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ABSTRACT

o
For k-vector spaces of a denumerable dimension supplied'with a

symuetric bilinear form, Kaplansky proved that in the case where

characteristic k is 2 and O(ge) = 1 there are, up to orthagonal

iscmorphism, precisely four non-isomorphic types. Kaplansky has raised

the question of how this result is altered when characteristic k is.2

and O(gk) >4 . The question is answered in thils thesis for the case"

O(Sh.) =

This thesis is divided into two parts, the first paft is an investi=-

gation of properties of fields of characteristic 2. TIn the second part
the classification of non-isomorphic spaces is carried ‘out. The ma,jor

. tool used in the classification is a certain theorem of autamorphisms..
(2.4) for fields of characteristic 2. '
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CHAPTER I

INTRODUCTION

The classification, up to metric (orthogonal) isomorphism, of finité
dimensional R -vector spaces F , supplied with a bilinear form ¢: FxF-> R
is a very difficult problem. It has been solved for particular fields-R ,
such as the field of rationals, reals , p-adic numbers and function fields '
of one variable over a finite constant field (see, e.g. (#) and (R)).
For vector spaces £ of a denumerable (algebraic) dimension, the diffi-
culties vanish in a large number of cases by showing that £ admits an '
orthonormal. basis for a large class of underlying fields (Char R+2 )
( &).4,{: :In the denumerable case, an exceptioﬁal role 1s once more played by
the underlying fields of characteristic 2. "Even under the assumption that
kR e perfect, i.e., every element of R is a square, Kaplansky proved
that there are, up to orthogonal isomorphism, precisely four non-isocmorphic:
types of denumerable vector spaces supplied with a symmetric bilinear -
form. Kaplansky has raised the question of how this result is aiteredf"- .
when KR 1is not perfect. In the following, we will answer this ques’ciorli"“v .
for a large number of non-perfect fields. ' ‘




CHAPTER ITI

NOTATIONS AND RESULTS N

2.1: Iet EF be a k—vecto:r space over the commutative field k , supplié_d
with a symmetric, non-degenerate bilinear form ¢/ &x& >k . DBecause (b
is non-degenerate, i.e., if @ (x,¢) =0 for all Xe £ , then y=9. ',
is also called semi-simple. £ may thus contain isotropic vectors, » i e.,
vectors X = O with d(x,%x) =0 s but no vectors X =+ O with x_L E
As usual we write " for the "length" ¢ (x,x) of a vector x ¢ &

al is also called the norm and we w:Lll occasionally refer to the AP S

'x —> /%Il as the norm form. The values ¢(xy) of ¢ Will often be
denoted"by (%, 4) if there is no risk of confusion. If we wish to indicate

.c]_-early- the space £ and the form "carried" by £ we refer to the space

N

\\$

N

\

(E,d)- | Thus, if (£,¢) and (2, d)are R spaces, then they are said to be .

N

orthogonally iSOHlOI‘PhiC( (5,0) & (F,3)or sluply = = E if there is no A

risk of confusion) if and only if there exists a vector space :Lsoanorph:.sm '
p: E—> E such that @J(xy) =B (Y& ,¥(y)) for all 7, ye E .-
For Brevity s We wiil use isomorphism as synonymous with orthogonal
isomorphism. If F is a subspace of £ , then #'L is the space of all
vectors ¥ € E such that («%,y¢)=0for.all Jye r . FN =t is called the
radical (ved (F)) of /~ , and F is semi-simple if and only if

rad (F) = ¢« If F and ¢ are subspaces of <., then F.LG means

that for all X & F and for all g eG, (xy)=0. In this case we say

that F 1is orthogonal to G . We always have F.C ~**ta, subspace ~ of

E is sa,n.d to be closed if ~ = £+, If ~ is closed\ and & is a finite

dimensional subspace of £ , thenm A+ G is closed. \

2.2: Iet F be a finite dimensional subspace of £ . For & fixed basis
§5, - -, 85a3 of £ , let De=(-"2 det//qs(sb,sd)// If §5,--5 5%}
is any other ba.s:.s of F and pD'=( 1)“&‘—0(@1: //q)[&, 5(1)//, then there exists
d # o0 such that D = d*D’, Hence D defines a. class modulo sguares in
k , which is an invariant of Fue s invafiant under orthogona_l isomor-
phisms of '~ . This class is called ,jche' discriminant of ~ (for example »

LSRN

N
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F is semi-simple if and only if its discriminant is not the zero class).

,2.3: dum E£2 N  means £ has a denumerable algebraic basis. If
_Chan R #2 then £ has an orthogonal basis ( £ always seml-simple),

i.e., a basis 4€/,€2, -+ § such that (€.,8,) = © if < #7 and
(€r,e,) #+ o . If, however, char k=2 , then £ does not
necessarily i)ossess an orthogonal basis.” Bubt as in the finite dimensional
case E is an orthogonal sum of subspaces of d;i.mension at most 2. Thg' '

W

irreducible 2-dimensional summands are hyperbolic planes 7 , i.e., piénés-

spanned by a basis €, , @,/ with wegl = e /=0 and q’) cee, éf)"'= 1.

In other words ’ £ decomposes into an’ orthogonal sum E= F& @P s
where F has an orthogonal basis and the 7% s are hyperbolic planes. We
also say tha‘q the subspace 2?;_ F. of £ 1is spanned by a symplectic ‘basis.l
In particular, if the form ¢ on £ is alternate, i.e., @ (x,x) = 0O for - -
all X e £ ,.then £ =,@F (for a proof of these theorems in the
countable case, see e.g. (3)). On the other hand we see that if £

. contains no isotropic vectors, then £ possesses an orthogonal basis.

2.4 Iet E be a k -vector space over a commutative field of any ,

R
character:.st:.c suppl:.ed with a non~degenerate -alternate form ¢ + PFurther-
more, let v and 7 be subspaces of £ such that wt= P+ = (©) and

dim (Bfy) = dim (E/7 7). If F and FE are finite dimensiomal :Lsomorphlc-

' subspaces of = with Fnv = F AV =(o), then every orthogonal isomor-

phism Ts ¢f F.=> F can be extended. to an orthogonal automorphism 7 of £
with 7" (v)=V. 7This theorem will play an important role:in our classi-
fication below (section 4). It was proved in (1 ). A proof can also be-
found in (). The above formulation is more general than the formulations
in (1) and (2). However, inspection of the proof yields the more general
result guoted. ' ‘|

e e e -

~ 2.5t In the following investigations we will assume that (£, ¢) is a NN

R ~vector space with char k= 2 and dim £ =9% . The following notations
will facilitate the reading: " Ey," will stand for a space spanned by a
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denumerable sympletic basis, i.e , E“’):.,.@ P, , P a hyperbolic plane.
,Similarly, " Ey" will stand for a space spanned by a denumerably infinite’
orthogonal basis, each basis vector of which has the same length « =% O

"j Finally a i-dimensional space R(e) with el =A (#0) will be referred to
as A and similarly K (e,e.) With (€),8) =0 , Jley = o (#0),
heali=p (*0) as Agp)- | ‘

e el
;




this vector space. More precisely, we have ‘the | \\

CHAPTER IIT

FIELDS

In this short section we list a few elementary facts about fields of‘
characteristic 2. First let R be any commutative field, k¥ be the L
multiplicative group of R , and k** the subgroup of squares. 9k W:'I:li
denote the multiplicative group R*/&**of non-zero elements modulo squares.
If  , Bek , we write A ~g@ " if there exists Y& R such that A =7vig3,
The order of @, will be represented by O(gr) « Yk can be finite or
infinite, if it is finite, it is a power of 2 since every element of Gk is
of order 2 Provided that <har k # 2 there exists for every matural W
Tields satlsfy:.ng 0(9k3~ an. (Examples :f‘or’)’) = 0 5 | 5, 2, 3 are: The

) :f‘lelds of complex numbers, real numbers » P~adic numbers with p#& , 2-adic

numbers. respectively. For Lk the field of ratlons 9k is already
infinite.) A detailed :anestlgatlon of such f:l.elds is given in (l) If, .
on the other hand, ¢har k=2, then the subset R* of squares (1nclud1ng
zero) is a subfield of k ; i.e., KR is a "k?* vector space. The
elements of 9k correspond to the straight lines through 'bhe or:n.g:.n of

l,'

-~ /

Lemma.B.l: il 'thx_n k=2 then either O (9&)= Z or else O(ge) =Card R

Proof: If O(qe) > 1 , there exists oL and B € £ such that ol X

CIet S= {OL‘FX,OI’Xek} , then Card () = cavd (k) . Forau-w,e:abry/a

" which contradlcts the choice of oA and- 8 . Thus cawd (S) £ O Cgh)

. Tinite, it necessarily is a power of 2.

1:E'andonly1f(9r—g)p—o ; .., x=g since char k = 2 .
Suppose A + X*s = o st g2a ) with X #F 4., then 0+ 2 *and o= (,+¢)P

and hence 'bhe assertion.

The fields with O(Sb) 1 (than k= .2) are precisely the perfect fields.
In particular, O(gw) = 4 for finite k '(if Qhavk # & then O(gu)= 2
for finite R ). The degree [k: &*] may be finite or infinite. I:E' it is
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Lemma 3.2: Iet Char k= 2 then for some natural number % J kR = a”

provided that [k: k7] is finite.

Proof: Iet §$= $0, -, @n} be a finite set of independent algebraic

elements over j2° such that R= K*(@,.-- ,0.) . Since X = ©F is

irreduciblje“over R* (x*% @ = (x-0)* and @ ék* ) we have

[]gl(@,) f k=] = & . Successive a.djunctiohs g:i:w}e [}Q LR = 27 .
The fact that [R/k>] is invarient under a Finite algebraic

extension is given in:

Lemma 3.3: If Chaw k= & , [k:k®] finite, and ¥ a finite extension

of K ~,then [F.FJ =[k: K]. -

Proof: It is sufficient to give the proof for a simple extnesion /; = }z(@)-."
Let ):h C@);'hj =n+1, then 4,0, @% ~- -, 0" are linearly independent and form

a basis of R(®) over R « We have R'C R Colc R(®) and R°c k < R(a) ,
hence [R (&) k(6)] [k(6)*/ k’j-‘-'[l_;(@):kj [k: k] - We will show that X
[k k] = [Rlo); ] + If X & k(01> , then x= (do+4)Qf - - +n@)
= ASHFATG + i du @, diekR o Thus R (e)* < R*(0%?)  and
hence k(@) *='R™(®*) . It is clear that 2, 0%, + ., & are linearly
independent over k* : For suppose o(oz—f'uo{uz o*+ - -~+¥vf' 0= o ,

hence (Aot di@® + --- +¢>L‘10h):.'oand Ao+ i@+ -+ L@ = O -

i

'Therefox"e Ad=0,¢=1, 2,0a07

Corollary 3.1l: If Chavk = 2 , S is an infinite set‘of algebraic
elements over k , and [k:k is finite, then [R(s):k(s)] <[k k2] .

Proof: Let [R:k*] = £ and suppose [_72 (s) .’R(s)ﬂ > 4 . select any 4+J
linearly independent elements of Kk(s) over Kk (s)%, say So= 30, - <, Qptr} o
Corisider R(S5) « O, -+, ®y+; are independent over K (s)°, thus

. independent over K (Se)® . But by Iemma 2.3 [k (S0): R(S:)'] = £

whence a contradiction, therefore Ez ('s) 7 R (5)"_7 < 0.
For the above corollary, we remark that we cannot have.equality inm’




" Proof: Iet { Biy o=, /6,,,3 be a basis of R over k> . Define 9(;. =J‘.f‘;,l

- 7 -
general as is witnessed by the trans:v.’c:.on from R to its a.lgebra:.c
closure & (for WthhEE 7= O(g) = )e N L
Lemma 3.2 yields [k:k*] =27 ir Ez k] "is finite and chan k=2 .

. How does one actually obtain such a field? This question is answeréd in

the following Iemma:

P N

Lemma 3.4: IF ﬂ%;’ kzj is finite, and X,, - - - , X» are independent

. transcendentals over R , then [}—< /:1] =ﬂz.‘lezj 2" vhere k= R(Xiy v+ y2nm) .

we will show that § B xS .. 'Xf”}).z.'#l, 20 omy Eu = 0 or 4, NG

is a basis of kK over Kk®*. First we note that the above set has ym 2
elements. Secondly, we must show that the elements are linearly :Lnde_pend-
ent over <2. This will be effected by induction on the number of
transcendental variables X, ,+ -~ ,Xm . For zero variables we have by
assumption § Br, - - -, /37,.} as a basis, thus they are linearly inde_pend.en'@;;ﬂ
Assume the assertion true for the number of variables less than N .
Supposez S Koy v ,xm) By xS = o and that some

Se (X, oa 0, %n) q&-o . If € =6u=+4-=6n=0, then we have

S S (K, e, X)) =0 . Ifall S 6 R, then the zero variable
case is contradicted. Iet §: # O be such that S.'¢ & , then some.
positive power of an X4 must occur in ‘S s S8y Xn . Withouﬁ loss
of generality we may assume not all S¢ % O have a factor An o Let
Xn= 0, then 3 S (X1,7+7, X1, O)lﬂ/_' = () and by the induction
assumption each S¢ (Xi, v+, %Xn-1, 0 )*B, = O. This implies that >m

is a root of each S¢# O and thus a cammon factor of each 5. which
is a contradiction. Now suppose that for scme term 5. (’X.',’.--,O(-n)%d' XL el
Si#0andan €% O , say €9 #0 . Again we assume that not all &
for which <. % O - have a.' common factor, Am . Split the sum into two
parts; i.e.,3 s, cm,,-.,wn%&i x2S 51 (X, 0ae ) By XS0 s Koper o+
ZSa e, ) By X%, 6. o xS0 o Ifall 5= O, then
dividing by Xm we have &, (%), - -, x,,)’:@g' 2,5 .0 xuSl Lo, Iet
Nm = O » by the induction hypothesis all Fu (X1, ¢+, Xn-1, 0) =0 ,
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and thus Y is a factor of all 5, which is a contradiction. If some

anat

S, =+ © , then let Xn =0 and we obtain > Sz (i, - - -) Xm-1, o)fcd'x, © Xns = Os

By the induction assumptions %2 (X1, s » s, Am-,0) = Ofor all S which
implies X+ is a factor of each Sa . Iet Fz (xi;7 -, %,):Dr-n &'(x., "X )y
Eq - Gyt

'bhenZér,_(?fu v, 'X‘n),eg, ﬁ/) e Xy X +Z'ﬁ’~,,l§.; (Xlg“’.;x'n)l/@$. 9(; i » Kpay = O

If all 5 = O then we have a -contradiction. If some S, ¥ O , let

Ko = O 5 then S §i (Xrso v e fonny 0) B s i = O o By the same
reasoning as above we have X+ a factor of all &, . But this contradicts
the assumption that the Se 's do not have a common factor X » thus all

5¢ = O and we have linear independence. Finally it must be shown that

~the set ,,fﬁb XS e waS 3 spans the K- space K . Every element of &k

is of the form h (X, +-, 'Xw.)/g('xr, -.,%w)vwhere 7 and ¢ are polynomials
with coefficients in , but A /g hg ( g 'J®  thus we on.'ly need to |
consider polynomials.. Iet /P (Xiyo 2 )X ) =2 @hetye v e g X »~,X,, e an
a.rbifrary element of K . Consider g, ...y4. X. S )(M . Iet
Adivesmn =Ai B+ o'n -+ dm B and decompose X = 'z\’.e'mxne"(x.mm'xi “)

such that O < €/ <4 and &.+2 Ve = 914". :ct follows that

Qi v vin X B = B BoXE xS (AeX e ) T

As an example we mention algebralc function fields ‘< of Tinitely
many variables ,‘ il.e., finite extensions of rational function fields
R (%1,2+-;%=) (the X.'S independent transcendentals over k& ), K =
k (i eae,Xn) (O, -, Onp et R* denote the algebraic closure of £ in
< (the "field of constants"). From general field theory we know that
any intermediate f‘ielid k-, between 'R and k is also finitely éenerate.d
over k . Since kR € K*<.K it follows that K is finitely generated

.over K-, but each element of .h* is algebraic over k , hence[K*R 7]

is finlte. By Iemma 3.3 we have E ie’.j = E?"J’fe"‘zj '« This gives us:

Corollary 3.2: ILet [k7 k*] ve finite,' k an algebraic Tunction Field )
of N variables over K and R* the field of cens“pants in K . Then

E- PR =k e _—:[_Ze*; Ie* {].zm




CHAPTER IV

CLASSIFICATION OF k~SPACES (e ¢) IN THE S
CASE OF COUNTABIE DIMENSION
Let ¢ be a non-degenerate bilinear form, ¢"EXE"——-> R , where £
is a R =~vector space of denumerable dimension. In the i‘ollow:.ng we

will classify all such spaces up to orthogonal isomorphisms for certa.in ‘

- fields k . In the special case with O (gey =[k:KJ]= 2, this has been

carried out by Kaplansky in (4 ): For such k we have up to orthogonal
:.somorph:.sms precisely 4 non-isomorphic spaces, namely Ewy » Ee s
Ew) ®4qy, 308 K> & 4@) -

The fields for which we shall carry out the classification are those
rwith [k k3 £ 2 (see the examples in section 3).

Let (£,0) %Ye a space over such a field. The set F£x of all
vectors X & & of length /ix//= O is a subspace of E (this is precisely
the subspace of vectors whose length /i %/l is a "trace" if ¢ is
considered a sesquilinear form. TFor this concept see, foi' example,

Ia geometrie des groups classiques by J. Dieudonne, Berlin 1955, page 19.)
Clearly Ex is an invariant subspace of £ (inveriant under orthogona.l
automorphisms of F ) An algebraic complement of Ex in. £ will always

/

be called L in the sequel:

Since clim L= dim Bz, , the dimension of L is invariant also. L

contains no ilsotropic vectors, hence it possesses an orthogonal basis, and .

by the same token, dim L < [Rik] £ & . .

Iet, for a fixed L s, K be an aléebra.ic Eompleme'n\t of E,n L*
in Ex l : | :
_ E=(Exntt) ok @@L , Ex=EsnLt*)okr~ (1)
The following. investigations will be based throughout on such a..‘decom- ‘
position (1) of E . We shall now convince ourselves , that dim K does
not depend on the particular L. chosen, more precisely we prove: '

Lemma 4.1: Iet (&,d) 'be an arbitrary sem:.—s:.mple R - vector spa.ce. If <
and L are 'as described above then
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dim k - dlM(E*-)-b-x/,_-: ) = d/m A

Proof: Iet & 'be an algebraic complement of £ «t5Mn E 9 and H an
algebraic complement of Ei in Ex+ £x. Thus E =~ Ex & H & G and

dim H= dim(Ex+E5 /24)+ Tt is sufficient to showdim < = clim & for
this implies dimk + dim j = dim ¢ +dim it = dym (GO H) » Since L=God
and Ex C HT , we bave ExNl = ExNGe HY = Ex NN 6 = Exnct. mow
using the fact Exnlt= Exnc* > We obtain the chain of equalities:

dim k = dem ( Ex/iz nt) = ¢ m ('E*/Ex/lG-“L) = dom (Ex+oi/@i>
Ex + 6T is closed (see section 2. l) and EFfNG= [o) by cons‘cructlon,
_hence’cne obtains Ext 6l= (Ex+6OYe (i p ) = (einslT @ = £ .
Thus ’

' ek = diwm (Ex+ 6Y54) = divm (E/st) = dewm G

From (1) we see that (ExN )N nad Ex is orthogonal to E , hehce, as £ is
-semi-simple (Ex NLt) N nad Ex={). In other words, we can a.lwayé choose K
in such a way that vad Ex < K . In the following discussion V' will
always be the space [Ex ) L (for some choice of L ) and Kk will be the
algebra:.c complement of V in £, .

In the follow:Lng classification, we.use the fact that Ex ’ E;L ’
and vod Ex are invariant subspaces of E . The scheme for dividing
our invéstigation into cases is as follows: The first division is
according to the d¢mL ; i.e., three cases: dleml=0,2, 2. Then in
each of these cases we apply Lemma 4.1 and further subdivide by the
allowable values of ¢w Ex" and diw (sad Ex). This yields 10 : ..
different cases; for a .summary, see page 21 . K "

We now proceed with the classification:

Case 1: dym E/g, = O« We have E=Exand ¢ is alternate. Since
E 1is of countable dimension, £ posseéses a sympletic basis, thus

E= E@).

Case 2.1: (/i Efe, = 4 5 dim 'EXJ' =0 s dem (V‘aJEx.)‘= O -

oo
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Iet L. Dbe any algebraic complement of E» in £ , V= £a N L+ and
kk some algebraic complement of V in S , then £x =V @ /< and
"=v@/<@L.. By Lemms 4.1 <= R(w) and co # ¥ since vad Ex = (0)
et L be spanned by the vector ¢ .
| " We need the fact that the orthogonal. complement V“L"’* of ¥ in
Ex is (¢) . Suppose there is a non-zero ye Ex such that ¢ + v
Iet A and PB=£ G be such that (A L+p8y, w) = O . Thus (a(ﬂ#-,&g)i
4=, » & contradiction to cldm Ex= (o).
Since cAém L = 4 the range of the norm form is a single class in Gl
We now show that any two spaces falling in our case are lsomorphic 1f and -
_only _,if the range of the respective norm forms coincide. One half of the
assertion is trivial. Iet us then assume that £ and E are spaces
falling in our case, and that the ranges of the norm forms coincide. Thus
if 0 and Z  are analogous objects as above, We may assume that il el=/1Z]|
in the decomposition: - \
E=VoRWkRU), LLy ,and .
E=V0o k(@) @k(7)s TLT - g h ) (1)
In general we shall have (4, w)  (Z,D). We therefore replace
by Z + ¥z where < is some vector in V with (s,@) # O (V& =(0)
‘as we have seen). Thus we can achieve that (2,@) = (£,00) withiel=ITIl
because Itll=0 . Let V.= Ex/ h(f-)l. since (L, w) # O we
have W £ T i.e.,‘ 7 still spans a complement of V in Zx . We now
have the following decomposition: ‘ ' "
E=7 oki® o k() ,and .

HRN=NTN s TLV 5 (L) = (e)w)
Ex and t:,@ are ‘cr:m.aily semi-simple in our case. Furthermore V +E *

(2)

B?”L’:*: (o)as we have seen.’ Hence by 2.4 there exists an isomorphism
Ti? Ex —>E, with T (V) =¥ , T(w) = & . In view of (2)
we can extend Tx to an isomorphism ' T E—> E simply by sending £ into
T' .« This proves the assertion.
If [ /f = &, then the space £ (i) falls into our case as is readily

verified. We have therefore found all non-~isomorphic. spaces which fall




“x(#0) € V such that XL V', but then ¥ + K& L which implies X4 E .

v m——
~ ~

' This contradicts the 'assumption that £ is semi-simple. |/ has a . \\
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into the present case: ,
If [Z?: k"j = 1 there is only.one type and Fgyy is a re_presentative‘;
If [R/R*]> 4 the spaces £ where -A runs through a set of ‘
, rep'resen’cat_ives of dr are non-iscmorphic and they represent all
spaces up to isomorphism.

Case 2.2: dL'M E/Eu.; i s clem Exi = 1 I dim (Y‘ac(1=x) e

In this case we simply have E= Ex @ EX . £ » 18 thererfore semi-s:.m_ple
and possesses a sympletic basis, thus £x = E(o;. If A= /4!l vwhere
£  spans =5 » then £ is completely determined by the orthogon'a,l sum.
= E(o) @ k(L&)s Two spaces = and Z in this case are. isomorphic if
and enly if £ and l=x _are :.somorph:.c. Thus : -
If [k:¥] = 1 +there is only one type, namely £(o) @A(J.) ‘.
It }:}? i) > 1 +the spaces Ee & Ay Where A runs thfough a set of
representatives of gh are non-iscomorphic and they represent all
spaces up to iscmorphism.
. . -. - |
Case 2.3 di'm Efpy = 4 5 odim Es = 4 5 dim (vadEx) =47 .
Upon decem_position we have E = V'¢/k @ L. where by Lemma L.l <= k(w) ,
L =k{2) ,and to L Ex . V is semi-simple, for if not, there exists

sympletic basis, therefore V = Ew).. Now (w, L) #+ O, however we can "\,
find &+ O such that ( £, £+dw) = O, thus <K @ L = A(za) vhere
=14/l . E. now has the form £ = E o & D eas)
Again in this case the range of the norm form is a single class in
%h o We show that any two spaces £ and Z in this case are isomor-

~phic if and only if the ranges of their respective norm forms coincide.

If the ranges of the norm forms agree we simply map basis vectors. IfEF '
and F are isomorphic with' decompositions E = E¢) & Acmt) and E =
E (o) Q-J;A(pp)’ then clearly A A B8 . Thus:
If [R:k*]= I there is only dne type, namely Eiy & Az 1) - _
£ [Re &1 > 4 the spaces £ & A(pu.) where A Tums through a set

~

LU N

AN
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- of representa‘c:.ves of Jk are non-isomorphic and they represent a.ll
spaces up to z.somorph:.sm.

Case 2:1: dim Bfpy, = 2 5 dim ExT= 0 5 odim (had Bu)= O.
Decompos:.ng £ and applying Iemma L.l we obtain .5 = Vek @ L with )
Kk = k(w,w)and L= R(# ,0.) . TIn this case Vi = (0) . Tor suppose’
“there exists X (#0) € /< such that « L V . Completing x to a 'basis.
of K we have i =Kk (x,4) . If (%, Yl = O , then XL [EFs which
-contradicts cfiwm SF = (0) . IFf (% ¢g)#+ O , let Z be a vector in L

such that (Z,x)= O and choose A for which CT+ ax, %) K Cl_ear_l,y"

@edx) L Ex con’crad_;c’clng L m z:;:L = (o) . C o
' We now pi'océed to givé a normal form for £ . Iet 2, and zz'

any orthogonal basis of L 3 dlee, L= (4, 2d) . Since Codcm le(f

= 1 there exists «. € K such that (w,,.a )= O . Tet /?(w)be an
algebraic complement of kK (w,) in K . If (w/, w)#L O, then select

Xo & V with (w/, %) #0 . For suitable d we form (D = ¢ +.d %o for
which (35, W) = O . If ( g2, (5 )= 0, then leteiD = s » if not
select ¢ such that Wi = W/ + «& and (wi,ds)=0O . Now> '
multiplying w,” and w4 by suitable scalars ) and & we obtain ,
(4, w3) = (M, wi') = L yith 0 = Swland wi'= 1w, .

: Dropping the primes and sumarizing we have:
T E=VOeKkR (Wi Wa) @}? C-en)aea)

;e = l1ewait =0, 11441 =2 (£07 775
: ' . (3) ™3,
“,02“—'3,5 (*O))O:L“/GJ (lewJ.): (L,,.@z) :,((U:,ﬂ.)::[a)z ‘ﬂz):o (w'1f¢)=(wz,ﬂ.):i N

A
In this case we ha.ve that any two spaces are 1somorpha.c. To see this
we proceed as follows: Le'b E and E be any two spaces of this case in
normal form (3); i.e., E 1is as in (3) and E has the decompos:.‘t:.ons
E=VekeL, < = k(G @)y L= Rz, 1) s NE =& (#0),
1ol = & (#0) P § ¥’ and the basis elements satisfying the a.nalogues of -
conditions (3). Wext we show that £ dan be written in normal form as
E=VvV'e k' @A(Sm) « Since [[z k2] = > there exists <., b, , Qa
and ba such that QK + b7 g = Sanddzo(—}-b,,/dzé‘" . Iet
2 = aili+ b, 42 and L.'= @ 4, + ba 42 +tuw 5, where 4 is |
chosen so that ( £2.,', 25 ) O . '

h

B
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.
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Call L'=k (&/,81) - and V'= L™ E,, then E= V'ok'® L’ . By
‘the preceding, we may put this in normal form without changing ﬁz/ and L. . _
In order to establish the isomorphism we need that £ is semi-simpie
and V7B = (o) (TEL semi-simple and U B = (o Y ). That ‘E» is
semi-gimple is seen b;} noting that vad Ex = (o) in this case. Also

"since rad Ex= (0) we bhave. V*£* ¢ V' . Suppose vl # O , then’

there exists X, © IV such that %o+ V and X, L /< since Fa» is semi-
simple. Further suppose Xo X w, , then for a suitable A we will have
To = Catd %o with (G, w,) =-O. Iebt L '=k (£, T2) , then L4 £,=

V & k (wa) which implies ¢l¢m & £ 1 . This is a contradiction for this
case.- " o | ‘ :
) Since Ex and E, are semi-simple and have sympletic bases, we .
conclude E» = Eco) and By = B¢ which implies E£x £ Ex . By (2.4)
there exists an isomorphism Ty § Ex—> Ey such that 'T'CV) = V,T(w)=W;

and 7T(w2) = (0a . In view of the normal form (3) we can extend Tx to
~ an isomorphism T2 5 —> E by T/E; = 7% and T(L)= Z, . ,
T (4) = Z. . Therefore E = E . ~
-One can readily verify that the space F=Eqy & E(p) 5 AwE is
of this case and thus can be considered as a representative. | ,
Case 3.2: clim E/Ex.': A s dim £E3 = 4 3 dim (vradizx ) = O

. Decomposition of £ yields £ = V@® Kk @ L with- ~ = R(w) and L =

R (L, 42) . By application of Lemma 4.1 we have . 4. L £Ex For suitable
Z, . Since L ‘admits an orthogonal basis > {2 can be chosen perpen-
dicular to -{Z:‘ » Moreover, multiplication of w by a sﬁi‘ca'ble scalar will
yield Cw? £2) = 4L with ¢ ’= AW . In the following we will delete.the
prime. | - . '
In this case we will show that fwo sraces E=Vek @ L and E =
V ® K& L are iscmorphic if and only if L = L .

Iet 7 ©be an isomorphism T s & —=>E of two spaces in this case
with decompositions (normalized as above) E= V @k (w) @k (€, 42 ) ,
L1l Exs E=Vok(m) ¢ R(L, B5), snd I, 4 Ex . since
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T(Ex) = Ex we have T (Ext) = E;L , thus T (4) = Z, Dbecause
E.xJ_»': = (ﬁ:) andb:-i.. =/?(Z7). I't follows that /i 11// A //Iz.// .
Also T ( £4*) = Ex** and we find E"" = Ex @k(0) and [;‘j*‘:

Ex & k(7). Agaln the range of the norm form must be equal on E,* '(:and
E £F respectively hence WAz Jt ~ N Za ]l . Since 41, 42 , a.nd 7.,
22 are orthogonal 'ba.ses, we have thervefore L = L
Before proceeding with the second half of the proof, let us show that
for any space E which falls in our case, Ex is semi-simpie and \/’LE”;- (0)e
Li'm (radEx) = 0 thus L is semi-simple. Now, no algebraic comple-
ment - h(w) of V n E)« can be pe.cpendlcular to & (otherwise we rad Ey)
hence v = c V . Suppose U L Ex # (o), then there exists Xo & Vo

such that Ko L V. Since (%o, W) # O (otherwise oL Exand Xo-L L
would imply %, 4 E ) we can find d+# 0O such that £Z2 = L2+ dXo and
(2:,w)= 0O . Cleai-ly L2 L Ex and since 4, L F, we would have .
dem Ext = @ which is a contradiction t0 dim Ex = 2. Thus -
viEs = (o). ' ‘

) Let £ and E be two spaces of this type with normalized decom-
positions: E= V@/?(w)@/?(!:,,&.), E =V eklo) &k (Z'/)I;')‘ >
and Lo L Ew , LiLEx 5 (4,w) = (L,05)2s (4,0)= (T, B)= a3
I 20 = //Jr,u, Hee il = 173 )] ' .

' Fx and Ey are semi-simple and both have sympletic bases thus
Ex £E,804 Fy = £, whence Ex £ Fx . By (2.4) there exists an - .

isomorphism. Tx ; Ey —> Bx with T (v) = V and Tw (w) = &5 . TFrom

(k) we can extend 7% to an isomorphism T : & —> = by Tlg, = T ,
—_— . . — : \

T(4) = Z,and T (L) = La . .

- o= =

An exam_ple of a.space of this type -is £ = £ & Erp) » 0¢ %/3,
~ Also we can generate all non-isomorphic types be lett:.ng A and /3 run ‘\\
through a set of representatives of Gk such that A » G .

Case 3.3: fi'om Efg, = ',9\ s dim ExS = 43 dim (vad £x ) = 4 .-

By (h.1) we bave E= Ve rn oL vith k= R(w,wa)and L =R (L, L) ,
2]l ¢ }) 2, /) - In this case we have dem ( V%/) <) = 4 . since
em (rad Ey) = 4there exists w, e /& such that w, L Fx . Tet W/’

SR
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and Wi be a basis of A 3 iee., K= =k (w/, w4i). Suppose w.' L 1/ s
if w2’ W, then wi L £, which comtradicts dem (rad Ex ) = 1 .
Assume’ (w,-h, wi )+ O then let 43 & L be such that ('faJ w, ) = O .
For a suitable A we bave Zs = £s +dw/ such that ¢ 75, i) = 0O. Thus
Lo AL Ex which contredicts im 5 *‘L': Z . Hence by dropping the primes
we have Wit Ex and was £ L . Moreover as in case 3.1 we can assume
that the decomposition is normalized, i.e., (Wi, wz)= (4+) 4a) = O,

(»gi)w)—-[,e.z)w;’,)-— and(*al)wz,) = (‘—?ZJWI):iO
Iet, E' and E be two spaces of this type in normal form, i.e.,
E=VORW,WIGR (0, £2) and E=TV @k(D,D2) & k (L, T3) .

We will show that £ £ £ if and only if N o/l —~ 4 T 1] .

h :First ‘suppose 7 is an isomorphism such that 7 E —> E , then
T(EX) = Ex , T(vadex) = rad Ex , and T(Grad £x)*) = (rad E.)™,
From our normal form we read off (Pad £x )t =k (W)= Ex @k(0:) and
(rad Ex) = R (@ )" = Ex @ k (T). The ranges of the norm Fform must be
equal, hence Nl «~ Il T, Il :

Secoﬁdly, suppose £ and E are as above with {/ 4/l = //Z, /] . In
general I/ La ll->< 1) 75 1] , however we can rewrite & such that 5
vie k (Wi, W) @k (4,4{); & is in normal form and il £ | =,// 72}
Sinee /1 £, |} «x }/ 2]/ there exists and b such that ¢/ 4 /1 +671) 4,
= I &alle Now (W2, U, ) # Osowe can find a A for which 44 = ad,+
Cbde+Adwiand (42, 4,) = O. let L=k (2. » 43" ) and decompose /= =
' v'®e k'e L’ and then normalize.. ‘
From the above we may assume that in £ and E , 181l = 12 Jf
and /I dall = 11 T2 )/ . | N _
In order to continue we need that < = 1Y@ k (w.) is semi-simple
cand VEF = (o) . First we claim (vad#) N V = (0). Tor suppose
Yelvradr)n |y and X+ O > then «x _L.(,d s X L L. vwhich implies
X L £ . This is a contradiction s_incé 'E  is semi-simple. Therefore we
way assume rac F C k(W) , but Wad V. which implies rad / = (o),
Secondly suppose X & Vv~ ~ 3y X+ 0O , then x= v + & (wWa vhere
vevV . Now (X~+dwa,V)=0implies A (Wa,v) = O and (V& dws, w)
=%+ O (1f (V+ AWz, tWa ) were O then v+dws & padrF = O)mpl:.es

’
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(V, W) #£ & ,thus A= O « 'Therefore it follows that VJ'FC; V.
Iet Xo (#0) € V™7 , then since (%o, w2 ) # o, a suitable A can be |
found such that £, = 4, + A4 Xo and (L), ws) = © . Now consider B
E=Ex® L where L =k (2, £2). Since £,/L £y and (., -L 5w we
have dum Ex" 2 2 which is a conbtradiction.

Therefore /~ and ~ bhave sympletic bases, in other words ~= Z .

Moreover since |,F = A (o) by (2.4) there exists an isomorphism
T.eF —> F and W=V, T (w) = 02 - We extend T, %o an

isomorphism 7+¢ £ —> E by 7T /x= =7, T{w,):ZU,,’T(Q,) =02, ,
and 7 (4) = 72 . '

An example of this type space is F = £ (oA (9 Arpp) 5 A3 e
By lettlng A run through a set of representatives of %L/c such that
A /3 We generate precisely all isomorphism types.:

Case 3.4: clom Efp, = & Lo’ El = a s dim (vad Ex )= O -
By (%.1) £ has the decompos:.'blon F= vé& L with = Ex and
L= /’{(E;) £2) o L is non-:l.sotroplc, hence L = A (ag) ,illi= aL[:#o),
i L 1 ;ﬁc—-ﬁ 0) and oA - B . TFurthermore since V' is semi-simplé &
can be written as Fe £y & A (ap). ' ,

In this case we find that two spaces’ E = E 69 A(alp) and £ =
E o) @A@)are isomorphic if and only if A (ap) = 4 (4.

Suppose T is an isomorphism such that 7+ & —> £ R ‘cl&en
T (£x) = Ex which implies T(Ed) = Efo . But E[:') = A¢ag) and .’
By = AGen)thus A (ap) = A (sa) .

Conversely, let 7; be an 1somorph1smT A(,c,@) —-—9 ACsr) . We
can extend 7: +to an isomorphism T & E—> E vy T /agey = 7 and
T(Es) = Eo « T |z, 1is defined by mapping basis vectors into
basis vectors. . _ ‘

Representatives of all non-isomorphic spaces of this Type can be
obtained by let'b:mg A and /:') (A= A) run through a set o:E‘ represent-
atives of gr . :

M: cLm E/E.,‘:Q,, &'m E‘:’ = & s dim CV‘ad’bx)—- L -

o
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By (4.1) E has the decomposition 5= V@& /x & L. such that k= k(w),
L= R(%, 82) , N1l o< ikt 804 K, L F, . §Since

dim (vad Ey) = 4 it follows that (o L £ . We have N4/ = &
N2l = B3 5 ok >,a8 5 Nwll = O sand (4., £2) = O . Since
kiw)® k (£1,22) is semi-simple ( La2,c0) =+ O'because ( 4/, W) = O ,
let s = La +[if?ﬁ w thén I is =f/<3 and '{3 4+ L2, and 4, .
Thus R(w) & KR (L. ,42) 1is of the form A (pp) @ D () . V is semi-
simple and has a sympletic 'basis, ergo v £ Ew) . E thus has the form
E= E() éA(ﬁp) @A(‘*) . .

Iet E and E be two spaces of this type with decompositions
£ = Fia Ghny A s LN =l4ll = & 5 Jldst] = B and E =
Em 6 Arss) &L (r), NTN=)T:l=s, and' )i & /| = ' . TIn this case
we find that £ £ F if and only if A(ax) dAig) = Aws) & Ay
One half of the assertion is trivial. ILet us ass,ume' then that 7T 1is

an isomorphism such that T : & —> F . ‘Since Ex =& @ k(L+¢), /
EvzEn @ k (L+%) and T(E5) = E5 it follows that k(L+2)6 k(L)
ER(L+D:) 0 K (.EZ. ) . As before this implies /[dsll ~ /| T, e, < Xarat
Let us assume that I T3 ll=/8 . Thus we only need to show that A CLy=
A (ss) @ Ame Since [k k*] =2 there exists i, da such that & = L
Aol =+ AL /\3‘ and o) # 0 since & w0 . The desired isomorphism '

is obtained by the following transformation: . .
—:Q-,z -‘_r\“é-dgn -+ (Nl"'a—‘-f—a)ﬂ.z + d.ls .J‘ Z, = dy Za + (“1031

:\zﬁ(o,.m) + 0Oz, ,

" We remark tha.t 'by the above isomorphism we can conclude that the two
spaces £ and £ are isomorphic if and only if A/p) = Apg).

C8.5336' C(-(;‘M E/E =(;2, dL.’rn E';;L::' jo ) J d‘v'hﬂ (V‘OdE#) 2

Applying (4.2) to £ we obtain £= Ver @L with k= k(w), w=) "5 -
kL v sand L= kR (4,4:) . AsincaseBlwemayassume Ko L :Ls
normalized, i.e., (&, w,) = (2;, Wa) = (0,4 2.) =(whws)= 0 and L wa)=

({2, wi)= 1. Also by a previous construction we can write R(w,f) = Aga) 'l
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and R (wz,4,) = A (pp) where || LIl = /3 and li fuli = PP A
Since V' is semi-simple and has a sympletic 'Baéis, V= Fw). Thus every
space of this type is of the form £ = £y & A @LA(,Gp) s L B . _
In this case every space is isomorphic to & = £, dr‘A(,ug éLAga,g).. It is-
sufficient o show that any space ~ = Arss) & A (ny) 18 isomorphic to
A ) (ﬁAm@) . Iet A(ss) = ke, e.) and Acrr) =K (€3, Cu), then
there exists field elements a, b, ¢ and d such that a®y + b* S = <~ and’
C*y + d?s = B (note that Jrep*J=2). We see that R (Qdi +b 43, C 0z +day)=
LAap € F o F  is finite and semi-simple, A (Ap) is semi-simple |
thus A (ap) @ A (2p) =1~ % (+p) is semi-simple and ‘of dimension 2
therefore it must be isomorphic to one of P (hyperbol:.c plane), A(wrn) ,
Tor A (ys) (rxs) . Because L\LA,MGBA(,L,@) o Acss) & Acwp)  their
determinants must be equal up to a square factor. This implies AZ:/}Q =

A(rs)y 3 VxS . Again there exists - and Y such that A =
XEr o4 /(,r/"s , call ‘ﬂn:’)(g;--rggz where jlg, !l = v , [lgall=35 ,
and A(rs) = R (91, 92). Thus A~py 2 A caa) , &>d, 4t this
point we have A [a.,a;d)'A @d) = A (ss) @ A ) a.nd-\by.' appealing to
dete:cmnants again we obtaln A B THus A (22) & A(pp) =
A@s)@ A(cﬁr} . . ,
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TABLE T

MAJOR NON-ISOMORPHIC SPACES

Colldem | dim | dem .
Cosell g | B |red'm, Zypes of Spaces *

\: o 0 £9) )

2.1 ! 0 0 E(v)

2,2 I ] 0 Ew) @ Agy)

2:3 I I | E() ® Avy)

. 3.1 2 0 .0 Ewye Ey
[— L) sall oa l 0 | Et) & Aew) v &

23| & ! || By ® Do) ) Ef) @ Dpaa) Vo &
3.l 2 2 0 E) @ Avu) v 7k

35| a 2 l Ew) @A) 0 Atg) ) Ew) 0A (g0)@Ap) , Vxp
3.4 -y & A E(o) ® Do) ® Arpp) |

. % All the sums are orthogonal, { o, 8% is some fixed“basis of Kk
~/ and _« run independently through a fixed set of representatives of
9k , subject only to conditions listed in the table. All the

thus obtained are mutually non-isomorphic and, in each case, they, are
up to orthogonal isomorphisms all k -spaces (&,¢) with ch-n £=9%

and ¢har k

=2

over R ;

spaces
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