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Abstract:

This thesis deals with several important problems concerned with interface Sturm-Liouville systems.
One of these problems is to determine how separation or interlacing theorems may be applied to the
characteristic equations or auxiliary functions of such systems. Our attempt to solve this problem
requires the introduction of the concept of a subsystem of a Sturm-Liouville interface system. Another
problem is to discover if some results known to hold for ordinary Sturm— Liouville systems also hold
for interface Sturm-Liouville systems. The first of these problems is solved by developing a theorem
which asserts that the zeros of the auxiliary function of the entire system interlace the zeros of the
products of the auxiliary functions of certain subsystems. This interlacing is used to solve the last
problem by providing the basis for induction proofs which show that the set of characteristic values of
any Sturm-Liouville interface system is countably infinite, contains a smallest element, is unbounded
above, and has no finite limit point. Although information is also obtained about auxiliary functions of
Sturm-Liouville interface systems and subsystems,, the main conclusions of this thesis are that the
interlacing theorem is available for use in investigating characteristic values of Sturm-Liouville
interface systems and that some important properties of characteristic values of ordinary
Sturm-Liouville systems are also properties of characteristic values of interface Sturm-Liouville
systems.



SUBSYSTEMS OF AND INTERLACING THEOREMS

FOR INTERFACE STURM-LIOCUVILLE SYSTEIMS

by

Dennis Numan Winslow

A thesis submitted in partial fulfillment
of the requirements for the degree

of
Doctor of Philosophy
in

Mathematics

MONTANA STATE UNIVERSITY
Bozeman, HMontana

July 1983




v,

( /

ii

APPROVAL
of a thesis submitted by

Dennis Numan Winslow

This thesis has been read by each member of the thesis committee
and has been found to be satisfactory regarding content, English usage,
format, citations, bibliographic style, and consistency, and is ready
for submission to the College of Graduate Studies.

(e 14 (253 o s e e

Da'te airperson, Graduate Committee
/
/ /

7

Approved for the Major Department

//‘/“”4//2/> /\//i(ﬁ ?é

r 4

/pg{b / Hend./"ﬁor Depnrtnent

/"

Approved for the College of Graduate Studies

7- 29 —F3 /{ZMJ&

Date Graduate Dean




iii
STATEMENT OF PERMISSION TO USE-

In piesenting this thesis im partial fﬁlfillment of the require—
" ments for a doctoral degree at HMontams State Univérsity, I agree that
the Library shall make it available to borrowers under rules of the’
Library. I fnfther agree that copyimg of this thesis is allowable only
for scholarly purposes, comsistent with "fair use" as prescribed in the
fLSQ Copyright Law. Roequests for extensive copying or reprodnction_of'
this thesis should be referred to University Microfilms Imternatiomal,
300 North Zeeb Road, Ann Arbor, Michigan 48106, to whom I have granted
"the exclusive right to reproduce and distribute copies of the
dissertation in and from microfilm-and the tight‘to reproduce .and

distribute by abstract in any format."

-Signature bé%éAAAADa 6V\, 1U/Ai<ﬁé%4;/—/
"Date /)/ALI 7/((\,\/7%7)




ACENGVLEDGLENTS

The author ﬁould 1ike to thank his‘graduatue advisef Dr..Louis C.
Barrett. Dr. Barrett’s help in guiding the research f;r this thesis
and his assisfance in writing it vere invaluable in completing this
work.

The author would aiso like to extemd his gratitude to the members
of his graduate committee. Dr. Gary Bogar, Dr. Joha Lund, and Dr.
David Wend are due special thanks for carefully reading this thegis and
offering suggestions for its improvement. |

Lynda HMikkola's expext typing, ;s well as her patience with thg
nany correbtioqs made in the wording and form of this thesis as it was

being typed, are greatly appreciated.




vi

TABLE OF CONTENTS

Ie Introduction e e ©o e 5 o o°o & & o l. e e o e o e e o

II. Interface Sturm—Liouwville Systems . . « « « « « . .

1.
2.
3.

III. An
1¢
2'

3.

Statement of the Problem and Related Theorems .
A Fundamental Interlgcing Theorem . . . . . . .
Characteristic Egquations and Auxziliary

Functions of Interface Systems . « « ¢ ¢« o« + o«

Interface Theorem « v o o + o s o o o o o o o s
Special Representations of the Amxiliary Function
Subsystems of Interface Sturm—Liouville Systems ~
Interlacing Proporties of the Characteristic

Numbers of Certain Subsystems . « .o o« ¢ o o o o

IV. Characteristic Numbers and Auxiliary Functions . . .

1.
2.
3.

4.
5.

A Subsystem lMethod for Locating Characteristic
Numbers of Interface Systems . . . . . « ¢ o
Further Properties of Characteristic Values of
Interface Systems . « ¢« ¢« o v ¢ v « o ¢ o o s @
Determinant Forms of Auxiliary Functions . . . .
Characteristic Determinants of Subsystems . . ..
Characteristic Determinants Derived from
Different Bases . « o « o o-0 o o o o o o s o @

V. Illustrative Examples .« o o o .o o » o o o o o s o o
A Specific Example of an Interface Sturm-Liouville

1.

SyStom . o o « s o o o o o 8 0 s o s e o o s s
Nomnegative Characteristic Values . . . . . . .
Auxiliary Functions and Their Derivations . . .
Interlacing Properties . . « « ¢« o ¢ o ¢ ¢ o o o
Characteristic Functions and Their Orthogonality
Intervals Containing Characteristic Values of an

Interface System . . . « ¢ ¢ o ¢ ¢ ¢ 0 o o 0

VI. Summary and Topics for Further Research c e e e e .

) VII.' Bibliography e o e o o o o .c © e e e e o o & .0 o

18
30
30
32
39
41
44

50

50

51
53
55
63
68
71

73




Table

LIST OF TABLES

vii

Auxiliary functioms of system (i - 1;3) and its

subsystems

e o

Characteristic values of subsystems of system

(2 -~ 1;3) .

Characteristic fumctions of the subsystems of system

(1-1;3) .

° =

L]

56

57

64




viii

LIST OF FIGURES

Figure

i Interlacing by the guxiliary funotiom of the entire
- system . o ° . L] -] . o . ° o L] L] L] L L] ° . L L] o . L] L] L]

2 Interlacing by auziliary funotions of systoms defimed for
—2 ( X < 1 L] o o ." L] L] ° o * L] L] L] ° L . . L] L] ° L] L] .

3 Interlacing by asziliary functioms of systoms definecd for
—1 ( x < 2 L L » . L4 ® L] L . L] L] L] L] L] . L] L] o L] L] L ] L]

4 Demonstratiorn of the result of Theorem 1, Sec. 1,
Chap. 3 L] L] -* L ] * L] - ‘. .‘ L L2 L] * L] e * L] . L] . ‘A L ] L]

60

61

62

70




ix
ABSTRACT

This thesis deals with several important problems concerned with
interface Sturm—Licuville systems. One of these problems is ‘to
determine how separation or interlacing theorems may be applied to the
characteristic equations or auxiliary fumctions of such systems. Ounr
attempt to solve this problem requires the introduction of the concept
of a subsystem of 2 Sturm—-Liouville imterface system. Another probiem
is to discover if some results kanownm to hold for ordinary Sturm-—
Liouville systems also hold for interface Sturm-Liouville systems. The
first of these problems is solved by developing a theorem which asserts
that the zeros of the auxiliary function of the entire system interlace
the zeros of the products of the auxiliary functions of certain
subsystems, This interlacing is used to solve the last problem by
providing the basis for induction proofs which show that the set of
characteristic values of any Sturm-Liouville interface system is
countably infinite, contains a smallest element, is unbounded above,
and has no finite 1limit point. Although iaformation is also obtained
about auxiliary functions of Sturm-Liouwville interface systems and
subsystems, the main comnclusions of this thesis are that the
interlacing theorem is available for wuse in investigating
characteristic values of Sturm-Liouville interface systems and that
‘some important properties of characteristic values of ordinary Sturm-—
Liouville systems are also properties of characteristic values of
interface Sturm—Liouville systems..




INTRODUCTION .

Shortly after the a@#ent of the differential calcnlﬁs, nearly 320
years ago, various eggineering, mathematica;, and scienfifio problems
gave rise to boundary valng problems of one kind or ansther. Tho se
in@olving differentia1 eqnations in the réal domain, with ome or two
point boundary conditions, were the fitst to.receive seriops attention;
Dnring‘the past century and a kalf, the mathematicai literature
concerning such systems has become'veryﬁextensive and incindes both

~praqtical and theorstical resuits of gfeat iﬁportance.

It was not until 1897, however, that Nicoletti [18]+# introﬁnqedA
boundary conditions at more than two points into a differential system.
He studied a single nth order eénafion together ﬁifh boundary
conditions at k points of an interval, gnder thenresfriction k‘$ n."By
1908, Picone [19] bhad considered boundary condifions involving an
infinife nunber of points along‘with iﬁtegral boﬁndary conditions.
Wilder [32,33] snbséqnently introduced péra@eters into the differential
equations: independent of the earlier work of Nicoletti, Whyﬁﬁrn [29],
after the manmer of Carathéodory [10], developed a fundamental
existence and uniqueness theorem for a quite generallsygtem involvi#g-n
first-order ordinary differential eqnatipns with bonndaiy conditions at
k { n points. Witﬁ these points confinéd to an ;pterval of definite

length, and under a suitable Lipschitz condition, the solutions of the °

# Numbers within brackets refer to corresponding references of th
bibliography. : :




system were shown to be continuous functi‘ona of the boundary points and
values.

The studies of these individuals have been greatly exzpanded, -and
Rany new features of boundary value problems investigated, by other
mathematicians. A variety of concepts and techniques gsuch as Green’'s
functions [15,29, 30 341, Stieltje s integrals [6 251, matrix methods
[1,2,7), and the calculus of variationmns [12,17,24,27]1 have been
employed in the process. Huch of the significant work done in this -
area, up uatil the year 1942, has already been revieved in the litera-
‘ture [29], as have otlier maj-or’developments through the vear 1955 [31].
Among the studies cited in these review‘s. four are of particular
interest to us because they have to do.withl interface'characteristic:
. value problems, as does this thesis.

Interface characteristic value problems involve differential
equat.ions on several adjoining open intervals together with-a set of
auxiliary conditions which apply at the ends of these -intervals. At -
each point between neiéhboring intervals t‘he're_levant interfaoe
" conditions relate left-hand antl- right—handk lin‘{itingf values of a |
solnt‘.ion and its derivatives. The dift'erential equations .co.nt‘ain a
parameter which may; or may not, gppear im the'bonmlary conditioas.

In 1935, Reid [21] encountered such problems as a by_—product vhile
searching for functions which minimize the distance between several
specified points when the functions are allowed_ to have discontinuities
in the.ir_ derivatives at the givea points. Sixnilar connections between

the calculus of variations and certain interface problems were also’




explored.by Mansfield [17] who, in 1941, found conditiéns for self-
adjointness of intgrface charactegistic value problems.

Pgrhaps,.the firstvextensive study of Sturm-Liouville interface
boundary value problems was underfaken by.Saﬁgren [22]. The .left and
right most subintervals of ﬁis system could extend to -« and ®,
respectively. He showed that the related characteristic numbers ﬁéfe
real ana expansion theorems for the system were established. Applida—
tiéns of his results toﬂpfoblems in heat flow, potentiai and vibfation
éheory, and nuclear reactor developﬁent were also pointed out.

Stallard [26], in 1955, studied matrik differential equations
Y + PY = ARY in an unknown.matrix Y, with coefficient matrices P and.R
and a scalar parameter A. The associ;ted interface conditions Werg
parameter free. He defined what is meant by a sqlufion of sucy a
system and gave exisgenqe and uningness.theoréms for solutio#s. H;s
results also included conditions for self-adjointness, the develdpméht_
of Green's matrix, and expansion problems. He also gave conditionsffé:
self-adjointness of an interface system h;ving y" + Pyy' + Pyy = Ary as
its differential equation, where py, Py’ a#d r are Lebesgue integ?able
functions. -

During the past 25 years, boundary value problems have continued
to provide a fruitful area of mathematical research,

By 1959, Barrett and Wylie [6] had used Stieltje's integrals.éo
extend a number of results_perfaining to classical SturmrLiouviile
systems to systems whose boundary conditions Eontain the parametei.
Applications of the theory to diffusion, heat flow, and vibrafioﬁ

problems were also noted. That same year Barrett and Thorne [5]




investigated Sturm—Liouville interface boundary value problems of the}
kind considered in this thesis. The following year, 1960, Sangren [23i
solved some two dimensional membrane and heat flow problems which, hpon
separation of variables, resulted in interface characteristic value:"
problems to which his earlier work was applied. During 1964 other
boundary value problems involving interface systems weré‘studied by
Barrett [3].

A difficulty that is often encountered in connection with
charﬁcteristic value problems is that of finding the relatédﬁ
. characteristic values. Frequently, if is either impracticalyof‘
impossible to find their exact values. One must then resort to
numerical methods for their computation. Separation and interlacing
theorems which have proven to be useful in this regard Qere given b&
Barrett and Bendixen [4] in 1965.

An interface characteristic value problem of still another sort is
that of Jerome [16], published in 1970. He defined linear operators L
and L* and then copéidered a differential equation of the form.
L*Ly = Ay together with a mixed set of parameter free boundary condi-
tions of either ordinary or interface types. Under éuitaﬁlg
restrictions on the operators involved, he proceedea to establish
positiveness and multiplicity properties of the characteristic numbers, .
determined.orthogonality conditions for tﬁe charaéteristic fpnction$
and gave a formula for the solution of an equation of the form
L*Ly = g(x).

A quite recent history updating some of the work done on interface

systems is set forth in two 1975 publications of Brown [8,9]. These
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two articles have little t& do with interfacg Sturm—Liouvﬁlle systems,
however.

Although a 1982 text by Wylie and Barrett [34] nov discusses
boundary valuo problems which entail interface Sturm—hiqnviiie systeﬁs.
the theory of such interface systems is still-in an éctifé state of
development. The purpose of this thesis.is to cafry these investiga-—
tions forward a little. . »

For the #ake'of clarity and easy referemce, Chapter 1 begins with
a characterization of just what is meant by éﬁ inferface'Sturm—
Liouville system. ‘After defining what is meant by cha?acteristic
values and characteristic functions of such systems, we ostate several
vell known theorems qoncefniné these numbers and functiaﬁs, and»bonﬁi~--
tions under.wﬁich they hold. Then charascteristic equations gﬁd
auxiliary functionstof an interface System are de:i#edf In Chapter 2
we introdﬁce“ tAh‘e vno“tion‘ of ﬁ';nbsy;ste'm aand u‘:se‘ a fundamental
igterlacihg theorem td_p:ofe an ;nferfaée 1nter1acing.theorém of
considerable gemerality. | |

In Chapter 3, we'apply our interface interlacing thsorem to‘devise .
a subsystem method for locating characteristic numbers of_an_intérface
system within gﬁown inferyals. In addition, we shovw that'se;eral well
known properties of the characteristic numbers of ordinary Sturm—‘
Liouville systems carry over to the characteristic numbers of interface
-Stnrm—Lionvilie systems. . |
| Ways of finding characteristic equations of botﬁ inferfgcé systems

and theirlguﬁsystems are discussed., This .is done §ifferent1y in




Chapters 2 and 3. A relation.betweeﬂ,dﬁxiliary fnﬁctions derived from
different bases of the differential oquations involved is also found.
Chapter 4 contains examplés which sexve fo illustrate ;he thébry
of the first three chapters. Special attention is given to the
interlacing phenomens of sets of characteristic numbers and the
snbdrthogqnality of sets of characteristic functions of the

differential equations involved in various subsystems.




CHAPTER 1

INTERFACE STUORM-LIQUVILLE SYSTEHS

 1.___Statement of the Problem and Relsted Theorems

Many problems in appiied mathémat.ics give rise i_:o. boundary value_-
problems which, upon ‘gseparation of.variables, lead to differentisal
sysfems of the type | |

(W GGlrygl + ogls) + a0y = 0, 29 < x Cxp, 1 (E <K
(0;1) Uglyy) = ayyi(a) + byy;(a) = 0

(k,1) Ukl(yk) + Vkl(yk+1) "([aklyi(xk) + bmyk(xﬁ)]
| + Togg¥heg (xp) + dxiTpea(xi)] = 0
' 1 {k (K1

laga¥d (x) + byyyy ()]

(£,2) Tpalyy) + Vio(ypes)
| | + Tego¥iag (Zy) + dpoVeyp(xg)] =0

(1;K) ‘VK(VK) = ogyg(b) + dgyg(b) =0

where a = x4, g = b, and 2 { K. In a variety of a_pplicat.iops. it
tur‘,ns‘out that the coe'f‘ficien.t function i-admifs of a single
representation r(z) over the closed interval [a,b], where = ;ls
continuous and r(z) >0, [5.‘p. 2]. On each subinterval x'k_i' Cx (xg
~of (a,b), py is continmous, pp(x) > 0, q is continuous, a'nﬁ each pg
and q4 has finite limits at xg_4 and xy. ‘Expressions such as ¥ (xg)

. and y};(xk) are to be interpreted as the left-hand limits




(22)  yp(xy) = lim  yy(x) and yy(x) = lim yg(x) 1 <k (K.
¥ Xy~ X X

Similarly, yyy3(x;) and y§+1(xk) stand for the right-hand limits

(2b) yk+1(xk) = 1im . Vi1 (x) and y{,1(x;) = lim . V41 (x) 0 <k < K1,
X xk X Xk

All of the constants ay, bl, cees Bpps sees dk2‘ cees CR» dK arelreal;

Differential systems of this kind, involving boundary conditions

of the type (0;1) and (1;K), and interface conditions of the sort (k,1)

Sturm—-Liouville systems with interface conditions. WNote that thé‘

semicolons in (0;1) and (1;K) serve to identify the boundar& condi~

tions, whereas comma; are used in.(k;l) and (k,2) to distinguiéh;

interface conditibns. For brevity, we shall refer to the system just

described as system (1 — 1;K). | | |
A fﬁnction y such that

(3) y(x) = yp(x), 2 4 <x {x, 1 <{KkLK

systems having v (%) % 0 for one or more values of k may be handled b&
c;nsidering two or more separate systems. Tﬁns, from now on,-oniyf
strictly nontrivial solutions for which each of the limits yk(x#).‘
yi(xk), yk+1(xk), and yi+1(xk) exists, for the relevant values of k,
will be called solutions of (1), |

To make sure that the boundary cqnditioﬁs (0;1) and (1;K) are both

present, the inequalities




(4) (a) af +b2#0 () of +af 40

will be assumed to hold. Vith regard to the'ﬁ(K—l) interface condi-
tions, we assume that

(5) (a) lIaBl feply # 0 (b) By = lcply/1aBly >0 1 ¢k (K
vhere |ABl; and [CDly are the determinants

8p; by °x1  9x1
. (6) (a) laBly = (b) loply =

8k2  bxa
‘In this thesis the only interface systems we shall consider will be

, 1<k <E-1.
°xs dxa

those in which (4) and (5) are satisfied.
Under hypotheses (4) and (5), it is kuowa that there are values of -

A, called ghagacteristic yalmes or chernogeristic numbers, for which
the interface system has strictly montrivial solutions. These solu-
and characteristic functions have the following important properties

[5) PP. 3‘13]0

E A4 42

e e e

fundamental interval (a,b) with respect to the weight function p
defined by
k-1 . _ _
p(x) = (jzb-Rj) pe(x) 39 < x <z 1<(k(K

where Ro =1,
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If F(A) = 0 is a characteristic equation of a Sturm-Liouville

system. -

A convenient way -of isolating ome characteristic number from all
tﬁg others of ; Sturm-Liouville system containing just one pair of
interface conditioms, is to use the fact that the zeros of an auxiliary
functisn of the system interlace the zeros of appropriately ?hosen
products of simpler auxiliary funcéibns of ordinary Sturm-Liouville
systems which have no interface conditions [4, pp. 75-78]l. 1In saying

that the zeros of one function interlace the zeros of another, we mean

the following:

function g(A) on an inte:va1 I if, and ‘only if, on this interval:
1. no simple zero of g(A) is a zero of f(i)
2. each double zero of g(1) is a zero of f(i)
3. all éequ of £(A) are simple whereas fhelzeros of g(A) are
either simple or double
4. between any two conseéutive zeros of g(A), whether simple or
double, there lies exactly ome zero of f(A).
Now let F(A) be any function which can be expressed in the form.
(1) CF) = £, £4(0) - £,(A)£3()
where fl,.fz, fé, f4 are continuously aifférehtiable functions over an
iﬁterval I, and define wij to be the wronskian
£,00) 1 £,(0)

(2) Wi (a) =
£1(A)  £5(R)
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of £; and fj. 1 <1i, j £ 4. Also suppose

(3) Wy, (M)VWze(h) < 0 on I

-product functions fy(A)f3(A) or £5(A)f4(A) on L

| In Chapter 2 we shall show how_tﬁis fheorem can be applied to the
'characteristic;equation F(A) = 0 of a générallinterface angmjiioﬁQille.
sysfem, or to F(A) itself, so as to.isola£e the characteristic numbers
of the system from one.another. ,Fn;ther propertiés of,the

characteristic numbers will also be established in Chapter 3.

QL___Ehazggiggisjddajkumatig_sLQ;SL_Juailigsx;ﬁgasiigé§_Qﬁ_lg£g££ggg
Systems N | | |
Sinée, for 1 £k K, tﬁe’;ame‘pa;ameter A occurs in'ga;h of the.
equations
(1) %Elrkx?yi]‘+ [lp#(x) + qp(x)ly, = 0 . kk—l < x < 3%
solutions of these equations will not depend on x alome, as (3),
Sec. 1, suggests, bnt.on both A and =x.. ﬁoweve;, as in (1), g}prime on
'y still denotes differentiation with respect to x. If‘uk(x,Af and
'vk(x,k)‘are linearlj;independent:solufions of (i) on kxk—l'xk)’ a
gggplggé §élg§igg of (1) on.(a.b) is-given by
(2)  y(xA) = Amp(ed) + Bvy(xd) . xpg <x<x 1SkK
where each Ak gndek may depend on A, bﬁt not on x. -
ane ; complete solution ykx,l) of kl) on (a,b) is known, a

characteristic gquation‘for the interface'system (1 - 1;K), Sec. 1, can

be found by requiring y(x,A) to satisfy the auxiliar& conditions
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(0;1) through (1;K). When all of these conditiéné.'except (1;K), are
imposed on y(x,A), a system of 2K — .1 homogeneous linear algebraic
equations is obtained in the ZKlparameters Ay and ﬁk' Since such a
system always has nontrivial solutions, there are-sélutions of (1) on
(a,b) which satisfy all of the auxiliary conditionms, except (1;K). Im
fact, if u(x,A) is any omne of these, they -all have the form °
[5, pp. 9—11]; |
@ y(x,A) = Au(x,d) A # 0
where A may depend on A, but not on x or k.
Imposing (1;K) on (3), we get

(4) Vg(y) = cgy'(b,A) + dgy(b,A) =0

as a characteristic equation, and

(5) Vg(y) = ogy’(b,A) + dgy(b,d)

as an guxiliary function of our interface Sturm-Liouville system.

Since Vp(y) = AVg(u), (4) is simply the equation
(6) ] Vx(u) = cgu’(b,A) + dgu(b,1) = 0
multiplied through by A # 0. Hence (4) and (6) are equivalent, and so
the function
7) F(A) = Vg(u) = cgu’(b,2) + dgu(b,2)
has the same zeros as (5). The solutions of (6), i.e. the zeros
these numbers remain unchanged, no matter what particular function of
the family (3) is identified as u(x,A), it is customary to refer to (6)
as the characteristic equation, and to (7) as the auxiliary function of

‘the interface system, even though (6) and (7) may change by a nonzero

multiple with each different ‘choice of u.
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. CHAPTER 2 .
AN INTERFACE INTERLACING THEOREM

1. Specisl Representations of the Auzilisry Fumstion

‘In this chapter we shall show that the fpndamental interlscing
theorem, Sec. 2, Chap. 1, can be applied to the aukiliéry,function F(A)
of an interfacé Sturp—Liohville system for thelpnrpose of isolating
cﬁaracteristic numbers of the system within ihtefvalg. ve_shall derive
our result by proving that F(A) can be %ritteh in the form
(1) ’ F(A) =-f1(A)£4(A).— fz(l)fs(x)'
.required by the fundaemental interlabiﬁg theoreém, vhere for all reagl’
values of A,‘each fi(A), 1<1<4, is céntinuonsly differentiéb;e and
W12(A)W34(li( Q. | |

A number of distinct representations of F, each having thel
gtructure-(l) may be found through the-use'ofideterminants (as is d;ne
in Sec. 3, Chap. 3) or as follows. Vith k fized, and 1 < K <K, let.

u(x,)) now be any specific solution of (1), Sec. 1, Chap. 1, on (a.xk)

which satisfies all anxiliarj conditions of the interface system
i

¢

involving values of x less than %, and let
(2) u(xz,d) = uj(x,l) 251 ¢ x< x5 1<3 § k '
be & representation of wu. By analogy with (3), Sec. 3, Chap. 1, aill
solutions of this kind have the form Au(x,A). - Similarly. suppose
v(x,A) is any particular solution of (i), Sec. 1, Chap. 1, on (xk,b)

which satisfies all-auxiliary conditiong involving ?alues of x greater
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than Xges and let
(3) . - V(x'l) = vj(‘an) xJ"'i < 'x < Xj k+1 _<_ j _(_ K
be a representation of v. A1l such solutions have the form Bv(x,1).
Thus, every solution of the differential equations of system (1 - 1;K)
on (a,b) which satisfies all of--th_e auxili—afy conditions, except the
two interface conditions at x;, has a repres-en'tat'ion‘ in terms of wu(xz,A)
" and v(x,A) of the form
Au(x, ). on (a,xk). A+0
(4) y(x,2) = .
Bv(x,A) on (xk,b) B+ 0
where A and B may depend on A, but not on x or k; . Imposing the
interface conditions (k,1) and (k,2) 6n (4) we have
Uy 4 (u) Viq (v) Al Jo
ki ki .

(5) =
which, for each k such that 1 { k¥ ¢ K, gives
(6) F(A) = Upq (@) Vg (v) = Dpyl(u)Vyq(v)
as a representation of the auxiliary function F, That these E-1
representations all have the structure (1) is obvious, for we may set

For each fixed k, 't'h.e function u as presently defined plays much
the same role as did the function u appearing in (3), Sec¢. 3, Chap. 1.
Indeed, if Uy;(yy) = 0, instead of VK(yK)'f 0, is taken as a'right-hand
boundary condition, then Vp gets replaced by Uyq in (6) and (7) of
Sec. 3, Chap. 1. Thus, we can immedigfely interpret.Ukl(u) as the

auxiliary function of the Sturm-Liouville system
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(10 Lly)l + [xpj(x) +ay(0)ly; =0, xy <x<x, 145k
(0;1)  Tplyy) =0 |

(j.,1) Ujl(yj) + Vji(yjﬂ) =0 L¢3 <t

(j,2) sz(yj) + ij(yj'ﬂ) =0 ' ‘

(LB Ty (yy) = 0

where, if k =1, there‘ are no interface conditic;ns. If, in this

system, the riéht—hand boundary condition (1;k) is replaced by

Upo(yx) = 0, the resulting system has Ukz(‘“) .as its auxiliary fuanction.
Recalling the meaning (3) of v, g;nd .noting the effect of taking

Vei1(yg+1) = 0 as the relevant left~hand boundary conditiom, we

similarly find that Vm(V) reprosents the uﬁxiliary function of the

Sturm-Liouville system

(k"’l:K) %E[r(X)y:‘i]"'lxpj(X) + q‘j(X)]yj = 0. Xj_l < X <'xjp k+1 S j _<_ K

(,1)  Ty(yy) + Viglyyg) = 0 | -
(1;K) Vglyg) = 0

where there are no interface conditions in the system if k = E-i, ig,
in this system, the left—hand boundary condition (‘k;l) is replaced by
Vio(yg4g) = 0, the resulting system has sz(v) a8 its auxiliary

function,
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Clearly, the differemtial-éystems of Sec. 1 having Ukl(u),lﬂkz(uh
Vi¢1(v), and sz(v) as suxiliary functions, all involvé differential
equations and auxziliary conditions which are closely related to, if not
included among, those of system (1 - l;k). Seé. 1, Chap. 1. It is
~ therefore natural to refer to the first four of these five systems as
g_hgyg;ggé of the last ome. To describe this connectionApfecisely, let‘
us introduce the K;g#ggggg delta

0 J#k o ‘
(1) - sjk = 1 jek i k=0, ?, 2, 3, ...
and for each fized set of integers {i, h; m, n}, definq s ssbsystem of
system (1 - l;K).to bo a differential system of fhe type:
(1#1:0)  Gele(2)yjl+irpy(x) + qy(x)]y; = 0, x5 3 < x <z, I+ $J <D
(13m)  BgyUplyy) + (1 = 8g) [51.Vsq (734q) + 85a¥42(¥349)] = O

(j,1) Ujl(yj) + le(yj+1) =0 i+1'$ J (w1
(j,2) sz(yj) * ij(yj+1) =0
(n;h)  8ypVplyg) + (1 - 8yg) [8,9Uyg (yp) + 8,003 (yp)1 = 0
where 0 € 1 h—i, i $ h { K, and m,n =1,2, Ve shali identify these
_snbéystpms by the notation (ijm - agh). ratﬁe: than by the notation
(i+1:h - n;h) which f;ils to sﬁecify the relevant value of ﬁ when
0 < 1. 4

As is evident from (i+1:h), if i < h~1, the differential equations

belonging to a2 snbsystem:of an interface system whose fundamental
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interval is (a,b) must .‘be gsolved on tvo or more of the st;ccessiie'
sﬁbimtorvals originally identified with (a,b). For i = ‘0,. the left—
hand boundary condition (i;m) is Ug(yy) = 0, as in system (6;1'- i;k),
Seo. 1, and the value of m is irrelevaﬁt. If 0 < i, condition (i;m)
becomes V,;(y;.1) = 0, oz Vié(yi+1) = 0, according as m = 1, 6: m=2,
and, for either valme of m, it follows from (5) and (6b), Sec. 1,
| Chap. 1, that °im2 + dimz # 0. For h =K, 'the ':ight—hgnd bounda"ry‘
condition (n3h) is VK(YK) = d. as in system (k;1 - 1;K), Sec. 1, and
the value of n is irrelevant. If h < K, coﬁdition (n;h) becomes
Uguilyy) = 0, ox UhZ(yh) = O..according a's' n= 1.. or n = 2, and, in
either case, (5) and (6a), Sec. 1.-Chap. 1, imply ahnz + bhnz # 0.
Finally, the interface con&itions (j,1) and (j,2) are contaiﬁed_ among
those of the original interface system. Thus, we see that every
subsystem (i;m - n;h) of (1 - 1;K), Seec. 1, Chap. 1, for which
i1 {(h-1, is itself an interface Sturm-Liouville system ﬁl_lich has
(xi,xh) #s its fundamental interval. To all such su'bsystje_ms}
Theorems 1 through 4, Sec. 1, Chap. 1, apply. In particular, Theorem 4
yields an .important suborthogonality propezty of 't'he chardoteristic
functions of each subsystem whose fundamental intexval is (xi’xh)‘ it
is that these characteristic functions are o.rthogonal over (xi.ih) with
respect to the veight function4p given by
31 :

(2) p(x) = (I B )p,(x) X (x(x‘ _i+1_<_j_§h
s=isj i-1 3 .

g 15 defined by (5b) and (6),

where R, = 1 and, for i+l { s { h-1, B

Sec. 1, Chap. 1.
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A subsysfem, for ﬁhich.i = h-1, is an ordinary Stufm—Liouville.
system with no interface conditions. On the other hamnd, if i = 0 and
h = K, the subsystem (0;m - n;K) and the original interface system
(1 - 1;X) are the same, Im other woxds, every interfaée system is a

subsystem of itself. A pzoper subsystem of én interface system is a

subsystem ﬁhiqh is distinct from the interface system.

3&,,_1gsgzlggiag_Enggz&iéﬁ_gf_tLg_ﬁéazﬁgtggigtiQ_Hgmhgzg_ei_sgsieia
Subgystems | |
Having novw defined whaf is.maant by a subsystem of an intqffecq
system, 1t us henceforth denote system (1 - 1;K), Sec.l,ﬁChap.l. by
(1 - 1;K), and its subsystem (i;m - n;h), Sec. 2, by (i;m - n;h), and
simply remember the gections>where the se concepts are defined. |

In Sec. 1, we found thag', for each fized k such that 1 { k <K,

the fupctions

(1 £3(A) = Upq(n) = agqu’(xg,A) + bpgulzg,d)
(2) C (M) = Uyy(n) = ag,wt (xpR) + g8 (. A)
(3) £ = V(9 = exqv’ (xoh) + dpgv(xg,A)
(4) £4(A) = Vgqa(v) = ogpov'(xy,A) + dyov(xg,d)

coﬁld be interpreted as auxiliary functions of tﬁe' respective
subsystems (O;m — 1;k), (O;m - 2;k), (k;1 - n;K), end (k32 - nK). We-
~also saw that the auxiliary function of (1 - 1;K) could be writtenm as
(5) F(A) ; £4 (M) E4(R) - £5(R)£3(R)

which has the structeré required by the fundamentai'interlacing"
theorem, Sec. 2, Chap. 1; “As has been pointed out, ea;hlbf the

functions £y, 1 ¢.1 4, is an gsuxiliary fuﬁction of either an
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ordinary, or else an interface, Sturm—Liouville subsystem of (1 - 1;K),
Any one of the f; which is itself the auxiliary function pf an
interface subsystem can, in the same way that (5) was derived, be
represented by a difference of f;oducts of auxiliary functions of
subsystems of that interface subsystem.

By hﬁplying the process just mqntigned to the auxiliary function
of each new interface subs&stem evolved, it is possibie to express F(\)
solely in terms of ; fiﬁite number of suﬁs and differences of'products -
of auxiliary functions of ordinary Sturm-Liouville systéms. But, a§ is
well know, tﬁe auxiliary functions of all these Sturm—Liduville systems
are analytic for all real values of their argument, [14, pp. 388-389].
Hence, F(LA) is analytic on.(—m,w). Moreover, the functions fi(l"
of (5) are also amnalytic gnd, tﬂerefbre, continuously differentiable,.
as required by Theorem 1, Sec. 2, Chap. 1, on (=, =), Summarizing
these comments, we have:

Lemma_1 Fér all real values of its argument, the auxiliary function of
an interface Sturm~Liouville system is analytic.

that 1 ¢ k¥ (K, the functions £,(1), defined by Egs. (1) through (4)
have continuous derivativeé of all orders.

Having shown that F(A) has the form (5) and that each £,(2), as
given by (1) through (4), is continuously differentiable, we must still
prove that the remaining hypothesis of the fundamental interlacing.
theorem holds before that theorem can be applied to F(1) ana
fl(x)ﬂ3(x); or to F(}) and £,(2)f4(A). That is, we must show that, for

all repl values of A
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2,00 [0  £,00]

(6) Wy (MWg4(a) = <o,

fi(l_) fé(l) f3€(2».) féfx)
Of course, the primes here signii‘l’y differentiation with:_:eépect to A
Once (6) has been verified, the following igzgggggg 1#;52_1_&9_1,23,

theorem will be established.

T s e s

Theoxrem_ 1 For easch k suoh that 1 __<_- k ¢ K, let the corresponding
" functions £5(0), 1 (1 <4, be thése defined by Eé.s. (1) through (4).
For each set {£y, £5, £3, £, thus defined, the 26708 of the auxiliary
- function F(A) of.system (1 - 1;K) interlace the zeros oé either of the

product functioms f4(A)f3(R) or £5(A)f4(R) on -= < A ( ®,

Proof that W;,(A)Vg,(d) < 0 First, the structure oi_'. le(l)W§4(l) vill
be iavestigated. [Dlaking use- of Eqs. (1) and (2). and familiar
properties of determinants, we obtain

200 £, ()

]

(7) Wy,() |
8 £

N

akluf(xk.l)+bk1U(xk.A) akzui(xkll)+%k2u(xk’l)

&kl %xﬂp(xkak)+bk1 %Xu(xkpk) akz %xu'(kaL)+bk2'%Ku(xkaA)

u'(xknl)_ n(xk'l) ak1 akz

%Ku'(xkpk) %xu(xk;&) . bkl bkz

| Win’ (xy, 20,z 001 1ABly
where Wie'(xy,X),u(zy,X)] is the wronskian of u'(zy,A) and u(xy,A). with
respect to the independent var:la'b'le‘.l. o

Similarly, through the use of.Eqs. '(3) and (4), ve find

(8) O Wge(A) = WIv (x ), vl M HeDlg
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From (7) and (8), there follows

(9) w12(l)W34(2-) = W[U'(Xk:l):u(xk:x)]W[V'(Xkux)pV(xkol)]'ABIkICDIk~
But, as (5b), Sec¢. 1, Chap. 1, clearly implies

(10) faBl lcply > o.

Therefore, for A real, (6) and the inequality
. (11) W[u'(kal).u(xk.l)]W[V'(xk,l),v(xk,l)] ( 0

are logically equivalent.

To establish (11), we shall show, in turn, that, for - < A ¢ o,

“and that .
(13) ' _ W[v'(xk,k).v(xk.l)] <0,

Recalling (2) of Sec. 1, we have
(14) ' [r(x)ué(x,l)]'+[xPj(x)+qj(x)]uj(x.x) = 0.
For any lo distinct from A, this becomes
(15) s [r(x)uj(x.lo)]'f[lopj(x)+qj(x)]uj(x,ko) = 0. A
Both (14) and (15) hold on the intervals X1 {x < X 1¢j < k.
Multiplying (14) by uj(x.ko). and (15) by uj(x.x). and subtracting
the first equation thus obtained from the second, we get
_-(16) uj(x,k)[ruj(x.xo)]'—uj(x,ko)[ruj(x;k)]'+(A0—A)pjnj(x,X)uj(x,x0)=0
which can be written
1n (lo—l)pj(x)uj(x,l)uj(x.Lo) .
= %E{r(x)[uj(x.ko)uj(x;k) -~ uj(x,k)uj(x,ko)]}.
We shall denote the wronskian of uj(x,lo) and uj(x.X), relative to the
independent vari#ble x, by a lower case v, thus,
(18) w[uj(x.lo),uj(x.k)] = uj(X.kO)uj(x.M - nj(x.l?uj(x.xo).

Using this notatiomn, (17) becomes
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(19) (AO-R)PJ(x)nj(Qx»A)uj(x.10)=§x-{z(x)vv[uj('X.ko).uj*(z.h)]};
' . j-l : . .
Multiplying both members of this equation by I R,, then integratinmg
s=0 . :
from xy. 4 to x;, and subsoquently summing from 1 to k over j, we obtain .
(20) (AO-J\,) E/ (SEOR )pj(x)uj(xak)nj(xpho)dx
¥ -1
Z( IR )r(x)w[uj(x.xo) uj(x.h)] i
If k=1, then, for gll real values of A, u(x,d) = nl(x,x), with x
confined to the imtezrval (a,xl). Thus, no interface conditions-épply.
On the other hand. if k¥ > 1, at least two interface conditions must be
" satisfied by u. Let us oonsider these two cases separately.
In case k = 1, the Beoond member of (20) reduces to
(21) r(xl)w[u(xla%).u(xiak)] - r(a)w[n(a.xo).n(a h)]
But u(x,A) and u(x, 2\.0) are functions such that .
aqu’(a,d) + byula,d) =0
ﬂlu (a’ko) + blu(apxo) =0
where a{ and by are mot ‘both zero. This implies that
(22) ' wiu(a,ng) ,ula,A)] =
So, inm this case, (20) simplifies to
(23) (g L™ py ()ulx, Mulx, hg)dz = x(x;)wlulxy,hg),ulxy,A)]
which we write as.
I al (g )w Ly s rg) '
Pq (x)ul(z, Mulz, x = r(xq)wlaul(zg, sulzg, -A) .
(24) Jp % py(0)mlx,2)ulx,hg)dz = z(xp)wlulxg,dg),ulxg,A) 1/ (Ag—R)
Since the 1imit of py(x) is finite as x fends to either a or x4,

Py ies bounded on (a,xy). For all real values of A, the l1imits u(a,)
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and u(xl,x) are also finite. Moreover, for any & > 0, u is bounded and
uwaiformly continuous throughout the rectamgular domain

D= {(z,2)]a <x < x4, Iy - al ¢ 83,
[15, p. 218]. This implies - .

(25) 1im J

axl.pl(x)u(x.i)u(x.xo)dx = &xi pl(x)uz(x.k)dx.
Ao A '

Now, the right—hand member of (24) is equal to

u(xi.Ao)—u(xi,l) : u'(xl,ko)—u'(xl,l)]

6 ! . - »
(26) r(xl)[u fxi A) Thgh F(xi A) AgX

Equating the 1imit of this expression, as x0-+ A, to the right-
hand member of (25), we obtain
(27) J;xl pl(x)uz(x,l)dx = r{xg)VWle’'(z4,1),u(zg,2)].
This shows that (12) must hold whem k = 1, because u(x,A) is nontrivial
and p4(x) > 0 on (a,x4); furthermore{ r(zq) > 0.

If ¥ > 1, u(z,A) not only satisfiés condition (0;1) of system
(1 - 1;K), but also all of the interface cohdifibns (j;1) and (j,2),
1< < k-1, Hegcq; , .
(28 ajluj(xj,h)+bj1uj(xj,li = ?[cj1u3+i(§j,X)fdjléi+1(xj,k)]
83983 (x5,A)+bom; (x5,2) = f[cj2§j+1(xj.k)+dj2uj+1(xj,})].
When solved for uj(xj;X) and uj(xj,k),'by Crémer’s Rule.'the.solﬁ;ions

to these pairs of eguations give

18Blju)(x5,0) = IBCljui,q(xg,n) + IBDljuy,q(x5,2)

(29) 1<) <E1

. _ ' ) C
lABijuj(xij BACEjuj‘i’l(xj'l) IADIjnj,,_l(xJ.l.)
where the meanings of [BCl;, IBDI,, iAcIj, and [AD[; are evident by

analogy with (6a) and (6b), Sec. 1, Chap. 1.
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From (29) it follows that, for any Ay distinct from A,

HABﬂjuj(xj,lo) = IBCl'uj_’_l(ij;‘-o) + FBD"uj-i-l(xj""O)

(30) 1§ <1, -

1aBl v, (x;,00) = —lACl ), (x5,09) - 1ADI; J+1(x v ho)

Combining equations (29) and (30), with (18) in m1nd. we find o

(31) IABH§ w[uj(xj.lo),uj(xj.k)]

[IBDl;lAci; - IBCI;1ADI Iwlu g (x5, 00) s vj4q (x4, 0)]

'ABlj ICD'j W['U.j.l_l(Xj nlo) 'uj"‘l(xj pl)]

which, in conjunction with (5b), Sec. 1, Chaﬁ. 1, gives

(32) W[uj(xj.i\.o).uj(xj.l)] = ij[uj+1(Xj';lo)iuj+1(x..ipl)] 1 S j S_ k"'].. K

Since (22) still holds when k > 1, thg second member of (20) now. .

equals

r(xg)wlug (x1,0p),uq(x3,2)] +

k i-1

2%( HOR ){r(x Ywlu, (xj.ko),n (x SA)1- r(xJ 1)w[u (x; _1.k0)11(x _1.k)]}
=) s=

By rearranging terms, this can be written

k-1 j-1
}E;(;? R )r(x ){w[u {(x, ,lo) uj(x ,A)I-R, w[uJ+1(x ko)'uJ+1(x WAIY +
k-1
(I Rs)r(xk)w[uk(xk.ho).uk(xk.k)],
s=0 ’

But,'in virtue of (32), every term in the preceding sum over j is zero.

In the final term u, may be replaced by u, because, u(x,1) = uy (x,2),
on (xk_l,ka Hence, when k > 1, (20) simplifies to

j-1
(33) o.—xo)zfi (T Byp;(x)u; (x,0)u;(x,Ag)dx
j=1 j—1 s=0

k-1 o
= ( HORs)r(xk)w[u(xk.ko).u(xk,k)]_
s=
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or, dividing through by A—AO,
. ] -1 ,
(34) Z}j (IR )pj(x)uj(x,l)uj(x,b\.o)dx
j=1 j -1 s=0
- k-1 .
= (IR )r(xk)w[u(xk.xo) n(xk.l)]/(k-ko)
s=0
Now, for 1 ¢ j £ k, the iimit of pj(x) is finite 28 x tends to
either X4_q OT Xj, and so Py is bounded on (xj_l.xj)T For all real
values of A, the limits uj(xj_i,l) and uj(xj,l) are also finite. In
fact, for amy & 7 O, uj(x,l) is bounded and uniformly comntinuous
throughout the rectangular domein
Dj = {(x,l)lxj_l <{x < X3, Ilo-ll £ 8},
[15, p. 218). The 1imit of the first member of (34), as Ag tends to A,
is therefore equal to

k . i1
: Zﬁj lim (T R )Pj(X)uj(X.h)uj(x,Ao)dx
3=1 ;-1 A.O-»- A s=0 -

k % j=1
Ezj;j ( H R )Pj(X)uj (z,A)dx. -

=1 31

The second member of (34) egquals
k-1 u(xk,ko’-u(xk.k) L u'(xk;ko)—u'(xk,lj
(IR Jo(xy )| u’(x,,2)— - u(z;,A) .
e=0 © L F Ag=2 8 ho=2

Equating the 1imit of this expression, as Aoe-l.”to the second member

of the preceding eqmation, we get

j-1 k1 -
(35) E:f.j (IR )pj(x)uj (z,M)dx = (I R )r(xk)W[n (xk,l) ulxg,A)].
j=1 j -1 s=0 s=0 ' _
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If k =1, this result reduces to (27), in which case we have
already seen that ‘12) holds. Of course, (35) also shows tﬁat (12)
must hold if X > 1 because, for 1 ( j { k, each uj(x,x) is nontrivial
and each pj(x) > 0 on (xj_l.xj):'moreover, r(xk)'> 0 and, for
0<s<k1, R > o0, |

Having verified (12), let us next work with (3), Sec. 1, and

proceed to establish (13). Instead of (14) and (15), we now have

(36) [r(x)Vj(x,L)]' + [kpj(x) + qj(x)]vj(x,K) =0
(37) [rlx)vj(x,xo)]' + [kopj(x) + qj(x)]vj(x,xo) =0

where xo # A, as before. These equations hold on xj5-1 {x < X for
k+1 { j { K. From (36) and (37) we find, in the same way (19) was
derived from (14) and (15), that
Y = d

(38) (lo—l)pj(x)vj(x.l)vj(x,lo) = a;ﬁr(x)w[vj(x.ko).vj(x,k)]].

. j-1
Multiplying both members of this result by 1II Ry, then integrating from

s=k

xj_1 to xj, and subsequently summing from-k+1 to K over j, we obtain

K j-1
X
(39) g2 25 [ . EkRs)pj(x)vj(x,l)vj(x,xo)dx

joE+1 73
K j-1 Xs
= 2: (1 Rs)r(x)w[vj(x.ko).vj(x,X)] J
j=k+1 s=k xj"‘l .

If k = k-1, no interface conditions apply to v. But, if k < k-1,

v must satisfy at least two such conditions. In either case

(40) . wix,A) = vg(x,3) gq <z <D A real.
Furthermore

cgv'(b,A) + dgv(b,A) =0

CKV' (b,lo) + de(b,Z.o) = 0,
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Since cyp and dg are not béth Zero,

(41) whv(b,hg),v(b,M)] = 0.

With this result in mind, we now procsed by cases.
In ca;e k = E-1, (39) reduces to

(42) _fgx_l P (x)v(x,A)v(x, 1) dx |

| =~ (xg_g)wiv(zg_1 g »v(xg_g s A 1/ (Kg=A).

The same procedure and vnderlying reasoning that led from (24) to (27)

also yields |

(43) 1;3K pg(x)vE(x, M) dx = 1 lxp_y )WLV’ (xg_g,2) . v(xg_q.M)]

as a consequence of (42), On.(xK_l,b), ?(x,x) is nontrivial and
pg(x) > 0; moreover, =z(xg ;) > O. .Hence. it follows from (43)
that (13) holds for the case k = K-1,

In case k ¢ E-1, v(z,A) must satisfy the interface cohditions
(j,1) and (j,2), k+1 ¢ § ¢ E-1, as well as condition (I;K).of system
(1 - 1;K). This implies that, for k+1 ¢ j ¢ K-1, Eqs. (28) through
(32) hold with ;g and nj+1-replaced by vy and vj+1,”respeotively.
Specifically, the amalog of (32) is \

(44) WLy (x;,00) v (xp, M1 = Bywlvgog (xgohg)svyag (xga M1, B < § S KL

Reﬁmrning to the seccond member of (39), we subétitute in the

limits of integratioas, remembering that (41) holds for k ¢ K-1, to

obtain
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E-1 j-1
2, (IR ){r(xj)w[vj(xj.lo),vj(x AT -
j=k+1 s=k
r(xj_l)W[Vj(Xj_lnlo);Vj(Kj_j_,A)]} -.
' K-1
( IR )I(XK_l)W[VK(ZK_lyko)gVK(xK_l,A)]
s=k

which, by rearranging terms, cam be written
E-1 j-1
4 ( H R )r(xj){W{Vj (Xj:ko)ij(Xj:l)] ij[vri.',l(x.i’lo):Vj.,.l(xj:x)]}
j=k+1 s=k ,
-~ er(xk)w[vk_,_l(xk,).o) :Vk_,_l(xk.l)].
From this, (44) and tke fact that v(x,A) = vy 4(x,2) on (x4, 2444), we
see that the second membexr of (39) reduces to
‘_er(xk)W[V(XI{ylo)aV(xknk)]-.
Thus, when divided throuwgh by Ay-A, (39) becomes simply
i1
(45) E; f N o(ner )pj(x)vj(x.A)v (x,2y)dx
j=k+ 3-1 s=k
‘ = —er(xk)w[v(xk,lo),v(xkfk)]/(lojx).
The procedure and reasoning used to derxive (35) from (34) can- be
readily adapted to (45). This yields
S I
(46) - E: ij (I Rs)pj(x)vjz(x.l)dx = Rpr(xg )VIv' (x4, A),v(zg, M) T
J=E+L Tj-1 s=k ST

as & limiting form of (45) as Ag > A.

If ¥ = E-1, (46) reduces to (43) in which case we have alreadyf '

seen that (13) holds. Further inspection of (46) show s that (13) also
holds if k { K~1 because, for k+i ¢ j ( K. each vj(x,l) is nontrivia1~ -
and pj(x) > 0 on (xj_lpxj): furthermo;e, r(xg) > O and, for

k<s ¢ E-1, R >0,
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In proving (12) and (13), we.have i.mt only est'ablishecli’ (11), but
have verified (6), as well. As a matter of fact, we have proven that,
for each k such that 1 ¢ k.< E, all hypotheses of the fund;mental '
interlacing theorem are satisfied on (~=,») by the functions F(A) and
£4(0), 1 ¢ 1 g 4, defined by Eqs. (1) through (5). Thus our-proof of
Theorem 1 is cpmplete. ‘ |

Of course, with appropriafe modifications,.Theogémfl may.be
applied to any interface subsystem (i‘;m - n3;h) of system (1 - 1;K).
For, with i, h, m, and n given and i < h -~ 1, it is po;sible to choose
k such that i < k < h. Then functions u and v can be defined on
(Xi'xk) and on (xy,%,) in the same way these functioms were &efined on
(a,xy) and on (xy,b) in dealing with system (1 - 1;K). Once this has
been done, Egs. (1) through (4) define functions £,(0), 1 {i¢4, such
that, for each fixed k, the zeros of the auxiliar& function of the
given subsystem interla;ce the zeros of either of the.prod'uct functions

fifs or f2f4 on ~o { A. ( €@,
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CHAPTER 3

CHARACTERISTIC NUMBERS AND AUXILIARY FUNCTIONS

1. __ A Subsgystem Method £ or_Locating . Characteristic Numbers of

Interface Systems

From Theoxem 1, Sec. 3, Chap.zf we know that for each fixzed k,
1 { k¥ (K, the characteristic numbers of an.interface‘Séurm—Liouville
system (1 - 1;K), Sec. i, Chap. 1, interlace both the nnioﬁ of the
characteristic values of the subsystems (0;m — 1;k) and (k;1 - m;K),
and the union of the characteristic values of the éuhsystems
(0;m — 2;k) and (k;2 — n;K). Clearly, all of these subsystems involve
a boundary condition of the original interface system. |

A connection between the characteristic pumbers of an interface
system and the characteristic nnmbers.bf its propér subsystems, Whethef
the subsystems contain a boundary chndition ofvthe original‘sysfem or
not, is described Dy the mnext theorem.
system between any three comsecutive characteristic vﬁiues of any one
of its proper subsystems.
(1 - 1:K), either i # 0 6r h #AK.‘ If K > 2, the proper subsystems of
(1 - 1;K) may be separated into three differeﬁt-categories accdfding as

i=0, h=K, or 0 i <h <K




31

If 0 = i, then h ¢ K, and the value of m is irrelevant. In this
?heorem i, Sec. 3, Chap. 2, that the zefos of the auxiliary‘function
Fil) of system (1 - 1;K) interlace the zeros of either of tﬁe prodﬁct
functions f£y(AM)f3(A), or £5(A)f4(A), where £y, £,, fj, £y are auxiliary
functions of the respective subsfstems (0;m - 1;h), (0O;m - 2;h),
(h;1 -~ n;K), (h;2 - n;K). This ;mpliés, in perticular, that there is’
at least one zero of F(LA) between any two cqnsecutivé zeros of either
£4(1) or £9(2). Im otﬁér words, if 0 = i:and,n =1 or 2, there is at
least one characteristic value of (1 - 1;K) between any two, and thus
between any three,lconsecutive charaéte?istic v#lues,of a‘éropar
énbsystem (i;m - n3h), |

If h=K, then 0 i, and the value of n is irreievant. In this
casé the interface interlacing theorem implies that the zeros of F(A)
interlace the zeros of either f;(A)£3(X), or £5(R)f4(R);, whexe £1, f3,
f3, f4 now stand for auxiliary functions of the‘respective subsystems
(O;m ~ 1;i), (O;m ~ 2;i), (i;1 - n;K), (i;2 - n;K). As a particular.
consequegce of this, it follows that there is at least ome zero of_F(l)
between any two consecutive zeros of either £3(2), or f4(A). In other
words, if h =K an& m=1or 2, there is at least one ;haracteriStic:
valge of (1 - 1;K) between any two,_;nd hence between any three,
consccutive characteristic values of a proper subset (i;m - n;ﬁL

This proves the theorem for proper subsystems which contain a
boundarf condition of the original interface s}stem, as is always the

case if K = 2.




32

ff E > 2, the theorem must still be estaﬁli‘shed'wh'en m‘and n are
specified, and 0 < 1 < b ( K. Under these conditions, ihe interface
interlacing f;heorem guarantees the existence of at least ome
characteristic value of system (1 — 1;K) between any two consecutive-
cfmracteristic values of the subsystem (O0;m - nj;h), and the existence
of at 1east one ch;racteristi-c value of (0;m ~ n;h) between any two
cvons@cutive ‘characte.ristic‘ values of (i;m - njh). T}zns, between any-
three consecutive characteristic values of the‘lsnbsys.'te‘m (i;m — n3h)
there must be at least two characteristic values of (0;m - n;h) and
therefore at least one. characteristic value of syst'em (1 - i;K). Thé
proof is now complete.

In general, the application of Theorem 1 to an interface system
and one of its subsystems will produce very little useful information
concerning the exact locatiom of the characteristic values of the
interface system. Those subsystems whose characteristic values are
close together will give the best results. For e\_rery'interval
determined by the first amd third of three consecutive characteristic
ﬁumbers of such a subsystem will bq felatively small and-cqﬁtain at
least one characteristic valné of the :.ln'te.x:face system iﬁself. These

ideas are illustrated in Sec. 6, Chap. 4.

2. Further Properties_of Characteristic Values of Interface Systems

e S e ot e s S e s e e e i, et e s S o S S s e e e e Sy L S e e e S i e ey i il e e i e D

In this section repeated use will be made of the folilowing well
known theorem [15, p. 235] pertaining to an ordinaicy Sturm~Liouville
system consisting of a differential equation of the type

(1) [£(z)y’']l’' + [Ap(x) + q(x)ly =0 a {x<b
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and boundafy conditions

(2) a;y'(a) + byy(a) = 0 . c1y'(b) + dli(b) =0

where the functions r, p, and q are real and continuous, and r(x) and
p(x) are positive on [a,b]. The coefficients a;, by, ¢y, and dy., a;
well as the fuanctions r, p, and q, are independent of A. -

set {A,} of characte?istic values. This set-has a smallest member, is
unbounded above, and has no finite limit point.

Because the characteristic numbers of ;n ordinary Sturm—Liouvil}e
system have no finite limit point and are unbounded above, they can be
ordered so that

- Ay C Ay <23 < ane Ry (I...
where ln increases without bound as n continues to increase.

The next three lemmas show that an interface, as well as an
ordinary, Sturm-Liouville system has a countably infinite éet of
characteristic numbers which contains a smaliest member, has no finite
limit point, and is unbounded above.

Lemma 1 The set {A } of characteristic numbers of an interface Sturm-

Liouvillé system is a conn;ably infinite set which is unbounded abovéf
interface system (1 - 1;K), we firsf cons?def the case K = 2,

All four proper subsystems‘of an interface system (1 = 1;2) are
ordinary Sturm-Liouville systems. By Theorem 1, the auxiliary function
corresponding to each of these subsystems has a countable.infinity of
zeros which are unbounded~above. Since this is true,'in particular, of

the auxiliary functions f; and f3 of subsystems (O;m - 1;1) and
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(131 - n32), it is certainly true of thg product function flfg. But,
according to the interface interlacing theorem, between any two
consecutive zeros of f;(A)f3(A) there is exactly ome zero of the
auxiliary fnnction.F(i)of the interface system (1 - 1;2). HMoreover,

every double zero of £;(A)f3(A) is a simple zero of F(A). Hence, F(A)

has a comntably infinite set of zeros which is unbounded above; thgt is
to say, the lemma is true if K = 2, |

Suppose mext th;t the lemma holds for a11~interfa§é Sturm-
Liouville systems (1 - 1;k) jnvolving.k spccesgive interjaIs (xj_l,xj);
1 < j-$ k, where k is an integer greater than or e¢qual to 2, Then, the
procedure of Sec. 1, Chap. 2, can be used to express the auxiliary
function F(A) of any given intérf&ce system (1 - 1;%k+1) over k+i
successive intervals in the form

F(A) = £, (M) £4(0) - £5(A)E3(R)

where, to make this represehtation of F specific, we may take fi(k) and
fz(l) to be auxiliary %unctions of the ordinary Stu;mfiioqville systems
(O;m — 1;1) and (0;m - 2;1), respectively, each of which is nov a _
subsystem of (1 - 1;k+1). The functions £3(2) and £4(1) fhen'becomb
auxiliary functions of the respective subsystems of (1 - 1;k+1)
identified by (1;1 - n;k+1) and (1;2 - n;k+1). Both of these
subsysteﬁs are interface systéms over k successive intervals,
Therefore, each f, has a countable infinity of zeros which are
-unﬁounded above. But, the zeros of F interlace those of either fyfy or

f2f4. Hence, F too has an.infinite number of zerok which are unbounded
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above. By influction, the lemma is thus true for every interface Sturm;
Liouville system (1 - 1;K) for which 2 { K.
In p'r(.)ving the next lemma, we shall make use of a wronskian of the
type : .
. F(A) fi(k)"fj.(l.)‘
(3) . Wi (A =1 o :
: F'(d) '[fi(k)fjk)]'
Lemma_2 Every interface Stnrm—Liouville system has a 'smallgsf

A

charactéristic number.

(1 - 1;K) for which K = 2. All four proper subsystemsv of an interface
system -(1‘ - 1;2) over two 'successive intervals are ordi.na:-:y Sturm-
Liouville systems. In virtue.of Theorem 1,‘ ‘the auxilijary fuxiction
fi_(k) corresponding to each of these subsyétems must thereff)r‘e have a
smallest zero /;, 1 € i ¢ 4. For instance, in this ho't_atlion, Al and "-/\3
are in turn the smallest zeros of the auiiliafy functions £, () ana
f3(2) of the respective s-u-bsystems ,(6;m - 1;1) and 131 -'n;.2).
Replacing t'h‘e' auxiliariy function F(A) of (1 = 1;2) by '
£1(ME4(R) = £,(R)E4(R) in the de.termi_n.ant wlsl'(k)‘, defined by (3), and |
utilizing (2), Sec. 2, Chap. 1, we find that | ‘

4) wig () = £5200W,(0) - £,2(W, ().

From (6), Sec. 3, Chap. 2, we know that W‘lnz(.k)'W34(A.) <o0.. ‘Now"either

Ay = Ag, or evl_sbe' A # Aé. alnd in ei‘th;r éaAse we may let A = min M-l,Aé}._
* Then neither f;(A) nor £5(A) can be zero on ~® < A < A, and it follows

from (4) that wi3(l) # 0 there. This ‘implie s tﬁe zeros of F'aﬁd £4f3

separate each other on (-, A ) [4, p. 701. ->Hence‘, it; two distinct

zeros o and B of‘F(A) were to exist, both less than A, there would be a .
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number y such that fl('y)fs('y) = 0, where @ ¢ ¥ < B. But this is .
impossible since meither f;(A) nor f3(A) can have a zero less than A,
Thus, if F(A) has a zero less than A, it has only one, and that zero is
the smallest characteristic value of the system (1 - 1;2),

Now, for.all values of A, the zeros of F il;terlac;e the zeros of
f1f3. Thus, if F(A) # 0 on (-=,A) and Ay = Mg, then A is the smallest
characteristic value of system (1 - 1;2). On the other hand, if"
Ay # Az, the uniqué zero of F(1), between. A and the next larger zero of
f1£3, is the smallest characteristic value of (1 - 1;2).

Clearly, F eitﬁer does, or does not, have a zero less than A, and\'
either Ay = A3, or else Al # AS' In each of these cases we have shown
that F(A) has a smallest zero. This i)roves the lemma for interface
Sturm-Liouville ;ystems (1 - 1;X) when K = 2.

The induction hypothesis is now made that every interface system
(1 - 1;k), over k' éuccessive intérv"als, has a smallest chaiacteristic‘
number. If F()\._) is the.auxiliary function of any interface system
(1 - 1;k+1) over k+1 successive intervals, F has a representation

F(d) = £ (ME4(0) — £5,(A)E3(Q)
in which fi and fz are auxiliary functions‘of the respective o‘rdinary
Sturm—Liouville systems (O;m — 1;1) and (O;m - 2;1), each of which is
now a subsystem of (1 - 1;k+1).. The functions _f3 and fy are auxiliary
functions of the interface subsystems of (1 - 1;k+1) identified by
\
(1;1 - n;k+1) and (1;2 - n;k+1), both of which involve k successive
intervals, From Theorem 1, and our hypothesis on k, each fi(“’

1 {if4, has a smallest zero. This is true, in particular, of fl(;\,)

and f3(A). 'Let us denote their smallest zeros by A; and Ag. Then, the
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same reasoning which established this'léﬁma for X = 2 can be applied fo
.F. él’ and'fg, as preseﬁtly defined. This leads to the;conclusion that -
the lemma, holds for every interface system (1 - 1;k+l), if it holds for
every interface system'over k successive interva;s. Thus, by
induction, every interface Sturm-Liouville sysfem (1 - 1;K), with
2 { K, has a smallest characteristic number.

Cur next lemma states, in effect, that the set of characteristic
numbers of an interface system has +o as its oily limit point. This
result is essential t§ the ordering of arbigrary infinite subsets of'
the set of all characteristic numbefs of such a system.'

Lemma_3 The set of characteristic values of an interfacé.Sfutm—
Liouville system has mno finite limit point.

Proof As we have repeatedly observed, if X = 2, the auxiliarf function
F(LA) of system (1 - 1;2) can be written “

F(d) = £ (M) £, (1) = £2(A)E3(R)

where each fi(k), 1 <{ig<4, is the auxiliary function of an'étdinary
Sturm~Liouville system. From Lemma 2{and.its proof, we know-that F
has a smallest zero A; and that, if ll'is'less than thé.sﬁallest zZero
of f1f3. it is the only zero of F with this property. Accoxrding to
Theorem 1, neither the zeros of fl, nor those 6f fg, have a fin%te
1imit point. Thus, for any number ¢ greater thanm hl, the ihterval-
[ll.c] contains bnly a finite number of zeros of f;f3, saylm. Since
the zeros of F interlace the'zeros of f;f3, there i;.at mést one zero
of F at each zero of f;f4, and between successive zeros of f1f3 there

is exactly one zexo of F. ‘Hence, allowing for the possibility that kl
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is less than the smallest zero of f;f3, and that F has a zero less than
or equal to ¢, but ;arger than the 1arge$t zZero of,flf3 in [xl,c], we
see that [A;,c] can contain at most 2m + 1 zeros of F. This proves the
lemma for interface systems ov;r two successive intervals.

Now. suppose that, for every interface system (1 - 1;k) over k
successive intexrvals, the corresponding set df pharacteristic values
has no finite limit point. The aﬁxiliar& function F of an arbitrary
interface system (1 — 1;k+1) over k + 1 successive intervals has a
representation

F(A) = £1 (M) £4(0) - £5(R)£3(R)

where f; and f, are again auxilia;y fﬁnctions of ordinary Sturm-
Liouville systems, while both-f3 and fy are auxiliary functions of
interface systeﬁs over k successive intervals. It follows, in
particular, that neither the zeros of f1. nor those of fg3, have a
finite limit point. Reasoning with F, f; and f3, as presently defined,
just as in the case K = 2, we find that if ll is the smallest zero of
F, and ¢ is any number larger tﬁan A;, then only a finite number of
zeros of F can belong to the interval [ll,c]. Thus, the zeros of F
have no finite limit point, and the lemma is true by induction.

By combining the resulfs of Lemmas 1 through 3, ﬁe obtain the
following analoé of Theorem 1 for interface systems.
infinite set of characteristic valnes.- Each such set has a smallest
member, is unbounded above, and has no finite limit point. |

Since every subsystem of an inter;aca'Sturm—Liouville system is

either an ordimnary, or else an interface, Sturm-Liouville system,
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Theorems 1 and 2 may aiso be combined. This gives:
interface StﬁrmjLiouville system is countably infinite, has a smallest
member, is unbounded above, and has no finite limitApoi;t.

Hefe is another theorem which we state without proof [5, p. 131].
It provides sufficient conditioms for the characteristic numbers of an
interface system to be nonnegative., The determinants lAClk, IBle;
chlk, and lADIk appearing in the theorem are like those we encoﬁntered
in Sec. 3, Chap. 2.

Liouville system (1 - 1;K) in which a3by € 0, cgdg 2 O, qk(x) £ 0 on
(x_g,xg), and for 1 < k < K-1, lAclyBDly = 0, laciglBcly > 0, and
lani, IBDl, > 0, then A > 0. "

As a special case of Theorem 4 we have the classical result:
Corollazxy 1 IJIf A is a characteristic number of an ordinary Sturm-
Liouville system (1-2), ;nd if a;by < 0, c5d; > 0, and q(x) £ 0 on
[a,b], them A > O. '

We shall have occasion to utilize several of fhe foregoing

theorems in the examples of Chap. 4.

——= P44

3. Determinant Forms_of Auxiliary Functions‘

In this section an auxiliary function of system (1 - 1;K),.Sec. i,
Chap. 1, 1is deriyed by imposing all of the bpuhdaty and interfaée
conditions on a compiete solution |

(1) y(x,1) = Agug(x,2) + Byvy(x,2) g $x Cxp 1<k<K

on (a,b) of the differential equations (1) of the system. In this way,
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" 2K 1linear hémogeneous algebrgic equations are obtaimed in the 2K
unknowns Ay, Bg. An guziliary fnﬁction of the intexface sy;tem is then
provided by the determimant of the coefficients of the nnknowns.
Determinants which represent auxiliary functions of Sturm-Liouville C ‘f

systems are called charecteristic detéerminants. Specifiéally. we.have:'

Theorem 1 An auxiliary function F(A) of system (1 - 1;K) is given by . o

the characteristic determinant

Uglug) Tglvy) o 0 0 6 ...0 o
Uyp(ug) Ugplvy) Viq(uy) Viq(vy) O 0 e 0 0.
u)'qzwﬂ Upo(vy) Vipluy) Vigp(vy) 0O 0 ... 0 o |

0 Y Uyg(8y) Uyi(vy) Vyylug) Vaylvy) .o 0 -0
0 0 Upp(ug) Uyy(vy) Vpglumg) Vpalvg) .on O 0
0 0 N 0 S0 ...Vglug) Vglvg)

imposed on (1), and coefficients subsequently-collected bn the Ak's and
) ‘ .

Bk's in the resulting equatioms, the following iinea;»algebraic system

is obtained:
(0;1) UO(ul)Alv-’- UO(VI)BI. =0
1 {k (K1
(k,2)  Ugglug)hy + Ugg(vy)By + Vig(upyg)Agey + Veo (Vi )Bra = 0

(13E)  Vglug)Ag + Vglvg)Bg = 0.
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Setting the determingnt of the caefficients of the Ak's and By's ‘equal
to zero yields the characteristic equation, and the _de-tqrm—in;nt (2)
itseif is an awxiliary function, of system (1 - 1;K). |

In Sec. 1, Chap. 2, one'method ;f qxprégsing thélauiiliaiy
function of an interface system im the form | |
(3) F(d) = £5(A)£4(R) - £5(A)£3(R)
was exﬁlainéd in detail, and we-ﬁaveAnsed this result many times since.
Here is a theorem which provides an alternative way of aécomplishing’
the same thing,
auxiliary function F(A) of system (1 ~ 1;K) as follows. For each f:'lxedv
k., 1 ¢ ¥ < K, take fl(k) to be thﬁe -.princip;al minor of the |
determinant (2) whose elements are common to the f-irst-Zk rows and
columns, and take. f4(l.) to be the pi:incipal minor whose elemeﬁts are
common to the last 2K — 2k rows and ¢olumns, of (2). To obtain £5(2),
simply replace Uyy(uy) and Uy (vy) in £,(A) by Up,(uy) and Uy o(vy)s
resﬁ)ectively. To obtain £3(0) replace Vig(uy,q) and Via(vieg) in £4(0)
by Viq(vg4y) and Vkl(vlkﬂ). respecti:vel.y.‘ ' ‘ |
repreéentation of F(A) given by (2), using determinants of order 2k .
from the first 2k columns of (2) in accordance w;th 'i’.aplace's

generalized expansion theorem for determinants [13, ﬁp. 268-2701].

et et e e e i e e e S i s e e o o b s S8 i e i g v

4, _ Charactoeristic Determingnts of Subsystems -
In this section we ezamime ﬁow e dgterminant defining an auxiiiary

function for any proper subsystem (i;m — n;h) of system (1 - 1;K) can




42

be extr;cted from the charabteristic'determinant (2), Sec.‘3, of sfsfem.

(1 - 1;K). To see how this can be done, we first impbse the augiliary,

conditions of (i;m - n;h) upon a compléte solugion of its:differqntial

equations over (xi,xh),‘ The system of .linear algebraic equations tﬁﬁg

obtained can be written | |

(i;m) séi[UO(“1)A1+U0(V1)BIJ+(1;501)[slm{vil(“1+1)Ai+1+vi1(Vi+1)§i+1}]
* (1;50i)[5zm{Y12(ﬁ1+1)Ai;1+V12(Vi+1)31+1}1 =0

(=]

(§+1) Ty (uyyhy + Uyg(vyIBy + Vyg(ugg)hyyg + Vyg(vyq)By =
- ' i+1 ¢ j € h-1
(3.2) Uypluphy + Uyp(v)By + Vypluyug)hyyg + Vip(jeq)Biag =0
(n;h) 8y p[Vg(ug)Ag + Vg(vg)Bgl + _
(1-Byx) [8,19 {Upg () Ay#Upg (vy)Bpd + 85 (Upy (uy) Ay+Upp (vy) Byl 1 = 0.
A characteristic determinant qf(igm - njkfis, of conrse;“defined by
the determinant of the coefficients. of the A's and B's appearing in
these squations. '
Since we are assuminé that (i;m - n;h) is a proper-sﬁbsystem of
(1 - l;K),-this cogfficienf determinant mnst'he'a minor of the
determinant (2), Sec. 3; The foliowing theor?m desqribes the precise

nature of this minor.
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(i;m - n;h) of system (1 -~ 1;K) is defined by the characteristic

determinant

Vin(®ia1)  Vim(vie) O 0 0. 0 0
Ui411(8341) U5491(vi49) Viea1(®i42) Vi491(v349) 0 0ee 0 0
Uir12(P341) Uia12(via1) Vie12(R42) Via12(Viap) 0 oo 0 0
(| o 0 Usr21 (B542) Uggn1 (Fpn)  wovevnvnvnenennn
Y Y Us400(u340) Usinalviys)
0 0 0 0 0...0, (up) 'Uhn("h)

If i = 0, the characteristic determinant of (0;m - n;h) is obtained by
replacing the eleme.nts Vim(uj+q) and V, (v;,4) in the first row of (1)
by Ug(uy) and Uo(vl). respectively., If h = K, the characteristic
determinant of (ijm — n;K) is found by replacing the elements Upntuy)
and Uy (vy) in the last row of (1) by Vg(ug) and Vg(vg), respectively.
As a special case of Theorem 1, we note that if 0 < i = h-1 (K-1,
the subsystem (i;m —~ nj;h) is an ordinary Sturx;:—Liouv_ille system whose
characteristic determinant is |
Vi-1n(®n)  Vh-1n(Vn)
Upn (8g) Upn (Vg
To understand how the characteristic déterminant (1) of a
subsystem (i;m - nl;l_l) is extracte‘d'from the characteristic determinant
(2), Sec. 3', observe that the columns of (1) come from columns 2i+1
through 2h of (2) and that when 0 < i < h-1, the rows of (1), excluding
the first and last, come from rows 2i+2 through 2h-1 of (2). These

rows and columns of (1) are fixed as soon as i and h are specified.
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Thus, only the first and last rows of (1)_§§pend on the valﬁes of m andi
n,

If i = 0, the.firét row of (1) comes from the first row'of (2),4.
If 0 < i, the firgt’row.of (1) coﬁes'from row 21,:pr-rov Zi+1{ of (Zf
according as m =1, orm = 2. . | |

If h =K, the last row of (1) comés’fj:om the last row of (2). If.
h ¢ X, the last tpw.of (1) cbmes from row:Zh. or.row 2#+1, of (2)

according‘as n=1, orn=2,

et e i s e e s e s e e e e St e e e e A e e S s e et e e A e e et e

Se Char;cterigtic Detezmin&ﬁts Derived fiom Different Bases

Eq. (7), Sec. 3, Chap. 1, provided.us with anhaukiliary function
(1) F(A) = Vg(u) = cgu’(b,d) + dgu(b,d)
of the interfacé Stﬁrm—Liouville system (i 4'1;K). Other auxiliary
functions of the system'were also found to exist; hovever, we sav tﬁat
to each such function, say G, there éofresponded a function A(X) such
that | |
(2) 6(2) = A(MF(A)  AQA) # 0 A real.
Of course, the same kind of relation holds for auxiliary functions of
ordinary Sturm-Liouville systems. Summarizing these‘remarﬁs as a
thebrém, we ha§e: | | |
Theorem 1 If F(k) is an auxiliary fugcﬁion of either an ordiﬁary,or an
interface S£ugm—LiouviiIe system, all other auxiliary functions of thé
system are of the form A(AF(L) where A(X) i# never 'zero.

This theorem ensures that the charaqtéristic numbers of any given

Sturm-Liouville system are unique.
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Using linearly independent solutions n# and vy to the kth
differential equation of system (1 - L;K), 1 ( k g K, &e obtained a
corresponding aﬁxiiiaiy function F()\) given by the ;haracfgrist;c
determinant (2), Sec. 3. Suppose py and vy Provide another basis for
all solutions of the kth differential equation of (1 - 1;K) on
(x4_3.%,). The same process applied to the Hg and Vi, yields a
char#cterigtic determinamt'G(i) which also defines'ad‘auﬁiliary‘
function of the interface system. We shall now use matricés and
determinants to give an_inductive proof that.the chﬁracteristic
determinants G(A) and‘F(A) are related as stated by Theorem 1.

Proof Since uy and vy are linearly ;ndependent‘soiutions'of the same
differential equation that the linearly independenf'funcfions uk and'\ik
satisfy, uy and vy must be linear combinationsléf'uk and vklland

conversely. Thus,

b
vy ay By || Mk % A Oxlju
(3) (a) = (b) = 4
k| | *x Sk||Vk Vel [% %xf|"x

where.mk, By Yx» 8% g by, cx. and dk may depend on A but not on x.

Substituting the right-hand member of (3b) into the right-hand member

By ,
of (3a) for , we have
\Y]
k
uy o Bxllax byl vk
(4) : = ' .
i e Skilex dil|vk
Let us define
. o Bl . . C e by
(5) () A (M) = ® pm) = | T 1k
0_ .

Y O% , E 'k

Then, for all real values of A,
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(6) _ Ay (M)Dg (D) = 1
because the linear independence of u, and v, implies the product of the
two square matrices in (4) is just the 2x2 identity matrix. From (6)
we see that neither A,(A) mor Dy(A) is ever zerxo.

It is readily verified that Uy has the linearity propert}
(7 Uglau + bv) = alg(u) + bUy(v).
Of course VK and each Ukl’ Ukz’ Vkl' and sz also has this property.
With this in mind, consider the case in which G(A) and F(A) are

characteristic determinants of an ordinary Sturm-Liouville system.

Then
) = Uolny) Tpvy)|  [Uplaymy + byvy)  Up(Cyuy + dyvy)
Vilpg) Yy | |Vg(aqugy + byvwy)  Vy(equg + dyvy)
a3 0g () +byUg(vy)  ¢qUg(uy)+dyTUpvy)| . [Upluy) Tplvy)||ay by
&V (o) +byVy (vg) Vg (ng)+dy ¥y (vy) vy viap|ey 4
= Dy (MF(A).

With A(A) = Dy(A), this proves the theorem for ordimary Sturm-Liouville
systems, |
Recalling Theorem 1, Sec. 3, again, 'we observe that in ferms of
the linearly independent solutiqns By and \)j of its jth differential
equation, an interface system (1 —~ 1;2) over two successive intervals
(xj—l'xj)’ 1<j <2, has
. Uo(pg)  TUpVyp) 0 0
G(A) = |Upi(ng) Typ0p) Viglpg) Vyqlug)
Upa(ry) Tppvp) Vip(mp) Vip(vp)
0 0 Volpy)  Valup)
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as a characteristic determinant. Using (3b), the linearity property of
the U's and V's, and matrix multiplication, we easily find thaf the

matrix
-Uo(lll) Uo(\)l) 0 0
U11("1) Ull(vl) Vil(uz) V11(v2)

(8)
Upalng) V30V Viplpg) Vpp(vy)

equals tﬁe matrix product

[ Tplug)  Tplvy) 0 o J[a e 0o o7 .
(9) Ull(nl) Ull(vl) V11(u2) Vll("z) b1 dl 0 o }
Ulz(ul) Ulz(vl) Vlz('llz) Viz(Vz) 0 0 (12 (‘.2

|0 0 Valup)  Valvy) || O 0 by dy |
The determinant of the first matrix in (9) is clearly a characteristic
determinant of (1 - 1;2) expressed in terms of theilinearly independent
solutions ug and v; of the jth differential equation of the system,
i.e., it is F(A). Laplace's generalizéd expansion shows that the
determinant of the last matrix in (9) is equal to Dy (AM)D,(2). Thus,
equating determinants of (8) and (9), we obtain
(10) G(A) = F(A)Dy(A)Dy(R) = A(AF(A)
where we have set A(A) = D;(A)Dy(X). Since neither Di(l) nor Dy(A) is
ever zero, the theorem is true for interface systems:oyer two
intervals. |

Now assume the theorem holds for all interface Sturm-Liouville
systems (1 - 1;k) over k successive intervals (xj_l,xjh whefe'

1<{j<{kand kis a fixed integer greater than or equal to 2. To each

.such system.fhdre corresponds an auxiliary function defined by a
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characferistic determinant g(d) involving bases pk.and Vi for the k
differential equations of ;he system. Likewise, the system has an
auxiliary function defined by a characteristic¢ determinant f(A)
involving linearly independent solutions uy and vy of its differential

equations. We suppose that

: n a; billu
(11) N I R 1<j<k.
\)j Cj dj Vj.

I~
I~

As (10) suggests, part of our assumption is
: k
(12) g(d) = [T D, (M)1£().
j=1

Let us pause here to observe that the determinants Dj(l) aré
uniquely detqrmined by the coefficient matrices in (11) and, thus, are
not affected by any change in the auxiliary conditions of any given
interface system.

An interface system (1 - 1;k+1) over k+l successive intervals also
has auxiliary functions defined by determinants G(A) and F(A) .involving
differfnt sets of bases {pj.vj} and fuj; vj} for the k+1 differential
equations of the system. As a special applicatioﬁ'of Theorem 2,
Sec. 3, G(A) can be written
(13) G(A) = g1 (A)gy(r) - go(R)gg(n)
where g;(A) and g,(2) arg"characteristic determinants of the respective
subsystems (0;m — 1;k) and (0;m - 2;k) in terms of the p's and Vv's.
Similarly, g3(A) and g4(A) are characteristic determinants of the
respective subsystems (k;l - 1;k+1).and (k;2 - 1;k+1). In terms of the

u's and v's, these same subsystems have the respective characteristic

determinants £;(1), £,(1), f3(l% and f4(2).
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Both subsystems (O;m — 1;k) and (O;m — 2;k) are interface systems
over k intervals, whereas (k;1 — 1;k+1) and (k;2 — 2§k+1) are'ordinary
Sturm-Liouville systems. By assumption, the theorem applies to
characteristic determinants of interface systems over k successive

intervals. Hence, recalling (12) ﬁnd our remarks concerning the-Dj's,

we have .
k _ 1
(14) (a) gy(d) = [ I Dy(A)I£5(1) amd (b) gy() = [ I D;(A)1£5(R).
=1 =1 -

We have proved the theorem holds for ordinary Sturm—Liquville systems.
Hence
(15) (a) 83(1) = Dk+1(l)f3(l) and ) (b) 34(1) = Dk+1(l)f4(l). ’

Substituting from (14) and (15) into (13). we get

k+1 k+1 )
G(A) = [jlej(k)][fl(l)f4(l).— £, (M) £3(0)] = [jElbj(l)]F(l).
k
Finally, setting A(A) = 1II Dj(l), we have
=1
(16) G(2) = A(MF(A) vwhere A()A) is mever zero

as asserted by the theorem.
Not only have we proved the theorem for every interface system
(1 - 1;K), K > 2, and for every ordinary Sturm-Liouville system, but we

have also established the relations

K K
(17) (a) G(A) = [T D, (A)IF(A) -and (b) F(A) = [ T Ax(A)IG(R)
k=1 ° k=1

for characteristic determinants of Sturm-Liouviile systems whén G(A)

‘and F(A) are derived from different bases.
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CHAPTER 4

ILLUSTRATIVE EXAMPLES

~ .

In this section we conmsider anm interface Sturm-Liouville-sysfem
with the property that its characteristic values pnd‘thosq of ifs
subsystems can be easily calculated. Wérkiné with this eiample wve
demonstrate how the reénlts of Chapters 2 and 3 may‘be used to pﬁfain‘
information about interf#ce Sturm—Liouvillensystems'and their
subsystems.

The interface system we shall study has

vj + 16n%Ay; = 0 -2 (x (-1
(1) vy + wldy, =0 1 <x< 1
vy + 4nagg =0 1<¢x< 2

as its differential equations and

(0;1) y1(=2) =0

(1,1)  yy(-1) - yo(-1) = 0

(1,2)  y3'(-1) - 4y,'(-1) = 0

(2,1)  y,(1) - y3(1) = Q

(2,2)  2y,'(1) - y3'(1) =0

(133) y3(2) = b

for its boundary and interface con&;tions. This system, which we shail
identify as system (1 - 1;3), is‘cigafly a special ?ase'bf system

(1 - 1K) in which
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-2=a=x0, 81=-1, le=1,. $3=b=2, K=3

£(x) = 1, . 2<s< 2
" py(x) = 1612, | g (x) = 0, -2 ¢ x < -1
py(x) = nz, qz(x) = 0, ~41 < x ¢ i
p3(x) = 4ﬂ?, q3(x) = 0, ' , | 1.{ x < 2.

Observe that the functionr is continuous and r(x) >0 on [—2,2]:
Also note thai, for 1 { k¢ 3, pk is continuous, pk(x)A> 0, and qk‘is
coﬁtinuous on (xk_l,xk); moreover; Py gﬁd.qk ﬁaVe'finite‘limits at Xy 1
and at x,. Finally;'l | _’I _ |

8,2 + b2 =02 +12 =1 052 +d32 =02 4+12 =1

_10 -1} /0 ‘1] - _10 -1 40 1 -
By I~4 -o'/|1' ol 4 R, o,’/]z_ ol 1/2

and so we are dealing with an interface system that satisfies

conditions (4) and (5), Sec. 1, Chap. 1.

z;___Ngggggezizg_ghesegiésigzig_yglggg

The derivation of characteristic equations for an interface system
and;its subsystems is simpler'if the characteristig numbers are all .
nonnegative. To test system (1 — 1;3) and its subsystems for this
property, we observe that all bouﬁdary conditioné of (1 - 1;3)'and its J
subsystems involve only y, or elge y', as variables. Henqe. the
product of the coefficient of y and'of y' in each of fhesg béundary
. conditions is zero. ?or instance, 8;by = 0 and c3d3-;-0’iﬁ the case of

system (1 - 1;3). Ve have already pointed out that, for 1 <k ¢ 3,

Qp(x) = 0 on (zy_5,x4). The equations

iBDi,

IBDIy = l% -d, =0 lacl; = lg _2' =0 lacl, = lg- _g|,= 0
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' also hold. Therefore Theorem 4 or Coroliary.l, Sec. 2, Chap. 3, may be
applied and we find that neither system (1 — 1;3), nor amy of its
subsystems, has a negative characteristic number.

Let us next see if A =0 is‘; characteristic numbér of (1 - 1;3$
or any of its‘subsystems. Were we ﬁo have A = 0, a complete solution
of the differential equatioms of (1 - 1;3) on (-2,2) would be" |
(1) y(x) = Az + By B (xR 1CEL3
wheres Ak’Bk may depend om A but not om x. Imposing the relevant

boundary and interface conditions on (1), we obtain

(0;1) -2y + By , ' =0
(1,1) - Ay + By + Ay - By ™ =0
(1,2) A - 4a, o
(2,1) Ay + By~ Ay -By=0
2,2) | 2, - Ay .. =0
(1;3) e 2Ag + By = 0.

The determinant of the coefficients of. this aléebraic system is

-2 1.0 0 0 0
-1 1 1-1 0 0
(2) 1 0-4 0 0 0.
oo 1 111
00 2 0-10
00 0 0 2 1

Since the value of this determinant is —é, no nontrivial sbl#tion of
system (1 - 1;3) corresponds to A =.0. Hence, A = 0 is not a
characteristic number of (1 - 1;3).

To see if A =0 is a ciaracterisfic numbei of some subsystem of

1 - 1;3), we make use of Theo;em 1, Sec. 4, Chap. 3. This gives, fbr
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instance,

-2 1 0 0O
-1 1 1-1
1 0-4 0
0 0 1 1

as a characteristic determinant for the subsystem (O;m — 1;2). Since
this determinant has a nonzero value, the subsystem (0;m — 1;2) cannof
have A = 0 as a characteristic value. Testing all other subsystems of -
(1 - 1;3) in the same way, we find that there is only one subsystem of
(1 ; 1;3) for which A =0 is a chazacferistic value. It‘is sufsystem

'(1;2 - 2;2) whose characteristic determinant

hY _4 0|
/ 20
has the value 0.
3. __Apxiliagy Functions_snd Their Derivations

Now that all of the characteristic values of system (1 - 1;3) and
its subsystems are known to be nonnegative, we may replacé‘the’ofiginal.
'parameter A by kz anﬁ, except in deéling with the sﬁbsystem-
(1;2 - 2;2), require the new parametef Ato ﬁe posit%vb: Under this

replacement, the differential equations of (1 - 1;3) become

¥y + 16722y, = 0 ] 2<¢x <1 "
(1) v+ a*aly, =0 a1 <x <1
vy + 4ty =0 1<x< 2

while the related boundary and initial conditions remain unchanged. We
shall now refer to this new system‘as system (1 - 1;33). For A

positive, a complete solution of Egqs. (1) over (-2,2) is
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y1(x) = Ajcos 4mrx + Blsin'4nkx -2 < % < -1
(2) Y5(x) = Ajcos mAx + Bysin mhx -1 <¢x < 1
x3(x) = Agcos 2RAx + Bssin 2nAx ‘ i <x < 2. .

Imposing the boundary and interface conditions on (2), we obtain

(cos 8mh -sin 8mh 0 o o o |[a] Jo]
cos 4nA -—sin 4nA —-cos wA  sin TA 0 0 | By 0
‘sin 4nd cos 4nh -sin WA -—cos mWA 0 0 | A, | 0
0 0 cos mh  sin A -—cos 2aA’ ~—sin 2mA| | B, i 0
0 . 0 -sin A cos WA sin 27k -—cos 2mA| | A, 0
|0 0 .0 0 cos 4;x sin 4mh| ;33_ 1o ]

from which it is clear that a characteristic determinant of our new

interface system is

cos 87nA -sic 8xA 0 0 0 0
jcos 4nA  —sin 4nA .—cos A sin 7A 0 0
sin 47A  cos 4nh -—sin WA -cos TA 0 v 0
@ 0 0 cos ﬁk sin A -cos 2mA -—sin 2xA .
0 0 —-sin ®A  cos nx sin 27\ -cos 2mA
o o o . o cos 4nh  sin 47k

Expanding (3), we obtain
(4) - " F(A) = sin 8mh
as an auxiliary function of system (1 - 1;3) as modifie&.x

To extract a charactcrictic determinant for each‘prqper.subsystem'
of (1 - 1;3) from (3) we make use of Theorem 1, Sec. 4, Chap. 3. In
this way we find that a characteristic determinant of the subsystem

(O;m - 2:2) is
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cos 81 -—sin 81 0 0
cos 4naA -sin 4ah -cos WA sin nA

sin 4mA cos_4ﬂk -sin A —cos 7A"

0 0  -sim mA  cos WA
which, when expanded, gives cos 6xnA as an auxiiiary function.
A characteristic determinant of subsystem (1;2 - 2;2) is

1-sin A -cos WA

-sin ®A  cos WA

which, when expanded and multiplied by -1, gives sin 2%A 'as an

auxiliary function. As was noted in Sec. 2, this is the only subsystem

of (1 - 1;3) which has A = 0 as a characteristic number. Since O‘is a
zero of sin 2mA, fhis function piovides an auxiliary function of
(1;2 — 232) even though it was derived uﬁder the assumption A > 0.
Auziliary functions of (1 -~ 1;3) and of all its subsystems are
listed and 1ab;1ed in Table 1 where the auxziliary functions of the
.snbsystems (0;:m ~ 2;2) and (132 - 2;2),‘for instance, are denéted by
Fz(k)nand £6(A), respectively. The‘domain~of'f6 consists of all

nonnegative numbers. .All other auxiliary functions are defined only

for positive values of the parameter A.

The elementary nature of the auxiliary functions of (1 - 1;3) and’

its subsystems makes it easy to find a formula for the nth
characteristic number of each system. These formulas appear in
column 2, Table 2. The last eight columns contain successive

characteristic values of the subsystem of (1 - 1;3) whose.auxiliary
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Table 1. Auxiliary functions of system (1 - 1;3) and its subsystems.

System Auxziliary éonditions Auziliary Fuhctiong
(03m - 131) yl(—25=o and yy(-1)=0 - | £4 (A)=sin(4mA) -
(0sm - 2;1) y;(-2)=0 and y{(-1)=0 fz(x)=c6§(4ﬁl)
(131 - 132)  y,(-1)=0 and y5(1) =0 . £3(1)=sin(2mM)
(132 - 152) yé(—1)%d and y5(1)=0 . £4(M)=cos(2mA)
(131 - 252)  y,(-1)=0 and y4(1)=0 |  £5(2)=cos(2mA)
(132 - 2;2)  y3(-1)=0 and y4(1)=0 | : fg(L)=sin(2x})
(251 - 233)  y5(1)=0 snd y3(2)=0 0 £7()=sin(2m0)
(2;2 — n;3) ¥4(1)=0 and y3(2)=0 | £g(A)=cos(2nr)

yq (-2)=0 "

¥1(-1)-yy (-1)=0 -
(0;m - 1;2) F;(A)=3in(6m))
¥4 (-1)-4y3 (-1)=0 \

yz(1)=0

(0;m — 2;2) Same as for F;(A) except the : Fy(A)=cos(6md)

condition at x=1 is yé(1)=0
YZ(‘1)=0
. yg(1)-yz(1)=0 : '
(1;1 - n33) F3(1)=sin(4nd)
2y4(1)-y3(1)=0
Y3(2)=0_
(1;2 - n;3) Same as for F;(L) except the - Fg(A)=cos(4md)
condition at x=-1 is y;(-1)=0

(1 - 1;3) (0;1) through (1;3) , "~ B(M)=sin(8mA)
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Table 2. Characteristie valnes-of sibsystems

of system (1 — 1;3),

Anxiiiarj

Ay

Ay T T T T B
Function
£,(0)  a/4 '1/4 1/2 3/4 1 - 5/4 3/2 1/4 2
0.250 0.500 0.750 1,000 1,250 1,500 1.750 2.000
£,(A)  (2n-1)/8 1/8 3/8 5/8 7/8 9/8 11/8 13/8 15/8
, 0.125 0.375 0.625 0.875 1,125 1.375 1,625 1.875
£3(2)  n/2 1/2 1 3/2 2 5/2 3  1/2 4
0.500 1,000 1.500 2.000 2.500 3.000 3.500 4.000
£4,(0) (2n-1)/4 1/4 3/4 5/4 1/4 9/4 '11/4 13/4 15/4
0.250 0.750 1.250 1,750 2.250 2,750 3.250 3.750
£5(0)  (2n-1)/4 1/4 3/4 5/4 7/4 9/4 11/4 13/4 15/4
- © 0.250 0.750 1.250 1.750 2,250 2,750 3.250 3,750
£6(A) (a-1)/2 0 1/2 1 - 3/2 2 5/2 3 12
| 0.000 0.500 1,000 1.500 2,000 2.500 3,000 3.500
£,(0)  a/2 /2 1 3/2 2  5/2 3 . 12 4
0.500 1,000 1.500 2,000 2.500 3.000 3.500 4,000
£a(M).  (2m-1)/4 1/4 3/4° 5/4 /4 9/4 11/4. 13/4 15/4
. 0.250 0.750 1.250 1.750 2.250 2.750 3.250 3.750
F;(A)  a/6 1/6 1/3 1/2 2/3 5/6 1 1/6 4/3
0.167 0.333 0.500 0.667 0.833 1,000 1.167 1.333
Fo(A)  (2n-1)/12 1/12 1/4 5/12 7/12 3/4 11/12 13/12 5/4
0.083 0.250 0.417 0.583 0.750 0.917 1.083 1.250
Fz(A)  n/4 1/4 1/2 3/4- 1 5/4 3/2 1/4 2
0.250 0.500 0.750 1,000 1.250 1.500 1.750 2.000
F,(A) (20-1)/8 1/8 3/8 5/8 7/8 9/8 11/8 13/8 15/8
. 0.125 0,375 0.625 0.875 1,125 1,375 1.625 1.875
F(A) n/8 1/8 1/4 3/8 1/2 5/8 3/4 1/8 1
0.125 0.375 0.625

0.250

0.500

0.750

0.875 1,000
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function appears in the correspond;ng row of éolnmn 1. In each case li
denotes the smallest characteristic numbeg. Both fraectional and
decimal values of the characteriétic numbers are given.

From the interface interlacing theorem, Sec. 3, Cﬁap.z, and the
fact that all characteristic values of (1 ~ 1;3):and its snbsystems'aré
nonnegative, we know that the zeros of F(A) must interlace'fhe ze?os'of
the product function fl(l)Fg(k).on.fO.wh A comparison of the
characteristic numbers in the last row of Table 2; which aré the
successive zeros of F(A), with the union of the characferistic numbers
in rows 1 and 11, confi;m;‘this pro;erty a; far as our table goes. In
this example, all zeros of f£;(A) and of F3(A) happen to dqincidé, i.e.,
all zeros of fl(l)Fs(A) are double zeros and hence are zeros §f f(k).
These observations are portrayed geometrically in Fié.la whqre'£h§

« C.
zeros of F(A), £;(2) and F3(LA) have been plotted along the pqsitive A
axis. | | P |

Of course, the interface interlacing theérem also asserts that the
zeros of F(A) interlace those of the product function fz(l)F4(l), as
well as those of f7(l)Fi(l) and of fs(l)Fz(l). Figs. 1b, 1c¢, and 1id
illustrate this behavior of the zeros of F(A). | | h

A useful summary of the precedimg inmterlacing proéertids of,F(l)
in terms of subsyséems is the folloﬁing: For each integer k,
0 <k <3, the characteristic values of (1 — 1;3) interlace the union
of the characteristic values of the two subsystems (O;Qt;:nl;k) and
(k;my - =n33) provided ny = my, where i < my, ny L2, | |

Incidentally, Figs. 1a and 1b illustrate the fact that, in this

example, the set of all zeros of F(A) is the nniéﬁ of the zeros 6f
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£;(AF3(A) and those of fz(B\.)F4(X).- To see this mnote that all zéros of
fl(i\.)F3(2.) and of fz(A)F4(A) are double zeros. Thus, 'eiach zero ‘of :
£4(M)Fg(A) is a zero of F(A), and each zero of fz(l)F4(A) is.a zero of
_F(A). Since the first zero of fz().)F4(k) comes before the fir‘st zero
of fl(‘/\.)F3(2.). and since only the first.zé:.;o of F(A) can possibly come
before the first zero of £1(AMF3(X), this first zero of F(A) must be
the first zero of £,(A)F4(A). The second zero of F(A) must then come
between the first and second zeros of f,(A)F4(A) and is then the first’
. zero of f£;(A)F3(A). The third zero of F(A) is then the second zero of
£5(A)F4()), and the fourth zero of F(A) is between the second and.third.
zeros of f,(A)F4(2A). Thus it is the ‘second zero of £4 (AMFg(2).
Continuing in this way we see that the set .of all zeros of F(A) is,
indeed, the union of the zeros of fl(A)F3(X) and of £, (A)F4(2).

Had the Zeros oi:; £1(M)F3(1) and of fz(A)F4(3\.) failed ;to.prodnce
all of the zeros of F(l.) then the zeros of £4(M)F; () and of fs(”Fz(M
might have been used to advantage. | ‘

As we know, a subsystem of (1 - 1;3) i‘nvolving'two-adjo'ini.ng
intervals is itself a Sturm—Lionvillle interface system tc; wﬁich ihé
interface interlacing theorem may be applied. Specifically, v;hen
applied to F;(A) the theorem asserts that the zeros of Fq(A) interlace
those of either £1(M)£3(2) or £5,(A)£4(A). This behavior of the zeros
of F;(A) is portrayed in Figs. 2a ‘and. 2b. Simila'rly.. the zeros of
Fy () interlace the zeros of either .fl(k)fs(k) 6: £ ()£ (). This is

depicted by Figs. 2¢ and 2d.
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Figure 1, Interlacing by the auxiliary function of the entire system.

(ﬂ) 1 ¥ | "( ; ’!'l + ',4r + 1 ¥ if'_\ A
4 + 4 ' Y
0 0.2 004 R 006 0.8 1.0
Consecutive zeros of f£;(1), Fz(A), and F(A) are indicated
by the symbols o, 4, and ¥, respectively.
(b) ¥ Y ¥ ¥ 1Y AT ¢ ¥ 4 A
- 4 _ S 4+ o ES T ‘
0 ) 0.2 0.4 " 0.6 0.8 1.0
Consecutive zeros of f£,(A), F4(X), and F()A) are indicated
by the symbols ., *, end*+._iespectiveiy.
(c) 1 ¥ 1 )4 ‘lfl : if I‘J’ l v 1 ¥ ‘k hY l‘
4 4 4 4 4 £
0 0.2 " 0.4 0.6 : 0.8 1.0
Consecutive zeros of f,(i), F;(1), and F(A) are indicated
by the symbols ., *, and ¥, respectively.-
(a) M T 4 Y, ¥ R YooY iy A
4 R B 4 4 + 7
0 0.2 T ’0.4 ’ ' Q.6 0.8 1.0

Consecutive zeros of fs(x), FZ(X); and F(\) are indicated

by the symbols ., *, and ¥, respectivelj;,
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Figure 2. Interlacimg by suxiliary functions of systems defined for
-2 <{=x<{1. ’ :
(a) ¥ 1 ¥ ) ¥ -1 ¥ LY ‘!’ v A
IS _ +
0 0.2 0.4 0.6 0.8 1.0
Consecutive zeros of £4(2), £3(1), and F{(X) aze
indicated by the symbols ., *, and ¥, respectively.
(b) ¥, ¥ L M Lo Y LY 13 A
4 ¥ : 4
0 0.2 0.4 0.6 0.8 1.0
Consecutive zeros of £,(L), f4(A), and Fy(A) are
indicated by the sywmbols ., t, and ¥, respectively.
(¢) ¥ ¢ M M1 ¥ M A
L % ]l < £ ] ‘J)_)
0 0.2 0.4 0.6 0.8 1.0
Congecutive zerss of £3(A), f5(1), and Fy(R) are
indicated by the symbols., *, amd ¥, respectively.
(a) +w Y 4|+ Yy Y i 4‘; LN A
4 0 47
0 0.2 0.4 0.6 0.8 1.0
Consecutive zeros of f,(A), f5(1), and Fy(X) are -

indicated by

the symbols ., *, and ¥, respectively.
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Figure 3. Interlacing by auziliary functions of systems defined for

-—1 < = < 2.
(a) : Y 1 ¥ n Yoo ‘ SR Y
’ ' ‘ 3 A’
0 0.2 0.4 . 0.6 0.8 1.0
Consecutive zeros of f3(A), £4(A), and Fz(A) are
indicated by the symbols ., + , and A respectively.
(b) i i’ . ) Y ) : i i 8 A
% - R B
0 Q.Z 0.4 0.6 0.8 1.0
Consecﬁtive.lzeros of fs(.l,), £g(A), and Fz(A) are
indicated by the symbols ., }, and ¥, respectively.
(¢) ___.__Y o Yo ) Y Y 1N A
. N . . . . . 4 [ A
0 A 0.2 ' ‘ 004 0-6 0.8 1.0
Consecutive zeros of £4(0), £5(X), and Fy4(L) are
indicated by the symbolse ., + ,. and ¥, respectively.
(@) M Lo v - | M - M 8- A

o . 0.2 0.4 0.6 0.8 1.0.
Consecutive zeros of fc(i), f;s(l)', and Fg(A) are

indicated by the symbols ., *, and 4’, respectively.
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By the same tokem, the zeros of Fz(A) interlace the zeros of -
either f3(k)f7(k) or fs(h)fs(k) as shown in Figs. 3a aﬁd‘3b. Finally.
the zeros of F4(k) interlace the zeros of f4(l)f7(ki or £5(A)fg(L) as

shown in Figs, 3c and 3d.
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By utilizing the characteristic values of Table 2 to compute the
characteristic functions of the subsystems of (1 - 1;3), we obtain
"Table 3. In listing the characte¥istic functions,'a}1 nonzero
multiplying factors have been reduced to uaity.

According to Theorem 4, Sec. 1, Chap. 1, the'charactefistic
functions of system (i - 1;3) are orthogonal on the fundamental
interval (42,2) with respect to the weight function | |

2 | R
p(x) ='(jEO Rj)p?(x) 2pq < ? < xy | 1 (k<3
where R, = 1 and, from sec. 1, Ry = 4 and R, ='1/2i Ve shall now
verif& this property directly. To do so, ﬁe'supposp m# n and coﬁsidef
-1

f 16n%sin Qgglsin BIZ dx
-2

1 ,
+ f'4n2sin'gz 2=3) gin gﬂi-§:§)-dx
-1

2 o ,
+ .f Sﬁzsin Bﬂii:gl sin QZS%:ZI dx.
1
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Table 3. ?haracteristic functions of the subsystems of system
System Characteristic Fuanctions
(0;m — 1;1) y; = sinlanx] -2<¢x<-1
(0;m - 2;1) ¥y = sinl(2n-1)nz/2] -2 ¢x¢-1
(1;1 —132) g = sinlnx(z+1)/2] -1 ¢x <1
(132 - 152) . ¥y = sinl(2n-1)n(z-1)/4] 1<z} 1
(1;1 - 2;52) v = sinl(2n-1)n(x+1)/4] -1<¢z< 1
sin[(n-1)7x/2] a even A .
(1;2 - 2;2) ¥y = _ : -1 {(x< 1
cosl(n-1)nx/2] n odd
(2;1 - n33) v = sinlnn(z-2)] 1<(x<¢ 2
(2;2 - n;3) ¥3 = sinl(2n-1)n(x-2)/2] 1<{(x<¢ 2
| y; = sin[2an(x+2)/3] -2 <x < -1
(0sm - 152) '
¥ = sinlan(xz+5)/61 -1 <x<¢ 1
y; = sinl(2n-1)n(x+2)/3] -2 {x <=1
(0;m — 2;2) - ' _ : -
vy = sinl(2n-1)n(x+5)/12] -1<x< 1
_ yp = sinlnn(x-3)/4] -1<¢zx<¢ 1
(1;1 - n;3) o .
y3 = sinlan(x-2)/21 1 <¢x ¢ 2
¥y = sinl(22-1)n(x-3)/8] -1 <{x< 1
(1;2 - n;3) < .
y3 = sinl(2n-1)n(z-2)/4] 1<¢x< 2
y; = sinlanx/2] -2 {x<-1
(1 -1;3) ¥, = sinlan(x-3)78] 1<¢x< 1
= ginlan(x-2)/4] 1<¢xzx< 2

3
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The sum of these three integrals equals.

16n ggiéléﬁsg;zglzl'_ §iglégig zz[&l}l

n+m ) o

+ {éigligigg£§zzéz4§l _ §iglig%§%§ x:ilL&l} 1

-1

re s o : . 2
+ {552119_%%§é§_22111 _'§22[$%£$%§i§_21111§‘1

which upon substituting in the.upper and 10§er limits,‘reduces to zero.
Hence, the stated orthogopality condition holds. . ) !

From (2), Sec. 2, Chap. 2, we also know suborthogonality
conditioﬁs which apply to the characteris;ic functions of the various
subsystems of (1 - 1;3)., Let us verify, for instance, that the
characteristic functions of (0;m — 1;2) are orthogonal on (-2,1) with
respect to the weight fnnétion

1
p(x) = (;Eo Rs)pj(;) x5-1 < x < x; 1<¢j<2

where Ry = 1 and Ry = 4. Vithm # n, we evaluate the integrals of the

sum
f 16nPsin 20ILKIZ) opy 2mm(xid) g
-2
1 o
+ f 4n?sin §51§i§l sin Eﬂi§i§l dx
-1
and get
' : -1
i = 2)/3 in[2(n+m) n(x+2)/31]
167 {§121212r%%£§§t_1L_1 _ sin] (nzﬁ+;)x % L

+ 16m {giglig:%%gé§i§llél - §i£1$2t?%£é§i§liél}

-1 .
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Substituting in the 1imit, we find ﬁhat all of this reduces to zero.
Hence, the"suborthogonality of the_cha#acteristic'fﬁnctions of
(0;m — 1;2) is established. |
For the subsystem (1;2 - 2;2), which has 0 as a characteristic
number, the corresponding suborthogomality cqndition asserts thaé‘tﬁe"
characteristic functipns of the system are~orthogonal on (-1,1) with
respect to the weight function |
(1) . p(x) = Slpzéx) =a2 - -1<x<1.
Sinée only one interval.is involved here, we may clearly deiete the
nonzero factor (1) from the integral defining the subofthogohality of
the characteristic functions iﬁ this case.
In our direct verification of'the suborthogonality comdition for
(1;2 - 232), we first assume n is even and m is odd. Since

S oo (a=1)wx 5os (m=lnz gy - [:szgﬂ{g-m nz/2] _ sg%ﬁg_%zmml]_l

[ L n-m)n/2] _ cos nim:ZRLZi]
Fm—2 ,

n-m i

[cosL ‘n-m ﬂLZl . cgg%{%i%é%}ﬂ[&l]

n—m
Lt ' = 0,

the suborthogonality condition holds in this case.




67

If n # m and if n and m are both even, we have

i

[g.i.gl{n—m ss/2] _ sinlzsng ;LZl] 1

n-—m n+ -1

[§i§£{g:mnézl - gig£ 2;&;%%5[&1]

nin-m

+ [31nL n-m n/2] _ §i§£{§$§5%}ﬂlzl]

= sin[(n-m)a/2] _- sin n+m—2 LS
—§ nl{z-m)x/2] _ sinl _21_1}
= 0
since both m and n are even,
For n # m and for n and m both odd, the suborthogonality condition -

involves the integral

1
f cos 13:%135 cos 123%135 dx

[g_gL%n—m z/2] , sin[ nig:Z%ﬂx[Zl]

n—m

- [sinl%i:g}gizl + s1n[%n+m—2 ﬂLZl]

+ [81nL n-m)n/2] . sisl{ntn-g ﬂL_l]

n—m m—f

{ L%E_m n/2] 4 sisl{nin-g ﬂL&l%
=0 |
since both m and n are odd Qo thaf‘both n-m and n+m are even. Thus,
the snborthpgonality condition has bee; éhown to'héld in all cases for

the charagteristic functions of (1;2 - 2;2).
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In the same way the suborthogonality of the gharacteristic'

functions of the other subsystems of (1 - 1;3)_caﬁ.be ferified.

Ve have already mentiongd that Theorem 1, Sed.l. Chap. 3, may'bé '

useful if subsystem (i;m — n;k) has characteristic values which are
close together. Then the interval between the first and last of any
three consecutive characteristic values of subsystem (i;m - n;k) will
be small. Moreover, each such interval will contain at least one
characteristic value of (1 - 1;K).

For example, consider the fpllowing system'whése differential

equations are

v + n®a2y; =0 for -2 ¢ x < -1
(1) vy + 100n%a%y, =0  for -1 < z < 1
vy + 4n*a2yy = 0 for 1<x < 2

and where boundary and interface conditions are
(01) y;(-2) = 0

(1,1) y5(-1) - yo(-1) = 0

(1,2) 10y{(-1) - y3(-1) = 0

(2,1) y,(1) - y3(1) =0

(2,2) y4(1) - 5y4(1) =0

(133) yz(2) = 0.

The nth characteristic value of this interface system iﬁ'given byl
n

(131 - 132), (132 - 1;2), (31 - 252), and (132 - 2;2) are A_ = 2/20,

(2n-1)/40, (2n-1)/40, and /20, respectively. For each of these foui'

A, = n/23. The nth characteristic values of the subsyStams'
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subsystems the limne s;gment joining the nth and (n+2)nd characteristic.
yaluef is pf length 0.1. Consequently, fai;ly small intervals are
found which must contain at least ome characteristic value of
(1 - 1;3).

Figs. 4a through 4d demonstrate the fact that at least one

~characteristic value of system (1 ~ 1;3) lies between the smallest and

largest of any three consecutive characteristic numbers of the four

subsystems already named.
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Figure 4. Demonstration of the result of Theorem 1, Sec. 1, Chap. 3.
() | ¥ VIR AR 2 N 2. R SR S T Y 18 A
£ R R S + 7
0 0.1 0.2 0.3 0.4 0.5
The chéracteristic values of (11 - 152) agnd
(1 - 1;3) are denoted by-1&aﬁd ¥ respectively. _
() ¥ Yy ¥ Yoa_ ¥ Y_ ¥ ¥ Yi__ ¥ Y 1.
. X N 4 A N 44 4 4 + 7
0 0.1 6.2 0.3 0.4 0.5
The characteristic values of (1;2 - 1;2) and‘
a - 1;3) are denoted by * and Y respectively.
{(e) ¥ ¥, 4 v i ¥ Y aY ¥ ¥ g Y 1.3 A
F 3 ¥ 4 PR N R + 7
0 0.1 0.2 0.3 - - 0.4 . 0.5
The characteristic values of (1;1 - 2;2) and
(1 = 1;3) are denoted by 1 and ¥ respectively.
(@ ¥ T A IR T AT T A TS S AR Y
4 4 4 £ n A+ 4 4 + 7
0 0.1 0.2 0.3 0.4 0.5

The charsoteristic valmes of (i;2 - 2;2) and

(1 - 1;3) are denoted by T and ¥ respectively.
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CHAPTER 5

SUMMARY AND TOPICS FOR FURTHER RESEARCH

In Sec. 2, Chap. 2 we introduced the concept of a Qubsystem of an
interface Sturm—Liouville system, Then an interlacing théorem
involving auxiliary functions of an interface Sturm-Liouville s&stem
and certain of its subsystems was established. In Chap. 3 some results
concerning characteristic valﬁés'of‘ordinary Sturm-Liouville syst;ms
were extended to characdteristic valﬁes of'interfa;e éturm—Lioﬁville
systems., We now list several fopics forAfurther researéh iq afeps
related to those discussed in this thesis:
 1. Obtain conditions yielding results'simiiaf to those of the
fﬁndamental interlacing theorem of.Sec. 2, Chap. 1, when the fi(x) for
1 (i <4 are allowed to have zeros of an order higher than one.
2. Seek to determine for.an interface Sturm-Liouville system how the
number of zeros of a characteristic function corresponding to the‘nth
characteristic value may depend on n.
3. ?ind the asymptotic form as n approaches +» of Sturm-Liouville
interface characteristic functions which correspond to the nth
characteristic nﬁmber. | o
4. Sggk useful families of functibns for applying the Raleigﬁ—Bitz'
~ Method to interface sysiems,and‘conditions necessary fbx getting good

results with this method.
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5. Discover some variation of Sturm’s Comparison Theorem which holds
for interface systems. |

6. Extend results obtained in this thesis to Sturm-Liouville interface
systems involving the parameter A .in their boundary ;nd interface
conditions. |

7. Study Sturm—Lioﬁville interface'systems for ﬁhiqh (4):and(5) of
Chap. 1 may n&t hold. ‘ | .
8. Investigate Sturm-Liouville interface systems of order higher.

3

than 2.
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