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Abstract:

While investigating experimentally the dynamics of a host-pathogen system, the statistical problem of
estimating and finding confidence intervals for the probability of mutation from avirulence to virulence
of the pathogen was encountered. Assuming the probability of mutation is constant during any
experimental procedure, this problem may be considered as that of estimating the parameter p in the
Binomial Distribution function B(z; n,p). Because of the nature of the pathogen, however, to obtain this
estimator it was also necessary to estimate the total number of observations.

In the binomial setting this is equivalent to also estimating and finding confidence intervals for the
parameter n. With this experimental situation as background, two central limit theorems which give a
solution to these problems are proved. These theorems are proved under various assumptions which
appear feasible in the experimental situation. Other than the sampling without replacement scheme, the
techniques are distribution free in so far as no specific underlying distribution function is assumed.
These theorems, then, are an approach to estimating and finding confidence intervals for both
parameters in the Binomial Distribution.

A solution to the problem of finding the rate of convergence in each case is also given. This solution is
obtained using the same assumptions used in establishing the central limit theorems.

The techniques suggested by these two theorems and the rates of convergence for each case are then
applied to the experimental data obtained.
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o ABSTRACT

. While investigating experimentally the dynamics of a host-pathogen
system, the statistical problem of estimating and finding confidence
intervals for the probability of mutation from avirulence te virulence of
the pathogen was encounteréd. Assuiing the pro'ba.'b:.lity of mutation is
constant during any experimental procedure, this problem may be considered
as that of estimating the parameter p in the Binomial Distribution function
B(z ;3 n,p). Because of the nature of the pathogen, hovwever, to obtain this
estimator it was also necessary to estimate the total number of observa=
tions. In the binomial setting this is equivalent to also estimating and
finding confidence intervals for the parameter n. With this experimental
situation as: background, two central limit theorems which give a solution
to these problems are proved. These theorems are proved under various-
assumptions which appear feasible in the expérimental situation. Other
than the sampling without replacement scheme, the techniques are distri-
bution free in so far as nod specific underlying distributien function is
assumed. These theorems, then, are an approach to estimating and finding
confidence intervals for both parameters in the Binomial Bistribution.

A solution to the problem of finding the rate of convergence in each
case is also given. This solution is obtained using the same assumptions
" used in establishing the central limit theorems.

The techniques-suggested by these two theorems and the rates of
convergence for each case are then applied to the experimental data
obtained.

.....
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CHAPTER I
INTRODUCTION
Experimental Setting

P The statistical problems comsidered in this dissertation arose in an
experimental investigation of the dynaﬁics of a blological host-pathogen
system. The solutions to these problems, not necessarily bhe only possible
solutions; were Dbtaiﬁed under conditions which appeared most feasible in
this experimental situatién.

In this experimental investigation, the barley mildew fungus was
treated with a mutagenic agent, inoculated on eight resistant varieties of»
barley, and then screened for mntanfso One of ﬁhe main dﬁjectives of this
experimenfal investigation was the es%iﬁation of the probability of mutation
“From avirulencg to viralence at eight loci of this fungus.

The principal statistical problem arising frem this work was that
of fiﬁding an estimator and confidencé intervals for the probability of
mubtation at each locus, The difficulties in finding this estimator and
confidence intervals, However, arise from the fact that under ordinary
conditions the fungus does not grow on the resistant varieties of barley.
Moreover, when a pustulé appegrs on a resistant variety it is considered
a mutant. The estimator of the probability of mutation at each locus of
this fungus, quite naturally, will be a ratio of the total number of mu-
tapts observed on some specific resistant vafiety of barley to the total
mmiber of spores germinated on this variety of barley. Therefore, since
it is imﬁossible to count the total number of spores germinated on a set

of resistant varieties; it is mnecessary to estimate this total number of
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spores germinated for each resistant variety. The statistical problems are
then to find estimators and confidence intervals for the probability of
mutation at each locus and for the total number of spores germina.ted on
each resistant variety of barley.

The experimental procedure for estimating the total number of spores
germinatéd on a 'se‘t of reej.stant varieties may be‘de'ecribed as follows.
Whenever a éét' of pot's' of resistant varieties of barley was inoculated
with' mildew sperés ; a set of pots of' seedlings of a susceptible variety
was also irlocul'a;tede Iet X represent the total number o:f' sPores gérmi=-
nated on lea¥® i of a resn.stant variety of ba.rley. Xl’ X25 weoy XIM is
then the popula‘t:.on o:E' the number of spores gemmated on N leaves of the
res:.stant variety of 'barley, where l\T 1s ‘a know:a positive integer. 'I'he
spores germinated on eech res:.stant variety of barley could be repres’ented
in“‘chis way. As soon as pustules on 13he’ sugceptible rariety_x;r’ere visibie s

i
the numbér of pustuleé counted on leaf i of the susceptible variety. The

a countt of the number of pustules on n leaves was made. Iet x . represent

sample X5 Xp)

counted on n leaves of the susceptible variety. of barley, where n is also

sooy xn is the number of pustules which appeeréd and were

Imowm and n <N. The nmnbere .xle‘x REXY ‘icn will be considered a random
. sample of size n<by ta.ken withou’lc replacement from a pepuiation' i@entical
to the finite popﬁlation Xl
nmnfber ‘of pustules per leaf on 'tlr_;e susceptible leaves , then X was used

s Xps eeey Xy OF size N. If x is the average

as an estimate of the total number of spores germinated on the resistant

variety of barley or the total number of observations.
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This procedure could be repeated indefinitely, say up to g stages, so
that if Nkik represents the estimate of the total number of observations

at the K-th stage, then

q
8 ZN“
a® /[ xk

k=1
provided an estimate of the total number of observations over q_'s’tage$,
' ,if zq represents +the total nm‘bef of mu’éafn:b pustules observed over

g stages, then

A =
e

Ve

provided an estimate of the probability of mutation.

The theoretical problem consists of Finding confidence intervals for
the total nmfnber‘ of obsemtibné , Sq, a,nd‘ the prbba.bility 'of mutation, . ‘

Haviﬁg considered the experimental sifﬁat"j.on in this setting, however,
‘be_f&é proceeding to the diécussion of the ltheoretical i:ro"blems it is
ag.pprolﬁriate at -’chis point to mention sevefal,resul'bs from sampij.ﬁg without .
replacement theory as found in Wilks {1962) . These results and relations
mll serve to motivate certdin eoncepts- and sywbols used in the di.:c:cussion_ '
of the theoretical problems.

Pfeliniinaxy, Results From Sampling Theory

For k=1, 2, 3, ..., where k designates the icnth stage in this

experimental procedure, let X‘kly sz, csos kak be a finite population of

size W, with mean p, and variance ci, where

et - T [r——T— tm] T TTT T T




N
e = I\%k izlxki’

and Nk

o = Nknlz(xki “k)

i=1

Lef Xpeq 2 Xk.z’ sony Xk:nk be a sample of size o, baken _n'rithout -replacement

fram this population Wl‘th mean ;c'k and variance ’éi, where

and .

With these definitions, it is shown in the reference of Wilks cited above

“that
E(%{) = Mo
wrl%) = G- §) %
and -

2 2
E(ék) - Uko
From these results it follows immediately thait

E( xK)«Sk

WZ

wherg | S'I\Tk = ) K= Nbpes

o T > p— ™ T T ™ TTT 7




and Ver (NX) = l\ﬁ(%k - %k) 012: .

Also it is obvious that E(Qq) = 8,, where

and . q

and thatb E(é\i) = si, where

k=1

-and q
2 ; 2k 1,2
s = (._ - ) .
L & k

Furthermore, if the asdumption of independence between stages is

Imposed, then the follewing ’cheoi-em of some importapice in the sequel is

alse true.
2

Theorem 1.13 If s @’ /S\ , and Sq are defined as before and the Nkik form

. q
a sequence of independent random variables, then

i o~ 2 2
Var(sq) = E(sq sq) =8y -
Proof: Since E(Qq) = 8,5
. A 2.
Vargsq) = E@q - 5,)°

0 o i P A RS
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q
'E..(é\Q'Sq)a = E[ Z M (- “k)]a :

k=1

q

,Ej NiE(ik"Auk)e, by the assumption of independence,
k=1 '

aq
=) ¥l 1.2
: .kZl k(ik i Ek)qk’.

= se';
q ,
With thesg preliminary results,che problems as stated in the first
section can now be dgscribed more precisely in mathematicéi terms.
‘ Theoretical Setting

Tn order to find confidence intervals for the total numbér of obser-
vations, sq,‘and for the probability of'mutatioh, ﬁ, it is necessary to
determine the distributiﬁn functions of the’ random variables used to
éstimate thése parameters,_ In many cases, as for example in this siﬁu-
ation, the exact diéfribﬁtion_fUnctions may be:diffiqult to determine
and not amenable to tabulation. When these situations arise, é solution
éan be obtained by determining a limitiné disﬁribution which is amenable
tq tabulation. Approximate confidence intervals can then be constructed
from this limiting distribqtion. This is the’gpproach used to obtéin a

solution to the problems presented here.

Under fairly general assumptions it can be shown that the limiting
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distribution of the random variable

is Normal W:Lth mean zero and variance one. S:Lnee in many cases it is.

poss:.ble to su'bstitu'be “the estlmator of the variance and st:.ll o'btain the

same 1im1ting d:.str:.butlon » the problem of :f'md:.ng confldence J.ntervals S

for S q’ the total m.un'ber of observations , appears quite 1oglcally to be

'bhat of determin:.ng the l:.m::.‘b:.ng distrn.‘bution of the random varlable

Since __sq_ is aséumed_ uhlmovm; some estimator must be substituted. The
choice. of 8 "q seems natural from the unbiasedness of ’éa and will indeed
., plan an mportant role in the solution of the pro’blem.,

Furthermore, under fairly general assumptions the limiting distri-

bution o:f the random variable

zZz =-S5 %
A

¥s w{l=n} .

Y qrc( ) |
is Normal with mean zero and variance one. Since é\ q is an unbiased es-
. timator of S @ the natural exténsion in this ease is, if possible, to

determine the Iimiting distribution of the random variable

e v T e ——— et Ay ATy T
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From this it 1s possible to const;'tict ap;giro:&ima.te cehfidence intervals
for x, the probability of mutation. '

Once the limiting distribution of ’chese two random variables have
been established and are amenable‘t‘ol tabﬁiation, it is possible for a |
Tixed q to construct app?exﬁme.te ‘confidence intervals for sg;,' the total
mmber of ofbservatiens » and x;, the probability of mutation, reepective]y,
Tl}e fine.l prob‘]Tem then is te find a rate of convergence to the limiting
distribution in each case.

Befo:g'e proceeding to the sp}ution ef these problems it is neceesarjr
tg make s_oﬁe assumptions under which it is i)c;ssible te solve the ﬁro“alems
stated.above and to exhi;ni'b ;bhe existence ef a probability space on whieh
the random variables wi’ch‘these imposed conditions are defined. The exis-
tence of this probability spé,ce is necessary .in order to give ‘meaning to
: :phra.ses or symbols such as almpst sure convergence (a_;_%) of sequences <6f
random variables, convergence in proba'bn.li'by (_13,) of sequences of random
variables, convergence in distribution <;{ (X ) - VZ/ (X)> and events
( [X;m < xJ ) as they appear in the sequel. (The symbol [X < x] means
‘the set of w’ such that rbhe‘;random variable satisfies the condition stated,
‘as for examﬁ;e, xn(wJ) < x.)
| Basic Assumptions and an Existence Theorem
The prbblems as deecribed in the previous section are solved under

the following assumptions.

-~

1. Forgq=1, 2, 3, ..., the populat:.on (x l’ qu, coay qu\‘f ) is

a f:.ni‘ce populatlon of distinct, positive 1ntegers Wz.'bh ‘mean p,q a.nd

= — T ™™ T " 1T 1 L2 |
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variance oi s both unknown The distinetness implies that for

Q=1 2, 3, ce0,y Giz.dlz © and also the sample variance Giz d2 > 0.
2. FOI‘q_—.l, 2’ 3, oewy &ndl=.l, 2’ seo g Nq" O<m5xqiSM<w’

with M-m > 0.
’ 3. The Nf;l and n q 87 known, positive, imtegers such that for
q=1, 2, 3,"...,. 2<m, <N<coa,nd.2 <1&q<1\?

L, quq’ g_- l, 2, 3, ..., i8 a sequence of independent not neces-
. sarily identically distributed random veriables.
“n

5 For @ = 1, 2, 3, cs0, Zy = i Vi the total number. of _.mutaht's
at stage q, and Ncl'i?.q, the estimator of the total number of observations

at stage q, are iﬁdependent’}andom variables. SN a8 defined before is
the total number of observations at stage gq. The random variables e

defined by
¥y = 1 if mutation oecurs,
= 0 otherwise,

with P[yk 1] =, for all k, are independemt.

The following remarks and theoren_1 exhibit “the existence of a prob-
_apili%y space on which the random variables satisfying ‘these aséuinptiohs
are defined.

For each g, the probability function of Nq_iq and the range, Ilq’
of this random ve.ria.'ble are determined by the sampling without repla.ce-

ment scheme. ¥For g = 1, 2, 3y 000y s€b-

LLtl L bl
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NZ =1,
where i is some element of Ilq’. some finite set of real numbers.
As stated, p, q(ilq) for all i, q& Ilq is determinefl Ty the sampling‘yifql_xout

replq.cemen'b probability function, but for use in the sequel need not be

calculated. Similarly, for each q, by the définition of the 2y and the

q
Vi in assumption 5, the proba‘bility‘ function of Zy ‘is given by
q

P[z =1 q] C)/ eq(l-“)s * 12(1% Poq(tag)”

vhere iaq is an elément of ng, the range space of _Zl\T‘l’} wh::.ch' is some
finite set of integers 0, 1, 2, ..., Sl\T o
| S a
If X(1 = (quq, 2oy )s then the range space of the vector. random

q
variable X 4 is some product space Iq = Iqu ng, and by assumption 5,

the probability function of the vector ré.nd_om variable ;Xq is

P[Xq = iQJ = P19{119)P2q{12g) = A

vhere i = (i ) is an element of I 9 With these remarks it is now

1q’ izq
possible to prove the following.

Theorem 1.2: (Existence Theorem) There exists‘a probability space
(-, 4 > P) w1th the sequence of independent vector random vé,riables Xq-
giga:f‘ined oﬁ it and such that 'fo:F' each q the two elements of Xq are also
independent. |

Proof: In order to prove this theorem, it is sufficient to characterize

Llodi

T




ol Ll L1k,

11
~t:]zxe spa.ce £, determ:me the c-ﬁeld 4 and define a set f‘unctlon P on
the cr-:f‘leld / . Toward this end then, let - be. the set of all sequences
of the form (il, iy igs ««+) Where 1, 8T . Define a cylinder
C(il, :7.2, cey iN) for some Tixed N to be the set of all sequences in S

such that the fixed elements il’ i-2 5 ee-y 1. appear in the 'firs’t_; N places.

N
Varying N over all positive integers and. :|.k over all elements of Ik,“
yields a class f of all si;.ch cylinde-rs _C(j‘l’ 1y +ees ‘il\l)' 'l‘henf is
taken to be the n;inima.l, o-field over the class. . I\Tow'de:f‘ine the set
:E;u.nct’ion P on the class ég as follows. For each C(ii, iy oees :_N)
assign the probability '
. | . |
‘PG(:’i.l, iy «ees i.N) = I pt(i_b).
o Ct=l
~ The probabilities defined in this way are consistent. - Hence, by various
theorems, for example Theoren A, Pg. 137 Toe've (1960), the set function .
on ‘che class /f may be extended to a pro'babll:.ty nmeasure on f . Hemnce,
it is poss:.ble to construct a probabillty space (—(L ﬁ P). To define
the random ve.ria.bles Xq. on this pro'ba.bility- space proceed as follows. If
w’ is fhe sequence (i ), then set X (w‘) = iq. for q = 1, 2, 3, ooe o Im
'bh:Ls manner the vector random varia‘bles Xq are defined on this probability
space and ‘the a.ss:.gnment of the set - :f‘xmctlon P makes them independent.
The ass:Lgnment of p q ma.kes *bhe elements of the vector independent. ’I‘hese
assignments determine all d:.strlbution functions on this space and the
theorem is proved. ' ‘

From. this theorem then, since zq and 8§ q are sums of independent




LLY QL I

12

random variables defined on this space, they too are defined on this
prqbab?lity space. Their_joint'distribution function is determipedvby
the sampling withou% replacement scheme and the binémia; distribution of
the yk

In the sequel all events [X < x] will be elements of the 0-f1eLd4227
and a.s. eonvergence and convergence in probability of sequences of
random variables will be conmvergence with respect to this probablllty
space. |

Boundedness and divergence of sequences of faﬁdom variables, though
not designated as such in various places in the conbext, is a.s.
bgundedness and a.s. divergence.with respect tq this probability space.
In these cases, however, the sets of unboudedness and of comvergence are
empty sets.

With this introduction and these preliminary theorems it is possible
to proceed with the solution'of the problems presented in the previous

section.
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CHAPTER II

. : .
THE LIMITING DISTRIBUTION OF (£ - §)/4, .

Using'the assumptions made in the Intro&uctibn ar:_td ‘the notatiop'

found there, the p_focedure used inh finding the lim:}'bing distribution of

the random variable (§q-sq)/§a is the following: first establish that

8 -8
g @;—% ~ 5(0,1),
q

second show that

A
S -8 -
pl-l 449 .o,
8 s
a q

These two results are themn sufficient to prove that

A 3 ‘
af %—‘% - N(0,1),
. |

from which approximate confidence intervals for S q

’

The first statement is shown by the following:

Theorem 2.1: If = '
| T
I'd
! Sq
q A
Sqwsi
then Z Yq_kg P

A

can be counstructed.

I 1 J' )

Ll

i
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1k

. A
’ -3
and ;{D@g__g} - w(o,1).
q .

Proof: Obviously q

A
S =S
Z'g = 42
gk~ s
k=1 q

by the definition of the ¥ To prove this theorem i"c' is ‘possible to

ak’ ,
use the "Bounded Case" Theorem, Pg. 277 Loefve (1960). It is then
necessary to verif& that _

(1) ‘Iqul. is uniformly bounded for all k,

(ii) sq-‘-booa.sq_-*oo.
By ‘the assumption.of indepéndence of the Nl;ftk, the -qu are also indepen-
dent random varla.bles, and since E(xk) B, the Y, are centered at
expectations so that the other conditions necessary to employ the
"Bounded Case" Theorem are satisfied.

(i) Since'si > 0 and SN "Nk”k’ |Y kl is bounded for all k if
lmkﬁ{““k”kl is bounded. for all k. But ' |

ﬁls;.lka”‘;‘kl < N (¥-m) by assumption 2,

< W(M-m) by assumption 3,

hence, IY ;| is uniformly bounded for all k.
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| q
;Nﬁ(%k' %k) 012§,

a.nd since by assumption 1 12: >a > 0 for all k and by assumption 3

K n WML, ,

E-3)Eho

as k —» «. Hence,

e
L.1yfua
kzlmi(;nk Nk.) ck

as gq > « and therefore .s'-q - o as g - and the theor'ém is proved.
The follbikdng relations are hecessmry bto prove the next theorem and
are also required in later theorems:; hepte, are given hére as a lemma.

2 42 2, and %2 are defined as before ,

Iemma 2.1: If (i) sqr, 3’ %y X

(ii) 02 > ‘11 > 0 and i >d, > (assumption 1),

(i11) 2< n, <Nl (assumption 3),
2

then ) (1) 0< 'al <0 S 2(M-=m')2 for all k,

(2) 0<d, < 2 Q(Mmm) for’ all k,

e ™ rerpr— vy errra———- T TTT™"T
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(5)  o0<aa < < 2aP(um),
(#) o0<uad, < éi < 2q0F (M-m)Z.

Proof: (1) Ey (i1) 02 >d, >0 and

N m

Gk = Nkw 1 z (in - p,k} < Nk” T z (M-m)“ by assumption 2,
' i=1 R
M 2
= e (M-m)©,
‘ Nk L .

< E(M"m)ay

since by assumption 3; 2 < Nk”

(2) By (ii) /ﬁ}i > d, > 0and by the same reasoning as in (1),

B
"1 - 7)2 Pt o o2
= T X4~ X) S == - (M-m)© < 2(¥-m)~,
. since by assumption 3 also, 2 < oo

. q a -

2 2,1 "L 2 1l 1
3 =) W(===)0 a ) e - by (1),
&2 sq_kzl:ﬁgnk qu) K 2 11;1 kgnk Nk) v (1),

> qd;, since by (i11) and assumption 3 @(%kn 1—%1,'1{) > 1.
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Also

q

S ) G -5 )0 w (@),

k=l

2 " s
£2qN (M»m)2 gince by (iii) and assumption 3

ERhRt

(ll) Replaclng 512{ by 1‘?; and d; by d, in the proof of (3), it
follows immedia.tely that
ad,, S.gi < 2qiP (M-m)?,
and the lemma is proved.

These relations are useful in the next theorem which in turn gives

the key to establishing the second statement in the introduction of this

chapter.
° 2 AL .
Theorem 2.28 If s q and sq are defined as before, then
2 ~re
8- =8
L3 3.
q

Proof: Usiné’ K&lmogorov s Convergence Criterion, Logtive (1960); Pg. 238,

on the ' raﬁdom vaxriables

l ay2]
Yk “‘i("’ "5, e )
it must be shown that ‘ '

(1) E(‘I ) = 0 which then also proves that ‘the ¥y are intelrable,

(:‘i.i) the Y, are independent,
o o0
(1i1) z var(h) .,

k=1 ka '
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(1) B(Y. ) = 0 since E(gg

o

(i1) The Yk are 1ndefpendent by assmnpt:.on L.

£,

' k=1

: 1 1
Z E(E2) zul‘(ak-“ﬁkﬁ 2 422

= E(O’ -
¥ kel ¥ kel K ko k
oo l 2
(m Al L
Z nk ‘7 (Eck T k)’
5 .
L] 2 ],
AR .
k=l

oy Dy 2 o
< 21‘1\5{@’1"1“) by Lemia 2.1,

- k_l q

[+
since Z 52 < o apd N and M-m are finite. This ;prove‘s the theorem.
k=l @ ' : '

This result gives the key to proving the following

Theorem 2.3: If Sq'; /éq’ sg_ and /s\q are defined as before, then

L AEdal auirt

T
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Proof:

By Markov'®s Inequality

IEGJSEIQ - 8 I—-—i/

for all e 2> 0 and by Schwarzts Inequality

a3, slll.--l<\/'¢:s “s )P sk <17
Sq. s

/\ . .
But E(Sq.- Sq)2 gasa by Theorem 1.1 and

q
A A
1 1,2 °q “5%q2 1 _Sq 7850
E(E -‘/'—\) =E(—q—'—/\—'—q') 3—2 E(—-q-';-\————gﬁ)g o
. 2 n \ _
& ®q ®q"q ®¢ " g
Moreover,
A A A '
§ -1 s - 8§ S =8
q a4 2 .
B(- 9 gE[l g QIvéq QI] ,
: ) B
a q
S -8, (8 +s
S o T 0 AT
< ) s
5y
lge _ S2
o BN
= B ‘2(1[' s
‘Sq
1l ne 2
< = - . \ .1
2 q Elsq sql by Temma 2.1
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Thus

°

2|

1
< = a2
=433 A= .
o, E| g "~ 5q

N .
B8 -s)*mE -1)2
q q IS

4 sy

2

A2 21 A
Bub ]sq. sql <5,

+ si < hmzq(Mwm)a by Lemms 2.1 so that

2 2
- S '
l—g—a‘—g—'l < LI-NE(M“M)Q < @ e
A2 . g2
Hence, the random variables —%—a—-—g are integrable. Also by Theorem
2.2 this sequence of random vai'iables converges almost surely to 0,
hence ,' the sequence comverges in probability to O and by the Dominated

Convergence Theorem, Loe've (1960); Pg. 152,

N2 2

S =8
E[l,——-m-—qq ql:l = 0

as g -+« and the theorem is proved.

In order to prové the final theorem of this jcha.pter s 1t is mnecessary
at this point to employ a theorem of Loelve (1960); Pg. 168.

The following theorem stated in an ;equi'tv)alen‘c‘ wanner as that in
Loefve dis given without iaroof for the gener,ai case.
Theorem 2.4: If

W XL &)~ Lo,

(1) x_ -¥ 5o,
then '

L X)) > L.
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Note: If x;l - yn%;&;, 0, the theorem also holds. |

The -Qentral Limit ;Theqre'm. of interest in this chapter them follows
imnedia,tely as showa by

Theorem. 2.5: If Sq, S(l and é\q are defined as before, then

4}

;{ %ﬁ) f_N(O,l). .

q

Proof: Ry Theorem 2.1
y A
g~ 5q\
A\ > - 7(0,1),
e

and by Theorem 2.3

/\
-8 S -8
. a4 R o

] N
s

a

thus by applying Theorem 2.l the result Ffollows.

‘From this theorem then it follows that

2
z4{ =t~ /2
J f o ' at for.?c{zo

[|§q-"sq!

lim P : <3z

q A T d Ve
q

wzd’s

~ so that for q "sufficiently” large an approximate confidemce interval for
Sq is given by
A A 4Y /\cjz\y
~28 <8 <8 +28 |=1-=¢<.
E ss, <8, ra8)




CHAPTER III
THE LIMITING DISTRTBUTION OF ( zy = /S\ésr)/ \/éqn(l-n) .
The Central Limit Theorem
Tn establishing the limiting distribution of (zqwé o/ \,‘ngr(l-sr ,
it 1s necessary to employ methods differing from those in Chapter II.

After having shown that

Of ( S ﬁélsn“ > — N1,

a'btempt:s to show that

N
Z =« S x 2 =S x
2 9.2 9 E 5 pajied.

ﬁq’;“(l"’a; K‘Tq 7t(Loat)

The theorem, however, is proved by showing that for all z € R, R the set

of real numbers;

- z==S
[—ﬁ'—i{%(_j_-::_)< z]= [—9&-——‘[8_;(__]; <’ z]l-»'o,

In order to justify the use of the pivotal guantity

Z e
5 Sqit
S x(1-
/ (1 =x)
as the expression from which to work ‘for confidence intervals for the
probability of mutation n > 0, which is assumed to be constant over all

stages, consider the following. If as in assumption 5 the y; are defined

T T
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as
vy = 1 if mutation oécurs
yi = 0 otheryrise

. where Pl:yi = l] = 1, thén the probability function of v is

y 1-y
i
h(y;) = « “(L-x) T,

5
If, as before, z(1 =i' s is the total muiber of mutations over q stages
Ci=l ‘

where the y'i are 'independent indicators as defined above, then the
following two theorems are well known and aye given without proof.

Note: _Sq and the random veriable zq are non-negative integers and

z <8 .

q

. q- — ]
Theorem 3.1: "If the yi“s are as defined above and

(i) ﬂ = P[yi = l:,,
' S
(ii) Zq= =i yi 5
- A=
then the probability function of ?zq is
P

h(zq)i = (: 2) ﬁzq (:Laﬁ)sq "%

Theorem 3.2: If the probability function &f zq is h(zq) defined above,

then the maximum likelihood estimator of  is my = Zq/sq and




LI R "7 L

I 35 N 1 LN L Y

2k

(1) E(x,) =
(ii) Var(ﬂ ) - ’_fg(_l_ﬁltl C
_ S a -Sq-
Now since
:rtq 1 ) ‘zq - qur

.stl-ﬁb w qu(i-ﬂt.)'
q

it is possible to find confideﬂcg intervals for m if the limiting distri-
bution of the random variable formed by replacing Sq by Qq can be shown
to be W(0,1). |

Before proceeding to the theorems , the following lemma will be
required in the prooefs of these theorems.
Lemma 3.1: If 5, and Qq a.fg defined as before, then

(1) sy wwasg-o,

(ii) gq-*'o? as q » » ,

Proof: q q

(1) Sq =ZSNk > y Mo > g2m - « as ¢ ~» « by assumptions 2 and 3.
Ao

"k=1 kel
{is) Simn.larlys iml{xk>i Nkm>q2m-—>ooas q->® .
" k=l k=1

Lu

< o by assumption 2,

(111) §q Xk im"?m
) 5 :
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5 ‘

also,

These results are useful in proving the following tentral limit

theorem.
Theorem 3.3: Ifz , S, S._, and z_ are defined as before and
@’ "a? "m N,
zN =S %

oM Ty

qu -V Sqn(l-:r)

then -
' . B =8
.Zk=—9'-——-9°—
q!
= Vsq:r(l-ﬁ)A
and

i (fg_l_-..siﬂ\ - N(0,1) .
V87 (i-m) )7 e

Proof: Obviously

by the definition Of'z-'qk' Also E(ZN ) = S_ =, hence, the random variables
. i ‘ )

M

7 . are centered at expectations. Again using the "Bounded Case" Theorem,

Tak
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Loe've (1960); Pg. 277, it is apparent from the definition of the By
Ao ’ .
that the 7 . are independent random variables and since [z, -8 x| <
gk R N TN

N(M) < @, the Zojc B¥e un;ifomly bounded. By Letue 3.1 Sq:;l(l.'-'sr) - o
as g = «'s0 all conditions of the "Bounded Case" Theorem are: sa;tis:f'ied
and the theorem is proved.

Now in order to determi_.ne the limiting distribﬁtiqﬁ'o'f fhe random
variable formed by replacing Sq by ,S\(1 it is necessary  to introduce .la
random variable which can be utilized because of (iii) Lemma 3.1.

Definition 3.1: Iet. 0, = —%iﬁ- vhere -5, ’s\q, M and-m are defined
as before.

This _mﬁdom variable introduced for the saké of comvenience of
notation gives the key- to the proof of the principal central llm:.t
theorem of this chapter. From Lemma 3.1 it is obvious that
0 < (m/M)2 < 6 < 1. Thé following is also a true theorem.

Theo;'ex;l 3.4 I e‘q is as dgﬁnéd above, ’ghen
(i) EB(e) = m/M,
(i1) 6 == m/M.
Proof: @ /S ‘. mE(é\ |
(i) =®e) =8 322 = - w/m.

m .
e

(ii) By Tchebichevts Inequality, for all € >0

B(o, - w/n)°

P[qu ~ m/M| > e] < — qeg :

™ T T

1B N

id
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Bt B(6, - m/m) = B0~ (w/w)® = (w0)? 2, E(82) - (m/M) = (m/M)?'sE/s
: . g2
q
since by i’heorem 1.1 E(éﬁ) = s: + Si .

Thus by Lemmas 2.1 and 3.1

E(e, e-"m/M)a < (tm/M)2 gf__{)_m_-gf = g‘-"here K = f@%mﬁ

therefore K/ g -0 as q -+ o« gnd thus 6 2 m/M Moreover since

0<(m/M) <6 <1, .
9= 6 8 s
|e -9[..9]-1—- [<|_,Si'£-1|=|M_l|_
S 0 ~ g us_/Ms
q q Qg
/\
=|_E,_£L_ 1|
' , Sqq+r
-+ . 1
Now let /ér =§ ,Nkik and sr,;i N then
Ke=qt+1 " k'::q+l'
AN
| _ s('\ )-S(s au:$) 88 -85
N6gix = 0] < | S8a Sl R e N
3 (s + s) - sg(sq-s«sr)
'Sé\rﬁé\sr
< [-B2dE] since <8
8s-
aq
N
SI‘
=|7\°" - —-£|-=->®a.sq_—>oo,
. 8 S
q q

. 4 A :
since Sr and, /ér-are bounded apd S and Sq diverge as q - « by Lemma 3.1.
. . g . _
~ Thus the Gq_satisfy the Cauchy a.s. conirergence criterion so that

eq 2:3° ¢ for same 6. Howevér, since eq E m/M, there exists a subsequence
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q® such that eq, 8.8 m/M,~ but since the sequence it-self also converges
8.5. they must converge to"the same limit m/M. Thus qu"-;é‘m/M and the
tl;eorem is proved, ) ' |
Note: Since 0 < (m/M) L6, 5 L 1/9 @B/ for

log -/l = (an) o fm - 1/6_| > (w/m)’ Iw/m - 1/ |

With this result the central limit theorem follows from the following
obsexvation. |

Theorem 3.5: For all z £ R, R the set of real numbers, -aﬁd x>0,

o )i 0 ) | oo
' W | \//E‘;qsrsl—-js:).

0 ;éﬁ/M] .

q

" Proof’;

and

A A
: = d % o 1so, by the definition of o
where Ty zcl/S(1 and % = _q/sq Also, by . : o

% ﬁ 9.

T




[?q " 5" . ] r ]
P 32| =Plg -x <zt
\)Sqir(lm) , | %q ’
and,

N
Z =8 1 | Mo .
P[_g.__g_ < z].= P_l} g (1%_5__ ", - ﬂ> < Z,]_

N
el 1 a
g
where z% = 2] ’—té—lg'itl .
q

q
M6 <M | .
= |[—2{. 2 - :
Bq- | = 5 Ty qt) < z.'] s
Cy - 6y = m/M] R

and A;’ -]3; azid G; e the comp]\.ements of each of these events. Clearly if

Q.

’ e PSS - I (4] e : ;
whg A e , then B°, thus 3 < nd c
eALC,; We By AjC, By and By 8, U6 oo that

' e c - e e .
. P < < ° - < d =, .=, o
B, < ?(Aqu Cy) SPA, + PC,. Thus PB, PA, < PC, &n PG, < PA, -PB

, e, ‘ c c ¢ ' c
if; 5., then- that 3 c "
Moreover, WweE B%(_Z‘q, nwe Aq, 50 tha chq : Aq and Aq ‘.’Bq U Oq

¢ c._. c
fhus < < v PC” and | - ‘< PC” which coupled with
Thus, PA_ < P(BqU ¢,) < PB, + PG, PA, -~ PB 'S PGy which. couple

q

the previous result gives IPAQ w-PBql 5-1’0‘;. This, when converted to the

original notation, proves the theorem.
This bound on the difference of the p;-obabilities of these two
random variables for all z belonging to R together with the previous

theorems of this chapter gives the following central limit theorem.

I DR S S ——

™M
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C A
Theorem 3.6: If By ]

g ond 5, « > 0, are 'defin"ed as before, then

i <zs :n:(l-sr)> ¢N(0’1)°
Proof: Iet .
7 (s) = ® EK%T@) 2|,
TR X3E)
- a(z) = = fz e”tz/?- at, hére % = 3.1416"
e 4 :

The theorem is :proved if it cam be shown that for all z & R

[#,(z) - &(z)] > 0. However, |F, (z) - &(z)| < |7 () - B Q{2+

|Hq(z)‘ - 6(2) | and by Theorem 3.3, IHq(z) - @(z)| - 0. From Theorem 3.5

[7,(2) - B (2)] < ?[eq # m/m]
.which‘ approaches zero as ¢ = w sincé,.by Theorem 3.4 6 q ?:.:.Ei m/M, and the
‘theorem is provéd.,

From this theorem it follows that for z > O.

¥ T . dod,
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from which approximate confifence intervals for =, the probability of
mutation, cati be constructed. In the next section a discussion is giﬁen
cénqerning the comstruction of these confidence intervals and‘some of
their properties. |
Broperties of the Approximete CdnfideﬁcE‘InfeTVal$ Foxr. .

It is pf.interest to investigate the properties of the confidence
intervals for x derived from the previous theorem. In order to do this
the following comcept is of somé importance.

. Definition 3.2: An estimator Qn,ié sald to Ee an almost sure (a.s.)
estimator of @ if, and only if, 6, éonvérges almost sﬁrel& tq 6.
Note: :Abmost sure estimators arve eonsisteht'estimatqrs and in fact the
cenyergenée is point wise converggnée.
Theorem 3.7: It
(1) Ty % zq/sq,

BoBo /\

= By

. R .
?ii) e = Zq/sq with z q

d qa

thén‘%é is am a.s. estimator of x. ﬁq?ii°x and.%é is an asymptotically
unbiased estimator of .

Proof: By the definition of the ZN » they are in@ependent and integrable

a
and Var(z_ ) = S n{l-x) so that
. b)) N
S R q
Var(z,_ )
Z g me(1m) Z_:L_ < w
2 2 ¢
g=1 s(1 m 9=l q
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Thus, by Kolmogorov“s 8.8, eonvergence crn.ter:n.on Pg. 238 Loe've (1960)

i T ag
S U

= Inq - +rm - x| < I:rrq -_:-tql + I:tq'- x|

»
l I a ¥ 7y

By the first part of the proof lth - n| 28 0 and

Ry -l = 12 - 2= g By -2l 2 o

. e L3 . A - M 4
_since ’zq/s __E, 5 and e L / » ‘Thus :tq is an a.s. estimator of x.

’s? q is a.s. bounded, it follows by the Dominated Convergence

Aléo;, since

Theorem Pg. 152 Loetve (1960),, that E(n"c\q_) ~ 5, and the ‘theorem is proved.
The folloﬁ’ing lemmas are useful in establishing properties of the

confidénce intervals for x.

Iemma 3.2:" In the equatién'with real ‘Iqoeffi'cients ax® + bx +¢c=0

if

(i) a>0, b< o,"c"g 0,

(11) 22 +b >0, b - kac > 0,

(11i) a + b > -c,

then the roots R

b+ V'A 'b2 ‘:- hac

. ‘.2
2 b-VD "l.*ac and x
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have the following characteristics:

0<% <% < 1.

Proof: Since 'b2'- haec > 0, the ‘roots are real, and since a > 0, <O,

then ~b/2a > 0 so ‘that

b -/ - hac 5 + V12 - bac

1= o8 = -

Xy >0 if b £f v° - hac > 0 since a > 0. But ac > 0 since.a > 0 and
¢ >0, so -hac < 0 and ¥ - hac < 2. Thus mf -b since .

=b > 0 and therefore, x, > 0. If -c <a + b, then -hac S-haa + hab ang

. . 1
b2 - hac < ha? + hab + be = (2a + 'b;)j2;,' so that

/ b° - lac < 2a + b since 25 '+ b > O.

f:b + m < 2a,
% b +. b2" - lac

2 ¥ 2a,
and the lemma is proved.

or

< 1 sinee a > 0,

Temma 3.3: . I‘f.y'is any real number and x is a noﬁ-negative real number,’

then |y| < x,1f, end ounly if, y2 < vy

Proof: If |ylex, then |y| |y| < I;yl":'c < 2 or yag 22,
TF y° < x>, ‘then V° -5 <o or (y - x)(y + x) <.0, which implies
(i) (/- x)<oand (y +x)>0, or

(11) (y'=%) >0 and- (¥ + x) < 0.
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5
But,

(i) implies y < x and y>-xor ly| < x, and

'(ii) implies y >=x > 0 and y < .0 sinece x > 0.
‘This is mpo§§ib1e_, ‘hencée, the .only' possible-_ conclusion is that |y| < x.

The following theorem shoyrs the equivalence between the pivotal
quantity
: _g_:_?g’:l <z

R |

and the fact that the end points of the confidence imterval for m ate Tqots
of an 'é,ppropr:!.ate quadratic equation and that they also satisfy certain |
conditions. B | ” | |

- Theoziem 3.8: For 0<z<o

(1) - |z, ~'S.x«l

[ 8 xtrn) )

;i:f‘, and oniy' if, ,'a.(i:t?"--P b+ cy <0 where

)

AN ol
=85 (5. + 2z

%g) ng )

A, 2
b .;,-:s-sq(azq_+z), .

(ii) the roots of the equation a:r? + Db q:f + cq = 0 are

.1?(1 -,}'b -.hachr -b + \/'.t_)_q:.-,h a;qig

19 = - - 3{ =~ i
: 2s, ] . 2
] a 4 © g

N
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and if /S\ q‘aés. zé satisfy

a.s. a.s. &.5. -

(1i1) 0% TgS. TS L

-‘ 3:2 %_'_.)s“. .0‘

(iv)  =w "

lg

(v) Irf zy = 0, then Ty = 0.

‘Prc;o‘f: (1) From Iemms 3.3

lZ '.-Sltl

if, and only if, .

(225
o

Ca 5" _ 2
A . —
Sq:r(l-:r)

or, equivalently, if, and only if,
‘ 2 A A22 _ 2A
- 2% . <- 1
z, = 28,81 + Sg;t <z qu{ ~1t) 5

or,
' A 2 2 A 2, 2

4 -8 (2z_ + z 4z < 0y
| Sq(Bq + @) 2" - 5(22g + 27) w4 2y <0
which proves (i)

(ii) Clearly the roots of the equation
2 .
&g + 'bq;r + Cq = 0

where

A2
oq = 58 + 270

AY 2
b - 2z z
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’ 2
C = 2
q q-’
2 : . ) 2 .
=b —‘}b - ba e -b -E.]/b - la ¢
. - g a...94g , - q - g - aq .
are :th- - aaq and "gq" — eaq_

' 8.8, A
(iii) Since it is assumed that S, 2 z, and by defirition S, > 0 and

2 > 0 and 22 >0, it is evident that a.q > 0, bq< 0, and cq > 0. Since
/\aGSn
S >
- e QS
a_ +b .—.g(é\ -22);’z(z -2z,)=-z2=.~c .
@ g Ta¥e = Tata T T T TgT U g
2 4. A2y, 2 2,k 2a N 2
L L) = S (4z hz 2= 4+ 27) - 4275 (8 + 2°
g = 1aglq = Syl + bzy | ) - hagBy(Sq + 27)
2/‘ ,+A2aveSo
= z Z s~ > .
lpzqsq (sCl q)+z 5 0
A zanSo 2
- = = % .
2a +-b .Engsq z)+/éq > 5.2 >0
_ 8.8, .S,  &.S.
Thus by Lemma 3.2, 0 < ::rlq< Mg S 1.
(iv) ' 5
B = ha e
T - =_.g;_..___g_g
29 1g a.q ‘ ?




37

A
Sq > 1 for q large:

Therefore,

~

B.e8. .
1t2q - “1q,5

~

as q - « since @q - ® as ¢ ->'d and le‘ze + -zAL is finite for z finite.

8.8.

Thus , sz2q - ’tiq_ 0.

(v) If 3, =0, then c; = 0 and

[.2 ,
b =-/D b ==
°q qg.q<bq)

2a : 2a
q .

“lq_""-' = 0 since bq < 0,

q

and the theorem. is proved.

These results prove that

A .
|z, =8l
P—————Sz]srnlqﬁﬁﬁﬁeq] s

N
S w(1-
(L)
80 that' Z.
. 2 .
\ 'lim]?[ﬁrlqs-srfqtg]m 1 f eV /2 g
q . : . 4 {25 ‘ez :

where z > 0 and and Tog have the characteristics given in the theorem

ﬂlq

above.

Purthermore for all s I::fth-.,' ﬁZq:l 3

N
|z, -8 x|
S A C"“'<z

/ @\q:r(l—:rc)_-'

T
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for all z > 0, and conversely. This is true since the function
hig —a.:'c2+-b1r'+é‘
a a q qa
is a gquadratic :fﬁnction in & and a q >0 :Im_pl:i.es the graph of the function

is a parabola opening upward with w-intercepts at “lq and Ty (i'

™ T
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CHAPTER IV
RATES OF CONVERGENCE
In this chapter an atitempt is made to determine ,juéi; how good the
approximate con:ffide_nce' intervals in the preceding two chapters are or
a.;l.‘be‘mative_ly to determine the rate in terms of q at which each, of these
@istribut_ien functions approeach the Normal Bistribuﬁion with mean zere
and variance one. |

In Theorem 2.1 it was shown that

I(ﬂ—q—i) - (0,1),

and in Theorem 3.3 it was shown that

Azq"sq o ,1).
j%ﬁf{? n{o,1)

Both of these random variables were shown to be sums of independent randow
; | .

variables centered at expectations and by the bounded assumption the third

!

?.‘bsolute moment is finite. 'Eﬂ'hey thusg sa?tis:ﬁ‘y the condlitions neces;a.ry to
employ the theorem of" Gfaﬁlg?r (1957); Pg. TT, for determining their rates
of convergence to 'N(O,l‘j .

In Theorem 3.5 it w'a,s‘ éﬁown that

A
lP@% < z] - P[,———-————/:\:“';'.“l"—*z: < z] S P[eq # m/ﬁ] |

for all z € R, R the set of real numbers. Butb singe




0 0 RV S S

g
s /s
6 = 2.9 ,
q M/m
5 -8
A -
P[G = m/ﬂﬂ = P[S /S = 1] = P[—g—-——ﬂ = o]
a qa 4g s
q
where by Theorem 3.4
S s
- QoS
S LI
S
q
A similar result helds for
A A
S =85 S -5
I%i—i<4~4¥7ﬁ<4l
s s
q q,

for all z£€ R, as is shown by the following

A
Theorem 4.1. If Sq, Sq, sq and Qq are defined as before, then

A A2 2

A
5 -85 5 -8 § =8 ‘
[%i+i<4-%irﬁ<4|5%é?ﬁ¢ﬂ,
s s s
q a : q

for all real z.

Proof: Using the same procedure as employed in Theorem 3.5, set

A
|1 4a 4
A = = L Z:,
q . [ ...-. ’

5
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A
C.=|s / = 1
q [q/ %q ] ’
with A;, Bg,:_ and C; the camplements of each of these events. Ifwg Ag‘cé,

c e c - e
thenw+€ B, thus A < d b c ;
£ 4’ i ch B q and by complemegtat.j:.on :Bq A q U C.q 50 thaj:

. , c . c cC. e
.PB <PA + PC . Moreover, ifw- then W th 7,
q S Py q > £ chq: n éAq: s chq < Aq..so

that. PAq, < P'Bél' + Pc,;-v _Qomhining these reswlts ‘gives

A A

S -8 g -5 .

IP[—-Q——-—-—-@-< z] - P[—'-‘L—--i < z] | < P[s /8 4 1],

s s =% "qg *
q. q

But

s s
a q .

][] [rnera )
. : q

However, since for all q

1 4s
o< 9 q‘<oo R
s(l
42 5 -5 A
][] [ 4]
S . s s
a a a

A ) A A ] Ay
Also sq/sq._. 1 if, and only if‘sq/sq = 1, thus [sq/sq 4 1} = [sq/sq A l] _

- and the theorem is proved.
Moreover, the following is also true.

Theorem %.2: If Sq and /s\q arve defined as before then,
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g =8
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s
1Y q.
Proof: By Theorenm 2.2
‘ %2 . S2
“q 8.5
. >° 0,
a
-and from Lemma 2.1
2
sq >ad,
where 0 < dl < w,
- 3.2 a2,
|Sd| <3 |29 28 o,
sy N q

and the theorem :is proved.

From these remarks and theorems it is then apparent that the rates
of coﬁérgence in"géth cases can be examined with the ‘same method.
'.E‘oward thi.;, 'e_:‘nd it _is conveniéht to iﬁtroduce the _:f'ollowing ééneral

no’c‘a.tion . Let
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according as

o /}ai - B _gq - Sq
Xq = 82 ’ or S ’
gnd let
(A
= <
Fq(z) . P Y, z] 5
H (2) = BFY <Z:, 3
q L g

and
. 2,
&(z) = = 'fe -t /26.1:.

V2n

o . - , N
Tmplied in these definitions is the convention that Yg_’ Yq and X q are
simultaneously the first ramdom variable or the second, since these
are ' the combinatiens of interest in the comtext.
- Using this notation the problem in each case 1is to bound
7y(2) - o)
for all z» &€ R. This is done by considering

) - )] < Iy - B+ ) - e

where by Theorems 3.5 and 4.1,

\ | - 2)| < .

|7,(z) - 8. (2)] < P[xq£ 0],

and :
|7, (=) - &(z)| < cpz log o/ {a

by the theorem of: Czjamger.;;;lentiened above, where c, is an absoelute _cohstant

which ean be taken to be 3 according to H. Cramer (1928), °
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L

' Ba T Q (Byy + _‘.31'2 ok B:r'-'q) ’
and

- r

('ﬁ_I‘J": E(IYJI ) P
so that the second difference is bounded.

To 'bou:nd_-P[Xq ;é 0] =1 - ‘P[Xé = o:],- it is .necessary only to consider

the rz"a,'_te at which P[Xq = 0:] approaches one. By a theorem Pg. 168 Loe've

(1960), since xq‘i‘—,"—so'o, the distribution functien of X, Fy (x) >0 or 1

‘according ags x < 0 or x > 0, which is equivalent to saying P[Xq = 0] - 1.
Thus the problem i‘edug:eS' o finding the rate of convergence of the sequence

of random va,riabi_L_és Xq in law to a distribu‘hioﬁ degenera‘ce at. zero.

Since ;f x q) - o\f(o)', the characteristic function fq(u) - 1 = f(u),

the characteristic function of the degenerate law:. Also by theorem

Pg. 199, Loe've (1960),
- pl-8 145 . 148

fq‘(u)r:l+1“_;g— equ EXq

for 0 <®<1and 'eq-. is a complex valued quantity with leqlr < 1.

Iking & = 1 gives

1 2
fq(u)..l+§ o u E)Ci .

From this expansion .of :E'q(u)

Ll
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. 2(fq_(u) - 1)

wER

a

e q(U) =

is a :f‘unctioq of u. From thié it follows that

L

wEX

a

-R eq(u) <

since Rf (u) - 1 <0 and If (u) - ll < 2. (Here R demotes the real part
of the complex function.)

Using these observations it is then possible to prove
JZhgorém‘ 4.3, For all q and real -u,.

1
~-R aq(u) <5

c

vhere -R 6 (u) is defined as a,bove.

Proof: The result is trivial for -1 < u <1 since Ie (u)| <1 for all
w, Thus the result must be proved for the case |u| > 1. From the
Increments Inequality Pg. 195, Loe've (1960); which states that for any

real 1 and h

lf (w) - £ (u+h)l2<2f (o) €3 (o) - Rf (h)>

it follows since f (0) = 1 that
2
2(1 - qu(h)> > |:t‘q‘u) - quu-l-h)l ,
and since |1 - fq(u)‘| >1 - qu(u),

2lfq§h)-- 1 > |2 () - fq(m-h)la i
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But
f(u)al+§ ] (u) uEIX2
and
SRS | 12
£q(uth) = 1 + 5 0 (uth) (usn) o
Thus

2|fq(h) - 1] 2,}(@{2)2| e'q(u)u2 - eq(u+h)(u+h)2|2

> %(Eti)aln eqﬁu)ug - R 6q<u+h)‘(u+h)2‘|2 .

Wow assume that for |u| > 1 and for all g

1
=R 9q<U.) > 5
. u

Coupled with the fact that

~R 6 _(u) <. s
q uQED(2

q
it follows that
1 2 2 212 _Le 221 2
E(EXi) |r Gq(u)u‘_ - RO, (1}+h) .(u?u-h.)) 1< > Ef(EXq» |_2 u
2
(as0) 22 = E(E"z) - -.5{2“4 ,

(u—s-h) 4

or for all h
1 12
2|fq(h) - 1] >E|EX§ 1
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However for h = 0, this implies
0> ljflEXi -2 >0

for all q, a contradiction. Hence, -R 6 q(u) < _J__2 for all q and all u‘.

u

This result then gives the key to the following.
Thedrem 4.4 : Iff (Xci) »0{ (0), then

P[Xq # o] < wxé .

Proof: By the second Truncation Inequality Pg. 196, Loetve (1960); for

all a >0,
f aF, (x) _<_.'ET 7 <fq<0) --- qu({r)> av
«:% f =R eq(v} E(ivedv

)
u
7 since - <Ll
<3 f g0V since -R 6 q(u) < 2
S .

2
= EX [y
T q

Since the bound iz independent of u, and the characteristic function is

defined for - o< u < «, taking the 1limit omn u gives

q
x| >0

'P[xq%éo]= fdrx E7EX§

and the theorem is proved.
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From this theorem and the previous remarks it Follows that Ffor all

real 2
AR g A2 2,
S =5 - . o
.|P—9——g“<z -1 fe"'b/ d’cl<7’ q q +310gq_ o
| %q N Pzq
- 0
Wherev q
1 ZEINM"ns E
o _'a Tl % Nk
5 (55
and

3 S
IJ?[.‘?-q <z]-=-‘]: f dtl<7£<sq q>+3l°gq

21f=-oo

Pzq

vwhere 1 iEIZ "==S ?1’|5
qhkazl Me k

= (S ﬂ(l zr))5/2

With these results it is possible to prove the following.

Tﬁeorem h,5: TIf the comstants N, M, and m are defined as before, theh

A
5473 Yoo 12
(?) IP[—Q‘“%% < Z] - 6(z)| < Z"(M“?I:i);-@”‘?) 5 log o W(M-m)

qQ - g ‘.ﬁgi

2

3 log q
<Z:|“‘G(Z)|< q' 2 \/;m+m
S& e

for all real z, where G{z) is the distribution function of the Normal

Distribution with mean zero and variance one.
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Proof: (i) By the independence assumption,

B(82 - 52 .—.i M - % )EEE D632
a g o _nka,_l't k

By the sampling without replacemén{: probability funetion,

. e = oy “k“”k‘”nk“l Yo
E(’é’i - o) = T A —~l)Z Xpg = W)+ 2 Gk) ¥

Thus by Lenma 2.1 and assumption 3,

G - § R0 - DF < seem )
50 _
A2 242
B(y S “a) 5Q(M:‘f>*‘cm-e)?
q e

. Using the boundedness 6: the N, -and the X, it :t‘pliows that

q
ZElNkik" Sy |.5 < 2 E(kak - Nk)al\i(m-wm) = SQN(M%) ,
k=1 k k=1
éo that
N(M=-m
P39 < 5y
which proves (i).
(ii) Since E(/Stl - -Sq)’2 = si,
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\

,
~ 8 \2
s

a

Ui,lm
2 e O

and in this case, using Schvré.rzﬂs Inequali;by,

EIZN

3 . 2 ' <&
- syl < VE(zy - sy w)E(zy - S w),
e \/ M N (Nk R

< gy a(lin) V Ae(l-n) + 1,
e :

so that .

1/ 1
‘93q‘<; \/3NM +‘m P)

q

and (ii) is proved.

From these results, together with the results proved earlier that

Ly 22 2 22
sq-->q a3, sq>_hg_m

differences, (i) and (ii), in Theorem 4.5 will be less than € > 0, if

and si <‘qN2(M-m)2, it follows that both of the

. ) 22
—'g_’—— > TaX. [(M"m) Nz ) . ] °
g 4, € meat( L) ‘
These results are obtained with the added assumptions that (M-m) > 1,

d

1 >1 and iog qg>1. Hov#ever, these gi-e “very conservative bounds .

If the sum of the two Pounds in (i) or (ii) of Theorem 4.5 can be
made less than some prescribed number; then the so-called 1-o( per cemt

confidence intervals ha.ve a, deéree of confidence which can be determined.
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For example, if the sum of the two bounds in (i) or (ii) of Theorem k. 5 is
less than or equa.l to 05 » then the constructed 95 per cent confldence
intervals have a.t least an 85 per cent confldence.

Under the as_smnpt:_l.on that the kak are also ldentically distributed,
thé rate of convergence in each case is faster as can be seen from the
f@llowing._ |
Theprein L.6: 1f, in addition to the previous assumptions, the N xk are

identically distributed, then

n |
S =8 by a2

. q q _ 5§M~m) (1\T-2) c M»m)

(@) IP_[ ) < Z] &z < AP - Hey? \{ 1L

vy e .

_(ii) IPJL———-— <z|-@&(z)]| < nﬁ.'ﬁ + CJEMH T

for al]\. real z where G(z) is the Normal Distribution with mean zero and
varianc;e eﬁe » and EN = Np, N,M and m are as de;t’ined. before and ¢ < 3.
Proof: In the 1den*bica.ll;y‘ distrn.bu’ced case all the 1\ nk and Xk:i are
the same for all k. In this case log q/ /_q— 'becezmes l/ /_tf accon’:‘ding to
Crame“;r (1957), |

(i)“ In the identically distributed case

EIka-S I I\TM-m . M-m)

T WP - h P (PG - 2>1/2 E-H% .
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A2 2.2 1 L2 »
B(s, - o) = (s - ﬁ)E(%i - PP < 5q(M-m)=l“(‘N-2)2
so that 5 ) .S2 5 o 5
Eﬁq . q,>. < 5§M-m2 fl\]‘-az
) T~ 1y, 22 °
s a0 (5 = )
(11) Blz, - sN;arl3
| - L |+ _1
34

This proves the theorem.

" In the ;.dentié_:ally distri'butéd case the rate of convergence is
faster, but this assumption also requires, as mentioned, that all the
N, 1, and X, are the same. This coﬁdition would be impractical in the
e:;perimerﬁ:al sitvation discqssed here. However, if the experimental
sitﬁai?ion c_:-ould be stand_ardized so that this assumption is met, the rate
of convergence would be faster.

These theore:ms do not necessarily solve the rates of convergence
problem, since much sharper bounds may exist. .The bounds derived in
Theorems 4.5 and 4.6, however, do give some information as to how fast
each of these distribution functions approaches the Norxﬁal Distribution

with mean O and variance 1.

™M T e




CHAPTER V
APPLICATIONS TO EXPERIMENTAL RESULTS

An experimén{: designed to estimate the probability of spontaneous
) muta.tion Trom a.virulence to. virulence at the Algerian locus of the fungus
was preformed with the :t‘ollowing results. The estimate of sq, the total
, m_'un'bex_' of spores germinated on the variety Algerian, was /S\q =4 ,587,088,
but no“ mutation was observed. Using the techniques s‘uggeste& ixﬁ the pre-
v_'ious ‘chapters; the a.;épz;bxi:mate 9_5 per cent confidence infe.ﬁal for S q-.
“is (4,4h0,541; 4 ,733:655). The point estimate of x is zero and an approx-
;Tmate 95 per '<cent ;confidenc;e interva;i. for ﬁr, the probability of mutation,
is (0; 8.7201 x 10‘;'7). The number ¢ in this experiment, the nu;nber of
‘repetitions, was 59. The numbers N, M a.nd.m cammot be determined exactly
':E‘rom the experimental data, but from the data o'btaiﬁéd it is. known that

N > 1181, M > 366, m < 6 and 22 = 5,504, 024,219. Subs.titufing these
estimates in the bounds derived in Theorem 4.5, gives the following
bbimds 3 for (i) approximately 4 and for (ii) approximately .3.

Eb:pei‘imeﬁts vere also made to induce mutations from avirulence to

virulence at the Algerisn locus in the fungus using gaxmna :z*'a,clzn.zaﬂc,:’i.o:n° In
the experiments using gawma :1.rrad1ation 'bhe following experimental
technique was used. Pla.nts of the susceptible- variety Cumpana were inoc=
ﬁléted wiﬁh mildew spores when they weére about seven days old. Two days -
:‘%:g"te;-_un}nocﬁla‘l;ion the Compana plants were treated with gamma. irradiation
continuously for 48 hours. During this period they received an esi';imated'
dosage of 4800r. In about seven days affer thé irradiation treatment,

the mildew on the (30mpana. plants began to sportlate. These spores were
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then used to 1nocula.te the resistant variety Algerian in order to screen
:f‘or mutations from avirulence to virulence. This experlment produced‘pe
mptations and :che Tinal estimate ef Sq, the totai mmber of observs.tiohs
on the variety Algerian, was /é = h31,951, Using the same. techniques as
before gives the approximate 95 per cent con:f‘:l.dence interva,l :E‘or S q as
(heﬁ 7755 458,077). The point estima,te o:f' 7 is zero with approxmate
95 per cent confidence interval for = being (0, 8. 859 % 107 ) In this
case q =22, N > 309, M > 227, m = 1 and 'é = 178,086,341 Substituting
~ ‘these estimates :|.nto the 'bounds obta.ined in Theozem .5 gives the approx-
imate 'bounds for (i) and (ii), respectively as 3 and .5. Moreover, in
this e@eriﬁent it was possible to c‘ens_id_er each pot of ;ilger,ia.n pla.nts a
s_ta.ge in’ the g-stage experiment’al‘ ﬁrocedu_re° When the data obtained ‘is
e.na,lyzed in thi's way, the estima,te of the total number of "o'bserva,tions\is
again /% q = 431,931, but the approximate 95 'per ceﬁt conf:’cd.e?;ce ir;terval
for 5, is (420,51173- 443,315). The point estimate and the approximate
95 per cent confidence interval for x are again 0 a.nd: (0; 8.835 x '10“6),

. respectively. Th this case, however, q = 169, N > 67, >M >227, m = 1land
= 33,730,972. Using these estimites in the beunds derived in Theorem
4;5‘ gives a_pproxima‘_te 'bou_nds for (i); 5.8 and For. (:1.:1.), 3. It is inter-
esting to note that what is .'gained. in st:o;“ter'cénfidence 'intervals for-
Sq_,_ is lost in the 'api)roximate‘ bound obtained in the rate of cionvergenee
prob‘:l_exp_. -
Further experiments were made to 'induce m_utatiom_s-at all eight loci

of the» bsfiey mildev} fungus using diethyl sulfate: In the experiments
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using digat_hyl sulfate, Compana barley plants were spra,yed i_'ive times at
30 minute intervals with fresh 0.0076M solutions one to two days after
ineculation. When-pustules a_ppe‘ared on the Compana :pla.nits, these were
’dhep used to inoculate eight :}:'e's:i.stant varieties of barley. Hach resistant
variety of 'barley carries a distinct gene for mildew x;ésistahce, After
‘an estimated 20,270 spores had been tested on ‘bhe resistant variety Hana
m/n AB 62k, a pustule appeared on th:l.s vaa,rﬁ.eJc.:y-° This pustule,’ after
further screening, was considered a mutant. Applylng the same technigue
-in this case gives é‘ q'-.: 20,270 and é.pproximate 95 per cent confidence
intervals ;E’or' S g 25 (18 636; 21,910). . The point estimate of w is.

4,904 x ].-(‘.)“?5 with approximate 95 per cent confidence interval (8 485 x 10 6
- 2. 875 x 10 ) In this case q = 15. Fr‘om the experimental data it is
known that N > 5’—!- M>T9 mn < 10 and that s 4 2 = 672,389, Using these
numbers to determine the bounds in Theorem 4 5 gives for (i) approximately
12 and for (ii) approximately 1. 5.

From a purely intuitive point of view, the g_oﬂfidence‘_ intefvals
o@ta.ineq for the parg'a.mters Sq and ¢ in these experiments appear quite
reasonable. The bounds obtained, 'howeve:c;, are not very sharp. This is
not surprising, however, since the bounds obiained in 'I‘heoreﬁ'ho 5 are very
cc;mser‘vad;,:i.ve° It is possible that sharper bounds exist and that if these

could be found they Wouid provide better bounds even if estima.toré were

substituted for parameters or comstants which appear.




CHAPTER VI

The two central limit theorems, 2.5 and 3.6, as stated and pr_oved
in Chapfcers II a;nd III when considered in a géneral setting, are an
approach., tc; estimating and finding confidence intervals for both parameters
in the Binomial Distribution. The assumptions made to prove these theorems
are general enough to make the theorems applica.‘ble to many ﬁore e@ei'i-- .
mex;ta.l situations than the one given in chapter I. The methods 'oét‘ proof,
toq, may be a.ppligé.‘ble to otﬁer proofs of central limit theorems.

The first theorem,

i(s’\i;:—s% - N(0,1) ,
5y _

at first glance may not appear to be a’ nevw fheorem. However, this theorem
differs from others of this type in that the condition 's‘i/si 2:8- 1 45
les_s restrictive thén that of requiring a consistent'estimator or the
assumption of the summands being identicall;v distribute_d, In fact, the
condition of ‘cﬁe ratio of the estimator to fhe pa,ramete_r converging
almost surely to one is implied by the comdition .of a consistent es*bima,‘:bor,

The second theorem,

j(z —» N{o,l) N

S :t(l-:r)

is typically binomial except for the . fact that @q is also a random
variable. In this sepyse, under the assumptions stated, the theorem is,

to the ‘author's knowledge, new. In this theorem, too, the ratio of the
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est:i;naf.or to the pa.rame"tez", @q/sq, convergi:cg almost surely te ome piayed
an important .rolef ' This idea, haviné Wcrked more than once, migﬁt be
ccneidered a device in proving other central limit theorems in other
situa.i_:i'ons. This is particularly true when 'bo’ch es’cima;tor and. pe.rameter~
diverge. -

'_?he method of proof of these two theorems cou;ldlhave been the same,
namely, showq’.ng the 'dif:t‘erence.cf two d_is’cribu‘cion fuz_lctibns converge to
Zero. Howeve; ; it should be.noted that a more "restfictive" condition
could be shown in the first case and not in the second.

The ré.fes of convergence theorem for the deger;erate law is, to the
aﬁthop'_s knowledge, new.. This, then, combined ﬁ%h the classical rates
of convergence theorem 'of Crame'r can be considered a new rates of conver-
gence theoren foxj random variable of the type discussed in Chapter IV.
A“clqem’cc an epproa.ch to the rates of convergence for this settir}g 'be_cc.me
apparent in the proof_ _of the second centrél linmit theomﬁ, ne.qlely, ti;a’c
it was poss:nf.b]‘.e to bound the difference of two distribution functions
uniformly _I_Dyht_:he probabj:lii;y tha.t an almost surely convergent rar:xdcm
variable is not equal to its limit. This led't'o the consideration of
the ra.te of convergence of a random variable to the degenerate law,

X (O) Various theorems from Loe've (1960), on distribution and cha.rac—
j:e_risj;_ic iui;cfcions were of great importance in finding a solution to this
szc_)bleynf‘ ‘E\_ren though tpe rates as they appea.red in Chapter IV.‘ a.r';d' in the
experimen‘bal_app%icati.ons. seem fairly reasopa'ble » and in some instances

very good, it should be kept in mind that in this situation Exi and ps,
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could not be evaluated ex&&tly and could only be bounded. The rates are
thus very cpnserw}ative. _ |

The 'concept'o‘f almost sure éstimator s for example /T}q’ played an :_mm .
pgr%ant role in ésté.'blishing the pleasan’c"properties. of tfze confidgn_.ce
intervals for i‘r,"-’che}'.p_ro'bability of m{:a.tion., Almost sure estimators, -
é.s noted, éze always coh,sis%ent and if 'bounded, asymptotieaily unbiaééd
est:?.@:;atorsc This concc_apt‘ is, in a sense, .'an extension éf Kolmogorov“s.
Strong Iaw of Iarge Numbers. |

Further work could be done 11‘1 investigating the possible truth of A
these theorems when the asswmption of -‘T);:)xmde@.ne_ss'is dropped 'by working
with truncated rza,nfij!_c;tm._'v'ea,rrj.a:.bles° Also, 11: may be possible to derive
gharpt__er' bounds by evaluvating the sec;ond and fourth mcments exactly, and
rgther than bo'ﬁnding' these expres;:ions, leave them in thé exﬁanded‘ :f;orm:.; ‘
In the a.pplica,;cions then, it would be poésiﬁle to use Tukey's multiple-k
statistics +to possibly obtain sharper bounds. |

Recognition should be made of two articles which éppea.re’d in Pub.
Math. Inst. Hungerian Acad. Science written by Erdds P. and Re'myi, A.
(1959), and Hajek, J. (1960). These articles were not available for
:éex;usa.l at the time of-this 'f«‘rriting-,‘ i)ut Ffrem the reference made to the
articles in Chapter IT of Sa.mplin'g Teci:niques by COChré,n;' 2nd Fdition, it
was felt that jbhe central Llimit theorems obtained in this 1laa;per were proved

in an entirely different setting and are mew results.
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