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Abstract:
This paper is a constructive proof of the existence and uniqueness of a periodic solution of the
nonlinear differential equation (i) dx/dt + f(x) = p(t) where p(t) is continuous, p(t) = p(t + 2&pt;), f'(x)
is continuous, and 0 < a < b. This differential equation has a physical origin in the consideration of an
electrical circuit which contains a linear inductance and a nonlinear resistance connected in series with
a periodic external electromotive force. In the problem considered here the resistance is assumed to
have an associated potential drop f(x) such that f(x) has a continuous derivative with respect to current
flow, x, and f'(x),is bounded between positive constants.

The solution of the equation is approximated by a sequence of functions determined by the following
iteration scheme. A linear term bx is first added to both members of (i) and it is rewritten in the form
(ii) dx/dt + bx = p(t) + bx - f(x).

The first iterate is taken to be the periodic solution of the linear equation resulting when the expression
bx - f(x) is deleted from (ii). This solution is then substituted into (ii) and the second iterate taken to be
the periodic solution of the resulting linear equation and so on. It is then proved that the sequence of
functions so obtained converges to a periodic function which satisfies the differential equation (i) and
that this solution is unique. 
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A b s t r a c t

T h is  p a p e r  i s  a  c o n s t r u c t i v e  p r o o f  o f  t h e  e x i s t e n c e  a n d  u n iq u e n e s s  
o f  a  p e r i o d i c  s o l u t i o n  o f  t h e  n o n l i n e a r .d i f f e r e n t i a l ' e q u a t io n

( i )  0  + f ( x )  =  p ( t )

w h ere  p ( t )  i s  c o n t in u o u s ,  p ( t ) = p ( t  + B a ) , f 1 ( x )  i s  c o n t in u o u s ,  and  
0 <  a < , f ' ( x )  <  b .  . . .

T h is  d i f f e r e n t i a l  e q u a t io n  h a s  a p h y s i c a l  o r i g i n  i n  t h e  c o n s id e r a t io n  
o f  an  e l e c t r i c a l  c i r c u i t  w h ic h " c o n ta in s  a  l i n e a r  in d u c ta n c e  an d  a  n o n ­
l i n e a r  r e s i s t a n c e  c o n n e c te d  in ’ s e r i e s  w i th  a 'p e r i o d i c  e x t e r n a l  e lec tro ™  
m o tiv e  f o r c e . I n  t h e  p ro b le m  c o n s id e r e d  h e r e ' th e  r e s i s t a n c e  i s  assum ed 
t o  h av e  an  a s s o c i a t e d  p o t e n t i a l  d ro p  f ( x )  su c h  t h a t  f ( x )  h a s  a  c o n tin u o u s  
d e r i v a t i v e  w i th  r e s p e c t  t o  c u r r e n t  f lo w , x ,  an d  f 1( x ) , i s  b o u n d ed  b e tw een  
p o s i t i v e  c o n s t a n t s .

The s o lu t i o n  o f  t h e  e q u a t io n  i s  a p p ro x im a te d  b y  a ■se q u e n c e  o f  
f u n c t i o n s  d e te rm in e d  b y  th e  fo l lo w in g  i t e r a t i o n  schem e. A l i n e a r  te rm  
b x  i s  f i r s t  ad d e d  t o  b o th  members o f  ( i ) an d  i t  i s  r e w r i t t e n  i n  th e  form

( i i )  + b x  = p ( t )  +. b x  -  f ( x ) .

The f i r s t  i t e r a t e  i s  ta k e n  t o  b e  t h e  p e r i o d i c  s o lu t i o n  o f  th e  
l i n e a r  e q u a t io n  r e s u l t i n g  when th e  e x p r e s s io n  b x  -  f ( x )  i s  d e l e t e d  from  
( i i ) .  T h is  s o l u t i o n  i s  th e n  s u b s t i t u t e d  in to ;  , ( i i )  an d  th e  se co n d  i t e r a t e  
t a k e n  t o  b e  th e  p e r i o d i c  s o lu t i o n  o f  t h e  r e s u l t i n g  l i n e a r  e q u a t io n  an d  
so  o n . •-

I t  i s  th e n  p ro v e d  t h a t  t h e  se q u en c e  o f  f u n c t i o n s  so  o b ta in e d  c o n ­
v e r g e s  t o  a p e r i o d i c  f u n c t io n  w h ic h  s a t i s f i e s  t h e  d i f f e r e n t i a l  e q u a t io n  
( i )  a n d  t h a t  t h i s  s o l u t i o n  i s ' u n iq u e .

v



INTRODUCTION

Ohm’s  Law s t a t e s  t h a t  t h e  p o t e n t i a l  d ro p  a c r o s s  a  c o n d u c to r  i s  a, 

c o n s ta n t  ( c a l l e d  t h e  r e s i s t a n c e ) m u l t i p l i e d  "by th e  c u r r e n t  f lo w in g  th ro u g h  

t h e  c o n d u c to r . I t  i s  w e l l  known t h a t  t h e  s t a t e  o f  c u r r e n t  f lo w  in  a  c i r ­

c u i t  c o n ta in in g  Ohmic r e s i s t o r s ,  l i n e a r  in d u c ta n c e  c o i l s ,  an d  l i n e a r  

c a p a c i to r s  c o n n e c te d  i n  s e r i e s  w i th  an  e x t e r n a l  e le c t r o m o t iv e  f o r c e  can 

h e  d e te rm in e d  b y  e le m e n ta ry  m eans a s  t h e  s o lu t i o n  o f  a l i n e a r  d i f f e r e n t i a l  

e q u a t io n .  I f ,  h o w ev er, t h e  p o t e n t i a l  d ro p  a c r o s s  t h e  r e s i s t o r  i s  a n o n - 

l i n e a r  f u n c t io n  o f  t h e  c u r r e n t ,  t h e  d i f f e r e n t i a l  e q u a t io n  t o  b e  c o n s id e r e d  

i s  no lo n g e r  l i n e a r  an d  o t h e r  m ethods o f  s o l u t i o n  m ust b e  s o u g h t .

A c l a s s  o f  n o n l in e a r  r e s i s t o r s  w h ic h  h av e  im p o r ta n t  e n g in e e r in g  a p ­

p l i c a t i o n s  h a s  b e e n  te rm e d  q u a s i - l i n e a r  b y  D u f f in 1  £l}.. T h ese  m a t e r i a l s  

h a v e  th e  p r o p e r ty  t h a t  t h e  d e r i v a t i v e  o f  t h e  p o t e n t i a l  d ro p  w i th  r e s p e c t  

t o  c u r r e n t  i s .b o u n d e d  b e tw een  p o s i t i v e  c o n s t a n t s . T h a t i s ,  i f  t h e  c u r r e n t  

f lo w in g  th ro u g h  t h e  r e s i s t o r  i s  x  a n d  g ( x )  i s  t h e  p o t e n t i a l  d ro p  a c r o s s  

t h e  r e s i s t o r ,  th e n  0 <  CX <  g ’ ( x )  <  p .  Among th e  m a t e r i a l s  e x h i b i t i n g  

t h i s  b e h a v io r  a r e  s e le n iu m , c o p p e r  o x id e  (CugO), an d  s i l i c o n  c a rb id e  

( t h y r i t e ) (2 ] .

In  t h i s  t h e s i s  t h e  p ro b lem  c o n s id e r e d  i s  th e  e x i s t e n c e  o f  a p e r i o d i c
: •

s o l u t i o n  o f  a n o n l in e a r  d i f f e r e n t i a l  e q u a t io n  r e s u l t i n g  when a  c i r c u i t  

c o n ta in s  a q u a s i - l i n e a r  r e s i s t o r .  C i r c u i t  a n d  n e tw o rk  p ro b le m s  in v o lv in g  

n o n l in e a r  r e s i s t o r s  hav e  b e e n  t r e a t e d  e x t e n s i v e l y  b y  D u f f in  [2J  an d  b y  

S w artz  (V ) . D u f f in  e s t a b l i s h e d  t h e  e x i s t e n c e  o f  a u n iq u e  p e r i o d i c

I .  S in g le  num bers i n . b r a c k e t s  w i l l  i n d i c a t e  r e f e r e n c e s  l i s t e d  i n  th e  
L i t e r a t u r e  C i t e d .
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s o l u t i o n 1an d  S w artz  u s e d  an  i t e r a t i o n  p r o c e d u re  t o  a c t u a l l y  c o n s t r u c t  

t h e  s o l u t i o n .  I n  S w a rtz  o b ta in e d  th e  a p p ro x im a tin g  f u n c t i o n s  o r  

i t e r a t e s  a s  F o u r i e r  s e r i e s .

The r o l e  o f  t h i s  p a p e r  i s  t o  g iv e  ( i n  t h e  s p e c i a l  c a s e  o f  a sim ple, 

c i r c u i t  c o n ta in in g  no  c a p a c i t o r ) a c o n s t r u c t i v e  p r o o f  o f  t h e  e x is t e n c e  

o f  a p e r i o d i c  s o l u t i o n  w h ic h  i s  d i f f e r e n t  from  th e  p r o o f s  o f  D u f f in  

a n d  S w a r tz .

I t  w i l l  "be assum ed  th ro u g h o u t  t h a t  t h e  e le c t r o m o t iv e  f o r c e  i s  a  

p e r i o d i c  f u n c t io n  o f  t im e  o f  p e r io d  2 n . F u r th e rm o re  i t  w i l l  "be assum ed 

t h a t  t h e  d e r i v a t i v e  o f  p o t e n t i a l  d ro p  w i t h  r e s p e c t  t o  c u r r e n t  i s  n o t  o n l y ' 

b o unded  b u t  a ls o ,  c o n t in u o u s .



DESCRIPTION OF THE PROBLEM 
AND THE ITERATION TECHNIQUE

The c i r c u i t  c h o sen  f o r  c o n s id e r a t io n  i n  t h i s  t h e s i s  c o n s i s t s  o f  a 

n o n l in e a r  r e s i s t o r  an d  a  l i n e a r  in d u c ta n c e  c o i l  o f  in d u c ta n c e  L c o n n e c te d  

i n  s e r i e s  w i t h  a p e r i o d i c  e x t e r n a l  e le c t r o m o t iv e  f o r c e ,  E .

I t  i s  w e l l  known t h a t  i f  t h e  r e s i s t o r  is , Ohmic w i th  r e s i s t a n c e  R , t h e  

f lo w  o f  c u r r e n t ,  I ,  i n  t h i s  c i r c u i t  s a t i s f i e s  t h e  l i n e a r  d i f f e r e n t i a l  

e q u a t io n

L H  + R I = E ( t ) .

To b e  c o n s id e r e d  i n s t e a d  i s  th e  n o n l in e a r  p ro b lem  a r i s i n g  when th e  

l i n e a r  r e s i s t o r  i s  r e p l a c e d  b y  a  n o n l in e a r  r e s i s t o r  h a v in g  an  a s s o c i a t e d  

p o t e n t i a l  d ro p , g ( l ) ,  w h e re  g ' ( l )  i s  c o n tin u o u s  an d  b o unded  b e tw een  p o s i ­

t i v e  c o n s t a n t s .  F o r  c o n v e n ie n c e  th e  f o l lo w in g  n o t a t i o n  w i l l  b e  a d o p te d  

a n d  u s e d  th r o u g h o u t : l e t  x  d e n o te  c u r r e n t^  l e t  = f  ( x )} l e t

The d i f f e r e n t i a l  e q u a t io n  g o v e rn in g  t h e  c u r r e n t  f lo w  th e n  becom es

(2 . 1 ) | |  + f ( x )  si p ( t )  

w h e re  t h e  f o l lo w in g  a s su m p tio n s  a r e  m ade:

1 )  p ( t )  i s  c o n tin u o u s

2 )  p ( t ) = p ( t  + 2jr)

3 )  f 1( x ) i s  c o n tin u o u s

4 )  0 <  a  <  f  * ( x )  <  b .

The p e r i o d i c  s o l u t i o n  o f  e q u a t io n  ( 2 .1 )  i s  a p p ro x im a te d  b y  a seq u en c e  

o f  f u n c t i o n s  ( t)^ J*  d e te rm in e d  b y  th e  i t e r a t i o n  schem e h e r e in  d e ­

s c r i b e d .  The l i n e a r  te rm , b x ,  i s  f i r s t  a d d ed  t o  b o th  m em bers o f  ( 2 .1 )



a n d  th e  e q u a t io n  i s  r e a r r a n g e d  t o

( 2 . 2 )  ^  + b ( x )  a  p . ( t )  + F ( x )

■where F ( x )  = b x  -  f ( x ) .

The f i r s t  i t e r a t e j ,  xQ( t ) ,  i s  t a k e n  a s  t h e  p e r i o d i c  s o l u t i o n  o f  th e  

l i n e a r  e q u a t io n  o b ta in e d , b y  d e l e t i o n  o f  t h e  n o n l in e a r  te r m , F '(x ) ,  in

( 2 . 2 ) .  T h is  s o l u t i o n  i s  th e n  s u b s t i t u t e d  i n t o  ( 2 .2 )  a n d  x - ^ ( t ) i s  ta k e n  

t o  b e  t h e  p e r i o d i c  s o l u t i o n  o f  t h e  r e s u l t i n g  l i n e a r .e q u a t io n ,

+ b x  = p ( t )  + F ( X g f t ) ) ,  e t c .

I n  g e n e r a l ,  t h e  (n  + l ) stl i t e r a t e  w i l l  b e  t h e  p e r i o d i c  s o l u t i o n  o f  

+ b x  = p ( t )  + F ( x n ( t ) ) .

I t  r e m a in s ,  t h e n ,  t o  show t h a t  t h e  se q u en c e  o f  a p p ro x im a tin g  fu n c ­

t i o n s  so  o b ta in e d  c o n v e rg e s  t o  a p e r i o d i c  f u n c t io n  an d  t h a t  t h i s . f u n c t io n  

i s  a  u n iq u e  p e r i o d i c  s o l u t i o n  o f  ( 2 . 1 ) .  T he m ethod  o f  p r o o f  t h a t  w i l l  b e  

u s e d  h e re  i s  an  i n t e r e s t i n g  a n a lo g y  t o  t h e  C a u c h y -P ic a rd  m ethod  o f  p r o o f  

o f  e x i s t e n c e  a n d  u n iq u e n e s s  f o r  th e  i n i t i a l - v a l u e  p ro b le m  a s s o c i a t e d  w i th  

a  f i r s t - o r d e r  d i f f e r e n t i a l  e q u a t i o n .



H ffiL m iM R IE S

A . P e r io d i c  S o lu t io n  o f  t h e  L in e a r ' E q u a tio n

To o b ta in  t h e  f i r s t  i t e r a t e > t h e  p e r i o d i c  s o lu t i o n  o f  t h e  l i n e a r  

e q u a t io n  fo rm ed  toy d e l e t i o n  o f  t h e  n o n l in e a r  te rm  i n  (2 . 2 ) w i l l  toe found* 

i . e .  t h e  f i r s t  i t e r a t e  w i l l  toe t h e  p e r i o d i c  s o lu t i o n  o f  

(3 .1 )  H  + b x  = p ( t )

w h ere  to i s  a  p o s i t i v e  c o n s ta n t  a n d  p ( t )  i s  c o n tin u o u s  a n d  p e r i o d i c .

e*3* i s  e a s i l y  se e n  t o  toe an  i n t e g r a t i n g  f a c t o r  f o r  t h i s  e q u a t io n .  

T h a t i s  t o  s a y ,  i f  x ( t ) s a t i s f i e s  (3 » l)  t h e n .

( 3 -2 ) ^el3t tox(t)j = eb t  p ( t ) .

W hereupon i n t e g r a t i o n  g iv e s

( 3 . 3 ) x ( t )  = e ”^

(3 .^ ) x ( t )  = e "b^

w h e re  C a n d  a  a r e  p a r a m e te r s .  E q u a t io n s  (3 .3 )  an d  ( 3 . a r e  e n t i r e l y

equ iva len t (in  the sense th a t each g iv e s  the general so lu tio n  o f  (3*1))

f o r  t h e  f o l lo w in g  r e a s o n :  s in c e  p  i s  c o n t in u o u s ,
t

p ( s  )d s  = p ( t ) e l3 t .

a
T hus t h e  e x p r e s s io n s  m u l t ip ly in g  e  i n  (3 -3 ) an d  i n  (3«*0 h av e  e x a c t ly  

t h e  same d e r i v a t i v e  an d  t h e r e f o r e  may d i f f e r  o n ly  toy a  c o n s t a n t ;  i . e . ,  

t h e  r i g h t  member o f  ( 3**0 may a lw a y s  toe o b ta in e d  toy s p e c i a l i z i n g  th e  . . 

c o n s ta n t  C i n  ( 3 .3 ) .  H ence , t h e  g e n e r a l  s o l u t i o n  o f  (3 -1 ) i s

J'^  p ( t ) d t  + C j

e  S p ( s ) d £
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: ( t )  = J '  e ^ ( s - t )  p (s )(3.s.

I t  now remains to  choose a  so th a t the p e r io d ic ity  requirement i s  

s a t i s f i e d .  That is ,, a  must be chosen so th a t x ( t ) = x ( t  + 2a) or 

t  t  + 2jt .

P(s )a s  -  J
a  a

This i s  done by making the su b stitu tio n  0 = s  -  2« in  the r ig h t mem­

ber and r e c a llin g  th a t p ( 0 ) = p(cr + 2jt) to  g ive

J e t t s -*) p(3)d3 -  J  et t o  -  *> p(o)ao
a r 2n

= g b C o - t )  P ^0 Jdcf + p (o )a .o .

o:~2rt a

So i t  i s  seen th a t p e r io d ic ity  o f  x ( t )  requires th at  

0! Qi
J i g b (o -t)  p (g)ao  =S e 1d̂  J 1 e °a p (a)da = O

a-2jt a-2jt

o r , s in ce  e " ^  ^ 0 , (and changing the in teg ra tio n  dummy)
a

(3 -5 ) J . Sbs p (s)d s  = 0...
. 0S-2w

That t h is  cond ition  i s  s a t i s f ie d  fo r  a = --00 w i l l  be e sta b lish ed  by

showing th a t J '  e ° S p (s)d s  = 0 fo r  b >  0 .
■ Q!“2jt

(The ex isten ce  o f the improper in te g r a l, /  e°S p (s )d s , w i l l  be noted
ULco
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s h o r t l y . )

S in c e  p ( s )  i s  c o n tin u o u s  t h e  M ean-V alue Hheorem i s  a p p l i c a b l e  so  = 

aP St s  p ( s ) d s  ss eb  ̂ p ( | ) 2rt ( a  -  2in: <  S <  a ) .

c, ' .

Now l e t  0! -  oo. Then ! - > - « >  a n d  /  e ^ Sp ( s ) d s  = e ° ^  p ( l  )2it -  OfG5->--oo I g-y—oo
a - 2it

f o r  p ( i )  i s  "bounded (b e in g  c o n tin u o u s  an d  p e r i o d i c )  a n d  b  i s  p o s i t i v e .

I t  i s  p o s s i b l e ,  h o w ev er, t h a t  p ( s )  may b e  su c h  t h a t

u

J i e ° s  p ( s  )d s  v a n is h e s  f o r  f i n i t e  a .  I n  v ie w  o f  t h i s ,  i t  w i l l  b e  shown

a

J e 5 p ( s  )ds

« - 2jr

t h a t  th e n a l s o  v a n is h e s  <

To t h i s  en d  w r i t e

QL CO a-2njc
(3 .6 ) J  e33 p(s)ds ~ J* e^ s P(s)ds

-00 n =0 CK- (n +1 )2it ■

a n d  make t h e  ch ange  o f  v a r i a b l e  s = “ 2njt i n  t h e  r i g h t  m em ber. T ak in g

a c c o u n t  o f  t h e  p e r i o d i c i t y  o f  p ,  ( 3 -6 ) becom es

J *  e13® p  ( s  )d s  ~ J '  ^  2 n it  ̂ P (tI “ 2nrt)<3Jl
n=0 01- 2jc

= I  I^  r  ^ v M S r i

n=0 Q!-2jt

Z
7  e * -  f  ( = - ^ 7

/  n=sO\CL-2-st

X



-2jtbS in c e  Td i s  p o s i t i v e ,  0 <  e  < 1 ,  a n d  t h e  s e r i e s ,

CO

yT )  ,  c o n v e rg e s  t o  a  p o s i t i v e  v a lu e ,  sa y  L.

n=0

T h e r e f o r e ,  i f  ( 3» 5 )  h o ld s  f o r  f i n i t e  CL, 

a  'ol

e 03 p ( s ) d s  = L e ^ s  p ( s ) d s  =  0 a n d , h en ce

C L - 2 i t

t

J * e ° s  p ( s  )d s  = Qj b t  J ' e 03 p ( s ) d s  +_e"'b t  J * e 03 p ( s ) d s

— e

U

p ( s ) d s <

T h u s , i n  an y  e v e n t ,  p e r i o d i c i t y  o f  x ( t ) im p l ie s  t h a t  

t

x ( t ) =s J t  ̂ p ( s ) d s .

B.  E x is te n c e  o f  t h e  F i r s t  I t e r a t e

I n  t h i s  s e c t i o n  i t  w i l l  h e  shown t h a t  t h e  i n t e g r a l .

U

^ e b ( s - t )  P ^ s c o n v e r g e s .

As p r e v i o u s ly  n o te d ,  t h e  c o n t i n u i t y  a n d  p e r i o d i c i t y  o f  p ( s )  im p ly

i t s  b o u n d e d n e ss  f o r  a l l  s .  T h a t i s ,  t h e r e  e x i s t s  a  p o s i t i v e  c o n s ta n t  M

su c h  t h a t  | p ( s ) |  <  M f o r  a l l  s» U sin g  t h i s  c o n d i t io n ,  
t  . t

J I e ^ = - t j P ( S ) d s  <  e  ^  M / eb s  a s  =■ I
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t

T hus J '  Q13Cs ""*') p ( s ) d s  c o n v e rg e s  a b s o l u t e l y ,  h e n ce  i t  c o n v e rg e s ,

-C O

a n d

t h e  e x i s t e n c e  o f  t h e  f i r s t  i t e r a t e ,

t

(3 .7 )  x ( t ) = jT  Bl3Cs ^ )  p (g )d s , i s  assured.

C . U n iq u e n e ss

I t  i s  o b s e rv e d  a t  t h i s  p o i n t  t h a t  t h e  u n iq u e n e s s  o f  t h e  f i r s t  i t e r ­

a t e  i s  i m p l i c i t  i n  t h e  f o r e g o in g .

Every fu n ctio n , x ( t ) ,  -which s a t i s f i e s  (3 .1 )  must a ls o , o f  course, 

s a t i s f y  ( 3 .2 ) .  Thus a l l  so lu tio n s  o f  (3 « l)  are given by (3«3) or i t s  

eq u iva len t (3*^), the equivalence o f  th ese  equations having been estab ­

l is h e d . In other words, a l l  so lu tio n s  o f  the lin e a r  equation, (3 .1 ) ,  may 

be obtained by sp e c ia l iz in g  the constant OL in  (3*^)°

B ut p e r i o d i c i t y  o f  x ( t ) r e q u i r e s . t h e  v e r i t y  o f  (3«5) a n d , a s  shown, 

t h i s  c o n d i t io n  w i l l  b e  s a t i s f i e d  b y  a  = -co ev en  i f  ( 3 . 5 ) h o ld s  f o r  f i n i t e  

CL Thus an y  o t h e r  p e r i o d i c  s o l u t i o n  o f  (3 .1 )  m ust n e c e s s a r i l y  b e  g iv e n  

b y  ( 3 . 7 ) |  i . e . ,  ( 3 . 7 ) m u st b e  a  u n iq u e  p e r i o d i c  s o lu t i o n  o f  t h e  l i n e a r  

e q u a t i o n .

T h is  s o l u t i o n  w i l l  h e n c e f o r th  b e  c a l l  X g ( t ) .



PROOF OF CONVERGENCE

A . E x is te n c e  o f  th e  S u c c e s s iv e  I t e r a t e s

The e x i s t e n c e  o f  th e  s u c c e s s iv e  i t e r a t e s ,  x  ( t ) ,  o b ta in e d  b y  th e/...v: n

p ro c e d u re  d e s c r ib e d  on p a g e  4 w i l l  now b e  p ro v e d  b y  i n d u c t io n .

The e x i s t e n c e  o f  t h e  f i r s t  i t e r a t e ,  

t

X0 ( t )  = J' p ( s ) ds ,

-C O

h a s  b e e n  p ro v e d  in  s e c t i o n  B  p o c ^ e  ©.

4-hNow assum e th e  k  i t e r a t e  

t

= J * J p(B) + F(Xm Cs ) )  ]  d s

-OO

e x i s t s  an d  i s  p e r i o d i c .

The (k  + l ) s t  i t e r a t e  i s  ta k e n  t o  b e  th e  p e r i o d i c  s o l u t i o n  o f  th e  

l i n e a r  e q u a t io n

( ^ • 1 ) 13X = p ( t )  + F ( x k _ ^ ( t ) )

w h ere  b  i s  p o s i t i v e ,  p ( t ) i s  c o n tin u o u s ,  p ( t ) = p ( t  + 2 a ) ,  a n d  F ( x )  i s  

c o n t in u o u s .

By h y p o th e s i s ,  xk  ^ ( t )  e x i s t s  an d  t h e r e f o r e  i s  c o n t in u o u s , S in c e  

^ ( t )  i s  a l s o  assum ed  t o  b e  p e r i o d i c ,  F(Xk ^ t ) )  i s  c o n tin u o u s  and  

p e r i o d i c .  From t h i s  an d  t h e  c o n d i t io n s  on p ( t ) ,  i t  f o l lo w s  t h a t  

( p ( t )  + FCxk  k ( t ) )  ]  i s  c o n tin u o u s  an d  p e r i o d i c . Thus r e p e t i t i o n  o f  th e  

a rg u m e n ts  u s e d  t o  e s t a b l i s h  ( j . T )  r e s u l t  in  th e  fo l lo w in g  p e r i o d i c  s o lu ­

t i o n  o f  ( 4 . 1 ) :

( 4 . 2 )  xk ( t )  = J  |jp ( s )  + F ( x M ( s ) )  % d s .
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T h e re fo re  x ^ ( t )  (n  = 0 , I ,  2 , . - .  ) e x i s t s  an d  i s  p e r i o d i c »

B. C onv erg en ce  o f  t h e  S equence  o f  I t e r a t e s

I t  w i l l  f i r s t  b e  shown t h a t  f o r  f u n c t io n s  y ( t ) a n d  z ( t )  d e f in e d  f o r  

a l l  t j  F ( x ( t ) )  s a t i s f i e s  t h e  L ip s c h i t z  c o n d i t io n

( 4 . 3 )  I F ( y ( t ) )  -  F ( z ( t ) )  I <  K I y ( t ) -  z ( t )  I

f o r  a l l  t  a n d  some K >  0 .  - ,

F ( x )  = b x  -  f ( x )  w h ere  f " ( x )  i s  c o n tin u o u s  and  0 <  a <  f *( x )  <  b .  So 

F ’ ( x )  I= b -  f  * ( x ) .  i s  c e r t a i n l y  c o n tin u o u s -  Now r e w r i t i n g  t h e  above i n ­

e q u a l i t i e s  g iv e s

-  b  <  a  -  b  <  f ' ( x )  -  b  <  0 

o r  b > b - a > b - f ' ( x ) > 0 o

So i t  i s  se e n  t h a t  0 <  F ’ ( x )  <  b  -  a  f o r  a l l  x .  Then l e t  b  -  a = K.

S in c e  F ' ( x )  i s  c o n tin u o u s  i t  f o l lo w s  from  th e  Law o f  t h e  Mean t h a t  • 

F ( y ( t ) )  -  F ( z ( t ) )  = F 1 (4 ) ( y ( t )  -  z ( t »  

f o r  some |  b e tw een  y ( t ) a n d  z ( t ) ,  o r

| F ( y ( t ) )  -  F ( z ( t ) )  I = I F i ( I )  I I y ( t ) -  z ( t )  | .

B u t 0 <  F 1(B)  <  K g iv in g

I F ( y ( t ) )  -  F ( z ( t ) )  I <  K I y ( t )  -  z ( t )  [ . f o r  a l l  t .

By i n d u c t io n  i t  w i l l  now b e  p ro v e d  t h a t  f o r  a l l  t  a n d  M a p o s i t i v e  

c o n s ta n t

( 4 . 4 )  | xn ( t )  -  xn __1 ( t )  I < —  (n « I ,  2 ,

F ( x ^ ( t ) )  i s  c o n tin u o u s  an d  p e r i o d i c  i n  t  and  t h e r e f o r e  i s  bounded  

f o r  a l l  t .  So t h e r e  e x i s t s  a, p o s i t i v e  c o n s ta n t  M su c h  t h a t  

j F ( x0 ( t ) )  | <  M f o r  a l l  t . Now
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X1 Ct)  -  x0 ( t )  I = J 1 Qb ( s - ' t )  [ p ( s ) + F ( x o ( s ) )  -  p ( s ) ] d s

<  e J e 0s  |f (x0 ( s ) )  I ds ,

T hen , h y  th e  b o u n d e d n e ss  o f  F ( x ^ ( s ) ) ,  ( 4 . 4 )  i s  v e r i f i e d -  f o r  n  = I ;  i . e .

I X1 Ct )  -  Xq ( t )  I <  e " b t  M J  e ° S = ^  .

Kk -1  MAssume | x ^ ( t )  -  x ^ . _ ^ ( t )  j <  ^ f o r  a l l  t .

F o r  n  = k  + I

I ^ ^ ( t )  -  xk ( t )  j = J [F(Xk C s))  -  F(Xk t i ( S ) ) ^ d s

<  J ®bS F ( x k ( s  ) )  -  FCxk t i Cs ) ) d s .

S in c e  F( x ( t ) )  s a t i s f i e s  t h e  L ip s c h i t z  c o n d i t io n  f o r  a l l  t ,  t h i s  becom es
t

I W t > "  * k ( t )  I <  K ="b t  / ebS  I V S )  "  x I - ! ^ > I

B u t, b y  h y p o th e s i s , .  | xk ( s )  -  Xk t i Cs) | <  —— f o r  a l l  t ,

I % k + i( t)  -  % k ( t )  I <
K e ■bt ^ k - I

b' 

t

so

k I b s  Kk  M e ds  =
b'k+1

T hus ( 4 . 4 )  i s  e s t a b l i s h e d .

Now c o n s id e r  t h e  se q u en c e  o f  i t e r a t e s a n d  n o te  t h a t
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xn ( t )  = x0 ( t )  + ^  Cxk Ct )  -  xk _1 ( t ) ) j  
k = l  -

i . e . ,  x  ( t )  i s  t h e  n p a r t i a l  sum o f  t h e  s e r i e s

(4-.5 ) x 0 ( t ) + ( V t )

Kn- 1From (It.4) |x ( t )  - x ^ ( t )  | <
Td

(n  — 2  ̂ » o o ) (

f o r  a l l  t  (M >  0 a n d  K >  0 ) .  

S in c e  K b  t h e  s e r i e s K?"1

n = l
5 I  (I/

n » l

n -1
c o n v e rg e s .

Thus ( 4 . 5 )  i s  m a jo r iz e d  b y  a  c o n v e rg e n t s e r i e s  o f  p o s i t i v e  c o n s ta n t s  a n d , 

a c c o r d in g  t o  t h e  W e ie rs iJ ra s s  M' T e s t ,  m u st c o n v e rg e  a b s o l u t e l y  an d  u n i ­

fo rm ly  f o r  a l l  t .  H ence, th e  se q u en c e  ^ x ^ ( t ) a l s o  c o n v e rg e s  u n ifo rm ly  

t o  a l i m i t  f u n c t i o n ,  x ( t ) ,  f o r  a l l  t .

Two rem a rk s  p e r t i n e n t  t o  t h e  l i m i t  f u n c t i o n : I .  I f  x ^ ( t )  = x ( t ) ,

th e n  x ( t )  i s  c o n tin u o u s  s in c e  th e  Xfi( t ) (n  = 0 ,  I ,  2 ,  . . . )  a r e  c o n t in u ­

o u s  an d  t h e  c o n v e rg e n c e  i s  u n ifo rm . 2 . x ( t ) i s  p e r i o d i c  a s  th e  fo l lo w in g  

th eo re m  sh o w s.

Theorem  I .

I f  ( l )  ^ x n ( t  ^  c o n v e rg e s  t o  x . ( t ) on an  i n t e r v a l  I j

(2 ) xn ( t  + 2« )  = xn ( t )  (n = 0 ,  I ,  2 ,  . . . )  _ ( t ,  t  + 2« e l ) ,  

th e n  x ( t  + 2 it)  = x ( t )  ( t ,  t  + 2jt e I ) .

P r o o f : I x ( t  + 2j t )  -  x ( t ) . ( x ( t  + 2%) -  x  ( t ) J  + [x ( t )  -  x ( t ) ]

<  I x ( t  + 2rt) -  Xq ( t )  | + I xn ( t )  -  x ( t )  I 

=  |  X n C t  + 2jr) -  x ( t  + 2rt) I  + I  X n C t )  -  x ( t )  I



w h ere  t h e  l a s t  e q u a l i t y  f o l lo w s  from  h y p o th e s i s  (2 ) .

L e t  e >  0 h e  g i v e n . By th e  c o n v e rg e n c e  o f  ( t  ) ^ J  t h e r e  e x i s t  

i n t e g e r s  an d  Ng su c h  t h a t  f o r  n  >  N ^  th e n  Jxfi( t ) -  x ( t ) |  <  e/2  and  

f o r  n  >  Ng, th e n  |x ^ ( t  + 2 jt)  -  x ( t  + 2 it)  | <  e/ 2 .  L e t N b e  t h e  maximum 

o f  N]_ a n d  Ng. Then f o r  n  >  N,

| x ( t  + 2ir) -  x ( t )  I  <  I  Xn Ct +  2j t)  -  x ( t  + 2j t)  J  +  ]  xn ( t )  -  x ( t )  I

< e .

B u t t h e  l e f t  member o f  t h e  above i n e q u a l i t y  i s  in d e p e n d e n t o f  n .  Hence

th e -  l e f t  member i s  z e ro  a n d  t h e  c o n c lu s io n  f o l l o w s .



VERIFICATION OF THE SOLUTION

F o r  c o n v e n ie n c e , some e s s e n t i a l  c o n c lu s io n s  w i l l  b e  s t a t e d  an d  p ro v e d  

i n  t h e  fo rm  o f  m ore g e n e r a l  th e o re m s  b e f o r e  p ro c e e d in g  w i th  th e  v e r i f i c a ­

t i o n  o f  th e  s o l u t i o n .

Theorem  2 .  '•

I f  ( l )  f n ( s ) i s  c o n tin u o u s  (n  = 0 , I ,  2 ,  .» .

(2 ) f^ (s  + 2jt) = f n ( s )  (n = 0 , I ,  2 ,

( 3 ) j f j jC s jJ -  c o n v e rg e s  u n i fo r m ly  t o  f ( s )  on l£ -o o ,t^ J ,

( 4 )  b  >  0 ;

t
then /  e^s f  (s )d s  ( t .<  t  ) converges uniform ly w ith  resp ect to  n .J  n -  o

-CO

P r o o f ; I t  m ust b e  shown t h a t  c o r r e s p o n d in g  t o  e v e ry  p o s i t i v e  num ber e 

t h e r e  i s  a num ber T (T <  t )  su c h  t h a t

- ' r ,  -/ e bs f n  ( s  )ds <  e f o r  GU1 <  Og <  T a n d  a l l  p o s i t i v e  i n t e g e r s  n [3J «

By h y p o th e s e s  ( I )  a n d  ( 2 )  t h e  f n ( s ) (n = 0 ,  I ,  2 ,  . . . )  a r e  b o u n d e d ; '

i . e . ,  t h e r e  e x i s t  p o s i t i v e  num bers Mq su c h  t h a t  

| f n (s , ) |  <  Mn (n = 0 ,  I ,  2 ,  . . . )  f o r  a l l  s  e I  t ^  . A lso

| f n ( s ) |  = | f n ( s )  -  f ( s )  + f ( s )  | <  I f n ( s )  -  f ( s )  I + I f ( s )  I-

A c c o rd in g  t o  h y p o th e s i s  ( 3 ) ,  t o  e v e ry  e* >  0 t h e r e  c o r r e s p o n d s  ah  i n t e g e r  

N su c h  t h a t  j f n ( s )  -  f  ( s )  | <  e '  f o r  a l l  n  >  N an d  s  e I  t Q . f  ( s )

i s  c o n tin u o u s  f o r  i t  i s  d e f in e d  b y  a u n i fo r m ly  c o n v e rg e n t seq u en ce  o f  

c o n tin u o u s  f u n c t i o n s „ H ence , f ( s ) i s  b o u n d ed  an d  t h e r e  e x i s t s  a p o s i t i v e  

num ber M' su c h  t h a t  | f ( s )  | <  Mt ( s  e I  [  -oo, t g  ]  ) .
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Thus | f n ( s ) I <  e '  + M'  f o r  a l l  n  >  N.  Now l e t  M b e  th e  maximum o f

e* + M1 an d  Mn (n  = 0 , I ,  2 ,  . . . ) .  Then | f n ( s ) | <  M (n  = 0 ,  I ,  2 ,  . .

f o r  a l l  s  e I  [-<», t g

I t  th e n  f o l lo w s  t h a t  

O2

f  e^ 3 f n ( S )d s  5 ê * 2 3 4 I f n ( s ) I d s
«1

<  M jT  e f *  a s  .  % ( e * %  _ e * * ! ) .

F o r  a g iv e n  e >  O th e  c h o ic e  o f  T = ^  In  ~  s u f f i c e s  f o r  t h e  c o n c lu s io n  

o f  t h e  th e o re m . F o r  th e n  s in c e  b  i s  p o s i t i v e  ̂ i f  Oq < T , .

bOp b e
e  ^  <  t t  • Then a l s o  M

( e ^  „ eW ,  <  6 .

Theorem  3«

et o 2 „ M l  <  ^  o r

I f  ( I )  f n ( t ) (n = 0 , I ,  2; . . . )  i s  continuous on I [-Ooi tg^ ,

(2 ) j f n ( t ) ( converges uniform ly to  f ( t )  on Ijjooi t^J,

t

( 3 ) J'f n ( s )ds ( t  <  t 0 ) c o n v e rg e s  u n i fo r m ly  w i th  r e s p e c t  t o  n ,  

■00

(4 ) ^  f ( s )d s  ( t  < ty  ) e x is t s ;  -

U U

th e n  ^  J  f n ( s ) d s  = J t(Q)d.s. ( t  <  t 0 ) .

-CO
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P r o o f ; L e t  e >  O "be g iv e n . Then f o r  R <  t  <  ty ^  

t  t

f n ( s )ds  -  J 1 f ( s ) d s  I <

n  v u JK

J 1 f n ( s ) d s  + ^  f n ( s ) d s  -  j f  f ( s ) d s  + J 1 f ( s  )ds

J ^ f n ( s ) d s  + J 1 | f n ( s )  -  f ( s ) Ids + J  f ( - s )ds

Now t h e  c o n d i t io n s  o f  h y p o th e s e s  ( 3 )  an d  ( 4 )  a l lo w  one t o  ch o o se  R s m a l l

enough  so  t h a t  

R

J y f n ( s ) d s <  f o r  n  s  0 ;  I ;  2 ; . . .  a n d J f ( s ) d s

A lso , "by h y p o th e s i s  ( 2 ) ,  t h e r e  i s  ah  i n t e g e r  N su c h  t h a t

e_
bO-

Thus f o r  n  >  N

t  t  t

| f n ( s )  -  f ( s ) I <  f o r .  a l l  n  >  N a n d  a l l  s  e t ^ )

J  f n ( s ) d s  -  f ( s )ds < I  +
eds^  <  6 ;  a n d  th e  c o n c lu -

3 T P 7

s io n  i s  e v i d e n t .

Theorem  4 . * 2

I f  ( I )  ^ x n ( s )J  c o n v e rg e s  u n ifo rm ly  t o  x ( s ) on I t p]

( 2 )  I F ( y ( s ) )  -  F ( z ( s ) )  | <  K | y ( s )  -  z ( s )  | f o r  some K > Q an d  a l l  

s  e I [-Osj t q j ;  th e n  ^ F ( X n ( S ) ) J  .co n v erg es  u n i fo r m ly  t o  F ( x ( s ) )  

f o r  a l l  s  e I^-oo, tQ^ »



P ro o f  : L e t e >  O b e  g i v e n . A c c o rd in g  t o  h y p o th e s i s  ( l ) ,  t o  e v e ry

p o s i t i v e  num ber e 1 t h e r e  c o r re s p o n d s  an  i n t e g e r  N su c h  t h a t  

Jxn Cs ) -  x ( s )  I <  e '  f o r  a l l  n  >  N a n d  a l l  s  e if-e o , t g ]  . The c o n c lu ­

s io n  f o l lo w s  from  th e  c h o ic e  6 1 = F o r  th e n

| F(Xn Cs ) )  -  F ( x ( s ) )  I <  K I Xn Cs) -  x ( s )  I <  K e 1 = e f o r  a l l  n  >  N 

an d  a l l  s  e I  f-eo, t g ]  .
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Lemma.

I f  ( I )  j fF(xn ( s ) ) ^ J  convergers u n i fo r m ly  t o  F ( x ( s ) )  on I^-eo, tg ] s 

(2 ) b  >  0 ,

th e n  ^ e b s  F ( x ^ ( s ) ) ^  c o n v e rg e s  u n ifo rm ly  t o  e ^ S F ( x ( s ) )  on 

I  [=oo_, t g j  .

P r o o f :  By h y p o th e s i s ,  c o r re s p o n d in g  t o  a n y  g iv e n  e >  0 t h e r e  i s  an 

i n t e g e r  BT su c h  t h a t  | F ( xn ( s ) )  ■=■ F ( x ( s ) )  | <  e e  f o r  a l l  n  >  N an d  

a l l  s  e I £-eo, t 0} . B ut .th en  s in c e  b  i s  p o s i t i v e ,  f o r  a l l  n  >  N and  a l l  

s  e I £-oo, t g } ,  eb s  I F (Xn Cs)) -  F ( x ( s ) )  | < e  o r  

Jeb s  F(Xn Cs ) )  -  eb s  F ( x ( s ) )  | <  e ,  a n d  th e .  c o n c lu s io n  f o l l o w s .

In  s e c t i o n  B on p a g e  11  i t  w as e s t a b l i s h e d  t h a t  t h e  seq u en c e  o f

i t e r a t e s  ^ x n ( t ) ^ -  c o n v e rg e s  u n i fo r m ly  t o  a : .p e r io d ic  f u n c t i o n ,  x ( t ) ,  f o r  

a l l  t .  I t  w i l l  now b e  p ro v e d  t h a t  t h i s  l i m i t  f u n c t io n  i s  a  p e r io d i c  

s o l u t i o n  o f  t h e  n o n l in e a r  d i f f e r e n t i a l  e q u a t io n  

( 5«1 )  0  + b x  = p ( t )  + F ( x )

w h ere  F ( x )  = b x  + f ( x ) ,  f ! ( x )  i s  c o n t in u o u s ,  0 <  a .<  f ' ( x )  <  b ,  p ( t )  i s  

c o n t in u o u s ,  an d  p ( t  + 2a )  = p ( t ) .

To t h i s  en d  i t  i s  f i r s t  n o te d  t h a t  i f  x ( t )  s a t i s f i e s  t h e  i n t e g r a l
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e q u a t io n
U

( 5 . 2 )  x ( t )  = J y [ p ( s )  + F ( x ( s ) ) J d s ,

i t  a l s o  s a t i s f i e s  t h e  d i f f e r e n t i a l  e q u a t io n  ( 5 . I ) .  C o n s id e r  ( 5 - 2 ) .  By- 

rem o v in g  th e  f a c t o r  e " ^  f rom th e  i n te g r a n d  a n d  th e n  d i f f e r e n t i a t i n g  t h e r e  

r e s u l t s

d x ( t ) 
d t J 1 Sb s  [  p ( s ) + F ( x ( s  ) ) ] d s  + [ p ( t )  + F ( x ( t ) ) ]

= - h x ( t ) + p ( t )  + F ( x ( t ) )  o r + t x Ct ) ”  F ( t )  + F ( x ( t ) ) .

I t  i s  now t o  h e  v e r i f i e d  t h a t  x ( t ) I i m '^  xn ( t )  i s  a p e r i o d i c  s o lu t i o n  

o f  ( 5 . 1 )  h y  p r o v in g  t h a t  x ( t ) s a t i s f i e s  ( 5 . 2 ) .  I n  w h a t f o l l o w s 5 l e t  t Q 

h e  a n y  n u m b er.

I t  h a s  b e e n  se e n  t h a t  ^ x n ( s ) ^ J  c o n v e rg e s  u n ifo rm ly  f o r  a l l  s  an d  t h a t  

F ( x n ( s ) )  (n = 0 ,  I ,  2 j  . . . )  s a t i s f i e s  t h e  L ip s c h i t z  c o n d i t io n  f o r  a l l  s .

I n  p a r t i c u l a r  t h e s e  s ta t e m e n ts  a r e  t r u e  f o r  s  e I  £-eo5 t ^ J . Thus th e  '

h y p o th e s e s  o f  Theorem  a n d  th o s e  o f  th e  Lemma, a r e  s a t i s f i e d  so

( a )  ^ V bs F ( x n ( s ) )J-  c o n v e rg e s  u n i fo r m ly  t o  e138 F ( x ( s - ) )  f o r  s  e I [ - 00,  t ^ ]  .

The F ( x ^ ( s )) (n = G, I ,  2 ,  . . . )  th e n  f u l f i l l  t h e ' c o n d i t io n s  o f  

Theorem  2 s i n c e ,  a s  h a s  b e e n  p r e v io u s ly  o b s e rv e d , F ( x ^ ( s ) )  (n =: 0 ,  I ,  2 ,  . .  

i s  c o n tin u o u s  and  p e r i o d i c  f o r  a l l  s  a n d , a c c o rd in g  t o  Theorem  4 , 

j p ( x ^ ( s ) ) J j  c o n v e rg e s  u n i fo r m ly  t o  F ( x ( s ) )  f o r  s  e I  . Thus

( b ) e  s  F (xn ( s ) )ds  ( t  <  t g )  c o n v e rg e s  u n ifo rm ly  w i th  r e s p e c t  to

F ( x ( s ) ) i s  c o n tin u o u s  f o r  a l l  s  s in c e  t h e  F ( x ^ ( s ) )  (n = 6 ,  I ,  2,
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a r e  c o n tin u o u s  a n d  t h e  c o n v e rg e n c e  i s  u n i fo r m . Thus F ( x ( s ) )  i s  a l s o

p e r i o d i c  i n  s  ( f o r  x ( s )  i s  p e r i o d i c ) .  T h ese  c o n d i t io n s  on F ( x ( s ) )

e s t a b l i s h  i t s  b o u n d e d n e ss  a n d  t h e r e f o r e  (b y  em p loy ing  an  a rg u m en t s i m i l a r

t o  t h a t  o f  s e c t i o n  B on p ag e  8 ) 
t

( c )  J' Bb s  F ( x ( s ) ) d s  ( t  <  t 0 ) e x i s t s .

w OO

O b v io u s ly  th e  f u n c t i o n s  e  s  F ( x ^ ( s ) )  (n = 0 ,  I ,  2 ,  . . . )  a r e

c o n tin u o u s  on l£-oo, t ^ J . B u t now t h e  h y p o th e s e s  o f  Theorem  3 a r e  e x a c t ly  

t h i s  t o g e t h e r  w i th  r e s u l t s  ( a ) ,  ( b ) ,  an d  ( c )  a b o v e . T h is  th eo rem  i n  t u r n  

j u s t i f i e s  te rm w ise  i n t e g r a t i o n  o f  t h e  se q u e n c e  "^jebs F ( x ^ ( s ) . T h a t

iS ;  f o r  any  num ber t  <  t 0

t  t
l ira
n,->co

=00 —CO

W  / e b 8  F ( X n _ l ( 3 ) ) a s  = J  s ’33 P ( X ^ 1 ( S ) ) C l S .

I t  r e a d i l y  f o l lo w s  t h a t  

t

eIZ J  P ( X ^ 1 ( S ) ) d S .  /  ^  P ( X ^ 1 ( S ) ) d S

o r^  a g a in  in v o k in g  Theorem  k?

t  t
I im  
n-*co^  j T  F(Xn ^1 ( S ) ) I s  s  J * F ( x ( s ) ) d s . '

-CO

J  e b (s - t)  p(a)d3 .  J eHs-V p(s)6LS)S in c e I im
n-*w

one o b t a i n s  b y  a d d i t i o n

i im  r
n-*co J  [ p ( s )  + F.(xn _1 ( s ) ) ^ d s =  J *  eb ( s - t )  [ p ( s ) + F ( x ( s ) ) ] d s .

"CO
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How ever,  x ( t ) I i m
n-»oo

l i ra
n-»oo

%n(t)
U

/ J b ( s - t )
[ p ( s )  + F(Xn ^1 ( S ) ) J d s .

t

H ence x ( t ) = J ' e ° ^ s  [ p ( s ) + F ( x ( s ) ) ] d s  f o r  an y  t  <  t g .  B u t t Q w as an y

-oo .

num ber so  t h e  i n t e g r a l  e q u a t io n  ( 5 . 2 ) a n d , c o n s e q u e n t ly ,  t h e  d i f f e r e n t i a l  

e q u a t io n  ( 5 « l )  a r e  s a t i s f i e d  b y  x ( t )  on a n y ' t  i n t e r v a l .  . ■

'X.



UNIQUENESS OF THE SOLUTION

I t  w i l l  f i r s t '" b e  d e m o n s tra te d  t h a t  i f  a  p e r i o d i c  f u n c t i o n  s a t i s f i e s  

t h e  d i f f e r e n t i a l  e q u a t io n  ( 5 *1 ) i t  m ust a l s o  s a t i s f y  t h e  i n t e g r a l  

e q u a t io n  ( 5,.2 ) .

Assume t h a t  x ( t ) = x ( t  + 2 a )  a n d   ̂ + "b x (t)  = p ( t ) + F ( x ( t ) )

w h e re  a l l  c o n d i t io n s  s t a t e d  f o r  ( 5 .1 )  h o ld .  ■ M u l t i p l i c a t i o n  o f  b o th  mem­

b e r s  o f  t h e  d i f f e r e n t i a l  e q u a t io n  b y  w i l l  make th e  l e f t  member e x a c t ,  

o r  [ebbx ( t ) 3  = eb b £ p ( t ) + F ( x ( t ) ) J .  S in c e  x ( t )  i s  d i f f e r e n t i a b l e

i t  m u st b e  c o n t in u o u s ;  t h u s  t h e  r i g h t  member i s  i n t e g r a b l e  so  
t  t

ebbx ( t ) = y f'eb s f p ( s ) + F ( x ( s ) jQds o r  x ( t )  = J ' [p ( s )  + F ( x ( s  JjTJds

w h ere  a  i s  a  p a r a m e te r .

Now x ( t )  i s  p e r i o d i c  a s  a r e  b o th  p ( s )  a n d  F ( x ( s ) )  ( th e  l a s t  from

c o n t i n u i t y  c o n s i d e r a t i o n s ) .  By t a k in g  a c c o u n t  o f  t h i s  p e r i o d i c i t y  an d

p ro c e e d in g  w i th  t h e  a rg u m en t on pag e  5 ,  i t  i s  t o  b e  c o n c lu d e d  t h a t  

t

"t t ^ 3s J p ( S )  + F ( x ( s ) ) ] d s = e f ebS [p ( s j  .+ F ( x ( s ) ) ] d s .

a —00

T hus x ( t )  s a t i s f i e s  ( 5 - 2 )  i f  i t  i s  a p e r i o d i c . s o l u t i o n  o f  ( 5 ° l ) »  ■

I t  re m a in s  now t o  p ro v e  t h a t  x ( t ) ,  t h e  p e r i o d i c  s o l u t i o n  o f  th e  

n o n l in e a r  d i f f e r e n t i a l  e q u a t io n  (5 * 1 ) ;  i s  u n iq u e .  T h is  w i l l  b e  done 

b y  a ssu m in g  t h a t  x ( t )  i s  a n o th e r  p e r i o d i c  s o lu t i o n  o f  ( $ . 1 ) a n d  th e n  c o n ­

s i d e r i n g  th e  d i f f e r e n c e  x ( t )  -  x ( t ) .

S in c e  an y  p e r i o d i c  s o l u t i o n  o f  t h e  d i f f e r e n t i a l  e q u a t io n  in  q u e s t io n
■

a l s o  s a t i s f i e s  t h e  i n t e g r a l  e q u a t io n  ( 5 . 2 ) , t h i s  d i f f e r e n c e  m a y b e
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■ w ritten

x ( t ) -  x ( t ) = Ji e b ( s “t ) [f (x(s )) -  F ( x ( s ) ) J d s .

“ 00

t
So | x ( t )  -  x ( t )  I = J  ^ ( s - t ) ^p(x ( s ) )  -  F ( x ( s ) J ] d s

Ti

(6 .1) |x ( t )  - x ( t )  I < |f S ( s )) - F (x (s ) ) |dB.
“ 00

But  F ( x ( s ) )  s a t i s f i e s  t h e  L ip s c h i t z  c o n d i t io n  ( 4 . 3 ) i  i . e . ,  f o r  a l l  s  a n d  

K = h  -  a > Oj

( 6 . 2 )  | F ( x ( s ) )  -  F ( x ( s )) I <  K |x(s ) -  x ( s ) I .

I n t r o d u c t i o n  o f  ( 6 . 2 ) i n t o  ( 6 . 1 ) r e s u l t s  i n
t

( 6 . 3 ) | x ( t )  -  x ( t ] |  <  K y I  x ( s )  -  x ( s ) | d s .

From c o n t i n u i t y  a n d  p e r i o d i c i t y  c o n s id e r a t i o n s ,  F ( x ( s ) )  i s  e v id e n t ly  

b o u n d ed  f o r  a l l  s ,  a n d  t h e r e  i s  no l o s s  i n  g e n e r a l i t y  i n  t a k in g  th e

b o u n d  t o  b e  K. T h a t i s ,  t h e r e  i s  no l o s s  o f  g e n e r a l i t y  i n  c h o o s in g  b
■

l a r g e  enough  so  t h a t  | f (x ( s ) )  | <  K f o r  a l l  s . .  Thus a l s o  

I F ( x ( s ) )  -  F ( x ( s ) )  I <  I F ( x ( s ) )  I + I F ( x ( s ) )  I = 2K.

S u b s t i t u t i o n  o f  t h i s  r e s u l t  i n t o  ( 6 . 1 )  w i l l  g iv e  th e  f o l lo w in g  i n e q u a l i t y
t

| , x ( t )  -  x ( t ) I <  2K J<t ( s - t ).

2k2
w h ic h , i n  t u r n ,  i n t r o d u c e d  i n t o  ( 6 . 3 ) g iv e s  | x ( t ) x ( t )  | < — g  •

b

T h is  i s  th e n  s u b s t i t u t e d  i n t o  ( 6 . 2 )  a n d  th e  p r o c e s s  i s  r e p e a t e d ,  o b ta in in g
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an  im proved  bound  on | x ( t )  -  x ( t )  | w i th  e a c h  r e f in e m e n t .

By induction  i t  i s  now shown th at |x ( t )  -  x ( t ) j  < -=^- fo r  a l l  
■ Td52

p o s it iv e  in teg ers  n.

The v e r i t y  o f  t h i s  s ta te m e n t  h a s  b e e n  e s t a b l i s h e d  f o r  n = I .  Now 

assum e t h a t  a f t e r  t h e  r e f in e m e n t  one h a s  o b ta in e d

I x ( t )  -  x ( t )  I <  .
„ - b

-  _  p ifk+ l
Then from (6 .2 ) ,  |f (x (s ))  -  F ( x ( s ) ) |  < K | x ( s )  -  x ( s ) |  = -----r-— .

b K

Then by introducing t h is  r e s u lt  in to  (6 ,1 )  i t  is .fo u n d  th a t  

| x- ( t ) . x ( t ) , <  ^ / eM e . t ) a a = ^

—00

a n d  t h e  c o n c lu s io n  f o l lo w s .

Now c o n s id e r  t h e  i n e q u a l i t y

I x ( t )  -  x ( t ) |  < 2 .

S in c e  K = b  -  a  >  0 ,  b  >  K so  11111 ( = 0 .'  n->oo ^ b  y

B u t t h e  i n e q u a l i t y  h o ld s  f o r  a l l  p o s i t i v e  i n t e g e r s  n  a n d  t h e  l e f t  member 

i s  in d e p e n d e n t  o f  n j  h e n c e  i t  m ust e q u a l  z e r o .  T h e r e f o r e ,  x ( t )  i s  th e  

o n ly  p e r i o d i c  s o l u t i o n  o f  th e  d i f f e r e n t i a l  e q u a t io n  ( $ . 1 ) .



SUMMARY.

The r e s u l t s  o f  t h i s  p a p e r  may b e  sum m arized  by  t h e  f o l lo w in g  th e o re m . 

Theorem  I f  t h e  d i f f e r e n t i a l  e q u a t io n

( i )  ^  + f (x ) -  P ( t )

w h ere  p ( t )  i s  c o n t in u o u s ,  p ( t ) i s  p e r i o d i c ,  f 1( x )  i s  c o n t in u o u s ,  and  

G < a < f ' ( x ) < b ,  i s  w r i t t e n  i n  th e  fo rm

( i i )  § 5  + t x  = ). + .&% -

a n d  a  se q u en c e  o f  f u n c t io n s  xn ( t ) i s  d e te rm in e d  i n  th e  f o l lo w in g  f a s h i o n : 

Xq ( t )  i s  t h e  p e r i o d i c  s o l u t i o n  o f  t h e  e q u a t io n  r e s u l t i n g  when [bx -  f  (x )J  

i s  d e l e t e d  from  ( i i ) ;  x ^ / t ) i s  th e  p e r i o d i c  s o lu t i o n  o f  t h e  e q u a t io n  

r e s u l t i n g  when x o ( t ) i s  s u b s t i t u t e d  i n t o  t h e  r i g h t  member o f  ( i i ) j  

X g ( t )  i s  o b ta in e d  b y  r e p e t i t i o n  o f  t h e  p r o c e s s  u s e d  t o  o b t a i n  x - ^ t ) ,  

e t c . ,  th e n  th e  se q u en c e  -^cn ( t ) J  c o n v e rg e s  t o  a  u n iq u e  p e r i o d i c  s o lu t i o n  

o f  ( i ) .



REMARKS

The f i r s t  s t e p  i n  t h e  s o lu t i o n  w as t h e  a d d i t i o n  o f  a l i n e a r  te rm , 

h x ,  t o  b o th  members o f  t h e  e q u a t io n .  I t  i s  o f  i n t e r e s t  t o  exam ine th e  

c o n se q u e n c e s  o f  f a i l u r e  t o  em ploy t h i s  t a c t i c  b e f o r e  p e r fo rm in g  th e  

i t e r a t i o n .

I f  t h e  te rm  b x  i s  n o t  ad d e d  t o  b o th  m em bers,  t h e  i t e r a t i o n  e v id e n t ly  

w i l l  m e re ly  c o n s i s t  o f  r e p e a te d  q u a d r a t u r e s .  F u r th e rm o re y t h e  e q u a t io n s  

s o lv e d  t o  o b t a in  t h e  i t e r a t e s  w i l l  hav e  no u n iq u e  p e r i o d i c  s o l u t i o n . I t  

i s  a l s o  c l e a r  t h a t  no  c o n s ta n t  te rm s  may b e  a llo w e d  i n  t h e  r i g h t  member 

i f  t h e  n e x t  i t e r a t e  i s  t o  b e  p e r i o d i c .  A p o s s ib l e  p r o c e d u re  th e n ,  w ou ld  

b e  t o  t a k e  a l l  i n t e g r a t i o n  c o n s ta n t s  t o  b e  z e r o .

A s im p le  l i n e a r  exam ple ( in  w h ic h  t h e  c o n d i t io n s  o f  Theorem  5 a r e  

s a t i s f i e d )  w i l l  b e  u s e d  t o  i l l u s t r a t e  t h i s  p ro c e d u re  i f  t h e  l i n e a r  te rm  i s  

n o t  f i r s t  a d d e d  t o  b o th  m em bers.

C o n s id e r  ^  + X = s i n  t

o r  ( 8 . 1 ) 0 ^ = s in  t  -  x

a n d  p r o c e e d  w i th ' t h e  i t e r a t i o n  te c h n iq u e  d e s c r ib e d  i n  Theorem  5 s e t t i n g  a l l  

i n t e g r a t i o n  c o n s ta n t s  t o  z e r o .  X g ( t )  i s  t h e  p e r i o d i c  s o l u t i o n  o f

™  = s i n  t  o r  xQ( t ) = c o s  t .  Then x ^ ( t )  i s  t h e  p e r i o d i c  s o lu t i o n  o f  

cLx-=t- = s in  t  + c o s  t  o r  d t

x 1 ( t ) = -  c o s  t  + s i n  t .
,

The n e x t  i t e r a t e  i s  e a s i l y  se e n  t o  b e  x2 ( t )  = s in  t  an d  t h e  p ro c e d u re  

o b v io u s ly  f a i l s  f o r  upon  s u b s t i t u t i o n  i n t o  ( 8 . 1 ) one o b t a i n s - ™  = Q.

H ow ever, a s  t h e  f o l lo w in g  exam ple i n d i c a t e s ,  i n  c e r t a i n  c a s e s  t h e
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se q u e n c e  o f  f u n c t i o n s  fo u n d  "by t h i s  m ethod w i l l  c o n v e rg e  t o  a  p e r i o d i c  

s o l u t i o n .

C o n s id e r  t h e  d i f f e r e n t i a l  e q u a t io n  = s i n  t  -  ^  an d  n o te  t h a t ,  a s  

i s  r e a d i l y  v e r i f i e d ,  t h e  e x a c t  p e r i o d i c  s o l u t i o n  i s  

x ( t )  = 0 , 4  s i n  t  -  0 . 8  c o s  t .

P ro c e e d in g  w i th  t h e  i t e r a t i o n  a s  b e f o r e ,  x ^ t ) i s  th e  p e r i o d i c  s o lu t i o n  

o f  ~  = s i n  t  o r  XQ ( t )  = -  c o s  t .  The s u c c e s s iv e  i t e r a t e s  a r e  th e n  

fo u n d  t o  h e  a s  f o l l o w s :

x ^ t ) = 0 .5  s i n  t  -  c o s  t  

x g ( t ) = 0 .5  s in  t  -  0 .7 5  co s  t  

x ^ ( t )  = 0 .3 7 5  s in  t  - 0 . 7 5  co s  t  

x 4 ( t )  ss 0 .3 7 5  s i n  t  -  0 .8 1 3  c o s  t  

x ^ ( t ) = o .4 o 6  s in  t  -  0 .8 1 3  c o s  t

x g ( t )  =s 0 .4 o 6  s i n  t  -  0 .7 9 6  c o s  Lt 

e t c .

I t  a p p e a r s  t h a t  i n  t h i s  exam ple t h e  se q u e n c e  o f  i t e r a t e s  w i l l  con­

v e rg e  t o  t h e  p e r i o d i c  s o l u t i o n ,  a s  i s  in d e e d  th e  c a s e .  I n  f a c t ,  t h i s  

exam ple  i l l u s t r a t e s  th e  f o l lo w in g  th eo re m  [5] .

Theorem  6 . C o n s id e r  t h e  d i f f e r e n t i a l  e q u a t io n  (i)

( i )  "|jr = + QIf (x )

w h e re  p ( t ) i s  c o n t in u o u s ,  p ( t  + i t)  = - p ( t ) ,  f ( - x )  = - f ( x ) ,  a n d  

0 <  a  <  f 1( x )  <  b .  I f  a seq u en c e  o f  f u n c t i o n s ,  xn ( t ) ,  i s  d e te rm in e d  in  

t h e  f o l lo w in g  w ay: x o ( t ) i s  fo u n d  h y  d e l e t i n g  t h e  te rm  Q f ( x )  i n  ( i ),  

i n t e g r a t i n g  a n d  s e t t i n g  t h e  c o n s ta n t  o f  i n t e g r a t i o n  t o  z e r o ;  x ^ ( t ) i s
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fo u n d  b y  s u b s t i t u t i n g  Xq ( t )  i n t o  t h e  r i g h t  member o f  ( i i n t e g r a t i n g  

a n d  s e t t i n g  t h e  c o n s ta n t  o f  i n t e g r a t i o n  t o  z e r o ,  e t c . ,  th e n  th e  

se q u en c e  ( t  c o n v e rg e s  t o  a  u n iq u e  p e r i o d i c  s o l u t i o n  o f  ( i )  p r o v id e d

Ia M  <  i .
I n  v iew  o f  t h e  s t r i n g e n t  c o n d i t io n s  im posed  b y  t h i s  th e o re m , t h e  

pow er o f  t h e  a p p ro a c h  u s e d  i n  a d d in g  t h e  te rm  b x  t o  b o th  members o f  t h e  

e q u a t io n  i s  a p p a r e n t .
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