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Abstract:

This paper is a constructive proof of the existence and uniqueness of a periodic solution of the
nonlinear differential equation (i) dx/dt + f(x) = p(t) where p(t) is continuous, p(t) = p(t + 2&pt;), f'(x)
is continuous, and 0 < a <b. This differential equation has a physical origin in the consideration of an
electrical circuit which contains a linear inductance and a nonlinear resistance connected in series with
a periodic external electromotive force. In the problem considered here the resistance is assumed to
have an associated potential drop f(x) such that f(x) has a continuous derivative with respect to current
flow, x, and f'(x),is bounded between positive constants.

The solution of the equation is approximated by a sequence of functions determined by the following
iteration scheme. A linear term bx is first added to both members of (i) and it is rewritten in the form
(1) dx/dt + bx = p(t) + bx - f(x).

The first iterate is taken to be the periodic solution of the linear equation resulting when the expression
bx - f(x) is deleted from (i1). This solution is then substituted into (i1) and the second iterate taken to be
the periodic solution of the resulting linear equation and so on. It is then proved that the sequence of
functions so obtained converges to a periodic function which satisfies the differential equation (i) and
that this solution is unique.
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Abstract

This paper is a constructive proof of the existence and unigueness
of a perlodlc solution of the nonlinear .differential equation

(1) & 4 £(x) = p(t)

where p(t) is conﬁlnuous, p(t) p(t + 2r), £'(x) is continuous, and

0 <a<.f'(x)<b.

This differential equation has a physical origin in the consideration
of an electrical circuit which contains a linéar inductance and a nen-
llnear ‘resistance connected in series with a perlodlc external electro-
motive force. In the problen ‘considered here the resistance is assumed
to have an associated peotential drop f£(x) such that f(x) has a continuous
derivative with respect to current flew, x, and £'(x).is bounded between
positive constants. .

~ The solution of the equation is approximated by a sequence of
functions determined by the following iteration scheme. A linear term
bx dis first added to both members of (i) and it is rewritten in the form

(ii) - L opx = p(t) +bx - £(x).

The first iterate is taken to be'the periodiC‘solutién of the
linear equation resulting when the expression bx = £(x) is deleted from
(ii). This solution is then substituted into:(ii) and the second iterate
taken to be the periodic solutlon of the resulting linear equation and
SO on. :

It is then proved that the sequence of functions so obtained'con-
verges to a periodic function which satisfies the differential equation
(i) and that this solution is unigue.




INTRODUCTION
Olm's Law states that the pofential drop across a cenductor is a '
- constant (called the resispance) multiplied by the current flowing through
the conduétor. it is well known that the state of current flow-in a cir-
cuit containing Ohmic resistors, linear inductance coils, and linear
capacitors comnected in series with an external electromotive force can
be determined by elementary means as the-solution of a linear differéntial
equation. If, however, the potential drop across thg resistor is a non-
linear functioﬁ of the currént, the differential eqpation to be considefed
. is no longer'linear and other methods of solution muép be sought.

A class of nonlineér resistors which have impor%ant engineering ap-
plications has been termed quasi-linear by Duffint [il. These ﬁaterials '
have the property that the derivative of thé‘botentia}.drop with respect
to current is. bounded between positive constants. That is, if the current
flowing through the resistor is x and g(x) is’ the pgfent;al drop across
the resistor, then 0 < @ < g'(x) <B. .Aﬁong the”méferials exhibiting
this behavior are selenium, coéper oxide (Cuéé),lana‘silicon carbide
(thyrite) [2). - '

Inhthis thesis the problem considered_ié the ekistenge of a periodic
gsolution of a nonlinesgr differential equatioﬁ‘resul%ing when a circuit
contains a quasi-linear resistor. circuit'aﬁd network prdbiems involving
nonlinear resistors have been treated extensivély b;;r qufin [2] and by

Swartz Dﬂu Duffin established the existence of a unique periodic

1. ©Single numbers in brackets will indicate references ligted in the
Literature Cited.
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solution‘and:Swartz used an iteration-procedure:to actually construct.
the solutlon.‘ In I}] Swertz obtalned the approximating functlons or
iterates as Fourier series.

The role of thls paper is to glve (1n ‘the spec1al case of a simple
circuit contalnlng no capaC1tor) a constructlve proof of the existence
of a periodic solution which is diﬁferent from the proefs of Duffin
and Swartz. |

It will be assumed througﬁout that the electromofive force is a
periodic function of time of period 2x. Furthermore it will:pe assumed.
that the derivative of potential drop with respect to current is not only-

bounded but alse continuous.




DESCRIPTION OF THE PROBLEM
AND THE ITERATION TECHNIQUE

The circuit chosen for consideration in this thesis consists of a
nonlinear resistor and a linear inductance coil of inductancé I conneeted
in series with a-periodic external electreomotive force; E.

It 15 well known that if the resistorAis Ohmic with resistance R, the
flow of current, I, in this circuit satisfies the linear differential
eguation

_ar

L 3¢ + BRI = B(t).

To be considered instead is the nonlinear problem‘arising when the
linear resistor is replaced by a nonlinear resistor having an associated
potential drop, g(I), where g'(I) is continuous and bounded between posi-
tive constants. for convenience the following notation will be adopted
and used throughout: let x denote current; let gé%l = £(x); let

) Lope).

The differential equation governing the current flow then becomes

(2.1) %}fg + £(x) = p(t)

4where the féllowing assumﬁtions ére made:s
1) p(t) is continuous
2) p(t) = p(t + 2x)
3) f£'(x) is continuous
4) 0<a<¥fi(x)<hb.
The periodic solutioﬁ of equation (2.1) is approximated by a sequence
of functions {:xn(t);} determined by tﬁe iteration schemevhereiﬁ de-

scribed. The lineér term, bx, is first added to both members of (2.1)




.
and the eqguation is‘rearranged to
(2.2) &+ b(x) = p(t) + Flx)
where F(x) = bx - £(x).
The first iterétey xo(t), is taken as the periodic éolution of the
linear equation obtained b& deletion of the nonlinear term, F(x), in

(2.2). This solution is then substituted into {(2.2) and xl(t) is taken

to be the periodic solution of the resulting linear.equatiom,‘

dx . TN,
3 tex= p(t) + F(xy(t)), ete.

In general, the (n +‘l)st iterate will be the periodic solution of

£+ bx = p(t) + Flay (b))
It remains, then, to show that the sequence of approximating funec-
tions so obtained converges to a periodic function and that this.function
is a unigue periodic solution of (2.1). The method of proof that will be
used here is an interesting analogy to the Cauchy-Picard méthod of proof

of existence and uniqueness for the initial-value problem associated with

a first-order differential equation.




PRELIMINARIES
A. Periodic Solution of the. Linear Eduation
To obtain tﬁe first iterate; the Périodic solution of the linear
equafion formed by deletion of the nonlinear term in (2.2) will be found;

i.e. the first iterate will be the periodic solution of
ax
(3.1) e p(t)

where b is a positive constant and p(t) is continuous and periodic.
ébt is easily seen to be an integrating factor for this eguation.

That is to say, if x(t) satisfies (3.1) then .
(3.2) ?i% [{abt bx(‘c)] = % p(t).

Whereupon integration gives

=bt

(3.3) x(t) =¢ e p(t)d.t+0] oi«

(3.4) x(t) = zj;f eP® p(s)ds;}'.

where C and o are parameters, Equations (3.3) and (3.4) are entirely
equivalent (ih'the sense that each gives the general solution of (5.1))

for the following reason: gince p is continuous,
t

a be vt
o l]‘e p(s)ds = p(t)e .

@ .
Thus the expressions maltiplying e Pt in (3.3) and in'(B,ﬁ) have exactly
the same derivative and theréfore may differ only by a-constant; l.€s,
the right member of (3.4) may'always be obtained by specializing the

constant € in (3.3). Hence, the general solution of (3.1) is




;
It now remains to choose & so that the periodicity requirement is

satisfied. That is, ¢ must be chosen so that x(t) = x(t + 2x) or

t t 4 21 : :
feb(.s't) p(s)ds = f e'b{s-t-%r) p(s)ds.
3 ) S .

This is done by meking the substitution o = s - 2x in the right mem-

ber and recalling thatp(s) = p(oc + 2x) to give

% £ o
feb(s-t) p(s)is = f eb<° - t) p(o)do
& T O=21 '
| o o
.—.~f e-b(c_t) p(o)do +feb€0-t) p(o)do.
| Q=21 o i

So it is seen that periodicity of x(t) requires that

| o ‘ ’ 04
‘ f eb(cnt) p(o)do = e_btf Pd p(o)do = 0
Q-2xt ' Q=21 '

or, since e PY # 0, (end chenging the integration dummy)

’ o ,
bs :
(3.5) f’e' P(S)ds = Q..
) . O=25 ) : '
That this conditi%? is satisfied for /==« will be established by

lim

. bs o
showing that . e " p(s)ds = 0 for b > 0.

. Ol=2x . %

(The existence of the improper integral, f K p(s)ds, will be noted

(o] -~




shortly. )

Since p(s) is continuous the Mean-Value Theorem is applicable so -

a .
f eP® pls)as = % p(t)en (o0 - 21 < & < ).
o-2n . ' o
lim bs lim D
Now let & - - w. Then £ = ~ « and b f e p(s)ds = oo © £ p(§)2n:
' Q=25

for p(&) is bounded (be:l.ng continuous and per:.od.lc) and b is positive.

It is possible, however, that p(s) may be such that
o .
eP® p(s)ds vanishes for finite . Tn view of this, it will be shown

Ol=2g¢ a

that then f ebs'p(s)ds also vanishes.

-0

To this end write
o Q=207

(3.6) f‘ e”® p(s)as = z f e® p(s)ds

n=0 O~(n+l)2x -

‘and make the ‘change of variéble s =1 - 2ne in the right member. Taking

account of the periodicity of p, (5,.6) becomes

(0 © N _
f e”® p(s)as = z f o 2““) p(n - 2nx )an
~-co n=0 =21
= Z b f ™ p(n )an
n=0 A=27¢

(f M o ) ‘f(e~2n'b)n
-2% - n=0
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20 < 1, and the series,

Since b is positive, 0 < e

(-] .
- - n . :
Z (e E“b) -, converges to a positive value, say L.
=0
Therefore, if (3.5) holds for finite «,

(04 o
f L p(s)ds = Lf eP® p(s)ds = 0 and, hence
moa s o-25 ’
t L t
embtjﬁe]OS p(s)ds = e_-btfe"bs, p(s)ds +~e—bt febs p(s)ds

o

-t -0
%

tfebs p(s)déo

o

fl

Thus, in any event, periodicity of x(t) implies that
~ % : - A
x(t) = feb(s-t) p(s)as.

=00

B. Existence of the First Iterate
In this section it will be shown that the integral,

t
feb.(s~t) p(s)ds, converges.

=00

As previously noted, the continuity and périodicity of p(s) imply
its boundedness for all s. That is, there exists a positive constant M

such that |p(s)| <M for all s. Using this condition,

t t
:Zr

eb(s—t) p(s) ds < ety f eP® a5 = % .

00




Ll dl

-9~
t

Thus\/r eb(s"t)‘p(s)ds converges absolutely, hence it converges, and

-0

the existence of the first iterate,
T

(3.7) x(t) =\ln eb‘s-t) p(s)ds, is assured.

=00

C. Uniqueness

It is.observed at this point that +the unigueness of the fifst iter=-
ate is implicit in the'foregoing.

Every function, x(t), which satisfies (3.1) mist- also, of course,
satisfy (3.2). Thus all solubions of (5.1) are given by (3.3) or its
equivaleﬁt (3.4), the equivalence of these equations haviﬁg been estab=
lished. In other words, all solutions of the linear equation, (3.1), may

be obtained by specializing the constant ¢ in (3.4).

But periodicity of x(t) requires the verity of (3.5) and, as shown,

this condition will be satisfied by O = =o even if (3-5) holds for finite
0. Thus any other periodic solution of (3.1) mist neceésarily be gifen

by (3.7); i.e.;, (3.7) must be a unigue periodic solution of the linear

equation.

This solution will henceforth be call xo(f).




PROCF OF CONVERGENCE
A, Existenée of the Buccessive Iterates
The existence of thé-%ggcessiveliterates, xn(t), obtained by the
- procedure described on pagé L will now be proved'by inductién°

The existence of the first iterate,
t

xo(8) = [ ™) p(agas,

-0
has been proved in section B page 8.

Now assume the kth iteraﬁe
t

%1 (%) ﬁ\/“éb<5'?’ [p(s) + Flx, _o(s)) ] as

-0
" exists and is periodic.

The (X + l)St iterate is taken to be the periodic solution of the
linear equatioﬁ

(1) $ + bx = p(t) + Flx,_(5))

where b is positive, p(t).is continﬁous,ip(t) = p(t + 2n), and F(x) is
continuous. - "

By hypothesis, Xy l(t) exists and therefore is econtinuous. Since
X, l(t) is also assumed to be perlodlc, F(Xk l(t))ls continuous -and
perlodlc. From this and the conditions on p(t), it follows that
Eb(t) + F(xk l(t)) ] is continuous and periodic. Thus repetition of the
arguments used to establish (5 T7) result in the follOW1ng periodic solu-
(4.2) xk(f) ;\/n eb{s-t) Eﬁ(s)‘;.F(xk_i(s)) ] as.

._w

tion of (4.1):




=11
Therefore xn(t) (n=0,1, 2, ...) exists and is periodic.
B. Convergence of the Sequence of Iterates

It will first be shown that for functions y(t) and z(t) defined for

all t, F(x(t)) satisfies the Lipschitz condition

(.3) | F(r(8)) - F(z(e)) | <k | v(t) - a(t) |
for all t and some K > 0.

F(x) = bx - f(x) where £'(x) is continuous and 0 < a < £'(x) <b. So
F'(x) = b = £'(x). is certainly continuous. Now rewriting the above in-
eqﬁalities givés

-b<a -b<£'(x) -b <0
or ' b>b-a>b - £1(x) > 0.
So it is seen that 0 < F'(x) <b - a for all x. Then let b - a = K.

Since F"(x),is continuous it follows from the Law of the Mean that .

F(y(6)) - F(a(t)) = F'(§ )y (t) - ()
for some ¢ between y(t) and z(t), or
[F(y(8)) - F(2()) | = | 2°(8) | | w(%) - 2(s) |-
Buto<F'(g)<Kgiving | '
| P(y()) - F(2(%)) | <x | y(t) - 2(t) | for all t.
By induction it will now be proved that for all t and M a positive

constant

-1
(k.4) | x (6) ~ x _;(¢) | S'Kn " ' otn=1,2, ...)

F(xo(t)) is continuous and periodic in t and therefore is bounded
for all t. 8o there exists a positive constant M such that

IF(xo(t)) | <M for all t. Now
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| (8 =508 | = | febf*“ [(s) + Plx (s)) - p(e)]as

L

Eeubtfebs |F€x0§s)) | as.

=00

Then, by the boundedness of F(xo(s)),, (k.4) is verified for n = 1; i.e.,

S e
, =bt © bs M

| xl(t) - xo(t) I <e M ‘jp e = .

. . < .

K# l
bk

Assume | x (t) - %, l(t) | < for all t.

Forn=k+ 1

‘ t ,
| g () = 3,80 L= | [ e (o) - w1 (o)) Jas
t

< e-‘btf obs

=00

ds.

Flx,(s)) - Flx,_,(s))

Since F( x(t)) satisfies the Lipschitz condition for all t, this becomes
. t

| %4 (8) - x (%) | <K e Pt ‘jrebs ka(s) -x_,(s) | ds.

-0

l
But, by hypothe51s, ]x (s) - X 1(s) | < Kk for all t, so
' ot -1 g &
K e M bs K" M_
| 3042 (8) = x (8] | < K f ¢ e =Tmr
B h =00

Thus (4.4) is established.

Now consider the sequence of iterates gE%JCti} s and note that

U 15 . R S S
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0 (£) = ig(6) + ) (g (8) - %, (6))
C k=1 - .

i.e., xn(t) is the n°P partial sum of the series
” ‘
(h.5) xy(6) + Z (1 (6) = %y (£)).
“ - k= ~ - -
1y

From {(4.4) |xn(t)‘- x, .1 (%) | < = (h=1,2, cos)o
for allt (M > 0 and K > 0).

. Kn l Il-l
Since K ¥ b the series n = 3 (- converges.

n=al ~ n=l

Thus (4.5) is majorized by a convergent series of positive constants and,
accoréing to the Welerstrass M Test, must converge absolutely and uni-
formly for all t. Hénce, the sequence {3ﬁn(t):} also converges uniformly
to a limit function, x(t), for all t.

Two remarks pertinent to the limit function: 1. If ilm x (t) =x(t),

then x(t) is continuous since the xn(t) (n =0, 1, 2, ...) are continu=
ous and the convergence is uniform. 2. x(t) is periodic as the following
theorem shows. _
Theorem 1.
IF (1) {xn(tZ} converges to x(t) on an interval I;

i2) xn(f +2x) = xn(t) (n = 0, 1, 2, .ou)"(tg t + 2x € I),

then x(t + 2x) = x(t) (%, & tone I).

[ Bete + 2a) - (0] + Giy(®) = x(o) |

Proof: | x(t + 2x) - x(%) i.

IA

| =6+ 2q) - x_(¢) '| + | % (8) - x(t) |

| x,(6 + 20) = x(t + 21) | + | x5(8) = x(t) |
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where the last equality follows from hyﬁothesis (2).

Iet € > O be given. By the convergence of{;xn(t);} there exist
integers Ny and Np such that for n > Ny, then [xn(t)‘- x(t)| < €/2 ana
for n > Np, then |x,(t + 2x) - x(t + 2¢) | < €/2. ILet N be the maximm
of Ny and:Neo Then for n > N,A

|x(t + 2,::) - x(6) | < | mylt + 20) - x(6 + 20) |+ | x (8) - x(t) |

<

nNlo

€
+ 5= €.
But the left member of the above inequalit& is independent of n. Hence

the  left member is zero and the conclusion follows.




VERIFICATION OF THE SOLUTION

For convenience, some essential conclusions will be stated and proved
in the form of more general theorems before proceéding with the verifica-
tion of the solution.
Theorem 2.
I (1) f_n(s) is continuous (B = 0, 1, 2, «vs)s

(2) £4(s + 2n) = £a(s) (0 =0, 1, 2, «..),

(3) fﬁ(s);} converées uﬁiférmly to f(s) on I[}w,td],

R (ﬁ) b > 0; ' - |

: .

then;jrebs fn(s)ds (t.< to) converges{uniférmly with respect to n.

=00
Proof: It must be shown that corresponding to every positive number e

there is a number T (T < t) such that

. O ‘ o . ,
l f vebs‘fn(s)ds <efor @y <0, <T and all positive integers n [3].
oy ‘

By hypotheses (1) and (2) the fn(s) (n =0, 1,2, ...) are bounded;:

‘i.e., there exist positive numbers M, such that

l£.(s)] <M, (0 =0, 1,2, i) for all s ¢ T [-w, tig) - Also

|2,(s)] = | £als) - £(s) + £(s) | < | £,(8) - £(s) | + | £(=) |.

According to hypothesis (3), to every €' > O there corresponds an ihteger
N such that | fy(s) - £(s) | < €' for alln>Nand s € I [—oo, tO], £(s)
is continuous for 1t is defined by a uniformly convergent seéuence of o
continuous functions. Hence, f(s) is bounded and there exists a‘positive

mumber M' such that | £(s) | <M' (s € T [ -a, tg-] )
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Thus |fa(s)| < €' + M* for all n > N. Now let M bé the maximum of
€' + M' and Mn (n=o0,1, 2 ) Then | £f,(s) [ <M (n=0, 1,2, ...)
for all & ¢ T [-w, ty ] - ) o |

It then follows that

[ e
%

SMf eP® as %— (ebo‘2 - ebal)o

For a given € > 0 the choice of T = %‘- In be sﬁffices for the conclusion

M
of the theorem. For then since b is positive, if op < T, .
b ,
eb%<%1€-. Then also : em2-eal<%% or
b
Theorem 3.

I£ (1) fn(t)‘ (n=0,1 2, ...) is continuous on I[-»oo, 'to],

(2) fn(t)} converges uniformly to f(t) on IE—w, to:[ 5

t
(3) ffn(s)ds (t < to) converges uniformly with respect to n,

. |
(%) f £(s)ds (t < ty) exists;

g Tt

13
then ni]: £, (s)ds .-.ff(s)ds_} (t < t0)° =

=00 -0
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Proof:  Let € > O be given. Then for R <1t < 4,
t t

ffn(s)ds -‘/I f(s)ds
nooR - t ’ t |
f fngs)ds ‘Rf fngs)ds -Jf(s)ds
R
f £(s)ds

=0
=00

<

‘f f(s)ds l_<_

R
l ffn(-s)ds "

Now the conditions of hypotheses (3) and (4) allow one to choose R small

R
; ff(s)ds

=00

] .
+ flfn(s) - f(e)|de +
R .

z

enough so that

R
‘ffn(‘s)ds

Also, by hypothesis (2), there is ani integer N such that

< <

for n=0, 1, 2, ... and

3 3
3 3

|fn(§) - £(s) | <-5-(%Eﬂ for.all n > N and all s € I|=o, toj°

Thus for n > N _
t ' t .
lf £ (s)as ~ff(s)ds < -.l-f 3(—:ds < ¢, and the conclu-

+
TR
=00

wim

£
5.
sion is evident.

Theorem L. .
£ (1), ixn(s)} converges uniformly to x(s) on I[-w, t4),
(2) | F(y(s)) - F(z(s))] <k | y(s) - 2(s) | for some X >0 and all
s e I[-oo, to] then {F(Xn(s))} converges uniformly to F(x(s))

for all s € I[co, ’Go] - -_,, Y .
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Proof: Let € > 0 be given. According to hypothesis (1), to every
positi'vg number €' there corresponds an integer.N sucI; that
|x,(s) - x(s) | <.e' for all n > N and all s € I[-w, tO]- The conclu-

sion follows from the choice €' = s, For then

e

| F(x,(s)) - F(x(s)) | <k | x,(s) - x(s) | <Ke' =€ foralln>N

and all s e I[’-Ioo,j to) -

Lemma.
If (1) iF(xn(s))} converges uniformly to F(x(s)) on It-oo, to],
(2) b >0; |
then ‘{ebs F(xn(s))} converges uniforx;lly to e°° F(x(s)) on
I[fw, tQje . ‘ |
, Proof: By hypothesis, corresponding to any given € > O there ’is an
integer N such that |F(xp(s)) = F(x(s)) |< € e’bto' for all n >N a;i@. o
all s ¢ I[-oo, to]. But then since b is pqsitiv‘e,- for all n > N and all
s e I[-oo‘, td], ebs | (xn(s))'-l'F(x(é)) | <.eor
[ebs F(x,(s)) - ePs F(x(s)) | < €, and the conclusion follows.

In section B on i;a/ée L1l it was .establis,hved that ‘thg seéluence of
iterates {ixn(t )‘} converges unifermly to a . periodic function, x(t)? for
all t. It Wiil now be proved that ’qhis Aimit fﬁnction is a periodic
solution of the nonlinear differential eq.uati"on

(5.1) % + bx = p(t) + F‘(i.)_‘ .
where E(x) = bx + £x), f‘(k) is continuous, O <a.<f'(x)<b, p(t) is
. éontinuc;us, and p(t + 2x) = p(%). - o

To this end it is first noted that if x(%) satisfies the integral
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equation "

(5-2) x(t) =_f P8 [o(s) + F(x(s))]as,

~00
it also satisfies the differential equation (5.1). Consider (5.2). By

removing the factor e P from the integrand and then differentiating there

results
L
) = o™ [P [ps) + B(x(s))]as + [p(e) + 7(e(6)]
= bx(t) + p(t) + Fx(6)) or D 4 vx(s) = p(t) + F(x(t)).

lim’
-+

of (5.1) by proving that x(t) satisfies (5.2). In what follows, let t,

Tt is now to be verified that x(t) = xn(t) is a periodic solution
be ény number.
Tt has been seen that {:§n(s);2 converges uﬂiformly for all s and that
F(xy(s)) (m=0,1,2, ...) satisfies the Lipschitz condition for all s.
Iﬁ pérticuiar these statements are true for s ¢ I[}m, to]“ Thus the
hypotheses of Theorem 4, and those of the Lemma, aré satisfied so
(a) {}PS F(xn(s)i} converges uniformly to ePs F(x(s)) for s e I[-w, t6]°
The F(xn(é)) (b =0, 1, 2, ...) then fulﬁillmtﬁe'cqnditipns of‘
Theorem 2 éinée, aé‘has béen previously observedg'F(xh(SQ)_(n =0y Ly 25 oea)
is ‘continuous and periodic for all s and, according~tojThéofeﬁlA,

{%(xn(s));} converges uniformly to F(x(s)) for s e I[}&}htdjg Thus
- .t .. -' - - . . ) 5 . . - - ) '. -
(v) \jr eP® F(xn(s))ds (t < t3) converges uniformly with respect to n.
N o . - . s N

F(x(s))is continuous for all s since the F(xn(s)) (n =0, 1, 2y «eo)
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are continuous and the convergence is uniform. Thus F(x(s)) is also
periodic in & (for x(s) is periodic). These conditions on F(x(s))
establish its boundedness and therefore (by employing an argumen"r; similar

to that of section B on page 8)

T
(c) f P8 F(x(s))as (t < to) exists.

6bviously the functions e°° F(xn(s)) (n=0, 1,2 ...)are
cdnt_inuqus_ on I[-oo, toj - But now ‘éhenhypotk;.esés of Theorem 5 are exactly
this together with results (2), (b), and (c) above. This theorem in turn.
justifies termwise integratj:on of the seqﬁenee {:ebs F(:;n(s))_} . That

is, for any number t <
t ' t

dim be ‘lim bs |
roveo e F(x, 1(s))as = f e © F(xn_l(s))ds.
g0 ) ) -0 '
It readily follows that
t t
1lim b(e-t) _f p(s=t) Lim _, -
bn [t e jeas = [ 10 gl (s))as
=00 haid >+ '
or, again invoking Theorem k4,
t . '
1lim b(s=t) 3 bs=t) . o
T f e F(xn_l(s))ds = fe F(x(s))ds.
. =00 | w0 .
t b
. Lim b{s=t , b(s=-t,
Since e (s-t) p(s)is = fe (s-t) p(s)ds,
. =E0 . =00

one obtains by addition £

limf eb<smt) [p(s) + F.(xn_l(s)')]ds.—. f eb‘(s—t) [p(s)'+ F(x(s))]ds.,

N-¥co
00 =00




2] -

1i ‘
However, x(t) = ni: xn(t)
‘ £ |
lim [* b(s~-t
= niw e (s-t) [p(s) + F(xn_l(s));]dso
. =00
. T
Hence x(t) =feb(s'"t) [p(s) + F(x(s)):]ds for eany t < to. But t, was any
. =

pumber so the integral eguation (5.2) and, cohseguently, the differential

equation (5.1) are satisfied by x(t) on any 't interval.




UNIQUENESS Of THE SOLUTION
It will first*be demonstrated that if a periodic function satisfies
the differéntial equation (5.1) it must also satisfy the integral
equation (5.2). -
Assume that x(t) = x(t + 2x) and —-i—- + bx(t) = p(t) + F(x(t))

where all conditions stated for (5.1) hold. - Multiplication of both mem=

bt

bers of the differential equétion by e ° will make the left member exact,

or —ad-_E ebtx(t)J = ebt[p(t) + F(x(t)):l Since x(t) is differentiable,

it must be continuous; thus the right member is integrable so

) t ' ' t
btx(t) =febs'[p(s) + F(x(s)J]ds or x(t) = e"btfebs [o(s) + F(x(s))]ds
" - . S .

where O is a parameter.
Now x(t) is periodic as are both p(s) and F(x(s)) (the last from
continuity consideratlons). By taking account of thls perlod1c1ty and

proceeding with the argument on page 5 , it is to be concluded that
% % '

e Pt ﬁbs[p(s) + P(x(s)f]as = e™° febs (o(s) + #(x(s) ] ds.
o C ST =0 ’ l
Thus x(t) satisfies (5.2) if it is a periodic. solutlon of. (5. 1)
It remains now to prove that x(t), the perlodlc solutlon of the
nonlinear differential equation (5 l), is unique. 'This Wlll be done
by assuming that x(t) is another perlodlc solution of (5 l) and. then con-x
sidering the difference x(t) - x(t) '

Since any periodic splution of the differential eduation in'question“A

also satisfies the integral eguation (5.2), this difference may be
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written £

2(6) - x(t) = f P05 [r((s)) - Flx(s))Jas.

=00

. ‘ t
So ]3;(1:) - x(t) | = l feb(s't) [F(E(s)) - F(x(s))]ds l or
- % .
(6.1) [R(t) - x(t) | _<_feb<5"°) F(E(s)) - F(x(s))]as.

But F(x(s)) satisfies the Lipschitz condition (4.3); i.e., for all s and
K:b-a>0,

(6.2) |F(R(s)) - F(x(s))| <k [E(s) - x(s)]-

Tntroduction of (6 2) ihto (6 1) results in

t
(6 3) ]x(t) - x(t | < Kf b(s -t) ] x(s) - x(s)Ias.

-co
From continuity and periodicity considerationé, ﬁ(x(s)) is evidgptly‘

bounded for all s, and there is no loss in generality inhtaking tﬁe |

bound to be K. That is, there is no loss Qf generality-én choosing b

large enough so that |F(x(s)) | < K for all s.. Thus also

| (i) - Plx(e)) | < | FGE(s)) |+ | Flx(s)) | =

Substitution of this result inte (6.1) will give the following inequality

t .
o) - x(o) | s [ (5o 2K,
’ . -0

exz

Wthh in turn, introduced into (6 3) gives | x(t) - x(t) | <=5

This is then substituted into (6.2) and the process iS‘fepeaﬁed, obtaining
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an improved bound on |X(t) - x(t) | with each refinement.

2K

By induction it is now shown that |x(t) - x(t)] < e for all

positive integers n.
The verity of this statement has been established for n = 1. Now
assume that after the kth refinement one has obtained

Ix(t) nx(t) | < Kk.
. B

_ _ 2Kk+l
Then from (6.2), |F(x(s)) - F(x(e))| <K | (&) - 2(s)| = T
, b

Then by introducing this result into (6.1) it-is found that

I 7o) - x(6) | < 2Kk f b(s-t) 5 2531

and the conclusion follows.

Now consider the inequality

| x(x) - x(¢)| <2 ( )

; Lim
Since K = b=a>0,b>Kson_>w<b) = O.

Buf the inequality holds for all positive integers n and the left member
is independent of n; hence it must equal zero. Therefore, x(t) is the

-

only periodic solution of the differertial equation (5.1).




SUMMARY.
The results of this paper may be summarized by the following theorem.

Theorem 5. If the differential equation

. dx ,
(1) ¢ + £(x) = (%) o
where p(t) is continuous, p(t) is periodic, £7(x) is continuous, and

0<a<f'(x)<b, is written in the form

(11) G+ bx = p(p).+ [ox - 2(x)]

and é sequence of functions xn(t) is determined in the following fashion:
xg(t) is the periodic solution of the equation resulting when Eﬁx - f(x)]
is deleted from (11); xq.(t) is the periodic solution of the equation
resulting when xo(t) is substituted into the right member of (ii);

x5(t) is obtained by repetition of the proéess used to obtain x,(t),
etc., then the sequence {%nCtl} converges to a unique periodic solution

of (i).




REMARKS

The first step in the solution was the addition of a linear term,
bx, to both membgrs‘of the equation. It is of interest to examine the
conséqnences of failure to employ this tactic befofe performing the
iteration.

If the term bx is not added to both members; the iteration evidently
will merely consist of repeated guadratures. Furthermore; the equations
solved to obtain the iterateé will have no uniéue periodic sgolution. It
is also clear that no constant terms may be allowed in the right menber
if the next iterate is to be periodic. A possible procedure then, would
be to take all integration constants to be zero;

A simple linear example (in which the conditions of Theorem 5 are
sabisfied) will be used to iliustraté this procedure 1f the linear term is
not first added to both members.

. dx .
Consider I + X = sin t

ax .
or (8.1) T = sin t - X
and proceed with- the iteration technigue described in Theorem 5 setting all -

integration constants to zero. xo(t) is the periodic solution of

%% = gin t or xo(t) = = cos t. Then xl(t) is the periodic solution of

F i sin t + cos t or

x1(t) = - cos t + sin t.
The next iterate is easily seen to be x2(t) = sin t and the procedure
' dx
obviously fails for upon substitution into (8.1) one obtains-z= = Q.

However, as the following examﬁle indicates, in certain cases the
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sequence of functions found by this method will converge to a periodic
solutioﬁ.

Consider the differential equation g% =sin t = g and .note that, as
is readily verified, the exact periodic solﬁtion is
x(t) = 0.4 sin t - 0.8 cos t.
Proceeding with the iteration as before,.xo(t) is the perioaié solution

of =sin t or xo(t) = - cos t. The successive iterates are then

for.d
dt
found to be as follows:

x1(t) = 0.5 sin t - cos t

xgtt) =0.5s8int -~ 0.T5 cos t
x5(%) = 0.375 sin © = 0.75 cos ©
xu(t)'= 0.375 sin‘t - 0.813 cos %
25(t) = 0.406 sin t - 0.813 cos t
xg(t) = 0.406 sin t = 0.796 cos it

eté.

It appears that in this example the sequence bf iterates will con-~
verge to the periodic solution, as i; inde,ed'the-caseo In fact, this
example illustrates the following theorem [5] .

Theorem 6. Consider the differentiéi equation

(1) = pls) + af(x)
where p(t) is continuous, p(ﬁ +x) = -p(t), £(+x) = -f(x), and
0.<a<f'(x)<b. If a sequence of functionms, xn(t),.is dgfermined in
the following way: xo(t) is fougd by deleting the term af(x) in (i),

integrating and setting the constant of integration to zerbj xl(t) is
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found by substituting xo(t) into the right member of (i), integrating
and setting the constant of integration to zefo¢ etc.; then the
sequence xn(t) converges to a unique periodic solution of (i) provided
|2/p] < 1. ‘
. In.view of the stringent conditions imposed by this theorem, the
power of the approach used in adding the term bx te both members of the

equation is apparent.
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