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Abstract:
This study provides a preliminary look into the process of mathematical problem solving within small
groups in an online environment, and distinguishes the behaviors of individuals and groups involved in
effective collaborative problem solving via computer-mediated communication.

The subjects of this study included four groups of three middle school teachers enrolled in a
mathematical content course in which the primary format was group problem solving with
communications mediated by computer. Data was collected by observing and performing a content
analysis on transcripts of online problem-solving protocols, and coding messages along four
dimensions - (a) participative, (b) social, (c) interactive, and (d) heuristic episode - using a framework
developed by the researcher. Problem-solving success was measured by group achievement on the
assigned problem-solving task as determined by an analytical rubric.

Several important conclusions emerged concerning computer-mediated collaborative problem solving.
The primary observations related to the ways in which groups communicated and participated. The data
indicated that the most effective group not only participated more, but also socialized less, interacted
more, with more task-specific content and more interactions related to solving the problem.
Additionally, this group collaborated throughout the problem-solving process in a recursive nature,
working to understand the problem, develop a plan, execute that plan, and verify the results, and
revisiting each of these heuristic stages. This study also illuminated several issues related to the use of
technology for collaborative problem solving. Evidence pointed to the choice between asynchronous
and synchronous modes for communication as the primary determinant in the amount of participation
and the amount and type of interactivity amongst members. While asynchronous messages tended to
contain more lengthy messages with multiple units of meaning, the messages were few, and the
communication between group members was highly non-interactive and appeared to do little to
advance group problem-solving efforts. In contrast, the synchronous mode was much more interactive
in nature and appeared to promote much greater collaboration.

In conclusion the author includes several suggestions for promoting effective collaboration and
successful problem-solving groups; they include communication requirements and guidelines, and
considerations for group composition and task characteristics. Additionally, the author suggests several
ideas for future research. 
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ABSTRACT

This study provides a preliminary look into the process of mathematical problem solving 
within small groups in an online environment, and distinguishes the behaviors of 
individuals and groups involved in effective collaborative problem solving via computer- 
mediated communication.

The subjects of this study included four groups of three middle school teachers enrolled 
in a mathematical content course in which the primary format was group problem solving 
with communications mediated by computer. Data was collected by observing and 
performing a content analysis on transcripts of online problem-solving protocols, and 
coding messages along four dimensions -  (a) participative, (b) social, (c) interactive, and 
(d) heuristic episode -  using a framework developed by the researcher. Problem-solving 
success was measured by group achievement on the assigned problem-solving task as 
determined by an analytical rubric.

Several important conclusions emerged concerning computer-mediated collaborative 
problem solving. The primary observations related to the ways in which groups 
communicated and participated. The data indicated that the most effective group not only 
participated more, but also socialized less, interacted more, with more task-specific 
content and more interactions related to solving the problem. Additionally, this group 
collaborated throughout the problem-solving process in a recursive nature, working to 
understand the problem, develop a plan, execute that plan, and verify the results, and 
revisiting each of these heuristic stages. This study also illuminated several issues related 
to the use of technology for collaborative problem solving. Evidence pointed to the 
choice between asynchronous and synchronous modes for communication as the primary 
determinant in the amount of participation and the amount and type of interactivity 
amongst members. While asynchronous messages tended to contain more lengthy 
messages with multiple units of meaning, the messages were few, and the communication 
between group members was highly non-interactive and appeared to do little to advance 
group problem-solving efforts. In contrast, the synchronous mode was much more 
interactive in nature and appeared to promote much greater collaboration.

In conclusion the author includes several suggestions for promoting effective 
collaboration and successful problem-solving groups; they include communication 
requirements and guidelines, and considerations for group composition and task 
characteristics. Additionally, the author suggests several ideas for future research.
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CHAPTER I

PROBLEM STATEMENT AND REVIEW OF THE LITERATURE

Introduction

Though the nature of educational activities and discourse distinguishes a variety 

of learning environments, perhaps no form of education is so significantly defined by its 

choice of communication medium, as is distance learning. As the principal link between 

students and their instructors, communication technologies play a central role in shaping 

the practice and character of distance education. While past advancements in 

communication have affected the delivery of course materials, nothing has so 

dramatically altered the relationships between students, teachers, and the activities that 

take place in distance learning as the advent of online technologies (Kahle, 2000). The 

traditional model of distance learning was a one-way approach that placed emphasis on 

independent study, supported by well-developed learning materials (Verdejo & Cerri, 

1994). The isolation of this model excluded learners from valuable learning activities 

such as information sharing, interaction and collaboration. In a discipline such as 

mathematics where conceptual knowledge and mathematical know-how are often 

difficult to acquire from textbook alone, this isolation was quite detrimental. Fortunately, 

the rapidly increasing availability and use of online technologies such as computer- 

mediated communication have provided a solution to this problem. Computer-mediated 

communication as defined by Ebbelink (1999), refers to the exchange of information, 

including text, graphics, images, audio and video, between persons by way of computer
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' networks. The exchange of information can be synchronous (real-time), or asynchronous 

(people communicating at different times), and includes, among many others, systems 

such as e-mail, bulletin boards, and computer conferencing. Computer-mediated 

communication facilitates the interaction between spatially separated learners so that 

students in remote places can potentially benefit as if they were in a classroom with 

peers. It offers new facilities and opportunities to improve the collaborative aspects of 

learning without reducing individual flexibility (Kaye, 1992). As a result of this 

technology, valuable learning activities such as collaborative problem solving have seen 

growing use and attention in teaching mathematics at a distance.

While extensive research has shown that collaborative learning and problem 

solving are effective means for increasing student knowledge in mathematics, and 

developing key problem-solving skills such as metacognition and cognition (Curcio Sc 

Artzt, 1998; Schoenfeld, 1987), research on online collaborative activities is still 

relatively limited. Mason (1992), in a review of research and evaluation methodologies 

for computer-conferencing applications, found that a majority of the literature consists of 

descriptions of applications, and that most existing studies stop with quantitative analyses 

of things such as who sent messages, number and time of logons, and message maps 

showing the links between messages and the number of replies. In addition, even fewer 

studies have investigated the nature of learning mathematics collaboratively online. 

Unfortunately, the ability to communicate via computer does not guarantee a worthwhile 

learning experience or even collaboration. In fact, theories of what constitutes true 

collaboration and quality work in this medium still remain uncommon (Newman, Webb,
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& Cochrane, 1995) and must be considered. For this reason, current research efforts are 

beginning to focus on the analysis of online conference content, specifically to identify 

characteristics of quality learning experiences in areas such as collaborative mathematical 

problem solving. This study contributes to the critical and still small body of research on 

this topic.

Statement of Purpose

This study provides a preliminary look into the process o f mathematical problem 

solving within small groups in an online environment, with the goal of distinguishing the 

behaviors of individuals and groups involved in effective collaborative problem solving 

via computer-mediated communication. Specifically, the purpose of this study is to 

develop and utilize a framework for coding the participative, social, and interactive 

behaviors of students in these groups throughout different stages of the problem-solving 

process, and to analyze, characterize, and describe the impact of these behaviors on the 

quality of the collaborative learning experience and the success in problem solving.

The aim of the study may be succinctly expressed through three main questions:

1. What behaviors do small groups, using computer-mediated communication, 

exhibit in terms of participation, and interaction -  social and otherwise -  

while involved in collaborative mathematical problem solving?

2. Is there evidence of characteristic online interactive behaviors that enhance or 

diminish the quality of collaboration within a group?
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3. Is there evidence of characteristic structures in the groups’ collaborative 

behavior that lead to problem-solving success or problem-solving failure? .

Significance of the Study

As we enter the 21st century, the use of online technologies in education continues 

to grow rapidly. The Internet has quickly changed from a convenient tool for gathering 

resources to an opportune medium for delivering courses to countless students in distant 

places. Computer-mediated communication has provided an ideal solution for 

overcoming time and space gaps in distance education (Kaye, 1992). Along with the 

benefits it provides, however, computer-mediated communication changes the nature of 

learning activities. In fact, research has revealed that face-to-face communication and 

interactions differ significantly from asynchronous and even synchronous computer- 

mediated communication and interactions (Levin, Kim, & Riel, 1990). This evidence 

points to potentially critical implications for activities in which communication and 

interaction are essential practices. For example, in education, the verbal communication 

in peer discussions is the key feature of collaborative learning strategies (Higgins, 1991). 

Within the new medium, communication is most often written. In addition, peer 

interaction in collaborative learning activities, which is naturally synchronous in the face- 

to-face mode, is oftentimes asynchronous with the use of computer-mediated 

communication. Synchronicity may be a critical feature of peer interaction and an 

important component in the developing theories of the social construction of knowledge 

as they pertain to collaborative learning. On the other hand, asynchronous
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communication may produce exchanges of richer intellectual quality than those resulting 

from immediate face-to-face dialogue (Levinson, 1989), and may improve group problem 

solving (Higgins, 1991). Consequently, educators are finding it necessary to reevaluate 

theories of teaching and learning within this new environment.

In the realm of educational computer-mediated communication, most existing 

studies have merely investigated general issues of collaboration. Surface questions 

relating to online collaboration, such as amount or patterns of participation and 

participant satisfaction, have been successfully answered (Levin et al., 1990). Although 

important, these questions mask important aspects of what is happening in a computer- 

mediated communication environment. For example, message maps can reveal the 

existence of extensive and complex webs of interactivity within a conference, but have 

only a limited significance without information about the content of those messages and 

the perceptions and intentions of the users at the time the messages were sent (Kaye, 

1992). Indeed, few studies have focused on the types and quality of interactions and the 

quality of the learning experience in online collaborative groups. Mason (1992) 

suggested expanding research to include educational goals such as critical thinking, deep 

understanding of content or broad awareness of issues, and sent out an appeal for 

evaluators “to take up the challenge of content analysis both as a key to increasing the 

professionalism of the field and as the essence of the educational value of the activity” (p. 

115). Mathematics educators have much work to do in this arena. Very few studies have 

explored the process of computer-mediated collaborative learning in mathematics, with
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even fewer focusing on the quality of collaborative mathematical problem solving in this 

medium.

A specific concern to mathematics educators is the impact of computer-mediated 

communication on collaborative problem solving in the online environment. Since the 

publication of the National Council of Teachers of Mathematics’ (NCTM, 1989) 

Curriculum and Evaluation Standards fo r  School Mathematics, mathematics educators 

have continued to move toward a more collaborative approach. Research on the effects 

of collaborative learning on achievement outcomes has largely been positive (Webb, 

1991). In particular, the collaborative approach has proven to be quite effective for 

improving mathematical problem-solving ability. Still, while a large amount of literature 

exists on mathematical problem solving and collaborative mathematical problem solving, 

nearly all of the existing studies focus on this process in a face-to-face environment.

With the inevitable continuing growth in the use of online courses, researchers must now 

focus on identifying the nature of any similarities or differences that the process in the 

online medium might have with that in the face-to-face environment in order to make the 

most effective use of distance technologies and to determine the best ways to support and 

facilitate effective collaborative problem solving within the changed environment. First, 

though, fundamental questions about the nature of computer-mediated collaboration for 

mathematical problem solving must be addressed. Central to these questions is the need 

to determine how students collaborate or even if they collaborate during online group 

mathematical problem-solving exercises. It is quite possible that students might come 

together only to delegate individual subtasks, then again only to compile results. This

"N .
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type of behavior would not be considered collaboration. On the other hand, students may 

work jointly through each stage of problem solving -  analyzing the problem together, 

planning, executing, and verifying the solution. While student behavior probably falls 

somewhere between these two extremes, it is important to determine where it falls and 

also the effect of this behavior on the success of group problem-solving efforts. Indeed, 

prior to this study, there were no studies that analyzed and classified the participative, 

social, and interactive behaviors occurring during computer-mediated collaborative 

mathematical problem solving, thereby bridging the gap between the existing knowledge 

of collaborative mathematical problem solving in the face-to-face mode and the newest 

findings on collaborative learning in the distance-learning realm.

In the context of these issues and problems, this thesis represents an effort to 

provide initial insight into the process of computer-mediated collaborative mathematical 

problem solving, and to address the fundamental issues regarding the definition of 

effective online collaboration, by furthering the understanding of individual and group 

behaviors occurring in small groups solving mathematics problems. Specifically, it 

examines the collaborative characteristics, in terms of participative, social and interactive 

behaviors of these students in relation to the problem solving process, and considers the 

implications of these behaviors on the success and failure in problem solving and the 

quality of collaborative learning experiences, thereby shedding light on how to instruct 

and promote more successful collaborative mathematical problem-solving groups within 

the online medium.
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Definition of Terms

For the purpose of this study, the following terms are used:

I- Computer-mediated communication: Communication between persons by 

' way of computer networks.

2. Collaborative problem solving: A mutual engagement of participants in a 

coordinated effort to solve a problem together.

3. Computer-mediated collaborative problem solving: Collaborative 

problem solving via computer-mediated communication.

4. Problem-solving groups: Small groups of students, joined for the purpose 

of collaborating toward the solution of a mathematical problem.

5. Message: A communication sent from one member of a group to other 

members of that group.

6. Unit of Meaning: Statement(s) or question(s) to communicate the thing 

one intends to convey.

7. Participative Behavior: The total contribution of an individual or group in

the process of collaborative mathematical problem solving. This behavior 

is quantified by the number of messages sent and units of meaning 

contributed. ?

a. Overall Participation: The total number of units of meaning 

contributed.

b. Task-Specific Participation: The total number of units of meaning 

related to formal content or process of online problem solving.
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8. Social Behavior: Contributions of an individual or group not related to 

formal content, subject matter or collaborative process of the group.

9. Interactive Behavior: Mutual and reciprocal contributions of an individual 

or group (e.g. statements, questions, or comments that receive response, or 

that are made in response to other statements, questions or comments) 

during the process of collaborative mathematical problem solving.

a. Task-specific Interactions: Interactive statements, questions or 

comments directly related to the learning activity. Within this 

study, task-specific interactions include problem-solving 

interactions and other interactions.

i. Problem-Solving Interactions: Interactions related to the 

formal content or process of problem solving.

ii. Other Interactions: Interactions related to the use of the 

technology, or to the process of online collaboration.

10. Non-Interactive contributions: Statements or questions relating to the 

subject under discussion, but which are not in response to another 

message, and which do not lead to any further statements or questions.

11. Heuristic episode: A period of time during which an individual or group 

is engaged in one large task, such as analyzing the problem, exploring the 

problem, or verifying the solution. For the purpose of this study, there are 

four heuristic episodes: orientation, organization, execution, and

verification.
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a. Orientation: The stage of problem solving during which strategic 

behavior to assess and understand a problem occurs.

b. Organization: The stage of problem solving during which 

planning of behavior and choice of actions occurs.

c. Execution: The stage of problem solving during which regulation 

of behavior to conform to plans occurs.

d. Verification: The stage of problem solving during which 

evaluation of decisions made and of outcomes of executed plans 

occurs.

Review of the Literature

This study investigates the process of collaborative mathematical problem solving 

in an online environment in order to characterize the participative, social, and interactive 

behaviors of small groups of students throughout the problem-solving process, and to

describe the impact of these behaviors on the quality of the collaborative experience and
X

the success or failure in problem solving.

. The following discussion reviews the research literature that provides a theoretical 

background for the study and informed the stated purpose of inquiry. The areas of 

research include mathematical problem solving, collaborative mathematical problem 

solving, computer-mediated communication, and collaboration via computer-mediated

communication.
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Research on Mathematical Problem Solving

Problem solving has a special importance in the study of mathematics. A primary 

goal of mathematics teaching and learning is to develop the ability to solve a wide variety 

of complex mathematics problems. So, what is problem solving? “Problem solving,” 

although a frequently used term, and a practice that continues to see increasing use and 

recognition for its importance in mathematics education, remains without a clear, 

universal definition. In fact, mosiexercises of problem-solving research have made some 

attempt to define mathematics problem solving. Yet, sometimes words fail. Most people 

resort to a few examples and a few non-examples (Wilson, Fernandez, & Hadaway,

1994). For this reason, when two people talk about mathematics problem solving, they 

may not be talking about the same thing. A problem, as defined by Krulik and Rudnick 

(1988), is a situation, quantitative or otherwise, which an individual or a group of 

individuals confronts, that requires resolution, and for which a readily apparent solution 

path does not exist. Typical activities that are considered as mathematical problem 

solving include finding solutions to word problems, creating patterns, interpreting 

figures, developing mathematical models, developing constructions or, proving 

mathematical theorems. Problem solving can also be defined by its inherent challenge 

created by the lack of a universal problem-solving method. Unlike other mathematical 

learning activities that require an application of specific procedures or algorithms, there 

are a myriad of different problem-solving methods, some of which only work for specific 

problems or in particular domains or under special conditions while others are more 

,general and apply to large classes of problems. Furthermore, there may be several
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different ways of solving the same problem and two students may reach the same solution 

by totally different routes or apply the same method in quite different ways. All of this 

makes teaching, learning and researching problem solving a challenging task.

Although the teaching and learning of mathematical problem solving has received 

time and attention throughout most of the 20th century, a special surge of research began 

in the late 1970s with the growing realization that problem solving is an extremely 

complex mental activity. Until this time most researchers were interested only in 

analyzing the cognitive aspects of problem solving (Days, Kulm, & Wheatley, 1979; 

Lucas, 1974; Polya, 1957; Vos, 1976). These researchers were concerned about 

characteristics of problem solvers, problem-solving performance, in terms of success and 

failure, and categorizing strategies employed by problem solvers. Studies placed much 

emphasis on studying the cognitive strategies used by expert problem solvers, with the 

goal of identifying processes, or heuristics, which might be taught to novice or below- 

average problem solvers (Lucas, 1974; Polya, 1957; Schoenfeld, 1979a; Vos, 1976). 

Numerous useful problem-solving strategies were developed, mostly based on Polya’s 

(1957) four phases of problem solving: understanding the problem, devising a plan, 

carrying out the plan, and looking back. However, attempts at teaching those “heuristics” 

yielded only marginal success. Schoenfeld (1979b) provided several reasons for why the 

instruction in these strategies was ineffective. They included the following: The 

strategies were not yet described in sufficient detail; they were descriptive, rather than 

prescriptive; and there were too many potentially useful strategies. By insufficient detail 

he implied that labels given to strategies categorized a range of behaviors and were not
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detailed enough to specify how the strategy might be used. In the distinction between 

descriptive and prescriptive, Schoenfeld contended that knowing about strategies does 

not increase the likelihood that one will use them. He stated that “for a problem-solving 

scheme to be useful.. .it must suggest how and when to use particular problem-solving 

techniques” (Schoenfeld, 1979b, p. 3). Finally, Schoenfeld believed that a long list of 

strategies is of little value unless it is part of a manageable scheme.

He designed such a scheme or model, based upon observations of “expert” 

problem solvers (professional mathematicians), and used the model in an attempt to train 

students to think like experts. This model included five well-described and prescriptive 

stages: (a) analysis, (b) design, (c) exploration, (d) implementation, and (e) verification. 

Results indicated that by using this method students became more fluent at generating 

plausible approaches to problems. Yet, educators found that even with extensive training 

of this type, many students were still incompetent at solving problems. Researchers 

traced this inability to a lack of awareness and control of knowledge and skills (Flavell, 

1976; Garofalo & Lester, 1982; Schoenfeld, 1981).

Schoenfeld (1981) characterized the “managerial” aspects of expert and novice . 

problem-solving behavior, by describing the impact of “executive” actions on the success 

in problem solving. He defined two types of decisions, “tactical” and “strategic,” which 

are necessary in mathematical problem solving. Tactics, as defined by Schoenfeld, are 

“things to implement” (p. 5) such as algorithms and heuristics. Strategic or managerial 

decisions, in contrast, have a major impact on the direction that a solution will take, and 

on allocation of problem-solving resources. Schoenfeld saw the lack of success in
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teaching problem solving to be the result of neglecting the essential aspect of managerial 

behaviors. He stated that “heuristic fluency is of little value if the heuristics are not 

‘managed’ properly,” (Schoenfeld, 1979b, p. 3) and labeled these managerial actions 

“metaheuristics.” Schoenfeld analyzed these executive decisions by developing a 

framework to look at the major “episodes” of problem solving, periods of time during 

which problem solvers were engaged in a single stage such as analysis, or exploration.

He focused on decision making between episodes, as he considered those times as critical 

make-or-break points for success in finding a solution.. His findings showed that expert 

problem solvers tended to have rather keen managerial skills, and strived for efficiency 

and accuracy. In contrast, novices wasted their problem-solving resources because they
r

lacked such managerial skills.

These managerial or self-regulation skills soon became known as

“metacognition.” Translated into everyday language, metacognition means “thinking

about your own thinking.” As one of the early researchers to stress the importance of

metacognition in cognitive performance, Flavell (1976) described it as follows:

I am engaging in metacognition... if I notice that I am having more trouble 
learning A than B; if it strikes me that I should double-check C before accepting it 
as a fact.. .metacognition refers, among other things, to the active monitoring and 
consequent regulation and organization of these processes to the cognitive objects 
on which they bear. (p. 232)

Palinscar and Brown (1984) divided metacognition into two related but distinct 

categories, knowledge o f cognition and regulation of cognition. Knowledge of cognition 

includes what a person knows about one’s own cognitive processes, abilities, and 

resources as they pertain to specific cognitive tasks. This category also includes beliefs
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as a type of knowledge and an important influence on cognitive behavior. This category 

was divided further as the result of Garofalo and Lester’s (1985) extension of Flavell and 

Wellman’s (1977) person, task, and strategy categories of metacognitive knowledge to 

the realm of mathematics. In this context Garofalo and Lester described person 

knowledge as:

One’s assessment of one’s own capabilities and limitations with respect to 
mathematics in general and also with respect to particular mathematical topics or 
tasks. Such knowledge also includes ones’ particular beliefs concerning the 
nature of mathematical ability, the relationship of performance in mathematics to 
performance in other areas, and the effects o f affective variables such as 
motivation, anxiety, and perseverance, (p. 167)

Mathematical task-knowledge is defined as:

One’s beliefs about the subject of mathematics as well as beliefs about the nature 
of mathematical tasks. This knowledge also includes an awareness of the effects 
of task features such as content, context, structure, and syntax on task difficulty. 
(P.167)

Mathematical strategy knowledge includes:

Knowledge of algorithms and heuristics, but it also includes a person’s awareness 
of strategies to aid in comprehending problem statements, organizing information 
or data, planning solution attempts, executing plans, and checking results, (p. 
168)

Regulation of cognition refers to a variety of decisions and strategic activities that 

one might engage in during cognitive tasks. Examples of such decisions and activities 

include planning courses of action, selecting appropriate tools or strategies to complete a 

task, evaluating outcomes of strategies and plans, and, when necessary, choosing to 

abandon nonproductive plans. The depth of one’s metacognitive knowledge can 

influence the types of strategies he or she uses for managing and regulating cognitive 

plans and decisions, and hence affect his or her level of success in problem solving.
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Researchers confirmed that successful problem solving depends on having not only 

adequate knowledge but also sufficient metacognitive ability (Flavell, 1976; Garofalo & 

Lester, 1982; Schoenfeld, 1981,1982a). They also revealed that metacognitive beliefs, 

decisions, and actions are important determinants of success or failure in a wide variety 

of activities (Garofalo & Lester, 1985; Schoenfeld, 1981, 1982a). As a result, much of 

the focus of research in mathematical problem solving shifted to the role of 

metacognition (Goos & Galbraith, 1996; Swanson, 1990; Wong, 1989).

Several researchers developed cognitive-metacognitive frameworks for the 

purpose of looking at problem-solving behaviors. In 1984, Schoenfeld further developed 

his ideas of metacognition and his framework from 1981. He believed that consideration 

of three distinct levels was necessary for accurate insight into one’s problem-solving 

performance. These three levels were (a) resources (knowledge that a person brings with 

them to a particular problem), (b) control (the ability to make decisions about the 

selection of strategies and implementation), and (c) belief system (one’s beliefs, about 

oneself, the environment, and mathematics that will affect behavior).

Garofalo and Lester (1985) also developed a framework related to Polya’s (1957) 

four phases of problem solving. The four categories in Garofalo and Lester’s framework 

were: (a) orientation, (b) organization, (c) execution, and (d) verification. These 

categories were more broadly defined than Polya’s phases, and specified key points 

where metacognitive decisions were likely to influence cognitive actions.

Biggs (1987) chose to break down metacognitive strategies into three different 

types based on his theory that the depth of one’s metacognitive knowledge can influence
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the type of strategies one uses for monitoring and regulating cognition. His three 

categories were: (a) surface strategies (reproduced through rote learning), (b) deep 

strategies (meaningful, requiring the involvement of previous relevant knowledge), and 

(c) achieving strategies (involving organizing one’s time and working space).

The importance of the above frameworks is that they all allowed for a variety of 

possible behaviors, whether cognitive or metacognitive. In particular, they highlighted 

aspects of behavior where the presence or absence of metacognitive actions can be seen. 

Although the frameworks developed by Schoenfeld, Garofalo and Lester, and Biggs had 

differences, they all emphasized the importance of self-regulation in problem solving, 

and have been used as tools for analyzing metacognitive aspects of mathematical 

performance.

Other studies investigated the relationship between metacognition and academic 

and problem-solving ability. Wong (1989) examined whether students from different 

academic settings differed in their usage of metacognitive strategies in mathematical 

problem solving. Specifically, he looked at students from different academic streams 

(academic performance levels), academic tracks (e.g. science, arts, and general), and 

grade levels. He sought to determine how frequently students employed metacognitive 

strategies, and if strategies differed based upon academic setting. Using a questionnaire 

based on Garofalo and Lester’s (1985) cognitive-metacognitive framework, Biggs’ 

(1987) framework, and a section which measured students’ beliefs in problem-solving 

strategies, Wong found that although most students reported practicing some 

metacognitive activities, students from the lowest academic level reported using fewer
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metacognitive strategies than students from higher academic levels. He also found that 

students in the lowest level used surface strategies more often than deep strategies, and as 

level increased the use of deep strategies also increased.

Wong’s (1989) research suggested that academic ability influences metacognition 

in three ways:

1. The lack of academic ability hinders a student’s knowledge of strategies.

2. The lack of knowledge of metacognition results in poor academic 

performance.

3. Teaching styles can encourage or impede the development of metacognitive 
abilities.

In another study, Swanson (1990) analyzed the relationship between 

metacognitive knowledge and problem-solving aptitude. His primary interest was in 

finding whether high levels of metacognitive knowledge about problem solving could 

compensate for low overall aptitude. To test his hypothesis he considered four groups: 

those with high aptitude and high metacognitive ability; those with low aptitude and low 

metacognitive ability; and those with low aptitude and high metacognitive ability. 

Aptitude was determined by standardized cognitive ability and achievement tests and a 

questionnaire was used to assess metacognition in the general domain of problem 

solving. In order to analyze the children’s use of heuristics and strategies, think-aloud 

protocols were utilized.

The results suggested that the high aptitude/high metacognitive ability students 

had a greater array of heuristic and strategy tools than students of other abilities. 

Furthermore, analysis suggested that the advantage in problem solving for high
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metacognitive ability students might be the result of mental representations that reflect if- 

then thinking and the prioritization of strategies. More importantly, however, findings 

showed the high metacognitive individuals significantly outperformed low metacognitive 

individuals regardless of aptitude.

The importance of metacognitive knowledge as a determinant in mathematical 

problem-solving success is clearly well established (Schoenfeld, 1981; Swanson, 1990; 

Wong, 1989) . Determining the existence of metacognitive behaviors in problem-solving 

processes, however, has proven to be more difficult to ascertain.

Methods of Protocol Analysis for Mathematical Problem-Solving Episodes. As 

recognition of the complexity of problem solving grew, the need for new methods of 

analyzing problem-solving protocols also increased. While experimental methodologies 

of the 1960s and 70s satisfied behaviorists and scientists concerned with the lack of 

replicable or verifiable data associated with the analysis of verbal reports once used to 

research the nature of human cognitive processes, it became evident that controlling the 

multitude of variables involved, and extrapolating results from well-designed laboratory 

studies to complex cognitive phenomena were complicated tasks that were difficult to 

complete with just statistical methodologies (Schoenfeld, 1987). For this reason, the late 

1970s marked resurgence in the use of verbal data gathered by retrospection or 

introspection of the subjects through clinical interviews, and through speak aloud 

problem-solving sessions.

Even with the return of verbal methods, though, many researchers became 

concerned for the previous lack of consideration of important mental processes that may
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or may not have physical manifestations during problem solving, but which play a major 

role in the success or failure of a problem solver (Lester, 1979; Schoenfeld, 1981, 1982a). 

In 1979, Lester designed a procedure for studying the cognitive processes used during 

problem solving. He believed that existing verbal methodologies such as introspection or 

retrospection by the problem solver held serious weaknesses, because many problem 

solvers are themselves not aware of the thought processes which they use while

attempting to solve problems; and even if they are it may be difficult to achieve an
O

accurate account for those processes as it is often difficult to reconstruct or accurately 

verbalize them. Lester removed the weaknesses by devising problem-solving tasks that 

forced the subject to manifest mental processes through the physical manipulation of 

objects, thereby enabling an observer to record the processes being used. The physical 

moves made reflected several aspects of cognitive strategies including trial and error, 

heterogeneous groupings, local classifications, partial global classifications, and global 

classifications.

In 1981, as Schoenfeld investigated episodes and executive decisions in problem 

solving, he became aware that there were no substantive systems for protocol analysis 

that focused on strategic decisions. Typical existing systems, at that time, used symbols 

to represent observable, disjoint problem-solving behaviors, and problem-solving 

sequences were recorded with a horizontal string of symbols that represented a collection 

of events in chronological order. Schoenfeld developed a framework for keeping track of 

not only the overt strategies, but also the critical executive decisions that were made 

between stages of problem solving. He categorized two components, objective and
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subjective, to the framework for analyzing protocols. The objective part consisted of 

identifying the loci of potential managerial decisions, and the subjective part consisted of 

characterizing the nature of the decision making process at those managerial decision 

points, and describing the impact of those decisions on the problem-solving process.

This was accomplished by partitioning a protocol into chunks of consistent behavior 

called “episodes.” Schoenfeld defined the managerial decision points as places between 

episodes where the direction or nature of the problem solution changes significantly, at 

the arrival of new information or suggestion of new tactics, and at a point where a series 

of tactical failures indicates that strategic review might be appropriate. Thus, by 

partitioning the protocol into episodes (reading, analysis, planning, implementation, 

exploration, verification, and transition), and asking questions about each episode once it 

was labeled, the protocol could be characterized.

With the belief that tangible cognitive actions are a result of the interaction 

between beliefs held about a task, the social environment within which the task takes 

place, and the problem solvers’ perceptions about self, and his or her relation to the 

environment and task, Schoenfeld (1982a) attempted to consider cognitive behaviors 

within the broad social-cognitive and metacognitive matrix in which they reside. In order 

to do this he analyzed student verbal behavior at three levels: (a) analysis of tactical 

knowledge of facts, procedures, domain-specific knowledge and local heuristics; (b) 

analysis of control knowledge, strategic behavior and conscious metacognition 

knowledge; and (c) analysis of consciously and unconsciously held belief systems that 

drive problem-solving behavior. Schoenfeld contended that the researcher must have
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insight into all three of these levels to prevent misinterpreting the analysis. He used, for

the purpose of illustration, a dialogue from Cole, Gay, Click, and Sharp’s 1971 study of

cognition in a Liberian people called the Kpelle.

Experimenter. Flumo and Yakpalo always drink can juice (rum) together. Flumo 
is drinking can juice. Is Yakpalo drinking can juice?

Subject: Flumo and Yakpalo drink can juice together, but the time Flumo was 
drinking the first one Yakpalo was not there on that day.

Experimenter: But I told you that Flumo and Yakpalo always drink can juice 
together. One day Flumo was drinking can juice. Was Yakpalo drinking can 
juice that day?

Subject: The day Flumo was drinking the can juice Yakpalo was not there on that 
day.

Experimenter: What was the reason?

Subject: The reason is that Yakpalo went to his farm on that day and Flumo 
remained in town that day. (pp. 187-188)

Schoenfeld made the point that had the experimenter declared the subject unintelligent 

based upon his answers to the questions, without considering the social context, he would 

have missed the point. The subject obviously held different beliefs about the ground 

rules of the exchange, which were essential to consider for accurate interpretation of the 

data (Schoenfeld, 1982a).

In this study Schoenfeld also discussed the “legitimacy” of verbal data, 

considering the intrusiveness of various experimental methods. Although he cited a 

study by Erricson and Simon (as cited in Schoenfeld, 1982a), which concluded that 

simply instructing students to talk aloud while solving problems, and not to interpret or 

explain, would not affect students’ performance, he acknowledged that there are other 

concerns with the related methodology. First, it is generally acknowledged that asking
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subjects to analyze their problem-solving processes while they work has measurable 

effects on performance. Secondly, Schoenfeld had witnessed, through his own analysis 

of singles and pairs in problem-solving sessions, that single-student protocols were not a 

true reflection of their “typical” cognition, but rather a pathological materialization of the 

experimental setting itself. Students, feeling pressure under the circumstances of being 

observed, responded by doing the first thing that came to mind (Schoenfeld, 1982a). 

Another concern expressed by Schoenfeld in this study was in extending the results of 

clinical studies to educational settings. Again, he emphasized the importance of 

recognizing and considering the social context in which cognitions are embedded when 

transferring data to the socially rich contexts of the classroom.

In conjunction with his previous study, Schoenfeld (1982c) developed a special 

framework for analyzing two-person problem-solving protocols. His interest was more in 

analyzing the managerial decisions of college mathematics students, and not in their 

application of heuristics. Although the prevailing assumption was that single-person 

protocols created the purest cognitions, Schoenfeld selected groups of two to prevent the 

pathology that occurred as he observed individuals problem solving, and because certain 

behaviors, such as decision-making, become more prominent and easier to observe with 

more than one subject. He chose not to look at larger groups, because although they 

provide greater and more interesting idea exchange, the larger the groups, the greater the 

social dynamics. Other variables Schoenfeld considered when designing this 

methodology were: the degree of intervention (experimenter obtrusiveness); the nature 

and degrees of freedom in instructions and intervention (the kinds of instructions subjects
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are given has an effect on their behavior); the nature of the environment and how 

comfortable the subject feels in it; and task variables (are manipulatives provided?). 

Schoenfeld emphasized the importance of keeping obtrusiveness and interventions to a 

minimum in this type of study. He videotaped each of his pairs and provided only 

instructions to work as a team to solve the problem. Each student was provided with only 

a pencil, paper, and necessary tools for geometric constructions. Although the nature of 

the environment was artificial, efforts were made to put subjects at ease. Nevertheless, 

the stressfulness of an unnatural setting may have affected students to some extent.

The analysis of the protocol took the form of Schoenfeld’s (1981) previous ‘ 

analysis framework. Protocols were first partitioned into episodes; the researcher then 

examined transition points between episodes and new information points for executive or 

strategic decisions. Schoenfeld found the new framework informative, straightforward 

and reliable. Working with three students, their inter-coder reliability rate exceeded 85%. 

However, he cautioned that it only offered one perspective on the problem-solving 

process. To get a comprehensive look, Schoenfeld suggested that it should be employed 

with other methods such as paper-and-pencil tests, clinical interviews, and different 

levels of analysis.

In 1990 Artzt and Armour-Thomas developed another framework for the protocol 

analysis of group problem solving by adapting Schoenfeld’s (1982c) analysis of two 

person protocols. The new framework differed from Schoenfeld’s by the explicit 

delineation of the roles of metacognition and cognition within the mathematics heuristics 

of problem solving. Whereas Schoenfeld did not differentiate between cognitive and
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metacognitive strategies at each of his episodes (reading, analysis, planning, 

implementation, exploration, and verification), but rather looked for metacognitive 

strategies at the transition stage and at new information points, Artzt and Armour- 

Thomas assigned each of the episodic categories with a metacognitive or cognitive label, 

based on Garofalo and Lester’s (1985) distinctions of the two. The categories and their 

labels were: read (cognitive), understand (metacognitive), analyze (metacognitive), plan 

(metacognitive), explore (cognitive or metacognitive), verify (cognitive or 

metacognitive), and watch-and-listen (undetermined cognitive level). Although it is 

usually difficult to determine the level of cognition during watch and listen behaviors, the 

researchers emphasized that the role of this behavior in the group problem-solving 

process cannot be underestimated. The differences in the above frameworks do not 

necessarily point to weaknesses in any of the methodologies. Instead it is a reminder, as 

Schoenfeld (1982c) stated, that “each methodology is a lens (or filter, if  you will) through 

which intellectual performance is being viewed. Thus the selection of any particular 

methodology for investigation may well determine what the experimenter does or does 

not see” (pp. 4-5).

Research on Collaborative Mathematical Problem Solving

The term “collaboration,” though widely used in education, is quite nebulous in 

its meaning. Through subtle differences in individual definitions, it has come to 

represent a broad variety of activities in which people work together. In the words of 

Kaye (1992), “etymologically, to collaborate (co-labor) means to work together, which 

implies a concept of shared goals, and an explicit intention to ‘add value’ -  to create
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something new or different through the collaboration, as opposed to simply exchanging 

information or passing on instructions” (p. 2). By this definition, “collaborative learning” 

deals with instructional methods that seek to promote learning through collaborative 

efforts among students working on a given learning task. However, Kaye (1992) also 

asserts that learning is, inherently an individual process, rather than a shared process, 

which is influenced by a variety of external factors, including group and inter-personal 

interactions. Therefore, collaborative learning does not necessarily imply learning in a 

group, but rather the possibility of being able to rely on other people to support one’s 

own learning and to give feedback, as and when necessary, within the context of a non

competitive environment.

The term “cooperative learning” is frequently used interchangeably with the term 

collaborative learning, although in actuality there are subtle distinctions in their 

definitions, and significant debate about those differences (Higgins, 1991; Panitz, 1996). 

Higgins (1991) addressed this matter through his reference to literature by Damon and 

Phelps (as cited in Higgins, 1991) that distinguished the two types of peer education and 

others based on levels of “mutuality (i.e., mutual responsibility for and contribution to the 

tasks) and equality (i.e., equal in status, skills and knowledge) among group members”

(p. 6). Cooperative learning, as described by Damon and Phelps, is high on equality, but 

varied in mutuality, implying equal individual responsibility and contribution, but 

subdivided tasks that require participants to work individually. On the other hand, 

collaborative learning is described as high on both equality and mutuality, implying equal 

skill and joint work on the task. For the purpose of this study, then, these characteristics
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which define collaborative learning, and which separate it from some definitions of 

cooperative learning and other types of peer education are used: that all participants are 

equally unskilled in the task at hand, and that they work jointly on the same problem at 

all times. This means that there is no deliberate expert/novice relationship between 

members of the group, and that the task is not intended for subdivision into subtasks 

completed by different group members. Nevertheless, while the proposed study focuses 

on collaborative learning, it will also include select pieces of literature that include the 

term cooperative learning, yet that are still consistent with strategies considered 

collaborative by this researcher.

Collaborative learning is not a new practice. A variety of collaborative 

approaches have been used in classrooms since the early 1900s (Johnson & Johnson, 

1993). In addition, insight into the importance of social interaction on cognitive growth 

can be traced back to the work of influential educational philosophers and theorists such 

as Dewey, Piaget, and Vygotsky. Kumar (1996) summarized the philosophies of the 

three in the following way: Dewey characterized education as a social process by which 

groups transmit and renew the meanings of shared experiences. Piaget viewed children’s 

interactions with their peers as a crucial source of cognitive stimulation and development, 

especially of logical reasoning. Similarly, for Vygotsky social interaction was considered 

at the core of the developmental process and learning. Dillenbourg and Schneider (1995) 

identified three different theories of learning underlying collaborative learning systems: 

(a) socio-constructivist theory, (b) socio-cultural theory, and (c) shared cognition theory. 

All of these approaches are classified as cognitive developmental approaches, which
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focus on interactions among peers around appropriate tasks in a given environment, and 

that increase the mastery of critical concepts (Kumar, 1996). Learning, within these 

theories, is considered something a learner does, not something that is done to the learner. 

It occurs through active participation by the student versus passive acceptance of 

information presented by an expert. Socio-constructivist theory, an extension of Piaget’s 

theory, asserts that all knowledge is constructed, discovered and transformed by students 

(Panitz, 1996), as they interact with others. Within this theory, the emphasis is placed on 

interactions rather than actions themselves. Socio-cultural theory focuses on the causal 

relationship between social interaction and the individual’s cognitive development 

(Kumar, 1996). This approach originated from Vygotsky’s Zone of Proximal 

Development, a theory that asserts that each internal cognitive change can be traced to a 

causal effect of a social interaction. Within the socio-cultural theory it is through 

collaborative efforts that individuals internalize knowledge and techniques that will be 

used in future attempts to solve problems independently (Kumar, 1996).

Shared cognition theory is different from the other two theories in the sense that 

the environment in which learning takes place is given the focus rather than the 

environment-independent cognitive processes. While the previous two theories attributed 

the learning only to the physical presence of collaborators, the shared cognition approach 

focuses on the social content that is claimed to make the collaborations happen. Shared 

cognition views collaboration as a process of building and maintaining a shared 

conception of a problem, and is aimed at letting peers learn knowledge and skills in 

contexts where they are'hpplicable (Kumar, 1996).
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Collaborative learning proponents argue that group activity is superior to solo 

activity, allowing students opportunities to Ieam about “group process, personal strategies 

in contrast to those of others, multiple perspectives on the same topic, content falling out 

of complex projects, leadership, management of group tasks and communication” 

(Guzdial et al., 1997, p. 12). In fact, much research has confirmed the value of 

collaborative approaches (Gokhale, 1995; Johnson & Johnson, 1993). In a meta-analysis 

of 120 existing studies comparing cooperative, competitive, and individualistic learning 

on individual achievement of college students, Johnson and Johnson (1993) concluded 

that cooperative learning promoted higher individual achievement than did competitive 

(effect size = 0.54) or individualistic (effect size = 0.51) learning. These results held for 

verbal tasks such as reading, writing, and orally presenting, mathematical tasks, and 

procedural tasks. The meta-analysis of research on achievement also found cooperation 

to promote greater intrinsic motivation to learn, more frequent use of cognitive processes 

such as reconceptualization, higher-level reasoning, metacognition, cognitive elaboration, 

and networking, and greater long-term maintenance of skills learned (Johnson &

. Johnson, 1993). In addition to achievement, the studies included in the meta-analysis 

also found other important outcomes such as student retention, creating a learning 

community, and building positive relationships among diverse students. Within the 

studies (n=38) that included interpersonal attraction (including esprit-de-corps, 

cohesiveness, trust, and other relationship variables) as a dependent variable, cooperative 

efforts promoted greater liking among subjects than did competing with others (effect 

size = 0.68) or working individually (effect size = 0.55). Furthermore, in the studies that



30

focused on social support (n = 24), students learning cooperatively felt more social 

support (both academically and personally) from peers and professors than did students 

working competitively (effect size = 0.60) or individualistically (effect size = 0.51). 

When students worked cooperatively, positive and supportive relationships tended to 

develop, even among students from different ethnic, cultural, language, social class, 

ability and gender groups (Johnson & Johnson, 1993). Finally, studies on psychological 

health issues, such as self-esteem (n = 13), found that cooperation promotes higher self

esteem than did competitive (effect size = 0.47) or individualistic (effect size = 0.29) 

efforts.

A more recent study by Gokhale (1995) confirmed the benefits of collaborative 

techniques for enhancing critical thinking and problem-solving skills. The study 

analyzed the effectiveness of collaborative learning on learning outcomes at the college 

level for students in technology. Specifically, Gokhale compared the effectiveness of 

individual learning and collaborative learning for enhancing the drill-and-practice skills 

and critical-thinking skills of forty-eight students studying series and parallel dc circuits 

in a basic electronics course. Each group (the individual learners and collaborative 

learners) attended a common lecture and received a common worksheet consisting of 

drill-and-practice items and critical-thinking items. However, the individual learners 

worked in isolation, while the collaborative learners worked in groups of four students.

A t-test was conducted on pretest scores to determine the equity of the two groups, and 

results concluded pretest differences among treatment groups were not significant
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(t = 1.62, p > 0.05). Posttest scores were analyzed to determine the effects using a t-test. 

In addition, an analysis of covariance procedure was used to reduce the error variance by 

an amount proportional to the correlation between the pre- and posttests. The correlation 

between the pretest and the posttest was significant (r = 0.21, p < 0.05). In this approach, 

the pretest was used as a single covariate in a simple ANCOVA analysis. The t-test did 

not show a significant difference in drill-and-practice skills between the two groups 

(t = 1.73, p > 0.05). An analysis of covariance procedure yielded a F-value that was not 

statistically significant (F= 1.91, p>  0.05). However, a t-test showed a significant 

difference, at the 0.001 alpha level, in critical thinking skills between the two groups, 

with participants in the collaborative group performing better than those that studied 

individually (t = 3.53, p < 0.001). An analysis of covariance yielded a F-value that was 

significant at the same alpha level (F = 3.69, p < 0.001).

Too often, however, collaborative learning advocates erroneously assume that 

learning is automatically a by-product of group projects. In reality, students who 

enthusiastically engage in collaborative activities often fail to pay attention to important 

learning lessons that are embedded in that activity. In other words, experience alone does 

not ensure learning. Researchers have explored the mechanisms that account for 

knowledge acquisition through collaboration. The evidence points to eight such 

mechanisms that lead to the successful acquisition of knowledge: (a) conflict or 

disagreement, (b) the alternative proposal, (c) self-explanation, (d) internalization, (e) 

appropriation, (f) shared cognitive load, (g) mutual regulation, and (h) social grounding. 

(Dillenbourg & Schneider, 1995).
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Within the socio-constructivist theory, conflict or disagreement within a 

collaborative environment promotes learning, as group members must confront their 

differences to find a common solution. The disagreements need not be large; a simple 

disagreement or slight misunderstanding is sufficient for learning. However, the conflicts 

must be discussed. Indeed, it is the verbal interactions generated to solve the conflict that 

are related to positive learning outcomes (Dillenbourg & Schneider, 1995).

The second mechanism is similar to the first. It is related to what psychologists 

refer to as “confirmation bias,” a term that describes the tendency of subjects to only 

design experiments to confirm their hypotheses, or to disregard any empirical findings 

that contradict their hypotheses (Dillenbourg & Schneider, 1995). Within a collaborative 

setting confirmation bias is reduced through the conflict mechanism, which forces group 

members to consider, and quite possibly adopt alternative hypotheses.

As with the others, the self-explanation mechanism is a natural and spontaneous 

benefit of collaborative learning. This mechanism can be described as the means from 

which both persons involved in giving and receiving an explanation gain benefits. It is 

well documented that, through the interactive process in which two partners try to 

understand one another, not only does the explainee benefit from the explanation, but 

also that the explainer often receives even higher benefits (Dillenbourg & Schneider, 

1995). This can be explained by the fact that through explanation students are required to 

reorganize or clarify the material in new ways (Webb, 1991), proceduralize their 

declarative knowledge of a concept, and make explicit some implicit problem-solving 

steps, thereby reinforcing their knowledge and becoming more efficient in solving similar
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problems. Additionally, the process of developing explanations aids the explainer in 

recognizing gaps in understanding (Webb, 1991). Webb (1991), however, observed that 

the cognitive benefits are restricted to elaborated explanations, and that less sophisticated 

messages from the explainer do not produce effects. This confirms that the effect of 

explanation is related to the cognitive activity of building the explanation.

It has also been determined that those on the receiving end of explanations benefit 

as well (Webb, 1991), though the benefits are complicated depending on several 

conditions: (a) whether the student receiving explanation needs help, (b) the relevance of 

the explanation to the need for help, (c) the timeliness of the explanation, (d) whether the 

explanation is understood, (e) whether the target student has an opportunity to use the 

explanation to solve the problem, and (f) whether the target student uses the opportunity.

Vygotsky (as cited in Kumar, 1996) labeled the mechanisms of learning that 

occur through participation in conversations ‘internalization’. The concepts conveyed by 

the interactions with more able peers are progressively integrated into a listener’s existing 

knowledge structures, provided that the concepts are within the listener’s zone of 

proximal development, and that the listener is not passive, but actively participates in the 

problem-solving effort. It is the internalization of the new concepts and strategies that 

provides the listener with new knowledge and tools for use in his own reasoning.

Similar to internalization, appropriation focuses on how one leams from watching 

and working with a more skilled partner. This mechanism is central to the apprenticeship 

method. Dillenbourg and Schneider (1995) provided the following example, which 

makes clear the process of appropriation:
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Let us consider two agents A and B such that B is more skilled on the task 
to be performed. When one agent A has performed some action, his or her 
partner B attempts to integrate A ’s action into his own plan, i.e. to 
appropriate A’s action. Learning occurs when A reinterprets his actions 
with respect to how B appropriated it. Agent A learns progressively how 
to assemble the elementary piece of action that he is able to perform into a 
coherent problem strategy, (p. 7)

The shared cognitive load mechanism can be explained as the sharing of cognitive 

responsibilities implied by a task during collaboration. This does not imply a systematic 

division of labor or tasks, but a mutual, synchronous and interactive attempt to reach a 

joint solution. This spontaneous division of the cognitive responsibilities enables each 

partner to devote more resources to the task allocated to him or her and prevents 

redundancies in the group process.

During collaborative problem solving, group members must also justify their 

actions to one another. These explanations make explicit the strategies and knowledge 

that would otherwise remain implicit. Additionally, it is through these discussions that 

partners mutually regulate the activities of the others in the group. This mutual 

regulation mechanism is often the catalyst for other mechanisms such as conflict, 

explanation, internalization and appropriation (Dillenbourg & Schneider, 1995), and it is 

these mechanisms that encourage improved individual regulation skills in partners after 

collaborative problem solving (Schoenfeld, 1987).

The last mechanism, social grounding, refers to an individual’s attempt to 

maintain the belief that his partner has understood what he meant, at least to an extent 

.that is sufficient to carry out the task at hand (Dillenbourg & Schneider, 1995). By 

means of this mechanism the speaker monitors the listener’s understanding, through

34
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verbal and non-verbal clues, and in case of misunderstanding, attempts to repair 

communication. Repairs involve disambiguating dialogues, pointing to shared reminders 

and to visible objects, drawing a schema, and so forth. Through this mechanism, both • 

partners progressively build a shared understanding of the problem.

Based on prior research, Dillenbourg and Schneider (1995) also identified 

conditions for effective collaborative learning. They are grouped into three categories:

(a) group composition, (b) task features, and (c) and communication media. Regarding 

the composition of the group, Dillenbourg & Schneider (1995) conclude that small 

groups seem to function better than large groups, because of the tendency for some 

members to exclude themselves or to be excluded from interactions, and because most of 

the mechanisms described in the previous paragraphs (e.g. mutual regulation, social 

grounding, etc.) can only occur between a few participants. In addition, research points 

to an optimal level of heterogeneity in terms of variables such as age, intelligence, 

performance, and academic achievement, since some difference in viewpoints is required 

to trigger interactions and conflicts, but within the boundaries of mutual interest and 

intelligibility (Dillenbourg & Schneider, 1995).

The effects of collaboration also vary according to task. Some tasks promote the 

activation of the mechanisms described above, while other tasks diminish them. For 

example, some tasks are naturally distributed and lead group members to work 

independently. Interaction occurs when assembling partial results, but not during each 

individual’s reasoning process. Without interaction, none of the described mechanisms 

can be activated. Some tasks are so straightforward that they do not leave any
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opportunity for disagreement or misunderstanding. Some tasks do not involve any 

planning and hence create no need for mutual regulation. Thus, optimal tasks must 

include features such as adequate difficulty that require group members to interact on a 

continual basis, reason together, regulate the thinking of other group members, and work 

towards a mutual solution.

Finally, the medium used for communication plays a role in quality of 

collaboration as well. However, this matter will be discussed later in the context of 

introducing alternate forms of communication such as computer-mediated 

communication.

■ Collaborative Learning in Mathematics. The findings on the use of collaborative 

learning in mathematics have also been largely positive (Stacey & Gooding, 1993; 

Owens, Perry, Conroy, Geoghegan, & Howe, 1998). Owens and her colleagues (1998) 

investigated the effects of an interactive approach for learning mathematics that used 

principles of cooperative learning and problem-solving activities. The intent of the 

researchers was to examine how students’ responsiveness and interactions in the 

classroom influenced and, in turn, were influenced by affective states. Among the 

questions considered were whether there was an improvement in the students’ knowledge 

as a result of participation, and how the learning approach influenced students’ thinking 

and affects. Results from a two-tailed t-test conducted to compare pretest and posttest 

scores on a worksheet consisting of problems similar to those covered in class showed a 

significant difference in mean scores (t = 11.8, p < .0001), with a mean gain of 47 out of 

100 points. The authors contend that the increased gain in scores suggests that students
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improved in their approaches to solving problems presented in the subject. Case studies 

were used to determine how the learning approach influenced students’ thinking and 

affects. Data for the case studies came from student journals, records of observations 

taken from the video-recorded sessions, and comments made by students during classes, 

informally to researchers, and during formal interviews conducted at the end of the 

semester. From analysis of video recordings and student journals Owens and colleagues 

identified critical change points where development in the students’ mathematical schema 

occurred or where specific challenges met in the problem-solving process were 

overcome. The analysis indicated that critical changes were associated with (a) personal 

characteristics such as humor; (b) empathy within the group, (c) separation of the 

wording of the problem from the mathematics, (d) recognition of the group of a useful 

strategy, (e) realization that they have useful knowledge already, and (f) collaborative

validation of their ideas. The collaborative nature of the activity clearly promoted quality
\

communication about mathematics, a safe environment for risk taking during early 

anxieties and fluctuating feelings, the ability to face problems with success, humor and 

confidence, the desire to solve problems, changes in beliefs about mathematics and one’s 

own mathematical ability, increased confidence, changes in responsiveness, 

metacognition and the application of useful heuristics, and. collaborative validation.

Stacey and Gooding (1993) investigated the patterns of oral communication 

associated with successful learning in small groups. The learning task was an activity 

designed to correct misconceptions about division and the ways to write about it. The 

criterion for successful learning was improvement on a written test given before and after
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the activity. The task focused not on teaching new information or skills, but on 

eliminating or reducing misconceptions. Questions Stacey and Gooding (1993) 

attempted to answer in their study included: Do all children Ieam in groups? Is it 

possible to identify characteristics of effective and ineffective groups as well as to 

distinguish between individuals who will improve and those who will not? What are the 

nature and content of the children’s talk and how do they relate to what the children 

learn? How do the children interact when they teach each other? How do they help each 

other learn mathematics? The procedure involved videotaping groups of four children 

while they worked on the assigned task. Two coding schemes were used to analyze the 

discourse. A pretest was administered one week before the activity and a posttest was 

administered three weeks after it. Coded discourse was then related to the results of the 

tests. The coding scheme was developed by modifying a scheme developed by Sharan 

and Shachar (as cited in Stacey & Gooding, 1993), that was derived empirically from the 

data, and that described how students used language in interaction rather than what they 

said about the subject. Turns talking were coded as focused interactions (e.g. a request 

for clarification, agreement, or disagreement) and cognitive strategies, (e.g., explanation 

with evidence, unstructured idea or thinking out loud, concrete examples). Stacey and 

Gooding modified the coding by combining and selecting the relevant categories of 

focused interactions and cognitive strategies according to statements made during 

discussion of the mathematics task. The categories included: (a) asking questions (of a 

previous speaker, from own thinking or working, reading a word problem), (b) 

responding (to a request for clarification, agreeing, disagreeing, repeating); (c) directing;
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(e) explaining with evidence; (f) thinking aloud; (g) proposing ideas; (h) commenting 

(affective); and (i) refocusing discussion. The unit of analysis for this coding procedure 

was an utterance of any length and grammatical form that was produced by one speaker 

without interruption. A second scheme was also used to analyze the discourse to capture 

the content and content difficulties of the task. In this situation, short continuous 

episodes of speech, about one decision, was the unit of analysis.

Five of seven groups of students were designated effective because their members 

increased their scores. The other two groups were designated ineffective. The learning 

outcomes for individuals were mixed. Each effective group had at least two improvers. 

Every group had at least one non-improver. One ineffective group had completed the 

task correctly, and one, incorrectly. The researchers noted that it was interesting that the 

only group in which no one made gains contained the only member of the class who was 

able to complete a relevant procedure from the beginning. He did not explain his results 

to the others in his group, and they worked with the least discussion.

The two ineffective groups had students taking the fewest number of turns 

talking, 174 turns and 297 turns, respectively. In contrast, the number of turns talking in 

effective groups ranged from 362 to 820 turns. Among the effective groups, there was no 

correlation found between the number of turns talking and the amount of improvement. 

The mean percentage of turns talking in each category were given both for individuals 

and for the groups. The children in the ineffective groups interacted less than did those in 

the effective groups. The lower level of interaction for ineffective groups was reflected 

in the small overall amount of talk, the greater percentage of talk in the thinking aloud
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category, and the generally lower percentages in the categories such as responding, that 

indicated intellectual interaction. Similar observations held when the comparison was 

between individuals (improvers and non-improvers), although a little less strongly than 

for the groups. Members from the effective groups were also found to give more 

explanations with evidence and repeated one another’s statements more frequently.

Almost no explicit mathematical discussion took place in the ineffective groups. 

Comparatively the ineffective group made only five calculations of any sort, while the 

effective groups made at least twenty-seven calculations. The number of instances of talk 

in each category for the two ineffective groups was, with only one exception, always less 

than the corresponding number of instances for each of the effective groups. The 

probability that the low results of the ineffective groups would have been obtained if 

there were no real difference between the groups was calculated by the Mann-Whitney 

test to be less than 5% (n.l = 5, n2 = 2, U = 10, p < .05). At the individual, rather than the 

group level, the results were similar. In that case the researchers used a t-test on means 

rather than the Mann-Whitney test on medians.

This study confirmed the broad patterns of interaction than been associated with 

higher achievement in groups in previous studies. Members of effective groups 

interacted more. Generally they helped one another more by responding and explaining 

to a greater extent during the task. Improvers engaged in the activity by explicitly 

working out the division problems in the task. They used more specific mathematical 

talk than non-improvers for every category. The coding of mathematical content and the 

coding of interaction patterns provided evidence that giving help to others at a high level
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of elaboration is related to achievement. In summary effective groups -  talked more with 

more mathematical content, explicitly discussed the central idea, worked together by 

reading the questions on the cards out loud and repeating one another’s statements; 

proposed ideas, gave explanations with evidence, and refocused discussion more often; 

and responded to the questions of others more.

Collaborative Mathematical Problem Solving. Collaborative learning strategies 

have been found to be particularly effective when used for mathematical problem solving 

(Dees, 1991; Forman, 1989; Goos & Galbraith, 1996; Hart, 1993). There is evidence that 

collaborative problem-solving efforts are often more effective than individual efforts for 

enhancing problem-solving performance and abilities (Hart, 1993). Hart (1993) 

suggested three characteristics of collaborative learning that serve to enhance 

mathematical problem-solving performance: (a) the collective experience of a group 

often supplies information that individuals in that group do not possess; (b) peers 

function as external monitors when self-monitoring is absent; and (c) the group setting 

encourages time for reflection, an important component of problem solving that is often 

neglected in individual problem solving. Lambdin (1993) focused on the external 

monitoring that occurs in a collaborative environment. Her study analyzed, described, 

and categorized the monitoring moves and roles of three pairs of college-aged women as 

each pair worked together during a series of problem-solving sessions. Utilizing an 

episodic parsing scheme developed by Schoenfeld in 1985 (as cited in Lambdin, 1993) 

and the cognitive-metacognitive framework developed by Garofalo and Lester (1985), 

Lambdin divided the problem-solving protocols for each pair into episodes and identified
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the occurrence of monitoring events. The analysis revealed monitoring moves and roles 

that were clearly different from those that were present with individual efforts, and the 

successful accomplishment of problems that could not be solved individually. In 

particular, Lambdin found that the most successful pair informally adopted 

complementary monitoring roles thereby simplifying the conceptual demands of the task 

and promoting increased regulation of actions.

In another study, Curcio & Artzt (1998) used the Artzt and Amour-Thomas 

(1992) framework to examine the effects of small group communication on graph data- 

interpretation by fifth graders. In this task, small groups of students were given a broken 

line graph depicting the average time of sunset from June to December. They were asked 

to draw a picture of what the graph would look like if it were to continue from January 

through May. The researchers coded student problem-solving behaviors and statements 

in one-minute intervals. The analysis consisted of a chart of coded behaviors and 

statements, detailed excerpts and from the problem-solving protocol, and commentary 

about the problem-solving process of the small group. Curcio & Artzt discussed the 

behaviors of one group that successfully completed the task, and confirmed the findings 

of Artzt & Amour-Thomas that revealed the significance of the interplay of cognitive, 

metacognitive, and watch and listen behaviors. OfSO behaviors coded during a 7-minute 

interval, 47.5% were metacognitive, which indicates a substantial amount of control and 

regulation on the part of the group members in helping to guide and direct the task to a 

successful completion (Curcio & Artzt, 1998). Thirty-three percent of the behaviors 

coded were watch and listen behaviors, which led the researchers to conclude that a high
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degree of communication is necessary for effective small group functioning. The 

analysis of the interaction also revealed how students ’ metacognitive behaviors facilitated 

the building of ideas. Cognitive behaviors accounted for 20% of the total coded 

behaviors, the smallest amount of coded behaviors. The researcher stated that this 

implies that the group worked efficiently, listening to, monitoring, and evaluating the 

different ideas presented for accomplishing the task without working mindlessly and 

going off on individual tangents. The results of the analysis also illustrated the recursive 

nature of problem-solving processes that lead to success. The members of the group 

began by reading the directions and attempting to understand the task at hand. Next some 

exploration and analysis led to a plan that was implemented. The plan was then revised 

as the students continued to implement the revision. Finally, the group went on to verify 

a solution. The results of this study confirmed the effectiveness of the small group 

setting for communicating about mathematics and solving problems. It also confirmed 

that the nature of the communication and behaviors that occur within this setting mirrors 

the monitoring and regulating strategies that experts reveal during problem solving. ■

It also appears that through collaboration students Ieam the strategies essential to 

effective problem solving (Artzt & Amour-Thomas, 1992) and are able to transfer these 

strategies to individual problem-solving efforts (Forman, 1989). In 1989 Forman 

observed a pair of students working collaboratively to solve a mathematical problem. The 

observations illustrated how two subjects of comparable intellectual ability but with 

somewhat different stances toward a problem-solving task can help each other 

incorporate new reasoning and strategies into their repertoire.
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On a larger scale, Dees (1991) conducted a study with 77 students in a college 

remedial mathematics course to determine whether cooperative learning would help 

students increase their problem-solving skills in mathematics. All students in the course 

were encouraged to work together and help each other on all tasks except for tests and 

exams. However, the students in the control group were not organized with respect to 

cooperation while the students in the treatment group were organized in such a way to 

require cooperation, as well as given continual and active encouragement to work 

together. Tests of means on all seven pretest variables revealed no significant differences 

among the four laboratory sections or between the two groups of students. Instruments 

for evaluation of achievement included multiple-choice skills tests and open-ended tests 

constructed by the teacher. Students using cooperative learning performed as well as or 

better than students in the control group on every measure. Outcome variables showed 

significant differences in favor of cooperative learning were solving word problems in 

algebra (t = 2.29, p < .05) and proof writing in geometry (t = 2.92, p < .01), thus 

confirming the theory that cooperative methods are significantly better than independent 

methods for tasks involving complex thinking and requiring higher cognitive skills.

While the aforementioned studies illustrate the benefits of collaboration for 

mathematical problem solving, the use of this educational practice is not without 

limitations. Individual actions as well as the internal dynamics of small groups are 

critical factors in the success or failure of the collaborative process. In 1996 Artzt and 

Amour-Thomas developed an assessment system based on their earlier work (Artzt Sc 

Amour-Thomas, 1992). The system was designed to examine, in part, the interplay of
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cognitive processes observed in the problem-solving behaviors of individual students 

working in small groups. Their new assessment instrument, which attempted to clarify 

the distinction between cognitive and metacognitive processes, included the following 

categories of behaviors: talking about the problem, doing the problem, watching and 

listening, and off-task. The framework was further divided with talking about the 

problem including the following metacognitive processes: understanding, analyzing, 

exploring, planning, implementing, and verifying; and doing the problem including the 

following cognitive processes: reading, exploring, implementing, and verifying. Using 

videotaped protocols and stimulated-recall interviews the researchers coded the behaviors 

of six groups of students throughout the problem solving process and categorized the 

interactions of each small group on a continuum ranging from students who work 

independently with little communication to students who continually interact with one 

another in the solution of the problem. They found four broad categories summarizing 

the behaviors of the six groups: cooperative workers, independent workers, one-person 

show, and combination. The data revealed the importance of the interplay of talking 

about the problem, doing the problem and watching and listening for effective problem 

solving and group functioning. Indeed, the only group that failed to solve the problem 

exhibited behaviors of “independent workers” throughout most of the problem-solving 

process with a low percentage of talking about the problem and watching and listening 

behaviors.

In another study, Chiu (1997) analyzed the individual actions of students involved 

in small group mathematical problem-solving exercises to determine how these actions
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facilitated or hindered the collaborative process. Chiu’s framework for analysis included 

three dimensions: (a) evaluation of the previous action (supportive, critical, or 

unresponsive); (b) problem knowledge content (contribution, repetition, and null); and (c) 

interactive form (command, question, and statement). Through the analysis and coding 

of problem-solving protocols Chiu found that, as well as yielding rich benefits during 

collaborative learning, differences among students could pose difficult problems. While 

students can draw upon their diverse experiences and abilities to construct new 

knowledge and solutions, they also face the potential pitfalls of entrenching themselves in 

opposition to different views, dismissing other perspectives as less important or invalid, 

and misinterpreting other people. Similar findings were established by Wilczenski, 

Brontrager, Ventrone, and Correia (1999) who found that groups that exhibited behaviors 

such as not paying attention, distracting, interrupting, monopolizing, making personal 

attacks, not contributing, and making incorrect assumptions resulted in problem-solving 

accuracy and individual problem-solving achievement no higher than that observed with 

controls who did not have the opportunity for group collaboration.

Research on Computer-Mediated Communication

As the term alludes to, computer-mediated communication refers to human 

communication via computer. In this mode of communication, computers may serve as 

“central repositories’’ (Higgins, 1991, p. I) for messages, or they may provide a network 

of links over which messages are transferred. Within this medium, there are various 

manners in which to communicate. Although computers and communications technology 

continue to grow in sophistication and capability, most current applications still focus on
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text-based communication. Hence much of the research lies in this area.

There are numerous forms of text-based computer-mediated communication. In 

his 1991 study, Higgins described four of the most prevalent forms: computer 

conferencing, electronic bulletin board systems, email, and chat. Primary among the 

asynchronous types is computer conferencing. Computer conferencing as defined by 

Higgins (1991) are those systems “that reside on large central computers to which 

numerous users can connect directly via in-house terminals or indirectly via home 

computers, modems and telephone lines” (p. 5). Within these systems, messages are 

created and saved to files that allow multi-user access, thereby enabling groups of people 

to establish conferences in which they send messages they wish to share with one 

another. In this manner, the conference resembles an ongoing discussion or meeting that 

does not necessitate physical proximity, or synchronized participation. Rather, all 

members can link into the discussion at their own convenience, when they log on.

Electronic bulletin board systems (EBBSs, or BBSs) are another form of 

computer-mediated communication that facilitates group discussions. At their 

conception, BBSs were intended to serve as conventional community bulletin boards 

where public messages could be posted and read. In the early 1980s, computer user 

groups began establishing BBSs for the primary purpose of online distribution of 

software and related information, but the messaging feature rapidly grew in popularity as 

members found that posted messages received responses and resulted in interactive 

discussions. This capability for group discussions led to broadening interest and use in 

BBSs within the general public, and the influx of home computers, and the availability of
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inexpensive communications software soon transformed BBSs from a medium geared 

just toward computer enthusiasts to forums for educational activities, special interest 

groups, and academic discussions (Higgins,11991).

Electronic mail (EMAIL) is the most widely used form of text-based computer- 

mediated communication. It is asynchronous in nature, however unlike computer

conferencing and BBSs, messages are not group-accessible with EMATT- Instead, 

messages are sent to individuals in the same way that conventional mail is sent to 

individual addresses. Still, there is ability to deliver bulk mailings by individuals or by 

automated message handling software. An example of this capability is the 

LISTSERVER. The primary function of the LISTSERVER is to receive messages from 

individuals and then distribute them according to mailing lists. Members of these mailing 

lists can then carry on asynchronous discussions much the same way as users of computer 

conferencing systems and BBSs do (Higgins, 1991).

The CfiAT mode of interaction is an example of text-based computer-mediated 

communication that allows synchronous or real-time communication between two or 

more participants. The various forms of this type of synchronous computer-mediated 

communication differ primarily in the way dialogue is presented on the screen, and in the 

number of users who can participate simultaneously in a group activity. The user 

interface for synchronous text-based interaction often involves some partitioning of the 

terminal screen. While more advanced systems can allow for multiple windows of 

variable size and location to appear on the screen with any or all of them being used to 

receive or send messages, the most common design for two simultaneous users involves
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splitting the screen horizontally, where one half is used for receiving messages, and the 

other half is used for composing and sending messages. For multiple simultaneous users 

contributing to the same discussion there is most often a smaller window for composing 

and sending messages and a larger window for receiving messages. The exchange of 

dialogue in this mode is best described by Higgins (1991) as “character by character, line 

by line, or in multiple-line blocks” (p. 6). In the character-by-character mode, recipients 

see each character as it is typed, while in line-by-line and multi-line blocks modes, the 

messages are not seen until the sender composes one or more lines and presses the send 

key. In all cases, however, the transaction occurs immediately, thereby enabling a real 

time exchange. While messages are not retained in a mail system or conferencing space 

for future retrieval, transcripts of the interaction are logged and can be collected for 

future use.

Advantages and Disadvantages of Computer-Mediated Communication. Asa 

vehicle for group communication, computer-mediated communication possesses unique 

features that make it qualitatively different from either spoken or written communication, 

and, as a result, introduces various opportunities and problems (McDonald, 1998). 

Computer-mediated interactions can vary from rapid-fire exchanges of short messages 

typed online on the spur of the moment, to carefully edited and relatively lengthy texts 

prepared off-line over a period of several days before being uploaded into the system 

(Kaye, 1992). Asynchronous forms of text-based computer-mediated communication 

such as computer conferencing and email provide a quick, convenient means of 

worldwide communication, without the constraints of time and location necessary for
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face-to-face communication, thereby enabling important learning activities, such as peer 

discussions and collaborative activities, amongst participants in multiple remote locations 

at different times. Other advantages of asynchronous text-based computer-mediated 

communication are:

. I . It facilitates the thoughtful exchange of ideas by creating the ability to reflect 

on previous messages and compose articulate and thought provoking 

responses.

2. Discussions are continuous and there is no loss of relationship between group 

members in the periods between meetings (McConnell, 1994).

3. Activities need not be discrete; members can take part in discussions about 

multiple issues at the same time (McConnell, 1994).

4. It promotes the development of written skills.

5. The limitation to written communication encourages a clearer, more explicit, 

and more organized articulation of ideas than spoken communication 

(McComb, 1993).

6. Messages can be retained for continued reference and reflection.

7. Files can be attached to messages easing the communication of technical 

information.

8. It has a democratic and equalizing tendency and it facilitates interaction 

among people with different abilities, genders, etc.

9. As equality between people increases, more people are allowed to have their 

say; there is less risk of one single person dominating (McComb, 1993).
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Turoff (1989) and Kaye (1992) focused primarily on the benefits of computer 

conferencing because of its properties particularly suited for support of collaborative 

activities. Turoff (1989) contended that the primary benefits were not related to the 

freedom of time and place made possible by the asynchronous mode of communication 

but rather because “the potential for real improvement in the group process lies in the fact 

that individuals can deal with the part of the problem they can contribute to at a given 

time, regardless of where other individuals are in the process” (p. 11). Kaye (1992) 

included as advantages of computer conferencing, the ability to provide shared working 

and learning spaces and to create both formal and informal environments. He also 

commented on the positive aspects of the cumulative record of message contributions in a 

conference, and the tools provided by the conferencing system for retrieving and 

organizing messages. In face-to-face environment, contributions and ideas may be 

fleeting. Subsequent review is dependent on partial recollections or selective note taking. 

Furthermore discussions must often be halted and resumed at a later date, prohibiting 

continuous group analysis and reflection. In this way, computer-mediated 

communication is superior in that it provides a greater potential for reflective and 

thoughtful analysis and review of earlier contributions, and hence for mutual elaboration 

and development than with face-to-face communication.

Although synchronous forms of text-based computer-mediated communication 

such as CHAT are subject to time constraints, they still provide a convenient means of 

communication without the limitations of location necessary for face-to-face 

communication. Additionally, because of the sense of “real communication” within a
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synchronous computer-mediated communication environment, benefits of this mode 

include the pressure to react and respond, and the ability to receive direct and immediate 

feedback.

On the other hand, computer-mediated communication can create serious 

obstacles to effective collaboration. Kaye (1992) lists among the disadvantages, the lack 

of control over turn-taking, the difficulties providing contextual cues for framing 

different discussion genres, and the frequent development of multiple threads of 

discussion with the same message space. Additionally, text-based computer-mediated 

communication excludes the use of non-verbal gestures and facial cues that are useful for 

monitoring a partner’s understanding, and eye contact, which appears to be related to 

metacognitive aspects (Dillenbourg & Schneider, 1995).

Research on Computer-Mediated Collaborative I .earning

Educational Computer-Mediated Communication. The rapidly growing use of 

computer-mediated communication in education continues to increase the need for 

developing evaluation methodologies to assess the value of this medium. Many of the 

standard evaluation techniques have been applied to computer-mediated communication 

-  surveys, questionnaires, interviews, empirical experimentation, participant observation, 

and case study methodology. Research using these techniques indicates that the nature of 

instructional interaction among students involved in electronic networking is different 

than that exhibited by students engaged in typical classroom instruction (Levin, Kim, & 

Riel, 1990; Riel, 1990; WaUgh, Miyake, Levin, & Cohen, 1988).
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Waugh, Miyake, Levin, and Cohen (1988) found the nature of students’ problem

solving efforts in the online medium quite different than typical classroom-based 

problem-solving efforts of students. The study analyzed the problem-solving activity of 

students in remote places involved in an Inter Cultural Learning Network in 1985 and 

1986. The authors used four analytical techniques to examine the message interactions of 

students working on the Water Problem-Solving Project via electronic networks. The 

four analyses used were the Intermessage Reference analysis, the Message Flow analysis, 

the Message Act analysis, and the Semantic Trace analysis.

The Intermessage Reference developed by Levin, Kim and Riel (1990) analyzed 

the connections between interactions, determining whether reference was made to 

previous messages, and if so to what messages. The analysis indicated that the 

interaction during the Water Problem-Solving Project was not simple (Waugh et ah,

1988). The interaction was not dominated by key individuals but rather was a free 

exchange of questions and responses among all participants. The authors contend that 

this occurrence was possibly due to the fact that messages were exchanged as electronic 

mail, rather than through real-time methods or that each of the participants was fully 

committed to participation in the activity.

The Message Flow analysis also developed by Levin et ah (1990) plotted the 

density of messages per unit time, followed across time. The data from the collaborations 

from the Water Problem-Solving Project generated a graphic pattern which indicated that 

the problem-solving activity “evolved” much as do the other types of activities conducted 

in the online medium. That is the level of activity began from a single message that
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triggered extensive interaction among participants. This initial information exchange 

shifted to off-line data analysis, and the final messages exchanged concerned student 

interpretations of the shared idea.

The Message Act analysis, designed by Levin et al. (1990) to identify the 

functions that each message is to accomplish (e.g. initiation, reply, evaluation), revealed a 

pattern that indicated that the activity was composed of a single initiation with numerous 

responses and formative evaluations. Referring to research by Mehan (as cited in Levin 

et al., 1990), the authors contend that this pattern is not typical of traditional face-to-face 

classroom interactions. In addition, this analysis showed several of the remote sites 

exchanging summary data for cross comparisons among themselves.

Finally, the Semantic Trace analysis, developed by Miyake (Waugh et al., 1988), 

attempted to focus on the nature of the content of student interactions. Miyake began by 

constructing a collective overview consisting of all the ideas that were contributed by the 

students within the Water Problem-Solving Project and other related concepts that were 

established as important to the problem of obtaining drinking water. Within this 

framework, she traced the course of the development of the students’ ideas and 

graphically represented that pattern in chart form. Using the chart as an activity map, 

information such as where a particular part of the interaction arose, how it became 

integrated into the previous discussion, and how the focus of the discussion shifted as a 

result of a particular communication, became apparent. The results of this analysis 

indicated that the network-based activity resulted in significant contributions to the 

problem-solving activity from multiple points of view. Based upon these results the
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authors’ suggest that electronic networking provides a medium that is qualitatively 

superior to the traditional classroom for conducting certain types of problem-solving 

exercises.

In another study, McConnell (1994) examined the way in which “time” is 

perceived and used online, and the dynamics of mixed gender group work online based 

upon perceptions and experiences of staff and students from a computer-mediated 

masters degree program at Lancaster University. The students and staff were all 

members of small groups made up of three to five participants and a tutor. From 

interviews with students, McConnell concluded that computer-mediated communication 

produced outcomes superior to face-to-face communication for group work, based upon 

the following factors: since time and location are not issues for online meetings and time 

does not necessarily limit computer-mediated groups, there is less, if any, sense of loss of 

relationship between participants between meetings than in face-to-face meetings; 

increased contact between group members using computer-mediated communication 

increases the sense of commitment and ownership concerning group purposes, processes 

and outcomes; the permanent nature of computer-mediated group work allows members 

to “re-join” at any time, encouraging continuous thought about the work; various 

activities of groups using computer-mediated communication are not discrete in the way 

that they often are in a face-to-face group, thus enabling members to work on multiple 

issues simultaneously; given the continual and extended nature of computer-mediated 

collaboration, the groups using computer-mediated communication usually worked more
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slowly, were more concerned with the interpersonal relationships o f the group, and 

produced higher quality outcomes than students in a face-to-face setting.

Not all evidence suggests differences between educational interactions in the face- 

to-face mode and those mediated by computer however. Using a simple turn taking 

analysis, McConnell found results about dynamics of mixed gender groups using 

computer-mediated communic'ation similar to those in a face-to-face setting (females 

being cited as being more “chatty” than males, and often taking more turns than males at 

talking, and males being cited as saying more or talking the longest).

Furthermore, not all evidence points to the superiority of computer-mediated 

communication for educational interactions. Hiltz, Coppola, Rotter and Turoff (2000) 

found mixed evidence indicating that when students actively collaborate, learning and 

achievement outcomes can be as good as or better than those for traditional classes, but 

when individuals simply obtain posted material and send back individual work, the 

results are poorer than in traditional classrooms (Hiltz, Coppola, Rotter & Turoff, 2000).

Although these findings are important to our general knowledge about educational 

computer-mediated communication, alone they fail to reveal important aspects of what is 

happening as individuals collaborate in a computer-mediated communication 

environment.

Evaluation Methodologies for Computer-Mediated Collaboration. Research 

analyzing the content of educational computer-mediated communication was extremely 

limited until the early 1990’s. The published literature consisted mostly of application- 

oriented descriptions (Mason, 1992), and very few researchers took on the time
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consuming and challenging task of analyzing the educational quality of conference 

interactions. The reasons for this were: that there existed no means for dealing with the 

abundance of information contained in the messages, nor any tried and tested 

methodologies for assessing educational value (Mason, 1992) or of interpreting the 

elements of meaning that had significance for the learning process (Henri, 1992); and 

even with the growing acceptance of qualitative approaches to research, there was still 

“strong pressure to measure in some way the elements o f‘success’ or Teaming’ or even 

‘educational exchange’” (Mason, 1992, p. 107). To prevent subjectivity most research 

on computer conferencing was limited to quantitative analyses of messages sent, who 

sent them, number and time of logons, and message maps showing message chains and 

the number of replies. The unfortunate consequence was that those aspects most 

susceptible to evaluation were often taken as the whole; for example the volume of 

messages came to signify the efficiency, success and productivity and value of 

educational exchanges. Conclusions as to the potential of computer-mediated 

communication were often drawn without a mention of the actual content, much less the 

value of the interactions (Mason, 1992). In her paper, Evaluation Methodologiesfor 

Computer Conferencing Applications, Mason (1992) used a quote from Worthen and 

colleagues to describe modem educational evaluation as “...a multidimensional, 

pluralistic, situational, and political activity that encompasses much more than simple 

application of the skills of the empirical scientist” (p. 106). Fortunately, the field of 

educational evaluation has developed very rapidly over the same period that computer 

conferencing has been used in educational settings (Mason, 1992).



58

In 1987 Beckwith attempted to create one of the first interaction analysis 

instruments with three categories of group interactive behaviors. Category one, creative 

behaviors, was comprised of two sub-categories, synergistic behaviors (those behaviors 

which converge toward consensual solution) and synectic behaviors (those behaviors 

which diverged toward alternative possibilities). The second category, the debilitative 

category, comprised of self-referencing behaviors (those which direct individual angst 

and insecurities toward premature task resolution) and polarizing behaviors (those which 

tend to effect group dissolution through individual isolationism), represents individual 

actions (Beckwith, 1987). Lastly, category three, the facilitative behaviors consist of 

group-referencing behaviors (those behaviors which may be applied to transform 

debilitative behaviors into creative behaviors). Beckwith suggested using the interaction 

analysis instrument to provide feedback for problem-solving groups, to monitor, control 

and improve group progress, and to research the group problem-solving process. There 

was no mention, however, of the validity or reliability of the instrument, nor of whether 

Beckwith had used it himself. In fact, little is mentioned about this analysis model in 

most recent studies.

Henri (1992) led the way for content analysis, by developing a framework and 

analytical model to investigate the learning process and other significant information 

present in the content of messages exchanged by way of computer-mediated 

communication. Henri’s method of analysis used a qualitative approach and had two 

characteristics: a priori criteria, and a cognitive view of learning (Henri, 1992). Henri 

used criteria established in advance in order to provide focus for the analysis; an attempt
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to analyze all dimensions of computer-mediated communication would have led to an 

abundance of data, much of it irrelevant to the learning process. The analysis was 

consistent with cognitive theories of learning, which focus on the process of learning 

rather than the product, on “what and how the learner understands, rather than on what 

should have been understood” (Henri, 1992, p. 123), and how the learner manages the 

knowledge and skills that he or she brings to the cognitive activity (metacognition). The 

model, which Henri designed to identity the learning processes and strategies selected or 

developed by learners, highlighted the following five dimensions of the learning process: 

participation, interaction, social, cognitive, and metacognitive. Henri established 

operational definitions of each, and identified indicators that would allow evaluators to 

recognize the occurrences of each element. The dimension of participation was divided 

into two categories, (a) overall and (b) active participation in learning process, each with 

separate indicators. Henri’s social dimension was limited in depth of analysis and had 

only one category, for statements not related to formal content or subject matter. 

Interactivity, included the following seven categories: (a) explicit interaction, (b) direct 

response, (c) direct commentary, (d) implicit interaction, (e) indirect response, (f) indirect 

commentary, and (g) independent statements (statements relating to the subject, but 

which is neither an answer nor a commentary and which does not lead to further 

statements). Within the cognitive dimension, Henri (1992) focused on the cognitive 

skills related to critical reasoning activities, and grouped into five categories: (a) 

elementary clarification, (b) in-depth clarification, (c) inference, (d) judgment, and (e) 

strategies. Furthermore, to look beyond the presence and frequency of these skills, Henri
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distinguished “surface processing” from “in-depth processing” for each category. This 

analysis enabled Henri to identify the skills linked to critical reasoning and then to 

evaluate the level of information processing applied by learners in each of the skills. 

When analyzing the metacognitive dimension, Henri (1992) made a distinction between 

metacognitive knowledge (“declarative knowledge concerning the person, the task, and 

the strategies” [p. 131]) and metacognitive skills (“procedural knowledge relating to 

evaluation, planning, regulation and self-awareness” [p. 131]). Thus, the categories (a) 

person, (b) task, and (c) strategies were classified as metacognitive knowledge, while the 

categories (d) evaluation, (e) planning, (f) regulation, and (g) self-awareness fell under 

metacognitive skills. While the messages were not expected to reveal the totality of the 

metacognitive process, as metacognitive activity is often not observable, included 

information in this kind was certainly worthy of consideration. Henri did caution, 

however, that one could not conclude that the lack of metacognitive activity was due to 

student weaknesses in this area.

Henri’s (1992) analysis provided a thorough look at five important dimensions of 

computer-mediated communication in collaborative learning. Since its origin this 

framework has received enormous attention and has provided a solid basis for other such 

frameworks.

Gunawardena, Lowe, and Anderson (1997) developed mi Interaction Analysis 

Model for Examining Social Construction of Knowledge in Computer Conferencing after 

analyzing interactions that occurred in a Worldwide Global Online Debate. The online 

debate gave professionals and graduate students in the field of distance education an
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opportunity to come together to contribute knowledge, negotiate meaning, and come to 

an understanding about an important issue in the theory and practice of distance 

education. Although Gunawardena and her colleagues found models by Hiltz (as cited in 

Gunawardena, Lowe & Anderson, 1997), Levin et al. (1990) and Henri (1992) useful as a 

starting point for analyzing interactions in computer-mediated communication, none of 

the methods provided enough specificity on how to evaluate the negotiation of meaning 

and the co-construction of knowledge in computer-mediated communication. 

Furthermore, the definitions of interaction provided by these models were not suitable for 

the pattern of interaction observed in a debate. Gunawardena et al. agreed with Henri 

(1992) that examination of the actual content of messages is the appropriate means of 

evaluating the quality of the learning experience, and found Henri’s model to be the most 

promising starting point for interaction analysis. The model created by Gunawardena et 

al. evolved through an analysis of the entire transcript for (a) type of cognitive activity 

performed by participants (questioning, clarifying, negotiating, synthesizing, etc.); (b) 

types of arguments advanced throughout the debate; (c) resources brought in by 

participants for use in exploring their differences and negotiating new meanings, such as 

reports of personal experience, literature, citations, and data collected; and (d) evidence 

of changes in understanding or the creation of new personal constructions of knowledge 

as a result of interactions within the group (Gunawardena et al., 1997). Based upon the 

observations Gunawardena and her colleagues developed an outline of the process of 

negotiation that appears to occur in the co-construction of knowledge. The researchers 

observed that as the group interacted together more effectively and learned from each
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other, the successive stages they went through could be considered forms of higher 

mental functions. The outline, then, consisted of the five following phases, from lower 

mental functions to higher mental functions: (a) Sharing/Comparing, (b) Dissonance, (c) 

Negotiation/Co-constfuction, (d) Testing Tentative Constructions, and (e) 

Statement/Application of Newly-Constructed Knowledge. Through applying the 

analysis to the online debate, Gunawardena et al. found the division of phases somewhat 

imprecise, and noted that the construction of knowledge could occur in more or fewer 

phases than described above, and that different phases could possibly occur at the same 

time among group members. Nonetheless, the researchers were satisfied that this 

analysis model would provide the means to determine that knowledge construction 

occurred within a group by means of the exchanges.

In 1995, Newman, Webb and Cochrane also developed a content analysis method 

to evaluate the quality of group learning via computer-mediated communication. 

Specifically, the method of analysis was created to measure and compare the critical 

thinking in face-to-face and online seminars. Newman and colleagues followed Mason’s 

(1992) recommendations to widen the net and include other educational goals such as 

“critical thinking, deep understanding of course material or broad awareness of issues,” 

and created a detailed content analysis “by breaking these [goals] down into examples of 

behavior and written work which display these characteristics” (as cited in Newman et 

al., 1995, p. 59). Their work focused on the cognitive dimension defined by Henri 

(1992), and specifically the area of critical thinking since “successful group problem

solving processes require critical thinking, leading to the critical understanding needed
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for deep learning (Newman et al., 1995). The authors asserted, “Critical thinking is not 

just limited to the on-off assessment of a statement for its correctness, but a dynamic 

activity, in which critical perspectives on a problem develop through both individual 

analysis and social interaction” (p.10). For this reason the focus of their study was on 

looking for signs of critical thinking in a social context.

In 1996 Newman, Johnson, Cochrane and Webb used the critical thinking 

indicators for the purpose of content analysis. Similar to .Henri (1992), the authors used 

paired opposites to indicate critical versus uncritical thinking. However, they attempted 

to address two perceived downfalls that they found with Henri’s indicators: (a) Henri’s 

indicators of cognitive skills were fairly broad and therefore could include a number of 

different activities; and (b) Henri’s indicators did not attempt to evaluate the depth of the 

cognitive skills. Newman and colleagues developed the indicators by simplifying Henri’s 

pairs, looking for indicators in all of Garrison’s stages of critical thinking (as cited in 

Newman et al., 1995), and from prior experience of using similar techniques for assessing 

student work in computer conferences. The indicators were grouped according to (a) 

relevance, (b) importance, (c) novelty, (d) bringing outside knowledge/experience to bear 

on problem, (e) ambiguities (clarified or confused), (f) linking ideas, interpretation, (g) 

justification, (h) critical assessment, (i) practical utility, and (j) width of understanding, 

and included specific actions and their relative opposites (e.g. relevant statements vs. 

irrelevant statements or diversions, and justifying solutions or judgments vs. offering 

judgments or solutions without explanations or justification.)
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The authors used tape-recorded transcripts of face-to-face seminars, and 

automatically stored transcripts of computer conferences, to classify each statement 

containing one unit of meaning and illustrating at least one, but possibly more, indicators, 

for each discussion. Once the scripts were marked, the totals for each critical versus 

uncritical thinking indicator were counted, and a critical thinking ratio calculated for 

each, converting the counts to a -I , (all uncritical, all surface actions) to +1 (all critical, 

all deep actions) scale. The authors claimed that this technique produced a measure that 

was independent of the quantity of participation, and instead reflected only the quality of 

the messages (Newman et ah, 1995). The content analysis revealed similar depths of 

critical thinking on several different indicators. However, the investigation found more 

new ideas emerged in face-to-face seminars, while there were notably more positive 

ratios in computer conferences for justified and important statements and linking ideas. 

The authors suggested this occurrence might be explained by the lack of typical 

brainstorming activities in an asynchronous environment, such as that offered in the 

online seminar, and the propensity for less spontaneous and more thoughtful 

contributions within this environment.

The authors stated that the content analysis worked well for the transcripts to 

which it was applied. Still, they found some practical problems. One was the need for 

persons with subject specific knowledge to score transcripts. Second, the authors found 

few obvious statements in the categories of ambiguity and clarity/confusion, practical 

utility, and width of understanding. They reasoned that it might have been an effect of 

the nature of the task being a general discussion rather than more specific problem
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solving activities. Finally, some find picking out examples of uncritical thinking 

difficult. The authors suggest that this content analysis technique is a skill that evaluators 

need to develop, similar to marking an exam.

Newman et al. attempted to shorten the process of content analysis by choosing to 

focus only on cognitive factors, in particular, critical thinking, and by attempting to 

identify fairly obvious indicators. In addition they attempted to reduce the amount of 

subjectivity within the process, through the choice of indicators, through the analytical 

method and by the use of control groups. The authors contended that this analysis 

method is applicable to any group-learning environment, where transcripts of group 

discussions are obtainable and where the object, is to evaluate the learning process taking 

place, rather than assessing individual student performance.

Summary

The reviewed studies on mathematical problem solving, collaborative problem 

solving, computer-mediated communication and computer-mediated collaboration 

provide a solid foundation on which to investigate the process of computer-mediated 

collaborative mathematical problem solving. The studies on problem solving and 

collaborative learning establish the importance of self-regulation or metacognitive 

abilities to problem-solving ability, and the effectiveness of collaborative techniques for 

promoting these abilities, as well as other problem-solving skills and problem-solving 

achievement (Curcio & Artzt, 1992; Schoenfeld, 1988; Stacey & Gooding, 1993). The 

research indicates that certain behaviors must occur, though, in order for collaboration to 

be effective for this purpose. It is through task-related discussions, where individuals
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justify why something is done and provide explanations for one another, that partners 

mutually regulate the problem solving activities of others in the group (Curcio & Artzt, 

1992; Dillenbourg & Schneider, 1995; Stacey & Gooding, 1993). Dillenbourg and 

Schneider (1995) identified conditions, including group composition and task, which 

promote this type of behavior. Their research points to the importance of small groups, 

and tasks that require a continual group effort for understanding and planning, for 

effective collaboration.

The research on mathematical problem solving and collaborative problem solving 

also provides the basis for evaluating collaborative problem-solving protocols. The 

studies by Schoenfeld (1981), and Garofalo and Lester (1985) were particularly 

influential in establishing the practice of analyzing problem solving protocols, and their 

work combined with the study by Stacey and Gooding (1993) lays the groundwork for 

content analysis of group problem solving interactions.

The research on computer-mediated communication and computer-mediated 

collaboration reveals the differences in face-to-face communication and online 

communication, and the difficulties and benefits associated with online learning and 

collaboration (Kaye, 1992; Levin et ah, 1990; McDonald, 1998). The research also 

confirms the need for methods of assessing the educational value of online interactions 

and interpreting the elements of meaning that have significance for the learning process 

(Henri, 1992; Mason, 1992). The Henri study opened the door for content analysis of 

online learning processes and established a framework for analyzing computer-mediated 

collaborative efforts. In combination with existing frameworks for evaluating
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mathematical problem-solving protocols, it provides a good starting point for the look 

into the basics of computer-mediated collaborative mathematical problem solving.
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CHAPTER II

DESIGN OF THE STUDY 

Conceptual Framework

The investigation and research methodology used in this study were based on the 

theories of group learning and problem solving, the evaluation of mathematical problem 

solving, and the evaluation of online collaboration.

Mathematical problem solving received the majority of its attention in the 1980s, 

with researchers such as Schoenfeld (1979a, 1979b, 1981,1982a, 1982b, 1982c, 1987), 

Garofalo and Lester (1985) focusing on analyzing the behaviors of individuals and 

groups in the mathematical problem-solving process. Polya (1957) was the first to 

formally conceive of mathematical problem solving as a four-phase heuristic process 

(understanding, planning, carrying out the plan, and looking back). From this premise 

came several other similar theories. Schoenfeld (1981) devised a model for analyzing the 

problem-solving process that included five heuristic episodes: reading, analysis, 

exploration, planning/implementation, and verification. He observed that, for successful 

problem solvers, key metacognitive or self-regulating behaviors occurred between each 

of the five episodes. Garofalo and Lester (1985) built upon this model by developing a 

framework for analyzing metacognitive aspects of performance on mathematical tasks. 

Their framework, consisting of four processes -  orientation, organization, execution, and 

verification -  combined the reading and analysis episodes of Schoenfeld’s model, as well 

as omitted the exploration phase found in that model. These processes are related to
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Polya’s four phases yet are more broadly defined (Artzt & Armour-Thomas, 1992). Artzt 

and Armour-Thomas developed the most recent framework for protocol analysis of 

mathematical problem solving in 1992. This framework synthesized the problem-solving 

steps identified in mathematical research by Garofalo and Lester, Polya, and Schoenfeld, 

and cognitive and metacognitive levels of problem solving. It focused on collaborative 

mathematical problem solving, and outlined the interactive relationship between the 

highly important metacognitive and cognitive processes of problem solving. Episodes 

defined by this framework include reading, understanding, analyzing, planning, 

exploring, implementing, verifying, watching and listening, with each episode associated 

with a level or levels of cognition. Although research in this area has experienced a 

virtual halt in recent years, current studies continue to use the frameworks of Polya, 

Schoenfeld, Garofalo and Lester, and Artzt and Armour-Thomas as means to analyze the 

process of individual and group mathematical problem solving.

Collaborative learning has a long history of research in education (Collis, 1994). 

With extensive research on small group learning beginning in the 1920s, there were 

enough studies by 1981 to generate a sample of 122 with characteristics appropriate for 

meta-analysis (Collis, 1994). The general consensus of this study was that all types of 

small group learning are more effective than individualistic or competitive learning 

(Johnson, Mamyama, Johnson, Nelson, & Skon, 1981). Criticism that the methodology 

used by Johnson and colleagues ignored, among other things, relevant interactions among 

important variables (Collis, 1994), and the completion of additional studies with differing 

conclusions, led to a new meta-analysis by Slavin (1987), which used a best-evidence
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synthesis. Slavin included the method of group learning involved as. a variable of 

analysis, and selected seven of the most widely used methods found in educational 

research literature for the study. While a group goal was present, individual 

accountability was also stressed within all of these methods. Variation within the 

methods included the equal opportunity for success, team competition, task specialization 

per group member, and adaptation of instruction to individual needs (Collis, 1994). 

Slavin’s analysis of 68 studies reinforced Johnson’s and colleagues’ earlier conclusion 

concerning the overall effectiveness of group learning, but added the importance of the 

method used by the teacher to organize the group learning experience.

Other researchers have added to the evidence that the teacher’ s implementation of 

a group learning strategy is a critical variable on student achievement. For example, 

Webb (1991) found that group activities structured by the teacher to include the giving 

and receiving of explanations resulted in significant achievement gains compared to those 

without this structure. In addition, Johnson and Johnson (1984) provided evidence that 

criteria related to group activity, such as positive inter-dependence relative to goals, task 

assignment, resources, and roles, were essential to the success of group learning.

Specific to collaborative learning in mathematics, Stacey and Gooding (1993), who 

investigated the patterns of oral communication associated with successful learning in 

small groups, found that members of effective groups interacted more, and helped one 

another more by responding and explaining to a greater extent during tasks.

Educational research appears to have reached a certain level of consensus 

regarding small group learning, at least in traditional classroom settings. However, with
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distance learning and electronically networked collaboration, a new variable has been 

introduced. The area of research involving computer-mediated communication and small 

group learning with participants possibly unknown to one another and at a distance from ■ 

one another is still developing. Studies have shown both similarities and differences in 

collaborative learning activities taking place within classrooms and those taking place 

across electronic networks (Cohen & Riel 1989; Riel, 1990; Riel & Levin 1990;). Riel 

and Levin (1990) concluded that the teacher remains a major factor in the organization 

and execution of activities. Waugh et al. (1988) found that the nature of instructional 

interaction among students involved in this medium is different than that exhibited by 

students engaged in typical classroom instruction. Their research states that, in their . 

view, computer-mediated communication “provides a medium which is qualitatively 

superior to the traditional classroom for conducting certain types of problem-solving 

exercises” (p. I). Still, evidence in this area is quite limited. Most studies have been 

restricted to surveys, user interviews, empirical experimentation, and computer generated 

statistical measurements (Mason, 1992). Mason (1992) describes the reason for this as 

“there are no tried and true methodologies for assessing educational value, and despite 

the growing acceptance of qualitative approaches to research, there is still strong pressure 

to measure in some way the elements of ‘success’ or ‘learning’ or even educational 

exchange” (p. 107). Mason adds that the unfortunate consequence of this is that “aspects 

most susceptible to evaluation are often taken to defipe the whole” (p. 107). Even the 

case study methodology has proven insufficient as a means for providing information 

about the educational value of online collaborative learning. Although this method gives
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a rich and wide-ranging picture of a conferencing scenario, providing multiple points of 

view and untested theory, the results cannot be generalized to other instances and 

contexts. As a result, existing evidence is inadequate, and can be misleading (Mason,

1992).

Within the last decade researchers have begun to recognize the importance of 

looking at the quality of student learning taking place (Mason, 1992; Kaye, 1992). There 

has been a call for more detailed study of the social and psychological aspects of groups 

as they work electronically (Collis, 1994), and a deeper look into educational goals such 

as the social construction of knowledge, cognitive development, and critical thinking. 

Mason (1992) suggested breaking these goals down into examples of behavior or written 

work which displays these characteristics, so that it is possible to analyze conference 

content and draw conclusions about the educational value of a particular online activity. 

In addition, Mason recommended progressing from description to analysis by using 

quantitative data to show the extent of student participation, or what percent of the total 

activity the educationally valuable interactions represent.

The shift to research focusing on content analysis of computer-mediated 

collaboration has begun. A number of evaluators have attempted to categorize messages 

according to basic types. Haile (1986) used the categories of organizational issues, 

technical help, social, and content specific. Similarly, Kaye (1989) categorized messages 

as technical, social or content-specific. Henri (1992) took content analysis a step further 

by analyzing the participative, social, interactive, cognitive and metacognitive 

dimensions of online collaboration. Mason (1992) pursued a different line of content
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analysis by attempting to create a typology of conference messages related to the 

educational values they display. The method involved discovering what, if any, skills 

and abilities participants were displaying or developing. Questions considered during her 

analysis included: “Do the participants build on previous messages? Do they draw on 

their own experience? Do they refer to course material? Do they refer to relevant 

material outside the course? Do the initiate new ideas for discussion?” (p. 114)

Gunawardena et al. (1997) followed this work by developing an analysis model 

that examined the social construction of knowledge in computer conferencing by 

categorizing (a) types of cognitive activity, (b) types of arguments advanced, (c) 

resources brought in by participants, and (d) evidence of changes in understanding, or the 

construction of new knowledge. Likewise, Newman et al. (1995) created an analysis 

method to measure critical thinking by categorizing messages in terms of (a) relevance, 

(b) importance, (c) novelty, (d) bringing in outside knowledge, (e) ambiguities, (f) linking 

ideas and interpretation, (g) justification, (h) critical assessment, (i) practical utility, and 

(j) width of understanding. Although, subtle differences exist between each of these 

methods of analysis, there remains considerable agreement amongst educational 

researchers that content analysis is the most effective method of evaluating the quality of 

online collaborative activities.

The questions stated in Chapter I address the study of computer-mediated 

collaborative mathematical problem solving. It was the goal of this researcher to develop 

and utilize a framework for coding individual and group behaviors of small groups 

engaged in online mathematical problem solving; to perform a content analysis to
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examine the basics of their collaboration, specifically the participative, social, interactive 

dimensions throughout the problem-solving process; and to determine the quality of 

collaboration and its effect on problem-solving success. Through this, the researcher 

hoped to gain additional insights into collaborative problem solving in the distance 

setting as well as in the face-to-face setting, in order to help further instructional 

techniques aimed at improving the collaborative mathematical problem-solving 

experience in every environment.

Description of the Population

The population of this study was twelve current New York City middle school 

mathematics teachers enrolled in an online mathematics course offered by New Visions 

for Public Schools, a non-profit educational organization in New York City, in 

conjunction with the City University of New York (CUNY). The course, entitled 

Mathematics for the Middle School Teacher, occurred from July 2, 2001 through August 

10,2001, and focused on mathematical problem solving in the area of “Number & 

Operation.” The teachers who enrolled in this course were quite diverse in terms of 

mathematical backgrounds and ability, although a majority had little post-high school 

education in mathematics or mathematics education. Additionally, only an extremely 

small percentage was certified to teach mathematics. All teachers in this course elected 

to enroll in the course to receive graduate credits through CUNY and/or to improve their 

mathematical knowledge. All members of the population were included in the study. All 

groups had the same instructor, same materials, same syllabus and same course format.
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Description of Treatments

The primary format for the course was collaborative problem solving, in which 

student groups worked together to complete a variety of mathematical problems.

Students met face-to-face for seven three-hour periods throughout a six-week period to 

receive instructional materials and technical training, to solve mathematical problems, 

and to discuss problem-solving solutions and mathematical content. During each of the 

six weeks of the course student groups were assigned one problem for which online 

communication tools provided the sole medium for participant communication in the 

collaborative problem-solving task. The groups were directed to complete all online 

group tasks in a collaborative manner, with each student contributing ideas, responding to 

ideas, proposing strategies and procedures, demonstrating solutions, and contributing to 

summarizing and reporting their groups' findings. Assignments were the same for every 

group, thereby ensuring identical mathematical content and level of difficulty for all 

groups. The instructor did not provide assistance to any group during online problem

solving activities.

Online communication took place by way of messages posted on the bulletin 

board (asynchronous communication), or through the use of the chat room (synchronous 

communication), both features of the software package Blackboard. Each group had an 

individual online folder to which all bulletin board messages and chats were 

automatically saved, so that a complete record of each groups' deliberations were 

recorded. Additionally, students within each group were able to exchange files with 

members of their own group within these folders. Students were directed to
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communicate about group tasks only through the use of bulletin boards and chat rooms 

provided by Blackboard. Furthermore, in order to ensure that all information pertinent 

and relevant to solving the group task was recorded, students were directed to document 

and reiterate all face-to-face, phone, or email contributions within the bulletin board and 

chat room communications of the group.

Although regular participation was required in terms of attendance at face-to- 

face meetings, completion of assignments, and involvement with group problem solving 

tasks, and students were encouraged to contribute to group collaborations as much as 

possible, students were not required to contribute a set amount of postings per week, nor 

required to be present for all chat room meetings. Within weekly time limits, each group 

was instructed to submit a single solution to the instructor via email, once the group 

completed the assigned problem to their satisfaction. Groups were responsible for 

making decisions concerning the write-ups for the solutions. Groups were not allowed 

access to the deliberations of any other group nor to the submitted solutions. Once all 

solutions were submitted, to the instructor they were discussed as a class within the 

weekly face-to-face meeting. Written solutions were submitted for each assigned 

problem-solving activity, and were graded by the instructor and included in the students’ 

final grades. Grading was quantified using a rubric designed by the Northwest Regional 

Educational Laboratory (NWREL) (refer to Appendix A), and all members of each group 

received the same grade on each task.
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Sampling Procedures

The subjects of this study were assigned to groups consisting of three members.

In order to help eliminate extraneous variables and to diminish variability among the 

groups, a matching technique was used to assign group members according to 

mathematical ability, technological experience and gender. Technological experience 

was assessed by means of a survey included as part of the course application packet (refer 

to Appendix B). Mathematical ability was determined through the use of a twenty-item 

test consisting of questions taken from a mathematics placement exam that was created 

and used by the Department of Mathematics at Montana State University. The questions 

were designed to assess the students’ knowledge of concepts and basic mathematical 

skills relating to “Number and Operation” and Algebra (refer to Appendix C). The test 

was administered during the introductory face-to-face meeting, after which time groups 

were created. Group composition remained the same throughout the study. The 

limitations associated with the sample are addressed in the sectioned entitled Limitations 

and Delimitations.

Questions to be Answered

The questions addressed in this study were as follows:

I. What behaviors did small groups, using computer-mediated

communication, exhibit in terms of participation and interaction -  

social and otherwise -  while involved in collaborative mathematical

problem solving?
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2. Was there evidence of characteristic online interactive behaviors that 

enhanced or diminished the quality of collaboration within a group?

3. Was there evidence of characteristic structures in a group’s 

collaborative behavior that lead to problem-solving success or 

problem-solving failure?

Research Design

This study investigated the process of collaborative mathematical problem solving 

in small groups in an online environment, in order to characterize the participative, social, 

and interactive problem-solving behaviors of students in these groups throughout the 

problem-solving process, and to describe the impact of these behaviors on the quality of 

collaboration and the groups’ success or failure in problem solving.

As described earlier, the students in the course were placed into groups of three 

students, with students heterogeneously matched on mathematical ability, technological 

experience and gender. Course content and assignments were identical for all groups, as 

well as their method of communication with the instructor and one another. Although 

students attended seven face-to-face meetings in order to receive training on the 

technology and instructional materials, to complete face-to-face tasks, and to discuss 

problem solutions and mathematical content, online collaborative problem-solving 

activities were conducted solely using asynchronous or synchronous features of the 

software package Blackboard. All interactions were recorded on the system, either 

automatically, in the case of bulletin board message and chat-room contributions, or by a
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simple process of saving and/or documenting, for any email. As mentioned previously, 

all students were assessed in the same manner. For each group assignment a common 

grade was given to all group members. The course instructor assigned grades with scores 

ranging from 5-20, based upon criteria from a problem-solving rubric designed by 

NWREL.

During the third week of the course the researcher performed a content analysis of 

protocols for each group throughout the process of solving one problem. Refer to 

Appendix D for the problem and solution. The analysis included all discourse that 

occurred over a six-day period, from the time the assignment was given on Monday 

evening to the time that it was submitted to the instructor on Sunday evening. The 

content analysis was completed using a framework created by the researcher and intended 

to examine the participative, social and interactive dimensions of behavior in relation to 

the problem-solving process, particularly throughout the following heuristic episodes: (a) 

orientation, (b) organization, (c) execution, and (d) verification (refer to Appendix E). 

Following is a rationale for the analytical framework as well as a description of each of 

its components.

Rationale

The framework was an amalgamation of an existing framework by Garofalo and 

Lester (1985) that categorized the behaviors of students involved in small group 

mathematical problem-solving activities, a framework by Stacey and Gooding (1993) that 

focused on coding interactive aspects of collaboration on a mathematical task, and a 

framework by Henri (1992) that analyzed the participative, social, interactive, cognitive.
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and metacognitive dimensions of collaborative learning in the online environment. The 

need for this framework existed because of the failure of present models to address 

important issues, aspects, and characteristics specific to the domain of collaborative 

mathematical problem solving in an online environment. The frameworks by Garofalo 

and Lester (1985), and Stacey and Gooding (1993), though quite straightforward and 

effective in a face-to-face environment, did not consider behaviors in the online 

environment, which lacks the typical immediacy and verbal communication of the face- 

to-face setting. Similarly, Henri’s (1992) model only considered the activity of 

computer-mediated collaboration and did not consider the particular domain of 

mathematical problem solving in this environment. There was also a need for a 

narrowed, more in-depth focus on the fundamentals of collaborative problem solving, 

namely the dimensions of participative, social, and interactive behavior. Accordingly, 

this led to the elimination of the cognitive and metacognitive dimensions defined by the 

Garofalo and Lester (1985), and Henri (1992) frameworks.

Even so, the contribution of each existing model was fundamental to the 

framework. For example, while on the surface, a combination of the frameworks by 

Stacey and Gooding, and Henri might seem sufficient to address the aim of the study -  to 

investigate the participative, social and interactive behaviors during computer-mediated 

collaborative problem solving, the information acquired from those frameworks would 

lack important aspects of what is known about mathematical problem solving, such as the 

variations in participation and interaction that can occur throughout the heuristic episodes 

(orientation, organization, execution and verification) of the problem-solving process.
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Likewise, considerations of the online collaborative problem solving behaviors without 

the components of the Stacey and Gooding model would lack critical details about the 

types of interactions that occur during the process.

As with all of these existing approaches, the method of analysis used by the 

researcher included a priori criteria. Assigning criteria in advance allowed the researcher 

to concentrate on a single aspect of computer-mediated collaborative mathematical 

learning -  the problem-solving process as revealed in the messages. The details of the 

framework, including the theoretical foundation for each of its dimensions follow.

The Analytical Framework

Within a computer-mediated learning environment there are three facets to 

discourse, as described by Henri (1992): what is said on the subject under discussion; 

how it is said; and the processes and strategies adopted in dealing with it. Analysis of the 

discourse can be done on each of these levels with what is said on the subject focusing on 

understanding and judging the quality of what is being said on exactitude, logic, 

coherence, relevance and clarity; how it is said allowing us to measure how actively the 

learner acquires information and uses it to produce new knowledge, through the analysis 

of participation, social presence and interactivity; and processes and strategies centering 

on the processes and strategies adopted by the learners as they reveal them in dealing 

with the subject.

Henri (1992) contended that the first level of analysis, “what is said on the 

subject,” deals essentially with the ‘product’ of learning, versus the latter two levels, 

which reveal more of the ‘process’ of learning. While this study was intended to focus
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on process rather than product, the goal was to investigate the essentials of collaboration; 

therefore the framework was established using only the second level of analysis, and 

included the following three dimensions: participative, social, and interactive. It is these 

dimensions that shed light on the basics of i f  and how students collaborate to solve 

mathematical problems in an online environment. In addition, there was a need to know 

how participation and interactions related to the problem solving process, namely the 

heuristic episodes. The question was whether or not group members interacted 

throughout the entire problem solving process, from trying to understand the problem, to 

establishing and executing a plan, and finally to verifying the solution. Therefore, 

heuristic episode was added to the framework as a fourth dimension. The analytical 

framework, which provides operational definitions and indicators for each dimension, can 

be found in Appendix E. The following is an explanation of the theoretical foundation of 

each.

The Participative Dimension. As stated previously, a mere count of the number 

of messages is not sufficient to present an accurate picture of student participation. 

Nevertheless, such quantitative data can be useful in content analysis if it is not the only 

factor considered, and if it is analyzed in conjunction with data from the analysis of the 

other dimensions, such as those defined by Henri (1992). This study followed Mason’s 

(1992) recommendation to progress from description to analysis by using quantitative 

data to show the extent of student participation in order to determine what percent of the 

total activity educationally valuable interactions represented.
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As it is well known that computer-mediated communication environments give 

rise to various types of conferencing, not all of which are directly concerned with 

learning activities (Henri, 1992), a distinction was made between two categories of 

quantitative data: data covering the totality of the statements and questions issued by all 

participants (overall participation), and data concerning the participation of the learners in 

the learning activity (task-specific participation).

The Social Dimension. Although the social dynamics of conferencing are 

considered a factor in participation, social cohesion within a group, and the feeling of 

belonging (Gunawardena, 1995), as with Henri (1992), this researcher did not want to 

replicate the sufficient number of studies offering in-depth analyses o f social dynamics. 

Therefore, this study limited its consideration of this aspect to identifying the occurrences 

of the expression of the social factor.

The Interactive Dimension. Interaction amongst participants is clearly a 

necessary, and critical element of collaborative problem solving. The internalization of 

cognitive and metacognitive processes implicit in the interaction and communication that 

occurs while collaborating can directly help to develop general mathematical problem

solving skills and strategies. The strengths of collaborative learning through discussion 

and conversation include the sharing of different perspectives, the obligation to 

communicate explanations to others and to make explicit one’s own knowledge and 

understandings, and the motivational value of being a member of a well-functioning 

group (Kaye, 1992). However, as mentioned previously, communication is not enough.
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Especially in an online environment, the presence of communication does not ensure 

collaboration or even interaction. A conference without interactivity would comprise a 

series of one-way statements, or monologues linked only by the theme or subject under 

discussion (Henri, 1992). Existing literature conveys the importance of participants 

interacting with one another by asking questions and giving explanations and assistance 

(Webb, 1991; Stacey & Gooding, 1993). In fact, it is clear from the literature that when 

interaction patterns of groups that learn effectively are compared with those of ineffective 

groups, students interact more with one another and more with the task (Stacey & 

Gooding, 1993). In Henri’s (1992) framework for content analysis of computer 

conferencing, she defined interaction as a three-step process:

Step I : communication of information 

Step 2: a first response to this information 

Step 3: a second response relating to the first

Her model allowed for interactivity, and for its absence as well. The framework 

qualified non-interactive messages or statements as “independent.” The framework also 

differentiated between explicit interaction (statements containing specific reference to 

another message, person or group) and implicit interaction (statements containing an 

implicit reference to another message, person or group). Thus, the distinctions made for 

the interactive dimension of her framework were as follows: interactive versus non

interactive, and explicit versus implicit interaction.

Although the researcher for this study found these distinctions important for 

describing the actual structure of interaction for computer conferences, she did not find
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them sufficient for providing insight into what types of interactions occur, and thus the 

effect of these interactions on the quality of the collaborative problem-solving process. 

In addition, it was the researcher’s opinion that only one response to a statement or 

question is necessary in order for interaction to have occurred. Henri (1992) defines this 

as quasi-interactive. ■ However, for the purpose of this study, the researcher defined 

interactive statements/questions as statements/questions that are connected implicitly or 

explicitly to one or more other statements/questions within other messages.

As mentioned above, the benefits of collaborative learning occur through the 

sharing of different perspectives, through asking questions, and through giving and 

receiving explanations and thus making explicit one’s own knowledge and 

understandings. Stacey & Gooding (1993) developed a framework expressly for coding 

interactions of small groups in the discussion of a mathematical task. The categories 

included: asking questions, responding, directing, explaining with evidence, thinking 

aloud, commenting, and refocusing discussion. Since this research focused specifically 

on the collaborative process in mathematical problem solving, the researcher of the study 

considered these categories most appropriate. However, she also made a distinction 

between interactive and non-interactive statements and questions. Additionally, the 

category of “other” was added to classify interactive/non-interactive units of meaning 

that focused on the use of the technology or the process of online collaboration. An 

explanation for the addition of this category can be found in the section entitled 

“Considerations of Reliability and Validity.”
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The Heuristic Episode Dimension. While the existence of communication and 

interaction between participants remains the most significant element of the collaborative 

process, the importance of the nature of that communication and interaction, in terms of 

how, what and when, cannot be underestimated, especially in the realm of problem 

solving. As stated previously, group behaviors could range from coming together only to 

delegate individual subtasks, then again only to compile results, to working jointly 

through each stage of problem solving -  analyzing the problem together, planning, 

executing, and verifying the solution. Questions and explanations between students are 

valuable, but this interaction can be of little benefit to collaboration and learning if used 

outside the process of problem solving. It is the communication throughout each 

problem-solving heuristic episode that promotes the scaffolding of knowledge, facilitates 

the monitoring and regulation of one another’s knowledge and use of strategies, and that 

contributes to successful problem solving and the internalization of cognitive and 

metacognitive processes related to the development of mathematical problem-solving 

skills and strategies. In fact, it is these types of interactions that differentiate ' 

collaboration from mere group work.

As noted in the review of literature and conceptual framework, there are several 

frameworks specifically intended for analyzing the mathematical problem-solving 

processes of individuals and groups. Although there are slight differences between each 

of these models, all of the frameworks categorize mathematical problem-solving 

behaviors into heuristic episodes of similar nature. In fact, all agree that the problem- 

solving process includes a stage (or stages) at which students analyze and orient
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themselves with the problem, one at which they plan a strategy, one at which they 

execute that strategy, and finally one at which they verify execution of the strategy and/or 

the solution. The researcher chose to use the heuristic episodes defined by Garofalo & 

Lester (1985), as they uphold this theory while remaining simple and clear-cut. The 

episodes and their descriptions are as follows:

I . Orientation: The stage during which individuals or groups exhibit strategic 

behavior to assess and understand a problem. This stage includes comprehension 

strategies; analysis of information and conditions of the problem; assessment of 

the familiarity and level of difficulty of the task; and the development of initial 

and subsequent mathematical representations of the problem.

2) Organization: The stage during which individuals or groups make plans 

concerning their behavior, and choose their actions. This stage includes the 

identification of goals and subgoals, and global and local planning.

3) Execution: The stage during which individuals or groups regulate their 

behavior to conform to plans. This stage includes the performance of local 

actions, monitoring of progress of local and global plans, and trade-off decisions 

such as speed versus accuracy.

4) Verification: The stage during which individuals or groups evaluate decisions 

made and of outcomes of executed plans. Verification includes the evaluation of 

elements of orientation and organization such as the adequacy of representation, 

adequacy of organizational decisions, the consistency of local plans with global 

plans, and the consistency of global plans with goals. It also includes the
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evaluation of elements of execution and its subsequent outcomes such as the 

adequacy of performance of actions, the consistency of actions with plans, the 

adequacy of local or final results, the consistency of local results with plans and 

problem conditions, and the consistency of final results with problem conditions.

Considerations OfReliabilitv and Validity

There were several factors necessary to consider regarding the reliability and the 

validity of the study. First, there were concerns related to the analytical framework. 

Since the data analysis of content in the transcripts of small group discussions involved a 

complex coding scheme, improper use of the instrument posed a possible threat to 

reliability and validity. In addition, there is always a certain amount of subjectivity 

within the process of content analysis. The researcher attempted to reduce such 

subjectivity and establish validity through her choice of clearly defined indicators based 

on an extensive literature review, and through a process of piloting and revising the 

instrument prior to its use in the study. The pilot study, which was completed two 

months prior to the study and consisted of coding random sections of the online problem

solving transcripts from the first week of the course, revealed the need for only one 

significant adjustment. Through the preliminary analyses, the researcher recognized that 

certain messages could not be categorized as problem solving related. These messages 

concerned the use of the technology or the process of collaborating online rather than to 

the actual process of solving the problem, and would clearly not occur in a face-to-face 

collaborative effort. Still they were directly concerned with learning activities and 

critical to the progression of the group effort. For that reason, the researcher added the
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category of “other”, as indicated briefly in the section entitled “The Interactive 

Dimension.”

The pilot study also revealed the need for a way of coding messages such as 

“ummm,” “. . or “ok,” which were without meaning. Accordingly, for the primary 

study, these messages were marked NC (not categorized) and were included in the total 

number of messages, but not counted as units of meaning. Furthermore, observations 

from the pilot study revealed that once a unit of meaning was classified as “social” it was 

meaningless to code it within the categories of “interactive vs. non-interactive”, 

“problem-solving vs. other,” “interaction type,” and “heuristic episode.” Similarly, since 

units of meaning labeled as “other,” and those categorized as “commenting” were either 

affective in nature, or did not relate directly to solving the mathematics problem, it was 

judged unnecessary to code them along the dimension of “heuristic episode.”

Since the use of additional coders presented an immense training task that was not 

justified in terms of the volume of data to be coded, only the researcher coded all 

“official” transcripts. However, for the purpose of determining inter-coder reliability a 

randomly selected section of the transcript containing 50 messages was coded by both the 

researcher and an additional trained coder. Each unit of meaning within the messages 

was coded along six characteristics -  participant, social vs. not social, interactive vs. non

interactive, problem solving vs. other, interactive category, and heuristic episode -  and 

hence had six points at which coding agreement or disagreement could occur. For each 

coding agreement, one point was given. For example, if there were 20 units of meaning, 

total agreement in coding would result in 180 points. Inter-rater reliability was then
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determined by dividing the points given for coding agreement by the number of points 

possible for total coding agreement. In this way, the inter-rater reliability for the 

framework was determined to be 81%. The researcher determined stability over time in 

the same manner, by re-coding a random section of the transcript two months after its 

first coding. Test-retest reliability was determined to be 86%.

Another concern was that the nature of the online medium could hamper the 

ability to achieve full awareness of all individual problem-solving behaviors, such as' 

reading the problem and performing computations. Though this could be considered a 

threat to validity, the researcher did not consider it a weakness in the methodology. 

Rather, she felt it served to elucidate the differences between collaborative problem 

solving in a face-to-face environment and that mediated by computer, because in the end 

those individual behaviors seen by the observer are also all that is seen by the group 

members.

There were additional concerns related to the subjects and the treatment of the 

study. The lack of mathematics courses offered in an online environment with a focus on 

collaborative problem solving, the small number of students in the total population, and 

the nature of enrollment (self-selection) prevented randomization of subjects. However, 

the primary aim of this research was not to generalize results, but rather to take a 

preliminary and in-depth look at the processes of computer-mediated collaborative 

mathematical problem solving in order to develop theories about the relationship between 

the participative, social and interactive dimensions throughout the problem-solving 

process and the effect of these dimensions on problem-solving achievement.
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Nonetheless, matching of subjects based upon gender, mathematical ability, and 

experience with online technology was used in an attempt to balance the abilities of all 

groups. To further ensure the internal validity of this study, the possible effects of 

history, maturation, and selection were addressed. The analysis of data showed no 

evidence of effects of history, and maturation. The greatest threat to the internal validity 

of this study was selection. Although efforts were made to equate groups on ability, there 

does exist the possibility that the groups, after being assigned, were different in ability 

levels at the beginning of the study. This must be considered when interpreting the 

results of this study, and therefore it is listed as a limitation of this study.

Extraneous variability created by the medium for course delivery was also a 

possibility. Difficulties such as' the inability to use the technology or a lack of comfort 

with the technology might have affected the participation of group members. Efforts 

were made to address this variable by requiring attendance at a technology orientation 

prior to the course, and by providing online technical assistance to all students. 

Furthermore, studies have shown that once students become familiar with the technology, 

they tend to become more active participants (Beaudrie, 2000). For this reason, the 

researcher delayed content analysis until midway through the course, with the goal of 

diminishing variability caused by this factor.

A final possible threat to validity was the Hawthorne Effect, which is the 

tendency of subjects under study to exhibit atypical behavior because of their awareness 

of being studied, or because they are receiving special treatment. Although this was 

indeed a possibility with the subjects in this study, the fact that participants enrolled in
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the course voluntarily, and that no changes were made to the structure of the course, the 

occurrence of this effect was minimized. Nonetheless, as with all of the concerns above 

it was necessary to consider and therefore acknowledged as a limitation of the study.

. Methods of Data Collection 

Individual and Group Behavior

Data on individual and group behaviors was collected by observing and 

performing a content analysis on transcripts to all online problem-solving dialogues, and 

coding every unit of meaning contained within the messages along the participative, 

social, interactive and heuristic episode dimensions, using a framework developed by the 

researcher. The framework, which was a synthesis of frameworks by Garofalo and 

Lester (1985), Stacey and Gooding (1993), and Henri (1992), was designed to analyze the 

participative, social, and interactive behaviors of small groups involved in computer- 

mediated collaborative mathematical problem solving during each of four heuristic 

episodes (see Appendix E). Indicators were categorized under the following categories:

1. Participative

a) Overall

b) Task-specific

2. Social

3. Interactive

Included under this category were the following types of interactions:

a) Problem Solving



i. Questions

ii. Responses

iii. Directions

iv. Explanations

v. Think aloud

vi. Proposal of ideas

vii. Refocus of discussion

viii. Comments

b) Other

4. Heuristic episode

Included under this category were the following heuristic episodes:

c) Orientation

d) Organization

e) Execution

f) Verification

For a detailed explanation regarding the use of this framework for analysis of 

content refer to the section entitled Analytical Techniques.

Group Problem-Solving Achievement

Group problem-s.olving achievement was measured simply by the score earned by 

each group on the assigned weekly task. Only one score was given to all members of 

each group regardless of individual contributions to the solving of that task. Based upon 

the experience of Beaudrie (2000), who analyzed online problem-solving behavior and

93
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found that a holistic rubric resulted in little variation in group problem-solving scores, 

scores were determined using a detailed analytic rubric developed by the Northwest 

Regional Educational Laboratory (NWREL). The researcher chose this rubric based 

upon its clear delineation of the criteria for evaluating five different traits of problem 

solving: (a) conceptual understanding, (b) strategies and reasoning, (c) computation and 

execution, (d) insights, and (e) communication. The researcher believed that the division 

of the rubric into five separate well-defined categories adequately addressed the 

aforementioned issue.

As described in the rubric, students exhibited good conceptual understanding of 

the mathematics in a problem if  they chose appropriate representations, used relevant 

information, used mathematical terms precisely and selected applicable mathematical 

procedures. Students demonstrated their ability to use strategies and reasoning by 

investigating and selecting appropriate problem-solving strategies and conducting a 

logical, well-planned and supportedprocess that led to a reasonable solution; all forms of 

representations were consistent and integrated into their solution, progress was self- 

monitored and adjustments were made as needed, and work was verified or a proof of its 

correctness was provided. Students exhibited mastery of computation by accurately 

executing all procedures, correctly applying and labeling all visual representations 

(charts, tables, graphs, etc.) of the problem and demonstrating the correct use of available 

technology or manipulatives. Students showed insight into a problem when they 

recognized the significance of the problem in its relationship to other problems or in its 

connections to other disciplines or “real-world” applications; recognized patterns
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embedded in the problem, discovered multiple approaches and/or solutions, or created a 

general rule or formula. Finally, students demonstrated good communication when they 

described clearly what they did and why they did it; their explanation flowed in a logical, 

fluent sequence, and their message was direct, purposeful, and well organized. Each of 

the five above described traits was given a point value ranging from I (low - emerging) to 

4 (high - exemplary) based upon the descriptors provided in the rubric (see Appendix A). 

A total score for each problem was calculated by totaling the scores for each of the five 

traits. As a result, scores for each problem ranged from 5 to 20. The matters of validity 

and reliability of the rubric were addressed previously by the creators of the NWREL 

rubric. Content validity was supported by a review of the literature and existing scoring 

guides, and extensive pilot testing. Inter-rater reliability for the instrument was 85%.

Analytical Techniques

The primary undertaking of this research consisted of analyzing the message 

transcripts of four collaborative groups throughout one mathematical problem-solving 

task. Although the questions from the section entitled “Questions to be Answered” were 

addressed principally through a qualitative description of individual and group behaviors, 

the use of quantitative data was used to show the extent of student participation and to 

provide essential details concerning the amount of educationally valuable interactions. 

This approach was used for this study in order to provide a richer picture of the nature of 

computer-mediated collaborative mathematical problem solving than would be possible 

with the use of a single method. While numbers proved useful for looking at overall
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patterns of individual and group participative, social and interactive behaviors, and for 

identifying and expressing possible relationships between these behaviors and problem

solving achievement, a rich description offered a more holistic picture of the interplay 

between individual and group behaviors within the problem-solving groups and of the 

effect of these behaviors on the problem-solving process and the level of collaboration 

that took place.

Quantitative data regarding student behavior was categorized as follows: data 

covering the totality of participation by all participants, and data concerning the 

participation of the learners in the learning activity (task-specific). Total participation 

was quantified as the total number of messages sent by individuals and groups. 

Additionally, however, there was a need to distinguish between the participation of 

individuals who sent few messages that contained multiple ideas, trains of thought, and 

questions and/or statements regarding various matters, and those that conveyed only one 

thought or idea over the course of two or more messages. For this reason, the researcher 

used Henri’s (1992) method of dividing messages into units of meaning (refer to 

definition in chapter I). In so doing, the total number of units of meaning for each 

individual and group provided additional enumeration of total participation and became 

the principal unit for coding. Each of the units of meaning was then analyzed and coded 

along the social and interactive dimensions, and for units of meaning classified as 

problem solving related along the heuristic episodes of problem solving, using the Matrix 

fo r Message Analysis found in Appendix F. For clarity, the process for coding a message
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is illustrated in the Message Coding Flowchart in Figure I . Using the flowchart, the 

following message example can be coded:

“Hi guys, I ’m back! I ’m having real problems with my Internet 

connection. Doesn’t the problem say that we are supposed to find the 

largest rectangular number? Why don’t we eliminate all of the prime 

numbers and then make a chart with the rest of the numbers.” ■'

Within the example message the participant makes a greeting, makes a comment about 

the technology, asks a question during the heuristic episode of orientation, and then 

proposes an idea as part of the organization stage. The message must first be divided into 

three units of meaning. The first unit of meaning is social in nature, therefore an X is 

placed in column four of row one in the matrix in Figure 2, and the process is continued 

with the second unit of meaning. The second unit of meaning concerns the use of 

technology. Assuming that it is not interactive, the coding is as shown in row two of the 

matrix in Figure 2. Notice that since the unit of meaning has been categorized as “other,” 

it is no longer categorized along the “interactive category” or “problem solving heuristic 

episode.” The third unit of meaning is clearly a question and relates to understanding the 

problem, and within the fourth unit of meaning the participant proposes an idea to solve 

the problem. Assuming the second and third units of meaning were both interactive, the 

coding in this case is presented in Figure 2.
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Figure I . Message Coding Flowchart

Does the message 
include any categorizable 

contributions?

Write the message 
number in column I.

Is the unit of meaning social 
in nature?

Is the unit of meaning 
categorized as " other"?

Is there another unit of 
meaning within the 
current message? Coding of the 

message is 
complete.

Place an O in 
column 6.

Place an X in 
column 4.

Write NC in 
column2.

Place an I in column 5 if the unit of meaning is 
interactive or an N in column 5 if it is non-interactive.

Divide the message into appropriate units of meaning and 
for each unit of meaning proceed with the following steps.

Write the number of the unit of meaning in column 2, and 
the name of the participant who contributed it in column 3.

The interaction is a "problem solving" interaction. Place a P in column 6 and continue with next step.

Categorize the unit of meaning as one of the following and write the appropriate code in column?: 
Asking questions: Q Responding: R Directing: D Explaining with evidence: E
Thinking aloud: A Proposing Ideas: P Commenting: C RefocusingDiscussion: RD

Determine the heuristic episode in which the unit of meaning falls and write the appropriate code in 
column 8:

Orientation: ORN Organization: ORG Execution: E Verification: V



99

Figure 2. Sample Coded Message Matrix
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Total participation was measured using the total number of units of meaning 

issued, and task-specific participation was measured using the number of units of 

meaning directly related to the learning activity. Task-specific participation was further 

separated, into two categories: units of meaning directly related to solving the assigned 

mathematics problem (labeled “problem-solving”), and units of meaning related to the 

use of online technology and to the process of online collaboration (labeled “other”). The 

percentage of social contributions was defined as the number of occurrences of the 

expression of the social factor, divided by the total participation. Percentages for 

problem-solving participation and other contributions were calculated by dividing the 

number of units of meaning defined as problem solving and other, respectively, by the 

total participation. Percentages for interactions classified as questions, responses, 

directions, explanations, think aloud, proposals of ideas, commenting, and refocusing of 

discussion were calculated similarly.
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Limitations & Delimitatinns

The limitations of this study were as follows:

1. The groups of this study were limited to students taught by one teacher, in 

one course offered by New Visions for Public Schools and City University 

of New York.

2. The population of the study was limited to twelve students.

3. The researcher was not able to control for effects of history, maturation 

and selection on students.

The delimitations of the study were as follows:

1. The period of the study was limited to one six-week course.

2. Content analysis was limited to dialogue occurring during one week of the 

course and related to the collaborative effort to solve one mathematical 

problem.
V

3. The population of the study was enrolled in a course focusing on 

mathematics concepts surrounding “Number & Operation.”
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CHAPTER III

DATA ANALYSIS AND FINDINGS 

Introduction

As discussed previously, the preliminary focus of this research consisted of 

analyzing the message transcripts to all online problem-solving dialogues from four 

collaborative groups throughout one mathematical problem-solving task. By coding 

messages along six dimensions, using a framework developed by the researcher, data on 

the participative, social, and interactive behaviors for each group and group member, 

throughout the problem-solving process, was collected. This chapter contains three 

sections. The first section, entitled “Description,” includes a general account of the 

collaborative problem-solving effort of each group and is aimed at establishing a context 

for data reported, analyzed and synthesized within the subsequent sections. The next 

section, entitled “Analysis,” includes quantitative data for and qualitative descriptions of 

individual and group behaviors, and reflects the findings of the content analysis in terms 

of individual elements of collaboration. It includes the following areas:

1. Total participation of the group during the entire problem-solving process

2. Social contributions

3. Task-specific participation of the group during the entire problem-solving 

process

4. Task-specific participation of the group during each heuristic episode

5. Problem-solving interactions throughout the entire problem-solving process
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6. Other interactions throughout the entire problem-solving process

7. Problem-solving achievement

The final section, entitled “Synthesis,” examines the connections and interdependence of 

the elements from above in order to address the question of how the collaborative system 

functioned as a whole, and to present a holistic picture of the joint problem-solving effort 

and achievement of each group within the online environment.

Description

Blue Group

The blue group’s participation was extremely limited with a total of only three 

asynchronous messages exchanged between two members of the group. The units of 

meaning within these messages were limited to a short series of thoughts and questions 

about the problem, and a message regarding the inability to utilize the chat room within 

the virtual classroom. There appeared to be a little connection between the group 

members, as interpreted by the lack of interactive units of meaning and related responses. 

All task-specific units of meaning for this group fell within the orientation stage of 

problem solving, and there was no evidence that suggested whether the task was 

delegated or divided, whether it was completed or even if any progress was made.

Green Group

The green group made use of both types of communication, exchanging initial 

comments and questions about the problem through bulletin board messages, completing 

a considerable amount of collaboration on the problem synchronously, and then once
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again communicating asynchronously as they completed the problem. Asynchronous 

messages within this group also included a series of thoughts and questions about the 

problem. However, in addition there were also messages regarding when the group 

would meet in the chat room. As with the blue group, there was a noticeable lack of 

related responses and interactions between group members when using asynchronous 

communication. However, the presence of true teamwork was evident for this group as 

they used the chat room extensively throughout the problem-solving process in an 

attempt to understand the problem, brainstorm solutions and even to perform the 

. mathematics. Synchronous collaboration within the green group was divided into three 

different sessions. The first session began with all three members present, but moved to 

two members after one member became frustrated and departed the chat room. The 

following two sessions were limited to two members -  the member who had withdrawn 

earlier and one of the others. During these two sessions much of the dialogue consisted 

of one member providing clarification and mathematical explanations to the other 

member. Still collaborative efforts of this pair seemed to result in progress toward 

finding the solution to the problem. At the conclusion of the third session a plan for 

solving the problem had been produced and execution of the plan had begun. The final 

two messages exchanged by the group were asynchronous in nature and focused on 

verifying the answer and logistics related to submitting the assignment. Unlike the 

asynchronous messages sent at the beginning, these messages were interactive and well

related.
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Red Group

The red group also utilized both the asynchronous and synchronous modes of 

communication, although not as extensively or as productively as the green group. The 

members of this group met for several very brief chat room sessions and accomplished 

little in the way of collaborative problem solving, focusing primarily on discussing 

matters of completing and submitting the assignment and using the technology to do so. 

Dialogue during many of these sessions related to individual work that had been posted in 

the file exchange. The following remarks during the first session exemplify the 

independent efforts that occurred throughout the entire process:

Mara: Mary, I put my files in the exchange if you want to look at them.

Mary: ITl take a look at your file. I also have a response in the exchange.

Mara: Mary, I can only be on for 20 more minutes so let me know what you think

of the file. ITl be on tomorrow night as well.

Mara: I have two files on the exchange.

A short time later

Jane: Hello ladies. I finally got on also.

Mary: Mara I  saw your files. I feel that 999,960 is a better number since it has

the factors 2 ,5 ,3  and it is very close to I million.

Mary: Jane what’s happening? Why don’t we meet again tomorrow night since

Mara has to go now?

Jane: Mary: 999,960 is interesting. What determines the rectangular properties?

Jane: Ok with. I will look at the exchange files and add what I can contribute.
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Jane: I am going to look in the exchange files now. Is anyone still there?

Mara: Hey guys, sorry, I didn’t really understand the multiple personalities 

problem. 750 was just an example, I’m still going through numbers.

Mara: ok, look over my files, I’m going to be on again tomorrow.

In the same way, asynchronous communication consisted of only two messages, 

both exchanged at the end of the process and both focusing largely on verifying the 

solution to the problem.

Yellow Group

The yellow group limited their participation to the synchronous mode of 

communication. The majority of the discourse for this group consisted of social dialogue 

interspersed with discussions related to finding a quick way to solve the problem, 

whether by formula or through online resources. While there were some collaborative 

efforts aimed at understanding the problem they were always related to the attempt to 

apply a formula. Near the end of the transcripts messages revealed a sudden possible 

solution to the problem followed by a hasty decision to write up the solution with no sign 

of verification.

Analysis

Total Particination

It is evident from the above descriptions that participation varied significantly 

amongst the four groups. The blue group, whose participation was limited to use of the 

group bulletin board system, sent a mere three messages and a total of nine units of



106

meaning within those messages. Conversely, the yellow group limited its dialogue to 

synchronous messaging, but exchanged a total of 371 messages (347 categorized 

messages) and 366 units of meaning. The green and red groups used a combination of 

the two modes of communication to send a total of 652 messages (587 categorized 

messages) and 479 units of meaning, and 103 messages (96 categorized messages) and 

121 units of meaning, respectively. Individual participation within the groups varied 

greatly as well, with no contributions for one member in the blue group and 240 units of 

meaning for one member in the green group.

As suggested in the previous paragraph, participation included two elements: the 

number of messages sent and the number of units of meaning contributed. Both 

components are important to our understanding of online group communication. While 

some individuals communicated many important ideas within a single message, others 

used several messages to convey only one thought, and still other messages were without 

meaning. A ratio of the number of units of meaning to the number of messages provides 

a more precise picture of how individual group members communicated with one 

another. The blue group had a ratio of 3 units of meaning per message; the green group’s 

ratio was 0.73; the red group’s ratio was 1.17, and the ratio for the yellow group was 0.99 

units of meaning per message. Clearly ratios above one indicate longer messages with 

more than one unit of message, and ratios less than one signify messages that do not 

contain a complete thought.

On the other hand, although the number of messages sheds significant light on 

how individuals communicated, the number of ideas shared remains the most important
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quantity for determining individual contributions to the group. Therefore, in order to 

provide an accurate representation of group and individual involvement and for 

calculating percentages of different types of contributions, the numerical value assigned 

to all future discussions of total participation for individuals and groups will be the 

number of units of meaning contributed.

Social Contributions

This study limited its consideration of the social aspect to identifying the 

occurrences of the expression of the social factor. Their importance is only to the extent 

that they existed and therefore accounted for a certain percentage of the total units of 

meaning exchanged within the groups. The percentage of social contributions within 

each group was calculated by dividing the number of units of meaning classified as social 

by the total participation. The yellow group had the highest percentage- of social 

contributions with 36.6%, followed by the red group with 27.3%, the blue group with 

22.2%, and finally by the green group with 7.3%.

Task-Specific Participation

Task-specific participation refers to all units of meaning that were directly related 

to the learning activity. The percentages for task-specific participation of each group 

were as follows: blue group: 77.8%; green group: 92.7%; red group: 72.7%; and 

yellow group: 63.4%. Since not all messages were interactive in nature (refer to section 

entitled “Analytical Framework” for definition), task-specific participation was separated 

into two categories: interactive and non-interactive. Within the blue, group, 42.9% of
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task-specific participation was interactive in nature. Likewise, the percentages for 

interactive task-specific participation for the green, red and yellow groups were 84.5%, 

61.4%, and 88.4%, respectively. These percentages were calculated by dividing the 

number of interactive task-specific units of meaning by the number of task-specific units 

of meaning.

Task-specific participation was further divided into the following two categories: 

units of meaning directly related to problem solving, and other units of meaning related 

to the use of online technology and to the process of online collaboration. The 

percentages for units of meaning classified as problem solving and those classified as 

other are below. A distinction has been made between interactive and non-interactive 

units of meaning for both categories. The percentage of units of meaning classified as 

interactive problem solving was calculated by dividing the total number of units of 

meaning classified as interactive problem solving by the total number of task related units 

of meaning. Percentages for units of meaning classified as non-interactive problem 

solving, interactive other, and non-interactive other were calculated in the same way.

Table I. Task-Specific Units of Meaning.
Group Problem Solving Other

Interactive Non-Interactive Interactive Non-Interactive
Blue Group 42.9% 42.9% 0% 14.3%

Green Group 71.2% 12.6% 13.3% 2.9%
Red Group 13.6% 13.6% 47.7% 25.0%

Yellow Group 39.7% 5.6% 48.7% 6.0%
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Problem-Solving Contributions. Problem-solving contributions included 

interactive and non-interactive statements and questions related to the process of solving 

the mathematical problem. The percentages of problem-solving contributions for each 

heuristic episode were calculated by dividing the number of units of meaning in each 

heuristic episode by the total number of task related units of meaning. The figures for 

each group are shown in the Table 2.

Table 2. Percentage of Task Related Participation for Each Heuristic Episode.
Group Orientation Organization Execution Verification

Blue Group 85.7% 6% 0% 0%
Green Group 42.8% 11.5% 16.7% 4.1%
Red Group 5.7% 1.1% 0% 10.2%

Yellow Group 14.7% 13.0% 11.6% 5.2%

Problem-solving contributions were further sorted into the following 

subcategories: questioning, responding, directing, explaining, thinking aloud, proposing 

ideas, refocusing discussion, and commenting. The overall percentage for each type of 

problem-solving interaction was calculated by dividing the total number of units of 

meaning for that category by the total number units of meaning related to problem 

solving. Since these categories were intended to describe types of group interactions, 

only units of meaning classified as “interactive” were considered within this calculation. 

Even so, the existence and importance of non-interactive statements should not be 

overlooked, and therefore will be discussed in the section entitled “Synthesis.” The

breakdown can be seen in Table 3.
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Table 3. Total Percentage of Interactive Problem-Solving Contributions.

Interaction Category Blue Group Green Group Red Group Yellow
Group

Questioning 33.3% 25.0% 8.3% 29.3%
ELesponding 33.3% 29.7% 41.7% 29.3%
Directing 0.0% 4.1% 0.0% 3.3%

Explaining 0.0% 8.5% 16.7% 0.0%
Thinking Aloud 0.0% 13.6% 8.3% 26.1%
Proposing Ideas 0.0% 8.5% 16.7% 3.3%

Refocusing
Discussion 0.0% 0.6% 0.0% 1.1%

Commenting 33.3% 9.5% 8.3% 7.6%

Other Contributions. The ability to successfully collaborate in the online 

environment was dependent on more than just the group and individual behaviors and 

interactions related to problem solving. Units of meaning related to the use of the 

technology and the process of online collaboration were found to be important to the 

functioning of the group, as the dependence on technology to collaborate required group 

members to communicate about issues such as when to meet, how to communicate, and 

the difficulties of doing both. The percentage of “other” units of meaning was calculated 

by dividing the number of units of meaning classified as other by the number of task 

related units of meaning. These units of meaning accounted for a notable percentage of 

task related interactions within almost every group, with the blue group having 14.3%, 

the green group having 16.2%, the yellow group having 54.7%, and the red group having 

the highest percentage at 72.7%.
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Problem-Solving Achievement

Group problem-solving achievement refers to the scores assigned to each group 

on the assigned weekly task. Scores were determined using an analytic rubric developed 

by the Northwest Regional Educational Laboratory (NWREL), and reflected the 

evaluation of five different traits of problem solving: I) conceptual understanding, 2) 

strategies and reasoning, 3) computation and execution, 4) insights, and 5) 

communication. Each of the five above described traits was given a point value ranging 

from I (low - emerging) to 4 (high - exemplary) based upon the descriptors provided in 

the rubric (see Appendix A). A total score for each problem was calculated by totaling : 

the scores for each of the five traits. As a result, scores for each problem ranged from 5 • 

to 20. The total scores for each group were as follows: blue group -  13 points; green 

group -  20 points; red group -  19 points; and yellow group -  15 points.

Synthesis

The above descriptive accounts and analysis make quite apparent the variation on 

every level in the collaborative problem-solving behaviors within the four groups. Still, 

the numbers alone can be misleading. For example, while certain percentages for the 

blue group suggest constructive behaviors (e.g. 77.8% task-specific participation), the 

extreme lack of overall participation within the group gives a different account of their 

collaborative efforts. Indeed, collaborative problem solving must be considered a whole 

system that is both greater than and different from its parts. As such it cannot “validly be 

divided into independent parts as discrete entities of inquiry because the effects of the
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behavior of the parts on the whole depend on what is happening in the other parts” 

(Patton, 1990, p. 79). The following sections address this issue by providing a synthesis 

of the variables that shaped the complete picture of online collaborative mathematical 

problem solving in this study.

The first and most visible difference between the groups was the mode of online 

communication that each group used. The blue group limited their communications to 

the asynchronous mode, while the yellow group limited their collaborations to 

synchronous communication and the green and red groups employed both modes of 

communication. The most significant consequence of this variable was the types of 

messages sent by group members. This can be understood by taking a closer look at the 

ratios of units of meaning to messages, for the four groups in the Table 4.

Table 4. Average Units of Meaning per Message.
Group Asynchronous Synchronous

Blue Group 3.0
Green Group 5.25 .71
Red Group 1.5 1.17

Yellow Group .99

In general, the data confirms existing research that computer-mediated 

interactions can range from rapid and spontaneous exchanges of short messages, to 

relatively lengthy texts. The ratios above suggest that the asynchronous messages tended 

to contain the more lengthy messages with multiple units of meaning, while the shorter 

messages with oftentimes-incomplete thoughts were more prevalent in the synchronous 

mode. Transcripts within the synchronous mode appeared to imitate collaboration in the
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face-to-face mode, with a mutual, continual, and spontaneous exchange of ideas and 

feedback. The number o f messages that were not categorized within the chat room 

transcripts (e.g. “hmmm,” “ok,” ..”) of each group is evidence of the unplanned nature

of synchronous collaboration.

It is not clear why groups chose to use synchronous or asynchronous modes of 

communicating. Although it may have been discussed during face-to-face meetings, 

there was extremely little online dialogue about the options and no evidence that the use 

of one or both types of communication was an explicit decision made within the groups. 

In fact, the only group to discuss the options did so only briefly during their third chat 

session and showed signs of confusion about the use of the asynchronous option, as 

illustrated by the following exchange of messages:

Shawn: Ann glad to have you. Long distance learning is going really slow. Are 

we going to try the discussion board?

Cindy: Why do you want to go to the discussion board?

Ann: This only works if you have all of the information that you need and we are 

ready to make a decision on how to present it.

Shawn: Isn’t that the place for actual discussions?

The last message received no response and the short discussion ended abruptly as group 

members returned to communicating synchronously about other matters.

It was apparent, however, that asynchronous communication was very limited 

even within the groups that used it. The blue group exchanged a total of only three 

messages, the green group exchanged four asynchronous messages and the red group
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exchanged only two asynchronous messages. Furthermore, in the case of all three 

groups, the asynchronous communication between group members seemed to do little to 

advance the group problem-solving efforts. In fact, the number of non-interactive units 

of meaning within this mode points to little consideration of previously posted messages. 

Four of seven of the blue group’s asynchronous task related units of meaning were non

interactive in nature. Similarly, the majority (13 of 17) of the green group’s 

asynchronous communications were non-interactive. Although the majority of task 

related units of meaning for the red group were not non-interactive in nature, the 

percentage was still quite high with one of three units of meaning being non-interactive. 

Consequently many questions remained unanswered, thinking aloud received little 

feedback, and proposed ideas were not pursued. Interestingly, most of the asynchronous . 

non-interactive units of meaning occurred within messages that were sent at the 

beginning of the problem-solving process. Like one might imagine the first stages of 

collaborative problem solving in the face-to-face environment, the first set of 

asynchronous messages in the blue and green groups seemed to represent an initial 

brainstorming phase where students simply contributed thoughts and ideas without 

reflecting on or critiquing those of others. Conversely, the asynchronous messages at the 

end of the online collaborative process proved to be much more interactive and related in 

nature. During these exchanges group members verified the solution to the problem and 

discussed technological issues related to completing or submitting the problem.

The synchronous mode appeared to promote much greater collaboration and 

mutual elaboration and development within the groups that used it. Foremost, there were
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a much smaller percentage of non-interactive units of meaning within this mode. The 

percentages of non-interactive contributions for each group were as follows: 13.1% for 

the green group, 38.8% for the red group, and 11.6% for the yellow group. Perhaps the 

sense of “real communication” within the synchronous environment, which is 

documented to create a pressure to react and respond, encouraged immediate feedback. 

This meant that questions received responses and explanations, and thinking aloud 

received feedback, both essential elements of collaboration. Additionally, the data 

indicated that, on the whole, synchronous communication facilitated group work 

throughout the entire problem-solving process, from trying to understand the problem, to 

brainstorming and organizing ideas, to executing plans, and finally to verifying solutions. 

This Was quite different from asynchronous communication, in which the groups that 

used it communicated interactively only during a single heuristic episode (orientation for 

the blue group, and verification for the green and red groups).

Still, some obstacles related to using synchronous communication for 

collaborative problem solving were evident. These difficulties included lack of control 

over turn taking, and the frequent development of multiple threads of discussion within 

the same message space, and they manifested themselves with delayed responses or even 

a failure to respond in some instances. Comparable to confusion that might occur in a 

face-to-face environment in which all members of a group spoke at the same time and 

about different topics, without the ability to weed out extraneous dialogue, the researcher 

found these issues to create some disorder within the groups, typically when all three
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members were involved in the dialogue. This is well illustrated in the following message 

transcript:

Karen: What we need to do first, is find all the composite numbers, then find the 

factors of each number.

Erin: Lets just work with whatever we understand.

Erin: You are right.

Peter: Look at the formula at the bottom of the page.

Karen: But how do we do that?

Erin: But we also need to find a formula, because a million numbers are too 

much.

Erin: ok

Peter: Define composite # so we can agree on what we are looking for.

Erin: Let’s look at the formula.

Erin: N=plp2An2...pkAn

Erin: Help me in determining what each means.

Erin: I do agree that we have to find the number, composite, that has the greatest 

number of factors.

Karen: Tm trying to find something.

Peter: n is the product of all the # that are applicable from 1-1,000,000.

Erin: it cannot be a prime number.

Karen: Why not?

Erin: What is p?
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Peter: Because it. does not have a rectangular personality.

Erin: because prime numbers only have I rectangular personality.

Erin: meaning only one set of factors.

Peter: ok

Karen: Is n = to prime numbers?

Peter: no

Erin: is = to any number .

Erin: right?

Karen: Because it says, that N is broken down into the product of its prime 

powers.

Erin: which I guess it is just an example of its prime numbers.

Erin: sorry.

Erin: it is just an example of its factors.

Peter: n is the total of all the composite #s from 1-1,000,000 

Erin: is p — factors?

Karen: no 

Karen: It can’t be.

Erin: and I next to the p the power of the exponent?

Erin: So is p^product?

Karen: I’ll be back Peter only 5 minutes.

Peter: Let us agree on the terms first, then we can continue.

Erin: I agree
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Peter: A prime # is a whole # greater than I whose only factors are I and itself. 

Erin: correct

Erin: we need to find the factors of composite #

Peter: right.

Erin: and we need to find the # less than a million that has the greatest # of 

factors

Peter: So the best way to do this is to go through it step by step.

Karen: I’m back.

Peter: What is the highest composite number that is less than 1,000,000.

Erin: Yeah but that is a whole lot of numbers, 1000000.

Karen: p has to be prime number, because every integer can be written as a 

product of powers of prime #s.

Erin: minus the prime, of course.

Peter: is it 999,000,999? '

Erin: I can agree to that.

Erin: How did u get that #?

Peter: It is I less that 1,000,000 and it is a composite #

Delays in responses and even a failure to respond in some instances are quite

apparent within the aforementioned sample of messages. While it is difficult to discern

the level of confusion caused by these types of behaviors, the continued failure to

respond led to eventual frustration and withdrawal on the part of one group member as

seen in the next section of the transcript: •

.  \

cl
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Peter: please explain what you just did Karen.

Erin: I think you are right Karen.

Karen: I’m right.

Karen: Ijust don’t know a formula for that, and it’s impossible to do that for all

composite numbers.

Erin: so, let’s see how can we find that #

Karen: Let’s do it for 1-100 first.

Erin: There must be a way so that we do not have to go through all those #

Erin: ok

Peter: Am I a part of this discussion?

Karen: !know.

Karen: Yes you are.

Karen: What’s your question?

At that moment Peter left the chat room. Though his decision to withdraw from 

participation was not typical, at times groups seemed to cope with the aforementioned 

issues by informally limiting synchronous dialogue to two members at a time. Ifall three 

members of a group were online at the same time, it appeared that one contributed little 

or nothing, while two communicated with one another. From time to time the 

conversation would move to an alternate pair and once again a different member 

decreased involvement or sat silent. Though this practice was not discussed and overtly 

decided upon in any case, it appeared to be a natural evolution of group interactions.
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Although the occurrence of questions or remarks that remained unanswered or 

even acknowledged appears to be a weakness with the online medium, their mere 

existence is likely to have served a positive purpose for the groups. The permanence of 

messages within the online bulletin board and chat transcripts provided detailed notes of 

all contributions, a benefit not found in the face-to-face environment. It was evident that 

members referred to these messages, though to what extent is not known.

Other notable differences relate to the ways in which groups participated and 

members interacted with one another. While it is difficult to determine a causal 

relationship between the groups’ behaviors and their success with solving the 

mathematics problem, it is possible to compare the groups’ achievement on the problem

solving assignment while contrasting the details of their behaviors. The blue group, 

which was the lowest scoring group (13 points), not only had the least amount of 

participation amongst the groups, it also exhibited the largest number of non-interactive 

units of meaning and limited its effort to the orientation stage of the problem-solving 

process. Additionally, only two members of the group participated in solving the 

problem. The interactive problem-solving behaviors of this group were divided equally 

between three different types of interactions — questioning, responding and commenting. 

Unfortunately much of these units of meaning were unrelated and therefore led to no 

apparent progress for the group. In the end, online transcripts showed no evidence of a 

solution or even completion of the problem.

The yellow group earned the second lowest score on the problem-solving 

assignment with a total of 15 points. While this group demonstrated considerably greater
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participation than the blue group (the second highest amount at 366 units of meaning), it 

had the highest percentage of social interactions and a very limited number of problem

solving related interactions. Although a large percentage of the yellow group’s task- 

specific units of meaning were interactive in nature (88.4%), over, half of these were not 

related to solving the mathematical problem. Ultimately, collaborations concluded with 

an incorrect answer during the second to last session, and dialogue during the last session 

revealed that one of the group members had “found the solution.” There was no effort 

made by the group to verify the answer, as the focus immediately moved to writing up 

the solution.

The red group earned a total of 19 points on the assignment. This group’s 

participation was the second lowest with a total of only 121 units of meaning. 

Additionally this group had the second lowest percentage of interactive task-specific 

participation and the lowest percentage of problem-solving interactions. Even so, this 

group achieved success with this problem. A review of transcripts and the data related to 

“other” contributions revealed the explanation for this success. The red group had the 

highest percentage of “other” contributions at 72.7%, with a majority of these units of 

meaning making reference to depositing, retrieving and reviewing files using the file 

exchange feature of the virtual classroom. It is apparent that this group pursued a 

different approach to completing the assignment, choosing not to collaboratively solve 

the problem, but rather to work independently and to reserve communication, for a small 

amount of verification, and for discussions about completing and submitting the 

assignment.
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The highest scoring group was the green group, earning a score of 20 points on 

the assignment. The green group clearly exhibited the greatest amount and highest level 

of collaboration while solving the problem, as evident from the highest amount of 

participation amongst the groups, the lowest percentage of social contributions, the 

highest percentage of task-specific participation, and the highest percentage of interactive 

units of meaning directly related to solving the problem. Additionally, the green group 

collaborated throughout the problem, working to understand the problem, develop a plan, 

execute that plan and verify the results. Furthermore, this process was recursive in 

nature, as the members of the group continually assessed, verified and revised their 

understanding, goals, plans and execution, and thus revisited each heuristic episode.

Other differences between the groups were much more subtle and had less 

perceptible influence on the groups’ success. These variations related to the types of 

problem-solving interactions each group exchanged and the heuristic episodes during 

which they were exchanged. The numbers of specific interactions that occurred during 

each problem-solving episode substantiate the above-described lack of collaboration in 

the blue and red groups and help to contrast their behavior with that of the green and 

yellow groups. While the extremely limited interaction within the blue group 

necessitates no additional need for analysis, a look at the numbers for the red group 

provides details such as the fact that interactions occurred primarily during the 

verification episode, less-so during orientation, and only minimally during the 

organization stage. This pattern confirms the overall lack of collaboration within this 

group, which instead worked independently and exchanged problem-solving interactions
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primarily for the purpose of verification. On the other hand, the green and yellow groups 

worked together throughout all of the heuristic episodes. Even so, the data indicated 

contrasting behavior between these two groups, with the green group exhibiting 

percentages of interactions in the orientation and execution episodes that were higher 

than those of the yellow group, and the yellow group exhibiting higher percentages of 

interactions in the organization and verification episodes. Another difference between 

the behaviors of the green and yellow groups was the existence of “explanations” within 

the green group and the lack thereof in the yellow group. These facts suggest that the 

green group focused more on collaborative problem-solving behaviors, working together 

to understand the problem and to execute the mathematics. Finally, although the data 

provided few clear-cut patterns within the groups, it was evident that within the green 

group the majority of questions, responses and explanations occurred in the orientation 

stage, the majority of ideas were proposed during the organization stage, and the majority 

of contributions labeled “thinking aloud” occurred in the execution stage. A similar but 

less dramatic pattern was found for the yellow group, except for the category of “thinking 

aloud,” which was more equally distributed throughout all of the episodes for the yellow 

group. In view of the fact that contributions labeled as “thinking aloud” were often 

incomplete and reflected members’ thoughts as they occurred rather than thoughtfully 

constructed contributions, this information provides a potential explanation for the 

disjointed nature of discourse within the yellow group.
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CHAPTER IV 

CONCLUSION 

Introduction

Collaborative mathematical problem solving is a complex process with many 

facets and interdependent parts, into which computer-mediated communication 

introduces entirely new dimensions. The goal of this study was to shed light on this 

system and reveal the details of individual and group behaviors of small groups solving a 

mathematical problem within the online environment. By means of content analysis, the 

researcher attempted to bridge the gap between case study methodology, which cannot be 

generalized to other instances and contexts, and methods such as surveys, user 

interviews, empirical experimentation, and statistical measurements, which lack a 

detailed picture of collaborative problem solving. This was accomplished through the 

development and use of a detailed framework to categorize participative, social and 

interactive behaviors, which enabled the researcher to obtain a holistic and descriptive 

picture of computer-mediated collaborative mathematical problem solving while still 

acquiring some measure of the elements of educational exchange within the new 

environment. The following sections provide a summary of the findings of this study; its 

conclusions and implications; remarks about the study and suggestions for future action; 

and recommendations for further studies.
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Summary

This study examined the process of computer-mediated collaborative 

mathematical problem solving within four small groups of students in order to ’ 

characterize their individual and group participative, social, and interactive behaviors 

throughout the problem solving process, and to describe the impact of these behaviors on 

the quality of collaboration and the groups’ success or failure in problem solving. Data 

on individual and group behaviors was collected by observing and performing a content 

analysis on transcripts of online problem-solving protocols, and coding messages along 

four dimensions using a framework developed by the researcher. Problem-solving 

success was measured by group achievement on the assigned problem-solving task as 

determined by an analytical rubric.

Content analysis revealed noticeable variations in the ways that the groups 

collaborated. Differences between groups ranged from simple and obvious ones, such as 

the amount of total participation, to more complex and subtle dissimilarities, such as the 

types of interactions exchanged and the phases of the problem solving process during 

which they were exchanged. The blue group was the only group that limited its 

communication to use of the bulletin board system. It had the least amount of 

participation amongst the groups, with only two members contributing to the effort, and 

only three messages being sent with a total of nine units of meaning within those 

messages. This group also exhibited the largest number of non-interactive units of 

meaning and limited its effort to the orientation stage of the problem solving process.

The transcripts for this group revealed no evidence that suggested whether the task was
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delegated or divided, and no progress was made online toward solution of the problem. 

This group received the lowest score on the assignment, with a total score of 13 out of 20 

points on the problem-solving task.

At the other extreme, the yellow group was the only group that limited its 

dialogue to synchronous messaging, exchanging a total of 371 messages and 366 units of 

meaning by means of chat room discussions. Although this group demonstrated 

. considerably greater participation than the blue group, it had the highest percentage of 

social interactions and a Very limited number of interactions related to problem solving. 

Additionally, while there were some collaborative efforts aimed at understanding the 

problem, the majority of the discourse for this group consisted of social dialogue 

interspersed with discussions related to finding a formula to solve the problem or to 

finding the answer online. This group appeared to lack focus and was unable to progress 

through the problem solving process, as was evidenced with the circular nature of their 

discussions and the relatively large percentage of talk in the thinking aloud category 

throughout each heuristic episode. Near the end of the transcripts, messages revealed the 

discovery of a possible solution to the problem followed by a hasty decision to write up 

the solution with no sign of verification. The yellow group earned the second lowest 

score on the problem solving assignment, with a total of 15 points.

The green and red groups used a combination of the two modes of 

communication, sending a total of 652 messages (with 479 units of meaning) and 103 

messages (with 121 units of meaning), respectively. The green group exhibited the 

greatest amount and highest level of collaboration while solving the problem, as



127

demonstrated by the highest amount of participation amongst the groups, the lowest 

percentage of social contributions, the highest percentage of task-specific participation, 

and the highest percentage of interactive units of meaning directly related to solving the 

problem. Additionally, the green group collaborated throughout the problem, working to 

understand the problem, develop a plan, execute that plan and verify the results. This 

group exchanged initial comments and questions about the problem through bulletin 

board messages, completed a considerable amount of collaboration on the problem 

synchronously, and returned to asynchronous communication to complete the problem. 

They achieved the highest score, earning 20 points on the assignment.

The red group took a different approach than the other three groups, 

demonstrating very little collaborative problem solving online. Rather, the red group 

worked independently and reserved online communication for a small amount orientation 

about the problem, verification, and for discussions about completing and submitting the 

assignment. This was demonstrated by the fact that this group had the second lowest 

amount of participation, the second lowest percentage of interactive task-specific 

participation and the lowest percentage of problem solving interactions. Additionally, the 

members of the group had the highest percentage of “other contributions,” with a 

majority of these units of meaning making reference to depositing, retrieving and 

reviewing files using the file exchange feature of the virtual classroom. The red group 

earned a total of 19 points on the assignment.

Evidence pointed to the choice between asynchronous and synchronous modes for 

communication as the primary determinant in the amount of participation and the amount
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and type of interactivity amongst members. The number of asynchronous messages sent 

was minimal in all groups that used this mode. While the data confirmed that the 

asynchronous messages tended to contain the more lengthy messages with multiple units 

of meaning the communication between group members was highly non-interactive in 

nature and appeared to do little to advance group problem solving efforts. In fact, the 

number of non-interactive units of meaning within this mode suggests little consideration 

of previously posted messages. Consequently many questions remained unanswered, 

thinking aloud received little feedback, and proposed ideas were not pursued.

In contrast, the synchronous mode was much more interactive in nature and 

appeared to promote much greater collaboration as evidenced by the low percentages of 

non-interactive contributions for each group that used it. This mode produced shorter 

messages and appeared to imitate collaboration in the face-to-face mode, with a mutual, 

continual, and spontaneous exchange of ideas and feedback. This meant that questions 

received responses and explanations and thinking aloud received feedback, both essential 

elements of collaboration. Additionally, the data indicated that synchronous 

communication effectively facilitated group work throughout the entire problem solving 

process, from orientation to verification. This was quite different from asynchronous 

communication, in which the groups that used it communicated interactively only during 

a single heuristic episode. There were some obstacles related to using synchronous 

communication, however, including lack of control over turn taking, and the frequent 

development of multiple threads of discussion within the same message space. These
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difficulties manifested themselves with delayed responses, disorder within the group, and 

even a failure to respond in some instances.

Lastly, the online medium introduced a new variable to collaboration, namely the 

dependence on technology for communication. The analysis revealed the significance of 

“other” contributions in online collaborative problem solving. Although these units of 

meaning, which were related to the use of the technology and the process of online 

collaboration, might be considered secondary to the problem solving interactions, they 

accounted for a noteworthy percentage of task related interactions within almost every 

group and were found to be important to the functioning of the groups as they discussed 

issues related to when and how to communicate.

Conclusions and Implications

Through the process of content analysis several important conclusions emerged 

concerning computer-mediated collaborative problem solving. The primary observations 

related to the ways in which groups communicated and participated. The evidence 

reveals various levels of collaboration, from simply exchanging files with little group 

effort, to participation and cooperation throughout the entire problem solving process. 

While participation was important to collaboration, the interaction between group 

members was found to be even more so. Though the group that exchanged files was 

successful in completing the task with little interaction, the lack of true collaboration 

within that group was quite evident. Within the remaining groups, the results of this 

study support existing research which indicates the importance of interaction to group
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success in collaborative problem solving (Webb, 1991; Dillenbourg & Schneider, 1995; 

Stacey & Gooding, 1993). The data indicate that the most effective group not only 

participated more, but also socialized less, interacted more, with more task-specific 

content and more interactions related to solving the problem. Additionally, this group 

collaborated throughout the problem-solving process in a recursive nature -  working to 

understand the problem, develop a plan, execute that plan, and verify the results, and 

revisiting each of these heuristic stages -  thereby lending substantiation to previously 

defined problem-solving processes that lead to success (Curcio & Artzt, 1998).

• Conversely, the participants in the ineffective groups clearly exhibited little 

participation, a large number of non-interactive and non-problem related contributions, 

and more social interaction. Furthermore, these groups failed to create a cohesive effort 

that advanced throughout the entire problem-solving process. Although no clear patterns 

were detected connecting specific types of problem-solving interactions to group success 

or failure, the data from the group collaborations did show the highest scoring group as 

the only one that had problem-solving interactions of all types. Interestingly, this group 

also exhibited a notable percentage of talk in the thinking aloud category, which in a 

previous face-to-face study was reported to be a predictor of low achieving groups 

(Stacey & Gooding, 1993). The researcher proposes that this may shed light on an 

important difference between the online medium and the face-to-face environment. Since 

the majority of this “thinking aloud” occurred during the heuristic episode of execution, it 

is likely that changes in the medium require or compel group members to communicate
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about things such as the mathematical procedures they are executing, which in the face- 

to-face mode might be written on paper or simply completed in one’s own mind.

There were also no detectable patterns regarding individual participation and 

interactions within the groups, though it did appear as if an informal leader emerged in 

the highest scoring group. This group member contributed a majority of the interactions 

within her group, was the only member of her group that was involved throughout the 

entire process, and was responsible for nearly all (93%) of her group’s explanations. 

Additionally, she appeared to initiate all productive exchanges of ideas and informally 

focus and direct the group’s discussions and behaviors through her contributions. The 

researcher considers her leadership as a primary reason for the progress and success of 

that group, and the lack of this type of leadership within the other groups as a key 

explanation for their failure to advance toward a solution during online collaboration.

This study also illuminated several issues related to the use of technology for 

collaborative problem solving. As discussed previously, the use of asynchronous and 

synchronous communication appeared to play a major factor in how and how much 

groups collaborated. Asynchronous communications proved to be disappointingly 

sparse. Data failed to support past research that found extensive and thoughtful 

asynchronous interactions amongst participants that were triggered from a single message 

(Levin et al., 1990). Instead group members communicated very little and seemed to do 

so without regard for the ideas and thoughts of other group members. The researcher 

suggests these findings are similar to what is most often found in communication via 

written letters. As letters are exchanged their writers often fail to address every thought
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that is conveyed or question that has been asked in the letters that they have received, but 

rather communicate their own thoughts and what is important from their perspective. In 

view of this example, it is the researcher’s opinion that it is the delay in communication 

that is responsible for the non-interactive and disconnected nature of discourse in the 

asynchronous mode. Thus, while the data still suggests the asynchronous mode may 

promote longer, well-formed messages, and may be a good means of sharing ideas, the 

lack of immediate feedback appears to hinder group progress in problem solving.

On the other hand, the findings revealed that synchronous communication 

facilitates increased and more continuous participation and free flowing interactions that 

imitate face-to-face collaboration. Evidently, as with face-to-face communication, the 

immediate nature of chat room discourse promotes immediate feedback for thoughts, 

ideas and questions, an essential element of collaborative problem solving. The 

synchronous mode is not completely without problems, however. The transcripts 

exposed the disorder and confusion that can be created by delayed responses and failures 

to respond and the resulting tendency for some members to exclude themselves or to be 

excluded from interactions. In addition, the requirement to meet simultaneously with 

other group members lessened the convenience of online communication and instead 

introduced problems associated with scheduling and the dependence on technology.

This study also revealed additional hindrances to collaboration associated with 

using the technology. First, there were small deterrents such as the difficulty of 

expressing mathematical ideas because of the lack of ease or the inability to type 

mathematical symbols and items such as superscripts and subscript. Larger obstacles to
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collaboration were found to include the inability to connect for online discussions 

because of server or computer problems, or problems with Blackboard itself. Finally, the 

inconvenience of using technology for communication, and the lack of mandatory 

participation, that is a natural part of being present for face-to-face collaboration, 

appeared to discourage and even deter participation in online collaborative problem

solving efforts.

Regarding the analytical framework, the researcher was unable to conclude that it 

is a valid predictor of problem-solving success. While it is tempting to conclude that the 

green group achieved the highest score because of highly collaborative behaviors, there 

are other variables, such as individual problem-solving ability, that might have influenced

the group’s problem-solving success. Indeed', the very different behaviors within the
/

green and red groups (highly collaborative vs. non-collaborative), and relatively 

comparable success, suggest that there are quite different paths to successful completion 

of group problem-solving tasks in the online environment. Nevertheless, the framework 

provided an effective means for examining the nature of computer-mediated group 

problem solving and revealing the presence and absence of collaboration, a process that is 

essential for activating learning mechanisms such as assimilation and accommodation 

and the construction of new knowledge.

The above findings introduce several implications for mathematics educators as 

they develop computer-mediated collaborative problem-solving opportunities. The 

issues are grouped into three categories: (a) communication medium, (b) task features, 

and (c) and group composition. The first consideration is the communication medium.

)
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Since communication is essential for collaboration, the communication medium is 

undoubtedly the underlying factor affecting group process. Although the use of email 

and chat rooms has become quite commonplace in today’s society, the level of 

communication obtainable by online channels is quite different than face-to-face 

interaction. Obstacles such as the difficulty of expressing mathematical notation and 

mathematical thoughts with typewritten communication, and the inability to see the facial 

gestures and cues of one another during online communication are clearly shortcomings 

of computer-mediated communication. Additionally, an inadvertent consequence of the 

benefits of flexibility of time and location brought by computer-mediated communication 

is the decreased occurrence of whole-group meeting time. Although, the type of 

compulsory meeting time that occurs in face-to-face environments is not the key for 

successful collaboration, without the communication that occurs during these meetings 

no collaboration would be possible; this simple reason appears to be the cause of failure 

for many online collaborative efforts. Lastly, computer-mediated communication 

introduces an entirely new facet to collaborative problem solving, an already difficult and 

complex process. This study revealed groups communicating aimlessly, either failing to 

connect with one another or struggling to get focused and remain focused both in terms 

of communication and process. Even the most successful group in this study did not 

appear to have a plan for collaboration and appeared to struggle to initiate collaboration. 

This lack of direction and disjointedness appears to hinder groups from making progress 

toward solution of a problem. This evidence illuminates a need for procedures and 

protocol for computer-mediated communication and online collaboration. Established
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guidelines and suggestions for communicating, proceeding through the problem-solving 

process, and collaborating online would be a valuable tool for assisting groups in 

initiating and maintaining focus and effective team efforts toward problem solving. 

However, this will require .additional research to determine what procedures and 

techniques are most effective for online collaborative problem solving.

The effects of collaboration also vary according to task. For example, some tasks 

are naturally distributed and lead group members to work independently. Interaction 

occurs when assembling partial results, but not during each individual ’ s reasoning 

process. While this may lead to group success in solving the problem, it does not activate 

the mechanisms such as conflict or disagreement, self-explanation, and mutual 

regulation, which account for the successful knowledge acquisition through 

collaboration. Thus, optimal tasks must include features such as adequate difficulty that 

require group members to interact on a continual basis, reason together, regulate the 

thinking of other group members, and work towards a mutual solution. Even with these 

features, however, tasks assigned for completion in the online medium will undoubtedly 

be more prone to distribution and independent work. For this reason mathematics 

educators must find additional ways of designing tasks or procedures that will necessitate 

continual interaction throughout the entire problem solving process.

The final issues relate to group composition. This study reveals the confusion and 

exclusion of members that can occur during synchronous dialogue even within small 

groups such as those in this study. Perhaps it was the odd number of members (three per 

group) that created this confusion. If this was the case, groups of four may be more
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successful. Additionally, techniques such as “think, pair, and share,” in which group 

members communicate in pairs prior to sharing their ideas with the entire group, might 

solve the problem of the lack of structured communication amongst larger groups. 

Nonetheless, the matter of optimal group size will need further investigation. The other 

issue related to group composition concerns the roles of individuals within groups. This 

study provides anecdotal evidence that the existence of leadership, formal or informal, is 

beneficial to the functioning of the collaborative group. Assuming that this is so, 

collaborative groups will certainly benefit from some type of role assignment, especially 

that of a leader. Additional role assignments, such as those used successfully in face-to- 

face collaborative problem solving are also in order. It is possible that with these 

assignments issues of group size may become less significant.

In the end it is difficult to say whether any one variable has greater influence on 

computer-mediated group collaboration and mathematics problem-solving success. The 

participative, social, and interactive behaviors of collaborative problem solving are so 

interconnected and interdependent that any simple cause-effect analysis distorts more 

than it illuminates. Additionally, while task features and group composition are intended 

to influence participation and interaction, the behavior of a group is still subject to human 

nature and the dynamics of individuals within that group. Indisputably, participation is a 

primary requirement, and which without there would be no interactions. However, 

devoid of thoughtful and organized task related interactions, communication is confusing 

and participation fruitless. Changes in one part lead to changes among all parts and the
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system itself. The following analogy by Gharajedaghi and Ackoff (as cited in Patton,

1990) demonstrates the intricacy of this collaborative system remarkably well:

Because the effects of the behavior of the parts of a system are 
interdependent, it can be shown that if each part taken separately is made 
to perform as efficiently as possible, the system as a whole will not 
function as effectively as possible. For example, if we select from all the 
automobiles available the best carburetor, the best distributor, and so on 
for each part required for an automobile, and then try to assemble them, 
we will not even obtain an automobile, let alone the best one, because the" 
parts will not fit together. The performance of a system is not the sum of 
the independent effects of its parts; it is the product of their interactions. 
Therefore, effective management of a system requires managing the 
interaction of its parts, not the actions of its parts taken separately, (p. 79)

In conclusion, mathematics educators must bear in mind the above quote and the

findings of this study when attempting to design effective collaborative problem solving

opportunities for students. Simply improving participation or increasing interactions is

unlikely to create effective collaborative groups. Instead, we must take a closer look at

the many elements in the collaborative system and work to improve the product of their

interactions so. that groups can perform as efficiently and effectively as possible.

Remarks and Suggestions for Future Action

It must be noted that while the goal of this study was analyze the educational 

quality of conference interactions the intention was to do so by looking at the types of 

interactions, and how and when they occurred. Therefore, the content of the interactions 

was not analyzed for correctness, quality, or value. Moreover, this study attempted to 

take a objective look at the process of online collaboration problem solving without the 

knowledge of why students participated or failed to participate, their likes or dislikes in
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terms of online learning, or of their opinions or self-described experiences. Therefore no 

subject interviews were conducted.

While the researcher was unable to conclude that the analytical framework 

developed for this study is a valid predictor of problem-solving success, it does provide a 

reasonably objective and unambiguous means for dealing with the abundance of 

information contained in computer-mediated dialogue and for interpreting the elements of 

meaning that have significance for the learning process. The researcher not only suggests 

continued use of this framework for future studies of computer-mediated collaborative 

mathematical problem solving, but also suggests using the interaction analysis instrument 

to provide feedback for problem solving groups, to monitor, control and improve group 

progress.

The researcher also proposes several suggestions for promoting more effective 

collaboration and successful problem-solving groups based upon the findings of this 

study. These recommendations are as follows:

1. Groups should have requirements concerning the amount of participation and 

the frequency of meetings, and the use of both asynchronous and synchronous 

modes of communication should be mandatory.

2. Protocol and procedures for communication and collaboration should be 

developed to give participants guidelines for effective communication within 

the online medium, suggestions for exchanging ideas and interacting with one 

another, and techniques for collaborating such as “think, pair, share.” These 

guidelines would include appropriate uses for asynchronous and synchronous
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modes of communication, and strategies for problem solving as a group in the 

online environment.

3. Roles should be assigned to promote focused and smoothly functioning 

collaborative groups (Johnson & Johnson, 1993, Kumar, 1996). Role 

assignment can be as simple as designating a group leader, to assignments for 

each of the participants, such as manager, recorder/checker, skeptic, and 

energizer/sunimarizer. These roles should be rotated, so that every group ■ 

member benefits from assuming each of the roles.

4. Group size should remain as small as possible to lessen the confusion and 

exclusion created by larger groups, and so that all members are encouraged 

and even obligated to participate.'

5. Tasks should be of adequate difficulty to prevent group members from 

distributing responsibilities, working independently, and then assembling 

partial results. An additional suggestion is to separate the task into several 

segments or formative tasks that would require all students to interact on a 

continual basis, reason together, and to regulate the thinking of other group 

members.

Recommendations for Future Studies

There is much more to Ieam about computer-mediated collaborative problem 

solving and the similarities or differences that it may have with collaborative problem 

solving in face-to-face environments. With the existing evidence, it is still difficult to
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connect what occurs online with existing knowledge of face-to-face collaborative 

problem solving. While it seems likely that similarities exist, perhaps the online medium 

produces a completely different entity that cannot be compared or related to the face-to- 

face process. This reinforces the importance of continued investigation into the process 

of computer-mediated collaborative problem solving and particularly the use of content 

analysis. Additional studies, which utilize this approach, and specifically the analytical 

framework developed in this study, should be completed in order to shed further light on 

patterns of behavior, to assess the educational value of group interactions, and to provide 

a measure for the elements of success or educational exchange within small groups 

involved in computer-mediated collaborative mathematical problem solving.

The researcher makes the following recommendations for future studies:

I. Several studies, in which various variables related to the collaborative process are 

altered or compared, are needed. Variations to the existing study should include:

a. Structure of Material and/or Exercises

o Highly structured: work broken down into a relatively large number of 

specific and detailed steps

o Moderately structured: statements or descriptions of problem or major 

part of problem; relatively little direction for solutions 

o Little structure: high level, but precise statement of problem; guidance 

for milestones, but little direction for how to proceed 

o Open ended: gives statement of problem, with only final deadline
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O Unstructured: identifies options available, and leaves groups to 

determine their own way

b. Structure of Group and/or Collaborative Procedures

o Group member role assignment 

o Think pair and share

c. Group Size

o Small: 2 or 3 people per group 

o Moderate: 4 or 5 people per group 

o Large: 6 to 10 people per group

d. Selection of Groups

o At Random: by student choice 

o At Random: by instructor selection 

o By ability: by instructor selection 

“ Equal abilities together 

- Stronger students help weaker ones 

o By other factors: by instructor selection 

" Maintenance of gender balance 

■ - Combination of specific backgrounds 

o Groups may or may not change during the semester

2. A formal study to compare the participative, social and interactive behaviors of 

individuals and groups restricted to the asynchronous or synchronous 

communication for collaboration problem solving should be completed.
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3. If  possible, the above studies should include a larger number of subjects so that 

patterns can be ascertained, results may be generalized, and so as to establish the 

validity of framework for problem-solving success.

4. A study that investigates the cognitive and metacognitive behaviors of 

individuals in conjunction with the participative, social and interactive behaviors 

should be completed.

5. A study to analyze the role of, and positive or negative effects related to non

interactive questions or remarks during online collaboration needs to be 

completed. '

Finally, while this study provides a detailed picture of the behaviors of groups that 

successfully collaborate utilizing computer-mediated communication, we are unable to 

assume that learning is an automatic by-product of these groups. For this reason, future 

studies should investigate the relationship between the participative, social and 

interactive behaviors and individual learning and achievement.
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PROBLEM SOLUTION RUBRIC

Conceptual Understanding

I point 2 points 3 points 4 points

D Youi ■ Your choice of * Your choice of " Your choice of
mathematical forms to mathematical mathematical
representations represent the representations representations
of the problem problem was of the problem helped clarify
were incorrect. inefficient. was the problem's

appropriate. meaning.
■ You used the ■ Your response

wrong was not B You used all " You uncovered
information in completely relevant hidden or
trying to solve related to the information implied
the problem. problem. from the information

problem in not readily
■ The ■ The your solution. apparent.

mathematical mathematical
procedures you procedures you ■ The ■ You" chose
used would used would mathematical mathematical
not lead to a lead to a procedures you procedures that
correct partially chose would would lead to
solution. correct lead to a an elegant

solution. correct solution.
• You used solution.

mathematical ■ You used ■ You used
terminology mathematical ■ You used mathematical
incorrectly. terminology mathematical terminology

imprecisely. terminology precisely.
correctly.
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Strategies & Reasoning

I point 2 points 3 points 4 points

■ Your strategy ■ The strategy ■ You chose an B You chose an
was not you chose was appropriate. innovative.
appropriate for not efficient. efficient strategy elegant or
the problem. for solving the unusual

" You used an problem. strategy for
" You didn't oversimplified solving the

seem to know approach to the ■ You justified problem.
where to begin. problem. each step of your 

work. B You proved ■
■ Your reasoning " You offered your solution

did not little or no ■ Your was correct
support your explanation of representation(s) and your
work. you strategies. fit the task. . approach was 

valid.
■ There was no " Some of your " The logic of you

apparent representations solution was B Youprovided
relationship accurately apparent. examples
between your depicted and/or
representations aspects of the " Your process counter
and the task. problem. would lead to a examples to

complete, correct support your
e There was no ■ You sometimes solution of the solution.

apparent logic made leaps in problem.
to your your logic that " You used a
solution. were hard to sophisticated

follow. approach to
■ Your approach solve the

to the problem ■ Your process problem.
would not lead led to a
to a correct partially
solution. complete

solution.



Computation & Execution

I point 2 points 3 points 4 points

■ Errors in B You made B Your " All aspects of
computation minor computations your solution
were serious computational were were
enough to flaw errors. essentially completely
your solution. accurate. accurate.

* Your
B Your

representations B All visual B You used
mathematical were representations multiple
representations essentially were complete representations

1 were correct but not and accurate. for verifying
inaccurate. accurate or your solution.

labeled B Your solution
■ You labeled completely. was essentially ■ You showed

incorrectly.
B Your

inefficient

correct. multiple ways

B Your solution
to compute 
your answer.

was incorrect. choice of 
procedures 
impeded your 
success.
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Insights

I point 2 points 3 points 4 points

■ Youwere e You recognized " You recognized B You created a
unable to some patterns important general rule or
recognize and patterns and formula for
patterns and relationships. relationships solving related
relationships.

■ Youfound
in the problem. problems.

■ Youfound a multiple B You found B You related the
solution and solutions but multiple underlying
then stopped. not all were solutions using structure of the

■ Youfound no
correct. different problem to

interpretations other similar
connections to 
other

" Your solution 
hinted at a

of the problem. problems.

disciplines or connection to " . You connected B You noted
mathematical an application your solution possible
concepts. or another area process to sources of error

of other or ambiguity
mathematics. problems, 

areas of 
mathematics or 
applications.

in the problem.

■ Your
connection to a 
real-life 
application 
was accurate 
and realistic.
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Communication

I point 2 points 3 points 4 points

■ I couldn't " I had to make * I understood " Your
follow  your inferences what you did explanation
thinking. about what and why you was clear and

you meant in did it. concise.
■ Your

explanation
places.

■ Your solution ■ You
seemed to ■ Your solution was well communicated
ramble. was hard to organized and concepts with

■ You gave no 
explanation for

follow  in easy to follow. precision.
places.

■ Your solution " Your
your work. * You weren't flowed logically mathematical

■ You did not
able to from one step to representations
sustain your the next. expanded on

seem to have a good your solution.
sense of what beginning. ■ You used an
your audience effective format ■ You gave an in-
needed to • Your for depth
know. explanation communicating. explanation of

■ Your
was your
redundant in B Your reasoning.

mathematical places. mathematical
representations representations
did not help ■ Your helped clarify
clarify your mathematical . your solution.
thinking. representatio

ns were
somewhat
helpful in
clarifying
your
thinking.
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TECHNOLOGICAL EXPERIENCE SURVEY

1. What is your age?

1 20 OR YOUNGER
2 21-30
3 31-40
4 41-50
5 51-60
6 OVER 60

2. What is your gender?

1 FEMALE
2 MALE

3. Do you own a computer?

1 NO (IF NO, PROCEED TO QUESTION 5)
2 YES

.4. Is your computer connected to the Internet?

1 NO
2 YES

5. Do you have access to a computer through your school?

1 NO (IF NO, PROCEED TO QUESTION 7)
2 YES

6. Is there an Internet connection for that computer?

1 NO
2 YES

7. How would you rank your experience with computers?

1 NO EXPERIENCE
2 LITTLE EXPERIENCE
3 UNSURE OF EXPERIENCE
4 SOME EXPERIENCE
5 EXTENSIVE EXPERIENCE
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8. How would you rank your knowledge of computers?

1 NO KNOWLEDGE
2 LITTLE KNOWLEDGE
3 UNSURE OF KNOWLEDGE
4 SOME KNOWLEDGE
5 EXTENSIVE KNOWLEDGE

9. Have you taken any distance learning courses in the past?

1 NO (IF NO, SURVEY IS COMPLETE)
2 YES

10. How many distance learning courses have you taken?

1 ONE
2 TWO
3 THREE OR MORE

11. In what types of distance learning have you taken part?

1 AUDIOCONFERENCING
2 VIDEOCONFERENCING
3 COMPUTER NETWORKING
4 OTHER (PLEASE SPECIFY)_____________

Thank you
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MATHEMATICAL ABILITY 

GROUP PLACEMENT INSTRUMENT

I. Which of the given numbers is farthest from zero?

(a) I
(b) 4/3
(c) -3/2
(d) -1/8
(c) 1/32

2. The first operation performed in simplifying the expression [-6 + 3(4)]2/2 is:

(a) division
(b) addition
(c) multiplication
(d) squaring

3. Simplify: 3a -  [5b -  4a]

(a) la  -  5b
(b) - a - 5 b
(c) -1 5 ah - 12a2
(d) -15ah + 12a2
(e) -6a26

4. I fxll - y  andy = z - 4  what is the value o fx  when z = 28?

(a) x = 12
(b) x = 48
(c) x = 24
(d) x = 40
(e) none of these
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5. Find the value of [(Sw)2ZlO](H-Z) when r = -3,l = -1/3, and w = -2.

(a) 3
(b) 0
(c) 12
(d) - 4
(e) _ none of these

6. The least common denominator used to compute 1/6 + -7/15 + 1/4 is:

(a) 60
(b) 360
(c) 20
(d) 4
(e) none of these

7. Twenty-five is 12.5% of what number?

(a) 2
(b) 3.125
(c) 200
(d) 312.5
(e) none of these

8. At the canning factory, one machine can fill ISOjars in 15 minutes. How 
many jars can this machine fill in 50 minutes?

(a) 710
(b) 600
( 0  558
(d) 240
(e) none of these
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9. True or false: [(8f+-3f) / <] = 11 for all nonzero values off

(a) true
(b) false

10. Solve 4(k — 2) = {k!3) + 5. The solution is:

(a) less than -3
(b) between -3 and 0
(c) between 0 and 3
(d) greater than 3

11. Solve 5pq - I O p - I q  forp.

(a) p  = 2q I -5
(b) p = l q !  (5q— 10)
(c) p = (Jq + 10) / 5q
(d) P  = I q H q - I s)
(e) none of these

Solve: 12 > 8 + 2f

(a) t> 10
(b) t< 10
(c)
(d) t< 2
(e) t<-2
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13. Which statement is true regarding the two lines whose equations are: 
x - 2 y  = 4 and 2x+y  = 2

(a) the lines are parallel
(b) the lines are perpendicular
(c) the lines coincide
(d) the lines intersect at a point on the y-axis
(e) the lines intersect at a point on the x-axis

14. Which of the following graphs could have a slope of 3? 
(Assume the scales on the x and y  axes are the same.)

x x
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15. True or false: A2 ' B3 = (AB)5 for all values of ̂ 4 and B

(a) True (b) False

16. Multiply: (2 - r)(5 - 3r)
(a) -Sr2 + H r  — 10
(b) -Sr2 — r — 10
(c) Sr2+ I l r +  10
(d) none of these

17. When completely factored, one of the factors of 9A2 -  AB2 is:

(a) 3A + 4B
(b) 9A-2B
(c) 3A-2B
(d) 9A + 4B
(e) The binomial cannot be factored.

18. A certain type of fencing requires a fence post every three meters. Mr. Rail’s 
yard is 24 meters wide and 30 meters long. How many fence posts will be needed 
to enclose all except the front length of his yard?

(a) 25
( b )  26
(c) 27
( d )  28
(e) none of these

19. Subtract and simplify: [!/(3-6)]- [!/(3+6)]

(a) 26/(9-62)
(b) - I
( c )  0
(d) 6/(9-62)
(e) none of these
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20. Susie gets an allowance of $1.00 per week. Spends some of it and saves the rest. 
The first weeks she saves 60 cents, the second week she saves 40 cents, but the 
third week she only saves 20 cents. At the end of the fourth week, Susie has 
saved an average of 45 cents per week. How much did Susie save the fourth 
week?

(a) 40 cents
(b) 45 cents
(c) 50 cents
(d) 60 cents
(e) Not enough information is provided to answer the question.
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PROBLEM-SOLVING TASK AND SOLUTION

Numbers with Multiple Personalities

All numbers have personalities. In this problem, we examine the rectangular 
personalities of numbers. The rectangular personalities of a number N are the 
rectangular arrays that can be formed from N dots. For example, the number 4 has one 
such array as does the number 6, and 12 has two arrays. We shall assume that the 2-by-3 
array for 6 is not different from the 3-by-2 array because one can be formed from the 
other by rotation of the figure. Also, we shall say that the number 2 has no rectangular 
arrays because we will inteipret the arrangement ** as a linear array, not a rectangular 
array. In fact, all prime numbers are like 2 in this regard; they do not have rectangular 
arrays.

Question: Of all numbers less than I million, which has(have) the most rectangular 
personalities?

Hint: You might use the fact that the formula for the number of factors (trivial & non
trivial) of a natural number is as follows:

If the number N is broken down into the product of its prime powers like this: N 
= PinlPan2 • • • Pk”, then the total number of factors is (m+1)(%+!) .. .(nk+1).
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Solution: Numbers with Multivle Personalities

The chart below lists the composite numbers up to 50 along with the number of different 
rectangular personalities. The winners for the largest number of personalities are the 
numbers 36 and 48, with four apiece.__________

Number N Rectangular
Personalities

Number N Rectangular
Personalities

4 I 28 2

6 I 30 3

8 I 32 2

9 I 33 I .

10 I 34 I

12 2 35 I

14 I 36 4

15 I 38 I

16 . 2 39 I

18 2 40 3

20 2 42 3

21 I 44 2

22 I 45 2

24 ■ 3 46 I

25 I 48 4

26 I 49 I

27 I 50 2
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One may notice that the dimensions of the rectangles associated with a number are just 
the nontrivial factors of that number. As can be seen for the number 48, the dimensions 
come in pairs: 2x24, 3x16,4x12, and 6x8. The product of each pair of numbers is 48, 
The trivial factors I and 48 do not form a rectangular array. So the number of rectangular 
personalities of 48 is half the number of nontrivial factors. Things are not quite as simple 
as this for 36, however. Notice that for the number 36, although the dimensions also 
come in pairs, 2x18, 3x12,4x9, and 6x6, one of the factors 6, is used twice. Thus for 36, 
the number of nontrivial factors is odd, and to get the number of rectangular personalities, 
one must add I to the nontrivial factors before taking one-half of the total. This is true 
for all numbers that are perfect squares.

(
Now, use the formula for the number of factors (trivial & non-trivial) of a natural 
number:

If  the number N is broken down into the product of its prime powers like this: N = 
PinlPzn2. • • Pkn, then the total number of factors is (ni+l)(n2+ l).. .(nk+l).

For example, 48 = 2431; so the number of factors is (4+l)(l+l) = 10. Now two of these 
factors, I and 48, are trivial; so eight are nontrivial, one-half of 8 is 4 -  this is the answer 
we have already found.

The question about multiple rectangular personalities comes down to a question of the 
quantity of factors of a number.

With some work one will find that we have three numbers all with 240 factors, 238 
nontrivial factors, and 119 rectangular personalities. They are:

720,720

831,600

997,920

The above numbers have the most rectangular personalities of all the numbers less than I 
million.
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THE ANALYTICAL FRAMEWORK

D i m e n s i o n D e f i n i t i o n

Participative The total contribution of an individual or group in terms of 
number of messages or units of meaning transmitted

Social Statement/ question or part of statement/ question not 
related to formal content of subject matter

Interactive Statement, question, or comment that receives response, or 
that is made in response to other statements, questions or
comments

Heuristic Episode Phase in the problem-solving process such as orientation, 
organization, execution or verification

DIMENSION I: PARTICIPATION

C a t e g o r y D e f i n i t i o n I n d i c a t o r s

Overall Total number of learner messages or 
"units of meaning"

Quantitative data regarding 
the total number of messages 
or "units of meaning" made

Task-specific Number of "units of meaning" made 
by learners directly related to learning

Quantitative data regarding 
the total number of "units of 
meaning" related to the 
formal content or process of 
online problem solving

DIMENSION 2: SOCIAL

C a t e g o r y D e f i n i t i o n I n d i c a t o r s

Social Statement or question not related to Self-introduction
formal content, subject matter or Greetings
collaborative process of the group "I'm feeling great..
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DIMENSION 3: INTERACTIVE

C a t e g o r y D e f i n i t i o n I n d i c a t o r s

Interactive Any statement, question, or 
comment that receives response, or 
that is made in response to other 
statements, questions or comments

P r o b le m s  o Iving 
In teractions

In teractive  sta tem en ts, questions or 
com m ents related to  the fo rm a l  
con ten t or process o f  problem  so lv in g

. Asking questions 
" Of another 

group member 
B From own 

thinking or 
working 

B From the 
problem

Any question that is asked in 
response to a previous statement or 
question, or that is followed by one or 
more responding statements or 
questions.

"Ted, what exactly do you 
mean by add?"
"Do I multiply or divide by 7 
now?"
"Split 20 students into 5 
groups. Must the groups be 
equal in number?"

Responding
■ To a question 
" To a request

for
clarification

■ Agreeing
B Disagreeing 
B Repeating

Any statement that is made in • 
response to a previous statement or ' 
question.

"(in response to above 
question) I would multiply by 
7."
"I meant that 7 is a prime 
number."
"I agree with Jim's opinion..." 
"You're wrong!"
"I said 8 goes here."

Directing Any statement providing directions "Make sure that we added 
correctly."

Explaining with 
evidence

Any statement providing an 
explanation with evidence

"It's 3 because you invert and 
multiply."

Thinking aloud while 
working

A statement exhibiting one's 
thoughts, actions or processes while 
working

"Now I will multiply the five 
numbers together..."

Proposing Ideas Any statement proposing an idea "What about separating them 
into two groups Jill?"

Refocusing discussion Any statement refocusing the 
direction of the discussion

"That's what we're supposed 
to be doing."

Commenting Statements of an affective nature "I don't understand this 
problem!"
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O ther In teractions  
(Technology &  O nline  
Group Process 
R ela ted)

In teractive  questions, s ta tem en ts  or  
com m ents re la ted  to  the use o f  the 
technology, o r  to  the process o f  online 
collaboration .

"I couldn't get online 
yesterday."
"Let's discuss this online 
tomorrow at 4 o'clock."

Non-interactive Any statement, question or comment 
relating to the subject under 
discussion, but which is not in 
response to another message, and 
which does not lead to any further 
statements

DIMENSION 4: HEURISTIC EPISODE

P r o b l e m - S o l v i n g

S t a g e

D e f i n i t i o n I n d i c a t o r s

Orientation Strategic behavior to assess and 
understand a problem

“ Comprehension strategies 
" Analysis of information 

and conditions 
" Assessment with 

familiarity of task 
" Initial and subsequent 

representation 
■ Assessment of level of 

difficulty and chances of 
success

Organization Planning of behavior and choice of 
actions

■ Identification of goals and 
subgoals

D Global planning 
" Local planning (to

implement global plans)
Execution Regulation of behavior to conform to 

plans
■ Performance of local 

actions
■ Monitoring of progress of 

local and global plans
" Trade-off decisions (e.g., 

speed vs. accuracy, degree 
of elegance)

Verification Evaluation of decisions made and of 
outcomes of executed plans

» Evaluation of orientation 
and organization
> Adennarv of



representation
> Adequacy of 

organizational 
decisions

> Consistency of local 
plans with global 
plans

> Consistency of global 
plans with goals

" Evaluation of execution & 
outcomes
> Adequacy of 

performance of 
actions

> Consistency of 
actions with plans

> Adequacy of local 
results or final results

> Consistency of local 
results with plans and 
problem conditions

> Consistency of final 
results with problem 
conditions
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MATRIX FOR MESSAGE ANALYSTS

M e s s a g e
i U N IT  OF 

i M E A N IN G
P a r t i c i p a n t

SOCIAL  

D i m e n s i o n  
(x  m a r k s  

o c c u r r e n c e )

I n t e r a c t i v e

( I)
vs. n o n 

i n t e r a c t i v e  
(N)

P r o b l e m 
s o l v i n g  

(P )  V S .  
O t h e r  

( O )

i I n t e r a c t i v e  
i C a t e g o r y

P r o b l e m -
S o l v i n g

H e u r i s t i c

E p i s o d e
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SAMPLE
MESSAGE TRANSCRIPT

Archive for Jul 12, 2001

Karen has entered. [ 03:43:54 PM ]
Karen > hello
Karen has left. [ 03:46:56 PM ]

Karen has entered. [ 03:50:24 PM I
Karen > hi
Karen has left. [ 03:58:03 PM ]

Karen has entered. [ 03:59:39 PM ] 
Karen has left [ 04:01:05 PM ]

Peter has entered. [ 04:22:13 PM ]
Peter > Hi
Peter has left. [ 04:22:59 PM ]

Karen has entered. [ 04:56:09 PM ]
Peter has entered. [ 04:58:44 PM ]
Peter > Hi 
Karen > hello
Karen > I still don't understand the problem 
Peter > I don't either
Peter > I was hoping that you could explain 
Karen > I know that prime numbers do not have rect. arrays 
Karen > So we need to look at the composite numbers 
Peter > that was stated in the problem
Karen > but, how can we find all consecutives composite numbers 
Peter > do you understand the formula thats given?
Peter > that is the question that if answered will win the lottery 
Karen > p= prime numbers 
Peter > ok
Karen > n = any pos. numbers
Karen > but then how do we apply the formula?
Karen > do we need to multiply the prime numbers?
Peter > it is the same method of calculating each stage 
Karen > p increases every time 
Peter > I think so
Karen > I don't know what else to do 
Karen > N= number of factors
Peter > if you look at the formula, you keep adding the next n, and then multiply it by
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the previous answer
Karen > Do we need to find the number of factors for each composite number? 
Peter > we just lost some of the discussion 
Karen > what?
Karen > Ifp l = a prime number, can we start with the smallest prime number? 
Peter > what are the prime # from one to I million?
Karen > We need the primes or the composite numbers?
Peter > It is stated that prime # do not have rectangular personalities 
Karen > Because, prime numbers are easier to get 
Peter > sorry array
Karen > Peter, we don't need the prime numbers, they don't have rect. arrays 

■ Erin has entered. [ 05:12:48 PM ]
Erin > hello group 

Karen > hi 
Karen > HELP 
Erin > hi Karen, Hi Peter 
Peter > hi. I agree 
Erin > let me see your previous 

Karen > ok
Erin > i do not know guys, but this is a difficult problem

Karen > What we need, to do first, is find all the composite numbers, then find the 
factors of each number
Erin > lets just work first with whatever we understand 
Erin > you are right.
Peter > Look at the formula at the bottom of the page 

Karen > but how do we do that?
Erin > but we also nedd to find a formula, because million numbers are too much 
Erin > ok
Peter > Define composite # so we can agree on what we are looking for
Erin > lets look at the formula
Erin > N=plp2An2...pkAn
Erin > help me in determining what each means
Erin > I do agree that we have to find the number ,composite, that has. the greatest 

number o f factors
Karen > Pm trying to find something
Peter > n is the product of all the # that are applicable from 1-1,000,000 
Erin > it can not be a prime number 

Karen > Why not?
Erin > what is p?
Peter > because it does not have rectangular personality
Erin > because prime numbers onlu have I rectangular personaluty
Erin > ameaning only one set of factors
Peter > ok

Karen > Is n = to prime numbers?
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Peter > no
Erin > is to any number 
Erin > right?

Karen > Because it says, that N is broken down into the product of its prime powers 
Erin > which i guess it is just an example o its prime numbers 
Erin > sorry
Erin > it is just an example of its factors
Peter > n is the the total of all the composite #s from 1-1,000,000
Erin > Is p+ factors?
Erin > p=factors?

Karen > no 
Karen > it can't be
Erin > and I next to the p the power of the exponent?
Erin > so is p=product?

Karen > I'll be back Peter only 5 minutes
Peter > Let us agree on the terms first, then we can continue
Erin > i agree
Peter > a prime # is a whole # graeter than I whose only factors are I and itself 
Erin > correct
Erin > we need to find the factors of composite #
Peter > right
Erin > and we need to find the # less than a million that has the greatest # of factors 
Peter > so the best way to do this is to go through it step by step 
Karen > i'm back
Peter > what is the highest composite number that is less than 1,000,000 
Erin > yeah but that is a whole lot of numbers, 1000000
Karen > p has to be prime numbers, because every integer can be written as a product
of powers of prime #s
Erin > minus the prime, of course
Peter > is it 999,000,999
Erin > i can agree to Ijahat
Erin > to that
Erin > how did u get that #?
Peter > it is I less than 1,000,000, and it is a composite #
Peter > hello 
Karen > we are thinking 
Peter > I can hear you 
Karen > no you not 
Peter > think
Peter > but how do we use the formula to find the total # of factors
Erin > let me think for a couple of minutes...! am looking at the end of the page to:
(nl+l)(n2+l)...(nk+l), this is how you find how many factors a # have
Erin > let me think
Erin > I think this means that after finding each prime with its exponent, we need to
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follow the formula that I just posted...correct me if i am wrong?
Erin > but how are we going to sove for something Ioke this 48 which is equal to 

2M*3????
Peter > but how will prime #s help when they don't have rectangular personalities? 
Erin > the prime the talk about is like #7 
Erin > it only have 1*7
Erin > but all the composite numbers will be broken down into prime numbers 
Peter > I know, but it is stated that prime #s do not have this quality 
Peter > how
Erin > I think we first have to practice findind the personalities of some simple #, 

before we move on to more complex 
Peter > give me an example
Erin > example #48 is a composite #, its factotization is = 2A4*3 
Erin > the 2 to the fouth power and the 3 are prime #s 
Erin > but the # we started with is not, 48 
Peter > very good 

Karen > ok
Peter > so will we have to do this to all composite#s ?

Karen > there are 74 composite numbers from 1-100 
Karen > I don't think we can do that like that
Erin > What do u think about the rectangular arrays...! think that that is how many 

rectangles can we form with a given #, ....Am I righT?
Karen > yes
Peter > what is a rectangular array?
Erin > so for example with #6, we can do 2, 2*3 and 6*1, right?

Karen > no 
Erin > why not?

Karen > you can't make a rectangular array with 6* I .
Karen > that's a linear array 
Erin > ok, because it is a linear
Peter > Excues me, but, what is a rectangular array ?????????
Erin > got it, so 6 only havre one 

Karen > the numberr six has four factors 
Erin > it is how many rectangles you can form with a given #

Karen > i,2,3, and 6 
Peter > thank you 

Karen > sorry 1,2 ,3 ,6  
Karen > 1,2, 3, 6
Erin > ok, but since we do not use I and 6, it means that it only have one rectangular 
array, correct?
Karen > so we don't count I and 6 as part of an array 
Karen > correct 
Peter > why not 6?

Karen > . . .
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Karen > I'M.SORRY
Erin > ok, so I guess we need to find out which number has the greates number of 

rectangular arrays 
Karen > yes
Karen > with the number 6 make a 2 by 3 rectangle, that's the only rectangle you can 
make
Erin > Peter, because if  the number is 6, and what other number you nedd to multiply 

it times six to have a product od 6?... I is the answer so the rectangle will be I *6...but if 
we use one, that is linear and not a rectangular 
Erin > gus, give me acouple minutes, let me digest this 
Erin > the question
Karen > factors of 6 are ( 1,2, 3, 6) don't use I, 6 you have (2,3) left Only two factors 2 
factors/2 = # of rect arrays
Karen > = I only one rect. array can be made from the # 6
Karen > the same thing with the # 12. Factors (I, 2, 3, 4, 6, 12) total of 6 factors take 
away 1, 6 you have 4 factors left. Divide 4 by 2 = 2 rect. arrays ■
Peter > please explain what you just did Karen 
Erin > I think u are right Karen 

Karen > I'm right
Karen > I just don't know a formula for that, and it's impossible to do that for all 
composite numbers
Erin > so, lets see how can we find that #
Karen > let's do it for 1-100 first
Erin > There must be a way so that we do not have to go through all those #
Erin > ok
Peter > Am I a part of this discussion ?
Karen > I know
Karen > Yes you are
Karen > What's your question?
Peter has left. [ 06:07:36 PM ]

Karen > Erin, he left, is he mad?
Erin > i do not know, maybe he got disconnected 

Karen > are we looking at the first 100 #'s? Maybe we will find a pattern 
Erin > Karen, what do you think if w3e work on the first 100 on our own, and come 

back and compare to see if  we can come up with a formula, by looking at the pattern 
Erin > so far I am up to 15 
Karen > ok
Erin > Karen, what about 16, how many it has, because 4 *4 

Karen > that's not rect 
Erin > why?

Karen > because is a square
Erin > but squares are special kinds of rect
Erin > tectangles+right angles
Erin > rect=right angles
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Karen > ok 
Karen > you're right 
Erin > are you sure?

Karen > yes 
Erin > ok

Karen > Erin are you there?
Erin >yes

Karen > this is too much...
Erin > yeah 
Erin > 53 is prime?

Karen > I don't see any pattern 
Karen > yes 
Erin > neither do I 
Erin > there must be a way 

Karen >36 and 100 have 4 rect arrays
Erin > i do not think it is posible for anyone to sit and look for this # one by one 

Karen > Do you have something greater than 4?
Erin > no

Karen > I'm not doing this, let's do some research first, there has to be a formula for 
this.
Erin > where is Peter?
Erin > i agrre 
Erin > agree

Karen > I called his house, but there was no answer 
Karen > I think he is mad 
Erin > why do you thuink he got upset?

Karen > because he said, he was also part of the conversation 
Erin > he has to support us...3 is better than 2 
Erin > I did not see that?

Karen > but i was talking to both of you 
Erin > i know

Karen > go up so you can see it 
Erin > we were talking a 
Erin > ok
Erin > i saw it, but we were all talking

Karen > Erin, let's find more information about this, and then we log in tomorrow 
Karen > do you agree?
Erin > Karen, i agree, lets do some research and get back,,,when is it good for you?...I 

know you have to study for the test
Karen > I fI  find something I will put it on the discussion board 
Erin > i will do the same
Karen > tomorrow is good, tell me the best time for you 
Karen > not early in the morning please 
Erin > so see you ...lets see if we can take this bull by its horn!
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Erin > any time 
' Karen > tomorrow at 3:00 

Erin > ok 
Karen > call Peter 
Erin > ok 

Karen > bye 
Erin > bye
Karen has left. [ 06:40:59 PM ] 
Erin has left. [ 06:41:15 PM ]

Erin has entered. [ 06:57:43 PM ] 
Erin has left. [ 06:57:45 PM ]

Archive for JuI 13,2001

Karen has entered. [ 02:55:01 PM ] 
Karen has left. [ 02:55:17 PM ]

Karen has entered. [ 03:00:46 PM ] 
Karen > Peter, I'll be right back 
Karen has left. [ 03:03:00 PM ]

Peter has entered. [ 03:06:51 PM ]
Peter > hi

Karen has entered. [ 03:19:49 PM ]
Karen > hi
Karen > Ok, whatlet's start 
Peter > I hjave ten minutes 

Karen > sorry
Peter > how far did you guys get

Karen > the first important thing is that the number of rect. arrays can be formed by the 
# of divisors the # has
Karen > for example, the # 6 has 4 divisors 
Karen > 1,2,3,6 
Peter > ok

Karen > and if you express 6 as a product of pairs you get
Karen > 1*6
Karen > 6*1
Karen > 2*3
Karen >3*2
Peter > ok

Karen > we have to discard any product that has one in it because that is considered a 
linear array
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Peter > so we have 4 rec. arrays?
Karen > futhermore, 2*3 and 3*2 are just rotations of each other
Karen > so we only have one rect. personality
Karen > or one rect. array
Karen > is the same thing
Karen > questions?
Peter > so 3*2 is the only rec. array?

Karen > 30, on the other hand has 3 rect. personalities; 2*5, 3*10, 5*6 
Karen > yes that's the only one in the #6 
Peter > ok

Karen > so now we need to look at the formula 
Peter > can we use the formula to work this out?

Karen > the formula is for the # of divisors a number has 
Karen > so I think we can use that formula 
Peter > so how do we find the arrays 

Karen > let me look for the formula 
Karen > why do you have to go? is getting interesting 
Karen > Ok
Peter > in about 10 minutes 

Karen > p represents a prime # and 
Karen has left. [ 03:31:30 PM ]
Peter > could we login back at about 4:15
Peter has left. [ 03:34:07 PM ]

Karen has entered. [ 03:35:33 PM ]
Karen > hello
Karen has entered. [ 03:51:30 PM ] 
Karen ■ has left. [ 03:51:37 PM ] 
Karen has entered. [ 04:18:40 PM ] 
Karen has left. [ 04:21:33 PM ] 
Karen has left. [ 04:21:33 PM ]

Erin has entered. [ 11:58:17 PM.] 
Erin has left. [ 11:58:26 PM]

Archive for Jul 14, 2001

Peter has entered. [ 09:55:27 AM ]
Peter > welcome to math pro 

Karen has entered. [ 09:57:57 AM ] 
Karen > hi Peter 
Karen > Did you talk to Erin? 
Peter > i was out and i forgot



189

Karen > I saw in the discussion board that she is having problems to get into the v. 
classroom
Karen > Do you know how to find the rectangular arrays?
Karen > As we did yesterday
Peter > so we are going to have to go on without her then post it on the discussion 

board for her.
Karen > ok
Peter > using your theory we can do i t , but it would take a very long time 

Karen > ok, let's try the formula 
Peter > At least I now understand. Thanks to you 

Karen > (nl+l)(n2+2).„
Peter > ok

Karen > the # 6 has 2 and 3 as its prime factors
Peter > therefore it has I rec. array

Karen > n l=  the first prime power so it will be= I
Karen > n2 =1
Karen > (1+1) (1+1) = 4
Peter > sowhat does the 4 represent?

Karen > 4/2, because there are numbers that are rotations of each other like 2*3 and
3*2
Karen > 4/2 =2
Karen > know, we need to subtract I because we have to discard any product that has I 
in it
Karen > 2-1=1 
Karen > The answer is I
Peter > I understand the calculations, but why N I &n2 are both I 

Karen > because the prime factors are 2 and 3 
Karen > and you are only repeating 2 one time 
Karen > 3 one time
Karen > so the exponents of 2 and 3 is one 
Karen > if the prime factors were 2 ,3 ,3 , then 
Karen > the exponents wer 1,2 
Karen > nl will be =T
Peter > so nl is prime factor l&n2 is prime factor2 

Karen > n2=2 
Karen > got it?
Karen > It depends on how many times the number is repeated in the prime
factorization
Karen > Peter?
Peter > yes.just one question look on the formula 

Karen > take out a pen and let's work it together 
Peter > thats is what i am doing 

Karen > lets find the prime factors of the # 18 
Peter > (nl+l)(n2+2)
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Karen > ok
Peter > but you had (1+1)(1+1)

Karen . > I'm doing 18 now
Karen > before I did #6
Karen > which are the prime factors of 18?
Peter > yes. But why wasn't it (I +2) for the second part?
Peter >6, 3,9,1 
Peter > and 2

Karen > because you can't put the number, you have to use the power 
Peter > ok
Karen > just take the prime numbers 
Peter >2,3,1 
Peter > ok?
Karen > 18........ 2*9 (2 is a prime #, so you have 9 left) 9= 3*3 you are finish because 3
is also a prime #
Karen > so your prime factorization is 2, 3, 3 .
Karen > I is not a prime #
Karen > now, nl=2 
Karen > sorry
Karen > n l= l (because you only have I #2)
Peter > ok

Karen > n2=2 (because you have 2 # 3's)
Peter > you are a genius
Peter > so if  we had a third factor it would have been n3
Karen > if you get 2,2,2,2,3,3 as an answer then nl will = 4 and n2=2
Karen > If you a third factor =n3
Karen > are you ok, now?
Peter > very good teacher 
Karen > thank you
Peter > so what would be the rec. array.3?
Karen > now that we know how to work with the formula, we need to find a # whose
exponent will give us a # less than 1,000,000
Karen > and the most rect. arrays
Karen > so, let's start with the lowest prime #
Karen > the smallest prime # is the #2 
Karen > right?
Peter > yes. Because you have taught me that I is not a prime#
Karen > Very good
Karen ' > I know(and you should know) that 2A20 = 1,048,576 
Karen > that's more than 1,000,000 
Peter > yes
Karen > so my exponent should be less than 20 
Karen > let's try 2A19 
Peter > maybe 18
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Peter > ok
Karen > 2A19 =524,288 
Peter > i am getting my calculator 

Karen > in this case p(l) = 2 
Karen >n(l)=  19 
Peter > yes

Karen > and N = 524,288 
Peter > os far so good 
Peter > so

Karen > to get the total of factors I go back to the formula (nl+1)
Karen > TF= 19+1=20 
Karen > # rect arrays = TF/2 -I 
Karen > 20/2-1= 9
Karen > so this huge # only have 9 rect. arrays 
Karen > that's the way we do it 
Peter > you just lost me. I htoiught it would have been 
Peter > what about n+524,288?

Karen > what happened/
Peter > n=524,288.what do we do with that 

Karen > remember, we are using the exponents of the factors 
Karen > Is capital N 
Karen > we have n and N
Peter > so we substitute the number with the exponent?

Karen > N= the number that we found 
Peter > deary understood young lady 

Karen > 2A19 = 524,288 
Peter > so 20 is the answer 

Karen > 2=p(l) 19=nl and 524,288 = N 
Karen > 20= the # of divisors or the # of factors that 524,288 has 
Peter > sorry 
Peter > go on

Karen > now to find the rect. arrays we need to divide the # of factors in this case 20 by 
2
Karen > Why do we divide by 2?
Peter > ???

Karen > Because there are numbers that are rotations of each other 
Karen > remeber 2*3 is the rotation of 3*2 
Peter > Got.

Karen > we are repeating the same rectangle 
Peter > and why do we subtract I?

Karen > so, when we divide 20/2 =10 
Karen > now, we need to subtract I 
Peter > why?

Karen > why do we subtract I ?
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Peter > the suspence is killing me
Karen > because we need to discard any product that has one in it, because that is 
considered
Karen > a linear array
Peter > wow
Karen > 10-1= 9
Peter > excellent
Peter > so the answer is 9
Karen > the # 524,288 has 9 rect. arrays
Karen > got it?
Peter > very clear 
Karen > but,
Karen > this is not quite right for all the numbers 
Peter > oh no
Karen > because this doesn't work for the numbers that are perfect squares 
Karen > example 36 has 6*6 
Peter > so what do we do now?
Karen > 6*6 will not produce a rect array
Karen > that's consider a square array
Karen > but there is nothing we can do with those numbers
Karen > because if we also take one more out for the number 36
Karen > the answer will not be an integer
Karen > it will be a decimal
Karen > so I think, we have to keep that and at the end just round our answer 
Peter > You taugt me well, now you are confusing me.
Karen > are you following me?
Karen > This is just a clarification 
Peter > painfully so
Karen > we are not going to do anything with the perfect square numbers 
Karen > is just for you to know
Karen > and son't tell me you are painfully listening to me
Peter > or just for you to tortue me
Karen > shut up
Peter > that is not nice
Karen > be quiet then
Peter > so the answer is still 9
Karen > so know what we do? yes the answer is 9 for that particular #
Karen > we need Erin 
Karen > let's try 2A18 
Karen > do you have your calc
Peter > I think you have done an excellent job, and you should explain it and send it to 
Dr. Gaston 
Peter > ok
Karen > but we don't have the answer yet
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Peter > I understand 
Peter > so lets go on 

Karen > 2A18 = 262,144 
Peter > yes

Karen > can we mult, that # by any prime # and still get less than 1,000,000? 
Peter >2

Karen > if we mult, by 2 we will be back to our previous #
Peter > or 3 

Karen > do it by 3 
Peter > 786,432 

Karen > ok
Karen > we can't mult that # by 2 
Karen > it will be greater than one million 
Peter > ok

Karen > so in this case nl=18 
Karen >n2=l
Karen > because we are mult by 3 
Karen > and 3 has I as an exponent 
Peter > ok

Karen > N= 2A18*3 =786,432 
Peter > ok

Karen > now how do we get the factors again? .
Karen > got it 
Karen > (nl+l)(n2+2)
Karen >(18+l)(l+2)
Peter > i am trying to get Erin 

Karen > I made a mystake 
Karen > (n I+1 )(n2+1)
Karen >(18+1)(1+1)
Karen >(19)(2)
Karen >=38 
Karen >38/2=19-1=18 
Karen > rect. arrays =18 
Peter > Erin cannot login 

Karen > what happened?
Karen > can she read our discussion/
Peter > her internet is not working 

Karen > ok
Peter > so she has to use her boyfrind's own 
Peter > and he is not home 

Karen > oh God!
Peter > lets not get dramatic now 

Karen > ja ja  
Peter > english please
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Karen > read what I got for that big #
Karen > does it makes sence?
Peter >18
Peter > It is logical, but why did you X the factors by 2 
Peter >3 of factors

Karen > I think we need to try some more and see if we find a pattern 
Peter > # of factors, sorry 

Karen > where?
Karen > let's do it tgether 
Peter >(18+1)(1+1)

Karen > we have 2A18 *3, is that clear?
Peter > yes 

Karen >nl=18 
Karen > right?
Peter > yes 

Karen > n2=l 
Karen > yes?
Peter > yes
Karen > formula (nl+l)(n2+l)
Karen > (18+1)(1+1)
Karen > (19)(2)'
Karen > =38 
Karen > are you ok?
Peter > did we do this when the exponent was 19?

Karen > yes darling 
Karen > don't you remember?
Karen > that the answer was 20 
Karen > then we /2 and subtract one 
Karen > that's how we got 9 
Peter > so it would have been 40/2-1=19 

Karen > where you get that 40 from?
Karen > we only had nl 
Karen > we didn't have n2 
Peter > (19+1)(1+1)=40 
Peter > ok, ok

Karen > in this case we have n2 because we are mult by 3 
Karen > and 3 has an invisible exponent I 
Peter > ok
Peter > so let us move to 17 
Peter > let me try and do this one

Karen > so do you agree that the answer for 2A18*3 = 38/2-1=18 
Peter > yes

Karen > know 2A17, you do it 
Peter > 2A17=131,072
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Karen > i got tha 
Peter > 131,072 x7=917504 
Peter >2^17*7=917,504 

Karen > ok 
Peter > (17+1)(1+1)=36 

Karen > ok 
Peter >36/2-1=17 
Peter > rec array is 17 

Karen > ok 
Peter > right?

Karen > yes
Peter > so there is a pattern 

Karen > we need to make a table 
Karen > 2 A19=9 
Peter > for exponents 2-19?

Karen > what/
Karen > I'm just going back to record our answers 
Peter > using exponents 2-19 so cover all the bases 
Peter > should 

Karen > I don't understand 
Peter > we used 19, 18, and 17 

Karen > ok
Peter > shouldn't we keep going to 2 

Karen > what you mean?
Peter > where should we stop so as to establish the answer 
Peter > am i confusing you?

Karen > I don't know, I think we should work out all the # 2's 
Karen > let's try 2A16
Peter > with exponents 16,15, 14, 13,12, 11,10,.........
Karen > yes
Karen > and then check to see which one has the most ret arrays 
Peter > you do 16, and i will do 15 

Karen > ok 
Peter > yes

Karen > aul, when you're mult and you get a # greater tahn 500,000 stop, because you 
can't mult any further
Peter > 2A15=32,769. 32,769x30=983070. (15+l)(l+l)=32/2-l=15 

Karen > I mean - Peter 
Karen > I don' think tha's right,
Karen > because you X by 30 
Karen > 30 is not a prime #
Peter > The pattern seems to be that after 19, the array will be = to the exponent 

Karen > i didn't get that 
Karen > you need to muly by a prime #
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Karen > mult
Peter > It does not semm to matter how much you multiply by, only that you can 

multiply
Karen > what is 2A15?
Peter > 32768 

Karen > ok
Karen > you pt 32,769 before
Peter > after that it does not matter how much you multiply by. That may have been a 

mistake
Karen > 2 A15 = 32,768 
Karen > 32,768 *3 = 98,304 
Peter > ok

Karen > *3 =294,912 *3 = 884,736
Karen > i can't mult any more because the # is greater than 500,000 
Peter > ok

Karen > ans. 2A16*3A2 
Karen > ni=l 6 n2= 2 
Karen > (16+1)(2+1)
Karen >(17)(3)
Karen > I'm sorry 
Karen > i was doing mines 
Peter > continue 

Karen > let's go back 
Karen > your is 2A15 *3A3 
Peter > yes 

Karen > nl =15 n2=3 
Karen > (15+1) (3+1)
Karen >(16) (4)
Karen >64  
Karen > 64/2 = 32.
Karen >32-1 = 31
Karen > we didn't get the same ans
Karen > Peter, are you there?
Peter > It means that the one I did before that is incorrect also 
Karen > which one?
Karen > 2A17
Peter > i am trying to find it now

Karen > it was 2A17, that one is correct, beacause you multiplied by 7 and 7 is a prime 
number
Karen > in this case 2A15 is not correct because you X by 30 
Peter > but you use 3 then 3 

Karen > 30 is not a prime #
Karen > you can do that
Peter > but that will make all the answers different
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Karen > do you know how to find the prime factorization?
Karen > let me try to do it in the blackboard or whiteboard 
Karen > how do you write there?
Peter > i do not know .

Karen > can you see what I put there?
Peter > 5,7 

Karen > ok
Karen > that's a mystake 
Peter > ok
Peter > some of what you wrote went off the screen and I did not get it 

Karen > What I wrote was that 18 is not a prime # so we need to get the prime fact of 
18
Peter > ok

Karen > Do you understand why the prime factors of 18 are 2,2,3,3?
Karen > and if you mult 2*2*3*3 = 36 
Karen > in this case 
Karen >nl=2 
Karen > n2=2 
Peter > shoudn't it be 2,3,3 

Karen > why?
Peter > we are doing 18
Karen > Look up in the blackboard I started with 36 
Peter > ok

Karen > so, this is the reason why you can't mult by 30 
Peter > ok
Karen > we need to mult by prime #'s
Karen > Peter, we are doing the right thing, but I don't think we can finish this and the 
other proyect by monday 
Karen > I'm working plus 
Peter > this one has to be posted tomarrow 
Karen > tomorrow i'll be taking the CTS 
Karen > I'll be there all morning 
Karen > I'll be getting home by 2 
Peter > what time later today can you lodin 

Karen > Today I have to go study for my test tomorrow 
Karen > can we keep working on the tables?
Peter > so we are gonna have to do it after your test then 

Karen > and then compare our results 
Karen > after we finish with p I (2)
Peter > yes
Karen > we have to do the same thing for p(3)
Karen > but this time p3 is not going to have nl=19 
Karen > because it will be greater than a million 
Karen > we need to find another exponent
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Karen > ok
Karen > then we do the same for 5
Karen > we don't do it for 4, because 4 is not a prime #
Peter has left. [ 12:00:30 PM ]
Karen > then for I
Karen has left. [ 12:00:50 PM ]

Peter has entered. [ 12:00:58 PM ] 
Peter has left..[ 12:01:12PM]

Peter has entered. [ 12:13:25 PM ] 
Peter has left.. [ 12:14:03 PM' ]
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SAMPLE
CODED TRANSCRIPT MATRIX
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I I MARA X

2 2 MARY X

3 3 MARA I O

4 4 MARY I O.

5 5 MARY I O

5 6 MARY I O

6 7 MARA N O

7 8 MARA I O

7 9 . MARA N . o

8 1 0 MARA I O

9 1 1 JANE X

9 1 2 JANE I O

10 13 MARY I O

10 14 MARY I P R V

11 15 MARY X

11 16 MARY I O

1 2 17 JANE N P Q V

13 18 JANE I O

14 19 JANE N O

14 2 0 JANE N O

15 2 1 MARA N P C
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15 22 MARA N P T V

16 23 MARA I O

17 24 JANE N P C

17 25 JANE I P T ORN

18 25

19 26 MARY I P E ORN

20 27 MARA I P Q V

21 28 JANE I P R ORN

21 29 JANE X

22 30 MARY N P C

22 31 MARY N O

23 32 MARA I O

23 33 MARA I O

24 34 MARY I O

24 35 MARY I P C

24 36 MARY I P R V

25 37 MARA I O

25 . 38 MARA X

26 39 MARY N O

26 40 MARY N O

27 41 JANE X

28 42 JANE X

28 43 JANE N O

29 44 MARY X

29 45 MARY N O

29 46 MARY I P P V
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29 47 MARY N P C

30 48 JANE I P R ORN

31 49 JANE N P P ORG

32 50 MARY N O

32 51 MARY N O

33 52 JANE N O

33 53 JANE - N O

34 NC

35 54 JANE N O

36 55 JANE N O

37 56 MARY N P T ORN

37 57 MARY X ■

38 58 JANE X

39 59 MARA X

40 60 MARA X

41 NC

42 61 MARA N O

43 62 MARA N O

44 63 MARA N O

45 64 JANE X

46 65 JANE N P C

46 66 JANE N P C

47 67 JANE N O

47 68 JANE N O

47 69 JANE X

48 70 MARY X
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49 71 MARA X

50 72 JANE X

51 73 MARA X

52 74 MARA N O

53 75 MARA I O

54 76 JANE I O

54 77 JANE I - O

55 78 MARA I O

56 79 JANE I O

57 80 JANE I O

58 81 MARA I O

59 82 JANE I P P V

60 NC

61 81

62 81

63 83 MARY X

64 84 JANE I O

65 85 JANE X

66 86 MARA X

67 87 JANE N P C

67 88 JANE X

68 89 MARY I O

69 90 MARA I O

70 91 JANE I O

71 92 MARA X

72 NC
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73 93 MARY I O

74 94 ■ JANE X

74 95 JANE X

75 96 MARA . X

76 97 MARA I O

77 98 MARY X

78 NC

79 99 JANE I O

79 100 JANE- I O

80 101 MARA I O

81 102 JANE X

82 103 MARY I O

83 104 MARA I O

84 105 JANE I O

85 106 . MARA X

86 107 MARY I O

87 108 JANE N . P C

88 109 MARA I O

89 109

90 HO MARA ' I O

91 111 MARA I O

92 111

93 112 MARY X

94 113 JANE I O

95 114 MARA I O

96 115 MARY I O
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97 116 MARA I O

98 117 JANE X

99 NC

100 118 MARA X

101 NC
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SAMPLE
GROUP BEHAVIOR TALLY

GROUP 4 
SYNCHRONOUS Total Orientation Organization Execution Verification

Number of Messages 371

Units of Meaning 366 34 ■ 27 23 12

Social 134

NC 24

Interactive Non-Interactive 205 27

Problem Solving 92 13 32 2 ■ 24 3 19 4 10 2

■ Questioning 27 4 11 2 8 0 7 0 I 2

■ Responding 27 0 14 0 7 0 5 0 I 0

" Directing 3 0 I 0 I 0 I 0 0 0

" Explaining 0 0 0 0 • '0 0 0 0 0 0

■ Thinking Aloud 24 5 5 0 5 2 6 3 8 0

" Proposing Ideas 3 I 0 0 3 I 0 0 0 0

" Refocusing Discussion I I I 0 0 0 0 I 0 0

" Commenting 7 2

Other 113 14
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APPENDIX J

SAMPLE
INDIVIDUAL BEHAVIOR TALLY
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SAMPLE
INDIVIDUAL BEHAVIOR TALLY

Shawn Total Orientation Organization Execution Verification

Units of Meaning 131 9 6 5 ' 3

Social 62

Interachve Interactive 59 9

Problem Solving 23 4 8 I 6 0 5 0 I 2

H Questioning 13 3 6 I 4 0 3 0 0 2

■ Responding 3 0 2 0 0 0 I 0 0 0

B Directing I 0 0 0 I 0 0 0 0 0

■ Explaining 0 0 0 0 0 0 0 0 0 0

■ Thinking Aloud 2 0 0 0 0 0 I 0 I 0

" Proposing Ideas I 0 0 0 I 0 0 0 0 0

B Refocusing Discussion 0 0 0 0 0 0 0 0 0 0

B Commenting 3 I

Other 36 5
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