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Abstract:
Superfluidity is predicted to exist in neutron stars. Superfluid effects on the dynamics of these stars
have not been investigated in depth in the past. In this thesis, superfluid hydrodynamics in neutron stars
is developed extensively. It is shown that superfluidity has important effects on the oscillation modes;
dissipative properties, and stability of these stars.

Very general hydrodynamic equations are derived which describe superfluid mixtures. The fluid
equations are coupled to the electromagnetic and gravitational fields. Forces due to the quantized
vortices of the superfluids are also included. It is shown that new vorticity-preserving forces can be
introduced into the superfluid-mixture equations. The equations are then adapted to describe neutron
stars composed primarily of superfluid neutrons, superconducting protons, and degenerate electrons
and muons. The set of equations is closed by constructing a model of the total energy density and using
it to express the dependent variables in terms of the independent variables. The low-frequency
long-wavelength limit of the equations is determined. The results can be used to study superfluid
effects on the global oscillations of neutron stars.

The equations are generalized further to include dissipative effects. Most important is a form of
dissipation known as mutual friction, which occurs only in superfluids. In neutron stars, mutual friction
is due to electron scattering off the neutron and proton vortices. An energy functional is constructed
which determines the damping time of a mode due to the various forms of dissipation, including mutual
friction. Plane-wave solutions are found to the equations. Mutual friction is shown to be the dominant
form of dissipation in neutron stars for sufficiently large angular velocities.

Gravitational radiation tends to make all rotating stars unstable, while internal dissipation tends to
counteract this instability. Thus, gravitational radiation can limit the maximum angular velocity of
neutron stars. The most important conclusion of this thesis is that mutual friction completely suppresses
the gravitational-radiation instability in rotating neutron stars cooler than the superfluid-transition
temperature. 
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ABSTRACT

Superfluidity is predicted to  exist in neutron stars: Superfluid effects on the 
dynamics of these stars have not been investigated in depth  in the past; In this 
thesis, superfluid hydrodynam ics in  neutron stars is developed extensively. It is 
shown th a t superfluidity has im portan t effects on the oscillation modes; dissipative 
properties, and stability  of these stars.

Very general hydrodynam ic equations are derived which describe superfluid 
m ixtures; The fluid equations are coupled to  the electrom agnetic and gravita­
tional fields. Forces due to  the quantized vortices of. the superfluids are also in­
cluded. It is shown th a t new vorticity-preserving forces can be introduced into the 
supeffluid-m ixture equations. The equations are then  adapted  to  describe neutron 
stars composed prim arily of superfluid neutrons, superconducting protons, arid de­
generate electrons and muons. The set of equations is closed by constructing a 
model of the  to ta l energy density and using it to  express the dependent variables 
in term s of the independent variables; The low-frequency long-wavelength limit 
of the  equations is determ ined: The results can be used to study superfluid effects 
on the  global oscillations of neutron stars:

The equations are generalized fu rther to  include dissipative effects. Most 
im portan t is a  form  of dissipation known as m utual friction; which occurs only 
in superfluids. In neutron stars, m utual friction is due to  electron scattering off 
the neutron and proton vortices: An energy functional is constructed which de­
term ines the dam ping tim e of a mode due to  the various forms of dissipation, 
including m utual friction. Plane-wave solutions are found to  the  equations. Mu­
tual friction is shown to  be the dom inant form  of dissipation in neutron stars for 
sufficiently large angular velocities.

G ravitational rad iation  tends to  m ake all ro tating stars unstable, while in ­
ternal dissipation tends to  counteract this instability. Thus, gravitational radi­
ation can lim it the m axim um  angular velocity of neutron stars. The most im­
p o rtan t conclusion of th is thesis is th a t m utual friction completely suppresses 
the  gravitational-radiation instability in  ro ta ting  neutron stars cooler than  the 
superfluid transition  tem perature.



I

C H A PTER  I 

IN TRODUCTION 

Purpose and P lan  of This Thesis

N eutron stars are n a tu re ’s grand tour of physics. Born from the collapsing 

core of a dying star in a supernova explosion, a typical neutron sta r has the mass 

of the sun compressed into the size of a city. The collapse can produce a rapid 

ro tation  ra te  and an intense magnetic field. Outside the star, the magnetic field 

in teracts w ith a surrounding plasm a, sometimes producing a  corotating beam  of 

electrom agnetic radiation. W hen the earth  lies w ithin the beam ’s p a th  we observe 

a  pulsating star in the sky, a pulsar: Inside the star, the m a tte r can be divided 

into several regions of crust and core, each corresponding to  a different density 

regime. A large fraction of the m atte r is at a density greater th an  or equal to th a t 

of atom ic nuclei. W ith  such high densities, neutron stars are among the most 

gravitationally com pact objects in the universe. They are also cold degenerate 

objects. Q uantum  mechanics is crucial to  the ir description too.

Indeed, one of the  most striking m anifestations of macroscopic quantum  

effects to  occur in na tu re  —  superfluidity —  has been predicted to  exist in neutron 

stars (for reviews see Pines and Alpar 1985; Sauls 1989). The interior neutrons 

are predicted to  form superfluid condensates in the inner crust and in the outer 

core. The small fraction of protons in the outer core are expected to  form a 

superconducting condensate. The transition  tem peratures to  superfluidity and
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superconductivity are of the order IO9K (see Epstein 1988 for a sum m ary of various 

calculations). W hile uncertainties exist in the  transition  tem peratures, neutron 

stars are expected to  cool well below IO9K in  a few m onths (e;g., see T suru ta  1979; 

Nomoto and T su ru ta  1987). Furtherm ore, in rotating m agnetized neutron stars 

the  superfluid neutrons are expected to  form an array of quantized vortices and the 

superconducting protons an array of quantized flux tubes. In general, superfluidity 

can be expected to  have interesting effects on the dynamics of neutron stars. 

(Except when the distinction is im portan t, superfluidity and superconductivity 

will be referred to  genetically as “superfluidity” and vortices and flux tubes will 

be referred to  genetically as “vortices” from  here on.)

The dynamics of neutron stars are studied prim arily by using hydrodynam ­

ics. Theoretical hydrodynam ic models study the equilibrium configurations, os­

cillation modes, dissipative processes, and stability  of these stars. Two significant 

questions these models a ttem p t to  answer are: what is the m axim um  mass and 

w hat is the m axim um  ro tation  ra te  of a neutron  star? Accurate answers to these 

questions will involve new insights into the physics of m atte r a t high densities. 

They will enhance our understanding of the  universe in o ther ways as well. For 

example, the observation of a compact object w ith a mass exceeding the neu­

tron  star lim it would probably indicate th a t the object is a black hole. On the 

o ther hand, the detection of an object spinning faster than  the ro tation limit of 

a neutron star would indicate th a t the m a tte r has compressed far beyond nuclear 

density; This would probably m ean th a t quark stars exist. An identification of 

one of these objects would be made more reliable by knowing more precisely the 

mass and ro ta tion  lim its of a neutron star.
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The theoretical determ ination of the m ass and ro tation  lim its of a neutron 

star requires a stability  analysis of the equilibrium  models of the star. In particu­

lar, the study of neutron sta r oscillations determ ines the stability  of an equilibrium 

model. Dissipative effects either cause the am plitude of the  oscillation to grow 

or to  dam p out. If the am plitude of a particu lar mode grows, then  the star is 

unstable to  th is m ode of oscillation. For examplej it is known th a t gravitational 

rad iation  tends to  make all ro tating stars Unstable, while in ternal dissipation (such 

as viscosity) tends to  counteract this instability  (for a review see Lindblom 1991). 

The onset of the gravitational-radiation instability, which determ ines the maxi­

m um  ro tation  rate, is found by studying the nonaxisym m etric oscillations of the 

star. Studying neutron  star oscillations m ay also be fruitful for other reasons= 

For example, these oscillations may be observable. (This possibility is discussed 

fu rther in the next section of this chapter.)

One m otivation for th is thesis is th a t superfluidity can be expected to have 

im portan t effects on neutron s ta r oscillations. However, past studies in this area 

of research have only begun to  explore the possibilities. Previously^ Epstein (1988) 

has studied sound waves in nonrotating, nonmagnetized, superfluid neutron-star 

m atter. However, most studies of neutron  s ta r oscillations have not used super- 

fluid hydrodynam ics (e.g., M eltzer and Thorne 1966; Thorne 1969a; Hansen and 

Cioffi 1980; Lindblom and Detweiler 1983; M cDermott et al. 1985; Carroll et al. 

1986; Cutler, Lindblom, and Splinter 1990; Ipser and Lindblom 1990; Strohm ayer 

1991). Also, a past study of neutron star m agnetohydrodynam ics by Easson and 

Pethick (1979) did not include dynamics for the  superfluid neutrons and treated  

the  protons as nonsuperconducting.
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A nother m otivation for this thesis is th a t dissipation in superfluids is com­

pletely different from th a t in ordinary fluids. (For a review of dissipation in 

superfluids see Sonin 1987; P u tterm an  1974.) In a superfluid the  condensate acts 

like a  zero tem peratu re  nondissipative perfect fluid; However, the  scattering of 

particles off the vortices can transm it forces to  the superfluid condensate, leading 

to  a form  of dissipation known as m utual friction. Previous studies of neutron 

stars have investigated the effects of superfluidity on viscous dissipation^ but have 

not included the effects of m utual friction (e.g., C utler and Lindblom 1987, Cutler, 

Lindblom, and Splinter 1990, Ipser and Lindblom 1991).

The purpose of this thesis is to  develop superfluid hydrodynam ics in neu­

tron  stars. The results will be applicable to  studies of oscillations of ro tating  and 

m agnetized neutron  stars, including dissipative effects. In particu lar, the focus is 

on neutron  stars composed prim arily of superfluid neutrons, superconducting pro­

tons, and degenerate electrons and muons. However, very general sets of equations 

are derived which can be easily adapted  to  other models of neutron  stars (e.g., such 

as those containing a  superfluid pion condensate), or to o ther situations of physi­

cal interest (e.g., such as m ixtures of superfluid 3He and 4He). The equations are 

closed by relating the  dependent variables to  the independent variables via partia l 

derivatives of a model of the energy density. The low-frequency-long-wavelength 

lim it of the equations is found. The equations are generalized fu rther to  include 

dissipative effects. P lane wave solutions to  the equations are found and compared 

w ith those for ordinary neutron-star m atter. Finally, the effect of superfluidity 

on the  gravitational-radiation instability  is studied. The most important conclu­

sion of this thesis is th a t m utual friction between the electrons and the quantized
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neutron  vortices completely suppresses the gravitational-radiation instability  in 

ro ta ting  neutron  stars cooler than  the superfluid-transition tem perature.

The plan o f this thesis is discussed in the rem ainder of this section. In 

general, the approach used here is phenomenological. The underlying assumption 

is th a t the  macroscopic properties of a neutron  star can be described by a set of 

continuous fields. A complete set of such fields would be the num ber densities, 

entropy densities, and velocity fields of each species of particle in the star, plus the 

gravitational and electrom agnetic fields specified everywhere inside and outside 

of the  star. The tem peratu re  and pressure (and several o ther quantities) are 

specified in term s of the independent variables by an equation of state. (The 

equation of sta te  is one place where the phenomenological theory touches base 

w ith the microphysics of the problem.) The equilibrium  and evolution of neutron 

stars are thus described by the equations of fluid mechanics, electromagnetism, 

and gravitation.

M any approxim ations are m ade in the  course of this thesis. These will be de­

scribed in detail and justified when they occur. However, three m ajor simplifying 

assum ptions are m ade throughout this work and deserve ex tra  m ention here. First, 

in  principle, the equations should be fully relativistic. However, Newtonian hy­

drodynam ics is used since the fully relativistic treatm ent of the  nonaxisym metric 

oscillations of ro ta ting  stars has yet to  be accomplished (e.g., see Lindblom 1991). 

F urther development of relativistic superfluid hydrodynamics is also needed. Rel­

ativistic corrections will probably change the  Newtonian results by no more than  

20% (see C utler and Lindblom 1991). Next, interactions between vortices are 

ignored in this thesis. In teraction between vortices of the same species will be
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shown to  have negligible effects on neutron sta r oscillations in the  low-frequency- 

long-wavelength lim it. However, in ro ta ting  m agnetized neutron stars the neutron 

and proton vortices either will be forced to  move through each other or they will 

become pinned onto or between each other. The details of th is interaction are 

not yet understood (e.g., see Sauls 1989; Srinivasan 1990) but an estim ate of the 

pinning force is given in C hapter 10. Lastly, the neutrons, which form Cooper 

pairs in the trip let state, are trea ted  as if in the singlet state. This is not expected 

to  have significant effects on the macroscopic behavior of the neutron superfluid 

(Sauls 1989). The equations presented here can give im portan t results in spite of 

their lim itations due to  these simplifying approxim ations. An outline of w hat is 

accomplished in  each chapter is given below.

In  C hapter 2 superfluid hydrodynam ic theory is reviewed extensively. First, 

the London theory is covered (e.g., see London 1950; 1954) which describes the 

macroscopic properties of a superfluid in term s of a macroscopic wave function. 

This is used to  define the superfluid velocity. Next, the Landau two-fluid theory 

(Landau 1941) is derived phenomenologically from a set of “macroscopic” first 

principles. This illustrates the power of the  phenomenological approach. The 

derivation given here is slightly different th an  th a t given elsewhere and provides a 

clearer starting  point for the  derivation of the hydrodynamics of super fluid m ix­

tures, which comes in the next chapter. The last part of the C hapter 2 discusses 

how the Landau equations m ust be extended when vortices are present. Since the 

spacing between vortices is typically microscopic compared w ith the length scales 

of in terest it is appropriate to  perform  a sm ooth-averaging of the equations over 

a volume containing m any vortices. The smooth-averaging process is discussed in



term s of bo th  a coarse-graining procedure and in term s of the phenomenological 

approach;

In C hapter 3 the general hydrodynam ic theory for a m ixture of N  charged 

superfluids is derived. In this chapter the equations from past studies of super- 

fluid m ixtures (e.g., Holm and K upershm idt 1987) are generalized still further by 

including a large class of vorticity-preserving interaction term s in  the dynamical 

equations for the  supeffluid velocities. A Ham iltonian form ulation for the equa­

tions is presented and used to  couple the charged components of the m ixture to 

the  electrom agnetic field. The new vorticity-preserving forces play a nontrivial 

dynam ical role at. the locations of vortices and have a profound effect on the elec­

trom agnetic coupling term s. By properly choosing these forces, it is possible to  

allow each com ponent of the charged superfluid m ixture to  respond to  the electro­

m agnetic field via an appropriate Lorentz force law. The electrom agnetic coupling 

proposed here is far more natu ra l th an  th a t proposed in the  previous studies of 

charge superfluid mixtures;

In  C hapter 4 the equations are adapted to  describe the outers core region of a 

neutron  sta r and are fu rther modified in several im portant ways. A specific model 

of the  energy density is constructed and its partia l derivatives are used to relate 

the  dependent variables to  the independent variables. The equiUbrium state  is 

discussed and the linearized pertu rbation  equations are found. The energy per 

unit length of the vortices in calculated. The characteristic frequencies associated 

w ith each of the force term s are discussed.

In C hapter 5 the low-frequency-long-wavelength limit of the equations is 

determ ined. In this lim it the  equations are also greatly simplified. For an appro­

pria te  frequency range it is shown th a t the num ber of independent velocities can

7
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be reduced from three to two; The resulting equations will be applicable to studies 

of gravity modes (g-modes) and pressure modes (p-modes) (for a description of 

these modes see C hapter 4; Van Horn 1980), including electrom agnetic, rotational, 

and vortex effects. A new mode is shown to  exist in the superconducting-proton- 

degenerate-electron plasm a, while Alfven waves, found in ordinary plasmas, are 

shown not to  exist. It is then  further shown th a t the electrom agnetic forces and 

the forces due to  the underlying vortices can be ignored for sufficiently long length 

scales. The final set of equations will be applicable to  studies of p-modes in rapidly 

ro tating  neutron  stars. These equations generalize the work of Epstein (1988) 

and Easson and Pethick (1979). Furtherm ore, an error in E pstein’s equations is 

corrected. Since the  final results differ significantly from the norm al m agnetohy­

drodynam ic (M HD) lim it, the entire procedure used here will be referred to  as 

the  low-frequency-long-wavelength (LFLW ) lim it throughout th is thesis.

In C hapter 6 the general theory of m utual friction is derived for a m ixture 

of N  charged superfluids. This generalizes the theory of m utual friction first 

developed by Hall and Vinen (1956), and la ter derived phenomenologically by 

Bekarevich and Khalatnikov (1961), in the context of superfluid 4He. The dis­

sipative coefficients which appear in  the superfluid equations are then  related to 

param eters which can be determ ined from microscopic calculations.

In C hapter 7 the first goal is to  include m utual friction forces in the superfluid 

hydrodynam ic equations which describe a neutron  star. The LFLW limit of the 

m utual friction forces is taken. The dissipative coefficients in  these forces are 

related  to  microphysical quantities by generalizing the m ethod of Hall and Vinen 

(1956). Specifically, the  remaining relevant coefficients are related  to  the velocity 

relaxation tim e between the  charged fluids and the neutron vortices, as determ ined
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by A lpar; Danger, and Sauls (1984). Outside of the vortices the  m ain dissipative 

process is due to  electron-electron scattering. This is incorporated in to  the theory 

by including viscous and therm al conductivity term s in the equations for the 

electron-m uon fluid.

The second goal of this chapter is to  estim ate the effect of m utual friction 

on the dam ping times of p-modes. An energy functional is constructed which 

determ ines the dam ping times due to  viscosity, therm al conductivity, and m utual 

friction. It is argued genetically th a t the m utual friction dam ping times of the 

large scale p-modes are much shorter th an  the other dam ping times in rapidly 

ro ta ting  neutron  stars.

In C hapter 8 the  frequencies for plane symmetric solutions are found for sev­

eral in teresting cases and com pared w ith those for ordinary neutron-star m atter. 

Two special cases are considered: axial modes where the wave vector is parallel 

to  the ro ta tion  axis, and inplane modes where the wave vector is perpendicular to  

the  ro ta tion  axis. The results are com pared w ith those for ordinary neutron-star 

m atter. Errors in the  previous study by Epstein (1988), in the case of a nonro ta t­

ing star, are corrected here. As in terrestrial superfluids, the resulting frequencies 

are modified and the num ber of allowed modes is doubled when compared w ith 

the results for ordinary neutron-star m atter. The damping times for these modes 

due to  electron viscosity and m utual friction are discussed and compared w ith the 

results of C hapter 7.

The purpose of C hapter 9 is to investigate how the in ternal dissipation mech­

anisms th a t exist w ithin superfluid neutron-star m atter influence the gravitational- 

rad iation  instability. It is argued here th a t m utual friction between the elec­

trons and the  quantized neutron  vortices completely suppresses the gravitational-
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rad iation  instability  in ro ta ting  neutron stars cooler than  the  superfluid-transition 

tem perature.

In C hapter 10 the im portan t results and conclusions of th is thesis are sum ­

marized. Areas where further work is needed, and the likely outcomes of such 

studies, are discussed.

In  the  rem aining sections of this chapter a background survey of neutron 

stars and superfluidity is given. The reader unfam iliar w ith either of these topics 

will find these sections useful and they serve as a guide to  the  literature. In ad­

dition: complete reviews of neutron stars can be found in Shapiro and Teukolsky 

(1983), Baym  and Pethick (1975; 1979), C anute  (1978), A rnett and Bowers (1977), 

Backer and Kulkarni (1990), and K undt (1990); superfluidity and superconduc­

tiv ity  are covered in Khalatnikov (1989), Tilley and Tilley (1986), de Gennes 

(1966), T inkham  (1965, 1975), Parks (1969), and London (1950, 1954); superfluid 

hydrodynam ics is dealt w ith extensively in P u tterm an  (1974) and Sonin (1987).

N eutron Stars

Observational Properties

Soon after the discovery of the neutron  by Chadwick in 1932, Zwicky and 

Baade (1934) proposed the  idea of neutron  stars. (There is a story, perhaps apoc­

ryphal, th a t Landau was actually the  first to  have this idea. See Graham -Sm ith 

1990.) Oppenheim er and Volkoff (1939) generated the first neutron  star stellar 

models. N eutron stars would be small degenerate bodies w ith roughly the mass of 

the sun compressed in to  a ball about a dozen kilometers across. Studies of neutron 

s ta r cooling showed th a t their surfaces would emit x-rays, b u t th a t they would 

be too dim  to  be seen (e.g., T suru ta  and Cam eron 1965). It seemed th a t neutron
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stars, if they existed, were unobservable: B ut then  in 1967 Bell discovered a radio 

source pulsing regularly every 1.3 seconds. It passed overhead once every sidereal 

day, as the stars do. (Bell referred to  it as a Behsha beacon in her notes; The 

others in  her group referred to  the source as the LGM or the “little  green m en” . 

See W ade 1975.) More such sources were discovered and it was soon realized th a t 

a new kind of s ta r had  been discovered—pulsars (Hewish et al. 1968).

Gold (1968) quickly identified pulsars as ro tating  neutron stars w ith intense 

m agnetic fields. It had already been realized th a t the collapsing core of a dy­

ing sta r would be composed mostly of neutrons because of electron capture by 

the protons (Baade and Zwicky 1934): Conservation of angular m om entum  and 

m agnetic flux would give large ro tation rates and magnetic fields. (See C anute 

1978 for a  derivation of flux conservation.) Thus, pulsars would form in supernova 

explosions. The discovery of pulsars in the Crab and Vela supernova rem nants 

supported  this idea. Today almost 500 pulsars are known, w ith periods ranging 

from  4.3s to  1.56ms (e.g., see K undt 1990).

In  the  simplest model a neutron s ta r possesses a dipole m agnetic field which 

is not aligned w ith the ro tation  axis (e.g., see Shapiro and Teukolsky 1983); In 

this model a neutron  star emits m agnetic dipole radiation: (A crude calculation 

of the m agnetic dipole radiation em itted  by the  Crab pulsar gives almost exactly 

the  energy th a t is needed to keep the Crab nebula lit— a significant confirmation 

of the essential ideas of the  model. See Gold 1969). M agnetic dipole radiation, 

though, is not the  source of the pulses (this can be shown by analysis of the shape 

and frequency spectrum  of the pulses). The exact pulse m echanism  is still not 

understood. However, applying the boundary conditions for the  electromagnetic
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field a t the s ta r’s surface, Goldreich and Ju lian  (1969) show th a t a ro ta ting  magne­

tized neutron  s ta r in a vacuum  would have a surface electric field strong enough to 

rip charges away from the surface. Their conclusion is th a t a ro ta ting  magnetized 

neutron s ta r cannot exist in a vacuum, bu t m ust be surrounded by a plasma. The 

basic idea then  of how the pulses are generated is th a t some sort of interaction 

between the  plasm a, the electrom agnetic field, an d /o r the neutron  s ta r’s surface 

creates a  beam  of electrom agnetic radiation. (For example, one popular idea is 

th a t the beam  is produced by a cascade of e~*"e— pairs.) This beam , however it 

is produced, corotates w ith the  star. Anyone in  the p a th  of the beam  detects a 

pulse each tim e the beam  sweeps past them , once w ith each ro ta tion  of the star. 

(For a  fu rther discussion of pulsar models see Backer and Kulkarni 1990; Shapiro 

and Teukolsky 1983.)

W hatever the pulse mechanism is, the energy source of pulsars is rotation. 

Since they  are radiating away energy they m ust slow down w ith time; In the simple 

dipole model the ra te  of ro tational energy loss equals the ra te  th a t electromagnetic 

energy is rad iated  away from  the star, i.e.,

E = m ti  = , (i.i)

where E  is the  tim e derivative of the ro tational energy, I  the s ta r ’s moment of in­

ertia, fi and Cl the angular velocity of ro ta tion  and its tim e derivative, respectively, 

c the  speed of light, and fh, the  m agnetic dipole moment. Using |m | =  B E ?/2, 

where B  is the  m agnitude of the surface m agnetic field at the pole and R  is the  

neutron  sta r radius, the  tim e derivative of the pulse period can be related to  the
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m agnetic field strength  at the s ta r’s surface. Using typical neutron star numbers 

the result is
1/2

(2; (1 2 )B s in S i= IO 12 I
V o -8S /

where Q is the  angle m  makes w ith the ro tation  axis, and P  = 2-k/SI and P  are the 

ro ta tion  period and its  tim e derivative, respectively. In more complicated models

the relationship between B  and P P  can be independent of the angle 6 (see Shapiro 

and Teukolsky 1983). Typical observed values for P P  are of the order 10~8s2/y r  

and so typical pulsar m agnetic field strengths are about IO12G.

A simple estim ate of the characteristic age of a pulsar is given by

I P
*age ~  2 p  ‘ (1.3)

This assumes a  constant m agnetic field strength  and th a t the observed period of 

a  pulsar is much greater th an  its initial period at birth. For example, this gives 

an age of 1243yr for the Crab pulsar which agrees well w ith the G rab’s known 

age of 937yr. (The crab pulsar was formed in the supernova explosion of 1054 

A.D:.) A typical value for âge is 107yr. However, this over estim ates the true 

age. Equation (1.3). could also be in terpreted  as the approxim ate spindown time 

of a pulsar if SI — constant held true, bu t pulsars spin down m ore slowly than  this 

linear approxim ation suggests. The actual tim e it would take a  pulsar to  radiate 

away all of its ro tational energy probably exceeds the present age of the universe. 

However, pulsars stop pulsing before they stop spinning. This is because the 

e"^e_ pair cascade th a t is believed to be the source of the pulses turns off when 

the voltage between the surface of the s ta r and the in terstellar m edium drops 

below the  value necessary to  produce the pairs. The voltage is generated by the
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s ta r’s ro tation. Thus, it can be shown th a t e~*"e_ pairs cannot be created when a 

pu lsar’s m agnetic field and period He below the curve B / P 2 =  2 x IO11G • s- 2 . All 

known pulsars have observed values for B  and P  above this curve. Typical pulsars 

probably evolve below this curve, and thus tu rn  off, in approxim ately 107yr. (For 

a further discussion of these ideas see Backer and Kulkarni 1990).

Com parison of pulsar m agnetic fields w ith their ages suggest th a t the mag­

netic field decays exponentially on a tim e scale of IO6 — 107yr (O striker and Gunn 

1969; G unn and Ostriker 1970; Lyne M anchester and Taylor 1985; Stollman 1987). 

The observations could alternatively be in terpreted  as decay of the  alignment angle 

6 to  zero (e.g., see K undt 1990). However observations do not support this alter­

native theory  (Kulkarni 1986; Srinivasan 1989). Thus, the decay is presumedly 

due to  ohmic dissipation in the neutron s ta r’s crust (see Shapiro and Teukolsky 

1983). On the o ther hand, Sang and Chanm ugam  (1987), and Sang, Chanm ugam j 

and T su ru ta  (1990) argue th a t the m agnetic field does not decay exponentially 

and its decrease could be only a few orders of m agnitude during the lifetime of 

the universe.

Even less is known about a neutron s ta r’s interior magnetic field. Its strength 

is unknown, b u t could be several orders of m agnitude larger or smaller than  the 

surface field. Early estim ates suggested it would persist for the  lifetime of the 

universe (Baym, Pethick, and Pines 1969a) and some evidence supports this sug­

gestion (Kulkarni 1986). However, Jones (1987) calculates th a t the  interior field 

could be expelled to  the crust in less th an  107yr. A more recent and completely 

different theory of flux expulsion from the interior is given by Srinivasan et al. 

(1990). (For a  sum m ary of other theories of neutron star m agnetic field evolu­

tion  see Sang, Chanm ugam , and T su ru ta  1990; for a further list of references see
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K undt 1990.) In any case, the m ain point is th a t the in terior magnetic field is 

poorly understood.

N eutron stars are not only associated w ith pulsars. Accretion of m atter from 

a companion onto a neutron  star is the accepted explanation of x-ray binaries (e.g.j 

see Bahcall 1978; Verbunt 1990). N eutron stars are also believed to  be the sources 

of gam m a ray bursts (See R uderm an 1989). Observations of x-ray binaries give 

mass estim ates of neutron  stars in the range of 1M@ — 2M® where M© is the 

mass of the  sun (see Avni 1978; R appaport and Joss 1983; also see Shapiro and 

Teukolsky 1983).

The m ost accurate determ ination of the mass of a neutron  star is from the 

Hulse-Taylor binary pulsar (ESR 1913+16). This pair consists of two orbiting 

neutron  stars, one pulsing. High precision m easurem ents of the  pulse doppler shift 

plus m easurem ents of the periastron advance (predicted by general relativity) give 

masses of (Taylor and Weisberg 1989)

M puJsar = 1:442  ±  0.003M ©, 

■^companion = 1:386  ±  0.003M ©.
(1.4)

The binary pulsar is, of course, even more famous for the decay of its orbital pe­

riod. This provides strong observational evidence for the existence of gravitational 

radiation (e.g., see Taylor and Weisberg 1989).

Unlike masses, which can in principle be determ ined from K epler’s th ird  law, 

neutron sta r radii are hard  to  measure. Observations of the flux and spectrum  

of x-ray bursts can be used to  give an estim ate of the size of the em itting area. 

Assuming th is is roughly the surface area of a neutron star gives an estim ate for 

the  s ta r’s radius. Observations during gam m a-ray bursts of the  redshift of the 

e ^ e -  pair annihilation line have also been used to determ ine neutron star radii.
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The results are in agreement w ith radii of order IOkm (see. Van Paradijs and Lewin

1990).

N eutron s ta r oscillations may also be observable. Quasiperiodicity in the 

m icrostructure and subpulse of pulsar pulses, in x-ray binaries and x-ray bursters 

and in gam m a ray bursts may be due to  such oscillations (see Epstein 1988 for a list 

of references). Explanations of these observations as neutron sta r oscillations are 

at present far from  convincing, though Van Horn (1980) has m ade some progress 

along these lines.

Finally, advancem ents in x-ray observations may make the detection of ther­

mal rad iation  from neutron  star surfaces possible. Young neutron stars (tage <  

lO^yr) are expected to  have surface tem peratures of the order IO6K. The sur­

faces glow in the soft x-ray part of the spectrum . Interior tem peratures will be 

about one to  two orders of m agnitude higher. (See T su ru ta  1979 for a review of 

early calculations.) Recently, d a ta  from the  Einstein Observatory has set upper 

lim its on the  tem peratures of several supernova rem nants, including four th a t are 

known to  contain neutron  stars: The d a ta  has been com pared w ith theory in 

several studies (e.g., see Nomoto and T su ru ta  1986, 1987; Page and Baron 1990). 

Most of the  d a ta  points are explainable by standard  cooling theories. S tandard 

cooling means cooling w ithout the presence of exotic m atte r such as pions or a 

quark-gluon plasm a. However, the tem peratu re  of the Vela pulsar lies below the 

s tandard  cooling curve. This indicates th a t some neutron stars may contain exotic 

m atter.

Evidence of Superfluidity

N eutron stars are very cold objects even though their tem peratu re  seems high
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by terrestria l standards. The reason is th a t a t nuclear density the  Fermi energy 

expressed as a tem peratu re  is about IO12K. Neutron star tem peratures are far 

below this, which means neutron-star m atte r is very nearly in  its  lowest energy 

state. Such m a tte r is called degenerate. It has been shown by Cooper (1956) and 

Bardeen, Cooper, and Schrieffer (1957) th a t an attractive in teraction between 

degenerate fermions near the  Fermi surface can result in the form ation of Cooper 

pairs and a phase transition  to superfluidity. (This is discussed in detail in the 

next section.) If the particles are charged then  a superconductor is formed. The 

degenerate nucleons in  a neutron star do a ttra c t each other via the strong nuclear 

force. Thus, one m ight expect the neutron s ta r’s neutrons to  become superfluid 

and the protons to  become superconducting at low enough tem peratures: (This 

possibility was first suggested by Migdal 1959.) Evidence which supports this 

conjecture comes from  the  study of w hat are known as pulsar glitches.

A sudden increase in  the pulsation ra te—known as a “glitch”—h as been 

observed on several occasions in several pulsars. For example, three glitches have 

been observed in the Crab pulsar w ith Af2/f2 ~  IO-9  — IO- 8 , and seven giant 

glitches have been observed in the Vela pulsar w ith A fl/f l  ~  IO- 6 . (Glitches are 

m easurable because pulsars are amazingly stable clocks. Some pulse periods are 

known to  th irteen  decimal places.) The glitch rise time is less th an  a day and the 

pulsar relaxes back to its norm al slow down ra te  on a tim e scale of days to  years 

(see Sauls 1989; Pines and A lpar 1975; Shapiro and Teukolsky 1983).

The most accepted theory of glitches is th a t they represent a transfer of 

angular m om entum  from a portion of the  superfluid in terior to  the  remainder 

of the star. R otating superfluids carry their angular m om entum  in an array of 

quantized vortices. (In equilibrium, the array  itself rotates rigidly w ith the rest
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of the  star.) In the inner crust these vortices tend to  pin to  the heavy nuclei. 

As the  s ta r spins down the pinned vortices are forced to  slow down as Wellj but 

their density rem ains the same. Thus, the  angular m om entum  of the superfluid, 

which is carried by the  vortices, does not decrease w ith the s ta r as long as the 

vortices rem ain pinned. However, an outw ard pressure gradient is created across 

the  pinned vortices. W hen this pressure gradient reaches a  critical value the 

vortices will violently unpin transferring angular m om entum  to  the rest of the 

star, spinning it up slightly. A glitch occurs. (Alternatively, a  theory in which 

crust breaking, ra th e r th an  vortex unpinning, occurs has recently been proposed 

by R uderm an 1991.) In a  more detailed version of the model the vortices are 

not absolutely pinned bu t can creep along the pinning sites because of therm al 

fluctuations. The m otion of the vortices is dissipative and acts as an internal heat 

source. The theory  of vortex m otion is referred to  as vortex-creep theory. This 

theory was first used to  explain glitche? by A lpar et al. 1984. (For a review see 

Pines and A lpar 1985; for more recent work see Epstein and Baym  1988; Bildsten 

and Epstein 1989.)

The m easurem ent of the interval between glitches and the  post-glitch relax­

ation tim e for one pulsar sets the param eters of vortex-creep theory. The theory 

applied to  another pulsar then  only depends on the tem peratu re  and spindown 

ra te  of th a t star. Using m easured spindown rates and tem peratu re  estim ates, 

vortex-creep theory gives a reasonable fit to  the glitch d a ta  of various pulsars. 

Conversely, the theory can be used to  give tem perature estim ates for the neu­

tron  stars (Alpar, N andkum ar, and Pines 1985). The tem peratu re  estim ate for 

the  Vela neutron  s ta r concurs w ith the suggestion th a t it contains some exotic 

m atte r, though not enough d a ta  is available to  make any firm  conclusions.
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A nother source of evidence for superfluidity in neutron stars may come in the 

fu ture from studies of neutron star tem peratures: The profile of cooling curves, 

which show the  s ta r’s surface tem perature  as a function of tim e, are sensitive to 

the  presence of superfluidity. However, m easurem ents much more precise than  the 

currently known upper bounds on the surface tem peratures will be needed.

Equilibrium  Neutron S tar Models

The theoretical equilibrium  mass and radius of a neutron sta r is found by 

solving the equations of hydrostatic equilibrium  for a specific nuclear m atter equa­

tion of state. In the  nonrotating case, a one param eter family of stellar models can 

be generated by specifying the central density of each model and then  integrating 

the pressure outwards from the center of the star until it drops to  zero:

Figure I shows the mass of a neutron  s ta r as a function of central density for 

three equations of s ta te  of varying stiffness. (Roughly speaking, a  stiffer equation 

of sta te  gives a higher pressure for a given density.) In Figure 2 the density is 

p lo tted  as a function of the  radial coordinate from the center of the  star for the 

same three equations of sta te  as in Figure I. The plots in Figure 2 are for 1.4M© 

stars. The results shown here were obtained using the fully relativistic equations 

for hydrostatic equilibrium  (See A rnett and Bowers 1977; Shapiro and Teukolsky 

1983). It can be seen in these figures th a t the  mass and radius of a neutron star 

are very dependent on the  equation of sta te  of nuclear m atter. The equations 

of s ta te  used are given in Pandharipande (1971), Bethe and Johnson (1974), and 

Serot (1979). These equations of state  can be described as soft, interm ediate, 

and stiff, respectively, and are representative of the range of equations of state  for 

nuclear m atte r found in the literature  (e.g., see A rnett and Bowers 1977).
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Figure I. Mass versus central density. Result are shown for equations of s ta te  
S (Serot 1979), BJ (Bethe and Johnson 1974) and P (Pandharipande 
1971).
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Figure 2. Density versus radial coordinate. Results are shown for equations of 
sta te  S (Serot 1979), BJ (Bethe and Johnson 1974) and P (Pandhari- 
pande 1971).
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In Figure I it can be seen th a t, in general; as the central density increases 

the mass of the s ta r increases until a m axim um  mass is reached: Stars with central 

densities larger th an  th a t of the m axim um  mass star are unstable against collapse, 

whereas stars w ith central densities less th an  th a t of the m axim um  mass star are 

stable. The m axim um  mass increases in m agnitude, but occurs at a  lower central 

density, as the equation of s ta te  stiffens: For example the soft Pandharipande 

(1971) equation of s ta te  results in a m axim um  mass of about 1.4M© at a central 

density of roughly 6 X 1015g /cm 3. The interm ediate Bethe and Johnson (1974) 

equation of state  results in a  m axim um  mass of about 1.6M© at a central density 

of 3 x 1015g /cm 3. Finally, the stiff Serot (1979) equation of sta te  results in a 

m axim um  mass of about 2.6M© at a central density of only 1.7 X 1015g /cm 3.

In Figure 2 the s ta r w ith the softest equation of state  has the smallest radius 

and the largest central density. The s ta r w ith the stiffest equation of state  has 

the largest radius and the smallest central density. Also, the density falls off very 

slowly from  the  central density except in the outer most p art of the star. The 

im portan t result is th a t most of the mass, about 80%, is at or above nuclear 

densities.

A rnett and Bowers (1977) argue th a t all supernova rem nants, and thus all 

neutron  stars, should have a mass of roughly 1.4M©, since above the C han­

drasekhar lim it (equal to 1.4M©) degenerate stellar cores become unstable against 

collapse. However, this does not mean th a t 1.4M© is the  m axim um  mass of a 

neutron  star. An absolute upper lim it on th is mass, based on the minimal re­

quirem ents of microscopic stability and causality, is about 3.6M© (see Shapiro 

and Teukolsky 1983). Also, ro tating  stars can support more mass for a given cen­

tra l density. Friedm an, Ipser, and Parker (1984) show th a t ro ta tion  can increase
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the  m axim um  mass of a neutron star up to  30% above its m axim um  nonrotating 

value:

Finally, the equilibrium  composition of the star as a function of the to ta l 

density is determ ined by calculating the ground state  of nuclear m atter at the 

various densities (e.g., see Baym, Bethe and Pethick 1971, Baym  and Pethick 

1975). The result is th a t the s ta r is divided into several regions. The crustal 

regions are solid, although neutrons begin to  drip put of the nuclei at a density 

of 4.3 x lO ^ g /c m 3. These neutrons form a dilute gas in the inner crust. For 

densities above 2.8 X 1014g /cm 3 the nuclei merge in to  a uniform  fluid outer core of 

neutrons, protons, electrons, and muons. The greatest uncertain ty  is at densities 

greater th an  two or three times nuclear density. At these high densities an inner 

core is expected to form as the m atter undergoes a transition  to  some new exotic 

phase. Solid neutrons, a pion condensate, or a  quark-gluon plasm a are just three 

possibilities.

Typical neutron sta r interiors are shown in Figure 3 for the  stiff Serot equa­

tion of s ta te  (on the left) and for the soft Pandharipande equation of state (on 

the right); The stars shown each have a mass of 1.4M®. The regions where the 

neutrons and protons are expected to  form superfluids are indicated. The im por­

tan t result shown in Figure 3 is th a t neutron  stars w ith a stiff equation of state  

are prim arily composed of superfluid neutrons, superconducting protons, and de­

generate electrons and muons. There is some evidence in favor of a stiff equation 

of s ta te  as will be described in the next section.
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Figure 3. Cross sections of neutron stars. Results shown are for Serot (on
the left) and Pandharipande (on the right) equations of state.
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How Fast Can a N eutron S tar Rotate?

The discovery of millisecond pulsars (e.g., see Backer and Kulkarni 1990) 

naturally  suggests the question: “How fast can a neutron s ta r ro ta te?” The two 

fastest millisecond pulsars have periods of 1.56ms and 1.61ms which differ by only 

3% from each other, while the next shortest period is longer by a factor of two. 

This suggests th a t P  ~  1.6ms represents some sort of m inim um  rotation period 

(Friedm an et al. 1988).

The absolute lim it on the ro tation  ra te  of a neutron sta r is determ ined by 

the Keplerian lim it, a t which point mass on the equator ro tates w ith its orbital 

velocity. A sta r which ro tates faster th an  this would be unstable to  mass shedding 

at the equator. It is believed, however, th a t millisecond pulsars are spun up 

from  dead pulsars by accretion (Alpar et al 1982) or are born spinning fast due 

to  accretion induced collapse of white dwarfs (Chanm ugam  and Brechet 1987). 

Thus, it has been suggested th a t the lim iting ro tation  ra te  is a property of the 

accretion process (Alpar et al. 1982; W asserm an and Cordes 1988). On the other 

hand, Friedm an et al. (1988) argue th a t models which require accretion to  tu rn  

off a t P  ~  1.6ms m ust fine tune the values of magnetic field and the accretion 

rate. They argue th a t it is more plausible th a t the m axim um  ro tation  ra te  is 

determ ined by the  equation of state  and the mass of the star.

Following the  argum ents of Friedm an et al. (1988), for a  given mass star, 

the larger the  radius the smaller the Keplerian limit on the angular velocity of 

rotation. Figure 2, showing the radii of 1.4M© stars, then  indicates th a t the 

stiffer the equation of sta te  the smaller the  m axim um  ro tation  rate. Since it is 

plausible th a t most neutron  stars have a mass of at least 1.4M©, the equation of 

sta te  is inferable from the m axim um  ro tation  rate. Furtherm ore, only the stiffest
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equations of sta te  have a m inim um  ro ta tion  period of P  ~  1.6ms. Thus, it is 

reasonable to  hypothesize a stiff equation of state  for nuclear m atter. Redshift 

d a ta  of the  pair annihilation line also suggest a stiff equation of s ta te  (Friedm an 

et al. 1988; Lindblom 1984). However, the existence of the  Vela pulsar below the 

s tandard  cooling curve suggests th a t it contains exotic m atte r and thus has a high 

central density. If nuclear m atte r is described by a stiff equation of state, then  

the Vela neutron  star would need to  have a mass significantly larger than  1.4M©.

The upper lim it on the ro tation  ra te  as a function of equation of state  m ay 

not depend only on the Keplerian limit. The studies of C handrasekhar (1970a,b), 

Friedm an and Schutz (1977), and Friedm an (1978) show th a t all ro ta ting  stars are 

unstable to  the  emission of gravitational radiation. However, in ternal dissipation 

can restabilize the  star. (See Lindblom and Hiscock 1983; Lindblom  and Detweiler 

1977; Friedm an 1983; Lindblom 1986; Lindblom  1991). In ordinary neutron stars, 

the critical angular velocity at which the instability  sets in is w ithin 10% of the 

Keplerian lim it. Thus, the  above argum ents suggesting a stiff equation of state  

for nuclear m atte r are not significantly changed by the gravitational-radiation 

instability. However, this instability  is im portan t to  determ ining the precise upper 

lim it on the  ro tation  ra te  of neutron stars;

Superfluidity

O bservational Properties

Superfluids and superconductors are distinguished by their ability to m ain­

ta in  persistent mass or charge currents w ithout dissipation. For example Reppy 

and D epatie (1964) ro ta ted  a vessel packed w ith  a porous m aterial and containing 

superfluid 4He. A fter the vessel was brought to  rest the 4He continued to flow,
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showing no reduction in its angular velocity over the twelve-hour period of the 

experim ent. Experim ents also show th a t superfluid 4He can flow though narrow 

channels w ithout viscosity. Similarly, in an experim ent at M IT, a current circu­

lated  in a  ring w ithout a driving force for more than  a year (see Tinkham  1965). A 

persistent current can be set up in a superconductor by bringing a m agnet nearby. 

The repulsive force between the m agnet and the  current in the superconductor will 

cause the  m agnet to  levitate above the superconductor indefinitely. (For fu rther 

references see Tilley and Tilley 1986.)

A nother sim ilarity between superfluids and superconductors is the form ation 

of vortices. R otating superfluids do not ro ta te  rigidly bu t form  arrays of quantized 

vortices. (The array is stationary  in a frame which corotates w ith the container.) 

Similarly, a type II superconductor forms an array of quantized flux-carrying vor­

tices when placed in a m agnetic field. (A type I superconductor completely expels 

all m agnetic flux from its interior. This is known as the M eissner effect.) The a r­

ray of vortices in ro ta ting  4He has been photographed by Yarmchuk and Packard 

(1982). The array of vortices in  type II superconductors has been photographed 

by m any investigators by spraying m agnetic particles onto the  superconducting 

surface (e.g., see Essm ann and Trauble 1967.) The currents around these vortices 

are fu rther examples of nondissipative flows in supeffluids and superconductors.

Not all superfluid behavior corresponds to  th a t of a perfect fluid. Experi­

m ents using piles of thin ly  spaced discs suspended by a torsion fiber in superfluid 

4He show th a t the oscillations of the discs are dam ped out (see Tilley and Tilley 

1986 for references). Evidently a superfluid is capable of bo th  viscous and non- 

viscous m otion at the  same time. This observation led Tisza (1938) to  suggest a 

two-fluid description of superfluid 4He. In the  two-fluid model a sup ef fluid is a
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m ixture of a superfluid which flows w ithout dissipation, and a norm al fluid which 

flows w ith ordinary dissipative effects: It should be pointed out th a t the two-fluid 

model is a paradigm  for describing the phenomenological properties of the fluid. 

The two fluids cannot be separated. In the  phenomenological approach of this 

thesis this subtle property  of superfluidity will not be im portan t.

A superconductor could also be described by the two-fluid model. However, 

in  the  case of a laboratory  superconductor, the  norm al fluid would be composed 

of norm al electrons which would be clam ped to  the atom ic lattice on ordinary 

resistive tim e scales. Thus, the two-fluid behavior of a superconductor would not 

be as apparent as it is in 4He. The fact th a t 4He atom s are bosons and the 

electrons in a superconducting m etals are fermions would also m ake superfluidity 

and  superconductivity seem distinct.

London (1950, 1954) was the first to  emphasize the similarities between 

superfluidity and superconductivity. He suggested tha t bo th  superfluidity and 

superconductivity were due to  the condensation of a significant fraction of the 

particles in to  a single quantum  state. The particles in the ground state  would be 

responsible for superfluid mass and charge currents. The m ain difference between 

a superfluid and a  superconductor would be th a t in the la tte r  the  particles are 

charged. The fact th a t 3He atom s, which are fermions, form a superfluid confirms 

the unifying description advocated by London (see Tilley and Tilley 1986): In a 

Fermi fluid, such as the neutron and proton fluids in a neutron  star, the conden­

sation occurs via the form ation of Gooper pairs and the ground-state energy is 

separated from  excited states by an energy gap.
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Cooper Pairs

A rem arkable paper by Cooper (Cooper 1956) showed the essence of the 

microscopic process th a t leads to  superfluidity in a system of fermions: The cal­

culation is based on the theory of an ideal Fermi gas and it is simple enough to  

repeat here. The treatm ent presented here follows tha t given by Baym (1973).

Consider a collection of spin 1/2 fermions in a box of volume L 3. The Pauli 

exclusion principle states th a t only one fermion can exist in each quantum  state  

available to  the system. The m om entum  of the  particles is quantized; For example, 

the  m om entum  of the particle in the % direction is given by px =  2TrZma, / L, where 

n x =  1 ,2 ,3 ,.... The num ber of m om entum  states per unit volume of m om entum  

space is then  T 3/(S tt3Zi3). Thus, in  an ideal Fermi gas there can be only two 

fermions in  each of the m om entum  states of the Systemj one spin up and the other 

spin down. In  the  ground state, the particles will fill all the m om entum  states 

up to  a  m axim um  value called the Fermi m om entum , pF. The filled states form 

a sphere in m om entum  space called the Fermi sea, w ith the top of this sea called 

the Fermi surface. The Fermi m om entum  is found by in tegrating the num ber 

of m om entum  states over the Fermi sea and equating twice this value (for the 

two spin states) w ith the to ta l num ber of particles in the system. The result is 

Pf =  Zt(STr2Ti)1/ 3 , where n  is the num ber density of particles. The energy of a 

particle a t the  top of the Fermi sea is called the  Fermi energy and it is given by 

E f — Pp/2 m , where m  is the  mass of the particle.

Cooper realized th a t superconductivity m ight be due to  an a ttractive in ter­

action between particles at the top of the Fermi sea. If the particles were to form 

bound pairs the  binding energy of the pairs would lower the overall energy of the 

system, as was observed in superconductors. To study this possibility, Cooper
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solved the  problem  of two particles above the Fermi sea which in teract via an a t­

tractive potential w ith the following m atrix  elements, expressed in the  m om entum

For th is potentia l the pair of particles will feel an a ttractive  in teraction propor­

tional to  V0 if their m om enta he w ithin an in teraction zone above the  Fermi sea 

given by pF <  p <  pz. To conserve m om entum  the restriction Pi +  P2 =  p i ' +  p2  

m ust also hold.

The procedure now is to  solve for the  ground-state energy of the pair of 

particles for the po tentia l given in Eq. (1.4). The state  vector for the system can 

be w ritten  as an expansion of free particle m om entum  states, i.e., as

basis for the two particles:

0 otherwise
(1-4)

(1,5)
Pl P2

The Schrodinger equation is given by

( 1 .6 )

Taking ( p ip ^ l# # )  =  E {piP2\i>) gives

P iW

where the prim e on the sum m ation sign means th a t the sum  is to  take place only 

over the  in teraction zone. Solving this equation for Cip1P2 gives

(1.8)
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Summing bo th  sides of Eq: (L 1S) over the in teraction  zone results in the following 

transcendental equation for energy:

E '
P1P2

-V„

E  - Pi+Pl
2fn

(L9)

It can be shown th a t the lowest energy solution to  Eq. (1:9) occurs when 

the  sum  over the  in teraction zone in th is equation is fu rther restricted by the 

condition p\ +  P2 =  0. An approxim ate solution can be found by replacing the 

sum w ith an integral over the in teraction zone: The integral can be performed 

over energy states by using the density of free particle states

(LlG)

where g0(E)dE  is the num ber of states between E  and E  +  dE. It is also useful to 

define the  energy range associated w ith the in teraction zone: Ei =  / 2 m —p \/2 m .

The result for the  ground-state energy E gs can then be approxim ated by

E Gs ~  2Ep — 2A, ( L U )

where

A to E1Cxp
- 2

Po(E f )V^
( 1. 12)

Similarly, the  result for (Ip1P2 given by Eq. (1.8) along w ith Eq. (1.5) can be used 

to  find the ground-state wave function. The result as a function of the distance 

between the  two particles r  =  |iq — fg] is roughly

VK7O c< (l/r)sin[(A/2Eup)r]sin(ppr/% ), (1.13)
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where vP =  pF/ m  is the Fermi velocity! Thus, the size of the  bound pair (the 

w idth of the wave function) is of the order

The length scale £ is known as the coherence length and plays an im portant role 

in the theory of superfluidity.

The im portan t conclusion of this calculation is th a t the ground-state energy 

per particle of the pair is less than  the Fermi energy and is separated from the 

Fermi energy by a gap A. This means th a t the Fermi sea will be unstable to  the 

form ation of these pairs, which have since become known as Cooper pairs. T husj 

a Fettni fluid which has undergone a phase transition  to  superfluidity will form a 

condensate of Cooper pairs: However, to  get the  correct expression for the energy 

gap one needs to  use m any-body theory. Setting up the correct second quantized 

H am iltonian and solving it was one of the  m ajor accomplishments of Bardeen, 

Cooper, and SchriefFer (1957). Their theory (from now on referred to  as BCS 

theory) is discussed in the next part of this chapter;

BCS Theory

The m ain shortcom ing of Cooper’s calculations is th a t it trea ts  two par­

ticular particles quite differently from the  rest. Bardeen, Cooper, and SchriefFer 

(1957) remedy this by using the standard  m any-body theory approach of second 

quantization (e.g., see Baym  1973). The m ethod involves introducing creation 

and annihilation operators. Only a simple overview of the theory  will be given 

here. (For more extensive treatm ents, besides the 1957 paper, see Tilley and Tilley 

1986; Rickayzen 1969; Am undsen and O stgaard 1985a.) Let c l  and c -  create
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and annihilate a particle w ith m om entum  p and spin a, respectively. A simple 

second quantized H am iltonian which generalizes the problem  solved by Cooper to 

a  m any-body problem  is given by

H  = lL , £p cpacpo- + 5 3  Vpp' c^Tc-P-L1T  Tc- P 7 L ’ (1-16)
pa pp'

where V ^ 1 is an a rb itrary  function of p and p ' , and e~ — p2/2 m  — E f is the 

energy of a  particle m easured from the Fermi surface. The up and down arrow 

refer to  spin up and spin down states, respectively. To find the lowest energy Statei 

Bardeen et al. (1957) assume the ground state  is a superposition of many-body 

states in which the pair states w ith p i +  P2 == 0 are either completely occupied or 

completely em pty (i.e., no half occupied pairs are allowed). The s ta te  Vector can 

then  be w ritten  as

|BCS> =  n < 4  +  "P-LV-P-I)!0)- (1-16)
P

In  this equation Up is the  probability am plitude th a t a pair is unoccupied and 

is the  probability am plitude th a t a pair is occupied (an asterisk refers to complex 

conjugation). NormaHzation of the s ta te  vector requires th a t

K /  + I u/  =  1- (I -1*)

The energy is then  given by

E  = (BCSIifIBCS) =  ^ e - I t lj5I2 +  £  A t  u? vp . (1.18)
P P

where the generalized gap is defined by

a p = E  W v - (1.19)
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The ground-state energy is then  found by the variation principle. T hat is, the 

am plitudes Up and v~ are determ ined by minimizing the energy. The energy is 

extrem ized when dE/dvZ  = 0 while holding v~ and u t  fixed and subject to the 

constraint given by Eq. (L17); The general solution is a bit messy and won’t be 

given here. (The curious can see Tilley and Tilley 1986.)

In  the simple case th a t =  - V 0 for the in teraction zone - S 1 <  Spl <  

Ei, a simple solution for the gap can once again be found, given by

|A | w 2Siexp
- I

( 1.20)
M E * )V o .

In this case the ground-state energy of all the particles is given by E qs = E n — 

§flf0(S F)A 2, where E n is the  energy the particles would have if all of them  were 

in the norm al state.

The energy of excited states are then found by realizing th a t an excited state  

is formed by breaking a pair. The energy of an excited s ta te  m easured from the 

ground s ta te  then  is the energy of the particle in the broken pair minus the energy 

of the corresponding occupied pair. The result is th a t the energy of elem entary

excitations away from the BCS ground sta te  are given by Ep  =  y j^p+  I Al2 (see 

Tilley and Tilley 1986). This has the im portan t consequence th a t the num ber 

of states available to  the  system  in  the vicinity of the Fermi energy is given by 

g{E) =  g0(E.F)de/ dE  which gives the following result:

0, \E\ <  |A |,

9{E) ^  { go{EF)E  (1.21)

I \J E 2 — I A j2 ’
\E\ > IA [.

The result is p lo tted  in Figure 4. This shows the well known result th a t the 

m inim um  energy required to  create an excitation above the ground state  is 2A. 

The gap has very im portan t consequences for the  behavior of the  superfluid.
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Figure 4. Density of states in a BCS superfluid.
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Gap in N eutron Stars

The transition  tem perature to  superfluidity, Tc-, is related  to the gap by 

roughly kg T c «  A, where kg  is the Boltzm an constant. This means superfluidity 

is favored when the energy associated w ith therm al excitations is smaller than  the 

energy gap. The calculation of the transition  tem perature to  superfluidity and 

superconductivity in  neutron  stars then  involves calculating the  various quantities 

which appear in Eq. (1.20) (or more sophisticated equations for the gap); The 

calculation has been perform ed by a num ber of researchers. The results obtained 

by A m undsen and 0 s tg aa rd  (1985a,b) are shown in Figures 5 and 6. (For a 

sum m ary of o ther results see Epstein 1988.) At low densities, corresponding to 

those of the inner crust, the neutrons form 1Sq Cooper pairs. At higher densities, 

the short range repulsive part, of the nuclear interaction causes the neutrons to  

form  3P2 Cooper pairs. Since only a small fraction of the to ta l num ber of particles 

is protons, the protons still form 1S1Q Cooper pairs at these higher to ta l densities. 

(Also note th a t neutron  stars are probably the highest Tc superconductors in the 

present universe.)

Figures 5 and 6 show th a t the gap vanishes (he., the transition  tem perature 

falls below a typical interior tem perature) outside lim ited density ranges. How­

ever, for a stiff equation of state, a I A M q  star will have most of its mass w ithin 

these ranges. In this case, most of the interior will consist of superfluid neutrons 

and superconducting protons, along w ith degenerate electrons and muons.
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Figure 5. Superfluid-transition tem perature  versus density in the crust.

Figure 6. Superfluid-transition tem peratu re  versus density in the core.
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C H A PTER  2

SUPERFLUID HYDRODYNAMICS 

London Theory

In  C hapter I it was sta ted  th a t the quantum  process underlying the tra n ­

sition to  superfluidity (or superconductivity) is the condensation of a significant 

fraction of the particles into a ground state. In the case th a t the  transition  takes 

place in a Fermi fluid, e.g., such as the neutron  and proton fluids in  a neutron star, 

the microscopic properties are described by BCS theory. However, to  describe the 

macroscopic behavior of a superfluid a macroscopic phenomenological approach is 

needed.

One of the most successful approaches to  describing the  macroscopic prop­

erties of superfluids was developed by the Londons (London and London 1935; 

London 1950, 1954; see also Tilley and Tilley 1986). It was proposed, using the 

analogy of electrons which orbit an atom  w ithout dissipation, th a t the superfluid 

condensate should be described by a wave function $ . However, in the London 

theory $  is not given a probabilistic in terpreta tion , bu t is ra th e r to  be in terpreted 

as a classical complex scalar field. (This idea was also suggested by Onsager 1949 

and Penrose 1951.) The wave function can be w ritten as

$  =  Tpoei5 . (2.1)

In the  classical in terpre ta tion  given here, the wave function is not normalized to  

give the  probability  density bu t is normalized to  give the density of particles in



38

the condensate pSl i.e.,

* * *  =  Pa- (2:S)

In  the  London theory ps is assumed to  be a slowly varying function oyer the 

distance scales of in terest and is thus trea ted  as a constant. W hen this assum ption 

holds the canonical m om entum  divided by the  mass m  of the particles (or Cooper 

pairs) in the  condensate is given by

The right-hand side of this equation is found by operating on $  w ith —i(K /m )V a, 

where V a is the  covariant derivative operator, e.g., in C artesian coordinates V ° is 

ju st the  partia l derivative d /d x a. (Note: throughout this thesis the latin indices 

a, b, c will be used to  refer to  the spatial components of vectors and tensors and 

sum m ation over these repeated indices is assumed. Vector notation  using over­

arrows will also be used when convenient.) Equation (2.3) is one form of what 

is commonly called the London equation. On the left-hand side of this equation 

it defines the  superfluid velocity v® as the kinematic portion of the canonical 

m om entum  of the superfluid particles (or Cooper pairs) per unit mass. Also in 

Eq. (2.3), a =  q/m c  is the  charge-to-mass ra tio  of each particle (or Cooper pair) 

divided by c, the  speed of Hght, and A a is the  electrom agnetic vector potential. 

(G aussian units are used throughout this thesis for all electrom agnetic quantities.) 

Thus, Eq. (2.3) includes the  possibility th a t the  particles are charged.

The very im portan t results of circulation and flux quantization can now be 

derived from  the London equation. (Q uantization of circulation was first consid­

ered by Onsager 1949 and Feynm an 1955. Q uantization of flux was first considered 

by Abrikosov 1957.) F irst consider in tegrating Eq. (2.3) around a closed contour.

v® +  aAa = — V®5. (2.3)
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The result on the right-hand side will be fijm, times the change in the phase S  

around the  contour. However* the requirem ent th a t the wave function be single- 

valued requires th a t the change in the phase be an integer m ultiple of 27T: The 

result is

An equivalent conclusion to th a t of Eq. (2.4) can be reached by taking the 

curl of bo th  sides of Eq. (2.3). The curl of the  left side can be w ritten  as +  aB a, 

where =  (V  X Us )0 is the  vorticity of the  superfluid and B a =  (V  x  A)° is the 

m agnetic induction. Now the right-hand side of Eq. (2.3) is equal to  a constant 

tim es a gradient. As a consequence, the vorticity and the m agnetic induction are 

linked everywhere by — —a B a, except where the curl of the  right-hand side 

of Eq. (2.3) becomes singular; On the basis of microscopic theory and laboratory 

experim ents, the singular regions are found to  form arrays of one-dimensional 

quantized vortices (see C hapter I). In the ground state  n  =  I for each vortex, 

where n  is the  quantum  num ber in Eq; (2.4). Thus, the curl of Eq. (2.3) takes on 

the  form  (see Sonin 1987)

the zth vortex, and t/° is the  unit vector tangent to  th a t vortex.

In the  case of an uncharged superfluid the result of either Eq. (2.4) or 

Eq, (2.5) is th a t in the  ground sta te  each vortex carries one quan tum  of circulation 

given by

where n  =  0, ±1, ± 2 ,.... (2.4)

(2.5)

where r ° ( l )  is a vector giving the location of the points (param eterized by t) along

/ TB

h
=  re. ( 2 .6)
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The quantum  of circulation k depends on the mass of the particles (or Cooper 

pairs). For the superfluid neutrons in a neutron  star m  =  2m n , and thus re =  

1.98 x 10- ^cm2/s.

In the case of a charged superfluid (he., a superconductor) the  current around 

the vortex will generate a m agnetic induction along the vortex. Outside the vortex, 

the  equations to  be solved are the curl of the London equation and Faraday’s law,

he.,

me (2-7)

and

(V x  B )a = (2:8)

Taking the  curl of Eq. (2.8) and substitu ting  Eq. (2:7) gives the  result

V 2ffa +  47r^ ffa =  0. (2.9)

This is the  well known vector Helmholtz equation. By studying solutions to 

Eqs. (2.7)-(2.9) it can easily be shown th a t far from a vortex the magnetic in­

duction and the  superfluid velocity will diminish exponentially in  a characteristic 

distance A known as the London depth. (The various fields associated w ith a 

vortex will be studied in  more detail at the  end of C hapter 4, in the context of 

neutron stars.) The London depth  is given by

I m ^c2
4nq2ps

(2.10)

Thus, the  contour in Eq. (2.4) can be extended out to where the superfluid velocity 

essentially vanishes. The result is th a t in  the  ground state  each vortex in a charged 

superfluid carries one quantum  of flux given by

he
9

=  $o- ( 2:11)
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In most cases (e.g., the superconducting protons in a neutron star) the charge is 

given hy q = 2e, where e is the absolute value of the charge of an electron: In this 

case, the  quantum  of flux is given by $ 0 — 2 X IO- 7 G • cm2.

In  general, the  London equation, Eq. (2.3), is valid only outside the core 

of a vortex. The core of a vortex can be defined as the region w ithin which the 

superfluid density ps falls rapidly to  zero. It is found th a t the radius of the core 

is roughly equal to  the  coherence length of the superfluid £ [see Eq. (1.14); Tilley 

and Tilley 1986]. W hen p3 varies rapidly on the scale of the coherence length 

£ a theory more general th an  the London theory is needed. One theory* which 

can handle more general cases, such as the core of a vortex, is the Ginzburg- 

Landau theory (G inzburg and Landau 1950). In this theory $  is identified as 

an order param eter which describes the phase transition  to  superfluidity. The 

basic idea of the  Ginzburg-Landau theory is th a t the free energy density of the 

system  can be expanded in  powers of the order param eter; The requirement th a t 

the  equilibrium  phase corresponds to  a m inim um  of the free energy then results 

in  a set of Euler-Langrange equations for the order param eter. The details of 

theory will not be given here. However, in  the  static lim it, the Ginzburg-Landau 

equations are basically identical to  those which appear in the  s tandard  quantum  

field theory of the Higg’s field. Superfluidity can be treated  then  as an example 

of spontaneous sym m etry breaking (see Ryder 1985). In addition, it is interesting 

to  note th a t the Landau-G inzburg theory  can be derived from  the microscopic 

BCS theory (see W ertham er 1969; Tilley and Tilley 1986). Thus, when ps is a 

slowly varying function which can be trea ted  as a constant, the  London theory 

is also justified by microscopic theory. In  some ways then  the  London theory

41
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is sim ilar to  the W KB approxim ation in  quantum  mechanics (see also the next 

section; P u tte rm an  1974);

So far it has been shown th a t quantized vortices can exist in superfluids; 

These vortices will appear when their presence minimizes a properly chosen ther­

m odynam ic potential, such as the free energy of the system. The result is th a t 

it is energetically favorable for vortices to  appear only under certain  conditions. 

The conditions given here will be restricted to  the case of zero tem perature, since 

the m ain interest in  th is thesis is in neutron stars which have cooled far be­

low their superfluid-transition tem peratures. In a ro tating  uncharged superfluid 

vortices appear above a critical angular velocity fici =  (h / m ) ( l / Rg)ln(R0/ ^) , 

where R 0 is the  size of the  container. In a neutron  star a typical value for fZci 

is IO- 14S- 1 . However, a  large enough angular velocity will cause the density 

of vortices to become so great th a t the vortices touch each other and superflu­

id ity  is destroyed. This occurs at a second critical angular velocity given by 

Oc2 =  ( / i /m ) ( l /£ 2). In a  neutron star this corresponds to  Oc2 ~  IO20S- 1 . Thus, 

in all neutron  stars, except those w ith a  negligible angular velocity, the super­

fluid neutrons can be expected to  be threaded w ith an array  of vortices. The 

situation  is m ore complicated in  a superconductor. Type I superconductors obey 

the M eissner effect, completely expelling all magnetic flux un til a critical field 

Hc = [(2m.)3//4/ft,3/ 2] V ^ |A |  is reached which destroys the superconductivity. On 

the  o ther hand, a Type II superconductor obeys the Meissner effect below a cer­

ta in  critical field H ci =  ( $ 0/47rA2)ln(A /£). Above this field exists a vortex s ta te  

in which the  m agnetic flux is carried by the  array of vortices described above. 

Finally, when a second critical field H c 2 — $ 0/27r£2 is reached the  vortices touch
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each other and type II superconductivity is destroyed. In a neutron  star the pro­

tons are expected to form a type II superconductor and the typical values for Hc\ 

and H c2 are IO15G and IO16G, respectively. Since the in terior m agnetic field of a 

neutron  s ta r is probably of the  order IO12G, one might expect th a t all magnetic 

flux should then  be expelled from the region of superconducting protons. How­

ever, it has been argued th a t the flux expulsion tim e is sufficiently long th a t it will 

still be favorable for the  protons to  exist in the  vortex state  (See Baym, Pethick, 

and Pines 1969b).

Lastly, a t high densities, the neutrons are expected to  form  zP2 Cooper pairs. 

For spin trip let pairing a more complicated order param eter th an  a complex scalar 

field is needed. However, this is not expected to  affect the macroscopic description 

of the neutron  superfluid. Thus, the complex scalar field description of the neutron 

condensate will be adequate for the purposes of this thesis (see Sauls 1989).

Landau Equations

W hile the London theory does describe superfluid vortices, it does not de­

scribe the  macroscopic dynamics of a superfluid. This was accomplished by Lan­

dau (1941), who used the  two-fluid concept to  derive a set of superfluid hydro- 

dynamic equations. The derivation is based on a phenomenological approach. 

(See also Khalatnikov 1957; P u tterm an  1974.) All hydrodynam ics theories as­

sume th a t the system  can be described completely by a set of continuous classical 

fields. L andau’s approach then  makes use of the  following conditions: l) th e  usual 

conservation laws are to  be obeyed, 2) the  equations are to  be covariant under 

a  Galilean transform ation, and 3) the laws of therm odynam ics are to  be obeyed. 

The first two conditions should hold for any classical theory. The th ird  condition
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applies only to  macroscopic systems. Thus, Landau’s phenomenological approach 

could be described as a derivation from “macroscopic” first principles. It is also 

assumed th a t the usual laws of classical mechanics and electrodynam ics hold. The 

power of L andau’s m ethod is th a t it is independent of any microscopic theory.

Beginning w ith the  assum ption th a t a superfluid is describable by a set of 

continuous fields, Landau postulated  th a t the  description of a superfluid should 

include an additional velocity degree of freedom along w ith the  fields which de­

scribe an ordinary fluid. This ex tra  velocity is called the superfluid velocity, u®. 

The o ther independent variables can be taken  to  be, as in an ordinary fluid; the 

mass density, p, the entropy density, s, and the m om entum  density, P a<. The 

tim e evolution of these variables is described by the usual conservation laws for 

mass, entropy (in the  nondissipative lim it), and m omentum. These are given, 

respectively, by

dtp +  VftM b =  0, (2.12)

dts +  V bsb — 0, (2.13)

dtP a + V bTTab = 0. (2.14)

In these equations, the mass current M °, the entropy current sa, and the stress 

tensor Tra  ̂ are yet to  be determ ined in term s of the independent variables. Next, 

for the superfluid velocity, Landau postu lated  th a t it obey the  following form of 

Newton’s second law:

=  -V«%, (2.15)

where % is an as yet undeterm ined scalar field. The form of Eq. (2.15) is chosen 

such th a t the  superfluid velocity v® obeys the  Kelvin circulation theorem, T =  

§ v <j:Ma =  constant. A constant entropy fluid is known to  obey this theorem.
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[That v® obey this theorem  is also consistent w ith the quantization of circulation; 

given by Eq. (2:6).] Since the particles in a superfluid condensate can be thought 

of as occupying a single quantum  state, the entropy of the condensate is zero. The 

idea then  is th a t the  superfluid velocity describes a zero entropy (and therefore 

constant entropy) perfect fluid: One final remarkable property  of Eq. (2T4) is 

th a t if the  London condensate wave function #  is a solution to the Schrodihger 

equation, then  equation Eq. (2,15) can be shown to  follow from the standard  WKB 

approxim ation used in quantum  mechanics (see P u tterm an  1974): Finally; energy 

should be conserved. The energy conservation law in term s of the energy density 

U and the  energy current Ua is given by

dt U + V bUb =  0. (2.16)

To close the  set of equations, Eqs. (2.12)-(2.16), the dependent variables, 

M a, sa, TTab, %, U, and Ua, m ust be determ ined in term s of the independent 

variables p, s, P a, and v®. This is accomplished by noting th a t Eqs. (2.12)-(2.15) 

constitu te  eight independent equations which describe the tim e evolution of the 

eight independent variables. Thus, these equations m ust imply the energy con­

servation law, Eq. (2.16). This requirem ent, along with the principle of Galilean 

covariance, can be used to  determ ine the dependent variables.

The first step is to  require Galilean covariance. Equations (2.12)-(2:16) are 

covariant under Galilean transform ations if the variables m easured in a frame 

travelling w ith velocity v° are related to  the  variables in the “lab” frame by

f '  =  P, (217)

M al =  M a +  p v a , (2:18)
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S1 = s, (2.19)

Sa' =  sa +  sva, (2.20)

P al = P d + pva, (2:21)

TTab' = TTab +  P aVb + VaM b + pVaVb (2.22)

val = v a + va, (2:23)

X -  X, (2.24)

Ut = U + P bVb + \p v bvb, (2.25)

Ual = Ua + (^pvbVb +  P bVb +  U)va + \ v bvbM a +  VbTTba. (2.26)

A form for the energy density which transform s correctly is

U = U0 + Vbs P b -  ^pvbsVsb, (2.27)

where U0 is the  energy density in a fram e which moves w ith  velocity v f  and is 

thus a Galilean invariant. It is possible to  form only three independent Galilean 

invariants from the independent variables. These can be taken to be p, s-, arid 

\Pa — pVg\. Any Galilean invariant of the system  must be expressible in term s of 

these variables. In particular, the differential of U0 can be expressed as

dU0 =  fidp + T d s  +  (vr -  v l)d (Pb -  pvsb). (2.28)

(Note th a t, in general, the dependent variables could also depend on derivatives of 

the independent variables. In this case the  Hst of Galilean invariants would need 

to  be extended. However, here it is assumed th a t all the dependent variables dis­

cussed so far can be expressed as algebraic functions of the independent variables. 

This assum ption is the  usual one m ade for fluids, e;g., see P u tte rm an  1974:)
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Note th a t Eq. (2.28) is a generalization of the first law of therm odynam ics 

to  the  case where there is an additional velocity degree of freedom. The partia l 

derivatives of U0 thus define the new variable given by the coefficient of each 

term  on the  right-hand side of E q; (2.28). The new variables introduced are the 

chemical potentia l [i, the tem perature T, and the norm al velocity Galilean 

invariance requires th a t a® transform  as a velocity field, i.e., +  va. (The

subscript r will be used for the norm al velocity to  distinguish it from  the superfluid 

velocity of the neutrons in subsequent chapters; It may be helpful to  think of r as 

standing for regular, as opposed to super.) Since the velocity is a Vectbr field, 

it m ust be expressible in term s of the two independent vector fields P a and a®. 

A lternatively, P a can be expressed in term s of u® and v® by

P a = PsVas +  prva, (2.29)

where ps and pr are called the superfluid mass density and the normal mass 

density, respectively. The Galilean transform ation properties of P®, v®, and y® 

require th a t

Ps + Pr = P- (2:30)

A useful step th a t will simplify the calculation somewhat (and which is not 

included in previous derivations of the Landau equations) is to  add and subtract 

(u£ — Vg^Pf, — pvgb) — |/o|vs — Ur |2 from the  right-hand side of Eq. (2,27). The 

result is

U = U0 + VhrPh -  \p v hrvrh (2.31)

where

U0 =  U0 — ( v h — v h) ( P h — p v gh) +  %p\vs — Vrl2. (2.32)
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Thus, U0 is the  energy density in a fram e which moves w ith velocity v®. Its 

differential is

dC/0 =  (^i +  — ys|^)d^  +  T d s  +  (T% — — v^). (2.33)

The partia l tim e derivative of U can now be found using E qs. (2:31), (2:33), 

and (2.12)-(2.15). Rearranging the result to  give it the form of a conservation law 

and simplifying gives

dtU +  V 6 (T +  — \ vrvrb)M° +  T s0 +  vra{TVa  ̂— pga0)ab\

-  X ) V 6/z -  ( f  ̂

+  (sb -  svbr ) V bT (2.34)

+  +  p u : ^ ) V 6u,,0 6 .o n/rb a„'b .a..b\

+

Note th a t ga ,̂ the  inverse of the Euclidean m etric tensor gab, appears in this 

equation. In  C artesian coordinates, or any orthonorm al basis, this tensor is just 

the  identity  m atrix . The more general m etric tensor is used here since it is often 

convenient to  work in  a nonorthonorm al basis. Also, in arriving at Eq; (2.34) it 

has been convenient to  introduce the pressure p  defined by

P +  U0 — {p- jT Wvs — Ur |^)p +  Ts: (2.35)

The dependent quantities are now determ ined by requiring th a t energy be 

conserved. F irst note th a t energy is conserved if the right-hand side of Eq. (2.34) 

vanishes. Furtherm ore, note th a t the right-hand side of Eq. (2.34) can be w ritten 

as a sum  of term s proportional to  the quantities V 6/z, V 6T, V 6Vm , and V 6Vso: 

Since for an arb itrary  configuration of the  fluid these quantities can be chosen
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independently the coefficient of each m ust vanish separately. In general, first one 

needs to  expand V&% in term s of these quantities and collect terms; However, 

simple inspection of the  term s on the right-hand side of Eq. (2.34) leads to the 

following solutions for the dependent variables [after simplifying using Eqs. (2.29) 

and (2.30)]:

M a =  P a =  psu® +  pr-u®, (2.36)

TTa6 =  PsVas Vhs +  PrVaVh, (2.37)

sa = sva, (2:38)

X = P- (2:39)

The term s in square brackets on the left-hand side of Eq. (2.34) can be identified 

as the  energy current Ua. It can be shown further th a t these solutions transform  

correctly under a Galilean transform ation. It can also be seen th a t calling va the 

norm al velocity is appropriate, since it is proportional to  the entropy current. The 

velocity u® thus will be subjected to  the norm al effects of dissipation. Also; it is 

appropriate th a t % =  //, since experim ents show th a t superfluids flow in response 

to gradients in the chemical potential ra ther th an  pressure gradients (e.g.; see 

P u tte rm an  1974). For completeness, the  chemical potential, the  tem perature, 

and the superfluid mass density are specified by

P = ~Qp Il^s — ^rl2) (2.40)

T  =  W
dU0

? • - S lie t - W
(2.42)
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The norm al mass density pr and the pressure can be com puted from Eqs: (2.30) 

aiid (2.35). The one place th a t the Landau equations touch base w ith microscopic 

theory is th a t such a theory is needed to  construct the energy density U0i

Finally, it m ay seem possible to  construct more elaborate solutions than  

the  ones given by Eqs. (2:36)-(2.39). For example, one can take % to be an 

a rb itrary  function of /i, T, and \  \vs — Vr I2, and this can result in other solutions. 

Such a possibility is considered in C hapter I , Appendix I, and Appendix HI of 

P u tte rm an  (1974). He shows th a t no other solution is possible as long as the 

superfluid velocity is required to rem ain an independent velocity field which carries 

no entropy.

Smooth-averaged Superfluid Hydrodynamics

The Landau equations are very successful in describing superfluid hydrody­

namics in regions where V X Fs =  0. However, when vortices are present, such 

as in a ro ta ting  superfluid or a m agnetized superconductor, the superfluid veloc­

ity  is a very rapidly varying function on the  scale of the in tervortex  separation; 

This separation is usually microscopic com pared w ith the length scales of interest, 

and thus it is appropriate to  perform  a smooth-averaging of the  variables over a 

volume containing m any vortices. The sm ooth-averaged hydrodynam ics can be 

derived either by a coarse-graining procedure or by using the phenomenological 

macroscopic first principles m ethod employed by Landau. This thesis will use 

the  la tte r  m ethod. However, bo th  m ethods will be discussed briefly here. For a 

more complete discussion of the  coarse-graining procedure see B aym  and Chandler 

(1983). For a  fu rther discussion of the phenomenological approach in the context
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of ro ta ting  superfluids see Bekarevich and Khalatnikov (1961): Both m ethods are 

reviewed in  Sonin (1987).

The hydrodynam ics of a superfluid threaded with vortices is described^ in 

principle, by the Landau equations in the region outside the  vortices, while the 

vortices themselves are described by the curl of the London equation; E qi (2.5): 

One way to  describe the macroscopic behavior over length scales much larger 

th an  the  in tervortex separation is to  perform  a coarse-grained average of these 

equations (e.g., see Baym  and Chandler 1983). The coarse-grained average of a 

function f (r)  is defined by

i m )  =  J  d^rlW ( r ' ) f ( f — r 1), (2.43)

where Wr(F f) is a weight function normalized such th a t

J  d3r 'W{ f ’) =  I, (2.44)

The exact na tu re  of the  weight function is not im portan t as long as it is continuous 

and sm ooth on distance scales larger th an  the microscopic scales which are being 

averaged over. (For a fu rther discussion of th is point see Jackson C hapter 6 and 

reference therein.) Applying this averaging to  the curl of the  London equation, 

Eq. (2.5), gives

K  +  «Ba) =  d3r'W(f')  J  v?(t)63[ r -  f '  -  F ^ ) ] d l j  . (2.45)

Interchanging the order of in tegration and sum m ation and employing the delta 

function gives

M  +  OS") =  ^ E ' /  ? m d t . (2.46)
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The prim e on the sum m ation sign and the integral sign means th a t these op­

erations are now only to  take place over the averaging volume =  f  d?r'. One 

way to  proceed further is to  assume th a t the vortex array can be foliated by a 

set of Zi = constant surfaces: Then choosing I  =  Zi, m aking the substitution 

T1 = T -  fi, and integrating bo th  sides of Eq. (2.46) over the rem ainder of the 

averaging volume, approxim ately gives

% i
where A  is the cross sectional area of the averaging volume and N  is the num ber 

of vortices which cross through the averaging volume. The average number of 

vortices per unit area, n v , is then  given by n v =  N / A. Furtherm ore, let the 

average local direction of the vortex array be defined by va = {Ui ) / N .  Then

Eq. (2.47) becomes

+  CtBa ) —  TtyUa . (2.48)
Ttl

Since vortices in  equilibrium  are found to  form triangular arrays, the  vortex den­

sity is related to  the  intervortex separation d by n v =  (2 /V 3 ) ( l /d 2). Thus, using 

Eq. (2.48) the  intervortex separation is given by

2h
V3m|iva +  aB a\

The coarse-graining procedure can also be applied to  the  Landau equations 

of the last section. The only im portan t change occurs in the  equation for the 

superfluid velocity, va. Using the  vector identity  v^Vi,va = |V au2 — (v X uj)a the 

Landau equation can be w ritten  as

1/2
(2.49)

K  +  *2«) =  A l
m  A N  '

(2.47)

-  (% % w,)* = (2.50)
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Now the  vorticity in th is equation is singular, given by the curl of the London 

equation, Eq. (2.5). Thus, when the coarse-graining is perform ed on this equation 

the result is (see Sonin 1987; Baym  and Chandler 1983)

+  iV *(v ,)2  _ x ^ (2 si)

Note th a t the coarse-graining procedure commutes w ith derivatives (e.g., see Jack- 

son 1975). Also, because of the singular na tu re  of the vorticity, the average local 

velocity of the vortex array, given by u®, replaces u® in the  cross product term  

(see Sonin 1987). Equation (2.51) can be rearranged to  give

^ K )  +  <«‘) V 6 K ) = / > „  (2.62)

where / °  is defined by

f  =  -P ,[ (W  -  %,) x (w,)]*. (2.53)

The right-hand side of Eq. (2.53) has the form of the well known Magnus force 

which acts on a moving vortex. (The M agnus force arises due to  the pressure 

gradient which acts across the boundary of a moving vortex core because of the 

Bernoulli effect.) The in terpreta tion  of Eq. (2.52) is th a t in smooth-averaged 

superfluid hydrodynam ics the average superfluid velocity field responds to an ad­

ditional force / a , which depends on the vortices. However, note tha t for the 

coarse-grained approach to  be useful an equation for the velocity u® needs to  be 

found. This problem  can be avoided by adopting instead the  phenomenological 

approach.

The power of the phenomenological approach is th a t one can completely 

forget about the coarse-graining procedure. Ju st as the Landau equations were
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derived w ithout any appeal to  an averaging process; hydrodynam ic equations de­

scribing the  sm ooth-averaged properties of a superfluid threaded  w ith vortices can 

be similarly derived; However, the coarse-gtaining described above does provide 

a  clue as to  the starting  assumptions. In  this thesis, the assum ptions are the 

same as those m ade in the deriving of the  Landau equations, w ith three im por­

ta n t changes. F irst, the  vorticity of a superfluid and the  m agnetic induction are 

assum ed to  obey the  sm ooth-averaged curl of the London equation

tv® +  a B a = —n v iA  (2.54)
TO

Second, the superfluid velocity equation is taken  to  be given by

4- =  f " ,  (2.55)

In Eq. (2.55) the force F a (actually an acceleration) is not assum ed a priori to  be 

related to  the  force f a in  Eq. (2.52). Instead F a is to  be determ ined in the same 

m anner as the  o ther dependent variables were found in the derivation of the Tiaii- 

dau equations. The th ird  assum ption is th a t the Galilean invariant energy density 

U0 m ust also depend on the  vortex density n v , since it too is a Galilean invariant. 

Bekarevich and Khalatnikov (1961) were the first to  make these assum ptions for 

a single uncharged superfluid.

In  Eqs. (2;54) and (2.55), and in the rem ainder of this thesis (except when the 

vortex energies are derived in  C hapter 4), all quantities are to  be in terpreted  as the 

smooth-averages over a volume containing m any vortices. No averaging symbols 

are used—the  quantities are introduced phenomenologically. This approach forms 

the  basis of the rest of this thesis.
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C H A PTER  3

GENERAL THEORY OF CHARGED 

SUPERFLUID M IXTURES

Introduction

The goal of this chapter is to  derive a  system  of equations th a t describes 

the dynamics of m ixtures of charged superfluids on length scales larger than  their 

intervortex separations. The discussion presented here is based on Mendell and 

Lindblom  (1991). A m ixture of two superfluids has been considered previously 

by Khalatnikov (1957) and by Andreev and Bashkin (1976). Vardanyan and 

Sedrakyan (1981) generalized the. m ixture equations to  include charged super­

fluids coupled to  the electrom agnetic field, while Holm and Kupershm idt (1987) 

extended the theory to  a m ixture of N  charged superfluids and developed a Hamil­

tonian  form alism  for the resulting equations. Here a derivation of the uncharged 

versions of these equations is presented based on the macroscopic first princi­

ples discussed in C hapter 2. In this derivation, however, a large class of new 

vorticity-preserving forces is included in the  superfluid velocity equations. Special 

cases of these forces have been considered previously by Bekarevich and Kha- 

latnikov (1961). A Ham iltonian form ulation of the uncharged equations is also 

presented which generalizes the work of Holm and K upershm idt (1987). Using this 

H am iltonian form ulation the coupling of the  charged components of the superfluid 

m ixture to  the  electrom agnetic field is found. The new vorticity-preserving force
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terras have a profound effect on the electrom agnetic coupling. By properly choos­

ing these forces, it is possible to allow each component of the  charged superfluid 

m ixture to  respond to  the electrom agnetic field via an appropriate Lorentz force 

law. The electrom agnetic coupling proposed here is far more natu ra l than  those 

proposed by Vardanyan and Sedrakyan (1981) or Holm and K upershm idt (1987);

A fluid is considered consisting of a m ixture of N  species of superfluids, a 

single “norm al” fluid consisting of the excited states of all the superfluid species, 

and an additional “ordinary” fluid of o ther particles. To avoid confusion use 

of the term s “norm al” and “ordinary” will refer, respectively, to  the la tte r two 

fluids. The specific physical system  of interest here is the superfluid-neutron, 

superconducting-proton in terior of a neutron star. However, very general equa­

tions are derived here which may be applicable to  a variety of systems. For 

example, the.final equations presented here could be adapted to  describe super­

fluidity in pion or quark m atter, as well the  nuclear m atter, in a neutron star. 

O ther systems to  which th is chapter m ay apply include m ixtures of He3 in  He^ 

and m ixtures of protons and neutrons in a heavy-m etal crystal (for references see 

Holm and K upershm idt 1987).

The macroscopic superfluid equations of the type introduced by Landau 

(1941) are intended to  describe the behavior of the large scale properties of the 

fluid (e.g., density, tem perature, velocity). The theory of superfluid m ixtures 

being considered here is described by macroscopic variables associated w ith each 

com ponent of the  fluid: e;g., the to ta l mass density and superfluid velocity, pa and 

, associated w ith the a th  species of superfluid, the velocity, v°, of the norm al 

fluid, and the  density and velocity, pe and V®, of the ordinary fluid. Note th a t 

Greek indices are used to  denote the species of the  superfluids in the mixture. The



subscript r is used to  refer to  the normal fluid to  avoid confusion w ith the  neutron 

superfluid in subsequent chapters; The ordinary fluid is composed primarily of 

electrons in  a neutron star, so the subscript e is used to refer to  this fluid w hatever 

its com position m ight be. Note th a t the norm al and ordinary fluids are allowed 

to  have independent dynamics at this point in order to  allow for the possibility of 

macroscopic electrom agnetic interactions between these fluids. In contrast, all of 

the excited superfluid states are combined in to  a single norm al fluid. In a neutron- 

s ta r superfluid this equilibrium  should be m aintained by the strong interactions 

of the various species on very short tim e scales.

For each superfluid species the macroscopic velocity, is chosen to  be 

proportional to  the  kinem atic portion of the canonical m om entum  of the particles 

(or Cooper pairs) which have condensed in to  the superfluid state. The canonical 

m om entum  for each species is given, therefore, by m a (v^+aa A a), where Tna is the 

mass; aa =  qa / m ac is the charge-to-mass ratio  of each particle (or Cooper pair) 

divided by c, the  speed of light, and A a is the  electrom agnetic vector potential. 

In general, vortices of each species of superfluid are assumed to  be present in the 

fluid and the  intervortex separation is expected to  be much sm aller than  typical 

macroscopic length scales of interest in this thesis. Thus it will be appropriate to  

consider the variables which describe the  macroscopic properties of the fluid to 

be the  sm ooth-averaged version of these variables, w ith the averaging performed 

over a volume containing m any vortices. As discussed in C hapter 2, and following 

Bekarevich and K halatnikov (1961) and Sonin (1987), the  sm ooth-averaged curl 

of the  London equation is given by
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where =  (V  X va )a is the  vorticity, S a =  (V X A)a is the  m agnetic induction, 

and n va is the  num ber of vortices per unit area perpendicular to  ua , (the unit 

vector parallel to  the average local direction of the vortices). (Reminder: Latin 

indices, a, b,c, refer to  the spatial components of vectors and tensors, and sum ­

m ation over these repeated indices is assumed. Summ ation over Greek indices is 

not in tended unless explicitly noted.) To complete the smooth-averaging process, 

the expression for the energy of the fluid m ust be modified to  include the in te r­

nal energy associated w ith the vortices (e.g., the kinetic an d /o r magnetic energy 

associated w ith the  circulation of fluid about each vortex). In the derivation of 

the superfluid equations in the following sections a .simple model is included for 

this vortex energy which is a natu ral generalization of the m odel proposed by 

Bekarevich and Khalatnikov (1961).

Uncharged Super fluid M ixtures t

The macroscopic dynamical equations for m ixtures of superfluids are derived 

here using the  m ethod developed by Landau (1941) (see also Khalatnikov 1957). 

One begins by imposing the  appropriate conservation laws for th is system: mass 

conservation for each species of particle, the conservation of to ta l momentum^ and 

conservation of entropy, for the ordinary and the normal fluid. These equations 

together w ith an assumed form for the variation in  the energy density (the first law 

of therm odynam ics) imply an equation for the  tim e evolution of the  energy density 

of the fluid. The requirem ent th a t this energy-evolution equation be a conservation 

law is used to  fix the  rem aining undeterm ined quantities in the theory: the form of 

the stress tensor and the  forces th a t appear in the equations for the fluid velocities.
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The equations th a t describe the evolution of this fluid m ixtiire include the 

conservation of mass of each species of particle, the conservation of entropy and 

the to ta l m om entum  conservation equations. These are given by

dtPa +  V b(Ma) ~  0) (3.2)

dtpe + Vft(^eUg) =  0, (3.3)

Otsr +  V b(SrVb) = 0, (3.4)

dtse +  V b(sev b) =  0, (3.5)

dtp a +  V bTTab = 0. (3 6 )

In these equations the  mass current of each species of superfluid particle (including 

bo th  superfluid and norm al phases) is denoted M®, the entropy densities of the 

ordinary and norm al fluids are denoted as se and sr , respectively, and the stress 

tensor is denoted 7r°^. The to ta l m om entum  density of the fluid P a is taken to be 

equal to  the  sum  of the  mass currents of each species of particle, i.e.,

p a = m S- (3 .7 )
a

In addition to  the conservation laws, Eqs. (3.2)-(3.6), dynam ical equations 

for the evolution of the superfluid velocities v® and the ordinary fluid velocity v® 

m ust be specified. W ithout loss of generality these equations are taken to have 

the forms

W  4- =  T2, (3.8)

dtv“ + v beV bv“ + V afie + - V aTe t= F a. (3.9)
Pe

The left sides of Eqs. (3:8)-(3.9) are respectively the Landau equation for the 

evolution of the  superfluid velocity and the Euler equation for the  evolution of an
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ordinary fluid: The forces Fg  and Fg  which appear on the right sides of Eqs; (3 .8)- 

(3.9) are yet to  be determ ined. The Fg  m ust either be curl-free or they m ust vanish 

when the  superfluid velocities vg  are curl-free, however, if the superfluid equations 

are to  insure th a t the  vg evolve in a curl-free m anner consistent w ith the Landau 

equation in  the absence of vortices. In these equations Te and Tr (see below) 

are the tem peratures of the ordinary and norm al fluids, while jxa and fie are the 

chemical potentials m easured in a frame moving with velocity vg (the tildes are 

used to  distinguish these chemical potentials from those defined in C hapter 4). 

More precisely, if U0 is the  energy density of the fluid in the  fram e moving with 

velocity vg then  these quantities are defined as the indicated coefficients in the 

first law of therm odynam ics

AU0 =TeAse +  (/ze + §  I'Ve — vTi |^)d/>e +§Ped |ve — Vr ^  +  T^dsr

+  X ] { ( ^ a  + I l^ a  — vr ^)Apa +  {Ma}y — — V̂ ,) +

(3.10)

This equation is similar to  Eq: (2.33) in C hapter 2, but has been extended to 

describe a m ixture of fluids and to account for the vortex energies: The term s, 

Aadcv0,;,, which appear in Eq. (3.10), generalize the term s proposed by Bekarevich 

and Khalatnikov (1961) to describe the energy associated w ith the  vortices in the 

fluid. Since W0  ̂ is proportional to  the  num ber density of vortices [when aa =  0 

in Eq. (3.1)] the m agnitude of A0 is a m easure of the energy per vortex. W hen 

A0 is set to  zero the equations re tu rn  to  the ir original Landau form  in which the 

superfluid velocities satisfy Eq. (2.3) and have singular vorticities. W hen A0 is not 

zero, the  superfluid velocities are to be in terpreted  as sm ooth-averaged quantities 

th a t satisfy Eq. (3.1); Bekarevich and Khalatnikov (1961) argue th a t A0 should 

be taken to  be parallel to  cv® in this case and have a m agnitude such th a t Aa • w0
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is the  energy density associated w ith the fluid circulating about the vortices. Here 

A® is allowed to  be an a rb itrary  Galilean invariant vector field.

The superfluid mass currents M® are also defined by the first law of therm o­

dynamics, E q . (3.10). Nepomnyashchii (1976) shows (on the basis of a particular 

microscopic theory) th a t these currents m ust be the same as those th a t appear 

in the mass conservation laws, Eq. (3.2). Here it is assumed th a t the M® as de­

fined by Eq. (3.10) are equal to  those th a t appear in the mass conservation laws, 

Eq. (3.2), in general. Furtherm ore, the currents M® — PaV% are Galilean invariant 

vectors and therefore could be w ritten as some linear com binations of the Galilean 

invariant vector fields in the  problem: v® — u®, v® — v®, and w®. W hile no detailed 

physical m otivation for including term s in M® — pav^ proportional to v® — v® or 

<Vq has ever been proposed, Khalatnikov (1989) has speculated th a t terms pro­

portional to  m ight be needed when the fluid velocities are large. The precise 

form  of these currents in  term s of the fundam ental variables of the  problem will 

not play a significant role in the analysis. It is probably most appropriate, nev­

ertheless, to  th ink of — pavr term s of Andreev and B ashkin’s expression 

(Andreev and Bashkin 1976)

M a ~  Pcivr ~  PaffivB ~ vr)- (3.11)
P

The mass density m atrix  pap m ust be evaluated for any physical system  of interest 

on the  basis of some microphysical model for th a t system. Explicit expressions for 

pap have been derived by several authors (Andreev and Bashkin 1976; Vardanyan 

and Sedrakyan 1981; Alpar, Langer, and Sauls 1984; Sauls 1989). They find th a t 

pap  m ust, quite generally, be symmetric in  a (3, but th a t it is not diagonal for
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m any cases of interest (including the neutron-proton superfluids of neutron-star 

in teriors).

The dynam ical evolution of an uncharged superfluid m ixture would be com­

pletely determ ined by Eqs. (3:2)-(3.10) if expressions for the stress tensor and 

the forces and F£  were known. The m ethod for determ ining these quantities 

is to  dem and th a t the evolution of the energy predicted by these equations is in 

fact a conservation law. The energy density of the fluid U is related to  U0, the 

energy density m easured in the frame of reference moving at velocity v°,  by the 

expression (see C hapter 2)

U = U0 + PbVr ~  kpVrVrb, (3.12)

where p denotes the to ta l mass density of the fluid, p =  pe +  Pa-  The time 

evolution of this quantity  can be com puted w ith the aid of Eqs. (3:2)-(3.10). The 

resulting expression is

W  +  V hVi =  p„ ( .,6 -  vrh) l*  +  V hVr^ ai -  Pgai -  Pt VZvi

— ^ 2  [va ( ^ a  — PaVi ) +  M ^ v i  +  PaiXZojac — XZoJia j
CC

+  T :  \ ^ a b  -  PaVrb +  (V  X Xa )̂ , F^  +  2(vm  -  Uao)V[%Q]

(3.13)

where the energy current Ua and the pressure p are defined by the  expressions 

Ua = TeSeVg +  TrSrVr +  {pe +H^e — vr\2 — I k r  12 +  (n^a — pga^)vrb

+  ^^(P'a  + I k e  — ^rl2 — | | t ^ | 2)M ^ +  ^ ^ |X q, X [Fa + (va — Vr ) X (Ha ] j  ,
& a

(3:14)

and

P — — U0 + TeSe + TrSr + pe{p-e-\-^\ve — vr \^) + pa (pa +^\va — vr \2)- (3.15)
a
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Square brackets surrounding a pair of indices [e.g:, in Eq. (3.13)] indicates anti- 

sym m etrization, i.e., V [av^  =  ^ ( V av^, — V 6v“ ).

Equation (3.13) will guarantee the local conservation of energy of the fluid 

if the right side vanishes. It is natu ral to  require th a t the term  proportional to  

VbVra on the right vanishes separately by defining the stress tensor as

ab -  AS<4], (3:16)
a

This expression for 7r°® is a  symmetric tensor if the mass currents M& are given 

by Eq. (3.11), w ith P01̂  sym m etric in a(3 and =  Acttv° (where Act is any scalar 

function). It is also na tu ra l to  set the force Fg equal to  zero. W hile it is possible 

th a t there could exist some nonelectrom agnetic force acting on the ordinary fluid, 

there is no present physical reason to  include a force of th is type (other than  

dissipative forces) for the  case of the electron fluid in neutron-star m atter. Since 

dissipation is ignored ip this chapter and the  electrom agnetic forces are ignored in 

th is section, it is reasonable to  take Fg = 0. This leaves only the term  containing 

the  forces F&. This te rm  will vanish if F^  is given by

K
/3

PpvTb +  ( V x  \ p ) h +  2{vrh -  vab) V lav^,  (3.17)

where is any tensor th a t is antisym m etric in the sense th a t = -Kjfa-  

The forces F£  m ust vanish, however, when the  vorticity of the superfluid velocities 

vanishes if Eq. (3.8) is to  re tu rn  to  the  Landau form in the absence of vortices. 

The tensor K ^  m ust vanish, therefore, whenever the vorticity of v® vanishes. A 

simple example of a tensor th a t meets these criteria is 7

7
(3.18)
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where K 01̂  is sym m etric in otf3. For the rem ainder of this chapter atten tion  is 

restricted  to  this case w ith K a^nf an a rb itrary  function of sr and Ptl. The forces 

given by Eqs. (3.17)-(3.18) are generalizations of those included by Bekarevich 

and Khalatnikov (1961) in  the nondissipative lim it of their equations. It is w orth 

noting th a t these forces do not vanish when the coefficients A® are set to  zero. In 

th is case the  forces become singular at the locations of vortices. By introducing 

Aq the forces JF1® m ay be in terpreted  as the  smooth-averaged forces the vortices 

exert on the  sm ooth-averaged flow of the superfluids.

One m ajor goal of this chapter is to  determ ine the coupling of charged su­

perfluid m ixtures to  the  electrom agnetic field. This is most easily accomplished 

by introducing a Ham iltonian form ulation of the equations. Holm and Kuper-

presented above when K a^ j  and Aq are zero. Here their work is generalized to

be the energy density of the fluid; thus, the  Ham iltonian of the  fluid, H,  is given

It will be convenient (prim arily for the discussion on charged fluids th a t follows) 

to  relabel the  fluid variables, u®, u®, and P a when they occur in the  Hamiltonian 

form of the equations by

Ham iltonian Form ulation

shm idt (1987) give such a form ulation for the  special case of the  fluid equations

include nonzero values for these quantities. The Ham iltonian density is taken to

by

(3.19)

(3.20)

(3.21)
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T a P a i (S.22)

Thus, using Eqs. (3.10) and (3.12), the variation in the Ham iltonian may be 

w ritten  as

SH — Jd X̂ TeSse +  p̂,e + ! J u e — V7.]2 — | | u r |2^ 5^ e pe(u\ —
j IrTr Ssr -1T Y j p a  + f  [^a v r\^ ~  %\vr\'2')Spa  (3 23)

\
P a v r  +  (V  X \ a ) b

a

In addition to the expressions for the Ham iltonian and its variation, the 

H am iltonian form ulation of the fluid equations m ust include the  definition of a 

Poisson bracket. In term s of this bracket the evolution equations could then  be 

expressed in the standard  Ham iltonian form

dtF  = -[F ,H],  (3.24)

where F  is an arb itrary  sm ooth function of the dynamical fluid variables (Le,, se, 

Pei Mg, sr , pa , Ua, and T °). It is reasonably straightforw ard to  find a bracket 

through which Eq. (3.24) reproduces the fluid equations (3.2)-(3.9) and which 

satisfies the anti-sym m etry property [E ,G) = —[G,F] for arb itra ry  sm ooth E  and 

G. The following bracket satisfies these conditions:

\F, G] =  (F, G) -  2 f i K  £  ^  W 1"” ?- 
-Z a/3-y «

(3.25)
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where (F, G) is defined by

SF

(F, (?) =  j + .  S e -

+ Suf

+ £ v *
°Pe
2

SG

OSf Sr

<, + vo E - ^ i v,%?- 2^ v,%«1
SG SG

+  Pa

+ E
S T b

+ E ^
Spa

8cvoE " 1" ^ voE + v l ( " ° § )
+  E ^ v ^  +  v

a
SG

lS t h

V 0U

+ <5T°

Spa
b

+8’ v ° E + x6yoS -

f- i £ i

+  V ^ T 0

S ’ * - !

5 T 6
(3.26)

The representation of the bracket in Eq. (3.25) is noncanonical. To establish 

th a t it is a Poisson bracket, it is necessary to  verify th a t the Jacobi “identity,”

[E, [F, G]] +  [F, [G, E}} + [G, [E, F]] =  0, (3.27)

is satisfied for arb itrary  sm ooth E, F i and G. The bracket (F, G) is known to 

satisfy the  Jacobi identity  because it is the direct sum of the Poisson bracket for 

an ordinary perfect fluid (Dzyaloshinskii and Volovick 1980; Holm, M arsdenj and 

R atiu  1986) and the Poisson bracket for a m ixture of superfluids given by Holm 

and K upershm idt (1987) (up to  simple algebraic changes of variables). Thus, 

(F,G)  is a Poisson bracket. Knowing this will aid in determ ining the  conditions 

under which [F, G\ is a Poisson bracket.

The plan is to  investigate the conditions under which term s can be added 

to  a Poisson bracket and have the result continue to satisfy the  Jacobi identity.
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Consider the Poisson bracket

(F, G) = J d 3x % AB (3.28)

In this expression F  and G are arb itrary  functions of the fields z ^ ,  and the index 

A  runs over the complete collection of these fields. The operato r X a b  acts to 

the right (on the  argum ent in parenthesis) and is antisym m etric in the sense th a t 

(F,G)  =  —(G, F).  Sum m ation over repeated indices A, B,  C, etc. is assumed. It 

is also assumed th a t th is bracket satisfies the Jacobi identity,

0 =  £  ( E , (F ,0 ) ) ,  (3.29)
(EFG)

where the indicated sum  is to  be perform ed by adding the term s obtained by 

cyclically perm uting the  arb itrary  sm ooth functions E, F,  and G.

Next the  bracket (F, G) is modified as follows:

(3.30)

The operator Y a b  is also antisym m etric so th a t [F, G] =  — [(?, F]. The conditions 

under which the combined bracket, [F, G\ , satisfies the Jacobi identity  are now 

investigated. A straightforw ard calculation yields the following identity:

Y  [2 . [ f , G]]
(EFG)

J J d 3X d3x J

K
(EFG]

Y j

+ I ( X a b + Y a b )(&)]

S X c d /  SG
Sza  \ 6 zd

f —\ S z D ) \

SF [ S Y c d /  SG \  I
Szc VSza  \ S zd ) \

(3.31)

The combined bracket, [F, G], satisfies the Jacobi identity if and only if this ex­

pression vanishes for all sm ooth E, F,  and G.
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In  general, it requires an extremely tedious calculation to  determ ine whether 

or not the  Jacobi identity  is satisfied for a given bracket. Equation (3.31), however, 

provides a relatively simple m ethod of checking the Jacobi identity  whenever one 

is in terested  in determ ining w hether a relatively simple addition to  a given Poisson 

bracket results in a  bracket th a t also satisfies the Jacobi identity. The Poisson 

bracket for a m ixture of superfluids falls in to  this general category. The bracket 

(F, G) defined in Eq. (3.26) is quite com plicated but it is known to  satisfy the 

Jacobi identity. The combined bracket [F, G] in Eq. (3.25), involving K cî ry, is a 

relatively triv ial modification of the original bracket. Using Eq:(3.31) then to  test 

w hether the  brackets defined in Eqs. (3.25) and (3.26) satisfy the Jacobi identity 

gives the result

E  IjM jr -g H =
[ E F G )

SE SE L SG 
Sul  Sui W h

+  2 E  [K a ^ V iK l3fm -  K fimV bK am ] Vtc
o c /3y

(3.32)

This expression m ust vanish if the Poisson bracket in Eq. (3.25) is to satisfy the 

Jacobi identity. The integral clearly vanishes if the coefficient of each term  in the
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integrand vanishes separately. Thus, sufficient conditions which guarantee th a t 

the  in tegral vanishes for all sm ooth E, F,  and G are

0 =  sr - Huj
+ £ <

fiuj
dpci

+ K iHUj,

0 =  ^ K uPaK olHj ~  KvyuxKaP ^ j . 
a

0 =  ( K aV jV aKpljia — K puaWaK 0lHy^.

(3.33)

(3.34) 

(3:35) 

(3.36)
esc

Since E q . (3.36) is a consequence of Eqs. (3.33)-(3.35), it is not an independent 

condition. Also note th a t the first term  in the integral in Eq. (3.32) involves the 

variations w ith respect to  T°. Since the entire integral m ust vanish for arbitrary  

sm ooth functions E, F,  and G it follows th a t the coefficient of th is first term  m ust 

vanish separately. Thus Eq. (3.33) is a necessary condition. All of the remaining 

term s involve only variations w ith respect to  u a . Numerous integrations by parts 

have been perform ed on the  expression given here, but these have not produced a 

form  of th is equation from which the rem aining necessary conditions may easily 

be extracted. The weakest conditions found, however, are Eqs. (3.33)-(3.35); they 

may in fact be the necessary conditions.

T h a t there exist nontrivial solutions to  Eqs. (3.33)-(3.35) can be illustrated 

for the  simple “diagonal” case in which K apy is proportional to  Kronecker deltas: 

K ap j  oc 8aj8py  In  this case the general solution to  Eqs. (3.33)-(3.35) is given by

8  C tJ 8 P j

"PT ~  Pa + kc,sr '
(3.37)

where the  ka are arb itrary  constants. The case =  O is the generalization 

to  m ixtures of the “m om entum  representation” bracket introduced by Holm and
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K upershm idt (1982) for a single component “nonrotating” superfluid, w ritten here 

in  a somewhat different choice of variables:

Electrom agnetic Coupling

In this section the coupling of the charged components of the  superfluid mix­

tu re  to  the  electrom agnetic field is found. The most efficient way to accomplish 

this coupling uses the procedure, based on the H am iltonian form ulation of the 

equations, th a t is discussed by Holm and K upershm idt (1987). In this approach, 

modeled after the electrom agnetic coupling to  a charged particle, the physical 

m om enta in  the  problem  are replaced by their “canonical” counterparts (which 

are formed by adding term s to  the physical m om enta th a t are proportional to  the 

electrom agnetic vector potential). The H am iltonian is rew ritten  in terms of these 

“canonical” variables, b u t its value (for a given fluid state) is modified only by the 

addition of the term s needed to  describe the  energy of the electrom agnetic field; 

The Poisson bracket is unchanged (when w ritten  in term s of these “canonical” 

variables) except for the addition of the term s needed to describe the dynamics 

of the electrom agnetic field itself. This procedure has been described as “minimal 

coupling;” since it lim its the electrom agnetic-interaction term s in  the fluid equa­

tions to  those obtained by appropriately replacing the physical m om enta of the 

uncharged theory w ith the corresponding “canonical” m om enta. The fluid equa­

tions generated in this way interact w ith the  electrom agnetic field only through 

forces th a t are qualitatively similar to  the Lorentz force. These equations guar­

antee th a t the  appropriate conservation laws are satisfied identically.

The sta te  of the superfluid m ixture is described by the  dynam ical variables 

se , Pe, Vg, sr , pa , u®, and P a. Each of the  vector fields among these dynamical
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variables is proportional to the physical m om entum  density of its  corresponding 

constituent particles: P a is the  to ta l m om entum  density of the fluid, u® is pro­

portional to  the m om entum  density of the superfluid particles (or Cooper pairs) 

of species a  (appropriately averaged when A® is nonzero), and u® is proportional 

to  the  m om entum  density of the ordinary fluid. Thus, it is appropriate to  define 

the following “canonical” variables:

T® =  P® + aePe 4" ^  ] aCtPa

u C t - vCt + aOtAa,

ue = v e + aeAa,

A®, (3.38)

(3.39)

(3.40)

where A® is the  electrom agnetic vector potential and aa — qa/Tna C is the charge to  

mass ratio  of species a  divided by the speed of light (as in the  in troduction to this 

chapter). (Note th a t these variables cannot be chosen as “canonical m om enta” 

in the usual terminology of Ham iltonian mechanics, since they are not m utually 

com m uting w ith respect to  the Poisson bracket. This is because these variables 

are proportional to  m om entum  densities. See Landau 1941 for a further discussion 

of this point.)

The next step in this minimal coupling procedure is to  add to  the Hamilto­

nian the term s th a t describe the energy of the  electrom agnetic field. The standard  

macroscopic expression for the variation of this energy is

di[/EM Atx
E ad D a +  H aABa , (3.41)

where D a is the  displacement, B a is the  m agnetic induction. This expression 

serves as a definition for E a and H a, the electric and m agnetic fields. W hen 

vortices are present in the superfluid there exist microscopic electrical currents
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circulating about each vortex. The vortex averaged equations neglect these cur­

rents and the m agnetic energy th a t is associated w ith them . W hile this energy 

could be included im plicitly in the definition of H a given in E q . (3.41), it is more 

convenient to  include an expression for this additional energy explicitly, Le.,

This additional energy term , when combined w ith the term  th a t was

included in the expression for the fluid energy in  Eq. (3.23), results in the following 

expression for the in ternal energy associated w ith the vortices: A®d(waa +  aa B a)-

w® +  aa B a is proportional to  the  density of vortices, it is appropriate th a t the 

variation of this com bination yields the in ternal vortex energy A®. ■ Note, th a t 

the term , aa A®dBa , is also consistent w ith the expression for the magnetic energy 

density of a flux line lattice as com puted by de Gennes and M atricon (1964). W hen 

the additional term s in Eq. (3.42) are added to  the expression for the variation of 

the fluid H am iltonian in Eq. (3.23) and when the result is reexpressed in term s 

of the “canonical” variables of Eqs. (3.38)-(3.40), the following expression for the 

variation of the to ta l H am iltonian is obtained:

(3.42)
a

Since the  vortex averaged version of the London equation, Eq. (3.1), dictates th a t

+  {fia + !N a  — fv |2 — !N rl2 — A-^j Spa (3.43)a

+  v hr8 T h +  TrSsr +  [M* -  PotVh +  ( V x  Aa )&] Suah
a
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where the to ta l macroscopic electrical current, J a , is defined by

J a =  aecpeVe +  ^  aa cM%. (3:44)
a

The final step in th is minimal-coupling procedure is to  construct the ap­

propriate Poisson bracket. By assum ption, the fluid portions of the bracket are 

the same (when w ritten  in term s of the  “canonical” variables) as the uncharged- 

superfluid bracket, [F, G\, of E q1 (3.25). One simply adds to  [i^G], the standard  

Poisson bracket for the electrom agnetic field:

SF SG 
SDa SAb (3.45)

Since {F, G} is defined as the direct sum of [F, G] and the  s tandard  bracket for 

the electrom agnetic field, it will satisfy the  Jacobi identity whenever [F, G\ does.

Having specified the  desired form of the Ham iltonian in  Eq. (3.43); along 

w ith the bracket, {F, G} in  Eq. (3.45), the  tim e evolution of any quantity  is 

determ ined via H am ilton’s equations, given by

OtF  = —{F ,H } . (3.46)

In particular, the tim e evolutions of the dynam ical variables se, pe, v®, sr , pa , v®, 

P a, A®, and D a are determ ined. The resulting evolution equations for the mass 

and entropy densities are unchanged from their uncharged analogues, Eqs. (3 .2)-

(3.5) (i.e., the corresponding conservation laws). In contrast the  to ta l fluid mo­

m entum  density, P®, is no longer conserved as it was in Eq. (3.6). This quantity  

now evolves as follows:

StPa +  V 6TTa l  =  T rS a +  [ ( i / + x  Ac )  X B (3.47)
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where P 0, is the  to ta l fluid m om entum  density of Eq„ (3.7), tt®6 is the fluid stress 

tensor of Eq. (3:16), and the to ta l electrical charge density a  is defined by

(X — Og cpe +  ^   ̂Oq CpQ . (3.48)
a

Note th a t the  to ta l fluid m om entum  responds to  a Lorentz force in which the 

electric current includes contributions of the  form CO01V x Aq . The m om entum  

evolution equation, Eq. (3.47), can also be w ritten  in a form in  which the Lorentz 

force on its right side involves only the macroscopic current J a. This is accom­

plished by redefining the stress tensor (including the pressure) in Eq: (3.16) by 

making the  substitu tion  wQ—»wQ +  aa B.  Since the com bination wQ +  Cba B  repre­

sents the  density of vortices, by Eq. (3.1), this reexpressed version of the stress 

tensor m ight be considered to  be the more na tu ra l one.

The equations for the evolution of and u®, Eqs. (3.8) and (3.9), are also 

transform ed by the addition of electrom agnetic terms. In particu lar the forces Fci 

and Fe become,

F a  — — Va  X (VQ T  C t t a E  T  V? X (wQ -f- CbaB^

+  5 3  K-aP^Mp  — PpVr +  V x  Ag) X (dly +  ay B),
Pl

(3.49)

and

Fe =  ae(cE +  Ve x B). (3.50)

W hile the ordinary fluid responds to the s tandard  Lorentz force, the force on the 

superfluid is ra th e r more complicated. Note th a t this force is influenced profoundly 

by the  presence of the  new vorticity preserving forces th a t are proportional to 

K ap y  Also note th a t this force reduces to  the expression given by Holm and 

K upershm idt (1987) for the case K apy =  Aq =  0. However, th is force agrees
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w ith th a t of V ardanyan and Sedrakyan (1981) only when the  vortex-free London 

equation^ Co0l-^a0lB  = 0, is satisfied or when K a^ nf has the value given in Eq. (3.58) 

and the mass density tensor, pap of Eq. (3.11), is diagonal. Their, equations do not 

appear to  be consistent w ith energy conservation under any other circumstances: 

The H am iltonian formalism also produces the equations for the evolution 

of the dynam ical electrom agnetic fields, A a and D a. These are simply the tim e 

dependent Maxwell equations, given by

dtA a = —cEa, (3.51)

and

dtD a = c(V x H ) a -  47t J a . (3.52)

The divergence of Eq. (3.52) guarantees th a t the constraint equation,

VcuDa =  47T(t, (3.53)

is preserved as the fluid evolves. The definition of the magnetic field H a given in 

Eq. (3.42) allows the equations for electrom agnetic fields to  be w ritten  in a form 

th a t includes only the  sources, a and J a, associated w ith the macroscopic motions 

of the fluid.

H am ilton’s equations, Eq. (3.46), determ ine the evolution of all physical 

quantities, including the to ta l m om entum  and energy of the combined superfluid 

and electrom agnetic system. Equation (3.47) for the evolution of the m om entum  

can be rew ritten  in a form  th a t makes the  conservation of the  to ta l m om entum  

self-evident:

0 =dt[Pa + ~ { D  x B ) aJ +  V ^ tt06 -  Uzugab

— (K9 aCgbd — gabgcd^ [^(-Sc-D ^ +  H 0B^)  +  j :
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Similarly, the equation for the evolution of the to ta l energy of the system  can be 

w ritten  in  the form of a conservation law:

0 — dt ( u  +  UEM̂  + U b +  - £ - ( E  x  H f  + C a a ( E  x Xa)61 (3.55)
a

T h at these conservation laws are satisfied is unrelated to  the  issue of whether 

the bracket {F, G} in E q . (3.45) satisfies the  Jacobi identity  or not. Thus; the 

evolution equations presented here guarantee m om entum  and energy conservation 

for any values of K ct̂  even if they cannot be expressed as a rigorous Ham iltonian 

system.

Up to  th is point the discussion of the electrom agnetic coupling to m ixtures 

of superfluids has been conducted w ithout restricting the values of the coefficients 

K 01Pj  th a t appear in the superfluid force, Eq. (3:49). U ltim ately, the choice of 

these coefficients m ust be based on experim ental criteria, or at the very least on a 

microscopic model of the m aterial. Here a suggested natural choice for the K ap j  is 

given, from the viewpoint of the macroscopic analysis developed here. Since these 

coefficients participate in the  superfluid-electromagnetic coupling, it is reasonable 

to  choose them  to  insure th a t this coupling has the form of an appropriate Lorentz 

force. In  analogy w ith the  force th a t acts on the to ta l m om entum  of the fluid, 

Eq. (3.47), it seems na tu ra l to  require th a t F01 take the form  of the Lorentz 

force w ith an electric current arising from the macroscopic flow of the superfluid 

condensate plus a term  which depends on the vortices via A®. The macroscopic 

current associated w ith the particles of species a  th a t have condensed into the 

superfluid s ta te  is given by

TallSa caa (M ^ — PraVr)> (3.56)
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where the norm al com ponent of the mass density is denoted pra. The super 

com ponent of the  mass density can then  be defined by psa =  -  pr0L> The

superfluid force equation will reduce to  the  desired form

Fa
Psa CCla

' J s a -  P s a V a  + V x  Ace X O Jr

+ CdfyiE  + ; ( J sa + Caa V  x Ace) x B j
cPsa '  /

(3.57)

when K a/3 y is chosen as follows:

F a/3y —
I

Psa
8a y Sp j . (3,58)

This choice generalizes to  charged m ixtures of superfluids the in teraction proposed 

by Volovik and Dotsenko (1980) and by Khalatnikov and Lebedev (1980) for a 

single com ponent uncharged superfluid. It is interesting to  note th a t different 

approaches have lead to  a similar result. Here it is required th a t the superfluid 

velocity respond to the electrom agnetic field by an appropriate Lorentz force law. 

Using sim ilar reasoning, Khalatnikov and Levedev (1980) m ake a choice equiva­

lent to Eq. (3.58) in order to  elim inate the norm al fluid velocity from the force on 

the superfluid velocity. The more microscopic derivation of Volovik and Dotsenko 

(1980), on the other hand, can be related to  the study of the underlying vortex 

m otion m ade by R asetti and Regge (1975). Also note th a t the  choice in Eq. (3.58) 

does not in general have the form, Eq: (3.37), needed for the bracket to  satisfy the 

Jacobi identity. Except for the case of a zero-tem perature fluid (when sr =  0 and 

psa  =  Pa) these fluid equations do not, therefore, have a rigorous Hamiltonian 

form ulation. Volovik and Dotsenko (1980), however, indicate a Ham iltonian for­

m ulation is possible for nonzero tem peratures when the superfluid component of
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the mass density is trea ted  as an independent variable. W hile this may be a neces­

sary assum ption for certain  applications, especially near the superfluid-transition 

tem peratu re  (e.g., see Ginzburg and Sobaynin 1976), here the  superfluid compo­

nent of the mass density, pSQ;, is regarded as being specified in term s of the other 

variables by an appropriate equation of.state  (e.g., see Eq. (2.42)].

The superfluid force, Eq. (3.57), can be reexpressed in a  form th a t illustrates 

more clearly the physical significance of its various term s. Let us consider the case 

when the  superfluid mass currents M a are given by the Andreev and Bashkin 

(1976) expression, Eq. (3.11): Defining the density of norm al particles pra as the 

coefficient of vr in the mass current, then  the  superfluid density psa is related to 

the mass density m atrix  pap by

In this expression^ the  first term  is a m utual drag force between the flow of one 

species of superfluid past another. This te rm  vanishes if the mass density m atrix 

is diagonal. The next term  is analogous to  the  force, introduced by Hall (1958) to 

describe the  elasticity of the vortices. W hen the vortex energy A® is taken to  be 

proportional to  +  CLaBa, this term  is the natu ra l charged-fluid generalization 

of Bekarevich and K halatnikov’s (1961) expression for this force. The last terms 

are the  Lorentz force w ith an electric current produced by the  macroscopic flow 

of superfluid particles. Note th a t the current th a t appears in th is Lorentz force

(3.59)

Using th is relation, the superfluid force can be w ritten as

P s a F a  —  ' y  ] P a j s  i ^ v P  ~~ v c c ^  x  w a  +  X Aa ^ X ^uta  +  CLa B ^

(3.60)

c
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contains Fermi-liquid effects (by way of the mass density m atrix  p^p)  analogous to 

those com puted by Easson and Pethick (1979) to  describe nonsuperfluid protons 

in a neu tron-star interior. This expression also reduces to  the standard  Lorentz 

force when there is only a single component charged superfluid, which agrees w ith 

the result given by P u tte rm an  (1974).

G ravitational Coupling

In  th is section it is briefly shown how Newtonian gravitational forces can 

be incorporated in to  the derivation of the hydrodynam ic equations given in  this 

chapter. F irst, Eq. (3.12) for the energy density should be modified to  become:

U = U0 + PbVr ~  2PVrvrb +  gPf- (3.61)

The last te rm  in this equation is the gravitational potential energy of the fluids in 

term s of the  gravitational potential (p and to ta l mass density p. The gravitational 

potential obeys the equation

— 47t(j /9, (3-62)

where G is N ewton’s gravitational constant. The partial tim e derivative of U can 

then  be com puted and energy will be conserved (i.e., dtU +  =  0) if the

following replacem ents are m ade in the corresponding quantities:

âb

Pe Fe ~  V V

I
t "6 + V " 6 +  S 5 (v V(v»W - vV=v^

(3.63)

(3.64)

(3.65)
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c r  -» CT +  +  y, [M: +  (V x
a

-  \pV0i -  [(V»(vV) -  v>VavV
1 [(Sw )(V dp ) -  V V aHtJ .

vrb (3:66)

SttG
Thus, the  gravitational forces acting on the  superfluids, equal to  - V cV , are ex­

actly as would be expected from the equivalence principle.
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C H A PTER  4

ADAPTING TH E EQUATIONS TO NEUTRON STARS

Introduction

The purpose of this chapter is to develop equations which can be used to 

investigate the effects of superfluidity on the  global oscillations of neutron stars. 

In general, the  star is assumed to  be ro tating  and magnetized. In  particular, this 

chapter focuses on the outer-core region. The densities of this region are defined 

to  be above th a t in which nuclei dissolve in to  a liquid of m ostly neutrons (with 

a  small fraction of protons, electrons, and even fewer muons) and below th a t in  

which nuclear m atte r theory is not yet fully understood, i.e., the  density range 

approxim ately specified by 2.8 X 1014g /cm 3 <  p <  5 X 1014g /cm 3 (Baym, Bethe, 

and Pethick 1971). Most of the m atte r in a 1.4M© neutron sta r has a density in 

this range if the  equation of state  for nuclear m atte r is very stiff. As described in 

C hapter I , some evidence exists suggesting th a t the equation of s ta te  for nuclear 

m a tte r is indeed very stiff.

In  th is chapter, the  equations for a general m ixture of super fluids derived 

in C hapter 3 are used to  describe the outer-core region of a neutron  star. The 

results are fu rther extended in two im portan t ways: a specific model of the en­

ergy density is constructed and partia l derivatives of the energy density are used 

to  relate the  dependent variables to  the independent variables. The vortex en­

ergy p er unit length appears in these equations. This is calculated next, using
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the nonsmooth-averaged London equations and A m pere’s law. After this, the 

equilibrium  properties of a typical neutron  star are discussed and the linearized 

pertu rba tion  equation are presented. Finally, the characteristic frequencies as­

sociated w ith each of the  forces which act on the  fluids are summarized: This 

sets the  stage for chapter 5 in which the low-frequency-long-wavelength limit of 

the equations is taken. The discussion in  this and the next chapter is based on 

Mendell (1991a).

Here, the equations in C hapter 3 are adapted to  describe a m ixture of su­

perfluid neutrons, superconducting protons, and degenerate electrons and muons. 

The low -tem perature lim it is taken, in th a t the  excitations of the neutrons and 

protons are ignored (a valid approxim ation except near the superfluid-transition 

tem peratures). The independent hydrodynam ic variables which describe the prop­

erties of the fluid m ixture then  can be taken to  be (for the neutrons, protons, 

electrons, and muons, respectively) the mass densities, pn; pp, pe, p^, the veloc­

ity  fields, Vp, Vg = Vp, and the entropy carried by the electron-muon fluid;

Se = se + Sp (the superfluid condensates carry no entropy). Note th a t the veloc­

ities of the electrons and muons are set equal to  each other (and only the to ta l 

entropy of this fluid is considered), since scattering between these two fluids causes 

them  to  flow together on very short tim e scales on the order of

Nonlinear H ydrodynam ic Equations

T s  t o
K

~  8 x IO-14S

where Tp is the  Fermi tem perature of the electrons (Sauls 1988; see also Pines and 

Nozieres 1966).
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In a typical ro ta ting  m agnetized neutron  star it is expected th a t the neutrons 

and protons form arrays of quantized vortices (see Baym, P e th ick, and Pines 

1969; C hapter I). The vortices are microscopic in size w ith radii roughly equal to 

the  coherence length £. The typical spacing between vortices, d, is much larger 

th an  the coherence length but still microscopic compared w ith the radius of a 

neutron  star. For example, the spacing between neutron vortices in the Vela 

pulsar is expected to  be about 10- 3 cm and the spacing between proton vortices 

for a typical m agnetic field of IO12G is expected to  be about IO-10Cm (Sauls 

1988). Thus the larger of these numbers is usually the spacing between neutron 

vortices. Assuming a triangular array in equilibrium  (as is observed in terrestrial 

superfluids) the in tervortex spacing between neutron vortices, dn , is given by

h -i 1/2 _ / i n 2c- l \  1Z2

2y/3mnQ
1/2 » 3 .4  x I O - ^ 1 0 v cm, (4.2)

where fi is the angular velocity of ro tation. To investigate the  hydrodynamic 

behavior of superfluid neutron stars on scales much larger th an  the intervortex 

spacing, it is therefore appropriate to  use smooth-averaged hydrodynamics de­

scribed in C hapters 2 and 3. This hydrodynam ics is valid for length scales much 

larger th an  the intervortex separation given in  E q. (4.2).

Beginning w ith the smooth-averaged hydrodynam ic equations for the mass 

and entropy densities, the mass density of each species will be taken to be con­

served separately, since weak-interaction tim e scales are much longer than  typical 

neutron s ta r oscillation tim e scales (see Epstein 1988; Easson and Pethick 1979). 

In the non dissipative lim it, the entropy of the electron-m uon fluid is also con­

served. These conservation laws are then  given by

@tPn "t" ^ b^PnnVfi 4 " Pnp^p) — 0 ) (4.3)
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dtPP +  VbiPpnVhn +  pppv h) =  0, (4.4)

dtp* +  VbiPtvl)  =  0, (4.5)

dtPp. +  VbippVh) — 0, (4.6)

-H =  0, (4.7)

Note th a t, as pointed out by Sonin (1987), small corrections to  the mass densities 

of the condensates due to  the sm ooth-averaging process over vortices can be ig­

nored since they  involve only small term s of the  order £2/d 2 <  I , which is roughly 

the fractional volume occupied by the vortices. (See Baym and Chandler 1983 for 

a theory which includes these term s.) Also note th a t in Eqs, (4.3) and (4.4) the 

mass currents of the superfluids depend on the superfluid velocities of both  the 

neutrons and protons via the mass density m atrix  pnn, pnp — ppn, and ppp -. The re­

sulting effect is often referred to  as a Fermi liquid “drag” between species and was 

first in troduced into the  theory of superfluid m ixtures by Andreev and Bashkin 

(1976). Calculations by Andreev and Bashkin (1976) (see also Alpar, banger, and 

Sauls 1984; Sauls 1988) show th a t in the low-tem perature lim it considered here 

these quantities are given by

where m n and m* are the effective masses of the  neutron and proton, respectively. 

Note th a t these equations obey the constraints, pnn +Prip = pn and ppp +  ppn =  pp,
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required by Galilean invariance of Eqs (4:3) and (4.4). Estim ates of the effective 

masses as a function of the density appear in Chao, Clark, and Yang (1972), 

Takatsuka (1973), and Sjdberg (1976). The results in these studies do not agree 

exactly. However, they indicate th a t the effective mass of the  proton falls roughly 

in the range 0.3 <  (m */m ^) <  0.7 for the  density range of a neutron-star outer 

core. [Also, the results in Chao et ah (1972) and Sjdberg (1976) violate the 

constraint between (m n/m * ), (m p/m *), and (p^/p^) given by Eq. (4.9). Takatsuka 

1973 does not give values for all of these quantities. This discrepancy needs to be 

sorted out in  the future bu t will not affect the  results of this thesis.]

Next, the  fluid velocities are considered. First, the superfluid velocities u® 

and Vp can be defined by the  smooth-averaged curl of the London equations, given 

by

wn ~  2m  n vnVn , (4-11)

tv" +  a p B a =  J L - n vp y£ , (4:12)

where n Vn and Jivp are the average num ber of neutron and proton vortices, respec­

tively, per unit area perpendicular to  the local average direction of these vortices 

given by unit vectors z/® and z/®. The sm ooth averaged vorticities in these equa­

tions are given by u>® =  (V  X vn)a and u;® =  (V  X vp)a, where v® and v® are to 

be in terpreted  as sm ooth-averaged superfluid velocities. In Eq. (4.12) B a is to  

be in terpreted  as the  smooth-averaged m agnetic induction. Second, the smooth- 

averaged hydrodynam ic equations for the velocities are given by

+  4  =  ^  [(^, -  ^ )  X WTz]" +  -  ^  X X )̂ x a ]̂®, (4.13)
Rn Rn
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Pp

H-----[(V  x Ap) x (ujp Hr a p B ) ] a
Pp

(4.14)

+ E  H— -I 
Pp v
I / PppVp H- PpnVn

) x B

9tVg+VgiVf)Vg+^-'Vafie + —:-1V afip+-E'VaTe+'Va(p =  -E ( E  — -  x 5^) . (4.15)
Pc Pe Re P. \  C /

The left-hand sides of Eqs. (4.13) and (4.14) have the form of the Landau equation 

for ordinary superfluid flow (w ith the “chemical potentials” in these equations, jxn , 

ftp, fte, and ftp to  be determ ined from the energy density; see the  next two sections 

of this chapter). Of the forces on the right-hand sides of Eqs; (4.13) and (4.14), 

the  first term s, proportional to  pnp, represent a drag force between the neutrons 

and protons, and the second term s, involving A® and A® (also determ ined from 

the energy density) represent an elastic force acting on the smooth-averaged flow 

of the  superfluids due to  the  underlying vortices (see C hapter 3; Bekarevich and 

Khalatnikov 1961; Mendell and Lindblom 1991). On the o ther hand, Eq. (4.15), 

which describes the tim e evolution of the velocity of the electron-muon fluid, is 

obtained by averaging the Euler equations for the electrons and muons by taking 

®t{peV% + PliVp), dividing by pe =  pe + Pp, and setting v® =  u®. This is appropriate 

because of the short tim e between scattering events for the particles of these two 

fluids.

Turning to  the electrom agnetic coupling term s in Eqs. (4.14) and (4.15), the 

electric field E a and m agnetic induction B a in these equations evolve according 

to the macroscopic Maxwell equations:

Vf jDb =  4 TT C, (4.16)

V bB b =  0, (4.17)
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(V x jg)« =  (4.18)

(V  x i i ) a =  ^ J 0 +  ^ d tD a. (4.19)

The m agnetic field H a and displacement field D a are determ ined from  the energy 

density: The to ta l charge density and charge current in these equations are given

by

a = (Tp + (Te, (4.20)

J a — <Tp(— Vp +  +  <7eU®, (4.21)
Pp Pp

where the  charge densities of the proton and electron-muon fluids appearing in 

Eqs. (4.14), (4.15), (4:20), and (4.21) are given, respectively, by

crP — {e/ rnp)ppj (4.22)

aC =  - ( e / m e)pe -  (4.23)

Finally, the Newtonian gravitational potential ip is specified by

V  JjV b (p =  AtvG p, (4.24)

where G is N ewton’s gravitational constant, and p =  pn +  is the to ta l

mass density of the  fluid.

Energy Density

The to ta l energy density can be specified as the sum of term s

U  =  Ui U q +  Uke +  Uy +  Uem) (4.25)

where U \  is the  in ternal energy density of the fluid, U q the gravitational potential 

energy density, C7Kb is the  kinetic energy density, CZv the vortex energy density,
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and Z7bm the energy density of the electrom agnetic field; The in ternal energy 

density is taken to  be a function of the mass and entropy densities only and has 

been calculated from nuclear m atte r theory by many investigators (e.g., see Baym  

and Pethick 1975 for a review), The gravitational potential energy density is 

given by the usual expression, Ug =  \p<f- Next, following A lpar et al. (1984), 

the macroscopic kinetic energy of the fluid, including the drag effect, is accounted 

for by Ukb — \p nnVn +  P^pvnvpb +  hPppvp +  \pevl- Then, following Bekarevich 

and Khalatnikov (1961), term s are added which account for the energy density 

of the underlying vortices given by [Tv =  BnUyn + SpUyp, In th is expression the 

product is taken  between the energy per unit length of the neutron and proton 

vortices, En and ep [calculated in this chapter; see Eqs. (4.56) and (4.62)], and the 

corresponding num ber of vortices per unit area specified in Eq. (4.11) and (4.12). 

This simple model ignores interactions between the vortices. Vortex interactions 

are not expected to  play a significant role in the small am plitude oscillations of 

neutron stars of interest in th is thesis. (See the discussion of the vortex frequencies 

in the last section of this chapter; see Sonin 1987; bu t see also C hapter 10.)

Finally, term s m ust be added which account for the energy in the electro­

m agnetic field. The m agnetic energy density is complicated by the  fact tha t part 

of the  m agnetic induction is confined to the  vortices, whereas an additional non- 

quantized m agnetic field known as the London field (London 1950) can exist in 

a ro ta ting  superconductor. Furtherm ore, A lpar et al. (1984) have shown th a t 

the drag between the neutrons and protons causes the neutron  vortices to carry 

a m agnetic flux as well as the  proton vortices (see also the section of this chapter 

on the vortex energies). Taking into account these considerations, the smooth- 

average m agnetic induction can be related to  the magnetic flux of the vortices and
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the London field by

B a — rivp & p U p  +  Uv n Q n V n  +  B® : (4:26)

In this equation the m agnetic flux of the proton and neutron vortices are specified 

by $ p and Q n , respectively. The m agnetic flux carried by a proton vortex is just 

equal to  the usual quantum  of flux =  (hc/2e) =  2 X IO- 7 G • cm2. In contrast, 

=  (m p / rnn)(Pnp/pPp)^o, which vanishes when the drag vanishes, i.e., when 

Pnp —» 0. The sm ooth-averaged London field is specified by B£.  The average 

London field can be related to  the average vorticity of the proton and neutron 

fluids by using Eqs. (4.11), (4.12), and (4.26). The result is

B i m P c  a  r r tP c  Pnp a
-tvP -

e Ppp
(4:27)

The first te rm  is the usual expression for the London field generalized slightly to 

the  case of arb itrary  proton vorticity. The second term  on the  right-hand side is 

due to  the drag effect.

Now, to  see how to  account for the  m agnetic energy density, the magnetic 

induction in  the  vicinity of a vortex can be w ritten  as the sum  of two parts, the 

m agnetic induction of the  vortex, B^ortex and the London field, B®. The magnetic 

energy density then  looks like

( ! / S 7T)IBvortex +  B l I2 — (I /S tt) ( B 2ortex +  2 B L • B vortex +  B 2). (4.28)

The first te rm  has already been accounted for, as it  is included in the energy per 

unit length of the  vortices, £n and £p . The second term  is the in teraction between 

the  London field and the vortices and can be w ritten  as

2 ( 1 / Sn) B l ( v pbn VpQ p +  v nbnv n Qn ). (4.29)
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In Eq. (4.29) and the B^t term  in Eq. (4.28), Eq. (4.27) can be used to  specify the 

London field and equations (4.11) and (4.12) can be used to  specify the vortex 

densities.

The energy density of the electric field is not so complicated. Since the 

charges in a neutron  star are not bound, it is na tu ra l to  assume D a — E a and 

thus th a t the energy density of the electric field is ( I /S tt) ! )2.

Summing the expressions for the various parts of the energy density and 

simplifying the  result is

U  = U i  +  ±p<p +  ^ p nnV n  +  PnpV hn Vph +  IpppUp +  \ p ev l

+  +  - ^ £ p \ u p +  apB\

I rnI c2 , _  a , ?
8 ^ — K  +  -pB |

(4.30)

D ependent Variables

To have a closed set of equations, the dependent quantities appearing in 

Eqs (4.13)-(4.19), fbn , fip, /Xe, jip,, A®, A®, E a, and H a, m ust be specified in 

term s of the independent variables. These quantities are defined by the following 

differential [adapted from  those given in E qs. (3.10) and (3.42) in C hapter 3]:

dU0 +  d£7BM =[/xn +  Il Vn — Vp|2]d/?n +  [/Ip +  11 Vp — vr | 2Jdpp

+  [ f i e  +  11 V e  —  V r I 2 J d p e +  [ /X p  +  11  V e  —  V r I 2 J d p ft

+  Tedse +  Tpdsp +  Tr d s r + |p ed |ve — Ur |2 (4.31)

+  {Mn — pnvh)d(vnh — vrh) + ( M h — ppvh)d(vph — vrh)

+  Andxvn  ̂+  Apd(wp& +  (IpB h) +  ~ E hd D h +  — H hd B h,
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where ET0 -J-CTbm =  U — \pip — P ^ r +  ^pv^vrj,. In this expression P a — pnv% +  ppv£ +  

PeVg is the  to ta l m om entum  density of the fluid and U0 is the energy density of 

the fluid in a fram e which comoves w ith the velocity of the neutron and proton 

excitations given by v®. Note th a t in the low -tem perature lim it considered here 

the excitations are ignored, which corresponds to  setting Tr =  0 in Eq. (4.31). 

The velocity of the excitations, u®, will not appear in the final set of equations 

presented in this chapter. Using Eq. (4.30) for the energy density, an expression 

can be easily obtained for U0 + ETbm. The dependent quantities can then be found 

by taking the appropriate partia l derivatives indicated by Eq. (4.31).

The results for the  chemical potentials in Eqs. (4.13)-(4.15) are given by

- I @Pnp I _ _ |2 . 2 m n dsn . _ . Amp ue.p
P>n - P n  ~  —\Vn ~  VP\ -------------------------  '

2  Ofn ' h  ap,

^ pI vI  p% ).
dpn

Pp -At1P

I TUpC2

Stt e2

I dp

l<2 n |:
I TU2 C2

h dpn

^{Pnp/ Ppp )
dpn

2
I TU2 C2

Stt e2

'np I i2 I 2TUn d £ n  I w I , AiiLp ve-p\vn ~  Vp\ +  ■ 11
h dpp

|<3„l +  ^ ^ | C p  +  a p S |

^ i i i wPb + CipB b),

(4.32)

d(plP/prP)
dpp i«.i=

h dpp

d j p n p / Ppp)

%
l̂ n i wPb "b CipBb),

(4.33)

(4.34)

PU — P/j,- (4.35)

In these equations new chemical potentials have been introduced, defined as

(4.36)

w ith A  an index taking on the  values A — n, p, e, p.
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The tem peratu re  of the electron-muon fluid is related to the o ther variables 

(assum ing th a t the  electrons and muons are in therm al equilibrium ) by

W i W i
T e = T u

ds* (4.37)

This equation also serves as a constraint, relating the entropy of the electrons to 

the  entropy of the muons.

Next, com puting A® and A®, it is found th a t

IAO _ 2 m n _
A n  = ---- I -

2 1 n(dn /<£n)J E r ^ % ) ' " :
(4.38)

Note th a t besides term s proportional to the  energy per unit length  of the vortices, 

the o ther term s appear due to  the presence of the London field and the drag 

between the  neutrons and protons. Also, the term  proportional to  [2 ln(du / £ n ) ] —1 

results from the  dependence of en on dn (see the next section), which depends on 

ItvTl |-

Lastly, the m agnetic field H a and electric field E a, in term s of the magnetic 

induction B a and displacement field D a, are given simply by

E a = D a, (4.40)

H a = B a. (4.41)
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Vortex Energy P er Unit Length

Introduction

The vortex energies per unit length, £n and sp, which appear in the equations

this section using superfluid hydrodynam ics which describes a  single vortex, i.e., 

superfluid hydrodynam ics which has not been smooth-averaged. These equations 

have been discussed in general term s in C hapter 2  and are not used elsewhere in 

this thesis except in  this section. Though calculations similar to  those given here 

exist elsewhere (see Khalatnikov 1989, de Gennes 1966), the purpose here is to  see 

how the drag between the neutrons and protons affects the results; The system  

of equations to be solved is given by the London equations (not smooth-averaged; 

see C hapter 2 ),

and A m pere’s law for steady sta te  m otion in  the rest frame of the electron-muon 

fluid:

for the order param eters m ust be solved (e.g., see Tilley and Tilley 1986). The 

complications associated w ith the Ginzburg-Landau theory are avoided here by 

using approxim ate solutions.

for /2n , /tp, A^, and A^, have yet to  be determined. This is accomplished in

(4.42)

(4.43)

These equations are valid outside a vortex (ignoring the spin-triplet pairing of 

the neutrons). In general, inside a vortex the full G inzburg-Landau equations
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N eutron Vortex

Following F etter and Hohenberg (1969) and A lpar et al. (1984), the spatial 

dependence of the mass density m atrix, given in cylindrical coordinates {m, <f>, z) 

for a neutron vortex in equilibrium  along the  z-axis, can be approxim ated by

P n n j Pnp

Ppp OC

f < Zn),
I constant, (u? >  ^n ), 

constant everywhere.

(4.45)

(4.46)

Equations (4.42), (4.43), and (4.44) can be solved to  obtain the  following expres­

sions, some of which are given in A lpar et al. (1984):

A a

: > ■
(4.47)

(4.48)

for all vj , and

B a = n i l
I  -  (W A n )^ l( W A n )F o W A n )

Zr, ) ; i ( W A n ) ^ 0 ( ^ / A n ) ^ ,

™ < Zn, 

W >  Zn,
(4.49)

M n /  VA n /

[ ( r ^ c )  ( & )  K l iZ n /K ) h { ™ / &n) ~  ( ^ )  ( g j )  ( g )  <̂ °, «7 <  ^n ,

[ (n * c )  ( ^ )  A (CnZAn )ATi(m /An ) -  ( ^ )  ( § ^ )  (& )  ^  >  Zn-
(4.50)

In these equations the coherence length for the  neutrons is related to  the corre­

sponding Fermi velocity, vFn, and the superfluid-transition tem perature, Tcn, by 

(Tilley and Tilley 1986)

\  1/3
Zn ~ I. TbTrfeĵ  Tc7l

1.1 x IO-11 (S) (y 1 0 14g/cmC s ( 3 g S )  cm. (4.51)
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The London depth  is given by

f  y /2
V4Tre2Ppp J to 9:3 x IO- 1 2

;V/2 /io>Vcm3 \ 1/2
c n i j  ( 4 . 52 )

0P /  \  P r  J

which is the  distance over which the m agnetic induction falls off exponentially far 

from  a vortex. The K ’s and I ’s which appear in  these equations are the modified 

Bessel functions as defined in  Abramowitz and Stegun (1972). Thus each neutron 

vortex carries a m agnetic flux equal to  $>n =  ^  A b4>},zud(f) =  (mp/ m n)(pnp/ ppp) $ 0, 

where $ 0  =  (hc/2e) =  2 x IO- 7 G • cm2 is the  quantum  of flux for an ordinary 

superconductor.

The energy per unit length of a  neutron vortex, en , is then  specified by the 

kinetic energy in the condensate plus the energy in the m agnetic field, he.,

/>27r rdn ^
£n =  J o  JO +  Pnpvnvpb +  IPppvI  +  — B 2)-wdwd<j)} (4.53)

where the  cutoff on the radial integral corresponds to the distance between vor­

tices. The result is,

_ Q2 ^  / ,  x , TT

+  1  K  & . T2

PnnPpp "I" Q
,21

4 m 2

(W A n )[JW W A n )# 2 (W A m ) -  ^ ( & / A » ) ]

2/

S tt2 I 2 A2 j

+  g  ^ 2^2 1 1  +  A n ) [ I o ( C n / A n )  -  I.oiCn/^n)h(:Cn/A n ) ]

- 4 ^ i ( & / A ^ ) f i ( ^ / A ^ ) l ,

(4.54)

where term s which are exponentially small by a factor of exp(—dn/A n ) have been 

ignored (this factor follows from using asym ptotic expansions for the modified 

Bessel functions)*. In th is equation p2 is the  determ inant of the mass density 

m atrix , defined by

P — PnnPpp Pnp' (4.55)
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The largest of the term s in Eq: (4.54) is the first one, and it corresponds to the 

kinetic energy of the condensate outside the vortex core, modified very slightly by 

the drag since (f?2 //°pp) ~  Rn- The second term  is the kinetic energy of the conden­

sate inside the core and is about 2 0  times smaller than  the first term  and can be 

neglected. The rest of the term s are due to  the m agnetic energy. Since £n >  An , 

in contrast to  the case of an ordinary type II superconductor, the contribution to 

the m agnetic energy inside the  core is com parable to th a t outside. However, these 

term s are about 1 0 ~^ tim es smaller th an  the first term  and can be neglected as 

well. Thus, approximately,

Zn % TT-
A2 P2

ln(dn/£ n ) ~  IO9 erg/cm , (4.56)
Ppp

where pn ~  2.8 X 1014g /cm 3, pp ~  1013g /cm 3, rrip/mp ~  0.5, fl  ~  102 s- 1 , and 

Tcn ~  IO9K have been used in the estim ate of en .

P ro ton  Vortex

For a single proton vortex in equilibrium  the neutron condensate is uniform 

and u® =  0. Thus the energy per unit length of a proton vortex will be unaffected 

by the drag effect except th a t the mass density associated w ith the proton con­

densate will be ppp instead of pp. Although, as in an ordinary superconductor, the 

m agnetic energy now will be comparable to  the  kinetic energy, the energy inside 

the core can be ignored compared w ith the contribution from  outside, as in an 

ordinary type II superconductor (see de Gennes 1966). In this case one can trea t 

the  vortex as a one dimensional singularity w ith (V x VS),)® =  S(x)5(y)za, hav­

ing expressed the delta  function in C artesian coordinates (x, y, z). The resulting 

solutions for za > £p are

^ 2ezae
(4.57)
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B a ^ j r 0(WAp)* (4:58)

(4.59)

where Ap =  An and = §  A b dcj) = $o- The energy per unit length of a 

proton vortex, ep, is then  com puted by the integral in Eq. (4.53) except th a t the 

lower bound on the radial integral must now be cut off at the radius of the vortex 

core, i.e., at Tn =  £p, whereas the result is relatively insensitive to  the upper bound 

since bo th  u® and fall off exponentially far from the vortex. The result is

$ 2  f2

£p  — Ap)  — K o ( £ p / Ap)], (4.60)

where the  coherence length for the protons is related to  the corresponding Fermi 

velocity, vFp, and superfluid-transition tem perature, Tcp, by (Tilley and Tilley 

1986)

£p I .TSTrfe^Tcp
w 4.9 x 10 -1 2 tp 

I *
Pv

1 0 13g /cm 3

1/3
IO9K
Tcp

cm. (4.61)

Using the expansion of the  jftT’s for small argum ent in Abram owitz and Stegun 

(1971), £p can be approxim ated as

$p
P ~  IGtt2 A2 ln (Ap / ^ )  ~  1 0  er§ /cm > (4.62)

where pp ~  1013g /cm 3, m p /m p ~  0.5, and Tcp ~  5 X IO9K have been used to 

estim ate the size of Ep.

As a final note, the assum ption of type II superconductivity is valid when 

Zp/Ap < x/ 2  (see Baym  et al. 1969; de Gennes 1966). Using the  expressions in
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Eqs. (4.61) and (4.52) for these quantities (note Ap =  An ) the condition for type 

II superconductivity is

0.53 ' mp: ) 3 /2 f.
r n P j  ylO i 3 g/cm"

Pv
5/6

IO9K
< V2. (4.63)

Otherwise type I superconductivity is favored and the protons would be in the 

in term ediate sta te  instead of the vortex state. Since (m p/m *) ~  2 the protons 

could form  a type I superconductor, though calculations of the proton gap (e.g., 

see Chao et al. 1972; Takatsuka 1973; A m undsen and O stgaard 1985) suggest th a t 

TCp m ay be larger th an  IO9K by a factor large enough to  negate this possibility. 

A nother intriguing possibility is th a t there is a density at which a transition takes 

place from type II to  type I superconductivity.

Equilibrium  Conditions and Linear P erturbation  Equations

The general equilibrium  conditions appropriate to  ro ta ting  magnetized neu­

tron  stars are discussed briefly here. The equilibrium  mass and entropy densities 

will be taken  to  be stationary  and axisym metric. The equilibrium  tem perature 

will be taken as uniform, since core tem peratures are expected to  be isotherm al 

because of the large therm al conductivity of the  degenerate electrons (TsUfuta 

1979). All of the equilibrium  velocities will be taken to  corotate rigidly (recall 

th a t this refers to  the  smooth-averaged velocities), i.e., in cylindrical coordinates 

(m, <f>, z), for ro ta tion  about the z-axis, the  equilibrium velocities are given by 

(w ith the caret denoting unit vectors). N otation will be simplified slightly 

by defining v% =  Qvcr^a and (V  X V0)a =  2Qza =  cv°. On the  o ther hand, the  

equilibrium  m agnetic induction will be taken  as an arb itrary  stationary  vector
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field; By. As in a ro ta ting  conducting m agnet, it will be assumed th a t an elec­

tric field is induced inside a ro ta ting  neutron s ta r such th a t the  Lorentz force on 

the charged particles vanishes, i.e., the equilibrium  electric field Bg is related to 

the equilibrium  m agnetic induction S g  by (see Rosser 1968; Goldreich and Julian 

1969)

Bg =  -  ^ x B o j . (4.64)

The divergence of Bg implies a small equilibrium  charge density given by

(T — OBy%
° 27rc(l — Q2 TU2 Zc2)

(4.65)

For small perturbations away from equilibrium, Eqs. (4.3)-(4.24) can be 

linearized to  first order in  the perturbations, The resulting equations are (using 

S to  prefix all pertu rbed  quantities)

Sifyn +  ^oVbfyn +  V&fynnfo>n +  Pnp^Vp) = 0, 

Sifyp +  UoVfcfyp +  V b(pnp6vn +  pvv8vbp) =  0 ,

S ify6 +  Vh0V hSpe +  V h(PeSvh) = 0,

StSpfl +  Vh0V hSptl +  V h(PllSvhe) =  0,

dtSse +  Vh0V hSse +  V h(SeSvh) = 0,

Si<K == -  u&Vfcfug- f^Vfcug -  V"fyn -

+  ^~*~[(Svp — Svn) x CU0Ja +  S — (V x An) x ujn , 
Pn I Pn j

Sifug =  -  u^Vfcfug -  fugVfcug _

_l_ _  £Vp) x (H0]0 + S
Pp

— (V  x Ap) x (ujp +  dpB) 
.Pp

+  f £  A g  +  jk  x S g  +  x £  -
Pp \  c Pp C

(4.66)

(4.67)

(4.68)

(4.69)

(4.70)

(4.71)

(4.72)
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dtSvg =  —

e ryot K s e  + ^ x s S + s -̂ - x b X  ,
(4.73)

C  C  J

=  AnSa, (4.74)

& =  o, (4.75)

= - - d t5Ba,
C

(4.76)

-6 J a + - d tSEa,
C

(4.77)

= &TrG8p. (4.78)

Characteristic Frequencies

In this section the characteristic frequencies associated w ith each of the force 

term s in  the  velocity equations, Eqs. (4.71)-(.4.73), are discussed: The frequencies 

can be found by studying plane-wave solutions to  the equations. In these solutions; 

the  space and tim e dependence of all the variables is completely specified by 

exp(ik - x — ioot), where w is the angular frequency, k =  (2?r/A) is the m agnitude 

of the wave vector ka, and A the wavelength of the oscillation. Assuming a plane- 

wave form  for the space and tim e dependence of the variables is convenient when 

one w ants to  compare the  m agnitudes of various terms, since in this case the 

derivatives in the equations are replaced by the following algebraic substitutions: 

d tVa —» —ituV0, and V a /^  —> ikaV^ . These relations hold exactly for plane waves 

and hold qualitatively for all types of oscillation in general.

Since plane-waves have been studied extensively in ordinary fluids, super­

fluids, and plasm as by others (although not in neutron stars) the  details of the 

solutions are not given here. Instead, the purpose of this section is to  summarize
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the size of the characteristic frequencies in neutron stars. These frequencies will 

be used to  compare the sizes of various term s when taking the LFLW limit in the 

next chapter. (Plane-wave solutions to  the LFLW  equations, including dissipative 

effects, will be given in C hapter 8 .)

Two frequencies associated w ith the electrom agnetic forces (well known in 

plasm a physics) are the plasm a frequency, Wp, and the cyclotron frequency, Qc 

(e.g., see Boyd and Sanderson 1969). For m otion of the protons these frequencies 

are given by

47re2pp\ 1 /2( V K e  p v  ^
re 3.2 x IO21 ( — -----?

y lO ^ g /c m 3

1/2
- I

—  K 9 '6 x  1 0 1 5( iS g) s_1-TTln C

(4.79)

(4.80)

A th ird  characteristic frequency associated w ith the electrom agnetic forces is the 

helicon frequency, Oqv which is given by

C2A;2
ujIi — V 0— 2 ~ ^  3.3 x 10 ( A s )  ( 1̂ )  ( s^ ) ' I - I

For low frequencies and large magnetic fields this oscillation is relevant in su­

perconductors (see de Gennes and M atricon 1964; Abrikosov, Kemoklidze, and 

Khalatnikov 1965).

Van Horn (1980) has previously discussed Alfven waves in  the context of 

neutron  stars (see also Boyd and Sanderson 1969). Interestingly,, it will be shown 

in the next chapter th a t Alfven waves (which occur in ordinary plasmas) do not 

occur in the  superconducting-proton-degenerate-electron plasm a considered here: 

The Lorentz force ( 8 J / c x  B 0)a (which acts on the average velocity of the charged 

fluids; see C hapter 5) gives rise to Alfven waves in the usual case. However, in
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the present case it is canceled by a term  arising from —( l / 47r)(m pc/e)2 ap£?° in 

the expression for A® given by E qi (4.39).

There are several characteristic frequencies associated w ith oscillations of 

the underlying vortices. (See Sonin 1987 for a review of vortex oscillations in 

superfluids; see Friedel, de Gennes, and M atricon 1963 for a calculation of vortex 

oscillations in superconductors;) The frequency of circularly polarized vortex os­

cillations which travel parallel to the vortices, known as Kelvin waves, are given

by

^vn
2 m n en k2 

h Pu
to 2.0 x IO- 1 3

Zn
1 0 9erg /cm

1 0 6 cm \ 2 I
— )  8 ^

K 2.0 x IQ"

(4.82)

ylO ^erg/cm
(4.83)

for the neutron and proton vortices, respectively. These vortex frequencies can be 

shown to  arise from  the first term s in Eqs. (4.38) and (4.39) for A® and Ap;

The term  proportional to  SpB a in E q. (4.39) for A® has not been included in 

previous studies of vortex oscillations. Careful analysis of this te rm  (which will be 

given in  the  next C hapter) shows th a t it gives rise to a new circularly polarized 

mode which travels parallel to the m agnetic axis. The frequency involves the 

cyclotron frequency and the vortex oscillation frequency of the  protons; For this 

reason this frequency will be called the cyclotron-vortex frequency, and it is given

by

LOcV
Ppp 2 TUp Cpflo 
Pp h  pp

1/2

to 14.
1 0 7 erg /cm .

IO ^ g / cm B 0 X 
IO12G /

1/2 „
/  1 0 6cm

(4.84)
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This frequency m ay be observable in laboratory  superconductors if the conduc­

tiv ity  of electrons in excited states is high enough so th a t the resistive damping 

tim e of this mode is not too short.

Turning to  the Coriolis “force” and the drag force, these are proportional to  

the angular velocity of the neutron star:

to ~  I -  IO4 s- 1 : (4.85)

The lower bound is roughly the angular velocity observed for the longest period 

pulsar, and the upper bound corresponds to  the  most extrem e estim ate of the 

Keplerian lim it at which point mass shedding occurs at the equator. Previously 

modes associated w ith ro tation  have been term ed r-modes by Papaloizou and 

Pringle (1978) (see also Van Horn 1980).

A frequency characterizing the size of the gravitational force (and roughly 

equal to  the Keplerian lim it of ro tation) is defined by

O0 =  a/ TrGp0 ~  IO4 s 1J (4:86)

where p0 is the  average density of the star (see Ipser and Lindblom  1990).

The pressure term s (involving gradients of the chemical potentials and the 

tem perature) give rise to  p-modes when mass density pertu rbations dominate. 

These modes have a typical frequency related to  the sound velocity, vs, by ivs = vsk 

where typically Vs ~  .Ic  (see C hapter 8 ). The subscript “s” will be used for 

these modes to  avoid confusion w ith the plasm a frequency which already employs 

the  subscript p. For wavelengths on the order of a typical neutron star radiusj 

R  ~  1 0 6 cm,

UJ5 ~  IO4 s- 1 . (4.87)
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In  nonzero tem perature neutron stars g-modes can arise due to  therm ally 

induced buoyancy pertu rbations w ith gravitation acting as a restoring force: Fol­

lowing Van Horn (1980), the typical frequency of the fundam ental g-modes is

Wg ~  30 s- 1 . (4.88)

Lastly, there are two oscillation frequencies which can occur in neutron 

stars th a t cannot be investigated by the equations in this thesis. Interactions 

between the neutron vortices can give rise to  collective oscillations of the vor­

tex  array known as Tkachenko waves (Tkachenko 1966). However, interactions 

between vortices are ignored in the equations in  this thesis. Tkachenko waves 

have been considered previously in the context of neutron stars by Ruderm an 

(1970) (but see also Fetter and Stauffer 1970; Sonin 1987). They have a frequency 

tvT =  ■\/{hCl/'iQ'Kmn)k. This gives very low frequencies of the  order IO- ^s- -*- 

for wavelengths com parable to  a typical neutron star radius of 1 0 6cm and angular 

velocities of order 1 0 2 s- 1 . (Tkachenko oscillations of the proton vortices are prob­

ably insignificant since the interactions between these vortices are much weaker 

th an  those between neutron  vortices.) Also ignored in this thesis is the spin-triplet 

pairing of the  neutrons, which gives the neutron  vortices a spin degree of freedom. 

However, an investigation of the hydrodynam ics of superfluid neutrons by 

B rand and Pleiner 1981 concludes th a t the spin waves are overdam ped in neutron 

stars. A lthough Tkachenko waves and spin waves are beyond the scope of the 

equations presented here, this will not affect finding the LFLW  equations which 

describe the oscillations of interest in this thesis.
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C H A PTER  5

LOW -FREQUENCY-LONG-W AVELENGTH LIM IT

Introduction

For appropriate low-frequencies and long-wavelengths the  linearized p ertu r­

bation  equations given in the last chapter, Eqs. (4.66)-(4.78), can be greatly- 

simplified. Following the usual steps used to  obtain the m agnetohydrodynam ic 

(MHD) lim it (well known in  plasm a physics), for an appropriate frequency range 

it is shown th a t the num ber of independent velocities can be reduced from three 

to  two. The resulting equations will be applicable to  studies of gravity modes 

(g-modes) and pressure modes (p-modes), including electrom agnetic, rotational, 

and vortex effects. (See the  definitions at the end of C hapter 4.) Here these equa­

tions are used to  show th a t a previously unknown mode, which oscillates w ith the 

cyclotron-vortex frequency (defined in C hapter 4), exists in the  superconducting- 

proton-degenerate-electron plasma. Finally, the  equations are fu rther simplified 

by showing th a t the electrom agnetic forces and the forces due to  the underlying 

vortices can be ignored for a sufficiently large angular velocity of rotation. This 

can be reexpressed to  give a lower bound on the length scale of the oscillation. 

The final set of equations presented in th is chapter will be applicable to studies 

of the global p-modes in rapidly ro tating neutron  stars.
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Reducing the Number of Independent Velocities

The g-modes and p-modes have frequencies which are much smaller than  

the cyclotron and plasm a frequencies. On the  other hand, the g-modes can have 

frequencies similar in  size to  the cyclotron-vortex frequency. However, the fre­

quencies of bo th  these mode types are much larger th an  the frequencies of the 

other types of vortex oscillation and the helicon mode. Thus it will be useful to 

restrict a tten tion  to  the  frequency range

u j V p t  u j V n  ^  O0, t u p . (5.1)

This frequency range specifies w hat is m eant here by low frequency (as opposed 

to  the  ultralow  frequencies of the lower bounds in this equation).

The upper bounds in  Eq. (5.1) correspond to  those imposed in the ordinary 

MHD lim it (see Boyd and Sanderson 1969; Freidberg 1982; Easson and Pethick 

1979). Thus, following the usual MHD procedure, the s tandard  low-frequency 

modifications of Maxwell’s equations, Eqs. (4.74)-(4.77), are given by

(V  x 8B)a = ^ - 8 J a, (5.2)

8cr =  0 . (5.3)

Equation (5.3) follows from  the divergence of Eq. (5.2) and charge conservation. 

Equation (5.2) is justified when the displacement current, ( I / c)dt8Ea ~  (w/c)5E,  

is small com pared w ith (V  X 6B)a ~  k8B  (dropping vector no tation  when using w 

and k to  estim ate m agnitudes, as in the last chapter). This condition is met as long 

as (tu/cfc) 2 <C I [having used Faraday’s law, Eq. (4.76), to show 8B  ~  (ck/u))8E], 

which is valid for the modes of in te rest.
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The advantage of Eq. (5.2) is th a t the  current density is now completely 

determ ined from the m agnetic induction. This in tu rn  gives a constraint on the 

pertu rbations of the velocities which are related to  BJa by,.

BJa — ap{^-Svp  +  f-^-Bvn) +  aeSvg. (5.4)
Pp Pp

Terms involving equilibrium  velocities and charge density perturbations do not 

appear since these term s cancel when Ba =  0.

An equation is still needed for the  electric field, relating it to  the other 

variables, since it has been elim inated from A m pere’s law in  Eq. (5.2). This is 

accomplished in the  standard  way by calculating dt6Ja and solving for BEa. The 

result is

SEa = -  x B 0)  x SB

4tt

\  c /  \  c

+
Vpe

[dtBJa +  Vh0V bBJa +  BJbV bVa  ̂ +  Cr0V aStp

(5.5a)

(5.5b)

+  crp^-^-S T— (V  x Xn ) x ujn
Pr, LP„  J

+  CTj
Pp 1P  

2
+  ( T p — — ---[ (Svn , -  Bvp) X UJ0 ] a  +  — [ ( S J  — (T0Bve ) X C L p B 0 ) a

Pp p Tl pP Pp

Pp 

Ppp I

— (V  x Ap) x (ujp -f" ctpB) (5.5c) 
Pp

(5.5d)

+ (Tr Pnp , 

l Pp
V aBfLn +  ^ V aBjlp +  ^ s f  ̂ V aIie ) +  ^ s (  ̂ V a(Lp)] (5.5e)

P„ CTp \ p e /  (Tn  \ P .  / IP  X Pu

Se
I _
Pe

(5.5f)

where in this equation =  4tt[(ppp/ pp)((t%/pp) +  ((Te/ Pt)] ~  (pp/p e)w^, and g2 

is the  determ inant of the mass density m atrix  defined in Eq. (4.55). Of the term s 

on the right-hand side, the  first term  in Eq. (5.5a) is usually the  largest. The 

second term  in Eq. (5.5a) could be equally im portan t in  very rapidly rotating 

neutron stars. The rem aining term s in  Eq. (5.5b)-(5.5f) are proportional to  the
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small factor (47r/<I>pe). These term s are smaller th an  the first term  in Eq: (5.5a) 

by the  following factors: in Eq. (5.5b) the current term s are smaller by at least 

a factor of (/Je//3J,)(c2 fc2 /ci;|) and the gravitational force term  is smaller by at 

least a  factor of (/5'e/ /op)(f2 /u ;)(n2 /(v2); in Eq. (5.5c) the vortex forces are smaller 

by factors of { p j p p){u)vn/Sl0) and {p,./pv)(wcv/ w){uCv /^c)',  in  E q i (5:5d) the 

drag term  is smaller by ( p j p p){Vl/Qc) and the  Lorentz force term s are smaller 

by factors of ( p j p ^ w ^ / w )  and (^e//9p)(f2/u;p)(Oc /ci;p); finally in  Eqs. (5.Se) and 

(5.5f) the pressure term s are smaller by at least a factor of (p«/pp)(wg/w)(wg/f)Q). 

Thus it is usually acceptable to  take Eq. (5.5a) as the expression for SEa. On 

the  o ther hand, if the equilibrium  m agnetic induction vanishes, then  the pressure 

term s will dom inate, at least for p-modes. In all cases, to  be consistent, it m ust 

be checked th a t the term s dropped from Eqs. (5.5a)-(5.5f) give terms smaller 

th an  all of the term s kept in the equations in to  which an expression for SEa is 

substitu ted .

Next, it is useful to  introduce the average velocity of the charged fluid which 

can be defined as

>“ =  , 
Pv Pv

(5.6)

where pp = pp + pe. For small perturbations away from equilibrium,

8ua = ^ jbvav +  (5:7)

Taking dt8ua w ith the aid of Eqs. (4.72) and (4.73) results in

-  Vb0V bSua -  SubV bVa -  ^ V aSflp -  ^ S  ( ^ - V aiie ) (5.8a)
Pv Pv \ P e  J

-  ^ s f  -  ^ V aSTe -  V aScp + ^ [ ( S v n -  Svp) x do]* (5.8b)
Pv \  Pe J  Pv Pp
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—(V x Ap) x (wp 4" cipB)
.Pp

S E + ^ x  SB^j .

(5,8c)

(5.8d)

One advantage of introducing Sua is th a t the term s in Eq. (5.8d) are proportional 

to  cr0. Since cr0 ~  (f2f2c /a;p )<jp is exceedingly small (and in fact zero in nonrotating 

neutron stars), the term s in Eq. (5.8d) usually can be ignored.

The rem aining task  is to  invert Eqs. (5.4) and (5.7). The result is

8v“ w ^ S u a +  -  ^ 1 SJa, (5.9)
P r  Pp e Pp

6v* »  Sua -  +  ^ J a- (5.10)
y  Pp Pp ^p ;

In  obtaining these equations, the following approxim ations have been made: F irst, 

(ue/cTp) w — 1 was used, ignoring a term  smaller by the factor cr0/<Tp ~  (flQc /wp). 

Second, each of the  coefficients of Sua, Sva, and SJa have been simplified by 

ignoring term s smaller by a factor of order (pe/pp). The term s proportional to  the 

current density SJa usually can be ignored also, since they are smaller than  the 

o ther term s in  Eqs. (5.9) and (5.10) by a factor of (w^/w). (Keeping the term s 

proportional to  SJa leads to  w hat is commonly called the Hall term ; see the next 

section;)

Equations (5.9) and (5.10) reduce the set of independent velocities from (va, 

va, va) to  (v®, ua). The dynamical equations for this reduced set of variables will 

be useful to  studies of the  g-modes and p-modes.
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Cyclotron-vortex Frequency

In C hapter 4 it was noted th a t a new mode, which has not been found by 

other authors, can be shown to  exist in the superconducting-proton-degenerate- 

electron plasm a. The new frequency associated w ith this m ode has been nam ed 

the cyclotron-vortex frequency. A straightforw ard derivation of this frequency is 

given in this section using the results of the  last section. Also, Alfven waves, which 

occur in ordinary plasmas; will be shown not to  occur here, as was also noted in 

C hapter 4.

To begin w ith, consider uniform superconducting neu tron-star m atter. For 

simplicity assume th a t the  m atte r is not ro ta ting  and th a t there is a uniform 

equilibrium  m agnetic induction which defines the z-axis, i.e., take fZ =  0  and 

B a =  B 0za, where za is the  unit vector in the z  direction. Next, look for plane 

wave solutions w ith the wave vector parallel to  the z-axis, i.e., let ka — kza. The 

space-time dependence of all the pertu rbed  quantities can then  be taken to be 

completely specified by exp(ifcz — icot). P artia l derivatives can be replaced by the 

expressions: d t6 fa —» —iuj8fa, and in C artesian coordinates V ° /^  —» daf ^  —» 

ikaf b. M aking these substitutions the equations become purely algebraic: The 

equations also decouple in to  components which are parallel and transverse to 

the z-axis. The resulting set of equations, taken from the last section, for the 

transverse com ponents are

ik(z  x 6E)a = ™ 6 B a,

ik(z  x 8B)a =  ^ -5 J a, 

SEa = - ( ^  x B 0z)a,

(5.11)

(5.12)

(5:13)
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^vnJ. =  (5;14)

—iu;6uj_ =  — [(z x 5Ap) x apB0z]a +  — (—  X B 0z)a. (5.15)
Pp Pp c

In  these equations the  symbol _L indicates the  projections of these vectors per­

pendicular to  the 2 -axis. In term s involving cross products w ith z  this symbol is 

dropped for convenience. Also, in Eq. (5.13) only the largest te rm  in Eq. (5.5) has 

been kept, as is usual in  the MHD lim it. Equations (5.11) and (5.12) can then  be 

used to  give the useful result

8Ea
AjKihJ
C^kj*

8  J a . (5.16)

The next step will be to  find a useful expression for the vortex force acting 

on foi® . Using Eq. (4.39) it is easy to  show th a t SXp is given by

2 m p Sp I mpC2
[ik(z x 8vp) +  ap8B]a.

h Qc 47t e2

The vortex force in Eq. (5.15) can then be simplified to  become 

— [ ( 2  X 8Xp) x apB0z\a =~r.(wvp ~  H1̂uP x ^)a +
Pp

YP ( 6J

(5.17)

Pp Dc c2 fc2  ̂ c
x

1 ( —  x Bo2 )®.
Pp C

(5.18)

Note th a t the last term  on the right-hand side of Eq. (5.18) will cancel the last 

te rm  on the  right-hand side of Eq. (5.15). Since this is the te rm  which usually 

gives rise to  Alfven waves, these waves do not occur in the superconducting plasm a 

considered here.

Finally, a useful expression for (8u x z)a will be found. Using Eqs: (5.9) and 

(5.10) given in  C hapter 4 and noting th a t 8vnj_ = 0 gives

8v (5.19)
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6v*±  =  6u± +  ^ ^ 6  J a. (5.20)
ePp

Using E q . (5.19), Eq. (5.13) can then  be expressed as

42» =  x J w l " +  ! ^ ( f Z  x g ^ )« . (5.21)
Pp \  c J epv c

The second te rm  on the right-hand side of Eq. (5.21) is commonly called the Hall 

term . Equations (5.16) and (5.21) can then  be used to find the  useful expression

(M X  0
P p p  C 1  P p  C  P p p  Oc P p  C

B0  + - ^ - - l l ( — x B 0 i )a. (5.22)

Substitu ting Eqs. (5.18), (5.20), and (5.22) into Eq. (5.15) and simplifying 

results in the  following eigenvalue equation:

U)~ — Uq1(U fyj) — Uq1) ------- —
Pv

{8J  X z)a +  io;(u;vp -  2wh)5Ja =  0: (5.23)

Solving Eq. (5.23), the eigenvalues are given by

L O  —  W j1 (U )V J ,  —  W j1) -------- — Q q Li J v p  —  iw (w yp —  2wjj), (5.24)
Pp

and the com ponents of the eigenvectors are related by SJx =  ^ i S J y . The solution 

corresponds to  a circularly polarized wave travelling along the  z-axis. Equa­

tion (5:24) can be solved using the quadratic formula. The results, corresponding 

to  the two sign choices in  Eq. (5.24), are

±  , / - O cWv^-----”  +  WJ1,
u ,=  I _____

. ± V ^ ^ + ^ ™ " h '

where term s smaller th an  those kept by at least a factor of wvp/ n c have been 

dropped. The first te rm  in Eq. (5.25) has not been found by other authors. Since 

it depends on the cyclotron frequency Oc and the vortex oscillation frequency
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coyp it is na tu ra l to  call it the cyclotron-vortex frequency; As already discussed 

in C hapter 4, in neutron-star m atte r this frequency will be considerably larger 

th an  either the vortex oscillation frequency or the helicon frequency which also 

appear in Eqi (5.25). In a terrestrial superconductor the superfluid electrons and 

the norm al electrons should also behave as a superconducting plasma. Thus the 

cyclotron-vortex frequency may be observable in terrestrial superconductors.

Ignoring Electrom agnetic and Vortex Forces

The equations can be simplified fu rther in many ways depending on the 

specific modes of interest. Here atten tion  will be restricted to  the large scale p- 

modes in rapidly ro ta ting  neutron stars. Specifically, the frequencies will now be 

restricted  to  be m uch larger th an  the frequency of the cyclotron-vortex mode and 

thus lie in the range

COcy CO <c CO-p. (5.26)

The full advantage of using the variable ua can now be exploited. For the 

frequency range in Eq, (5;26) the electrom agnetic forces and the  forces due to  the 

underlying vortices in Eq. (5.8c) and (5.8d) can be dropped from  the  equation for 

8ua. The condition for th is to  hold is th a t the largest of these forces, which is 

the vortex force proportional to  A®, is smaller th an  the smallest of the  remaining 

forces, which is the drag force between the  neutrons and protons. It can be 

shown the ra tio  of these forces is roughly {cjoCy/io){toCylVl). A sufficient condition 

th a t this ratio  is small can then  be taken to  be f2 >  Wov. This condition makes 

precise w hat is m eant here by rapidly ro tating . This inequality can be rearranged



114

to  give a lower bound to  the length scale of the  oscillation by using Eq. (4.84) to  

relate £vov to  the  wavelength A. The result is

A >  IO5 l M  (  gP 
m* j  \ 1 0 7 erg /cm

B 0 A ]  V l O 2 S- 1 

IO12G ) \  V f2
cm.

(5.27)

Obviously, the lower bound on the  wavelengths m ust be less th an  the typical 

neutron sta r radius, R  ~  106 cm, if the above range is to  be physically relevant. 

However, th is bound need only be applied when the aim  is to study the effects of 

ro ta tion  b u t ignore the vortex force proportional to  A®.

Similarly, the force due to the neutron  vortices (proportional to  A®) can be 

dropped from  Eq: (4.71) for the neutron velocity when fl >  wyn, which is much 

less restrictive th an  O >  ivoy.

Thus, when the preceding conditions hold the complete set of equations 

become:

BtSpn -H Vh0V bSpn +  V h{pnn6vhn +  PnpSuh) = 0, 

QiSpp +  VhV bSpp +  V  b(ppp Suh +  PnpSvhn) = 0,

Q t S p l l +  V hV bS p e +  V b { ~ ) ( P p p 8 > u b  +  P n p S vn )
. Pp

=  0 ,

Q tS  p  p. +  V0 V bS p ll +  V b ( ~ ) ( P p p ^ u b  +  P n p S vn )
. Pp

=  0 ,

Q t S s e +  V hV bS S e +  V b { ~ ) { P p p S u h  +  P n p S vn )
■ Pp.

=  0 ,

Q t S v n  =  — V h0 V bS v 2  -

-  V a S p  +  ^ [ { S u  -  S v n ) X  Z o } a
Pn

(5.28)

(5:29)

(5.30)

(5.31)

(5.32)

(5.33)

-  -  - a  f )
Pp \  Pe J

— — 8 ( ~ V ap,^ ) ------ V aSTe — V aSip +  ^[(5un — 8u) x tD0]a;
Pp X Pe J  Pp Pp

Se Pnp I
(5.34)
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V b V hSip — AirGSp. (5.35)

A couple of o ther approxim ations have been m ade to simplify these equations 

even further. The term s proportional to  the current density SJa in Eqs. (5.9) 

and (5.10) have been ignored when using these equations to  substitu te  for Svp 

and Sv^i since they are smaller th an  the term s kept by a factor of (k%/w). Only 

the  chemical potentials defined by Eq. (4.36) are kept in Eqs. (5.33) and (5;34). 

This ignores term s which are smaller by at least a factor of (w^y/w^) in the full 

definitions of the chemical potentials, given by Eqs. (4.32) and (4.33). The mass 

currents in Eqs. (5.28) and (5.29) and the drag term s in Eqs: (5.33) and (5.34) 

have been simplified ignoring term s smaller by a factor of {pe/ Pp) th an  those kept.
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C H A PTER  6

GENERAL THEORY O F MUTUAL FRICTIO N  

Introduction

Dissipation in superfluids is completely different from th a t in  ordinary fluids 

in at least two im portan t ways. (For a review of dissipation in superfluids see Sonin 

1987; P u tte rm an  1974.) F irst, a superfluid condensate acts like a zero tem perature 

nondissipative perfect fluid. Thus, ordinary dissipative processes, such as viscosity, 

occur only in the  excitations of the superfluid and in any o ther ordinary fluid 

present. Second, the scattering of particles off the quantized vortices, which can 

exist in  a superfluid, leads to  a form of dissipation known as m utual friction. Thus, 

m utual friction is a unique dissipative process which exists only in superfluids. The 

theory of m utual friction was first developed by Hall & Vinen (1956) in the context 

of superfluid 4 He. The theory was first given a phenomenological derivation by 

Bekarevich and K halatnikov (1961). (See Sonin 1987 for a review of other theories 

of m utual friction.) However, m utual friction has not been studied previously in 

m ixtures of superfluids (although Onuki 1983 has studied m utual friction in a 

m ixture of nonsuperfluid ^He and superfluid 4 He).

In this chapter the general theory of m utual friction for a  m ixture of N  super­

fluids (each w ith an arb itrary  electrical charge) plus an additional ordinary fluid is 

studied in detail. The discussion presented here is based on Mendell (1991b). The
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approach of this chapter will be to  build on the  work of C hapter 3  in which gen­

eralized nondissipative forces were included in the theory. Here these generalized 

forces are extended to  include m utual friction forces. The excitations of the super- 

fluids will be ignored (a valid approxim ation except near the superfluid-transition 

tem peratures and appropriate for neutron stars). In this case m utual friction will 

be due to  the scattering of the additional ordinary fluid off the superfluid vortices. 

In  the first p a rt of th is chapter the m utual friction forces will be found by fol­

lowing the  phenomenological approach of Bekarevich and Khalatnikov (1961) (see 

also C hapter 2 ; Landau 1941; Khalatnikov 1957; P u tterm an  1974; Andreev and 

Bashkin 1976; Mendell 1991a,b). The resulting forces will contain a large num ber 

of coefficients. In  the second p art of this chapter these coefficients are related 

to  param eters which can be determ ined by specific microphysical calculations by 

generalizing the analysis of Hall and Vinen (1956):

117

M utual Friction Forces

In  the  phenomenological m ethod of Bekarevich and Khalatnikov (1961) the 

general form  of the m utual friction forces is found by requiring th a t the theory be 

consistent w ith  conservation of energy (the first law of therm odynam ics) and by 

requiring th a t the entropy production be nonnegative (the second law of therm o­

dynamics). The first step is to  introduce m utual friction forces in to  the equations. 

This is easily done by m aking the following extension of the generalized forces in 

C hapter 3:

-+ f :  4- ^ (M F )' (6 .i )

( 6 .2 )
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(Reminder: In these equations greek indices a, /3, 7 , etc., are used as species 

indices for each of the N  species of superfluids. Sums over these indices are not 

intended unless explicitly specified. The index e refers to the  ordinary fluid, e.g;i 

the  electron-m uon fluid in  neutron stars.) In  this extension of the theory the 

forces on the left-hand sides of Eqs: (6 .1 ) and (6 .2 ) which appear in C hapter 3  

are simply replaced by the  forces on the right-hand sides. The m utual friction 

forces in these equations, and are to  be in terpreted  as the average

forces transm itted  between the ordinary fluid and the superfluid condensates due 

to  the scattering to  the ordinary fluid off the superfluid vortices. Since is

the  reaction force acting on the ordinary fluid due to  each of the condensates, it 

is n a tu ra l to  impose the following constraint on these forces:

■ Pe^e(MF) =  — 2 3  ^“ ^ ( mf) ’ (6.3)
a

where pe and pa are the mass densities of the  ordinary fluid and the superfluids 

respectively. (Note th a t the  “forces” in C hapter 3 and in th is chapter actually 

have the units of acceleration.)

The next step is to  generalize the entropy equation to include the effects of 

dissipation. The entropy is no longer conserved in this case. R ather, dissipation 

can increase the  entropy of the system. To account for this an entropy production 

te rm  E is introduced such th a t

dtse + Vfc(SeVg) =  —. (6.4)

Since the  focus here is on m utual friction, the heat flux, which could also be 

included in th is equation, will be ignored in  th is chapter.
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The first requirem ent of the phenomenological approach is now applied: 

consistency w ith  conservation of energy. Making the substitu tions specified in 

Eqs; (6.1)-(6.3), and including the entropy production term  E in the entropy 

equation, the result for the  tim e evolution of the energy density U is easily ob­

tained from Eq. (3.13) in  C hapter 3. The result is

5,(7 + V t CZ6 =  B +  ^  JCm j  (6.5)
a

where the  energy current Ua can be determ ined from Eqs. (3.14) and (3.55) in 

C hapter 3, and is given by

= Iy i  — Pa/3v/3 H---- (V x Xq , ) 0
L p  Pa Pa J < • ( 6,6)

The mass density m atrix  in Eq. (6 .6 ), pap, is discussed in C hapter 3 and C hapter 4 

(see also Andreev and Bashkin 1976). (The off-diagonal term s in this m atrix  

account for the  possibility of Fermi liquid “drag” effects between the different 

superfluid species.) Energy conservation will hold then  when the right-hand side 

of Eq. (6.5) vanishes. This gives

S  -  -  X ^ ai?a(MF)^aa -  °- (6-7)
a

The inequality in Eq. (6.7) is due to  the second requirem ent of the phe­

nomenological approach: nonnegative entropy production. This gives a strong 

constraint on the m utual friction forces Iu particular, these forces m ust

be w ritten  in term s of the  relative mass currents X® to ensure nonnegative entropy 

production. Furtherm ore, it is natu ral to  assume th a t the m utual friction forces 

should also be proportional to  the num ber of vortices per unit area: Tiva for each 

species a. This vortex density can be related to  the smooth-averaged vorticity



120

of the superfluids and to  the magnetic induction B a via the smooth-averaged 

curl of the London equation [see C hapter 2  and C hapter 3; E q . (3.1)] by

+  Cia B a  =  - r T ~ n v a V a -  ( 6 .8 )
IVLci

Thus, assuming th a t the m utual friction forces depend on the vortex densities is 

equivalent to  assuming th a t these forces depend on the vector fields W a  defined 

by th is equation.

Taking into account the  above considerations, the general form of the m utual 

friction forces which can be constructed from the vector fields X a  and W a , is given

by

W a
=  -  E  x W7r  + B a07W f x l3b

P 7  L \ w l \
(6.9)

where

W ah =  IW7 I - 6  _  E X
IW7 I2 ;

( 6 .10)

The m utual friction coefficients A ap 7 , B 'a p ji  and B a p7 are dimensionless func­

tions. Equation (6.9) is just the natu ra l generalization of the m utual friction forces 

in  Eq. (18) of Bekarevich and Khalatnikov (1961), and the coefficients B 1a^ ,  and 

B a p 7  are just a na tu ra l extension of the coefficients B 1 and B  given by Hall and 

Vinen (1956). Note th a t it has not been assumed a priori th a t the coefficients 

are diagonal, since from  the phenomenological point of view off-diagonal term s 

could appear as a result of Fermi liquid effects, just as they do in the  mass density 

m atrix  p a p-

Each of the  m utual friction coefficients in Eq. (6.10) has to  be determined by 

a microscopic calculation. (This is discussed in  the second p a rt of this chapter.)
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However, all of the coefficients are not independent but are restricted  by,

Of/?7
Pcxj -̂Olfly "

IW7 I
+  pa B a p ^ X a a ( X p  X W y ) a

+  P a B a fly W y  X a a X flb

( 6. 11)

>  0 :

A set of sufficient conditions under which the inequality holds is

z ^ P a - A - a f l y  "b P f l f l a y )  — 5 3  ^ y ^ a y ^ - f l y  ! c 7̂  ^  0> (6.12)
i

P a B  a  f l y  =  P flB 'fSay  (6.13)

\ { . P a B a f l y  +  P f l B fS a y )  =  ^   ̂^ y B g y B g ^  ; by >  0, (6.14)
i

where, for each 7 , a ,̂ and 6 ,̂ are the eigenvalues and A^ 7  and B 1a j  are the eigen­

vectors of the sym m etric m atrices on the left-hand sides of Eq. (6.12) and (6.14); 

respectively. The m utual friction coefficients are now discussed fu rther in the next 

p a rt of this chapter.

M utual Friction Coefficients

In  this section the m utual friction coefficients are now related  to more easily 

calculable microphysical param eters. The m ethod will be to  generalize the deriva­

tion of the  m utual friction coefficients first given by Hall and Vinen (1956); In 

their m ethod, the m utual friction coefficients are related to microphysical quanti­

ties by examining the  forces per unit length on the vortices. This approach, which 

has proved to  be extremely useful in studies of 4 He, is generalized here to the case 

of N  superfluids.

The first force to  be discussed is taken to  be the force due to  the scattering 

of the  ordinary fluid off the vortices. Hall and Vinen (1956) argue th a t the average
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of this force acting on the  vortices of species 7  (and adapted to  the notation of 

this thesis) can be w ritten  as

fej  — ~ v L j ) -  (6.15)

In this equation v® is the  sm ooth-averaged velocity of the ordinary fluid and v f7 is 

the local average velocity of the vortices of species 7 . Equation (6.15) then states 

th a t the average force per unit length on the vortices due to  the  scattering of 

the ordinary fluid off the vortices is proportional to  the relative velocity between 

the ordinary fluid and the vortices. The usefulness of Eq. (6.15) is th a t the 

proportionality  factor C7  can be calculated from  the microphysics of the problem. 

For example, the  factor C7  has been related to  the scattering cross section for 

rotons by Hall and Vinen (1956) in the case of 4 He. Of m ore interest here is 

th a t dissipation due to  the  scattering will cause the ordinary fluid to  relax to the 

vortices of species 7  in a characteristic relaxation tim e tV7 . Thus, the factor C7  

is related  to  the relaxation tim e by approxim ately

C7  »  - ^ L - ,  (6.16)
Uy7 Tv7

where pef[ is the  effective mass density of the  fluid which relaxes to  the vortices, 

and the  relaxation tim e r V7 can be determ ined by a microscopic calculation based 

on the physics of the scattering process (e.g., see the next chapter).

Hall and Vinen (1956) also argue th a t the condensates can transm it a force 

per unit length to  moving vortices which has the form of the  M agnus force (see 

C hapter 2 ; Sonin 1987). Also, Nozieres and Vinen (1966) show th a t this type 

of force acts on the vortices of charge superfluids as well. (A lternative forces 

have been proposed, leading to  different theories of m utual friction. See Sonin



123

1987 for references; However; Jones 1987 has argued th a t the Magnus form of 

the force is the correct one for neutron stars.) The M agnus force is given by 

/ m  — PsliiVa — iVjy) x K )a, where K a is the  circulation of the vortices, u® — u® is the 

average relative velocity between the superfluid condensate and the  vortices, and 

Ps is the  mass density of the condensate; Physically, this force can be understood 

to  arise via the pressure gradient which is created across the vortices (due to the 

Bernoulli effect) when there is a relative velocity u® — ujh The resulting force is 

perpendicular to  bo th  this relative velocity and the direction of the circulation 

vector K a. Generalizing this force to  a m ixture of N  superfluids (and allowing for 

the possibility of the  drag effect between the species) the M agnus-type force due 

to  the condensate of species a  acting on the vortices of species 7  can be w ritten 

as
a

, (6.17)

where if® =  / ny-y, and the superfluid mass currents Mg01 in this equation are

given by

M sa =  PcaQvB ' (6.18)

The dimensionless coefficients R a^  can be determ ined by repeating the m r r . r o -  

scopic derivation of the  M agnus force (e.g., as described by Sonin 1987) for the 

fluid m ixture under study here. This derivation has not yet been undertaken. 

However, a physically reasonable expression for these coefficients will be given at 

the end of this chapter.

It is now assumed th a t the net force acting on the vortices m ust vanish. This 

trea ts  the  vortices as massless objects. Note th a t the mass per unit length of a 

vortex is not zero, bu t given approxim ately by the small quantity  paTT̂ a , where £a

f a j  — Pa ^  ] RaPy - M i x K.7
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is the  radius of the vortex core (and also the coherence length of the superfluid). 

Thus the net force on the vortices, approxim ately specified by Pa7rCai^vL a / i 

can be ignored as long as it is small com pared w ith / “7 . For an oscillation mode 

w ith frequency w th is condition is given by P a ^ C a ^ ta  <  fea- Using Eq. (6.15) 

and C7  to /OeffZ(n V7 Tv7) gives w <  ( l / r V7)(pef[/p a ) ( l / n Vy-K^l)(6ve/8vL7 — I)  ~  

IO14S- 1 . The num erical estim ate is typical for neutron star oscillations: Thus, for 

the frequencies of interest in this thesis, the  inertia  of the vortices can be ignored: 

The condition th a t the net force vanish on the  vortices of species 7  is then given

Equations (6,15)-(6.18) form the fundam ental equations of the Hall and

friction force acting on a condensate of species a. The first step is to  substitu te 

Eqs. (6.15) and (6.17) in to  Eq. (6.18) and solve for u®7 - The result is

by

(6.18)
a

Vinen (1956) analysis. This set of equations can be solved to  find the m utual

fll/crS

(6.19)

where

fivaS
( 6.20)
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Substitu ting Eq. (6.19) in to  Eq. (6.17) then  gives; for the force per unit length 

due to  condensate a  acting on vortex species 7 ,

x J&j"/<£7 - P c c Y l  Pti J) 1 7 { [  ( — -^ si/ -  4 )  X

( 6.21)

T x f

fMucrS 
a '

The to ta l force acting on the condensate of species a, assumed to  be the m utual 

friction force F ^ MFy  is then  given by the forces opposite to  those in Eq. (6 .2 1 ) 

summed over all vortex species, i.e.,

-p1Q(MF) = - Y Z  T p (6 -2 2 )
7 Ha

The factor n Vj / p a appears in this equation since \ has the units of acceler­

ation and has the units of force per unit length. After simplifying, the result 

is

TJiO
q ( m f ) - E

/?7

Rafi'yCy
(Xf, x  + Y j

PfiRavyRn/S-f iKy  I Cy 6
— y - — -------W 7  X f t (6.23a)

+ E M s f  X W 1 Y ^ e - I S b )

Note th a t in obtaining this equation the approxim ation, ( l / p p ) M ^  — u® to X ^ ,  

has been used. This ignores the term  due to  the elastic properties of the vortices 

proportional to  V x in  Eq. (6 .6 ). This is consistent w ith ignoring the inertia 

of the vortices and the  assum ption of Eq. (6.18).



126

The m utual friction coefficients can now be determ ined in  term s of micro- 

physical param eters C1 and Comparing Eqs, (6.23a) and (6.9), the m utual

friction coefficients can be clearly identified. The results are

A aQ1 — 0 , (6,24)

b CxQ-Y ~ (6.25)

IK7 IC7  ^
B aQ1 -  J7 2_^ Pf^RcaxyRfiQ1 • (6,26)

The term  in  Eq. (6.23b), which depends on M fa instead of X f ti 

This is consistent if

has been ignored.

^  j PhP®B fjLV1 (RaS1 RfjQ1 RaQ1RaS1) ~ (6.27)
Hva6

Alternatively, it could be argued th a t the  term  in Eq. (6.23b) should not be 

considered a p art of the  m utual friction force. Instead it could be in terpreted as a 

drag force between the superfluid species which should be ignored when comparing 

Eqs (6.23a) and (6.23b) w ith Eq. (6.9).

The expressions for and B 01Q1 can be simplified by making the as­

sum ption th a t R aQ1 is diagonal and th a t its diagonal values equal unity, i.e., 

R aQ1 =  SaQSa i . This assum ption is plausible for the following reasons. First, 

th is gives the  correct result in the case of a single superfluid, and it is a natural 

generalization of this case to  assume th a t the  m utual friction force on each species 

depends only on the vortices of th a t species and the  relative m ass current between 

th a t species and the  ordinary fluid. Second, the diagonal form for R aQ1 satisfies
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the condition given by equation (6.27). Then the independent coefficients are re­

duced to  just two, which can be specified as B 10i and B a . These are then given

by
P a \ K Cji\C a

Gg +  , 2  ATg
(6,28)
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C H A PTER  7

DISSIPATIVE EFFEC T S IN 

SUPERFLUID NEUTRON STARS

Introduction

The purpose of this chapter is to extend the superfluid hydrodynam ic equa­

tions which describe neutron  stars, developed in C hapters 4 and 5, to  include 

dissipative effects. The discussion presented here is based on Mendell (1991b): 

D issipation in a  siiperfluid is completely different from th a t in  an ordinary fluid, 

as explained in the  last chapter. In the last chapter the general theory of m u­

tual friction was derived for an arb itrary  m ixture of superfluids. In the case of a 

neutron  star, the  term  “m utual friction” will be used to  refer to  the scattering of 

electrons off the  neutron and proton vortices. In particular, A lpar, Langer, and 

Sauls (1984) have shown th a t this scattering is prim arily due to  the. magnetic flux 

of these vortices (see also Sauls, Stein, and Serene 1982). (The neutron vortices 

carry a substantial m agnetic flux due to  the Fermi liquid drag effect between the  

neutrons and protons. This result is derived in A lpar et al. 1984 and is discussed 

in C hapter 4.)

The first goal of th is chapter is to include m utual friction forces in the equa­

tions of motion. Previous studies of neutron stars have investigated the effects of 

superfluidity on viscous dissipation, but have not included the  effects of m utual 

friction (C utler and Lindblom 1987, Cutler, Lindblom , and Splinter 1990, Ipser
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and Lindblom  1991). (Also, previously Mineev 1975 has considered dissipation in 

m ixtures of superfluids, not including m utual friction.) Here, the general form of 

the  m utual friction forces are derived following the phenomenological approach of 

Bekarevich and K halatnikov (1961). The low-frequency—long-wavelength (LFLW) 

limit of these forces is taken. The dissipative coefficients in these forces are re­

la ted  to  microphysical quantities by generalizing the m ethod of Hall and Vinen 

(1956). Specifically, the  rem aining relevant coefficients are related to  the velocity 

relaxation tim e between the  charged fluids and the neutron vortices as determined 

by A lpar et al. (1984) (see also Sauls et al. 1982). On the o ther hand, outside the 

vortices the m ain dissipative process is due to  electron-electron scattering. This is 

incorporated  into the theory by including viscous and therm al conductivity term s 

in the equations for the  electron-muon fluid.

The second goal of this chapter is to  estim ate the effect of m utual friction 

on the dam ping times of p-modes. An energy functional is constructed which 

determ ines the dam ping times due to  viscosity, therm al conductivity, and mu­

tual friction: It is argued generically th a t the m utual friction damping times 

are much shorter th an  the other damping tim es for angular velocities of rotation 

Q > 100s~ 1 (107 K /T )2, for length scales of the order of a typical neutron star 

radius R  ~  106 cm, and for tem peratures in  the  range IO7K < T  < Tc, where 

Tc ~  IO9K is the superfluid-transition tem perature. The effect of this on the 

gravitational-radiation instability  known to  exist in the I = m  p-modes is dis­

cussed in C hapter 9.
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Dissipative Effects

Dissipative Forces, Including M utual Friction

The equations of m otion are generalized here to  include the  effects of dissi­

pation. In particu lar the  focus will be on determ ining the m utual friction forces 

which act between the neutron and proton condensates and  the  electron-muon 

fluid: The m ethod used here follows the approach of Bekarevich and Khalat- 

nikov (1961). In  th is m ethod the form of the m utual friction forces is determined 

phenomenologically by requiring th a t the equations be consistent w ith energy 

conservation and th a t the entropy production be nonnegative. The derivation is 

sim ilar to  th a t given in C hapter 6 , except dissipation due to  electron viscosity and 

therm al conductivity is also included. The results of C hapter 6  will be used to 

determ ine the m utual friction coefficients.

The first step is to  include dissipative forces in the velocity equations. The 

equations for the neutron  and proton velocities are altered as follows:

In these equations the ellipses refer to  the  nondissipative forces th a t can be found

in  Eqs. (4.13) and (4.14) of C hapter 4. Here, the forces, and are

included. These forces represent the m utual friction forces acting on the neutron

(7.1)

(7:2)

and pro ton  condensates.

Next, the equation for the electron-muon velocity is altered as follows:

(7,3)
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In  th is case the ellipses refer to  the nondissipative forces which can be found in 

Eq. (4.15) of C hapter 4. The m utual friction force, acting on the electron-

m uon fluid is ju st the reaction force due to  the scattering of this fluid off the 

vortices of each of the condensates: Thus it is natu ral to  impose the  constraint

P*Fe{Me) = ~{P”-Fn{wn?) + ^ ^ ( mf) ) '  (7‘4)

(Note th a t the  m utual friction “forces” actually have the  units of acceleration.) 

Furtherm ore, the viscous forces acting on the  electron-mUon fluid are accounted 

for by the  viscous stress tensor, Tah. Assuming the s tandard  equation for this 

tensor, it is given by (e.g., see P u tte rm an  1974).

-  C e^V cT ,:. (7.5)

(Reminder: in th is equation is the  inverse of the three dimensional Euclidean 

m etric i.e., in  C artesian coordinates or in  any orthonorm al basis ga  ̂ and ga}y 

are each just the identity  m atrix .) The shear viscosity, rje, and the  bulk viscosity, 

Ce, of the electron-m uon fluid are positive therm odynam ic functions which m ust 

be determ ined from  microscopic theory.

A nother modification from C hapter 4 is th a t the entropy of the electron- 

muon fluid is no longer conserved, but instead a term  for the entropy production, 

S , is included. Also, the heat flux, g6, is included. This gives

Otse +  V&[seUg +
E_

(7.6)

(Note th a t the  superfluid condensates carry no entropy and the excitations of 

the neutrons and protons are ignored in th is chapter, as in  C hapters 4 and 5.)
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Assuming the heat flux follows the standard  equation (e.g., see P u tterm an  1974) 

gives

qa =  - K eV aTe, (7.7)

where the  therm al conductivity, K e , of the electron-muon fluid is a  positive ther­

m odynam ic function which m ust be determ ined from microscopic theory.

This leaves unspecified only the m utual friction forces; and F â MFy

These forces are now determ ined by requiring th a t the equations of m otion be 

consistent w ith conservation of energy and th a t the entropy production be non­

negative.

The partia l tim e derivative of the to ta l energy density U  [see Eq. (4.30) 

in C hapter 4] can be com puted w ith the aid of Eq: (4.3)-(4.67), (4,13)-(4;24)., in 

C hapter 4 and the modifications to  those equations given here by Eqs. (7.1)-(7.7). 

The results can be expressed in the following form:

W  +  = E  -  -  6 0 2  -  ^ F ( V ^ ) ( V ^ )
J-e

+  Pn [ -V n fc  +  — Vpb H----- (V  X Xn){, -  veb
t Pn Pn Pn

I
+  P v \~ ~ vpb +  ~ v nb 4----~(V X Xp )b — V e Jjl

L Pp Pp Pp J

n ( M F )

’ p ( m f ) ’

(7.8)

where the energy current, , is given by

U a  = V e J jTa ^  +  9 °  +  P e p e  +  P lIp fJ ,  +  SeTe +  ^ p eV e  +  Pe<P V e  

+ (An + + PnpiPp + |Vp) + PnfP^ v n

+ \ppp{pp + 2 Up) + Pnp(Pn +  5̂ 1) + p̂ 

+ X +  —  ( p n n V n  + P n p V p + V X Xnj X (Hn j"

+ I Xp x T̂p(MF) + — ( p p p V p  + P n p V n  + Vx Xp) x (wp + apB)
Pp

IpVaOtp -  (Otp)VaP

(7.9)
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and the  shear, Q6̂ , and expansion, ©, are given by

e ° 6 =  M v x 6 +  v 6v? -  |ffa6v  ev?] (7.10)

0  =  V cy| (7.11)

(The o ther quantities in these equations are defined in C hapter 4.) The require­

m ent th a t energy be conserved is satisfied when the right-hand side of Eq. (7.8) 

vanishes, i.e., when

The requirem ent th a t the entropy production E be nonnegative for every 

fluid s ta te  then  provides a strong constraint on the form of the  m utual friction 

forces given by (compare w ith Eq. (6.7)]

The term s m ultiplying the  m utual friction forces in this expression represent the 

relative velocities between the mass flow of the condensates and the  electron-muon 

fluid, w ith “corrections” for the drag effect (via the mass density m atrix  pnn, pnp, 

and ppp) and for the elastic properties of the  vortices (via the vector fields A® and 

Ap). The m utual friction forces m ust be expressible in term s of these relative ve­

locities in order to  form  a general quadratic form which then  satisfies the required 

inequality. Furtherm ore, m utual friction should depend on the  vortex densities, 

n Vn and rivp- The vortex densities are proportional to  the smooth-averaged vector

(7.13)
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fields a;® and tv® +  CLpB a (where tv® and tv® are the sm ooth-averaged vorticities of 

the  neutrons and protons; respectively, and B a is the smooth-averaged magnetic 

induction; see C hapter 4). Thus it is na tu ra l to  assume th a t the m utual friction 

forces should depend on these vector fields as well.

Making the reasonable assum ption th a t the m utual friction force acting on 

each condensate depends only on the vortex densities (via tv® and tv® +  ap B a ) and 

relative velocities (discussed above) of the corresponding species  ̂ general expres­

sions for the  m utual friction forces are given by [compare w ith Eq. (6.9)]

where W p  =  tv® +  Gbp B a . These equations are just the n a tu ra l generalization of

forces result in a nonnegative quadratic form  for the entropy production is easily 

verified by direct substitu tion  into the inequality (7.13). (Note, however, th a t a

(7:14)

-  B ' J f r U p  + + I v  X Xp -  v e ) X W p
Pp Pp Pp

(7.15)

those derived by Bekarevich and Khalatnikov (1961) in the case of 4 He. T hat these

more general expression for the m utual friction forces is possible. This is given in 

the C hapter 6 , where “cross term s” between species are included. The microscopic 

calculation needed to  determ ine whether such cross term s are necessary has not yet
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been undertaken and is beyond the scope of the smooth-averaged hydrodynamics 

considered in this thesis.)

Finally, the  m utual friction coefficients An , B 1n, B n , Ap, Bp, and Bp in 

Eqs. (7.14) and (7.15) are positive functions which need to  be determined. These 

coefficients were related to more easily calculated microphysical param eters in 

C hapter 6  by extending the  analysis of Hall and Vinen (1956) to  a m ixture of 

superfluids. The results are discussed after taking the LFLW lim it which reduces 

the num ber coefficients which m ust be considered by one-half.

LFLW Limit

The LFLW lim it of the m utual friction forces is now found, simplifying the 

expression for this form of dissipation greatly. As long as the  dissipative time 

scales are long com pared w ith the oscillation tim e scales of in terest then  the LFLW 

argum ents given in  C hapter 5 can be used here as well.

As in C hapter 5, it is convenient to  use the average velocity of the charged 

fluids, u a, which is given by Eq; (5.6) in C hapter 5. Recom puting dtSua, including 

the dissipative forces, then  gives

+  ^ 6Fp(UF) +  Jp8K(Mf) ~Pv
Pn

^ V hSrah
Pv (7.16)

where the ellipses refer to  the  nondissipative forces given in  Eq. (5.8a)-(5.8d) in 

C hapter 5. Note th a t of the  m utual friction forces, only ^ K ( mf) aPPears the 

final expression on the  right-hand side of Eq. (7.16). Thus only 5Fn(MFj need be 

considered fu rther here.
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Following the LFLW approxim ations m ade in C hapter 5, the relative velocity 

which will appear in the expression for can be further simplified by

+ ^ - S v p  +  <5—-(V x Xn)a — Svg to  ̂ ■ (Sv n — Sua ),
Pn Pn Pn Pn Pp

(7.17)

where p2 is the  determ inant of the mass density m atrix , given by Eqi (4;55); 

In obtaining Eq., (7.17), Eqs. (5.9) and (5.10) in C hapter 5 have been used to 

express Sva and Sva in  term s of Sva and Sua. Terms smaller th an  those kept by a 

factor of (pe/Pp) have been dropped. Furtherm ore, the elastic force of the neutron 

vortices (i.e., the te rm  V X An ) has been dropped: This is a valid approxim ation 

as long as the  angular velocity satisfies O >- ivvn (where u)vn, which is of the order 

IO- 1 3 S- 1 , is the vortex oscillation frequency discussed in C hapter 4): Thus, the

m utual friction force S F a M̂p̂ simplifies in the  LFLW limit to  become

o> I Il I k 3 f  e2 )  
\P n P p  J

- K I [ e 2 ) {Svn — Su) x  w0]
\ P n p p  J L J

-  B n

where u>a is the  equilibrium  vorticity of the neutron fluid.

M utual Friction Coefficients

The results obtained in C hapter 6  for the  remaining relevant m utual friction 

coefficients An , B 1n , and B n which appear in Eq. (7.18) are discussed in detail here. 

The calculation used in  C hapter 6  is based on the well established analysis of Hall 

and Vinen (1956). (For a review of other m ethods of derivation see Sonin 1987.)
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Using Eqs. (6.24) and (6:28) in the C hapter 6 , the results for these coefficients are 

given by

An =  Oj b ' - + / ,2 * 2 ' B n =
Pn\Kn\Cn

C l  + r t K l '
(7.19)

In these equations K n =  Lo0j n Vn and Cn is the  proportionality  factor in the 

relation /®n == Cn (v% — v£n), where /®n is the  average force per unit length acting 

on the neutron  vortices due to electron scattering off these vortices and u®n is 

the average local velocity of the neutron vortices [see Eq. (6.15) in C hapter 6 ]. 

This scattering process will cause the electrons to  relax to the  neutron vortices 

on a tim e scale which will be defined as t v . Thus, on dimensional grounds Cn #  

(/0BffZn VnTv), where is the  effective mass density which relaxes to  the neutron 

vortices on a  tim e scale equal to  tv . (An analogous expression for Cn is given 

in A lpar and Sauls 1988 in a different context.) It is appropriate to  take = 

Pp, since A lpar et al. (1984) have shown th a t electrom agnetic forces (and the 

scattering of electrons off the proton vortices) will cause the charged fluids to  flow 

together on tim e scales much shorter than  r v .

Thus, the expressions for the nonzero m utual friction coefficients can be 

simplified to  give

where [(D0I = 2 0  =  n ^ n \K\ and only term s to  lowest order in (pp/pn) ( l / 0 r v ) to 

IO- 4  have been kept.

Finally, the expression for t v  derived by Alpar et al. (1984) (see also Sauls 

et al. 1982) can be used. It is relatively insensitive to  the neutron gap A n and the
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tem perature; For the density range of a neutron sta r outer core it can be approx­

im ated  to  w ithin ~  3% of the more complicated (though more exact) expression 

given in A lpar et al. (1984) by

—  fa 0 .0 2 2 n s 1/ 6 ( ^ — —
Ty \  rnp

1/2 1/6

IO1^g/ cm
(7.21)

where rtip is the  effective mass of the protons discussed in C hapter 4  and s  =  

PpliPn +  Pp)- The dependence on the effective mass occurs since r v is mainly due 

to  the  scattering of electrons off the m agnetic flux of the neutron vortices and the 

largest contribution to  th is magnetic flux is proportional to  pnp =  pp(l  — m p/m*)  

[see C hapter 4]. Using Eqs: (7.20) and (7.21) then  gives for B n -

B n fa 0.011
rnP — m p

1/2 1/6

i i  - .  - J1 , (7.22)
vP /  XfftP/  ~  x J  ^ lO ^ g / c m ^

where pp ~  pp has been used. Note th a t B n vanishes when m* =  mp, i.e., when 

the  Fermi liquid drag vanishes (actually m utual friction would still exist in this 

case because of other scattering processes, but the m agnitude of B n would be 

significantly reduced).

LFLW Dissipative Equations

The LFLW equations suitable to  studies of the large scale p-modes are given 

here, including the effects of dissipation; As noted previously, as long as the 

dissipative tim e scales are long compared w ith  the oscillation tim e scales of in­

terest, then  the  dissipative term s will not modify the LFLW argum ents given in 

C hapter 5. Thus, using the  results of this chapter it is trivial to include the dis­

sipative forces in the nondissipative LFLW equations given by E qs. (5.28)-(5.35) 

in C hapter 5. The results are

OtSpn +  Vh0Vj3Spn +  V b(PnnSvbn +  pnpSub) =  0, (7.23)
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f ySPp  +  VoVfrSpp  +  V ^ P p p S u h +  Pnpfiv n )  =  0,

fW p, +  VoVbSpe + V b 

dtfipp + Vh0V bSpp +  V b 

ObSse +  V0V bSse + V b

Pe I Zg-Sui  +  Z Z S v i
Pp Pp

pr ( ^ S u t + ^ S v bn )
Pp

0 ,

0 ,

\  Pp Pp J J-e

-  V aSp +  ^  [ ( H  -  Svn ) x UJ0Y

OiSua =  -  V0oV bSua -  Su0V bVa -  V aSpp -  ^ S  ^ - V ap e
Pp \Pe

(7.24)

(7.25)

(7:26)

(7.27)

(7.28)

— Z-S f - V 0 ZZyrt j — - iV aSTe — V aSp + [(Sun — fiu) x CV0 (7.29)
Pp \  Pe J Pp Pp

+  I (3"6 -  # 1 ) («Vn4 -  «»») - - V 6St "1,
Pp PnPp I^n I x \  /  Z>w

V bV 0Sp = AnGSp. (7.30)

Again, pp % pp has been used to  simplify some of the term s. Also, Eqs. (7.28) and 

(7.29) have been simplified slightly by ignoring the term  in  the  m utual friction 

force proportional to B 1n . This term  would give only a negligible correction to  the 

drag force [proportional to  (Svn — Su) X u j 0 \ ,  which would be a factor of roughly 

B n r~ IO- 8  smaller th an  drag force term s kept in Eqs. (7.28) and (7.29).

Effect of M utual Friction on The Damping Times

In this section the damping times of the large scale p-m ode oscillations of 

rapidly ro tating  neutron  stars are discussed. The prim ary goal is to estim ate 

the effect m utual friction will have on the damping times of these modes: A
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mode is defined tti be a solution to the equations having a tim e dependence given 

by exp(zwt — t / r )  where w is the real p art of the  frequency and r  is the damping 

tim e of the mode. However, com puting the dam ping tim e by solving the equations 

directly is highly nontrivial. Instead, the usual approach is first to  solve the simpler 

nondissipative equations (which results in only the real p art of the frequencies); 

The dam ping tim es are then  more conveniently calculated by introducing a real 

energy functional E  whose tim e derivative gives the dam ping tim e of the modes; 

Such an energy functional has been found in the present ease to  be given by 

(generalizing a  similar energy given in Ipser and Lindblom 1991)

E  = ^ I \ f  nn6vh716v̂ h +  PnPSvnSub + PnpSubS v lb + PvvSuhSub
p&Tj -I 'i (7.31)

+  E  -  ^ ( v ^ x v ^ j A .

In th is equation Va  represents the variables (pn,pv, P^ Pp., Se) (A and B  are indices 

which sum  over these variables), and the in ternal energy of the  fluid, Ui, is taken 

to  be a function of the  same set of variables. The nonperturbative quantities are 

to  be evaluated in equilibrium; The tim e derivative of E,  using Eqs. (7.23)-(7.30) 

and Eqs. (4.36) and (4.37) of C hapter 4 (which define the p artia l derivatives of 

U1), is

^  = - J  + (eS@se- + ̂ (v6<r«)(v6»r;)

+  PnBn \“ o \ { g ab — 'I ° i f  )(Sua — Svna)(Sub — Svlb)^ cfix,
\PnPp/  M o l  J

(7.32)

[where the shear SQab and expansion SQ can be expressed in  term s of Sv% and 

Sua using Eqs. (7.10) and (7.11) and E q . (5.9) in  C hapter 5]. The damping tim e
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r  of a m ode can then  be calculated using

I _  I dE  
T ~  ~ 2 E  dt ' (7:33)

Each of the term s on the right-hand side of Eq. (7.32) is proportional to one 

of the dissipative coefficients associated w ith the different forms of dissipation: 

Thus, the  inverse dam ping tim e can be thought of as a sum  of inverse damping 

tim es, each due to  one of the forms of dissipation, i.e.,

1 1 1 1 1
-  =  — +  — +  —  + -----. (7.34)
T  T fJ T k  Tm f

For example, t m f  represents the m utual friction damping tim e associated w ith 

the term  proportional to  B n in  Eq. (7.32). Previously it has been shown th a t 

the bulk viscosity and therm al conductivity of ordinary nuclear m atte r plays a 

negligible role in  the dam ping times for tem peratures below IO10K  (Cutler and 

Lindblom  1987, Cutler, Lindblom, and Splinter 1990, Ipser and Lindblom 1991). 

Superfluidity should not alter these basic conclusions. This leaves us with the  

shear dam ping tim e and the m utual friction damping tim e given by

T,

~  =  2 ^  /  P”Bn  ( ^ 2 )  ~  ~ Sv™)(Sub ~  (7-36)

The rem aining task  here will be to  discuss the relative size of these two 

dam ping times. Qualitatively, this can be done by making the following substitu­

tion  appropriate for plane wave solutions: V aSvb —> ikaSvb, where ka is the wave 

vector. The m agnitude of the wave vector is related to the wavelength, A, by 

k = (27t/A). Furtherm ore, the background will be approxim ated as uniform (ig­

noring the  effects of gravitation and ro ta tion  on the equilibrium  mass densities).

^ = ^ j  VeSQabSe*abd3x , (7.35)
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Then, for a longitudinal plane wave traveling perpendicular to  the ro tation axis; 

the ra tio  of the m utual friction dam ping tim e to  the shear dam ping tim e can be 

shown to  be

r MF ^  ( 8 7 r 2 / 3 ) 7 7 e [ ( p p p / p p )  +  [PnylPP){8vn/5u)}2{ l / \ 2) 
r V Pn(e4/p2Pp)(OSn)[l -  {8vn /8u)]2 (7.37)

In th is equation Svn and Su are the  com ponents of these velocities parallel to  the 

wave vector k. The ratio  Svn/Su  will not equal unity  in general. In  C hapter 8  it 

will be shown, for sound waves in  superfluid neutron-star m atte r, th a t \Svn/Su\ <  

0.7 for densities above nuclear density.

M utual friction will be the dom inant dam ping mechanism whenever the con­

dition (Tmp/Vr7J  <  I holds: This condition will always hold for sufficiently large 

angular velocities and sufficiently long wavelengths, i.e., in particu lar it holds for

where

T =

nx2 > r,

(87r2 / 3 )7/e[(ppp/p p) +  {pnplpp)(Svn/Su ) f

(7,38)

(7:39)
P n ( e 4 / p 2 p 2 ) ( B n ) [ l  -  {Svn/Su)]2 

The goal will now be to  find an upper bound on T (i.e., the  greatest lower 

bound on f2A2.) It can be shown th a t T is basically wavelength and angular 

velocity independent. However, because of the shear viscosity, it is sensitive to 

the  tem perature. The shear viscosity rje is due to  electron-electron scattering (the 

small fraction of m uon will be ignored in this factor). An approxim ate expression 

for. the electron shear viscosity given by C utler and Lindblom (1987) is

rje =  6.0 X I
IO148/ cm

IO7K —1 —1 g • cm -s . (7.40)
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This expression fits the calculation by Flowers and Itoh  (1976) using the da ta  in 

Baym, Bethe, and Pethick (1971) to  w ithin ~  5%. In this equation p is the to ta l 

mass density. Using this equation for Tye and Eq. (7.22) for B n , gives

this equation, bu t they range over the following values for outer core densities 

2i8 x 1014g /cm 3 <  /o <  5 x 1014g /cm 3 (Baym  et al. 1971): the fraction of pro­

tons increases w ith increasing density and falls in  the range 0.038 < x < 0.051 

in terpolating the  d a ta  in  Table 6  of Baym, et al. (1971); the proton effective mass 

decreases w ith increasing density and falls in  the range : 3 <  m * /m p < . 7 (see 

C hapter 4 for references); C hapter 8  indicates Svn/Su < .7; the  range of values 

for x and m* gives, 1.4 <  (g"2/ pnpp) <  3.5. The factor P is extremized when 

(p /1 0 14g /cm 3) =  5, © =  .038, m * /m p =  .7, and (g2/ pnpp) =  1.4. The result is

A conservative condition on the angular velocity of ro tation in  term s of the length 

scale of the oscillation and the tem perature under which m utual friction dominates 

the dam ping tim e is then  given by

where />14 =  (p /lO ^ g /c m 3): U ncertainties exist in the various quantities in

(7.42)

(7.43)

Thus it can be seen from  Eq. (7.43) th a t m utual friction will be most im ­

p o rtan t for long wavelength oscillations; when A ~  106cm, which is of the order 

of a  typical neutron  sta r radius. For T  =  IO8-IO 7K m utual friction will dominate
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then  for fi >  I-IOOs- 1 . B ut for T  =  IO6 K, Eq. (7.38) gives fi >  I x IO4 S- 1 . This 

angular velocity is roughly the  m axim um  Keplerian lim it thought possible [corre­

sponding to  a  .5ms pulsar; the fastest known pulsar has O =  4.03 X 103 s- 1 , (e.g., 

see C hapter I; K undt 1990)]. Thus, the shear viscosity will dom inate for tem pera­

tures T  <  IO6 K. On the other hand, as the  tem perature approaches the transition 

tem peratu re  to  superfluidity, Tc ~  IO9 K, superfluidity is destroyed and m utual 

friction can no longer act. Thus, m utual friction will be the dom inant damping 

m echanism  for the tem peratu re  range IO7K < T  < T C, in rapidly ro tating  neutron 

stars;

So far the above conclusion has been based on the analysis of a plane wave 

traveling perpendicular to  the ro tation  axis (fluid m otion parallel to  the rotation 

axis produces no m utual friction). This conclusion will be verified in C hapter 8 , 

in which plane sym m etric modes are studies. However, this conclusion also can be 

extended to  the  global p-modes of a neutron star. The situation is analogous to 

coupled pendulum s of different lengths: two modes will occur, and the pendulums 

will not oscillate together in either mode, since the pendulum  lengths are unequal. 

In  a superfluid neutron star the num ber of allowed modes will split into two 

branches com pared w ith those found in a  neutron star composed of nonsuperfluid 

m atter. For the upper branch the neutron fluid and charged fluids will oscillate 

opposite to  each other. For the lower branch the neutron fluid and charged fluids 

oscillate in the  same direction, bu t w ith different amplitudes. The am plitudes will 

be different since the equations of s ta te  (giving the pressure term s) differ for the 

neutron  fluid and the charged fluids. Also, the boundary condition will require 

th a t a com ponent of the  fluid motions lie in  the  plane perpendicular to  the ro tation  

axis. Thus, genetically, it can be expected th a t these modes will be dam ped by
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m utual friction. Thus m utual friction is expected to  dom inate the damping of 

the  global p-modes in  rapidly ro tating neutron  stars for the tem perature  range 

indicated in the  previous paragraph.
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C H A PTER  8

PLANE SYM M ETRIC MODES 

Introduction

This chapter describes the plane-wave solutions of the LFLW perturbation  

equations [Eqs. (7.24)-(7.30)] found in the  last chapter. These solutions exist 

when the  equilibrium  sta te  is approxim ated as uniform density m atter. In this case 

gravitational and centrifugal effects on the equilibrium mass densities are ignored. 

P erturbations of the gravitational field are also ignored. The te rm  —{se/pv)V a6T  

in  Eq: (7.29) is ignored too, since it is typically smaller th an  the  gradients in 

the chemical potentials which appear in  th is equation by a factor of (T /T F)2. 

However, the effects of ro ta tion  On solutions to  the pertu rba tion  equations will 

be included to  illustrate  the im portance of m utual friction in ro tating  superfluid 

neutron  stars. The approxim ations m ade here are valid for wavelengths which 

are small com pared w ith a typical neutron star radius. However, in the numerical 

results of this phapter wavelengths com parable to  a typical neutron  star radius will 

be used. The num erical results then will be indicative of the qualitative behavior 

of the global oscillations of ro tating neutron stars.

In the case of a uniform  rotating fluid, plane wave solutions can be found 

in the ro tating  frame. Let the ro tation  axis define the z-axis of the system: 

The transform ation from Cartesian coordinates in the inertial fram e to Cartesian
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coordinates which corotate w ith the fluid is given by

x'  = x cos(fit) +  y  sin(fi<), (8 .1 )

y' — —x sin(fit) +  y co s(n t), (8 .2 )

z z, (8 .3 )

t' =  t. (8.4)

The equilibrium  velocity field observed in the inertial frame of the  fluid is given by 

v0 =  -Ctyx  +  Clxy = -Cly1X1 +  Clx1 y ' , where a caret refers to  a unit vector parallel 

to the indicated direction. Under th is transform ation the partia l derivatives of a 

scalar field S  transform s as

dtS + V0Vj3S  = dyS,  (8.5)

V f  =  V " '^  (8 .6 )

and partia l derivatives of vector field V a transform  as

-  | [ ( f  X (V X (8.7)

V aV b = V a' V b'. (8 .8 )

Each component of the pertu rbed  quantities is assumed to  vary in  space and tim e 

as exp(ifc • x 1 — iwt1) in the x1, y ' , z' basis. Equations (8.5)-(8.8) then can be 

replaced w ith the following algebraic expressions:

dtS + VbVj3S  =  - iw S ,  (8.9)

V aS  = ika's,  (8 .1 0 )

W  +  =  - tw u * ' -  n ( f  x %)=', ( 8. 11)
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( 8.12)

Using the substitutions in Eqs. (8.9)-(8.12) the linear pertu rbation  equations 

become a purely algebraic eigenvalue problem  for the complex frequencies w. The 

problem  can be solved using the s tandard  m ethods of linear algebra. However, in 

general, this still involves taking the determ inate of a 10  X 10  m atrix. Thus the 

general results are very complicated and hardly enlightening. Instead, attention 

will be restricted  to  two special cases: axial modes where the wave vector is parallel 

to  the ro ta tion  axis and inplane modes where the wave vector is perpendicular to 

the  ro tation  axis. The resulting eigenvectors for each mode of the system  are given 

by the  relative am plitudes of the various pertu rbed  quantities and the solutions 

for the  frequencies can be w ritten  as a dispersion relation w{k). The real part of 

this frequency gives the oscillation frequency of the  mode. The damping tim e of 

the mode can be defined in term s of the im aginary part of the frequency, W1, by

— -W j. (8.13)

To com pute num erical quantities the in ternal energy of the fluid will be 

modeled using the equation of state  developed by Baym, Bethe, and Pethick 

(1971) (from now on referred to  as BBP). The internal energy density in this case 

is given by

U1 =  n bW{pn,pp) +  Ee(pe) +  S ai(Pai), (8.14)

where n b is the  num ber density of baryons and W  the energy per baryon given by 

B B P ’s Eq. (3.14), whereas E e and S ai are the  energy densities of ideal electron and 

muon gases, respectively, appearing in B B P ’s Eq. (8.1). The following definitions 

will be used:
d U j  O(Til W )

L1U — Q — x.
d p n Opn 5 (8.15)
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(8.16)

(8.17)

(8.18)

where n e, and are the num ber densities of the  electrons and muons, respectively. 

Also, the baryon num ber density is the sum  of the neutron num ber density ;nn , and 

the proton num ber density, n p , i.e., n j =  n n -\-np. Use of the BBP equation of state  

will allow direct comparison of the results presented in this chapter w ith those of 

Epstein (1988). Note, however, th a t the definitions of the chemical potentials in 

Eqs. (8.15)-(8.18) differ slightly from those given by Epstein (1988), by a factor 

equal to  the mass of the corresponding particle.

The fractional concentration of the  protons; electrons, and muons, can be 

found from  d a ta  in  B B P ’s Table 6 . The d a ta  in this table is not smooth, but can 

be fit to  the  following curves:

Un T Vtp (8.19)

—  =  l:988n6 -  0.2916. ( 8.20)

These equations reproduce the d a ta  in Table 6  of BBP to  w ithin 5% for >  

0.170 fm - 3 . Furtherm ore, ignoring a negligible equilibrium charge density (see 

C hapter 4), charge neu trality  requires,

Tip — Ug "p Up. ( 8:21)

Lastly, to  com pute the mass density m atrix , p„n, pnp, Ppp the  effective mass 

of the  proton m ust be known. The effective mass is a very slowly varying function
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of the  density. Since its value is uncertain  (see C hapter 4), although, it probably 

lies in range :3 <  m,p/mp < 0.7, the m edian value Tnp/ m p =  0.5 will be Used 

throughout this chapter. In this case the  mass density m atrix  is given by

'nn — P n  T  P p i (8 .2 2 )

Pnp ~  P p j (8.23)

Ppp =  ^ Pp- (8.24)

Axial Modes

In the  case of axial modes the wave vector k is chosen parallel to  the ro tation 

axis (taken to  be the  z-axis) the equations split into transverse (perpendicular to 

k) and longitudinal (parallel to  k) parts. The resulting dispersion relation for the 

solution of the transverse equations is

(8.25)

where

■Pw rIek2 .Pnpn + Pp P2 O
1----TTFi-----r %-------------------- -B n

P p  P p  P p  P n  P n P p

. g 2  V e k 2 . P n P n +  P p  Q 2

(a- )2ft/
Q2 Tjek2

(8.26)

+  i ~  H i l ' ~ ~ — B n +  i —— — B n .
PnPp 2 i l p p Pp Pn PnPp PnPp 2s2pp

The nondissipative lim it is taken by setting /j_ =  0. The resulting frequencies are

2

±  P n P p  (8.27)
2ft.

Each of the these modes corresponds to  a circularly polarized wave travelling along 

the z-axis, i.e., 8vx — i:i8vy for each velocity field. (Prim es on the coordinates
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will be dropped in the rem ainder of this chapter, but all quantities are understood 

to  be m easured in the corotating frame.) The lower branch corresponds to the 

frequency of w hat is called the inertial mode in an ordinary perfect fluid (see 

Sonin 1987): This was to  be expected since the inertial m ode is independent of 

the composition of fluid. Thus a mode always exists in a m ixture of rotating 

fluids where all the  fluids oscillate together w ith frequency 2 fZ, i.e., for this mode 

Svn = 8u. The upper branch represents the case where the fluids oscillate opposite 

to  each other and is modified by the “drag” factor (q2/ pnpv) % 2. For this mode 

S K  =  ~-{pplpn)Sua.

The dam ping tim e for the  above modes can be found by expanding o;/2f2 

out to  first order in (rjek2/.2Q,pp) and B n . The results are:

: ( +  e 2

J Pp P n P p  P p \ p n  T Pp) Pp

Vek2 
< P n  T Pp

(8.28)

The lower branch in Eq. (8.27) {u}0 — 20 ) is not dam ped by m utual friction since 

Sv^ =  Sua for this mode. However, this is a very special case which occurs because 

of the  cylindrical sym m etry of the problem. Inclusion of gravity will break this 

symmetry. Thus, generically, it can be expected there will be no global oscillation 

for which the neutron and charged fluids will oscillate exactly together.

The resulting dispersion relation for the longitudinal com ponent is equivalent 

to  the dispersion relation for sound waves in  an isotropic (nonrotating) neutron 

star, since ro tation  has no effect on sound waves travelling along the  2 -axis. The
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result is

( l ) 4 -

+  Pp:

9 fin dfLp

( d ^ t

dfln ^P p \
dpv d p n )

e , P‘1, dpfi \+ ( l ) :
+ 0

\Pp dPe P l d p ilJ

2 ( dpndfip  dpn dfip t P2e dfin dfie p i dp,n
+ +dpn dpp dpp dpn p i dpn dpe pj dpn Optl

where

— i  —
A  ppp Irjek2

(?) 3 +4-8 I rjek2 d p n
G D -

(8.29)

Z pp k pp \ k J  ' "3 PilPp k pp Pn dpn K k) ' (8-30)

This result corrects th a t given by Epstein (1988) and generalizes it to include

dissipative effects. His calculation is inconsistent as he does not include the drag 

term s in  the mass currents', but does include them  in his definition of the kinetic

energy density. Since Epstein uses the variation of the kinetic energy with respect 

to  the m ass currents to  determ ine equations for the fluid velocities, these too are 

incorrect in his paper.

The nondissipative lim it of Eq. (8.29) is obtained by setting /y =  0. The 

superfluid sound velocities, vsi, v$2 = (w/&i), can be com puted using the quadratic 

formula. The fluid velocities are related by

fivnz = Pnp
Ofln
Opn +  Ppi

Oflp L U

F
Ofln

Pnp
Opn
Opv i

- I
(8.31)

The viscous dam ping tim e, T77e, can be com puted by expanding w /6 out to 

first order in {rjek2/ pp) w ith  the result

I

1,2

2 rjeh2
3 Dr,

Opn Ppp 2
rn rn

'-PnPp Opn
------- U

Pt
s i ,2, vSl + 4 2vSl,2

- I
(8.32)

M utual friction does not have an effect on these modes since the m otion of the 

fluids is parallel to  the vortices. A lthough the theory of m utual friction can be
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extended to  include a component parallel to  the vortices (see Bekarevich and 

Khalatnikov 1961; C hapter 6), it seems reasonable to expect such a contribution 

would be small. (Recall th a t the dom inant contribution to  m utual friction in a 

neutron  sta r comes from the  scattering of electrons off the m agnetic flux carried by 

the vortices, and the m agnetic force on electrons travelling parallel to the vortices 

vanishes.) It should be noted th a t the fluid motion for the global oscillations of 

a neutron  s ta r will not be confined to  m otion parallel to  the  vortices. T husj th e  

global modes of a neutron star will be dam ped by m utual friction.

The dispersion relation for the sound velocity in the case of no superfluidity 

can be found by taking pn times Eq. (7.28), adding it to pp tim es Eq. (7.29), and 

setting 6v® =  Sua. Furtherm ore, the viscosity of norm al neutron-star m atter dif­

fers from th a t of the electrons. Thus, in the viscous stress tensor the replacement 

Ve —» Vn should be made, where the viscosity of normal neu tron-star m atter, Tyn , 

is m ostly due to neutron scattering. The resulting dispersion relation for sound 

waves in  norm al neutron-star m atte r is given by,

(8.33)

where the  norm al sound velocity is given by

Pn +  Pp dpn ™b Ph pp
dpn . 9Pp 

— V —
&Pp 9pn

(8.34)

The dam ping tim e of the norm al sound waves is given by

I 2 Tyn ^2
rPn ^ pn + pv (8.35)
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The value of Tjn has been calculated by Flowers and Itoh (1976) and the results 

can be fit to  w ithin a  few percent by (see C utler and Lindblom 1987)

cm • s (8:36)
''T014g /cm

The results for the sound velocities and relative am plitudes is given in Ta­

ble I. The results for the sound velocities and viscous dam ping times are given 

in Table 2 for a tem peratu re  T  = IO7K and for a wavelength \  — 2 ^ /k equal to  

IO6Cm.: In these tables the first column is the to ta l mass density taken from

the  first column of Table 6 in BBP. It has been convenient to  define pi^ =  

(p /1 0 14g /cm 3). One im portan t result is th a t correctly including the drag term s 

in the mass currents greatly increases the second sound velocities in comparison 

w ith those com puted by Epstein (1988).

To com pute the viscous damping times in Table 2 the viscosity of electron 

m atter; given by E q . (7.40) in C hapter 7 has been used. In the case of no super­

fluidity, the  shear viscosity for norm al neutron-star m atter, given by Eq. (8.36), 

has been used. Both T77n and T77̂ g  scale w ith the tem perature as T 2 and w ith 

wavelength as A2.

Table I. Axial Sound Wave Velocities and Relative Amplitudes.

/? 1 4 vSn/ c y s l / c {.&vn z /  &u z) I v s 2 / c {^vnz/fiu z)2

2:89 0.131 0.128 0.747 0.311 -0.0701
3.02 0.133 0.130 0.737 0.313 -0.0731
3.15 0:136 0.132 0.727 0.315 -0.0765
3.22 0.137 0.134 0.722 0.316 -0.0783
3.43 0.142 0:137 0.707 0.320 -0.0839
3.65 0.146 0.141 0.693 0.324 -0.0895
3.89 0.150 0.145 0.680 0.328 -0.0952



Table 2. Axial Sound Wave Velocities and Damping Times (in Seconds).

PU V s n / c r Vn * s l / c r V e l vS2/c T V e2

2.89 0.131 9400. 0.128 8 2 2 : 0.311 46:7
3.02 0.133 8930. 0.130 761. 0.313 46.0
3.15 0.136 8450. 0:132 699. 0.315 45.1
3,22 0.137 8231. 0.134 671: 0.316 44.7
3.43 0.142 7574. 0vl37 592. 0:320 43.6
3.65 0:146 7010. 0.141 526. 0.324 42:5
3.89 0.150 6510. 0.145 471. 0.328 41.6

Inplane Modes

Modes w ith the wave vector perpendicular to  the ro tation  axis are now 

considered. In  this case the equations cannot be separated in to  transverse and 

longitudinal parts. The full dispersion relation including the dissipative term s is 

given by,

\ 2 n J 1 +
P n P p

+ (*sl +  ^ fc2
402

+
P n P p  y

1 1 v i k2\  i 4 4 fe4
4 0 2 i 1604

(^ )

i = l

where

C4

C5

P n  +  Pp Q

Pp P n  Pp _ 
2

,, P2 Pu +  Pp „  .7 Ppp Vek2
•' S n  -  ' 3 j ; w rP n  Pp Pp

s ”  +  5 7 7d PnPp-
1 + Ppp P n  +  Pp

Pp Pp

Vek2
2VLpp

+ U e s t )  ( — V

( 8 . 3 7 )

( 8 . 3 8 )

( 8 . 3 9 )
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Cs
i PnPp

V2 k2 + Pn +  Pp ro , (vIl +  vIs)^2
4^2 [2 + 4 0 2 -]

+

C i  =  —

PnPp

PnPp

J2. x 2

4 VA k2 , PnPpp (Vg2l +  vS22)^2 T Pnr
+  - -  - — +  3 %

Vek2
2Qpp

PnPp

3 4Q2 t  g2 4f i2

7 g2 P n + Pp £  8 ppp Vek2
. 3 P n P p  Pp 3 Pp 2Clpp

Pn +  f t  ^ 2fc2 , / Pn +  Pp \  21

2Qpp

Bn] ,

4fi2 Pp J  . Bi

+ PnPpp V j k 2 +  4 Pn +  Pp ^42fc2
4^2 /3P 402

PnPp (vs2l +  vS22)fe2 ? Pn

+

g2 4 0 2

4 PnPpp V jk 2 4 
3 O2 4 0 2 +  3

9e&2
20, Pp

C l — —i
Pn Pp

PnPp Pn +  Pp VS2l V|2 fc4 v S2fc2
P2 pv 1604 +  4 0 2

+

+

pI pvPvv ^sV s2fc4 , 
g4 IBO4 402

V & 2 ^ . 4  ̂ 2
402 n + 3 402 20pp

Bn

Vek2
2 0 p p

Vek2 r 
2 0 Pp (,

C0 P2 ^ l2&4 77e&2

(8.40)

3 Pp ^

/  % & 2 \ 2  i 4  /  Vek2 \
\ 2 0 / , J  ^ 3 ^ 2 0 / ,J Bi

(8.41)

(8.42)

(8.43)
PnPp 1604 2Qpp '

In these equations usi and v S2  are the axial sound velocities, and the other veloc­

ities are given by

PnPpV 2 = Ppp Bpn , pnn B Pp ( Bpn B Pp
Pn Bpp Pnp V dpp +  dpn

Pnn P e B p e | Pnn f  pI r TiTt r e  r~ c  . r n n r  ~  r~{

Pp Pn P2 Bpe Pp pn P2p dp

V4
Bpn Bpp \  pe d p e PliBpp
Op, + O p J  +  f 'p , 0 p .  + f " p .  Op,

(8.44)

(8.45)
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V?  =  — p . ^ + p, ^  8^■ 9 p , : n dpr n \  Spr ^ d p :  j Vp 9pe Pp dP» :

dP-P ., _ P= dPe , _ ^  9/t^ 
"T" Pe o * Pfi

, (8.46)

(8.47)

( 8 . 4 8 )' %  V P <Ve ' r/t pP 9/9̂
Setting the  dissipative coefficients equal to  zero; frequencies can be com puted 

from  Eq. (8.37) using the quadratic formula. The zero frequency modes can be 

shown to  be quickly dam ped when the dissipative coefficients are included and will 

not be considered fu rther in  this chapter. The relationship betw een the velocity 

fields is m ost easily expressed in term s of the mass currents given in the LFLW 

lim it by,

SMn =  PnnSv^ + pnpSua, ( 8 : 4 9 )

SM a = Pn p S va  +  PppSua . (8.50)

The resulting relationship between these vectors for the inplane modes is

2fi PnPpp T  PpPnn 2 , Pnn dPn j 2 dPn , 2
— ? — “  + W / rW r h - p^ h .

=  I
Pnp P d Pp

SM„
(8.51)

• PnPnp . . d P t l  k 2

• "  r +
iu> SM„

( iw P P*p -  ^M nW +  2f2(?Mn_L'

SMpj_ =  -

(8.52)

(8.53)
Pnpnp  11 Pnp

where || refers to  the com ponent of the mass currents parallel to  the wave vector 

k and _L refers to  the component perpendicular to both  the wave vector and the 

z-axis. These equations can be inverted to  relate Sv l̂ to  Sua.
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Using the complete expression for the dispersion relation given in Eq, (8.37) 

and expanding (w /2 0 ) out to first order in B n  and (77efc2/2 0 p p), the following 

expression for the dam ping tim e of these modes is obtained:

where,

— +  j
T  Tm f  T77e

(8.54)

=  |2 0 |B n f  ) ,
Tm f  X I  /

(8.55)

I %&2 ZF77X
TT7e _  V F / ' ’

(8.56)

and where Fmp, F77, and F are given by

2p2 p n + P p  Ztv0 X 4
■ MF v2fl7PnPp Pp

-  g2 /  , Pn +  Pp [2 , (^sl +  ^ ^
PnPp 4 0 2 pv I 4f22

g2 pn +  Pp
PnPp Pp

W0 \2
,2 0 /

+ 1604 +
PnPp 4 0 2

+

IV2oy

Pp 1604

'W0 X4

4  Q2 Vi k2  , ( * s l  +  vh ) k2  , 7 Q2 Pn, 
3  PnPp 4 0 2 Pp 4 0 2 3 pnpp pn

+ e2 X2 V52*2

F =6
2 0 /

PnPp

1 +

4 0 2

e2 V  , ( 4  +  4 ) & 2
P n p p )  4 0 2 \  2 0 /

+ 2 ( i  +  S S )  +  1̂

(8.57)

f - VV 20/

(8.58)

(8.59)

, P n P p J  ' 4 0 2 ' 1604

In Eq. (8.57)-(8.59) cv0 is the  frequency in the  lim it the dissipative coefficients are 

set equal to  zero.
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The results for the phase velocities scaled w ith the speed of light c and the 

relative am plitudes are given Table 3 for =  102s-1  and A =  106cm. The results 

for the phase velocities scaled w ith the speed of light c and the dam ping times are 

given in Table 4 for fi =  IO2, A =  106cm, and T  =  IO7K. As can be seen in these 

tables the  angular velocity has a negligible effect on the frequencies, and thus the 

phase velocities of these modes do not differ significantly from those for the axial 

sound waves.

One result to  note in Table 3 is th a t the neutron and charged fluids do 

not flow exactly together for either mode (this can also be seen in Table I) . 

For the mode labelled “1” the am plitudes of the velocity components parallel 

to  the wave, vector are related by Svn  ̂ ~  .7Su^. For the m ode labelled “2” the 

am plitudes of the  velocity components parallel to the wave vector are related by 

f>vn\\ —-OStftiii. The neutron and charged fluids do not flow together since the

restoring forces acting on the  neutron and charged fluids differ via the different 

chemical potentials of these two fluids. Thus, it can be expected th a t these two 

fluids will oscillate w ith unequal am plitudes for any mode which is sensitive to 

the  equation of state.

In Table 4 it can be seen th a t r MP <  T77e. Thus m utual friction dominates 

the dam ping for fi =  102s- 1 , A =  106cm, and T  =  IO7K. As pointed out in the 

last section, the viscous damping tim e, T77e, scales with the tem perature as T 2 

and w ith wavelength as A2. The m utual friction damping tim e, t m f , scales w ith 

the angular velocity as f i_1 . Thus m utual friction will also dom inate at higher 

tem peratures or larger angular velocities, while viscosity will dom inate at shorter 

wavelengths. This is in agreement w ith the estim ates given in C hapter 7.
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Table 3: Inplane Phase Velocities and Relative Amplitudes.

PlA (w/cAs)i
(5vn\\/8u\\)i

I
(z<!>vn ± /<5un||)i

{u /ck)2
(^11 /^11)2  

(SvtiJ -S ul )2 
{i8vnJ  8vn\\)2

0:747 -0.0701
2.89 0.128 0.587 0.311 -0.0551

0:00821 0:00558
0.737 -0:0731

3.02 0.130 0.575 0.313 -0.0570
0.00807 0.00551
0.727 -0:0765

3.15 0.132 0.562 0.315 -0.0592
0.00791 0.00542
0.722 -0.0783

3.22 0.134 0:556 0.316 -0.0602
0.00784 0.00538
0:707 -0.0839

3.43 0.137 0.537 0.320 -0:0637
0.00760 0.00526
0.693 -0.0895

3.65 0.141 0.520 0.324 -0.0671
0.00739 0.00515
0.680 -0.0952

3.89 0.145 0.504 0.328 -0.0705
0.00719 0.00504

Table 4. Inplane Phase Velocities and Dam ping Times (in Seconds).

PlA (u}/ck)i rVel t M F  I D (u)/ck)2 TVe2 t m f 2 r2

2.89 0.128 822. 202. 162. 0.311 46.7 1.75 ' 1.69
3.02 0.130 761. 178. 144. 0.313 46.0 1.74 1.67
3.15 0.132 699. 156: 127. 0.315 45.1 1.72 1.65
3.22 0.134 671. 146. 120. 0.316 44.7 1.71 1.65
3.43 0.137 592. 120. 100. 0.320 43.6 1.68 1.62
3.65 0.141 526. 101. 84.7 0.324 42.5 1.65 1.59
3.89 0.145 471. 86.1 72.8 0.328 41.6 1.63 1.57
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C H A PTER  9

STABILITY OF ROTATING 

SUPERFLUID NEUTRON STARS

Introduction

Consider the perturbations of a neutron  star having a tim e dependence given 

by exp(iu!t — t / r ), where w and r  are real. Such a pertu rbation  is stable whenever 

1/ t  > 0 .  Thus, in a sequence of ro ta ting  stars param eterized by the angular 

velocity Q, those stars ro ta ting  slower th an  a critical angular velocity Ocr are 

stable, where Ocr is defined to  be the smallest root of l / r ( 0 CR) =  0. (Assuming 

of course th a t the  s ta r having 0  =  0 is stable.) The critical angular velocity then 

represents the onset of an instability  in the sequence of ro ta ting  stars (assuming 

th a t Ocr is not a local minimum ): However, the sequence always term inates at the 

Keplerian lim it, 0 Max> &t which point mass on the equator ro ta tes w ith its orbital 

velocity. A sta r ro ta ting  faster th an  this would be unstable to  mass shedding, 

and thus no equilibrium  models exist w ith angular velocities greater than  Omax : 

Thus, the  m axim um  stable angular velocity of a star is given by 0 CR if solutions 

to  l / r ( 0 OR) =  0 exist w ith Ocr <  Omax, otherwise it is given by Omax.

The m axim um  stable angular velocity of a neutron s ta r can be limited by a 

gravitational-radiation instability. C handrasekhar (1970a,b) showed th a t certain 

ro ta ting  stars are unstable to  the emission of gravitational radiation. Friedm an 

and Schutz (1977) showed th a t this was in fact true for all ro ta ting  perfect fluid
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configurations. They also showed th a t the modes most sensitive to  the onset of the 

instability  were nonaxisym m etric w ith an angular dependence exp(im ^), where 

(j> is the azim uthal coordinate and m  is an integer. On the o ther hand, internal 

dissipation in  the star tends to  counteract this instability. (See also Friedman and 

Schutz 1977; Lindblom and Detweiler 1977; Friedm an 1978, 1983; Lindblom and 

Hiscock 1983; Lindblom  1986; Lindblom and Mendell 1991; Lindblom 1991).

To understand  w hat causes the gravitational-radiation instability  to Occur 

in ro ta ting  stars consider a  star viewed from  above one of its ro tational poles, and 

define the angular m om entum  of the star to be positive. If the  s ta r begins to  oscil­

late w ith angular and tim e dependence exp(im<^ +  iwt), it will emit gravitational 

rad iation  because of the  tim e varying mass distribution (e.g., see Schutz 1985). 

Such a s ta r is depicted in Figure 7. If the bum ps shown in Figure 7 travel in the 

same sense as the equilibrium  angular velocity, when viewed from a distant iner­

tia l frame, then  the  gravitational radiation em itted  from the s ta r will carry away 

positive angular m om entum . To conserve angular m om entum  the star must then 

lose positive angular m om entum . To see how this will occur, consider the bum ps 

when viewed in a fram e which corotates w ith the equilibrium angular velocity. If 

the bum ps, when viewed in this frame, still move in the same sense as the equi­

librium  angular velocity the bumps add positive angular m om entum  to the star. 

In this case, the s ta r can lose positive angular m om entum  by losing the bumps, 

i.e., gravitational-radiation reaction causes the bumps to dam p out. On the other 

hand, if the bum ps, when viewed in the corotating frame, move in the opposite 

direction of the equilibrium  angular velocity (i.e., they are attem pting  to swim 

up stream  so to  speak) then  the bum ps subtract angular m om entum  from the 

star. In this case, the s ta r can lose positive angular m om entum  by increasing the
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am plitude of the bumps, i.e., gravitational-radiation reaction causes the bumps to 

grow— the mode is unstable. Note th a t two conditions m ust be satisfied for the 

instability  to  occur: the bumps m ust travel in the same sense as the equilibrium 

angular velocity when viewed in an inertial frame and they m ust travel in the 

opposite direction when viewed in the corotating frame. Thus, the onset point of 

the instability  occurs when the bum ps appear stationary in the inertial frame. At 

least this would be true if no other forms of dissipation were present. To deter­

mine the dam ping or growth tim e of a mode all forms of dissipation affecting the 

mode m ust be included in the calculation.

STAR GRAVITATIONAL RADIATION

Figure 7. Equatorial region of an oscillating s ta r in a m =4 mode. Such a star will 
emit gravitational radiation.

In the next section, using the results of Thorne (1969b), an expression is 

found for the damping (or growth) tim e of a mode due to  gravitational-radiation 

reaction in a superfluid neutron star. The last section of this chapter then investi­

gates the effects of superfluidity on the gravitational-radiation instability. It will 

be shown th a t m utual friction completely suppresses this instability  in neutron 

stars cooler than  the superfluid-transition tem perature.
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G ravitational-radiation Reaction

Let Fq be the gravitational force per unit mass acting on each element of 

fluid. In  the  case of Newtonian hydrodynam ics this force is given in terms of the 

gravitational potential <p by

=  - V " p .  ( 9 . 1 )

In  the weak-field lim it of general relativity  Thorne (1969b) showed th a t Newtonian 

hydrodynam ics could be extended to include the effects of gravitational-radiation 

reaction by replacing the gravitational force in Eq. (9.1) w ith

Fq = - W aIp +  Wa(pGR, (9 .2)

where
oo m = l j2l+l rim

* » - - £ £  ( - u W i r -  1
1=2 m = —l

(9.3)
dt21+1

In  Eq. (9.3) r is the radial coordinate in spherical coordinates, Y™ the spherical 

harm onic function, and Ni and DJn are given by

47tG (I +  1)(Z +  2)
Ni " c21+1 1(1 — 1)[(2Z +  I)!!]2 :

DJn =  /  P r 1Y lm Il3X.

(9.4)

(9.5)

(The notation  used here follows th a t of Ipser and Lindblom 1991.) The extended 

gravitational force given by Eq. (9.2) acts on the fluid velocities. Otherwise, 

Thorne (1969b) showed th a t the o ther equations of Newtonian hydrodynamics 

rem ain unchanged in the lim it he considered.

To include the effects of gravitational-radiation reaction in the case of the 

fluid m ixture which exists in  a superfluid neutron  star, the  gravitational force
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acting on each of the superfluids and the electron-muon fluid should also be given 

by Eq. (9.2). The reason is the equivalence principle, which states th a t all forms 

of mass and energy couple to  gravity w ith equal strength. If the gravitational- 

radiation reaction force was different for each species of particle in the star then  

the  dam ping tim e of a mode due to gravitation-radiation reaction would depend 

on the concentrations of the various species, in violation of th is principle.

The formalism for finding the dam ping tim e of a mode given in C hapter 7 can 

now be easily extended to  include the effects of gravitational-radiation reaction. 

The energy functional which gives the dam ping times can be chosen exactly the 

same as in Eq. (7.31), i.e.,

However, when the gravitational forces in Eq. (9.2) are included in the velocity 

equations the  tim e derivative of E  is modified. In this case it is given by

(9,6)

(9.7)

where

x

(9.8)

is identical to  th a t given in Eq. (7.32) and where
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In Eq. (9.9) P b is the  to ta l m om entum  density of the fluid, which is also the sum 

of the mass currents. Thus, the sum of the  mass conservation laws can be w ritten

0.dtSp +  Vh0VbSp +  V h p8

For modes which have space tim e dependence exp(im 0 +  icvtf) th is becomes

p b

(9.10)

(w  +  imfi,)8p +  V h pS (9.11)

Thus, in tegrating  Eq. (9.9) by parts and using Eq. (9.3) to  find S<pGB. gives

o o  m ' = l

= -(< *  + m i l ) £  j r  N lW21+1SDPrSDJm',
1=2 T n 1 = - I

f d E  
V dt (9.12)

where

S D f  =  J  Spr1Yl^ d 3X. (9.13)

The dam ping tim e due to  gravitational-radiation reaction can then  be defined by

I _  I f d E \

Thus, 1/ tgr is given by

(9.14)

-----= - (w  + mQ) N i^ 21+1S D f1 S D f m . (9.15)

The sum  in Eq. (9.12) has been simplified in Eq. (9.15) by noting th a t S D f  

vanishes unless m ' = m , since Sp various w ith <j) as exp(im<p) and Y f m' varies 

w ith ^  as exp(—im '^ ), Thus, in Eq. (9.15) ZmJn is the larger of 2 or |m|.

Superfluidity Effects on the G ravitational-radiation Instability

The to ta l dam ping tim e r  of a mode can then  be calculated from

I I dE  
T -  ~ 2 E  dt ' (9.16)
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As in C hapter 7, the inverse damping tim e can be thought of as a sum of inverse 

dam ping tim es, each due to  one of the forms of dissipation, i.e,

1 1 , 1 1  I I
— = -----1-------1------- b ~ -----1-------. (9.17)
T  T k  T £  T 7J T m f  T g r

This equation is similar to  th a t given in C hapter 7 except th a t now t g r  has also 

been included. The condition for an instability  to  set in is given by

I  +  —  +  —  +  T?7 
Tk

+ 0. (9.18)
t M F  T g r

As already discussed in  C hapter 7, below the superfluid-transition tem perature 

of roughly IO9K the  ratios T71Jtk and T71Jt^ are much less th an  one and can be 

ignored. Furtherm ore Ipser and Lindblom (1991) have investigated the I = m  

/-m o d e  oscillations of Newtonian polytropes. (An /-m ode is a p-mode in which 

there is no node in the radial eigenfunction.) Using their results the ratio T77Ztgr 

can be w ritten  as

I  T1-(O) I r mCl l 2m+1 , x
M f i ) ] 2™ +1 L „ ( 0 ) L r ” ( 1 " n .(0 )J  ' ( 9 -19)

where a  0 refers to  the zero angular velocity case and Jm % I and a m % I are very 

slowly varying functions of the  angular velocity 0 . Also, the results in C hapter 7 

show th a t the  ratio  T 77/ t m p  is bounded by

t M f

>  K r
a V  /  a  W T A 2 

IO6Cm/ V O 3 S- 1  /  V O 9K /  ‘
(9.20)

Equation (9.20) should give a good estim ate of the results for an Z =  m  /-m ode 

when the  wavelength A is related to the neutron  star radius 77 by A % 2'KR/ra.
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M aking this substitu tion  in Eq. (9.20) and combining the result w ith Eq- (9.19) 

gives an approxim ate expression for T77/ r ,  which is given by

'A-k2'ZlLK l  + 2 jL  +
T  Tm f

«10° WW (m&r) (iPk)
H---------- 1

[7m(!i)]2in+1
" W 0) "
.T q r (O ) m

a Tn(^l)
TTtCl

t̂ m(O)

2Z+1

(9.21)

Setting the right-hand side of this equation equal to  zero, the  result can be used 

to  search for approxim ate solutions to  the  equation l / r ( n CR:) =  0. Since an 

underestim ate has been used for T77Ztmf, th is would also result in an underes­

tim ate  for floiv However, using the num erical results in Ipser and Lindblom 

(1991) for the  various quantities which appear in Eq. (9.21) it is found tha t no 

solution to  1 / t (O c r ) =  0 exist. Thus, m utual friction completely suppresses the 

gravitational-radiation instability  for tem peratures below the superfluid-transition 

tem perature.

Ipser and Lindblom also calculate 0 Cr  for nonsuperfluid neutron  stars and 

for tem peratures above the superfluid-transition tem perature. (At higher tem ­

peratures bulk viscosity dom inates the dam ping.) Their results for nonsUperfluid 

m atte r are given in Figure 8. For comparison, the expected results for a superfluid 

neutron s ta r are given in Figure 9, assuming a superfluid-transition tem perature 

of approxim ately IO9K.
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TEMPERATURE (K )
Figure 8. Critical angular velocity versus tem peratu re  w ithout superfluidity. The 

results shown are for a 1.5M® neutron star. The equation of state  is 
approxim ated by a polytrope of index n  =  I. (After Ipser and Lindblom 
1991.)

TEMPERATURE (K )
Figure 9. Critical angular velocity versus tem perature  w ith superfluidity. A 

superfluid-transition tem perature of approxim ately IO9K is assumed. 
The figure shows tha t the gravitational-radiation instability  is com­
pletely suppressed below the transition  tem peratu re  to superfluidity 
as explained in the text.
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C H A PTER  10 

SUMMARY '

Superfluid hydrodynam ics in neutron stars has been developed extensively in 

this thesis. A more detailed summary of the im portan t results from each chapter 

is given below.

In  C hapter 2 a slightly new derivation of the Landau equations is given. 

This provides a  more convenient starting  point for the generalization of these 

equations to  superfluid m ixtures, which is given in C hapter 3. The most im portant 

result of C hapter 3 is th a t the derivation given here shows th a t a new class of 

vorticity-preserving forces can be included in the equations for a m ixture of N  

superfluids. These forces have a profound influence on the coupling of the charged 

species of the m ixture to  the electrom agnetic field. For a specific value of these 

forces it is shown th a t the superfluids respond to an appropriate Lorentz force 

th a t is far more na tu ra l th an  th a t proposed in the  previous studies of Vardanyan 

and Sedrakyan (1981) or Holm and K upershm idt (1987). Also in C hapter .3 the 

m ethod Bekarevich and K halatnikov (1961) use to  account for the  vortex energies 

is generalized to  the  case of charged fluids. The results in C hapter 3 have been 

published in Mendell and Lindblom (1991).

In  C hapters 4 and 5 the equations in C hapter 3 are adap ted  to describe 

the superfluid interior region of a neutron  s ta r composed of superfluid neutrons, 

superconducting protons, and degenerate electrons and muons. The equations 

given in  these chapters differ significantly from  those derived previously in the
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related studies of Easson and Pethick (1979), Epstein (1988), and those which 

describe an ordinary fluid used in most past studies of neutron  star oscillations. 

The equations here generalize the MHD equations of Easson and Pethick (1979) 

to  include dynamics for the superfluid neutrons and the effects of superconducting 

protons. They generalize the equations derived in Epstein (1988) to include the 

effects of gravitation, electrom agnetism , ro tation , and the vortices. They also 

correct an error in E pstein ’s work: the  definitions in his paper of the kinetic 

energy density, the mass currents, and the mass density m atrix  are inconsistent in 

th a t they incorrectly im ply th a t the mass currents are parallel to  the superfluid 

velocities. The most im portan t result of C hapter 4 is th a t a model of the energy 

density is constructed and used to  relate certain  dependent variables in the theory 

to  the independent variables. A sum m ary of the oscillation frequencies resulting 

from the forces which act on the fluids is also given in this C hapter. An im portant 

result shown in C hapter 5 is th a t a superconducting plasm a will not support Alfven 

waves, found in ordinary plasmas. Instead, a new mode w ith a frequency equal 

to  the square root of the product of the cyclotron and vortex frequencies is shown 

to  exist. This new mode may be observable in terrestrial superconductors. The 

results in C hapter 5 are applicable to studies of g-modes and p-modes in neutron 

stars, including the  effects of rotation, electrom agnetism, and the  effects of the 

underlying vortices. The final set of equations presented at the  end of C hapter 5 

are especially suited to  studies of p-modes in  rapidly ro tating  neutron stars. The 

work presented in C hapters 4 and 5 is based on th a t given in  Mendell (1991a).

In C hapters 6 and 7 the equations are generalized to include the effects of 

dissipation. The work presented in C hapters 6 and 7 is based on th a t given in 

Mendell (1991b). Most im portantly, the effects of m utual friction are included for
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the first tim e in  the equations for a m ixture of superfluids and in the equations 

which describe a superfluid neutron star. M utual friction in  neutron  stars occurs 

because of the scattering of electrons off the quantized vortices which occur in the 

neutron  and proton superfluids. At the end of C hapter 7 a convenient m ethod 

is presented for com puting the damping times of p-modes due to  m utual friction 

and the o ther forms of dissipation. The im portan t conclusion of C hapter 7 is 

m utual friction is the dom inant in ternal dam ping mechanism of these modes in 

rapidly ro tating  superfluid neutron stars. This conclusion is confirmed by results 

for plane-wave solutions given in C hapter 8. C hapter 8 also investigates the prop­

agation of sound through superfluid neu tron-star m atter. It is shown th a t the 

theory presented here results in two possible sound modes, as is true in terrestrial 

superfluids. These results also correct the earlier work of Epstein (1988).

In C hapter 9 it is argued th a t the dam ping (or growth) tim e of a mode due 

to  gravitational-radiation reaction is independent of the presence of superfluid­

ity. However, in general, dissipation is completely different in  superfluid neutron 

stars com pared w ith the case of no superfluidity. Especially im portan t, as has 

been emphasized above, is m utual friction due to  the scattering of electrons off 

the vortices. This form of dissipation occurs only in superfluids. The conclu­

sion of C hapter 9 is th a t m utual friction will completely prevent the onset of 

the gravitational-radiation instability  in neutron  stars w ith tem peratures below 

the superfluid-transition tem perature. The work in C hapter 9 is summarized in 

Lindblom and Mendell (1991).

The conclusions reached in this thesis have been m ade using m any justifiable 

simplifying assum ptions. However, relativistic effects have been ignored for the 

following reasons. The fully relativistic trea tm en t of the arb itra ry  oscillations of
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ro ta ting  stars has yet to  be accomplished, and further development of relativistic 

superfluid hydrodynam ics is also needed. Studies using the nonrelativistic equa­

tions developed here can give qualitative results and should also indicate w hether 

more complicated relativistic studies are justified. It can be expected th a t in typ ­

ical neutron  stars general relativity will introduce corrections to  the Newtonian 

results of the order G M / c?R  x 100% ~  10% — 20%. For example, a recent study 

finds th a t general relativistic effects tend  to  enhance the gravitational-radiation 

instability, lowering the critical angular velocity from its Newtonian value by up 

to  8% (C utler and Lindblom 1991). This is too  small of a change to alter the 

conclusion of C hapter 9.

A nother im portan t area which needs fu rther study is the in teraction between 

neutron vortices and proton vortices. In general, the ro tation  axis will not be 

aligned w ith the  m agnetic field axis in a ro ta ting  m agnetized neutron star. Thus, 

for sufficiently large-am plitude oscillations the  neutron and p ro ton  vortices either 

will be forced to move through each other or they will become pinned onto or 

between each other. Sauls (1989) has used the  neutron and pro ton  energy gaps 

to  estim ate th a t the pinning energy due to  an intersection between neutron and 

proton vortices is about ep-m ~  .IM ev =  2 x 10_7erg. The m agnetic interaction 

between the  vortices could be even more im portan t, giving a pinning energy of

epin ~  (2 /8w )($n /wA2)($p/w A 2)(7rA3)z7n ■ <  5 X 10” 5erg. (10.1)

(See C hapter 4 for the definitions and m agnitude estim ates of the  quantities in this 

equation.) The pinning force per unit length, ^ n , is then  roughly the pinning 

energy divided by bo th  the distance between pinning sites along a vortex and 

the  distance over which the  pinning energy returns to  zero as the vortices are
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separated. For overlapping arrays of neutron and proton vortices the smallest of 

these distances is usually the distance between proton vortices^

dp -  [h/ (V7Srop I +  OpBI)]1/ 2 «  4:9 X 10_10(1012G /B o) 1/ 2cm. (10.2)

Thus, a rough estim ate of the m agnitude of the pinning force per unit length is 

then

/pin ~  epm/dp ~  2 x 1014(B o/1 0 12G )dyne/cm . (10.3)

Of course, the exact form of the pinning force will be complicated. For example, 

the pinning energy and distance between pinning sites will depend strongly on 

the value of the geometric factor Vn • Vp, and this factor could be a complicated 

function of position in the star. But a comparison of the estim ate of the pinning 

force w ith the  drag force between the.neutrons and protons, and w ith the Magnus 

force which acts on the  vortices (see C hapter 6), shows th a t the pinning force 

could be im portan t in comparison w ith these forces. If so, the  results of this 

thesis rem ain valid in at least three im portan t cases: (i) a ro ta ting  neutron star in 

which the  in terior m agnetic field has been expelled, (ii) a m agnetized neutron star 

which is not ro tating, and (iii) a ro ta ting  m agnetized neutron  sta r in which the 

oscillation am plitudes are small compared w ith dp. Further study of the neutron- 

vortex proton-vortex interaction is needed to  determine w hether the equations 

presented in this thesis are valid beyond these specific cases.

A th ird  area which m ay be fruitful to  study in the  future is the spin triplet 

pairing of the  neutrons. In this thesis the neutron vortices are treated  as if in 

the spin singlet state. This is currently believed to  be quite adequate on length 

scales m uch larger th an  the radius of the  vortex cores, and thus it should be 

completely satisfactory in the sm ooth-averaged hydrodynam ics presented in this
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thesis. However, studies of vortices in zHe,  which also form a superfluid w ith 

spin trip let pairing, have revealed complicated structures (e.g., see Salomaa and 

Volovick 1987). Further investigation of the neutron vortices could thus reveal 

unexpected results.

Finally, in C hapter 4 it was pointed out th a t the effective mass of the proton 

is uncertain, though probably bounded by .3 <■ tti*/rrip <  :7 a t nuclear density. 

It was also pointed out in  C hapter 4 th a t there appears to  be an inconsistency in 

the calculations of the  effective mass and the mass density m atrix . This needs to 

be straightened out in the  future: It is not expected, however, th a t the outcome 

of such a study will significantly change the results of this thesis.

Of course the greatest uncertainty in the theory of neutron  stars is the equa­

tion of sta te  of nuclear m atter. An accurate determ ination of the  maximum an­

gular velocity of a neutron star may provide a key to  this problem, This in tu rn  

may help open the window to  the discovery of other objects such as black holes 

or even quark stars. This thesis, hopefully; makes some small contribution to 

these and other quests for a deeper understanding of the universe. W hatever the 

case, neutron  stars will continue to be rem arkable objects which will fascinate the 

curious, perhaps forever:
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