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Abstract:
Automated map labeling has become an area of increasing interest in computational geometry. This is
largely due to recent advancements in interactive graphical visualizations and Geographical
Information Systems (GIS). This thesis studies the problem of labeling a map so that each point feature
associated with the map receives three square-labels of maximum size. The motivation is that in some
applications, such as a weather map, each point must contain three pieces of information. This thesis
presents algorithms that yield solutions for both the discrete model (each point lies at a comer of its
square labels) and the sliding model (each point lies on the boundary of its square labels). For the
discrete model the algorithm meets the lower time bound of Ω(n log n) and for the sliding model we
present an O(n3 log n) time algorithm. We also discuss implementation of the algorithms presented. 
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ABSTRACT .

Automated map labeling has become an area of increasing interest in computational 
geometry. This is largely due to recent advancements in interactive graphical 
visualizations and Geographical Information Systems (GIS). This thesis studies the 
problem of labeling a map so that each point feature associated with the map receives 
three square-labels of maximum size. The motivation is that in some applications, such 
as a weather map, each point must contain three pieces of information. This thesis 
presents algorithms that yield solutions for both the discrete model (each point lies at a 
comer of its square labels) and the sliding model (each point lies on the boundary of its 
square labels). For the discrete model the algorithm meets the lower time bound of Q(n 
log n) and for the sliding model we present an 0(n3 log n) time algorithm. We also 
discuss implementation of the algorithms presented.
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CHAPTER I 

INRODUCTION

Map labeling has been an important Area of research since the beginning of the art of 

cartography. In recent years the revised problem of automated map labeling has become 

the focus of many geometers. The ACM Computational Geometry Task Force has 

named it as one of the more importatit topics of research in Discrfete Computational 

Geometry [B96]. Pfactical applications have arisen in multiple areas including 

interactive graphical visualizations and Geographical Information Systems (GIS).

Map Labeling Background

Map labeling is the task of placing labels at various features associated with a map. 

The objective is to determine label placements in order to maximize the quality of the 

visual appearance. It is generally accepted that the labeling problem can be divided into. 

thffee distinct tasks [175]; (i) labeling area features (such as a body, of water or landmass); 

(ii) labeling line features (such as a river or road); and (iii) labeling point features (such 

as a city or mountain peak). Although these problfems are very distinct, the combinatorial 

aspects are independent of the feature being labeled. We can therefore focus on a single 

feature to label without loss of generality as shown in [CMS95, KT98a, KSWtyTO I]. The 

quality of labeling has been studied most notably by Imhof [175] and Yoeli [Y72], Based 

on the results of their research thfe following two rules have formed the standard criteria 

for what constitutes a good labeling for point features: (i) for every label it is intuitively 

clear which point feature is described; and (ii) no two labels overlap. Using these two
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basic requirements one can formulate a problem to either maximize the number of points 

labeled or label each point with maximum size labels. Each of these problems in some 

simplest form is NP-hard [FW91, MS91], In this thesis we focus on labeling point 

features with maximum size labels.

Before we continue, we develop definitions necessary for an understanding of 

optimization problems. An approximatipn algorithm A for a maximization problem I I  is 

said to have a performance guarantee of p if for any instance / o f  77, p > OPT(T)ZA(T), 

where OPT(T) is the optimal solution and A(T) is a valid solution. Ifp  = I we say A 

provides an optimal solution. The algorithm A is often referred to as an approximation 

algorithm for TT with a factor of p. Similarly, for a minimization problem 77, an 

approximation algorithm A has a factor of p>  A(T)ZOPT(T). (For more information 

regarding optimization problems and approximation algorithms refer to [GJ79].)

Formann and Wagner studied the point feature labeling problem PFLP by showing 

that it is NP-complete in one of its simplest forms [FW9l]. (The reader is referred to 

[GJ79] for information regarding NP-Completeness or NP-Hardness). The problem was 

defined as follows: Given a set of points, assign each point an axis-parallel square label. 

Each square label must be placed such that the point feature it labels lies at one of its four 

comers. AU squares are of uniform size, and the edge length of the uniform squares is 

maximized (Figure 1.1(a)).
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(a) (b)

Figure LI Example of the discrete and sliding models.

0

Formann and Wagner also showed that it is NP-hard to approximate the optimal 

solution within a factor of two. In other words, unless P = NP, no polynomial-time 

approximation algorithm can guarantee a solution within 50% of the optimal solution. 

Formann and Wagner also presented one such 0(n log n) time algorithm [FW91],

Wagner next proved that it requires Q(« log n) time to reach this approximation bound 

[W94], Wagner and Wolff then presented heuristic algorithms with favorable empirical 

results [WW95].

The point-labeling problem of Forman and Wagner has led the way for several 

variations. One such variation is a labeling problem where labels are placed so that their 

corresponding point lies on their boundary. This new model is in contrast to the previous 

model where labels are restricted to a position so that their corresponding point lies at 

their comers. This more natural model has an infinite number of square placement 

candidates, and adds to the complexity of the discrete model. Doddi et al. was the first to 

introduce the problem in its combinatorial form [DMMMZ97] and presented a 

polynomial-time approximation algorithm. The new model has been named the sliding 

model [KSW99] and has received much of the map labeling focus for the last few years 

[DMMMZ97, KSW99, ZQOO, DMMOO].
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Another generalization to the problem of map labeling has been based on orientation. 

Three distinct problems have arisen based on orientations [DMMMZ97]: (i) free labeling; 

(ii) oriented labeling; and (iii) fixed-oriented labeling. Free labeling places no extra 

restriction on the orientation of the labeling squares. Oriented labeling restricts the 

orientation of squares to have a common orientation. And fixed-orientation labeling 

requires that all labeling squares have a common and pre-defined orientation.

Fixed-Onented Labeling

Figure 1.2 Example of the three orientation models.

Figure 1.2 shows a discrete labeling for each of the three orientation models. The 

first of the three problems, free-labeling model, was studied by Doddi et al. who found an 

approximation algorithm with a performance guarantee of about 36.6 [DMMMZ97]. The 

performance guarantee was first improved to 12.95 [ZQOO] and then to 5.09 [DMMOO], 

The second of the three problems, oriented-labeling model, was studied by Zhu and Qin 

who presented a factor-4 approximation algorithm [ZQOO].

Another variation to the map labeling problem was introduced by Kakoulis and 

Tollis who presented a heuristic algorithm for solving the problem of labeling point 

features with two labels [KT98b]. Poon and Zhu studied the problem labeling each point
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with two axis-parallel squares and presented a factor-4 approximation algorithm, which 

runs in 0(n  log n) time [ZP99], The performance guarantee was then improved to 3 

[ZQOQ] and then Qin, et al. further improved the results by presenting a factor-2 

approximation algorithm [QWXZOO]. Qin, et al. also proved it is NP-hard to 

approximate the label size beyond a constant factor 8 > \.

The problem of labeling points with two labels naturally leads to that of labeling 

point features with either three or four square-labels. The latter problem (labeling with 

four uniform squares) is trivial and not worthy of study. The problem of labeling point 

features with three squares, however, is interesting. It can easily be shown that for both a 

discrete and sliding model of this problem there is a lower bound of log n). We will 

now turn our attention to this problem. In the following section we give a definition for 

the problem of labeling a set of points with, three axis-parallel squares.

Definition of the MLUST Problem

We define the problem to be studied in detail throughout the remainder of this thesis. 

Map Labeling With Uniform Square Triples (MLUST). Given a set of points in thq 

plane, label each point with square triples (three uniform squares) of maximum size such 

that the following conditions are met.

(a) All squares are axis-parallel,

(b) All squares are of equal size, and

(c) No two squares intersect, except at their boundaries
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This general problem naturally leads to two more specific problems. The first, 

MLUST under the discrete model, restricts placement of each of the three square labels 

so that their corresponding point feature lies at a comer of each square label. The second, 

MLUST under the sliding model, restricts the placement of the three squares such that 

their corresponding point feature lies on the boundary of each square label (not 

necessarily at a comer). We will discuss both problems in this thesis.

It is easy to see that the first problem has a finite number of placement candidates.

In fact there are exactly four possible square triplet placements for each point feature. 

MLUST under the sliding model, however, has an Infipite number of possible 

placements, mid is the more complicated of the two. In the next section, we show that 

both variations of this problem have a lower bound of n(zz log n) time.

Lower Bound

It is an easy task to show that the MLUST problem under both the discrete and 

sliding models have a louver bound of Q.(n log »). The following is a reduction from the 

element uniqueness problem, which has a lower bound of Q(rz log n) under the algebraic 

computation tree model [SY82], Given a set of real numbers {x0, ..., Xn) the set contains 

only unique integers if and only if the MLUST problem for the point set {(z0, 0),..., (xn, 

0)} has a non-zero solution. In this thesis we present an optimal 0(« log n) time 

algorithm for the discrete model and an 0(rz3 log n) time algorithm for the sliding model.



7

Metrics and Definitions

In this section we specify the general metric to be used and define several terms that 

are needed for an understanding of the algorithms to follow.

Metrics

The U-distance between two points is the largest of the differences between their 

coordinates. (For more information regarding Loc-Inetric refer to [PS85]). Under our 2D 

model it represents max(fy2 ~ -*i|, Iyi -Til)- For two points, p, andpj, the distance between 

the two points using the L00-Inetric is denoted SJlpi, pj) (Figure 1.3).

d°°(Pi, Pj)

Figure 1.3 Example of SJlpi, Pj) and Smm(p„pj).

Similarly the distance dmm(p„ pj) is the smallest of the differences in the coordinates 

(Figure 1.3). Under our 2D model this represents min(|x2 -  x\\, [y2 -TiD- For a set of 

points S, the distance D00(S) will represent the closest pair of points using the L00-Inetric.

It is the minimum SUpi, pj) of any two points in S. It should be noted that finding D00(S) 

can be accomplished in 0{n log n) time using standard CLOSEST PAIR algorithms. One 

such algorithm is the divide-and-conquer technique detailed in Chapter 4.
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Sub-squares and Labels

For the MLUST problem, each point /?, e S  must be labeled with square triples. For 

the discrete model this implies that for each of the three square labels there are four 

possible candidates. We will call these four candidates sub-squares of/?,. To correctly 

label/)/ we must select three of the four sub-squares as labels so that they do not intersect 

with the labels (selected sub-squares) of another point.

Pressure and Force

Whenever two points, /?, and pj, have a pair of intersecting sub-squares, we say that 

the two points are exerting pressure on each other (Figure 1.4(a)). Point />, can then label 

three of its sub-squares in such a way as to relieve any pressure it has on pj (Figure 

I 4(b)), or pi can label three sub-squares so that it exerts force on Pj (Figure I 4(c)). In 

this last case, we say that pj accepts force from pt if it can label its three remaining sub

squares.

(a) (b) (c)
Figure 1.4: Example of pressure and force.
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. CHAPTER 2
I

' MLUST UNDER THE DISCRETE MODEL

Our algorithm for solving this problem has three major steps. First, we show that the 

optimal edge length is bounded both above and below. This is nepessary for obtaining 

linear-size graphs and keeping our solution within the 0(n log n) time requirement. 

Second, we show that given a set of points and a fixed edge length, we can determine if 

an acceptable labeling, exists in 0(ri) time. And finally, we show that for any set of points 

there are linear Candidates for the optimal edge length. A simple binary search for the 

largest acceptable edge length on the sorted list of candidates will result in an optimal 

0(n  log n) time solution. '

Linear Pairs of Concern

It is important for our algorithm when checking for sub-square intersections not to 

exhaustively check every pair of points. This would take at least O(V) time. Instead, we 

intend to only check a linear number of point pairs. We first show the optimal edge 

length, /opt, is bounded both above and below. Next we show that due to this bound 

there are only a constant number of points that could intersect any given point. Thus, 

there are a linear number of point pairs that could intersect each other. We will refer to 

this list of point pairs as pairs o f concern. This leads to our first lemma, which restricts 

the number of points that could intersect a given point to a constant number.
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Bounding Optimal Edge Length

Lemma 2.1 Dix(S)/! <10pt <Da(S)

Proof. By the definition OfD00(S) there must be two points, p, and Pj in S, such that AJph 

Pj) ~ D00(S). It is clear that if / > D00(S) there is no labeling for p, and pj that does not 

result in an intersection of labels, thus there is no acceptable labeling. Figure 2.1(a) 

shows a labeling of the closest two points in the set with I = D00(S). It is easy to see that I 

is optimal. Similarly, Figure 2.1(b) shows a labeling of two points where I = D00(S)^. It 

is clear that there is no labeling for the two points that could cause an intersection of sub

squares. Since these two points are the closest two points in the set, there can be no pair 

of points that have intersecting sub-squares. Thus, I = Da(S)H  must have a valid labeling 

and is the lower bound for /opt. ■

(a) / =D00(S) (b) I =D00(S)^

Figure 2.1 Example of the two points, p, and ph where d*(/>„ p() = D00(S).

Linear Number of Intersections

Lemma 2.2 For a set S there are only 24n point pairs that could intersect each other.

Proof. Using Lemma 2.1 it is easy to show that for a point, ph there are only a constant 

number of points whose sub-squares could intersect those of p,. From Lemma 2.1 we

know that two points, /?, and pj, where d„(/?,, pj) >2*1  cannot have intersecting sub-
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squares (refer to Figure 2.1(b) for an example). Also, remember that /oft ^ D00(S). 

Therefore, if (!<»(/?,■, pj) >2*  D00(S), the pair {pi,pj) cannot have intersecting sub-squares. 

This implies that if we draw a square, Q, centered at p, with edge length 4 * D00(S), then 

no point outside of Q could have an intersecting sub-square with /?,. Since all points must 

be at least D00(S) apart, we can pack at most twenty-four points within Q (Figure 2.2). If 

each point/?, can intersect with at most 24 other points, then there are at most 24« pairs 

that can have intersecting sub-squares. In Chapter 4 we present an algorithm for 

computing the 24« pairs of concern in 0(« log «) time. ■

4 * D=(S)

Figure 2.2 The maximum number of points within 2 * D00(S) of /?, is twenty-four. Each 
pair of points in the figure is minimum D00(S) apart.

Determining If An Acceptable Labeling Exists

Our next goal, is to show that given a set o f« points and an edge length, we can 

determine in 0(«) time if an acceptable labeling exists. Our strategy is to show that an 

acceptable labeling exists if and only if the intersection graph has no connected 

component that contains more than one cycle. We check for multiple cycles by creating a 

transformation graph with edges representing intersecting sub-squares and then use 

standard graph algorithms to check the transformation graph for multiple cycles.
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Transformation

Given a set S of n points and a real value I we define the transformation graph G{S, I) 

as follows. For each point in S, create a corresponding vertex in G. We then look at the 

sub-squares of edge length I for each point in S. Add an edge between two points in G 

whenever the corresponding points in S' have a pair of intersecting sub-squares. Ifa  pair 

in S  has two intersecting sub-squares, add two edges between the corresponding vertices 

in G (Figure 2.3). If a point in S has more than two intersecting sub-squares, then stop, 

the set S  has no acceptable labeling with edge length I.

Original Set Transformation Graph

Figure 2.3 Example of a transformation graph.

To be a disconnected component of G implies that the corresponding points of S are 

not close enough to have any intersecting sub-squares, and thus can exert no pressure on 

each other. It is easy to see that the labeling of disconnected components have no 

influence on each other. We can therefore label each connected component separately.

Acceptable Force

A point can accept force in at most one of its sub-squares. A point may, however, 

have pressure in several sub-squares. Ifpt only receives force in a single sub-square, thus 

destroying one of /Vs four sub-squares, it can still be labeled utilizing its three remaining
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sub-squares. If the point Pi receives force (not simply pressure) in two of its sub-squares, 

either from a single point or two separate points, it can no longer be labeled. It should be 

noted that no two points may exert force on the same sub-square of#  without either at 

least one of them also exerting force in a second sub-square ofp, (Figure 2.4(a)) or the 

two points having an illegal intersection of labels (Figure 2.4(b)). In either case no valid 

labeling exists. Therefore, p, can be labeled if and only if it receives force from at most 

one point.

,Pi

Pi Pk

Figure 2.4 A point may receive force in at most one sub-square.

Lemma 2.3 Any set ofpoints S can be labeled with square triples o f edge length I, if and 
only i f  no connected component o f the transformation graph G has more than one cycle.

Proof. We divide this proof into two parts. Part A will show that the set S’ can be labeled 

if its transformation graph G has no connected component with more than a single cycle. 

Part B will show that there is no labeling for S if G has a connected component with two 

or more cycles.

Part A: Any set S  whose transformation graph G has no connected component with 

more than a single cycle can be labeled. Figure 2.5 shows a correctly labeled set of 

points with one cycle.
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Pi

Pu

Figure 2.5 A component with at most one cycle has a valid labeling

In graph G, an edge represents pressure between two points in S. This implies that 

force may be exerted in either direction between the two points. It is easy to see that a 

connected component with no cycles can be easily labeled with the following procedure. 

Start at any leaf node, /?„ in the connected component. Exert force down every edge of p,, 

and move to the points receiving force. At each of these new points you also exert force 

outward down every edge, except the edge you arrived on. Since there are no cycles, we 

will never visit a point twice, and thus never exert force on a point twice. Any connected 

component with exactly one cycle can be labeled with the following procedure. Choose a 

point in the cycle, namely />,. Exert force from p, to the next point in the cycle, p,+i. At 

each new point continue to exert force following the cycle. When we arrive at the last 

point in the cycle,/7m we exert force from this point to our starting point, /7,. Each point 

in the cycle has now received pressure from exactly one point. If there are any other 

chains connected to the cycle, we simply exert pressure away from the cycle and follow 

the chains to their dead ends (leaf nodes).
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Part B: We now show that there is no acceptable labeling for S  if the transformation 

graph G contains a connected component with more than a single cycle. Figure 2.6 

shows a set of points with two cycles and no acceptable labeling.

Figure 2.6 A component with multiple cycles has no valid labeling.

It is obvious that due to the nature of a cycle, it must be labeled as described in Part 

A. Each point in the cycle must accept and exert force on another point in the cycle to 

obtain a loop. If there are multiple cycles they will each be labeled in this manner. Ifthe 

two cycles meet at a single point, there will be a violation at this point, as it will be 

accepting force from two separate points (one from each cycle). If the two cycles are 

connected with a chain, this will also create a violation. Since every point in the cycle 

has already received force, we must start at one cycle and exert force away from the 

cycle. As we continue exerting force down the chain, we will eventually reach the last 

point in the chain before the second cycle. The point we reach will be receiving force 

from both the chain and the second cycle and thus not have an acceptable labeling.
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Time Complexity

Determining if a given set and edge length has an acceptable labeling appears to take 

0(n  ) time. This is due to the fact that to create the transformation graph we must check 

every pair of points to see if there is a sub-square intersection. Remember, however, that 

we only need to check the at most 24» pairs that we found to fall within 2 * D00(S) of each 

other. Therefore, the transformation graph can easily be created in O(re) time. Checking 

for multiple cycles in 0(n) time is trivial using standard graph algorithms such as 

Breadth-First-Search ot Depth-First-Search [BP97],

Candidates for the Optimal Edge Length

We have Shpwn that a giyen edge length can be verified in linear time,. At this point 

one Would be tempted to create an approximation algorithm. We could perform a binary 

search on the real values between our upper and lower bounds fpr the optimal edge length 

to determine an approximate answer within any e value. We can, however, improve this. 

If we can show that there are only a finite number of possibilities for the optimal edge- 

length then we can run a binary search oh the sorted list of optimal edge lppgth 

candidates. The following lemma assures us that there are a linear number of candidates 

for the optimal- edge length.

Lemma 2.4 The size o f the optimal solution for the MLUSTproblem under the discrete 
model must be Dco(S)i dmin(pu Pj), or dafpu pj)/2.

The optimal solution, /opt, implies that if the length were any larger, two sub-squares 

would intersect at an interior point and cause a valid labeling to no longer exist. Ifany I
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>  /opt will cause an intersection of sub-squares at an interior point, then Zopt must 

currently be causing two sub-squares to intersect at their boundaries. There are only 

three possible edge length values for a given pair of points that can cause sub-squares to 

intersect at their boundaries. The three possibilities are I = cL( /?„ pj), I = AmJ p i, pj), and I 

= AJphPj)!!. Figure 2.7 illustrates each of these three possible values. It is also clear 

that since /opt ̂  D00(S) that if /opt = AJpi, pj), then by the definition of D00(S)1 it must be 

true that AJpi, pj) = D00(S). Without taking advantage of earlier properties, this seems to 

have left us with 2«2 + I possible values for the optimal edge length. Remember, that 

there are only at most 24« pairs of concern. These are the point pairs within 2 * D00(S) of 

each other. This leaves us with at most 48« + I possible values for the optimal edge 

length. All candidates for /0pt can be trivially found in linear time.

I -  doo(p-, Pj) I -  Cl00Cpi , pj)/2

I  -  dmmCpj, Pj )

Figure 2.7 Each pair of points contributes at most three candidates for /opt

Theorem 2.1 For any set o f points S, finding the largest possible edge length for the 
MLUSTproblem under the discrete model can be done in 0(n log n) time.
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Proof. Our proof has now been reduced to a series of steps. First3IvefindD00(S). This3 

along with our next step, can be completed in 0(n  log n) time using a modified version of 

the divide-and-conquer algorithm for the CLOSEST PAIR problem [PS85]. We detail 

the algorithm in Chapter 4. Next3 find all point pairs (at most 24%) where d jp hpj) < 2 * 

D00(S). Once we have obtained a list of points of concern we use the list to determine all 

candidates for /opt- We sort the / opt candidates. And finally, we run a binary search on 

the /opt candidates (checking each candidate to determine if the gi ven length is 

acceptable) to find the largest acceptable value. Our binary search, 0(log n) in 

conjunction with checking if the edge length is valid takes 0{n log n) time. This and the 

sorting step are our slowest step which presents us with an optimal 0(n  log n) time 

algorithm for solving MLUST under the discrete model.
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CHAPTERS

MLUST UNDER THE SLIDING MODEL

In this section we present an 0(n3 log n) time algorithm for the MLUST problem 

under the sliding model. For the sliding model each square label is placed so that the 

point feature it labels is located on its boundary. This is in contrast to the discrete model 

where each square label must be placed so that its corresponding point lies at one of its 

four comers. The nature of the sliding model, however, does require that at least two of 

the square labels be placed with their corresponding point at their corners. We call these 

two square-labels base labels, and the third square-label will be the sliding label. It 

should be noted that although the sliding label need only be placed with the point on its 

boundary, it could be placed with the point at a comer.

We follow the same general algorithm as for the discrete model. We begin by 

showing that for any set and a fixed edge length, we can decide in polynomial time if an 

acceptable labeling exists. Next, we show that for any set there are a polynomial number 

of possible candidates for the maximum edge length. And finally, running a binary 

search on the sorted list of candidate yields the optimal solution in polynomial time.

Determim'ng.if an Acceptable Labeling Exists

Unfortunately, for the sliding model we cannot simply have a lemma similar to 

Lemma 2.1. Unlike the discrete model, there may be a labeling for a series of 

consecutive points which will break a cycle or chain. We must derive a procedure to
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handle this more complicated situation. In the following section we give an example of a 

series of points that break a cycle.

Cycle Breaker

Assume we have three continuous points in a cycle. In the discrete model force 

would perpetuate through the cycle from p iA to p, and then from p, to /?,+,. In the sliding 

model, however, it is possible for to be labeled in such a way so as to accept force from 

Pi-\ without exerting any force top,+\ (Figure 3.1). This implies that p, could accept force 

from both pi.\ and p,+\ and still have a valid labeling. If such a series of points exist, we 

call it a pressure-releasing series. It should be noted that a pressure-releasing series 

could be any number of consecutive points. It is clear that this is a different situation 

from the discrete model where we showed that a point could accept force from no more 

than one other point.

Figure 3.1 A pressure-releasing series 

Minimum Labeling

Before we proceed with our labeling procedure, we pause for a definition. A 

minimum labeling is a labeling for a point that minimizes the amount of force it exerts to 

one of its neighbors, that is, the labeling for a point so that the area of intersection
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between its labels and the sub-squares for one of its neighbors is minimized. Assume we 

have three consecutive points of intersection, p„ pp and pk. I f#  accepts force from p, 

there is a single labeling for p} that minimizes the amount of force it exerts on pk. We 

refer to this as the minimum labeling ofp} with respect to pk. To create the minimum 

labeling we first choose the base labels to be the two sub-squares o f#  that are not 

intersected by either #  or pk. Next we choose the sliding label of#  so that it intersects 

the force-generating label of#  at its boundary. Figure 3.2(a) demonstrates a labeling of 

Pj that is accepting force from #  and exerting minimum force to pk. It should be noted 

that i f #  and pk are intersecting diagonal sub-squares of#  (Figure 3.2(b)) then there is no 

real minimum labeling for#  with respect to pk. This is because for #  to accept the force 

from Pi then #  must label the diagonal sub-square from #  as one of its base labels. Thus 

any labeling that accepts force from #  will exert the same amount of force to pk.

Figure 3.2 Minimum pressure 

Starting Position

A starting node is a node that has a pre-determined list of labeling configurations, 

such that if the set has a valid labeling then the starting node can be labeled in at least one
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of these pre-determined labeling configurations while still maintaining a valid labeling 

for the set.

Lemma 3.1 I f  a set S has a valid labeling, then there must exist a starting node, p, such 
that there is a valid labelingfor S with p  labeled in a manner that minimizes the pressure 
it has with respect to one o f its unlabeled neighbors.

The minimum force explained earlier shows that for a point receiving force we only 

need to be concern with O(I) possible labeling configurations. With our initial point, 

however, this is not true. Our initial point is not receiving force from any other point and 

does not have prior knowledge about the force that will be generated to it. It is clear from 

Figure 3.3 that the pointPi has only one possible labeling that will allow the set to have a 

valid labeling. If we were to start at point />, we would not be able to determine this 

labeling. It is not exerting minimum force to any of its unlabeled neighbors. How then 

can we start at /?,, since it has an infinite number of possible labeling configurations? The 

answer is we cannot. Note, however that at each end of this pressure-releasing series 

there are points that are labeled in minimum force manner. That is they are labeled in a 

manner as to generate minimum force to one of their unlabeled neighbors. If we could 

find one such point then we could choose that point as our starting position.

Figure 3.3 A point,/?,, that cannot be a starting point.
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In searching for a starting position we cannot simply choose the end point of a '

pressure-releasing series, as it might be a member of another series of pressure-releasing 

points. We note, however, that a pressure releasing series will always lie in a vertical or 

horizontal manner. At each end of a. horizontal series of points we may run into a vertical I

series, and at each end of the vertical series we may likewise run into a horizontal series. ;

It is obvious that with a finite set of points we must have either an.erid point or a comer.

At either an end point or a comer will be ain acceptable starting node. Thus, although We 

cannot find a starting node by testing a constant number of nodes, we know that if a valid 

labeling exists then the set must contain at least one acceptable starting node. We 

therefore rely on this fact and try each point as a starting node. We end when we have 

found a valid labeling for the set or have exhausted all points as starting nodes.

Labeling Procedure

We now discuss the actual procedure used to determine if an acceptable labeling
.  i

exists for a given set and edge length. The limited branching procedure follows the same 

general format that was used by A. Shamir et al. in {EIS,76] to solve problems resembling 

the 2-SAT problem.

We begin by selecting a point, p u as our initial position and marking the node as the 

decision node. Next, we choose a minimum labeling for p t with respect to one of its 

neighbors. We then traverse the graph following the minimum force that must be 

generated from our current labeling. At each point with a single minimum labeling, we 

label the point, mark the point as temporary, and continue to follow any force. Ifwe
■v

reach a point pj that has multiple minimum-labeling configurations then we exert '
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minimum force to each of its neighbors. That is we choose each neighbor, and we 

determine the minimum labeling of pj with respect to pk while still withstanding the 

incoming force. We then exert this determined force to ̂  and continue. Ifwe reach a 

point that has no acceptable labeling then our last decision (the labeling configuration 

made at pi) is unacceptable. We backtrack Io p i arid remove all temporary nodes. W.e. 

then choose a different minimum labeling for pi and repeat the process. If, after choosing 

some minimum labeling for p, and following all force, we reach a state such that no poirit 

has been labeled in an unacceptable manner, then we proceed to the next decision node. 

That is we mark Pi and all temporary nodes as permanent, move forward to pj, and mark it 

as our new decision node. If after continuing with the procedure we find ourselves at a 

state in which all nodes have been labeled in an acceptable manner, then stop, an 

acceptable labeling exists. If after trying all miriimuniTlabeling configurations for a 

decision node without success, then no acceptable labeling exists for the chosen starting 

point. We then choose a different starting node and repeat the entire process. If after 

trying each node as our starting node, ho acceptable labeling is found, then no acceptable 

Iabelitig exists for the given set and edge length.

Correctness of Our Labeling Procedure

It is not directly apparent that our algorithm always fitids a valid labeling 

configuration, if one exists, We now attempt to explain the correctness of the previous 

procedure. To be confidetit in our algorithm we must show that if a set has a valid 

labeling then at any decision node a valid choice exists. It is obvious that if at each
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decision node we have a valid choice, we will eventually end when every decision node 

has been decided and the entire set has been labeled correctly.

At each decision node (excluding the starting point) we have a binary decision, 

that is, there are only two possible minimum-labeling configurations. In Figure 3.4, point 

Pj is our decision node. It is accepting force from the previously labeled p, and will either 

be labeled with a minimum labeling with respect to pk (Figure 3.4(a)) or with respect to pi 

(Figure 3.4(b)).

Figure 3.4 Each decision node is binary.

Whenever minimum force is exerted in one direction, maximum force is generated in 

the opposing direction. We can therefore just as easily view the choice as in which 

direction we exert maximum force.

It is also important to understand that each decision must be made regardless of the 

incoming pressure, that is, in Figure 3.4 maximum force will be exerted to pk or pi 

independent of the incoming force from /?,. Although the incoming force does not affect 

the maximum force that will be generated, it is this incoming force from that will 

determine the extent of the minimum force to be exerted in the alternate direction.
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Hence, if there was no incoming force from p t due to eaflipr decisions then we would still 

need to send maximum fprce in one direction, but we would exert no force in the other 

direction. Because of the incoming force from Pi we must exert some minimnm force in 

the alternate direction that we send maximum force.

Assume set S  has a valid labeling and we are at decision node p h Asbume also that 

we choose to exert maximum force in direction A and, after following the subsequent 

force, we arrive at a point,#, that has already been added to our permanent list due to an 

earlier decision. It is impossible at this point for force to be exerted to #  that will cause 

an invalid labeling. This is because if a path from p { to pj exists such that force generated 

from pt will cause an invalid labeling of # ,  then when #• was originally labeled it would 

have generate force to #  and #  could not be our current decision node. This implies that 

if a choice is invalid it can only be invalid due to points that have not already been 

labeled. Therefore previous decisions have no effect bn whether our current decision 

node has a valid choice. If the set Shas an acceptable labeling then Our current decision 

node must have a valid choice,

Time Complexity

The procedure has a time complexity of 0(n ). The important step in creating a 

polynomial time algorithm is that after each decision we enter it into our permanent list 

where it will never be changed. It is obvious that for a given starting point each node 

may only be a decision node once. It is also true that with each subsequent decision the 

minimum force to check for validity will take at most 0(n) time. Each node has 0(1)
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decisions (actually only two) and thus the algorithm will run in 0(n2) time for a given 

starting position and 0(n3) time to try each node as the starting position.

Lemma 3.2 Given a set S and edge length /, it can be determined in Ofn3 log n) time i f  an 
acceptable labeling exists.

Candidates for the Optimal Edge Length

We now show that the number of possible candidates is 0(«3). As with the discrete 

model one possibility for /opt is D00(S). It also remains true that for each pair of points 

dnun(p/, pj) is a candidate for /opt (For an explanation of why these distances are 

possibilities for / o p t ,  refer to Chapter 2). Unlike the discrete model, however, we have 

several additional possibilities. Due to the ability of the sliding label, there can be any 

number of consecutive points whose sliding labels intersect at their boundaries. These 

consecutive points will have two end points,/?/ and pj, which are dUPhpj) apart (Figure 

3.5). We can no longer be satisfied to check only the points within 2 * D00(S) of each 

other. We must now check every pair of points, which is 0(n2). And for each pair of 

points we must check d fp , ,pj)lk, where I <k<n.  The result is O(n)  possible candidates 

for /opt and a time complexity of 0(»3).

Pi+1

Pi+k Pj

Figure 3.5 A series of consecutive labels intersecting at their boundaries.



28

lem m a 33  The size o f the optimal edge length for the MLUSTproblem under the sliding -
mode/ mw# ord ^ ^ Z X ; iw/zang /jgVrjgVt

We now have all the pieces necessary to present our theorem for the MLfJST 

problem under the sliding model.

Theorem 3.1 For any set ofpoints S, finding the largest possible edge lengthfor the 
MLUSTproblem under the sliding model can be done in 0(n3 log n) time.

Once again our proof has been reduced to several simple steps. First, we find D00(S), 

which can easily be done in 0(n log n) time as described in Chapter 3. Next, we find the 

distances dmm(p/, Pj) and (XJpi, p flk, for I <k <n. These are the candidates for the 

optimal edge length and cap be found in 0(«3) time. We then sort the candidates for /opt, 

which will be out slowest step and take 0(n log n) time. And finally, we run a binary 

search pn the candidates for / o p t ,  finding the true value of / 0 p t .
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CHAPTER 4 

IMPLEMENTATION

A practical solution in terms of implementation is not always easy to obtain directly 

from a theoretical solution. For the MLUST problem we are fortunate to find our 

solution can be implemented with minimal changes.

Upper Bound

In an implementation of the MLUST problem it is quite natural that we will be 

concerned with borders. Certainly in. labeling a map we do not want any labels to be 

placed in such a manner that a portion of the label is outside of the viewing range. To 

avoid a label being placed in this manner we must calculate the shortest distance between 

a point and an edge. We will denote this distance as NE (nearest edge)! It is obvious that

for an acceptable labeling to exist, the edge length of our square labels cannot exceed NE.
%

Therefore, our upper bound for /opt will be min(NE, D00(S)). The following example 

shows an implementation of the MLUST problem calculating the range for / o p t -

Figure 4.1 shows the result of calculating D00(S). The two points that are closest to 

each other have each been given a small halo. Their sub-squares have also been display 

so that one can visually see why this is an upper bound for /opt- This distance of 43 units 

is an upper bound for the set of points.
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MLUST C iu n ch er

£ fe  Piopeities Tools Help

HIbI E3
R A N G E - a 43)

m
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*2
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'10
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The iange of possible values to  the optimal edge length is bounded above by the distance (43 units) between the closest par of 
points (blue halos). You can see that if the edge length weie any Iaigei it would be impossible to label Ihiee sub-squaies t o  each  of 
these two points without an inteisection. The menu bat shows the iange foi the optimal edge length.

Figure 4.1 Closest pair of points.

Figure 4.2 shows the result of calculating NE. The point that is closest to an edge 

has been given a large halo and is displaying its sub-squares for the edge length NE. It is 

obvious that if the sub-squares were any larger, it would be impossible to label three of 

its sub-squares without having at least one label outside of the viewing area. Since this 

distance of 33 units is smaller than D00(S) (43 units) the new upper bound for this set of 

points is updated to 33 units.
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M LlIST L iu n ch e r

Fte PiopertBs lo o ts  Help RANGE -  (22,33)
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Also note that the optimal edge length must not be greatei than the distance from any point to an  edge. So if the nearest edge (33 ,
units) is smaller than out current maximum distance (43 units), then we must change the maximum bound to this distance. If this causes Next 
out maximum bound to be smaller than out minimum bound, then out minimum bound becomes equal to our maximum bound. — I

Figure 4.2 The point nearest an edge.

It should also be noted that if NE is smaller than Daa(S)/! (lower bound) then we 

must update the lower bound to be NE. This would imply NE = /opt.

Finding DyES1) and Pairs of Concern

Remember that from our earlier discussion of the MLUST problem, under the 

discrete model, we are only concerned with point pairs within the upper bound for /orr of 

each other. The algorithm described in this section is used to find all values that are 

within a certain range, R, of each other under the Loo-metric. Whenever we talk about 

distances in this section we are referring to the distance under the Loo-metric. The
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algorithm has a time complexity pf optimal 0(n  log n). It is a modified version of the 

divide-and-conquer algorithm explained in [PS85] for finding the CLOSEST PAIR in a 

2D set. It assumes prd-processing includes generating a list of the points sorted 

according to their x-coordinate. The algorithm is as follows:

1. Divide the set S  into two equal size sets, S\. and according to the vertical 

median line, M.

2. Find all point pairs within R of each other in Si and S2 recursively.

3. Let Pi be the set of points in ,Si that are within R of the dividing line M  Let 

Pi be the corresponding subset of S2 (Figure 4.3). Project Pi and P2 onto M  

and sort them according to their y-coordinates to obtain the sorted lists P 1* 

and P2* respectively.

4. Search for any pair with one of the points in P 1 and the other point in P2 that 

are within R of each Other. We find these pairs with the following technique. 

Scan each point in P 1*. At each point,p h in P 1* calculate the distance fromPi 

to any point, pj, in P2* that is within R of p t in the y-direction. If <XJpu pf) < R 

the pair is included.
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.  R . ,  R .

#

#

#

Pi P2

M

Figure 4.3 Points within R of the dividing line.

Note: As we scan each point in P i*, the pointer for P2* may move up and down, but 

will never need to go beyond R in either direction. There can be at most 15 points in P2* 

within R of any point in Pi* (Figure 4.4). The algorithm is easily accomplished in 0(n 

log n) time.

R

R

Figure 4.4 The maximum number of points within R ofpt.

The algorithm described is also used for computing D00(S). The only modification is 

that R becomes a variable that holds the distance between the current closest pair.
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Finding the Optimal or Approximate Solution

In our algorithm we find all possible values for Zopt and store them. For the discrete 

model this is easily done ih O(Vz) time with O(Vz) storage. Under the sliding model, 

however, it takes 0(zz3) time and 0()z3) storage. For both models the slowest step for our 

algorithm is sorting this list of candidates.. In many cases it may be to our advantage to 

approximate the solution and avoid creating and sorting this list. We can easily 

approximate the answer with a binary search using the upper and lower bounds for the 

optimal edge length as our initial upper and lower values. Looping through our binary 

search k times yields us a solution that is kl{k+ \) of the optimal solution. In other words, 

it will guarantee a solution within s of the optimal solution where k  = Iog2 (Dro(S)Zs) -  I.

It is also important to note that in most graphical visualizations, we will be dealing 

with pixels. In.this case, there is no advantage in finding the candidates for the optimal 

edge length. In a graphical display that uses pixels, all distances must be an integer 

value. Therefore, there are a finite number of possibilities for the optimal edge length, 

and thus the optimal edge length must be an integer value between the upper and lower 

bounds. In Figure 4.5 we have successfully labeled the set of points with a distance of 36 

units. The upper bound for the set is 48 units and the lower bound for the set is 24 units. 

Our graphical display limits us to using integer distances and we can simply run a binary 

search on all integers between the upper and lower bounds to obtain the optimal edge 

length.
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Ml.IJST C runcher

Fite properties lo o ts
. . . __________

RANGE «(24,48)
_______

1*03 B

____________

W e follow the pressure g e n aa te  by p o r t  I and label point 0.

Figure 4.5 An acceptable labeling for a pixel based display.
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CHAPTER. 5

CONCLUDING REMARKS

There is still much to be done-in the area of point feature labeling and more 

specifically in the area of multi-label point feature labeling. Dan the gap between the 

0(n3 log n) upper bound and the Q(n log n) lower bound for the sliding model be 

reduced? What improvements could be made to lower the time complexity for the 

algorithm presented for the sliding model in this thesis?
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