4. The structure consists essentially o f layers of Mn

ions forming stacks o f square lattices separated by two arrays of 3-carbon chains with an 

ammonium group on the end o f each chain. Each Mn ion in the lattice is surrounded by 

four neighboring Mn ions as indicated in the crystal structure73 in figure 10 and the ions 

are located at the comers and faces of the unit cell. The Mn ions interact via the 

superexchange interaction (as described in chapter one) through the bridging Chloride 

ions. Comer-sharing octahedra are formed by the presence of two additional chlorine 

ions above and below each Mn ion that are not involved In a superexchange pathway . The 

stmcture is orthorhombic, space group Cmca, with four Mn ions in each unit cell. The 

cell parameters are a=7.29 A, b=25.94 A, and c=7.51 A. The Mn-Cl-Mn bond is 5.26 A
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while the interlayer distance is 12.97 A. There is no bridging of the interlayer Mn ions but 

the NH3 groups do form hydrogen bonds with three chlorine ions o f the MnCl6 octahedra. 

This causes the vertical octahedral axes to tilt with respect to the b axis by approximately 

8° at room temperature.

® Mn O Cl » N © C

Figure 10. The lower half of the unit cell o f PAMC74.

The magnetic properties of the generic class of samples known as (R - NH3 )2 MnCl4,

where R is a variable-length alkane chain, are extremely well characterized75'76. Some of 

the experiments that have been performed on these systems include AC77 "78 and
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^79,80,81,82 susceptibilities, EPR83 84, birefringence85, X-ray86 87 88'89 90 and neutron91 

diffraction, and heat capacity measurements92. The 2D nature of the crystal produces the 

2D magnetic properties and a measure of this two-dimensionality is afforded by the ratio 

of interlayer to intralayer exchange coupling93 J'/J = IO"5.

The exchange constant within the layers J/kB is known94 to be -9.0 K while the Neel 

temperature95 Tn for antiferromagnetic long-range ordering is 39.2 K. The magnetically 

ordered unit cell is shown in figure 11. PAMC is also known96 to show evidence (in the 

AC susceptibility and neutron scattering) for spin canting (-.05°) and weak

ferromagnetism below the ordering temperature, ascribed to an antisymmetric exchange 

term^7.

b

Figure 11. The antiferromagnetically ordered spin structure of PAMC98.



54
Crystal Growth

The doped samples, (C3H7NH3)2 CdxMn^xCl4 were grown by slow evaporation 

from an aqueous solution o f stoichiometric amounts o f all reagents except for the 

cadmium chloride salt. The cadmium was found to be present in the single crystals in 

concentrations roughly an order of magnitude beyond the molar ratio in solution. Faint 

pink plate crystals were obtained with the color varying regularly with cadmium 

v concentration. Single crystals formed small squares with the a and c  axes along the 

diagonals. The weights were quite small, ranging from less than I mg to perhaps 5 mg. 

The dimensions were approximately 5 x 5 x .2 mm3, with the small dimension 

corresponding to the b axes.

Atomic Absorption Spectroscopy

One single crystal from each batch of concentrations was chosen for absorption 

spectroscopy measurements. This technique involves shining a monochromatic light 

source through a vaporized amount o f aqueous solution in which the crystal is dissolved to 

some known dilution in parts per million. Using calibrated standard dilutions o f the 

elements of interest and by matching the wavelength o f light used to the atomic energy 

levels of the element, a calibration curve can be produced for the amount o f light 

absorbed. The dilution strength (or absorption) o f the unknown sample should then fall on 

some (ideally linear) portion o f the calibration curve, allowing a determination of the 

concentration in the aqueous solution and hence in the single crystal. The instrument used 

was a Perkin-Elmer Model 3100 Atomic Absorption Spectrophotometer.
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The accuracy of each absorption determination is very high but as only one crystal 

was measured from each batch, no measure o f repeatability exists for the concentrations, 

except indirectly from the results o f the EPR experiments. Clustering effects are possible 

in these crystals, wherein the impurity crystallizes not uniformly throughout the Mn lattice 

but in clusters. As mentioned in the analysis, however, this lowers the effective 

concentration since a cluster may be taken to be a single seed site for a static excitation, 

and so this would tend to enhance the observed effect if  it is present to any large degree. 

Mistakes in the chemical procedures used to produce the dilutions are the most likely 

source o f error, although great care was taken to avoid this circumstance.

The results o f the measurements are indicated in Table 2 below, where it is seen that 

the cadmium preferentially crystallizes out at these concentration levels. No attempt was 

made to investigate the full concentration ratio range from Oto I. It is expected100, 

however, that the crystallization curve (the ratio Cd/Mn in the crystal plotted vs. the ratio 

Cd/Mn put into the solution) is symmetric, so that at some higher level o f concentration 

the Cd would prefer to remain in solution. Crystal batches 1-4 in Table 2 were grown 

using a crude powder weighing preparation scheme, and are the. least reliable, as to the 

accuracy o f the amount o f each element put into solution (columns 2 and 3). Batches 5-8 

were grown with a very carefully weighed powder preparation and are much more 

reliable, while batches 9-12 were grown with extremely accurate solution preparations and 

are easily the most reliable preparations. The EPR experiments used to compare to the 

theory were taken from the last two groups.
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, Prep Solution Prep Solution Single Crystal Single Crystal

Batch Number Cadmium % Manganese % Cadmium % Manganese %

I 20 80 63.58 25.36

2 10 90 68.37 29.81

3 5 95 54.54 37.58

4 0 100 0 98.26

5 1.03 98.97 7.36 88.42

6 .635 99.365 8.68 87.74

7 .208 99.792 1.58 94.83

8 .104 99.896 .32 82.56

9 1.0 99.0 21.24 67.85

10 0.5 99.5 16.64 74.94

11 0.1 99.90 1.25 88.79

12 0.01 99.99 .19 86.27

Table 2. Results o f crystal growth and atomic absorption spectroscopy.
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EPR Measurements

Apparatus

The EPR experiments described herein were performed on a Varian Model E-109 

System spectrometer which includes a 9.3 GHz microwave bridge (Klystron and power 

supply included), a 10 kG electromagnet, and a field and modulation controller unit with a 

built-in chart recorder. The original system also included a HP computer and interface but 

this was replaced by a PC equipped with an IEEE databus and a D/A board for digital data 

collection. The temperature variation was achieved using an Oxford ESR-900 continuous 

flow cryostat which is equipped with a heater coil that is controlled by an Oxford ITC4 

temperature controller using a gold + .03% iron vs. chromel thermocouple. The sample 

temperature was monitored with a Lakeshore carbon glass resistor mounted within a mm 

of the crystal in the microwave cavity. This resistor has little or no magnetic field 

dependence for the field range generated by the electromagnet. In addition, the helium 

flow through the sample space was controlled with a manual valve which lies in line with 

the mechanical pump that draws the liquid helium into the sample space. This valve is 

sensitive enough that usually one could control the temperature by varying the flow, which 

is much simpler than adjusting the circuit parameters o f the ITC4. Current to the carbon 

glass resistor was supplied be a laboratory-made constant current source. The output of 

the resistor was routed to a Fluke digital voltmeter that was connected to the PC via an 

IEEE data bus for conversion to temperature units and for display. The microwave

frequency was measured with a HP 5246L Electronic Counter with a 5257A Transfer
\

Oscillator plug-in unit to achieve GHz frequency matching. The magnetic field was 

monitored with a Varian NMR Gaussmeter with the probe attached close to the
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microwave cavity. Vacuum was maintained in the insulation area o f the cryostat using a 

Leybold-Heraeus turbopump with a Welch mechanical roughing pump in-line. A larger 

Compton mechanical pump was used to pump the liquid helium through the ciyostat. For 

additional calibration purposes a single crystal of MgO:Cr3+ is mounted inside the cavity. 

The g-value for Cr3+ in the octahedral symmetry o f this crystal is known101 to be

1.9800±.006 allowing precise field and/or frequency determination to be made. As 

described, this apparatus allows accurate measurement of first-derivative absorption lines 

from O to 10 kG and from 3 to 300 K. The free electron g=2 resonance occurs at a field 

of 3322 Gauss for a frequency of 9.3 GHz.

Anisotropy Measurements

The expected angular anisotropy o f these crystals (see equation 75) can be written102 

b(6) = b2+. 25(b, -  b2 )(3sin2 0 - 1)2 (148)

where b l is associated with the broad maximum, b2 with the broad minimum, and

b3 = b2+.25(b, - b 2) with the second extremum seen in the anisotropy curves. The angle

0 is measured between the normal to the crystal planes (ac) and the direction of the 

external magnetic field. The angle dependence was measured as a function of 

concentration and temperature for several cases. The results follow the same trend 

indicated in the reference paper by Boesch et. al. above, namely that exchange narrowing 

is observed to have a large effect between T=300K and T=70K. Also, increasing the alkyl 

chain length to 3 (as compared to I and 2 in reference 99) increases the room-temperature 

parameters but affects the 70 K parameters little. Table 3 shows the results of the fits to 

(146) as well as the previous results while figures 12 and 13 show the data and curves for
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those values. The crystal of pure PAMC was obtained from Dr. Kenneth Emerson. For 

lower temperatures the anisotropy is observed to disappear entirely as the critical region is 

approached.

Temp. compound b, b, b,

300 K EA 44 19 23

300 K MA 37 17 22

300 K PA 49.0 19.6 26.9

80 K EA 18 13 15

80 K MA 18 15 16

70 K PA 13.1 11.7 12.0

Table 3. Anisotropy parameters for (CnH2î 1N H 3)2MnCl4 for n=l 
(MA=methylammonium), n=2 (EA=ethylammonium), and n=3 (PA=propylammonium) at 
two temperatures.

The doped compounds at room temperature show no statistically significant trend in 

the b parameters as a function o f concentration, as shown in Table 4 below.

% Cadmium b, b, th

0.00 47.8(1.9) 19.1(1.4) 26.3

0.19 49.3(1.2) 18.2(1.0) 26.0

1.25 48.5(1.9) 20.3(0.8) 27.3

7.4 47.9(1.9) 21.7(1.2) 28.2

Table 4. Anisotropy parameters for the pure and doped samples o f PAMC at room T.

This result is not unexpected since the soliton-induced temperature dependence is 

only significant in the critical region from approximately 40 to 70 K for the pure
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compound and proportionally lower for the doped compounds as the Neel temperature is 

lowered. Low temperature angular data was taken on doped compounds but only on the 

initial compounds which proved to be well above the percolation threshold. It was noted 

for the slightly doped compounds above that the angular dependence vanished near the 

critical regime as the temperature was lowered, past 70 K for example. The data is shown 

in figures 14, 15, 16, and 17. Misalignment of the fit and the data along the 0 direction 

indicates a misalignment of the angular scale mounted on the sample holder, which is set 

by eye. The true minima were determined from the EPR data and used for low- 

temperature runs to eliminate this error.

AH

- 2 0

e

Figure 12. Anisotropy o f pure PAMC at room temperature (an old sample from K. 
Emerson).
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Figure 13. Anisotropy of pure PAMC at 70 K (sample from K. Emerson).
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Figure 14. Anisotropy o f a new pure crystal o f PAMC at room temperature.
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Figure 15. Anisotropy of the .19 % Cadmium doped sample at room temperature.
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Figure 16. Anisotropy of the 1.25 % Cadmium doped sample at room temperature.
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Figure 17. Anisotropy of the 7.4 % sample at room temperature.

Lineshape

The lineshape was analyzed for a variety of doped compounds and was found to have 

no significant temperature dependence at an angle of 55°. This is the "magic angle" 

referred to in chapter 2 at which value the nonsecular terms in the 2D lineshape expression 

vanish. Thus only the secular (m=0) terms contribute to the broadening, and diffusive 

behavior (non-Lorentzian) is minimized in order to isolate the effect of the nonlinear

excitations. Figure 18 shows a typical lineshape plot for the 7.4 % compound at three

different temperatures. The lineshape plot is a graph of the ratio of the lineshape height to
y'(z) H -H

that at the line peak, -7777 vs. the distance from the line center z = 7------ — for a firsty'd) | ahpp

derivative absorption line. In the above, y(z) is the line amplitude and y' is the first 

derivative of the amplitude. So, at z=l the position is the peak in the first derivative line.
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(H -  H J  /  .5AH

Figure 18. The lineshape plot for the 7.4 % doped sample as described in the text. The 
x's are data taken at 228 K, the circles are data taken at 71 K1 and the squares are data 
taken at 38 K. The dotted line is from a Lorentzian lineshape while the solid line is from a 
Gaussian line.

Line Positions and Intensities

The resonance lines for this system are not saturable at maximum power of up to 200 

mW and so relaxation times are not directly obtainable. Otherwise, the amplitudes varied 

inversely proportional to the widths as a function of T1 peaking near 70 K and falling to 

zero at the critical temperature. The inverse relationship is expected since the area under 

the absorption line is proportional to the number of spins, which is a constant. The 

amplitudes were anisotropic with the maxima and minima inverted (out of phase) with 

respect to those of the line width.
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The line positions or g-values were close to 2.00 and showed a broader anisotropy 

than the linewidths but with minima at the same angle. As a function o f temperature the 

line position shifted higher in field as the temperature was lowered, diverging at the critical 

temperature for 3D order.

Linewidth Measurements

Linewidth measurements as a function o f temperature were taken on eight crystals 

with concentrations below the percolation threshold and on three other crystals with 

higher concentrations. Only the low concentration data will be presented here, although 

the form of the higher concentration data is similar, and energy results will be presented 

for both. A  summary o f the measurements is shown in Table 5. Each experiment has 

three figures associated with it: AH vs. T over the whole T range, InAH vs. 1/T over the 

whole temperature range, and InAH vs. 1/T in the critical region. The last figure 

associated with each experiment in Table 5 contains a linear fit to the data that yields the 

excitation energies listed in column 4. The linewidths were measured by hand and entered 

into the computer manually. The inaccuracies present in even a sophisticated fit of each 

absorption derivative line were much greater than those present in the manual 

measurements from the paper charts.

The data are presented in figures 19-39 as described in Table 5 below. Each data set 

is seen to have similar behavior; the linewidth initially decreases slowly as the temperature 

is lowered until the exchange narrowing is overcome by critical broadening near 70 K.

The exponential rise to the Neel temperature is the part of the data illustrating 2D soliton 

behavior. Some curves show ordered state points that typically are scattered as the 

resonance line shifts to higher fields and gets replaced with other unrelated structure.
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% Cadmium crystal # data set # excitation E figures

O A I 873(28) 19-21

O B I 745(24) 22-24

.19 A I 605(94) 25-27

1.25 A I 439(29) 28-30

A 2 500(30) 31-33

B I 445(10) 34-36

7.4 A I 47.5(1) 37-39

Table 5. Excitation energies for 2D solitons from linear fits to Iow-T EPR line widths.
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Figure 19. Linewidth as a function of temperature for the pure compound (crystal A).
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Figure 20. Log of the linewidth vs. the inverse temperature for the pure compound
(crystal A).
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Figure 21. The linear fit to the log of the linewidth as a function of the inverse
temperature in the critical region for the pure compound (crystal A).
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Figure 22. The linewidth as a function of temperature for the pure compound (crystal B).
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Figure 23. The log of the linewidth as a function of inverse temperature for the pure
compound (crystal B).
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Figure 24. The linear fit to the log of the linewidth as a function of inverse temperature in
the critical region for the pure compound (crystal B).
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Figure 25. The linewidth as a function of temperature for the .19 % doped sample.
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Figure 26. The log of the linewidth as a function of the inverse temperature for the .19 %
doped sample.
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Figure 27. The linear fit to the log of the linewidth as a function of the inverse temperature
in the critical region for the .19 % doped sample.
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Figure 28. The line width as a function of temperature for the 1.25 % doped sample
(crystal A, first run).
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Figure 29. The log of the line width as a function of the inverse temperature for the 1.25
% doped sample (crystal A, run I).
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Figure 30. The linear fit to the log of the line width as a function of the inverse
temperature in the critical region for the 1.25 % doped sample (crystal A, run I).
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Figure 31. The linewidth as a function of temperature for the 1.25 % doped sample
(crystal A, run 2).
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Figure 32. The log of the line width as a function of inverse temperature for the 1.25 %
doped sample (crystal A, run 2).
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Figure 33. The linear fit to the log of the line width as a function of the inverse
temperature in the critical region for the 1.25 % doped sample (crystal A, run 2).
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Figure 34. The linewidth as a function of temperature for the 1.25 % doped sample
(crystal B).
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Figure 35. The log of the linewidth as a function of the inverse temperature for the 1.25
% doped sample (crystal B).
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Figure 36. The linear fit to the log of the linewidth as a function of the inverse
temperature in the critical region for the 1.25 % doped sample (crystal B).
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Figure 37. The linewidth as a function of temperature for the 7.4 % doped sample.
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Figure 38. The log of the linewidth as a function of the inverse temperature for the 7.4 %
doped sample.
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Figure 39. The linear fit to the log of the linewidth as a function of the inverse
temperature in the critical region for the 7.4 % doped sample.
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CHAPTER 5

RESULTS AND CONCLUSIONS

Summary and Analysis of the Experiments

The experiments outlined in Table 5 in the last chapter may be presented graphically 

on one plot as in figure 40. In figure 40 the pure compound data are from crystal A and 

the 1.25 % data are from crystal B for those concentrations. The excitation energies show 

a small but steady decrease for concentrations less than or near I % while the slope for the 

7.4 % sample is drastically reduced. Additional measurements were made for 

concentrations between 50 ■% and 70 % and it was observed that the slopes continue to 

level off, with the largest effect apparently between I % and 10 % as in figure 40 (for 

concentrations o f 54.5 %, 63.6 %, and 68.4 % the slopes were 40.7 K, 29.8 K, and 38.0 K 

respectively). This is consistent with an exponential dependence o f the linewidth on the 

concentration, as discussed in chapter 3.
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Figure 40. Linear fits to the log o f the linewidth for four concentrations 

yielding excitation energies as slopes.

For low energy excitations the sum over the magnon number was performed in 

chapter 3 leading to an energy that depended only upon the correlation length, which must 

then depend on temperature and concentration. The basic idea behind the spin-spin 

correlation length is that it is approximately the distance over which the correlation length 

is reduced by 1/e for exponentially decaying correlations103,

(SS) ~ exp
- x

(149)

Two recent calculations of the correlation length exist in the literature104'105 for the 2D 

Heisenberg antiferromagnet, both with the approximate form

S(T )=  ® exp
2k BT

(150)

which holds in the renormalized classical regime as T—»0 but may be corrected for
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moderate temperatures'06 as

S m =
Bexp

1 +

E s /
/2 k g T
Es

2k BT

(151)

where B is a fitting parameter that can be determined in the high-temperature limit. An 

approximate method107 for obtaining numerical results for the decrease in the excitation 

energy is to use the decrease in the Neel temperature as a function of concentration to 

define an average temperature in the critical region to use in equation (151) above. The 

resulting correlation function is thus concentration dependent as well as temperature 

dependent and may then be used to calculate n* in equation (126). Table 6 displays the

results of this approximate procedure. The average temperatures (T ) were taken to be the 

average temperatures in the intervals over which the linear fits were perfonned. E,(t ) was

then calculated using (151) with Es = 809 K, the average skyrmion energy measured for 

the two pure compounds rather than the theoretical value of 4tcJS2 = 706.8 K. n*(%) was 

calculated using (126) and E(calc) = Es /n* as implied in the final linewidth expression

(145).

Cd% T (K) I(T) n '(5 ) E(calc.) E(meas)

0.19 51.1 26.8 18.9 42.8 605

1.25 A l 49.3 34.6 20.0 40.4 439

1.25 A2 50.3 29.9 19.4 41.7 500

1.25 A3 53.4 19.8 17.8 45.4 445

7.38 33.15 1315.8 34.2 23.6 . 47.5

Table 6. Summary o f the calculation o f the excitation energies for the doped 
compounds and comparison to the measured energies.
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The results show a discrepancy by an order of magnitude for the four lower 

concentrations and by a factor o f two for the 7.38 % sample; however, the trend is 

evident. The discrepancies should not be surprising in view o f several limitations o f the 

theory presented thus far. First, the calculation o f E using (145) is an oversimplification of 

a more complicated expression shown in Appendix A. The approximations made therein 

allowed the summation in the thermal average to be done but no numerical estimate was 

made concerning the accuracy o f the approximation.

Secondly, the fact that the impurity excitations are static means that any temperature 

dependence they show is in effect a residual one, coming as it did from the thermal 

average and not from dynamics. To address this problem skyrmion dynamics, spin waves 

at small-q, and possible soliton-magnon interactions need to be taken into account. 

Skyrmion dynamics were discussed in chapter three; the results have not yet been carried 

through to the numerical stage although the strong temperature dependence shown in 

(147) was noted.

The effects o f spin waves are considered in a recent108 numerical (Monte Carlo) 

study.. For low temperatures the authors find that frequency- and wavevector-dependent 

spin-spin correlation function to be described by a product of Lorentzians that represent 

damped spin waves. At low temperatures (.5 < T/JS2 < I) the temperature dependence of 

the frequency and damping are described by dynamical scaling theory, from which 

equation (151) is taken.

Soliton-magnon interactions are certainly possible in this system but no work on the 

effects in 2D is known to the author. For ID soliton-magnon interactions a theory has 

been proposed109.

To conclude this analysis it is observed that the theoretical work presented in this 

thesis qualitatively explains the EPR data and that some progress has been made towards a



91

detailed numerical comparison. However, more theoretical work and possibly more 

extensive experimentation is necessary to account for all o f the physics involved.

Comparison to Other Theories

The possibility that nonlinear excitations may dominate the relaxation processes in the 

doped and undoped Mn compounds was developed in the last chapter. The low doping 

concentrations seemingly ruled out a spin wave mechanism, although according to a recent 

2D spin wave review110 by Arts and de Wijn the effect of a nonmagnetic impurity 

replacing a Mn ion is very localized and of moderate size. In addition, they point out that 

for 2D the spin wave approach fails111 above TN/2 due to the wider range o f critical 

fluctuations in 2D. However, much work has been done on dilute magnetic insulators and 

the exclusion o f spin waves was the motivation for the doping in the experiments of 

chapter 4.

In an updated version112 o f the Iow-D EPR review article113 used extensively in 

chapter 3, Benner and Boucher discuss broadening mechanisms including 2D solitons 

based on Waldner's early work114 in this area. The other two mechanisms are discussed 

below.

A 40% reduction in the EPR critical exponent associated with the divergence of the 

linewidth was obtained upon doping the isomoiphous compound K2MnF4 with a small 

amount of Fe impurities115. Spin-phonon coupling of the non-S state Fe2+ ions was 

postulated to impede the critical slowing down o f fluctuations near Tn. When the 

correlation length is on the order o f the impurity separation the damping rate Fjj is no 

longer due to Heisenberg dynamics but to the spin-lattice relaxation rate of the iron(II)
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ions. The fact that the impurities discussed in chapter 4 are nonmagnetic Cadmium ions 

invalidates this mechanism.

A more relevant broadening mechanism concerns the percolation problem which is 

what nonmagnetic impurity doping essentially amounts to on the magnetic lattice. The 

impurities cause the exchange pathways to be cut off at random and the spin correlation 

functions will therefore decay more rapidly. Exchange narrowing of the line width is thus 

less efficient and broadening results. The effect is largest near the percolation 

concentration cp where the exchange network breaks up into finite clusters. For ID chains 

even a small impurity concentration causes broadening at room temperature?16, while for 

2D the effect seems to be limited to concentrations near cp=.59 for a square lattice1,7. 

Comparison to EPR experiments in the latter paper of the last reference indicates that the 

size o f the effect seen in the experiments of chapter 4 cannot be caused by percolation 

alone.

Additional Work on This Problem

While the results o f this work are conclusive based on the experiments and theory 

presented, they are not exhaustive. The complete characterization o f these samples would 

include more rigorous concentration determinations, a more complete angular dependence 

as a function o f temperature, and a wider range of concentrations. Additional experiments 

could include D C. magnetization measurements to map the decrease in the N ee'I 

temperature with concentration, A.C. susceptibility studies to provide an alternate 

measurement o f and finally neutron scattering studies to directly observe changes in 

the correlation function in reciprocal space. Further theoretical work could include a more 

rigorous derivation of the spin-spin correlation function, a thennal average over the 

possible values o f u0, and the development o f a simulation to directly observe the
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dynamics. A  simulation could be used to try to excite the static modes directly, thus 

identifying any hidden barriers to formation, and o f course the determination o f the excited 

modes (possibly through impurity site hopping) via the spectral density could be done.
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CALCULATION OF E(n)
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Beginning with (124) and using (117) the angular coordinate may be integrated over 

yielding

n = S^jdu (I - cos6)(sinh2u + 1). (A l)

Using the solution (115) the following result is easily derived

cos(0) = tanh(u + u 0) (A2)

which can be inserted into (A l) above. Letting x = exp(-2u0) the integral can be written 

as
-TrS2C2 r ( x 2 —6x + l)

(A3)n =
-TtS2C2 Cj (x2 - 6 x + 1) 

4 J dx x (c2x + l)

where c = exp(-u0). The limits o f integration in radial coordinates are from r=l to r=2% 

where the correlation length % is approximately equal to one half the distance between 

excitation centers. To convert radii to u coordinates the mapping (116) can be used for 

large u approximately as
<t i, a u . . ..x = —e cosv y = —e sm v (A4)
2 2

which resembles polar coordinates with r = -^eu and (J)=V. Note that for v=rt/4 the radius

as a function of u only is given by

— = constant • >/cosh (2u ). 
a

The polar form (A4) is a good approximation even for u as small as 2. Then,

r2 = 4%2 ~ — exp(2u)

(A5)

(A6)

'1 6 5 2 '
so that the upper limit on x becomes

-i
or just (l6%2) '.in lattice units. The lower

limit u=0 corresponds to x = l . The integral over x is a trivial one with the result

n = ^ j ( 7  + c 2 )ln (c2x + l ) - c 2(x + ln (x ) ) - l j
1/1642

(A7j
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To determine which terms are dominant requires an evaluation o f the approximate 

size o f c 2 = exp (-2u 0). Using the solution (115) with u equal to zero and recalling that

O0 lies between 0 and K (figure 7), u0 is discovered to be small and negative such that c2 

lies between I and 2. Thus

TtS
n —-----

4

- 1 -  ln (l6^ 2) + ln(c2) +  In 2

In ( i +  1 J + 71n(2c2) -7 1 n in—
I IGS=J

(AS)

Dropping Inc2 terms C2 may be written in terms of n as

(n + A) 
c' = ^ ™

(A9)

where

A = 2 TtS In 1 +
I

i6%2 :
(AlO)

and h* is as given in (126).

Finally, using the energy expression (122) the energy is obtained in terms of n as

E = E t
n + A

(A ll )
_n + n  + A

whereupon if  A « n  the results (124) and (125) are obtained. For values o f % between I 

and 100 A  is found to lie within [1.85,0.0196] which is likely to be smaller than typical 

magnon numbers n making up the excitation, even for low-energy excitations.
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APPENDIX B

CORRELATION FUNCTION CALCULATION
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The integral in (136) with the substitution function (138) is

f(q ) = j r d r J 0(qr) T2+1Oc
T2 + To

(B I)

with r0 = eX^ - Uo  ̂ and c = tanh(u0) as before. For low-energy or long-wavelength

excitations q is small enough so that J0(qr) may be expanded for small arguments as

J0(qr) = l-^ -(q r2). (B2)

When inserted into (BI) above the resulting integrals are all standard forms yielding 12 

terms when integrated from r=0 to r=%. The result is given by (139) as f(q) = E + Dq2 

where

To(I-C)
8a2

%2- a ' - ^ l n

and

E = -^ 7 (C-I)In 
2a2

' I+S2An
l  +  a V ^

' i +s2An

(B3)

+A (̂ a,>I + aVr02

with a the lattice constant.

The fonn factor is given by the |f(q)|2 which when mapped onto a standard central

(B4)

peak expression

S(q) -
q

expanded for small q yields

g(S) = E

where E-E12 from (B4).

g(S)
2 , &2 (B5)

( B 6 )
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