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Abstract:

The far-off-resonance continuous-wave Raman laser is studied both theoretically and experimentally in
this thesis. A semi-classical theory is developed for the far-off-resonance intracavity Raman proces's.
Pumped by diode lasers in high-pressure H2 gas, our experiments achieve wide tunability and high
conversion efficiency of the vibrational Stokes output. The theory agrees well with the experimental
data in the steady state. In addition to the vibrational Stokes output, the rotational Stokes emission is
also obtained in the experiments.

The cw Raman laser with anti-Stokes emission is theoretically studied. If all the three fields (pump,
Stokes, and anti-Stokes) can be resonant with the cavity, significant cw anti-Stokes output is predicted.

In addition, longitudinal-mode bistability and mode-hop hystersis in the rotational Stokes laser are
experimentally observed. A theory based on a Raman-assisted multi-wave mixing process successfully
explains the observation.
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ABSTRACT

The far-off-resonance continuous-wave Raman laser is studied both theoretically
and experimentally in this thesis. A semi-classical theory is developed for the far-
off—fesonance intracavity Raman proces’?s. Pumped by diode lasers in high-pressure
H, gas, our experiments achieve Wide tunability and high conversion efficiency of
the vibrational Stokes output. The theory agrees well With the experimental data in
the steady state. In addition to the vibrgtional Stokes oﬁtput, the rotational Stokés

emission is also obtained in the experiments.

The cw Raman laser with anti-Stokes emission is theoretically studied. If all
- the three fields (pump, Stokes, and anti-Stokes) can be resonant with the‘cavity,

significant cw anti-Stokes output is predicted.

In addition, longitudinal-mode bistability and mode-hop hystersis in t'hg_a rota-
tional Stokes laser are experimentally observed. A theory based on a Raman-assisted

multi-wave mixing process successfully explains the observation.




" CHAPTER 1
INTRODUCTION

The continuous-wave (cw) Raman laser is aArecentljr developed laser technique
for generating tunable high-quality laser beams in the near-infrared. It is based on

stimulated Raman scattering as illustrated in Fig. 1. -

J

Pump Stokes

a

- Figure 1 Energy levei diagram "of‘ the far-off-resonance Raman process.

Level a in Fig: 1is the_ éroﬁnd state, level b is the mol;ecular vibrational or rota-
tional state, and the levels mafked i ére the excited ellgctro‘nic s;tates. The transition
between levels a and b is electric 'dipolel forbidden. Ramgn sgattering Qccﬁrs when

an incident photon (called the pump) interacts with the molecule and generates a
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red-shifted photon (called the Stokes). When the intensity of the pump laser is high

enough to reach some certain threshold, the Stokes output experien'ces significant

amplification (appearing as exponential growth) and this is called stimulated Raman .

scattering (SRS). Note that for the 792 nm pﬁmp wa\}élength we will bé using in this
thesis, the transitions j <+ a and j < b’afe, far off single-photon electronic resonance
and therefore we call the Raman Scat;tering in Fig. 1 the “far—off—resonance” Raman
process. -
Because of this far-off-resonance condition, the gain of the SRS is very low. The
SRS thr;eshold is.in-\ the rangé of 10>-10* kW of pump power. Therefore traditionally,
| the SRS is usually associated with high power pulsed lasers. For example,-in a review

paper written by Bloembergen in 1967 {12], it was said: “The general background for

the development of the field of stimulated Raman emission contained the fbllowing '

factors: ...the development of high-power pulsed solid-state lasers.”

Y

Because of the lower intensity of cw pump lasers, to realize SRS in the cw regime,

- the low Raman gain has to be enhanced in some way. One technique is called reso-

nance enhancement [13, page 101]: the cw pump laser and the Raman medium are’

chosen so thét the pﬁmp frequency is near a molecular or atdmic,;esoné,nce. The
Raman gain-is usually. large when near resonance but the drawback is that the SRS
is tunable only in the very narrow regions near resonance. Many near-resonance cw
Raman lasers have been developed over the last 2-3 decacies (for eXf;mele, referencés

[14] and [15]), -
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In this thesis, When speaking of a “cw Raman laser”, we refer to a far-off-resonance
¢w Raman laser exclusively. Instead of resonance enhancement, we utilize high-
ﬁnesse—cavity enhancement — performing SRS in a’high finesse cavity.. Cunrently
mirror coating technology is able to manufacture low loss (< 1_5ppm) mirrors nvith
high reflectances (> 99.99[70). With these mirrors, we are able to bnild Fabry-Perot
cavities with finesses of 10* and higher. Furthermore, the mirrors can be doubly

coated and the finesses of > 10* can be realized at both the pump and Stokes wave-

lengths. Through the use of this double-cavity-enhancement, it can be shown that a

* SRS threshold of 200 kW can be effectively lowered to 0.8 mW (see page 68). This is .

an order of 108 enhancement and the result is that cw diode laser pumping is fully
possible.

The first far-off-resonance cw Raman laser was realized by Brasseur et al. in 1998
[16]. Diatomic hydrogen gas (Hg) was used as the Raman gain medium and the pnmp
laser was a frequency-doubled Nd:YAG laser. Roos et al. theén demonstrated the first

diode-pumped cw Raman laser, using a free-running diode laser and a passive optical

locking technique [17]. The Stokes laser threshold was as low as 240 uW. Shortly

after, an external-cavity-diode-laser(ECDL)-pumped cw Raman laser succeeded [18].

The Stokes output of this system was able to be tuned over a wide 40 nm range due

to the tunability of the ECDL. Next, by improving the cavity impedence-matching,

another diode-pumped cw Raman laser was demonstrated to have a high photon-

conversidn;eﬁ"lciency of 66% [19, 20]. The latest achievement on the cw Raman laser
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was the discovery' of the rotgtional Stokes emission in Hy [11], While all the'above

demonstrations were ba,sed ‘on the vibrational Raman transition in H2
.. There are several distinguishing features associated with the cw Raman lase;.
First, the Stokes output is widely tunable because the faf—off—resonaﬁce condition
leads to flat gain over a wide spectral ra,nge: This wide tunability (tens of nanometers)
is usually diécre,te due to the double cavity resonance requirement. But the Raman
_gain linewidth and the relative movement of the pump and ‘Stokes reéonanc_es can
bring us a continuous tuning range of 1-2 GHz for the vibrational transition and éf
‘ ?20 GHz for the rotational transition. Second, the Stokes output has a very narrow
spectral linewidth. A linewidth of le'sshthan 10 kHz has been measured in the Nd: YAG-

pumped system [21]. Third, the Stokes output also has a high spatial purity. The

Stokes beam. is a pure TEMgqg fundamental Gaussian mode because of the output

from the high—ﬁnesse non-confocal cavity.

| In cw Raman lasers, phase matcl}in‘g is automatically satisfied since the dipole (or
molecular coherence) is induced with the proper phase which leads to Stokes growth,
independent of the pha'sg relation be;tween the laser and the Stokes waves. This is
an advantage of the cw Raman laser compared to other techniqﬁes’of laser frequency
down—converéion, such as the (;ptical parametric oscillator.

The cw Raman laser may provide a novel tool for studying Raman scattering

itself. The traditional pulsed-laser-method has its own limitations on studying Raman '

scattering. For example, vibrational as well as 'r(')"cational scatterings alwayé appear
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at the same time under many conditions, making independent studies on each type

impossible. Just as Minck et al. wrote in a 1966 paper [22]: “Because in both Dy

and Hj the vibrational transitions were always stimulated when the laser was plane .

polarized, it was not possible to measure the polarization dependence of fhreshold
power for the rotational .transiti'ons.” Now this difficulty can be easily solved in cw
Raman lasers. As shown in Chapter 4, the double resonance requirement and the
homogeneous gain nature of ’éhe Raman mediﬁm assures single-mode operation —
pure vibrational Stokes or pure rotational Stokes'can be selected just by tuning the

pump laser’s frequency.

The cw Raman laser also serves as a unique system for studying some aspects’

of basic laser physics, such as mode-mode competitioﬁ and the resulting dynamics.
For example, in Chapter 5 we report a que—hop hysteresis and bistabilitj observed’
in a cw rotational Raman laser.A When two adjacent longitudinal laser modes lie
_ symrﬁetrically between the hofnogeneous gain line—Center, the laser output shows a

mode-hop hysteresis. To our knowledge, such a modé—hop hysteresis in a homogeneous

7

laser has not been directly observed before.

Besideé' bging a down-conversion technique, it is also possible to generate Elﬁe—
shifted laser light (up-conversion) in a cw Raman laser system. This up-conversion is
based on Stokes—anti-Stokes couialing., We will show the(?retically that if ’th'e triple-
resonance condij:ion (ie., the cavity is.resonant sifﬁultane;usly at the pu.mp, Stokes,

and anti-Stokes wavelengths) is satisfied, significant anti-Stokes light can be generated
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with the threshold pump power lower than 10 mW (See Section 2).

The structure of this thesis is as follows. Chapter 2 gives the'éomplete semi-

classical theory for the cw Raman laser. Not only the Stokes lasing is desc‘ribed.

mathematically, but the anti-Stokes emission is studied theoretically as well. Both
the analytical steady-state solution and the time-dependent numerical simulation are
given for the Stokes and anti-Stokes equations. Chapter 3 — 5 give experimental

achievements of the diode—pumped\ cw Raman lasers. The vibrational Stokes lasers

are presented in Chapter 3, including general characteristics of the cw Raman laser, .

the ECDL-pumped system, and the broad-area-diode-laser(BADL)-pumped system.

The discovery of the rotational Stokes emission is reported in Chapter 4, including an
introduction to the rotational Raman transition, the experimental observafiéns, and
a practical issue regarding the cavity’s etalon effect. The m:)de-hop hysteresis’eff_ect
in the rotational Raman laser is studied in Chapter 5, in which our theoretic"dl model

successfully explains the hysteresis.




CHAPTER 2

{

SEMI-CLASSICAL THEORY

In this chapter, we deve‘lop a semi-classical theory for the far—off—reson@ﬁce cwW
Rama,n‘ laser. ’In the first Section we derive the cw 'ﬁeld ‘equations in a laser cavity. In
the second Section we study the density matrix equations. Then in the third Section
we discuss the cw Raman lasgr with first-order Stokes generation. Finally, the last
- Section solves the intracavity Stokes—anti-Stokes coupling.

The semi-classical theory for the single-mode Stokes laser was first developed
by Brasseur [23, 21]. We derive his theory in .this thesis more systematicallly' and
also extend it to a more gener.a,l case — arbitrary number of intracavity fields. The
intracavity'Sisokes—anti—S'tokes coﬁpl'ing eqﬁati’ons were derived by the great help from
Roos. He solved the same problem fully qua'ntum mechanically [24] and obtained the

same results.

Intracavity Field Equations -

In this section we derive the laser field equations in a standing-wave Fabry-Perot
cavity. 'We_'ﬁrst apply the slowly varying envelope approximation into the classical
Maxwell’s wave equation.” We then separate the time and spatial dependence by a

method of normal mode expansion. - The references of these derivations are Siegman




[25], Brasseur [23], and Roos [24]. .

L)

Maxwell’s wave equation and the slowly varying envelope approximation

We start from Maxwell’s wave equation® (in scalar form for simplicity):

= o ~ 1 =

B(r,t) + ~B(r1) ~ AV2E(, 1) = LEw, (2.1)

where ¢ is the ohmic conductivity of the laser medium; ¢, and c are the dielectric

permeability and the light velocity of the free space; P is the total macroscopic

polarization of the-medium. The second term in the left-hand-side of the equation is

used to simulate losses in a Fabry-Perot cavity. We suppose that there are multiple

fields'in the cavity:

Z tle ™" +cc.], . | (2.2)

q

L\:)Ir——\

where the integer ¢ will denote the various frequency components inside the cavity
such as the pump and the Stokes fields in our later séctions. It can aiso denote
c'liﬂ:erent‘ longitudinal modes of the pump or the Stokeskde'pending on the problem, as,
for. example, in the analysis of the mode-hop hysteresis in a rotational Raman laser
" in Chapter 5. We .assume that the pdlarization density in the cavity can be written

in the same form:

L\Dll—‘

q

1

Throughout this thesis, we use the tilde to denote a quantity that varies rapidly in time, Whlle
the slowly-varying amplitudes of Fourier components are written without the tilde.

==Y " [Py(r, t)e ™t +cc] .‘ | | (2.3) .
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- There may also be external injected fields in the same form:

E.(r,t) = %Z [Eeq(r, t)e a4 c.c.] 3 | | (24)

and the wave equation (2.1) is expanded to

x 2 1= - - 2 ' ’ .
E(r,t) + 7.E(r,t) — *V2E(r,t) = _—6—P(r,t) + YeFeo(r, 1), (2.5)
0

.

where we introduce the notation ~, to represent the intracavity enérgy decay rate
due to primarily the losses of the mirro?s, while ~y, represents the coupling rate of the
externally injected enérgy.

Substituting these expansions _(2.2)-(2.4) into the wave equation (2.5) and by

making the slowly varying envelope approximation[25, page 945], we have for each

field ¢:

Wy

, 2 2w, 2 2

By )+ |20 — i (02 4+ V)| By, ) =022 P, (r, ) + 2B (1 8). (26)

Here 7y, and <., are associated with cavity mirrors’ reflectance R, transmittance T

and cavity length L by (1f we neglect the scattering loss inside the cavity)

c - .o .
Veq = —ﬁln\/ququ, _ (2.7a)
q

Yeq = _L\/,-ZTQ’ | . N (2.7b) .

where n, is the refractive index for the field g; the subscript “1” represents the front

mirror that couples the external fleld E.; and “2” means the back mirror.
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Spatial-mode expansion

We next assume that each electric fiéld ¢ inside the cavity can be expanded in a

set of normal spatial modes w,(r):

By, t) = 3 By (t)uign(r). @)

These modes are assumed to be solutions of Laplace’s equation
(V2 + kgq,n)uq,n(r) =0 (2.9)

which satisfy the boundary condition of the cavity. kc;,n = Weq,n/C, Where we,, is the
cold cavity resonance frequency of the mode (g,n). We also assume that these modes

are orthogonal for the same frequency component g:

/ / /C L Ugyn (DU (V) ddydz = Vg, (2.10)
o '///C-My o (i (F)drdydz = 0 (n 1), (2.11)

where V,,, is the mode volume occupied by the g-th frequency component in the n-th
spatial mode: In 1-:he; cw Raman laser systems we Will study later, all thé iﬁtracavity
. ﬁellds. (¢ = pump, .Stokes, anti-Stokes...) will be in single.spa,tial modes. Therefore
we can drop the subscript n in the equations (2.8) through (2.10) and Eq.(2.8) can

be Wriften as

Eqy(r,t) = E (t)uy(r). (2.12)
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Next we substitute Eq.(2:12) and the Laplace equation (2.9) into Eq. (2.6), mul-

tiply u(2) and pérform ’q‘hé volume 'intégral (normalized by the volume V;)

1 ‘ 1 L/2 oo o,
— drdydz = —/ dz/ 'rdr/ d¢ (2.13
.Vl.] ///cavity Vq J—-L/2 0 0 ( )

on both sides. By using Eq.(2.10), we obtain for each frequency component g,

2

Byt) + |22 — iwy — weq)| Bylt) = 152 Pyft) + 2Bugt),  (214)

2§0 1

where F,(t) is given by:

F,(t) = %‘///camy d:v_dydqu(?,t)uZ(r). | ' l(2.1’5)

In deriving Eq.(2.14), w2 — w, & 2w,(wy — weg) has been used.
- In order to solve the field equation (2.14), we need to know the relation between

P and E.. So in the next section we develop the density-matrix equations.

Density Matrix Equations

Theoretical model and Schrodinger equation

We consider a far-off-resonance multilevel A-configuration system as shown in

Fig.2. .
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Figure 2 Energy levels and laser fields for the far-off-resonance Raman process. The
lowest level a is the ground staté and the higher level b can be either a vibrational
state or a rotational state. We allow an arbitrary number of higher level 5 and all
possible orders of Stokes and anti-Stokes [labeled by an integér g and here only shows
g = £1 (¢ = 0 is the pump)] generated by the Raman process for the most generality.
The transition between levels a and b is electric dipole forbidden. The transitions
j < aand j < b are far off single-photon resonances and there may be a two-photon
detuning & for the a « b transition (§ < 0 in the configuration shown).

There are multiple upper levels 5 and two lower levels a and b, as well as multiple
laser fields with frequencies w, (¢ = integer). Levels j (with energies w;) are coupled

to the two lower levels (with energies w, and wy) by electric dipole transitions, while

the transition between a and b is electric dipole forbidden. The transitions j «».a and -

j < b are far off single-photon resonances and there may be a two-photon detuning &
for the a <« b-transition. The results of this model have been given by Harris 26, 27]

and Fam Le Kien [28]. In this section, we deriye it in detail.

AL
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The multiple fields are given by Eq. (2.2)%:

: E= % zq:(qu“i“’"t + c.c.), (2.16)
where
wy = wo + g(wp — W, — 8) = Wy + gwm, (2.17)
or
Wy = Wg—1 +-qWn. t2.18)
In the cw Raman 1aser,: we have only two felds: g = 0 for the pump and ¢ = —1

for the first-order Stokes. But we still do our derivation for multiple fields so that

the density matrix equations can be easily extended to other cases, for example, the

anti-Stokes emission.

The system Hamiltonian can be written as this matrix form:

fw, O VaJ
0 hwb %j
H = )
V}a ij m’a
where . '
‘1

Ve = Vi = =ty - 5 3 (Bge ™" 4 c.0),

q
% ‘ 1 —iw
Vog =Vip ==t - 5 Z(qui “+c.c.),
. q

(2.19)

(2.2‘0_a) '

(2.20D)

and 1, and pp; are the dipole moments between levels a « 7 and b« § respectively.

2

because all the fields will be functions of r*and ¢ throughout this section.

If written in full notation, E = E(r,t) and B, = E,(r,t), but here we take the shorter notation
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The wavefunction of the system is

=3 Clemintiny,
n

where n = a,b,j. The amplitude C;, obeys the Schrédinger equation:

GhClL = eTwn YO,
k
where wpr = w, — Wg. By making the transformation
Co=0Cl =~ Cp= be"“”, C; =.G’;-, ‘
Eq. (2.22) becomes

Oa = 2—,&7% Z CJ,U/a.g Z qu—i(Wja+wq)t _|_ Z E;e—.i(wja—wq.)t] )
J q g

Cy = —zaob +ox ZGJ%

. )
C’j = ’Q_ﬁc’a,ufja

Z qui(“’j““"q)t - Z E;ei(wja+wq)t:| |
ZE ez(wgb wq)t + ZE* z(w]b-}-wq)] ,

2th/~Lyb

(2.21)

(2.22)

(2.23)

(2.24a)

ZE 6—7, (Wiptwg)t + ZE* 1(‘*’15_“"1)7{| , (22413;)

(2.24c)

Since wjp & wy + 6 = wijq £ weg1, Egs. (2.24) can be written in terms of w;, only:

¥ Bt T g,
q g "

Co=1op ;Oj/«"aj

Cp =—10Ch + 5 ; Citti

(2.25a)

Z Eq-}-le_i(wja—l-wq‘)t-—l— Z E;_leri(Wja'_wq)t:l ', (225b)
q ‘ o 4 ‘
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Ctj 2h a,/-'l’ja, I:EE ez(wja,—wq)t + ZE* 'L(wja+wq)t}

7
_ +2—hc’blufjb

Adiabatic elimination of C;

Because of the far-off-resonance condition, we assume that for all times the upper

_ levels j are in steady state. Therefore in the Schrodinger equatiOn'(2.25"),‘We perform
adiabatic elimination of C; by first integrating Eq. (2.25¢):

7

G = 95

[Z ez(wja, wq)t! (Ca/J']aE + Ob/“l'Jqu 1):| *

dt'.

[Ze (Wjatwg)t’ a/J,JaE —I— Obluljb q+1)

Compared with e!@ietwdt O~ Cy and E, vary slowly in time so they can be taken
out of the integral:

z(wJa—wq

j - 277,2 W — a,UfJaE +Ob.u'jqu 1)_
ja

1 Z(""Ja'l""q)t . . )
"o Z W(Ca“JaEq + oo B ). o (2.26)

Substituting C; into Eq. (2.25a) and (2.25b) and dropping all the fast oscillating

terms (slowly-varying amplitude approximation), we get

é, m ZZIMMIIEP( )

1 1
ajlbibEg + , 2.27a,
ZZM st FaFign <wjb — Wy Wia +Wq> ( )

(57 Eyogeisent 13 E;"Hei-(‘_"f”‘”")t} , (2.25¢)
q ' g
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1 1
Cy = —16Cy + (% —+5Ca ZZMWME By ( + )

Wjp — Wy Wijg + Wy

O LS bl B (T ) e

Wq wjb + Wy

where we have used

Wig — Wy = Wijp — Wi—1 + ) & Wiy — Wg—1,

Wijg F+ We = Wip + Wey1 + 6 R wip + Wyl - (2.28)

Eqs. (2.27). can be written as a simple form .

d Oa . Qaa Qab’ Ca. .
wla) (8 s ) (%), a)

where we have introduced the Stark shifts -

1 | -
Qoo = §ZGQIEQI2) : : (2303’)
q ’

. ) | | .
be - 5 ;bq|EQ|2? ‘ (2-30b) ’

and the two-photon Rabi frequency

fhap = Zd EqE, q+1 - ' (2.31)
The constants a,, b, and d,, with units of [m? - V—2.571], are related to the dipole

moments and the single-photon detunings:

1 ./ 1 1 '
_ L . . (2.32a
o0 = g7 D i (oo ) (252%)
1 /1 1 o
b, = — 2 - - , 2.32b
17 9p2 ; | s | (wjb vy '|'. Wi —I_‘wq) ( )
1 1 1 |
LN : : . 9.32
dg 272 Z/.L 7 Hgb (ij = w0, +-qu -|-wq> (2.32c)
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Density-matrix eqﬁations

The density-matrix equations can be obtained from Eq. (2.29). The density-

matrix elements are defined by:

ﬁab — Cr(lle—z'wat . O{,*6iwbt — Oactl;keiwmt — pabeiwmt, (233&)
ﬁaa = IOa,|2 = Paa, ' (233b) ‘
P = |Col* = pg- (2.33¢)

Then from Eq. (2.29),

paa = i(Qabea - Qba,pab) + Pbapbb) | . (2343)
pos = —UQabPoa — Qbapab) = Toapfro, (2.34b)
P> = 1(Saa — oy + 6)Pab + 182ab (P — paa) — YabPab, - (2.34c)

where the phenomenological d»ampiné has been included: I‘ba.is a populafcion decdy
rate from 1evei b to a and -y, is a coherence dephaéing rate. Th_ey.both ﬁave the units
l of radians per second?®.

- We note thét if we changé the two-photon Rab.i frequency to a single—photoﬁ Rabi
frequency and ignore the relativé Stark shift Qe — O, then Eqs. (2.34) are si.mply

the density-matrix equations for a two-level atom in the presence of one optical field

[13, page 200], where & becomes the ‘single—photon—detunihg. In other words, the

3

Note that in this chapter, all the quantities associated with frequency or rate are with angular
frequency. For example, these quantities: wjq, Qap, J, and vab, etc., all have the units of rad/sec.
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adiabatic elimination of the upper levels j simplifies our system to an effective two-

level problem.

The polarization

The polarization density P = P(r, 1) in Eq.(2.3) is defined by

P = Ntr(pp) = N Z (HjaBaj + IajPia + IhibPe; + i Bsb) , (2.35)
j .

where IV is the atomic density and the density matrix elements g,; and 5;; are defined |

by, similar to Eq. (2.33a),

H

faj = Che™iet . Gt = 0,0 e et (2.36)

poj = Clhe™st . Cfre™it = CyCre =0k, (2.37)

By substituting Eq. (2.26) into Eq. (2.35) and using Eq. (2.28) we find in the expansion

Eq.(2.3),

Pq (I‘, t) = 2Nh(aqpaaEq + bq,Obqu + dq_lpbaEq_l -+ d;paqu+1). (238)

With Eqs. (2.14), (2.34), and (2.38), we are now ready to solve for the far-off-

resonance intracavity Raman process.

The Stokes Laser

Al

In this section, as illustrated in Fig. 3, we consider only two fields: . =0 for the
pump and ¢ = —1 for the first-order Stokes. We use the subscripts p and s to denote

the “pump” and the “Stokes” respectively.
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Figure 3 Energy levels and laser fields for the Stokes laser. Level a is the ground state;

level b can be either a vibrational state or a rotational state; levels denoted by j are
multiple excited electronic states. The pump field w, (¢ = 0) is red-shifted to the

Stokes field w;s (¢ = —1) and a molecular coherence pgpe™™t is established between:

levels a and b. There can be a two-photon detuning denoted by ¢.

Population and coherence

Because of the far-off-resonance condition, we can neglect. the population on the

upper levels j 4. Therefore we assume

Define D = pp, — paa to be the population difference between levels b and a. By using

4

Specifically, this is due to 2 < A in our system, where Q .~ 109 rad/sec is the single-photon Rabi
frequency of either the pump or the Stokes field and A ~ 10'€ rad/sec is the single-photon detuning.
This can be understood by solving the “two-level atom with one field” problem, which is given in
many quantum optics textbooks. See, for example, Boyd [13], Eq.(5.3.11), when © <« A is satisfied,
almost no population can be excited to the upper level.
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Eq. (2.39), the density matrix equations (2.34) can be written as

D = —2(Qubra — Qapad) — Tsa(D — D), © (2.40a)

Pab = = [Yab — 1(Qaa — Qo + 8)] pap + 100D, (2.40b)
where the Stark shifts ,, and , have been given Ey Eq. (2.30)-

Qua = = (a5 Byl? + 6 Eu?), (2.41a)

I

Q= 5 (bpl Bpl” + bs| B [?), " (2.41b)

N = N =

and the two-photon Rabi frequency [given by Eq. (2.31)]

Qur = LB, (0, ) B (1,1) (2.42) -

2

éontains the pump and Stokes fields which drive the coherence pg;. The dispersion

constants ap(sy and by(s) are defined by Egs. (2.32a) and (2.32b):

1 2 ( 1 1 - ) '
Gy = ——— e + . , 2.43a
P(s) . 2R? ; 2 Wja = Wp(s)  Wia + Wp(s) ( )
b 3= 12 + . . v 2.43b
'p(s) 2h2 ZJ: Ilu’bjl <w]b — wp(s) Wiy + Wp(s)) ( )

The coupling constant d, is defined by Eq. (2.32¢):

1 1 1
.= wilhip | - i 2.44
d 2R2 zj:/‘ 3 b <wjb_ws +Wja+ws> ( )

‘We will take ds to be a real number for simplicity. In Eq. (2.40a), we have included
a population difference in therma,llequilibrium denoted by D [13, Page 196] and we

assume D = —1, i.e., all the population is in the ground state in thermal equilibrium. -
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At steady state, all the time derivatives are set to zero. Egs. (2.40) can then be

solved algebraically:

T3 D% (72, + 62) |
D= a - , 2.45
Toa (72, + 02) -+ 40P er (2452)
QoD
- rab (2.45D)

e (o WA o Wy §

" We can estimate steady-state values of the population difference D and the coherence

amplitude |pgs| in the cw Raman lasers. At room temperature, for the pﬁre vibrational

V= O.—> 1 transition in 10 atm Hy, the population decay réte Ipo =~ 27 x 1 x 10 rad/s
[29] and the Raman gain linewidth (HWHM) Yab = 21 X 250 x 106 rad/s [3] The
constants ap(s), bp(s), and ds have been“calculated by Fam Le Ki‘eﬁ'et al [28]: a, =
a, ~ 2.6 x 16_7, b, = bs ~ 2.8 x 1077, and ds ~ 61 % 1078, in the SI units (i.e.,
I)Il2 - V=271, If we assume that\ the i‘nput pump power is 10-IIIIW and both the
cavity mirrors have a reflectance of 0.9999, then the intraca,vity‘spatial peak pump
power is approximately 28 W. Converting this intracavity power fo field a;mplitude
and assuming the Stokes field has the sate intracavity amplitude, we calculate that

the Stark shifts Q4 =~ 1.0 x 10°rad/s, Qp ~ 1.1 x 10° rad/s, and the two-photon

Rabi frequency Q4 =~ 1.2 x 10*rad/s. Using all these data, we obtain that for the

vibrational Raman laser and at the gain line center (§ = 0),

- D~ 20.99996, . (2.468)-

|oas| = 8 x 1076, - ~ (2.46b)

This calculation shows that, because of Ipvep > Q2,, the population for the cw
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Raman laser can be considered undepleted from the ground state a (or D = D*?) and
therefore we can ignore the population equation (2.40a) for the later theoretical work.

'This calculation also tells us that, because of 7,3 > Qg, the coherence Pab.has a very

small amplitude, far froi the region of electromagnéticall& induced transparencjf [30],

in which the coherence can be built up to its maximum value of 0.5 [26].

Polarization and Raman gain -

In the two-field condition, Eq.(2.38) now becomes

Py(r,t) = 2NA[(apPaq + bppis) Ep (T, ) + dsppa(r, t) Es(r, t)], (2.47a)

Py(r,t) = 2NE[(aspaa + bsp) Bs (T, t) + dspas(F, ) Ep(r, 1)], -~ (2.47b)

where, as given by Eq.(2.12),

B (1, 1) = By (B up(s) (2). | (2.48)

Before we derive the intracavity field equations, let’s first connect p,, to some real

physical quantities. Substituting (2.45b) into (2.47b), we obtain

. Nri2D - ‘
P, = ONB(aspaq + bspw) Es + i : 8. E,|*E,. - 2.49
| (a' P + pbb) + Z’Yab — z(Qaa _ be i 6)' P| ( ?

Since poo =~ 1 and py ~ 0, and Q4 ~ Qp (Le., we ignore the population on level b

and the relative Stark shift Qg — Qp), the Stokes polarization has the form
. o
P, =2Nha B, + z'thsl?
Yab = 10

|E,|*E,. (250
Comparing with the definition [31, Page 471]

P, = eoxME, — cox¥|E,|*E,, - (2.51)
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where x(¥, the linear susceptibility, is associated with the refractive index change

caused by the single-photon-induced dispersion in the medium by the form

we obtain

ns =~ 1+ Nhag/eg. ' (2.53)

The x® in the second term of Eq. (2.51) is the complex Raman nonlinear sus-

ceptibility. It can be si)lit into real and imaginary parts in the form X — X%k where

, _ NhdDs
XR € (721, + 62)7
" NAd2Dygp

_ _ANhasDe | 9.54b
T e+t (2.540)

(2.54a)

To- see the physical roles of x and X%, we note from Eq. (2.14) that the Stokes
field is driven by a term proportional to iF;. Therefore the two-photon (Raman) -
induced dispersion is reflected by the real pért X'r; while the Raman plaﬁe—wave gain

coefficient’ is propoftional to the imaginary part of the Raman susceptibility (32, 33]:

2wsx'h _' 2ws N2 (—D)Yap

= i ) 2.55
nsnpc2ey  Msnpced(v2, + 62) (2:55)

O[g=

5

For the case of SRS in free space, using the classical wave equatlon one should obtain that the
Stokes field experiences spatially exponential growth in the form [32] .

O0Es ws

9 .
9z  2cn, 8

//IE |2E

2

where g, is the Stokes power gain. When the pump beam is a plane waye with uniform transverse
intensity, the Stokes power gain per unit pump intensity gs / I is defined as the plane—wave gain
coeflicient. . ) -
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By substituting Eq.(2.45a), we can write g in the following form:

. 4,\Qab|2>—1( T 52 1 >_1
0 (8) = . (0 (14 Al 1+ 2 , . 2.56
g( ) 9( ) ( ’}’abrba , fYab 1 -|—4,Qa,b, /f)’abl_‘ba ( )

where

2ws N hd? (— D*9)

2
NsTpC2 €5 Yab

a(0) = (2.57)

is the line center value of the unsaturated or small.-sighal plane-wave gain coefficient.

This value is decreased by the factor (1 + 4]|Qg|? /fyabl"ba)-l, a phenomenon called

saturation [13, page 203]. The last term in Eq. (2.56) indicates that the Raman gain

has a Lorentzian lineshape with a FWHM linewidth of 2, - V14 402/ Yab Tsa-

The small-signal linewidth 274 is broadened by the factor \/ 1+ 4|52 /fyabI‘ba, an
effect called power broadenmg [13, page 202].

We can calculate the Raman plane-wave gain coefficient ay(0) using Eq.(2.57).
At a pressure of 10 atm and a temperature of 300 K, the hydrogen ﬁumber density
N = 2432 x10% m™3 [1, page 4-118] ;l for the pure vibrational v =0 — 1 tr‘ansition,
the Raman gain linewidth (HWHM) g = 2m x 250 X 10% rad/s [3]; the coupling
constant ds ~ 6.1 x 1078 m?Hz/V? [28]. By taking n, ~ n, ~ 1, D% ~ -1 and

the Stokes wavelength of 1180 nm, we get a4, (0) = 1.4 X 107! m/W. Experimentally

measured value of the Raman plane-wave gain coefficient for the vibrational tranéition ’

pumped at 792 nm is @, (0) = 1.5 x 10711 m/W [2]. Our theoretical calculation is

AN

very close to this value.
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------ Vib. Raman
-—---- Rot. Raman

Sl 2n (GHz)

Figure 4 Raman plane-wave gain coefficient as a function of the two photon de-
tuning. For the vibrational Raman transition (792->1180 nm, solid line), Ggv(O) =
15x 10 U m/W [2], linewidth (HWHM) 7abv/27r = 250 MHz [3]. For the rotational
transition (792->830 nm, dashed line), Qgr(O) = 0.5 x 10-11 m/W [4, 5, 6], linewidth
(HWHM) 7a6r/27r = 510 MHz [7], Gain and linewidth are for 10 atm H2 at 300 K
room temperature.

The gain saturation and linewidth broadening shown by Eq. (2.56) can also be
estimated: the population decay rate F6a/27r is approximately 10 kHz [29]; the typical
intracavity power of both the pump and Stokes is around 10 W. Then it can be calcu-

lated that the gain saturation factor is about 0.999997 and the linewidth broadening

factor is about 1.000003. Both effects are small and thus negligible.

Intracavity field equations

Now we are ready to derive the intracavity field equations for the Stokes laser.
We assume that the coherence establishes its steady-state value much faster than
the intracavity fields (adiabatic following approximation [13, page 212]). Then the
steady-state solution of pa6, he., Eq.(2.45b), can be used for the field equations.

We first obtain the polarization amplitudes at the pump and Stokes frequencies by
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substituting Eq.(2.45b) to Eqs.(2.47):

Py(r,?) =2Nﬁai,Ep(t)up(r)—zi\: ff_fs|Es(t)us(r)|2Ep(t)@p(r), . (258) .
Py(r,t) =2NhasEs(t)us(r) + Nﬁd D|E (t)up(r) |2 Es (t)us(r), | (2.58b)

where we have ignored the populati(;n on level b (i.é., Paa = 1 and pp = 0, or
D = —1) as well as the relative Stark shift (i.e., Qgq — Qpp = 0). The continuous-wave
Raman laser isI ~a double-resonance laser system; i.e., both the pump and Stokes fields
are resonant with the cavity. Thus both ﬁelds should observe the intracavity field

equation (2.14), or
By() + |52 — ifw, — wap)| Bylt) = 221
%_ ] abispiningin, @
B0) + [ ~ il - i) B.) =iz o [ /Cmydxdy&zp (). (2590)

Substituting Egs.(2.58) into (2.59), we obtain

Nha, V,

By(t) + |22 — i (wp = wip)| Bylt) = iy 0
e g BB + Bl 2608)
B0+ [ i )] B.1) = i, Nﬁ; (0)
- wsN;‘zle w;l_w 7 B () PE(t), (2.60b)

. where the cavity’s single mode volumes Vp and V; and the two-field overlap mode-

* volume Vs are given by

L/2 , 2 :
Vas) = / dz/ rdr clg15|u1p )2 ) (’2.61a)‘

L/2




ST
L/2 oo 2% .
Vs = dz/ 'rd'r/ de|up|*Jus|?. (2.61D)
—L/2 o " Joo _

o In a stable two-mirror laser cavity of length L and in the TEMq, spatial mode,

Uq(r) is of the form [32]

QQ(r) = U’Q(’r7 Z) = 1 _|_ ’LZZ/b
q

where 72 = z? + y2. Here k, and b; are the wave vector and the confocal parameter
(twice the Rayleigh range) of the g-th field respectively. J
With Eq.(2.62); noting that the confocal parameter b is the same for both the

pump and the Stokes since it is only determined by the cavity’s geometric property,

we compute the above integrals to obtain

1

L b

Ve = 2m———, 2.63

'Viou "8 oty (2.63a)
Vo= 9 12 2.63b
Vs 27r16kp+kstan <b> (2.63b)

Then Eqgs.(2.60) become

By(t) + {% g { <% 4 1) ;;p _ wcp] }E;,(t)‘= %Eep‘(m |

€0
1 NAED -1 As  tan™'(L/b)
47 e YaF+ibA+N  L/b

B,(#) + {”7 = KN has | 1) e w] }'Eso:) _

€0
1 NrD 1 ), tan '(L/b)

' | B, () PE.(t). - (2.64b
1 e qa— it Iy OB (2.640)

1 e ha/ba(lHi22/50) gin (k7). - (2.62)

B Ey(t), (264a)
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We can define a gain term

1 NRED g Ay tan~(L/b)

G(8) = —2w, Gl Mab

( ) ‘ 4w -60 ’ng+62)\p+)\s L/b
1 Ao ‘tan~l(L/b)

. \ :-—-2 -
_— SR AU ey S AR |

(2.65)

where ay (5) is the plane-wave gain coefficient given by Eq.(2.55). Eq.(2.65) has the

same form as the gain defined by Brasseur[21, Eq.(3)] if

tan~X(L/b)
=~ (2.66)

"This relation is valid if the laser cavity’s length is well within the confocal parameter -
(or twice the Rayleigh range) of the laser beam, so that the beam inside the cavity

can be considered collimated. This is true for all the cw Raman lasers that have been ,

demonstrated so far.

Egs. (2.64) now has the form

By(t) + |22 — ilny, — )| Bp(t) = 2 Eop(t) +
2 6() —z‘%aw} IBOPE®,  (26m)

By() + [ 22 — i(naws — wee) | But) =

a

{G(d) + z‘iG(é)J |E,(8)|PEs(t), - " (2.67hb)

where the refracﬁive indexes np = 1+ Nha,/e and n, = 1+ Nfa, /€0 [see Eq. (2.53)]

have been substituted.
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Next the complex fields can be separated into their amplitudes and phases in the

forms

By(t) = |By()]e™,  Eop(t) = | Bup(t)]e= 4, (2.682)
Ey(t) = | Ey(t)]e=i0. ’ (2.68b)

Here we suppose that the intracavity pump field alwayé has the same phase with

‘the incident.pump field. This is valid for the continuous-wave and *siﬁgle—freqliency '

incident light whose phase change is slower than the cavity’s response time. By
substituting Eqs. (2.68), into (2.67), two sets of equations, one for the field .amplitudes

\

and one for their phases/frequencies, can be obtained.

Field amplitude equation and the steady-state oscillation condition

Substituting Eqs. (2.68) into (2.67), the real parts give the equations of motion

for the pump and Stokes field amplitudes:

50+ 215, 0] = -2 2COEOPIEO + 2IE0)],  (26%)
|B.(0)] + 22 1B (6)] = GO)|By(e) PIBs(2)] | ~ (260)

We first give the steady-state solutions. . At steady state, all the time derivatives
are set to be zero. We solve Eqs.(2.69a) and (2.69b) algebraically to obtain that when

the laser is above threshold,

Y|Ep|ss = " 2g;(35), | - . (2.70)

' ws ks 'Yep|Eep|/|Eplss — Yep ‘
‘ _ i 2.71
[ Balss \/wp ky 2G(6) : - () ' )
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When the numerator in Eq.(2.71) equals zero, the laser’s threshold is found to be
_ "ch '
|Eep|threshold - —IEp|ss- (272)
. T Ve :

In the non-steady-state regime, Eqs.(2.69a)' and (269b) needs to be numerically
solved. The results will be gi'ven in a later section, or can also be found in Ref. [21].
Here we only lgive a simple view of the Stokes transient growth by adopting a trial
solution of the form

| Bs(8)] = lE,s(O)Iegt,‘ | (2.73)
where g répresents an exponential grow’lch rate for S’Eokes. We substitute this form |

into Eq. (2.69b) and find ¢ satisfies

9.=G(O)|B,* - L. - (2.74)

I E,=E, s = \/7es/2G(6) then g =0, and the laser will be.running in the steady- .
state; however once E, > E, ;s the Stokes light will experience exponehtial growth,
which will deplete the pump until E, = ' p,ss 1S again satisfied. In'other words,

s

" Eq. (2.70) can be viewed as the steady-state oscillation condition:

Saturated gain = Cavity loss;

G| B,f* = 2. (2.75)
p 2 .

This understanding will be helpful when we analyzé the Stokes mode-hop hysteresis

in a later chapter.
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Frequency pulling
\
. Substituting Eqs. (2.68) into (2.67), the imaginary parts give the frequency-

determining equations:

. Wy ky ) -
- Wyt = wep — (Np — Dwp ~ w_pk_pG(‘S)lEs(t)P_—, (2.76a)
, s 'vs Yab, .
: : )
Ws + s = wes — (N5 — Dw,s — G(5)|Ep(t)|27—.' (2.76b)
) ) ab

Since w, & wep, We can rewrite the term wey — (1, — 1)wp in Eq. (2.76a):

wep = (mp = D)y = gL — (1 — 1))

~ pr
I+ (np —1)
vy -
=32 2.77)

Similarly, wes — (s — 1w, & wes/ns ¢ in Eq. (2.76b). By using these approximations
and then substituting Eqs. (2.70) and (2.71), Egs. (2.76) give that at steady-state

and above threshold, the required oscillating frequencies are

Wep , 0%ep 0 Yep | Bl
Ny 2’Yab 2 Yab |Ep|ss

=@+[11_ R((S)]élcﬂ, ~ (2.78a)
14 Yo

Wp"'"gz"p:

4] cs . . )
Ws + G = o2 5%—;, . (2.78b)

where 4/R(0) = r|_Eep| /| Eepltnresnoia (¢) is the field pumping rate which is & function

of the two-photon-detuning. We first note that although the steady-state solution

6 .
When |z| < 1, 1 — 2% & 1, this is equivalent to 1 —z~1/(1+z). Here x =ny) — 1.
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means d/dt = 0 for all amplitude quantities, steady state can still mean d¢/dt =
constant [25, page 948], which ineans a constant frequency. Therefofe, while the
reference frequencies wy() were arbitrarily chosen when we derived the wave equations

using the slowly varying envelope approximation in Section 2, Eqgs. (2.78) reveal that

the required oscillating frequencies wy(s) + ép(s) are different from the “cold” cavity

resonant frequencies wey(;). (We could choose Wp(s) = Wep(s) from the beginning, then
q'Sp(s) will be the required frequéncy shifts or the amount of frequency-pulling).
The first term at the right-hand-side of Eq. (2.78a) or (2.78b) is the frequency-

pulling due to the single-photon-induced dispersion. It simply means that the reso-

" . nances of a vacuum cavity (we,) should be modified if there is any medium inside the

cavity (divided by medium’s refractive index n,).

The second term proportional to the two-photon-detuning § in Eqgs. (2.78) is the

frequency-pulling due to the Raman-induced dispersion. Let us estimate how large

the Raman frequency-pulling is. For typical cw Raman lasers v, /2% ~ 0.01 — 1

MHz and ~y,/27 is around several hundred MHz, the amount of pulling is in the
range (10~° ~'1073) x 8. Usually the two-photon-detuning §/2m is less than +1 GHz,
so the amount of pulling is in the kHz 'range. Using‘ Egs. (2.78), we calculate the

amounts of frequency—puliing in a real vibrational Raman laser and plot the results -

in Fig. 5.
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- - Stokes
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Figure 5 Theoretical calculation of the amount of frequency-pulling ~ as a func-
tion of two-photon-detuning d in a cw vibrational Raman laser. Solid line: pump;
dashed line: Stokes. Parameters used are: Xp = 792nm; A5 = 1180nm; ag =
15 x 10-9 cm/W (line-center value for 10 atm H2 at 25°C); mirror transmittance
= 0.9999; mirror absorption = 30 x 10-6; cavity length = 7.62 cm; and pumping rate
is at four times the line-center threshold. In the two shaded areas, the Stokes laser is
below threshold.

In reality, the cavity is frequency-locked to the pump laser. Usually the pump
laser is frequency tuned and the locking servos are able to follow and maintain the
locking. Once the system is tuned off the line-center (5 * 0), the PZT servo will

find a wep value to compensate the frequency-pulling in Eq. (2.78a), while the lasing

Stokes frequency w, will adjust itself to satisfy Eq. (2.78b).

In terms of pump and Stokes powers
It is necessary to write the intracavity field equations in terms of measurable pow-

ers so that we can compare the experimental data with the theory. From Egs. (2.12)
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P

and (2.62) one can see that Ey(¢) répresents the peak ﬁeldj'amplitude‘ of the intra-
cavity standing—wa,;fe in space (i.e., at the center of the TEMgq trans‘verse proﬁle‘arid
at the antinodgs of the standi‘ng-wave along the longitudiﬁa,l dirlection)‘. The intra-
cavity light intensity (optical power per unit area, or power density, on the.plane

perpendicular to the z-axis) is calculated by [34, page 50]

I, = 2| By(t)uy(x) P, - (2.79)

where v, = c¢/n, is the intracavity light speed and 'eq = ngeo is the dielectric per-

meability of the intracavity medium. The intradavity power along the longitudial

direction can be calculated (we use IT to denote the intracavity power and use P to

denote the power outside the cavity):

[} 21
qu(g, t) =/ Td'r/ del, a
0 0

=7rw§qnq g )P sin®(k,z)
1 Ve O Ty |

(2.80)
where woq = +/b,/ kq is'the radius at the beam waist. If the beam inside the cavity is

collimated (z < b,), the peak intracavity power aloﬁg the longitudinal direction (at

the antinode planes of the standing-wave) is given by

r

9 .
TWoeMq [ €0 9
I (t) = —2— | =|E,(¢
o(8) = 4 )
by 9 :
= E (). : 2.81
B (1) e

A standing-wave consists of two counter-propagating equal-amplitude traveling-waves

and the peak-amplitude ratio between the s%andihg and tréveling waves is 2:1. There-

fore the opticél power of the traveling-waves (or so-called cavity circulating power) is




35

equal to £II,(¢).
Using the relation Eq. (2.81), one can convert Egs. (2.69) into

Bwp o k

HP (t) + 7CPHP (t) = “?—k_pG(d)Hs (t)Hp (t) + Yep Hp (t)Pep(t):

ITo(8) + eoTLs (£) = S22 G(6)1L, (1)L ().

b
The steady-state solutions are .
Hp 55 = ﬂ-b fYCS
’ 4wp/,bo 2G(38)’
7rb ks 1. -

‘ Pep V
8,88 — 4wp‘,u0 ]{,‘_pQG((S) ’Yep Hp,ss - ’)’cpjl .

The threshold pump power is given by

2 In /Ry Rap)?
Pep,th — (k) Hp,ss _ (n 1p 2p) II

4Ty, Piss

ep

(2.82a)

(2.82b)

(2.83)

(2.84).

(2.85)

Note again that IT,(t) and II,(¢) are the peak intracavity powers along the longitudinal

~

direction (at the antinodes of the standing-wave). Because the cavity circulating

power is equal to in(t), the time-averaged powers measured just outside the cavity

mirrors take the following forms [23, 21]:

| 1
Reflected pump: Py = RyPe, + Tlp \/ RipPepr/T1p1L,,
1
Transmitted pump: Py, = ZTQPHP’

1 .
‘Front Stokes : P = ZTISHS,

1
Back Stokes: - Py, = ZT%HS.

(2.86a) |

(2.86b)

(2.86¢)

(.2.86d‘) |
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Here “front” means the side at which the pump laser enters the cavify; then the other

side of the cavity is named “back”. The first equation shows that the total reflected

pump field is an'interference between the first reflection and the cavity leakage field.

Numerical time-dependent solution

For the time—dependentusolution to the cw Stokes laser, we chobse to nﬁmerically
solve the complex field equations (2.67) using MATHEMATICA. [35] (The code is
given in Appendix B). This work was first done by Brasseur [23, 21].

We numerically solve Eqgs (2.67) for the vibrational transition of 792—1180 nm.

A}

Therefore the gain and the linewidth ﬁsed are oy = 1.5 X 1Q‘9cm/W (line—lceﬁ’ger
vaiue for iO atm Hy at 25°C)[2] énd Yabv /2T _ 250 MHz (HWHM; for 10 atm Hy at
25°C)[3].' The following cavity parameters are used: R = 0.9999 (mirror reflectance)
and A = 30 x 1078 (mirrors’ power loss) for both mirrors at both wavelengths;

L = 7.62 cm (cavity length); » = 50 cm (mirrors’ radius of curvature) for both

mirrors. In addition, we choose the reference frequency wy(s) = Wep(s)/Mp(s) t0 simplify

the calculation.
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Figure 6 Numerical simulation of the “turn-on” behavior in a cw vibrational Raman
laser at different pumping rates. The pump (top) and the Stokes (bottom) powers
are plotted as functions of time. The solid line is at a pumping rate of 4 times the
threshold; the dashed line is at 2 times the threshold; and the dotted line is at 1.2
times the threshold. All the curves are at the Raman gain line-center (i.e., the two-
photon-detuning 5 = 0). The left horizontal axis is the intracavity spatial peak power
and the right axis is the cavity transmitted power (single end).

The first time-dependent result is given in Fig. 6. The field amplitudes of the
pump and the Stokes are numerically calculated as functions of time. We then convert
them into optical powers using Eq. (2.81). Three cases of different pumping rates (all
on the Raman resonance) are calculated and plotted. It can be seen that at low

pumping rate of 1.2 times the threshold, the laser turns on smoothly and slowly with
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nearly no relaxation oscillations; whereas at 4 times the threshold, there is a large

overshoot followed by some oscillations.
100

5 80 I
e Two-photon-detuning:
—————— 0 MHz |

---- 400 MHz I
i
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Time (>s)

Two-photon-detuning:
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Figure 7 Numerical simulation of the “turn-on” behavior in a cw vibrational Raman
laser at different detunings. The pump (top) and the Stokes (bottom) powers are
plotted as functions of time. The solid line is when the two-photon-detuning 527T =
0; the dashed line is when 5/2'k = 200 MHz; and the dotted line is when S27T =
400 MHz. All the curves are at the pumping rate of 4 times the line-center threshold.
The left horizontal axis is the intracavity spatial peak power and the right axis is the
cavity transmitted power (single end).

Fig. 7 gives another comparison of the “turn-on” behaviors. This time, while the

input pump power is fixed at 4 times the line-center threshold, the field amplitudes
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1

are calculated at three giifférent two-photon-detunings. Similar to Fig. 6, as thé laser
is detuned away from the Raﬁan resonance by 400 MHz, it starts smoothly and slowly
due to the weaker pumping rate (the threshold increases as detuned away); whereas
as the laser is on or near the Raman resonance (now it is pumped harder), there aré
dramatic dynamics before steady state is achieved.

Fig. 6 and Fig. 7 explain our ékperimental experiences. If the pﬁmping rate is
high, it is difficult to stabilize the pump laser to the cavity because of the dramatic
turn—oﬁ dynamics“ of the Stokes generation. The way to m;ke the cw Raman laser

run is to lock the pump laser and the cavity together at the low pumping rate or

even below the threshold. Then the steady-state lasing can be approached at high-

pumping rates by slowly increasing the pump power or tuning to the lineicenfer. '

It is interest‘ing to note that, when we .numer-ically solve the differential field
equations, an initiai condition of nonze;o Stokes péwer must be chosen to make the
Stokes laser oscillate. This can be; vievvgd as the requirement of the stimulated Raman
scattering: some seeding Stokes photons. are necessary for the'Stokes amplification.
In our cw Raman laser, the Stokes oscillation is “self-seeded” from the spontaneous
Raman scattering. In the above numerica_l solutions, we have chosen the circulating

power in a single-photon cavity (~ 0.3nW) as the initial condition.
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Figure 8 After the cw Raman laser in Fig. 7 grows into steady-state (note the hori-
zontal time scale), the calculated phase evolutions of the pump (top) and the Stokes
(bottom) beams are shown for different detunings. The slope of the phase curve gives

the amount of frequency-pulling.
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Figure 9 The slopes of the phase curves in Fig. 7 as functions of the two-photon-
detunings. This numerical calculation agrees with the theoretical plot in Fig. 5.

Numerically solving the complex field equations (2.67) can also give the phase
dynamics of the pump and the Stokes fields. Fig. 8 shows that at steady-state, if
the two-photon-detuning is zero, the phases of the two fields are constantly zero with
time, meaning up(s) = aop(s)/np(s) or no frequency pulling caused by the two-photon
dispersion. However, if the Stokes resonance is detuned away from the Raman line-
center, the phases of both the pump and Stokes fields change linearly with time,
or O = constant, in steady state. The slope of the phase curve 4p" gives the
amount of frequency-pulling. Clearly, Fig. 8 shows that this slope is dependent on
the two-photon-detuning. We numerically calculate the slope at different two-photon-
detunings and plot the dependence in Fig. 9. We obtained the same result from

the analytic steady-state solutions plotted in Fig. 5. This agreement proves the
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correctness of our numerical time-dependent solutions.

The .'Anti—Stokes Emission

We consider three fields in this section: g = 0 (pump), ¢ = —1 (Stokes), and
g = 1 (anti-Stokes), as exactly shown in Fig. 2. In this situation, besides the two-
photon Raman interactions, there also exists a four-wave mixing process, by which

the Stokes and anti-Stokes fields can be strongly coupled. To develop the theory,

we assume a triple-resonance condition (i.e., all the three fields are resonant with,

the cavity), although in reality this condition will be experimentally difficult due to
dispersion effects. At the end of this section we will estimate the dispersiorl and

discuss the methods to compensate it.

Complex field equations
Using the subscripts p, s, and a to represent the pump, Stokes; and anti-Stokes

fields respectively, =flrom Eq. (2.14) we have three field equations:

\
N

By(0)+ [ 22 ity — )] By() = 228t

2
e 2l / / / dmdydzP yDug(r),  (2.87a)
260 cavity -

Es(t)+[%—i(ws—'qu)]E ‘Zz_eov / / /Cawtyda:dydzP Puile) (28T

E'('z(t)—l—[%—i(w;—.wca)'] Bt) = ipe s / / /my dodydzP;(r, thil(r). (2.87c)
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The three polarization terms are given by Eq. (2.38):

/

Fy(r,t) = 2Nh [a, By (t)up(r) + dopea(r, £) Es(t)us(r) + dopay (r, 8) By (t)ug(r)],

(2.88a)
Py(r,1) = 2N [as Bo(t)us (r) + dopas (r, £) By (t)up(r)]  (2:885)
P,(xr,t) =2Nh [aaEd(t)ua(-r) + dopea(r, 1) By (t)uy(r)], ‘ (2.88¢c) |

where we have made the approximation that d, ~ d; ~ dy and both d’s are real. We .

again take the fact that the population is nearly undepleted from the ground state

so that the population equation (2.40a) can be dropped. Thé steady-state coherence

Eq. (2.45b) now has the form

QD
Pab = YVab — i5 . i .
_ i%(—)DES (t)us(r) By (t)u;(’j) + fg(t)up(r)Ei(t)UZ(r), (2.89) -
ab — W ‘ ‘

where the relative Stark shift Qg ~ Qs has been ignored. With Egs. . (2.88) and

(2.89) (again using the adiabatic following approximation), Eqs. (2.87) become

NﬁapT/;,
—FE
€0 ‘/p P

Ep + [% — i (wp — wcp)] E, = %Eep + dwy

Nh2D 1 1 ,
— (Vs Es|° B, + V4 EXEE,

Up e 7ab,+155Vp( ps| s " Ep + Vevm By B )
NERED 1 1

Wp

P 57(%0|E’a|2Ep + VewmEy B, E,), (2.90a)
a D ' .

Nﬁa Vh
€ Vs

(Vos| Bo2Es + Vewm B E,EX),  (2.90Db)

B+ [k — 4 (ws —wcs)] E, = iw,

NhED 1 1
2EO Yab T 0 V:e

_.._ws
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E, + [% — i (Wa -"wca)] E, = iw, N:)a“ ? E,
NEZD 1 '
+ Wy —r—2 (v;,a|E PE, + Vewm Ep Ep B ) (2.90¢)

2€Q Yab + 0 V

where the cavity’s single mode-volumes V,,, V; and V, and the Raman overlap mode-

volumes V,, and V,,, are given by

L/2 ' I b
Vo(s,a) = 27r/ dz/ rdr|ups,q)? = 278 (2.91a) -

Fip(s,a)’

Lf2 oo o B I\
. 27r/ dz/ rdruy|*|us@ |* = == -——— tan™? <—> : 2.91b’
ps(p ) = o I P ( ), 16 kp + ks(a) b ( )

L/2

There is also a four-wave-mixing (FWM) mode-volume Viwy that is given by the

integral

L/2

VFWM =27 / dz. rdruf,u:dz. ' - (2.92)
L/2: .

so-that the phase of the intracavity wavefront has no z-dependence:
L ug(r,2) = e halt sin(k,z). (2.93)

With this approximation we can calculate that
r
1 b sin(AkL/2)

VFWM_2W§Zk A

(2.04)
where Zk‘ = 2k, + ks + ko and Ak = 2k, — ks — k,. We substitute this result along

with Eqgs. (2.91) (applying the approximation Eq.(2.66)) to obtain

. N | :
E, + T =1 |( iy + l)wp —Wep| ¢ Bp= hEep
2 € . 2

NABD 1 1 hy o Ky sn(ARL/2) o
T e ’Yab+z52[/ﬁ = B B S AL B
NRZD 1 1 ook, sin(AkL/2)
. B, + EEE,|, (2
L PR [k; e VAN (2.952)

The integral is difficult to calculate unless we use the collimated—beam—approximation _
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Es+{ks-_7”:(Nha’s+1) 'Cl)cs]}Esz 7
2 60 | |
| NadsD 1 L[ ks ke sin(AkL/2) -
et N E 2E -8 * ‘
@ 260 'Yab_252 l:k +k | | Zk AkL/Z EEE@:’ , (2 95b) '

L
E, + {h -1 [(Nhaa + Dw, — wcaJ } E, =" .

2 i €o .
ko, sin(AkL/2)

NRZD 1 1[ &k,
T SE T ARL?

s E. |2
260 Yap +102 k—l—kl IE

a

_EpE,;E;‘} . (2.95¢)

Let us write these equations in simpler forms. First, as discussed in page 32, the
reference frequencies wpy(sq) can be arbitrarily chosen. Thus we can choose them to

make (NAag/ey+ 1)wg —weg = 0 (¢ = p, 8, a). Second, we define a coupling coefficient

k, + ks sin(AkL/2).
Sk ARL/2

C.= (2.96),

and use the gain factor G(6) defined by Eq. (2.65):

lw NRdED  va Ap  tan(L/b)
47° e YR +2XN+A  LJb

1 NE2D vw A

1 g V2462 dp+ A5

G(8) = —

[
~

(2.97)

Egs. (2.95) then become

-~

Yep 'Yep wp kp 2 "
1- 2y 115,128, C.B:E,FE
By 2B =02 By — 22 G(O)( SV BLE+ ]
wp &y i6 [kp+ ks 1 ) ] ‘
“2 % o(5)(1+ 2 EJ’E, + C.E'E.E,|,  (2.98
+ 2 BGE) 1+ 1) | REEIEE, + (2.980)
B+ 17-2—E —G()(1 + T) | B2 B, + C.E,E,E.], (2.98b)
. ab y ’ ' ‘
5 | Yea W kq 0 | [ kp +k orr N
Yoo _ _ Waka _x E E . (2.98¢)
EU«—I_ 2 Ea ws ksG(5)(1 ){k +k | p|‘ Ea_l_c pEpEs ( 980)

Y
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Figure 10 The values of sinc(AfcL/2) = a* ~ 2*as a function of cavity length. We
plotted for Xp = 792 nm, As = 830 nm in the rotational transition and As — 1180
nm in the vibrational transition at two different H2 pressures. When the H2 pressure
is 10 atm (3 atm), Ak % —4.6 mT1(—1.4 m-1) for the rotational transition and
Ak % —54 m-1 (—16 m-1) for the vibrational transition. 7.62 cm (3 in) is the cavity
length we have used in the demonstrated cw Stokes laser systems.

Note that Ep, Es and Ea are all complex fields. We separate them into their

amplitudes and phases in the forms

Ev(t) - ISp(J)le-"M  Sep(d) = ISep(d)le-W"; (2.99a)
ELI) = IEL(J)le-**"". (2.99b)
E1(J) = IE1(J)le-**"", (2.99¢)

Substituting them into Eqgs. (2.98), the real parts give equations for field amplitudes:
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Ve, Ve wp k kyp + ks
Bl + 215 =215, - 2260) BB - 2 s i, IJ
P
- 2—p—pOcG(5)]EpHES||Ea[— sin(Ag), (2.1002) '
Ws ks : Yab : :

f

: Yes ‘ : |
| Es| + 7|E3| ZG(d)lEplzlESI o |

ab

+ C'CG(V5)|EP||EP‘|'|Ea| {cos(Aqﬁ) + fyi Sin(Agb)] : (2.100b)

kp+kq

ﬁﬁ_g((g)

- fYCa
E, E,l=-—
Bl 4+ |y = - 22

~ OO [cos(a0) - - sin(ag)] . (21000

The imaginary parts give equations for the frequency pulling: ‘ |

o wpky o kptks ol O
b == 2260 Im+ ) 2
- 2RO GOBEL cos(Ap), (2.1012)
Ws fvs . ab

) o 0 | Eal |
b= GOIBL ~ CCOBIBIE | osan) ~snap), (aow) |
. wek kp + ks ‘ a |
o = — -—-ai—aG 5 P E 2 - !
¢ ws ks ()kp—!-k' |’Yab ' , J
wq kg | Es] ‘ , ;|
- RCOENBIBHE | oon(Ad) +en(ag)], (21010 \.

~where A¢ = 2¢, — ¢s — ¢, is the phase difference between the three waves.

|E||E| _ ' I
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Analytic steady—state solution for zero two-photon-detuning

When the two- photon—detunmg 9 =0, the Raman—lnduced dlspersmn equals zero

and thus the frequency pulhng gbp gbs = o =0 (later our numerical solution will

confirm this). Under this condition, from Egs. (2.101) it is easy to see
sin(A¢) = sin(2¢, — ¢s — ¢,) = 0. A (2.102)

This still leaves an uncertainty of whether cos(A¢) = 1 or -1. Let us examine
Eq. (2 1000) at steady state. Since the field amphtude | Eo | is non-negative, cos(Agb)

—1(+1) is then required when C, > 0(<0),0 ' o R

(odd integer) x w, if C, > 0; . o !

Ap =28, — ¢y — b = { (2.103)

(even integer) x 7, . if C, < 0.
Therefore under the condition of zero two-photon-detuning, the field amplitude equa-

tions at steady state have the form

2B, ——w— 5 ) <|E| T ik AN ]) 1215, (2.1040)

P
AR O (EACTAR AT T-ATA 3 JNCELTS R
,fYCCL L(.)a ka kp + ks 2 i . ¢ l‘
Tk Ea| — |Cel| Bp|| Bp| [ E] ) - 2.104
o 1Fel wsksG(5)<kp+kalEp|| |~ ICIBABIE ).~ (21040) |

From Egs. (2.104b) and (2.104c), we can eliminate |E,|* to obtain

B \? (Voo akabipths N 1Bl Yoo waka,
& - —— 1 - ———|C,| =0. 2.105
|OCI <lESI VYea Ws ks kp + kg * |Es| * Yea Ws ks| [ ’ ( )
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Let £ denote the ratio \Ea\/\Es\. Eq. (2.105) has two roots:

I I c¢s k'a kp ks | A

ei 13 113
My \Tca s 4“ka
| / Z'Ycs Ap4 ks 4 7¢s Wa "on,
21( y WiaWZskp 4'ka T L o (2.106)
( y rav\g kp a Tea I\Vg
,,,,,,, Rotational s Rootational
Vibrational Vibrational
T.682 ¢m
0 2 4 6 8 1012 14 16 1820222426128 30 0 5 10 15 20 25 30
Cavity Length (cm) Cavity Length (cm)
Figure 11 Values of £’s are calculated as function of cavity length (left: right: £+).

Ct is always larger than I. 7.62 cm (3 in) is the cavity length we have used in the
demonstrated systems. Parameters used for calculation are: Xp = 792 nm, As = 830
nm, Aa = 757 nm (rotational), As = 1180 nm, Aa = 596 nm (vibrational), reflectance
and absorption are 0.9999 and 30 ppm for both mirrors and all wavelengths, mirror
radius of curvature is 50 cm, H2 pressure is 10 atm, and Ak % -4.6 m-1 for the
rotational transition, Ak % —54 m-1 for the vibrational transition.

We discard the root £+ since it corresponds to \Ea&/E s\ > | which is physically
impossible. We find that £ is a constant that is not dependent on the pumping rate
(i.e., the amplitude ratio of the anti-Stokes and Stokes fields is only dependent on
their wavelengths and cavity’s properties). Eg.(2.104b) can be written in term of

in the form

Ics

2C6) (1 1QI)’

(2.107)
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Comparing with Eq.(2.70), we find that when the Stokes-anti-Stokes coupling is
present, the pump light is clamped at a higher value or equivalently, the steady-state
Stokes gain G(S) is decreased by (I-«™_|Cc|) (notethat 0 < (_ < l and 0 < \Cc\ < I).

From Eq.(2.104a) we can solve for ISsland |Sal:

Psks TeplEepl Epl N
Wogp2G(")[1 - e(&p + + M1

|[Sa|]="_|Ss|. (2.109)

sl = (2.108)

FWM Pumyp

Stokes

FW M Stokes

FW M AntiStokes

Input Pump Power (mW)

Figure 12 Theoretical plots for the rotational Raman laser (steady-state and zero two-
photon-detuning). Thin curves are for the usual Stokes laser while thick curves are
when there is four-wave mixing coupling between the Stokes and anti-Stokes. About
8.5% power conversion from Stokes to anti-Stokes, or 3.5% peak power conversion
from the input pump to the anti-Stokes can be achieved. Same parameters are used
for calculation as in Fig. 11.

Numerical solution
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For the general case when the two—photon—detuhing 1) 74 0, we numerically solve

Egs. (2.98) using MATHEMATICA [35].

We numerically solve Egs. (2.98) for the rotational transition pu-mped by a792nm

laser (Stokes: 830nm, anti-Stokes: 757 nm). We choose the rotational instead of

a vibrational transition because (1) the rotational transition is easier to be phase-

matched (see Fig.' 10); and (2) high-finesse mirror coating at wavelengths of the

pump, the rotational Stokés and .anti-Stokes is easier (seé Chapter 4). Therefore
generating a cw rotational anti-Stokes beam is easier and our numerical calculétion is
more practical. The rotational Raman gain and the linewidth used for the numericali
calculation are'ay, = 0.5x 10™%cm /W (line-center value for 10 atm H, ;El,t 25°C)[4, 5, 6]
and Yapy /27 = 500 MH; (HWHM; for 10 atm Hy at 25°C)[7]. The following cavity
parameters are used: R = 0.9999 (mirror reflectance) and A = 36 X 107 (mirrors’
power loss) for both mirrors at al‘l. three wavelengths; L = 7.62 cm (cavity length);
r =50 cm (mirrors" radius of 'éurvature)‘ for both mirrors. In addition, we choose the
reference freq‘uenpy Wh(s,a) = Wep(s,a)/Tp(s,a) tO simplify the calculation.

The first tiﬁe—'depenaent re"sult is givén in Fig. 13. Assuming the input pump
power is four times the line-cehter thresh(;ld.(z 2.4 mW), the field amplitudes of the
pump, the Stokes, and the, anti—Stokeé waves are caiculated as functions of time. We

convert them into optical powers ﬁsingv Eq (2.81) and then plot in Fig. 13. Three cases

of different Raman detunings (all at 4 times the line-center threshold) are calculated |

and plotted. It can be seen that, as the laser is detuned away.from the Raman
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resonance by 800 MHz, it turns .on smoothly and slc;wly due to the weaker pumping
rate (the threshold increa,sés as detuned away); whereas when the laser is on or near .
the Raman resonance (nQW— it is pumped harder), there are dramatic dynamics before
the steady state for .all three waves.

We are interested in steady-state tuning characteristics — optical pbvvers of the
three fields as functions of the two—.photon~detunin\g. Although it is difficult to do.
the analytic steady-state solutiqns in the éase-of 6 # 0, x.zve can obtain them from
the time-dependent numerical results (i.e., picking the values after the stefady—stat‘e is
reached). Using this method, the steady-state tuning results are plotted in Fig. 14.

Since we directly solve the complex ﬁeld. equations, be\sides field amplitudes we
also obtain the solutions to the phases. Fig. 15 shows that, at steady state, the phases
of the three fields change linearly with time. The slopes of the linear changes give
the amounts of frequency-pulling. Fig. 16 plots the steady-state frequency—pullinés o‘f
the three fields as functions of the two-photon-detuning after we calculate %he_ slopes
in Fig. 15.°

Although Fig. 15 shows that the indiyiaual phases of the three fields change’
linearly with time at steady-state, we find that thé phase difference, A¢ = 2¢, —
$s — P, Will settle down to a constant after the steady state is reached (like the field
émplitudes), see Fig. 17. We see that only when the two-photon-detuning is zero,

A¢ = m; when we detune away from the Raman line-center, A.qﬁ is close to, but not

exactly equal to . Goiﬁg back to Egs. (2.100) and (2.101), this means that only
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when the two-photon-detuning $= 0, the equations of the amplitudes and the phases

are de-coupled and the analytic solution is possible.
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Figure 13 Numerical simulation of the “turn-on” behavior in a cw rotational Raman
laser with anti-Stokes emission at different Raman detunings. The pump (top), Stokes
(middle), and anti-Stokes (bottom) powers are plotted as functions of time. They are
all pumped at 4 times the line-center threshold (= 2.4mW). The solid line, the
dashed line, and the dotted line are when the two-photon-detuning 5/2t = 0 MHz,
= 400 MHz, and = 800 MHz respectively. The left horizontal axis is the intracavity
spatial peak power and the right axis is the cavity transmitted power (single end).
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Figure 14 The steady-state powers of pump (top), Stokes (middle), and anti-Stokes
(bottom) are numerically calculated as functions of the two-photon-detuning. The
solid line, the dashed line, and the dotted line are when the pumping-rate is equal to
2x,4x,and 8x the line-center threshold (=2.4 mW) respectively. The left horizontal
axis is the intracavity spatial peak power and the right axis is the cavity transmitted
power (single end).
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Figure 15 The numerically calculated steady-state phase evolutions in a cw rotational
Raman laser with anti-Stokes emission at different Raman detunings. The pump
(top), the Stokes (middle), and the anti-Stokes (bottom) phases are plotted as func-
tions of time. They are all pumped at 4 times the line-center threshold (= 2.4 mW).
The solid line, the dashed line, and the dotted line are when the two-photon-detuning
5/2'k = 0 MHz, = 400 MHz, and —800 MHz respectively.
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Figure 16 The numerically calculated steady-state frequency-pullings of pump (top),
Stokes (middle), and anti-Stokes (bottom) as functions of two-photon-detuning. The
solid line, the dashed line, and the dotted line are when the pumping-rate is equal
to 2x, 4x, and 8x the line-center threshold (= 2.4 mW) respectively. The random
noise-like curves are when the laser is below threshold.
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Figure 17 The numerically calculated phase difference, A0 = 2 - (5- @, as a
function of time. The solid line, the dashed line, and the dotted line are when the
two-photon-detuning S/2n = 0 MHz, =400 MHz, and =SOOMHz respectively. They
are all pumped at 4 times the line-center threshold (= 2.4 mW).

Furthermore, we collect the steady-state values of Agj) from the results shown in

Fig. 17 and then plot these values in Fig. 18.

=2 x threshold
rrrrrrr 4ox threshold
vn 8 ox threshold

Two Photon Detuning S1 2/r(6H1)

Figure 18 The numerically calculated steady-state values of the phase difference,
Acf) = 20p —(ig—(a, as &function of two-photo-detuning. The solid line, the dashed
line, and the dotted line are when the pumping-rate is equal to 2x, 4x, and 8x the
line-center threshold (=2.4 mW) respectively.
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Bad news: the dispersion

So far, using the triple-resonance cavity enhancement to generate cw anti-Stokes
light seems to be a promising new method of frequency up-conversion: the threshold
is below 10 mW and the power conversion efficiency can reach 3.5% for the rotational
transition (see Fig. 12). This only requires the cavity mirrors to have a reflectance of
0.9999 and absorption of 30 parts per million — practically realizable in the mirror
coating with a wavelength bandwidth of 80 nm (to cover the range from the rotational
Stokes to anti-Stokes in H2). However, the above prediction is based on the theoretical
work assuming that all three fields are resonant with the cavity. The question is: can

this condition be realized in reality?

Raman Gain
Profile

Figure 19 Illustration of (single-photon) dispersion effect in a high-finesse Raman
cavity. Solid vertical lines represent actual cavity longitudinal modes (the taller and
thicker solid lines means the oscillating modes); dotted vertical lines are “conceptual”
and are drawn equally spaced — they are the longitudinal modes assuming that the
intracavity refractive index is a constant np. Using these modes as a reference, the
actual cavity mode-spacings will be larger at lower frequencies and smaller at higher
frequencies. uab is the Raman shift; A is the Raman detuning of the lasing Stokes
mode; A' is the detuning of the anti-Stokes resonance. The anti-Stokes mode cannot
oscillate unless A' = —A.

Using Fig. 19, let us analyze if all three fields can be simultaneously resonant
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with the cavity. Because of the frequency-dependent refractive index in Hy- (ie.,

dispersion), the cavity longitudinal mode-spacing (or free-spectral-range) c/2nL is

also frequency dependent. Specifically, we have c¢/2n,L > ¢/2n,L > c¢/2n,L since

c N < Ny < N I, startiné from the pump frequency v, we move along the frequency
axis to the left, then the actual cavity modes (solid lines) will be seen ahead of the
reference pump modes (dashed lines). When we reach the Stokes frequency range v,

the pump modes have accumulated a distance of Dy:

. .
Do = — : .
0= Ne e B (2.110)

‘where N, is the total number of cavity longitudinal modes in the Raman shifting

fange of Vgp; for our 3inch cavity and the rotational transition vy, = 586.9 cm™!,

N, = 8956 (Fig. 19 only shows 7 modes for illustration). Meantime, the actual cavity

modes have accumulated a distance of D:

e - C c

b= 2(n, — An)L  2(n, — 2An)L | 2(n, — NAn)L

- N
c tc 1 .
2 Sl T
m=1 pA ' :

where An is the refractive index change per free-spectral-range (we assume the' dis-

persion between v, and v, is linear, see Fig. 20).
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Optical Frequency (Arb. Unit)

Figure 20 Dispersion in Raman cavity. Refractive index values are for rotational
Raman transition (pump = 792nm, Stokes= 830nm, and anti-Stokes= 757nm) in
IOatm H2 at room temperature. An and An' are the average index changes per
free-spectral-range.

Similarly, at the anti-Stokes side,

Nc
(2.112)

I
El np-fmAn'’
Therefore, instead of having a two-photon-detuning A, the anti-Stokes resonance now
has a detuning A' from the Raman gain line-center and from the above formulas we

have

IA 1—|A| —(2) —Dq) + (Da—D)

i |
= -1V ( - -
2L Q:|(|§np- mAnN np+ mAn' (2.113)

This is the amount of frequency offset brought by the dispersion; the anti-Stokes
cavity resonance cannot oscillate unless this offset equals zero (Fe., A' = -A). Table

I gives several values of this offset in various conditions calculated by Eq. (2.113).
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Type of transition | H, pressure | Refractive indexes | Dispersion Offset
ns = 1.0012849

Rotational 10 atm np = 1.0012858 . 20.2 MHz
A =7921nm | : ne = 1.0012872 |

As = 830 nm ‘ n, = 1.0001285

Ag = 757 nm 1 atm n, = 1.0001286 2.03 MHz

n, = 1.0001287
ns = 1.0012765

" Vibrational - 10 atm n, = 1.0012858 168 MHz
Ap = 792 nm ng = 1.0012956 -
As = 1180 nm | ‘ng = 1.0001276
Ae = 596 nm . latm n, = 1.0001286 16.8 MHz

n, = 1.0001296

- Table 1 Calculated frequency-offset values of the anti-Stokes ¢avity resonance caused

by the dispersion (all for room temperature). Refractive indexes of Hy are estimated
by curve-fitting the published values given in reference [1], page 6-95.

From Table 1, we see that the (single-photon) dispersion results in frequency-

offsets on the anti-Stokes cavity modes that are larger than the usual linewidth of

the high-finesse cavity (~ 10 kHz -1 MHZ) One might think that the frequency-

pullings induced by the two-photon dispersion (see Fig. 16) can compensate these

frequency-offsets by appropriately detuning away from the Raman line-center. Un-

fortunately, the two-photon frequency-pullings are stili too small (< 1 MHz). There-

- fore the anti-Stokes modes are not able to oscillate in the cavity; in other words, the

triple-resonance condition we relied on to derive the theory cannot be reached.
However, we have noted that it is possible to fabricate broadband, higli-reflectivity,
and dispersion-compensating mirrors [36]. These so-called “‘chifped” mirjors allow for

longer wavelengths penetrating deeper into the mirror. Therefore this is a way for us

3
]
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to compensate for the dispersion so that the pump, Stokes and'a_nti—Stokes ﬁelds; can
have the same éffective cavity length, or the same mdde—spgcing‘. If this'is t‘rue, then
in Fig. 19; the Stokes and anti-Stokes modes will be s&mmetricaH)-r poéitioned away
from the pump mode 1n frequency, and the triple-resonant condition can be achieved.

This entire aﬁalysis on the dispersion effect was considered by Roos [24] and is

presented here under his permission.

1
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CHAPTER 3

DIODE-PUMPED CW VIBRATIONAL RAMAN LASER

We present in this chapter the experimental achievements of the diode-pumped

cw vibrational Raman laser.

System Overview and Characteristics

Vibrational Raman transition in H2

Pump Stokes
792 nm 1180 nm
(12626 cm-1) (8471 cm 1)

~ 90000 crtr1

B 4155 cm 1
v=20

a b

Figure 21 Energy level diagram for the cw vibrational Raman laser in H2. Spectral
distances between levels and laser frequencies are drawn to scale, a, Three levels
from bottom to top are (thick solid lines): the ground state, the first vibrational
state, and the first excited electronic state. Distance between the ground state and
the first electronic state is about 90,000 cm-1, b, Zoomed-in diagram showing the
two-photon Raman process. The incident pump photon transfers population from
the ground state (the vibrational quantum number u = 0) to the vibrational state
u = | producing a Stokes photon with a frequency shift of 4155 cm-1.

We use diatomic hydrogen gas (H2) at room temperature as the Raman gain
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medium. The vibrational Raman transition in Hy has a frequency shift of 4155 cm;1

from v = 0 to v = 1 level (labeled as Qo1(1)), as shown in Fig. 21. There are other

vibrational transitions as well. But they have less gain than the Qo1(1) and these

Stokes wavelengths are not covered by t'he’cavity’s high-finesse bandwidth so will not
lase in our cw Raman system. -

The vibrational Raman gain linewidth was studied by Bischel and Dyer [3]. They
gave a best-fit formula for the FWHM Raman linewidth in MHz? for temperature

between 77-500 K, densities of 1-50 amagats®:

L(p,T) =— 208

309 l: T :|0.92
P

+ [51.8 + 0.152(T' — 298) + 4.85 x 10™4(T — 208)%, (3.1)

where p is the Hy density in amagats, T' is the temperature in Kelvin. We plot

linewidth vs. pressure at thé temperature of 298 K in Fig. 22.

1

In Qo1(1), Q denotes a pure vibrational Raman transition; the subscript 01 means from v = 0 to

v = 1 level; and the number 1 in the parenthesis tells the initial rotatlonal J level (since this is a

pure vibrational transition, the initial and final J are equal)

2
* In this and the next chapters, the units of all the quantities associated with frequency or rate are
Hz instead of rad/sec we used in the last chapter. Consequently the notations are changed from the
last chapter (in parentheses): v (w) for optical frequency; I' (2v45) for FWHM Raman linewidth; A
(6) for two-photon-detuning, etc.

3

Amagat is a density unit for gas. It is defined as the molar density at 0°C and 1 atm pfessﬁre,
For Hy, 1 amagat = 4.4587 x 10~° mole/cm® = p4. For an actual gas,

P/p=A+Bpa+Cp4+---,

where P is pressure in atm, p is the molar density in amagat, and A, B, and C are constants. -

For Hy at 25°C, A = 1.09086, B = 0.6606 x 1073 and C = 2.521 x 10~%. Thus for converting
between pressure in atm and density in amagat for Hy at 25°C, approximately 1 amagat «1.091
atm, or 1 atm < 0.917 amagat (at O°C approximately 1 amagat < 0.999 atm). Reference: [1, page
4-158,165].
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Figure 22 Vibrational Raman gain linewidth and peak plane-wave gain coefficient
in H2 as functions of pressure at 25°C. A pump wavelength of 792 nm is used in
calculating the gain coefficient.

From Fig. 22, we see that at 298 K, above a high-pressure limit of 5~6 atm, the
gain linewidth roughly linearly increases with the pressure. This is mainly caused
by homogeneous pressure-broadening (the Raman coherence is damped by collisional
dephasing) and the line-shape is close to a pure Lorentzian. When the pressure is
neither high nor low (I to 5 atm in Fig. 22), the linewidth is at a minimum. This is
caused by the effect known as Dicke narrowing [37] or motional narrowing [38]. In this
pressure region, the mean-free-path is comparable or a little less than a wavelength;
the Doppler effect is restrained but the collisional dephasing is also not strong. Hence

the linewidth is narrow in this region. Below a low-pressure limit of ~ | atm (not

shown in Fig. 22), the gain linewidth will not be dependent on pressure. That is
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the Doppler-broadened (inhomogeneous) region and the line-shape is. ;c)lose"po a puré
Gaussian.

The plane—wa,ve Raman gain coefficient was measured by Bischel and Dyer [2] and
a empirical formula to calculate the peak Raman gain as a function o.f wavelength

and density at room-temperature (298 K) was given by

52 Kp
I' 0.658

a, = 9.37 x 108 x (vp — 4155) x (7.19 x 10° — 12) "2, (3.2)

where p is the density in amagats, ' is the Raman linewidth given by Eq. (3.1), Kg -

is the Boltzmann population factor equal to 0.658 at 298 K for the J = 1 level in Ho,
and v, is the pump laser frequenéy in cm™!. We plot this gain coefficient as a function
of H, pressure in Fig. 22 (pump wavelength: 792 nm). Above a high-pressure limit

of 7~8 atm, the peak Raman gain is nearly independent of pressure.

Threshold and steady:state pov&;er'dependenc‘e

The power dependeﬁce equations given in ‘this section were originally developed
by Roos in Ref. [39].

The Stokes lasing threshold has been calculated in Chapter 2. When the inpuf

Py

pump power P, is equal to or larger than

mbe 1 (Iny/ RlpR2p)2 (_ In \/H>

Py = »
U BuplicLG(6) ATy,

_p, (- [RipFa)’ (~n SR o) ' (3.3)

4Ty,

there will be Stokes generation (for notations please see Chapter 2). Here Py is defined
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py=— Jetrs
™ 2a, arctan(L/b)’

(3.4)

which has a unit of power. Since the cavity finesse is related to the mirror reflectance

R (assuming identical front and back mirrors) by

VR . N
F = L (3.5)
the fhreshold can be written in the form
7I'2 Po
Py~ — ;
"L E T, (3:6)

when the approximation R = 1 is used. From this equation, Py is approximately the

threshold pump power if without the cavity enhancement?.

From Chapter 2, the spatial peak intracavity powers (at the antinodes of the -

standing-wave), or four times the cavity circulating powers, are given 'by_
(Infracavity pump:)
Mo {(1_\/4—%;513@,, if Pep < Py | .
(—Inv/RiRas) Po, if Pey > Py
(Intracavity Stokes:)
0, if P, < Poy;

Hs —_ ‘ T o l . .

(3.8)

~—

4

This statement can be justified by reference [33] It can be seen that for a focused Gaussian pump
beain, Po/2 represents the pump power that gives an unity exponential-gain-coeflicient.
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------ Intra-cavity Pump
------ Intra-cavity Stokes

Input Pump Power (mW)

Figure 23 Theoretically calculated intra-cavity pump and Stokes spatial peak powers
as functions of input pump power. This is calculated for the vibrational Stokes
emission (1180 nm) pumped by 792 nm laser and the Stokes cavity resonance is in
the gain line-center. Cavity finesse is assumed to be 31,400 (R = 0.9999) at both
wavelengths.

In Fig. 23 we plot these two intracavity powers as functions of the input pump
power using the following practical parameters: Rip = R2 = Ru = RZ = 0.9999
(cavity finesse: 31,400 at both wavelengths), Alp = A2 = Als = AX = 30 x 10-6
(mirrors’ power loss), L = 7.62 cm, b = 26.5 cm (or mirrors’ radius of curvature = 50
cm), Ap = 792 nm, As = 1180 nm, ag = 1.5 x 10-9cm/W (line-center value for 10 atm
H2 at 25°C). We see from Fig. 23 the basic behavior of the cw Raman laser: after the
threshold is reached the Stokes power starts to grow while the pump power clamps.

The threshold in Fig. 23 is about 840 ~"W; while if without the cavity enhancement

the threshold PO~ 230 kW. This shows the significance of the cavity enhancement’s
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ability to lower the Raman threshold.

From Fig. 23 we see that tens of watts is the typical intra-cavity spatial peak power

(also circulating power) of the cw Raman laser. Due to the mirrors’ absorption, there

is heating of the mirrors’ coating surfaces. A concern is then whether the intré—ca,vity ,

laser power can damage the cavity mirrors. Barnes et al. has achieved ~ 3 MW /cm?

intra—éa,vity intensity without permanent mirror.damage [40]. We use mirrors from the

same manufacturer (Research Electro—optics) and we estimate that 0.5 ~ 1 MW /cm?
is our safety limit given our higher reflectivity (>0.9999 vs. Barnes’ 0.9995) and our
double-wavelength coating. For the cavity parameters used in the calculations for
“Fig. 23, the beam areas on the mirror surfaces are apprd:dma,tely 1. 1 x 1073 cm?

(pump) and 1.7 x 1073 cm? (Stokes). If we take the 01rculat1ng power to be 100

W, then the llght intensities on the mirror surfaces are 91 kW/cm? (pump) and 59 -

kW /cm? (Stokes). Therefore we are well within the mirror-damage safety limit,.
Knowing the intra-cavity power, the optical power measured just outside the
cavity mirrors can be calculated (see Chapter 2) and is giveﬂ b}{ the following forms:

(Reflected pumﬁ:)

2
/ R 3f ] 8 .
{ Rlp \/Rlp;2P] P . ! Pep <P

Plp = 2 (3.9)
[\/%Tlp —In Vv RlsR2s) PO Y RlPPEP] ? lf Pep Pth
(Transmitted pump:)
Ti,T2 ‘ ' i |
#———Pe , if Pep < Pip;
P2p — —a /RlpRzp) P ? (310)

(x
. %T ( In LV RlsRZ.s) Po, if Pep Pth
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(Front(back) Stokes:)

0, ifP,p<Pth;

P1.(2) (3.11)

M@ 2 Fsys5:)+ VGAPo  ifPe” Pih-

------ Total Stokes
------ Transmitted Pump
----- Reflected Pump

Input Pump Power (mW)

Figure 24 Theoretically calculated optical powers measured outside the cavity as
functions of input pump power. The calculation parameters are the same as used in
Fig.23. We add the Stokes powers in front and back of the cavity to obtain the total
Stokes power.

We plot them as functions of input pump power in Fig. 24 using the same param-
eters as used in Fig. 23. One can see that the Stokes power grows and the transmitted
pump clamps after the threshold; this is the same dependence as with the intra-cavity
power. However, the reflected pump power grows quickly as the input pump increases.
Certainly this is not a very efficient system in regards to Stokes conversion: a large
percent of the pump photons are reflected away from the cavity and cannot contribute

to the Stokes conversion. Next we will discuss the method of improving the Stokes

conversion efficiency.
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Stokes conversion efficiency and cavity impedance-matching

We define a photon conversion efficiency of the cw Raman laser:

Pls + P2s
Pep

(3.12)

Using the same parameters as used in Fig. 23, we plot €as a function of input pump

power in Fig. 25.

Pumping Rate (x threshold)

Input Pump Power (mW)

Figure 25 Theoretically calculated photon conversion efficiency as a function of input
pump power. The top x axis labels the pumping rate normalized to the laser thresh-
old. Parameters for calculation are the same as used in Fig.23. Photon conversion
efficiency reaches the maximum value at 4 times threshold.

The rather low conversion efficiency (maximum value ~ 25%) in Fig. 25 is directly
linked to the high reflected pump power as shown in Fig. 24. As shown in Fig. 26,
when the input pump laser is resonant with the cavity, the total reflected pump field

is a destructive interference between the directly-reflected pump field from the front
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mirror (labeled as field 2) and the cavity leakage field out of the front mirror (la-
beled as field 3). In general, for a symmetric cavity (RIp = R2p) without intra-cavity
Raman medium, the fields 2 and 3 have the same amplitude. The total reflected
pump field is therefore zero; the cavity is termed “impedance-matched”[41], How-
ever, when the intra-cavity pump field is depleted due to the Raman conversion, the
field 3 becomes smaller. Therefore the total reflected pump field is no longer zero
(impedance-mismatched). The more the pump laser is converted into the Stokes, the

higher is the total reflected pump power.

*4 4 >

Figure 26 Various optical fields associated with a high-finesse Raman cavity. Field I:
input pump; 2. directly-reflected pump field from the front mirror; 3. cavity leakage
pump field; 4: cavity leakage Stokes field; 5: intra-cavity pump field; 6: intra-cavity
Stokes field. Field 2 and 3 have 180° phase difference; thus the total reflected pump
field is the destructive interference between these two fields.

The way to achieve impedance-matching of the Raman active cavity is to de-
crease the front mirror’s reflectance at the pump wavelength (therefore increasing the
transmittance). In this way the cavity-leakage pump field from the front mirror has

larger amplitude and at some point above the Raman threshold the field 2 and 3

in Fig. 26 will be perfectly destructive-interferenced, which results in zero reflected
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pump field. In the 1mpedance—matched condition, all the pump light can enter the |

cavity for Stokes conversion and the conversion efficiency is 1mproved This idea
has been realized theoretically in the ﬁeld of 1ntra—cav1ty second- harmomc generation
(SHG) [41] in 1966 Later, by use of this concept, > 80% conversion efficiency has
- been demonstrated in SHG[42] and optical parametric oscillator[43] systems.

To confirm this impedance-matching concept, we recalculate Eq. (3.9) through
Eq. (3.12) using the same parameters as used in Figs. 23-25 except that the front
mirror’s reflectance is lowered to 0.998.. The results are plotted in Fig. 27. In Fig. 27a,

the reflected pump power starts to0 drop once the threshold is reached; the pump field

is reaching impedance-matched condition. In Fig.27b, a maximum phoﬁon conversior}'

efficiency of ~ 66% is reached at four times threshold.- Compared with the symmetric
pump cavity (Fig. 24 and 25), in this case of asymmetric pump cavity, the threshold
has 4-fold increase due to its smaller finesse but the Stokes conversion is more efficient.

- In Fig. 25 and 27b, we note that the maximum conversion efficiency happens at

4 times threshold. Mathematically, this behavior can be proved by differentiating/

Eqg. (3.1'2) (plugging in Eq. (3.11)) with respect to the input pump power P, and
equating to zero[39]. Substituting P, = 4Py, Eq. (3.3) and Eq. (3.11) into Eq. (3.12),

we find that the maximum photon conversion efficiency is given by

1 (Tl.s + T23)T1p
4 In \/RlsRZS In \/RlpRgp

nma.x -

(3.13) .
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----- Total Stokes
— Transmitted Pump
«-«Reflected Pump

012345678 91011121314151617181920
Input Pump Power (mW)

Pumping Rate (x threshold)

012345678 91011121314151617181920
Input Pump Power (mW)

Figure 27 Behaviors of asymmetric pump cavity (Rip = 0.998, R2p = 0.9999) pre-
dicted by the theory, a, Stokes and pump fields as functions of input pump power; b,
photon conversion efficiency as a function of input pump power. Above the threshold
(3.3 mW), the reflected pump power decreases to approach the impedance-matched
condition. The Stokes photon conversion efficiency reaches a maximum value of
~ 66% at four times threshold. Ideally, if we let all the mirror losses be zero and
R20 = I, 100% photon conversion efficiency can be reached (dotted line in b).

Eg. (3.13) tells us that the maximum photon conversion efficiency is only de-
termined by the cavity mirrors’ reflectance and transmittance. Furthermore, from
Eqg. (3.13), it can be shown [39, 44] that in the case of Rip = R2p, vex —50% in
the limit of small mirror losses. We name this type of cavity as “symmetric pump

cavity”. On the other hand, in the case of Rip < R2 (“asymmetric pump cavity”),
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Nrex —» 100% when R2p —1 and the mirror losses are small.

Tuning characteristics

As introduced in Chapter I, the cavity’s high-finesse bandwidth covers both the
pump and the Stokes wavelengths. Therefore the cw Raman laser is a double-cavity-
resonance system as illustrated in Fig. 28. The pump laser is always stabilized to a
cavity longitudinal mode by the locking electronics; the Stokes field will then build
automatically on the cavity resonance nearest to its gain line-center. In this subsec-
tion we study the behavior of the Stokes output when the pump laser’s frequency is

continuously tuned [45].

Raman Gain
Profile Vab

Vs \p

cr/2L

Figure 28 Picture of cavity longitudinal modes in a cw Raman laser and how the
Stokes field chooses a lasing mode. Frequency distance veb between pump and Stokes
gain line-center is the Raman shift. ¢/2L is the cavity longitudinal mode spacing or
the free-spectral-range (c: light speed, L\ cavity length). This cavity mode picture
was first viewed by Roos.

When the pump laser’s frequency is tuned, the cavity’s length is also tuned by the
locking electronics to maintain the pump resonance. The Stokes’ frequency is then

automatically changed to satisfy the new cavity resonance. If the pump frequency is

tuned by SZp, the Raman gain line-center is also moved by the same amount since
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the Raman shift uab is a fixed value. The Stokes resonance, however, is tuned by a
smaller amount:

Us — =5 «5w, (3.14)

where Xp and As are the pump and Stokes wavelength respectively. The Stokes tuning
relative to the Raman gain line-center, or the two-photon detuning, as a function of

5wy is then given by

—Aq+ 5vs —bw

—A0—(I - ~=)Svp, (3.15)

where AOQ is the initial two-photon detuning (he., before the amount of Svp is tuned).
Based on above analysis and the picture given in Fig. 29, one can imagine that as the
pump frequency is tuned, the Stokes resonance can be “scanned” through the entire

Raman gain profile.

V!-va

Figure 29 Tuning picture of the cw Raman laser. Initially the Stokes cavity resonance
vs has an arbitrary detuning of A0 away from the Raman gain line-center. As the
pump frequency vp is tuned by Svp, the Stokes gain line-center is tuned by the same
amount. However the frequency change of the Stokes cavity resonance is smaller:
Svs < Svp. Thus in this picture the Stokes resonance will be tuned closer to the
Raman gain line-center.

Eqg. (3.15) is for one Stokes resonance (longitudinal mode). If we label all the
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Stokes longitudinal modes by i, then for an arbitrary sth mode, Eq. (3.15) can be

modified as

Ap

Ai(&/p) = Aé — (1~ Y

)ovp, (3.16)

where the initial detunings A} for these modes are seperated by the Stokes iongitu— ‘

dinal mode;spacing (or cavity free-spectral-range (FSR) at the Stokes wavelength):

A} = A! + FSR. S _ (3.17)

As derived in Chapter 2, the Raman plane-wave gain coefficient is a function of -

the tWo-photon detuning and has a Lorentzian lineshape:

- (C/2)? \

' ‘Olg(A) =’O‘g(0) (1—1/2)2 + A2’ . (318)
where values of the peak gain ¢,(0) and the FWHM linewidth I' have been given in
- Fig. 22..Substituti\ng Eq. (3.16) into (3.18) we obtain the plane-wave gain coefficient

associated with a Stokes cavity resonance as the function of the pump frequency

tuning:

0 (81y) = ay(0) (/2 . ' (3.19)
| (T/2)% + [ 8§ = (1 - 32)6]

Again, here the superscript ¢ means the gain “seen” by the ith Stokes longitudinal

mode. Using the values for 792 nm pump laser and for 10 atm Hy at room tempera-
ture:* g (0) = 1.5 x 107° cm/W,; T' =500 MHz, A\ = 1180 nm and assuming A} = 0

when v, = 0, we plot Eq. (3.19) in Fig‘. 30.
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Pump Frequency Tuning (GHz)

Figure 30 The gain “seen” by three adjacent longitudinal Stokes modes as the pump
laser’s frequency is tuned. The Stokes longitudinal mode-spacing is assumed to be
2 GHz. For the center Stokes mode, we assume its initial detuning A0 = 0 when
5up = 0.

Three Stokes longitudinal modes (i and i+1) are calculated and plotted in Fig. 30;
their mode-spacing is assumed to be 2 GHz. It can be seen that when one Stokes
mode is on the gain line-center, we need to tune the pump frequency by 6 GHz to
move the next Stokes resonance to the line-center.

The tuning characteristics of the cw Raman laser can be obtained by substituting
Eqg. (3.19) into Eq. (3.4) and then into Egs. (3.9) through (3.11). We plot these pump
and Stokes powers as functions of the pump frequency tuning in the case of symmetric
pump cavity (Fig. 31) and in the case of asymmetric pump cavity (Fig. 32). Both
figures plot for only one Stokes longitudinal mode, which is assumed to be on the

gain line-center when the pump frequency tuning is zero.
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Figure 31 Tuning characteristics of the cw Raman laser in symmetric pump cavity.
We calculate the total Stokes power (top), the transmitted pump power (middle) and
the reflected pump power (bottom) as functions of the pump frequency tuning. Four
different pumping rates, 2x, 4x, 8x, and 16x the line-center threshold are plotted.
Parameters used for calculation are the same as those used in Fig. 24 and 25.
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Stokes Frequency (GHz)

Pump Frequency Tuning (GHz)

Figure 32 Tuning characteristics of the cw Raman laser in asymmetric pump cavity.
Parameters used for calculation are the same as those used in Fig. 27.

Let us address some tuning characteristics of the cw Raman laser. For the output
Stokes power, (l)it reaches maximum when the Stokes resonance is on the gain line-

center when the pumping rate is equal or smaller than four times the line-center’s
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threshold; however (2)the Stokes power has a dip on the gairll line-center when thé
pumping rate is greatér than four times line-center fhreshold. l’I“his effect is due to
- the fact that the Stokes conver-sion efficiency reaches a maximum -at a pumping rate
of four times threshold. When the pumping rate is greater than this, detuning away
from the line-center decreases the pumping rate (increases the threshold) and the
Stokes conversioq is éounterintuitively increased.

For the transmitted purﬁp poﬁvers, no matter how l@rge the pumping rate is, they
are all depeleted to the samé value as long as the lasel; is above threshold. This agrees

with the clamping effect in Fig. 24. For the reflected pump poweré, in the case of the

‘symmetric pump cavity, they rise when the Stokes resonance is tuned toward the gain

\

. line-center. due to the increasing impedance-mismatch. In the case of the asmmetric

pump cavity, 611 the contrary, the reﬂecte(i pﬁmp‘powers drop on the way tuning
toward the line-center and reach zero whenever the inip'edance—mismatch is realized
(happens at about four times threshold). - {

It is useful to ﬁr}d the m\aximum .contill'luous—tuning range of the Stokes output at
a. given pumping-rate. From Eq. (3.3) and Eq. (3.18), we obtain |

- Pi(A) = Pth(o)%;

where Py,(0), referred to as “line-center threshold”, is the Stokes threshold when

(3.20)

A = 0.(i.e., when the Stpkés resonance is at the gain line-center). This equation
tells us that as the Stokes resonance is tuned away from the line-center, the Stokes

threshold rises. If initially the Stokes resonance is at the gain line-center and we start
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~to detune it, the Stokes output will not be turned off until the input pump power is. -

equal to the threshold [Pep = Py (A)]. At this time we obtain half of the maximum

continuous-tuning range. Substituting this condition into Eq. (3.20), dividing both

\

sides by Py, (0) and then solving for A, we obtain

r : ' '

Ame = =/ROO) =1, - (3.21) -

2
‘where R(0) = P.p/Pwn(0) is the pumping rate relative to the line-center thresh-
olci. Apayx 1s the two—photon—det.uning corresponding to half of the maximum Stokes
continuous-tuning range. Using Eqé. (3.14) and (3.15), we obtla,in that the maximurﬁ

Stokes continuous-tuning range is given by '

T
XXy — 1

6Vs,ma,x =

> For the 792—1180 nm vibrational transition, the FWHM linewidth I" = 500'MH'z, at

4 times the line-center t.hreshold, the maximum Stokes continuous-tuning range is

calculated to be 1.77 GHz.

Experiments

A

In this section we will present the experiments on the diode-pumped cw vibra-

tional Raman lasers (CWVRL).

ECDL pumped, widely tunable

In this experiment, the pump laser is a home-made external-cavity diode laser

(ECDL) (designed and made by Gregg Switzer). A 100 mW diode laser with a center

R(0) — 1. | (&my
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wavelength of 792 nm (SDL-5410) is placed in a Littman-style external cavity [46].

The output of the laser is a single-longitudinal mode with 50 dB side-mode suppression .

ratio. The output wavelength can be tuned over an 18 nm range from 789 to 807 nm
by adjustment of .’ghe external-cavity length (rough tuning by hand-adjusting a screw
or fine tﬁning byl changing the voltage applied on a piezo-electric ltgansducer (PZT)
stacl«;). The tuning capability is not perfect: mode-hops occur for roughly every

20 GHz continuous tuning because the front-facet of the diode is not anti-reflection

coated. However this limited continuous tuning range is more than sufficient for .

tuning over the entire vibrational Raman gain linewidth.

The high-finesse cavity (HFC) is a non-confocal type Fabry—Per'of cavity. The

two mirrors have a radius of curvature of 50 cm and the mirror-spacing is three

inches .(‘7.62 cm) separated by 3 PZT tubes. The cavity’s free-spectral-range is thus '

FSR = 1.97 GHz and the confocal parameter is b = 26.5 cm. The r;[lirror reflectance
and absorption quofcéd by the manufacturer (Research ElectroOptics, Inc.) are R =
0.99995 and A < I1'5 %1076 reépectively at bpth the pump (752 nm) and the vibrational
Stokes (1180 nm) wavelengths. The HFC is enclosed within a hermeﬁically sealed

container that can hold at least 10 atm of H, gas.
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Figure 33 Experimental setup of the ECDL-pumped vibrational Raman laser. ECDL.:
external-cavity diode laser; APP: anamorphic prism pair; MML: mode-matching
lenses; EOM: electrooptic modulator;  half-wave plate; PBS: polarizing beam split-
ter; j. quarter-wave plate; RFC: high-finesse cavity; PBP: Pellin-Broca prism.

Figure 33 illustrates the experimental setup. An anamorphic prism pair is used
right after the ECDL to correct the diode laser’s elliptical spatial profile. Two Faraday
isolators are used to minimize optical feedback to the ECDL (total isolation is about
60 dB). The laser beam is mode-matched into the HFC by two mode-matching lenses
[47]. A beam splitter with 5% reflectance is used before the cavity to monitor the
input pump power (detector D3) and the reflected pump power (detector D2). Two
other detectors, D4 and D5, are put behind the cavity along with a Pellin-Broca prism
to measure the powers of the transmitted pump and the output Stokes.

The rest of the optics and all the electronics are for stabilizing the laser to a reso-

nance of the cavity. We use the Pound-Drever-Hall (PDH) locking technique[48]. An

electro-optic modulator (EOM) is driven by a home-made rf sine-wave generator (see
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Appendix A); this adds 12 MHz frequency side-bands on the optical carrier fréqﬁency.

There are a quarter-wave plate and a polarizing beam splitter (PBS) in tandem placed

before the HFC. This allows for a photodetector (labeled D1) to receive the reflected:

light from the front mirror of the HFC. When the laser frequency is near the cavity

resonance, the beat signal between the reflected sidebands and the reflected carrier

is an amplitude-modulated (AM) sine-wave oscillating at 12 MHz, whose amplitude"

contains the resonance information, i.e., which side the carrier frequency is relative
to the cavity resonance and how far it is from the resonance. The photo-detector D1

receives this AM 12-MHz signal and sends it to an electronic mixer ‘(M‘i_ni—Gircuits,

ZRPD-1). The mixer amplitude-demodulates this signal by multiplying it with the.

original “clean” 12 MHz sine-wave which drives the EOM. Therefore the mixer pro-

duces a dc voltage fluctuation; its sign tells which side the laser’s frequency is relative

to the cavity resonance and its amplitude tells how far the laser is from the cavity

resonance. This signal is named as the error signal. Appendix A gives mathematical
details of how the error signal is produced.
Obtaining the- error signal, we are able to stabilize the laser’s frequency to a

resonance of the cavity. T'wo electronic servos receive the error signal. The fast servo

feeds the error signal back to the ECDL’s current controller for fast corrections to

the laser’s frequency (from dc to ~1.4 MHz). At the same time the slow servo sends

. feedback to the HFC’s PZT to adjust the cavity length slowly, (from dc to ~1.5 kHz).

With appropriate servo responses [49, Chapter 27] the ECDL and the HFC can be.
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locked stably.

Incident Pump Power (mW)
0 2 4 6 8 10 12 14 16 18 20

Stokes

M 300

Transmitted Pump

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
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Figure 34 Experimental data of the ECDL-pumped vibrational Raman laser. The
Stokes power and the transmitted pump power are measured as functions of the
input pump power. The lines are the theoretical fits.

Experimental data of the ECDL-pumped vibrational Raman laser are shown in
Fig. 34-36. Fig. 34 shows the total Stokes power and the transimitted pump power as
functions of the input pump power. The cavity coupling efficiency is estimated to be
approximately 70%. The threshold is measured to be 550£30/rW of the incident pump
power, or 385+30 /rW of the coupled input pump power. The curves in Fig. 34 are
the theory fits using Eq.(3.10) and (3.11). The following parameters are used for the
fitting: Rlp = 0.99995, R2 = 0.99994, Rls = 0.99991, R% = 0.99991, Alp = 9 x 10-6,
A= IIx 10-6, Als = 61 x 10-6, A% = 61.7 x 10-6, and ag = 1.53 x 10~9%cm/W

(the H2 pressure is approximately 10 atm).
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Figure 35 Photon conversion efficiency as a function of input pump power. The
maximum efficiency is (12.0 + 1.3)% occurring at four times threshold.

Photon conversion efficiency as a function of the input pump power is shown in
Fig. 35. The maximum efficiency is (12.0 £ 1.3)% occurring at four times threshold.
The reason for this rather low efficiency is due to the use of a symmetric pump cavity,
as discussed in the last section.

This cw Raman laser exhibits wide discrete tunability in the near infrared. The
ECDRs 789-807 nm wavelength range results in vibrational Stokes emissions from
1174-1214 nm. This gives a 40 nm wavelength tuning range. Fig. 36 shows the
wavelength measurements of the pump and Stokes beams. When we set the pump
laser at three different wavelengths (top): 789, 798, and 807 nm, we obtain the Stokes

wavelengths (bottom) at 1174, 1194, and 1214 nm, respectively.
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Figure 36 Tunability of the ECDL-pumped vibrational Raman laser. The 18 nm
wavelength of the pump beam (top) results in a 40 nm discretely tunable Stokes beam
(bottom). The wavelength measurements were taken with a HP optical spectrum
analyzer (resolution: 0.1 nm).

It should be noted that a full-range continuous tuning of the Stokes emission
is not possible due to the double-resonance requirement. The Stokes output can
be continuously tuned in GHz range and is measured in Fig. 37. About 1.3 GHz
continuous tuning range is obtained. We note the sharp turn-off of the (vibrational)

Stokes output at about £1 GHz; this is due to the emission of the rotational Stokes

and will be presented in Chapter 3.
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Figure 37 Continuous tuning of the ECDL-pumped vibrational Raman laser. The
Stokes power is measured when the pump frequency is tuned (bottom horizontal
axis; the Stokes frequency change is shown by the top horizontal axis). We take
the measurements at five different pumping rates: 2x, 4x, 8x, 16x, and 26x the
line-center threshold. The Stokes can be continuously tuned by about 1.3 GHz.

Highly efficient cw vibrational Raman laser

The previous ECDL-pumped system exhibits only ~ 12% photon conversion ef-
ficiency. This is because a symmetric pump cavity is used and a large percentage of
the pump light is reflected from the cavity (impedance-mismatched) when there is
intra-cavity Stokes conversion. To make the Stokes conversion more efficient, one can
use an impedance-matched cavity (i.e., zero reflection from the cavity) for the pump

field so that all the pump light can enter the cavity for conversion. As shown in an
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earlier section in this Chapter (page 72), if the front cavity mirror has an appropri-
ately lowe;r reflectance at the pump wavelength than the -back mirror (named as an
asymmetric pump c’avity), the maximum Stokes photon conversion efficiency can be
greatly improved. | ,

However, an asymmetric pump c'avity has lower finesse at the pump wavelength
thus\ the Stokes threshold is higher than the symmetric cavity. Due t‘o its limited
output power, the ECDL used in Fig. 33 needs to be amplified or repléced by a
higher power séurce. We choose fo use the diode-laser -injection~lockiné; technique
[50]. The ECDL is uéed as the master, laser while a high power free-running diode
is used as the slave laser. By means of injection locking, thé slave. laser’s output can
preserve thé S];;ectral quality of the ECDL but offers higher outpu;o power [51]. Tvv'o
experiments using two different slave diodes have been performed by us: the ﬁfs;c one
uses a single-mode 100 mW <diode; then the second. one uses a multi-mode 1.‘2 \
broad-area diode laser (BADL) The first experiment® reaches a photon-conversion-
efficiency of (66 & 8)% which gives a.peak Stokes output power of 16 mW. The details
of this experiment have been given in Ref. [52] and [20]. In this thesis, we will give

- the details and results of the second experiment: using an injection-locked BADL to

pump a highly efficient cw vibrational Raman laser.

5

The very first high conversion efficiency Stokes generation was actually obtained by Roos in his °

passive-locking cw Raman experiment [19].
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Figure 38 Experimental setup of a highly efficient cw vibrational Raman laser. The
pump laser is a broad-area diode laser (BADE) injection-locked by an external-cavity
diode laser (ECDL). APP: anamorphic prism pair; half-wave plate; MML: mode-
matching lenses; EOM: electrooptic modulator; PBS: polarizing beam splitter;
quarter-wave plate; EEC: high-finesse cavity.

Fig. 38 illustrates the experimental setup. The BADE has a front facet size of
I0Ox | /rm, a free-running output power of 1.2 W and a center wavelength of 795 nm
(SDL-2360). To overcome both the spectral and spatial multi-mode properties of
a BADE, we injection-lock the BADE (slave) by the output beam from a ECDL
(master). The ECDL used here is the same one used in the last section (Fig. 33). Its
output beam is first sent through an anamorphic prism pair to circularize its elliptical
spatial profile. Then an isolator is used to minimize the optical feedback; a half-wave

plate is placed before the isolator’s front polarizer for adjusting the injection power.

To achieve the best injection-locking, as shown in Fig. 39, the master beam should be
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injected into one edge of the BADL front facet by an incident angle of 3-4° and the
beam waist diameter should be 1/2 width of the front facet area on the facet plane

(he., in this case, 50x1 “m) [8, 9].

BADL's Active
Gain Region

(Top View)

Ipm (Side View)

Figure 39 Geometry of the injection into the slave BADL diode. The BADL’s facet
size is 100x1 /rni. It has been experimentally discovered [8, 9] that the best injection-
locking performance is achieved when (l)the master beam is injected into one edge of
the BADL front facet by an incident angle of 3-4° and (2) the beam waist diameter
is 1/2 width of the front facet area (50x1 /rm).

These requirements are fulfilled by using a spherical lens of f=6.16 mm and a
cylindrical lens of =150 mm placed in front of the BADL. For adjusting the injection
angle and position, the cylindrical lens is mounted on a translation stage while the
BADL and the spherical lens together are placed on a tip-tilt stage. The output
beam from the BADL passes through the spherical and the cylindrical lenses again
and is picked off by a mirror. Two other cylindrical lenses are used to circularize and

collimate the output beam. After an isolator the output beam is finally coupled into

the asymmetric pump cavity by use of two mode-matching spherical lenses.
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To examine the spectral quality of the output beam from the injection-locked
BADL, we send the beam into an optical spectrum analyzer (OSA). Fig. 40a shows

the OSA measurements.

Injection locked 26 H L

Free-running FWCHM

I 1.3 MH2

790 792 794 796 798 800 0 1 2 3 4
Wavelength (nm) Frequency (GHz)

Figure 40 BADL injection-locking results, a, Spectra of BADL’s output measured
by an optical spectrum analyzer (resolution 0.1 nm) when free-running and injection-
locked. b, When injection-locked, the transimitted signal from the scanning Raman
HFC (without H2). The HFC’s free-spectral-range is 2 GHz; its linewidth is ~1 MHz.

When the BADL is free running without injection, the output has about 2nm
linewidth. After injection-locked by the ECDL, this linewidth is greatly narrowed
and has approximately 40 dB side-mode suppression ratio. To examine the linewidth
with higher resolution, we measure the signal from the scanned Raman HFC (without
H2inside). The oscilloscope trace is plotted in Fig. 40b and shows ~1.3 MHz FWHM

linewidth. This value is comparable to the calculated cavity linewidth (~1 MHz

FWHM); hence it could still be limited by the resolution of the HFC.
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For the spatial beam quality of the injection—locked BADL output, the quantita-
- tive measurement such as the M2 coefficient is ﬁot pérformed. But a coupling effi-
ciency of about 36% is achieved When the output beam is coupled into a single-mode
fiber. We also measueed (3.5’i3)% coupling efficiency when the beam is ;node—matched
i_nto the HFC.

The maxiﬁum power from the ECDL that can be used for injection—lock;ng is
about 19 mW. With this _amoent of poWei" injected we obtained ~160 mW\outpu‘e
from fhe BADL. This gives a gain factor of abeut 8, which could.be improved with
the use of more appropriate lenses and fheir alignment.

As in the experiment .of sole-ECDL pumfjing j(Fig. 33)‘, the same iDeund—Drever—

Hall locking scheme is used here to stabilized the pump laser’s frequency to a reso-

nance of the HFC. The error signal is fed back to slowly correct the cavity mirror-

spacing and fastly control the ECDL’s supplying current. About 6 atm Hy gas is
ﬂlled in the HFC The pump Wavelength 794 nm is shifted to the vibrational Stokes

wavelength 1185 nm. When the Stokes cavity resonance is fine-tuned to the 'Raman

gain line-center, the Stokes tl‘lreshqld is measured to be (18.542) mW of the eoupled,

input pump power (the cavity coupling efficiency is estimated to be (35:E3)%).
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Figure 41 Experimental data of the BADL-pumped vibrational Raman laser, a, The
Stokes power and the transmitted pump power are measured as functions of the input
pump power, b, Photon conversion efficiency as a function of the input pump power.
Curves are the theoretical fits. The deviations between the data and the theory are
caused by the thermal lens effect of the Raman gas [10].

Fig. 41a shows the system’ output vs. input curves. The output Stokes power
in front of the cavity and the transmitted pump power are measured as functions of

the input pump power. A peak value of (20.44=0.4) mW Stokes power is obtained.

The photon conversion efficiency (front Stokes vs. coupled input pump) is calculated
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and is plotted in Fig. 41b. Its peak value reaches (71£10)%. Since the cavity has

an asymmetric mirror transmittance at the Stokes wavelength, only 5% of the total

generated Stokes power is in the back of the cavity. If we consider the total Stokes

power at both ends of the HFC, the peak value is (21.640.5) mW and the peak photon

conversion efficiency (total Stokes vs. coupled in];aut pump) reaéhes (74£10)%. The
| 10% uncertainty ‘is mainly due to the uncertainty of the cavity coupling efficiency. -

The curves in Fig. 41 are the theor‘etical fits using Eqgs. (3.105 and (3.11). Following
parameters are used for the fitting: R;, = 'OI.9973, Ry, = 0.99994, ng = 0.9993;
Rys = 0.99993, Ay, = 40 x 107°, A4,, = 32 x 1079, Al.s = 30 x 107, A2s‘ = 32 X
107%, and o, = 1.35 x 107° cm/W (the H, pressure is ‘apall)m}-dmatel‘y 6 atm). There
‘are deviations between the data and the theory: although the theory predicts that
the transmitted pump power should remain constant once the system reaches its
threshold, .the measured v.alue actually rises as the pumping rate increases. The Stokes
generation also departs from the theoretical /P, dependence [Eq. (3.11)], a‘nd less
Stokes power is produced than predicted. The cause of the observed ‘deviationsl from
the theory.is the thermal lens effect of tlhe Raman“gas. Because of the nature of

the inelastic Raman process, Stokes generation causes heat deposition in the Raman

gas and thus changes the refractive index in the cavity. As shown in Ref. [53] the

refractive index of Hy decreases as a function of Stokes field intensity. As a result, .

the pump beam suffers defocusing — we have measured that beam waists of both the

pump and the Stokes light grow slightly with increased Stokes power [10]. Because
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of this effect, both the effective Raman gain and the cavity coupling efficiency are

reduced and therefore less Stokes power is generated. - _

Fig. 41b predicfs that > 80% efficiency at a single end of, the cavity could be

reached if we had higher pump power. The limited pump power from the BADL
slave in this experiment is due to the lim:ited powel." from the master iaser and the
imperfect injection coupling. Circularization and collimation o’f the BADL’s out'p'ut
beam could also be imi)roved by better beam-shaping techniques so the HFC coupling

efficiency can be higher.

The system has some tuning capability. About 1 GHz continuous tuning of the

' Stokes frequency car be obtained when the ECDL’s frequency is tuned. Large-range
'disqrete tuning is also possible but is inoonveniel‘rltl heré since a large change of the
master laser’s frequency causes steering of the BADL’s output bea£n [8]. This is a
disédvantage‘ of usiné -an injection-locked BADL to pump any laser system if’ large

tuning is desired.
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CHAPTER 4

DIODE-PUMPED CW ROTATIONAL RAMAN LASER

We present in this chapter the experimental achievements of the diode-pumped

cw rotational Raman laser.

Rotational Raman Transition in H2

Introduction

Vib.
Stokes Rot.
Pump 1180nm Stokes
792nm 830nm
v J r
1
Qoi(1)
4155 cm-1 U
| > f
TSqo(l)
586.9 cm-1

Figure 42 Energy levels in H2 showing transitions for both vibrational (1ISOnm) and
rotational (830 nm) Stokes pumped with 792 nm. At room temperature of 300 K and a
H2 pressure of 10 atm, the FWHM Raman gain linewidth of the vibrational transition
Qoi(1) IS Fv = 0.5 GHz and the rotational transition sqo(1) has rr = 1.02 GHz.

Fig. 42 shows the energy level diagram in H2 molecules. The vibrational levels

are denoted by quantum number v and the rotational levels are denoted by quantum
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number J. ‘At thermal equilibrium and temperature of 300 K, about 67% of the total :

population is in the v = 0, J = 1 levél while no more than 14% is in other single

states (table 6 in Ref. [38]). So the state v = 0, J = 1 is the ground state of our cw

Raman laser system. The selection rules for the two-photon Raman transitions are

[38]‘:‘
Av =41, AJ = 0; | ' (pure vibrational transition) , )
Av ==+£1, AJ=+2; (vibratiqnal—rotational transition)
Ay = 0, AJ==£2. o (pure rotatioﬁal transition)

- The transitions associated with the cw Raman laser in this thesis are the pure vibra-

tional Qoi(1) (v =0 — 1, J = 1 — 1) and the pure rotational Soo(1) (v=0—0,

J =1 — 3), as shown in Fig. 42. The Qg (1) transition with & 4155 nm~" shift
gives us the cw vibrational Raman laser; this has been presented in the last Chapter.

In this Chapter, we will discuss the cw rotational Raman laser based on the Sgo(1)

transition with a 586.9 nm ™! shift. .

Rotational Raman linewidth -

The rotational Raman gain linewidth of H, 'Was studied by Herring, Dyer, and

' (
Bischel [7]. The.linewidth depends on temperature and H, density. It was shown
that for densities above a certain cutoff density, the Raman line-shape is Lorentzian

(due ‘t,o pres‘sure—broadening) 'Witlll a FWHM linewidth I, that can be expressed as

I''=—+ Bp, ' (4.1)
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where p is H2 density in amagat and the coefficients A and B depend on temperature.
For SO0(I) transition at 295 K, A = 6.15MHz-amagat, B % HOMHz/amagat [7], That
cutoff density for SO0(1) transition at 295 K is 0.134 amagat (0.146 atm). Below this
cutoff density, Eqg. (4.1) cannot be applied; the rotational linewidth is dominated by

Doppler broadening and the linewidth should be constant in density.

Density (amagat)

12 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
R R e |
— Rotational
— Vibrational

123456 7 89 1011 12 1314 1516 17 18 1920
0.146 Pressure (atm)

Figure 43 Rotational and vibrational Raman linewidth in H2 as functions of pressure
or density at 295 k. 0.146 atm (0.134 amagat) is the cutoff pressure (density) for
the rotational transition, below this density, the rotational linewidth is dominated
by Doppler-broadening and Eq. (4.1) cannot be applied. The cutoff density for the
vibrational transition is | amagat.

From Eg. (4.1), we calculate the linewidth Fr as a function of density and then
convert density (in amagats) to pressure (in atm) for H2at 295 k. The result is plotted

in Fig. 43 in a pressure range from 0.146 atm (corresponds to the cutoff density) to
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20 atm. For comparison, the vibrational linewidth is also plotted: the rotational

transition has a wider linewidth than the vibrational at high pressures.

Rotational Raman gain

‘The plane-wave gain coefficient for the Spo(1) _t'rg'nsition in Hy has not .been‘dil.rectly
measured. We ;Nill have to use some 6ther publishéd data to caléu’late it. We start
from the equation given by Carlsten et al [4]" the peak plane-wave ‘gain coefficient
for the rotational transition from level J to level .J + 2 and for a circularly polarized

pump beam is.expressed by the form

87w, (J+1)(J+2) (hspsss)® o o
oy = AN,
5cn2 (2J+1)(2J +3) hTL/2 ,

where w; is the Stokes frequency in radian-Hz, n, is the refractive index at the Stokes

wavelength, Yo, dw,J+2 18 the off-diagonal element of the molecular anisotropic polariz- -

ability [54, page 42], T, is the rotational Raman linewidth (FWHM), and AN is the
number density differetice between the initial state J and the final state J + 2.

First, to find AN, it is given by [4]

AN = N() - 2T F]

_ mN(]+2), SNCE

where N(J ) is the populatibn density in rotational level J. Reference [38] gives,

the population distribution for Hy: at a temperature of 300 K, N (1) /Neoa1=0.6675

and N(3)/Nry=0.0812. Here the total Vnumber. density Nroar counting all the H,

(4.2):
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molecules is

Nt = p-pa- Na = p x 4.4587 x 1075 x 6.022 x 10%

=p x 2.685 x 10*° (ecm™%), (4.4)

where 5 is the Hp density in amagat, p4 is the amagat unit- for Hy: 1 amagat =

4.4587 x 107° mole/cm3[1], N4 = 6.022 x 1023 mole~! is Avogadro’s number. Thus the ’

number density difference between the initial state J=1 and the final state J +2 = 3

as a function of density p (in amagat) is given by

2141
AN(p) = <0.6675 ~ 0.0812 - FL) + Nitar

=px 1699 x 10" (cm~3). . (4.5)

r

For other parameters, the rotational linewidth (FWHM) T, is-given by Eq. (4.1); the

polarizability ih the Seo(1) transition, 75,,95 = 0.129 x 107 cm® at 488 nm [5). To

convert into the value for our 792 nm pump wavelength, the frequéncy depehdence'

of the gain can be approximated by [6]

Vs

(4.6)

where v, and vp are the Stokes and pump frequency respectively, v; = 8.48 x 10% cm ™!
for Hy is an average transition frequency to excited states.
Knowing these parameters, we are able to give a formula for calculating the peak

Raman plane-wave gain coefficient (unit: cm/W) for the rotational transition Sge(1)
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as a function of wavelength and density at room-temperature (295-300 K):

ag—2.427 x 108 x | r(W —586.9) x (7.19 x 109 —zIL_Q 2, 4.7)

where p is the density in amagats, Tr is the Raman linewidth in MHz given by

Eqg. (4.1), and vp is the pump laser frequency in cm-1.
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Figure 44 Rotational and vibrational Raman gain in H2 as functions of pressure or
density at room-temperature (295-300 K). Both are calculated for the pump wave-
length of 792 nm. The rotational gain is for circularly polarized pump light and
counter-circularly polarized Stokes output; while the vibrational gain is independent
of pump polarization.

We plot this gain coefficient as a function of H2 density or pressure in Fig.44 (pump
wavelength: 792 nm). Above a high-pressure limit of 2~3 atm, the peak rotational

Raman gain is nearly independent of pressure. For comparison, the vibrational gain
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is also included.

Polarization dependence

For Raman transitions between purely rotational energy levels of an axially sym-

metric diatomic molecule such as Hy, the strength of the Stokes emission is strongly -

dependent' on the polarization of the pump beam. Note that Eq. (4.7) is for circularly
polarized pump laser, and the rotational Stokes output is counter-rotating circularly

polarized. This polarization'condition results in the largest Raman gain. Table 2

gives the relative Raman gains for all the cases of polarizations [22).

Polarization | Pump | Stokes | Relative Gain
Linear 7 7 4
. T | 3
' Circular O O 1
' O O 6

Table 2 Relative rotational Raman gains for different polarization conditions.

On the contrary, for vibrational transitions which involve a large isotropic bolar—

izability, its gain is essentially independent of laser polari-iation.

Experiment
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Figure 45 Experimental setup of the ECDL-pumped rotational Raman laser. ECDL.:
external-cavity diode laser;  half-wave plate; PBS: polarizing beam splitter; EOM:
electrooptic modulator; SM-PM fiber: single-mode and polarization-maintaining
fiber; MML: mode-matching lens; f: quarter-wave plate; RFC: high-finesse cavity.

As shown in Fig. 45, the experimental setup for generating the rotational Stokes
beam is basically identical to the setup used for ECDL-pumped vibrational Raman
lasei in Chapter 3: both the pump laser and the HFC are the same. This system was
targeted for vibrational Stokes generation in H2 [18] and worked as expected except
for only one fact that the vibrational Stokes output exhibited sharp turn-off in the
continuous-tuning measurements (see Fig. 46). The cause for that sharp turn-off, the
rotational Stokes emission, was not discovered until two years later [11]. After this
discovery, we obtained the complete continuous-tuning curve as shown in Fig. 46.

In Fig. 46, as the pump frequency is tuned, the system exhibits sharp switching
between the vibrational and rotational Stokes emissions. Each of the two Stokes

modes operates in a single longitudinal and spatial cavity mode. These behaviors

indicate the homogeneous nature of the Raman gain medium (10 atm H2).
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Figure 46 Continuous-tuning data measured from the setup in Fig. 45.
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Figure 47 Power dependences measured from the setup in Fig. 45.
Fig. 47 shows the power dependences, i.e., when the pump frequency is tuned
to point A and B respectively, we measure the optical powers of the rotational and
vibrational Stokes as functions of the input pump power. It can be seen that in

both cases the Stokes power grows and the transmitted pump power clamps after the
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Raman threshold is reached.

The additional lasing of rotational Stokes at 830 nm indicates that the high-
reflective mirror-coating at the 792 nm pump wavelength has a wide bandwidth.
Fig. 48 is the mirror transmittance trace provided by the mirror-coating manufac-
turer (Research Electro-Optics, inc.). It shows that the high-reflective coating at
the pump wavelength covers a wide range from ~ 750 nm to ~ 890 nm. This fact
gives us an advantage of the cw rotational Raman laser: the bandwidth of a single-
wavelength mirror coating can be sufficient to cover both the pump and rotational
Stokes wavelengths, whereas the double-wavelength coating required for the vibra-

tional cw Raman laser is far more expensive and difficult to manufacture.

Figure 48 HFC-mirror transmittance trace provided by the mirror-coating manufac-
turer (Research Electro-Optics, inc.). The double-wavelength coating at 792 and
1180 nm is originally manufactured for the cw vibrational Raman laser, but the wide
coating bandwidth also covers the rotational wavelength at 830 nm.
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Figure 49 (a) The Raman plane-wave gain coefficients associated with the vibrational
and rotational Stokes cavity modes as functions of the pump frequency tuning. The
cavity resonances of both Stokes are assumed to be at the gain line-center when
the relative pump frequency is zero (i.e., A0=0). (b) Based on these gain profiles,
calculation of the power of the transmitted pump, the rotational Stokes, and the
vibrational Stokes as functions of pump tuning. Parameters used for the calculation
are: mirror reflectances: 0.9999; mirror absorptions: 40 ppm at all wavelengths and
both mirrors; input pump power: 5 mW. The range shown is in qualitative agreement
with the measure data presented in Fig. 46.

We can qualitatively explain the tuning behavior of this dual-Stokes cw Raman
system. Using Eq. 3.19, we first plot in Fig. 49(a) the Raman gain “seen” by the
cavity-resonances of the vibrational and rotational Stokes as functions of the pump

frequency tuning. Because of the homogeneously broadened Raman gain, the Stokes
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mode haying the largest net gain (or lewest threshold) will oscillate. Based on thié rule
we palculate the powers of the transmitted pump, the vibrational Stokes, aﬁd the rota-
tional Stokes as functions of the pump frequency tuning using: Eqé. (3.4),(3.19),(3.10)
and (3.11) and plot them in Fig. 49(b). One can see a qualitative agreement bétween
the measurement (Fig. 46) and the theory, except that only an r\;6 GHz range of
the pﬁmp freq};ency can be tuned in the measﬁrement because of the limited outi)ut
range of the locking servo for the cavity piezoelectric transducer (PZT) of 0-150V,
which corresponds to a physical turﬁng range of ~1.2 um of the PZT tube between
the cavity mirrors. | - .

Compared to vibrational Stokes, the rotational Stokes has much wider continuous-

tuning range. In Fig. 49, while just one rotational cavity resonance is tuned through

its gain profile, we have seen five vibrational-Stokes resonances when the pump fre-

quency is tuned by 15 GHz. The reason can be seen from Eq. (3.14)_, for rotational

transition dv,., = 0.95-d1, whereas for vibrational transition 61, = 0.67- 6vp. That is

to say, for the same pump frequency tuning range of dv,, the rotational-Stokes cavity ‘

resonance is almost tuned by the same amount of frequency whereas the vibrational-
Stokes resonance is tuned by a much smaller amount. - In other words, the relative

tuning rate between the rotational-Stokes and pump resonances is slower than the case

of vibrational-Stokes. Because of this difference in relative tuning-rate, the rotational-

Stokes resonance will be “dragged” through.the Raman gain profile much slower than

the vibrational-Stokes resonance (see Fig. 29). Also, since the rotational Raman gain
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linewidth itself is broader than the vibrational gain, the %otationaLS‘tokes cavity reso-
n;'mce can therefore be conti:nuously tuned by 'a wider range. Using Eq. (3.22), one can
calculate that at four .tinies the line-center threshold, the maximum Stokes céntinuous—
tuning range for the 792—830nm rote‘tti;)nai transition is 36.8 GHz, Wheréas for the
792—1180nm vibrational transition, it is only 1.77 GHz.

Besides the easier mirro'r-coat‘ing and wider continuous-tuning range, the cw ro-
‘tational Raman laser has the tﬂird advantage compared to the VIibrational Raman
laéer. The thermo-optic effects caused by heat deposition into .the Raman gas are
less of a pfoblem for the rotational Rama,n'tfansition '-because of its smaller photon
energy shift, whereas it has been observed that in the high-power vibrational Raman
laser thermo-optic effects can lower the conversion efficiency and cause instabilities

[20, 10].

Etalon Effect of the Cavity Mirrors

In this section we will show the etalon effect of the qavity mirror;. This effect was
ﬁfst noticed by A. Hageﬁston, an undergraduate student working iIll the lab. When
she did cavity ringdown experiments to measure the mirror reflectivities, non—r;mdom
errors as large as 20% variation were obtained in the results. Later, we realized the

reason: the front and back surfaces of an HFC mirror form an etalon as illustrated

by Fig. 50. In all of the experiments in this thesis, the back surface of the -mirror

0

is neither wedged relative to the front surface nor anti-reflective coated. Therefore

/




the interference between the beams reflected from the two surfaces can modify the

effective reflectance as a function of the laser frequency.

Figure 50 Illustration of the etalon effect of the HFC mirrors. The uncoated back
surfaces have reflectances of about 0.034, given by the refractive index of fused silica:
1.4534 (SOOnm) [I, page6-25].

<45 40 -35 =30 225 220 -15 -0 -5
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Figure 51 Cavity reflected and transmitted laser power (normalized to the coupled
input power) as functions of the incident laser’ frequency. The incident laser’s power
remains at ~5.3 mW and the cavity coupling efficiency is estimated to be ~85%.
The laser frequency is measured relative to 378 600.00 GHz by a Burleigh wavemeter
with 10 MHz resolution. Because the two cavity mirrors are actually two etalons, the
mirrors’ effective reflectance is a function of the laser’s frequency and this results in
periodic reflected and transmitted laser power from the HFC. The curves are fittings
assuming sinusoidal effective reflectances (see Fig. 52) of the HFC mirrors.
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To measure this etaloh effect, we use the setuﬁ of Fig. 45. The pump laser 1s
stabiiized to the HFC but there is no Hg) inside the HFC. The‘iricident pump beam
is linearly-polarized to eliminate possible birefringence on the HFC mirr;\)rs.' We
measure the reflected and the transmitted pump power: from the HFC as the pump
laser’s frequency is tuned (the incideﬁt power stays the s;me). The' data are plotted
in Fig. 51. One can see oscillations of the reflected and the transmitted péwer as
functions of the laser’s frequéncy. The phase shift between the two oséillations is

almost (but not exactly) . i

We can fit the data in Fig. 51 by choosing the following simple sinusoidal forms

of the effective mirror-reflectances in the HFC:

- A

. 2 B .
Ryea(v) = Ry [1 +2.3 x 10~ sin (1 - ;T v+ 1.,1257r)} , (4.82)
- o : .
Ryet(v) = Ry [1 +2.3 x 10~°sin T ;ngu + O.SW)] . (4.8b)

where v is the laser’s frequency and Ry is the reflectance of the mirror’s front surface

(coated side). The number 1 and 2 in the. subscripts refer to the HFC’s front and
back mirrors respectively. ’i’o fit the; da,tg, we used Riy = 0.99994 and Ryy = 0.99995;
we also assumed power absorptions of A; = 40.5 x 107% and A, = 24'5,X 1079 (in-
dependent of the laser’s frequency) of the two mirrors. The sinusoidal amplitude in
‘Eq. (4.8), 2.3 x 1079, is chosen to fit the data. Thé oscillation period in Eq. (4. ‘),

16.253 GHz, is obtained by calculation of the etalon’s free-spectral-range: ¢/2nL,

where c¢ is the vacuum light speed, n = 1.4534 is the mirror’s refractive index (fused
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silica at 800 nm [1, page6-25]), and L = 1/4 inch is the-mirror thickness. This oscilla-

i

tion period fits the data very well, confirming that the etalon effect is the cause of the

oscillation. The extra phase difference (1.1257 versus 0.87;) in-the fitting formula is
necessary to fit the non-n phase shift between the reﬂected and transmitted powefs in
the data. Later we will see that this phase (\iifference is resulted from slightly different
thicknesses of the two mirrors. ' | ,. |

One.can calcuiate theoretically the effective mirror reflectance based on a Faf)ry—

Perot etalon model:

_ Ry Tyexp(4imvnL/c) 2
Reﬂ:(y) B <\/R_f 1-— \/]_%;\'/R—fexp(élml/nL/c)) ’ - @9

where Ry and .Tf(= 1— Ry — Ay) are the reflectance and transmittance of the mirror’s
front surface (coated side) respectively, and R is the reflectance of the mirror’s back
§urface (uncoated side). Using the same reflectances and absor;;tions for fitting, i.e.,
Ry = 0.99994, Ry = 0.99995, 'A; = 40.5 x 1075, and A = 24.5 x 1079, we plot
the t_heorefical effective mirror reflectances [Eq. (4.9)] and the assumed'sinusoidal

effective reflectances [Eq. (4.8)] together in Fig. 52.
, .
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Figure 52 Comparison between the sinusoidal effective-reflectances which fit the data
and the calculated effective-reflectances based on the etalon model.

We see that the calculated effective-reflectances based on the etalon model have
larger oscillating amplitudes than the simple sinusoidal form used for fitting. This is
because our calculation is based on “perfect” fabry-perot planar etalons and a plane-
wave laser beam; whereas in reality, the front mirror-surface has a radius of curvature
of 50 cm and the laser light is a fundamental Gaussian beam.

As mentioned earlier, to fit the non-7r phase shift between the reflected and trans-
mitted laser powers, we had to include an extra phase difference between the sinusoidal
effective-refletances of the two mirrors. The etalon model tells us that this phase dif-
ference is caused by a slightly different mirror-thicknesses. The thickness difference

between the two mirrors turned out to be an integer number times ~40 nm.
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CHAPTER 5
MODE-HOP HYSTERESIS IN THE ROTATIONAL RAMAN LASER

This chapter studies the mode-hop hysteresis observed in our cw rotational Stokes
laser. After shoWing the exper’imental 6bservation, we will give a physical picture
showing qualitatively what causes the‘ hysteresis. Based on this picture, Wé will 'set
ﬁp a theoretical model and develop a semi—clasésiéal theory. Finaliy, we will see that

the experimental data agrees well with our theory.

Experimental Observation and Qualitative Explanation

Let us consider, in our cw Raman laser, the case when more than (;ne longitudinal
Stokes modes are covered under the Raman gain profile and all have a sufficient gain
to lase (i.e., gain > loss)’. The homogeneous gain nature of the Raman process
in high—préssure Hj ensures single-mode operation in favor of the que having the
highest gain. In other words, only the Stokes mode ciosest to the gain liﬁe—center is
able to lase.

Then it is natural to think that at what is calléd by us the “Symmetric point”
— the two adjacent longitudihal modes of the Stokes lie symrﬁetrically away from

the gain line-center, which mode would lase? This condition can be experimentally

1

Here we mean the small-signal gain or unsaturated gain. Once a Stokes mode lases at steady
state, the small-signal gain has to be saturated so that the saturated gain = cavity loss.
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achieved in a cw rotational Raman laser, because the linewidth of the rotational
Raman gain (I GHz FWHM) is wide enough to cover two adjacent longitudinal Stokes
modes (mode-spacing 2 GHz). We find that the mode-hop between the two Stokes
modes shows a hysteresis when we tune the pump frequency back and forth around
the symmetric point, as shown in Fig. 53. The amount of hysteresis, denoted by H
as shown in Fig. 53, is found to be larger at higher pumping rate. We also measure
the transmitted pump and rotational Stokes powers as the pump frequency is tuned
around the symmetric point. The data are given in Fig. 54. We see that the mode-

hops are also accompanied by power discontinuities.

Pump Tuning Down
Pump Tuning Up

Pump Frequency Tuning (GHz)

Figure 53 Experimental data showing the mode-hop hysteresis between the two ad-
jacent rotational Stokes modes. Optical frequencies are measured by a Burleigh
wavemeter with 10 MHz resolution. The pump frequency is measured relative to
378350 GHz and the Stokes frequency is measured relative to 360 750 GHz.
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Figure 54 Transmitted pump power (top) and rotational Stokes power (bottom) as
functions of pump frequency tuning show butterfly-like patterns. Power disconti-
nuities indicate mode-hops. The input pump beam is circularly polarized and the
rotational Stokes is counter-circularly polarized for both modes [11]. The pump fre-
guency tuning is shown relative to 378384 GHz. Back and forth tuning of the pump
frequency is performed twice.



Small-signal gain

Saturated gain or
steady-state gain

Figure 55 Picture showing how the mode-hop hysteresis happens. 5(< 0) and d+(> 0)
are the two-photon-detunings of the rotational Stokes modes tvs and ujs+ respectively.
Ac = 5+ - $is the longitudinal mode spacing of the two Stokes modes. The width
of the rotational Raman gain linewidth is sufficient to cover the two adjacent longi-
tudinal Stokes modes, a, The “symmetric point”, where the two Stokes modes lie
symmetrically away from the line-center, |5 = |5+|. The sub-threshold mode us+
loses some gain so it is below threshold, b, The mode-hop point, where |5 > |5+|
and the mode as+ reaches the threshold since it is closer to the line-center and the
lost gain is compensated, c, After the mode-hop, the steady-state gain is quickly
saturated to a lower level so that the mode us+ sees equal gain and loss.

In order for the hysteresis to happen, the steady-state gain (saturated by the lasing
mode) experienced by the sub-threshold Stokes mode must be somehow suppressed

or “stolen”, so that at the symmetric point it is still below threshold, see Fig. 55a.
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The mode-hop can hapi)en only when we tune beyond the symmetric point to com-
pensate the lost gain by making the sub-threshold mode closer to the Iine~center, see

Fig. 55b. After the mode-hop, the original lasing mode becomes the sub-threshold

mode and now its gain is suppressed, see Fig. 55c. If we tune the la.ser-backwards;f ,

the same a—b—c prdces:s happens at the other side of the gain profile and hence W(;,
see the hysteresis eﬁ"é,ct. We alslo notice the discontinuous change of the steady-state
gain before and after the mode-hop (Flg 55b and c) gn'd this explains the power
discontinuities at the mode-hop points measuréd in Fig. 54.

To the author’s knowledgé, the nearly same ﬁlode-flop hysteresis in single—mode
lasers was observed before by Harris and Loudon et al. [55] in an argon-ion laser. They
measured a discontinuity of the laser’s power and thus indirectly saw the longitudinal
mbde—hop hyster,esié. They successfully explained the hysj:eresis and the behind gain
suppression by a model based on.a four-wave mixing (FWM) process. In their model,
coupled by the so-called “population pulsafion” , the lasing mode and its two adjacent
modes form four-wave mixing, which results'in a redistribution of energy in the t;;vq
’ su_b~threshol‘d modes, keeping them all below threshold.

. We will try to implant their model to our cw Raman laser to explain the hysteresis.
k But o:ur Raman laser is differe‘nt from the argon-ion laser tl;at Harris and Loudon
studied: ours is a two-field far-off-resonance Raman process whereas theirs is a one-

field and two-level (near-resonance) problem. It turns out that (1) instead of one

' FWM process, we need to consider at least two FWM’s and (2) instead of.coupled
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by the population pulsation, in our system the multiple waves are coupled by the

molecular coherences (Raman-resonant or Raman-assisted FWM?). The details of

our model are shown in Fig. 56.

Line-center

Figure 56 Theoretical model for mop-hop hysteresis, a, The usual Raman process:
the pump field at frequency W and the lasing-Stokes mode at frequency ws estabish a
strong coherence between the two energy states oscillating at frequency wm = wp-w s.
b, The first FWM process: the sub-threshold Stokes W&+ = ws + Ac beats with the
strong pump wp, producing a weak coherence sideband oscillating at wp - ws+ =
wm - Ac; then the lasing-Stokes mode is scattered off this coherence sideband to
produce a weak pump sideband with frequency wp_ = wp- Ac. ¢, The second FWM
process (a and c together): the sub-threshold Stokes ws+ is scattered off the strong
coherence, producing another new weak field wp+. d, A “bonus” new weak field
is generated, although it does not contribute to the gain suppression on ws : the
sideband wp_ is scattered off the strong coherence, producing a new field ws+. In this
plot, we use the thick lines to represent “strong” and the thin lines mean “weak”.

First, Fig. 56a shows the general far-off-resonance Raman process: there are the
pump field wp, the Stokes field ws, and the coherence pab oscillating at the difference
frequency wp - ws = wm. Then, in Fig. 56b, the sub-threshold Stokes mode ws+,
the strong pump wp and the strong lasing Stokes mode ws produce by FWM a new

weak frequency component at wp_. These four fields are coupled by a weak coherence
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sideband oscillating at the difference frequency w, — w,y = Wp — Ws = Wy — A, ’

Wheré A, is fhe longitudinlél mode spaciﬁg of the two adjacent Stokes cavity rrio,des
(i.e.,; the cavity’s free-spectral-range x2m). One can see that this Raman-assisted
FWM is very similar to the Stokes—anti—Stokes Raman brocess. Knowing that the
Stokes—anti-Stokes coupling can suppress the exponential ‘géin in stimulated Raman
scattering [56], we conclude that the :gain’ of the field wsy in Fig. 56b can alsb be
suppressed in a Raman-assisted FWM. |

We have found one source of the gain suppfession, but thét dpes not complete
the picture. Since a strong cohérence has been built by the strong fields w,; and
ws (Fig. 56a), Fig. 56¢ sh;)ws that the field w,y can be séattered oﬂ this strong
coherence and a ﬁe‘vv field .wp+ is generated. We can view Fig. 56¢ as a pure Raman

anti-Stokes scattering; or Fig. 56a and Fig. 56¢ together can be viewed as another

Raman-assisted FWM process. Again the gain of the field w,, is suppressed because

.energy is transferred from the field ws,. to the field wyy.
To complete the entire picture, we note that field w,_ can also be scattered off
the strong coherence, producing another weak field oscillating at ws_, as shown in

Fig. 56d. This process does not directly contribute to the gain suppression of the

sub-threshold Stokes mode Ws+, but it shquld be included in the theory in the next

section.

From the above énal‘ysis, Raman-assisted multi—wavé mixings coupled with the

molecular coherences lead to two sidebands on both pump and Stokes fields. In other
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words, we have totally six fields; two of them are strong (wp and w;) and four of them

are weak (wp+ and wsy). Next we will develop a semi-classical theory based on our

model. The two strong fields w, and w, will be assumed not affected by the other
weak sidebands and the steady-state solution of the cw Stokes laser will be directly

used for the two strong fields.

Theory

As discussed above, both pump and Stokes fields have a pair of weak sidebands

oscillating at wps), + A,
_ 1 - |
EP (I‘, t) =35 [EpO (I‘, t)e_zwpt + Ep+ (I‘, t)e_z(wp-'_Ac)t

+ Ep_(r,t)e @At c.c.] ,  (5.1a)

1 - o
By(x,t) = 5 [Buolr, t)e™ + By (r, e erta)

+ B (r, t)e~t@emRe)t 1. c.c.] : (5.1b)

(Note that the field amplitude can be split into time-dependent amplitude and spatial- -

dependent cavity mode:

Ey(r,t) = Eq(t)uq(r), (5.2)

. where. g = p0, s0, p£, and s&). The coherence also has a weak sideband:

Pas(x,8) = fo(r, £) + A_(r, £

= polr, )m 4 p_(x, E)eilen—A0l. (53)
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The “dc” amplitudes Epg, Es, and py have been thoroughly solved for the Stokes
laser in a previous chapter (page 18). So here we can follow the previous treatment

by replacing the amplitudes of the fields and coherence in the following forms:

Byt t) = Bpo(r, £) + By (v, £)e™ 2 4 B,_(r, f)eilet (5.4a)
Ey(r,t) = Eg(r,t) + By (r,t)e A 4 B, (r, t)emc’tz (5.4Db)
pab(X,t) = po(r, t) + p_(r, t)eT At . (5.4¢)

where |Epi| < |Bpl, | B, < |E|, and |p_| < |p|. Because of this condition, we will

assume in the later analysis that the strong field Ey and Eg as well as the strong

coherence pg are not affected by the presence of the much weaker sidebands A

and p_.
Similar to the strong pump and Stokes fields, these weak sidebands should alsq

satisfy the intracavity field equation:

-E’s+v‘(t) + [%; — i(wes — wcs+)] B, (t) =

drdydzP,y (r,t)ul, (r), (5.5a)

cavity

Ep—(t)+[7§—_z(wp_ Wep- )] B, (t)z |
Gty o0, o

Ep‘*‘ (t) + [’Yc5+ — i(wpy — wcp+>] B, (t) =

7Jw—piL /// dzdydz By (v, t)uy, (r), (5.5¢)
2¢eg V;a+ cavity ' )
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B, (t) + :[%s_ - ikws— - w;s—)] E, (t)=

where Yoo+ and Yeps aré the cavity energy decay rate of the ﬁelds wet and Wy TESpEC-
tively; wesx and wept are the ca,v1ty resonance frequenmes for the four fields; V4 and

Vp are the cavity mode—volume of the four fields acting as the normalization factor

[see Eq. (2.63a)]. In Egs. (5.5), P’s are the amplitudes of the i)oiarization associated

with each fields. According to Egs. (2.47); and using thé replacements Eqs (5.4), we

get
F,=2N hap(Epo + Epe Tt 4 B, gt
+ 2NHhds(pf + p* zAct)(E;o + Es‘_ke_md + B,_etheh)
= Pyo + Pype ™t 4 B, ¢iAet, / (5.6) -
where
Py(r,t) = 2Nﬁ[apEpo(r, t) + dspi(r, ) Boo(r, £)], | ‘ (5.7%) .
PP';'(I‘ t) = 2Nh[ap Epy (v, t) + dop(r, t) Eur(r, 8], (5-7b)
P,_(r,t) = 2Nh[a,E, _(r, t) + ds,oot(r, t)Es—(x,t)
4 dap (r,2) Buo(r, 1)]. (5.7¢)

Here F,y is the “dc” polarization which is associated with the strong pump field
Epo; whereas P,y are the polarizations that generate the two pump sidebands E,..

We have ignored the second-order small term p* F,, and the second harmonic term

AY

L;ZO_V_ // / /c aVItyd‘”fi@/dZP (v, )y (x), (5.5d)
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pt E,_eAet in Eq. (5.6).

Similarly, for the Sto_kes,

1

P, = 2Nhas(Eso + Es_,_e_mct + B, _eitet)

+2Nhds(00 + p-e™ ) (Epo + Bpre ™ 4 B, )

= Pog+ Pope™ " + e, ‘ - (5.8)

where

Psg (I‘, t) =2Nh [a'sEso (I‘, t) + dspot(r, t)Eso (I‘, t)] s | (59&)

| Po(r,t) = 2Nh[asEsp(r, ) + dspo(r, t) Epy (r, )

-+ dsp— (I‘, t)EPO‘(fr’ t)} ’ ‘ (59b)

P,_(r,t) = 2Nh{a, B, (r,t) + dypo(r, ) Ep_(x,1)]. (5.9¢)-

Next, the total coherence amplitude pq, satisfies the equation of motion given by

Eq. (2.40b) (ignoring the relative Stark shift):

pab = —(’)'a.b - 7lé)pab + 'I;QabD; ’ » (510)

where Qg = (ds/2) E;E; is the two-photon Rabi frequency. Subétituting in Egs. (5.4)

and grouping the dc terms and the amplitudes of the terms with etiA<t, Eq. (5.10)
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becomes three equations:

po(r,t) = — (Yap — 18)po(r, t) + z?DEsg (r,t) Epy(x, ),
" p-(x,t) = — (yap — 964 ) p_(r, )

- .ds ’ sk E3 ‘
+ ZED [Es+ (I‘, t)Epo (I:a t) =+ EsO (I‘, t)Ep— (I‘, t)] )

“ P+ (I‘, t) == ('Ya.b - 7;5_)p+ (r{t)

-ds * *
+ ’LE.D [Eo(r, ) Ego(r,t) + Eso(r, ) By, (x,2)],

(6.11a)
(5.11b)

(5.11c)

" where 0+ = § = A... Here appears a new-coherence sideband Pt which we have

been ignoring in our previous discussion. We will continue to ignore it because it

has one more free-spectral-range of detuning compared to the other two coherences

(~ —15A; vs. ~ £0.5A,). Hence any Raman-assisted FWM processes associated

with p; are weak and ignored by us.

The steady-state solutions of Egs. (5.11a) and (5.11b) are

dy - Eo(r,t) By (r, 1)
poltt) = zED Yoo — 90
p_(r,t) = Z‘%DES‘F(I" t)Epo(r,t) + Eso(r, t) By _(r,t)
o 2 Yab — 7;(54_

(5.12a)

(5.12b)

~Substituting the above steady-state coherences into Egs. (5.7b), (5.7¢), (5.9b), and

(5.9c), we obtain the polarization amplitudes of each field. We then plug them into the
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field equations (5.5). Knowing the results of the following integrals [see Eqs. (2.91)-

1

(2.94)]:

2 L/2 ;
—/ dgb/ dz/ rdru,*|ug|* =
27 L/2
— / de¢ / dz / TAT U U Uy Uy =
Vo Jo /2 Jo :

where > k= km +ky + &, + kg and Ak =k, + by — K, — kg, then the field equations

PRl (5.13a)

MI = N)l =

—Z—mc(AkL/2) - (5.13b)

become -

Es+ @) + [%TS+ — Ny Wt — wcs+)]Es+ (t) =

1 thgp{ 1 ket

_z B (0PE,
"Yab—z'5+kp+ks+| ()" Esy (1)

W,
4 s+ €o

1 ks-l— . Ale ‘ .
e — 05 zklsmc< 9 )Epo(t)pso(t)Ep_(t)v

1 ks . AkyL .
+—seesing( 228 ) B (0000 |

(5.14a)

By (8) + [12= — i(npwp- — wep )] By () =
1 NREdD |
—wp_

4 €y’

1 Fp
7&b+i5+ks+k —
1 ky— i Ak’ L *

1 kp— . Ak‘gL .
+'7ab+’l/(52k3 11’1C< 2 )Epo(t)Es_(t)Eso(t)

IEsO (t) |2Ep— (t)

,  (5.14b)

; Yept~ . \ : '
Ep (t) + [ 5+ — 4(Npppy. — w0p+)] Ep(t)=

1 Nm2D 1 & —AkyL - .
i e %Héi’; 1nc<—22—>Epo(t)Es+(t)Eso(t), (5.14c)
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Es_(t) + [,yczi - i(ln’s—.ws— - wcs—):, Es— (t) =

1 NAEZD 1k, . (‘—Ak3L

- 4ws_ €p Yab — 70 z k‘g s

where ng = 1+ Nha,/¢ is the refractive index at frequency w,, and

Zkl_ = kp + ks + kp; + ko,
Dk =Ey ot ks~ Fpe — Ko,
D ke =kt + kot by + ki, o
Dby = kpyt ko — by — B,

S ks =kt kot by + o,

Akg=ky + kg — by — ky_.

Since the pavity mode spacing A < w; of Wy, .it‘ is reasonable to take wi:” w
and wpy ~ va, aﬁd thus ks+ ~ ks and ks = k,. Therefore, Y k; ~ 2(k, + k), and
" Ak; = 0 or sinc(Ak;L/2) ~ 1.

Next, we‘éssume that all the field amplitudes are real for simplicity and use the

gain term that has been previously defined by Eq. (2.65):

1 NAEZD _y4 A |
§) = —-ws LR SELA L : (5.15)
G(9) = T e N2+ 82N, 4+ A (5.15)

Then, by keeping only the real parts in Eqgs. (5.14), we obtain

y Yes
By + 2+ Eoy =G(04)EpBqy

1 1 ' S
+ 5G(01) B BBy + 5G(0) Byt BB, (5.162)

_2_) By () B ES(t),  (5.14) |
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. .
: Yep— 14 w

By +12°F, =- g [G(5+)E§OE _

o+ G((S+)EpoEsoEs+ + G((S) pOEs—ESO:, , ' (516b)

. Yep+ _ (,11127 1 . . o .

Ep-|— + TEp+ _‘EEG(é)EPOEH—ESO’ (516C)
< Yes— 1 K -

Bo+ 5=y = ZG(0)Ep-BxoBp.  (5.16d)

Egs. (5.16) can be expressed in alternative forms as

<§t + a+> Eop = kioy By +'ns_.Ep+,‘ | - (5.17a)

<d% + ap_> By = tip-Eoy + kips By, (5.17b)

J(% o Jet ) By = kpp Boy, ' ©(5.17¢)

(% + 7“5*) B, =, E,_, | | (5.17d)

where

on = 125 G(6,) B, oy =22y PG<5+> 5 (5.18)

oy = —G(5+) BoBo, k= —%—2G(5+)EPOE30, . (5.18b)

1w? 1 "
Kpt = ——2——2G(6)Engso, ' Ks = §G(5)EPOE30. - - (5.18c)

Multiplying both sides of Eq. (5.17a) by (d/dt+ep4+/2) and substituting in Eq. (5.17c),

L

we can eliminate E,; and obtain

d d Yep+ _ d VYep+ |
<dt + as_,_) (% + 9 ) Es+ = (d’[; + 9 E + K’p+"$s—-Es+) (519)

~ We can do the same step to eliminate Ej.. using Egs. (5.17b) and (5.17d) and obtain

d d ’Yc‘s— d Yes— |
<dt + p-) <E -+ 5 ) Ep_ :i <.(E :l— T) /ip_Es+ + K/p.|.K,s_Ep_, (520)
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or

’_dz C d C d C;
@ + (as+ + 7p+) + as+77p+ - ’ﬁp+/ﬁs—:| Es+ = ( -+ ’)’*p+) lﬁs+Ez5—1

2/ dt dt 2
(5.21a) .
(dz | Yes— d VYes— . d Yes—
;@ +.'<Oép_ + 5 ) El‘t“ + ap_TS' — Kpt+-Ks— Ep_ = (Et‘ -+ T) I‘Qp_Es_l_. |
(5.21b)
We can eliminate E,_ to get
d? Vet | Ve
{a{z + (0 +128) G o 22 “p+”s—} x
d? Ves—\ d - Yes— :
{@ + (o +257) oy 57 ”"P”’"S-} Ber =
. | d Vep d Yes— Y .
<E + 5*) <% + T) Kot kp— By (5.22)
Assuming a trial solution
Esy = Eo, (0)ef, ' (5.23)

where g represents an exponential gain coefficient for the field amplitude Esp. Ifg <0,

Es, is below threshbld.but once g starts to be larger than zero, E,, will experience
exponential growth and will overcome the loss to lase. Thetefore it is natural to
consider that g = 0 is the mode-hop condition. We solve for g by substituting the

above trial solution into Eq.(5.22) and obtaining

(9+ %) (9+ %) Kot Kip. (5.24)

5
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This is an ugly equation to 4th degree in g and analytical solution to g seems to be

hopeless. However, since g = 0 is the mode-hop condition, letting g = 0 in Eq. (5.24)

<

we obtain

—f(6,R)=0.  (5.25)

Because o’s and «’s are functions of the two-photon-detuning ¢ and the intracavity

field amplitudes Ey(s)0, we define Eq. (5.25) as a function f(6, R'), where the pumping

" rate R’ = Pgp/Pin (6 = £A./2) is the input pump power normalized to the symmetric

point threshold (i.é., the threshold when § = £A./2). The nﬁode—hope condition is

f(6, R) =0.
We plot f(6, R') as a function of the tﬁo—photon—detuning §/2m in Fig. 57. Three

curves are plotted when the pumping rate R =1, 1.5, and 2 respectively. As the

laser is tuned away from the line-center (|6| increases), these curves pass through the

y = 0 horizontal axis and the intersection points are where the mode-hops should

happen. We see that the higher the pumping rate, the larger detunihg is necessary .

for the mode-hop to happen; in other words, the hysteresis amount H is bigger at

higher pumping rate, qualitatively agreeing with our observation.
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Figure 57 Plot of f(5, R') as a function of the two-photon detuning at 3 different
pumping rates. f(6, R') = 0 is when mode-hop should happen. &; [2m = —A./2 =
0.985 GHz (cavity length = 3inch) is the symmetric point — there is no hysteresis
when the laser is pumped right at the threshold. As the laser is pumped harder, we
see 0y > 015 > 0; — the higher the pumping level, the larger the hysteresis.

Next we ‘collect the two-photon-detuning values corresponding to f(6,R') = 0
(ie., 61,...015,...02,... in Flg 57) and convert them into the hysteresis amount H using

the relation

N _ oldr| —Ac/2) 1
H(R) =2 1=/ 27w
_ H(R) 1 |
WS (5.26)

where H'(R') = 2(|6r/| — Ac/2) is the amount of hysteresis expreséec[ in two-photon-
detuning (see Fig. 55). However, the hysteresis amount H defined in Fig. 53 is the
measurement in the pump freqﬁency. Hence we have to convert from H' to H by

dividing a factor 1 — /\; /s (for the reason, see Eq. (3.15) and the discussions in that
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section.)

Then we plot the hysteresis amount as a function of the pumping rate in Fig. 58.

The experimental measurement is also included for comparison. We see good agree-

ment between the theory and data, confirming the correctness of our theory.

Hysteresis Amount H (GHz)’

00 S | ' . 1 ' L : l .

1.0 1A 1.2 1.3 1.4 1.5
Pumping Rate R’

Figure 58 Plot of H as a function of the pumping rate R/. Circles are the experimental
measurements.-

' Actually the nearly perfect theory fitting to the data is unéxpected to us — v&}e
expected to measure a smaller hystersis amount than predicted bgcause any acous-
;cic vibrations and(or) laser frequency ﬂuc’guations can induce premature mode~hops.
However, in our fhe;)ry, we did not consider any higher-order interactions (there

should be more sidebands on the coherence and the pump and Stokes fields) because
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they are further away from the Ramé,n gain line—‘center.. We think tha"c ’éhis simpli-
fication in the theory ha:ppens to compensate the realistic perturbations such tilaf
good agreement bet\.veen theory and data is achieved. '

Finally, there is one lé,st problerﬁ remaining in query: v‘;fe note tuning asymmetry

in the power measurements in Fig. 54 (see the different slopes of the transmitted

pump and Stokes powers for the two modes). Because the Raman gain profile should -

e symmetric, the t-vvo Stol;:es modes at the two sides shou_ld exhibit the same tuning
characteristics. Therefore the symmetric butterﬂy—'like pattern is expected. One
reason causing the asymmeﬁry is tﬂe frequency-dependent miirror reﬂectéunce. See
Chaptér 4, the etalon effect of the cavity mirrors causes significant moduiation of the
mirror reflectance. This effect leads to Stokes threshold change as the pﬁmp frequency
is tuned and thus the asymmetric tuniﬁg pa’f:ferns for the two Stokés modes. Of coﬁrse,
there might be some other reasons unknown. For example, is the rotational Ramaﬁ

gain profile itself-asymmetric for some reason?

Tn summary, in this Chapter we found a hysteresis effect associated with the
longiﬁudinal—mode—hop in a cw rotational Raman laser. Our model based on Raman-

assisted multi-wave mixings successfully explains the experimental measurements.
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CHAPTER 6 -
SUMMARY

In this thesis, we studied the far-off-resonance continuous-wayve Raman laser both

theoretically and experimentally.

The theoretical study was made in Chapter 2. A semi-classical theory for the far- -

off-resonance Raman pfdcess was developed in a standing-wave Fabry-Perot cavity.
The far-off-resonance condition allowed us to use the adiabatic following approxima-

tion (i.e., the dynamics of the coherence can-be ignored) for the time-dependent field

equations. This theory was suitable for arbitrary number of intracavity flelds. We .

used it in the two-field case — the Stokes lasér, and then in the threelﬁeid case —

i

the Stokes-anti-Stokes coupling. Both steady-state analytical and time-dependent

numerical solutions were performed.

Experimentally, we demonstrated cw Raman lasers pumped by diode lasers in

/

version efficiency [20] of the vibrational Stokes oﬁtput. The theory agreed well Witl';
the experirﬁental data in the steady state. In addition to the vibrational Stokes oufc—
put, the rotational Stokes emission was also obtained [11] in one of our cw Raman
~ systems. Details of thgse experiments were given in Chapter 3 and 4.

Furthermore, in Chapter 5, longitudinal-mode bistability and mode-hop hysteresis

}

high-pressure Hy gas. Our experiments achieved wide tunability [18] and high con- -
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in the rotational Stokes laser were experimentally observed. " A theory based on a

Raman-assisted multi-wave mixing process successfully explained the observation.

To the author’s knowledge, this was the first time that the longitudinal-mode-hop

hysteresis in a homogeneous laser was directly measured.

Since the first demonstration of the far-off-resonance cw Raman laser in 1998 [16], o

many important advances and exciting discoveries have been ‘accomplished. However,

there still exist countless topics and opportunities for the future research in this -

field. For -example,‘the experimental realization of the high-efficiency cw anti-Stoke's.
emission, the further study on the bistability, the mode-mode competition, and the
dynamic behavior in the cw Raman laser, as well as the possibility of reaching the

region of electromagnetically-induced-transparency in the cw Raman laser, and so on.

The cw Raman laser is not only a technique for optical frequency conversion, but also

a unique tool for studies in the field of optical physics.
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APPENDIX A — LASER LOCKING
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This Appendix will help to understand and perform the Pound-Drever-Hall (PDH)
locking technique [48]. It first provides a mathematical derivation for understanding
how the error signal is produced. Then the diagrams of some key electronics used for

the PDH-locking in this thesis are attached.

The Error Signal

This section shows mathematically how the error signal is produced in the Pound-
Drever-Hall locking technique. A similar derivation can be found in References [57,
58].

Laser

Fast
Photodetector

Sinfiumt) 0 - @ » Gb » Error Signal
Mixer

Figure 59 Illustration of the Pound-Drever-Hall laser stabilization technique. EOM:
electrooptic modulator; PBS: polarizing beam splitter; quarter-wave plate.

Adding sidebands

We start from an optical field with the form
= (6.1

where u)l is the laser frequency. Using an electrooptic modulator (EOM), one can

modulate the phase of the optical field:

E2(I) = Eei(wLt+MaixiUnt), (6.2)
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where wp, is the modulation frequency and M is the modulation index. "Eq.(6.2) can

be expanded in terms of the first kind Bessel functions J,, [59, Page 987]:
= Ej Z Tn(M)eilertmm)t, | (6.3)
. This shows that the phase modulation in Eq.(6.2) results in a comb—lik"e spectrum;

the separation between these frequency components is the modulation frequenycy Wi -

In the limit of small modulation index (M < 1), Jo(M) = 1, J11(M) = 1‘—2/1- nd all

the higher order Jnl’s %fanish. Then

M . '
o gilwr—wm)t | (6.4)

) M .
EQ(t) o~ EO ezth + 7e7.(w,:,+u.h-n)t _ 5

Therefore, we obtain two small sidebands having frequency offsets of +w,, from the

carrier frequency wr,; the two sidebands have 180° phase difference.

Detecting cavify reflection

Next the field of Eq.(6.4) v;rill be reflected from a Fabry-Perot cavity. ’We define
the following‘ parameters of the cavity: L: cavity length; r1(9): front (béck) mirror’s '
amplitude reflection coefficient; ¢1() front (back) mirror’s amplitude transmission
coefficient. When an optical field with an arbitrafy frequency w is incident on a
Fabry-Perot cavity, the cavity has an effective amplitude reflection coefficient in the
form |

,r.2t%e——jw-2L/c

(6.5)

'r'(w) =N - 1 — T1T2e—jw-2L/c'




141

After being reflected, Eq.(6.4) has the form

E.(t) = E, [r‘(wL) € (W + wi) - 76““’”‘”’"”

—r(wr — W) 767'(&)1‘_‘”’")1 oo (6.6)

A photodetector receives the intensity of this field:

L) = E.B". S (6.7)

Substituting in Eq.(6.6), discarding the dc terms and the terms oscillating at 2wy,

we obtain

Ir(i) = ]E0|2%{Ré[F(wL)] oS Wt + Im[F(wg)] sinwmt}, - | (6.8)
where
Plwg) = r(wi)r* (Wi, + wm) = 7 (@5)r(ws — wi). (6.9)
Eq.(6.8) tells us that the ogﬁbu’c of the photodetectqr is a signal osciilating at the
modulation frequency w,,. This signal has an in-phase amplitude Im [F(wL)] aﬁd a
quadrlat'ure amplitude Re[F(wz)].

Obtaining error signal

After a phase adjustment, the original modulation signal sin(w,,t + A¢) is multi-

plied by the signal of Eq.(6.8) by use of an electronic mixer:
E.S. = I, X sin(wpt + Ag). (6.10)

- Dropping the terms oscillating at 2w,,, we obtain

ES. = |Ep|2%{Re [F(wr)] sin A‘¢ +Im[F(w)] cos Aqﬁ}. (6.11) ‘
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This is the mathematical form of the error signal.

Relative Cavity Length (nm)
6 5 4 3 -2 -1 0 1 2 3 4 5 6

In-phase
Quadrature

-30-25-20-15-10 5 0 5 10 15 20 25 30
Relative Laser Frequency (MHz)

Figure 60 Calculated error signal shape from Eq.(6.11) when either the laser frequency
Ui or the cavity length L is scanned. The in-phase signal is obtained when =0
the quadrature signal is when A0 = & 2. Following parameters are used in calcu-
lation: modulation frequency: 12 MHz; mirror reflectance: 0.998 for both mirrors;
laser wavelength: 792 nm; cavity length: 7.62 cm.

The Electronics

EOM driver

This is the rf sine-wave generator and phase shifter that drives the electrooptic
modulator and the mixer (Fig. 61). The phase shifter design uses the trigonometric
identity

sinutsin )+ cosut cos0 = cos(cut —0)

to accomplish a phase shift by 0. The circuit was designed by Dr. C. Michael Jefferson
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at the IBM Almaden research center.

. Post — mixer amplifier

This single-chip amplifier is used after the mixer to amplify ’.che error signaln
(Fig. 62).
Fast servo

The fast servo controls the diode laser’s injection current. For the circﬁit diagram,
see the Appendix in Ref. [23].
Slow servo

The slow servo controls the cavity’ls PZT to adjust the cavity’s length. Fof the
circuit diagram, see the Appendix in Ref. [23].

Diode laser current driver

See Ref. [60].
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a,

Figure 61 Electronic circuit diagram of the EOM driver and phase shifter. It can
produce rf sine wave to two output channels. Relative phase of the two channels is
adjustable.
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Voltage Source Bypass:

sy [ 157
1

6.8p - -0y 6.8p - O

’
Tant - Ceramic Tant Ceram ic

¢

Figure 62 Electronic circuit diagram of the error signal amplifier. It has variable gain
(5kf2 pot) and adjustable dc offset (20kf2 pot).
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"APPENDIX B — MATHEMATICA PROGRAM
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This Appendix gives the MATHEMATICA [35] program used in page 36, which !

gives the numerical solution to the Stokes laser; and in page 50, which gives the

v

numerical solution to the anti-Stokes >prob1em.

MathematicaForPrint.nb ’ 1

Numerical solution cw Raman
6ed LeiMeng June 2002

v

v

o Define parameters for rotational: (time: us, field: true intracavity value)

x=0.9999; tr=1-x-0.00003; c=310% 1=0.0762; rad=0.5; b=+1 (2rad-1) ;

c »” 2c¢ -6 . .
Yp = T (L-%) 10°%; ¥a =¥p7 ¥Ya = ¥pi Ya = = Vtr 107%; (% cavity decay rates in MHz *)

qg,= 2.3610°7 10°%; (* Raman gain, rotational (vib: 5.83 E-7) )
¥: = .5; (* Raman gain linewidth HWHM GHz, rotational (vib: .25) «x)

,

27rc’
Wp = ————; (% Pump Frequency )
7921077 . .
2mc !
= : (* Stokes Frequency +*) 3
830107 i
2rnc !
= ee— ; (* antiStokes Frequency =) |
757 1077 /
Ce = .485; (» coupling coefficient or phase matching term, vib, 10 atm *) - f
1 Wa 2 Wp + W . !
£=- (”’_(_") e "+1]+ i)
2Cc Ywa ‘we! wptwa |
1 Yo [ Way\2 Wp+0) 2 Yz [ Way?
— (-—‘- (-—“ 2= +1] -4 = (__.) Cc? (* ratio ea/es at linecenter «)
2Cc Yo ‘W Wp +Wa - Ya ‘Wg
Tp Ya . N .
eth= — —2——-; {*» threshold field amplitude, pure Stokes, linecenter =)
Ya g
)
i
ks Y s : s 0
‘etha = — —————— ; (* threshold field amplitude, antiStokes,, linecenter ) i\
Ye 2g (1l+£Ce) i
ht

b b b

u=1.5610'5; fp= ; f8 = ; fa ; [N
. 4w i 4w, p 4w, t ‘ } 1

(» factors for converting field to power *) . 1‘ ‘
pth = £p eth? (» linecenter threshold power +) : i)

2
‘ptha = £p etha 1
<< Statistics DescriptiveStatistics” (J, load statistiés funtions x) ‘

i
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MathematicaForPrint.nb ‘ o 2 i

. [

o Define parameters for vibrational: (time: us, field: true intracavity value)

r=0.9999; tr=1-x-0.00003; c=310%; 1 =0.0762; xrad=0.5; b=+1 (2xad-1): ) . .
¢ 2¢c

¥p = T (1-x) 2075 v5 =¥p: ¥a = Tpi Yo = - tz 10°°; (% cavity decay rates in MHz *)

g=5.8310"710"%; (+ Raman gain, vibrational =) , '

¥r = .25; (* Raman gain linewidth HWHM GHz, vibrational =)
2nce

Wp = ———; (% Pump Frequency *) - , ]
. 792107 . . !
2re
@y = ————; (¥ Stokes Frequency *)
1180 10°°
2xc !

Wy = —————; (* antiStokes Fregquency x)
596 109 . i
Ce = .179; (» coupling coefficient or phase matching term, vib, 10 atm =)

1 Ya (u.)z Wy + Wy

+‘1]+
2Cc \¥a Wy Wy + Wa

1 Yo a2 Wyt ? Aa [ Way?
\j[_’ (_") il +1] -4 = (—!) Cc? (+ ratio ea/es at linecenter *)
Ya

2Cc g Wp + Wa Ya ‘g 1}
Yo [ Y : ; ; ' !
eth= — 29 ; (» threshold field amplitude, pure Stokes, linecenter x) !
Ye g .
¥o ¥a : s ; '
etha= — e———————— ; (% threshold field amplitude, antiStokes, linecenter )
t " % | 2g(1+£Co) . ) |
s b b b [
p#=1.2610""; fp = ; Es= ; fa= j i
4uwp 4w, dwa ™ I}

(x factors foxr comnverting field to power =)
pth = £p eth? (+ threshold power ) . . i

2.
ptha = fp etha . . |
<< Statistics DescriptiveStatistics™ (» load statistics funtions ) . h
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MathematicaForPrint.nb

‘. .

& Numerical Solution for Stokes Laser

a Time-dependent solution (complex amplitudes): .

eep = V4 eth; (» pump field amplitude «)
6 =0.4; (» two-photon detuning in GHz )

eql:lep'[t] = i
. ¥ - w2 ¥t .6 . Yo ep[t] -
LT ep[t] - w_,) g —7:2 T 5 (1—1 Y_z) es [t.] Conjugate[es([t]] ep[t] + - eep —Abs[ep[t]]
2= a8t [t] = -2 ‘t LA PO ] t t t
eq2=es'[ ]---? es[ J+9m[ +n;-) ep[t] Conjugatefep[t]] es(t]

'Sol = NDSolve
[{eql, eq2, ep[0] = 0.00001, es[0] ==1.8}, {ep, es}, {t, 0, 2000}, MaxSteps -+ 2000000] ;

{(* This cell calculates what the Stokes initial condition means =)

c
£=6,626 1007 ————; (* energy of one photon *
1180 1077

n=21/c¢; (» round-trip time in cavity =)
L/n (» power of a single-photon traveling-wave in cavity =)
£81,8% (x this is the initial condition of Stokes field power )

3.3161x107°

3.35438x107%°

(* Plot pump and Stokes time-dependent intracavity power x)
pp = . . ' . ) o
Plot[Evaluate[fp Abs[ep[t]]% /. Sol], {t, 0, 1000}, Frame —» True, GridLines -» Automatic,
FrameLabel » {TIME, Pump), PlotRange - All, PlotStyle - (Thickness[0.008] }] ;
ps = Plot[Evaluate[fs Abs[es[t]]% /. Sol], {t, 0, 1000}, Frame - True,
GridLines -» Automatic, FrameLabel -» {TIME, Stokes},
PlotRange -» A1l, PlotStyle - (Thickness[0.008]}];

‘ {(* Plot pump and Stokes time-dependent phase *) "
pfp = .

-axg[ep[t]]
s

Plot [Evailuate[ /. Sol] , {t, 0, 1000}, Frame - True, GridLines -» Automatic,

Framelabel -+ {TIME, Pump}, PlotRange - All, PlotStyle - {Thickness[0.008] )] H

-argles[t]]
ks

pfe = Plot[Evaluate[ /. Sol] . {t, 0, 1000}, Frame -» True,

GridLines —» Automatic, FrameLabel —» {TIME, Stokes},
PlotRange -+ All, PlotStyle -» {Thickness[0.008] }] ;




MathematicaForPrint.nb

s Export the solutions

t1 = Table[i, (i, 0, 1000, .5}]:

pump = Flatten[Table [Evaluate[fp Abs{ep[t]]? /. Sol], {t, 0, 1000, .5}]];
stokes = Flatten[Table[Evaluate(£s Abs[es[t]]? /. Sol], {t, 0, 1000, .5}11;
powerdata = Transpose[{tl, pump, stokes}]:
Export["D:\MathematicaData\powertime.dat", powerdata]

t2 = Table[i, (i{ 1500, 2000, .5}];

-Arg[ep[t]] .

pph = Flatten[Table[Evaluate[ /. 8ol], {t, 1300, 2000, .5}]];

-Argles[t]] »

app:Flatten[rabla[ﬁvaluate[ /. Sol], {t, 1900, .2000, .5)]]; ’

phasedata = Transpose[{t2, pph, sph}];
Export(["D: \MathematicaData\phas:el:ime .dat", phasedata]

= Calculate steady-state values as function of tuning

eep = 2 eth; (+ pump field amplitude *)

egl =ep’[t] =
2

¥p wpy? ¥ . 8 Ya ep[t]
- ep[t] - (-u—,:) g :;;6—2 (:'L-n ;) esg[t] COnjugate_[es[t]] ep[t] + - ag] m—.
¥ ot .8
eq2=es'[t] == ~-— es[t] +g——— (1 + 1 —) ep[t] Conjugate[ep[t]] es[t]
. 2 : et + 62 ¥
Do[; :

Sol[&8] = NDSolve .
[{eql, eqg2, ep[0] == 0.00001, en[0] == 1.8}, {ep, es}, {t, 0, 2000}, Ma:‘cstepa—)2000000];

Print{s],

100 100 5
& ———y —, — 1|2 .
{e 100 " 100 ° 100}]

MathematicaForPrint.nb

(* Plot steady-state tuning cuxves *)
epSS = {};
Do .
(xPrint[5 100] ;%)
epSS = Append[epSS,-§ // N];
epSsSData = Mean [Flatten[Table [i:-:vall,xate[Abs [ep[t]] /. Sol[8]], {t, 1900, 2000,.1}]11];
epSs = Append[epSS, epSsSData],
' 100 100 5 .
165" 700 70011 ;
epSS = Partition[epSs, 2];
esSS = {}:
Do ,
(*Print[6 100];w)
esSS = Append[esSS, § // N];

esSSData = Mean[Flatten[Table[Evaluate([Abs[es[t]] /. Sol[&]], {t, 1900, 2000, 1}]]]);
esSS = Append[esSS, esSsData], ’ !
100 100 S
o100 Too” Too 1)’
es8S = Partition[essSs, 2];
ListPlot[epSS, PlotJoined - True, PlotRange -+ ALll];
ListPlot{essSS, PlotJoined - True, PlotRange - All];
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(» Plot steady—qtate tuning curves of frequency pulling =*)
\

£ppsSsS = {}: (* fp means frequency pulling x)
Do[
£ppSsS = Append[fppSs, 6§ // N]:

data = Flatten[;‘able[Evaluate[Arg[ep[t]] /. 8S0l[&]], {t, 1900, 2000, 1}]]:

slop={}:

Do[ N
d = Part[data, t+1] - Part[data, t];
If[Abs([d] <, slop = Append([slop, ~d]],
{t, 1, 100, 1}1;

fppSs = Append[£fppSS, Mean[slopl],

, 100 100 5 :

{e ~To0” To0” Tooll’

£ppSS = Partition[£ppss, 21;

" fpsSS= (}; (* £p means frequency pulling =)
Do .
fpsSs = Append[£fpsSS, 6 // N];

data = Flatten[Table[Evaluate[Arg[es[t]] /. Sol[&]], {t. 1900, 2000, 1}]]:

slop={}#
Do [
d = Part[data, t+ 1] - Part([data, t];
If(Abs[d] <&, slop = Append[slop, -4]],
(t, 1, 100, 1}1; .
£pssSs = Append[£fpssSsS, Mean[slop]],
100 -1o00 5
T e Tl .
fpsSs = Partition[£fpssSs, 2];

Li.stpl'ot[fppss, PlotJoined -» True, PlotRange - All];
ListPlot[£psSS, PlotJoined - True, PlotRange -» A1l];

n Export the solutions K

Export["D:\MathematicaData\FreqPullp.dat®, £ppSSs]
Export["D:\MathematicaData\FregPulls.dat", fpsss]
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u Plot steady-state values as function of pump power

& =0; (+ two-photon detu.ning‘ in GHz »)

¥
eql =ep'[t] = -Tp ep[t] -

Wpy? ** . & . Yo ep[t]
(— ——er 3 (1 -3 7—r] es [.t] Conjugate[es[t]] ep[t] + ry 'eep _Ms[ep[t]] ;

s ¥’ [
eq2 =eg'[t] == -— es[t] +g ————— |1 +1 — | ep[t] Conjugate[ep[t t];
a 161 = - 2 eslt] +5 oo (144 ] ep(t] conjugatelep[t]] ealt]

Dol
Sol[eep] = NDSolve \
[{eql, eq2, ep[0] == 0.00001, es[0] == 1.8}, {ep, es), {t, 0, 2000}, MaxSteps -» 2000000] ;

If[IntegerQ[eep/1000]), Print[eep, *--", fpeep?]],
{eep, 0, 27000, 100}]; R "

pp8S = {};
Do[ '
PPSS = Append [ppSS, fp eep? 1000 // N];
data = Mean[Flatten[Table[Evaluate[fp Abs[ep[t]]? /. Sol[eep]], {t, 1900, 2000, 13]111:
pPpSS = Append [ppSS, data],
{eep, 0, 12000, 100}1;
ppSS = Partition[ppss, 2];
ListPlot[ppSS, PlotJoined - True, PlotRange - All];
psSS = {};
Do [
psSS = Append [psSS, fp eep? 1000 // NJ';
data = Mean[Flatten{[Table[Evaluate[fs Abs[es[t]]? /. Sol[eep]], {t, 1900, 2000, 1}111;
psSS = Append [psSS, data], .
{eep, 0, 12000, 100}]1; N
psSS‘= Partition[psSs, 2]; \
ListPlot[psSS, PlotJdoined » True, PlotRange = All];
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o Numerical Solution for Anti-Stokes Emission _ ' . ‘ ‘

n Ficld equations (complex amplitudes):

¥p wp \? ¥:® . 6 .
egl =ep'[t] = oy ep([t] ~ (E) g m [1—:1 T_:) es[t] Conjugate[es[t]] ep[t] +

We 2 wp + W 2 -1 ) |
(—P) L= -L [1+J'1 -—-] ea[t] Conjugate[ea[t]] ep[t] + - !
s Wp+Wa Y2+ &2 ¥r '
5 pwp\? R Yo ep[t] ‘ . 3

21— (— ~——— Cc Conjugate[ep[t]] es[t) ea[t] + — eep ———
(o) sm Jugatelep(t]] es(t] ealt] + ¥ eep s oo ‘ :‘

Ya ¥x? .6 . i
eq2=es'[t] ==-— e8[t] +g ———— |1+1i — | ep[t] Conjugate[ep[t]] es[t] + ‘!
2 ¥e? + 82 ¥r - . '

¥e? . 2
g ———— |1+3 — | Ccep[t]” Conjugate[ea[t]]
¥+ 82 k) . .

Wy {2 Wp + W, ¥:2
eq3 =ea’[t] ==-£ea[t]—(—l 2= g;
2 Wa Wy + Wa w2 + 62

(1—1'1 Yi) ep[t] Conjugate[ep[t]] ea[t] -

W, ¢ 2 ¥l 5
(—A) g; (l-i—) Ce ep[t]2C‘onjugate[ea[t]] N N |
Wy ¥t + 82 Y

= Time-dependent solution and plots ’ . !

|
|
f
I
i
1
|
i
d
I
i
i

pr=17.289;

eep = Vpr etha; (* pump field amplitude x)
&§=1,2; (» two-photon detuning in GHz x) !
Sol = NDSolve }
[{eql, eq2, eq3, ep[0] == 0.00001, es[0] == 1.8, ea[0] == 0.}', - ]
{ep, es, ea}, (t, 0, 2000}, MaxSteps - 2000000]; .

(* Plot time-dependent pump, Stokes, and anti-Stokes intracavity power *)pp =
Plot[Evaluate[fp Abs[ep[t]]? /. Sol], {t, O, 2000}, Frame -» True, GridLines - Automatic,

FrameLabel -» {TIME, Pump}, PlotRange ~+ All, PlotStyle » {Thickness[0.006]}];

ps = Plot[Evaluate[fs Abs([es[t]]? /. Sol], {t, 0, 2000}, Frame -» True,
GridLines » Automatic, FrameLabel - {TIME, Stokes), X
PlotRange - All, PlotStyle - {Thickness[0.006]}]; N T

pa= Piot[Evaluate[vfa Abs[ea[t}]12 /. Sol], {t, 0O, 2000}, Frame -+ Txrue, :
GridLines -» Automatic, FrameLabel » {TIME, AntiStockes}, 5
PlotRange - All, PlotStyle -+ {Thickness[0.006]}]; . v
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’ |
(* Plot time-dependent pump, Stokes, and anti-Stokes phase ) : '

-Arg[ep[t]]
w

pp2 =Plot[Eva1uate[ /..801], {t, 1900, 2000},

Frame - True, GridLines - Automatic, FrameLabel - (TIME; Pump},
PlotRange + All, PlotStyle » (Thickness[0.006] }] H

-Argles[t]] = §

ps2 = Plot[Evaluate| /. 8Sol], {t, 1900, 2000}, Frame - True, : 1

GridLines -» Automatic, FrameLabel -+ {TIME, Stokes}, 1
‘ PlotRange - All, PlotStyle » {Thickness[0.006]} ]‘; :

-Arg[ea[t]]
w

paz2 = Plot[Evaluate[ /. Sol],, {t, 1900, 2000}, Frame - True, !

GridLinegs - Automatic, FrameLabel » {TIME, AntiStokes},
PlotRange » All, PlotStyle » {Thickness{0.006] )] H
(* Time-dependent phase difference )
Argles(t]] + Axg[ea[t]] - 2 Arg[ep[t]]
. s
{t, 0, 2000}, Frame - True, GridLines -» Automatic, FrameLabel -+ {TIME, Total},
PlotRange + All, PlotStyle » (Thickness[0.0061}]s

pas = Plot [Evaluate[ /. Sol] .

(* Smooth the phase difference, e.g., nm is equivalent to -x )

x=!-‘1atten[ 4 ) ‘
Table[Evalual;e[ Argles[cl] +Mg[ejr[t” - 21}rg[ep[t]] /. 8ol], {t, 1,°2000, 1}]]s
pAif = {}; . ) ) A

Do[pdif = Append[pdif, t]; . -
y = Part[x, t]l; .
z1=If{y>2,-y~2, If[y>1, v-1, y]l:
22 =If{z1< -2, 21+3, If[z1<-1, 21+2, Tf[z1<0, 22+1, 21]]};
z=I£[22<0.1, z2+1, 22];
pdif = Append[pdif, z],
{t, 1, 1000, 1}
1;
pdif = Partition[pdif, 2];
ListPlot[pdif, PlotJoined » True, PlotRange -+ All];
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a Export the solutions i . |

tl = Table[i, {i, 0, 1000, .5}]1; |
pump = Flatten[Table[Evaluate(fp Abs[ep[t]]2 /. Sol], {t, 0, 1000, .5}11: s \
stokes = Flatten[Table[Evaluate[fs Abs[es[t]]? ./. sol]l, {t, 0, 1000, .5}11: .
antist = Flatten[Table[Evaluate[fa Abs[ea[t]]? /. Sol], {t, 0, 1000, .5}]]; B ‘
powerdata = Transpose[{tl, pump, stokes, antist}]; ’
Export["D:\MathematicaData\powertime.dat", powerdata]
£2 = Table[i, {i, 1900, 2000, .5}];

-Azrgfep[t]]
T

pph = Flatten|[Table[Evaluate| /. Sol], {t, 1900, 2000, .5}]]:

-Argfes[t
sph = Flatten[Table [Evaluate[M
. \ z

/. sol], {t, 1300, 2000, .5}]];

-Arglea[t
aph = Flatten‘[,'l‘able [Evaluate[M
n

/. Sol], (t, 1900, 2000, .5}]];
phasedata = Transpose[{t2, pph, sph, aph}];

Export["D:\MathematicaData\phasetime.dat”, phasedata] k
Expoxrt["D:\MathematicaData\phdiftime.dat?, pdif} . :

o Calculate steady-state values as function of tuning ) ’

eep = Y16 ethé; (¥ pump field amplitude x) , il
Do[ !
Sol [5] = NDSolve
[{eql, eq2, eqg3, ep[0] == 0.00001, es[0] ==1.8, ea[0] == 0.},
{ep, es, ea}, {t, 0, 2000}, MaxSteps -» 2000000] ; . : b

If[IntegerQ[&10], Print[&]],
150 150 2

{6, - 22, 22, 2 4,
100 100 100
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epSs = {}:
po[
(*Print[6 100];%)
epSS = Append[epSS, 6§ // N]':

epSsSData =
Mean[Flatten[Table[Evaluate[fp Abs[ep[t]]? /. Sol[6]1], (t, 1500, 2000, 1}11];
epSS = Append[epSS, .epSSData], , . :
150 150 2
to - Too” Too” T00))7
epsSs = Partition[epSs, 2]; '
esSsS= ()}
Do[
(*Print[5 100];+)
esSS = Append[esS5, 6§ // N];
esSshata =
Mean[Flatten[Table[Evaluate[fs Abs[es[t]}? /. Sol[&]1]. {t, 1900, 2000, 1}111;
esSS = Append[esSS, esSSData],
{6, -2, 20, 2 4, )
100 100 100
esSS = Partition[esss, 2];
easSsS = {}:
Do[
(*Print[é 100] ;%)
eaSS = Append[eaSS, 6§ // Nl;

eaSSData = .
Mean[Flatten[Table[Evaluate[fa Abs[ea[t]]? /. Sol{&1]1., {t, 1900, 2000, 1}111:
eaSS = Append[eaSS, eaSSData],
150 150 2
o 355 100 00l

eaSS = Partition[eaSSs, 2];

(* Plot pump, Stokes, and anti-Stokes intracavity powers as function of tuning «)
‘ListPlot[epSS, PlotJoined ~+ True, PlotRange -» All]; :
ListPlot[esSS, PlotJoined -» True, PlotRange - All];
ListPlot[eass, Plot;Joi:néd - Txue, PlotRange - All];
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12

. pe|

£fppSS = {}; (* fp means frequency pulling )
Do[
£ppSs = Append[£fppsSs, 6 // N]; ‘
data = Flatten[Table [Evaluate[Arg[ep[t]] /. Sol[é]], ‘(t, 1900, 2000, 1¥17;
slop={1};
Do[ i
d = Part[data, t + 1] - Part[data, t]; " .
, - If[Abs[d] <, alop = Append[slop, -d]],
{t, 1, 100, 1}1;
£ppSs = Append[fppss, Mean[slop]].,
150 150
fer -3o To0- o)l
fppSs = Paxtition[fppss, 2];

£psSS = {}; (* £p means frequency pulling =)
Do
fpasSs = Append[£psSS, 6 // N1; .
data = Flatten[Table[Evaluate[Arg[es[t]] /. Sol[&8]], {t, 1900, 2000, 1}]];
slop ="(};
Do[ : .
d = Part[data, t+1] - Paxrt[data, t];
If[Abs[d] <7, slop = Append[slop, -dall,
{t, 1, 100, 1}];
£psSs = Append[fpsss Mean(slop]].,
150 150
{6 165 100" o0 }]
fpsSS = Partition[fpssSs, 2];

fpasSs = {}; (» fp means frequency pulling «)

£pa8s = Append[£paSSs, & // N]; .
data = Flatten[Table[Evaluate[Arg[ea[t]] /. Sol[&]], {t, 1900, 2000, 1}1];
slop=(};
Dol
d = Part[data, t+1] - Part[data, t];
If [Abs[d] <, slop = Append[slop, -d]],
{t, 1, 100, 1}];
* fpaSS = Append[£fpass, Mean[slop]],
150. 150
 ~To0 Too" ool ‘ 2
fpass = Partition[£fpass, 2]; '
(* Plot pump, Stokes, and anti-Stokes frequency—pullings as function of tuning %)
ListPlot[fppSsS, PlotJoined » True, PlotRange - All];
ListPlot[£psSS, PlotJoined » True, PlotRange -+ All]; .
ListPlot[£fpaSS, PlotJoined -+ True, PlotRange -+ All]; .

N
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(* phase diffe:‘:ence *) . ‘
ApSS = {}; ’ ,
Do[

A¢SS = Append [AgSS,, 5§ // N];

X = Max[Flatten[Table[ .
Argles[t]] +Arg[ea[t]] - 2 Axg[ep[t]] ~
T

A¢pSSData =IE[x>2, x-2, If{x<0, x+2, x]1;
A$SS = Append[AdSS, A¢_SSData] H - i
If[IntegerQ[§10], P:r.:int [s11. '

Evaluate| /. 8ol[81], (t, 1900, 2000, 1}]}}:

150 150 2 R
N S TR Tl vyt

A$SS = Partition[AdSS, 2];
LigtPlot[A¢SS, PlotJoined »+'True, PlotiRange - All];

u Export the solutions :

Export["D:\MathematicaData\PumpTune.dat", epSS]; . ' . T
Export["D:\MathematicaData\StokesTune.dat"”, esSS]; - i
Export["D:\MathematicaData\AsTune.dat", eaSs]; . . ,
Export["D:\MathematicaData\PhasePump.dat®, £ppSS]; :
Export["D:\MathematicaData\PhaseStokes.dat", .fpasSs];
Export["D: \Mathemat'icaData\PhageAS .dat", fpasSs]:

Export["D:\MathematicaData\PhaseDif.dat", A¢SS]; *

.
s Calculate steady-state values as function of pump power i
&=1.2; (* two-photon detuning in GHz ) ! !
Do[ i
‘Sol[eep] = NDSolve’ ) A . . g
[{eql, eq2, eq3, ep[0] == 0.00001, es[0] == 1.8, ea[0] == 0.},

{ep, es, ea}, {t, 0, 2000}, MaxSteps -» 2000000] ;

If([IntegerQeep/1000], Print[eep, "--", £p eep?]], . ' s
{eep, 0, 27000, 100}]; . . )




159

MathematicaForPrint.nb 14

{(*» intracavity powers ) .
ppSS = (}; |
Do[ !
ppSS = Append[ppSS, fpeep? 1000 // N]; - ) : '
data = Mean[Flatten[Table[Evaluate[fp Abs[ep[t]]? /. Sol[eep]], {t, 1300, 2000, 1}]]],
PpPSS = Append [ppSS, data],
{eep, 0, 27000, 100}]; |
ppSS = Partition[ppsSs, 2];
ListPlot[ppSS, PlotJoined -» True, PlotRange - All];
passS = (}; .
Dol . \ " i
psSS = Append[psSS, fp eep? 1000 // N]; ' '
data = Mean[Flatten[Table[Evaluate[fs Abs[ea[t]]% /. Sol [eepl], {t. 1800, 2000, 1}]]1]; )
psSS = Append [psSs, data], .
{eep., 0, 27000, 100}]; . )
psSS = Partition[pssSs, 2]; N
ListPlot[psSsS, PlotJoined » True, PlotRange - All]; "
pass = {}; . )
Do[
paSs = Append [paSS, £peep? 1000 //N]; ’ |
data = Mean[Flatten[Table[Evaluate[fa Abs[ea[t]]% /. Sol[eep]], {(t, 1900, 2000, 1}11];
pass = Append [paSs, data], . } |
{eep, 0, 27000, 100}1; R ]
pass = Partition(pass, 2]: I
ListPlot[pass, PlotJoined -+ Txue, PlotRange - All]; ' i
- 4 1
I

(* Phase difference x)
APSS = {};
Do

A$SS = Append[APSS, £p eep® 1000 // N];

x= Max[Flacten[Table [Evaluate[
Arglea[t]] +Axglea[t]] - 2 Arg[ep[t]]
- =

. /. Sol[eep}], {t, 1900, 2000, 1}]]]s

A¢SSData=If[x>2, x-2, If[x<0, x+2, x]]; . .

APSS = Append [A¢SS, ApSSData] ;

If[Integer@[eep/1000], Print[eep, "--", fp eep?®]],

{eep, 0, 27000, 100}];
APSS = Partition[A¢SS, 2]; . N :
ListPlot[A$SS, PlotJoined -+ True, PlotRange —» All]; . !

o Export the solutions . . ' . !
Export ["D:\MathematicaData\PowerPump.dat®, ppSs];
Export["D:\MathematicaData\PowerStokes.dat", pssSs]; ‘

Export ["D:\MathematicaData\PowerAS.dat", paSs];

Export ["D:\MathematicaData\PhaseDif.dat", A¢SS]; .
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