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Abstract:
The slab1 shown in Fig. la is divided into two series of 4-in. wide parallel orthogonal strips. Each strip
can be considered a beam of an equivalent grid system. This group of rigidly connected continuous
beams is mutually supported along the centerlines (dotted line). For example, the east-west and
north-south grid strips are considered contin-uous over supports 3'-5', 4-6', and over supports 7-7', 8-8'
The assumption is made that a beam segment such as 3'-4'-6'-5' is free to rotate and to twist at its
supports. The resistances to bending and torsion along the edges 3'-4'and 5'-6' that are presumably
neglected in the east-west beams are actually considered as vertical shear forces in the north-south
beams® Because no openings exist between grid beams and because the cross section of any grid beam
is identical to that of a comparable slab strip, the general appearance of the gridwork is no different
from that of the slab.

Since the equivalent gridwork is under hydraulic pressure, the distribution of moments and torsions
produced by this loading are based on relative stiffnesses and distribution factors.

The edge conditions in this case are assumed as follows! from Fig. la east edge - elastically built-in
west edge north edge - free south edge - built-in or fixed The auxiliary forces P1, P3, P5, due to
hydraulic pressure act-ing on the joints 1.3,5, are identical with the forces P2,P4,P6 act-ing on joints
2,4,6. That is P1= P2, P3= P4, P5= P6 consequently the deflections (D) produced by forces of tne same
magnitude are also identical® In other words, D1=D2, D3= D4, D5= D6. The magnitude of these
deflections are unknown, however, the fixed end moments due to these deflections can easily be
computed in terms of the unknown displacements.

These fixed end moments will be converted into bending and torsion by a moment and torsion
distribution process.

1 The slab shown in Fig. la is one of the two similar side walls of the rectangular water container the
dimensions of which are given in Fig. 1c The algebraic sum of the reactions computed at each joint
from the distributed moments has to be equal to the auxiliary force actually acting upon the joint. On
the basis of this relation as many simultaneous equa-tions can be set up in terms of the unknown
displacements as are needed for the determination of the arbitrary deflections.

After the values of the unknown deflections are computed by solving the simultaneous equations the
bending and torque moments can be ob-tained at each joint by substituting the deflection values into
express-ions resulting from the moment-torque distribution process. 
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ABSTRACT
' I  ■ •

The -s la b  shown i n  F i g .  I a  i s  d iv id e d  i n t o  tw o ' . s e r i e s  o f  W n „ 
w id e 5 p a r a l l e l  o r th o g o n a l  s t r ip s ®  E ach  s t r i p  ca n  be  c o n s id e r e d  a  beam o f  
an  e q u iv a l e n t  g r i d  system® T h is  g ro u p  o f  r i g i d l y  c o n n e c te d  c o n tin u o u s  
beams is .  m u tu a l ly  s u p p o r te d  a lo n g  t h e  c e n t e r l i n e s  ( d o t t e d  l in e )®  F o r  
ex am p les t h e  e a s t - w e s t  a n d  n o r t h —s o u th  g r i d  s t r i p s  a r e  c o n s id e r e d  c o n t in ­
u o u s  o v e r  s u p p o r t s  3 1 = 5 13 W - 6 ' ,  and  o v e r  s u p p o r t s  7 ^ 7 '  3 8 3 -8 ' ® The 
a s su m p tio n  i s  made t h a t . a  beam , segm en t su c h  a s  3 - 6 ' - I 1 i s  f r e e  t o  
r o t a t e  a n d  t o  t w i s t  a t  i t s  su p p o rts®  T he  r e s i s t a n c e s  t o  b e n d in g  and  
t o r s i o n  a lo n g  t h e  e d g e s ■3!- V  an d  5 * -6 ! t h a t  a r e  p re su m a b ly  n e g le c te d  i n  
t h e  e a s t —w e s t  beam s a r e  a c t u a l l y  c o n s id e r e d  a s  v e r t i c a l  s h e a r  f o r c e s  i n  
t h e  n o r th —s o u th  beams® B e c a u se  no  o p e n in g s  e x i s t  b e tw een  g r i d  beams and  
b e c a u s e  t h e  c r o s s  s e c t i o n  o f  an y  g r i d  beam  i s .  i d e n t i c a l  t o  t h a t  o f  a  
c o m p arab le  s l a b  S t r i p 5 t h e  g e n e r a l  a p p e a ra n c e  o f  t h e  g r id w o rk  i s  no  d i f ­
f e r e n t  f ro m  t h a t  o f. t h e  s l a b .

S in c e  t h e  e q u iv a l e n t  g r id w o rk  i s  u n d e r  h y d r a u l i c  p r e s s u r e 3 t h e  
d i s t r i b u t i o n  o f  moments an d  t o r s i o n s  p ro d u c e d  by  t h i s  lo a d in g  a r e  b a s e d  
on r e l a t i v e  s t i f f n e s s e s  an d  d i s t r i b u t i o n  f a c to r s ®

The ed g e  c o n d i t io n s  i n  t h i s  c a s e  a r e  assum ed a s  f o l l o w s  s fro m
F i g .  I a

e a s t  ed g e  -s
> -  e l a s t i c a l l y  b u i l t - i n  

w e s t  edge  J

n o r th  edge -  f r e e

s o u th  edge -  b u i l t - i n  o r  f i x e d

The auxiliary f o r c e s  P_-5 P „ 5 P c, due t o  h y d r a u l i c  p r e s  s u re - .a c t ­
in g  on th e  j o i n t s  I 5 3» 5 ,  a r e ^ i d e r i t i c d l  w i th  t h e  f o r c e s  P p5 P, 5 p ,  a c t ­
in g  on  j o i n t s  2 $ 6® T h a t  i s  P-, B P p5 P^ = Pi « P ^  -  Pz c o n s e q u e n t ly
t h e  d e f l e c t i o n s  (D) p ro d u c e d  b y  f o r c e s  o f  t h e . safle  m ag n itu d e  a r e  a l s o  
id e n t ic a l®  I n  o th e r  w o rd s5 D-, -  Dp5 D^ = D, 5 D c, = Dy. The m ag n itu d e  o f  
t h e s e  d e f l e c t i o n s  a r e  unknow n, how S veri t h e 4f ix S d  end moments due  t o  t h e s e  
d e f l e c t i o n s  c a n ' e a s i l y  b e  com puted  i n  te rm s  o f  t h e  unknown d i s p la c e m e n ts „

T h ese  f i x e d  end moments w i l l  b e  c o n v e r te d  i n t o  b e n d in g  and  t o r s i o n  
by  a  moment an d  t o r s i o n  d i s t r i b u t i o n  p rocess®

2Thcie  s l a b  shown i n  Fig® l a  i s  one o f  t h e  tw o s i m i l a r  s id e  w a l l s  
o f  t h e  r e c t a n g u l a r  w a te r  c o n ta i n e r  t h e  d im e n s io n s  o f  w h ic h  a r e  g iv e n  i n  
F ig *  I f , .



The a lg e b r a i c  sum o f  t h e  r e a c t i o n s  com puted a t  e a c h  j o i n t  fro m  th e  
d i s t r i b u t e d  moments h a s  t o  b e  e q u a l  t o  th e  a u x i l i a r y  f o r c e  a c t u a l l y  a c t i n g  
upon t h e  jo in t®  On t h e  b a s i s  o f  t h i s  r e l a t i o n  a s  many s im u lta n e o u s  equa­
t i o n s  can  b e  s e t  up i n  te rm s  o f  t h e  unknown d is p la c e m e n ts  a s  a r e  n eed ed  f o r  
t h e  d e te r m in a t io n  o f  t h e  a r b i t r a r y  d e f le c t io n s ®

A f t e r  th e  v a lu e s  o f  th e  unknown d e f l e c t i o n s  a r e  com puted b y  s o lv ­
in g  th e  s im u l ta n e o u s  e q u a t io n s  t h e  b e n d in g  an d  to rq u e  moments can  be  ob­
t a i n e d  a t  e a c h  j o i n t  b y  s u b s t i t u t i n g  t h e  d e f l e c t i o n  v a lu e s  i n t o  e x p re s s ­
io n s  r e s u l t i n g  f ro m  t h e  m o m en t-to rq u e  d i s t r i b u t i o n  p ro cess®



■ INTRODUCTION

O b je c t

The o b j e c t  o f  t h i s  t h e s i s  i s  t o  p r e s e n t  a n  a p p ro x im a te  n u m e r ic a l  

m ethod  f o r  d e te r m in in g  e l a s t i c  d e fo rm a t io n s  i n  t h e  s id e  w a l l s  o f  th e  rect=> 

a n g u la r  w a te r  c o n ta i n e r  shown i n  F ig *  I c 0 T h is  a n a l y s i s  w i l l  b e  c a r r i e d  

o u t  w i th o u t  u s in g  th e  m a th e m a tic a l  th e o r y  o f  e l a s t i c i t y  w h i c h 'r e q u i r e s  i n  

m ost c a s e s  a p p l i c a t i o n s  o f  p a r t i a l  d i f f e r e n t i a l  e q u a t io n s  o f  h ig h e r  o r d e r  

a n d  h a s  p ro v e d  t o  b e  i m p r a c t ic a lo  I n  t h e  f o l lo w in g  a n a l y s i s  o n ly  th e  lo a d s  

a c t i n g  p e r p e n d ic u l a r  t o  t h e  p la n e  o f  th e  w a l l s  a r e  c o n s id e r e d »

The f o r c e s  a c t i n g  u p o n " th e  s id e  w a l l s  p a r a l l e l  t o  t h e i r  p la n e s  have, 

b e e n  n e g le c te d  c o n s e q u e n t ly  t h e  d e f l e c t i o n s  o b ta in e d  by- t h i s  p ro c e d u re  a r e  

som ew hat l a r g e r  t h a n  t h e  a c t u a l  d e f l e c t i o n s »

z. The lo a d s  p e r p e n d ic u l a r  t o  th e  w a l l s ,  t h e  w a l l  t h i c k n e s s  and  the. 

m anner o f  s u p p o r t  -a re  i d e n t i c a l  f o r  -each  s id e  o f  th e  w a te r  t a n k ,  t h e r e f o r e ,  

t h e  c a l c u l a t i o n s  h a v e  b e e n  c a r r i e d  o u t  f o r  one s i d e  w a l l  only®

P r e v io u s  I n v e s t i g a t i o n

A s y s te m  o f  beam s i n t e r s e c t i n g  a t  r i g h t  a n g le s  t o  o n e  a n o th e r  ca n
■" . ...... .- . :

b e  made t o  fo rm  a  g r id w o rk  t h a t  w i l l  y i e l d  a  d e f l e c t e d  s u r f a c e  s i m i l a r  t o  

t h a t  o f  a  s l a b  when a n a ly z e d  u n d e r  n o rm a l l o a d s  e One m ethod  o f  d e te rm in in g  

t h e  d e f l e c t i o n  i n  a  g r id w o rk  o f  beam s i s  p r e s e n t e d  by  M ik lo s  H e te n y i ,^  who 

assum es t h a t  t h e  i n d i v i d u a l  beams 1 c o m p r is in g  th e  g r id w o rk  d e f l e c t  w i th o u t  

r o t a t i o n  a t  t h e i r  i n t e r s e c t i o n s  w i th  o t h e r  beam s0 The j o i n t  d is p la c e m e n ts  

a r e  o b ta in e d  b y  s o l u t i o n s .o f  s im u l ta n e o u s  d i f f e r e n t i a l  e q u a t i o n s o 2

2BEAMS ON AN ELASTIC FOUNDATION b y  M ik lo s  H e te r iy i,  =The U n iv e r s i ty  
o f  M ic h ig a n  P r e s s ,  Ann A rb o r ,  M ic h ig a n , 19ho9 pp  185=192„



W ith  t h e  a s su m p tio n  t h a t  no  b e n d in g  o r  t o r s i o n  moment i s  t r a n s ­

m i t t e d  a t  g r i d  beam  i n t e r s e c t i o n s  5 S te p h e n  5» Timoshenko"^ em ploys a  

t r i g o n o m e t r i c  s e r i e s  t o  e x p r e s s  th e  e l a s t i c  c u rv e s  d e v e lo p e d  b y  th e  i n ­

d i v i d u a l  g r i d  beam se H ow ever, a  g r i d  w o rk , u n a b le  t o  t r a n s m i t  b e n d in g  

an d  t o r s i o n a l  m om ents, i s  n o t  a n a lo g o u s  t o  a  s l a b  o r  p l a t e  i n  i t s  a c t i o n e 

By t h e  m ethod p r e s e n te d  h e r e ,  moment and  t o r s i o n  t r a n s f e r  a t  th e  

j o i n t s  i s  ta k e n  i n t o  c o n s id e r a t i o n «, A f t e r  t h e  b e n d in g  m oments an d  t o r ­

s i o n a l  moments h av e  b e e n  d i s t r i b u t e d  o v e r  t h e  g r i d ,  o n ly  one s e r i e s  o f  

l i n e a r  e q u a t io n s  n e e d  b e  s o lv e d  i n  o r d e r  t o  d e f in e  t h e  d e f l e c t i o n  p a t t e r n c 

T h is  i s  p o s s i b l e  b e c a u s e  t h e  e q u a t io n s  a r e  w r i t t e n  i n  te rm s  o f  unknown ' 

d e f l e c t i o n s  p ro d u c e d  b y  a u x i l i a r y  f o r c e s  a t  t h e  g r i d  p o i n t s « B ending  

moments an d  t o r s i o n a l  moments can  th e n  b e  fo u n d  w i th o u t  r e c o u r s e  t o  a  

s e c o n d  s e r i e s  o f  s im u l ta n e o u s  e q u a t io n s e

5HBEH DIE BIEGUNG VON TRAGERROSTEN by  S te p h e n  S» T im oshenko , 
Z e i t s e h r i f t  • f u r  A ngew andte M atiiem atik  and  M ech an ik , Band 1 3 , 1 9 3 3 ,
P P ,l5 3 e

i



PROCEDURE

S te p  I

The a r b i t r a r y  d i v i s i o n  o f  th e  s l a b  i n t o  o r th o g o n a l  s t r i p s  t h a t  

a r e  c o n s id e r e d  t h e  beams o f  t h e  a n a lo g o u s  g rid w o rk  ( s e e  F ig »  l a ) .  

S te p  I I  - ■

The d e te r m in a t io n  o f  f a c t o r s  b a s e d  on th e  i n d i v i d u a l  b e a m 's  re="

d i s t a n c e s  t o  b e n d in g  an d  t o  t o r s i o n  f o r  d i s t r i b u t i n g  t h e  u n b a la n c e d

moments a t  e a c h  g r i d  beam  j o i n t *

A* Moment s t i f f n e s s  f a c t o r s  * ■,
.

D e f i n i t i o n  o f  s t i f f n e s s  Ki The moment n e c e s s a r y  to . p ro d u ce

a  u n i t  en d  r o t a t i o n  when th e  f a r  end  i s  f i x e d  ( F ig ,  2d, 2e).
ItEI .. . .

©
LM

W T
f o r  © -  I  I M = K s

The d i v i s i o n  o f  t h e  u n b a la n c e d  moment a t - a  j o in t ,  i s . t o " b e  

made i n  d i r e c t  p r o p o r t io n  t o  th e  K v a lu e s  o r  i n  i n v e r s e  

r a t i o  t o  t h e  end  r o t a t i o n s  o f  th e  c o n n e c t in g  members a s  ■ 

c a u se d  b y  u n i t  end  m om ents» The end  r o t a t i o n  c a u se d  by  a

u n i t  en d  moment (e n d  r e a c t i o n  i n  c o n ju g a te  beam , F i g s . 2 e )  i s
I - W l

I f  th e  f a r  end  i s  p !u n c o n n e c te d  (Fig® 2 a )  th e  c o n ju g a te  beam 

i s  a n o th e r  s im p le  beam  an d  th e  end  r o t a t i o n  a t  t h e  l e f t  i s  

tw o = th i r d s  o f  th e  a r e a  o f  t h e  g  d ia g ra m  o r  = L  (Fig® 2c)®

The r a t i o  b e tw e en  t h e  e n d  r o t a t i o n s  o f  tw o i d e n t i c a l  beams, 

one o f  w h ic h  i s  p r e c o n n e c t e d  o r  s im p ly  s u p p o r te d  a t  th e  f a r  

en d  an d  th e  o t h e r  f i x e d ,  i s  a s  k  t o  3® The s t i f f n e s s  f a c t o r
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-X l-

a )  M D iagram  -  S im p le  Span 
( P l o t t e d  on  t e n s io n  s id e  
o f  member)

b )  M D iagram  -  F ix e d  End

6 :
L

;3EI

W  — ------

e
2

1 + c )  End S lo p e s  -  S im p le  Span

d )  C a r ry - o v e r  Moment

I

L

0«5 e )  End R o ta t i o n  f o r  M = 
-tS I (C o n ju g a te  Beam)

F ig .  2 . S tu d y  o f  R e la t i v e  S t i f f n e s s  -  P r i s m a t i c  Beams.



when th e  f a r  end  i s  p in -c o n n e c te d  a c c o r d in g ly  becom es 75$ o f  th e  .

s t i f f n e s s  f a c t o r  when i t  i s  fixed . Then t h e r e  i s  no  f i x e d  end

moment, o r  c a r r y - o v e r  moment a t  t h e  p i n  e n d .

F a r  end  fixed: vK = j v  » I  3 C a r ry -o v e r  f a c t o r  53

v  i s  a  f a c t o r  w h ic h  may be  u s e d  t o  d e f in e  th e  c o n d i t io n  o f  end

r e s t r a i n t s and  i t  w i l l  v a ry  f ro m  0 ,7 5  t o  I 6OO0

F a r  end  p in - c o n n e c te d :  v& = 0«,75 3 v  -  0 ,7 5  I Garry-
1

o v e r  f a c t o r  = O6

F a r  end  e l a s t i c a l l y  b u i l t - i n :  vK -  0 6875 I v  a  0 ,8 7 5  

(assu m ed ) 3 C a r ry - o v e r  f a c t o r  = 0 o2 5 o I n  t h i s  c a s e  f o r  v 5 t h e  

mean v a lu e  b e tw e en  0 ,7 5  and  I 0OOs 0 ,8 7 5  i s  assum ed an d  th e  .co r­

re s p o n d in g  c a r r y - o v e r  f a c t o r  O025 i s  ta k e n  fro m  t h e  e h a r t ^  

r e f e r r e d  t o  i n  t h e  fo o tn o te ®

Be T o r s io n  s t i f f n e s s  f a c to r s ®

The f o l lo w in g  e x p r e s s io n  f o r  moment r e q u i r e d  t o  p ro d u c e  a  u n i t

a n g le  t w i s t  i n  a  r e c t a n g u l a r  beam h a s  b een  ta k e n  f ro m  S® Tim -

$ 'o shenko t

Bb3

B i s  a  f a c t o r  th e  v a lu e  o f  w h ic h  d ep en d s  upon t h e  r a t i o  r  

( s e e  Fig® lb)®

k  ,When
c.
b ■ I B -  0.201

r o r  an  assum ed  v a lu e  o f  v  t h e  c o r r e s p o n d in g  v a lu e  of c a r r y - o v e r  
f a c t o r  can  b e  ta k e n  fro m  THEORY OF'MODERN STEEL STRUCTURES by  L® 
E® G r i n t e r 5 M a cm illan  Co»5 . New Y o rk 5 pp  1 6 0 5 Fig® 123®

^ELEMENTS QF STRENGTH OF MATERIALS b y  Se T im oshenko an d  G® H® Mac 
C u llo u g h 5 Do Van N o s tra n d  Co®5 Inc® 5 New Y ork5 191 ^ 5 pp  265-266®
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G “  O0IiE i s  t a k e n  

Oo281 b3 c OoljE 0o ll2 li bJc E

b3 c
L I

I  = (Moment o f  i n e r t i a  o f  t h e  s t r i p  cross-section , F ig o  l b ) ,

The e x p r e s s io n  f o r  T can  be  w r i t t e n  w i th o u t  c h a n g in g  i t s  v a lu e  a s  

f o l l o w s 3

T  s O01121; EI 12 io a i ts s  E i
L

C a r ry -o v e r  f a c t o r  i s  - I  f o r  t o r s i o n  f o r  e a c h  member«,

The f a c t o r  I jJ  h a v in g  i d e n t i c a l  v a lu e s  f o r  moment an d  t o r s i o n  s t i f f =  

n e s s e s  c a n c e ls  o u t  i n  d i s t r i b u t i o n  f a c t o r  c o m p u ta tio n s  e



TABLE I  STIFFHESS AMD. CARRY-OVER FACTORS FOR MOMENT AMD TCEQUE
J o i n t Member o f S t i f f n e s s  F a c to r C a r ry - o v e r  F a c to r

Mo,, G ridw ork Moment Torque. Moment T orque
I-E 3.3 1.3U88 0.23 -  1.00
I-A 0.0 0*0000 0.00 - 1.00

I  ■ 1 -2 ItoO .1.3U88 0.30 -  1 .0 0
1=3 & .0 1.3U88 0 .30 — 1 .0 0

2—1 UoO 1.3U88 0 .30 -  1.00
2—B O0O .0 .0 0 0 0 0.00 — 1 .0 0

2 2 -0 .3*3 1.3U88 0.23 . — 1 .0 0
2—1}.. UoO 1.3U88 o .3 o — 1 .0 0

3=1 3.3 1.3U88 0.23 — 1 .0 0
3=1 UoO lo3U88 o.3o . = i . o o

■ 3 ■ 3=U UoO 1.3U88 o.3o . = IoOO
3-3 . UoO 1.3U88 0.30 — 1 .0 0

<L=3 UoO .1.3U88 o.3o — 1 .0 0
lj.=2 UoO 1.3U88 o .3 o — 1 .0 0

h W 3.3 1.3U88 0 .23 1 XoOO
ij,—6 UoO 1.3U88 0.30 — 1 .0 0

3=H 3.3 1.3U88 0.23 — 1 .0 0
3=3 U .o lo3U88 0.30 — 1 .0 0

$ 3^6 UoO 1.3U88 o.30 -  1.00
3=G U .o 1.3U88 0 .3 0 — 1 .0 0

6—3 U .o - 1 .3U 88 0.30 -  1.00
6

6—It U .o 1.3U88 0.30 ■ -  1.00
6—E 3.3 1.3U88 0.23 — 1.00
6 -f Ij-oO 1.3U88 0.30 — 1.00

TABLE I I  DISTRIBUTION FACTORS AT TYPICAL JOINTS I _AND 3.

J o a n t  
‘ ,No* D i r e c t io n D i s t r i b u t i o n  F a c to r  

Moment T o rque

W est 0.3933 0.201U
N o rth o .o o o b 0.0000

I E a s t 0.U320 0.201U
S o u th 0.3972 0.1323
W est 0.3U32 • 0.1261
N o rth 0.3739 0.1323

3 E a s t 0.3922 0.1261
S o u th 0.3739 0.1323
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The v e r t i c a l  d is p la c e m e n t  o f  e a c h  s i n g u l a r  j o i n t  i n  th e  g r i d  and con­

s e q u e n t  i n t r o d u c t i o n  o f  f ix e d - e n d  moments on th e  beam s. J o i n t s  w here d e ­

f l e c t i o n  p ro d u c e s  a  d i s t i n c t i v e  moment and  to r q u e  p a t t e r n  a r e  known a s  

s i n g u l a r  j o i n t s .

C o m p u ta tio n  o f  f i x e d - e n d  moments fro m  d i s p la c e m e n ts .

P BI b
F i g .  3 a  C o n ju g a te  beam r e l a t i o n s — f a r  end  f i x e d .

F o r  a  known ( h e r e  assum ed) s e t t l e m e n t ,  t h e  f ix e d - e n d  moments a r e  com­

p u te d  by th e  fo rm u la  d e v e lo p e d  a s  f o l l o w s :

From  F i g .  3 a  t h e  d e f l e c t i o n  o f  B fro m  a  t a n g e n t  draw n a t  A i s  

equal t o  th e  s t a t i c a l  moment o f  t h e  -M- d ia g ra m  fro m  A t o  B about B.
o k l

M I jD = g j  -g- j  s o lv in g  f o r  M th e  f ix e d - e n d  moments can  be o b ta in e d :

M * D
ML2 

D = 3e I

; >
M

3EID
U

F i g .  3b C o n ju g a te  beam r e l a t i o n s — f a r  end p in - c o n n e c te d . 

When th e  f a r  end  i s  e l a s t i c a l l y  b u i l t - i n  th e  mean v a lu e  betw een  

— P  and  t h a t  i s  w i l l  be assum ed .
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TABLE I I I  FIXED EE) MOMENTS IN  TERMS OF T g D DUE. TO ARBITRARY DEFLECTIONS
INTRODUCED AT SINGULAR JOINTS

J o i n t  No.

D e f l e c t i o n

F ix e d
end

moment

M-12

M.31

IA

I 3 5

D1 =3 X D5
*• liofj.3=mIF Mj  ̂ -  * kt>5-83 M3I MhJ - *  i . 5 - M91

= .6o0 =BM21. %  3 ” . 6»° 3 “id " *62
+ 6*0 s 1I3 Mĝ  S= * '6 .0  S

M35 Mgg " + 6 ,0  -  Mĝ  .

. 0 S3 mAI- M^ -  6 .0  S=
mI3 *53 -  -  6*0 -  Mgg

S ig n  C o n v e n tio n s  The s ig n s  o f  t h e  f i x e d  e n d  moments a r e  i n  a c c o rd a n c e  w i th  
t h e  moment d i s t r i b u t i o n  c o n v e n tio n , when v iew ed  fro m  th e  s o u th  .and . th e  e a s t  
r e s p e c t i v e l y  o

S tep- IV , r -/, - '

The c o n v e rs io n  o f  th e  f ix e d = e n d  moments i n t o  b e n d in g  an d  t w i s t i n g  

moments b y  a  moment an d  to r q u e  d i s t r i b u t i o n  p r o c e s s 0

F o r  c o n v e n ie n c e^  moments a r e  r e p r e s e n t e d  by  th e  c o n s ta n t  c o e f f i c i e n t s  

ko$ an d  6 m u l t i p l i e d  b y  IQOOp
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T A B IS  7  MOMENT D IS T R IB U T IO N  N O R TH -SO U TH , T O R SIO N  D IS T R IB U T IO N  E A ST -W E ST

E W.- N S E W N
O 0.2014 O 0.5972 0.2014 0.2014 O

T I • " __
S E W  

0.5972 0.2014 OI

1208 -1208 0
6000

-3583 -1208 1208

-  n o  n o  o 

- .1 8  18 . 0

-  4 4

-  787 243 -  243 O
• 325 HO -  HO

-  62 -  29 29 . o
54 18 -  18

-  10 -  8 . 8 O
10 4 ■ -  4

- 2 - 1  I

-  721 -  243 243
-  32

85 29 -  29
-  20

23 8 -  8
-  4

5 I  I
\ 10?6 -1076 O 1947 -  870 870 O -  664 -  205 205

E W N S E W N S E W
.0  0.1261 0.3739 0.3739 0.1261 0.1261 0.3739 0.3739 0.1261 O

I --------------:----------------------3 ------ :--------=----------------- :-------------4 ---------- :------------------------  D
6000 -  360

-1791
531 -  531 -1574 -1 5 7 4 -  531 531

162 147 22. -  ■ 22 — 64 -  64 -  22 22
42 ~ 42- -  124 -  124 — 42 42 42 24 — 14 14

7 - 7 — 21 -  21 -  7' 7 11 5
5 2 • 3 -  3 -  9 -  9 -  3 3

I  -  I 4 -  4 -  I I 2 I
• 58I  -  58I 2680 -1 559 -  542. .. 542 -  419 — 84 — 40 40

E : W . N S E W N S E ' W
. O 0.1261 0.3739 0.3739 0.1261 0.1261 0.3739 0.3739 0.1261 O

TT ' r  ' 1xr 5 O
-  787 -  32

. -  99 99 294 294 99 -  99
-  62 -  17 17 49 49 17 -  17

-  10 10 30 30 10 -  10 - .  20
-  10 4 4 11 11 4 4

-  2 2 5 5 2 -  2 . -  4
— 2 -  I I 2 2 I I

-  111 111 -  531 330 • 90 -  90 ' 6 62 22 -  22

147 24
15 5:

2 . I '
164 30

G P
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TA BLE V I  MOMENT D IS T R IB U T IO N  M S T - I E S T 3 - T O R SIO N  D IS T R IB U T IO N  NORTH-SOUTH

E W N S E W
O Oo3955 O 0 .1 2 2 2  0.1^220 0 .^ 2 2 0

N . S -  E  W 
o 0.1222 0.3922 o

J -------------------------------
=■12 —62 0

E - W N
0  0 .3 4 3 2  0*1323

[

L----------■----------------------------- -—
-2 6  +120 +321 0>

S E- W N
0ol323 0 .3922  0 .3922  0*1323

2 ------------------ ;---------------
—689 +338 +84

S -E . W
0.1323 0*3432 0

+4-222 +4284 +26
> i

+20 -4690 -3222 +689
■t ]

+708 +212li. +531.

E W N S E W N S E W
0  0 .3 4 3 2  0 .1 3 2 3 0.1323 0.3922 0.3922 0.1323 0.1323 0.3432 O

I----- :------------- :----------- 2 :---------------------------------------------6 -----------------------------------
=10 -20

*18

*113 *307 =708

=111

*111  *289  +72
E

TABLE V II  MOMENT DISTRIBUTION NORTH-SOUTH. TORSION DISTRIBUTION EAST-WEST

E - W  N S E W - N  '.S  E W
O 0.2014  O 0.2972 0.2014  0.2014  O 0.2972 0.2014  0

...... ..... I r% ......

=0,297 +1297 0

E W N  
O 0*1261 0 .3 7 3 9

-2314 + 1021  -1021 0

S E  W N
0.3739 0.1261 0 .1 2 6 1  0 .3 7 3 9

+744 +276 -276

S E W
0.3739 0.1261 O .

*109 =»109 «4402

E W N
0 0 .1 2 6 1  0.3739

r 6
+4570 —60 +60 +262

S E W N  
0 .3 7 3 9  0 .1 2 6 1  0.1261 0.3739

4
—271 —49 +49.

S E W
0 .3 7 3 9  0 .1 2 6 1  0

c.
*747  -747 +3622

-1 1 0 7

-2214 -663 +663 -322

' -122

—222 —84 +84
E
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TABLE V I I I  MOMENT D IS T R IB U T IO N  E A S T -W E S T s T O R S IO N  D IS T R IB U T IO N  NORTH-=SOUTH

E
O

W
0=3955

N
O

S
0 .1 5 2 5

i

E
0 .4 5 2 0 O

O N
O

S E
0=1525 0.3955

I  •

W
O

—ii —18 0
JL

+12 +6 +45 O
£~-----------------------

-9 4  +49 +12

E
O

W
0=3432

N
0.1323

S
0=1323

5

E
0=3922

W N
0=3922 0.1323

S ■ E
0.1323 0.3432

W
0

— 1 0 —45 -1 2  ' -5 7 +113 +306 +94 -6 8 9  +290 +72

E
O

W N
0=3432 0=1323

S
0 .1 3 2 3

E
0.3922

' W
0.3922

N
0.1323

S E
0 .1 3 2 3  0=3432

W
O

+4526 *4602 +57 ’ *39 ' —4699 -3 5 6 7 +689
> ---------— ------------------------------

+801 +2076 +518

-3 9
C} ■

. —801
I

TABLE IX MOMENT DISTRIBUTION NORTH-SOUTH* TORSION DISTRIBUTION EAST-WEST '

E W ,  N S  E W N S E W
0 0/2014  O 0 .5 9 7 2  0=2014 0=2014 0 0.5972 0=2014 O

n _ 0

+274 -274 0

E W N  
0 0=1261 0=3739

+ 454 -181  +181 0

S E. ■ W N
0.3739 0=1261 0=1261 0.3739

r -------------------------------

"87  —94 +94

S E W  
0.3739 0.1261 O

-8 5 5  +855 +2131

E W N
0 0=1261 0.3,739

2 / 

-3708 +721 -721  +258

S E ' W N
0.3739 0=1261 0.1261 0.3739

I

■t

+331 + 134  —134

S E W  
0 .3 7 3 9  0.1261  O 

5

fiH9XSS bX66 =,522i|,

/  ---------------------------  <

+5510 -120 +.120 +59 —133 —46  +46

*5757
F
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The c o m p u ta tio n  o f  r e a c t i o n s  .a t  a l l  j o i n t s  i n  te rm s  o f  t h e  unknown 
d i s p l a c  em ent s

*4 .510

9 .0 4 9  
L .

/&.016

V

8

0.3078
L

0 . 004,

0 .021

ŝO O 164

0 .4 9 4
L---'.

^0 .030

0.092
L

4 .5 3 9  \  / 4 . 5 7 8

9.Q49 '
" L

7 .7 9 5
L

3 . 217 \  / 2 . 4 1 5

7 .7 9 5  K 
L'

0 . 604'

0.062 X / 0.120 
3

0.078 I
L

0 .3 5 0

0 .4 7 0
L

0 .4 7 0
L

4

0 .0 1 7 \  g / 0 .0 0 6  0 . 0 4 2 \

0 .021
L

V 0.048
L

0 .0 4 8
L

0 .3 3 0 0 .5 3 1

0 .4 9 4
L

2 .0 9 0
L

0 . 062\ . ,  / 0.006
6

0.092

2 .0 9 0  I/ 
' L

I 4
0.078

L
0.078

L

 ̂ 3.019
L

3.019 I 
L

'0 .3 3 6 0.084

4 0.420 . 
• £

I
0.420 I

■ L

’0.044 0,011

v 0.055 0.055 I
. L L ,

( fro m  T a b le  IV)

*2.680 1.947

v 4 .627 
L

k l S  I
L

^0.419 O.664

4 1.083 
L

I .  O83 
L

) E

F ig .  4b« fo m e n ts  and r e a c t i o n s  on  g r i d  beam s (fro m  T a b le  V) 

S ig n  c o n v e n tio n  f o r  r e a c t i o n s  ;

U p w a r d  p o s i t i v e Downward n e g a t i v e



^22=

0.015 0.062

if 0.077
L

0 .0 7 7
L

4.522 4*584

9.106 9.106
L L

0 .0 1 0 ■ 0.045

1 0 ,0 5 5 0.055
L ' I

F i g .  5a» Moments =

' 1 .1 0 7 2 .2 1 4

3 .3 2 1 3 .3 2 l |
L L

" 0 .1 2 5 0.252

0.377 0.377 I
• L L .

) 1 Q 0 .4 7 1  
L

'4 .6 9 0

0 .3 5 1

0 .4 7 1
L

3 .5 2 2 \

3 .2 1 2 3 ,2 1 2

' 0.113 0 .3 0 7 \

0.420
L ■

0 .4 2 0 K
L

6

/3 .6 2 5

3 .1 9 5
L

/0 .3 2 5

4 .570 \

3 .1 9 5 t /

^ 4
0.596

L
0.596

■L

0 .3 3 8  0 .0 8 4

.0 . 422 .
L

O .422 '
■L

2.124 0.531
2.652
■ L ..

2.655!
L

0.289 0.072

10 .3 6 1  •
I  ■ .

0 .3 6 l | 
L •

( f ro m  T a b le  V I) '

4 .4 0 2 2.314
16.716

L .
6.716

L

0.262 0.744
1.006

L
1 . 006!

L

L

G

D

E'

I

2

F ig ,  56 . Moments and  r e a c t i o n s  on g r i d  beams (fro m  T a b le  V I I )
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j  f 0.004

§

1 0.022
L

I

0 ,0 2 2 |
L '“

0 . 0 1 0 0 .0 4 5 '

O.O55
L

O.O55 I 
L

^.526 4.602

9.128
L

9.128 I
L

F ig . 6a . Moments e

5.757 5 .510 '

1 1 ,2 6 7 1 1 .2 6 7  I
L L

3.066. G,. 133 '

0 .199
L

'  I
0 .1 9 9  » 

L

0 .018  ̂  1 f 0.006 0 .0 4 5  \

0 .0 5 1
L

0 .1 1 3

0 .05 lV .
L

0.306

0 .4 1 9
L

0 .4 1 9
L

3 .567

8.266 8.266

3 .708

8.932
L

8*932
L

6 /

0 .3 9 0  
L •

0 .3 9 0
L

- L

F ig .  6 b . Moments and  r e a c t i o n s  on g r i d  beam s (fro m  T a b le  IX )

f 0 .0 4 9 0 .0 1 2

N  0.061 0.061
L L :■

/ 0 . 2 9 0 0 .0 7 2

0.362 0 .3 6 2
• L L

/ 2 .0 7 6 0.518

^  2.594 2.5W
L L

(fro m  T a b le  " V III )

/ 2 . 1 3 1 0 .4 5 4

585 2 .5 8 5  I
L L

/0.258 0.087

I 0 ,1 7 1 0 .1 7 1 1
L ■ L

L '

(fro m  T a b le  IX )

; E

1
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raSl^eso

C o m p u ta tio n  o f  D e f le c t io n s *

C o m p u ta tio n  o f  t o t a l  r e a c t i o n s  a t  J o i n t s  I 3 3 s a n d  5=

J o i n t  I s  Rt 1  = R11 + R12 t  R15 *  R-j^ + R ^  +

J o in t 3 : Rp; = R51  + R52 + R55 + R ^  + R55 + R ^

J o i n t  Ss Rt 5  = R51  + R52 + R53 + R5l4 + R55 + R56

R13 3 r e a c t i o n  a t  J o i n t  I  due t o  d e f l e c t i o n  D36

v- R
T l  = t o t a l  r e a c t i o n  a t  J o i n t  I  t h a t  i s  th e  sum o f  r e a c t i o n s  

a t  J o i n t  I  p ro d u c e d  b y  d is p la c e m e n ts  D1  t o  D ^„

By t h e  th e o re m  o f  r e c i p r o c i t y  t h e  r e a c t i o n  R2^  = 11*897
L3

a t  j u n c t i o n  2 c a u se d  b y  th e  d e f l e c t i o n  D1  a t  J o i p t  I  i s  e q u a l  t o  t h e  

r e a c t i o n  a t  J o i n t  I  c a u se d  b y  a n  e q u a l  d e f l e c t i o n  D^ a t  J o i n t  2 0 

T h a t ZLs R21 3 R12 &

From  t h e  th e o re m  o f  r e c i p r o c i t y  i t  f o l lo w s  t h a t

RE 12 = R21 5 R32 ”  RU l s R52 1̂ l

R23 "  Ra  3 R3k  ”  Rii3 5 S h  "  R63 

Rl6 = R2g 5 R36 53 r ^  5 R56 b R

when D1  = D2

when D = D. 
3 4

Zr, when Dr, 3  D ,65 5 6
U sin g  t h e  a b o v e  th e o r y  th e  t o t a l  r e a c t i o n s  can  be  w r i t t e n

RT1 "  R11  *  R21  *  R13 + R23 + R15  + R25 

r T3 s  R31  * Ri t l  * R 33 + Rh3 + R35  + RhZ

E q u a tin g  t h e  t o t a l  r e a c t i o n s  R715 Rr̂ 3 R^^ t o  t h e  a u x i l i a r y  . 

f o r c e s  P15 P ^ 3 due  t o  t h e  h y d r a u l i c  p r e s s u r e  a c t i n g  on J o i n t s  I 3 3 S 
an d  5 t h r e e  s im u l ta n e o u s  e q u a t io n s  can  b e  o b ta in e d  f o r  t h e  d e te rm in e =  

t i o n  o f  t h e  unknown d i s p la c e m e n ts 0



R T 1  53 P 1  5 R T 3  "  P 3 ,  1 R T 5 P5

S u b s t i t u t i n g  th e  v a lu e s  fro m  T a b le  X f o r  th e  r e a c t i o n s  and  m ult=  
l 3

i p l y i n g  th ro u g h  by  ^  t h e  s im u lta n e o u s  e q u a t io n s  " can  b e  w r i t t e n  a s  f o l lo w s  s 

. 21 OltflD1 = I I oSPTD1 -  7.261|Dj + IcOttU3 * 2„pl2D^ + OolblDg = ^1 g  ' 

l«055fc), = 7o26SD^ + 3 2 o22PD, -  1 2 oU6 % ,  = I lo P P lD r.  *  0 .2 7 6 0 ^  "  p „ g j
5

. L3ZoBttD1 + O0I 63D. -  H o P P lD . + 0 .2 7 8 Do + 37o£>P3P =  I l 6IOtPDr, -  P l  =  
•L . 0  3 5 5 5  E I

P o ^ liD 1  = 6 o20PD3 + 2o673Dg » P1  —

=6o21QDn + 1 P o760D- -  H o T lS D r, =
I  3 5 3 E I

SobTSD1 -  H 6713D. + Z S o i m r. = P k ~
J* ^ 5 5 E l

I t  i s  e v id e n t  fro m  t h e  above e q u a t io n s  t h a t  th e  d e f l e c t i o n s  D1 , 

D35 a n d  Dg d e te rm in e  t h e  d e f l e c t e d  s u r f a c e  o f  th e  s l a b s

S o lv in g  th e  t h r e e  s im u l ta n e o u s  e q u a t io n s  b y  d e te r m in a n ts

n l 3 37P.387Pi + 131.01PP_ + lp ,p20P K
D s  x  , 'J  _________ 2

I  E I 2G71.P76
l 3 I s OoPSIP1  + 2 Itfo llt^P 3 + Pp.pbOPd 

D3 3 EI “ 287I.P76
L3 IPoSaiP1 >  PP.512P, + l50o62ltPK 

5 EI — ............ 2S71oP7b

C o m p u ta tio n  o f  a u x i l i a r y  f o r c e s  P 1 “  P2 ' |  P3 13 $ Pg ™ P^ 0

When th e  s l a b  i s  s u b je c te d  t o  h y d r a u l i c  p r e s s u r e  w h ic h  i s  in =  

c r e a s in g  w i th  t h e  d e p th  t h e  e q u iv a l e n t  g r id w o rk  i s  lo a d e d  a t  t h e  J o i n t s  

a s  f o l l o w s g

J o i n t  I  an d  2s p i  ”  p 2 3 t t t t&  Ibo

J o i n t  3 an d  its P3 83 = 3 » ItbS l b .

J o in t  B and bs Pg = P^ * 5 .780 lb .



E v a lu a t io n  o f  t h e  f a p t o r

L = ^  i n .  ;  I  = 1/3 i n . h  ( s e e  F i g .  l b )

E t h e  m odulus o f  e l a s t i c i t y  f o r  c o n c r e te  w i l l  b e  assum ed  a s

1000 f^  * I f  f ' * 3000 p .s .i®  E = 3 IO6 p . s . i .

E I  = IO ^ p . s . i .  S i  = l b . / i n .
t.3 0 4



T a b l e  X  R e a c t i o n s  a n d  D e f l e c t i o n s  a t  J o i n t s  C a u s e d ,  b y  D D i s p l a c e m e n t s

D i s p l a c e m e n t s
P

' J o i n t  

No. D1 - D2 . ■ D3 D4
D

5 - D6

a u x i l i a r y  
f o r c e s  

i n  l b s .

a )  Sum m ation o f  R e a c t io n s  i n  Term s of.
l 3

D

I
. 2 

3
. 4 
: 5 

6

21.471 
- 1 1 .8 9 7  
-  7.26$ 

1.055 
2.51$ 
9.163

-1 1 .8 9 7  ■
.21.471 

1,055 
-  7.265 

0.163 
2 . 515

— 7.264 
1,055 

32.229. 
-1 2 .4 6 9  
- 1 1 .9 9 1  

0.278

1.055 
— 7 «264 
-1 2 .4 6 9  
32,229. 
0.278 

-1 1 .9 9 1

2.512 
0 .1 6 1  • 

- 1 1 .9 9 1
0,276

37.593
-11.449

0.161  ■ 
2,512 
0.276 

■ -1 1 .9 9 1
-1 1 .4 4 9  
37.593

1.156
1.156 

. 3.468 
3.468 

- 5.780 
5.780

3
b )  V a lu e s  o f  D e f le c t i o n s  i n  Terms o f  - -

El,

0,351 0.351 0.539 0.539 . .0.426 0,426

c )  F i n a l  V a lu e s  o f  D e f le c t i o n s  ii1 in c h e s

—6
22.464 10

-6
22,464 10

-6
34.496 10

-6
34.496 10

—6
27.264 10

-6
27.264 10

-OO
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D e f l e c t i o n  i n  in c h e s  

10  IO6 30 IO6 5o i o 6
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\
\ \

\
\
\

I
I
I

I
I
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Z
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/

F ig .  7 . D e f le c t i o n  d ia g ra m  a lo n g  c e n te r  l i n e s  AG and BF 
( s e e  F ig .  l a . )

W id th  o f  s l a b  i n  in c h e s

10 10 \ Ns

30 10

40 10

. 8 . D e f le c t i o n  d iag ra m s a lo n g  c e n te r  l i n e s  JC ,ID  and HE 
( s e e  F ig .  l a . )

F ig



TABLE 2 1  MOMENTS AND TORSIONS IN  TERMS OF S  D
IT

J o i n t  

' No.
d e f l e c t i o n ■ D1 D2 D3 ' d 4 D3 D6

C Moment
T o r s io n

0 .6 0 4
0 . 2 0 5 .

; 4 .519
1.076

0.084 
-  0.276

-  0.015
-  1 .2 9 7

0.012
0 .0 9 4

-  0.004 
0.274

: D . Moment
T o r s io n

0 .0 8 4
0 .0 4 0

-  0 . o i6
I 0.581

0 .5 3 1
0 .0 4 9

4 .5 2 2
0,109

0 .0 7 2  
-  6 .1 3 4

-  0 .0 1 0  
-  0 .855

; E Moment"
T o r s io n

0 .0 1 1  
; -  0.022

— Q * 0(%
: - 0 , 1 1 1

0.072
: O.O84

1 -  0 .0 1 0  
0 .7 4 7

0 .5 1 8
0 ,0 4 6

, 4.526 
0,166

F Moment
T o rs io n

0.030 
; -  0.018

0.164
I 0 .0 0 6

-  0 .1 2 5
-  0 .1 1 1

-  1 .1 0 7  
0 ,0 1 8

-  0.066 
: -  0 .8 0 1

5.757 
-  0.639

! O 'Moment
T o rs io n .

. 0.164 
0.006

0.036 
-  0 .0 1 8

-  1 .1 0 7  
0 .0 1 8

-  0 ,1 2 5
-  0 .1 1 1

5 .7 5 7  
-  0 .0 3 9

— 0.066
-  0 .8 0 1

: H
Moment
T o rs io n .

! -  0.004 
; -  0 .111

0 .0 1 1  
I -  0 .0 2 2

: -  0 .0 1 0  
0.747

0,072
0 .0 8 4

4 .5 2 6  
0 .1 6 6

0 .5 1 8
0 .0 4 6

: I Moment 
T o r s io n  '

-  0.016 
0 .5 8 1

0.084
O.O4O

4.522
0.109

0 .5 3 1
0 .0 4 9

-  0 .0 1 0  
-  0.855

0 .0 7 2  
-  0 .1 3 4

: J !Moment
T o r s io n

4 .5 1 0
1 .0 7 6

: 0 .604 
0 .2 0 5

' -  0.015 
-  1 .2 9 7

0.084  
-  0.276

— 0.004 
0 .274

0 .0 1 2  
0 .0 9 4  '

O
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TA BLE X l I  MOMENTS AND T O R SIO N S I N  TERMS O F L

J o i n t
No.

D e f le c t i o n . Dv D2 =3
C Moment"

T o r s io n
0.212
0.0720

1 .5 8 3 0
0.3777

0 .0 4 5 3  
-  0.1488

D Moment"
T o r s io n

0.0295
.0 .0140

-  0.0056
0 .2 0 3 9

0.2862
0 .0 2 6 4

E Moment
T o r s io n

0.0039 
-  0 .0 0 7 7

-  0,0014 
-  0 .0 3 9 0

■ 0,0388 
0.0453

F Moment"
T o rs io n

0 .0 1 0 5  
-  O.OO63

0.0576
0.0021

-  0 .0 6 7 4
-  0 .0 5 9 8

G Moment
T o r s io n

0.0576
0.0021

0.0105 
-  O.OO63

-  0.5967
0 .0 0 9 7

H Moment
T o r s io n

-  0,0014 
• -  0 .0 3 9 0

0.0039
~ 0.0077

-  0.0054 
0.4026

I Moment
T o rs io n

~ 0,0056 
0 .2 0 3 9

0.0295
0 ,0 1 4 0

2 .4 3 7 4
0.0588

J Moment
"T o rs io n

1 .5 8 3 0
0.3777

0.2120
0.0720

-  0 ,0 0 8 1  
-  0 ,6 9 9 1

d4 D5 d6 Sum L x  Sum

-  0 .0 0 8 1 0.0051 -  0 .0 0 1 7 I.8356 7.3424
-  0.6991 .0.0400 0 .1 1 6 7 -  0 .2 4 1 5 -  0.9660

2 .4 3 7 4 0 .0 3 0 7 -  O.OO43 2.7739 .11 ,0956
0.0588 -  0.0571 -  0.3642 -  0.1182 -  O.4728

-  0 .0 0 5 4 0 .2 2 0 7 1.9281 2 .1 8 4 7 8.7388
0.4026 0.0196 O.0707 0 .4 9 1 5 1.9660

-  0,5967 -  6 .0 2 8 1 2.4525 1.8284 7.3136
0.0097 -  0 .3 4 1 2 — 0 .0 1 6 6 -  0 .4 1 2 1 — I .6484

-  0 ,0 6 7 4 2.4525 -  0 .0 2 8 1 1.8284 7.3136
-  0 .0 5 9 8 — 0.0166 -  0 .3 4 1 2 -  0.4121 — I .6484

0.0388- 1 .9 2 8 1 0 .2 2 0 7 2.1847 8.7388
0 .0 4 5 3 0.0707 0 ,0 1 9 6 0 .4915 1.9660

.0 .2 8 6 2 -  0 .0043 0.0307 2.7739 11 .0 9 5 6
0.0264 -  0,3642 -  0 .0 5 7 1 -  0 .1 1 8 2 -  0 .4 7 2 8

0 .0 4 5 3 -  0 .0 0 1 7 0 ,0 0 5 1 1.8356 7.3424
-  0 .1 4 8 8 0 .1 1 6 7 0,0400 -  Q.2415 -  0.9660



J o i n t
No,

1

2  '

. 3

4

5

6

TABLE X H I  MOMENTS I N  T E B iS

D e f le c t i o n D1 d2 D3

M (IA) 0 .0 0 0  ■ 0 .0 0 0 . 0.000
M (12 ) -4.578 -3.217 0 .1 2 0
M (1 3 ) 1.947 - 0*664 - 2 .3 1 4
M ( I J ) 4.539 2.415 - 0 .0 6 2

' M (2B) 0 .0 0 0 0 .0 0 0 0.000
M (2C) 2.415 4.539 0.338
M (24 ) —0 .6 6 4 1.947 0.744
M (2 1 ) - 3.217 - 4.578 0.351

M (3 1 ) 2.680 -0.419 ' —4 •402
M (34) 0 .1 2 0 0.350 -4.690
M (3$) -1.559 -0.084 4.570
M (3 1 ) - 0.062 0.336 4.584

M (42 ) —0 6 419 2.680 0.262
M (4 0 ) 0.336 —0 ,0 6 2  ■ 2.124
M.(46) - 0 .0 8 4 -1 .5 5 9 - 0 .2 7 1
M (43) ' 0.350 0 .1 2 0 -3 .5 2 2

M ($3) -0.531 0.006 3.625
M (5 6 ) 0.006 0.042 0 .1 1 3
M (5 0 ) 0.330 0.062 -2.214
M (5H) ' -0.017 0 ,0 4 4  ■ - 0 ,0 4 5

' M (64)■ 0.006 - 0 .5 3 1 -0.325
.M (6E) 0.044 -0.017 0.289
M (6F ) • 0.062 0.330 -O.252
M (65) 0.042 ~ 0.006 0 ,3 0 7

OF S I  D 
L?

d4 D5 d 6

0 .0 0 0 0 .0 0 0 0 .0 0 0
0.351 0.006 0.045
0.744 0.454 - 0 .0 8 7
0.338 -0.018 0 .0 4 9

0 .0 0 0 0 .0 0 0 0 .0 0 0
-0 .0 6 2 0.049 - 0 .0 1 8
- 2.314 - 0 .0 8 7 0 .4 5 4

0 .1 2 0 0 .0 4 5 0.006

0.262 2.131 0.258
-3.522 0 .1 1 3 O.3O6 ft
- 0.271 -3.708 0.331 H

2.124 -0 .0 4 5 0.290 T

—4.402 0.258 2.131
4.584 ' . 0 ,2 9 0 -0.045
4.370 0.331 -3.708

—4 «690 0.306 0 .1 1 3

-0.325 -5.224 6.059
0.307 —4 .6 9 9 '-3.567

- 0.252 5 .5 1 0 -0 .1 3 3
0.289 4.602 2.076

3.625 0,059 -5.224
-0.045 2.076 4 .6 0 2
-2.214 -0 .1 3 3 . 5.510

0 .1 1 3 -3.567 - 4.699

\



TA BLE X H  MOMENTS I N  TEEMS O F L

J o i n t
No,

1

2

3

4  

■5 

6

D e f le c t i o n

M (TA) ' 
M (12.) • 
M- (1 3 )  ■
M ( I J )

M (2B)

, . uI  -2
■ -■ ■ -  - - . .

0 ,0 0 0 0  ' 0 ,0 0 0 0  
- 1 ,6 0 6 9  -1 .1 2 9 2  

\:0 ;6 $ 3 4  -0 .2331
1*5932 ,0.-8477

0 .0 0 0 0-V u ,u.uuu 0 .0 0 0 0
M (2 0 )  /: 0 .8 4 7 7  1 .5 9 3 4
M (2 4 ) - 0 .2 3 3 1  0 .6 8 3 4
M (2 1 )  . s i . 1292 -1 .6 0 6 9

. 0 ,9 4 0 7  - 0 .1 4 7 1

.: . ;# , :5 4 7 2  :;4 ).0 2 9 5  
'4 0 ,0 2 1 8  0 .1 1 7 9

M (3 1 ) 
M (34) 
K (35)
M (3 1 )

M (4 2 )  
M (4D) 
M (4 6 ) 
M (4 3 )

M- ( 53) 
M (5 6 )  
M (50). 

. M (5H )

M (64) 
M (SE) 
M (6F) 
K (65)

w ; i 4 7 1  0 .9 4 0 7
V % U 7 9 ; - Q . 0 2 1 8
B 0 :0 2 9 5  ■ -0 .5472 
) : # % 9 V ;  0 .0 4 2 1

' - 0 ,1 8 6 4  - 0 .0 0 2 1  
' 0021 ' 0 .0 1 4 7

::;o ,1 1 5 8  0 .0 2 1 8
4 -0 .0 0 6 0  0 .0 1 5 4

. - V , . : ' - -

• 0,0021  
0 .0 1 5 4  

- 0 .0 2 1 8  
■ 0 ,0 1 4 7

—0,1864
- 0.0060
0.1158
0,0021

d3 ■A . d 5 D6 -

0 .0 0 0 0 . 0 .0 0 0 0 0 .0 0 0 0 0 .0 0 0 0
0.0647 0 ,1 8 9 2 0.0026 0.0192

- 1.2473 0.4010 0.1934 - 0.0371
- 0,0334 . .0 ,1822 - 0.0077 0.0209

0 .0 0 0 0 0 .0 0 0 0 0 .0 0 0 0 0 .0 0 0 0
0 .1 8 2 2 - 0 .0 3 3 4 0.0209 - 0.0077

. 0.4010  ■-1 .2 4 7 3 - 0.0371 0 .1 9 3 4
0 .1 8 9 2 0 .0 6 4 7 0.0192 0.0026

-2 .3 7 2 7 0 .1 4 1 2 0.9078 0.1099
- 2.5279 -1 1 8 9 8 4 ' -0 .0481 0.1304

2 .4 6 3 2 -0 ,1 4 6 1 - 1.5796 0.1410
• 2 .4 7 0 8 1 .1 4 4 8 - 0,0192 0 ,1 2 3 5 .

0 .1 4 1 2 -2 .3 7 2 7 0.1099 0 .9 0 7 8
1 .1 4 4 8 2.4708 0,1235 -0 .0 1 9 2

- O .I 46I 2 .4 6 3 2 0.1410 -1 :5 7 9 6
-1 .8 9 8 4 -2 .5 2 7 9 0.1304 0.0481

1 .9 5 3 9 = 0 .1 7 5 2  . - 2.2254 0.0251
' " 0.0609 0 .1 6 5 5 - 2 .0 0 1 8 -1 .5 1 9 5
- 1 .1 9 3 4 -0 .1 3 5 8 2 .3 4 7 3 - 0.0567
—0«0243 0,1558: 1 .9 6 0 5 0.8844

- 0 .1 7 5 2 1 ,9 5 3 9 0 .0 2 5 1 - 2.2254
• 0 ,1 5 5 8 -0 .0 2 4 3 0 ,8 8 4 4 1.9605
- 0 .1 3 5 8 -1 .1 9 3 4 -O .O 567 2 .3 4 7 3

0 .1 6 5 5 0 ,0 6 0 9 - I . 5I 95 -2 .0 0 1 8

Sum L x  Sum

0 ,0 0 0 0  0 .0 0 0 0
- 2.4604  -  9.3416
-0 .2 3 9 7  -  0 .9 5 3 8  ■ 

2 .6 0 2 9  1 0 .4 1 1 6  .

0 .0 0 0 0  0 .0 0 0 0  . 
2.6031  10.4124

-0 .2 3 9 7  -  0 .9 5 8 8  
- 2 . 46O4  -  9 ,8 4 1 6

- 0.4202  -  1 .6 8 0 8  
- 4".0828 - 16,3312  

0,3018  1.2072  
3.8160  15.2640

-0 .4 2 0 2  -  1 .6 8 0 8  
3.8160  15.2640 
0.3018  1.2072  

-4 .0 8 2 8  -1 6 .3 3 1 2

-O .6O59. -  2 .4 2 3 6  
-3 .2 7 8 1  - I 3 . I I 24 

1 .0 9 9 0  4 .3 9 6 0
2 .9 8 5 8  1 1 .9 4 3 2

-0 .6 0 5 9  -  2 .4 2 3 6
2 .9 8 5 8  1 1 .9 4 3 2

-1 .0990  4 . 396O
-3 .2 7 8 1  -1 3 .1 1 2 4



TA BLE S T  T O R SIO N S I N  TERMS

J o i n t
No.

1

2

3

4

5

6

D e f l e c t i o n dI D2 d3

T (IA ) 0.000 • 0 ,0 0 0 0.000
T (1 2 ) -0.870 0.870 1.021
T (1 3 )  , 0.038 0 .8 0 0 - 0.056
T ( U ) - l , o 76 - 0.205 1 .297

T (ZB) 0.000 0.000 0.000
T ( Z G )  , - 0.205 - 1.076 0.276

.T. (2 4 ) 0.800 0.038 -0 .6 8 9
T (2 1 )  . 0.870 - 0 .870 - 1 .0 2 1

T (3 1 ) . - 0 .0 3 9 - 0.799 0.056
T (3 4 ) - 0 .5 4 2 ■ 0.542 -0 .0 6 0
T (3 5 ) - 0 .0 1 8 0.133 0.050

. T (3 1 ) -0.581 -O i040 -0 .1 0 9

T (42) \ -0.799 - 0.039 0 .6 8 9
T (4D) —0«040 -0.581 -0 .0 4 9
T (4 6 ) . 0 .1 1 3 - 0 .0 1 8 0 .7 0 8
T (43). 0.542 - 0.542 0.060

T (53). 0 .0 1 7 - 0 .1 1 2 - 0.050
T (56) . 0 .0 9 0 - 0 ,0 9 0 -0 .6 6 3
T ' (5G) - 0 .0 0 6 0 ,0 1 8 - 0 .0 1 8
T (5K) 0.111 0 .0 2 2 - 0 ,7 4 7

T (64) - 0 ,1 1 2 ■ 0 .0 1 7 - 0 .7 0 8
T (6E) 0 .0 2 2 0 ,1 1 1 - 0 .0 8 4
T (6 ? ) 0 .0 1 8 —0»006 0 .1 1 1
T (6 5 ) - 0 .0 9 0 0.090 0 .6 6 3

OF £ £  D 
L2 .

=4 d 5 d 6

0 .0 0 0 0 .0 0 0 0 .0 0 0
. - I . 021 - 0 ,1 8 1 . 0 .1 8 1

-0 .6 8 9 0 .0 1 2 - 0 .0 9 4
0 .2 7 6 - 0 .2 7 4 - 0 .0 9 4

0.000 0 .0 0 0 0 .0 0 0
i .2 9 7 ■ - 0 ,0 9 4 - 0 .2 7 4

-O .O 56 - 0 .0 9 4 0.012
1.021 0 .1 8 1 - 0 .1 8 1

0 .6 8 9 - 0.012 0 .0 9 4
0.060 0 .7 2 1 - 0.721
0,708 -0 .0 5 7 -0 .6 8 9

- 0 .0 4 9  . . 0.855 0 .1 3 4

0.056 0 .0 9 4 - 0.012
- 0 .1 0 9  . 0 ,1 3 4 0 .8 5 5

0.050 —0.689 -0 .0 5 7
- 0 .0 6 0 - 0.721 0 .7 2 1

-6 .7 0 8 0.057 0.689
6.663 - 0 .1 2 0 0 .1 2 0
0 ,1 1 1 • 0 .0 3 9 .0 ,8 0 1

- 0 .0 8 4 -0 .1 6 6 —0.046

- 0,050 0.689 0.057
- 0 .7 4 7 - 0.046 —0*166
- 0 .0 1 8 0.801 0.039
—0,663 0.120 - 0 .1 2 0



TABLE XVI TORSIONS IN TEEMS OF L

J o i n t
No. D e f le c t io n d I ' D2 D3 \ o ; d 6 Sum L x  Sumt

T (IA ) 0 .0 0 0 0 o.'oooo ■0.0000 0 .0 0 0 0 0 .0 0 0 0 0 .0 0 0 0 0 .0 0 0 0 0 .0 0 0 0
I T (1 2 ) . - 0.3054 0.3054 0.5503 -0.5503 - 0.0771 0 .0 7 7 1 0 .0 0 0 0 . 0 .0 0 0 0

T (1 3 ) ■0.0133 0,2808 - 0.0302 - 0.3714 0.0051 —O .04OO —0 .1 4 2 4 - 0.5696
T ( U ) - 0.3777 - 0 .6 7 2 0 0.6991 0.1488 - 0.1167 - 0 . 0400 . 0 .2 4 1 5 0.9660

T (ZB) 0 .0 0 0 0 0 .0 0 0 0 0 .0 0 0 0 0 .0 0 0 0 0 .0 0 0 0 - 0 .0 0 0 0 0 .0 0 0 0 0 .0 0 0 0
2 T (ZC) . - 0.0720 -0 .3 7 7 7 0.1488 0 .6 9 9 1 - 0.0400 - 0.1167 0.2415 ■ 0.9660

T (Z4). 0.2808 0 .0 1 3 3 - 0.3714 - 0.0302 - 0.0400 0.0051 - 0.1424 - 0.5696
T (Zl) ..' 0.3054 - 0 .3 0 5 4 -0.5503 0.5503; 0.0771 - 0.0771 0 .0 0 0 0 0 .0 0 0 0

T (3 1 ) - 0 .0 1 3 7 -0.2804 6.0302 0.3714 - 0.0051 0.0400 0.1424 0.5696
3 T (3 4 ) -0 .1 9 0 2 0 .1 9 0 2 - 0,0323 0.0323 0.3072 - 0.3072 0 .0 0 0 0 0 .0 0 0 0

T (35) -0 .0 0 6 3 . 0 .0 3 9 7 0.0270 0,3816 - 0.0243 -0.2935 . 0.1242 0.4968
T (3 1 ) .. -0,2039 -0 .0 1 4 0 -0,0588 - 0.0264 0,3642 0,0571 0.1182 . 0.4728

T (4 2 ) -0.2804 -0 .0 1 3 7 0.3714 0 .0 3 0 2 0.0400 - 0.0051 0.1424 0.5696
4 T (4D) - 0 .0 1 4 0 -O .2039 - 0.0264 -0.0588 6.0571 0.3642 0.1182 0.4728

T ( 46 ) 0,0397 -0 ,0 0 6 3 0.3816 0.0270 -0 .2 9 3 5 - 0.0243 0.1242  . 0.4968
T (43) .0 .1 9 0 2 - 0 .1 9 0 2 0.0323 -0 .0 3 2 3 - 0.3072 0.3072 0.0000 0.0000

T (53) 0 .0 0 6 0 7-0.0393 - 0.0270 -0 .3 8 1 6 0.0243 0.2935 - 0.1241 —0.4964
5 T (56) " 0 .0 3 1 6 -0.0316 -0.3574 0.3574 - 0.0511 0 .0 5 1 1 0 .0 0 0 0 0.0000

T (5G) - 0 .0 0 2 1 0.0063 - 0,0097 0,0598. 0.0166 0 ,3 4 1 2 0.4121 1.6484
T (5H) 0.0390 0.0077 ■ - 0.4026 -0 .0 4 5 3 - 0.0707 -0 .0 1 9 6 - 0.4915 - I . 9660

T ( 64) -0,0393 0.0060 - 0 .3  816 - 0.0270 0:2935 0 .0243 - 0.1241 - 0.4964
6 T (6E ) • 0 .0 0 7 7 0.0390 -0 .0 4 5 3 -0.4026 - 0.0196 -0.0707 - 0.4915 -1.9660

T (6F) 0.0063 -0 .0 0 2 1 0,0598 -0.0097 0.3412 0.0166 0.4121 1,6484
T (65) -0 .0 3 1 6 .0.0316 0.3574 -0 .3 5 7 4 0.0511 -0 .0 5 1 1 0.0000 0 .0 0 0 0
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METHOD FOR COMPUTING BENDING AND TWISTING MOMENTS

The d i s t r i b u t i o n  o f  t h e  n o r th - s o u th  arid e a s t - w e s t  f i x e d  end  moments

d e v e lo p e d  a t  j o i n t s ^ I 5 3 ,  5 by  in t r o d u c in g  t h e  d e f l e c t i o n s  D ^5 D^3 D^ i s

p r e s e n te d  i n  T a b le s  IF  t o  IX e A f t e r  t h e  e f f e c t s  o f  t h e  d is p la c e m e n ts  a t

e a c h  o f  th e  s i n g u l a r  j o i n t s  h av e  b e e n  d e te rm in e d ^  th e  r e a c t i o n s  shown if).

F ig u r e s  k$ Ss a n d  6  a r e  c a l c u l a t e d ,  u s in g  t h e  m ethods o f  s t a t i c s o When

th e  r e a c t i o n s  —  e x p re s s e d  i n  te rm s  o f  t h e  unknown D d is p la c e m e n ts  - -  a r e

a c c u m u la te d  a t  e a c h  j o i n t  an d  e a c h  r e a c t i o n  e q u a te d  t o  th e  v e r t i c a l  lo a d

P 5 th e  t h r e e  s im u l ta n e o u s  e q u a t i o n s 5 u s e d  t o  d e te rm in e  th e  t h r e e  D1Se .

(D-^5 D ^5 P ^ )  r e s u l t *  The v a lu e s  f o r  d e f l e c t i o n  a t  th e  g r i d  j o i n t s  a r e
1,3

t a b u l a t e d  i n  T a b le  Xe. A l l  d e f l e c t i o n  v a lu e s  a r e  m u l t ip le s ,  o f  ^  5 i n  

w h ic h  t h e  E 5 I 5 a n d  I  a r e  p r o p e r t i e s  o f  t h e  g r i d  beam* A f t e r  th e  d e ­

f l e c t i o n s  a r e  known moments and  to r q u e s  may b e  d e te rm in e d  by  s u b s t i t u t i n g  

th e  known d e f l e c t i o n s  i n t o  t h e  v a lu e s  r e s u l t i n g  fro m  t h e  moment d i s t r i ­

b u t io n  p r o c e s s  ( s e e  T a b le s  "XI t o  X F I) e
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I f  a  t r u e  g r id w o rk  ca n  be  e s t a b l i s h e d  ^ h i s  m ethod y i e l d s  a n  

e x a c t  S o l u t i o n e S in c e  t r u e . p l a t e  c o n t i n u i t y  c a n  n e v e r  be a c c o m p lish e d  

some e r r o r  w i l l  a lw a y s  e x i s t s ' The m ore g r i d  bgams u sq d  to r e p l a c e  th e  

s l a b  t h e  b e t t e r  t h e  a p p ro x im a t io n  W H L b e 0 By th e  e x a c t ,  m a th e m a tic a l  

m ethods b a s e d  upon  th e  t h e o r y  of' e l a s t i c i t y s t h e  c o n t i n u i t y  w h ich  

a c t u a l l y  e x i s t s  b e tw e e n  th e  s t r i p s  i s  t a k e n  i n t o  c o n s id e r a t io n ^  w h i le  ■ 

i n  t h e  g r id w o rk  a n a l y s i s  t h i s  c o n t i n u i t y  h a s  b e e n  n e g le c t e d e

I n  t a k i n g  a  s t i f f n e s s  f a c t o r  of. z e ro  f o r  I-A  an d  2-B j  th e  

d i s c r e p a n c y  b e tw een  t h e  a c t u a l  s l a b  an d  th e  assum ed g r i d  s y s te m  i s .  . 

a p p a r e n t o T h e s e . f a c t o r s  a s s u m e .a e ro  r e s i s t a n c e  t o  r o t a t i o n  o n  th e  

n o r t h  edge an d  z e r o  r e s i s t a n c e  t o  d is p la c e m e n t  p e r p e n d ic u la r  t o  grid®  A 

p o r t i o n  o f  t h e  N o rth  E a s t  an d  N o r th  W est c o r n e r s  i s  completely r e s ­

t r a i n e d  a g a i n s t  d is p la c e m e n t  and  o t h e r  p o r t i o n s  o f  t h e  n o r th 'e d g e  a r e  

p a r tia lly .restrained® T h is  g iv e s  .some .-moment i n  I-A  an d  2-B®
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