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Abstract:

The slabl shown in Fig. la is divided into two series of 4-in. wide parallel orthogonal strips. Each strip
can be considered a beam of an equivalent grid system. This group of rigidly connected continuous
beams is mutually supported along the centerlines (dotted line). For example, the east-west and
north-south grid strips are considered contin-uous over supports 3'-5', 4-6', and over supports 7-7', 8-8'
The assumption is made that a beam segment such as 3'-4'-6'-5' is free to rotate and to twist at its
supports. The resistances to bending and torsion along the edges 3'-4'and 5'-6' that are presumably
neglected in the east-west beams are actually considered as vertical shear forces in the north-south
beams® Because no openings exist between grid beams and because the cross section of any grid beam
is identical to that of a comparable slab strip, the general appearance of the gridwork is no different
from that of the slab.

Since the equivalent gridwork is under hydraulic pressure, the distribution of moments and torsions
produced by this loading are based on relative stiffnesses and distribution factors.

The edge conditions in this case are assumed as follows! from Fig. la east edge - elastically built-in
west edge north edge - free south edge - built-in or fixed The auxiliary forces P1, P3, P5, due to
hydraulic pressure act-ing on the joints 1.3,5, are identical with the forces P2,P4,P6 act-ing on joints
2,4,6. That is P1=P2, P3= P4, P5= P6 consequently the deflections (D) produced by forces of tne same
magnitude are also identical® In other words, D1=D2, D3= D4, D5= D6. The magnitude of these
deflections are unknown, however, the fixed end moments due to these deflections can easily be
computed in terms of the unknown displacements.

These fixed end moments will be converted into bending and torsion by a moment and torsion
distribution process.

1 The slab shown in Fig. la is one of the two similar side walls of the rectangular water container the
dimensions of which are given in Fig. 1¢ The algebraic sum of the reactions computed at each joint
from the distributed moments has to be equal to the auxiliary force actually acting upon the joint. On
the basis of this relation as many simultaneous equa-tions can be set up in terms of the unknown
displacements as are needed for the determination of the arbitrary deflections.

After the values of the unknown deflections are computed by solving the simultaneous equations the
bending and torque moments can be ob-tained at each joint by substituting the deflection values into
express-ions resulting from the moment-torque distribution process.
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ABSTRACT

The-slabl shown in Fig. la is divided into two ‘series of l-in.
wide, parallel orthogonal strips. Fach strip can be considered a beam of
an equivalent grid system. This group of rigidly connected continuous
beams is mutually supported along the centerlines (dotted line). For
example, the east-west and north-south grid strips are considered contin--
uous over supports 3'=5', L!-6', and over supports 7i~T!, 8§=8!'. The
assumption is made that.a beam.segment such as 3'=}i«6'=5¢ is free to
rotate and to twist at its supports. The resistances to bending and
torsion along the edges 3'-h! and 5'=6' that are prestmebly neglected in
the east-west beams are actually considered as vertical shear forces in
the north-gsouth beams, Because no openings exist between grid beams and
because the cross section .of any grid beam is identical to that of a
- comparable slab strip, the general appearance of the gridwork is no dif-
ferent from that of the slab.

Since the equivalent gridwork is under hydraulic pressure, the
distribution of moments and torsions produced by this loading are based
on relative stiffnesses and distribution factors.

The edge conditions in this case are assumed as follows; from
Fig. la ' - o :

east edge .
. } = elastically built-in
west edge

north edge - free
south edge - built=in or‘fixed

The auxiliary forces PIQ P,y P due to hydraulic pressure.act-—
ing on the joints 1, 3, 5, are idedtical with the forces Py Ph’ P, act-
ing on joints 2, L, 6. That is Pl = Pys P3 = P, Py = Py consequen%ly
the deflections (D) produced by forces &f tge.s e mggnitude are also
identical. In other words, Dl = D,y D3 Dh’ D_ =D,, The magnitude of
these deflections are unknown, howgvers the fixéd ené moments due to these

deflections can easily be computed in terms of the unknown displacements,

These fixed end moments will be converted into bending and torsion
by a moment and torsion distribution process. S '

1The slab shown in Pig. la is one of the two similar side walls
of the rectangular water container the dimensions of which are given in
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The algebraic sum of the reactions computed at each joint from the
distributed moments has to be equal to the auxiliary force actually acting
upon the joint. On the basis of this relation as many simultaneous equa-
tions can be set up in terms of the unknown displacements as are needed for
the determination of the arbitrary deflections. ~

After the values of the unknown deflections are computed by solv-
ing the simultaneous equations the bending and torque moments can be ob-
tained at each joint by substituting the deflection values into express—
ions resulting from the moment-torque distribution process.
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‘INTRODUCTION
The object p£ this thesis is to present an'approximate numerical
method for determinipg_elaeticldeformaﬁaons in the side walls of the recie
angular water container shown in Fig. lcs  This analysis will be carried
out without using'the mathematical theory of elasticity which'requires‘7
most cases appllcaxlons of partlal differentlal equatlons of hlgher order
and has proved to be 1mpractlca1° In the following analysis only the loads
acting perpendicular to the plane of the walls are considered.
The forces actlng upon “the side walls parallel to their planes have.
- been neglected consequently the deflections obtalned by this procedure are
somewhat larger than the actual deflections.
_ "The loads perpendicular"to the walls,,the wall thickness and the
manner of: ‘support -are identlcal for each side of the water tank, therefore,
the calculatlons have been carried out for one sade wall only.

Previous Investlgatlon

A system of beams 1ntersect1ng at rlght angles to one another can
be made to form a grldwork that'w11l yleld a deflected surface similar to
that of a slab when analyzedvunder_normal loads, One method of determining

2 who

the deflection in a gridwork of beams'is presented by Miklos Hetenyi,
assumes that the individual beams comprising the gridwork deflect withoutb
rotation at their intersections with other beams. The jointldisplacements

are obtained by solutions of simultaneous differential equations.

2BEAMS ON AN ELASTIC FOUNDATION by Miklos Hetenyl, ‘The Unlverslay
of Michigan Press, Ann Arbors Michigan, 1946, pp 185=19
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With the assumption that no bending or torsion moment is trans-
mitted at grid*beaﬁ intersectiéns, Sﬁebhen 8. Timoshenko3 enploys &
trigonometfic series to éxpress the elastic curves developed by the in-
dividual grid beams. However, a grid work, qﬁable to transmit bending
and torsional moments, is not apalogous t&'a.slab or plate in its action.

By the method présented here, moment and torsion transfer at the
Jjoints is taken'intg consideration. After the bending moments and tor-
gional moments have been distributed over the grid, only one series of
linear equations need be solved in érder to define‘the deflection pattefne
This is possible because the equaﬁionsrare written in terms of unknown -
deflections produced by auxiliary forees at thevgrid pointso- Bending
moments and torsional moments éan then be found wiﬁhout recourse to a

second series of simultaneous equations.

{

3UBER DIE BIEGUNG VON TRAGERROSTEN by Stephen So Tlmoshenk@D

Zeitschrift fur Angewandte Mathematik and Mechanlkg Band 13, 19333
PP, 153,
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PROCEDURE
Step I
The arbitrary division of the slab into ofthogenal strips that
are considered the beams of thelanalogous gridwork (see Fig. la).
Step II |
The determination of factors based on the individual beam!s re=
sistances to bending and to torsion for distfibuting the unbalanced
moments at each grid beam joint.
Ao Mo'x’nent stiffness factors.
‘Defizllit,ion of stiffness K: The moment necessary to pr@gluce '
a unit eﬁd rotation when the far end is fixed (Fig. 2d, 2e).
93% for ©=13 M=Ks£%£
The division of the unbalanced moment a?t-_a'. join@. is tobe
- made in direct proportion to the K values or in inverse
ratio to the en.d rotations of the connecting members as

caused by unit end moments. The end rotation caused by a

unit end moment (end reaction in conjugate ‘t:seam9 ;l’,‘:.vtr,gQ 2e) is
L 1 - I
Q= ﬁf 8 =§ = K == ====-=

If the far end is pin=comected (Fig. 2a) the conjugate beam

is another simple beam and the eﬁ& rotation at the left is

two-thirds of the area of the %%f dlagra,m Or === (Flg. 2¢)s

.BEI
The ratio bgtwéen the end mtatibns of two identical beams,
éne of ﬁrhich is pin«;connect,éd or simply supported at ythe' far

end and the other fixed, is as L 1o 3. 'fhe stiffness factor
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Fig. la Division of Slab

Fig. Ib Cross-section of a Strip
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24 in.
14 in.
Elevation
12 in
Plan view

Fig.lc. Dimensions of the

12 In.

Side view

rectangular water tank
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a) M Diagram - Simple Span
(Plotted on tension side
of member)

b) MDiagram - Fixed End

L

3 3El e
2

W — e

1+ c) End Slopes - Simple Span

d) Carry-over Moment

0«5 e) End Rotation for M=
-tS1 (Conjugate Beam)

Fig. 2. Study of Relative Stiffness - Prismatic Beams.
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when the far end.is pinuéonnected aécbrdingly becomes 75% of the
stiffness factor when it is fixed. Then there is no fixed end
moment or carry-over moment at the pin end.

Far end fixeds vK = Q%% s velg G%rrynover factor = 1,
v is a factor which msy be used to define the condition of end
restraint, and it Wlll vary from 0075 to 1.00.

Far end pin-connected: vK = 0,75 2= hEI g v o= 0075 $ Carrya
over factor = 0, _

: Far end elastically built-ing vK = 90875'£%£ 3 v = 0,875 ,
(assumed) ; Carry-over factor = 0.25, In this casé for v, the
mean value between 0;75 and 19003.06875 is assumed and the .core
responding carry-over factor 0,25 dis taken from the charth
referred to in the footnote., |
Torsion sﬁiffness'factorsa

The following expression for moment‘required to produce a unit

angle twist in a rectangular beam has been taken from S. Tim-

.'oshenk§@5

Bb3 cG
T T

: . ‘ c
B is a factor the value of which depends upon the ratio %

( s5¢ee Eigo lb) 0

S - ‘
men §ef =k —= 5e02h

hFor an assumed value of v +the cofﬁespondlng value of carry=over
factor can be taken from THEORY OF MODERN STEEL STRUCTURES by Lo
mo Grinter, Macmillan Co.,. New York, pp 160, Fig. 123.

’EL&MENTS OF STRENGTH OF MATERIALS by S. Timoshenko and G. H. Mac
Cullough, D.; Van Nostrand Co., Incs, New York; 1,9).,;9,9 pp 265=266,
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G = OohE is taken

L 0:281 bc OME _  0,112h boc E
3 1 L

b .
I= jjf (Moment of inertia of the strip cross=section9 Fig. 1b).

T

The expression for T can be written without changing its value as

Followss .
| 00112l EI 12 _ 1.3488 EI
T=— = T

Carry—over factor is =l for torsion for each member,

The factor %% having identical values for moment and torsion stiffe-

nesses cancels out in disfributionlfactor computations.




il

TABLE I  STIFFNESS AND CARRY-OVER FACTORS FOR MOMENT AND TCRQUE

Joint Member of Stiffness Factor Carry=over Factor
Noo Gridwork Moment Torque. Moment Torque
l"F 305 103)488 0025. . = loOO' )
1-A- 0,0 0,0000 . 0,00 = 1,00
1. 1=2 L0 .1.3488 0650 = 1,00
1=3 lio0 '1.3L88 0450 = 1,00
2=1 ' Lo0 103488 0,50 = 1,00
: 2-B 0,0 . 0,0000 0.00 = 1,00
2 2=0 345 1.3468 0025 . = 1,00
2=ly. Lo 1.3488 0.50 = 1,00
3-I - 3.5 - 13488 0,25 = 1,00
3='l ).1.‘.,0 103h88 - 0050 . = 10@0
: 3 3““» ,-LOO . 103)488 0950 . .= 1000
3=5 . 11,0 © 1.3488 . 0,50 = 1,00
h=3 0 1.3488 .+ 0,50 : = 1,00
h=2 1,0 1,.3468 0.50 = 1,00
l!» )-!«=D 305 103h88 0025 © = 1,00
“he=b I 1.3488 0,50 = 1400
S=H 365 - 1.3488 0025 = 1,00
5=3 L0 " 1,3488 0.50 = 1,00
5 5=6 o0 13488 0050 = 1080
: 5=G Lio0 1.3488 0.50 - = 1,00
6‘”5 ,).j.'no : 103)488 . 0050 = 1000
6=l 1,0 1.3408 0050 ' = 1,00
6 6=‘E 395 103).1.88 0025 = 1000
6=F )10 1,3L68 0,50 = 1,00

TABLE iI DISTRIBUTION FACTORS AT TYPICAL JOINTS 1 AND 3

Joind . . Distribution Factor
"Noe Dlreqt;on Moment Torguse
West 0.3955" = 0,201l
North 0.0000 0,0000 -
1 : Bast - 04520 00,2014
South 0,5972 . Q01525
West 0.3432° - 01261 | '
Nor’bh ) 003739 ‘ 001323 : °,
3 East 0] 03922 001261 : .
South 063739 01323
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Step 111

The vertical displacement of each singular joint in the grid and con-
sequent introduction of fixed-end moments on the beams. Joints where de-
flection produces a distinctive moment and torque pattern are known as
singular joints.

Computation of fixed-end moments from displacements.

PBIb

Fig. 3a Conjugate beam relations—far end fixed.
For a known (here assumed) settlement, the fixed-end moments are com-
puted by the formula developed as follows:
From Fig. 3a the deflection of B from a tangent drawn at A is
equal to (t)he statical moment of the I(I\I/I- diagram from A to B about B.

D = g’vjJ ‘y- j solving for M the fixed-end moments can be obtained:

M * D
ML2
D = 3el
3EID
M
s U

Fig. 3b Conjugate beam relations—far end pin-connected.
When the far end is elastically built-in the mean value between

—P and that is w ill be assumed.
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TABLE III FIXED END MOMENTS IN TERMS OF “? D DUE.TO ARBITRARY DEFLECTIONS
INTRODUCED AT SINGULAR JOINTS -

Joint No. 1 | 3 g

_ Deflection . - by D3 \ D5

i

oy = ¢ W3 gty =+ My Mo S oy

Fiﬁg Myp = =.660 = My My = f:_éoo =My Mg = Mg
moment ligy = +‘6°o =My Mgy = 470.0 = My Moo=+ 600 = My,
Mg = .0 E‘MA:L,. Mgy = = 6?0 =My Mgy == 6.0 = My

Slgn'Convéntlonv The signs of the fixed end moments are in accordance with
the moment distribution convention when viewed from the south and.the east
respectlvelyo
Step IV

-Ths conversion of the fiiedaend-mémenﬁs into bending and twisting
moments by a moment and torque” distribution process.

For convenience, moments are represented by the constant coefficients

45 and 6 multiplied by 1000,
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TABIE V  MOMENT DISTRIBUTION NORTH=SOUTH s TORSION DISTRIBUTION EAST-WEST .

G

E W. N S E W N S E W
O 0,204 O 0.5972 0.2014 0,201, O 0,5972 0.20L4 O
— 1 : - 2

6000
1208 -1208 O | -3583 -1208 1208 -
- - 787 243 -243 0 | =721 - 243 243
-110 110 O 325 110 - 110 - 32
- 62 - 29 29°. 0 . 85 29 - 29
-~ 18 % 0 51, 8 -~ 18 - 20 '
‘ - 10 - 8. 8 0 23 g - 8
- b4 L 10 b - b - 4
- 2 - 1 1 5 1 = 1
1076 -1076 O 19,7 -870 870 ~ 0 | - 66, - 205 205
E W N S jiX W N S E W
00,1261 0,373910.3739 0,1261 0,1261 0.373910.3739 0.1261 0
I - 3 - - ' b .
6000 - 360
~1791 A .
531 = 531. -1574| -1574 - 531 531 .
162 147 22 ~.22 - 64| - 6L =~ 22 22
42 L2, - 124| - 12 - L2 42 42 2L, - 14 1L
7 - 7 - 21} - 21 - 7 7 11 5 .
' 5 2 . 3 - 3 - 9%~- 9 - 3 3
1= 1 = A4l = 4 - 1 - 1 2 1 :
581 - 58l 2680| -1559 =~ 542 542 - 419) - 8L - 40O 40
E DWW N | 8§ E W N S E W
.0 0.1261 0.373910.3739 0.1261 0,1261 0.373960,3739 0.1261 0O
H : 5
- 787 - 32
- 99 99 294 294 9 - 99
. - 62| - 17 17 49| 49 17 - 17
- 10 10 30[ - 30 10 - 10 =-. 20| - o
: - 10f - L Lo 11 11 L o= b
- 2 2 5 5 2 .- 2. .= 4
' -2 - 1. 12 2 1 - 1
- 111 111 =~ 531 330 90 - 90 6 62 22 - 22
147 2l
15 5
2 1
161, 30
. F
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TABLE VI  MOMENT DISTRIBUTION EAST-WEST, TORSION DISTRIBUTION NORTH=SOUTH

B

E W N s E w N .. 8§ B W
0 0.3955 - 0 0.,1525 0.4520 0.4520 0 0.1525 0.3955 O
J 1 : — 2 . ;)
=15 =62 0 =56 +120 4351 0 =689  +338 +8l
E. W N S E w N s - E. Lij
0  0.3432 0,1323'0,1323 0.3922 0,3922 oa13231001323 0.3432 0O
I —-3 : ] D
c#l522 . +458L 456 | +50  =h690 3522 #689 | +708 +212) *531L,
B W N s E W N s E W
0 0.3432 0013235001323 0.3922 0,3922 0013236001323 00,3432 0
H— . : .
© <10 =45 =50 | =18 #113 4307 =708 | #111 4289  +72
+18 -111 |
G

F

TABLE VII MOMENT DISTRIBUTION NORTH-SOUTH; TORSION DISTRIBUTION EAST-WEST

E . w’' ®w s E w N .8 E W

0 0.2014 0 0.5972 0,201 0,201 0 005972 0,201 - ©
J ' 11— : S c
<1297 41297 O | <231k #102L =102L° O | #7hlk 4276 =276
B w N | s E w N s E W

0 01261 0,3739/0.3739 0.1261 0,1261 0,373910.3739 0.126L © .
I : 3 . ' : D
. 4109 =109  <ULhO2| #4570 =60 +60  +262 | =271 =49 - +49

E w N s E . W N S B W

0 0,1261 0,3739|0,3739 0,126l 0,1261 0937396053739 0.1261 0
H— : 5 — - &
. #Th7  =ThT #3625 =221l =663 , +663 =325 | =252 =8l 48l

=1107. 5 =125
G

F
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TABLE VIII MOMENT DISTRIBUTION EAST=WEST, TORSION DISTRIBUTION NORTH=SOUTH

E w N s E w N S B W
O 0.3955 O 0.1525 0.4520° 0.4520 0 0.,1525 0.3955 O
- 1 - 2- G
=iy =18 0 +12 +6 #45 0 =9  #h9  +12
E w N S E w N S- E W
0  0.3432 0.1323|0,1323 0,3922 0,3922 0°1323h0°1323 003432 0 _
I 3 : - ' - D .
© =10 =45 =12 =57 #113 4306 49 | =689 #290 72
E W N S E - W N | s E . W
0  0.3432 0,1323]10.1323 00,3922 0,3922 0°13236O°1323 0.3432 O
H ' —
#1526 +4602  +57 +39  =l699 <3567 +689 | +80L +2076 +518
=39 ‘ =801
G .. " , F

TABLE-IX MOMENT DISTRIBUTION NORTH«SOUTH, TORSION DISTRIBUTION EAST=WEST

E W N
0 0,2014 0

s - E w N
0.5972 0,201k 0,201 0

S E W
065972 0,201k 0

J
#27h  =27h- O

E W N
0  0,1261 0.3739

1
#lBl =181 +181 0

S E W N
0.3739 0.1261 0.1261 0,3739

— 2 c

=87 =94 49k

s . B~
063739 0.1261 0

I— 3 ,
<855 855 #2131 =3708 +721  ~72L 258 | +331 13l =13k
B w N 5 B W N s E W
0 0,126L 0.3739!0.3739 0,1261 0.1261'0,373960,3739 0.126L 0
, 5 B

H .
| 4266 166 -522)
#5757

G

+5510 =120 +120 #59

66 |
F

<133 =h6  +hé
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Step V -
The computation of reactlons at all 301nts in terms of the unknown |
displacements
szslo b 539> /b 578 3. '217> <2 15 oaéoa>
C
&%ﬁ 9. 01+9 9 79§l °01 3.,0191 .
: L
/0,016 0,062\ £0.120 o 350 o 336" 0,08l
r VN i ! )
oso78 0.078 0,470 0, 1,70 0, 4?0 0,420
L L I L
- <0.,oozk 0, 017> (o 2006 " 0, 042> <’o 0Ll 0,01i>
s:; . E
: To.ozl 0. 021 l 0, Oh8 0. ousﬂ 0,055 ?

L I

Fig. ha. DMoments and reaptions'oﬁ grid beams (from Table IV)

( 164 0. 330> <o 531 1,559>3 <2 680 1!%7> 1
lo h% : ozﬁﬂ 12 090 '2.,09o$ l 622 _ gkgngzi

L
, , f _
<’O .030 0,062>_. ; <o,006 0. OSL,‘> <o o419 0. 664\>
0, 092 0.0927 io.orzé 0, 078 L 1 083 © 1,083
R L
L N T | L

Fig. Lb. Moments and reactions on grid beams (from Table V)
Sign convention for reactions ¢

Upward positive s Downward negative
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3 ( 0.015 o.osz> (o ,120 o. 351> (o 338 0,081,
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Fig. 5b. Moments and reactions on grid beams (from Table VII)
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Fig. ba. Moments and reactions on grid béams (from Table VIII)
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Moments and reactions on grid beams (from Table IX)




Step VI
Oomputatioﬂ of Deflsctionsg
Computation of total reactions Ry, at Joints 1, 3, and 5,
- Joint 1g Rpq ¥ Byp * Ryp * Byg # By + R15'+ Ryg

Joint 3: RT3 = _3.31 +.R3j2 + R33 3, ¥ R35 & R36

Joint 52 Rypg = Rgy # Ryy # Roy + Ry # Byg # Reg

+ R

RlB = peactlion at Joint 1 due to deflection DBQ

} RTl = Hotal reaction at Joint 1 that is the sum of regctiqns

at Joinb 1 produced by displacemeﬁts Dl to Bgo

By the theorem of reciprocity the reaction Roy = 11,897 E% Dy
' L

at junction 2 caused by the deflection D, at Joint 1 is equal 6 the

reaction at'Joint 1 caused by an equal défléétioh Dé at Jeint 2.

That is RQl = R12 o |
* From the theorem of recipreocity it follows that
=R R,, =R R., =R hen D_ = D
Rag = Ry o Mgy, 7 Bz 0 By, = Bgg mhen Dy = D),
R16 = R2§ P R36 = RhS s R56 = R65 when DS £ D6

Using the above theory the total reactions can. be written |

gy = Byy # Boy # Byg + Rog + Ryp + Ry

Ry = gy * By * B33 * Ry + By + Byg
Bpg 7 Boy * Rey * Roy ¥ Ry * Rygp + Reg

Equating the total reactions

‘ ' .8 RTB’ RT5 to the aux;llany .
forces Pl’ P39 P5 due to the hydraulic pressure~acting on Joints l; 3,
and 5 three simultaneous equations can be obtained for the determina-

tion of the unknown displacementss
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Bpp " Fy 5 By = Fy 5 Ryg =Py | _
Substituting the values from Table X for the reéctions and mulb-
. _ 3 ‘ : _ ‘
dplying through by-%f the simultaneous equations can be written as follows:e

. , : . 3.
210h7ml = 119897.01 hd 7926@3 e 10055D e 20512D5 4 Oolé.IDS = Pl %”T

: : : 13
leSSDl = 79265Dl + 320229.D3 - ;2°h69D =11, 99lD5 + Qo 276D5 3 g§
29515D *+ 0, 163D - 11099ID3 + O, 2;3D3 + 370593D5 = llehh9D5 = 5 5

13 :

9o57UDy = 60209D, * 2 -673Dy = P, g7 ,
+ 19.760D, = 11.715D, = P, &

~6.210D, 5~ MTD, - Ry gy
29678:01 = 113713D3 L 2691MLD5 = PS -E-f

Ib is evident from the abgve‘equations that the deflections Dl’
DB,9 and D5 determine the deflected surface of the slabe

Selving the three gimultaneous equations by determinants
L3 * 379,387P; + 131.019P; + 19.920P,

D -
1 EI 2871.976
13 130961 + 2L3,145P3 + 95.560P
D3 = §I — 5871975
L3 19,8217 + 95.512P; + 150.62LF;
D
5" 2871.,976

Computation of auxiliary forces Py =Py 3 P3 = Ph PS = Pé >
When the slab is subgected to- hydraulic pressure which is in-
creasing with theldépth the equivalent gridwork is loaded at the Joints
as fﬁllowsa ' '
- Joint 1 and 23 P; = Py = 1,156 1b.
Joint 3 and ks Py = P) = 3,468 1b,
Joint 5 and 65 Pgy'= Pg = 5,760 1b.




Qb

Evaluation of the factor ‘E% 

. L

L=kin ; I=1/3in4 (see Figo 1b),

E the modulﬁs of eiasticity for éoncrete will be assumed as
oy ‘

1000 £ o If f; = 3000 poseie E =3 100 p.s.i.

6 . ET. 106 .
EI = 107 pesS.is = = 1b./in.
b L3 'gr




Table X Reactions and Deflections at Joints Caused by D Displacements

ﬁ isplacements

P

- Joint _ ‘ - auxiliary
: D, D D D b D, forces
~ No. '.; ' 2 - 3. -k 7 5 - 6 in 1bs.
a) Summation of Reactions in Terms of 4§%~ D
. .. L
1 21,471 -11.897 - 7,26l 1.055 2a512 0,161 - 1.156
2 ~11.897 Y. LTL 1.055 - T.26L 0,161 2,512 10156
3 - 7.265 1,055 32,229 =12.469 ~11.991 0,276 | . 3.468
L © 1,055 - 7,265 12,169 32,229 0.276 ~-11.991 3,468
5 24515 0,163 ~11.991 - 0.278 37.593 =11.449 5,780
6 0.163 2,515 0.278 S11.991 | -1L.A49 37,593 5,780
: : . — L3
b) Values of Deflections in Terms of Ef
0,351 0.351 0.539 0.539 . 0ok26 | 0,426
¢c) TFinal Values of Deflections in inches
Co -6 7 -6 -6 . b ~6 , -
‘22ah§h 10 |22.,46L 10 34,096 10 |34.496 10 27,261, 10 27.26) - 10




inches

Depth of tank in

inches

in

Deflection

10

10 10

30 10

40 10

Fig.

\

Fig .

-28-

Deflection in inches

10 106 30 106 50 i06

7.

Deflection diagram along center lines AG and BF
(see Fig. la.)

Width of slab in inches

Ns

8.

Deflection diagrams along center lines JC ,ID
(see Fig. la.)

and HE



TABLE XI MOMENTS AND TORSIONS IN TERMS COF -EI:% D

. Joint' ‘ : o ) .
‘ | Deflection - Dy Do DB- Dl{» . D5 Dg
No. | . )
c Moment 0,604 |  h.51 0,081 - 0,015 0.012 - 0,004
Torsion 0.205 . 1.07 -~ 0.276 - 1.297 0,094 0.27L
p . |Moment 0,084 - 0.016 0.531 he522 0.072 | = 0.010
;Topg_igon 0,040 0,581 0.049 0.109 - 0,134 - 0.855
E Moment 0,011 - 0,004 0.072 - 0,010 0.518 _ L.526
‘Torsion” - 0,022 - 0,111 0,084 0.7L7 0.046 0,166
p | Moment’ 0.030 0.164 - 0.125 - 1,107 | - 0.066 5.757
~ |Torsien - 0.018 0.006 = 0,111 0,018 | - 0.80L - 0,039
g |Moment . 0,16 0.030 - 1.107 - 0,125 5.757 - 0,066
‘Torsion 0,006 - 0,018 0,018 - 0,111 - 0,039 - 0.801
H Moment = 0,004 0.011 - 0,010 0,072 L4526 0.518
. . TOIfSion - Oolll - Oo 022 OG 71{-7 OGOSLI- O,- 166 0.0l;.6
T Moment -~ 0,016 0,08} L.522 0.531 - 0,010 0.072
“Torsion 0.581 0.040 0,109 0.049 - 0,855 . - 0,134
J ijmeﬁt Le510 0,601 - 0,015 0,084 ~ 0,00L 0,012
'Torsien 1.076 0,205 - 1,297 - 0,276 0.274 0,094,

°squrol TTE 7® Suewom SUT4STMG Pue SUTPUSq Jo uoTqesndmoy TTL G69E

=-6 2=




Joint pefiection.

No.
c

Moment "
Torsion

Momiént™

Torsion

Momént
Torsion

Motient
To?si?n

Moment
Torsien

Moment
Torsion

Moment
Torsion

Moment

“Torsion

TABLE XTI MOMENTS AND TORSIONS IN TERMS OF L

0.212
0.0720

0.0295

.0.0140

0.0039
0.0077

0,0105
0,0063

0,0576
0.0021

0,001

00,0390

040056

0.2039

1.5830
0.3777

Dy

1.5830
0.3777

0,0056

00,2039

0.001L

0.0390

0,0576

0.0021

0,0105
0.0063

0.0039
00,0077

0.,0295
0.,0140

. 0,2120

0.0720

Dy

0.0453
- Oo ll;.88

0,2862
0,026}

0,0388
0.0453

- 0.067L,

~ 0.0598

- 0.5967
0,0097

Z 0,004
0.4026

2,437k
0.0588

- 0,008L
- 016991

Dy,
0.0081
—,0.6991

2.437L
0,0588

- 0.0054
0.4026

- 0.5967
0.0097

- 0,067)

- 0,0598

0,0388"

0.0453

.0,2862
0,026l

0.0453
~ 0.1488

Ds

0.0051

.0.0400

0.0307
0.0571

0.2207

0.0196

- 06,0281

Q.BhlZ

2.14525
0.0166

1.9281

" 0.0707

- 000043

0.3642

0,0017

0.1167

D¢
0,0017
0.1167

0.0043
0.3642

1.9281
0.0707

2:4525
0.0166

0.0281
0.3412

0,2207
0.0196

Sum L x Sum

1.8356  7.342L
00,2415 - 0,9660

2.7739  11.0956

0.1182 - 0.4728

2.1847 -8.7388

0.0307 )

"0,0571

0.0051
0.0400

0.4915 1.9660 -

1,828,  7.3136
Ool.!‘lzl b l' 6&814.

1.828,  7.3136
0.4121. - 1,648

2.18L7 - 8.7388
0.4915 1.9660

2.7739 11.0956
611182 - 0-1{,728

1.8356  7.342
0.2415 = 0.9660




Joint

Deflection

No.

M (14)
M (12)
M (13)
M (1)

mEERE EEERE
/'\QI\A

%1
PARD HEEL
N N s Nt s

EERER
NN NS
OoONONONON
s oo
N N e

TABLE XITII MOMENTS IN TERMS

Dy

0.000 -
~h4e578

1.947
4o539

0,000
'20415
0,664
=3.217

2,680

0.120

-1.559

~0,062

=0.419.

0.336
-0.084
0.350

~0,531
0,006
0,330

~0,0L17

0,006
0. 0Ll

0,062

0,042

. D,

0.000
-3.217
~0:664

20415

0.000
L.539
1.947
=4 578

~0,419 "

0.350
-0.084
0,336

2,680

"‘Oo 062 .

=1,559
0.120

0,006
0.042
0,062

_O,,,Oll—l-l- :

~0,531
"=0,017

0.330
~ 0,006

D3

. 05000

0,120
-2.314
-0,062

0,000
0.338
0o 7hty
0.351

~4.. 1,02
~11.+690
L4570
L 584

0.262
2,12}
~0.271
~3.522

3.625
0,113

=2.214

-0,045

=0.325 .

0.289
=0,252
0,307

0.000
0.045

0.049

'0.000
-0.018

O.45L
0.006

0,258
0.306
0.331
0.290

2.131
-0.045
-3.708

0.113

0,059

! "34 567

-0,133
2.076

=5.224
1,602

5.510-

-4.0699

—"[Em




‘J°§Pt Defléction-

M (IA) 2o

1 M (12)
. M (13)
M (13)
M (2B)
o . M(20)
- M (2n)
M (21) .
L M (31)
3 (3&) )
.M (35)
M (31)

TABLE XIV MOMENTS IN TERMS OF L

Do

000 = -0,0000
9 - =1.1292
3L, - =0,2331
048477

60,0000
155934
- 0.683)
11,6069

o7 0,171

21 0,1229°
47200295
:;-01rm

7 ;ﬂ-o.ozls
95 20, 5472
29" 070421

10,0021
0,017

" 050218

" 0,015

-0.,1864

~0,0060
0.1158
0,0021

: DB'

0.0000
0,0647
-1.2473

20,0334

0,0000
0,1822

=2.3727
=205279

244632
244708

0.1412
1.1448"

-0,1461
=1.8981

1.9539-

“0,0609
=1.1934

—0.02@3

=0.1752

Qe 1558

-0.1358
0.1655

:Dh

. 0.0000

0,1892
0.4010

..0.1822

0.0000
=0.0334
. 044010 -
10,1892

-1.2473

_0.0647 '

0.1412
=1.898L

’ '_-O o’lli.él
1.8

-2.3727
21,708

244632
~2.5279

=0,1752
0.1655
-0.1358

0,1558: -

1.9539

~0,0243
=L l93£|—

0.,0609

Dy

- 0,0000
0,0026 -

0.1934
~0,0077

0,0000

050209
=0, 0371
0.0192

K'O.9O78
0.0481

-1.5796

~0.0192

0.1099
0,1235
0,1410
0.1304

22,2254

-2,0018
23473
) :.].a 9605

09,0251
0.88L4
~0,0567
~1.5195

Dy f

0.0000"
0.0192
-0.,0371

0.0209

~0,0000

~0.0077"

0.193L
0.0026

0.1099

0.1304"

0.1410

0.1235

0.9078
._O . 0192

-1:5796

0.0481

00,0251

=1.5195"

-0.0567

0,88l

~2,2251,
1.9605
2.3473
-2,0018

Sun L x Sum

. 0.0000  0.0000
—2.1460L - 9.8416

-0.2397 ~0,9588 -
2.6029 10.4116.

0.0000

=0,2397 - 0.9588
-2, 4600 ~ 98416

~0.4202 ~ 1,6808"

<4,0828 -:lé +3312
0.,3018 1.2072

3.8160° 15.2640.

~0,4202 - 1.6808 -

38160 15,2640
0,3018 1.2072
-1,.,0828 -16,3312

-0,6059. = 2.4,236
~3.2781 =-13.112)
1.0990
2.9858 11.9432

-0.6059 - 2,4236

2,9858 11.9432
1,0990  4.3960
-3,2781 -13.112

0.0000 .
2.6031 10,4124

443960

=gE=




TABLE XV TORSIONS IN TERMS OF EL p

_ 12 .
JOi?:” Deflection Dy Dy, D3 DL D 5 Dg,

T (14) 0.000 - 0.000 0.000 0.000  0.000 0,000
1 T (2) - -0.870 0.870 1,021 . . -1.021 -0.181 . 0,181
T (13) . 0.038 0.800 -0.056 ~0.689 0,012 -0,094
T (lJ) -la 076 ""00205 1. 297 00 276 ' -00271.]- "0009[[.

T (2B) - 0,000 0,000 0.000 0.000 0,000 0,000
5 T (20)  -0.,205 ~1.076. 0.276 - 1.297 - =0.09L - -0.27L4
C.T.(2n) - 0,800 . 0,038 = -0.689 -0.056 -0.09% 0.012
T (21) .0 0.870 0,870 -1.021 . 1.02L 0.181 -0.,181
T(31) . ~0.039  =0.799 . 0,056 - 0.689  =0,012 0.09%
3 T (34) ~0.542 " 04542 -0.060 10,060 0,721 -0.72L
T (35) -0,018 0.133 0.050 0.708 -0.057 - -0.689
T (31) - -0.581 -0,040 -0,109 -0,049 . . 0.855 0,134
T (42)) . =0.799  =0.039 . 0,689 0,05 0,09,  -0.012
L T (4D) '=0.040 ~0.581 ~0,049 -0.109 . 0.134 0.855
. T (46) . 0.113 -0,018 - 0,708 0.050 ~0.689 -0.057
T (L3) . 0.54L2 ~0.542 0.060 -0.060 -0.721 0.721
s T (56) 0.090 -0,090 ~0.663 0.663 -0,120 0,120
T (56"  -0,006 0,018  -0,018 0,111 - 0,039 .0.80L
' T (5H) 0,111 0.022 -0.747  .-0.08L -0, 166 -0.046
T (64) . -0.112  0.07  -0.708  =0,050  0.689 0,057
6 T (6E) 0,022 0,111 -0,08l, -0.7h7 —0.046 ~0,166
T (6F) 0,018 -0,006 0.111 -0,018 0,801 0,039
T (65) =05090 0.090 0.663 - =0,663 0,120 ~0,120

ngg-




. TABLE XVl TORSIOI\TS IN TERMS OF L

Joi'rgt Deflection ~ Dy. - By Dq Dy, Dy - Dg | Sum L x Sum
© T (14) 0.0000  0,0000  "0.0000 0.0000  0,0000  0,0000  0.0000  0.0000
1 T (12) . -0.3054  0.,3054  0.5503 =0.5503 =0,0771L  0.077L  0.0000 . 0,0000
T (13) '0,0133 0,2808 -0.,0302 -0.3714  0.0051 -0,0400 =0,142, =0.5696
T (19) ~0.3777 -0.0720  0.6991  0.1488 -0.1167 ~0.0400 ~ 0.2415 0.9660

i (2é) 10,0000  0.0000 0.0000  0,0000  0.0000 . 0,0000 b.oooo 0.0000
5 T (26) . =0.0720 -0.3777 00,1488  0.6991 -0.,0400 =0.1167  0.,2415 ° 0.9660
T (24) - 0.,2808  0,0133 . -0.37L, -0.0302 -0.0400  0.0051 -0.142) -0.5696
T (21) © . 043054 -0.3054 =0,5503  0.5503 ° 0.0771L =0.077L  0.0000  ©.0000

T (315  _0.0137  -0.2804  0.0302 0,371k =0.0051  0.0400 0.142h  0.5696 °
3 T (34) -0,1902  0.,1902 =0,0323  0.0323 0.3072 =0.3072  0.0000  :0.0000
T (35) -0.0063 . 0.0397 ° 0.0270 0,386 .-0.0243 =0.2935 . 0.,1242  0.4968
T (3I) . -0.2039 -0.0LL0 -0.0588 -0.0264  0.3642  0.0571L  0.1182 . 0.4728
7 (42) 1’:40.2804 © -0,0137  0.3714 - 0.0302  0.0400 -0.0051  0.142h - 0.5696
L T () = T-0.,0140 ~0.2039 -0.026L -0.,0588 . 0,057L 0.,3642 0.1182 0.4728
T (46) - 0.0397 -0.0063 0.3816  0,0270 -0.2935 -0.0243  0.1242 . 0.,4,968
T (43) ©.0,1902  -0.1902  0.0323 -0.0323 -0.3072  0.3072  0,0000  0.0000
T (53)  0.0060 =0.0393 =-0.0270 -0.3816  0,0243  0.2935 =0.1241 -0,4964
5 T (56) - 0,036 -0.0316 -0.3574  0.3574 -0.0511 0.0511 ° 0,0000 0.0000
T (5G) -0,0021.  0,0063 =0,0097  0,0598. 0,066  0.,3412  0,4121 1,648}
T (54) . 0.0390 0.0077 - =0.4L026  -0.0453 -0.0707 =0.0196 -0,4915 '=1,9660
T (64)  -0.0393  0,0060 =-0,3816 -0,0270  0.2935  0.0243 -0.1241 -0.496k
6 T (6E) : 000077 000390 -0001{.53 -0.7.;.026 -0001.96 "'Oc 0707 -0011—915 "l' 9660
T (6F) 0.,0063 =0,0021 0.0598  -0.0097 0.3412 0.0166 0.4121 1.648h
T (65) 0,036  .0,0316  0.357, =0.3574,  0.,0511 -0.0511  ©,0000  0.0000
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METHOD FOR COMPUTING BENDING AND IWISTING MOMENTS
The d’i‘.sﬁributio’n of the north-south and east-west fixed end moments

-developfad at joints: 1, 3, 5 by introducing the deflections Dqs DB" D5 is
presenteci in Tables IV to IXe. After the effects of the displacéménts at
each of the singular joints have been determined, “the reactions shown ifi
Figures Ly 5, and 6 are calculated, usin;g the metheds of statics. When
the reactions m'expressed in terms of_ the. uplmown D displacements == are
accumulated at each joint and each readtio_n equat;ed to the vertical load
P, the three simultaneous equations, used to determine the three D"sn,. |
(-Dl,', Dy ,-DS) regnlta The jalues for deflection at the grid joints are

: 1 .
EI » 0
which ﬁhe E;, I, and L are 'proper'ties of the grid beam. After the de=

%é.bulated in Table X. All deflection values are multiples, of

flections are known moments aﬁd torques may be determined by substituting
the known deflections into the values resulting from the moment distri-.

bution process (see Tables XTI 0 ZVI)o




~36-

CONCLUSIONS

If a true gridwofk can be éstablished this meﬁhod yiélds ah
exact solution. Since true plate continuity can never be accomplishéd
some error will always exisﬁﬂ‘ The more grid bqﬁms.usqd to replace the
slab the Eetter the approxiﬁéﬁioglﬁi;l.beo Bj the ex@cﬁ.mathematical
methods baséd‘upon the theoﬁfnoﬁtelasﬁicipyg the continuity which
actually exists between the éﬁriﬁs is taken into consideration, while:
in the gridwork analysis thls contlnuity has been neglecteda

In taklng a stiffyess factor of. zero for’ 1=A and 2¢B, the
disc;gpancy between the actua;_slab.agd.tyg assumed grid systgm,@s,_
gppa;enﬁg These,factors'aésumg;aeroﬂreSisyance.to rotation on the

north edée and zexro resistance to displacement perpendicular te gride
portién 6f the Nérth East and'North'West corners is completely res=
trained against displacement and other portions of the north edgé are

partially restrdined. This gives some oment in LA and 2-B."
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