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Abstract:

The well established links between statistical mechanics and quantum field theory have resulted in the
extension of the theory of phase transitions to quantum fields. Within this framework first-order phase
transition rates for quantum fields have traditionally been calculated via the Coleman "thin-wall"
approximation. This approximation scheme is claimed to have validity in the situation where a
first-order phase transition takes place between two nearly degenerate vacuum (ground) states.

It is the purpose of this dissertation to make a comprehensive study of the range of validity of the
"thin-wall" approximation via a comparison of its results with exact results obtained numerically. It is
found that both in the absence of gravity and the presence of gravity the "thin-wall" approximation has
a very restricted range of validity, and that it characteristically overestimates the phase transition rate.
A new approximation scheme is presented which considerably improves upon the original "thin-wall"
approximation, yet requires roughly the same degree of calculation effort as the original "thin-wall".
approximation.

The numerical analysis of first-order phase transitions within quantum fields is also extended to
regimes not applicable to the "thin-wall" approximation in a search for new physical effects. An
evolution from the "thin-wall" tunneling mode to the Hawking-Moss tunneling mode is observed for
the decay from a de Sitter spacetime to a Minkowski spacetime. For the decay from Minkowski
spacetime to an anti-de Sitter spacetime, the "thin-wall" approximation is seen to over-estimate the size
of the "forbidden region" (predicted within the "thin-wall" approximation) in which the transition is not
allowed.

The effect of gravitationally compact objects upon vacuum phase transitions is considered within a
perturbative analysis. It is found that they may act as nucleation sites for first-order phase transitions.
The nucleation rate is. maximized when the size of the gravitationally compact object is comparable to
the size of the nucleating bubble associated with the phase transition.

Some astrophysical applications of first-order vacuum phase transitions are analyzed. In particular, the
post-nucleation evolution of a bubble of "new" phase; together with a relationship between the number
density of possible astrophysical nucleation sites within the Universe (e.g., microscopic black-holes)
and the mass of fermions within the Standard Model.
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 ABSTRACT

The well established links between statistical mechanics and quantum field
theory have resulted in the extension of the theory of phase transitions to quantum
fields. Within this framework first-order phase transition rates for quantum fields have
traditionally been calculated via the Coleman "thin-wall" approximation. This
approximation scheme is claimed to have validity in the situation where a first-order
phase transition takes place between two nearly degenerate vacuum (ground) states.

1t is the purpose of this dissertation ‘to make a comprehensive study of the range
of validity of the "thin-wall" approxunanon via a companson of its results with exact
results obtained numerically. It is found that both in the absence of gravity and the
presence of gravity the "thin-wall" approximation has a very restricted range of validity,
and that it characteristically overestimates the phase transition rate. A new
approximation scheme is presented which considerably improves upon the original
"thin-wall" approximation, yet requires roughly the same degree of calculation effort as
the original "thin-wall"” approximation.

The numerical analysis of first-order phase transitions within quantum fields is
also extended to regimes not applicable to the "thin-wall" approximation in a search for
new physical effects. An evolution from the "thin-wall" tunneling mode to the
Hawking-Moss tunneling mode is observed for the decay from a de Sitter spacetime to
a Minkowski spacetime. For the decay from Minkowski spacetime to an anti-de Sitter
spacetime, the "thin-wall" approximation is seen to over-estimate the size of the
"forbidden region” (predicted within the "thin-wall" approxunatmn) in which the
transition is not allowed. A

The effect of gravitationally compact objects upon vacuum phase transitions is
considered within a perturbative analysis. It is found that they may act as nucleation
sites for first-order phase transitions. The nucleation rate is maximized when the size
of the gravitationally compact object is comparable to the size of the nucleating bubble
associated with the phase transition.

Some astrophysical applications of first-order vacuum phase transmons are
analyzed. In particular, the post-nucleation evolution of a bubble of "new" phase;
together with a relationship between the number density of possible astrophysical
nucleation sites within the Universe (e.g., microscopic black-holes) and the mass of
fermions within the Standard Model.




CHAPTER 1

INTRODUCTION

VACUUM - empty space; specifically, an enclosed space devoid of matter...

" The Encyclopedia Britannica”

How arid the vacuum used to be! Fc;rtunately, the arrival of quantum field
theory has brought with it a dynamic life for the vacuum. No‘loﬁger doﬁvé think of .ther
vacuum as empty space but rathér. as a sea §f virtual particles, a mediuﬁl capable of
.tvran.sition, and the stage for particle physics and cosmology. In -some ways we may
think of it as the long sought after "aether" of the nineteenth century.

Under the classical deﬁ:ﬁtion of the vacuum the question of stability was not an
issue. How may one question the stability 6f émptiness? Perhaps this may be the
subject for some esoteric philosophical argument but it is certainly not a physical issue.
However, such a question has been thrown into the physicists' arena with the
introduction of quantum field théory. Though the vacuum may be ciassically stable it is
possible that it may ~undergo' some form of quantum decay. The emission of an alpha
particle from a radioactive nucleus provides us with a loose analogy here. Classically,
the nucleus silould be stable and the alpha particle bound to it by a potential barrier;
however, quantum theory allows fdr funneiing througﬁ the barrier and the resultant
_escape of the alpha particle. Quantum fiéla theory allows for the association of

potentials with the various quantum fields in nature. Such potentials may also have




"barriers'; similar to those which bind alpha panicleé to nuclei, and quahtum tunneling
of the field through the potential barrier may then be a”possibility.

Within the ﬁamework of quantum field theory, a vacuum is defined ‘as being
the ground state for the quantum fields, where the ground state is defined to be a local
minimum of the associated field potential. Within this picture the "sea of virtual
particles” may be thought of as the quantum fluctuations of the field about. the ground
state. If a pdtential has more than one local minimum ‘then there are multiple groﬁnd'
states available to the field. Multiple ground states would mean, by definition, multiple
vacuum .states. Thus it is necessary for us fo make some form of distinction between
these possible multiple vacuum states. We shall refer to the vacuum state with the
lowest potential energy as the "true vacuum”. Under the assuniption that the potential
is bounded from below, the true vacuum will have absolute stability, i.e., stability
against quantum decay as well as classical stability. The remaining vacuum states shall
be referred to as "false vacua"; such vacua enjoy only classical stability. Figure 1
illustrates these ideas.

The picture of false vacuﬁm states separated from the true vacuum by potential
barriers, with the resultant decay of tﬁe false vacua, has a very close analogy in another
branch of physié_s? nofably the theory of first order phase transitions in thermodynamic

systems. A first order phase transition may be associated with the presence of a
_potentfal barrier separating the two ground (vacuum) states within the transition. When
this barrier is absent then the phase transition becomes second (or higher) ordef.

The condensation of gases to foﬁn liquids,.the onset of ferromagnetism and
even the everyda); appearance 6f bubbles of carbon dioxide in a newly opened bottle of

soda are examples of first order phase transitions. - The important common




characteristic here is that the transition occurs via nucleation of bubbles of the new

phase within the medium of the old phase.

tto

U

0)

u False

Vacuum
o True
Vacuum

ti

2

Y Quantum
tunneling
Field Parameter

Figure | Decay from a false vacuum state to the true vacuum state. The potential

barrier separating the false vacuum from the true vacuum allows for classical stability
of the false vacuum, but quantum barrier penetration results in its eventual decay to the
true vacuum state.

The links between quantum field theory and statistical mechanics are well
established (see, for example, Allen (1986)). As a result, first order phase transitions for
the decay of false vacua associated with quantum fields will proceed in a similar

manner to first order phase transitions in everyday matter. Bubbles of new phase will



be nucleated via quantum fluctuations rather than statistical fluctuations, but there will
otherwise be very little difference.

When considering phase transitions in everyday matter we usually ao not
consider the effects of gravity. In the absence of gravity we are free to choose the zero
level of our energy; the physics being sensitive oniy to energy differences and not to the
absolute vg.lpes of the energy. However, when considering phase transitions in
quantum fields we are often faced with a cosmological settiﬁg. As gravity plays a
fundamental role in most cosmological settings we are forced to consider its possible. |
effects upon such phase transitions.

If gravity is included in the analysis then we no longer have the freedom of

.arbitrari'l)" choosing a zero-level for the energy of the quantum fields. The enérgy
density associated with the quantum fields will be a source for the gravitational field via
the stress-energy tensor for the quantum fields. Thus, arbitrarily fixing zero levels for
the energy of the quantum fields cémld have a drastic effect upon the evolution. of a
spacetime. General relativity predicts that if the enérgy density of the vacuum state for
the (iuantum fields is positive, zero or negative then an otherwise empty universe will
be described by a de Sitter, Minkowski or anti-de Sitter spacétime, respectively. As the
properties of these are vastly different it is neceésary to conclude that quantum fields
may have an essential role to play in cosmology. '

Today we find ourselves living in.a universe described by a Robertson-Walker
spacetime with zero vacuum energy densit-y. The smallness qf the present vacuum
energy density is, in fact, the most accurétely known quantity in the physical sciences at
th1s time: The observational bound on the mass density of the universe is 10-28 g cm'3 :

wh11e for example, the characteristic mass density assocmted with the electroweak




theory is 1026 g cm™3. Thus, in dimensionless units the maximum vacuum energy
density of the Universe is of the order 'of 10-54, which for all practical purposes is zero!
If we are currently living in a false vacuum state then its decay would result in
an anti-de Sitter spacetirﬁe, i.e., a spacetime corresponding to a negative vacuum energy
density. Similarly, any first-order phase transition, with supercooling (i.e., where
thermal excitatioﬁs are insufficient to push the field over the potential barrier), which
may have taken place in the past would have placed us into our current state from an
initial de Sitter spacetimé (ie., a spécethﬁe corresponding to a positive vacuum energy
density). Such a scenario is commonly accepted because the inflation of the Universe
during its de Sitter phase would solve many of the problems of présent day cosmology;
for example, the lack of magnetic monopoles, the flatness problem and the isotropy of
the Universe. |
Another interesting phenomenon associated with first order phase transitions is
their ability to be nucleated by an inhomogeneity or some other form of nucleation site.
An example of this is the preferentiai- formation of rain drops-around dust particles in
the atmosphere. The presence of nucleation sites can considerably enhance the
nucleation rate for a i)hase Uaﬁsition, and their absence can often result in the
phenofnenop of supercooling. One is therefore led to ask whether there are analogon_ls
nucleation sites for vacuum phase transitions. In particular, can inhomogeneities in the
gravitational field act as nucleation sites for vaéuum phase transitions? Such
inhomogeneities méy find their origin with black holes, boson stars or other
gravitationally compact objects. Even density perturbations in the background metric
_associated with a hot early universe might act as nucleation sites. |
The Higgs fields of the eleétroweak theory of Glashow (1961), Weinberg
(1964), and Salam (1968) (hereafter referred to as GWS theory) provide the motivz'ltio'n




for most of the study of vécuum pilase transitions with quantum fields. The Higgs field
provides an example of a quantum field in which vacuum phase transitions are believed
to occur; there are also very compelling reasons to believe in the existence of the Higgé
fields. |

| The "weak interaction” pro{/ed to be problematic for most of the early days of
particle physics (non-renonnahzable in a point-like interaction model, for example).

The interaction is short ranged and must therefore be transnntted via a heavy (vector)
boson. Fortunately, massive bosons may be generated quite naturally within gauge.
theories via the process of spontaneous symmetry breaking (SSB) of a contiﬁuous
symmetry within the Lagrangian of the field theory. There is an added bonus in that
such theories are also renormalizable. Within the GWS theory, the SSB is generafed
via the Higgs field (i.e.; the broken symrﬁétry vacuum state of the Higgs field does not
respect the full symmetry of the Lagrangién for the theory). The required vector gauge-. A
bosons, together with their masses and couplmgs are predicted quite naturally within,
the theory; this is a compe]lmg reason to believe in the theory. '

The creation of the electroweak  theory provided a unification of tﬁe.
electromagnetic and weak- forces. This unification has been extended in various-
theories to include the strong interaction (Grand Unified Theories, or GUTs); and evén.
grander unification écﬁemes have been proposed. The motivation for 'these
"unifications” are the numerous problems in particle physics and cosmology that fhey
may solve (together, of course; with their aesthetic appeal). A characteristic of many of
these grand unification schemes are the presence of Higgs fields.

An initial study of false vacuum decay, in the absence of gravity, was made by
Coleman (1977) in which he forinula'ted the "thin-wall" approxilhation scheme.

Coleman showed that the "nucleating bubble profile" should be given by the solution to




the Euclideanized field equations with appropriate-'bound‘a-r.'y conditions. The number of ‘
nucleatmg bubbles per unit four volume within this analys1s may be expressed by .
I' = A exp(-B), where B is the dlfference between ‘the Euclidean action for the
spacetime with and without the bubble. The coefflc1ent A' is a functional determinant
associated with the field equation, and is typically of the order of the mass scale of the
field to the fourth power. |
| ~ The terminology "nucleathtg_buﬁble profile” should be read with caution as it is
misleading to think of the bubble field profile at the moment of nucleation to be given
by the solution to the Euclideanize‘d_t‘ielchllequations_.~ The reason for this is that at the
moment of nucleation the quantum fluctuations in the field are comparable in "size" to
_the field profile of the nucleating bubble. Thus the notion of a "classical field profile"- -
is misleading in this situation. However, the "classical ﬁeld profile”, to the exterior of
the lightcone centered on the nueleation site, is at late times (i.e., at times much greater
than m-1, where m is the charecteristic mass scale of the tluantl_lm field undergoing the
phase transition) well representetl by the solution to the Euclideanized field equ‘ations _
"rotated” into the Lorentzian sector. Thus, whene'\('er the terminology "nucleathtg
bubble profile" shall be used then the above quallflcatlons will be understood to apply.
We also note that the solutions to the Euchdeamzed scalar field equatlons are also used -
in the evaluation of the Euclidean action of the nucleating bubble.

The "thin-wall" model assumes that the bubble ereated as a result of quantum
- fluctuations has a well defined core of new phase, a very thin wall and an exterior of'
old phase. Such a bubble nrofile is an approxirnate solution to the Euclideanized field
equations when there is a small vacuum energy dens1ty difference between the. two
© vacuum states. This approxtmatlon scheme prov1des a stralght forward and often an

analytic way of determining bubble nucl'eatlon rates in a fleld theoretic context.




In a later paper Coleman and De Luccia (1980) extended the "thin-wall"~
‘approximation with the 'incl’usion of gravity. Their analysis was speciélized to the
formation of O(4)-symmetric bubbles in the decay from de Sitter to Minkowski space \
and from Minkowski to anti-de Sitter space. queman, et. al. (1978), have‘shown that
in the absence of gravity, O(4)-symmetric bubbles always have the least éction and are
therefore the dominant decay mode for first order vacuum phase transitions. Several
- proofs extending this result to fhe situation where gravity is present have been offered,
but all have been shown to bé flawed. Though no proof exists at this time to
demonstrate that 0(4)—lsymmetric bubbles will always have lthe Iowest action when
gravity is included, it is widely. believed to be true.

Quantum fields have associated with them a stress-energy tensor and are
therefore a source for the gravitational field, as given by the Einstein field equations.
T_hus the Coleman-De Luccia analysis required the approxirﬁate solution of the coupled
Euclideanized field and Einstein equations in order to incorporate the effects of the self-
gravity of the bubble. Their results showed an enhanced rate for vacuum decay from de
' Sitter to Minkowski space and a decreased rate for decay from Minkowski to anti-de
Sitter space. This was associated with a decrease in the nucleating bubble size for the
deéay from de Sitter tb Minkowski space ;cmd an increase in the nucleating bubble size
for the decay from Minkowski to anti-de Sitter space as compared. with the nucléating
bubble in the absence of gfavity. There was also a predicted forbidden region for the
‘decay from Minkowski to anti-de Sitter space in which false vacuum decay was
prohibited. This region corresponded to a small vacuum energy density difference
between the two vacuum states. .

As might be expected, the effect of self-gravity on the false vacuum decay rate

is negligible unless the mass of the field concerned is close to the Planck mass. Thus




for phase transitions at the electroweak energy scale (102 GeV), and even the GUT
energy scale (of the order of 1016 GeV), the effect of self gravity is usua]ly neglected
(n.b., the Planck scale is of the order 1019 GeV). In such situations gravity would play
a more dommant. role in the later evolution of the bubble (i.e., on a cosmological scale)
rather than in its formation. However, it.is conceivable that either in the vefy eaﬂy
Universe, or even today, a ];;hase transition could occur which is associated wi‘th é '
highly massive field.

The effect of gravitational nucleation sites upon false vacuum decay has been
studied within the "thin-wall" épproﬁimation by Hiscock (1987), who considered the
effect of black_holes, énd Mendell and Hiscock (1989) who considered the effect of
gravitationally compact objects such as neutron stars. Their analysis proceeded via the
solution of the Israel (1966) equations corresponding to the "patchiﬁg" toéether of two
spacetimes (and is therefore a "thin-wall" analysis). For example_, in the analysis of the

- éffect of a black hole upon false vacuum decay from a Schwarzschild spacetime to a
Schwarzschild - anti - de Sitter spacetime, the solution of the Israel equations
corresponding to the patching together of a bubble core of Schwarzschild-anti-de Sitter
spacetime to an exterior of Schwarzschild spacetime is required. Their analysis showed A

that the gravitationally -compact objects under consideration have the effect of reducing

B, the dlfference between the Euclidean action for the spacetlme with and without the

bubble, and that these objects may therefore play the role of nucleation sites.

It is the purpose of this dissertation to make a study of bubble nucleation
processes for fust-order phase transitions in quanturh scalar fields. This is to be -
achieved via the exact numerical solution of the relevant field equations, or in some
instances where exact solutions are intractable, a perturbative numerical approach is

édopted. The field of study is specialized to: O(4)-symmetric bubble nucleation
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without graviw, O(4)-symmefric bubble nucleation with gravity ( for the decays from
de Sitter to Minkowski s'pace'and Minkowski to anti-de Sitter space), and O(3)-
symmetric bubble nucleation_around gravitationally compact objecfs. In all of these
instances a comparison is made of exact numerical results with those of the "thin-wall"
approximation; this vﬁ']_l’a]low us to estimate the range of validity of the "thi'n-wall"
approximation in the various scenarios. A search is also made for new physical effects.
which may not be apparent from the "thin-wall" analysis.

Finally, some astrophysiclal' aspects of the bubble nucleation procésses are
addressed in light of ‘the exact numerical results. In particular, the evolution of the
interior of the nucleating bubble is considered together with a niodel for piacing bounds
upon the number density. of astrophysical ﬂﬁcleation sites. This bound shall be baséd
" upon the GWS electroWe?k théory in which a sufficiently massive top-quark may
render our current vacuum state a false-vacuum (Politzer and Wolfram (1976), Flores
and Sher (1983), Duincan et. al. (1985)). | o

The convention, ¢ = G = h =1, shall be used throughout this dissertation, except

for Chapter 3 which will use c=h=1, and G=1/mp2 ; where my, is the Planck mass.
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CHAPTER 2

FIRST - ORDER VACUUM PHASE TRANSITIONS
~~ INTHE ABSENCE OF GRAVITY

Motivation é.nd Backgrdund

The theory of the decay of an apparent grouﬁd state to a deeper lying or absolute
ground state of a physical system via somé quantum process or statistical fluctuation
has its roots in many branches of the physical science>s. It has recently found a stage
for its action in the "marriage" of high energy and elementary particle physics with
cosmology.

The advent of the eIéctroweak theory of Glashow, Weinberg and Salam showed
that the fundamental quantum fields df nature'may play an important role in the
evolution of the Universe. This is a result of a possible non-zero vacuum energy

density associated with some of the quantum fields of the theory (thé Higgs fields). A

non-zero vacuum energy density has quite a dramatic effect on the evolution of a

spacetime; a positive vacuum energy density may result in the exponential expansion of
a spécetime, whereas a negatiye vacuum energy density may result in a s?acetime in
which the "Cauchy Problem" is not even weil defined. Verification of the GWS
electroweak theory,_ through the discovery of neutral currents and the W and Z particles,
gave credibility to other unified models, for example the "Grand Unified Theories".
Such theories also predict states for the quantum fields in which the vacuum energy

density would be non-zero.
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A characteristic of unified field theories is the presence of a temperature
dependent (Higgs) field potential. The vacuum state corresponding to the Higgs field
potential respects the symmetry of the Lagrangian at high temperatures. However, at
low temperatures spontaneous symmetry breaking occurs, and the true vacuum state no
longer has the symmetry of the Lagrangian. The true vacuum will lie at some non-zero
value of the Higgs field, and may be separated from the false (symmetric) vacuum by a

potential barrier. Figure 2 illustrates these ideas.

3.50 -- High temp,
potential

3.00 --

<6 2.50 -- Low temp,

potential
C 2.00 --

Barrier
P 150 --
1.00 ..

0.50 --

-20 0.00 020 0.40 0.60 0.80 1.00 1.20 1.40
Field value

Figure 2 The temperature dependent field potential which is a characteristic of
many unified field models.
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In a cosmological setting, a "Hot Big Bang" would initié]ly place the Higgs
potential into its symmetric state due to the very high temperatures shortly after t:he Big
Bang. Such a state would have a positive vacuum energy density as shown in Figure 2.
The energy density of the Uﬁiverse would initially be dominated by a "hot gas" of
relativistic particles, and the.evolution would be described by a Friedman-Robertson-
Walker cosmological model. However, as the Unijverse expanded the energy density of
the hot gas of particles would decrease and the temperature would fall. Eventually,
some pomt would be reached where the vacuum energy density woul‘dl dominate over
that of the hot gas. '

Within many of the grand unified models the quantum field that is driving the
exponential expansion of the Universe will now find itself in a trapped false vacuum
state. The evolution of the Universe would then be well modeled by a de Sitter
spacetime in which the Universe undergoes an exponential expansion. Such an
expansion will in a very short time, drop the temperature of the initially hot gas of
particles to some value very close to seso. If the field behaved in a classical mannef
then this would be the end of the story (i.e., an exponentially ex'pandihg Universe).

~. However, quantum fluctuations in the field allow it to escape from its trapped state,
tunneling through the barrier and thus enabling it to reach the true vacuum state.

The quanmﬁm tunneling of a field | ﬂuough a barrier in the effecti\;e field
potential is analogous to an order parameter of a thermodynamic system tunneling
through a barner in the free energy of the system as a result of statistical ﬂuctuatlons
These processes are charactenstlc of first order phase transitions; such transmons bemg
accomplished via the nucleation of bubbles of the new phase within the medium of the
old phase. |

" Coleman (1977) has provided us with an analysis which shows that the field
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profile of the nucleating bubble, for a first order phasé transition, is given by the
solution of the Euclideanized field équatioﬁs with appropriate boundary conditions.
Additionally, the "bubble nucleation rate" is determined by the Euclidean acfion of tl;e
nucleafing bubble.

The Coleman analysis goes further by providing us with an analytical
app.roximation scherﬁe, the "thin-wall" approximation, for the calculation of the
Euclidean action of a nucleating bubble for a given field theoi'y. This approximation
scheme is valid in the situation where the energy density differeﬁce between the false
-vacuum (ground) state and the true vacuum (ground) stéte. is small. When this is the
case then the approximate solution to the Euclideanized field equations results in a
nucleating bubble which has a well defined core of "new" phase; a thin-wall, in which
 there is a rapid transition from the "new" to the "old" phase, and an exterior of "old"
phase. An example'of a "thin-wall" nucléating bubble profile is shown in Figure 3. .

In this chapter we shall review the f'ihin—wajl" approximation for a particular
"toy modeél" field theory (without the effects of gravity).” We shall also obtain exact
nucleating bubble profiles and Euclidean actions via the numerical solution of the
Euclideanized field equations; this will allow us to éritiéally analyze. the "thin-wall"
approximation and determine its range of validity. This analysis will eventually lead us
to a new approximation scheme, which considerably improves upon the results of the’
original "thin-wall" approx'inriation (these results have been reported in _S'amuel and
Hiscock (1991[aj) )

We shall consider first-order phase transitions for the decay of false vacﬁa with
quantum scalar fields, i.e., fields of zero intrinsic spin. It is conceivable that phase

transitions processes may differ somewhat for fields of higher spin (e.g., possible
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Fcrmi-Dirac and Bose-Einstein statistical effects); however, the scalar field analysis

should provide the appropriate analysis for phase transitions within Higgs fields.

1.40 I i

1.20

0 1.00

0 —Bubble wall
0 0.80 --

>

2 0.60
D

£ 0.40

Bubble Interior Bubble exterior

0.20

0 (0] [E S N — R
0.00 0.50 1.00 1.50 2.00

Radial distance

Figure 3 Nucleating bubble profile for the "thin-wall" approximation.

In order to analyze first-order phase transitions during false vacuum decay it
will be necessary to consider a potential function, say U<>), which has at least two local
minima separated by a potential barrier. In the context of field theory these local
minima represent vacuum states. On the assumption that we do not have degenerate
vacua then there will be just one true vacuum state which is both classically stable and
also stable to quantum decay. All other vacua will only have classical stability and will

eventually decay to lower lying vacuum states.
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* Thin-wall" Approximation and a_"Toy" Model

We shall consider a “toy" model of vacuum decay- for a potential _6f the form
U(¢)=m2¢2 —MN¢3 + Ad?*, which we shall refer to from now on as a $*3-4 potential. Such
a potential has, for a suitable choice of pzllrameters, two vacuum states. In fact it is the

" simplest polynomial potential QMch contéins two va-tcuum states where we are ablé to '
~ independently vary the relative depth and the field distancq between the vacuum states,
it also enjoys the privilege of being the most arbitrary renérmalizable potential.

' Thus, we start our analysis with the self interacting, scalar field potential,
U=m2¢2-m¢3+A64 >  with m2,n,A 20. (2.1)

As we shall be makiné a numerical study of phase transitions within this potential, it
shall be convenient to convert the potential to a dimensionless form via the introduction

of the dimensionless variables,
y=¢/m ., N=m/m, and U=U/m*

Expressing our potential in terms of these variables gives,

U=y2-ny3+Ay*. ' (2.2)
The polynomial coefficients 1 and A givé a sﬁnple algebraic form for the

potential. However, it will suit us to use parameters which have a more physical basis.

Thus we re-express the potential in terms of the parameters v, , the value of the field at

the true vacuum ( the false vacuum will always be located at Y = 0 with our choices of
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parameters), -and € , minus the (dimensionless) energy density of the true vacuum,

€ =—U(y,). With this param_etexization the potential takes the form,

O=y? - 2(28+y> )H’—+ (3e+\y oL A (23)

+ W+

We finally define a dimensionless scale parameter ® which will later be found
to be 5 suitable parameter for defining the range of validity of the "thin-wall"
approximation, :

£

0 = " ; ‘ ' (24)
V.. '

gnd re-scale the field one last .time'by defining o = W/, (so that the false and true
vacua are located at 6 = 0 and ¢ = 1, respecti\;ely). Figure 4 shows this potential for
the choice of dimensionless parameter ®=0.1. The conversion of-our fiéld variable, o,
firstto a dhnensionlesé quantity \;), and then to a scaled variable ¢ is done simply to aid
in the comparison of vacuum decay for different values of ®; there is no physical basis
beﬁind this transformation.

. The ﬂuéleating bubble profile (i.e., o as a function of the épacetime c.oordinates)'
at the moment of éreation is given by the solution of the Euclideanized field equation
with the appfoﬁr_iaite boundary conditions. The Euclideanized field equation in this ca;se

| is simply the Klein-Gordon equation with the substitution t — it. The solution of this )
second order differential equation requires two boundary conditions. One of the
boundary conditions is provided by the requirement that far 'away from the bubble the
field should be in the false vacuum state, i.e., =0. The second boundary condltlon w1]1

become evident from the form of the Euchdeamzed field equation and the neces51ty that
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the field, a, not experience singular behavior. This results in the field having zero

derivative with respect to the 0(4) radial Euclideanized spacetime coordinate at the

center of the bubble.

0.050

0.000

—100 ..

-.150

Figure 4 The dimensionless 234 potential with (*=0.1.

As we are not considering the effect of gravity in this "toy" model then the

appropriate spacetime metric is Minkowskian. The line element for such a spacetime is

ds2= - dt2+ dr2+ r2dfi2 : (25)

Upon Euclideanization we are left with an 0(4)-symmetric spacetime and it is

appropriate to define an 0(4) radial variable G2 = T2 + r2. We shall consider



19

0®@4) symmetriq bubble nucleation as such bubbles-have been shown by Coieman, et. al.
(1978), to have the.least action in the absence of gfavity_, and hence are dominant in the ‘
decay process. With O(4) symmetry the bubble profﬂe will be a function of ¢ only,
ie., 0=0({).

The scalar field equation may be represented quite simply, and generally, in

- terms of the metric by,

| iU . .
g"’ﬁau(g%g""av)(b:'ag, where.g=det(glw). (2:6)
The resulting Euclideénized scalar field equation, in terms of our metric and

coordinate system is:

doe m? a0
dc - \I’i do

Q.

20
dg?2

+ (2.7)

To conform with our dimensionless potential we may re-express equation (2.7)

" in terms of the dimensionless radial variable & = m{, and those pfeviously defined;

dg

d’¢ 3 do 1 d0

gz * & 4g T v? do ; (2.8)
with the boundary conditions, -

0(E—e)=0, | L (29)
and,

4 A

Le=0)=0. . S (210)
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’Ihe second houndary eondition is given by the tequirement that the scalar field,
G, not experience singular behavior. As there is a (3/£) coefficient to the (de/dé,) term
in the differential equation then vtre are required to force (do/d€) = 0 at the origin of the
coordinate S);stem, ie., at E=0. .

AColeman (1977) tiraws the analogy between the solution to Eq.(2.8) and the |
classical motion of a particle of unit mass in the inverted potential, -U(6), where &
represente the position of the particle and & eorresponds to the time. The motion is also
subject toa damping force with a som_ewhat unusual damping coeft“icient, (3/8), ie., the |
damping coefficient is invetsely' pronoﬁional to the time. This analogy will aid us
- considerably by allowing the formation of intuitive pictur_es' of the solutions via
reference to the particle mot_ion.

Consideratien of the intuitive picture will also aid in the development of the
"thin-wall" approximation. Figure 5 shows the inverted potential for 0=0.1. | We know
from one of the boundary conditions that as & (the 'time' from the start of motion) —oo
the particle should come to rest, at c=0, (ie., ~as one moves away from the bubble
centered at £=0 then one should retum to the false vacuum state) The second boundary
condition requires the part1cle to start from rest at £=0, otherwise,there would be
singular behavior in 6. ‘So we start with the particle et some position close to o=1 ( but
obviously less than 1 so that it roles down the correct side of the hill and eventually
- reach 6=0 ). Nonv, if the initial position is not "high enough" then there will be an '
undershoot; i.e., the initial excess energy will not be sufficient to overcome the friction
and the particle wi]l. not reach 6=0. If the initial position is too high then there will be |
an overshoot, i.e., the fnctlon is not sufficient to eliminate the excess energy by the
time the particlé reaches 6=0, and so the particle passes 6=0 and contmues to role down

the hill on the other side. Between these two scenarios there is a starting position that
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will result in a motion satisfying both of the boundary conditions, i.e., the initial excess
energy is exactly countered by the friction with the result that the particle comes to rest

a 0=0.

0.150

0.100 --

0.050 --

0.000 ..

-.050

Figure 5 The inverted <J2-3% potential which provides the stage for the classical
particle motion analogy

We now specialize our consideration to the case of nearly degenerate vacua
('i.e, where the energy density difference between the two vacuum states is very small),
and again consider the particle motion analogy. In this situation it will be possible to
put the differential equation into an approximate form, and thus allow approximate

solutions and the associated Euclidean actions to be obtained in closed form.
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When the enérgy density difference between the two vacﬁum states is small then
the. 'excess energy" available to the pamcle to overcome the friction is restnctably
“small". However, the fnctlonal term may also be made arbitrarily small by remammg
close to the top of the hill ( 6=1) for a sufficiently long time, as the friction coefficient
is inversely.proportiongl to this time. Thus we envisage a situation where the particle
starts very close to the top of the hill, the driving force is very small hefe because the
derivative of the potential is small, and as a result it takes a long time for the particle to
roll off the hill. The energy lost to friction during this phase is minimal as the velocity
is small. When the particle eventually rolls off then the hill the frictional term .may be
neglected as the time is large enough to have rendered it insignificant. The time taken
for the particle to roll from o=1 to 6=0 is small in comparison to the time spent near the
top of the hill. |
Thus we have our model for the "thin-wall" ai)proximation. Translated to the
field solution corresponding to the nucleating bubble profile we have a core of true
vacuum (0=1) and then a rapid transition to the false vacuum (6=0) (i.e., a thin wall in
comparison .toith‘e thickness of the core). The. Euclidean action for the nucleating
bubble is required in order to determine the false vacuum decay rate. In the "thin-wall" |
approximation this action now splits into two pieces, (i) the action of thé bubble core,
and (ii) the action of the bubble wall. There is no contribution to the action from the
exterior of the bubble as the field is constant here and thé potential energy of the field
is zero. In the absence of gravity we may always add a constant to the potential in
order to have a zero contribution to the action from the exterior of the bubble. Now of
course in order to obtain the decay rate we must have the difference between the
Euclidean actions for the spacetimes with and _without the bubble, however, in this

situation the Euclidean action for the spacetime without the bubble vanishes.
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The Euclidean action for a scalar field is given by

S=[dtygtl38v9,000-U@ ], | (2.11)

where g is the determinant of the Euclideanized metric. The contribution to the
Euclidean action from the interior of the bubble involves only the potential term and is

given by

Sinterior =" 5 SwE& 4 . B C(212)

where &, is the dimensionless radius of the bubbie.

| We next require an expression for the action of the bubble wall. To obtain this
we transform the Euclideanized field equation into an approximate form suitable for the
"thin-wall" model. Thus we have (upon dropping the frictional term)

d2o _ 1 _dﬁo
- 2
d§2 : LT3 doc.

- (2.13)

We have discarded the frictional term as this is negligible during the motion from o=1

to 0=0. The new potential function U, is a degenerate potential function formed from

U, satisfying,
COp@=Ug)=0 - : | o au
and,
dx(0)=dx(1)=0 s ' (2.15)
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There is in general no unique way to construct this degenerate potential from the
original potential. However, for the polynomial potential under consideration we may

uniquely define U, , by demanding that it also be a polynomial of nd greater than fourth

order. Thus with the original poténtial given by,

U (0) = ¥2{02 - 2(1 + 20)03 + (1 + 3w)0%) , (2.16)

we obtain the degenerate potential by setting ®=0, as shown in Figure 6. Motion in this
degenerate potential is now assumed to go from =1 to o=0.
The approximate differential equation of motion is integrable and may be
expressed as
A | '
A

énd thus with the boundary condition o(¢— e0)=0 (i.e., the potential and derivative
terms in Eq.(2.17) go to zero as & o) we have,

2
7[5

2 e -0,=0 . ' _ (2.18)_

It is now possible to write an explicit exiaression for the action of the bubble wall.

2
Y,

do
Swall =2 n2 g;jv dx 7[(1 g

T % (2.19)

wall
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Figure 6  The degenerate potential obtained from the potential by setting to=0.
i
=2m2 4~/ da (2000 W from Eq.(2.18) (2.20)
0
=21~ S1 (2.21)
with
|
S,=vjdo(200)% (2.2 2)
0

Combining the Euclidean action for the bubble core and wall gives,

Sw=-~w E+Z&@*Si . (2.23)
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Minimizing -S,, with respect to &, gives the bubble radius and Euclidean

terms of the expressions for S, and €,

35,
En="T ,
. €
and,
27 72 S}
Sew ="
. 253

For the $23-4 potential, the integral for S, reduces to,
.2

1
S, = 2f[2<52(1-<s)2] "do = i
1 W+o = 3\2

and the Euclidean ‘action in the "thin-wall" approximation is then

2
n2y,

v T 243

S,

b

action in

(2.24)

(2.25)

(2.26)

(2.27)

We note that the "thin-wall" approximate action may be written as +2 times a

function of ‘®. This is not a result of the approximation scheme but rather due to a

convenient symmetry which exists for the ¢$2->4 potential. The field equation, Eq.2.8, is

dependent only upon ®, and not on some independent combinations of € and y,. Thus

we may re-scale € and y,, and keep the solution 6(£) invariant, provided the re-scaling

remains invariant under the rescaling,

* in performed in such a way so as to keep o=¢e/y,? constant. Thus the solution o(§)




27

e—-ale ., . B (2.28)
and,

v aty, , o (2.29)

The Euclidean action for the nucleating bubble is also found to scale under

“these transformations, this scaling being given by,

Sg—als, ' ©(2.30)

In order to obtain the ﬁumber of nucleating bubbles per unit four volume it is
necessary to calculate the difference between the Euclidean action for the spacetime
* with and without the bubble. We have obtained an expression for the Euclidean .action
of the spaceti-me.with the bubble and so all that is required now is the Euclidean action
for the empty spacetime. HoWever, this empty épacetime is just Minkowski .sbace as
given by the line element in Eq.(2.5) . The scalar field in this "empty" spacetime takes
the constant value of $=0 and so there is neither a kinetic nor a potential contribution to

the action. Thus we have,

B =S (bubble) - S (empty) , S (231)
= (bubble)

Flgure 7 shows a graph of the ratio of B for the "thin-wall" approxnnatlon to the
value of B determmed by the exact numerzcal solution of the Euclideanized field-
equation (a description of the numerical methods associated with the solution to the

Euclideanized field equations and the evaluation of the exact Euclidean action may be

1
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found in the Appendix). We immediately observe that the "thin-wall" approximation is
at best a zeroth order approximation, at least for the (234 potential. The "thin-wall"
approximate action is exact for the limiting case of <0=0 and remains within 10% of the

exact result only up to (0=0.02. Thus we are led to conclude that the reliability of the

"thin-wall" approximation may be questionable.

0.80 --

0.60 --

0.40 --

0.20

Figure 7 A comparison of the "thin-wall" approximation and exact results for the
Euclidean action of nucleating bubbles formed with a ~2-34 potential. The curve gives
the ratio of the approximate to the exact Euclidean action as a function of to.
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A New Approximation Scheme
In the new approximation scheme we obtain a degenerate potential, UgNew |

from the full potential by adding a term linear in the field, o, to the original potential

such that [ U,Ne"(0=0)]=[ UN**(0=1)]=0. However, we note that the derivative of
U New will not be zero at 6=0 and o=1; in this -way the new approximation deviates

from Coleman's definition of the "thin-wall" approximation. Thus we have

ﬁ”f,"’(c) vi( o -21+20)0%+ (1 +3w)0* + o) (2.32)

and the S, integral takes the form,

| .
’ 2 ew ew - : - \
S New =2%W+JGN0 {l,ﬁNo | 3 %dq | . . (2.33)

The unusual appearance of the integrand as compared to the previous expression
given in Eq.(2.22) is due to the fact that the new degenefate potential is not positive
semi-definite; the form of the integrand in Eq.(2.30) is such that the integral will at
least be a C! function. ' It may be considered that this expression is too artificial, '
however, for the purpose of the approximation schemé it does serve as the most
convenient definition. An alternative definition may take the limits of integraﬁén to go
froﬁ zero to the point where the argument of the square root becomes negative.
However, this is found in general to change the value of S, by at most a few percent
and is not worth the extra complication. After all,a good approxunatlon scheme should

be both well defined and calculationally s1mp1e'
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The value for S,Naw is now substituted into the expressions ( Egs. (2.24) &

(2.25)) as for the original "thin-wall™ approximation, the results are shown in Figure 8.

1.10 ..
0.90 --
0.60
a
Figure 8 A comparison of the new approximation and the exact numerical results

for the Euclidean action of nucleating bubbles formed with a €2'34 potential. The curve
shows the ratio of the approximate to the exact Euclidean action as a function of to.

The results for the new approximation scheme obviously fair far better than the
original "thin-wall" approximation, at least for the (234 potential. The approximate
value for B is again exact for to=0 and remains within 10% of the exact results up to
about c0=0.85; this is a range of between one and two orders of magnitude greater than
for the original "thin-wall™ approximation. Figure 9 gives a superposition of Figures 7

and 8, and allows for a better comparison of the two approximation schemes. We note
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that the original "thin-wall" approximation always underestimates B and hence
overestimates the decay rate. When the new approximation diverges from within 10%
of the exact results then it does so in a way so as to overestimate B and hence

underestimate the decay rate.

0.80 --
0.60 --
0.40 --
0.20 -
W
Figure 9 A comparison of the original "thin-wall" approximation and the new'

approximation scheme for bubble nucleation with a (234 potential. The upper curve

shows the ratio of B(approx)/B(exact) for the new approximation and the lower curve
shows the same ratio for the original "thin-wall" approximation.

We noted that the regime in which the approximation methods hold, at least for
the 7234 potential, corresponds to a small value of to. Confusion has arisen here where
some of the earlier literature, e g., Coleman (1977), has suggested that a small value of

E be the requirement for the "thin-wall" approximation to hold. We may in fact let |
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take any.value and still havé a \—ralid épproximation scheme as long as vy, is suffici“ently' .
large so as to let o lie in ﬁe appropriate range. The ¢2-34 pofential emphasizes this -
point rather well. ’I_'he underlying reason behind this is that the Euclideanized field
equation is dependent only upon ® and not some other independent combination of €

and y, .

Robustness Test for the "New" Approximation Scheme

The "new" approxixhation scheme would be of little value if it were specialized
to the ¢2-34 potential. This approximation method is therefore applied to a highly non-
polynomial potential, derived from Bessel fqnction_s, in order to test its robustness. fhe
robust potential,. in dimensionless form, is given by, |

€ { Jola] - Jy[a(1-0)] )
U(o) = 1-J,[al

, : (2.34)

where J; [a] is the first maximum of J, after J; [0] (see Figure 10 ), and the derivative

function for use in the Euclideanized field équation is given by,

dg  a&’fa(-0)]

do =" 1-J,0a] (2.35)

We are now faced with the problem of determining an appropriate degenerate
potential for the original "thin-wall" approximation. This problem does not arise with
the "new" approximation as the degenerate potential is well defined and obtained

simply by adding a linear term to the original poténtial, thus
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OT =OKTE (2.36)
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Figure 10 The dimensionless 'robust' potential.

The original "thin-wall"  approximation requires a degenerate potential

r
satisfying the conditions Uo(O):U’o(I):O, and **"(0) = ~*~(1) = 0. There are

obviously an infinite number of potentials satisfying these constraints. With the (234
potential we were fortunate enough to be presented with an obvious choice for the
degenerate potential, this being obtained by setting to=0 in the original potential,
Eq.(2.15). However, with the robust potential we are not so fortunate, there is no

parameter which we may set to zero giving the desired result. This will in fact be the
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case in general for an arbitréry potential. We shall therefore construct the following

degenerate potential, which we may argue is a reasonable choice,

?

6, -

N

[1-cos(2n)] . 237y

Unlike the ¢2-34 degenerate pote_htial, the degenerate potential here "scales in height" in

accordance with the robust potentiél. Proceeding with the original "thin-wall" analysis

we obtéin,
Btw=.—8:f % 1 (2.38)
. € :

The r‘obust'potential has another qualitative difference with respect to the _¢2'3“‘
potential in that it undergoes a simple scaling as we alter the depth-of the true vacuum
Arelative to thé false vacuum; a change in € for the $234 potential resulted in an
aissociateql qualitative chanéc in the shape of the pote,ntial.. The Euclideaniied field

equation admits a simple treatment for the scaling of potentials. During the

transformat_ion,

I~J—‘>0L_ﬁ' ; . _ (2.39)
we have, _

o(x) = o(okx) (2.40)
and,

B— o2B - _ o (241)

Thus it is sufficient to calculate the nucléating bubble profile and Euclidean

action for one value of €, the remainder of the nucleating bubble profiles and Euclidean
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actions are then obtained from the above scaling rules. Taking for the initial 'robust"

potential €=0.1, we obtain,

B,, =8754 BNew = 1776.6 B, ... = 1826.2

exact

New

tw
B =0.48

exact

Altemnatively, =0.97.

exact

Thus agajﬁ with the robust potential, we observe that the new. approximation
scheme holds up far better than the original “thin-wall” approximatioﬁ.

'Further studies with robust potentials have been presentéd by Samue] and
Hiscock (1991(a)). Their analysis verified the improved va]ués of B obtained via the’
use of the "new" approximation scheme over the original."th'in-wall" approximation. It
was also shown that apart from a possible scale change on the (:)'—axfs, the results
illustrated in Figure 9 appear to characterize tile rélative values for B obtained in the

two approximation schemes, regardless of the functional form of the potential.

Bubble Profiles

The "thin-wall" approximat—ion inher.enﬂy assumes that the bubble prof‘ileAis one -
of an interior core of true vacuum (6=1), a very thin-wall where G evolves rapidly from
1to0 aﬁd an exterior of faise vacuum (0=0); as sho;vn in Figure. 3. We expect the_.
exact bubble profiles to ap};roach the thin-wall profile in the regime of ®»—0, however
it is instructive to. observe the evolution of the bubble profile as the potential moves

away from the region applicable to the "thin-wall" model.
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Figure 11 shows the bubble profile at the moment of nucleation for a couple of
values of to, with a €234 potential. We observe that for such a potential the thin-wall
profile does not really occur for a»0.2, and we would have to move to much smaller

values of to in order to obtain such a profile.

0.80 --

0.60 --

0.40 --

0.20 -

Figure 11 Nucleating bubble field profiles (i.e., solution curves for Eq.(2.8)) for
t0=0.2 (upper profile), and t0o=1.0 (lower profile).

Figure 12 shows a bubble profile for the robust potential corresponding to
£=1.0, the remaining profiles arc obtained from the scaling rule given by Eq.(2.37).
This profile fits better into the "thin-wall" model than the corresponding profile for the

42M potential (with £=1.0). However, as the results have shown, this does not
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necessarily imply that the Euclidean action obtained from the "thin-wall" approximation

will be close to the exact Euclidean action.

0.80 --

0.60 --

0.40

0.20 ..

Figure 12 Bubble profile for the robust potential corresponding to E=1.0.

Energy of the Nucleating Bubble

It is a fairly straightforward task to determine the energy of the nucleating
bubble. The calculation proceeds as follows: The energy of the nucleating bubble is

defined by,
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0
Integrating by parts
4 1 [d¢)? Ty
T it
=—|p3!= - =
p=0

The first term of this equation vanishes, leaving,

B 4r 2o - du
Fe=. X 3
3 Jp { ap?” dp}dp
0

4nj3[]{2 1d

=-3|P 2t 3

3 dp? p3dp
0

(242) .

(243)

(244)

(2.45)

(2.46)
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5o (e @] oo
0

Thus we observe, as expected, that the energy of the nucleating bubble is zero,
in agreement with the respective conservation laws.

This concludes our review of the "thin-wall" approximation and our analysis of
IO(4)-symmetric bubble nucleation processes in the absence of gravity. We shall now
extend our analysis, in Chapter 3, to the situation where gravity may play a role in the

bubble nucleation processes.
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CHAPTER 3

FIRST-ORDER VACUUM PHASE TRANSITIONS
WITH GRAVITY

Background

One of the more important applications of the theory of false vacuum decay is to
éosmology, in partichlar, the inflationary mddels of the early universe. These models
are of interest becausé they may providé a solution to many-of the contemporary
probléms _of cosmology; for e;zample, the horizon, flatness and monbpole prbblems.

The main characteristic of the inflationary universe models is a de Sitter phase
of evolultion. The "Higgs fields" provide a driving force for a de Sitter phase of the’
early Universe via a non-zero vacuum energy density which results in the exponeﬁtial
expansion of the Universe; this expansion being the key to solving many of the
cosmblogical problems. It is obviously necessary for the Universe to evolve out of a de
Sitter phase as we find ourselves today living in a Universe with zero vacuumﬂ energy
density. This evolution is believed to occur within the theories of ",olci" inflation [Guth
(1981)] and “"extended" inflation [La and Steinhardt (1989)] via a first-order phase
transition within the "Higgs fields". '

As the vacuum phase transitions are taking place in a cosmolog.ical setting

where gravity plays a fundamental role, we may ask whether the self-gravity bf the
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quantum fields undergoing the phase transition will have an effect on the transition rate.

This question has been addressed within the "thin-wall" approximation by Coleman and -

De Luccia (1980). Their analysis involved the approximate solution of the coupled
Euclidéanized scalar field and Einstein equations, extending the original "thin-wall"
analysis of Coleman (1977), as detailed in Chapter 2, which only- required the solution
of the Euclideanized scalar field equation. . | .

The analysis of Coleman and De Luccia specifically considered O(4)-symmetric
bubble nucleation for the decay from de Sitter to Minkowski space and Minkowski to
anti-de Sitter space. They found that gravity enhanced the decay .rate for the transition
from de Sitter to Minkowski space but impeded the decay rate for the transition from
Minkowski to anti-de Sitter space. In fact, there was found to be a forbidden regime in
the aecay from Minkowski to anti-de Sitter space where no O(4)-symmetric transitions
could occur. ) |

.The forbidden regime has a simple explanation within the Coleman and De
Lucci.a aﬁalysis: There is a gravitational contribution to the energy of the buBble ‘
(remembering that the bubble has zero total energy). For the decay from Minkowski to
'anti-de Sitter space the gravitational contribution to the energy of thé bubble results in a
bubble of larger radius that in the zero gravity limit. The forbidden regime corresponds
to the situation where the bubble cannot be "la.tgé enough" to render its énérgy zéro, ,
i.e., the gravitational contribution to tﬁe énefgy of the bubble results in a bubble of
infinite radius. a

The hnpoﬁance of the self-gravity of a quantum field is governed by the ratio of
the mass of the fie}d to the Planck mass. Therefore it may be argued that such effects
are negligible as the fields that we are most familiax_ with have méssés well below thé

Planck mass. For example, the electroweak mass scale of 102 GeV is well below the
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Planck mass scale of 1019 GeV, and thus one would expeét gravity to play an
insignificant role in the electroweak phase transition.- However, if is conceivable that
either in theAvery early Universe (e.g., GUT energy scales may lie between 1016 GeV
and 10!8 GeV, and supersymxhetri‘c'energy scales may also lie close to the Planck scale)
or even toda& a false vacuum phase transition could occur which would be associated
with a field of appreciable mass. It is therefore important to obtain ‘a better
“understanding of the effects of gravity upon such processes. ' ‘

In Chapter 2 we cdnsideped the range of validity of ‘the Coleman "thin-wall"
approximation for false vacuum decay in the absence of gravity. In this chépfer we
shall consider.‘the range of validity of the "thin-wall” approximation Qitﬁ the presence
of gravity, via a comparison of the Coleman-De Luccia results with exact numerical
results ( these results have beén reported m Samuel and Hiscock (1991[bD) ). The
analysis shall also be extended beyonci those regimes applicable to the "thin-wall"
approximation in an attempt to better understand the effect of g;avity in these regions.

The analysis shall be based upon bubble nucleation for scalar '.ﬂelds wifh the
polynomial potential, U(¢)= U, + m2? - No*+ A ¢ ; this is the potential used in the
“toy" model analysis of Chapter 2, with the addition of a possible éonstant term U..
The constant term will provide. the vacuum energy density in the initial false vécuum
sta'te, and thus allows us to choose between an initjal de Sitter, Minkowski or anti-de
Sitter spacetimé; these having positive, zero, aﬁd negative vacuum energy densities,

respectively.
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“Thin-Wall" Analysis via a_"Toy" Model.

It éha]l be instructive to review the "thin-lwall"' approximation for false vacuum
decay with the inclusion of gravity, as formulated by Coleman and De Luccia (1980),
forAthe’ potential under consideration. This will .provide us with expiicit results with
which we may compare the exact numerical results, and hence determine the range of
validity of the "thin-wall" approxhnatioﬁ. The initial analysis, ~placing the potential into -
a suitable form, will proceed in a similar manner to that of Chapter 2.

Consider a self interacting scalar field with a ¢°—’2“3“4 potential,
U=U,_ + m2¢? —nd3 + Ap* - withm?,n,A>0. (3
U, shall be the value of the false-vacuum energy density, the false vacuum state being

located at ¢=0 (with an appropriaté ‘choice of parameters). Changing to the

dimensionless variables used in Chzilpter 2;
y=p/m , N=ym , _I~J"=U/m}4 ,
gives,‘
U=0_+y -y +Ay¢ . - | - (3.2)

Introduce the parameters v, , the value of the field at the true vacuum, and € ,
the dimensionless energy density difference between the true and false vacuum states.

~ As we shall specifically consider only the decay from de Sitter to Minkowski space, or

from Minkowski to anti-de Sitter space, we have placed a constraint upon U_, the

dimensionless false vacuum :energy density. For the decay from de Sitter to Minkowski
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space U, =€, and for the decay from Minkowski to antj-de Sitter space U_=0. With this

parameterization the potential takes the form,

' . 3 4
U= [E] + w2—2(2€+w3>f’v’—3+ (BE+yHir . (33)

+ _ V.

The first term, in square brackets, is included if we are considering the decay

~ from de Sitter to Minkowski space but excluded for d’ecay from Minkowski to anti-de
Sitter space. Finally, we make use of the scaled field variable, o=y/y, , such that the

false vacuum is located at =0 and the true vacuum is located at o=1 ; and again

introduce the parameter, =€/y,>2. Thus ,

U=[E]+ (0®- 2Qat))0® + Botl)ot 2 . (3.4)

Figure 13 shows this potential for the decay from de Sitter to Minkowski space
and the decay from Minkowski to anti-de Sitter space. In both cases the potential is
illustrated for €=0.1 and y,=1.0. We note that the shape of the potential is the same in
both caseé, the only difference being a constant energy dehsity shift. In the absence of
gravity the soiution of the Euclideanized field equation, which gives the nucle;iting
bubble profile and the decay rate, would have been the same for both potentials given
here. The reéson for this is that the "force term" in the Euclideanized field equation is
givén. by the derivative of the potential and so Would not be sensitive to the constant
energy shift. The constant term in the vacuum energy density associated with the
potential wi]l,.however, be a source for the gravitational field and hence have an effect
" onthe nucleating bubble préfile and decay rate if the analysis is to include the effects of

gravity.
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Figure 13 The upper curve shows the form of the potential associated with the
decay from de Sitter to Minkowski space, with the false vacuum state having a positive
vacuum energy density. The lower curve shows the form of the potential associated
with the decay from Minkowski to anti-de Sitter space, with the false vacuum state
having zero vacuum energy density. The two curves differ only by a constant energy
density shift.

Euclideanized Scalar Field and Einstein Equations

The solution to the coupled Euclideanized scalar field and Einstein equations
will provide us with the bubble profile at the moment of nucleation. The associated
Euclidean action of this bubble will yield the number of nucleating bubbles per unit
four volume via the equation T=AexpC-B), where B is the difference between the

Euclidean action for the spacetime with and without the bubble. The coefficient ‘A’ is a
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functional determinant assoc1ated with the Euclideanized scalar fleld equatlon and is

typlcally of the order of the field mass to the fourth power.

For the decay from Mmkowskl to anti-de Sitter space, the initial spacetime o

without the bubble (i.e., Minkowski space) has a vanishing Euclidean action and hence
Bis given simply by the Euclidean action for the bubble spacetime. However, for the
decay from de Sitter to Minkowski space, the initial emp;y spacetime (i.e., de Sitter
space) does not have a vanishing Euclidean action, and so it is necessary to e\(aluate a
subtraction term in order to obtain B. _

In the absence of gravity Coleman, et. al. (1978), have sho_wﬁ that O(4)-
symmetric bubbles will always have the least action, and hence be the dbminant mode
for decay. This resuit has not at this time been successfully extended to the situation
where gravity is present, but it is 'generally believed to still hold. Thus we shall also
consider O(4)-s§mnietric bubble nucieation in Aa simﬂar manner to Coleman an_d De
Luccia.

The Euclideanized spacetimés that we. are considering '( i.e., de Sitter,
Minkowski and anti-de Sitter ) are all O(4)-symmetric, and so the appropriate line

element for the Euclideanized spacetime is given by

(ds)? = (dC)* + v(£)? (AQ)* . (3.3)

where d{Q is the unit 3-sphere line element. For tile Euclideanized de Sitter, Minkowski
and anti-de Sitter spaces, the ﬁnction v(£) has the form ¥ ~! sin(x{), {, ;md x ~1
sinh(x{), respectively (where x represents the radius of curvature of the spacetime).

| The Euclideanized scalar field equatibn may be expressed in a generalized form,
in termé of the metric and pania; derivativés with respect to the coordinate variéblés, as

follows,
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du

g™, [ g*gtv o, 1¢=

where g is the determinant of the Euclidean metric. In terms of the coordinates of the

line element given in Eq.(3.5), and knowing that for O(4)-symmetric bubbles, ¢=0(() ,
Eq. (3.6) reduces to

@9 3dvde_du :
a " vagdg= de ‘ - (3.7)

A scalar field is a source for the gra\}itational field via the stress-energy tensor

for the scalar field. If we aésume'minhnal coupling between the scalar field and the

gravitational field then Einstein's equation, G,,,= 8nGT,,, , gives for the G, component

of the Einstein tensor,

dv|2? 8nG '
et 39
where
1 (d0)’ |

We again introduce dimensionless variables,
&=m{ , p=mv ,

and make the additional substitution, G= ﬁ , where myp, is the Planck mass. With
, p

these variables the Einstein equation may be written,

‘ Stm?2 | | : 2
(p')2=1+?m—'P,2{ 50'2-([0] + 02 -22e+]1)0® + Bot+l)o?) } p2vy, (3.10)
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where '=d/d§ , and we have for the Euclideanized scalar field equatioh ,

; _
o'-+—§ov= 20 - 62w+1])c? +4B30+)e? . (3.11)

The followixig bopndary conditions are imposed upc;n Egs. (3.10) and (3.11) :

p=0 at £=0 . : . (3.12)
for Eq. (3.10), together with, |

0'=0 at p=0 ,and, ©=0 at &= , | (3.13) °

for Eq. (3.11).

| Euclidean Actign for the Nucleating ngble

The Euclidean action for the nucleating bubble has contributions from both the
scalar field potential and kinetic teﬁns together with a gravitationai term via the Ricci

scalar,

R .
Sg= fd4x g4 5 ghv At Iy + U@ +1e.5 ) (3.14)

=2n2l[d§ [v3 [é[g%]2+U + g%é [v2g—g+v

go| e

As the scalar field profile for the nucleating bubble is a solution to the
Euclideanized scalar field and Einstein equations we may use these equations to '

simplify Eq.(3.1\5). We then have in terms of the dimensionless variables, -
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sE=-2n2de,p3fJ. : | : ' (3.16)

Symmetry Transformations within the Théogy

In the zero gravity limit, defined .by my—eo, the s'olution' to Eq.(3.10) reduces to
p=t and Eq.(3.11) depends only upon ®. We may therefore rescale €and vy, , and keep -
the solution 6(§) invariant, provided the re-scaling is perfonm;d in such a way so as to
keep =¢/y,? constant. This may be thought of as a consequence of only having one
length scale in the theory (i.e., that given by the mass of the ‘field).

When gravity is -introduced via a finite Planck mass the above symmetry is
broken, because we ﬁow have two natural length scales within the theory. However,
there is still a similar but weaker symmetry within the theory. The coupled solutions

o(§) and b(&) remain invariant under the rescalings,

m — a”m , : . (3.17)
Eoalk : : (3.18)
y,— atty, _ (3.19)

Thus, in the zero gravity limit the "m" rescaling was unnecessary. The Euclidean
action for the nucleating bubble will also be found to scale under these transformations,

this scaling being given by,

Sp—oals, . (3.20)
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The theory possesses another, more generalized, symmetry that is not dependent

. upon the form of the ¢0-2-3-4 potential. Writing the Euclideanized scalar field and

Einstein equations in a model independent form, we have

@y 3dpdy_ab
dg2 p d€ d§ ~ dy ’

[%gz-ﬁ} . | | (.3.22) |

(3.21)

[ S X

2 2
% =1-+8“£1.5pz[

These equations are invariant under the rescalings;.

VN T | g - (3.23)
E-plg (3.24)
p—=plp . I . (3.25)

We note that no "m" rescaling is necessary within this symmetry transformation, even
. though we are considering the effects of gravity. The Euclidean action scales under the

above transformations according to,

Sg—>B2Sg . o | (3.26)

"Frictional" Term in the Presence of Gravity

The "thin-wall" approximation, as presented by Coleman (1978), makes use of
the analogy between Eq.(3.11) and the classical motion of a particle of unit. mass
moving in the inverted potential, -U (as explained in Chapter 2), %vﬁere O corresponds
to the particle's position and §'to the time. In the absence of gravity there is a

"frictional" term with the unusual "frictional" coefficient given by (3/€), i.e., inversely




51

proportional to the time; when 'gravity is included this picture still holds, but the
“frictional" coefficient is more complicated, now being given by (3p'/p). .'

The "thin-wall" approximaﬁon_ assumes that the field remains close to the "top
of the hill" of the inverted potential (i.e.; clo-se to 6=1) until p becomes very large, thus
supposedly allowing the "frictional” coefficient to become arbitrarily small, as this is
inversely proportional to p. When the field does eventually "roll off the hill" it is
assumed that its subsequent motion is unaffected by “friction”. In this case the
Euclideanized scalar field ¢quatioﬁ may _bg written in an: approximate form, by
dropping the "frictional” term; making the equation more tractable. The validity of ﬁﬁs
approach is now examined.

The "frictional” term in the preseﬁce of gravity may be written as, -

' 2 ) . % .
%’--_-3 §5'+%£§{ Lo'2_ ([0l +02-2Qu+l)c* + Botlot) 3y | (3.27)

Coleman and De Luccia argue that if P becbrhes lérgé before the "field rolls off the hill"
the "frictional" coefficient, (Eq.(3.27)), is very small and may be neglected. This is
obviously true for the first term in Eq.(3.27), ie., 1/p2. quev'er, the second part of
tﬁe frictional term does not depend upon p, its dependence is solely on the shape of the
potential an(i the mass of the scalar field. In the situation where the mass of the scalar
field is very sniall, this second term will alsp be small "and ma}-r be neglected in
accordanpe to the analysis of Coleman and De Luccia. We shall see, however, fhat for
the decay from Minkowski to anti-de Sitter space this second term plays a key role in

determining the critical mass, above which there-are no more allowed decays.
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"Thi .-‘Wall" Anal' sis via _the Israel Formalism

The "thin-wall" ané]ysis in the préseﬁce of gravity as formulated by Coleman
and De Luccia 'would' now proceed with the approximate solution of the coupled
Euclideanized scalar field and Einstein equations. This culminates in’ expressions fbr B
(the difference between the Euclidean éction for the bubble-spacetime and the initial
‘spacetime), and p _(the nucleating bubble radius), for the decays from de Sitter t;)
Minkowski spacé and Minkowski t(; anti-de Sitter space. However, we shall present an
alternative derivation of the results using the Israel(1966) formalism, which, from the
viewpoint of general relativity is somewhat more elegant. This procedure involves the
"patching" together of two spacetimes, using the Einstein equations to provide matching
or bounciary conditions. Thus, for example, with the decay from de Sitter space to
Minkowski space we would patch together an interior bubble of Minkowski space to an
exterior of de Sitter space. As we will be performing the analysis in the Euclidean
sector then we shall patch toéemer Euclideanized sbacétimes. :

Consider a Riemannian manifold, M,. with metric function g,, . The manifold
M shall be divided into two piéces, M- and M* , by a smooth, closed surface X. The
metric function in M- and M* shall be given by g, "and gt , fespectively. There

will be an induced intrinsic metric hy, on the surface Z, and n? shall denote the unit

normal vector field on X pointing from M- to M*. Figure 14 illustrates these ideas. -

The induced metric on Z may be expresséd as,
hab = 8ab - Dalp, _ . (3.28)
and the extrinsic curvature is given by,

Kap=h; V. . T (3.29)
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Figure 14 M is a Riemannian manifold with metric function gab. The manifold is

divided into two pieces M* and M+, by a smooth, closed surface X The metric
function in M" and M+ is given by gab"and gab+ respectively. hab is the induced metric

on X, and nais a unit, normal vector field, on X, pointing from M' to M+.

The Israel matching conditions on the surface X are.

(3.30)

and

Kab-Kab = -8C<tab-ithab); (3.31)

where the + and - superscripts indicate that the tensor quantities have been evaluated on

the surface X in the M+ and M" parts of the manifold respectively.



|

54

We may now apply these methods to the decays from de Sitter to Minkowski

space and Minkowski to anti-de Sitter space.

"Thin-wall" Decay from Minkowski Space
to Anti-de Sitter Space

To analyze the "thin-wall" decay from Minkowski to anti-de Sitter space we will
have to patch fogether‘ an interior bubble of Euclideanized anti-de Sitter spacetimé_

(M-), to an exterior of Euclideanized Minkowski spacetime (M*). So, inside the -

. bubble, M- is Euclideanized anti-de Sitter space, with coordinates (€,),9,0), aﬁd metric,

8., = diag( 1, p2, p? sin?y , p2 sin?y sin? 0 ) ; _ (3.32)

where p2 = A2 sinh? [%] , and A is the radius of curvature of the Euclideanized anti--

de Sitter space. The unit normal vector field evaluated in M- is ,

n=(1,0,0,0) ,. (333)

which gives,
hy,t = diag( 0, p2, p2sin2y , p2sinZy sin2 @) : (3.34)

The extrinsic curvature tensor , K, =h, V. ny, , is quite trivial to calculate because n,”

is a constant vector field. Thus,

Kal',=rfb , ‘ B , (3.35)
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with the result that,

K, =icoth[%] hy . . | (3.36)

Outside the bubble, Mt is Minkowski space, with coordhates,(E,X,G;é), and

metric,

g, = diag(1,E2 E2sin, E2sin?(sin2@) . (3.37)

The unit normal vector field evaluated in Mt is simply,

nt=(1,0,0,0) , T (338)

which gives
hypt = diag( 0 , 82, E2sin%y , E2sin%( sin2 @) . | (3.39)

The extrinsic curvature tensor , K, =h, V. ny , is again quite trivial to calculate in this

case because n,* is again a constant vector field. Thus

Kp=Cp . - (3.40)
with the result that

+ 1.+ : . ' ' - :

Kab=-Z M - - - (341)

The matching condition, [ hyy* - hyy 15 =0, implies that

.%=Asmh[%]' . S (3.42)
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where &5 and Ey, are the respective coordinates of X in M- and M*. Taking the induced

stress energy tensor for the thin wall at X to be
tab=7Yhept . (3.43)

then the matching condition, [ K;) - Ka-b Iz = -87( tyy, - % thy, ), gives

4

re-arranging this expression we have

g | |
1+X5 = 1+4ny&; , K - (345)
and finally
o 8wy
n}::__ﬂ’Y_1 . o , (3.46)
161t2y2—E '

This result may be re-expressed in terms of the variables that are more physical; .
thus if we let the radius of the bubble in the presence of gravity be denoted by p,, , and

the corresponding radius in the absence of gravity be denoted by pg , then

5

(347)

where
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po=3v/e : ' (3.48)

The radius of curvature of the Euclideanized aﬁti—de Sitter spa;:e (ie., A) is given by
A=3mp2/8n:£ » Where € is the energy density of the associated spacetime. Thus the zero
gravity radius of the bubble (i.e.,. po) is defined in tﬁe limit m,, —#oo (i.e., the
\gravitational constant G.—0). A comparison with the previous "thin;wall" result for
‘the ¢2—34 potentiai gives the relationship

oy , - :

We may now address the question of the Eucli&em action for _the hucleating
bubble within this "thin-wall" model. The Euclidean action is naturally split into two
pieces, the action for the bubble interior and the action for the bubble wall. For the
decay from Minkowski to anti-de Sitter space, the initial spacetime without the bubble
(i-e., Minkowski space) has a vanishing action and so there is no subtraction term in the
ev.aluation'of B. | \

From Eq.(3.16) we may calculate the Euclidean action of the bubble interior as

follows:
‘ Pw ‘ ) .
slgt=-2n:2 f ap3 , (3.50)
. 5 | o
Pw ) _ .
) -VZ ’ : . .
= 2n% p3[1 + [%] ] dp - (3.51)
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o |o .pW 3/2 A e, 172 . :
=e4e13 1+1_\5 -2 1+13 +5 b E (3.52)

. 3 . . .
We now make the substitutions, A2 = Py where € is the energy density of the anti-de

Sitter space, and Eq.(3.47) for py, giving

; o , .
Int_ 3 €+6ﬂ2] £+ 6my? '
SE =35 [E_6m2- 3o Temd) T2 [ (3.53)
Leaving us finally with
| Int 27 w2yt : 9
Sg = 26 (8—67UY-2)3( Je—-6mys) . | (3.54)

We next require the Euclidean action for the bubble wall, this consists of two

terms,- the "surface energy" term, and a contribution from the scalar curvature

associated the bubble wall.
wall _ 1 K A- 1% 130 .
s _Snf[y Sn]h Bx , (3.55)

where K is the scalar curvature associated with the wall, obtained from the trace of

K" - Kyp)- With K=127y, we have

wall
S E

=m2op,’ | ‘ (3.56)

7 w2 ' ' ' .
_amy , (3.57) .

—-[ 8—67572] 3
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The Euclidean action for the nucleating bubble is then given by

Sp = S, s™al | (3.58)
27 m2yA 1
=3 5 ; E (359)
Po
1

T4 A2

or, in terms of the value for B in the absence of gravity ( which we shall denote by By),

1

2
P02

T4 A2

B = B, (3.60)

1

We obsérve that for the decay from Minkowski to anti-de Sitter space the value -

for B is increased from the flat-space value of By, and therefore the decay rate is
decreased. If p0=2A then B becomes infinite (i.e., the decay rate is redl;ced to zéro)
and we now lie on the boundz-iry of the Coleman and De Luccia forbidden region. The
radius of the bubble also becomes infinite in this situatibn. The decay rate is similarly
- reduced to zero for any larger values of po, tllle reason for this (as explained By
Coleman and De Luccia) is that the gravitational contribution to the energy of the

bubble prevents any finite sized bubble from having zero total energy.
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| "Thin-Wall" D’ecgy' from deSit'ter Space
| to Minkowski §pace

Figure 15 shows a diagrammatic rcpresentaﬁon of the patching together of a
bubble of Eu(élideanized Minkowski ‘space (M), to Euclideanized de Sitter space (M);
corresponding to the "thin-wall" decay from de Sitter to Minkowski space. Inside the
bubble, M‘ is Minkowski épace, with coordinates (§,x,9,¢), and metric, '

ga-b = diag( 1, €2, E2'sin2y , £2sin2y sin2 ©). | _ | (3.61)

* The unit normal vector field evaluated in M- is,

n,=(1,0,0,0) ; : : _ (3.62)
which gives
hy,- = diag( 0 , E2, E2sin2y , E2sin2y sin26) . | (3.63)

The extrinsic curvature tensor , Ky, = h, V. ny, | is quite trivial to calculate in this case

because n," is a constant vector field. Thus

Kab=rfb , '_ o (3.64)

with the result that

1 '
Kp=- E hy . | _ | (’ 3.65)
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Figure 15 "Thin-wall" decay from de Sitter to Minkowski space. This diagram
illustrates the ideas behind the Israel formalism, in which we "patch" together an
interior bubble of Euclideanized Minkowski space to an exterior of Euclideanized de
Sitter space.

We proceed in a similar manner for the Euclideanized de Sitter space: M+ is

Euclideanized de Sitter space, with coordinates (5,X,0,<I>), and metric

g” =diag( |, p2, p25In2X , p2Sin2X sin2©) , (3.66)

5.

where py = A2sin2 A

,and A is the radius of the Euclideanized de Sitter space. The

unit normal vector field evaluated in M+ is
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ngt=(1,0,00) , " (3.67)
whichgivgs |
byt = diag(0, p% p2sinZX , p2 sin2X sin2 ©) . (368)

. c . . e
The extrinsic curvature tensor , K, = b, V¢ ny, , is again quite trivial to calculate

‘because n,* is a constant vector field. Thus

Kp=Tp (3.69)
with the result that
1 [E) | a

The matching condition, [ h,p* - h,y Jx =0, implies that
Bz
E..z'_'ASln[X] . | (371)

where &; and ;. are the respective coordinates of Z in M- and M+. Taking the induced

stress energy teﬁsor for the thin wall at Z to be
tab=Yhyy > (3.72)

then the matching condition, [ K; - K Jp = -87( typ, - Tthy, ), gives

-g—z [ 1 - cos [—"f]] hyy =41y Es by : ' | (3.73)
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Re-arranging this expression we have

& | .
1- 5 = 1+'41|:'y§2 ; , (3.74)
and finally
- 8wy
&= — (3.75)
16n272+K;

. This result may be re-expressed in terms of the radius of the bubble in the
presence of gravity denoted by p, , and the corresponding radius in the absence of

gravity be denoted by pg. Thus

Po : : )
P | (3.76)
(2]
27 |
where
3
po=21 (3.77)

A comparison with the previous thin wall result for the $2~3-4 potential gives the

relationship

=35 : | : (3.78)

The calculation of the Euclidean action for the decay from de Sitter to

Minkowski space proceeds in a similar manner to that of the decay from Minkowski to.




* anti-de Sitter space; remembering that we now have a subtraction piece due to the non-
vanishing Euclidean action of the initial spacetimé (i.e., de Sitter space). This final
expression for B ié given by ’
1 . - '
B=By7T—>57+ . - (3.79)
Po |2 '

1+_4A2 .

ie., the decay rate from de Sitter to Minkowski space is increased over the

corresponding decay rate in the absence of gravity due to a decrease in B.

Exact Numerical Results for the Decay from

de Sitter Space to Minkowski Space.

For the ¢2-34 potential under consideration the "thin-wall” formulae become

o 24/t 2
_ Y, Tmey, ‘
B= . 1+ ) s (3.80)

24 §3 ImiE . '

and
2 5. 4] -1

Y, Tmey, . ‘ :

p=—"|1+— . , : - (381)

We have the prediction that as the mass of the field is increased, where € and y, are

kept constant, the bubble radius decreases and the decay rate increases (i.e., there is a
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decrease in B). These results are now compared with the exact numerical results in
order to estimate the validity of the .a.pproximation scheme.

To proceed with the numerical analysis (n.b., see Appendix for a detailed
explanation of thé numerical methods) it is necessary to take note-of an important
difference between .thC false vacuum decay from de Sitter to Minkm';vski space and
false vacuufn decays both 1n the absence of gravity and for the decay from Minkowski
to anti-de Sitter space. The épacetime outside a nucleating bubble is that of the false
vacuum, thus for the decay from de Sitter to Mink(')Wski'.space the exterior spacetime is
(Euclideanize(i) de Sitter space. This spacetime is closed and _ha.é the topology of a four
sphere. There is a maximum value for & ;vvithin this spacetime, which occurs at the
"south poie" if there origin of coordinates (i.e., &=0) is located at the "nofth éoie". We

‘may consider the nucleating bubble, without any loss of generality, to be centered on

the "north pole" of this four sphere. As a result of this the boundary condition
(Eq.(3.13)) requiring 6—0 as §—ee is not valid for the decay of de Sitter space as this.
value of & is never attained within the Euc'lidean-ized de Sitter space; we thereforg
replace this boundary condition with the requirement that at the ';south pole” (ie.,
where & takes' its maximum value) the field derivative ¢' must vanish, for fhe same
reason that this quantity must vanish at the "north polg" (i.e., to prevent singular
behavior in the Euchdeamzed scalar field equation) . |

Figure 16 shows the bubble profile evolutlon (i.e., solution curves to Eq. (3 11)) -
as the mass of the field is increased, with potennal parameters £=0.5 and y,=1.0. We
observe that as the mass of the field is increased, the nucleating bubble profile flattens
out and eventually reaches an equilibrium state, where a further increase in the mass has
no effect upon the profile. The final state is described by the field having a constant

value throughout the Euclideanized spacetime, this constant value corresponds to the
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field lying at the top of the potential barrier. This however is the Hawking-
Moss(1982) tunneling mode! Thus, as the mass of the field is increased, the Coleman-
De Luccia tunneling mode evolves continuously into the Hawking-Moss tunneling

mode.

0.80 -

0.60 -*

0.40 =

max

Figure 16 Bubble profiles associated with the decay from de Sitter to Minkowski
space for several values of the field mass. The potential parameters to and \|/+ are kept

at the constant values of 0.5 and 1.0 respectively. The masses associated with the
bubble profiles are: (a) m=0.1, (b) m=0.2, (¢) m=0.3, and (d) m=0.4. All bubble
profiles with m>0.4 are well described by the Hawking-Moss tunneling mode; i.e., a
takes the constant value corresponding to the top of the inverted potential.

The Hawking-Moss tunneling mode corresponds to the entire Universe
tunneling at an instant from the false vacuum state to the top of the potential barrier.

This simply results in another de Sitter Universe, though one that is unstable to field
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perturbations, with a lafger vacuum energy density. Aifte.r such a transition has taken _
place, pérturbations push the fiéld off the .potential hill and the field then evolves
classically to the true vaéuﬁm state. The: expression for B corresponding to the
Héwking-Moss mode is fairly easy to- calculate, requiring just the volume of the
respective Euclideanized de Sitter space rhultiplied by the associated energy density and
is given by, |

3 m
T ~-1 ~-1 ' |
Bim =gt {e - € pop |

(3.82)
The evolution of the bubble profile and tunneling process resulting in this
transition is certainly not evident from tﬁe "thin-wall" approximation, though such a
transition has been previously suggested by Jensen and Steinhardt'(1984,198§).
. It may be argued that with £=0.5 the “thin-wall" approximation is not valid _
anyway (i.e., the energy density difference between the true and false vacua is not a
small quantity); however, a similar transition takes place with smaﬂer values of € for
which the "thin-wall" abproximation is valid. We may also apply the symmetry
transformations Eqs.3.17;19 to shift € from 0.5 to a value abplicable to the "thin-wall"
approximation; remembering that these (exact) transformations leave the solutions o(§) |
and p(E) invariant. | -

Though the transition from the Coleman-De Luccia mode to the Hawking-Moss
mode is continuous, there do appear to be three distinct regimes associat'éd with this
decay: | ) |

As the fnass of the field is initially increased from zero, the end-point for the

bubble profile, o(& remains very close to 6=0 and we may characterize these as

.Y

strong Coleman-De Luccia modes. There then occurs a rapid transition where an
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_ increase in the mass of the field results in the end-point of the bubble profile evolving

rap_idly from 0=0 to 0=0,,,, where O'top' is the field value corresponding to the top of the

potential barrier. Finally we arrive at the Hawking-Moss mode where the bubble

profile takes the constant value of G, throughout the spacetime. A further increase in

top
the field mass does not change the characteristics of the nucleating bubble prof‘i;le,'i.e.,
the nucleating bubble api)ea:s via the Hawking-Moss mode.

Figure 17 shows the difference between the Euclidean action for the bubble
épacetime and the initial spacetime. (i.e., B), (a) for the exact, numerical bubble
solutions, (b) fof the 'thin-wall' approximation, and (é) for the Hawking-Moss mode. .
The Hawking-Moss mode, for small field masses, has a 1grger action than that of the
'thin—wa.ll';- however, as the field mass is increased, there is a cross-over point beyoﬁd
which the Hawking-Moss action is smaller.

‘ The behavior of the exact action;. determined numerica]ly,_ is quite striking. For
small field masses the exact action is éharacteristic of the form given by the "thin-wall"
approximation; with a finite va]ue— at m=0 and a gradual decrease as :the mass of the
field is increased (n.b., better numerical agreement would be achieved if the vaiue of €
under cpnsfderation was smaller). At the point defined by Bipy = By the phase
transi.tion process undergoes what may be described as a “cross-over” in the way. in

which the phase transition proceeds, beyond this point By, = By

At first sight the evolution of the Subble profile does not appear to exactly
fol]bw the transition in B. For example, a field mass m=0.3 placeszExz.,c, in the
Hawking-Moss region, however, the bubble profile for m=0.3 (Figure 17, curve (c)) has
not yet fully transformed info the Héwking-Moss form. This may be explained by the
fact that the Hawking—Moss sélutions correspond to the field iyin“g at the extremum of

the potential. Thus, firs.t-order'variations‘m the field change B only at higher orders
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(remembering that B involves the integral of the field potential for the nucleating
bubble throughout the spacetime). The bubble profile for m=0.3 therefore gives a value
for B very close to the Hawking-Moss value because its profile is only a small variation

away from the Hawking-Moss solution.

m /m
p

Figure 17 Difference between the Euclidean action for the bubble spacetime and
the empty spacetime (i.e., B) for the decay from de Sitter to Minkowski space as a
function of the field mass'm’; where the potential parameters to and xgt+ are kept at the
constant values of 0.5 and 1.0, respectively. Curve (a) shows the exact value of B

obtained numerically, curve (b) shows "thin-wall" approximation, and curve (c) shows
B for the Hawking-Moss tunneling mode.
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Exact Numerical Results for the Decay from
Minkowski Space to Anti-de Sitter Space.

For the ¢2-3- potential the "thin-wall" formulae become

"4 -2
ny, [ nmy) -
B= ~ 1- o , : (3.83)
2483 3mpE .
and
2 2t -1
Y, nmey, - . B .
p= 1- . | - (3.84)

\2§E 3ma €

Eq.(3.83) implies that for the decay from Minkowski to anti-de Sitter space the
action may diverge for certain values of the parameters, and at this poiﬁt the bubble'
radius becomes infinite. In particular, if we keep € and vy, constant and increase the
mass of the scalar field from zero, a critical mass will be reached at which point tﬁc
action becomes infinite and the decay rate goes to zero. No bubble solutions exist for a
greater field mass. Altema.tively, if we keep the mass of the field and the dimensionless
field distance between the two vacuum 'states (e, \}Q constant, tilen a reduction in €
will also bring about this divergence in B and prevént any subseciuent_vacuilm decéy_.
The critical mass in this situation is given by

1 38" | '-
mc=—2'[—] ‘mp . . . (3385)

y, L T




71

For most fields in nature, we ﬁmight expect the dimensijonless quantities € and y, to
typically be of order unity or at most a few orders of magnitude; thus from Eq.( 3.85)
we see that the associated critical mass will be close to the Planck mass and certainly
well away from the masses that we observe for fields today. |

Coleman and De Luccia argue that there is a simplg physical interpretation for
the existence of this critical mass: The nucleating bubble is required to have‘ zero
energy. In flat spacetime, as we. increase the radius of a bubble the volume will grow at
a greater rate than the surface area. Thus, as the volume gives a negative contribution
to the energy of the'bubble, aﬁd the surface area gives a positive contribution to the
energy of the bubble, we may reduce the energy of the bubble by increasing its radius.
Therefore, we are always able to genérate a zero energy bubble in flat spacetime.
Howe\(er, in anti-de Sitter spacetime (for sufficiently large radii) the volume grows at
the same rate as the sﬁrfécé area. Thué we may find that in some‘ situations we are
unable to generate a zero energy bubble. .

' Figures 18 and 19 show the evolution of a nucleating bubble profilé as Fhe méss :
of the field is increased, with the potential parameters being fixed at €=0.5 and v ,=1.0;
these obvioﬁsly do not correspond to thin wall profiles. We notice that as the mass of
the field approaches criticality, the starting point for the field 6(p=0) approaches a
limiting value of 10 We may eiplain this quite easiiy with reference to the analogy of
"rolling off t_he hill" of the inverted potential. As the mass of the field.is increased then,’ -
from Eq.(3.27), we see that the magnitude of the "frictional” term is in¢reased. Thus
more energy is réquired to reach the final point of o(p —ee)=0, and so the field has to
| start from a higher point on the hill. If the mass of the field becomes .suffi'ciently large
then we could expect the "frictional” term to be sufficient to prevent the field from ever

reaching 0=0 at a finite p.
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Figure 18 Bubble profiles o(?) for the decay from Minkowski to anti-de Sitter
space for several values of the field mass. The potential parameters to and »gt+ are kept

at the constant values of 0.5 and 1.0, respectively. The masses of the field for the three
curves are (a) m=0, (b) m=0.82, and (c) m=0.85. The critical mass mc is approximately

0.865 for this choice of potential parameters.

In the absence of gravity the "frictional™ term was inversely proportional to the
Euclidean time and so there was always a value of p for which the "frictional™ term was
small enough that the field could roll off the hill and reach 0=0. However, in the
presence of gravity the "frictional™ term contains a piece which does not depend upon p
and is only a function of the field mass and shape of the potential; thus we cannot play
the "thin-wall" game of waiting long enough in Euclidean time for the "friction" to

become negligible.
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Figure 19 Bubble profiles o(p) for the decay from Minkowski to anti-de Sitter
space. The potential and mass parameters for the three curves are the same as for
Figure 18. The o(p) profile evolution has a marked difference to the o(£) profile
evolution as criticality is approached, which may be explained in terms of the solution
curves to the Einstein equations, shown in Figure 20

The bubble profiles, a(p), undergo a dramatic evolution as the mass of the field
is increased; this may be explained with reference to the solution curves, p(*), for the
Einstein equation, shown in Figure 19. For all decays from Minkowski space to anti-de
Sitter space there will be a potential barrier which has a positive energy density; thus,
when the bubble profile evolves through this barrier the spacetime will undergo a de

Sitter-like stage of evolution. This appears in the p(%) profiles as a flattening out of the
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curves, and this phenomenon increases in prominence as the mass of the field is
increased. Eventually, if the mass of the field is increased sufficiently, there will be a
point where the p(*) profile will reach a plateau, where p=0; this may be thought of as
the bubble profile running into the de Sitter horizon ( though in the Euclideanized
spacetime this is more accurately described as the "equator"). This scenario defines the

critical mass associated with the decay from Minkowski to anti-de Sitter space.

£

Figure 20 Solution curves for the Einstein equation giving the p(£) evolution for
the three bubble profiles shown in Figures 18 and 19. As criticality is approached, the
p evolution reaches a "plateau” which may be pictured as the bubble profile "running
into a de Sitter horizon™ (a point where p'=0 ). The plateau corresponds to a de Sitter
phase of evolution and occurs when the bubble profile runs through the potential barrier
where the energy density is positive.
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Figure 21 shbws the critical mass as a function. of €, the lower curve
corresponding to the "thin-wall" critical line and the upper curve corresponding to the
exact critical line. For small € (ie., the "thin-wall" regime), the "thin-wall"
approximation gives a remarkably good prediction for the critical mass, as illustrated
with the exact critical mass being asymptbtic to the épproxﬁnate critical line in this
region. Beyc;nd the "thin-wall" regime the exact critical line diverges from the
approximate critical line, such that fhe exact critical mass always lies above the
approximate critical mass. Thus, there are decays. which the "thin-wall" approximation

would label as forbidden, but which could actually occur.

Figure 22 shows the evolution of the ratio of Bryw to Beyact as the mass of the

field is increased, where the potentiél parameter Y is kept at 1.0 and € takes on the

values 0.1, 0.3 and 0.5 for the three curves (a),(b) and (c¢) respectivély. We observe that

.the "thin-wall" approximation initially underestimates B, though the agreement with

Bexact improves as € is decreased; as expected. As the mass of the field is increased

Brw is found to diverge before By, This occurs because the critical mass for the

"thin-wall" approximation always lies below the exact critical mass. '

Figure 23 shows the evolution of the ratio of the "thin-wall" bubble radius to the
exact bubble radius for the same set of parameters as in Figure 22. Th(;ugh the radius is
well defined for "thin-wall” bubbles, this is not the case for the exact bubble profiles;
we define the bubble radius to be p(c

/ 2) where is the starting value of ¢ at

initial initial
p=0. The qualitative behavior of the bubble radius evolution is very similar to that of .
the evolution of B. The divergence in the "thin-wall" radius again occurs before the
exact divergence as a result of the "thin-wall" critical mass lying below the exact

critical mass.
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Numerical results

Thin wall approximation

Figure 21 Critical mass associated with the decay from Minkowski to anti-de Sitter
space, above which no 0(4)-symmetric decays are permitted. In the "thin-wall" regime,
corresponding to a small value of to, the exact critical mass asymptotically approaches
the value given by the "thin-wall" approximation and there is good agreement between
the exact results and the approximate results. Away from the "thin-wall" regime, as to
becomes larger, the exact critical line deviates from and lies above the approximate
critical line.
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1.50-

Figure 22 Evolution of the ratio of Btw to Bcxact, for the decay from Minkowski
to anti-de Sitter space, as the mass of the field is increased. The three curves have
different values of to given by (a) 0=0.1, (b) t0=0.3, and (c) 0=0.5; xg+=1.0 in all three
cases. The "thin-wall" approximation initially underestimates B; however, as the "thin-

wall™ critical mass lies below the exact critical mass, the "thin-wall" expression for B
diverges prior to the divergence in the exact value for B.
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1.50 --

0.50 --

Figure 23 Evolution of the ratio of the bubble "radius™ computed in the "thin-wall"
approximation to the exact bubble radius [ defined by p(Qinitial/2), where Qinitial is the
starting value of O at p=0 ] for the decay from Minkowski to anti-de Sitter space, as the
mass of the field is increased. The three curves have different values of to given by (a)
c0=0.1, (b) (0=0.3, and (c) (0=0.5. \jz+=1.0 in all three cases.
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CHAPTER 4

THE EFFECT OF GRAVITATIONALLY COMPACT OBJECTS
ACTING AS SITES FOR BUBBLE NUCLEATION

Nucleation Sites

A characteristic of first-prder phase transitions in everyday matter is their ability

to be initiated by nucleation sites. An example of this is the preferential fonmation of
rain-drops around atmospheric dust particles; similarly, bubbles of carbon dioxide in a
glass of soda will tend to originate at definite points on the surface of the glass, these
‘corresponding to defects or impurities. We are therefore led to ask whether such
nucleation sites might occur for first-order phase transitions in quantﬁm fields. In
particular, could gravitationally compact obj‘ects act as nucleation sites for falsé—
vacuum decay? |

Hiscock (1987), a_nd Mendell and Hiscock (1989), considered the effects of
gravitationally compact objects on false-vacuum decay within the "thin-wall"
approximation. In particular, Hiscock considered the effect of black holes, and Mendell
and Hiscock considered the effect of gravitationally compact objects such as neutron
stars. Their analysis utilized the Tsrael (1966) formalism for the "patching" together of

' spacetimes, in a similar manner to the analysis in Chapter 3. Thus, for‘ example, when
considering the effect of a black-ﬁole on the false vacuum decay from M'mi(owski to
anti-de Sitter space, one wou'ld."patch" together an interior core of Schwa:zschild-anti-

de Sitter spacetime to and exterior of Schwarzschild spacetime. Their analysis_ found
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that gravitationally compact objects have the effect of reducing B, the difference
between the Euclidean action for the spacetime with, and -withou-t, the nucleéting
bubble. It would therefore appear' that such objects may, in certain situations, increase
the false-vacuum decay rate. '
| ‘The "thin-wall" analysis of Hiscock, and Meﬁdeﬂ and Hiscock, had the
attractive feature of inherently taking into accouht the self-gravity of the quantum field
undergoing the phase transition; however, as we have seen in Chai)ters 2 and 3, the
".thin-wa]l" approximation does not usﬁa]ly describe false-vacuum decay processes very
well. Therefore, by adopting a different approéch to the "thin-wall" apprqximétion wé
may be able to gain further insight into the effect of gravitationally compact objects
acting as nucleation sites. Such an approach should also allow us to confirm some of
the predictions of the "thin-wall" analysis.
It will be useful to construct a simple model to explain why gravitationally
compact objects might act as nucleation sites for false-vacuum decay. The Euclidean
action for an O(4)—§ymmetric nucleating bubble in the. "thin-wall" approximation may

be written as follows,

b=0cd - e¥ , witho,e>0 ; ' 4.1

‘where 4 correéponds to the surface-area of the nucleating bubble and % to its volume

(remembering that these are "three-areas” and "four-volumes”). It is assumed that we
have a fixed background spacetime and so the spacetime does not contribute, as such, to

B (i.e., the difference between the Euclidean action for the spacetime with, and without,

the nucleating bubble); thus we may write B=). The "decay rate", which is proportional
to exp(-B), may be enhanced by reducing B; so if we could find a way of increasing ¥

while keeping 4 constant (with ¢ and € also constant) then this reduction in B would be
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achieved. Obviously, in a ﬂat spacetixﬁe once we have fixed the value of { then ¥ is ‘ o

automatically defined; however, this need not be true in a curved spacetime. Figure 24

illustrates this idea by showing that the volume contained within a surface area may
be increased by a curved spacetime. Such a volume surplus will occur in the
spacetimes of a "star"; the use of the word "star" will from now on refer to the generic
group of gravitationally corhpact objects (e.g., meutron stars, planets, Boson stars,

monopoles etc.).

Euclideanized Scalar Field Equation in the Presence
of a Gravitationally Compact Object '

We may make use of the generalized formula

g¥ o, [g¥ g o, ]¢——% . . (4.2)

to express the Euclideanized scalar field equation in the presence of a grévitationally
compact object. The solution to Eq.(4.2) will provide us with the scalar field profile for
the nucleatmg bubble together with its Buclidean actlon

The Euclideanized metric for a static, spherically _Symmetric. spacetime _' )

containing a gravitationally compact object may be written as

gy = diagl £r) ,h(r) , 2 ,2sin20 ] o ' (4.3)

with determinant,

g%=(fh)%2sind. o (4.4)




Figure 24 "Embedding diagrams" to illustrate the idea that a curved spacetime can
have a greater volume contained within a proper area " than the corresponding flat
spacetime. The top illustration shows the "flat spacetime™ (where one spatial dimension
has been suppressed); thus the proper area is represented by the length of the circle and
the proper volume is given by the surface area contained within the circle. The bottom
illustration shows a "curved spacetime”, in this situation there is a greater proper
volume contained within the surface area, d .
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This métric is O(3)-symmetric about the origin of the "spatial” coordinates and
so we would not expect the O(4)-symmetry of the nucleating bubble in a flat O(4)-
symmetric'spacetimé to hold.in this situation, though there are good reésons to believe
that the bubble with the smallest Euclidean action will have the O(3)-symmetry of the
metric. If we plug this expression for the metric into Eq.(4.2) for the scalar field
equation we have (assuming that ¢ depends .only upon 7 and 1),

1% 1% 1{ 1 df _I_QB}QQ_@ s
forz ho2 *hir 2fdr " 2hdrJor—do . (4.5)

This equation (a 2-dimensional, elliptic, partial differential equation; also, in the case of
interest here, is non-linear due to the term , dU/d¢) is substantially more difficult to
solve than any 6f the equations involved with the O(4)-analysis of Chapters 2 and 3.
There is even uncertainty about the appropriate boundary conditions necessary to solve
the equation: we would expect th{;lt as r—yeo the field, ¢, should return to the value
corresponding to the false vacuum (i.e., $—0 for the $2-3-4 theory of Chapters 2 and
3). However, the boundary condition for finite r, as T—sco (and shnﬂmfy, T—3(=)0 ), is
uncertain. A "cylinder" solution with the O(3)-symmetry of the metric may have -
.(a¢/81:)=0 at all values of T, which would complete our required boundary information.
We may also consider oscillating ‘cylindrical solutions, with the O(3)-symmetry of the
metric; and even solutions where ¢—>(false vacuum value) as T—(4/—)ee (for all values
of 1), where the solution would again have the O(3)-symmetry of the metric. In this last
situation the nucleatiné bubble might look like a pfolate or oblate spheroid; with
rotational symmetry about the T axis. Each of these possibilities would correspond to

)l

different sets of boundary conditions.
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A Perturbative Analysis of the Effect of a G;avitationally
' Compact Object on the Nﬁcleating Bubble.

The line element corresponding to the metric of Eq.(4.3) may be written

ds2 = f(r) dr2 + h(t) di2 + 12dQ2 : (4.6)

where dQQ is the line element on the unit two- sphere If f(r)-h(r)-l (1 e., in the absence
of a star) the spacetlme returns to its O(4)-symmetric state and the analysis of Chapter
2 is appropriate for determining the field profile and Euclidean action of the nucleating
bubble.

Consider the situation where we have a star, which is not too compact, in our
spacetime (this would rule out black holes for example). We may put this notion on a
more precise footing by writing the metric f(r) and h(r) functions as

fW=1+F@) | R
and,

h() = 1 +H() ; (4.8)

and demand that| F(r)| << 1, and| H(f)|<<1 , forall r.

We are now forced to make an important assumption about the. nucleating
bubble in the spacetime of the star. As F(r) and H(r) move away from zero (i.e., from a
"flat” spacetin}e; t(; a spacetime corresponding to a very "dilute" star), we assume that
the nucleating bubble will move away from its O(4)-symmetric state to an O(3)-
symmetric state, corresponding to the O(3)-symmetry of the metric, in a continuous

manner. What we mean by this is that when | F(r) | and| H(r) | are very small, the
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nucleatiﬁg bubble will have the form of either an oblate or prolate spheroid (i.e., we
shall consider the 16west', non-vanishing, multipole perturbation of the O(4)-bubble, thié
©will éorrespond to the "quadrupoie" spherical harmonics); the perturbations are requireci :
to have the O(3)-symme.try of the metric ( i.e., the T axis shall be the axis of rotational
symmetry for the _spheroici). This assumption appears to be reasonable as it would seem
unlikely that the O(4)-symmetric bubble corresponding to F=H=0 would, for example,
suddenly transform into an infinite cylinder arouﬁd the f-axis, for an infinitesimally
small F(r) and H(r). Such a scenario would perl_'laps.ix'nply .an instability of the O(4)-
symmetric, flat-spacetime bubble to fluctuations in the metric. B

Thé O(4)-symmetric bubble had a field profile given by

- 04=4(p) . : ‘ 4.9)
with '

p2=12 412, | : (4.10)

We shall now consider the prolate/oblate spheroidal solution,
¢3=0[p] , , (4.11)
with '

p2=p2+Ap2cos20 +B p2sin20 4.12) .

where 0 shall be the angle measuréd‘ from the r-axis in the two-dimensional (t,r)—space;
ie,0=tan’l (1 /1) Thus the solution to the perturbative analysis will require the

determination of the two coefficients A and B. It will be convenient for us to re-write

Eq.(4.12) as p2 = w, 12 + w, 12, requiring the determination of the coefficients w, and

Wr.
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The two constraints which allow us to determine the coefﬁcienté, w. and w,, are

the requirements that the nucleating bubble have zero énergy and that the Euclidean
action for the nucleating bubble be an extremum. The energy of the nucleating bubble

is given by (see, for example, Wald (p.286))

E= [T, tVdo# : | _ (4.13)
- | . .

where T}, is the streés-energy tensor for the scalar field, doM provides the measure for

the 'surface’ integral ( remembering that this is a three-surface ) and is a normal vector

to the hypersurface X, and t V is the time-translation Killing vector field.

The stress-energy tensor for a minimally coupled scalar field takes the form

1.
Tp,v=au¢av¢—§guvgaﬁaa¢aﬁq""guvU . | (4.14)

Taking X to be the =0 hypersurface, we will have do = (f- %, 0,0,0 ) do , and

tV=(1,0,0,0). The expression for thé energy then reduces to
- 2 W —
E-4nJ'r (fh) {Zh [ar] + U}dr . ) 4.15)
0 ' |

As we have taken X to be the 1=0 hypersurface then the (9¢/dt) term vanishes

due to a reflection symmetry of the bubble profile about this hypersurface.The energy
will be a function only of the parameter w,, and the requirement of zero energy (i.e.,
E=0 ) will therefore allow us to fix this parameter. With w, known, the Euclidean

action will now be a function only of the parameter w,. Therefore, by evaluating the
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Euclidean action for a series of values of w, , we may determine the value of w, which

extremises the Euclidean action, and hence corresponds to the nucleating bubble.

Thus We have a‘ framework by whicfl we may perform a perturbativé aha]ysis of .
the effects of a gravitationally compact object on false vacuum decay. In order to
perform an actual calculation, however, it will be necessary to have the metric functions

f(r) and h(r) for the star.

The Metric Functions for a "Toy" Star.

It would not be sensible to construct a realistic star as a first s.tep in-an attempt
to model the effects of a gravitationally compact object on félse-vacuuin decay. This is
because the determination of the ﬁleuic functions f(r) and _h(r) for a rcalisti.c stellar
model is quite a complex task, requiring a knowledge of the eqilations of state for the
matter that comprises the star, for example. What we require is a simple modei star,
where we are not oveerdencd by a large number of free, stellar parameters; thus a
~ simple model which would orﬂy have two parameters such as the rﬁass of the star and
the éompactness of the star would be_ appropriate. »

We may expect ( and this will later be verified ) that if a star is going to have a
significant effect on the nucleating bubble then the size of the star would have to be
comparable to th.e'size of the nucleating bubble. In a cosmological setting this would
-imply that the star would have to have a size corresponding to a "grand unified length
scale"; thus we are dealing with "stellar" candidates such as boson stars and rﬂonopolqs.

The model star should also be a reasonable model for thesé candidatcs.
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Exact analytic solutions to the Einstein equations do exist for stellar modeis,
e.g., for a constant energy density star. These solutions are undesirable for our "star"
because’they do not act as good models for boson stars and monopoles'. Also, the radial
derivatives of the metric functions, f(r) and h(f), are not continuous at the stellar
boundary; this may lead to complications in the numerical analysis, which would not be-
an attractive feature in an initial model.

The following functions will be used for the metric of the "model star”,

h(r) = ' ’ .
® 21:{ { E ﬂ} | o
: -7 1l-exp -| 7 — .
T 2xy “
fr) = 1- 2;5 _ 22Ky 4.17)
=1-9‘%cx 5 [—r-]z r < 2Ky . »- (4.18)
Y 2xy ‘

These metric functions are desirable because tﬁey possess a simple algebraic form; they
are continuous, together with their derivative functions (i.e., éufficieritly smboth to
realistically model a boson star); they have a small parameter space (i.e., only tv(ro
parameters K and y); and generally provide a reasonable model for a stellar candidate
such as a boson star (see, for example, Seidel and Suen (1990) for a discussion of
boson star metrics). .

The mass of the star is given by the parameter x , and the parametér Y represents
the compactness of the. star. The star do;as not possess a well defined boundary;

however, a characteristic size of the star (as we may observe below in Eq.(4.19)) is
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‘ given by 2ky ; this illustrates the role that y plays in representing the compactness of the

Star.

We may write the mass function for the star as follows,

M(r$=K{1',exp[-[iY]'3}}- . | - (4.i9)

This expression gives the mass of the star contained within the ijadius | sol
M(r—=e)=x , 4.20)

and the fraction of the mass contained within-the "boundary" of the star is given by
M(r=2ky)=(1-el) ~63% . | '. @4.21)

The (t,t)-component of the stress-energy tensor for the metric provides the
information about the local energy-density for the matter which comprises the star.

This may be expressed in terms of the metric h(r) function using the Einstein equations
1 dh 1 1 _

For the metric under consideration this reduces to
3 .
3 T ! '
Te=P=3 2P °XP[ : [ZK'Y] J ’ @23

where p represents the energy density. This tells us that we have an exponentially

decaying energ); density as we move away from the center of the star. Figures 25, 26
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and 27 give pictorial representations of the metric functions, f(r) and h(r), together with

the corresponding energy-density for the model star.

0.95 --
0.90 --
0.85 --
0.80

0.75 --

0.70 --

Figure 25 Metric function f(r), with metric parameters k=1 Oand y=5.0; this would
result in a stellar radius, rstar = 10 (in dimensionless units).

The metric function, f(r), is piecewise constructed, such that "outside" the star
(i.e., r > 2ky) the metric function corresponds to the exterior Schwarzschild solution
(n.b., the metric function, h(r), does not correspond to the Schwarzschild solution
"outside" the star; thus we do not have a complete, exterior, Schwarzschild solution).
At r=2icy an interior function is joined to the exterior Schwarzschild function so that the

overall metric function, f(r), together with its derivative, df/dr, are continuous at this
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point. The form of the interior function is such that it admits a maximum value for the
Y parameter, beyond which the perturbative analysis intrinsically breaks down. This
value of Yis GF= 1.65, for which f(r=0)=0 (i.e., F(r)=-1, which violates the condition,
I F(r) I« 1, necessary for the perturbative analysis). Of course, the validity of the

perturbative analysis will be brought into question before this value of Yis reached.

1.16 --
112 .
1.08 --

1.04 --

Figure 26 Metric function h(r), with metric parameters K=I Oand Y=5.0; this would
result in a star of radius rstar=10 (in dimensionless units).
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Figure 27 The (t,t) component of the stress-energy tensor, giving the energy
density for the matter comprising the star, with metric parameters K=LO and 7=5.0;
corresponding to a star of (dimensionless) radius, Tstar=I0.

Results

Figure 28 shows the ratio of S3 to S4 (evaluated numerically) as a function as

the stellar mass, K for a series of y values; the scalar field potential parameters being

fixed at the values of £=1.0 and ¥+4=1.0. S3 is the Euclidean action for the bubble in

the spacetime of the gravitationally compact object and $4 is the Euclidean action for

the bubble in the flat spacetime. Note that as the analysis adopts a fixed background
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spacetime, there is no contribution from the spacetime, as such, to the value of B (the

difference between the Euclidean action for the spacetimes with and without the
nucleating bubble); we may therefore write B3=Sg and B4=54.

1.00

0.97 --

-3.00 -2.50 -2.00 -1.50 -1.00 -.50 0.00 0.50 1.00

Figure 28 A plot of S3/ S4 for a range of metric parameters Kand vy, the scalar
field potential parameters are fixed at the values of (0=1.0 and \y+=1.0.

We observe a phenomenon which may be described as a "resonance” for the
B3/ B4 curves. As the mass of the star goes to zero the Euclidean action of the
nucleating bubble approaches the 0(4)-symmetric value, as would be expected.
Similarly, for large mass stars, with a constant value of y (e g., this might correspond to
a bubble of "nuclear" dimensions forming at the center of the Earth), the Euclidean

action for the nucleating bubble approaches the 0(4)-symmetric value. However, there
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is a range of masses for which the Euclidean action of the nucleating bubble drops
below the O(4)-symmetric value. The prominence of this drop away from the O(4)-
syminetric value increases with a decrease in the value of vy, i.e., the effect mcreases
with an increase in the compactness of the star. The value of k at which the minimum
in the Euclidean action occurs is dependent upon the compactness of the star, i.e., upon
v, we shall later find the exact relationship between ¥ and Y for the minimum in the
Euclidean actlon o
Figures 29 and 30 show the w, and w, values corresponding to the metric and
potential parameters of Figure 28. These curves 1mply, that the nucleating bubble
located at the "resonance trough” is a prolate spheroid. The (5(3)—radius (i.e., the size of
the bubble on the 1=0 slice) is slightly less than the corresponding radius for the O(4)-
symmetric bubble (i.e., w; >1). We may think of this as the effect of the gravitational
field "pulling in" the bubble wall. The"'size" of the bubble along the T—axis is larger
than that corresponding O(4)-symmetric bubble, thus giving a prolate appearance.‘
Figure 32 illustrates the evolution of the shape of the nucleating bubble from the 0(4)—
symmetnc configuration to the O(3)-symmetric, resonant conflguratlon
When the star is much larger than the nucleating bubble (i.e., 2xy is much larger
tnan the djmensionless radius of the bubble) , we may write the metric line element, as
| seen by the bubble nucleating at the center of the star, in an follosving approximate

form,

ds? = fy d12 + dr2 +r2dQ2 (4.24)

where, - '
’ 7]
fo=1-—

: ' ‘ 4.25)
y . (4.25)
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Figure 29 Plot of w1 curves for a range of metric parameters k and y, the scalar
field potential parameters are fixed at the values of co=1.0 and v += 10.

i.e., f0 = f(r=0). for the given set of metric parameters. We may make this

approximation because the variation in f(r) over the spatial extent of the bubble will be
negligible. Similarly, the coefficient of dr2 is taken to be h(r=0)=I, the spatial variation
of this metric function is also negligible over the spatial extent of the bubble.

Defining a new variable, x = f * x , we may re-write the approximate line

element as,

ds2=dx 2+ dr2+r2dfl2 (4.26)
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Figure 30 Plot of wr curves for a range of metric parameters Kand y, the scalar
field potential parameters are fixed at the values of (0=1.0 and Y+=1.0.

This line element is 0(4)-symmetric in the (t,r,0,Y)-space, and so the solution
to the Euclideanized scalar field equation is just the usual 4%R), where R2=t 2+r2. In
terms of the original (x,r,0,y) coordinate system, the nucleating bubble solution is again
(KR), where we now express R2as R2=f0 T2+ r2. Thus the nucleating bubble will be
a prolate spheroid, with the T-axis being the axis of rotational symmetry; the
perturbation parameters, wTand wr , take the values fOand 1.0, respectively. Figures 29

and 30 verify this analysis, where, for large K wr-»1 and wTf0.

If the nucleating bubble is much larger than the characteristic size of the star

(1.e., K»0 ) then the volume "surplus™ due to the star will be negligible compared to
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the volume of the bubble. In this case we would not expect the star to have a

significant effect upon the nucleating bubble. This is verified with the results shown in
Figures 28, 29 and 30, where wr—»1 , wT—»1 , and B3—B4 as k—0.

1.00 -\

0.97 --

0.96 --

Figure 31 Superposition of two sets of S3 / S4 curves; the solid curves
corresponding to potential parameters m=1.0 and »3+=1.0, and the dashed curves
corresponding to potential parameters (0=0.2 and y+=1.0. (S3/ S4) is plotted against
2ky, which gives a characteristic size for the star. The curves, for a given set of
potential parameters, correspond to the y parameters: y=5 (highest peak), y=10 (middle
peak) and y=15 (lowest peak). The potential parameters, ((0=1.0 , y+=1.0 ), result in a
nucleating bubble of characteristic (dimensionless) radius Tlubble = 1.3 , and the
potential parameters, ( (0=0.2 , \|[/[+=1.0 ), result in a nucleating bubble of characteristic
(dimensionless) radius Toubble = 4.3. Thus we observe that at "resonance" the star is
typically about half the size of the nucleating bubble.
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The quantity -(ZIcy) represents the characteristic size of the star. It may, .
thereforé, be usefu_l to plot the ratio ( S3/ S, ) against (210{)_ to provide some insight into -
the relationshiplbetween the stellar size and the "resonance” phenomenon. Figure 31
' prévides §uch a plot in which we have superimposed the solution curves corresponding
to two sets of poteﬁtial pérameters, namely €=1.0 and €=0.2; both with v,=1.0. The
first thing that is noticéd from Figure 31 is that the "resonance troughs" all occur at
roughly the same value of (2xy) for a given set of potential parameters. In particular, if
we refer to the size of the O(4)-symmetric bubble for the given set of potential
parameters, we notice that the "resonance” occurs when the star is roughly half the size
of the nucleating bubble. This is what one would expect from general intuitive
'argument_s. Again, as with Figure 30, the depth of the "resbnance trough" increases
with an increase in the compactness of the étar; this also agrees with general 'infuit‘ive '
arguments.

For the scalar field potential parameters under consideration, a stellar
compactness of y=5 results in a c.haracteristic"4% to 5% reduction in the Euclidean
action of the nucleating bub.ble, as compared to the O(4)-symmetric bubble action.
This is in éualitative agreement with the predictions of the "thin-wall" analysis. It is
not possible to make a direct quantitative compaﬁson between the perturbative results
aﬁd the "thin-wall" results due to fundamental differences in the formulation of the two

analyses. However, the "thin-wall" analysis of Mendell and Hiscock, in which the

effect of a neutron star on false-vacuum decay was considered, resulted in values of B3

which were characteristically 30% to 50% lower than B,. If we considered smaller

values of ¥y in the perturbative analysis (i.e., more compact stars) then we might expect

reductions in B; which would be closer to the "thin-wall" analysis. However, the

validity of the perturbative approach may then be brought into question.-
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'I'he "thin-wall" analysis' of Hiscock, and Mendell and Hiscock, considered
solutions to the coupled Eﬁclideénized scalar field and Einstein equations (via the Israel
formalism) which had the form of infinite, osciilating cylinders; where the t-axis Was
the axis of symmetrj The berturbative analysis has shown that the nucleating bubble,
'at resonance, takes the form of a prblate spheroid (Figure 32 illustrates the evolution of
the O(4)-symmetric bubble in the flat spacetime to the form of a prolate spheroid in the .
stellar spacetime). The e;:tent of this prolation is increased with an increase in the
stellar compactness. It is therefore conceivable that a transition takes place where the
nucleating bubble transforms from a prolate spheroid to an the oscillating cylinder of
the "thin-wall" analysis for a sufficiently compact star.

We may now address the qugstion of whether a gravitationally compact objects

will have a significant effect on false-vacuum decay.

False-Vacuum "Decay Rate" in the Presence of
a Gravitationally Compact-Obiject. |

In a flat, O(4)-symmetric spacetime,'the number of O(4)-éymmetric nucleating

bubbles per unit four volume, associated with false-vacuum decay is given by
I' = A exp(-By) L, (4.27)

where By is the. difference between the Euclidean action for the spacetime with and

without the nucleating bubble. The coefficient A typically has an order of magnitude

given by the field mass to the fourth power, i.e., m4.
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Figure 32 Characteristic evolution of the shape of the nucleating bubble at, and
near, resonance, from the 0(4)-symmetric form in a flat spacetime to a prolate spheroid
(with T as the rotational symmetry axis), in the spacetime of a "dilute” gravitationally
compact object.

So, for example, if we had a square box with sides of length L, and volume L3,

the characteristic time that one would have to wait for a nucleating bubble to appear is,

T4=L-3nr4 Cxp(B4) . (4.28)

Of course, the nucleating bubble may appear anywhere within the box; there is
no preferred location for the formation of the bubble. However, when we consider the
effect of a gravitationally compact object on false-vacuum decay, we make the

assumption that the bubble will be forming around the compact object. The nucleating
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bubble field profile and Euclidean action are obtained under this assumption. We must
therefore use a modified form of Eq. 4.28 to calculate the characteristic time
associated with the formation of a nucleating bubble around the compact object. Of
course the nucleating bubble could form anywhere within the stellar spacetime.
However, the Buclidean action', B3, and the associated "decay rate” formula relate to the
formation of the bubble around the star. We may use, as a good approximatién,
Eq.(4.28) to estimate the rate of Bubb]e nucleation in a stellar spacetime for bﬁbb]es not
forming aréund the star.

If we place one compact dbject (stair) into our originally flat, O(4)-symmetric
spacetime, where the Euclidean action for a nucleating bubble around the star is 'given

by B3, then the characteristic time associated with the formation of the nucleating -

bubble around the star is,

T3 = Cexp(B3) , : . - (4.29)

where the coefficient C typically has an order of 'magnitude éiyen by m-l. If there. is
more than one star in the spacetime then we may make a "dilute gas" approximation in
order to calculate T3. The dilute gas approximation basically assumes that the stars do -
not interfere with one another, with regards to the bubble formation process. This
requires the typical distance between the stars to be much greater than the characteristic
size of the stars, and also mﬁch_ greater than the characteristic size of the nucleating
bubbles. Thus the spacetime "between the stars” is also apbroximate]y flat.

If there are N similar stﬁs (i.e., same values of k and y within our stellar model)
in an otherwise empty spacetime, and Bj is the Euclidean action associated with the
formation of a nucleating bubble around a star, then the characteristic fime for a single

bubble to form around one of the stars is,
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T3 = N-1m1 exp(-B3)

- (4.30)

To address the question of whether gravitationally compact objects play an

important role in false vacuum decay, it is necessary to compare to characteristic times

for nucleating bubble formation, i.e., T3 and T4. Thus, if T3 < T; then gravitationally

' compact objects will dominate the false-vacuum decay process. However, if T3 > Ty

then gravitationally compact objects will not play an important role in false-vacuum

decay. It is not sufficient to merely compare the values of B; and B, in order to

determine the dominant mechanism for false-vacuum decay.

Consider a spacetime with three-volume, V, and N similar stars. The ratio of

T3 to T4 is given by
T3 vmd “ . ‘
T,= N *P(B3-By) . (43D

For known values of m, B3 and By, this expression provides us with the number density

of stars needed fb; the gravitationally compact objects to play the dominant role in
false-vacuum decay ( i.e., stars wil_l pl‘ay the dominant role in the decay mechanism if
(N/V) >m3 exp( B3 - By ) ). o

In Chapter 5 we shall make use of Eq.(4.31) in an attempt to place bounds ﬁpon
the number density of some astrophysical objects, such as boéon stars and microscopic

~

black holes, within the Universe.
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CHAPTER 5

ASTROPHYSICAL APPLICATIONS

Post-Nucleation Evolution of a Bubble of True Vacuum

The nucleation of a bubble of true-vacuum within the medium of false-vacuum
is merely the first stage in the process of false-vacuum decay. Following the nucleation

of a bubble there is a subsequent evolution in WhJCh the bubble expands, converting the

]

- . remainder of the false-vacuum to the true-vacuum state

The"post-nucleation evolution of the bubble is primarily classical, ‘unlike the
quanturh precesses which are responsible for the creation of the bubble. The evolution
is therefore go-vemed by the Lorentzian classical scalar field equation, tho_ugh'when
gravity is important we require the coupled Lorentzian scalar field and Einstein
equatioh_s. | | -

We shall not consider the effects of gravity on the i)ost-nucleation evolution of
the bubhle,‘ but rather, assume that we have a fixed background spacetime which is flat
(ie., Mhtkowski space). The line elemeht for the Euclideanized Minkowski space may .

be expressed as,
ds?=dr2+dr2 +r2dQy? ‘ , - (5.1

where d€,'is the line element on the unit two-sphere. As Euclideanized Minkowski

space is O(4)-symmetric, we may define an O(4)-radial variable, &, via
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E2=124¢2 ©(5.2)

the line element, Eq.(5.1), then becomes
ds2 = dE2 +. g2 dQ32 : ‘ : . (5.3)

where d(2; is the line element on the unit three-sphere. The scalar field equation in this

spacetime may be obtained from the general expression for the scalar field equation

du :
g%, [g%ghva,1¢="—"> do ; (5.4)
which gives for the Euclideanized Minkowski space
9 3d¢ _du
a& TEd ™ 4 ©-2

The solution to the Euclideanized scalar field equation, with the appropriate

boundary conditions, prov1des us w1th ®(€) for E20. This not only gives the field

profile of the nucleating bubble but also the field profile to the exterior of the lightcone,
and on the lightcone centered at the nucleation site, for all Minkowski time, t20. We .
assume here without loss of generality, that the bubble is nucleated at t—O within our
(t 1,0,0) coordinate system.

The evolution of this bubble after its nucleation is given by the solution to the -
Lorentzian scalar ﬁelci equation in the Minkowski spacetime. The line element for the

'(non-Euclideanized) Minkowski spacetime is gii'en by

ds2=-di2 + dr2 +12dQy2 . (5.6)

We may again define a varijable, &, (though no longer an O(4)-radial variable) by
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222412 . N | (5.7)
and the line element is now give_:n by
ds2=-dE2+E2dQ;2 . | | - (;5.8)

The Lorentzian scalar field equation may also be obtained from the generalized
formula of Eq.(5.4) (n.b., in the Lorentzian sector, the term g% in Eq. 5.4 is replaced by

(-g) 3?and similarly for the g term), giving

26 3d6 U - |
@2 =" a o (5.9)

The Lorentzian scalar field equation differs from the Euclideanized scalar field

equation 6nly by the sign in which the potential derivative appears. In terms of the
particle rhotion analogy of Chapter 2, we now have a particle of unit mass moving in
the potential U (rather than the invert‘ed‘poten.tial -U); with a frictional term which is
inversely proportional to the "time", £. The Lorentiian scalar field equation will
provfde us with the scalar field profile in the interior of the lightcone centered at the
nucleation site (i.e., ¢(§) for £<0). ‘

It is convenient to define a new variable, y, given by
y=§2 s : » (5.10)

such that the spacetime exterior to the lightcone centered on the bubble corresponds to
y>0, and the interior of the lightcone. corresponds to y<0; where the lightcone is
represented by y=0. The Lorentzian scalar field equation, in terms of the y coordinate,

is given by
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@ _dd 1dU | N
y;‘zz”_?____ _ | (5.11) -

dy dy = 4 d¢

The value of the field at y=0 is the same as that for £&=0, however, the field derivative -at
y=0 is no longer zero (i.e., though d¢/DE = 0 at £=0 , d¢/dy is not zero at y=0). The

field derivative at y=0 is instead given by,

d 14U .
dy(y=0)—-8d¢“ .- . : (5.12)

Th'e interior lightcone evolution of a thin-wall bubble is hotab]y different from
the correSponding evolution of a non-thin-wall bubble. In the “thin-wall"
approximation the core of the bubble at the moment of nucleation has a field value
corresponding to the true-vaCl‘lum state. Thus (dU/dy)=0 at y=0 and there is no interior
lightcone evolution of the field (i.e., the field takes the constant value corresponding to
the true vacuum state throughout the interior of the lightcone). Figure 33 illustrates the
field profile for a bubble within the "thin-wall" approximation, for y ranging from the |
interior of the lightcone (i.e., y<0) to the exterior of the lightcone (i.e., y>0). Within the
framework of the $2-3-4 model of Chapter 2, this "thin-wall" bubble corresponds to the
potential parameters, €=1. 0 and y,=1. 0. ' |

Non-thin-wall bubbles have field profiles which do not reach the true vacuum
state at y=0. There is, therefore, a subsequent field evolution to the interior of the
lightcone, Where the field evolves to the true vacuum state. Figure 34 ﬂlqstrates an .
exact field profile (for the $2-3-4 model of Chapter 2, with potential parameters £=1.0 "
and y,=1. 0) for a range of y values, in a similar manner to Figure 33. We observe
that in the iﬁterior bf the lightcone the field initially oscillates' about the true vacuum
state (051), this oscillation is damped due to the damping term in the scalar field

equation. The field eventually "comes to rest" at the true vacuum state.
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y

Figure 33 Field profile for a "thin-wall" bubble. y=0 corresponds to the light-cone
centered at the nucleation site for the bubble; y>0 corresponds to the exterior of the
lightcone; and y<0 corresponds to the interior of the lightcone. When the bubble
nucleates, the center of the bubble (a(y=0) ) has a field value corresponding to the true
vacuum state (0=1); there is, therefore, no interior lightcone evolution of the field. The
field profile shown here is "idealized", and corresponds to the "thin-wall"
approximation. There will, however, be exact field profiles which will resemble this
profile in situation where the two vacuum states are nearly degenerate.

Consider a false-vacuum decay in a cosmological setting. Such phase
transitions are believed to have occurred in the past of our Universe (within the
inflationary Universe scenarios). If the energy density gap between the true and false-
vacuum states was small then the bubble profile would have a form similar to that of

Figure 33 (i.e., a "thin-wall" profile); whereas, if the energy density difference were
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large then the profile of Figure 34 would be a better representation of the actual field

profile.

0.80 m

0.60 --

0.40 --

0.20

Figure 34 Field profile for a thick-wall bubble. y=0 corresponds to the light-cone
centered at the nucleation site for the bubble; y>0 corresponds to the exterior of the
lightcone; and y<O corresponds to the interior of the lightcone. When the bubble
nucleates, the center of the bubble ( O(y=0) ) has a field value which has not yet
reached the true vacuum state (0=1); there is therefore an interior lightcone evolution of

the field. Within the formulation of the 22*3"4 model of Chapter 2, this bubble profile
corresponds to the potential parameters (O=1.0 and y +=1.0.

Within the inflationary Universe models, the fields that undergo the vacuum
phase transitions are the Higgs fields. These Higgs fields couple to other particle fields
and this coupling is believed to provide the mass generation mechanism for these fields.

Thus, for example, the Lagrangian density for the Standard Model contains terms of the
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form {g¢ [‘P]2}, where g is a coupling constant, ¢ is the value-of the Higgs field, and ¥
represents some other field (e.g. , a fermionic field such as the electron). We may re- -
write this term as {m2[¥]2}, where "m" now represents the mass of the ¥ field
(assuming that (g¢) is the only coefficient of the quadratic term in the ¥ field). So,
when the Higgs field is in its symmetric state (i.e., <¢>=0 ) the ¥ field is massless, but
when the Higgs field is in its broken symmetry phase ( i.e., <¢>=¢ , where ¢ is the
: field value corresponding to the broken symmetry vacuum state), the ¥ field becomes
massive, with rass m=(g¢g)". - |
For a Higgs field bubble profile of the form shown in Figure 33, a fenni.onic
field ¥ would be massless outside the bubble but wouid have a rﬁass inside the bubble.

The ¥ field equation would then take the form,

O¥Y=0 - Outside of bubble, - (5.13)
and,

(O+m2)¥=0 ,  Insideofbubble. RN CATY

In terms of classical wave theory, we have here the characteristic problem of
"impedance mismatching" for the ¥ field at the bubble wall. This will result in a
reflection and transmission coefficienf associated with the  field passing t_hrodgh the
bubble wall; the larger the value of "m" then the greater this effect will be. The pahial
réﬂection of the y field will provide a back-reaction on the bubble wall and hence have
an effect on the evolution of the bubble wall.

With a Higgs field bubble profile of the form shown in Fi_gure 34, the mass of
the ¥ field will no longer undergo a sudden jump at the location of the bubble wall.
The mass will now vary continuously, i.e., m2(y)=gé(y), and so mz(y)»wﬂl have the
same "shape" as the bubble field-profile. There will again be a feﬂection and

transmission coefficient associated with the W field propagating through the bubble

4
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wall; however, this effect will be weaker than in the "thin-wall" case because of the less
abrupt change in the mass of the ¥ field (§ve call upon intuitive arguments from
classical wave mechanics to make this observatioh). The pressure (back-réact'ion) on
the bubble wall due to the ¥ field will therefore be less for a thick-wall bubble than for
a thin-wall bubble. This may result in differencés in t'he post-nucleation evolution- of'
the bubbles in the two scenarios.
| The interidr lightcone oscillation of the Higgs field for thick-wall bubbles (see

Figure 34) will also resﬁlt in a back-reaction in any field coupled to the Higgs field.
Such an oscillation may result in particle creation in other fields, thus transferring -
energy from the Higgs field to othe'r fields, and possibly contribute.to the re-heating
process in the bubble interior. |

Other phjrsically interesting' effects assqciated with the behavior of quantum
fields at the bubble wall, including ‘particle creation, have been suggested. For -
example, Mc Lerran et. al. (1991) and Dine et. al. (1991), have considered the
possibility that the ba‘ryon—antvi-baryon asymmetry observed within the Universe today
may have been the result of quantum effects associated with the bubBle-wall 6f an
electroweak phase transition (within these models the GWS electroweak phése
transition is assu;ned fo be first-order).

.Within thése scenarios the degree of particle creatioh re—heat.i.ng or any other’
phenomenon associated with fields coupled to the (bubble) nggs f1e1d will be strongly '

model dependent. We shall, therefore, leave this for further study.
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Bounds on Fermion Masses within the Standard Model

The masses of the Aelectr-oweak gauge bosons [ ¥, { W+,W-,Z0} ] and the
fermions [ { (e,v,), (I’L’VH); (T,vy) }5 { (u,d), (c,8), (t,b) } ] are generated via the Higgs
mechanisrﬁ within the Glashow (1961), Weinberg (1967) and Salaam (1968) theory
- [GWS theory]. The théory does not, per Se, put -any bounds upon the fermionic masses
but it has be;en found that very heavy fermionic masses can de-stabilize the vacuum
state within the theory.

. The 1-loop, renormahzed effective potential for the Higgs field within the

GWS theory is given by

. - 2 )
V(@) =5 W22+ Aot + E ¢4 lngfdé) L | (5.15)

where %¢2 = ®+® ( ® = Higgs doublet ) , M is the renormalization mass scale, and % n2

and ;41‘?\, are the quadratic and quartic coefficients of the tree-level potential, respectively.

The coefficient E is given by

- 1 4 4 '
E=— ngi . Zf_i , (5.16)

gauge bosons fermions

fu—y

=i | 320+ (£2+g2)?) - [ ] P G

fermions

where
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e . : o . ‘
5= me. . . (5.18)
and
A -
g= cos ©,, (5.19)

é)w is the electroweak mixing anéle, and M, (= 77 GeV) is the mass of the W-boson.
The m¢ terms represent the masses of the fermions. '

If the coefficient & is positive semi-definite ‘then the 1-loop effective potential is
bounded frém beléw. However, if the coefficient & becomes negative then the 1-loop
effective potential is rendered unbounded from below. This is generally regarded as
being unphysical, and may illustrate a breakdown in the theory. Figure 35 illustrates
this potential for the vaiues, E=0 and E=-1, demonstrating that the potential becomes
unbounded for negative E. |

From Eq;(5.17) we observe that if there is a sufficienﬂy massive fermion within
the theory then it is possible that E may become negative. The known fermions do not
have sufficient mass to make = negative; however, there is no definitive experimental A
bound on the top-quark mass at this time. Thus the top-quark hla}y bring news of
catastrophe with its- eventual discovery! (i.e., the possibility that the Universe we live
in might be unstable to quantmﬁ' décay into a spacetime that would 'be'unstable to
gravitationally singular behavior, and in which the "Cauchy problem” is not well
defined) |

We may place a theoretical upper-bound upon the top-quark mass by demanding
that it not have sufficient mass to render = negative. This was one of the first steps
taken in placing such a bound. There are also various phenomenological arguments for
placing bounds on the .top-qu'ark» mass (e.g., based on the KL-KS mass difféfence, see

for example, Buras (1981) ), but these are not \}ery strong bounds.
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A subsequent analysis of the two-loop effective potential by Mahanthappa and
Sher (1980) revealed that there is a range of unbounded one-loop potentials which
become bounded at the two-loop level. The two-loop potential is a complex object and
cannot be written down in closed form, though it may be studied in an approximate
form via the use of "running coupling constants” within a renormalization group

prescription.
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- 10.0
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Figure 35 The one-loop, renormalized, effective potential for the Standard Model;
for two values of the potential parameter, 5. Positive semi-definite values of Z result in
bounded potentials; therefore E=O corresponds to the last bounded potential, and E=-1
is an example of an unbounded potential.

The set of unbounded one-loop potentials which become bounded at the two-

loop level have an additional vacuum state lying beyond the vacuum state of the one-
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loop potential. If the actual potential within the Standard Model is described by one of
these new potentials then our current vacuum state would be a false-vacuum state, and
unstable to quantum decay. Figure 36 illustrates a one-loop unbounded potential that

becomes bounded at the two-loop level.

20

10

- 1.0 ..

- 2.0 .

Figure 36 An unbounded one-loop potential, (a), becomes bounded at the two-loop
level. Though the one-loop potential would be regarded as unphysical and forbidden,
the two-loop potential is allowed. We also observe that the two-loop potential has a
second vacuum state rendering the old vacuum state unstable to quantum decay.

We may place theoretical bounds upon the top-quark mass, within the two-loop
analysis, as follows:
Q)] If the top-quark is sufficiently massive then it will render the two-loop effective

potential unbounded; we demand that the mass be insufficient for this to occur.
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(2) Thereis a range of top-quark masses for which our present vacuﬁm st.ate' is a
false vacuum state, and is therefore unstable to quéntum decay. The lifetime of the
false-vacuum state will be a function of the two-loop effective potential which in tumn 1s
a function of the top-quark mass. We demand that the lifetime of the false-vacuum

state be at least 1010 years; corresponding to the "age" of such a vacuum state.

Flores and Sher (1983) have placed a bound upon the top-quark mass based
upon criterion (2); i.e., the top‘-quark mass may be sufficiently massive to maké our
vacuum state a false vacuum-'state,‘bin the lifetime of such a fqlse-vacuum state must at
least correspond to the age of the Universe (about _1010 years). Their calculation
utilized an approximate form of the _two-loop effective potential (using a
renormalization group improved, one-loop, effective potential, with running coupling
constants). The relationship betweeﬁ the effective potential and the lifetime of the
false-vacuum.state was obtained via the Coleman "thin-wall" approximation.

We may question the sensitivity of the bound on the top-quark mass tol the use
of the "thin-wall" approximation; as‘ compared to a bound 6btajned from an exact
calculation of the lifetime of the false-vacuum state. We may also ask whether possib1e~
~ astrophysical nucleation sites such as microscopic black-holes and boson stars could
strengthen the bound on the top-quark mass. To correctly address these questions we
would need the complete two-loop effective potential for the Higgs field, or at least a
renormalization group improved one-loop potential. Instead of becoming model
specific and involve ourselves with the complexities of the two-loop potential of the
Standard Model we shall consider the above questions in a more generalized "toy"

model, in the spirit of our calculations of Chapters 2,3 and 4.
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The "'toy" modél shall have a potential with similar -characteristics .to the two-
loop effective potential of the Standard Model. We shall consider bounds placed upon
a hypothetical particle vié the "thin-wall" approximation, in the situétion where we are
currently living in a false-vacuum state. The "thin-wall" bounds shall then be compared
to the bounds obtained via an exact numerical evaluation of the lifetime of the false-
vacuum state. Finally, we shall assume that the universe has "stellar” nucleation sites
p;esent, and we shall determine the bounds placed upon the hypothetical particle mass

by possible induced false-vacuum decay via the "stellar" nucleation sites. .

The Model
. Consider the potential
2 2 2
m, +m; - my, _
) :
U@)=m, ¢ ~m, 3 +) ———(¢* -, (5.20)

Where ¢ will represent our Higgs field, m, = mass of Higgs.ﬁeld, mt;=ma'ss of fermionic
field ( which we shall place a bound on ), and m =mass of bosonic field. 'm,' shall be
set to a constant value; and to define a scale within the model we shall set m;to 100
GeV.

We note that our potential is merely the $2-3—4 potential used in the analysis of
Chapters 2 and 3, but with a different set of parameters. The potential may be written

in a dimensionless form as follows -




117

2 2 2

ma+mc'mb .

0@y =yv2-y3+) ———(v* | : (5.21)
. . ma .

where y=m-1¢, and U= m4 U.

The requirement that this potential be bounded is given by

mo+me-me>0 _ (5.22)

i.e., the coefficient of the quartic term in the potential must be- greater than zero.. .

Eq. (5.22) implies that

my<[m.+m 1% | (5.23)

This is our first constraint on the mass of the 'b'-particle; the constraint is a function of
the 'a'-particle mass. This is analogous to the constraint placed upon the top-quark
mass, which is a function of the unknown Higgs particle mass.

We also note that if

mp<[am,+m.1% (5.24)

then our current vacuum state, located at y=0, becomes the true vacuum state (i.e., in

this case either the second vacuum state has a greater energy than our vacuum state or,

for sufficiently small my, there is not even a second vacuum state. )

When my, lies in the range

[Bmi+m ]%h<mp<[m +m 1% (5.25)
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then our current vacuum state, located at y=0, is a false vacuum state (i.e., there is a
vacuum state with lower enérgy lying beyond our, present vacuum state). The false- .
vacuum will be separated from the true vacuum via a potential barrier and therefore the
false-vacuum decay will proceed via a first order phase transition. Figure 37 illustrates

the three "regions" for the potential, for a range of my, and m,. In region (a) our current

vacuum state, located at $=0, is a true-vacuum state, and therefore has absolute stability
( m, and my, in this region are allowed). In region (b) our.current vacuum state is a
false-vacuum (i.e., there is a deeper lying vacuum state beyond our present vacuum

state). Values of m, and my, in this region may be allowed, as long as the corresponding

potential has a false-vacuum state with a lifetime greater than 1010 years. In region (c)

the potential is unbounded; therefore, values of m, and m in this region are not

allowed.

We may relate the potential coefficients of Eq.5.21 to those of the analysis of

~ Chapter 2 (ice., € and y, ) as follows:

2 2 2
ma+mc'mb

with A=y———( = , (5.26)
m
a
we have
3,1 ” |
\y+=gx+8—i[9-327»] , ‘ (5.27)
and . .
~ 2 2 ' '
e=-y [Ay -y, +1] . (5.28)

The "thin-wall" Euclidean action for the nucleating bubble may be expressed in

terms of the € and y, parameters by
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B 5.29
™ oap (5.29)

The exact Euclidean action for the nucleating bubble differs from the "thin-wall" value

as explained in Chapter 2.

m (GeV)

Figure 37 The three distinct "regions” in the parameter space of the potential given
by Eg. 5.20. In region (a) our current vacuum state, located at 4>=0, is a tme-vacuum
state; and therefore has absolute stability ( maand mb in this region are allowed). In
region (b) our current vacuum state is a false-vacuum (i.e., there is a deeper lying
vacuum state beyond our present vacuum state). Values of ma and mb in this region
may be allowed, as long as the corresponding potential has a false-vacuum state with a

lifetime greater than 1010 years. In region (c) the potential is unbounded; therefore,
values of ma and mb in this region are not allowed.
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The characteristic time associated with the nucleation of an O(4)-symmetric-

bubble is given by
T4=V-1m-4expByyl | | (5.30)

where V is the three-volume in which the bubble nucleation may occur, 'm' is the mass

scale of the field undergoing the false-vacuum decay, and Bo(s) is the Euclidean action
of the O(4)-symmetric nucleating bubble. If we set VT, equall to the four-volume

associated with our past-lightcone then we may obtain a critical value for By The

Euclidean action for an O(4)-symmetric nucleé,ting bubble associated with a given
potential must be larger than this critical value so that the false-vacuum state would

have survived to this present time.

The critical value for B4 may be expressed as
It : :

B, =4 Log [Lm] : o (531).
where L is the characteristic length-scale associated with our past lightcone (i.e.,
approximately 1010 years or 1028 cm). For our model, the term 'm' in Eq. (5.31) would
be replaced by 'm,’, which is the characteristic length scale of the (Higgs) field-that is
undergding the phase transition.

A new bound, within the framework of the "thin-wall" approximation, may
 therefore be placed upon the mass of the 'b'-particle from the constraint

tw crit .
B04>B04 , . _ (5.32)
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Of course Bz is only an approximation to the exact Euclidean action associated with
the O(4)-symmetric decay. The actual bound to the 'b'-particle mass, associated with
O(4)-symmetric false-vacuum decay, is based upon the constraint,

B >B%)! . | ' (5.33)

Figure 38 shows both the exact and the "thin-wall” bound placed on my

associated with the lifetime of a false-vacuum state to decay via O(4)-symmetric bubble
nucleation. The lower dashed curve shows the bound placed on my, from the "thin-

wall" approximation, and the upper dashed curve shows the exact bound placed on my,.

Values of my, below the respective ‘dashed curve, but still lying in the false vacuum

region (i.e., above the lower solid line), are allowed because the lifetime of the
corresponding false-vacuum is greater than the age of the Universe.

The bound from the "thin-wall" approximation is not vastly different to the

exact bound. The reason for this is that with 'm,’ in the 100 GeV mass range the value

it
of Bc; is approximately 400. Within the $2-3-4 model, values of the Fuclidean action

in the region of 400 place us in the regime where the "thin-wall" approximation is

" reasonably good. Thus we a have relatively good agreement between the "thin-wall"

bound and the exact bound on my,

Finally, we shall make an estimate of the importance of possible astrophysical
nucleation sites for false-vacuum decay. This is achieved via a bound on my, associated
with induced false-vacuum decay via the astrophysical nucleation sites.

The characteristic time associated with the nucleation of bubble around a

nucleation site is given by,
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T3=11v1 Cxp(B3) , (5.34)

where B3 is the Euclidean action for a bubble nucleating around the nucleation site, and

'm' is the characteristic length scale of the field undergoing the phase transition. We
shall make the assumption that the Universe is empty, apart from N similar nucleation
sites. By similar, we shall mean that the same Euclidean action is associated with the

nucleation of a bubble around each of the nucleation sites.
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Figure 38 The exact bound and the "thin-wall" bound placed on mh associated with

the lifetime of a false-vacuum state to decay via 0(4)-symmetric bubble nucleation.
The upper dashed curve corresponds to the exact bound and the lower dashed curve
corresponds to the "thin-wall" bound.
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The time associated with the nucleation of a bubble around any of the nucleation

sites is_ .
T3 n = (Nm)'! exp(B3) : (5.35)

_ There is a critical value for B3 obtained l-ay setting T3 iy to the characteristic age of the’
Universe. Thus we will require B3 to be greater than the corresponding critical value so
that the falée-yacuum would have survived to the present day.

The effect of a nucleation site upon the Euclidean action for a nucleating bubble
may be characterized by a parameter o.. This will represent the deficit between tﬁe .

- O(4)-symmetric bubble Euclidean action (i.e., in the absence of a nucléation site) and

the O(3)-symmetric i)ubble Eﬁciidean action (i.e., m the presence of a nucleation site).

We define o by,
By=(1-a)Bs; . o | (5.36)

The analysis of Chapter 4 suggests that values of o in the range of 0. 01 to 0. 05
are possible within the perturbative analysis. The analysis of Hiscock (1987) suggests
~ that values of o up to 0. 25 are possible within the "thin-wall" approximation for bléck-
hole nucléation sites; and the Mendell and Hiscock (1989) analysis suggests that gven’
larger values of o may be possible within the "thin-wall" approximation for .compact '
objects such as neutron stars.

In order to consider induced false-vacuum decay we need to know the number
density spectrum of nucleation sites within ‘the universe. We may, however, place an
upper bound on my, by éssuming a state of "ﬁahum efficiency” for nucleation sites
within the Universe. A nucleating bubbie associated with false-vacuum decay will have‘-

a characteristic size which will depend upon the "shape" of the Higgs field potential,
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and therefore be a function of m, and my. A nucleation site is most efficient (i.e.,

causes the largest reduction in the Euclidean action) when it is comparable in size to the
nucleating bubble. Therefore, for the term "maximum efficiency", we shaﬂ mean that
the entire mass density of the Universe will be attributed to nucleation sites which are
of a characteristic size given by the size of the nucleating bubble. We attribute a'
nucleation efficiency parameter, a., to these nucleation sites.

The maximum allowed ﬁlass density of the Universe, within observational
constraints, is Pmax = 10 28 g cm-3. The most efficient nucleation site, as we have seen
in Chapter 4, will have a charécteristic size which is roughly the.same as the size of the
nucleating bubble. If we have a model for the nucleation site (e.g. , black-hole, boson
star, etc.) then its mass will be determined once its "size" is known. We ‘may,

therefore, place a bound on the number density, n, of nucleation' sites by

Pmax

n= (5.37)

Mnuc. site

For example, if m, is in the 100 GeV mass range, then My, 's;te is tybipal of the order
of 10!l Kg for a ";tlaxirnum efficiency” black hole or boson star. We shall cfudely
assume that N=nV, where V is our present horizon volume; this of cours;e ignores the
fact that we are living m an expaﬁdhlg' Universe.

Figure 38 shows the bounds on my, for several values of a. The solid line
représents the exact O(4)-symmetric bound. ‘We observe that o has to be at greater than
about 0.5 for the nucleation sites ‘dominate over the O(4)-symmetric decay, and hence
place a stronger bound on my,. Such a value of a would rule out the nucleation sites
considered in the perturbative analysis of Chapter 4. We may similarly exclude black

holes (within the "thin-wall approximation) as these typically result in values of o less
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than 0.25. However, the compact objects considered in the analysis of Mendell and

Hiscock (1989) were capable of producing values of a greater than 0.5.
Of course, in our Universe, not all of the mass is contained within "maximum

efficiency™ nucleation sites; also, the mass density of the Universe may quite easily be
an order or magnitude, or more, smaller than pmax. Both of these would diminish the

importance of nucleation sites to false-vacuum decay.
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Figure 39 Bounds on mb as a result of induced false-vacuum decay via possible
astrophysical nucleation sites, a represents the nucleation efficiency of the nucleation
sites and is defined by, Bg = (1-a) B4. The dashed curves correspond ( in sequence ) to
a=0.0,0.2,0.4,0.6 ,and 0.8. We observe that a value of a greater than about 0.5 is

required for the induced vacuum decay to dominate over non-nucleated decay. Also,
when this is the case, a stronger bound is obtained for mb.
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The conclusions of this section are actually quite insensitive to the modél for the .

(Higgs) potential. This is because. the results are really only functions of the four-

~ volume associated with our -past lightcoxie, the mass scale of the field undergoing the

phase transition and the number density and efficiency of the nucleation sites. Thus it
would not be unreasonable to make use of the "thin-wall" apprdxﬁhation to place -
bounds ﬁpon the to_p-qliark m'ass based on the-'life.t.ime of possible false-vacuum states
associated with the full twb-loop potential 6f the GWS ele‘ctroweak tlpory. It would
also be reasonablg to assume that the possible existence of suitéble astrophysical -
nucleafion sites (i.e., gravitationally compact objects' Qith a radius in. the 100 GeV

range) will not strengthen the bounds upon the tdp-quark mass.
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CHAPTER 6

CONCLUSIONS

The validity of the "thin-wall" approximation in most situations is quesfionable.
in the absence of gravity we observe that the approximation scheme is at best a zeroth
order approximétion. The Euclidean action for a nucleating bubble gi\}én by the "thin-
wall" approximation rapidly diverges from the exact Euclidean action as the energy
dénsity difference betv‘-/een the true and false-vacuum moves away from degeneracy.

A new approximation scheme is seen to considerably improve upon the results
of the "thin-wall" approximation. The Euclidean action for the nucleating bubble
obtained from the new approximation improves upon the "thin-wall" estimate by
typically one to two orders of mégnitude. The new approximation scheme is seen to be
robust rather than model specific (i.e., the approximation scheme is not ]imiteﬂ to
specific field potentials). The new approximation is also well defined, unlike the "thin-
wall" approximation; and requires about the same degree of calculation to obtain the
Euclidean action as thé "thin-wall" approximation. |

In the presence of gravity the "thin-wall" approximation is again of limited
validity. For the decay from de Sitter space to Minkowski space there is a< transition
from the Coleman-De Luccia "thin-wall" tunneling mode to the Hawking-Moss
tunneling mode. This transition takes place as the mass of the field undergoing the . -
transition is increased. The "thin-wall” approximatioh does not even hint at this

transition in the tunneling mode.
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Two symmetry transformations are presented; one associated with the ¢2-3-4
po.tential and the other associated with the coupled Euclideanized scalar field and
Einstein equations (independent of the functional form of the potential). These
symmetries allow the results of the numerical analysis to be extended over a large range
of the field potential parameter space without further calculation. |

The "thin-wall" approximation predicts a forbidden region for the decay from
Minkowski space to anti-de Sitter spéce. Associated with this decay is a critical mass,
above which the false-vacuum decay from Minkowski space to anti-de Sitter space is

| forbidden. The "thin-wall" approximation is seen to give a good approximation for this
critical mass, for field masses well below the Planck scale. When the approximation
‘breaks down then it does so in such a way as to underestimate the critical mass, i.e., the
"thin-wall" approximation overestimates the size of the forbidden region.

In a perturbative analysis, gravitationally compact objects are shown to be able
to reduce the Euclidean action for_ a bubble of true-vacuum nucleating around them
(i.e., gravitationally compact objects may act as nucleation sites for first-order phase
transitions within quantum ﬁelds).— This reduction in the Euclidean action is significant
when tﬁe gravitationally compact object is comparable in size to the nucleating bubble.
The maximum reduction occurs when the compact objéct hés a radius which
approximately half the radius of the nucleating bubble. Within the perturbative
analysis, reductions in the Euclidean action of up .to 5% are observed; as compared with
tﬁe Euclidean action of the O(4)-symmetric nucleating bubble in a flat spacétime. |

The importance of possible astrophysical nucleation sites such as microscopic
blacék—holes\ and boson stars to cosmological false-vacuum phase transitions will depend
upon their number dénsity within the Universe. For phase transitions with an

associated mass scale in the 100 GeV range, it appears that the number density of
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possible nucleation sites is too small to have a significant effect on our present vacuum
state (if our present vacuum happens to be a fals_e-vacuum state). Nucleation sites
would have to produce Euclidean action deficits of at least 50% to 60% (compared.to
the O(4)-symmétric nucleating bubble Euclidean actions) in order to start éompeting
with non-induced vacuum decay. Such deficits are, by definition, outside the range of ‘
consideration of the perturbative analysis; and e\}en -ptish the bouﬁds of 0(3) -"thin-
wall” ﬁodels for nucleated false-vacuum 'deca};, for which Euclidean action have been

calculated to date.

The interior lightcone evolution of a bubble of true'vacilum bésical]y falls into
two regimes. If the potential associated with the‘ false-vacuum decay has nearly
degenerate vacua then the "thin-wall" approximation will be valid. The scalar field at
the center Qf a thin-walled nucleating bubb_le lies at (or very close to) the true-vacuum
state. As a result there is no (or very little) interior lightcone evolution of the field.
ﬁe scalar field at the center of a thick-wall bubble does not, however, reach the true-
vacuum state Thus there is an evolution of the field towards the true-vacuum state in
the interior of the hghtcone Such an evolutlon results in the damped oscillation of the

field about the true-vacuum state to the interior of the light-cone.

In a cosmological setting, the oscillation of the Higgs field to the interior of the
lightcone may result in particle creation and re-heating (via couplings to other quantum
fields) in the lightcone interior. The degree of particle creation and re-heating will be
very model dependent. However, the exact form of the Higgs potential, within a given
unified field scenario, would allow for a determination of the bubble profile and hence

an estimate of the degree of particle creation.
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The bubble wall may also be a place for othef interesting "physics. Particle
physics, utilizing a Feynman diagram approdch (i.e., a perturbative expansion), requires
the presence of a vacuﬁm state to define a particle spectrum. To the outside of a
"bubble" lies a well defined (false) vacuum state, and therefore, well defined "particle
physics"; similarly for the inside of the bubble. However, there is no vacuﬁm state, per
se, in the bubbleﬂwall; this is because much of the bubblé wall corresponds to the
potential barrier in the Higgs field potential. Certain particle physics phénomenology is
dependant upon the properties (e.g., symmetries) of the vacuum state. For example, the

interior bubble vacuum state méy result in CP-violation (Charge-Parity), while the

‘exterior bubble vacuum state may not exhibit CP violation. However, the status of CP-

\}iolation in the bubble wall is, to some degree, indeterminate; CP-violation may very
well be violated to a greater degree in the bubble wall than in the interior bubble
vacuum. As a bubble-wall may lie to the past of our light-cone then any interesting
physical effects associated with the bubble wall may have had an effect on our
observable universe. A detailed study of the physics of the wall would therefore appear

to be appropriate.
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APPENDIX

NUMERICAL METHODS

The results in this dissertation have required the numerical solution of various
differential equations (e.g. , the Euclideanized scalar field and Einstein equations). In
this appendix an outline of the numerical methods adopted shall be r.eviewed,. and a
"source code prixﬁitive" shall be presented.

For our analysié of the (5(4)-symmetric false vacuum decay with gravi_'ty, we are

presented with the following set of differential equations:

Py 3dpdy_dU R Al
de2 T pdg ag T ay ’ - - '
d g 8 2 d g | |
_e]‘_H_’_tm_ ) 1[_“:] ~ |

= p -U . A2 -
{dg‘ 3mp2 2 | dg

We may re-express the above equations in terms of a set of coupled first order

equations as follows:

v | |
et S | A3
‘4 _dU_3dp A4

&&= ay " pack
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2 . .
,[QE]= PRLELE %[dj] -0 AS

This procedure has required the inclusion of only one extra "dummy" variable,
namely ¥ , which corresponds to the field derivative with resnect to the O(4)-radial
variable.

The analysis of false vacuum decay in the absence of gravity réquires a simple
~ specialization of these equatione in which we set the field mass "m" to zero
(equwalent to letting the Planck mass, in the Einstein equation, go to mfmlty ) In this
situation the solution to the Elnstem equation is trivial and we only require the :
numerical solution to the Euclideanized scalar field equation.

The tln'ee equations (A.3,4,5) , each require a starting condition at &=0 in order
to be integrated. For Egs. (A.4) and (A.5) the starting conditions are known in advance,
these being, %=0 and p=0 at &=0. If we had the starting value» for vy (ie., for Eq. (A.3))
, at &=0, then the nucleating bubble profile would be defined.

| Consider the decay from Minkowski to anti-de Sitter space. If we had the
' startmg value for y then integration of the d1fferent1al equanons would eventually leave
us with \|!-O and =0 as &—)oo if the false vacuum state were located at y=0, as it is in
our analysis of Chapters 2 and 3. It is instructive at thlS point to make use of the
analogy, as desotibed in Chapters 2 and 3, of the patticle moving in the .inverted
potential. If we guess an initial value for y that is "too small", then the particle will
have insufflcient energy to overcome the "friction" and hence will not reach y=0. We
may "detect” this scenario in the integration of the differential equations via the

occurrence of a positive value for j; if we had the correct starting value for Wy then )
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would be negative semi-definite for all values of £>0. If we guess an initial value for y
that is "too high" ( remembering that we must not choose a starting value that is beyond
the true vacuum valu'e), then the "friction" is insufficient to overcome the excess energy
and the particle will "ovgrshobt". This scenario may be "detected" by a negative value
for Yy, remembering that the false vacuum is located at y=0, and the true vacuum is at
y>0. Thus we may "home in" on the stan‘ing value for y via a method of : (1) guess a
' starting'vélue for y, (2) integrate djfferentjial equations until either >0 or y<0, (3)
update the starting value for y with the knowledge that the previous value resulted in-.
either an "undershoot" or "overshoot"; repeat this procedure. Utilizing a method of

bisection, this procedure will improve the accuracy of the known starting value for vy by

a factor of two for each iterative loop; thus if we réquire Vinitial 10 be known to m
significant digits then it is necessary to perform the iteration [ m / (logy 2 ) ] times.

Even if Ypiia1 Were known to arbitrary ’precision (via some analytical method
for example), it would still not be possible to numerically‘ integrate the differential
equations out to E=co; unless of course we introduce some "compac_fified" 0(4);radia1
variable, e.g., E=tan-1&. We are therefore going to have some maximum value for &
associated with the- integration of the differential equations. As the integration bf the
differential equations will always fail in practice via an "overshoot" ‘or "undershoot" -
then we must _decide upon a method to bring the integration of the differential equations
to an end, after the dééired degree of accuracy has been obtained for Wjpua1- This
decision is to some extent arbitrary; we shall therefore let the terminating scenario be
one of an overshoot, and the maximum value for € shall be thét correspondihg to the
location where y=0.

The -integration of tﬁe differential "equations proceeds via the fourth-order

Runge-Kutta, adaptive-step-size, method. An error estimate is obtained through the
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propagation of the dependent variables over a step size 6§ ana then again utilizing two
steps of size 8&/2; as these two sets of ﬁropagations will usually result in different
increments in the dependent variables then we méy calculate an estimate of the
fractional error in the increment of a dependent variable as a result of the propagation
over the interval 8&. If this error does not satisfy the error per step constraint then a
propagation over a smaller step size is attempted in order to meet the error per step
constraint. |

The integrated solutions are stored in an array at regular; uniform intervals in &
(>i.e., if the array size is given by 'n' and the maximum value for &=£,,. then the
dependent variables y and p are stored at intervals of Emax /M) -

For the decay from de Sitter to Minkowski space the numerical analysis will
proceed in a similar manner, but with a few differences. We now have to integrate
across the de Sitter horizon, or more precisely, ‘across the "equator" in the
Euclideanized de Sitter spacetime. 'I'his-"equator" is defined by (dp/d&€)=0 ( i.e., the
R.H.S. of equation (A.5) va'nishes)—; beyond the "equator” the form of equation (A.5) is

changed slightly, now being
d 8% m2 d | |
[Jl]=- _1+‘E::—p2‘ %[—‘E] -0 |, . A6

This equation implies that p will now decrease with an increase in &, this

_continues until we "close the sphere” , ( i.e. , until p reaches zero ); this will

, ‘automatically define a &, within the spacetime. Care has to be taken during the

propagation of the dependent variables across the horizon.
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We are also faced with a different t_ermiﬁating boundary condition for the decay
from de Sitter to Minkowski space. The scenario now requires y=0 both at the "north
pole" (i.e., where £&=0 and p=0) and at the "south pole" (i.e:, where &=£,,, and p=0).
This is necessary in order to prevent singular behavior in equation (A.4). However, we
may use an adapted method of -"overshoot" and "undershoot", in a similar manner to the
analysis for the decay from Minkowski to anti-de Sitter spacé, in order to determine the
starting value for . | -

The calculation 6f the Euclidean action for the nucleating bubble utilizes the

stored values of Y(£), and is estimated via the integral

CGmax |
Sp=-2n2 f p3 U d : ' A7
0 .

The integration is performed via an extended Simpson's rule which has an error
that scales according to (1/n%), where n is the array size fof the stored v values.

The array data y(&) and x(g) provide the starting point for the O(3)-analysis of
the effect of a gravit#tionally compact objcci acting as nucleation site. In this analysis
we adopt a perturbative approach, starting with the O(4)-symmetric nucfeating bubble
in the absence of gravity .( ie., my,—> eo in the O(4)-analysis), and place this into the
fixed background spacetime of a "star". Maintaining O(3)-symmetry, the O(4)-bubblé is
"prblated and oblatéd" until it satisfies the constraint of having zero energy and is an
extremum of the Euclidean action.

The following pages provide a source codé primitive, in the C language, for the .
analysis of the O(4)-symmetric false vacuum decay from Minkowski to anti-de Sitter

space. The computer code for the analysis of the false vacuum decay from de Sitter to
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Minkowski space and the O(3)-symmetric decay in a fixed "star" background are

obtained from modifications of, and extensions to, this code.
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/***#**********;k***** e sle sk e e e sl he sk she 3k e 3k sfe e sl e sk s s S S s ¢ s she s 3 sk s e s fe s e s e 3 she e s sfe s sfe e s 3he se sk 3he sk

Numerical analysis of bubble nucleation processes for

first-order phase transitions within quantum scalar fields.

Computer code written in 'C'

e ol el o e e BB ol ol ol ol e e BBl ol o SO 0l ol e o e sl ol e ot s ol s ol e sl e e e e |

Relationship between program variables and thesis notation :

epsilon_tilgla =% sigma=0 ksi=§ psiplus=y,

omega=® rtho=p field mass=m

#include <math.h>
#include <stdio.h>
ffinclude <conio.h>

double pot ( double sigma,
double omega,
double psi_plus );

double dpot ( double sigma,
double omega,.
double psi_plus );

double f1 ( double chi );

double f2 ( double ksi,
double chi,
double sigma,
double omega,
double psi_plus,
double field_mass,
double rho ); -

double f3( double chi,
double sigma,
double omega,
. double psi_plus,
double field_mass,
double rho );

Direct pre-processor to include standard libraries for
math functions and input / output routines.

Functions pot() and dpot() return the value of the
field potential and potential derivative respectively. .

Functions f1() , f2() and £3() are Runge-Kutta, fourth brder, single

step propagation functions.
’ Representing:
. g
f1: d§_x
. % _du 3dp
P E& T e
2 . 14
dp §rm [1 2 ] )
f3: =(1+ Sx<+U
' 'di 3mp2 2X (Ll A




double sigma_initial_value (double omega,
double psi_plus,
double field_mass,

double bubble_info[]

)%

double 04_euc_action (double sigma_data[],
double chi_dataf],
double ksi_max ,
double omega, -
double psi_plus );

double o4_integrand( int integrand_count,
double sigma_data[],
double rho_data[],
double omega,
double psi_plus );

void 1k ( double ksi,
double chi,
double sigma,
double rho,
double omega,
double psi_plus,
double field_mass,
double d_ksi,
double incf] );

void bubble _pfoﬁle ( double omega,
double psi_plus, .
double field_mass,
double sigma_ini,
double bubble_ksi_max,
double sigma_array(],
double chi_arrayf],
double rho_array[] );
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Function sigma_initial_value() returns the necessary
starting value for sigma at ksi=0. Thus after a call to
this function all of the boundary conditions required

to solve the differential equations are known.

Function 04_euc_action() returns the value of the].
Euclidean action for the O(4)-symmetric nucleating

bubble.
Where:

Sg =-2r2 fp?’ Uag

Function o4_integrand() returns the integrand for the

o(4)-symmetric Euclidean action integral.

Function rk() is a fourth-order, Runge-Kutta, single
step propagation routine. Increments in the sigma.
chi and rho variables are returned in the inc[] array;

where the step size is set by the d_ksi variable.

Function bubble_profile integrates the differential
equations (the boundary conditions and starting
conditions are all known at this stage). The function
returns the bubble profile sigma(ksi), chi(ksi) and
tho(ksi) in three data arrays... sigma_array[],

-chi_array[] and ‘rho___Larray_[_].
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#define num_data_points 101 num_data _points = numbér of data points to be used in arrays for
' : ‘bubble profile storage. '

ftdefine error_per_step le-8 ‘ :

| error_per_step = maximun allowed error in a single step of fourth-

#define iterations_required 30 order, Runge-Kutta, propagation.

#define pi 3.14 15926535898 iterations_required = number of trial 'shoots’ of the differential eqs.

in order to determine siﬂa_initial.

mﬁn()

{

double epsilon_tilda, . psi_plus, omega,
field_mass, sigma_initial, ‘ 04_action,
bubble_ksi_size, bubble_ksi_max , ' _bubble_info[2],
sigma[num_data_points], chi[num_data_points], rho[num_data_points];

psi_plus = 1.0;

epsilon_tilda=.550;

. Set initial data
omega = epsilon_tilda / pow( psi_plus , 2 );
field_mass=1.0;
sigma_initial = sigma_initial value ( omega, psi_plus, field_mass,/ bubble_info );
bubble_ksi_size = bubble_info[0];
bubble_ksi_max = bubble_info[1]; )
bubble_profile( omega, psi_plus, field_mass, sigma_initial,

bubble_ksi_max, sigma, ' chi, rho );
o4_action = 04_euc_action( sigma, chi, . " tho,
bubble_ksi_max, omega, psi_plus );

[#r#xswriax  OUTPUT ROUTINE ( e.g., GRAPHICS ) FOR DATA SHOULD GO HERE.  *#kkxxk/

return(0);
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/************************************************************************************

Function to return value of potential
##***************************************************#*****************#*****#*#***ﬁ/

double pdt ( double sigma,
double omega,

double psi_plus 3 - Potential :
)

U=(02-2(1420)c3+(1+30)ct) y,2

double potential_value;
potential_value = ( pow(sigma,2)
- (2+4*omega)*pow(sigma,3)
+(1+3*omega)* pow(sigma,4)
‘ ) * pow( psi_plus , 2);
return ( potential_value );

}

/***#******#***#***#*****##**********************************************************

: Function to return derivative of potential
*###*#************#*****************************************************************/

double dpot ( double sigma,
double omega,
double psi_plus

) ' Potenti ivative:

i
_ili_z:( 20-6(1+20)02+4(1+3w)0c3) y,2

double pot_deriv_value;

pot_deriv_value = ( 2 * sigma
-(6+12*0m_ega)"‘pow(sigma,25
+ (4 + 12 * omega‘) * pow( sigma ,'3 ) -
) pow( psi_plus , 2 );
return  pot_deriv_value );

}
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/*********#**************#*****?*****************#****#****f************#****#*******

: Function to return Runge-Kutta propagation function f1 .
**#*********************************************************************ﬁ***********/

double f1 ( double chi )

{ | d
. fl: ag-—-_x
return ( chi ); &

/***##**##****#*********#**********************************************#********#****\

. Function to return Runge-Kutta propagation function f2
************#***********************************************************************/

double f2 ( double ksi,
double chi,
d_ouble sigma,
double omega,
double psi_plus,
double field_mass,
double rho )

{ d d
. _x=@_§_ex
double pot_deriv, dg do p dg
friction; ' B

pot_deriv = dpot ( sigma,:
omega,
psi_plus });

if (tho == 0 ) return ( pot_deriv /4 );

else { friction = 3 ( chi,
sigma,
omega,
psi_plus,
field_mass,
tho );

return ( pot_deriv - 3 * friction * chi / rho );
}s
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/**********%*************************************************************************

Function to return Runge-Kutta propagation function f3
e ok ofe e e ofe ofe sk e sk 1111***********************************************************/

double f3 ( double chi,
double sigma,
doqble omega,
double psi_plus,
double field_mass,
double tho )

' : ' ' d 8rm2 (1

{ f3: 2 1+3m2[5x2+U] p2 y,2

double potential, P
arg,

potential = pot ( sigma,
- . omega,
psi_plus );
arg=1+((8*pi/3)
* pow( field_mass , 2)
*pow(rho,2)
* pow( psi_plus , 2 )

* (0.5 * pow (chi, 2) - potential ) );

return ( sqrt(arg ) ); -

/******#******************************************************#*********************f

Runge-Kutta increment routine
Changes external variables... sig_inc
. ‘ ’ chi_inc
##************************************************************************%**i******/

. void 1k ( double ksi,

double chi,
double sigma,
double rho,
double omega,
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double psi_plus,’
double field_mass,
double d_ksit,

double increment[] ) .

double a[4],
bf4],
cl[4), 7
sig_temp,
chi_temp,
ksi_temp,
tho_temp;

a[0} = f1( chi ) * d_ksi;

b[0] = £2( ksit, chi, sigma, omega,
psi_plus, field_mass, tho) * d_ksi;
c[0] = £3( chi, sigma, omega, psi_plus,

field_mass, i} rho) * d_ksi;
sig_temp = sigma +a[0]/2;
chi_temp = chi_ +b[0]/2;
ksi_temp =ksi +d_ksi / 2;

tho_temp = tho + c[0] /2;

"a[l1] = f1( chi_temp ) * d_ksi;

b[1] = f2( ksi_temp, chi_temp, sig_témp, ‘orﬁega,
psi_plus, ~  field_mass, rho_temp) * d_ksi;

c[1] = f3( chi_temp, sig_temp, omega, ~ psi_plus,
field_mass, rho_temp ) * d_ksi;

sig_temp = sigma + a[1] / 2;
chi_temp = chi + b[1]/2;

tho_temp = rho + c[1] /2;

a[2] = f1( chi_temp ) * d_ksi;
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b[2] = £2( ksi_temp, chi_temp, sig_temp, omega,

psi_plus, field_mass, rho_temp ) * d_ksi;
c[2] = £3( chi_temp, sig_temp, omega,’ psi_plus,
field_mass, rho_temp ) * d_ksi; :

sig_temp = sigma + a[2];
chi_temp = chi + b[2];
rho_temp = rho + c[2];

ksi_temp = ks1 + d_kst;

a[3] = f1( chi_temp ) * d_ksi;

bl3] = f2( ksi_temp, chi_iemp, sig_temp, omega,
psi_plus, field_mass, rho_temp ) * d_ksi;

c[3] = £3( chi_temp, sig_temp, omega, psi_plus,
field_mass, rho_temp ) * d_ksi; '

increment[0] = (a[0] + 2 * a[1] + 2 * a[2] + a[3] ) / 6;
increment[1] = ( b[0] + 2 * b[l] +2*b[2] +b[3]1)/6;
increment[2] = (c[0] + 2 * c[1] + 2 * c[2] +¢c[3] )/ 6;

}

'/***************#**************************************************************f*****

Routine to find starting value of sigma for nucleating bubble
***#********************************************************************************/

double sigma_iniﬁél_value ( double omega,
double psi_plus, -
double field_mass,
double bubble_dataf]

)
{

int number_iterations = 0,
size_flag = 0;
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double sig_max, sig_min, sig_ini, sigma,
ksi, chi, . rho, d_ksi,
sig_error, chi_error, rho_error, error_estimate,
chi_inc[3], sig_inc[3], rho_inc[3], increment{3];

sig_max = 1.0;-
sig_m_in =1/(6*omega+2);

sig_ini = ( sig_max + sig_min )/ 2;

do |

ksi = 0.0;
chi = 0.0;
tho = 0.0;

d_ksi = 0.001;

sigma = sig_ini;

while ( sigma > 0 && chi <= 0')

{
do {
rk( ksi, chi, sigma,
rho, = omega, psi_plus,

field_mass, d_ksi, increment);
sig_inc[0] = increment[0};
chi_inc[0] = increment[1];

rho_inc[0] = increment[2];

rk( ksi, chi, sigma,

1ho, omega, psi_plus,
field mass, d_ksi/2, increment);

sig_inc[1] = increment{0];
chi_inc[1] = increment[ 1];

tho_inc[1] = increment{2];




148

 rk( ksi+d_ksi/2, chi + chi_inc[1],  sigma +sig_jnc[1],

rho + rho_inc[1], omega, . - psi_plus,
field_mass, d_kst/ 2, increment);

sig_inc[2] = increment[0];
chi_inc[2] = increment[1];

tho_inc[2] = increment[2];

if( sigma1=0)
sig_error = fabs( ( sig_inc[0] - sig_inc[l] - sig inc[2] ) /sigma); '

else sig_error = 0;

. if(chi-1=0)
chi_error = fabs( ( chi_inc[0] - chi_inc[l]‘ - chi_inc[2] ) /chi);

else chi_error = 0;

if( tho 1=0)
tho_error = fabs( ( tho_inc[0] - rho_inc[1] - rho_inc[2] ) /rho );

else rho_error = (;
error_estimate = sqrt( pow(sig_error , 2) + pow(chi_error , 2) + pow(rho_error, 2) 3;

d_ksi=d ksi/2;

} while( error_estimate > error_per_step );

d_ksi=d ksi * 2;

sigma = sigma + sig_inc[0];
chi = chi + chi_inc[0];

tho = rtho + rho_inc[0];

kéi =ksi + d_ksi;
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. if ( ( sigmia <= sig_ini/2 ) && ( size_flag==0))
{
bubble_data[0] = ksi;

size_ﬂag_ =1,

};
if ( error_estimate < 0.1 * error_per_step ) { d_ksi =d_ksi * 2;};

}
number_iterations = number_iterations + 1;

if( (sigma<0 &&chi<0) && (number_iterations != iterations_requiied ))
{ . . .

sig_max = sig_ini;

sig_ini = ( sig_max + sig_min )/ 2;
5 '
if( s'igma.> 0&&chi>0)
{sig_min = sig_ini;
sig_ini = ( sig_max + sig_min )/ 2;

}s -

if( ( number_iterations == iterations_required ) && (sigma>0))

{

number_iterations = iterations_required - 1;

b
'} whilt;:( number_iterations < iterations_required );
if ( error_esti:pate < 0.1 * error _pgr_step ) { d_ksi=d _ksi*2;};
bubble_data[1] = ksi-d_ksi / 2;

return ( sig_ini );

'}
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/********#**************************************#********************#*#*************

Routine to set up data array to store bubble profile
#**#***#*##************************************************#**********#*************/

- void bubble_profile ( double omega, double psi_plus,

- double field_mass, double sig_ini,
double bubble_ksi_max, double sigma_array(],
double chi_array[], double tho_array[] )

double sigma, ksi, chi,

tho, d_ksi, ksi_interval, .

ksi_store_value, sig_ermror, chi_error,

rho_error, etror_estimate, chi_inc[3],
sig_inc{3], rho_inc[3], . increment[3];

int counter = 1;

ksi=0;

rho = 0;
d_ksi = 0.001;
sigma = sig_ini;
ksi_interval = bubble_ksi_max / ( t.mm_data__pointsm 1)
ksi_store_vaiue_= ksi_jinterval;
sigma_array[0] = sig_ini;
chi_array{0] = chi;_
tho_array[0] = rho;
§vhile( counter < num_data _poin.ts )

{.

do {

ri:( ksi, ‘ chi, sigma,

tho, omega, psi_plus,
field_mass, d_ksi, increment);
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sig_inc[0] = incrementtO];
cﬁi_inc[O] = increment[1];

rho_inc[0] = increment[2];

tk( ksi, chi, sigma,.
rho, omega, psi_plus,
field_mass, d ksi/2, increment );

sig_inc[1] = increment[0];
chi_inc[1] = increment[1];

rho_inc[1] = increment[2]; -

- rk( ksi+d_ksi/2, chi + chi_inc[1], sigma + sig_inc[1],
rho + rho_inc[1], omega, psi_plus,
field_mass, d_ksi/ _2, increment );

sig_inc[2] = increment[0];
chi_inc[2] = increment[1];

rho_inc[2] = increment[2];

if( sigma!=0)
sig_error = fabs( ( sig_inc[0] - sig_inc[1] - sig_inc[2] ) / sigma );

else sig_error = 0;

if( chi 1=0)
. chi_error = fabs( (chi_inc[0] - chi_inc[1] - chi_inc[2] ) /chi);
else chi_error = 0; '
if(rho !=0)
rtho_error = fabs( ( rho_inc[0] - tho_inc[1] - rho_inc[2] ) /rho);

else tho_error = 0;
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error_estimate = sqrt( pow( sig_error , 2 ) + pow( chi_error, 2 ) + pow( rho_error , 2 )
" d ksi=d ksi/2;

} while( error_estimate >= error_per_step );

d_ksi=d_ksi * 2;

if ( (ksi+d_ksi) >= ksi_store_value )
{

if ( (ksi_store_value - ksi) > 0 )
{

d_ksi =ksi_store_vaiue - ksi;

rk( ksi, chi, - sigma,
rho, omega, psi_plus,
field_mass, ~d_ksi, increment );

sig_inc[0] = increment[0];

chi_inc[0] = increment[1];

rho_iné[O] = increment[2];

b
sigma = sigma + sig_inc[0];
chi = chi + chi_inc[0];
ksi = ksi + d_ksi;

tho = rho + rho_inc[0];

sigma_array[ counter ] = sigma;
chi__arrayt counter ] = chi;
‘rho_array[ counter ] = rho;
ksi_store_value = ksi + ksi_inte‘rva];

counter = counter + 1;

}

else

{

sigma = sigma + sig_inc[0];
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chi = chi + chi_inc[0];
tho = rho + rho_inc[0];

ksi = ksi + d_kst;
B

if ( error_estimate < 0.1 * error _per_step ){ d ksi=d_ksi*2; };

/************************************************************************************

Routine to evaluate the O(4) euclidean action
************************************************************************************/

double 04_euc_action ( double sigma_data[], double chi_data[],
double tho_data[], double ksi__max,
double omega, double psi_plus,
) N

double 04_action,
ksi_interval,
integral,
integ_count;
ksi_interval = ksi_max / ( num_data_points - 1);
integral = 0.0;
integral += o4_integrand (0, sigma_data, rho_data, omega, psi_plus );
integral += o4_integrand ( (num_data_points-1), sigma_data, chi_data, omega, psi_plus );
for( integ_count=1 ; integ_count < (num_data_points-1) ; integ_count +=2)

{
integral +=4 * o4_integrand ( integ_count, sigma_data, rho_data, omega, psi_plus )
B '

for( integ_count=2 ; integ_count < (num_data_points-1) ; integ_count +=2)

{ ' .
int_egral +=2 * 04_integrand ( integ_count, sigma_data, rho_data, omega, psi_plus );

b
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o4_action= -2 * pow(pi, 2) * ksi_interval * integral / 3;

return ( 04_action ); .

/******************************************************#*****************************

Routine to evaluate the integrand for the euclidean action
53¢ sk 3 o 33¢ e 35 Se a3 3 3 e 3 e 3 3¢ s sfe 3l e s 3 3 3 e 3 e 2 e s e e 3 sk 3 e 3 3he S e e 3 e s ¢ S )¢ o sk e o 3jc 93¢ 3 ke 3¢ 3t e o '************/

double 04_integrand( int integrand_count,
double sigma_dataf],
double rho_data[],
double omega,
double psi_plus ) -

{

double sigma,
" tho,
integrand;
tho = rho_datal integrand__c'ount IR
sigma = sigma_data[ integrand_count J;
integrand = pow( rho, 3 ) * pot( sigma, omega, ' psi_plus );

return ( integrand );
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