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Abstract:

Results of tests performed on a saddle type ten foot square hyperbolic paraboloid with rigid supports

and a two Inch shell ard shown in the following text in the form of tables and grriphs. Thrde types of
loads were employed -uniform load, concentrated center load, and uniform load over half the surface.
These are probably the most common loads used and. were chosen for that reason.

The basic design arid problems encountered in the construction of forms arid placing the concrete are
also covered. Photographs and illustrations give a good picture of the procedure and apparatus used.

SR-4 strain gages Were used to determine strains in the concrete. Methods employed in attaching gages
to concrete and the nature of the readings are discussed.
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ABSTRACT

Results of tests performed on a saddle type ten foot
square hyperboeolic paraboleid with rigid supports and a two
inch shell aré shown in the following text in the form of
tables and grdphs. Thrée types of loads were employed -
uniform load, concentrated center load, and uniform load
over half the surface. These are probably the most common
loads used and were choden for that reason.

The basic design arnd problems encountered in the
constructlion of forms and placing the concrete are also
covered. Photographs and illustrations gilve a good plcture;,
of the procedure and apparatus used,

SR-4 strain gages were used to determinestrains in
the concrete. Methods émployed in attaching gages to con-
crete and the nature of the readings are discussed.
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INTRODUCTION

"HISTORY

Sheli_forms whieh are becoming increasingly popular
today are not e néw»type of.constructien; These forms
found. their beginning in vaults, barrelg, and domes in
Middle - Eastern and Byzantine building. ‘Structures of
tnis_type were early attempts at spanning spaee beyond
the. capacity of post and lintel construction. Economi-
cally, these early shells were also Jjustified. Brick and
stone provided the materials for craftsmen with no formal
matnematidal tréining,-yet many of these ancient buildings
still stand.l The dome of St. Peter's spang- 131 feet
and weighs 10,000 tons. This may seem ponderons when
compared with concrete shell domes in the market hall in
Leipzlg which span 240 feet and weigh 2,180 tons, but:
the latter was built in 1929.%

Even before early building bégan, nature was at work
carving shells from stone, These shells are ‘usually doubly
curved, thus avoiding the tendency for bending mements to .
eccur. This shows that shapes of this . type can, be utilized
when building with materials which have a low tensile

1. Chermayeff, Serge, "Higtory of. Thin Goncrete Shells,"!.
Proceedings of a Conference on Thin_ Concrete Shells,
June 21 to 23, 1954, MIT, p.2.

2. "Shell Concrete for Spanning Large Areas,! Architec—
tural Forum, December 1949, p.10l.




‘stféﬁgth.s

The 'appearance of modern-shellsAQVOIVedef6m two
independent soﬁrses, ngmely,‘a develdpment iﬁ mathemat;qai
_analysis and a perfectiop in structural materials. Lame'
ana Ciabgyron formulated some mathematical expressions
for etreéss analeis of shells in‘the-eériy nineteenth
céntury. Résults of these findings led to further studies
by Love in 1892, which involved the way that shélla support
loads. .Bymthis time, the advancement in analytical methodsg
was sufficiéﬂ%ffor practical application to the design of
actual structures.

Construction materials, such as concrete, were
avallable in the late nineteenth century, but the greatest
contribution in this filéld was the introduction of steel
reinforced”coﬁgrete. This discovery may be partly attrib-
uted to J. Moniler, a French gardener, whb bullt a reinforced-
concrete flower ﬁot in 1867.

The combination of concrete and steel plus tﬂe_proper
methods of analysis set the stage for a period of increasing
shell conapruction.

Antonl Gaudil was probably one of the first men to

use reinforced cbncréte in imaginative fashions foreign

3. Candela, Fellx, "Ihe Bhell As & Bpace EBncloser, V.
Proceedings of a Conference on Thin Shells, June 21 to
23, 1954, MIT, p.b.




9 .
to existing styles of construction. In 1909 he designed

a parochial SGhool;in Barcelona which ma& have been the
first modern shell roof ever built. Gaudi probably didn't
analyze his. shell .mathematically. An"ekample of a math-
ematically designed shell was the Zeiss dome built in
1924, The formal -analysis was based on mathematical
eipressions b& Love.. In countries where matérial wasg-
gscarce, ﬁhe pbpulariﬁy of shells began ﬁo increase..
This'grqwth in interest accounts for the improved design
practices of the pfesent time.%
One grggt advantage of concrete shell structuresis
thelr resistance to fire. Severe fires in a shell concrete
textile plant in Buenos Aires and_a';heli'dbncreté hanger
in the U. 8. both failed to collapse the structures. A
similar buildlng with a steel framewark would have surely
fallen down. Shell type buildings have withstood impact
due to bombs during wartimé. - The sheéll. roof of . the Fronton
Ricaletp‘s'in Madrid was hit by a shell which knocked a
slx foot hole in if, but the roof remained standing. .These
examples'féfer to cyliﬁdricél shells which are surfaces
of single curvature and are;more,exposéd,tp‘failure than

shells of double curvature.?

4. ‘Levy, Matthys P., "Thin Shells: Some Basic References

' for Architects .and Engineers," Architectural Record,

N June 1959, p.224. ‘

5., "Shell Concrete -for Spanning Large Areas,! Architec-
tural Forum, December 1949, p.103.
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Although shell technique g now.at home in the United
States, many more advanced ideas are being produced out-
side our borders. The Uniféd States was slow to start
'building.shells because pf the high cost of labor and
forming. New:construdtion methbds: moVabie fbrms;_and
_high strength matéfials‘qre gradwally ovgncoming cpsts,
The customer is just beginning to realize that shell
roofs .are not just a novelty, but relatively inexpensive
handsome structures. The men who have doné much to stért
‘fhié trend in the United States began more than a decade
ago working in South America and Mexico. Two of these men
are Felix Candela and Guillermo Gonzalez.®

The one. doubly curved shell 'that cuts costs through
easier forming is the hyperbolic pérgbplpid. The use of.
reiﬁforged concrete in the hyperbo}ic parabolold offers
the same advanfages inherent to all shells of this
material,f—lightness,_incpmbgstibilﬁﬁyl'économy of
materials, security against impact, and little sensitiveness
to foundation settlemgnt,::Felix Candela 1s probably
gfeétly responsible for the present interest in hyperbolic
paraboloids. He has builty many of these shells in Mexico

where the cost of labor is re¢latively low.

8. OCandela, Felix, "Market Project, Bandshell, VArchitec-
tural. Forum, January 1957, D. 152.

7. Candela, Fellx ‘"Structural Applications of Hyperbolic
Parab0101d1ca1 Shells," Journal of the American
Concrete Instltute, Janu&ry 1955, p. 597.
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Shells of this type have.beén-uded for entrance canopies,
churehes, footings, ‘wérehouse Foofs, gas stations, dwell~
ings, factories, bowlitig Tanes, and many other buildings.

Actual controlled tests on-concrete hyperbolic

'paraboloids have.been run‘recently by the Portland Cement

Association. Investigations of this nature are rapidly

'inereaSing with the coming interest in shellsr

The simple beauty and mahy advantages of the hyﬁerbolic
paraboloid mark it as a structure which will be progess—

ively utilized ln the future@
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THEORY - AND DESIGN

o

TANALYSIS AND PROOF

The. following 1s an analysis of a hyperboliec paraboloid
loaded with a uniform load¢

A description of the shell surface is obtained in the
following‘ﬁanner, Referring to Figure 1:

e/h = ¥/B and z/c = y/b fro@lsimilar triangles.
Therefore |

¢ = hx/a = bz/y;z:_xy@/‘ab\q-,

If k = h/ab, then .

7 o= kxy,

For,oonvenience an axis rotated an angle theta from
the origlnal axis 1s chogen, See Figure l. Uglng this” new
,axis ) " |

x = x'cos el.y‘ sin e'and

y o= x”sin 9 -yt cos 8

If theta is equal to 45° then

X = O,?O?(xﬂf y”) and

Ay = 0, 707(x° -yt )

.Substitutlng the values of x and y,

= O.§k(xl2 - J“z)
When %! » O then z = 0.5k(-y'?) and when y%.=.0 then z =
Q. 5k(x”2) | | |

these are both equations for parabolas..
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Shell Q uadrant

| GURE

D erivation Figures.
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A parabolic arch under uniform load has zero bending
moment throﬁghout; Using this fact, the horizontal thrusts
can be found. Note Figure la. The . sum of the moments about
the center of the span is equal to zero or"H(-hR) =
(WL/Q)(L/El;-_(w/z)(L/BiﬂL/é)-= wlf/16. w/2 is used ap
the unifoﬁm'loee‘einee itﬁie assumed that half the load
goes to the teosion parabola and half to the compression
parabola, - |
Therefore

H = -wL®/16n'.

= -0.5ky'%, If y. = L/2 and z = h' then h' =
-o-5kL2/4
Therefore H _(-WL2/16)(-4/O 5kL2) - W/Ek or

H e wab/zh

Up fo this point 1t has been assumed that the edges
of the structune are rigidly restrainedod'if will now be
shown that this assumption is valldo From Figure la 1t
ean be shown that ‘the thrusts perpendicular to the edge
beam are equal in magnitude and opposite in dlrection,
Tnerefore, the edge beam isg restralned from moving laterally.
A force exists along the beam horizontallyq This force
(8) = 2H sin ©.ds/dx = 2H gin © cos O. .,

When theta equals 45° anq.g = wab/2h then

,S.e wab/gh per unif iengtﬁ}of,beame

The vertioal‘forces.at the edge beam are equal to
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T ypic.au Parabolic Arch

Edge B 6am Section

F 1cU-RE ~x%»

DERIVATION N KaURESe



‘ i
V =5H tan § = H dz/day? + H dé/dx{a
Since z = ;O;5K(x§3 - y!2>,‘then dz/dy = ~ky'!' and dz/4x =
kx'. At any point on the horizontal edge xﬁvg y' and the
vertical components oahcel each other. Along the sloping
edge AB, y' will not equal x', but instegd equals x"w.aﬂ§:
Now dz/df_z.—k(x‘.e.aﬂﬁ) and dz/di = . kx! |
‘Spbstitutlng these valueg, v _ZH tan ¢ = H[%k(x“ - a¢"[14
Hkx' or o |

V= a4ZkH = a2 H(h/ab) .= HuWZ/b.

V_in this ease‘is applied to a length ds. V' per unit
length of beam is eqhal,to Vds/dx = th_fcosoé/b, For
_ angles equal to 45°, V" Hh/b along an edge parallel to
edge o. Similarly, aloqg an edge parallel to edge a,. v
= Hh/a. This shows thaty the vertioal force in the edge
'oeam_ is then H tan y where gy 1s the angle of rise of.the edge
beam. Therefore, the edge beam 1s in direct tension -or
compression.

-The preceeding proof and analyeis was taken mainly

from Elemente;g Analysig of ngerbolio Paraboloid Conorete
Shells, an edition of the Portland Gement Associationd |
DESIGN | | I

Avallable laboratory space limited the size of- the
hyperbolic pareﬁoloid o ten feet"eqUare in'plehf‘ A rise
of four feet was chosén as a maximum height. This was

to keep the Tresh cohcyete from'moving'during;plEGing
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anq‘Vibfation. A.shell thickness of two inches was
‘selected as being a minimum for ‘good coﬁcrete'workabiii%y

and.eaSe'of'plaqing. The féllbwing design loads were used:

two inch shell ‘- 25 pst,
eage Béam - 1 pet,
| live ioad '- ‘;1 ’46 55%;
| for a total of ' 66 pef,

The horizontal component of the force in the edge beam
'eéuéls
8 = wab/2h = 66(5)(5)/2(2) = 415 pounds per foot of edge
beam;
- Total edge begﬁ compressioﬁ.egugls'
4134TTE = 4450 pounds.
:Yértiéal reactions.at the supports equal
2(4450) sin 21f80'= B300 pounds. Where 21.8° is
the slope of the beail. HCrizﬁgtal‘thrusts-aﬁ'the
‘éuﬁﬁérts:equgl‘ '
2(4450 )cos 21.8° cos 45° = 5840 pounds.
Most edge beams'are deslgned as -columns, but here they
Weré designed as being iﬁndireét bearipgol with'a'fé =l
5000psl, then £ = .25f! = 750 psi. Total edge beam
cross sectional .area equals
| 4450/750 = 5.94 square inches.
‘vsince eccentric loads were tq be used, the aééigneq'édge

beam dimensions were three inches wide and four inches-
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deep;onrthejontside'edge. A-number-three'reinfdrcing“rdd
;nas run-.aldng each bean; tWo‘inches up from the'oottcm_
:andfcontinued dnto thé foctings.‘,Shellftension.and
'compression along.the-paraholic‘arches nas'ecnaldto

. 413/24 17.2 psi. |
?his;nas reinforced.with six by six‘number‘ten"welded wire
fabric. The steel 'ih ‘the  shéll and beams ‘was used prim—
arily to prevent shrinkage or temperature cracks. Footing
' dimensions were 5 ft x 3g ftx 5% in reinforced two ways.
w1th nUmber five rods on six inch centers. The footihgs
"{were greatly over designed to 1nsure no footing failure
inder eccentric loads. The.length of_connection between
the shell and footing was,arbitrarily chosen{--ihe tie
10d had a 7/8'in‘diameterfnithia turnbuckle in the cénter.
;Six inch lengths ‘of 3% in X 5~ in x % in angle weére welded
to the ends. of the tie rod as bearing plates.

The preceeding shell design was based on the: assumption '
fthat the structure was uniformly loaded. In the follow1ng
text a comparison will be made between stresses and strains
.Apredicted by the design aqd those: that are created by

several types of loading°
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SONBTRUCTION AND PROGEDURE

CONSTRUGTION.

To begin forming{-the bbttqm edge“twq-by four beamg
were fitted together in the ﬁroper pbsitioﬁ. These beams
_constituﬁéd'éll‘thét was necessary'to'generate the required
surface. Thé”béaméiwefe,braced ﬁnd-the interior two by
_foﬁrhbeaﬁs were added parallel to one get of paralleI'Sides&
Sfringefs were'run“hnﬂer‘%he beamg at the oﬁe-thifdhpoints
 éﬁd shqrég at the ‘end and one~-third péints. The entire
‘gfouégof éhgriﬁquas:stféhgtheﬁe&-With,&iagdnal ong.by‘
_four‘brabing, Sheetiﬁg was placed parallel to the éthef
86t ofbpérallel edge beams.. S1x inch shiplap had to be
ripped_info ﬁhree inch_stfips for easy-handling; gince
the boards éséuméd a’ warped form; By placing the covering
in this manner, small cracks were developed nedr the edges
df'ﬁheffb}mé. These oracks were eliminated when the
entire surface was covered with roofing papér; Edge
férmgléohsistxng'of two by six luﬁber were placed next
and braced .to ﬁhe'existing'structure. The bottom of the.
'trough was cldsedfﬁfﬁ_by one ‘by tﬁfee boards which gave
~the finished concrete edge bgém'the requiféd'tﬁree inch
width; COmplefioﬂ df‘the footing and abutment forﬁs
finishe§ the fbrming,' See Figure 4.

,Next the reinforcing steel and tie rod were placed and

held -in position with wires:- and blocks.
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Concrete wds brought to the'labogatory in a ready-
mix truek which was located as close as ﬁoSsibleﬂto fhé
forms. However, it was still necessary to use a ngéié
barrow. Slump of the one and oﬁe half cublc yards of
concrete was about one to_twd inchesb This presénted
some problemé in_placing,'moét éf'which ﬁere eliﬁinaﬁed -
when a vibrator was put to use. .Surface finishing
was done by troweling;foilowed by a light brooming. See
Figure's, " ’ ' |

. The strudture was kept damp with a wet canvasq for a

five day curing period. Stripping the forms began after
five ‘days énd was accompiished with little difficulfyni,
.Teét cylinders broke at a five day strength of ‘1950 psi
and 3910 psi. - |

Many surious aﬁiinxereéted peéﬁle viewed the complete%
hyperbolic paraboloid duping the annual High School Week™:
festivities. Seé Figure 5.
GAGE- PLACEMENT . '

A-1 and AR-1 were fhé two types of SR-4 strain. gage
chosen for.use on the hypérbolic paraboloid; The,A-l type
measures strain in one direction while thelARfl type is a
rogette made up of three gages similar to the A-1 gage.

Twelve positions were selected for éége placement’.
Their éxact 1odation_gaq be seen on Figure 2, Figure 9,

and Figure 2a. - By symgtric placemént of the gages at thé
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j GAGe Positions

Figure 2..

D IME-NSIONS And Gage Positions
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SR -4 Strain Gag.es

Abutment G ages
A~A

Section

Section B-B

F IGURE Z2a.

Gage Location.



Figure 4. Completed Formwork.

23
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Fi-ure 6. Sn-4 Strain Gages Located At The Bean Center.
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TABLE I - Gage Location Kev.g

11-Tib  21LT8b 31-T5b  41-T7b 51rT9r 61 T11r
i2-Tiw . 22-T3w  32-Tbw  42-T?w  52-T9y 62-T1ly
13-T1r  £3-B3b  33-T5r 43-B7b- 53=-B9r 63-Blir
14 Blb 24-B3w  34-B5b  44-B7w '54-B9y 64-Blly
16=Blr  25-T4b  35-B5w  45-T8b  55:Ti0r 65-T1Zr .
16-Blw  .26-T4w 36+Bbr . 46-T8w 56-T10y 66-T1Zy
17-T2b  27=T4r  37-T6b 47<T8r 57<B10r 67-B12r -
18-T2w  28-B4b .38-T6w 48-B8b ~ 58-BlOy 68-Bl2y
19-B2b  29-B4w 39:B6b  49-B8w  59-C8y
110-B2w  210-B4r. 310-B6w  410-BEr - '510-C5y

- . Abutment
71-T2y 81-T7y - Qage .. 5 .6 |
72-=02y  82-C?y  Posifions 11 12 7

73-B27 - 83-B7y '

74=T3y - 84-T5Db Blan’ 14 gl

75-C3y 85-Tbr ° View

76-B3y 86~T5w : . Measurin
P-T6y = 10 S e
:78-C6y , 2 1 Table
79-B6y Abutment

Example: 1 .1 Ui 1

© Box No. BbeSWiﬁoh“NQ« Location (top) Gage Position

D

Color:

. 8ymbols: _ L C
- ~ Top of Beam or Shell

= Bottom of Beam.or Shell

- Center of Bpam ‘on the Qutside Edge

—.Blue Wire.

= White ere

- Red Wire

Yellow Wire

%wsdbwe‘

For gage numbers from 11, through 410 blue is on tHe .out=

slde of the edge beam, white 1s on the inside edge of the
edge beam and red “is loqated on: the shell at the numbered
positions. '

Gages numbered from 51 through 58 and from 61 through
68 are Yocated on. the shell, with. yellow .being oloser to
the ¢énter in plan.

Gages numbered ‘from 71 to 83 are on rosettes and. are

Tocated af the center of the beams near, the sugporté.]
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Gages numbered from 84 to 86 are on a rosette located:
-‘on the shell at positlon 5. . 84 isg perpendlcular t0 ‘the

edge beam, 85.1lies along the compression parabola and 86

11es along the Tension parabola,
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cénTer of each beam, at the .supports and on the shell, i+.was possible
to obtain readings of a sim}Iar nature. The following graphs were pro-
duced by using from one to an average of eight readings fbr_each'poiﬁf.
. The exact number of readings represented by each poih+ can be seen by
Féferring to the Tables'conTainiﬁg the da+a; Gages placed on the
~ beams Qere located 5/8 in. from the edge becauge of the rough nature
“of the concrete near the edge, and also to keep away -from irregular
strain near the corners. Location of.+he gages four inches from The
abutments along fhe edge beams was also to g§+ away from irrggular
7 strains. Gages on the bottom of the shell are located beneath gages on
the top such that the perpendiculér diéTance between them is two inches.
Attachment of the gages fo the concrete created some problems.
‘These were overcome when the fohlowing procedure was used:. |
I . the surface was ground to a fairly smooth finish with
a power grinder and carborundum wheel,
2. remaining pores were filled wi*h hydrostone capping
compound, which was a{iowed to set,
3. the surface was sanded smooth and Thoroughly cleaned,

4, a coat of SR-4 cement was applied and allowed to dry,




23'”
5.  a.second coat.of SR-4 Gerent Was applied
end'the gege placed over the fresh cement,
6 ”the gage was held in. place and a pressure
,applied either by .a weight or. by ‘hand fop
about twenty minutes."
Gages placed on test cylindqrsainathe‘same manner

served as compensating gages.

WIRING AND STRATN MEASUREMENT

. coaéa wires from the Various gages located on the
structure were run to a common point - near which the
instrument table was located. See Figire 10. A Baldwin
SRA4 strain indicator waé used for taking strain readings.
Seventy three pairs of gage leads required the use of

eight switch boxes contalnlng~ten sets. of terminals each

for connection to the circuit,' These boxes were controlled

by the master switch box which was connected to the
1ndi°aFQ?# -See.Eigure 1Qﬂ:_Both,types oi_compenseting
gages were . connected to the master>SWItchc
DEFLECTION MEASUREMENT

Deflgeticns,were only measured on the free ends of the
shell. Readings were taken using a dial gage supported .
on .a wooden post. See Figure 11.
LOADING |

Sand bags provided the means for applying loads to

ﬁthe'structure. Paper feed bags were procured from a local




29

Figure I. SR-A Strain Gapes Positioned He r The Abuteent
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Figure 10. Switching And Heasuring Equipment
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flour mill for this purpose. Forty pounds of sand and
and gravel were loaded'into:each of 150 sacks to make up
the necessary load. Later, while loading thie half uniform
load condition it was necessary to fill.additioﬁa; twenty
pound bags. '

_Twenﬁyffive.bags constituted a uniform load of 10
psf. .See Figure 12. .The loading points wﬁere the bags
were pléGEQ were located in.plan by the intersection
of lines parallel foutwo'adjacent edges of the shell.
These lines were on tWo'foot centers Stgrting one foot.
in from the edge. | .

The condition termed half uniform load means a uni-
form load over half the surface area. The loading points
for this cqndifion-were.the_same as for the uniform load,
See Figure 14.

The area one foot square was used as the coﬁtéct'surn
fgée for the concentrated center load. Sand bags were
placed on a wooden_platﬂorm atop,this_areg'tomattain”thé
one ton .weight. See Figﬁre 13.

Complete loading fon each condition consisted of a
run where increments of load were added and strain
readings taken, and a rup where the total load was

applied ét_once and readings taken.
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EXPERIMENTAL RESULTS'
.Geﬁérél |

Tests of this type-haVe mény Qariableé..,The following
is an attemptltb disguss-these.yépiables,‘the accuracy
of:the results and some of the assumptions made.

,Aﬁerageltime for one eompleﬁé,inorémenﬁ loading
was about_threg 1*101;2:1’,'5.t During this time the temperatufe
(usually about 95°F) was held to within one degree of ..
the initial. After each increment of load was added,. all
seventy~three gage readings were taken, a progedure which
t ook about-fifteeh:minutes. ‘A check back on the first
gages read was done following the completion of eaqh such
' reading. Maximum variqtiqé was usually around three to
fiveTmicrowinches per inch, ngeral things could contribu,
ute to this, mainly variable switch resistance. The
erratic behavior'of“the'lipes plotted on the folleéwing
__graphs for'smallﬁvalues of_strain show this variation
quitélblearly. AS a result these small values have no
value except to indicate. practically no straihf When large
values of strain are obtained, small variations are not
as noticeable, however; repdings do not havs pinpqint
accuracy. - |

On the example graph (Figure 17) individual gage
strains are plotted for a_typi.gél.'pc_).int° These strains

jump back and forth, but orn the average one gage wiil‘
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ha&é‘higher readings than the others. This also shows
up under othef'typea-of_léadings; Again the many vériéblés
ihvolved‘w;th.thisltype wofk can account for these différ; l
ences. .Non#hoﬁogepéity of- the concrete, 'slight beam size
or shell thiékﬁeés variation, gagé“placement over paste.
as opposed to over aggregatp as well as many otners-cpq1d<
be clted. At best then, the information that is shown
by these tests is approximate ahd'éhows,mdre.of a trend.
than‘abépiute_accuracy.

Modulus of elasticity for concrete is needed to give
sdme_relatibn.of stress or total force to .strain. The
stress sfrain,relatipnship for.concrete‘ié not linear,
but an approximation that E =-1000fé is sometimes used.:.
A désign fé3= 3000 péi was prescribed, but test.cylinderé
broke at much higher valueg. A & in by 6 in cylinder
cured in the same fashion ags the shell broke at 4660
psiuat‘a 30 day age, while two 3 in by 6_in‘moi§f_rbom
cured cylinders broke at 956b,psi‘and 9050 at the-same |
age. .Ihe structure was tegted at‘about“two‘to thfég monthg
age. th wou1§ not seem unneasohnable that a strengtﬁ.at.

. thisrggevmight be around éQdO psi. .Therefore, for purpose
of appfo%imate comparison the-valhe of the modulus of
elasticity will be assumed to be equal to 6 x 10??31?'
Uﬁiform_ngg

Points of highest strgss for this -load copdition
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Figure 12. Uniforn Load Over The Entire Surface
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ere located mainly on the edge beams. Shéll'stresses
are quite low and as previously discussed low strains
tend to ‘give erratic.readings,from tne indicator.

| cageé'(is,.27 33, 47, 15, 210, 36, 1410) placed
perpendicular to the edge beam at .the. beam center, show
eomeminteresting strains.. The gages are 1ocated five
inches in from'?he edge pf the beam.. “From tne.tneory.
it seemed justified tnat,ﬁhere'would be no force per-
pendicnlar to“the,edge‘beam,ﬂyet these'gages show a definite
teneile;force. The strains varied w1tn two separate
1oadings from around 20 micro in/in to 1ower numbers.
?erhapsddefleﬁﬁion of the edge beam caused a slight
jtenSile force. - More tests with more gages applied would
have to'be.runnbefore a-definite answeruoonld.be
obtained.

The average values of strain:for tHe edge beam at the
center showed the following strain distribution. See
Figures'20~24 for etrain valpes. If we 1ooked at the
sérainidistribution across a‘plaﬁé perpendicular to the
beam, a 40 psf Iive load would girehaverage values as
‘shown in the following sketch. Column actlon dde to an
eccentric axial loed seems to be functioning here. .
‘,Aeeuning E = 6x10% psi and that the total force (F)
is carried by the edge beam, then

= (20 + 30°+ 20)(2)(3)(6)/2 = 1260 1bs.
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30 MicRn wim The theoretical force
equals
20 Micro % # F = 40(5)(5) 116/2(2)(2)=
1350 Ibs
From this distribution It
appears that the free
end should deflect up, however, this is a localized condition
due to the column action by the eccentrically located
edge beam.

Stresses in general were very low, but some in the
vicinity of the abutments provided some interest. From
Figures 25-29 the strains at various locations can be
seen. Tensile stress developed iIn the concrete near the
abutment was of most concern and appeared to be caused
by bending in both directions. The beam at this point
seemed to bend down and in. See Figure fs . The main
reason for bending here 1iIs the rigidity of the abutment.
The structure natually will deflect under loads, but
here the abutment prevents the deflection thus causing
fairly large bending stresses. Using E = 6x106 psi,
maximum average tensile stress reached for uniform
loading was 240 psi and maximum average compressive
stress was 666 psi.- Final end deflection at 50 psf live
load was downward about 10 thousandths of an inch. The

eccentric location of the edge beam undoubtedly limited
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this to a lesser value than would have been seen had the beam been more

_ symmetrically located.

Concentrated Center Lbad :

A concentrated load was built up over the center of the hyper-

bolic paraboloid on a one foot square area. This area was large; thus

' only small contact and shearing forces were devélopedfuﬁder the load.

Gages placed along the compression arch showed some strain was
present and that it increased nearer the support. Seé Figure'IQ. Local
bending or the dent caused by the one fon load extended somewhere beyond
a‘2.83 foot diameter as sbown'by the shel gages. Seé,Figure 16,
Compression on the top and tension on the bottom Ehanged To compression

on the bottom and ‘tension on top of the arch somewhere between the in-

'side and outside shell gages. . Near the- supports; the direction of the

strain in the shell agrees'WTthTha+‘jn The eage beam. Maximam average
compressive stress developed inbfhe shel|l under a gage was 274 psi and
the maximum average tensile stress was about 48 psi. EéTh of tThese are

sufficiently small to term negligible. Higher tensile stresses definitely

"existed directly under the Ioad; but none of these were recorded.

At the center of +he:édge beams, the SR-4 strain gages showed
bending in one direction. See Figures 20-24.

Compressive stresses were small, but tensile stress reached
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Pirure In Vnifon- Load Over Jlalf TJic Surface Are-.
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values up 1o 190 psi. Thfs stress dis+ribufioﬁ10r oné similar was
apparently prominent ovérimos+ of the beam because the final eﬁd‘dé=
flection was up s

Strains at the abufmeﬁf for the maximum concentrated load condition
are very similar to those created by a uniform load of 40 psf. :The
di fferences befng that the compressive stresses on the top of the beam
are lower; and the tensile sTressés on the bottom are higher for the
concentrated case. - This condition could have béen causéd by most of
‘.The forée created byl+he load going to the abutments on the compreéssive
parébola.‘_Maximum average tensile stress reached at the abutment was
about 270 psi for a one fon load.

Free end deflection was up with a magnitude of.ébou+ 16 Thou%éﬁdThs

of an inch.

‘Hal f Uni form Load

The hal f uniform load was a uniform load over half the projected
surface area of the shell. A load of this type is entirely possible
in practice, and presents.an eccentric condition.

Again, The shell stresses were very low as for the previous load=
VLngsf in fact, stresses of any magnitude failed to show'up except at
. fhe abutment. |
Strains recorded for the beam center location under

the load showed an almost identical strain plot as did
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the pure uniform load. See Figures 20-=24., For the beam center not
under The.léad, s+rain; were of negligible size. |

The free end under the load déflected down 60 Tﬁousandfhs of an
inch, and the other end went up 55 ThOUSand+Hs of an inch. WjTh this
information, the stress distributions can almost be visualized. Edge
beams under the load at the abutment are acting somewhat as canti-
levers. They develop high “fensilé stresses on the top and high
compressi;e stresses on the bottom. Maximum average tensile stress
on the top reaches 44| psi, while average compressive stress on the
bottom reaches 1030.psi. .See Figures 25-29. For edge beams on the
other side of the abutment, the strain distribution is reversed.
_Here, maximum average fensile stress occurs on the bottom with a
magnitude of 330 psi, while average compressive stress is about
252 psi. |

Loading was carried to only 40 psf fer this condition because
high tensile stresses were‘béihg developed at the abutment and failure
was not the present objective. Further fests on the shelf and beams
around the abutment for eccentric loads may be doﬁe in the future.

4sfresses discussed in the preceedihg test and apptoximaTe, varying
with the modulus of elas+ici+y and were qsed only to give some idea of

existing stresses. Maximum average stress as termed in the Text means theé




41

pal stresses were not found 1n these tests,

jperpendlcular 0" de51red planes.‘

iaverage of - the number of - readings at one gage- &nd not an

aaverage of ‘the gtresses along a 81de or- p091tion. lPrinoif

just, stresses
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Unifornm Load

Hatf Uniform Load (under load)
O's max -

Nalf Uniform Load (not Under Load)

approximate beam deflections.
(Not To ScM.e)



43

Compresss/on Parabola

Figure 16.

CONCEKiIrRAreo Load Defleetion C urves
Not ro Scale.)
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QONCLGSIONS
‘The results of these tests do not entirely uphold the uniform
load theory as derived when appiied to a hyperbolic paraboleid with-
- fixed abutments. .When abutments are exitended along the edge beams
wffh the intent of taking eccentric loads, then some desfgm‘alferaTIQns
might have to be made. The present system of designing edge beams as
tied columns should be sufficient where abutments are rigidly fixed
to the shell along short lengths, but do not take the entire ecceniric
load. Edge beams, down to a point somewhere between the center of
the beam and the abutment seem to exhibit column aéTion mainly, except
for a cencentrated load. Here, the beam would be more effiéiénf it
it were more symmetrically ]ocafed. The sharp departure of the edge
beam from ThQ shell probably céuses some stress. concentration and
shoufd be el iminated. fhié procedure is preéenTiy being done.
Near-+hg abutments, an edge beam with a yariable cross-section
should take care of ecceniric loads and stress caused by the rigidi+y\
of the abutment. The beam should have some tensile reinforcement on
top and bottom.
Shell stresses at the highest are of a very low magnitude aﬁd
seem Yo be the least of the worries in design. | |

',The preceeding discussion 1is basically what showed
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'Hup in these tests on. the hyperbolic paraboloid.,AThe
magnitudes of" the results are probably of little ude
“for the design of 1arger structures, but’ the stress

'distributions should give a more basic. idea of what

-Ls-actuelly heppening'in a. shell of this type°
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APPENDIX

TABLE IT - Uniform. Load Data
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.TABLE.fII +.Uniform Load Data

. Strain in Micro in/in At Given Uniform Loading
Number 10 psf 20 psf 50 psf 40 psf 50 psf 50 psf

13 +1 +-3 + 9 # 19 + 21 + 4
27 + 12 +.10 + 15 <+ 24 .+ 26 + 6
33 + 10 o+ 11 - + 16 + 23 + 29 0
47 + 6 <, 12 + 19 + 26 + 30 + 6
15 « 5 .+ 3 + 7 + 17 + 22 + 2
210 + 3 +.8 < 10 % 20 + 24 + 5
36 + 2 + 2 .+ 7 + 17 +. 20 - '3
410 + 2 %+ 8 .+ 15 + 20 + 25 4+ 2
i - 5 . =13 . - 15 - 20 - 23 Ly
74 - 3 .- 6 = 7. =9 =11 - 11
g - 4 - 9 =11 - 14 - 13 -9
81 - B - 10 - 11 - 18 - 20 - 11
72 + 3 +.5 . +-11 w11 + 16 + 15
75 + 8 411 h+-i8' + 26 A+ 37 "+ 30
78 + 5 + 8 14 + 19 + 28 < 27
.82 + 7 ¥ 12 ¢ 24 # 30 + 41 + 36.
73 - 3 - 5 =~ 3 - .3 - 1 + 3
76 + 4 + 4 + 8 + 8 + 156 + 8
79 - 2 -3 0 o + 1 v 4
83 0 O =+ 7 4+ 5 * 7 + 8
84 - - - - - +.12
85 - - - - - - 7
86 - - - - - * 6
51 +1 ~ .8 4.5 - + 15 + B
61 = 11 - 15 . =12 - 5 0 + 3
: v
53 0 - 4 4+ 1- v 7 + 12 - 5
63. - 1 - 4 0 + 8 + 12 + B
52 + 4 - 4 + 1 + 6 + 7 4
62 - 7. -1 - 8 - .3 - 2 - 2
54 + 1 0O & 7 + 16 + 20 + 2
64 1 - 1 + 6 +* 7 w17 + 8
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TABLE IV _

Gage Strain in Micro. in/in At Given Uniform Loading
Number 10 psf 20 psf 30 psf 40 psf 50 psf . 50 psf
55, - 6 =-18" - 8 --ve, -~ 7 - 14
BE - 10 -2 - 4 - 2 + B 4
57 -3 =12 - .8 -5 - 2 - 17
67 -6 =11 0 ¥, 2 ¥ .5 -
56 - 7 =15 -9 -8 - 8. -20

. 66 - 6 =11 -5 -8 - 4 -14.
.68 - 2 - 4 . 2 + 8 + 15 - 4
- 68 - 2 - 4 -+ % + 10 + 16" .+ B
Dial 0 3 B - .
Gage #1 +1.5 +3.6 +8.0 »8.9 +11.4
+2.8 +4.8 +7 .3 +8,5 +10.4 +7.0
#2.0. . +4.5 +7.0 +9.5 +12.5
. ibia1’ | -
Gage#2 . +1.5 . +2.5 +5.0. +7.8 +11.3 -
+1. 0 +2 .4 +4.1 #6.1 - 9.3
+2 0 +5 0] +7 o -#9 O 4+10.0 ’

Dial Gage readings are in ‘thousandths of ‘an insh
wilth plus indicating a downward ‘deflection. -

Minus preceeding the strain readings indicates
compression -and plus indicates tension

The two identical lgad columns represent
separate loading. The first belongs with the in=
.crement loads, the second was loaded all at once.
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TABLE V - Concentrated. Center Load Data .

Strain in Micro in/in At Given Concentrated Load |

Number .480 Tbs 960 1bs 1440 1bs 2000 I1bg 2000 1bs
11 + 1 - 4 - 11 - 17 - 22
. 25, -4 - 8 - 13 - 17 -13
" 31 - '3 - 10 - 17 - 23 - 22
45 - 4 - 10 -:13 - 17 =16
12 + 1 - 4. - 12 - 20 - 22
26 - 4 - 8 - 15 = 17 - 19
32 - 5 - 11 - 16 - 23 - 23
46 - 4 -8 - 13 - 17 <17
14 + 14 + 20 + 28 + 40 + 34
28 + 11 .+ 20 + 31 + 42 + 40
34 -1 + 3 o+ 11 + 21 + 26
48 + 5 + 11 + 17 + 26 + 26
16 + 3 + 10 + 15 o+ 21 + 26
29 + 7 o+ 13 + 21 4+ 27 + 29
'35 ¥ 2 w7 + 15 + 24 -+ 30
49 + B + 11 +.17 + 26 + 28"
17 + 9 #» .21 - + 32 + 43 + 48
21 + 9 + 16 + 24 + 38 + 35
37 + 4 + 15 + 23 + 33 + 38
41 + 17 4+ 28 + 42 + 83 + 66
18 A4 1 + 8 + 13 + 21 + .27
22 % 9 + 18 2+ 24 + 39 + 32
38 + 5 + 15 - + 29, + 44 + 47
42 o+ 9 + 13 217+ 34 + 36
19 S 1 - 17 - 22 - 51 - 24
23 - 2 - 5 - 10 - 17 - 18
39 - 6 - 14 - 22 - 35 - 24
43 - 10 - 17 - 28 - 30 - 24
110 - 15 - 31 - 47 - 66 = 54’
24 - - 15 - 24 - 39 - 30
310 - 9 - 19 - 31 - 46 = 39
- 44 - 15 - 32 - 48 - 62 - 59
59 + 2 - 1 1 + 7 + 9
510 + 1 - 4 + 2 + 3 + 9
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IABLE VI - Concentrated Center Load Data _
Strainn in Micro in/in At,Givéh-Gpncenﬁfated_Load

HNumber 480 1bs 960 1bs 1440 1bs 2000 1bs 2000 1bs
13 . +.9 39 + 9 410 - w7
27 . # 3. +. 4 + 5. + 11 4 .7
38 . + 1 -2 1 + 4 <. 6
47 + 2 + 4 %+ B + 10 + 8
15, =2 0 .0 -4 - 3

210 - 1 0 -1 -1 - 2
36 -~ 2 -1 0 - .5 - 1

410 - 2 - 3 - 2 - 4 - 6
71 + 4 + O +;1i; +;IQ_' + 9
74 + B + 12 + 18 . + 22 +-12

44 + B + 13 + 18 +.20, + 23 ..
8l + B + 9 + 10 + 13 + 7
72 9 418 + 25 + 35 r 27
75 + .8 + 20 +.30 + 43 + 35
78 +. 9 + 19 + 28 o4 37 + 34
82 + 12 + 21 + 31 + 45 - 42
73 + 2 + 5 e 4 + 8 e 1
76 o+ 3. + 8 +. 9 + 10. g 4
79 + 3 .+ 5 =+ A4 + 5. + 1
83 + 2 + 3 + 7 + 7 0
84 + 7 4+ O + 14 +-14 ‘b'IO
86 + 3 0 0 -8 - 14
51 - 4 - 2 & 38 + 5 + 3
61 + 6 4 8 &7 + 10 + 2
53 * 4 + 2 + 5 + -6 + 5
63 + 3 + 6 + .4 + 8 + 4
52 0] = 5 - .6 - 10 + 7
62 * B + 6 . < .6 + 6. + 7
54 . - 4 -~ 1 + 7 + 13 + 25
64 + 6 + 19 + 12 ¢ 17 +-16. .




Gage

Numbe

H9:
65

57

.87

56
66

58

- 68

Dial

Gage #1

Dial

Gage #2
Q.

r
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TABLE VII - Concentrated Center Load Daté

Strain in Micro in/in At Given Concentraded Load'

£480.1bs 960 1bs_ 1440 1bs 2000 1bs 2000 1bs.
- 1 - _& 0 &« 1 4. 8
+ .5 + 9 +-11 + 15 + 10
- 5 -21 - 30 - 43 - 37
-7 - 20 - 37 - 53 - 50
- 5 - 15 -20 -~ 26 - 18
-3 -7 - 11 - 18 - 21
-] - B - 1 - 1 . 7
+ 3 408 %7 + 9 415
- 2.7  -5,8 =-9.9 -15.0  -12.5
- 4.2 'a.é‘a -12.5  -17.7 ~19.2

Dial Gage readings are in thousandths of an inch
with plus indicating a downward . deflection.

_Minus preceedlng the strain readings indicates

compression and plps indioates tension.

The two identical 1oad columns represent
separate loading., The first belongs with the
anrememtloads, the second was loaded all at
onge.
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TABLE VIIT -~Uniform Load Over Half the Surface Date :

. Btrain in Micro 'in/in At Given Load Over Half the Surface
“Numbeg 10 psf . 20 pst EOfQ;f 40 nsf 40 psf

11 - 11 -'18 - 23 .—,34 - 36
45, - .8 - 14 - 22 - 29 - .25
25 - 1 + 5 4.5 + 4 - 1
31 = 5 - .5 - 5 - 7 0
12 - 5 - 8 -12 . -21  -27
46 - 8 - 13 -2l . - 28 - 26
26 - 3 ~+' 3 < .2 + 3 -  4 '
32 . - 4 -3 - 5 -5 o}
14. - .1 -2 -~ 9 =15 - 23
48 - 2 - 1 % 1 4+ 1 - &
28 + .3 + 10 + 11 + 14 * 7
34 - 9 - 11 - 13 - 14 « 1
16 - 1 - 1 - 3 - 6 - 19
49 - 2 - 1. s 1 + 1 Q .
290 + 3 % 7 % 7 + 9 + 4
35 - 7 - 6 - 9 - 9 . 4 4
17 + 12 + 39 4 49 + 69 + 56
‘41 + 20 + 44 4 66 + 89 + 80
21 ° - 9 - 9 - 19 ~ 30 -. 27
37 - 12 - 19 - 27 - .34 - 2%
18 + B + 19 + 30 i 44 + 37
42 + 10 °  + 25 + 37 .. % 50 + 50
22 - 9 - 9 - 20 - 32 - 33
38 - 16 - 33 - 51 -~ 83 - 39
19 - 23 - 42 - 68 -100 - 94
43 - 23 - 48 - 78 -106 - oy
23 + 11 + 31 + 45 + 67 + 56
39 T+ 7 .+ 18 + 29 + 45 + Bl
110 - 41 - 79 - 125 -176, ~163

44 - 44 - 88 =133 -187 -163
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.TABLE IX - Uniform Load Over Half the Surfaoe Data

Gage - Strain.in Micro in/in At Given Load Over Half The Surface

Ngmpg;_"flo psf '20 psf .30 Q_i .40 psf '40+2§f
24 ¥ 16w 58 + 55 + 79 + 69
310 + 13 - 29 T 39 + 59  « 53
59 - 3 - 8 .-14 - 20 - 18
510 + 4 + 7 + 8 + . 7 - 10
13 + 1 + 4 4 4 + 1 - 6
47 3B + 6 + 7 w7 + 1
A - ‘2 +- 5 + 5 + 6 + 2
33 -5 -~ 4 - 4 - 4 2
15 3 + 6 .4 10 v 14 -
410 - 4 < 3 . 2 v 4 v 2
210 - 1 +- 6 + 3 + 2 - 3
36 - 11 =12 -~ 13 - 12 “ g
71 - 6 - 9 - 15 - 20 - 18
81 - 2 -5 -9 - 10 - 9
174 ‘O + 4 *+. 5 + 8 + 9
77 - 3 + 3 "+ 5 +. 9 + 10
e e 4 + 12 + 16 + 19 e 21
82. +.10 + 20 + 27 + 39 + 42
75 - 2 - 3 .- 5 + 3 - 1
78 - 2 0 + 1 + 4 + 7 .
73 + 2 + 7 + 11 4 13 + 14
83 + 4 + 8 + 13 + 18 + 18
76 0 - 2 - b - 4 - 7
.79 ~ 3 - 2 - 4 - 3 0
84 + 3 + 7 + 5 + 8 + 8
85 41 + 6 + b5 + 10 + 6
86 0 o+ 2 + 2 + 2 - 4
51 $3. . + 16 .+ 20 - 22 '+ 5
53 - 2 - 2 -1 a1 0
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TABLE X, - Uniform Load Over Half the Surface Data

Gage Strain in Micro in/in At Given Load Over Half The Surface

Number . 10 psf 20 psf 30 psf 40 psf .40 pef =
61, _ - .3 - 2 + 1 4+ 2 - 7
83 - 1 - 3 - 3 - 1 - 2
52 + 8 + 5 - 2 - 5 - 12
54 + 7 < 11 + 15 + 18 » 10
62 -2 . o+ 1 “ 6 9 , 4
64: - 2 fand 5 - 1 - 2 - 2
55 -1 0 -1 - 5 - 10
66 - 6 - 8 -~ - 9 - 14
57 - 2 0 o) 0 - 2
67 - 3 - 5 - 7 - 12 - 11
56 + 1 4.2 + 1 0 - 9
686 - 6 - 8 - 7 - 12 - 14
58 0 + 2 + 2 4. B + 3
68 0 + 1 + 6 . 8 + 5
Dial . , . . _ o
Gage #1 +15.0  +30.0 45,0 +60.0 = +60.0
Dial o - | .

Gage’ #2 -13.0.. =26.4  =40.0. -55.0" .  -56.0.

& . Dial Gage readings are in thousandths of an inch
with plus indicating a downward deflection.

¢ Minus preceeding the gtrain readings indicates
compréssion and plus indicates tension.

© The two identical: 1084 columns represent
separhte 1loading. The first belongs with the
increment' loads, the second was loaded all at once.
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