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Abstract:
Two dimensional or layered Heisenberg magnets in the classical continuum limit are known to support
localized regions of magnetization called solitons. A theoretical and experimental investigation of a
two dimensional spin five-halves, Heisenberg antiferromagnet has been conducted. Theoretical
calculations that determine how the solitons will affect the temperature-dependent electron
paramagnetic resonance (EPR) linewidth have been done. These calculations include the dependence of
EPR linewidth on the nonmagnetic impurity concentration. The calculation consists of two parts. The
first is the determination of the discrete core energy using simple numerical methods and the energy of
the continuum area surrounding the core of the soliton. The second part involves the calculation of the
dynamic correlation function performed within the framework of the soliton-magnon interaction
picture. One of the most significant effects indicated by the above calculations is the large change in
the EPR linewidth with very small amounts of doping nonmagnetic impurity atoms. The magnon
contribution to the temperature dependent linewidth was calculated by extending the calculations of
Chakravarty and Orbach for a quantum Heisenberg antiferromagnet. It was found to be rather
insignificant when compared to the soliton contribution in the same temperature range.

We have investigated the possible effects of doping (n propylammonium)2Mn1.x MxCl4, a quasi
two-dimensional antiferromagnet with S = 5/2, where M = Cadmium, Zinc or Magnesium. The
nonmagnetic impurities are present in very small molar quantities well below the percolation limit.
Very good qualitative agreement between the observed linewidth temperature dependence and the
above theory indicate that solitons indeed contribute to the thermodynamic behavior of layered
magnetic compounds. A quantitative comparison of the soliton excitation energies as a function of
impurity concentration reveals good agreement between theory and experiment. 
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ABSTRACT

Two dimensional or layered Heisenberg magnets in the classical continuum limit are 
known to support localized regions o f magnetization called solitohs. A theoretical and 
experimental investigation o f a two dimensional spin five-halves, Heisenberg 
antiferromagnet has been conducted. Theoretical calculations that determine how the 
solitons will affect the temperature-dependent electron paramagnetic resonance (EPR) 
linewidth have been done. These calculations include the dependence o f EPR linewidth on 
the nonmagnetic impurity concentration. The calculation consists o f two parts. The first 
is the determination o f the discrete core energy using simple numerical methods and the 
energy o f the continuum area surrounding the core o f the soliton. The second part 
involves the calculation o f the dynamic correlation function, performed within the 
framework o f the soliton-magnon interaction picture. One of the most significant effects 
indicated by the above calculations is the large change in the EPR linewidth with very 
small amounts o f doping nonmagnetic impurity atoms. The magnon contribution to the 
temperature dependent linewidth was calculated by extending the calculations o f 
Chakravarty and Orbach for a quantum Heisenberg antiferromagnet. It was found to be 
rather insignificant when compared to the soliton contribution in the same temperature 
range.

We have investigated the possible effects o f doping (n propylammonium)2Mni.x 
MxCU, a quasi two-dimensional antiferromagnet with S = 5/2, where M  = Cadmium, Zinc 
or Magnesium. The nonmagnetic impurities are present in very small molar quantities well 
below the percolation limit. Very good qualitative agreement between the observed 
linewidth temperature dependence and the above theory indicate that solitons indeed 
contribute to the thermodynamic behavior o f layered magnetic compounds. A quantitative 
comparison o f the soliton excitation energies as a function o f impurity concentration 
reveals good agreement between theory and experiment.

j
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CHAPTER I 

I. INTRODUCTION

Over the last few decades, nonlinear effects have had far reaching influence and 

consequences in the various branches o f mathematics, physics and engineering. The idea 

o f the nonlinear effects as a ‘unifying tool’ in physics is a well-established notion by now.

In the last twenty years or so, the exponential growth in soliton research1,2 can be 

attributed to the diversity o f its applications and the availability o f high speed computers. 

Soliton theory finds wide applications in some o f the branches o f contemporary physics 

such as phase transitions, statistical mechanics, quantum liquids, low-dimensional 

magnetism -  to name a few. Soliton-bearing systems are very popular among theorists, 

because o f the complete integrability o f the Hamiltonian systems from which they derive. 

During the same time soliton research was gaining ground, low dimensional magnetism 

has matured into a very important branch o f physics. Low-d magnets serve as good model 

systems in solid-state physics both in theory and experiment.

The motivation for the current thesis, which constitutes an investigation o f the 

effect o f the soliton dynamics on the thermodynamics o f a two-dimensional layered 

magnet, stems from two factors. Firstly the discovery of a series o f Cu-Iayered oxides 

with extremely high superconducting transition temperature Tc, has provided a new 

impetus to the research activity in low-d, in particular 2d magnetism. This new class o f 

materials, in addition to being the highest Tc superconductors, also happens to be the best 

models for 2d antiferromagnets (AFM). Secondly, in view o f the exhaustive 

mathematical information available for soliton-bearing systems, they offer rare soluble
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models. However experimental evidence for the existence o f solitons has been slower in 

coming.

Insulating magnetic compounds are the most popular magnetic systems in the 

experimental studies oflow-d magnetism. This branch of physics and solid-state chemistry 

has been well developed in the last twenty years or so3,4,5’6. The reduced spatial 

dimensionality is brought about in these compounds by the insertion o f large alkyl groups 

between magnetic chains (in the Id case) and between layers (in the 2d case) thus limiting 

the atomic orbital overlap which determines the long-range order in such systems. The 

restricted dimensionality offers analytic tractability, thus rendering them ideal vehicles for 

testing theories o f magnetism. In addition nature provides a large variety o f compounds 

which can be described as quasi-low dimensional. The study o f low-d magnets is 

important, particularly in the context o f critical phenomena and second-order phase 

transitions. Theoretical work on the statistical mechanics o f the Id Ising chain7, followed 

by the studies o f 2d Ising magnets8, and its various exact solutions9 are only a few 

examples which illustrate this fact. For Id  Heisenberg AFM, the exact ground state has 

been given by Bethe10 and has led to a whole set o f exactly solvable S = 1/2 chain 

Hamiltonians.

The following is a survey of the physics relevant to the understanding o f the 

material that will be presented in the subsequent chapters.

I . I HEITLER-LONDON MODEL OF THE HYDROGEN MOLECULEI. 11

The simplest example for demonstrating the effective interaction between two
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neutral atoms, as a function o f the radial distance o f separation between them, is two 

hydrogen atoms. The interaction Hamiltonian from such a system is given by,

H = H0 + H ( U )

j/2 2 2
H 0 = - — (V? + V2 ) - —  - — . where m is the electron mass.

2m T1 r2

The Hamiltonian H includes the Coulomb attraction between each proton and the 

opposite electron and the Coulomb repulsion between the protons and the electrons.

I

Figure. I . Two hydrogen atoms where protons are labelled a and b and 
electrons are labelled I and 2.

H ' = —  + —  
R Ti-)

e

rib

e

r2a
( 1 2 )

R = I R  I is the separation between protons.

r12 = I R  + r2 -ri I is the separation between the electrons.

rib = I ri - R  I and r2a = | R  + r2 | are the separations between the electron and the

opposite nuclei.

The solution to H0 can be obtained by letting H '= 0, and by using a product o f
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hydrogen wavefimctions on the non-interacting atoms.

Let (|)n(r) be the eigenfunction o f the single hydrogen atom with energy

En
me

Ih 2Ii
( 1 3 )

The eigenfunctions o f H0 are

vi/P(i,2 ) = y y o k i f a ) ,

x|/p(2,1) = (j)n(r2)(|)m(ri) with a two-fold degeneracy.

I f  we let the protons move closer together, the Pauli exclusion principle requires 

that the two electron wavefimctions be properly antisymmetrized with respect to the 

interchange o f electrons which may be represented as,

\|/(ri, S1; r2, s2) = - v|/(r2, s2; ri, si) (1 .4 )

where we now explicitly include the electron spins S1 and S2. With no spin-orbit 

coupling, the spin and position variables can be separated.

x|/(ri, S1; r2, s2) = XgCr1, r2)%(s1, S2) . (1.5 )

The Pauli principle requires that spin functions be antisymmetric if the spatial 

function is symmetric under interchange o f electrons and vice versa, xg thus has a spin 

singlet (s) and a spin triplet (t) part.

xgs(l, 2) = - j =  IM r^m fo) + (MV 1)())n(r2)]Xs(si, s2)

xgt(I, 2) = -^-[M r^M Crz) - MC^OkC^lXtCsi, S2)

( L 6 )

(1 .7 )

This particular form o f the wavefimction is due to the Heitler-London approach. 

It does not allow two electrons to occupy the same site and therefore has a built-in
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correlation that reduces the Coulomb repulsion between electrons. In this problem, only 

the spin variables affect the energies o f our problem. In order to estimate the singlet- 

triplet splitting, lowest order perturbation theory is used resulting in,

AEsjt where p = Jpab Wd3X1 and pab(l) = (t>*(l)<t>b(l),

and P is known as the overlap integral.

We also define charge densities o f the unperturbed atomic orbitals as 

Pa(I) = <|>a*(l)(|>a(l) and pb(2) = ^*(2)^(2)

Q is defined as the Coulomb integral which represents the interaction between the time 

average charge cloud on separate unperturbed atoms. J is known as the exchange 

integral which appears as the result o f the symmetry o f the spatial wavefimctions under

interchange o f electrons they are written as,

2 2 2 

Q = —  + Jp a(I)— Pb(2)d x td X; - 2 | pb (2) d X2, and ( 1.8 )
E- r12 ra2

2 2

J = J Pab (I)— Pab (2)d Xjd X2 - 2pj pab(l)— d X1. ( 1 9  )
r12 rbl

Thus the interesting result from the study o f molecular hydrogen is the presence 

o f a spin-dependent interaction of a magnitude given by the electrostatic forces. The 

exchange integral I  is % 3 - 4 eV in the case o f hydrogen, and it arises from the 

symmetry requirements o f the total wavefimction. Most magnetism found in nature is 

due to this exchange interaction.
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1.2 MAGNETIC ORDER

In this section we introduce the concept o f magnetic order which leads to an 

understanding of the systems such as a Heisenberg antiferromagnet which is the sample 

system studied in this work. For the simple case the spin-interaction alone can be written 

as,

Hspin = - JSi-S2 and can be generalized for all pairs of neighboring spins as

Hspin = - ^  JijSi .Sj ( 1 . 10)
'*j

H H f
i n n
H H f
i f f f i

(a) (b)

Figure 2. (a) Antiferromagnetic order on a square lattice, (b) Bragg peaks for antiferro
magnetic order on a square lattice.

In magnetic materials at low enough temperatures interactions among spins lead to 

ordered structures, and if they prefer to be parallel, (as they do if J is positive) then a 

ferromagnetic phase results. If the neighboring spins prefer to be antiparallel, (when J is 

negative) then an antiferromagnetic phase results. The detailed form of the AFM order 

depends upon the lattice. On lattices, such as the square lattice in 2d that can be decom

posed into two equivalent sublattices; the ordered state will consist of up spins in one
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sublattice and down spins in the other. The development o f AFM order leads to an 

increase in the size o f the unit cell, and therefore, to new magnetic Bragg peaks, and a 

reduced size o f the unit cell in reciprocal space. Furthermore in AFM an external 

magnetic field h does not destroy the long-range order when h is sufficiently small.

A complete description o f the above mentioned ordered phases requires an intro

duction o f a new variable quantifying the degree o f order. It also requires the modi

fication o f the thermodynamics and statistical mechanics to describe the effects o f these 

variables on free energies and entropies o f the magnetic system. At low enough tempe

ratures, even in zero magnetic field, it is possible for magnetic systems to have a 

spontaneous magnetization or a non-zero (m). This is the order parameter o f a ferro

magnetic state.

Depending upon the number o f components, n, (x, y, z) o f the spins that are 

considered, one has a one-, two-, or three component spin system. The number n is 

called the spin-dimensionality, which is distinct from the lattice dimensionality d. 

Depending upon the number o f combinations o f the components Jx, Jy, Jz there may 

also be a variety o f models, such as Ising, XY and Heisenberg models.

The Heisenberg Hamiltonian is the same as the one represented by eqn. (1.10). It 

is invariant with respect to an arbitrary rotation o f all the spins Si. AU the spins in the 

ground state o f a Heisenberg Ferromagnet are along the same direction, and acquire their 

maximal values. The ground state of a Heisenberg Antiferromagnet has not yet been 

found analytically. A generalized Heisenberg model may be represented by the

Hamiltonian
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H =  - 2 J111  Ŝ Sjz - J± I t s r s J  + S js j]  ( L U )
<ij> <ij>

The case in which we are interested in this thesis is the isotropic, antiferrbmagnetic, 

Heisenberg model wherein, Jn=  J1 = J < 0. The order parameter is the staggered 

magnetization

N = No n with N (x) = I TiiSiS(x - R i)

where Tii = +1 if i is a site in sublattice A  and 

r\i = -I if i is a site in sublattice B.

S = I S i commutes with H and all the three components o f magnetization are conserved.

1.3 LONG RANGE ORDER IN LOW-DIMENSIONAL SYSTEMS 

The concept o f exchange can be extended to include interactions throughout the 

crystalline lattice (as opposed to nearest neighbor interactions only, as in a Heisenberg

(SoSA
magnet). It is useful to define a pair-correlation function C(r,T) = — — to

describe the thermodynamic behavior o f a low-d system11. We consider only the z- 

component o f the spins for convenience. Above Tc, C(r,T) decreases rapidly with 

increasing r, reflecting the short-range order (SRO) present in the magnetic system. As Tc 

is approached from above the correlation length that characterizes the degree o f 

correlation between different spins at a particular temperature, will gradually increase until 

it diverges at Tc, signalling the onset o f long-range order (LRO). Thus long-range



9

order can be understood as nonzero correlations between, spins that are arbitrarily far 

apart. In a real time situation even though the interactions are not long range, the effects 

are observed over large distances. Transitions to such long-range order are characterized 

by both characteristic specific heat anomalies and susceptibility anomalies at the 

temperature Tc. Both the lattice dimensionality d  and the spin- dimensionality n have a 

profound influence on the critical behavior o f many-body systems. A question o f 

primary importance is the presence or absence o f long-range order (LRO) below some 

finite temperature Tc. For any value o f n, 3d systems can exhibit long-range order, 

whereas in Id  systems a transition to LRO can occur only at absolute zero regardless o f 

spin dimension. In the following section we shall discuss some specific examples o f low- 

fi systems which exhibit long-range order12.

Landau’s argument from a statistical standpoint, about the absence o f LRO in Id 

Ising chains, is quite transparent13. The Hamiltonian which represents a Id  Ising chain

with free ends is Hising = - 2 J ] £ S ^ +1, with the ground state energy E = -(N-I)J for N

spins. The reversal o f a spin causes a kink in the ordered chain with an energy cost o f 

2J. Since this kink may be placed in any one o f the N  sites, the corresponding change in 

entropy is kBln(N). Thus the free energy change due to these excitations is AF = 2J- 

kBln(N) which is less than O for all T > O for a large enough N. The chain therefore 

breaks up into smaller segments or domains which minimizes the free energy, thus 

yielding approximately C2jykBx for the correlation length.

The correlation functions that are mentioned above are used to describe static 

behavior. Time-dependent correlation functions are used to describe the frequency-
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dependent effects as in NMR, EPR and neutron diffraction.

The formation o f domains in Id systems, in order to minimize the free energy, 

indicates that short-range order (SRO) is present in magnetic systems above Tc. There 

are few exact solutions available for the Heisenberg model. Numerical calculations, 

however, are available which characterize the Heisenberg behavior to a fair degree o f 

accuracy, particularly in 1-d14’15. For a i d  Heisenberg model, the correlation length is o f 

the form R(T) «  aJ/kBT which has been experimentally observed for the Id Heisenberg 

model TMMC16.

The important calculation for the 2d Ising model, for a S = 1/2 system was first 

done by Onsager8. Applying the free energy-entropy considerations to a 2d square 

lattice o f Ising spins, the transition temperature is found to be Tc = 2JZkglnS. The system 

is stable against domain formation for T < Tc, but above this temperature domains will 

form destroying the LRO. The exact transition temperature8 is Tc = 2J/kBln(l + V2).

A more sophisticated version of this type o f argument was first proposed by 

Peierls17 to prove that in a 2d Heisenberg model, phase transitions do not occur. The 

absence o f order at any finite temperature in a 2d Heisenberg model, has been proved by 

Mermin and Wagner18. A 2d XY model is distinct from the other models. It has no 

transition to LRO in the conventional sense, i.e, a temperature below which the order 

parameter diverges cannot be defined; yet there exists a finite temperature at which the 

susceptibility diverges in an exponential fashion. According to Kosterlitz, Thouless, and 

Berezinskii19,20 this transition corresponds to the unbinding o f the vortex - antivortex 

pairs, that exist in these systems below the ordering temperature Tkt-
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The molecular field (MF) theory offers a remarkably good approximation to the 

qualitative behavior o f phase transitions in 3d magnets. It, however, completely fails for 

low-dimensional magnets, since it fails to take into account SRO effects. In MF theory, 

the magnetic interaction o f a given spin with its z  nearest neighbors is replaced by an 

average interaction with all the other spins in the lattice. MF theory predicts a transition 

to LRO regardless o f the lattice-dimensionality, which is not true for low-d systems. 

Even for systems that show LRO the MF theory becomes inadequate near the critical 

point. The fluctuations that are not accounted for in this theory become more important 

in models such as Ising and Heisenberg.

There will always be some weak interchain and interlayer interactions present 

in the experimental approximations to low-d systems that we encounter in real life. O f 

prime concern is, how the thermodynamic properties o f these quasi low-d systems will be 

affected by these interactions. The 3-d order in a low-d system is basically driven by the 

divergence o f the correlation length in the low-d system as one approaches Tc from 

above. The weak interchain or interlayer interactions, however small, allow correlations 

to propogate in three dimensions, thus allowing a ‘crossover’ to 3d behavior at low 

enough temperatures. An interesting question is whether the critical behavior close to 

transition merely reflects the 3d character o f real layer type systems or whether it still 

represents specific 2d properties.

. The thermodynamic behavior o f low-d magnets is fundamentally different from 

those o f their 3d counterparts because o f the SRO effects that precede the onset o f 

LRO. In order to discuss these effects it is useful to distinguish among three
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temperature regimes, (a) When T »  Tc, the magnetic systems are marked by random 

thermal fluctuations and precise estimates o f the ‘low-d’ critical properties can be 

obtained, (b) The temperature region immediately above Tc is termed the fluctuation or 

critical regime which is determined by n, d  and the strengths o f the exchange constants. 

This region may be further subdivided into a SRO region for the higher temperature and 

the crossover region where 3d effects begin to arise. Effects o f SRO on the temperature 

dependence o f the spin-correlations in the critical region of a 2d layered magnet will be 

the focus o f the current work, rather than the crossover to 3d. (c) The temperature 

regime T «  Tc, is where the system is ordered in 3d, where spin-wave type excitations 

dominate the thermodynamics.

From the above discussion it is evident that a molecular field approach is 

inadequate to describe co-operative phenomena in low-d systems. One has to resort to 

more realistic models such as Ising, XY, and Heisenberg. Unfortunately because o f the 

mathematical difficulties involved, exact results for these models are not available except 

for the Id case and the 2d Ising model. For 3d models our knowledge o f thermodynamic 

behavior is based on approximation techniques, such as high temperature series 

expansions, scaling theory and renormalization group for critical behavior. However, in 

low-d systems information about the spin dynamics in the non-ordered region could be 

obtained. For the 2d XY and Heisenberg models it is well known that the low-amplitude 

excitations are spin waves. Other large amplitude fluctuations present in these systems 

are nonlinear excitations like kinks, solitons and skyrmions. In the following section the 

concept o f topological excitations is introduced which is pertinent to the theory
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developed in Ch. 3.

1.4 TOPOLOGICAL EXCITATIONS

In recent years the study of nonlinear excitations such as vortices and solitons has 

enjoyed a vivid interest among theorists as well as experimentalists. While spin waves are 

the simplest type o f excitations found in 2d systems that play an important role in the 

phase transitions o f these systems, the contribution o f these nonlinearities, classified as 

‘fluctuational excitations’, cannot be ignored. Quasi-order in the XY model results from 

spin-waves and vortices which are topological excitations confined below a certain 

temperature. In the Heisenberg model vortices are prohibited; however, another type o f 

topological excitation called a ‘soliton’ is allowed. This section is devoted to a discussion 

of these defects in magnetic systems.

Topological excitations are defects or distortions from a ground state configura

tion. These distortions arise from the imposition o f boundary conditions, from e te rn a l 

fields, or from thermal fluctuations. A general description o f a topological defect is as 

follows. It can be characterized by some core region where order is destroyed, and a far 

field region where an elastic variable changes slowly in space. In order to elucidate the 

concept o f topological defects we shall consider the example o f a vortex in the XY- 

model. The order parameter that breaks the continuous symmetry o f rotations in the xy- 

plane is a two-dimensional vector <s) = s(cos0, sin0) whose phase is specified by the angle 

0. The spin <s(x)> = s(cos0(x), sin0(x)) is a periodic function o f 0(x) and it is possible to 

have situations in which s(x) is continuous everywhere in d-dimensional space. For
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possible to have situations in which s(x) is continuous everywhere in d-dimensional 

space. For example, i f t /=  2 and 0(x) = (|) + Q0, where 60 is any constant and x = (r,<j)) in 

polar co-ordinates, then <s(x)> is continuous and V0 = 1/r is finite everywhere except at 

the origin, as shown in the figure. This configuration of spins defines a vortex. The 

angle 0 changes by 2% in one circuit o f any closed contour enclosing the vortex located 

at the origin.

Since (s(0)) = <s(0+2k7t)> for k= 0, ±1,±2,...., there are an infinite number o f distinct 

singularities in which 0 increases by 2ktt in one complete circuit o f the core. The integer 

k is called the winding number, or the strength, o f the vortex. Spin configurations for 

a few cases o f low k values are shown in figure 3.

Defects such as vortices are important because they cannot be made to disappear 

by any continuous deformation of the order parameter. They are therefore called topo

logical defects. In the k = I vortex, spins rotate through 2n along every contour 

enclosing the core. It is therefore impossible to distort the spin configuration of a k = I

(a) (b)

Figure 3. Two k = I configurations, (a) 0 = (j), (b) 0 = (j) + 7t/2.
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vortex into that o f a perfectly aligned state without tampering with the spins. The k = I 

vortex is thus said to be topologically stable. Topological stability is a mathematical 

concept distinct from physical stability, which depends on free energies o f different 

configurations. In most cases, however, topological stability implies physical stability.

The possible occurrence o f nonlinear excitations in 2d systems was first 

introduced by Skyrme21. They were first referred to as skyrmions, after Skyrme who 

first invented them, but later came to be known as solitons. Magnetic solitons are 

localized solutions o f dynamic equations o f magnetization characterized by the boundary 

conditions, 0 = 0 at r = oo and 0 = tc at r = 0. Here 0 is the polar angle and (j) the 

azimuthal angle, on the unit sphere. The solution for the 2d solitons was derived by 

Belavin and Polyakov22 in a novel and elegant fashion. According to them, each point o f 

the lattice plane or its spherical projection has its conformal mapping tan(0/2) = r/r0 o f 

the unit sphere, where r is the distance o f the spin from the center with an arbitrary 

measure ro o f the width. The quantity r0 has the meaning of an excitation radius.

We can distinguish between two types o f solitons namely, dynamic or nontopo- 

logical soliton and topological solitons. A dynamic soliton can be reduced to a uniform 

magnetization by continuous deformation so that the excited ferromagnet makes a transi

tion to the ground state. A topological soliton represents an inhomogeneous state o f 

magnetization which cannot be reduced to a ground state by any finite deformation. 

Kosevich et a l, defined a topological invariant Q called the topological charge which 

indicates the mapping degree. This is an integer, corresponds to k  o f the vortex, which 

shows how many times the sphere in the spin space is covered in the course o f the
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mapping. The Q = O soliton is topologically equivalent to the ground state and does not 

contain any topological charge.

Figure 4. The distribution of 0 for one-dimensional solitons: (a) topological 
(b) nontopological solitons. From Ref 23.

We can define an antisoliton the same way as a soliton. In these 

excitations the vector S(r) rotates in the opposite direction in an azimuthal plane and 

corresponds to a mapping tan(9/2) = ro/r of the unit sphere. In contrast to magnetic 

vortices, which always occur as vortex-antivortex pairs, single solitons may arise, which 

suppress long range order in Heisenberg magnets. In 2d systems solitons may form 

complicated line-patterns, and since they contain a finite energy, may be thermally 

excited. The energy of an excitation23 is finite and equals to 4tiJS2 independent of ro. The 

energy of an arbitrary solution with the mapping degree Q is equal to 4tt:QJS2. Such a 

solution can be interpreted as Q non-interacting solitons. The soliton density may be
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estimated as n «  exp(47c|JS2|/kBT), which is negligible at very low temperatures. At 

higher temperatures, close to Tc, solitons may be excited thermally. It will be o f interest 

to explore to what extent these excitations are important for the thermodynamic 

behavior o f 2d systems. It is with this goal in mind, that the current investigations were 

done. They have strengthened our belief that the nonlinear excitations play a dominant 

role in the spin dynamics o f 2d systems.
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SURVEY OF THE THEORY OF EPR

2 .1 RELAXATION FUNCTION AND DYNAMIC SUSCEPTIBILITY

The purpose o f the resonance theory described in this chapter is to study the 

behavior o f a paramagnetic system under the influence o f a constant and an oscillating 

magnetic field. In linear response theory, the response o f the magnetization o f 5M(t) to 

an external disturbance SH(F) is given by1

5M(t)= } [-^<Kt-t')I.6H(t')dt' ( t> f )
-C0 dt'

=  - J  <i>(X) • SH(t -  T)dx (2.1 )
o

which defines the second rank tensor <j)(t) known as the relaxation fimction, apart from a

constant. The function <j)(t) is usually chosen such that,

T
K 00) = J tKtOdt'= 0.

o

Partial integration of eq.(2.l), under the assumption that 5H(-oo) =. 0, leads to

SM(t) = iJ)(0).SH(t) -  J(|)(t). 5H(t-T)dT .
o ;

If the Fourier transform of 5H(t) exists, i. e 

SH(t) = —  Jeirot SH(o) do,
2tC —o o

then equation (2.3) can be written as 

SM(t) = —  Jeirot x (o ) . SH(o) do .
271 - o o

In this equation, the frequency dependent complex susceptibility per unit volume %(o), is 

defined as

CHAPTER 2

( 2 2 )

( 2 3 )

(2 .4 )
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X(o ) =<1>(0) -  ioo J(|)(t) e 1(0TdT (2 .5 )
o

which is also a second rank tensor. For the discussion of the EPR experiments in which a 

linearly polarized oscillating field is used, it is sufficient to consider only diagonal elements.

Separating % into areal part %' (dispersion) and an imaginary part x" (absorption), 

such that x = X' -i X" , one obtains
CO

Xf(Co) = (|)(0) - ©  JsinQT c()(x)dT (2 .6  )
o

OO
X "(o) = Q J COS QT ({)(%) d% - (2 .7  )

0

where we have used the fact that <j) ( t )  is real. Furthermore,

%(0 ) =  X'(0 ) = 4) ( t =  0 ) ( 2 .8 )

where x  ( 0 ) = Xo ^  the static susceptibility.

As x ' and %" can both be expressed in terms of ((> ( t  ), they are directly related to 

each other ( Kramers - Kronig relations )

X'(co) - X" (qO) = P J
-O O

5q ' %"(©)
TC (q -  Q ')

Xw(AD) = P J
-CO

8© ' X' (COf) - X f ( gQ)
TC ( © - © ' )

(2 .9 )

( 2 .10 )

Here the symbol P stands for the Cauchy principal value of the integral. It can be shown, 

that in the case o f an osillating disturbance 5H(t) = Hi cosot, the rate Of work done by 

this field obeys2

= -^-OXw(Co)Hj2 (2 .1 1 )

Starting from eqn (2.1), the following expression for the elements o f (J)(t) can be derived
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(t) = JdX^exwM v6 xwM fi( t ) ^- v^.  (|H,v = x,y,z) (2 .1 2 )

In this expression, M fi(I) describes the time-evolution OfMfi in the absence of the 

external disturbance ( natural motion ) :

M fiJt) = exp(^- # t  ) M fi e x p ( - ^ - % )  (2.13 )

The equilibrium Hamiltonian is denoted by H; double brackets denote the equilibrium 

expectation value

«  M^ »  = Tr [ ex p (-p ^ )M ^] /  Tr [ ex p (-p ^ )] (2 .1 4 )

and P = 1/kT. The second term in the right hand side o f eqn. (2.12) serves to meet the 

condition expressed by eqn. (2.2). Defining an inner product o f operators A and B as

< A, B > = P '1 J dX «  eXWA V XWB »  ( 2.15 )
o

one can rewrite equation (2.12) as

^fiv(I) = p <  Mv , Mg (I )  >. (2 .16)

Formally, a quantum mechanical correlation function between Mg ( t )  and Mvis 

defined as:

Gfiv(I)  = M v , Mg ( t)  ( Mg (t) Mv + M vMg (t) ) J j  (2 .1 7 )

From equations (2.7), (2.12), and (2.17) one can derive1

G(O1)
o  ho) 2

in which relation G(Co) is defined as

G(CD) J dt e "icot G ( t)

(2 .1 8 )

-00
(2 .1 9 )
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Once again only diagonal elements are considered; equation (2.18) represents the 

fluctuation-dissipation theorem, which relates the absorption in the presence o f an 

external disturbance to the equilibrium fluctuations of the system, expressed by G(t).

In the high -temperature approximation, ftro «  kT, eq (2.18) reduces to

%"(m) — G( co) 
2

( 2.20 )

Comparison with eq. (2.7) shows, that in the high - temperature approximation, (j)(t) 

and G(t) are related by

<|>(cd) = PG(g> ) (2.21 )

where (J)(Co) is the Fourier transform of <|)(t).

2.2 PARAMAGNETIC RESONANCE

Consider a system of N interacting magnetic ions with spin S- in a crystal with

an external field H directed along the z axis of a cartesian coordinate frame. The 

Hamiltonian consists of a Zeeman term

= S^bh e s F (2 .2 2 )
i

( the g - tensor is assumed to be isotropic for simplicity) plus a term ̂ nt describing the 

interactions between spins S-, and S j,........which is denoted by

S'int = . % * ij <2-2 3 >
K j

We denote the eigenstates of with |a), |b)......corresponding with energy levels Ea,

Eb, ........  If  the oscillating field is normal to H along e. g the x axis, it gives rise to a

perturbation

#"(t) = cos <yt (2 .2 4 )
i

Using time - dependent perturbation theory, one can show that # '( t )  causes a constant



24

transition probability per second w ab between states |a), | b) of the form3

wab = ^ 2  KaJ^iJb)2 5 ( O ab -  CO) (2 .25)

where o ab = h~l | Ea - E b | . ( 2.26 )

When the system is in thermal equilibrium with the lattice, the probability of occupation

of a state is given by the Boltzmann factor Z '1 exp(-Ea /  kT), where Z denotes the partition 

function of the system. If Ea < E b there is a net absorption rate of energy by the system

from the oscillating field, which can be written as3

P = -^-O2 H jf(o ) (2 .2 7 )

where the line - shape function f(o ) is defined by

f ( o )
kTZaZbe

-E . / kT ( g t o ) 2 |(a| 5Sx|b)|2 8 ( o ab-  o  ) ( 2.28 )

E a <  E b
Here it has been assumed, that |Ea - Eb | «  kT holds for all levels Ea, Eb . The condition

E a < E b can be omitted in equation (2 .2 8 ) when o ab is redefined by

o ab = A’1 ( E a -  E b ) (2 .2 9 )

thus formally extending equation (2.28) to negative frequencies. Equating equations 

(2.11) and (2.27) yields

f ( o )  = (2 .3 0 )
o

By virtue of equations (2.20) and (2.21) one thus obtains
I I OO

f(c>) = -<Kro) =  % Jdt e~,(0t(|>(t) (2 .3 1 )
£ 2* -OQ

where now, due to the choice of the direction of H 1, only the xx element of ^(t) is 

considered. Equations (2.28) and (2.31) express the relation between the absorption 

spectrum and the microscopic properties of the system as given by the eigenstates | a),
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I b),..........The fundamental problem is that these eigenstates are not known. This can be

circumvented by calculating the moments of f(co) rather than f(oo) itself (Van Vleck4 ). 

Following this method one can also explain the exchange narrowing phenomenon in a semi - 

quantitative way (Anderson and Weiss5). These theories are more or less incorporated in the 

theory of magnetic resonance developed by Kubo and Tomita2, which we shall summarize 

in the next section.

I f  Hint can be assumed as a perturbation o f Ho, the energy spectrum is in first 

order given by the Zeeman levels

Em = gpc HM (-NS < M  = Z m; < NS) ( 2.32 )

where mi denotes an eigenvalue o f S f . The S f operator in eq. (2.24 ) connects states 

I M >, IM ’ > with AM = + I , corresponding with a transition frequency

roM,M±i = Sl1B = Yh  (2 .33)

also known as the Larmor frequency Oq. H jnt may partially lift the degeneracy of Em 

causing a certain distribution of the transition frequencies around Qq (inhomogeneous

broadening6 ). The shape function then has a maximum for m = a>0 (and form = - g>0) 

and shows a certain distribution around this maximum. This distribution can be measured 

by sweeping co around Q0, or by varying the external field H = co0 / y, such that effect! -

vely co Q is swept around a fixed frequency co0 = 2%v, which is the usual experimental 

situation. The shape function, f(H  - H 0) thus obtained is referred to as a resonance line, 

with a maximum at H 0 =CO0 Zy and a full width at half maximum denoted as AH

The dependence o f %" on H is typically measured at fixed angular frequency and 

is shown in figure 5. A single absorption line yields three quantities: The resonance
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position H0, AH and the shape o f the curve itself.

Figure 5. An EPR absorption line.

The linewidth AH is the quantity in which we are interested in this work. The 

spectral density corresponding to the spin correlation function can be described by a 

Dirac delta function centered at the resonant frequency O0. In reality the absorption line 

is broadened by non-isotropic interactions like the dipolar interaction between spins. 

The electrons in the crystal experience different local fields due to this, and thus different 

resonant conditions. The distribution o f the resulting magnetic moments is random and 

hence the line-width can be described by a Gaussian function:

AH « H0 exp[-C(m - (O0) 2 ], where H0 is the field at resonance7. 

Modulation o f the exchange interaction causes a narrowing o f the absorption line by 

averaging the local fields to reduce AH from the dipolar value8. For a Heisenberg 

Hamiltonian the exchange narrowing can be shown to be Am « (Am)2 /i/ J where J/ ft is 

the exchange “frequency” or the rate of spin flips induced by the exchange interaction

Further the lineshape is modulated to yield a Lorentzian, wherein
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AH = aH0
a + b(co -  (O 0 ) 2

The lineshape may be analyzed by plotting x"(h 0)
%"(H)

vs
(H -H 0)2 

(AH)2

Figure 6. Gaussian and Lorentzian line shapes.

It can be seen that Gaussian curves fall much faster than Lorentzian curves indicating a 

more random process or a shorter correlation length.

2.3 THE KUBO-TOMITA THEORY OF MAGNETIC RESONANCE

All theories concerning the dynamic behavior of spin systems focus on the relation 

which has to be established between the time-evolution o f the magnetization, expressed 

by <|)(t), and the microscopic fluctuations o f the system. In this section, we discuss the 

general outline o f the theory first proposed by Kubo and Tomita2.

Spin Hamiltonian

The main contributions to % i ( eq. 2.23) are :
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( 2 3 4 )

% d  ^dipole-dipole g  M'S 2  r ij [ Sj.Sj -  3(Sj .U j j)(Sj .U j j )  ]  . (2 .3 5 )
i < j

J denotes the symmetric (Heisenberg) exchange constant ;r-j s  Fj - F i is the position

To describe the effect o f #  on the motion o f M  and the corresponding resonance

spectrum, the Hamiltonian is separated into two parts, and ̂ 1, such that

+ ^ ex and • The terms o f obey the commutation rules:

Using these commutation rules, it can be shown that the motion of M  consists of two 

kinds of modes : gives rise to a processional motion of M around H, whereas ̂ ex

has no direct effect on this motion. However ^ ex modulates the dipolar interaction H dd,

which itself causes a random motion o f M . In the absence o f Had, the resonance 

spectrum would in general consist o f sharp resonances. Hdd causes a broadening and 

shift o f these lines and may lead to the appearance o f satellite lines.

2.4 CORRELATION FUNCTION OF THE EXCHANGE MODULATION9

Kubo and Tomita have obtained an expression of <])(t) in terms o f a new 

correlation function xj/(t), which describes the random motion o f Mx. An interaction 

representation is used whereby

vector o f Sj relative to Si and U^ = Fj/f i j .

K  %ex] ~ 0

[??ex, M ^ j = O  ( g  = x ,y ,z ) (2. 37)

(2. 36)
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Mx(t) = exp [i^t/Tz] Mx exp[-ft?0t/» ]  (2 . 3 8 )

M x (t) describes the motion o f Mx in a coordinate frame moving with a Zeeman 

precession, caused by %  . In this frame, the motion o f Mx is generated by

^ j T  =  M x] ( 2 . 3 9 )

where

S?'(t) = exp [ - i^ 0t / h] W(O) exp([i% t / *]. ( 2.40 )

If we neglect W  in computing the thermal averages %" will then be given by

J(M + (t)M _(0)) exp[i(co 0 -  co)dt + J(m _ (t)M + (0)) exp[-i(a) 0 -co)dt

(2 .4 1 )

where M i  are the usual raising and lowering operators. It can be seen that %"(co) is 

peaked at O0 and has a width related to the correlation function ^M+(t)M_(0)^ which

%"(m)
mV

8kRT

decays on the relatively slow time scale of W . It is convenient to write the relaxation 

function in terms of the ladder operators as

(Kt) (2 .4 2 )
(M +(t)M _(0))

(M t IvL)

The shape o f %"(o) is given by the Fourier transform of (J)(t) at the frequency ( o 0 -  m ). 

Kubo and Tomita expanded the above expression and disregarding terms higher than the 

second order ones, obtained the following expression for the relaxation function,

(Kt) = exp -J dT(t - t )\|/(t ) ( 2 . 4 3 )

Here the time - correlation of the exchange modulation obeys.

VCO =
I ( [ ^ '( t), M+ (0)][M_ (0), W  (O)) 

h2 (M+M.)
( 2 . 4 4 )



in the high temperature approximation.

The shape function of the resonance line at O0 obeys10

f +((o) oc Jdt e'l(“ "co°)t<j)(t) ( 2 . 4 5 )
-OO

If f +(to) is symmetric about © 0 and narrow one can define a lineshape function 

f +(oo - co0) = f +(co) .

Inversion of the above yields

cj>(t) oc J dooe10”"™0^ f +(O) - O0) (2 .46)

30 .

The influence of H ex on the decay of \|/(t) and hence on f +(co -co0) may be obtained by 

choosing an analytical expression for \|/(t). \|/(t) decays in a characteristic time Tc = ft / 1,

since the exchange interaction dominates H 0. Thus for t «  Tc , a Gaussian correlation 

function serves as an approximation of v|/(t), i.e

(a) \|/(t) 2 r I ®p e x p [ - - 0 ) ^ ] ( 2.47 )

where go p denotes the perturbation frequency which is characteristic of H dd only and go e

can be regarded as a measure of the strength o f H ex.

In this limit go e « GOp and one may assume vg(t) « \|/(0) yielding

«Kt) = <t>(0)exp[-GOpJ(t-T)dT] 
o

= (j)(0) expj-^cojt2] (2 .4 8 )

This results in a line shape function

f +(co -CO0) oc exp
(co -CO0)2 

2C02
( 2.49 )

which is a Gaussian with a half - width
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Acoiz2 = [ (21n2) O ^ iz2 (2 .50 )

b) For t » t c i.e when coe >top \|/(t) effectively decays to zero before <J)(t) changes appre

ciably. Hence

(Kt) = (KO) exp[- (7t/2)1/2 (to2 /roe)|t I ] (2 .51)

For the shape function one obtains.

f +(ro-ro 0) oc --------- --------------------- --------- -
(W-CO0) +  (7 r /2 ) ( to p / to e) 2

This is a Lorentzian line with half - width

Atov2 = (7r/2)1/2(to2 /toe).

In terms of magnetic field the linewidth can be expressed as 

AH ~ %(to2)/y j.

It can be observed that the exchange modulation does two things :

1) alters the line-shape from Gaussian to Lorentzian

2) the frequency width has decreased from co p to a factor ® pTc « I . This effect is 

known as exchange narrowing.

(2 .52)

( 2 5 3 )

2.5 SPIN DIFFUSION11

The previous results given for the derivation o f the Lorentzian lineshape break 

down in Id and 2d because o f the dominant effect o f spin diffusion. A study o f the time 

evolution o f the spin-spin correlation function helps us understand the dynamic behavior 

o f the local fluctuations. It can be defined as

q<t) -  (s“(t)s?).

The auto-correlation function (i = j) decreases smoothly with characteristic rate Qe = 

J[8zS(S+l)/3]1/2, where z is the number o f nearest neighbors. It can be
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seen from the figure 7 that at coet »  I the correlation functions decrease much more 

slowly in the low-d case when compared to the 3d case.

low-d

Figure 7. 2-spin correlation functions in (a) 3-d and (b) low-d magnetic systems. The 
time scale is defined by the exchange frequency me.

When coet «  I, the dimensionality plays a minor role only. For a)et »  I a 

hydrodynamic description is used which can be justified by the fact that the Hamiltonian 

o f equation (2.34) is a constant o f motion. Therefore in the high-temperature limit, the 

microscopic fluctuations are governed by the diffusion equation:

DV2Ctx (r ,t)  = - ^ C “ (r,t)  ( 2 . 5 4 )
oi

where D is the diffusion coefficient. The solution to this equation strongly depends on 

the dimensionality d  o f the lattice.

C“( r, t) = (47tDt)"d/2exp(-r2 / 4Dt) ( 2 . 5 5 )

The diffusive behaviour completes the description o f the function at ooet »  I. In 3d the 

tail decreases rapidly with time as t"3/2. On the other hand in Id and 2d systems the tail
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persists at much longer times . In terms o f spectral densities the diffusive behaviour 

leads to the divergence o f the functions Ca(co) at ro = 0. One can show that,

C »  ~ j - (2 D (o y 1/2 f o r d =  I ( 2 . 5 6 )

Cct(Q) ~ ^  ln(47tD/Q) for d = 2. ( 2 . 5 7 )

In real systems these divergences are usually suppressed for the following reasons: .

(i) In crystals the spin arrangements do not correspond to a stricly 2d lattice. There 

exist small magnetic couplings between planes, giving a 3d character to the magnetic 

interaction.

(ii) The interaction Hamiltonian is not strictly isotropic. Anisotropic terms such as 

the interplane dipolar interactions £> are always present as perturbations in the 

Hamiltonian. In order to understand the truncation effects it is convenient if we can 

consider the spin operators in reciprocal space,

S“ = N"1/2 £  Sja e j and

C“ (t) = 2  Cq (t) e q n where Cctq(I) represents the normal mode 
q

associated with the wave vector q :

C m  = (s ;< t) ( s , y )  <2. s s )

The corresponding spectral density is obtained by taking the Fourier transform.

From the diffusion equation one obtains
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c;(m) = (s; 2x2Cu + (Dqii)
(2 . 5 9 )

For a pure Heisenberg system the width o f the normal mode Cq (co) is zero at q = 0,

according to Fq = Dq2. This explains the divergence o f the spectral densities Cq(Cu) in 

ID and 2D systems.

2.6 EPR LINESHAPE STUDIES9

In this section we consider the problem of the shape o f the EPR line. In studying 

the EPR lineshape we come across four-spin correlation functions o f the form

s “ (T)Sj (t)S“ sj3 j. In NMR formulation where nuclear spins are randomly oriented,

four-spin correlation functions can be reduced to two-spin correlation functions by 

suitable approximations. In the case o f EPR since the resonating spins are coupled, such 

a reduction is not possible. As a consequence the EPR in a crystal can be, in general, 

described as a collective response o f the q = 0 mode o f the total magnetization rather than 

one in which each spin resonates independently in its own local environment.

The common method of dealing with the four-spin correlation functions is to 

factorize them according to

(s?  (T )SP(T)S^sr) = (s“(T)S“')(s®(T)sf) + (s" (T)Sf X ^ (T )S " ')  (2 .6 0 )

The factorization o f the kind (T)Sj (t)^S £  Sf j  has been ignored since it leads to a

time independent term which is zero, for example, like the dipolar term. In order to
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us understand these concepts we define the dipolar interaction coefficients 

(g o to g o ) = Z ^ M 0){sf(T)S |}(s+(i:)Sr) where 

F f  = -2y» (2 k J - - K ? ) .

Here Ky represents interactions which include terms like dipolar couplings, spin-orbit and 

crystal field couplings and only secular terms have been considered. When the magnetic 

field is parallel to the chain axis or perpendicular to the magnetization plane (0= 0), only

secular terms with dipolar coefficients o f F™ (m = 0) contribute to the linewidth. For 

|(0 -tool ^  AH, diffusive behavior( non-Lorentzian) is minimized, and the fluctuations are 

actually dominated by the Heisenberg Hamiltonian. For |co - © 0| ^  AH, the contribution

from the secular terms is negligible and the spin dynamics is governed by diffusive 

processes.

For another special direction o f H i.e., at the magic angle when 0 = 55° the secu

lar term F(0) vanishes, and only non-secular terms with m = +1, -2 contribute to the EPR 

spectrum where the line-shape is Lorentzian. In the general case for any direction o f the 

magnetic field the secular and the non-secular terms together contribute to the EPR 

linewidth.

An alternate procedure for treating four-spin correlation functions is to use the 

Random Phase Approximation (RPA). This scheme involves taking the Fourier

transform of the exact expression (g0(T)g*) before decoupling, wherein
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S o M s0) = z < ^ ( s ; m s ; m s x .

From the above we retain only q = q' terms in making the RPA so that.

8 0 % I
q

s ^ ^ o c ^ s : . ( 2.6 1 )

In the limit N  ->  00 it can be shown that equation ( 2.61) and the decoupled form ( 2.60 ) 

are equivalent.

Another scheme o f simplifying the EPR correlation functions is to assume their 

diffusive behavior. A hydrodynamic description is used at long times yielding the 

diffusion law that the spin-correlation function decays as x m  but the diffusion constant D 

is twice as large as that for the case o f two-spin correlation functions. In each o f the 

above methods the essential feature that is noticed is that the sum over all pairs (i,j) 

and (k,l) produces a behavior that is dominated by the q -> 0 mode.

2.7 TEMPERATURE DEPENDENCE OF THE LINEWIDTH OF A 2D AFM

In this we briefly outline the temperature dependence o f the EPR linewidth in a 2d 

system. These results are used as a starting point for the derivation and analysis o f 

linewidths which will be discussed in the following chapters. In this discussion we 

distinguish between two regions; firstly the high temperature region, in which the range 

o f the spatial correlations between spins Si and Sj steadily increases when T is lowered,

but where the assumption of isotropy still holds. Ih this region the dominant effects are 

governed by short range order (SRO) and the basic picture o f spin diffusion dominated by
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by q ->  O is still applicable. Secondly there is the critical region, in which effects 

marking the onset o f 3d long range order become predominant. In the antiferromagnetic 

layers %t (isothermal susceptibility) is finite at Tn and the important contributions to the 

q sum come from the superlattice vector q = q 0. EPR no longer probes fluctuations o f 

the order parameter and therefore, it becomes important to single out this property. This 

is in contrast to the case o f a ferromagnet whose %T diverges near the critical 

temperature and where the long-wave q «  0 fluctuations dominate the EPR linewidth. 

The temperature which separates these two regions generally depends upon the systems 

under investigation. In 2d AFM systems it may be o f the order o f 2Tn12.

When analyzing the temperature dependence o f the linewidths at temperatures

sufficiently above Tn , where the staggered susceptibility satisfies = x± , then the 

linewidth may be written as

Castner and Seehra were able to fit AHcHt(T) to a power - law expression Ce"p using 

Huber’s procedure for 2d AFMs K2MnF4 and Rb2MnF413,14. Here s is the reduced

AH(T) = AHcrit(T) + AHt=O0. (2.62)

independent. Then AHcrit(T) is given by

AHtit(T) » f(e)— EIdt(S(q+q0 , t), S(q+q0» 2
X- Lqo

(2.63)

where f(0) is a function which depends on the symmetry o f the crystal and 0 is the angle 

between the applied field and the c-axis.
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CHAPTER 3

3. SOLITON CONTRIBUTION TO THE EPR LINEWIDTH

3.1 INTRODUCTION

As mentioned before there is no LRO in 2d Heisenberg magnets, but only SRO 

characterized by a correlation length R. We are interested in the spin dynamics in the 

SRO regimes o f such systems. The main question of interest is, whether the spin 

dynamics are governed by extended collective excitations like spin waves, or are there 

other types o f excitations. In particular as we approach the critical temperature the 

susceptibility is large and therefore large amplitude fluctuations become important. For 

example in antiferromagnets, where even the ground state is not precisely known, the 

spin-wave expansion fails to treat fluctuations in the critical regime. Consequently, it 

becomes essential to deal with nonlinear effects and to study under what conditions they 

become significant to the spin dynamics.

Starting with the discovery o f solitons in 1844, the field o f classical nonlinear 

dynamics, and in particular the treatment o f problems in Id magnetic systems in recent 

years, has made tremendous progress. The possibility o f soliton-like excitations playing a 

nontrivial role in the critical dynamics has led to an explosion o f theoretical and 

experimental activities in the last two decades. The existence o f solitons in Id systems 

was predicted by Mikeska1 and was identified experimentally in CsNiF32. Considerable 

progress has been made in the diagonalization problem for s = 1/2 spin chain since the 

pioneering work by Bethe3 in 1931, where the elementary excitations were magnons and 

bound magnons. It was not until recently that Johnson et al.A were able to derive
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thermodynamic quantities like susceptibility, from the excitation spectrum.

Until recently it was well accepted that the thermodynamics o f quantum spin 

chains was dominated by spin waves. Recent theoretical work5 and experiments6 have 

shown that a s = 1/2 chain structure supports nonlinear excitations such as bound 

magnons and solitons in the temperature region above Tc, as predicted by Johnson and 

Bonner4.

The classical Sine-Gordon(SG) chain serves as a good model system, in the 

continuum approximation, to investigate the nonlinear effects on the spin dynamics o f Id 

magnets. The most detailed information about the excitations can be obtained from a 

measurement o f the spin-spin correlation function S(q,co) in reciprocal space. Inelastic 

neutron scattering(INS) and EPR are two techniques which allow the direct 

measurement o f S (q ,o ). While a large range o f q and ro are accessible via the neutron 

scattering measurement, EPR measures at q «  O with a very small range. This led to 

several INS studies on chain structures, to detect a SG soliton7’ 8. A broadening o f the 

central peak structure was observed, which is the signature o f the AFM solitons. The x- 

y soliton shows up at q «  O as well, as calculated by Sasaki9.

Due to the mathematical complexity involved, solvable models in 2d systems 

have been scarce. The spin-wave theory has been successful in accounting for the low- 

temperature properties o f a number o f 2d magnetic systems which have anisotropy small 

compared to exchange. Recently this study has been extended to include xy and Ising 

type anisotropy in the 2d ferromagnet10. Analytical results for nonlinear excitations in
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the continuum approximation are available for the planar X-Y model and the isotropic 

Heisenberg models only. As mentioned earlier, in the X-Y model wherein the spins are 

confined to a plane, an interesting topological transition is known to exist. According to 

Kosterlitz and Thouless11, this transition corresponds to an unbinding of vortex- 

antivortex pairs into a gas o f free vortices. Computer simulations give clear evidence o f 

the topological excitations destroying LRO12. At low enough temperatures the Gaussian 

velocity distribution o f the less dense gas leads to a central peak structure^ = 0) in the 

dynamic structure factor.

It has been rigorously proven that the 2d Heisenberg model does not exhibit a 

phase transition at any finite temperature13. I f  an easy-axis anisotropy is added to the 

Heisenberg model, the spin-wave spectrum acquires a gap and the system becomes 

metastable14. Assuming diffusive behavior Richards and Salamon15 calculated the time- 

dependent correlation functions for n-dimensional systems. This resulted in a calculation 

o f the EPR linewidths, with the linewidth and the lineshape depending on the orientation 

o f the crystal chain axis or the easy plane relative to the external magnetic field. Neutron 

scattering experiments in a 2d quantum Heisenberg model were interpreted by spin-wave 

excitations16. Monte Carlo treatments17, Schwinger Boson mean field theory18, scaling 

theory combined with renormalization group analysis and hydrodynamics19,20, are some 

o f the tools used in calculating the coherence length and the pair-correlation function in 

2d quantum and classical systems.

Recent numerical simulations o f a 2d s = 1/2 AFM, have shown that the spin 

correlation functions have the same behavior as in the 2d classical spin systems thereby



42

establishing the correspondence between the 2d classical magnet and the high Tc super

conductors17. For a quantum Heisenberg AFM the EPR linewidth has been calculated in 

the spin-wave approximation, and compared with experiment21,22. Localized, continuous, 

and analytic expressions for excitations o f the 2d isotropic Heisenberg model, in the 

classical limit were found by Belavin and Polyakov23 which was referred to in Chapter I . 

The effect o f these excitations on the spin-correlation functions was investigated by 

Trimper24. He found the correlation function changes over from a power law decay to 

that o f an exponential and that the correlation length does not diverge at any finite 

temperature.

3.2 SOLITONS IN 2D HEISENBERG MAGNETS

Figure 8. Orientation of the spin S as a function of 0 and <t>, the polar angles.

We shall first consider the case o f a Heisenberg ferromagnet. The isotropic

Heisenberg Hamiltonian for a ferromagnet can be written as.
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H =  - J E S i-Sj
<ij>

( 3  1 )

Expressing the classical spin vectors in the spherical polar co-ordinate system and 

assuming a continuum approximation in which the neighboring spins are nearly parallel, 

the above Hamiltonian can be rewritten as,

H = - J S 2N + JS JT[(Ve)2+(V(p) 2 sin26 d r ( 3.2 )

Here the spin vector can be represented as Si = SCsinGi Coscpi, SinGi Sinepi , CosGi). The 

first term is the ground state energy o f N bonds. The second term represents the 

excitation energy resulting from the deviation in the magnetization. This can be obtained 

by minimizing the expression within the parenthesis in the integral with respect to 6(x, 

y) and cp(x, y). The integration of the resulting Euler-Lagrange equations yields the 

solutions (j) = (p and tan(0(r)/2) = (ro/r)-\ The integration constant r0 reflects the scale 

invariance if the Hamiltonian in equation (3.2) and the sign of the exponent gives the 

magnetization direction as r —» oo. Figure 9 depicts the r-dependence of the polar angle.

Figure 9. The radial dependence o f the polar angle of the spins in a 2d soliton.
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In Id systems topological solitons can be viewed as domain walls moving freely 

along the chains having substantial magnetic order. For 2d systems, solitons can be 

defined as excitations which minimize the continuum free energy. Fig 10 represents a 

simplified picture o f the spin structure. The projection of the spin vectors on the xy- 

plane resembles a vortex structure.

Figure 10. The structure o f a two-dimensional topological soliton in a ferromagnet.

The static and dynamic properties o f a 2d classical Heisenberg model with easy- 

plane anisotropy have been investigated25. Two static vortex spin configurations, planar 

and out-of-plane were found via a continuum theory. Numerical studies25, which include 

the discrete nature o f the lattice, have shown there exists a critical value o f the 

anisotropy parameter, which decides the region in which out-of-plane(in-plane) vortices 

are stable. For X<XC< -0.72 on a square lattice, the static vortices are purely in-plane, 

whereas for X>Xc the out-of-plane component increases with X. It has been observed 

that the correlation o f the out-of-plane components is very sensitive to the vortex shape
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are stable, the spin correlation function reveals a . Gaussian central peak, whose width 

increases linearly with wave-vector q. This indicates that multimagnon processes and 

vortex-magnon interactions have an appreciable infuence on the central peak. For a 2d 

ferromagnet vortex-magnon interaction has been considered in the xy ferromagnet26. 

Later this was generalized to include Ising and xy type anisotropy by examining the small 

oscillations about the static vortex structure10. A similar study done by Zaspel27 on soliton 

dynamics contains several important results. First the random motion of the spins breaks 

the circular symmetry o f the isotropic Heisenberg model. The dynamic correlation 

function is found to be a modified Gaussian with a central peak structure. With 

anisotropy it has been found that static solutions are impossible28 unless a fourth order 

Skyrme term is included in the Hamiltonian. Waldner’s numerical work29 on the shape o f 

the solitons indicates that it does not change appreciably in the presence o f weak easy- 

axis anisotropy which is usually present in real systems.

3.2.1 SOLITONS IN 2D ANTIFERROMAGNETS

In this section we will derive a solution for the 2d classical AFM considering a 

nonlinear Euler-Lagrangian equation30. This result will be used later in the EPR linewidth 

calculation.

In order to write the Lagrangian for the system it is necessary to define the 

normalized magnetization vector m = -^ - (S 1 +S2) and the sublattice magnetization
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vector I  = (S1- S 2) where S1 and S2 refer to the. classical spin vectors o f the two

different sublattices. It is reasonable to assume that I » m  where the nearest neighbor 

spins are almost antiparallel. With this assumption we can express the Lagrangian for the 

system as

% -(V 0 )2 +sin2 e ( ^ - - Vcp2) d2r (3  3 )

Here 0 and (J) represent the polar and the azimuthal angles o f the sublattice magnetization 

vector T and 0 t and are the partial derivatives with respect to time. Static solutions to 

0t and (J)t can be obtained by following the same procedure as that for a ferromagnet in the 

continuum approximation. Using a similar Lagrangian formulation Ivanov and Sheka31 

have investigated mobile out-of-plane vortices in a classical 2d easy plane AFM in the 

presence o f an external magnetic field. The presence o f the field substantially modified 

the shape and position o f the central peak o f the dynamic structure factor resulting from 

vortex dynamics. 1

3.2.2 MOTIVATION FOR THE CURRENT WORK

It has been established that solitons in Id chains will result in an Arrhenius tempe

rature dependence o f the linewidth, Le AH ~ exp(Es/T) where Es is the soliton energy32. 

Waldner’s investigation29,33,34 on the possible effects of solitons on the linewidth in 

layered Mn compounds has provided the motivation for the current work.

Waldner proposed that the observed temperature dependence o f the linewidth
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was due to the 2d spin correlations being modified in the presence o f solitons. He based 

his conclusions upon a possible extension o f M ikeskaY theory o f slowly moving solitons 

with excitation energy E, for Id magnets. By reexamining previously available EPR data 

on quasi-2d spin 5/2 AFMs3 he found excellent fits to the above model34, and the 

excitation energy was found to be approximately 47tJS2 to within 10%. In spite o f the 

good agreement between theory and experiment Waldner argued that the Arrhenius 

temperature dependence does not prove the presence of solitons. He noted that the 

thermal activation is doubtful for such high ratios o f (Es/kT) and there was insufficient 

information about the nature o f solitons. The arguments against associating solitons 

with the above behavior are twofold. EPR linewidth involves a dynamic correlation 

function, whereas the Belavin and Polyakov soliton is static. Secondly the observed 

Arrhenius behavior is derived from the motion o f Id Sine-Gordon solitons which does 

not apply to 2d systems.

The important question ahead o f us is, are solitons responsible for the Arrhenius 

broadening observed in layered Mn compounds ? In order to answer this question we 

need to address several issues. It has been noted that the spatial effects o f the gapless 

spin waves and the solitons on the correlation length are too similar, making a 

discrimination between the two difficult16. However, doping the magnetic compound 

with nonmagnetic impurities introduces a concentration dependence on the EPR 

linewidth which may be used to separate the soliton contribution from the spin-wave 

contribution35. We need to consider the temporal effects o f the two excitations 

separately, both o f which result in a broadening o f the EPR lines. This means that we
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need to address the problem of soliton dynamics. The most obvious soliton motion has to 

be ruled out for the following reason. Moving solitons results in a central peak at o  = 0, 

which is far removed from the EPR frequency. We will therefore have to consider 

soliton-magnon interaction as the possible time-dependent mechanism.

3.2.3 EFFECTS OF DOPING AN AFM WITH IMPURITIES

In recent years a great deal o f theoretical as well as experimental work has been 

done on random-site diluted magnets36. In the case o f magnetically diluted systems the 

ordering temperature Tn decreases with increasing concentration p o f the impurities. For 

Id  chains even a small impurity concentration (~ 1%) causes a broadening o f the EPR line 

at room temperature37 while for 2d, the effects are more pronounced near the percolation 

limit p  = 0.59 for the square lattice38. When a magnetic insulator is diluted with 

nonmagnetic impurities, the exchange pathways are cut off at random and the spin 

correlation function will decay more rapidly with distance. This results in the exchange 

narrowing in the EPR linewidth becoming less efficient and a broadening occurs. For 2d 

systems this effect is more dramatic near the percolation limit when the coherent spin 

network breaks into finite clusters. A 40% reduction in the EPR exponent associated 

with the divergence o f the linewidth in the fluctuation region, was obtained upon doping 

K2MnF4 with a small amount o f Fe impurities39. This effect was attributed to the spin- 

phonon coupling o f the non-S state Fe2+ ions, which should impede the slowing down of 

the critical fluctuations close to Tn- A theory developed by Van Luijk et al.40, to treat the
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local thermodynamic properties around isolated impurities in an AFM, is based upon a 

Green’s function formalism. In a recent review article on 2d spin-wave theory, data on 

K2MnF4 (diluted with Zn, Mg, Ni )40 has been compared with the above mentioned 

theory. De Wijn et a t 1., have concluded that the effect o f the impurity-associated 

excitations is very localized and o f a moderate size. In addition they point out that for 2d, 

spinwave approach fails above Tn/2 due to the wider range o f critical fluctuations 

present. An EPR study of a Mn layered compound doped with Cd ( 0.1% - 10%), 

reveals a drastic reduction in the soliton activation energy35. For this thesis similar 

measurements were done but the impurity concentrations were kept low ( < 1%), because 

our goal was to investigate how a single impurity at the soliton center affects the 

temperature-dependent, critical EPR linewidth.

3.2.4 DISCRETENESS OF THE LATTICE

While the Sine-Gordon approximation in the classical continuum limit gave a 

satisfactory qualitative description o f solitons in magnetic chains, it was found in

adequate for a quantitative description. One o f the parameters responsible for the 

deviation from ideal behavior was found to be the soliton length scale, which describes 

the importance o f the discreteness o f the lattice. Results obtained in the continuum limit 

are modified by the discrete lattice of the real material42. A more detailed investigation 

showed that instabilities exist owing to the discreteness of the lattice both in FMs and 

AFMs43. Such studies have been extended to vortices in 2d easy plane FM44,45 as well as 

XY models46, because o f their relevance in interpreting dynamic correlation
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measurements in neutron scattering experiments.

A continuum field description o f a vortex center is found inadequate for any range 

o f parameters. This is because the spins near the vortex “core” vary rapidly over small 

lengths, which is represented as a singularity in a continuum theory. Wysin45 has dealt 

with such singularities by treating the discrete degrees o f freedom in the core region 

exactly on a lattice. Solitons, in general can be well described by a continuum theory, 

except for certain parameter ranges. This becomes evident upon inspecting the energy 

derived from the Hamiltonian o f equation 3.2.

By following the procedure outlined for a FM, we obtain the soliton energy as

E(ib)
Esr0

(ro+r=)
(3  4 )

where re ~ I is the lower limit o f the radial integration corresponding to the core radius 

and r0 is an integration constant representing the soliton size. I f  the soliton size is large 

(r0 » a )  then E ~ Es , which is independent o f the soliton size. Also 0(1) ~ Tt meaning 

that the continuum approximation is valid even at r = 0. On the other hand, for a small 

soliton r0 ~ a, 0(1) ^  Tt resulting in a discontinuity in the magnetization. In this case the 

energy o f the core must be calculated, exactly, using eqn. (3.1). The calculation that 

follows is adapted from the work done by Wysin46, in studying the planar vortex stability 

o f an easy-plane magnet.

3.2.5 CALCULATION OF THE DISCRETE CORE ENERGY

The total energy o f the soliton is split into two parts; one the energy o f the region
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inside the core radius i.e. the discrete core, and the other from the energy o f the 

surrounding continuum.

E(r„) = Ec(r0) + - S fV  ( 3.5 )
r O + r C

For the calculation o f Ec(r0) we have considered a static soliton structure on a square 

lattice which is defined by discrete lattice sites connected by bonds as illustrated in figure 

11. We have assumed that the structure is centered in a unit cell with its origin on a 

lattice site. The soliton center is at (0,0) with 4 sites equidistant from the center at n  = I 

and Sz = miS and 4 sites at r2 = V2 and Sz = m2S and so on. On each circle the values 

o f 0(r) and <p(r) are known from the Skyrme solution and they can be used to calculate 

the energy from the four bonds going out from n .

o

O

O O O

O O O

O O O O

O O O O

O

O

O

O

O

O

O

O

O

Figure 11. Projection o f the spins onto the square lattice at the soliton center. Small 
circles represent lattice sites.

In the first approximation considering only the lattice sites on the first circle and
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using the Hamiltonian o f equation (3.1) we obtain the following energy functional for the 

core.

Ed = - 4JS2 ( 3.6 )

The next largest core includes the next set o f spins with exchange bonds going radially 

outward from r2 = V2. When both sets o f spins are included the total core energy now 

becomes

E c2 = E c1 + 12JS2-8 JS 2 m 2 m 3 + — V e

-4JS2 +E

JL - m 2 V l- m 4

( 3 . 7 )

Here m2, m3 and Hi4 are known in terms o f r0. The core energy calculation, was extended 

upto sixteen sets o f spins yielding E d6. These calculations and the code that was used to 

solve the energy equations are shown in Appendix A.

These energies were used to calculate the various spin orientations mn in the core 

region. The extrema o f the core energy were determined by the minimization condition

= 0. where n = 1,2, ...,16. This resulted in a set o f 16 coupled nonlinear
Sm11

equations, whose solutions were obtained numerically. One found that the values o f m„ 

resulting from the discrete solution were significantly different from the continuum 

solutions. Finally these mn were plugged back in the energy functional expressions, to 

yield En as a function o f the internal parameter ro.

Data points were generated using E(r0) which is the sum o f the energies o f the 

core and the continuum parts o f the soliton. Figure 12 shows the core energy plotted
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against r0. A plot of the total energy E(r0) versus r0 is shown in figure 13 a. A numerical

2
fit to the curve using the function f(r0)=- ,ar° . yields the constants a = 12.56 and b =

b +r0

0.23.

When a single non-magnetic impurity atom displaces the magnetic atom at the 

center of the core, exchange pathways with the immediate neighbors are lost without 

affecting the remaining soliton structure. This means the core energy to the first order

EcoreCO v s  ro (with and without impurities)

Figure 12. A  plot o f  the core energy vs the size parameter r0. The dotted line represents
the curve for the soliton core energy without an impurity at the center. The solid line
represents the case o f  a soliton with an impurity.
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ro

0 5 10 15 20
ro

Figure 13. (a) A plot of total soliton energy vs r0. o -  represents a plain 
solitoa ■ -  represents an impurity pinned soliton. (b). An expanded view 
of the above plot indicating the critical value of r0.
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approximation Eci reduces to zero, while the other terms remain the same. A similar 

procedure as described above was repeated with the single impurity-pinned soliton core 

energy functionals. This procedure yielded the constants a = 12.6 and b = 1.01. It can 

be seen, in figure 13b, that the effect o f a single impurity, is to reduce the soliton energy 

and expand the core region. For solitons with r0 ~ 10, the core energy is maximum. For 

core sizes greater than r0 ~ 10, the effect o f the core is negligible. The total energy o f a 

soliton o f the same size saturates at the continuum value. This implies that for r0 < 10, 

the effects o f the discreteness o f the lattice are important and have to be taken into 

consideration.

3.3 EPRLfNEWIDTH CALCULATION

This section deals with the calculation o f the EPR linewidth from the dynamic 

correlation function, with the soliton-magnon interaction contributing to the dynamics. 

We refer back to the equation 2.63, in the last section o f Chapter 2, in writing the 

following expression for linewidth.

AHclit(T) « — Zfq Re jdteifi>ot{S(q + q0 , t), S(q +q0))2 ( 3.8 )
Xi  q o

where Qo is the resonance frequency and fq is the Fourier Transform of the dipolar coeff

icients. The sum over q is restricted to |q|R < I.
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3.3.1 SOLITON-MAGNON INTERACTION

Assuming the soliton-magnon interaction to be the dominant dynamic process in 

this system, in the fluctuation region above Tn, the Lagrangian o f equation (3 .3  ) will be 

solved. The solution will incorporate the change in solitori structure that will affect the 

soliton structure factor. In the Id case a theory has been proposed for the soliton- 

magnon interaction47. EPR has been applied to the study of soliton-magnon interference, 

in order to measure the linewidth with high resolution at q = 0 only4 \  Small

wavelength magnons interacting with the static solitons manifests themselves in two 

ways: each soliton passing a magnon will reverse the two sublattices and cause a shift o f 

the magnon phase and there will be a corresponding change in the density o f states. In 

the temperature region o f interest, the effect o f these shifts on the EPR linewidth is 

small. We are more interested in the time-dependence that will be introduced in the 

static soliton structure factor.

The procedure is the same as in R ef 49. The soliton-magnon interaction is 

treated as a time-dependent perturbation around the static solution. The deviations in 

the soliton structure are assumed to be very small and can be represented by, 6(r, t) = 

6(r) + x(r)cosmt and cp(<i>,r, t) = <j) + £(r)sincot. %(r) and E,(r) are small perturbations found 

only in the presence o f the soliton. It has been shown that only s-wave scattering 

contributes mainly to the vortex-magnon interaction25. Following a similar argument it is 

reasonable to assume that % and E, are independent o f <|). Here co = c|q| is the magnon 

frequency for an AFM. Substituting for 6(r, t) and cp((|),r, t) in the Lagrangian of
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equation (3.3) one gets

L = L0 + L ' where

Lo is the static Lagrangian and L ' is the dynamic Lagrangian given by,

4 r ( x t  + sin20o)- (V x )2-(V ^ )2Sin2G0- 4 cos20o (3  9 )

Linearization o f the Euler-Lagrange equations resulting from equation ( 3 .9 )  around the
J

static solution yields,

C , 2

Xir+“ Xrr +
CO I  _ Q 

2 o COS20Q
V c r j

X = O

2

(sin2 G0̂ r) + - ^ - sin2 G0̂  = 0
\ ' T c .

(L lO a )

(L lO b )

Using a rather simple but clever set o f transformations the above equations can be 

solved. They are %(r) = -£(r)sin0o where G0 is the static solution, and £(r) = rf(r) which 

yield,

2 I ,
( L U )

I I n 2 I
frr + —(3 —2cOsG0)fr + —2—I—j-(l —2COS0O)

V C r
f  = 0

Go = O and CosG0 = I corresponds to a case o f no soliton. This will reduce the above

which areequation to a Bessel’s equation with the solutions J1 — r and Y1
c J

— r 
v c y

magnon solutions. The assumption that the magnons scatter from the outer most region 

of the soliton, Le r »  r0 , enables us to use the Bom approximation to solve equation 

(3.11). This allows us to use the static soliton solutions as SinG0 = 2r0/r and CosG0 = 1- 

2r02/r2. Equation (3.11) now reduces to
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fTT+ j f r  +
V C r2y

(3 .1 2 )

In the light o f the approximation used to solve eqn. (3.12) we can see that the term in the 

right hand side is equivalent to the Bom scattering potential. The Green’s function o f 

the above can be expressed as.

G (r,x) = —
TtT Yilt  TJ liI t rJ ™Jil t TJ Yil t r (3.13)

Using the above we can write the solution to ( 3.11 )  as f(r) = J G(r,x)V(x)dx where

V(T)
4r02©

is the scattering potential. Evaluation o f the above integral is made

simpler if we assume that the magnon frequency to be so small that cor/c « 1 .  Using the 

small argument expansion of Bessel functions

Ji
mr
c v

© j  ,U  © n  _ 2c— r and YJ —  = --------
2c V cV  Ttror

we have the solution to ( 3.12 ) as

Kr) = ^
Tt2Cr3

(3 .1 4 )

Working back through the transformations we have 

X(r) = sin60(r)

where £(r) = 2^ 0 
Tt c r

(3 .1 5 a )

(3 .1 5 b )
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3.3.2 CALCULATION OF THE FOUR-SPIN CORRELATION FUNCTION

In this section, we calculate the four-spin correlation function, by taking into 

account the dynamic properties of the two types of solitons present in the impurity- 

doped system. This is accomplished by the extension of the techniques used in Ref 49.

P soliton
soliton

Figure 14. Diagram illustrating the relative angular separation between a magnon, a 
(pure) P-soliton, and an I-soliton( soliton with an impurity at the center).

If the spin at f  is assumed to be from the P-type solitons at R^ and the I 

type (solitons with an impurity at the center) solitons at Rv, then the time-dependent 

spin at q is given by,

Sx(fi,t) = I S x(Tij- R ^ t )  + I S x(Fi - R vit). (3.16)
H v

where the contribution to Sx(FjjI) at site / comes from the solitons( both P-type and I- 

type) centered at p,v.

Here Sx(FjjI) = —U g (Q ,t)e l0rd2r (3.17)
2 TC

where g(Q,t) is the structure factor, and Q is the reciprocal lattice vector. Any 

modifications in the shape or size of the soliton, arising from the magnon interference 

will affect the structure factor. Since we are interested in the sublattice magnetization
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correlation function it is convenient to define the structure factor as, 

g(Q ,t) = J lx(r ,t)e - i(H i 2r (3  18)

with lx( f , t ) -  S sin6(r,t)cos(p(r,(j),t). Omitting some algebraic steps the structure factor 

calculation finally leads to,

g(Q ,t) = {sin0ocos(])e_1̂ 'rd2r{£(r)sin0sin<|)sincc>te_‘̂ 'rd2r -

(3  19)
J £(r) sin0o cos0Q cos^ coscot e lQrd2r.

where the first term is the static soliton structure factor, and the other two terms are the 

time-dependent terms arising from soliton-magnon scattering. The exponential part o f 

the integral terms may be written as a Bessel function series expansion50 where 

Q f  = Qr Cos(y -(j)) where y is the direction o f the vector Q relative to the x-axis.

Jo(rQ) + ZiJ1 (rQ)(cos(j) cosy +sin^siny)+... ( 3.20 )

The first term and the higher order terms in equation (3.20) that are o f the type

m|), where n >1, do not survive the integration over (j) in the structure factor

calculation. We get the static structure factor in terms of the r integral,

go (Q) = 2m cosy { sin0o(r)J1(rQ)rdr 
o

(3 .2 1 )

Here R  is the distance over which any two solitons will remain correlated. It is known 

that the presence o f other solitons diminishes the correlations and limits the size o f the 

solitons22. It is therefore reasonable to assume that the soliton density is inversely

proportional to the correlation length, which is the upper limit o f the integral. If  the 

upper limit is extended to infinity this integral is a Hankel-Nicholson type integral which
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gives for the static structure factor

So(Q) = 4 TtiK1 (rQ)r02 cosy (3.22)

where K i(r0Q) is a MacDonald function. A more useful form of go is obtained if again 

we assume that the system is fluctuating close to the antiferromagnetic wave-vector. 

Then the small argument expansion for the MacDonald function is used to get the simple 

expression for the static structure factor

Next we evaluate the dynamic part which is first simplified by the assumption 

cosGo = I sin0o = 2r0/r to get the integral over r

It is important to note that due to the large r assumption, it is necessary to introduce a 

cut-off radius as the lower limit o f the integral. Since we are only considering the 

scattering o f magnons from the outer most region o f the soliton, this is a reasonable 

assumption to make in the evaluation o f gi(Q,t). Using these, together with the small Q 

approximation this integral can be evaluated to give the logarithmic factor In(RZro) where 

ro < R. The dynamic part o f the structure factor now becomes.

(3.23)

(3.24)

gi(Q ,t) = - i ^ o Q  Icos(Cot-Y)In (3.25)
V V

For the P and the I solitons, the structure factor differs in the parameter r0. The 

expression for the spin correlation function comes from a generalization o f the technique
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developed for vortices45,50. This enables one to write the correlation function in terms of 

the structure factor by summing over both the I-type and P-type soliton centers. The 

most important part o f the linewidth calculation is the evaluation o f the four-spin 

correlation function. Using equations (3.16) and (3.17) the four spin-correlation will 

be

(sx(q ,t)Sx(rj, t)Sx(rQ,t)Sx(rp,t)\ = < (S S x(fi - R a ,t) + - R k,t))(E Sx(rj,-R p ,t)
' ' a k p

+ Z S " ^ -R |.t)X Z S % ,-R ,,t)  + ESx(T0 -R miI))
I 7 m

(Z S x (Fp5- R 8,!) + Z S x(rp5- R n,t))>  (3 .2 6 )

where a , P, y, 5 represent P- soliton centers, and k, I, m, n represent I - soliton centers.

Using 3.17 the above can be written as a sum over the static soliton structure factors.

For example for a sum over the soliton centers k, I, y, 5 yields,

(g I(Q l,t)=i(r'" rt)Q,g ,(Q 2 ,t)e i(r"-r-)Q2gp(Q 3)ei(r"'"r’ ,Q3gp(Q4)ei<r""-‘s)Q<y  The sum

over the Greek indices is done by the conversion o f the sum to an integral with a factor 

o f the soliton density; nP for the P-type soliton and n% for the I-type soliton. Also the 

integral definition o f the delta-function is used to get terms of the type,

_n_/jg(Ql,t)g(Q2,t)g(Q3.0)g(Q4,0)eiQ,rk+iQ2r,+iQ3i'+iQ4J56(Q,+Q2+Q3+Q4)\

(2” )6 \  Cl2Qll2Cl2Q4 /

(3 .2 7 )

Higher order terms with higher powers o f n, the soliton density, have been disregarded. 

In the expression for the linewidth, the sum over the sites is done subject to the condition
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i ^  j and k ^  I. These result in the additional 8-functions, 5(Qi +Q3) and 5(Q2+Q4) and 

the resulting expression for the sum will be,

(27r)6np[2(gp(Q ,t)gp(Q Q gp(-Q )gp(-Q '))+ 2(gp(Q ',t)gp(Q )gp(-Q ')gP(-Q))] 

+(2Tc)8nPnI|2^gp (Q, t)gI (Q)gP (-Q )g i ( -Q ) )+ 2(g: (Q, t)gP (-Q )gp (Q)gi (-Q))] + 

+(27t)8nI24.2(gl (Q, t)gl (-Q )gl (Q)gl (-Q )) +(27u)6nI[2(gI (Q,t)gI (Q ')g i(-Q )gI (-Q ')) 

+2(gi(Q % t)gi(Q )gi(-Q ')g i(-Q ))] (3 .2 8 )

3.4 SOLITON CONTRIBUTION TO THE LINEWIDTH

The four-spin correlation function obtained above is used in eqn. (3.4) to get a 

tractable expression for the temperature dependent linewidth. It is now necessary to 

write the complete expansion for the structure factor upto first order as g(Q,t) = go(Q) 

+gi(Q3t)- It is a reasonable approximation in the light of our earlier assumption that Q is 

close to the antiferromagnetic wave-vector resulting in g o » g i. This approximation 

allows us to expand the terms in the correlation function expression. The first term for 

example, can be written as

(2 jt)V [2 (g p(Q ,t)g p (Q ')g p (-Q )g p (-Q '))+ 2 (g p(Q '>t)gp(Q )gp(-Q ’)gp(-Q ))] =

(2jl)6np[2^gpl(Q,t)gp0(Q')gp0(-Q)gp0(-Q')^+2^gp1(Q',t)gpo(Q)gpo(-Q')gpo(-Q))j

Due to the exponential, oscillating factor eia>ot, only terms with a time-dependent factor 

will contribute to the linewidth and the other terms will vanish. In ref 49, symmetric 

decoupling was used for the calculation o f the four-spin correlation function. In this
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work the decoupling mechanism used here is the RPA( Random phase approximation) 

wherein 5 (Q -Q ')  = I. It has been argued that this procedure probably overestimates 

the effects o f critical fluctuations near the critical point. Nevertheless, this factorization 

is used since it allows us to use the standard starting point o f the linewidth calculation. 

The third and the fourth terms are neglected because they contain higher order soliton 

density terms. The decoupling o f the remaining terms in RPA results in,

~{4np(g^Q))(gpo(Q)gpi(Q)) +4ni(g^(Q))(gio(Q)gii(Q)) +(2^4npni(g^(Q))

We next substitute for g0(Q,0) and gi(Q,t) from (3.19) and (3.21) which will enable us to 

do the thermal averages. We now have for the linewidth,

(3 .3 0 )

The calculation o f the thermal averages that appear within the square brackets 

will be shown in Appendix R.

(gpo(Q)gpi(Q)} } (3 .2 9 )

P

}

3.4.1 CALCULATION OF (cos(cot))

The EPR resonance frequency co0 is assumed to be very small compared to the

magnon frequency © so that the factor ei<0(,t will be neglected. Then the time-
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dependence will appear in integrals o f the form J cos(co (q ) t)d t. Evaluation o f this
o

integral is done following the assumption that magnetization relaxes by diflusion51. This 

has been found experimentally to be true14,52. With spin-wave damping the magnon

TN 2
frequency can be expressed as,co (q) = c|q| -  i- where the diffusion constant is D

and c is the magnon velocity.

3.4.2 CALCULATION OF
4cos y

^cos4
2f  4 I 371J cos y dy = —
o 4

Substituting these calculated expressions in (3.30) yields, 

(AH)sol - ^ S s L 45.!!2- i„ r J L  J L
(2tc) %± 2c" V X i

I
I

l/R

4 o ) p r H - J  -f n I(rO2)A  rOlnXrQV

+ 47t2nInP(ro ) ( Tq In — 
i \ x ib v

'to_\ dQ
Q

(3 .3 1 )

The lower limit o f the Q integral is limited by the correlation length.

3.4.3 CALCULATION OF THE THERMAL AVERAGES

I

First we calculate j  . In the classical limit j  = Z n(q)q where n(q) is the Bose
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T
occupation number which can be expressed as — . Converting this sum to an integralwe

cq

have
I p T   ̂ _  ttT 

—  J — q dq — ----271 tj/R C C
2
C

3.4.4 CALCULATION OF THE TERMS OF THE TYPE (f(r0)>

Here f(ro) refers to the soliton size parameter raised to some power. In ref. 49 the 

evaluation o f the thermal averages involved the assumption that the soliton energy Es = 

47t JS2 is independent o f the soliton-magnon interaction. However in this work, taking the 

discreteness o f the core into account, the soliton energy has been determined as a 

function o f r0. Using the energies calculated in section 3.7 the temperature-dependent 

soliton sizes are estimated by performing the thermal average

(■o) -  ^Erone-E<ro,,T (3 .3 2 )

where Z is the partition function o f the system for a single excitation. The sum can be

converted to an integral by including a density o f states factor 27. It is important to
dr0

ascertain the upper limit o f the integral while doing the thermal averages. Figure 15 

illustrates the radial dependence o f the structure o f two neighboring solitons. At the edge 

of the soliton r = R  there appears to be a discontinuity in the radial function 

/• \  ±1
0(r) = 2tan"1

r

<ro>
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Figure 15. Radial dependence o f the structure o f a soliton and a neighboring antisoliton.

The left soliton is o f the form 0(r) = 2tan" —  and the right soliton is of the form 
x r

c \
0(r) = 2tan"

V r0y
with the discontinuity seen at r = R. This ‘gap’ at the boundary will

be consistent with the continuum approximation if the condition 0(R) < max(̂ )
is satisfied. This constraint limits the r0 value to Vr . If r0 is larger than this value, the 

deviation from the continuum approximation will result in a smaller Boltzmann factor. 

Using the above, the sum in (3.28) can be written as

(ro") -  l f r „ V E<'°>'Tr0dr0
X '  Z  rc'

(3  33 )

Vr
where Z = |  e E(ro /̂ I r0dr0 . Since the energy o f the soliton E(r0) depends upon

Tc'

whether it is P-type or I-type the thermal averages turn out to be different for each case. 

In the partition function calculation.
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Z I e-ES/T
2

ReCT/R-a E i - ( r ^ r ^ ) e ^ ^ ) + G E i
\

a

(rc + rc2)y
(3 .3 4 )

where a  = Esre2/T and rc is the cut-off radius which decides the boundary between the 

core region and the continuum region and v'c is the lower limit o f the integral. When rc = 

0.23 for the P-soliton the first two terms are dominant, while for I-soliton, rc= I and the 

last two terms are dominant. Evaluation o f these integrals for a P-type soliton yields

R
2

roln
R n R2 InR

6

(3 .3 5 )

The calculation o f the thermal averages for the I-soliton yields,

+ R a (a + R )

(a+oeR)
(ItflnR )i *  (r tf^ ln R

R 2a (2 R + a ) ln R
6 (a+ aR )

(3  3 6 )

Here x = (r2 +r^2) and a
a  a

exp |¥ “ 7

3.4.5 DETERMINATION OF THE SOLITON DENSITY

The soliton density n ~ I/R2 in terms o f the correlation length53, as we have seen 

before. In our test sample, doped with impurities we have both P- and I- type solitons 

with densities nP and n% respectively. Therefore we have,
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n ~ nP + m where nP = n - n i---- %—  nT.
R2

In Ref.45, Mertens et al have used a model o f a dilute gas o f freely moving 

vortices in the presence o f spin waves to study the dynamical correlations o f mobile 

vortices. In order to calculate the number o f vortices moving between any two points in 

space they have used a Maxwellian velocity distribution. In this calculation, however, 

we have considered solitons in the static approximation. We have used a fundamental 

assumption o f the probability theory in predicting the state of the system in terms o f the 

Boltzmann factor, and the partition function o f the system. I f  p is the concentration o f 

the impurity added to the sample then ni may be written as

system with an energy Es at a given temperature. Substitution o f the soliton densities 

and the thermal averages, which gives the temperature and concentration dependent line-

width, eqn. (3.31) tranforms to

H1 = p (l -  P) where P = is the probability o f finding a P-soliton in the
J e -El/Tr0dr0

Jrodr0

(AH)80I ~ IdTtA(Ic0) X —  X 
. VEsV

z
Sft2( I - P ) y l̂ + 2paR (l-P)(2R  + a)y  

(o + aR ) )  (o + a R )2
T572R2(InR)2 ( l - p ( l- P )R 2) I

(3 .3 7 )

where y = Y  + R a (a + R ) .
J
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It is immediately obvious that this expression agrees with Zaspel’s49 calculation 

for p = 0. I f  we use Takahashi’s54 expression for the correlation length, R  ~ exp(Es/2T), 

we find AH ~ T1/2exp(Es/T) which is nothing but the Arrhenius form predicted by 

Waldner33,34. In reference 35, starting with static impurity excitations, the Arrhenius 

temperature dependence observed in 2d classical Heisenberg magnets was justified. It 

was however, pointed out that such a temperature dependence was a result o f the thermal 

averaging and not soliton dynamics. In this work an exp(Es/T) temperature dependence 

for the linewidth has been predicted, by specifically including the effects o f soliton 

dynamics in the form of soliton-magnon interaction. Examining the linewidth expression, 

it is obvious, that the effect o f impurities is to reduce the temperature dependence o f the 

EPR linewidth. It is reasonable to expect this behavior, since in an impurity doped 

compound, higher energy solitons are replaced by static, low energy, impurity excitations.

3.5 MAGNON CONTRIBUTION TO THE LINEWIDTH

A spin wave analysis o f the temperature dependence o f the EPR linewidth has 

been worked out by Chakravarty and Orbach20, for a s = 1/2, 2d AFM, in particular for 

La2CuO4. Applying the work done by Huber, Moriya and Kawasaki to a s = 1/2, 

quantum Heisenberg Antiferromagnet (QHAF) on a square lattice, they predict that the 

EPR linewidth would narrow rapidly with increasing temperature, due to the enhanced 

critical fluctuations.

Starting with the standard expression for linewidth of eqn. (3.8), they have used 

the RPA to factorize the four-spin correlation function. It has been established that the
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Starting with the standard expression for linewidth o f eqn. (3.8), they have used 

the RPA to factorize the four-spin correlation function. It has been established that the 

dynamic properties o f a QHAF are directly related to the low-frequency long wavelength 

behavior o f a classical lattice rotor model (CLRM). Numerical studies by Tyc et al19., 

which utilizes the above mentioned correspondence in conjunction with dynamic scaling 

and renormalization - group analysis, have predicted the dynamic form factor o f a QHAF 

at low temperatures.

We shall extend the above studies to a classical s = 5/2 system, in order to 

determine the magnon contribution to the linewidth. According to Tyc et a l}9, the 

Fourier transform of the two-spin correlation function can be written as,

S ( q , c o )  =  — S (q )< l> (x ,v )  (3 .3 8 )
(O0

r T x 1/2.
-------- where ps is the spin stiffness constant, and c is the spin-wave

X V  V. 2 7 t P s  /

velocity; x = qR and v = m/mo are the scaling variables. For a classical magnet ps = JS2. 

The following Lorentzian form of the dynamic scaling function is a result o f a molecular 

dynamics study19.

where m0
c
TJ

4>(x,u) = ----------------  + ----------------
( o - o q) +Yq (o+ oq)2+y2

(3 .3 9 )

where vq is the spin-wave frequency and Yq is the width. According to renormalization- 

group analysis the equal time correlation function S(q) is given by the form

S(q) = S(q=0)f(qR) (3 .4 0 )
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where S(q = O) = BsR2Ng 

f  2tcJS2>
(3 .4 1 )

where Bs is a universal constant, and N0 is the value o f the order parameter at T =0. 

Fitting Yq and vq with suitable expressions with adjustable parameters, we obtain the two- 

spin correlation function which when plugged into our expression for AH gives,

(AH)mag.
X-LqO

E / S 2(q,t)dt.

I

Yq
+

Yq+Uq
f2 (qR)

(3.42)

(3 43)

The sum is converted to an integral and the limits o f the integral are subject to the condi

tion qR « 1 .  Finally using a small q expression for the static and dynamic scaling 

functions, we have for the magnon contribution to the linewidth

(AH)mag
A(k0) T Ti 2nJS2 
(27c)2 X± 2c V T

\4

VJS2V
(3.44)

Comparing the expressions o f the linewidth from equations (3.37) and (3.44) it can be 

readily seen that the magnon contribution to the linewidth goes as R3 while the soliton 

contribution goes as R2. At first sight it appears as though the spinwave contribution to 

the linewidth is a dominant factor. But one needs to consider all the temperature 

dependent terms in the linewidth expression, especially in the critical region before 

coming to any conclusion. A more careful analysis o f the EPR linewidth including both 

the magnon and soliton contributions will be done in Chapter 5.
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CHAPTER 4

4. EPR MEASURING TECHNIQUE AND EXPERIMENTAL DETAILS

4.1 INTRODUCTION

In this chapter we describe some o f the experimental details concerning our 

investigations. The first part is devoted to the description of the spectrometer, in general 

terms, with which the experiments were carried out1’2,3’4.

4.1.1 DETECTION OF MAGNETIC RESONANCE

If  a magnetic dipole p = yJ is placed in a field B , it precesses about the field 

with an angular velocity col = Y B . If  there is another oscillatory magnetic field H 1Cosrot 

normal to B the response o f the dipole is precession about its direction according to

= Y ( S x B )  (4.1)
dt

For an electronic dipole y = -g(e/2m) so that for B =3300 Gauss the frequency is 

roL/27t=9.2Ghz.

The electronic magnetic dipole moment o f a free atom is p  = -gp#S and the 

Hamiltonian for its Zeeman interaction with a field is

#  = - ( n . H )  = gMB(H.S ) (4.2)

For a stationary state whose magnetic quantum number is M, the magnetic field 

H  gives rise to 2S + I equal spaced energy levels namely

Em = HIIbHM (4 3 )
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and transitions between the energy states o f the spin system of the type AM = ±1 are 

allowed if the following resonance condition is satisfied.

hv = gpBH (4.4)

S = +1/2

H = O

Figure 16. Zeeman energy splitting in a magnetic field.

There are two kinds o f processes taking place in paramagnetic resonance: the 

radio frequency field tends to equalize the populations of the various magnetic levels, 

and the internal interactions tend to restore the Boltzmann distribution. In order to 

maintain the thermal equilibrium, some excited electrons must fall back down, releasing 

energy by interacting with the lattice or with each other. The rate o f the process in 

which equilibrium is established between the spin system and the lattice is characterized 

by the spin-lattice relaxation time Ti. The process o f establishing an equilibrium within 

the spin system, characterized by the spin-spin relaxation time T2, consists o f an 

exchange o f energy within its various parts, while conserving the energy o f the system. 

These spin-spin relaxation times and spin-lattice relaxation times can be used to study the 

spin dynamics o f the system. In a standard continuous wave spectrometer the power
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level is not high enough to saturate the system. In pulsed EPR measurements the sample 

is exposed to a very high-power short duration pulse o f microwave energy and the 

strength o f the decay rate o f the induced magnetization is measured from which the 

relaxation times can be extracted.

Every EPR spectrometer consists o f the following basic parts: I) a 

microwave oscillator (klystron) with stabilized frequency and power supply; 2) an 

absorption cell in the form o f a rectangular cavity resonator; 3) a detector; 4) an 

amplifier and recording device; 5) a source o f a steady magnetic field; and 6) a system 

for the modulation o f the steady magnetic field. The central part o f each EPR equipment 

is the resonance cavity, in which a standing wave pattern o f electromagnetic wave is 

generated. To this purpose, microwaves are transmitted from a klystron via waveguides 

to the cavity, which is coupled to the wave-guide system by means o f a coupling hole 

(iris) or by an . antenna. When magnetic resonance occurs the sample absorbs energy 

from the microwave field at a rate per unit volume given by

P = (4.5)

where m is the microwave frequency and %" the imaginary part o f the dynamic 

susceptibility.

For our experiments reflection type cavities have been used. A cavity o f this 

type may be considered as an impedance z which terminates the waveguide. This 

impedance obeys

l+ i5
(4.6)
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where J3
Qext

and 5 = Q0
c Q
^to0

cdO 
CO J

Here Q0 denotes the unloaded quality

factor, defined by

Q0 = 271
energy stored in the cavity

(4.7)energy lost in the cavity per period 

Qext denotes the external quality factor, defined in an analogous way as Q0, but with 

energy lost outside per period in the denominator o f expression (4.7). The ratio o f the 

power absorbed by the sample under investigation to the power dissipated in the cavity 

itself equals

P/Po = 47tx"Qo/V (4.8)

The loaded quality factor, Ql , is the quality factor o f the resonance cavity coupled to the 

waveguide, and is related to Q0 and Qext by

Ql = Q;1 + Q i  (4.9)

For reflection cavities Ql is generally o f the order o f IO3. The parameter (3 is called the 

coupling parameter; when (3 = 1, the energy losses inside and outside the cavity are equal 

and the cavity is critically coupled to the waveguide. In that case, Ql = 0.5Qo . Finally, 

too denotes the microwave frequency for which impedance is maximal; from equation 

(4.6) one can infer, that for large Q0, the impedance has a pronounced peak around to = 

too ; too is therefore called the resonance frequency of the cavity. Another important 

parameter is the reflection coefficient T ; this is a complex number, the absolute value o f 

which describes by definition the ratio o f the amplitudes o f the reflected and incident 

waves. The argument o f F  represents the phase shift o f the reflected wave. The
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reflection coefficient is related to the impedance o f the cavity by

r  = T T T '  <4 1 0 >

Energy absorption by a sample inside the cavity leads to a reduction o f the quality factor, 

given by

AQl = 471tix"Ql2 . (4.11)

Variation o f the external field near magnetic resonance will also produce a change in the 

real part o f the dynamic susceptibility as %' and %" are coupled. This leads to a 

change in O0 given by

Aro0 = 27cr|x,ro (4.12)

The parameter r\ which occurs in the above equations is the cavity filling factor, defined 

by

Tl = (4.13)

and can be maximized by placing the sample at a position inside the cavity where Hi is 

maximum. An EPR experiment has to be carried out in such a way, that only %" is 

measured, i.e. the influence o f %' on F  can be eliminated. This may be achieved by 

keeping the klystron frequency tuned to the cavity frequency. Under these conditions 

the reflection coefficient obeys

r = r„ + 8Ttnx"QL— - L 5- (4.14)
(I + P)

the reflected wave via a directional coupler to a rectifying crystal detector. When the 

output voltage o f this detector is proportional to the amplitude o f the reflected wave, i.e.
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to x", the detector is linear. This way o f detecting resonance is referred to as homodyne. 

A more sensitive method is obtained by superheterodyne detection; in this case a second 

microwave signal is mixed with the signal which is reflected by the cavity. It is based on 

the use o f a balanced bridge, which receives power from the klystron with a frequency o ' 

and from the auxiliary klystron with a frequency o. When a constant frequency 

difference (o ' - o ) between the two signals is maintained, the detector voltage has a 

component with an amplitude proportional to %" and with fixed frequency (o ' - o). By 

amplifying the signal with an ac amplifier with small bandwidth around (o ' - o ) and by 

subsequent rectification, one can obtain an important increase in sensitivity compared 

with homodyne detection. The mixing o f two frequencies is achieved by using two 

microwave sources and an Automatic Frequency Control (AFC) between them.

The effects o f noise inherent in the crystal detector and in the klystron can be 

reduced by the technique o f field modulation. I f  a small magnetic field sinusoidally 

varying at an audio or radio frequency is superimposed on H0, a component o f detector 

current at that frequency will in general exist in the neighborhood o f the resonance. In 

fact, if  the modulation amplitude is smaller than the magnetic resonance width, a simple 

Taylor expansion shows that this component will be proportional to the derivative o f %" 

with respect to H0 or W0. By mixing this signal with a reference signal at the modulation 

frequency, a d-c signal will be obtained proportional to dx"(®o)/d©0. Although the deriv

ative response is sometimes inconvenient to interpret, this technique has one important 

advantage-it accepts only the noise within a narrow bandwidth near the modulation 

frequency. The derivative absorption curve is actually more sensitive to slight tendencies



82

toward structure in the curve o f %" versus frequency than is the %" curve itself.

I f  one modulates the magnetic field at a high frequency, e.g. 100 KHz, one may 

obtain a better sensitivity employing phase sensitive detection. The mode o f operation is 

briefly described below.

Energy is fed into the hybrid tee bridge from the klystron and is split equally 

between the side arms. One arm feeds energy to the resonant cavity and the other arm 

carries components which reflect back a reference wave, adjustable in amplitude and 

phase. These two reflected waves are detected in the fourth arm o f the hybrid tee. In 

the off-resonant condition the reference signal is equal in amplitude and opposite in 

phase to the reflection from the sample and cavity, so balancing out cavity reflection and 

sending zero power to the crystal detector in the fourth arm. In practice, the cavity is 

matched by a matching element that is placed near to the cavity, so at this stage the 

reference wave should be zero. When resonance occurs an off-balance signal is 

detected.

In practice, the best signal-to-noise ratio o f the crystal detector is obtained by 

working higher up the slope o f the crystal characteristic, and for this reason the reference 

arm is allowed, under off-resonant conditions, to reflect back a small signal so that when 

the EPR signal is obtained, the crystal is working at the optimum slope o f its 

characteristic. There is also another reason why it is necessary to unbalance the bridge 

slightly. A completely balanced bridge will detect both %' and It is only by allowing 

a small off-balance current that one may distinguish between %' and as off-balance in 

amplitude alone can detect a change in which gives rise to pure absorption, while off-
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balance o f phase will detect which signifies a change in the dispersion.

4.1.2 PARTS OF THE SPECTROMETER

An overall scheme o f the 9.3 GHz spectrometer is described in the following. 

The microwaves that are generated by a water cooled Varian E 102 reflex klystron, are 

directed via an isolator, a calibrated variable attenuator, and a directional coupler to the 

resonant cavity. The reflected signal passes through the other arm o f the coupler to the 

detector diode. The frequency of the klystron can be adjusted in a coarse way with a 

tuning screw. A more subtle way o f doing this will be to use the klystron reflector 

voltage. In order to keep the klystron tuned to the cavity frequency during an 

experiment, the reflector voltage is regulated through the feedback circuit involving the 

part marked AFC circuits. A signal o f this frequency is superimposed with the output o f 

the main klystron; any change in O0 leads to phase shift o f the signal at the detector 

diode, which is detected by the AFC and converted into a dc output voltage; this will 

adjust the primary klystron frequency via the klystron power supply. The frequency is 

measured by HP 5246L frequency counter. Microwaves generated by a secondary 

klystron are guided via a directional coupler to the detector diode. To allow 

superheterodyne mixing o f the two signals arriving at the diode a constant frequency 

difference o f 70 KHz is maintained. This is done by a second feedback loop in the part 

named ‘AFC circuits’. Parts o f the two signals are branched off to the detector which 

detects a signal component with a frequency equal to the difference o f the two incident



84

frequencies. This signal is amplified and compared with a standard frequency by means 

o f a discriminator. Its output voltage adjusts the secondary klystron reflector voltage via 

the power supply. This signal is detected in such a way, that a direct absorption curve 

%"(H) or a first-derivative curve dx'VdH is obtained. ,

The external magnetic field is provided by a rotatable iron-pole (VarianV-7200) 

magnet; it may be varied continuously up to 10 KG. The field strength can be measured 

via the current through the magnet. For accurate measurement o f the field, used in g- 

value measurements, a NMR gaussmeter is used. It is a precision magnetic flux 

measuring instrument used with Hall effect magnetic field probes placed close to the 

cavity.

The sample is cooled with an Oxford ESR-900 continuous flow through cryostat 

which is equipped with a heater coil that is controlled by an Oxford ITC4 temperature 

controller using a gold + 0.03% iron vs chromel' thermocouple. Temperatures in the 

range o f 4.2K and 3OOK were measured by a carbon glass resistor attached to the sample 

rod and placed within I mm of the crystal in the microwave cavity. The resistor has little 

or no magnetic field dependence for the field range generated by the electromagnet. 

Temperature stability to within 2% could be obtained.

A vacuum o f the order of 10'5 Torr was maintained in the double-walled space o f 

the cryostat using a Leybold-Heraeus turbopump with a Welch mechanical roughing 

pump in line. A larger Compton pump was used to pump the liquid He through the 

cryostat. In addition, the He flow through the sample space was controlled with a 

manual valve which lies in line the mechanical pump that draws the liquid Helium into
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the sample space. This needle valve is so sensitive that it could be used to control the 

liquid He flow and hence the temperature o f the sample space.

Current to the carbon-glass resistor is supplied by a laboratory made current 

source. The output o f the resistor is directed to a Fluke digital voltmeter that was 

connected to the PC via an IEEE data bus for conversion to temperature units and 

display o f the same. A HP 5246L Electronic Counter in conjunction with a HP 5257A 

Transfer Oscillator plug-in unit was used for the microwave frequency measurement.

For additional calibration purposes a single crystal o f MgO: Cr3"1" is mounted 

inside the cavity. A g-value for Cr3"1" in the octahedral symmetry o f this crystal is known5 

to be 1.9800 ± 0.006 alowing precise field and/or frequency determination to be made. 

The free electron g = 2 resonance occurs at a field o f 3322 Gauss for a frequency o f 9.3 

GHz.

4.2 DESCRIPTION OF THE INVESTIGATED SAMPLE 

4.2.1 CRYSTAL STRUCTURE OF PAMC

N-propyl ammonium manganese tetrachloride or shortly PAMC is the compound 

chosen for our experiments. The lower half o f the unit cell is as shown in figure 17. The 

structure consists o f layers o f Manganese ions coupled antiferromagnetically, and 

separated by alkyl ammonium groups. Each Mn ion is surrounded by four Cl ions 

according to the crystal structure analysis6. The crystal structure is orthorhombic, space 

group CmCa with four magnetic ions per unit cell. There are two Cl; atoms situated 

above and below but do not participate in the superexchange interaction. Thus layers o f
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corner sharing MnCle octahedra are obtained.

<• M n O C l

Figure 17. Lower half o f the unit cell of PAMC. Only the carbon atoms of the propyl 
group are shown6.

The NH3 ions form hydrogen bonds with three CI2 ions of the MnCle- octahedra. 

This causes the distorted metal-halogen octahedra to be tipped by 8° away from the 

crystallographic axis orthogonal to the layers. The unit cell dimensions are6 a = 7.2x10" 

l0m, b = 25.94xlO"10m, c = 7.51xlO"10m. The crystal platelets are easy to cleave into 

small sheets parallel to the 010 plane. The surface o f the platelets is almost a square, the 

‘a’ and the V  axis falling along the two diagonals.

The structural properties o f PAMC decide its magnetic behavior. The deviation

of the pure 2d magnetic character is expressed by the ratio of the intralayer coupling J to
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the interlayer exchange coupling T1 |J/J'| «  IO"6. Dipolar broadening is ascribed to be the 

main source o f anisotropy, which leads to the idea that b-axis is the easy axis o f 

magnetization. The Neel temperature8 Tn for the antiferromagnetic ordering is 39.2K, 

while the intralayer exchange coupling8 is known as -9Kat 80K. Compared to other 

members o f the series o f metal-organic compounds (CnH2̂ iN H 3)2MnCl4, n = I,...,9, 

PAMC has low anisotropy7. PAMC is known to show weak ferromagnetism8 below 

39.2K due to canting o f the spins by 0.05°.

4.2.2 CRYSTAL GROWTH AND CONCENTRATION MEASUREMENT

The doped samples (C3H7NH3)2MxMni-XCl4 were grown by the traditional 

method o f slow evaporation o f a solution o f all the salts mixed in stoichiometric 

proportions. While the Cd and the Zn doped samples were grown from aqueous 

solutions, the solvent used for growing the Mg doped crystals was 95% ethanol. Since 

we are working with doping concentrations < 1% a solvent with a very high degree o f 

purity was used. PAMC crystallizes as faint pinkish orange platelets which had to be 

washed in ice cold ethanol and air dried. The dimensions o f the crystals varied from 

2mm x 2mm x 0.2mm to 5mm x 5mm x 0.6mm depending upon the conditions o f 

growth. The crystal masses ranged from less than Img to IOmg. Typically the sizes o f 

the crystals used in EPR experiments were 2mm x 2mm x 0.2mm.

The thermal gradient method was attempted to grow large and heavier crystals. 

Large and clean crystals could be grown but the dilution was not very effective, probably 

because o f the slower diffusion rate o f the heavier dopants Zn and Cd. The dilution
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strengths o f Cadmium and Magnesium that are reported here were measured by 

Galbraith laboratories. The Zinc concentrations were measured in the MSU Chemistry 

Laboratory using gravimetric analyses. The error bar shown in the impurity 

concentrations due to chemical analyses is nearly 10% for x = 0.001 and goes down as 

the doping concentration increases. Several batches o f crystals were prepared, but the 

data for the crystals used in the EPR experiments only will be reported here.

It is expected that the crystallization curve (the ratio o f Cd/Mn in the crystal 

plotted vs the ratio o f Cd/Mn that goes into the solution) is symmetric but at some 

higher level Cd would prefer to remain in solution. While Cadmium was found to be 

present in the single crystal in concentrations roughly an order o f magnitude higher than 

the molar ratio in solution, the contrary was the case with Magnesium doped crystals. 

It is known that compounds with the general formula (CnH2l̂ ilSiH3)2MCl4, with M = Mn 

or Cd can be synthesized in the laboratory. It is therefore not surprising to find Cd go 

readily into the crystal as it crystallizes with the same symmetry as Mn. Zn doped 

crystals seemed to contain slightly higher concentrations o f Zn than that was put into 

solution. It was noted, however, that in the case o f Mg, at all levels o f concentration the 

amount o f dopant in the crystal is less than the amount that goes into solution. This 

could be due to the dopant having a greater solubility than Mn.

4.3 ANISOTROPY MEASUREMENTS

The angular dependence o f the linewidth was measured for the pure compound

and two other samples o f doped PAMC. Since the impurity concentration levels are well
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below the percolation threshold, no angle dependence was expected as a function o f 

concentration9. The linewidth as a function o f angle was measured for each sample at 

temperatures below 80K. The linewidth AH was plotted as a function o f 0, the angle 

between the applied field and the b-axis. These plots are shown in figures 18, 19, and 

20. The linewidth has a maximum when H  is directed normal to the ac plane and 

decreases with increasing 9, and reaches a minimum at 0 «  35°. This effect, which is a 

manifestation o f diffusive behavior, is largely observed7,9 in the temperature range 3 OOK

to 70K and the angular dependence is proportional to |3sin2 0 -  ij .

In all the three samples measured below T »  56K, AH at 9 «  35° becomes 

larger than AH at 0 «  90°. At these temperatures the angular dependence changes from

|3sin2 0 - l j  to roughly |l - s i n 2 0 j . Such a change in the angular dependence has

been observed for some manganese layer-type compounds7,10"13. According to 

Richards and Salamon this may be regarded as an indication o f the range o f the 

dominating q modes changing from q « 0, t->  oo diffusive behavior to q % q0, when the 

fluctuations are in the staggered magnetization mode14. The purpose of the low 

temperature anisotropy experiments was to determine at what temperature this occurs.

The angular anisotropy in these crystals at temperatures T< 65K can be expected

to follow15 AH(0) = | a -  bsin2 ©j. (4 .1 5 )

The data are shown in figures 21 to 24. Quantitative agreement with the data is 

reasonably good as seen by the dotted line fit. The results o f the fits are summarized in
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Table I. Misalignment o f the angular scale mounted on the sample holder and the error 

bars in the temperature measurement may be regarded as the chief sources o f error. It 

was observed in the case o f K2MnF4 that at T =  1.2TN the angular dependence showed

the expected | l - s i n 2 Qj behavior10. In our measurements, since we were above this 

temperature limit the misalignment o f the fit is not surprising.

Table I. Summary o f the anisotropy parameters for the pure and the doped samples of 

PAMC at T< 65K, obtained by fitting | a -  bsin2 0j to the linewidth AH(0).

Name o f the • 
impurity

Temperature
K

a b

none 56.4 36.0 6.4

Cd 52.5 20.8 5.05

Mg 58 35.9 5.76

Mg 52 98.1 22.3
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Figure 18. Angular variation of the EPR linewidth of pure PAMC at various
temperatures.
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Figure 19. Anisotropy o f PAMC with some magnesium as an impurity, at various
temperatures.
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Figure 21. Anisotropy of PAMC with no impurity at T = 56.4K.
The dotted line corresponds to the fit of equation 4.15.
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Figure 22. Anisotropy of PAMC with some Cadmium at T = 52.5K. 
The dotted line corresponds to the fit of equation 4.15.
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Figure 23. Anisotropy of PAMC with some Magnesium at T = 58K. 
The dotted line represents the fit of equation 4.15.
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Figure 24. Anisotropy of PAMC with some Magnesium at T = 52K. 

The dotted line represents the fit of equation 4.15.
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4.4 LINEWIDTH MEASUREMENTS

Linewidth as a function o f temperature was measured for several samples o f 

impurity (Cd, Zn, Mg) doped crystals. The impurity concentrations in all the three cases 

were well below the percolation threshold. The linewidths were measured by hand and 

entered into the computer manually. Each experiment has three graphs associated with

it. AH vs T over the whole temperature range o f interest, natural log of AH(T) 
AH00 j

versus %
T

over the whole temperature range and In  ̂AH(T)" 
< AH00 y

versus | %
I  T

in the

critical region. One representative data set is illustrated in figures 25, 26, and 27. A 

summary o f the concentration and linewidth measurements is shown in tables 2,3, and 4. 

The measured excitation energy appearing in each o f these tables is an average o f at least 

two measurements on each sample. The last graph mentioned above contained a linear 

fit to the data that yields the soliton excitation energies that are listed in the tables. 

Figures 28 to 36 represent a graphical summary o f the linear fit plots obtained for every 

single measurement. !

A similar trend in the temperature dependence of the linewidth is observed for 

each data set; as the temperature is lowered, the linewidth initially decreases, passes 

through a minimum near 7OK and again increases rapidly as one approaches Tn. The 

lineshape was found to be nearly Lorentzian through the temperature region investigated. 

By observing the figures it can be seen that the linewidth consists o f two regions; one 

between room temperature and 70K, where the linewidth increases approximately
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linearly with temperature and another is the fluctuation region below the minimum but 

above Tn where the linewidth increases exponentially.

3 0 0  -

2 5 0  -

200  -

1 5 0  -

< 100 -

5 0  -

O  GD GD O O  O  O O  O O  O

T e m p e r a t u r e  in K

F igu r e  25 .  Linewidth  t e m p e r a t u r e  d e p e n d e n c e  of  a 0.1 5 %  Cd  
d o p e d  s a m p l e .

The sharp rise in linewidth as one approaches the Neel temperature from above, 

is the illustrative behavior o f solitons which was indicated by equation (3.37). It is safe 

to assume that the temperature dependence o f AH00 (T) is negligible in the relatively 

narrow fluctuation region and is contained in AHcnt(T). Below 46K the linewidth and the 

noise level increased to such an extent that an accurate measurement was no longer 

possible. The change in anisotropy below T = 65K coupled with the steep increase in the 

linewidths close to Tn helped us to define the narrow temperature region o f interest as



ln(
AH

pp(
T)

M
HJ

 
ln(

AH
pp(

T)
M

HJ

98

46K to 65K. The linear plots were drawn for data points measured in this temperature 

range.

-0.5

Tm/ T

Figure 26. Logarithm of the normalized Iinewidth vs inverse temperature 
for a 0.15% Cd doped sample.

Tm/ T

Figure 27. Straight line fit of the log of Iinewidth vs inverse temperature for a 

0.15% Cd doped sanrple. The solid line is a  spline interpretation.
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Figure 28. Straight line fits to the logarithm of the normalized linewidth vs TnZT for

three Cd doped compounds and PAMC yielding the soliton excitation energies as

slopes. The solid line is a spline interpretation used as a guide to the eye.
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Figure 29. Linear fits to the logarithm of the normalized linewidth vs TN/T for

four Cd doped compounds yielding the soliton excitation energies as slopes.

The solid line, a spline interpretation is a guide to the eye.
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Figure 30. Linear fits o f the logarithm o f the normalized linewidth vs TnZT for two

Zinc doped compounds and pure PAMC yielding soliton excitation energies as

slopes. The solid line is a spline interpretation used as a guide to the eye.
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is a spline interpretation used as a guide to the eye.
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Figure 32. Linear fits o f the log of the normalized linewidth vs Tn / T for four zinc

for four zinc doped compounds yielding soliton excitation energies as slopes. The solid

line is a spline interpretation serving as a guide to the eye.
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zinc doped compounds yielding soliton excitation energies as slopes. The solid line

is a guide to the eye.
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Table 2. Measured concentrations and excitation energies for cadmium doped 
compounds. Excitation energies were obtained from a linear fit to low -T EPR 
linewidths.

Input
concentration

%

Measured
concentration

%

Measured 
Excitation energy 

K

Figure number

0.05 0.19 ±0.01 619.4 ±12.5 28
0.2 0.55 ±0.028 375.1 ± 6 .0 28
0.2 0.4 ±0.032 147.3 ±10.1 28
0.05 0.15 ±0.012 670.3 ±  8.3 29
0.1 0.32 ±  0.024 581.3 ±12.2 29
0.2 0.55 ±0.028 303.2 ± 2 .4 29
0.1 1.15 ±0.062 190.8 ±8 .3 29

Table 3. A summary o f the measured concentrations and excitation energies for zinc 
doped compounds. Excitation energies were obtained from a linear fit to low -T EPR 
linewidths.

Input
concentration

%

Measured
concentration

%

Measured 
Excitation energy 

K

Figure number

0.1 0.14 ±0.033 712.7 ±21 32
0.1 0.172 ±0.01 623.3 ±  13.5 31
0.2 0.204 ±0.017 598,2 ±  14.9 33
0.2 0.44 ±  0.033 594.3 ±  7.6 30
0.4 0.52 ±0.036 561.8 ±10.7 31
0.5 0.82 ±0.041 494.5 ±11.3 31
0.6 0.924 ±  0.046 330.5 ±  9.3 33
0.6 0.983 ± 0.044 407.7 ±11.2 32
0.8 1.06 ±.0.042 367.2 ±  13.8 32
0.8 1.11 ±0.047 344.1 ±13.4 30
0.9 0.61 ±0.032 484.1 ±13 30
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Table 4. Measured concentrations and ^excitation energies for magnesium doped 
compounds. Excitation energies were obtained from a linear fit to low -T EPR 
linewidths.

Input
concentration

%

Measured
concentration

%

Measured 
Excitation energy 

K

Figure number

0.1 0.099 653.1 ±  14.3 34
0.5 0.376 ±  0.024 445.3 ±  8 36
1.0 0.376 ±  0.024 462.9 ±  8 35
1.0 0.68 ±0.018 278.7 ± 8 .2 36
0.8 . 0.486 ±0.019 342.1 ±12 .7 35
0.4 0.328 ±0.021 494.7 ±  9.3 34
0.6 0.387 ±0.03 338.7 ±9 .1 34
0.2 0.125 636.2 ±  11.9 35
0.4 0.21 592.7 ± 13 36

4.5 AC SUSCEPTIBILITY MEASUREMENTS

The case o f magnetically diluted systems with nonmagnetic ions has drawn a 

great deal o f interest from theorists and experimentalists and has been studied extensively 

under the name of percolation problems16’17. The percolation limit is known to be cp =

0.59 for the square spin lattices18. It has been reported that the percolation effect 

manifests itself as a continuous decrease in the ordering temperature Tc with increasing 

impurity concentration and becomes zero at the percolation limit19. In fact this behavior 

has been confirmed experimentally by susceptibility measurements on the diluted 

quadratic Heisenberg AFM20. At higher concentrations the concentration dependence o f 

the susceptibility o f the Heisenberg compounds reflects in. a sense the critical behavior o f
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the systems. This prompted us to verify whether or not there was any change in the Neel 

temperature Tn or the exchange constant J in any o f our diluted compounds. We had to

a function o f concentration, being due to change in Tn thus affecting the lineshape. 

Since we were dealing with low dilution strengths such as n < 0.01, we did not expect to 

see any change in Tn or J. Our AC susceptibility measurements were designed to test 

this prediction.

In the frequency range of measurement (lOHz-lOOKHz) the susceptibilities are 

measured by means o f the change in the mutual inductance between two coils due to a 

magnetic compound inside the coil system. Around one primary coil two equivalent 

secondary coils, next to each other are wound in opposite directions. When a sample is 

moved between the centers o f the two secondary coils the variation in the output signal 

is proportional to the susceptibility o f the sample. This output signal is fed to a lock-in 

amplifier where the separation o f the real and the imaginary components o f the 

susceptibility takes place.

temperature at a fixed frequency and at zero field. Each of the diluted (Cd, Zn and Mg) 

samples were selected from among those that had a large amount o f impurity added to 

the solution. Typically the dimensions o f the crystals used were 4mmX4mmX0.3mm 

weighing roughly 10 mg. A stack o f three to four crystals weighing about 35 mg was 

used in order to get a measurable signal. Powder and single crystal susceptibility

f AH(T)
preclude the possibility o f the change in the slope o f the In ■ 7

AC susceptibilities of several samples were measured as a function o f
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measurements that have been done on the pure crystal show a broad maximum in the 

susceptibility curve at about 80K which is typical o f 2d compounds21,8. A sharp peak in 

the x vs T was observed just below Tn which is attributed to the occurrence of a weak 

ferromagnetic moment arising from a canting o f the spins. All the samples measured

3.00e-4

2.50e-4

2 .00e-4

E 1.50e-4

1.00e-4

S . O O e - 5

36 37 38 39 40 41 42 43 44 45
Temperature in K

Figure 37.  x vs  T da t a  for a Mg d o p e d  s a m p le  sh o w in g  a sha r p  

t ransi t ion a t  (39.1 8+ 0.1 )K. An ac  field of f r eq u en cy  3 7 5 Hz and  

amp l i t ude  0.3 O e  w a s  app l i ed .

exhibited a similar % vs T behavior with a very slight change in Tn observed for some Cd 

doped samples. The Zn and the Mg doped samples did not reveal any noticeable change 

in Tn. A representative plot o f x vs T is shown in figure 37.



112

4.6 X-RAY DIFFRACTION MEASUREMENTS

In the case o f magnetically diluted systems with nonmagnetic ions there are two 

types o f substitution possible, one o f which is interstitial substitution when ions or atoms 

are located in interstices or voids in the crystal structure. The second involves site 

dilution wherein the nonmagnetic atoms o f a slightly different size replace the magnetic 

atoms from specific lattice sites. The development o f our theory o f soliton-contribution 

to EPR linewidth is based upon the important assumption that a small number o f the 

magnetic atoms from the square lattice h |ve  been replaced by nonmagnetic atoms. Our 

EPR measurements o f the soliton activation energy in an indirect way appear to confirm 

this postulate. In order to gather supporting data to corroborate these measurements, 

and to exclude the possibility o f interstitial substitution we performed powder and single
I

crystal X-Ray diflfactometry on some pure and doped samples.

The powder X-Ray diffractometer measurements were performed on the pure as 

well as all the three diluted samples using a Scintag XGEN-4000 which is a fully 

automated piece o f equipment. The samples were prepared for the measurement by 

grinding them to a fine powder that was spread uniformly on a glass slide using a small 

amount o f adhesive binder. Extreme care was taken to ensure that all the four samples 

were prepared for X-Ray diffraction (XRD) experiments in an identical manner, so that 

their XRD data could be compared for quantitative analyses. The instrument is so 

constructed that this slide when clamped in place, rotates in the path o f a collimated X- 

Ray beam while an X-Ray detector, mounted on an arm rotates about it to pick up the 

diffracted X-Ray signals. Intensity data were collected using Cu Ka radiation of wave
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length 1.54 A°.

The powder method is very useful in the determination o f the chemical 

composition o f a known substance22. Angular positions o f diffraction lines, intensities o f 

diffraction lines, and shapes o f diffraction lines are some of the types o f information that 

are derived from a powder diffraction pattern. As a result o f the substitution o f a 

nonmagnetic atom the unit cell dimensions and hence the interplanar spacings are slightly 

changed and the positions o f the lines on the resulting spectrum corresponding to those 

interplanar spacings are shifted accordingly. By measuring these small shifts in the 

position o f the lines in powder patterns o f substances of known structure, changes in 

chemical composition may often be accurately detected.

The powder diffraction patterns displaying the peaks in the diffraction maxima 

are illustrated in figures 3 8 -3 9 . The heights o f the peaks are directly proportional to the 

intensities o f the diffraction defects. The angle 20 at which diffraction occurs and the 

corresponding interplanar spacings are recorded in tables 6 and 7.

In principle by comparison of the peak intensity ratios o f the lines o f pure PAMC 

in figure 38, and the corresponding lines o f PAMC :Mg in figure 39 one can determine 

the relative proportions o f Mn/Mg in the second sample. One has to rule out the possibi

lity that the observed effect on peak intensities could be due to differences in sample 

preparations or other systematic errors in the measurement.

A comparison in the interplanar spacings o f the corresponding planes for the pure 

and the diluted samples points to a relative shift < 0.05 for every line which is within the 

experimental limit o f error. With the doping atoms present in such small quantities and
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with the many variables involved in quantitative powder XRD it is difficult to determine 

the chemical composition with a fair degree o f accuracy.

Another attempt was made to characterize the site compositions o f the 

magnesium doped sample with the help o f single crystal XRD. Single crystal

measurements were done on a pure sample and a doped sample using a Siemens P4 X- 

Ray diffractometer. The crystallographic data for the structure factor was consistent 

with the earlier data6 on PAMC. There were some subtle, if not significant changes in 

the X-Ray spectrum of the doped sample in comparison with that o f the pure one. The 

quantitative analyses did not show any statistically significant result that leads to a 

definitive estimate o f the amount o f magnesium present in the crystal. The crystal 

structure calculations, however seemed to be consistent with our soliton energy 

measurements o f EPR which correspond to magnesium concentrations less than 2%. 

This helped us to conclude that the substitution o f the impurity atoms were site

substitutions and not interstitial.
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Table 5. Powder X-Ray diffraction data table for a sample o f pure PAMC showing peak 
intensities and interplanar spacings.

M ... Best 20 BestD PK- TOP 
(CPM)

PK-TOP
(CPS)

PK-AREA Cl REL
INT

FWHM
(DEG)

I 6.8744 12.84813 761349 12689.2 145778.8 PF 100 0.150
2 13.7500 6.43506 103021 1717.0 13150.0 PF 13 0.350
3 14.4500 6.12486 675 11.3 301.0 PF 0 0.200
4 15:3500 5.76771 910 15.2 348.0 PF 0 0.350
5 15.5609 5.69000 708 11.8 271.0 PF 0 0.150
6 15.9000 5.56942 693 11.6 353.0 PF 0 0.300
7 16.1131 5.49623 591 9.9 226.0 PF 0 0.200
8 17.4000 5.09253 21258 354.3 2713.0 PF 2 0.150
9 19.9675 4.44313 58251 970:8 11153.0 PF 7 0.300

10 20.6722 4.29323 22428 373.8 4294.0 PF 2 0.150
11 21.0500 4.21702 660 11.0 336.0 PF 0 0.150
12 23.8587 3.72655 15125 252.1 2896.0 PF I 0.150
13 24.5784 3.61904 13118 218.6 2511.0 PF I 0.150
14 27.1138 3.28612 6386 106.4 1222.0 PF 0 0.300
15 27.6719 3.22109 116174 1936.2 22244.0 PF 15 0.100
16 28.2581 3.15558 8827 147.1 1690.0 PF I 0.150
17 29.7309 3.00253 6176 102.9 1182.0 PF 0 0.150
18 30.2000 2.95695 6957 115.9 888.0 PF 0 0.200
19 30.7500 2.90531 2664 44.4 680.0 PF 0 0.150
20 31.7525 2.81583 5097 84.9 1301.0 PF 0 0.150
21 32.3166 2.76796 7310 121.8 1399.0 PF 0 0.100
22 34.5000 2.59761 46671 777.8 17872.0 PF 6 0.400
23 34.7813 2.57725 102370 1706.2 19601.0 PF 13 0.300
24 35.2072 2.54704 28003 466.7 7149.0 PF 3 0.100
25 35.7722 2.50809 18651 310.9 3571.0 PF 2 0.400
26 36.8666 2.43612 8842 147.4 1693.0 PF . I 0.150
27 37.2741 2.41041 4573 76.2 875.0 PF 0 0.150
28 39.3363 2.28867 4430 73.8 848.0 PF 0 0.150
29 39.6903 2.26906 2800 46.7 536.0 PF 0 0.200
30 40.5603 2.22238 4042 67.4 1031.0 PF 0 0.150
31 42.0406 2.14748 43495 . 724.9 11104.2 PF 5 0.300
32 44.7837 2.02211 8023 133.7 1536.0 PF I 0.150
33 49.3566 1.84493 5744 95.7 2566.0 PF 0 0.200
34 49.7697 1.83058 12039 200.6 2305.2 PF I 0.150
35 50.3112 1.81214 3550 59.2 1359.0 PF 0 0.150
36 50.8953 1.79270 6938 115.6 1771.3 PF ■ 0 0,200
37 52.8928 1.72961 3269 54.5 625.0 PF 0 0.200
38 55.4297 1.65630 6901 115.0 1761.8 PF 0 0.150
39 98.9037 1.01374 540 9.0 206.8 PF 0 0.300
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Table 6. Powder X-Ray diffraction data for a sample o f PAMC with some Mg showing 
peak intensities and interplanar spacings.

m Best 20 BestD PK- TOP 
(CPM)

PK-TOP
(CPS)

PK-AREA Cl REL
INT

FWHM
(DEG)

i 5.4800 16.11378 1500 25.0 459.0 PF 0 0.150
2 5.5400 15.93940 1541 25.7 354.0 PF 0 0.120
3 6.8706 12.85512 748559 12476.0 114663.9 PF 100 0.240
4 7.9400 11.12601 822 13.7 188.0 PF 0 0.150
5 8.2141 10.75540 1457 24.3 390.0 PF 0 0.210'
6 12.0200 7.35707 1553 25.9 237.0 PF 0 0.180
7 13.1481 6.72825 1247 20.8 238.0 PF 0 0.240
8 13.7428 6.43841 105735 1762.3 12147.0 PF 14 0.180
9 15.3200 5.77894 1026 17.1 157.0 PF 0 0.120

10 17.3916 5.09498 18374 306.2 2814.0 PF 2 0.120
11 19.9450 4.44809 46826 780.4 7172.0 PF 6 0.120
12 20.6641 4.29490 26036 433.9 2991.0 PF 3 0.150
13 23.8481 3.72819 12692 211.5 2916.0 PF I 0.090
14 24.5544 3.62253 12344 205.7 2363.0 PF I 0.180
15 27.0600 3.29252 5005 83.4 958.0 PF 0 0.120
16 27.6597 3.22248 167856 2797.6 . 25712.0 ■ PF 22 0.120
17 28.2259 3.15911 8724 145.4 1336.0 PF I 0.150
18 29.7169 3.00392 6039 100.7 925.0 PF 0 0.180
19 30.1816 2.95872 8008 133.5 1533.0 PF I 0.120
20 31.7131 2.81924 5025 83.8 1347.0 PF 0 0.180
21 32.3075 2.76871 7310 121.8 1679.0 PF 0 0.120
22 34.7669 2.57828 180090 3001.5 27586.1 PF 24 0.180
23 35.1784 2.54905 18157 302.6 4171.0 PF 2 0.120
24 35.7541 2.50932 25405 423.4 3891.0 PF 3 0.090
25 36.8447 2.43751 12713 211.9 2434.0 PF I 0.120
26 37.4600 2.39887 1136 18.9 261.0 PF 0 0.240
27 42.0159 2.14869 94914 1581.9 14538.9 PF 12 0.210
28 42.5872 2.12118 4284 71.4 820.0 PF 0 0.150
29 49.2800 1.84762 5783 96.4 1550.0 PF 0 0.120
30 49.4528 1.84156 6480 108.0 1985.0 PF 0 0.120
31 49.7772 1.83032 8274 137.9 1584.3 PF I 0.150
32 50.8939 1.79268 6221 103.7 1429.0 PF 0 0.210
33 55.4209 1.65655 6329 105.5 1938.9 PF 0 0.150
34 66.1347 1.41178 1202 20.0 276.2 PF 0 0.150
35 85.7600 1.13202 1026 17.1 235.0 PF 0 0.180
36 104.5089 0.97416 887 14.8 135.0 PF 0 0.240
37 114.3200 0.91682 1110 18.5 340.0 PF 0 0.180
38 116.9600 0.90362 1191 19.9 228.0 PF 0 0.180
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CHAPTERS

5. RESULTS AND DISCUSSION

In this section the results o f our EPR experiments are analyzed with the use o f 

the formalism developed in Chapter 3. We shall compare the experimental results with 

the theoretical data in the fluctuation region in which the measurements were made.

In the development o f our theory we have considered a Hamiltonian (equation 

3.1) in the classical continuum limit with only an exchange term. The effects o f the 

crystal field have been omitted for the following reason: the electronic ground state

configuration o f Mn2+ is 3d5 that leads to a free ion ground state 6S 5 . Therefore, the
2

total orbital momentum is quenched and one expects no crystal-field effects1. The 

antisymmetric (Dzyaloshinsky-Moriya) interaction is too small to be o f any significance 

in the spin dynamics in the paramagnetic PAMC. This is in contrast to Cu2+ compounds, 

where this interaction may lead to more important effects2.

Before we attempt to analyze our data, we shall step back to review Waldner’s3 

approach in analyzing the temperature dependence o f the linewidth o f several layered 

manganese compounds. He looked for the Arrhenius behavior o f several samples o f the 

aforementioned compounds by plotting In(AH) vs Tn/T. He found that the slope o f the 

resulting straight line gave the soliton excitation energy if the observed exp(Es/kT) 

behavior is indeed due to solitons. The results o f his study are summarized in Table 5. 

The calculated energies found in the last column o f the table are a result of fitting 

Mikeska’s exp(Es/kT) for all the EPR data in the relatively narrow temperature region
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1.02Tn < T < 1.25Tn. This is due to the fairly large interlayer coupling in the 

compounds considered. Very near Tn and because o f the 3d correlations a deviation 

from the Arrhenius behavior was observed. The magnitude o f the interlayer coupling is a 

factor in deciding the length o f the 2d fluctuation region. For PAMC with a much 

smaller interlayer coupling (<10"5J) the data has been analyzed in a broader fluctuation 

region o f 1.2TN < T < 1.5TN by using the linewidth expression from reference 4.

Table 7. Measured and calculated excitation energies for various layered manganese 

compounds.

Mn2+ compound 

S = 5/2

Measured E

(K)

Calculated E 

(K)

K2MnF4 620 653

Rb2MnF4 650 591

(CH3NH3)2MnCl4 760 784

(C2H5NH3)2MnCl4 770 700

(C3H7NH3)2MnCl4 or (PAMC) 727 710

As has been pointed out earlier, equation (3.37) reduces to ZaspeVs expression4 

for the case o f p = 0. Neglecting temperature independent prefactors the linewidth 

expression (p = 0) may be written as.
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AHc
r s 47tT

X± 2V2 U ttJS2

3/2^
R 2(InR)2 . (5 .1 )

Combining this with equation (3.44) we have the total contribution to linewidth from 

both solitons and magnons as

T
A H *  —  

X i

43S f 4tuT

2 V2 U ttJS2-
0-R)2+j2 f 4ttT \4

V4tiJS ^

T

X i

43S f 4tiT)
2 V2 v Eg/

Z . \4  I
4 ttT

R
I Es ;

(5 .2 )

The Arrhenius temperature dependence in the above is hidden in the correlation length 

expression. Two calculations for R  for the 2d Heisenberg Antiferromagnet exist in 

literature, one from Chakravarty, Halperin and Nelson (CHN)5 and the other from 

Takahashi6. For low temperatures the CHN expression has the approximate form

(  Es )  ,

R(T) ~
Be21

i + 5 t
\  2TV

where B is a fitting parameter that can be determined

in the high-temperature limit and Es is expressed in units o f T. 

The Takahashi form for correlation length is

R(T) ~

In the temperature range o f interest the former yields a correlation length R  ~ (1-3) 

lattice units, while the latter expression gives a more realistic correlation length R  ~ (10- 

30) lattice units. For a comparison with experimental data we have plotted in figures 40
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and 41, the linewidth as a function o f temperature and logarithm of linewidth vs inverse 

temperature. The linewidth expression had to be scaled down by a factor o f IO"4 in order 

to be compared with the experimental linewidths. Since we have neglected some 

constants and temperature independent prefactors in this calculation the comparison 

between the experimental linewidths and theoretical ones cannot be absolute. While the

so Iiton

mag non

J= 600

55 6
Temperature in K

Figure 40. Predicted linewidth versus temperature depicting the contributions from both 
solitons and magnons in the critical region. The solid curve results from ZaspeFs 
calculation while the dotted curve results from our calculation based on Chakravarty and 
Orbach’s expression for the magnon contribution.

dotted curve represents the magnon contribution, the solid curve is due to both the 

soliton and magnon contributions. We can see the calculated curves in figures 40 and 41
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are in good qualitative agreement with the experimental curves that were seen in Chapter 

4 through the entire temperature range. Evidently, throughout the temperature region o f 

interest, soliton contribution is the dominant factor in the linewidth temperature 

dependence. The spin wave contribution becomes more prominent as T approaches Tn.

0 .64 0.66 0.68 0.72 0 .74 0.76 0.78 0.82 0.84

Figure 41. Logarithm of linewidth vs inverse temperature depicting the soliton and the 
magnon contributions. Both the linewidth and the temperature have been divided by 
appropriate units to render the ratio dimensionless. Takahashi's  expression has been used 
in estimating the correlation length.

We have also plotted the concentration and temperature dependent linewidth 

from equation 3.37, as a function of temperature in figure 42. In order to do so we 

made approximations on the exponential terms in this expression so it gets simplified to
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r t "
- ( In R )2R2 I -  P ( I - P )R 2 I -  27t24 T ]  + 2tu2p2( 1 - P ) 2R4

v x j C I O2R3J

( 5  3 )

It was noted that these simplifications did not markedly affect the linewidth temperature 

dependence. There are two sets o f figures resulting from using two different forms

p = 0 .0 0

0.002

O O O O O  P  = 0.013 BOO

«  400

Figure 42. Linewidth versus temperature at various impurity concentrations. 
Takahashi’s expression for the correlation length was used in estimating the linewdith.

for the correlation length. In plotting the natural logarithm of linewidth vs inverse 

temperature curve in figures 44 and 45 the linewidth was divided by the linewidth at 

room temperature which rendered the argument of the logarithm a dimensionless
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quantity.

By inspecting the figures one can see that both the calculated curves from figures 

42 and 43 show the expected temperature dependence for the linewidth, i.e, the slope o f 

the curve decreases with an increase in doping concentration. However for 

concentrations p > 0.8 and for temperatures T < 56 K (TN/T ~ 0.7) there is a noticeable

....... . P=OOO

-------P= 0.002

------- p =  0.004

......... P=  0.006

-------P= 0.008

— . - P =  0. Ol

Figure 43. Predicted linewidth versus temperature. CHN’s expression for the correlation 
length was used to calculate the linewidth.

departure from the Arrhenius type behavior. In figure 43 where the CHN expression 

involving smaller correlation lengths is used, the deviation appears at a lower
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temperature (T ~ 52K). Referring back to Ch. 3 we know the linewidth expression has 

been derived in the limiting case pR < I. As the temperature is lowered and the

, £ > = 0.000
P  = 0.002
p  = 0.004

------ p  — 0.008

P  = 0 .01

Tn / I

Figure 44. Logarithm of linewidth versus inverse temperature in the fluctuation region. 
Takahashi ’ s expression for the correlation length was assumed in the calculation of the 
linewidth.

correlation length grows this condition is no longer valid. Further this condition is 

based on the assumption that one single impurity becomes a nucleation site for the 

formation o f an ‘impuriton’ (a soliton with a single impurity at the center). In an
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experiment the situation is far from ideal, for there may be more than one impurity 

pinning the soliton i.e clustering may be taking place. In this case the concentration 

dependence gets modified and our theory will have to be modified in turn so as to 

accomodate the clustering effects. Another uncertainty in our linewidth calculation may

***** p = 0.00 

--------p = 0 .0 0 2

------- p = 0 .004

......... p = 0 .006

------- p = 0 .0 0 8

— p =0 .01

0 .72 0 .73  0.740.64 0 .65 0.66 0.67 0.68 0.69

Figure 45. Logarithm of linewidth versus temperature. CRN’s expression for the 
correlation length was used in estimating the linewidth.

arise from the Random Phase Approximation, the use of which was inevitable in the 

spin-correlation function calculation. RPA probably overestimates the effects of critical 

fluctuations near the critical point which in turn may have affected the linewidth
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experiment the situation is far from ideal, for there may be more than one impurity 

pinning the soliton i.e clustering may be taking place. In this case the concentration 

dependence gets modified and our theory will have to be modified in turn so as to 

accomodate the clustering effects. Another uncertainty in our linewidth calculation may 

arise from the Random Phase Approximation, the use of which was inevitable in the 

spin-correlation function calculation. RPA probably overestimates the effects o f critical 

fluctuations near the critical point which in turn may have affected the linewidth 

calculation.

We have derived the soliton excitation energies from the linewidth expression 

which will enable us to make a quantitative comparison with the experimental data. 

Starting with the simplified linewidth expression and taking the derivative o f its 

logarithm with respect to Tn/T we have, I

I -  P(I-P)R2 (I-2ro2p2( l -P )2) -  [P2(I -P )2R4 

(I-Zro2P2(I -P )2)2]

( 5 .4 )

Here Es stands for the pure soliton excitation energy. At low concentrations a

numerical estimate o f the second order term shows that it is practically negligible. The
. i

temperature dependent correlation length was calculated at T = 56K which happens to

be the average temperature o f the interval which has been defined as the critical region.

The results o f this procedure are tabulated in the tables 6 ,7 ,8 .  The calculated excitation

energies in the last column are those o f an ‘impuriton’ at T = 56K.

-yI-Sol
d(ln(AH))

dI Y
Es
Tn



131

Table 8. A comparison of the calculated soliton energies with the measured energies for 

cadmium doped compounds.

Measured Cd% Measured Ets0I (K) Calculated Etsoi(K)

0.19 619.3 ±12.5 592.3

0.55 339.2 ± 6 .4 368.6

0.40 147.3 ±  7.2 457.4

0.15 670.3 ±  14.2 619.4

0.32 581.3 ±12 .2 507.3

1.15 190.8 ±8.3 76.5

Table 9. A comparison of the calculated soliton energies with the measured energies for 

zinc doped compounds.

Measured Zn% Measured Etsoi (K) Calculated Etsoi (K)

0.44 594.3 ±  7.6 433.1

0.52 592.1 ±10 .7 385.9

0.82 602.1 ±17 .4 219.8

1.06 367.2 ±13 .7 113.9

0.17 623.3 ±  13.5 605.8

0.61 484.1 ±  12.7 334.9

0.98 407.7 ±11 .2 149.1

0.92 330.4 ±9.3 176.6

0.14 724.3 ±  12.5 626.2

0.204 571.1 ±10 .2 582.9
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o -  theory
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Figure 46. Cadmium doped data compared with theory.

•  -  experiment 
o -  theory

600 -

500

° 400

300 -

200 -

% Impurity concentration 

Figure 47. Zinc doped data compared with theory.
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Table 10. A comparison of the calculated soliton energies with the measured energies for 

magnesium doped compounds.

Measured Mg% Measured Ei.soi (K) Calculated Ei.soi (K)

0.099 650.7 ±  14 654.6

0.125 632.6 ±  11.8 636.6

0.68 278.8 ± 8 .2 296.8

0.37 453.6 ± 8 469.7

0.48 342.1 + 12.7 427.1

0.33 494.7 ±  9.2 501.0

0.39 338.7 ±9.1 465.4

0.21 592.3 ±  12.9 578.9

•  — experiment  
o — theory

% Impurity concentration
F i g u r e  4 8 .  M a g n e s i u m  d a t a  c o m p a r e d  wi th t h e o r y .
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Graphical comparisons o f the experimental and theoretical data are also 

presented in figures 46, 47, and 48. We find that our values o f Ei.soi are in good 

agreement with the experimental values for Mg doped samples while there is a marked 

discrepancy for the Cd and Zn doped samples. It appears that this discrepancy increases 

as the concentration increases to 1%. This estimate has ignored clustering of impurities 

which will result in a larger average distance between impurity centers. A cluster o f 

impurities will result in the effective measured concentration being higher, whereas it 

provides only a single seed site for a static excitation. In fact, in the case o f Zinc doped 

crystals this seems to be the systematic effect observed, if clustering is present to any 

large degree. Neutron diffraction measurements7 on Nd2Cui-xZnxC>4, give evidence that the 

solubility o f zinc is less than 2% which is consistent with our observations.

It appears that the extent o f substitution o f the nonmagnetic impurities is not the 

same for all the three dopants used. The size o f the ion is an important factor which 

affects the dilution. I f  the size difference between the magnetic ion and that o f the 

dopant ion is approximately 15% the likelihood of substitution increases. All the three 

dopants that were used in our experiments satisfy this requirement. Even if the size 

difference is less than 15% as in the case o f magnesium, other factors such as relative 

valency, electronegativity difference may still prevent the formation o f the solid solution. 

Co-ordination chemistry is another major factor in determining the extent o f solid 

substitution. Cadmium crystallizes in the same octahedral symmetry as manganese to 

form (HPA)2CdCl4. This means it competes equally with manganese to occupy the lattice 

positions which in turn explains the relatively large solubility o f cadmium in
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PAMC.

5.1 CONCLUSIONS

The effects o f both spin waves and solitons on the temperature dependent 

linewidth in the fluctuation region of an impurity doped 2d Heisenberg magnet have been 

considered. The results o f our angular anisotropy measurements on doped compounds 

are consistent with the observations on pure PAMC, i.e, no concentration dependence 

was observed.

From our AC susceptibility measurements on impurity doped compounds one 

might conclude that properties such as static susceptibility or the 3d ordering tempe

rature are not affected by dilution o f such low strengths. In contrast, as our EPR data 

indicates, we found even a small concentration o f nonmagnetic impurity introduced into 

the soliton affects the spin dynamics in a dramatic fashion. •

With an estimate o f the temperature dependent linewidth we found that the 

agreement o f EPR data with the theory is very good. This can be regarded as a 

confirmation o f the validity o f our earlier claim that solitons dominate the spin dynamics 

o f a classical layered Heisenberg antiferromagnet. Large changes observed in the 

temperature dependent linewidth of PAMC for small impurity concentrations show that 

nonlinear excitations rather than spin waves dominate the low temperature thermodynamics 

of the 2d magnet. The deviation of the theory from the observed Arrhenius behavior at 

concentrations close to 1% and at lower temperatures indicates that our theory needs more 

refinement. Further theoretical work, which includes the quantum nature of the lattice 

near the core, and which includes the effects o f multiple impurities at the center is
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necessary for a better understanding o f the critical dynamics o f the 2d magnets.

5.2 ADDITIONAL WORK ON TfflS PROBLEM 

Theoretical and experimental results o f this work elucidate the physical situation 

in layered magnets fairly adequately but open questions still remain. Additional 

experiments could include DC magnetization measurements as a function o f the magnetic 

field for both the pure and the doped crytals. Neutron scattering experiments would 

enable one to observe changes in the correlation function in reciprocal space. A spin- 

flop transition was observed for other layered manganese compounds in the presence o f 

a pulsed magnetic field. A similar experiment can be performed for both pure and the 

diluted compounds which will help us measure the soliton contribution to the 

magnetization o f a weakly anisotropic Heisenberg antiferromagnet. A pulsed field has to 

be used in order to keep the time scale o f the experiment small compared to the 

relaxation rate towards equilibrium. In addition to this, using frequency dependent, 

zero-field AC susceptibility measurements o f relaxation times one can probe the spin 

dynamics directly. Variable frequency EPR techniques provide an alternate means to 

study the dynamics o f these excitations. Soliton contribution to the susceptibilty o f a 2d 

classical Heisenberg AFM in the presence o f weak fields has been calculated. Further 

experimentation is necessary in order to support our calculation. Regarding further 

theoretical work, we have to consider the quantum effects near the core in a 

semiclassical manner similar to the treatment o f Haldane8 for the quantum Heisenberg 

chain. A discrete treatment of the core, similar to the one done in this work, but with



137

chain. A discrete treatment o f the core, similar to the one done in this work, but with 

multiple nonmagnetic impurities at the center will have to be completed. EPR 

measurements on layered manganese compounds, grown with magnetic impurities such 

as Cu and Co, which are s = 1/2 systems, will afford a test o f the above calculations.
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APPENDIX A

DISCRETE CORE ENERGY CALCULATION 

In the first approximation considering the bonds going to the first circle n  = I , . 

the total energy o f the core and the continuum may be written as

E 1 = 4JS2 -4 J S 2m1m2 . ■ A l.

4JS2 is the constant ground state energy.

For arbitrary mi < I, the extrema of the energy are determined by the equation

= 0 yields mi = -I A2.
Sm1

®2_ = 0  AS.
Sm2

This leads to 2m3 + Hi4 - I -
Vi3

2
■̂ 2(1 -m 3) + -^(1 -m 4)

9 _ 2 r2 13- 2 r 2
We next solved for m2(ro) with m3 = --------% Ui4 = -------- %- which is derived from the

9 + 2 ig  13 + 2r02

continuum approximation. These m2(ro) values are used to determine E2(ro). In the next 

higher approximation we use the bonds going to the next concentric circle and solve for 

m3 using ms(ro) from the continuum approximation. The code that was written to solve 

the resulting system of nonlinear equations, was written using a mathematical software 

Matlab, which is shown in the following pages. The solution was based on the two- 

dimensional Newton-Raphson method.
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APPENDIX B 

MATLAB PROGRAM

% This is a program written in Matlab to implement Newton-Raphson method for 
% solving the system of coupled differential equations.

function F l 5 = F15(m);
r = [I sqrt(2) 2 sqrt(5) sqrt(8) 3 sqrt(10) sqrt(13) 4 sqrt(17) sqrt(18) sqrt(20) 5 ...

sqrt(26) sqrt(29) sqrt(32) sqrt(34) 6 sqrt(37) sqrt(40) sqrt(41) sqrt(45)]; 
rO = 1.0;

for u = 1:22
mm(u) = ((r(u))A2 - (rO)A2)/((r(u)A2) + (rO)A2); 

end

m l3 = mm(13); 
m l4  = mm(14); 
m l5 = mm(15); 
m l 6 = mm(16); 
m l7  = mm(17); 
m l 8 = mm(18); 
m l9 = mm(19); 
m20 = mm(20); 
m21 = mm(21); 
m22 = mm(22);

a = sqrt(l-m (l)A2); 
b = sqrt(l-m(2)A2); 
c = sqrt(l-m(3)A2); 
d = sqrt(l-m(4)A2); 
e = sqrt(l-m(5)A2); 
f  = sqrt(l-m(6)A2); 
g = sqrt(l-m(7)A2); 
h = sqrt(l-m(8)A2); 
i = sqrt(l-m(9)A2); 
j = sqrt(l-m(10)A2); 
k = sq rt(l-m (ll)A2); 
I = sqrt(l-m(12)A2); 
n = sqrt(l-(m l3)A2); 
o = sqrt(l-(m l4)A2); 
p = sqrt(l-(m l5)A2); 
q = sqrt(l-(m l6)A2); 
r = sqrt(l-(m l7)A2);
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s = sqrt(l-(m l8)A2); 
t = sqrt(l-(m l9)A2); 
u = sqrt(l-(m20)A2);

%Set the function F(ml,m2,m3,m4,m5,m6,m7,m8,m9,ml0,ml l,m l2).

F15= [(2*m(2))+m(3 )-(m( I) * (sqrt(2) *b +c)/a) m(l)+m(4)-(m(2)*(a/sqrt(2)+3 *d/... 
sqrt(10))/b) ...
m( I )+m(6)+(2*m(4))-(m(3) * (a+f+(4 * d/sqrt(5)))/c) ... 
m(2)+m(3)+m(5)+m(7)-(m(4)*(3 *b/sqrt( 10)+2 *c/sqrt(5)+3 *e/sqrt(10)+7*g/... 
sqrt(50))/d) ...
m(4)+m(8)-(m(5)*(3 *d/sqrt(10)+5 *h/sqrt(26))/e) ... 
m(3)+2*m(7)+m(9)-(m(6)*(c+i+ 6*g/sqrt(10))/f) ...
m(4)+m(6)+m(8)+m(10)-(m(7)*(7*d/sqrt(50)+3 *f7sqrt(10)+l I *h/sqrt(130)...
+ 13*j/sqrt(170))/g) ...
m(5)+m(7)+m(l I )+m(12)-(m(8)*(5*e/sqrt(26)+11*g/sqrt(130)+5*k/sqrt(26)+... 
8*l/sqrt(65))/h) ...
m(6)+2*m(10)+m13-(m(9)*(f+n+8*j/sqrt(17))/i) ...
m(7)+m(9)+m( 12)+m 14-(m( 10)* (13 *g/sqrt( 17 0)+4 *i/sqrt( 17)+9*l/sqrt(85)+21... 
*o/sqrt(17*26))/j) ...
m(8)+ml3-(m(l I)*(5*h/sqrt(26)+7*n/sqrt(50)))/k ...
m(8)+m(10)+ml3+ml5-(m(12)*(8*h/sqrt(65)+9*j/sqrt(85)+ll*n./sqrt(125)+...
12*p/sqrt(145)))/l];

O^*********************************************************************

E l = 12 - 8*(m(l)*m(2)) - 8*sqrt(l - m (l))*m (l))*sqrt(l - m(2)*m(2))/sqrt(2.0)-... 
4*(m(l)*m(3)) - 4*sqrt((l-m (l)*m (l))*(l -m(3)*m(3)));

E2 = E1 + 8 - 24*sqrt(l - m(2)*m(2))*sqrt(l - m(4)*m(4))/sqrt(10.0) - 8*(m(2)*... 
m(4));

■ E3 = E2 + 12 - 4*m(3)*m(6) - 4*sqrt(l -m(3)*m(3))*sqrt(l - m(6)*m(6))- 8*m(3)*... 
m(4) - 16*sqrt(l- m(3)*m(3))*sqrt(l-m(4)*m(4))/sqrt(5);

E4 = E3 + 16 - 8*m(4)*(m(5) + m(7)) - 24* sqrt( I -m(4) *m(4)) * sqrf( I -m(5) *m(5))/... 
sqrt(lO)- 56*sqrt(l -m(4)*m(4))*sqrt(l-ni(7)*m(7))/sqrt(50.0);

ES = E4 + 8 - 8*m(5)*m(8) - 8*5*sqrt(I -m(5)*m(5))*sqrt(I -m(8)*m(8))/sqrt(26);

E6 = ES + 12 - 4*m(6)*(m(9)+2*m(7)) - 4*sqrt(l-m(6)*m(6))*sqrt(l-m(9)*m(9))-... 
24*sqrt(l - m(6)*m(6))*sqrt(I -m(7)*m(7))/sqrt( 10.0);

E7 = E6 + 16 - 8*m(7)*m(10) - 8*13*sqrt(l-m(7)*m(7))*sqrt(l-m(10)*m(10))/sqrt(...
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170.0)- 8*m(7)*m(8) - 8* ll*sq rt(l -m(7)*m(7))*sqrt(I -m(8)*m(8))/sqrt( 130.0);

E8 = E 7  + 16 - 8*m(8)*(m(ll)+m(12))-40*sqrt(l-m(8)*m(8))*sqrt(l-m(ll)*m(ll))... 
/sqrt(26.0)- 64*sqrt(l-m(8)*m(8))*sqrt(l - m(12)*m(12))/ sqrt(65.0);...

E9 = ES + 12 -4*m(9)*(ml3+2*m(10)) - 4*sqrt(l-m(9)*m(9))*sqrt(l-ml3*ml3)... 
-32*sqrt(l -m(9) *m(9)) * sqrt( I -m( 10) *m( 10))/sqrt( 17.0);

ElO = E9 + 16 -8*m(10)*m(12) -8*9*sqrt(l - m(10)*m(10))*sqrt(l - m(12)*m(12))/... 
sqrt(85)-8*m(10)*ml4 -168*sqrt(l - m(10)*m(10))* sqrt(l - ml4*ml4)... 

/sqrt(17*26);
E U  =ElO  + 8 - 8*m (ll)*m l3 -56*sqrt(l-m (ll)*m (ll))*sqrt(l -m l3* ml3)/sqrt(50);

E12 = E l l  + 16 - 8*m(12)*ml3 - 88*sqrt(l -m(12)*m(12))*sqrt(l - m l3* ml3)/sqrt... 
(125)- 8*m(12)*ml5 - 96*sqrt(l-m(12)*m(12))*sqrt(l - ml5*ml5)/sqrt(145);

E13 = E12 + 28 -4*ml3*ml8 - 4*sqrt(l - m l3*m l3)*sqrt(l - m l8*ml8)-8*ml3*... 
m l4- 40*sqrt(l - m l3*m l3)*sqrt(l - ml4*ml4)/sqrt(26) -8*m l3*m l6- 8*... 
m l3*m l7- 56*sqrt(l - m l3*m l3)*sqrt(l - ml6*ml6)/sqrt(50) - 29*8*... 
sqrt(l - m l3*m l3)*sqrt(l - ml7*ml7)/(5*sqrt(34));

E14 = E13 + 16 - 8*ml4*ml5 - 216*sqrt(l - m l4*m l4)*sqrt(l - ml5*ml5)/sqrt(26...  ̂
*29)- 8*ml4*ml9 - 248*sqrt(l - m l4*m l4)*sqrt(l -ml9*ml9)/sqrt(26*37);

E15 = E14 + 16 - 8*ml5*m20 - 8*17*sqrt(l - m l5*m l5)*sqrt(l - m20*m20)/sqrt... 
(290)- 8*ml5*ml7 - 248*sqrt(l - m l5*m l5)* sqrt(l - ml7*ml7)/sqrt(34*29);

E16 = E15 + 8-(8*ml6*m21)-(72*sqrt(l-ml6*ml6)*sqrt(l-m21*m21)/sqrt(82));

E17 = E16 + 16-8*(ml7*m21+(37*sqrt(l-ml7*ml7)*sqrt(l-m21*m21)/sqrt(34*... 
41))) - 8*((ml7*m22) + (13*sqrt(l-ml7*ml7)*sqrt(l-m22*m22)/sqrt(170)));

E = [0 E l E2 E3 E4 E5 E6 E7 ES E9 ElO E l I E12 E13 E14 E15 E16 E17];

E l l l  = (4*3.14*r0*r0)/(r0*r0 + (0.5)*(0.5));
E222 = E l + (4*3.14*r0*r0)/(r0*r0 + (1.207)*(1.207)); 
E333 = E2 + (4*3.14*r0*r0)/(r0*r0 + (1.707)*(1.707)); 
E444 = E3 + (4*3.14*r0*r0)/(r0*r0 + (2.118)*(2.118)); 
E555 = E4 + (4*3.14*r0*r0)/(r0*r0 +(2.532)*(2.532)); 
E666 = E5 + (4*3.14*r0*r0)/(r0*r0 + (2.914)*(2.914)); 
E777 = E6 + (4*3.14*r0*r0)/(r0*r0 + (3.081)*(3.081)); 
E888 = E7 + (4*3.14*r0*r0)/(r0*r0 + (3.384)*(3.384));



144

E999 -  ES + (4*3.14*r0*r0)/(r0*r0 + (3.803)*(3.803));
ElOO = E9 + (4*3.14*r0*r0)/(r0*r0 + (4.0165)*(4.0165));
E l lO  = ElO + (4*3.14*r0*r0)/(r0*r0 + (4.183)*(4.183));
E120 = E l l  + (4*3.14*r0*r0)/(r0*r0 + (4.357)*(4.357));
E130 = E12 + (4*3.14*r0*r0)/(r0*r0 + (4.736)*(4.736));
E140 = E13 + (4*3.14*r0*r0)/(r0*r0 + (5.049) *(5.049));
E150 = E14 + (4*3.14*r0*r0)/(r0*r0 + (5.242) *(5.242));
E160 = E15 + (4*3.14*r0*r0)/(r0*r0 + (5.521)*(5.521));
E170 = E16 + (4*3.14*r0*r0)/(r0*r0 + (5.744)*(5.744));
E180 = E17 + (4*3.14*r0*r0)/(r0*r0 + (5.916)*(5.916));

EE=[E111 E222 E333 E444 E555 E666 E777 E888 E999 ElOO El lO  E120 E130 ... 
E140 E150 E160 E170 E180];
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APPENDIX C

CALCULATION OF THE PARTITION FUNCTION AND ( r ^

The thermal averages for both the P-soliton and the I-soliton are estimated using the

expression

(r„" )- I E r 0V 8='1 . C l.

The sum is converted to an integral by using a density o f states factor
dN

oc ro. Z

which is the partition function for a single excitation can be estimated by performing the

r0dr0 . In the large R  limit this results in
Vr z 

integration of J" exp
r O

-C 2 ^
EsarQ

V T(r02 +rc2) ;

Z ----- e
2

|R eCT/R- a E i( a /R )  + xeCT/x+ a E i(a /x ) |

where x = r2 + ^ 2 and a  = a - ^ - r 2 .

Expanding the last term in the small x approximation for the P-soliton, the partition 

function reduces to

Zp = I e-VT
2

ReCT/R -  aEi (a  / R) + — ea/x
a

C3.

Vr
Performing the integration ( ro ) = I exP

X ' r6

Egar02 A

. W + r 2)
IQdr0 results for the P-soliton in

- E s /T
— R2eCT/R +-J-O ReCT/R -  a 2 / 2Ei (a  / R)+... I ~ R2 /3.

2Z 12 2 J
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For the I-soliton, the expansion of the integral Ei(a/x) is done in the large x approxima

tion. This results in a slightly different expansion for the expression in C2.

I  - E s /T  f-n _ct/Rl e - Bs/T{ReCT/R- a E i( a /R )  -  Xeazx+ xea/x + oea/x+...}

= —e 
2
1 - - Es/T(Rea/R+ o ea/x} CS.

This results in the thermal average for the I- soliton as

-+ R a (a + R ) /(a+otR)

(i-f)Here a  = e

Evaluation o f the integral o f the type (tq ln(R / r0)^ is done as follows. In the large R  

approximation R » r 0, /rg ln(R/ r0) j  may be expressed as

(r04)(ln(R /ro)) 5  (r04 ln R )+  ^ 04 Inr0) s ( r 04)ln R  

Performing the thermal average results in

for the P-soliton C l .

and (r0
R 2a (2 R + a )  

I 6 (a +otR)
for the I-soliton
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