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ABSTRACT

Biological systems pose considerable challenges when attempting to isolate
experimental variables of interest and obtain viable data. Developments in image
analysis algorithms and techniques allow for further mathematical interpretation,
model integration, and even model optimization (‘training’). We formulate two
distinct methods for obtaining robust quantitative data from time-series imagery of
two biological systems: Paenibacillus dendritiformis bacterial colonies, and human
gastric organoids. Boundary parameterizations of P. dendritiformis are extracted
from timelapse image sequences displaying colony repulsion, and are subsequently
used to ‘train’ a previously developed nonlocal PDE model through the means of error
minimization between observation and simulation. Particle tracking is conducted for
small colloidal beads embedded within human gastric organoids, and then used to
perform particle tracking analysis. This information is analyzed to quantify the local
complex viscoelastic properties of organoids’ interior mucosal environment.
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CHAPTER ONE

INTRODUCTION

Image analysis techniques form a vast and growing field with applications ranging

from nearly static geospatial information systems, to much more dynamic biological

systems. The process of obtaining statistically relevant data from biological systems

poses many di�cult challenges. Varying experimental conditions may significantly

a↵ect the biological system’s dynamic behavior and must be monitored and controlled.

Because of this, quantitative biological analysis is generally conducted from imagery

obtained in a controlled, lab-type, environment. Even so, biological systems pose

extreme di�culties in terms of reproducible results and experimental repeatability.

Within this thesis, two dynamic biological systems were first imaged over time and

then analysed to produce quantitative results from evolving two-dimensional imagery.

Chapter 2 provides a review of nonlocal models and their applications in modern

applied mathematics research of biological systems. This nonlocality proves essential

to multiple biological behaviors and has recently been extended to repulsive behavior

tied to bacterial competitive inhibition [13]. The nonlocal model developed in [13] is

of particular interest for this thesis and is later tuned in accordance with obtained

imagery of bacterial growth. Chapter 3 will discuss the approach taken to obtain time-

dependent imagery data for growing Paenibacillus dendritiformis (bacteria capable of

competitive inhibition) colony boundaries. The boundary data obtained is then used

to train the nonlocal model developed in [13]. Chapter 4 reviews an entirely separate

image analysis problem—microrheology analysis within human gastric organoids.

This thesis is meant to serve as an exploratory study of image analysis problems in
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biological applications, obtaining data and extracting relevant physical information

from such observables.

1.1 Bacteria and Partial Di↵erential Equations (PDEs)

Competitive inhibition is a process whereby bacterial colonies repel (sometimes,

self-repel) one another in attempt to outcompete the others in search of more desirable

spatial regions—where growth media is plentiful and competition is low. In this

particular study, Paenibacillus dendritiformis is the bacteria of interest—their growth

is driven by utilizing nutrient deficient agar plates as a minimal means for colony

survival [3]. Through the construction of a unique imaging system, the repulsive

bacterial growth was captured in still image sequence format as parameterized

curves of the colony boundaries. An optimization routine was next developed which

minimizes the error between observed colony boundaries and simulated curves. The

model used for simulation was previously developed as a nonlocal PDE model [13]

to qualitatively describe bacterial growth according to initial inoculation patterns,

as well as the self-repulsive and attractive-repulsive kernels. The kernels are reduced

through nondimensionalization to just two (three, with time scaling) parameters,

which are tuned according to the observations made through imaging experiments.

After learning certain statistical trends for parameters dependent on inoculation

patterns, parameter extrapolations are made to test other bacterial growth timelapses

obtained.

1.2 Organoids and Microrheology

Organoids are self-assembled tissue cultures commonly used in biological re-

search and drug testing. Little to no information is known about the mechanical
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properties of the mucus present within organoids of any type. In this study,

established microrheology routines were utilized to survey the viscoelastic properties

within organoids. Microrheology is the process whereby a viscoelastic fluid is surveyed

by tracking colloidal particles within the medium [1, 12]. Human gastric organoids

were first injected with 1µm colloidal fluorescent beads and were then imaged using

a confocal microscope. Using the obtained imagery, the particles’ two-dimensional

motion was tracked and later used to evaluate the viscoelastic properties present

within the human gastric organoids.
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CHAPTER TWO

NONLOCAL MODELS IN BIOLOGY

This chapter is an exploration and summary of several nonlocal models and

their current applications in various settings. The study seeks to teach a broad

understanding of nonlocal models as used in modern applied mathematics research.

Nonlocality is the idea that an agent within a system is not just a↵ected by its

immediate (local) surroundings, but also by the entire population of agents within

the system. The study first examines the nonlocal model developed in [7] which

describes evolutionary flocking behavior for an agent based system. This model was

an early attempt in adapting the concepts of nonlocality to biological systems. Further

sections in this chapter examine the models used in multiple nonlocal applications

of behavior for living systems; including, criminal activity ‘hotspot’ development,

Lévy flights in crime, and evolutionary trends due to swarming behavior. This study

provides a brief summary for each model examined and discusses the importance of

nonlocality in biological system behavior.

2.1 Cucker–Smale Flocking

It has been observed that a population of birds or fish travelling in R3, will often

assume a common velocity of motion after a given period of time. In [7] Cucker and

Smale develop a nonlocal counterpart to a previously developed local model describing

the evolution of flocks [20]. In Viscek’s model [20], agent i (bird i) adjusts its velocity

towards the average velocity presented by its neighbors. The following will address

Cucker and Smale’s approach to modifying Viscek’s local model to a nonlocal flocking

model.
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Just as in [7], we will now consider Euclidean space E3 instead of the real

coordinate space R2—for bird i the model becomes [7, 20]:

xi(t+ 1) = xi(t) + vi(t), (2.1)

vi(t+ 1) =
1

ni(t)

X

j2Ni(t)

vj(t), (2.2)

where position and velocity xi, vi 2 E3 for birds i = 1, ..., k and time t = 0, 1, 2, ....

Additionally Ni(t) = {j  k ; kxi(t) � xj(t)k  r}, with ni(t) = #Ni(t) for some

r > 0. Note in Viscek’s model, Ni(t) restricts interactions to a particular radius r.

Extending (2.2) to matrix form, the authors arrive at

v(t+ 1)� v(t) = �D�1
x Lxv(t),

where Dx is a k ⇥ k-degree matrix with the ith diagonal entry as
P

jk aij (where

aij 2 A, definition to follow) and the Laplacian matrix Lx = Dx � Ax. Here, both

model’s adjacency matrix entries assume the same form [7]:

aij = ⌘(kxi � xjk2). (2.3)

However, the ⌘(y) term assumes a di↵erent form between models. In Viscek’s model

⌘ assumes the local form,

⌘(y) =

8
>><

>>:

1 if y  r2

0 otherwise,

for some r > 0. Here, bird i only has interactions with neighbors defined by radius r

with uniform weighting. In contrast, Cucker and Smale’s model provides a continuous

and smooth interactions formulations for agent i (bird i), over the entire flock. With
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this nonlocal assumption, the adjacency matrix assumes the same form as before,

(2.3), with newly defined

⌘(y) =
K

(�2 + y)�
, (2.4)

whereK, � > 0 and � � 0 are fixed. This adjustment provides the nonlocal framework

within the Cucker–Smale Flocking model [7]:

x(t+ 1) = x(t) +4tv(t), (2.5)

v(t+ 1) =

✓
Id� Lx

kLxk

◆
v(t), (2.6)

where 4t is a fixed time step in the numerical model, Id is the k⇥ k-degree identity

matrix and kLxk is the operator norm of Lx.

Authors additionally consider the evolution for the system in continuous time

arriving at [7]:

x0 = v, (2.7)

v0 = �Lxv. (2.8)

The remainder of [7] discusses convergence for continuous and discrete time. The

model examined exemplifies the behavior of flocked birds (agents) approaching one

constant velocity due to nonlocal e↵ects within the population (flock). This model

is an important example of the use of nonlocal operators, in this case (2.4), in a

biological behavioral setting.

2.2 Local and Nonlocal Models for Criminal Activity

This section aims to discuss the major di↵erence between local and nonlocal

operators as applied to modeling criminal behavior. In [17], an agent based
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model of criminal activity was developed with aims to reproduce repeat/near-repeat

victimization occurrences. Repeat/near-repeat victimization phenomenon is the

occurrence of heightened crime risk in an area following a nearby crime. Though

the criminals movement is driven by local attractions, this locality limits model agent

dynamics and does not model criminal behavior completely.

The model presented in [17] exemplifies the dynamics of o↵ending criminals

driven by the attractiveness scalar field A(~x, t) on a two-dimensional lattice. For

simplicity, denote ~x as x for the remainder of this section. The value of the field

A(x, t), at location x = (i, j) 2 Z2 gives the stochastic rate of o↵ending for n(x, t)

criminals at location x. The attractiveness of a point x is A(x, t) ⌘ Ax(t) ⌘ A0
x +

Bx(t), where A0
x is temporally static and Bx(t) evolves in time [18]. For every timestep

�t, the probability for a criminal to commit a crime is pv(x, t) = 1 � e�A(x,t)�t. This

probability is based on a standard Poisson process with Ax(t)�t the expected number

of events at a point x 2 Z2 during time interval �t. If the criminal commits a crime

at this time, they are removed from the scheme. If on the other hand they do not

commit a crime, they move to an adjacent neighbor x0 with probability

pm(x
0, t; x) =

A(x0, t)P
x00⇠x A(x

00, t)
. (2.9)

Here, x00 ⇠ x denotes the immediately adjacent neighborhood of x [17]. Criminals

move with a particular speed which is dependent on grid step length l and timestep

�t. Therefore an appropriate choice of l and �t must be made to represent a realistic

speed of movement. This movement of criminals is modeled as a biased random walk

where criminals choose grid steps with greatest probability values pm(x0, t; x). In the

real world, criminals often victimize inherently local areas due to their familiarity

of the location, the ease of travel and their ability to easily return home. For this
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reason, (2.9) takes into account only immediately adjacent neighbors’ attractiveness—

criminal movement from location x is not influenced by A(y, t) where y 62 x00 ⇠ x.

After criminal behavior for time t has ceased, the attractiveness field is updated

by locally smoothing dynamic attractiveness and increasing the attractiveness

of perpetrated sites by amount ✓. Additionally, the attractiveness field decays

exponentially with weight !. Given the number of events Ex(t) at point x for time t,

the attractiveness for the following timestep is defined as:

Ax(t+ �t) = B0
x(t)(1� !�t) + ✓Ex(t) + A0

x, (2.10)

B0
x(t) = (1� ⌘)Bx(t) +

⌘

4

X

x0⇠x

Bx0(t),

where ⌘  1 [17]. Note that authors restrict the number of neighbors to 4, preserving

local dependence; in [18] this value is parameter z, a measure of locality. Lastly, to

further simulate criminal behavior, ex-criminals are reintroduced back into the model

with a spatially uniform rate �.

When executing the simulation, the discrete model revealed three general types

of behavior: stationary hotspots, transitory hotspots, or no hotspots at all [17]. In a

previous paper [18], authors went further to derive homogeneous equilibrium values

for the scenario where all sites have the same attractiveness A and on average the

same number of criminals n. In this case, the equilibrium values for the homogeneous

system are:

B =
✓�

!
, n =

��t

1� e�A�t
, (2.11)

where all parameters are as previously stated [18].

Criminals were converted to criminal density ⇢(x, t), and the limit l, �t ! 0 is

taken, with the added constraint l2

�t = D (D is the di↵usion coe�cient). Taking the
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continuum limit of their discrete model, authors arrive at the two coupled PDEs [17]:

@A

@t
= ⌘r2A� A+ A0 + ⇢A, (2.12)

@⇢

@t
= r ·


r⇢� 2⇢

A
r
�
� ⇢A+ A� A0. (2.13)

Details for this derivation can be found in [18]. Two of the three behaviors present in

the discrete model are present in the PDE system. Authors believe statistical noise

contributed to the formation of transitory hotspots and because Eqs. (2.12,2.13) are

derived using only expectation values, the statistical noise is removed and transitory

hotspot formation is not observed [17]. The discrete model was extended through the

continuum limit to a continuous PDE system—though, it remains local in that its

operators do not extend throughout the entire domain.

It is reasonable to assume nonlocality is essential in the evolutionary behavior

of criminals and crime density over two-dimensional space. As in previous, burglary

hotspot models are generally defined to include only local attractions, with criminals’

motion constricted to specific neighborhoods. In [6], authors aim to create a nonlocal

model in which criminals move by Lévy flights—biased random motion where agents

may move great distances e�ciently towards some region of higher attractiveness.

Starting with a cellular automata model, authors next take the continuum limit

resulting in a system of two PDEs; a local PDE governing the attractiveness field,

and a nonlocal criminal density PDE [6]:

@A

@t
= ⌘Axx � A+ ↵ + A⇢, (2.14)

@⇢

@t
= D[A4s

⇣ ⇢

A

⌘
� ⇢

A
4s(A)]� A⇢+ �. (2.15)
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To generate super-di↵usive behavior (the Lévy Flights) into the criminal

behavior model, a nonlocal operator, the fractional Laplacian 4s was included in the

criminal density equation (2.15). It is important to note that crimes are restricted to

stationary targets and residences, where burglaries are treated as random probability

events. Criminals may undergo long jumps given an attractive enough burglary site.

The attractiveness field which drives these burglars can be decomposed into two parts;

the static background term, which is consistent across time and the dynamic term,

which evolves with time. The dynamic term takes into account repeat/near-repeat

and broken windows e↵ects. The relative attractiveness weights, for a criminal to

move from one point to another, are then calculated using a power law distribution

and taking into account the attractiveness field. This naturally leads to transition

probabilities for a criminal moving from one point to another [6].

When the continuum system was analyzed, induced Turing instabilities were

observed to generate hotspots—“localized pulses, rather than dispersion-type waves”

[6]. Both the continuous and discrete systems developed in this paper observe the

development of hot spots. When authors adjust the e↵ects of the fractional Laplacian,

hotspot formation is significantly altered such that the nonlocal operator is directly

related to the number of hotspots formed. In this section both local and nonlocal

models for criminal activity have been observed to aid in the generation of hotspots.

By utilizing the fractional Laplacian, [6] incorporates nonlocal Lévy flights as means

for more realistic human behavior, when compared to localized neighbor-neighbor

interactions, as in [18].

2.3 Nonlocal Swarming Model

The papers [4] and [8] both explore two-dimensional pattern forming solutions

to a nonlocal model consisting of particles driven by the gradient flow of a nonlocal
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interaction potential [8]:

dxj

dt
=

1

N

X

n,k 6=j

F (|xj � xk|)
xj � xk

|xj � xk|
, j = 1, ..., N. (2.16)

This equation arises from the nonlocal pairwise energy formulation [8]:

E(~x) =
X

i 6=j

P (|xi � xj|), (2.17)

where P is some potential. Additionally, the paper restricts its study to two families

of interaction forces F (r) = �P 0(r) [8]: the power law force

F (r) = rp � rq; 0  p < q, (2.18)

and a smoothed step discontinuity

F (r) = tanh[(1� r)a] + b; 0 < a;� tanh(a) < b < 1. (2.19)

Interaction potentials respective to these forces have short range repulsive and

long range attractive tendencies—both of which are significant to the formation of

steady state ring solutions as seen in [4]. The ring is a particular solution to (2.16)

where particles can be viewed as a one-dimensional curve. Taking the limit N ! 1

gives the continuum PDE system [4]:

@

@t

✓
⇢

����
@z

@↵

����

◆
= 0,

@z

@t
= K ⇤ ⇢. (2.20)
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Here, z(↵; t) is the curve parameterization, ⇢(↵; t) is particle density, and

K ⇤ ⇢ =

Z
F (|z(↵)� z(↵0)|) z(↵)� z(↵0)

|z(↵)� z(↵0)|⇢(↵
0, t)dS(↵0),

where dS denotes the arclength element [4]. Here, K ⇤ ⇢ is the nonlocal operator in

this model system. Nonlocality proves essential in the formation of the steady state

ring solutions examined later in [8]—specific details for stability characterization of

the ring solutions, as well as further analysis are available in [4].

The next chapter will make use of a nonlocal model, posed by authors of [13],

which uses a nonlocal operator formulated specifically according to mean curvature

of the evolving fronts. In addition to this nonlocal forcing, a normal force provides

the necessary framework to model bacterial colony boundary evolution as driven by

mean curvature flow and nonlocal attractive-repulsive interactions of bacterial colony

boundaries.
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CHAPTER THREE

PAENIBACILLUS DENDRITIFORMIS BOUNDARY TRACKING AND

OPTIMIZED MODELING

3.1 Introduction

In recent years, nonlocal models have become increasingly useful in biological

modeling applications. As previously mentioned, these models take into account

interactions across the entire domain of interest, not just those in the immediate

neighborhood. Though there are many biological applications for which nonlocal

models have proved useful, little to no research has been conducted with the interest

of training these models according to actual obtained data for the modeled system.

This chapter details the process of collecting growing bacterial colony boundary

data through analysis of the obtained timelapse imagery. Competitive-inhibitory

(Paenibacillus dendritiformis) bacteria—which develop arrested fronts as result of

competition for resources—are prepared, plated and then imaged while growing on

the nutrient-deficient agar plates. The time series still imagery is next used to

parameterize bacterial boundaries over time, with the specific interest of capturing

the repulsive behaviors exhibited. The study next examines a particular model

developed in [13] which aims to qualitatively predict the boundary of growth for all

colonies plated. By minimizing the error between observational data and simulation,

optimal model parameters are extracted for various inoculation conditions. The

parameters learned are then loosely extrapolated to further inoculation conditions

and the resulting simulation is tested with actual obtained bacterial growth imagery.

Before proceeding with exact processes needed to conduct this study, back-

ground information is necessary to understand the biological behavior of interest.
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Competitive inhibition is the process whereby bacterial colonies display short-range

repulsive behavior. Paenibacillus dendritiformis is the specific bacterium which is

imaged for this study and used to examine the nonlocal model capabilities of [13].

Specifically, the C-morphotype (rod-shaped growth) of P. dendritiformis displays

the desired competitive-inhibitory response when multiple colonies are inoculated

on the same nutrient-deficient agar plate [3]. Upon recognizing the competition for

needed resources, bacterium within the colony secrete a lethal biosurfactant. The

biosurfactant secreted is known as sibling lethal factor (SLF) protein [5]. The e↵ect

this competitive response has on bacterial colonies can e↵ectively be reduced to the

behavior of colony boundaries in the system. The nonlocal model and methods used

in this study restrict the observational data of interest to colony boundaries, where

their growth and repulsion only depend on colony boundaries within the system.

3.2 Developing the Imaging System

To capture still image sequences for multiple plates within one experimental

period, a temperature and humidity controlled imaging system was developed. The

imaging setup, as pictured in figure 3.1, has dimensions of 22in length, 22in width,

and 30in height and is covered with black, completely opaque, welded acrylic sheeting.

The box is completely light tight and su�ciently air tight by utilizing weather seals

along all edges of the lockable door. There is one DSLR camera within the incubator

which, currently, has the capability to image six plates during one experiment. The

main supports for the structure were constructed from half inch PVC piping which

holds the camera in a stable/vertical manner pointing downwards. Approximately

eight inches below the camera lens lies a turntable holding six plates spaced evenly

such that, 60 degrees of rotation allows the next plate to be imaged in the exact

manner as the previously imaged plate. This motion is powered by a stepper motor
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Figure 3.1: The imaging system I developed to obtain six bacterial growth timelapses
in one experimental period.

which is triggered via an Arduino micro-controller programmed to rotate 60 degrees,

every five minutes. Therefore, each image sequence will have 30-minute time intervals

between each frame, or, frame rate of 2 frames per hour.

Lighting conditions for this setup were extremely di�cult due to the similar

optical qualities of nutrient deficient agar (growth media comprising the 2D surface

imaged in this study—NDA) and our growing bacterial colonies. The colonies’

boundaries are of particular interest for this study, thus there must be a clear

distinction between boundaries and the NDA media upon which they live. To address

this challenge, an individual ring light (with diameter slightly larger than the plates)

was placed about 4 inches below the imaging position such that the camera cannot
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receive direct light. Additionally, any exposed PVC within the incubator was painted

matte black to avoid light interference. Similarly, all shiny, or glaring, surfaces within

the incubator were covered with a particular black fabric which was found to have

minimal light interference. By eliminating glare or reflection within the incubator,

light illuminates only the plate immediately above the ring and below the camera.

Light intensity and position were systematically varied until the images captured were

su�ciently good.

Temperature and humidity are both controlled and monitored, allowing for

experiments to be repeatable and maximally informative. As the NDA plates have

been sealed, humidity is of less importance and was simply controlled by placing a

250mL beaker of deionized water inside the sealed incubator prior to each experiment.

Because the incubator is sealed and water content within the incubator should not

escape, the humidity is able to remain relatively constant. Internal temperature

was controlled by a hotplate which lies 5 inches below the platform holding the

stepper motor. Using an InkBird temperature controller, the hotplate is turned on

when the internal temperature dips 0.25�C below the desired temperature (29.5�C

was found to be ideal), and is turned o↵ when the temperature rises 0.25�C above

the desired temperature. Utilizing a thermal probe placed near the turntable, this

controller constantly adjusts power to the hotplate, thus, controlling the internal

temperature. In fear of temperature gradients being established, a small computer fan

was added to circulate the internal air. Temperature and humidity are monitored and

recorded using a Temtop-brand thermocouple and hygrometer, along with multiple

analog thermometers. I next conducted experiments to identify the incubator’s ideal

climate to grow P. dendritiformis bacteria, which exhibit the repulsive phenomenon.

A relative humidity of 30% and temperature of 29.5�C proved to be an ideal

environment for the bacteria.
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3.3 Experimental Setup

I next developed an experimental setup protocol to best provide consistency

during and between experiments. The protocol is essential to capturing bacterial

growth and repulsion in a controlled environment. The details for the exact steps

taken to prepare the plates can be found in the ‘Materials and Methods’ section.

Once the plates are prepared, they are immediately loaded onto the 6 turntable

slots within the imaging system. Temperature and humidity controls are checked

and adjusted if necessary. Next, the camera is programmed to capture an image

every 5 minutes—coinciding with each stepper motor rotation. Camera focus and

the turntable’s position are now adjusted with live view, easily enabling proper image

composition and focus. The stepper motor is turned on, the camera capture is started

and the door is locked.

Plates are left for four days, at which point they are removed from the incubator

and all data is retrieved. Raw images are first examined to determine the first and

last frames of interest. The bacteria often experience a brief pause before expanding

outwards, resulting in up to 24 hours of stationary imagery. The first image used for

tracking must be one obtained once the bacteria have already started growing. When

the bacteria reach within one centimeter of the plate boundary, or the competitive

front has ceased, the timelapses are concluded.

3.4 Image Processing and Analysis

The desired raw images are imported into MATLAB where they are cropped and

separated into their respective mod6 timelapse. From here on, each image sequence

is processed independently. Batch exposure control, image smoothing (10%) and

curve manipulation are performed in Adobe Camera Raw. RGB curve manipulation
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is conducted to further di↵erentiate the bacterial colony and background media. It

is important to note the curve adjustments made are not entirely necessary, and

all processing may be conducted solely in MATLAB. That being said, Camera Raw’s

ability to perform curve adjustments makes boundary tracing (mentioned later) much

simpler. Images are exported as gray-scale ti↵ files (dimensions: 1080 pixels by 1080

pixels) and are now ready for the boundary tracing routine.

Images are once again imported into MATLAB where the first image’s bacterial

colony boundaries are obtained using the script ‘PD boundary 0’. Once the first im-

age’s boundaries have successfully been obtained, a separate script, ‘PD boundary F’,

obtains the boundary data for the remaining images in the sequence. I wrote

both scripts, ‘PD boundary 0’ and ‘PD boundary F’, specifically for this routine.

The boundary tracing routine consists of multiple steps and multiple functions—

instructions on how to run scripts, ‘PD boundary 0’ and ‘PD boundary F’, can be

found in the ‘Materials and Methods’ section.

Within the first script, ‘PD boundary 0’, prior to tracing the first image’s

boundaries, a few image filters are applied. First, a Gaussian filter is added to further

smooth the image. This filter utilizes a Gaussian kernel with an adjusted standard

deviation of 5 pixels. The nonlocal model later used in fitting the obtained data

focuses on a smooth curve outlining the bacterial colonies. Finger-like extensions and

jagged colony edges cause problems in boundary tracing and are of di↵erent scale

from the nonlocal repulsion of interest. At this point, a manual search for binary

threshold, which best defines the bacterial boundaries, is performed, using MATLAB’s

‘imbinarize’ function. The ‘imbinarize’ filter converts the grayscale image to a binary

image of equal dimension; assigning ones to entries higher than the defined threshold

and zeros otherwise. Defining the binary threshold is one of the most cumbersome

steps in the routine, but is of upmost importance and must be performed for each
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image sequence. This search could be automated in the future by minimizing some

term involving curvature, arc length and local step specifications; however, this is

beyond the scope of this study.

The binary image is next run through MATLAB’s ‘bwboundary’ function which

traces the boundaries of all objects: collections of ones, in the image. With

all boundaries traced in the image defined, it is up to the user to choose which

points begin the tracing of the actual colonies. By selecting one point from each

of the n colonies, the program stores these entries as initial tracing points for

MATLAB’s ‘bwtraceboundary’ function. The number of colonies is previously defined

by the user, along with the beginning and end images of interest. Next, the script

executes MATLAB’s ‘bwtraceboundary’ with predefined starting points and initial

step direction. The function works by searching in the predefined direction for

another value zero pixel which edges the value one colony. Essentially, this is a

nearest ‘desirable’ neighbor technique. For the remaining parameterization, the

function searches for pixels which edge the colony and are connected to the existing

parameterization. Once the ‘bwtraceboundary’ function is completed, the complete

parameterizations of all colonies are stored and the remaining frames can be analysed.

The user must next run the script ‘PD boundary F’. The code first applies all

filters that were used in ‘PD boundary 0’ to the remaining images in the sequence.

The binary threshold used in the filter ‘imbinarize’ does not change throughout the

sequence because lighting conditions are kept constant within the incubator. Once

the filters are applied, boundaries from all colonies are collected from the remaining

frames, using ‘bwtraceboundary’. The initial step directions used for each colony do

not change, however, the initial points of interest do need adjustment for each new

frame. In order to address the changing starting points used in the tracer function,

the script searches the pixels nearby the last frames’ initial point for each colony. The
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script searches for these new initial points using a two dimensional biased random

search with a normal distribution centered around the previously used starting point.

With this method, the manual search for initial points is automated and completely

contained within the script ‘PD boundary F’.

The boundary tracing routine is complete when all colonies have successfully

been traced for all image frames in time. Every timestep tj, the boundary

parameterization is stored, and in the end, a complete timelapse of the bound-

aries, as parameterized curves, has been obtained. For discrete time points

t = {t0,...,tF}, the parameterization of colony i is stored as 'i
tj(x,y) such that

(x,y) = [(x1, y1),..,(xk, yk)], where k 2 {1,...,L}. As such, the collection of evolving

parameterizations becomes C̄ = {'1,...,'N}. Length of the parameterization L is

defined, arbitrarily, by ‘bwtraceboundary’ and can vary with time. Later, when using

the obtained boundary to train a numerical scheme, length L of the parameterization

will be constrained to temporally constant L̄ through polygonal interpolation.

3.5 Nonlocal Model for Repulsive Colony Boundaries

Certain bacteria—in our experiments, Paenibacillus dendritiformis—present a

phenomena known as competitive inhibition, whereby arrested fronts develop when

colonies are near enough to one another. In [13] a nonlocal model was developed

with aims to model this phenomena. Nonlocal models have been used extensively

to study physical systems, such as the movement of vortex sheets and vortex

patches [10, 13]. These systems feature abrupt jump discontinuities between regions

of di↵erent vorticity which lead authors of [10] to a nonlocal equation governing

the evolution of the moving fronts. Competing interactions between bacterial fronts

lead to a similar class of nonlocal evolution laws governing pattern formation in

certain biological systems [13]. As a result, authors of [13] adapt the framework for
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studying domain boundaries in vortex driven processes to understand the evolution

and eventual cessation of interacting biological fronts. The model utilizes nonlinear,

nonlocal interactions, which lead to mutually repulsive forces capable of arresting the

motion of all colonies in the closed boundary system. For the experiments conducted

within this study, Petri dish edges act as the eventual boundaries.

This nonlocal model reduces the complexity commonly found in comparable

coupled systems of reaction-di↵usion equations which are also used to study counter-

propagating front dynamics. While still capturing the essential pattern forming

mechanisms, this model only considers codimension-one interfaces—the repulsive

fronts. It is important to note that the model framework used can be extended

to multiple dimensions, yet in this instance the framework is restricted to a specific

setting: two-dimensional pattern formation as result of competing sibling bacteria

(Paenibacillus dendritiformis).

The general class of models presented in [13] describes the evolution of a

collection, C = {�1,...,�N}, of N mutually interacting two dimensional curves:

�i(x, t) : D ⇥ R+ 7! R2, �i(x, t) =

2

64
�i
1(x, t)

�i
2(x, t)

3

75 .

Here, D denotes a fixed Lagrangian coordinate domain. A nonlocal force vi(x, t) acts

in a known direction, to leading order, !i(x, t) on �i(x, t). The magnitude of the

nonlocal force is dependent on self-repulsion and the repulsive-attractive e↵ects from

the remaining colonies �j 2 C. From these assumptions, the nonlocal velocity field

vi
NL(x, t) := viNL(x, t)!

i(x, t) is obtained with magnitude given by:

viNL(x, t) :=

I

D

fi

✓
1

2
|�i(x, t)� �i(z, t)|2

◆
|@x�i(z, t)|dz
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|�i(x, t)� �j|2

◆
|@x�j(z, t)|dz,

where fi(s) are the kernels describing self interaction of �i and gij(s) are the kernels

describing the nonlocal attractive-repulsive influence of �j on �i. Along with the

nonlocal forces, every interface undergoes additional motion driven by a combination

of curvature �i(x, t) and constant normal growth [13]. These assumptions lead to a

general class of front evolutions:

@t�
i(x, t) = [✏i�i(x, t) + ci]n�i(x, t) + vi

NL(x, t). (3.1)

Here, n�i(x, t) is the outward normal unit vector for each curve �i.

Model parameters are eventually reduced to functional forms of the nonlocal

kernels fi(s) and gij(s), the relative curvature strength ✏i and the constant speed of

normal growth ci. To reduce parameters further, the kernels are identical nonlocal

interactions with Gaussian decay

fi(s) = gij(s) = gC,�(s) :=

✓
Cp
2⇡�

◆
e�s/�2

, (3.2)

where C and � are the strength and length scale parameters, respectively. Authors

of [13] next assume identical curvature ✏i ⌘ ✏ and identical normal growth ci ⌘ c

which, via nondimensionalization, allows them to set ✏ = c = 1. Therefore, the

system of equations (3.1) is governed by a single relative strength parameter, C̃ = C
c ,

and a single relative length scale parameter, �̃ = �c
✏ . As such, the model has two

governing parameters, with omitted tilde, C and �. These parameters will later be

tuned to fit the model to obtained data.

In [13], a numerical simulation was constructed in accordance with (3.1) using

identical Gaussian kernels (3.2). It is important to note that the numerical simulation
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describes the qualitative growth of repulsive bacterial colonies and ignores the sub-

scale details present on colony edges. Authors use a simple implicit update for

curvature and explicit updates for all other forces acting on �i to numerically integrate

(3.1). Exact solutions to (3.1) are unattainable using this simulation. Asymptotic

analysis, however, was used to estimate key features in the experimental runs. For

example, the model possesses the means necessary to obtain counter-propagating

fronts with a quantifiable separation s. Parameter C is found to provide a leading

order approximation consistent with the colony’s self-interaction. To approximate

the nonlocal forcing from an additional colony p on �, authors use Laplace’s method

to approximate

Z ⇡

�⇡

e�|p��(z)|2/2�2 |@x�(z)|dz ⇡
p
2⇡�p

1� s�(z0)
e�s2/2�2

,

where s = |p � �(z)| is the minimum separation between fronts � and p, and

�(z0) is the curvature of � at the point with minimum separation from p. In

nondimensionalized variables,

[1� C + �(z0)]
q

1� s�(z0) = Ce�s2/2�2

can be used to solve for the arrested front separation s.

This numerical simulation proves capable of producing accurate qualitative time

and spatial (two-dimensional) dependent boundary data for repulsive Paenibacillus

dendritiformis colonies, as seen in experiments from [13], and those conducted later

in this study. Through previously described minimalistic model framework, the

numerical simulation relies on relative strength, C and relative length scale, �,

of the counter-propagating front evolution. The remainder of this study aims to

use previously established optimization techniques—specifically, the Nelder–Mead
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simplex method—to fit the numerical model to newly obtained biological data.

3.6 Obtaining Optimal Model Parameters

I next developed an optimization routine to tune parameters of the numerical

model (3.1) to fit the evolving simulated boundaries, C = {�1,...,�N}, to the

obtained time-dependent colony boundary parameterizations, C̄ = {'1,...,'N}. The

routine works by minimizing the error between the data obtained and the coincident

boundaries created in simulation using the nonlocal model presented in [13]. The

initial frame’s data, {'1
t0 ,...,'

N
t0} obtained from the traced parameterization is used as

the initial spatial conditions for the model—defining the curves {�1
t0 ,...,�

N
t0 } which are

to evolve. The strength C and the length scale � of the nonlocal kernels, fi and gij

used in the numerical simulation will be the major parameters of interest. However,

prior to considering just two parameters, a minimalistic search for appropriate time

scalar K (in addition to (C, �)) was conducted. This time scaling is essential to

the evolution of the model and K will remain constant throughout all experiments.

Later, using greater-resolution curves, a search is conducted to more precisely find

model parameters, (C, �), which minimize time-accumulated error E. Prior to

addressing how the error is defined between C and C̄ at time tj, the parameterizations

{'1
tj ,...,'

N
tj } must be interpolated to length L̄ to be compatible with simulated

boundaries {�1
tj ,...,�

N
tj }. The function, ‘interppolygon’ was used to interpolate L-

component curves 'i
tj , and returns L̄-component '̄i

tj . For simplicity, the interpolated

curves will maintain their original notation, '̄i
tj ⌘ 'i

tj , for the remainder of this study.

Now that simulated and observed curves are of the same length (L̄), we define
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the total error returned as follows:

E =
X

tj2t

X

i2I

(�i
tj)

2 ⇠itj , (3.3)

where t = {t0,...,tF}, I = {1,...,N}, and,

�i
tj = k'i

tj(x,y)� �i
tj(x̃, ỹ)kl2 ; ⇠itj = k'i

tj(x,y)� 'i
tj(x

0,y0)kl2 . (3.4)

Here, (x̃, ỹ) denotes a reordering of (x,y) such that every observed point 'i
tj(x,y)

corresponds to the nearest simulated point �i
tj(x̃, ỹ). Additionally, denote (x0

l, y
0
l) =

(xl+1, yl+1) 8 l 2 {1, ..., L̄} such that ⇠itj reflects the lth arclength component of

'i
tj(x, y). Notice that ⇠

i
tj is used to scale �i

tj so that the error is appropriately weighted

throughout time.

Script ‘multicolony’—previously created for numerical simulation of the [13]—

was adapted to include this error. This script simulates the evolution of curves �i
tj

for t = {t1,...,tF}; as previously mentioned, the numerical simulation is formulated in

accordance with (3.1). Using the initial frame �i
t0 ⌘ 'i

t0 , the simulation evolves these

curves with time step size dt. The time step dt must be chosen appropriately such

that 1
dt = z(K) for some z 2 Z+, where K 2 Q is the time scaling parameter.

This way, the error between simulation �i
tj and observed 'i

tj will be calculated

whenever tmod(K) = 0, where t is overall time and K is the time scalar. After

alterations, ‘multicolony’ now accepts input parameters C and � to evolve the

simulated curves, while simultaneously calculating the error between �i
tj and observed

colony parameterizations 'i
tj . When the script has concluded, it returns the total

accumulated error as formulated in (3.3).

Now that ‘multicolony’ is formulated appropriately, the built-in MATLAB



26

function ‘fminsearch’ (applied to ‘multicolony’) is used to find parameters (C⇤, �⇤)

which minimize the total accumulated error between simulation and observation.

The function uses the Nelder–Mead simplex algorithm as formulated and described

in [9]. Simplex methods do not numerically calculate gradients or derivatives which

provides a unique flexibility in their implementation. The method first creates a

simplex—essentially, a local expansion—around the initial guess, (C0, �0) and orders

the simplex entries with respect to their resultant error. The entry with the largest

error is thrown out and a new entry is accepted for consideration. It is worth noting

that in some instances, the simplex may change completely, but this is rare. Exact

steps for how new simplex entries are created, as well as information regarding the

exact numerical method are detailed in [9]. Ultimately, ‘fminsearch’ concludes when

a certain stopping criteria is met, and then returns the optimal model parameters

(C⇤, �⇤).

3.7 Materials and Methods

3.7.1 Bacterial Strain and Growth Media

The bacterial strain of interest is Paenibacillus dendritiformis (30A1). Nutrient

deficient agar (NDA) medium was made from NaCl (5g/L), K2HPO4 (5g/L), and

Bacto-Peptone (2g/L). Difco-Agar (13g/L) was added to solidify the media. A total

volume of 250mL of NDA was prepared, autoclaved for 20 minutes, and then the

molten media (70�)C was poured into 12 Petri dishes—each with a volume of roughly

20mL. After ten minutes, NDA-plates were placed in a closed room-temperature

container, along with a 50mL beaker of deionized water, and left to dry for 72 hours.

The procedure outlined is based on methods and conditions used in [3].
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3.7.2 LB and Plate Inoculation

The P. dendritiformis bacteria are stored at �80�C in Luria broth (LB) with

25% glycerol. A total volume of 500mL of Luria broth was prepared using Fisher

Bioreagents LB solute 20g/L and deionized water. In a sterile 250mL flask, LB

is inoculated using the frozen Paenibacillus dendritiformis stock. The inoculated

culture is then grown for 18 hours within a calibrated incubator adjusted to 30�C

with shaking of 150 revolutions per minute. After the 18hr growth period, the optical

density of the inoculated broth was examined to ensure proper growth. To obtain

ideal bacterial growth on the plates, an optical density (measured at wavelength

650nm) of OD650nm = 0.8 ± 0.05 proved desirable.

Now that the plates have dried for 72 hours and the bacterial culture has reached

the desired optical density, the plate inoculations may commence. The six ‘best

looking’ plates are arranged around a lit Bunson burner which provides convective air

flow, ensuring sterility of the samples. Approximately 15 seconds prior to inoculating

a given plate, the bacterial culture is vortexed (touch setting - Thermolyne Type 37600

Mixer) for ten seconds. Once the culture is nicely homogenized, a micro-pipette is

used to inoculate the plate with 2µL circular colonies. The vortexing and plating is

repeated for all six NDA plates while exposing only one plate at a time. Once all

colonies have been inoculated, plates are loaded into the imaging incubator. After

ensuring all incubator systems are correctly functioning, the timelapse is started and

the imaging door is closed. Though multiple modifications were made to the methods

of growing Paenibacillus dendritiformis to the C-morphotype, the general procedure

conducted in this section can be attributed to authors of [3] and [5].
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3.7.3 Boundary Tracing Routine

The following instructions provide the exact details needed to obtain bacte-

rial colony parameterizations evolving over time, given an input image sequence

(.jpg, .ti↵, .png). The scripts ‘PD boundary 0’ and ‘PD boundary F’, as well as

the following instructions provide a refined routine necessary to obtain the desired

parameterizations with relative ease.

Obtaining Parameterizations 'i
tj(x,y):

Before proceeding, ensure all images of interest, along with ‘PD boundary 0.m’

and ‘PD boundary F.m’, are loaded into the current directory. This routine

is compatible with MATLAB 2020b (or newer) and requires MATLAB’s Image

Processing Toolbox.

In the MATLAB command window...

1: Type “ close all ; clear all ; clc ” .

2: Type “ PD boundary 0 ” .

3: Input the file name of the first image in the sequence as “ [ ‘ ###.ti↵ ’ ] ” .

4: Type “ ‘ n ’ ” .

5: Type “ ‘ n ’ ” .

6: Select desired cropping for all images, double click and exit the figure.

7: Type “ PD boundary 0 ”.

8: Again, input “ [ ‘ ###.ti↵ ’ ] ” .

9: Type “ ‘ y ’ ” .

10: Type “ ‘ n ’ ” .

* If the binary figure appropriately describes each colony boundary, proceed to

Step 11. If not, exit the figures, adjust the parameter TB in ‘PD boundary 0.m’

and restart from Step 7. *
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11: In Figure 2, select (click) the starting points (on the red curve(s)) which will be

used to trace each colony.

* When selecting starting points: Click on one point for each colony. Choose a

point along a vertical portion of the right side of each colony tracing. If two red

curves trace a colony, select a point from the larger (or outer) of the two.*

12: Two-finger click on any of the N selected points and click “ Export Cursor Data

to Workspace... ” and then exit out of the figures. PD boundary 0 ”.

13: Type “ PD boundary 0 ” .

14: Again, input “ [ ‘ ###.jpg ’ ] ” .

15: Type “ ‘ y ’ ” .

16: Type “ ‘ y ’ ” .

17: Enter the first frame number.

18: Enter the last frame number.

19: Enter the number of colonies.

* Ensure Figure 4 has accurate green boundaries for each colony. If any colony

has not been successfully traced, restart from Step 7. Otherwise continue to Step

17. *

20: Type “ PD boundary F ” .

Done - The parameterizations 'i
tj(x,y) for all time points and colonies are

automatically saved to a designated directory. * The scripts PD boundary 0 and

PD boundary F were written by me specifically for this project. *

3.7.4 Model Training Routine

The following instructions describe the exact steps needed to obtain optimal

parameters C⇤ and �⇤ given input colony parameterizations 'i
tj(x,y). The routine

has been adjusted to fit curves �i
tj(x,y) to 'i

tj(x,y) by utilizing the Simplex method
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Figure 3.2: Sample output from the Boundary Tracing Routine. Though only
three timesteps are shown in the above figure, the routine returns green (light gray)
parameterizations 'i

tj(x,y) for all colonies, at all time points.

to find optimal model parameters C⇤ and �⇤.

Obtaining C⇤ and �⇤: Before proceeding, the uncompressed package ‘PDESOLVE 2016 UPDATE2022’,

as well as the training curves 'i
tj(x,y) and respective timelapse images must be loaded

into the current directory. The .zip package includes the scripts ‘conCAT’, ‘DERIVA-

TIVE’, ‘ERR’, ‘INIT’, ‘interppolygon’, ‘iswhole’, ‘Multicolony’, ‘Multicolonycheck’,

‘PRIMITIVE’, ‘REFINE’, ‘RESAMPLE’ and ‘SMOOTH’, as well as sample images

and sample curves which can be used as an example. Additionally, the following

routine is compatible with MATLAB 2020a (or newer) and requires MATLAB’s Image

Processing Toolbox.

In the script ‘ Multicolony.m ’...

1: Input the cell-array data 'i
tj(x,y) as “ D ” ( line 3 ).

2: Input the beginning and end frame numbers ( lines 8,9 ).

3: Input the image directory, experiment date and colony details as “ Pic ” , “

date ” and “ SF ” , respectively ( lines 10-12 ).

4: Input the desired polygon dimension used to interpolate colony parameterizations

as “ NN ” ( line 14 ).
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* Appropriate values for NN range from 6 to 80. NN = 20, 50 were used in this

study. *

In the MATLAB command window...

5: Type “ close all ; clear all ; clc ” .

6: Type “ X = [ 0.5 , 45 ] ” .

* Here, X is the initial guess used for parameters C and �. The value of X above

was found to be a good-enough guess for all experiments conducted in this paper,

however, this can be adjusted to any value. *

7: Type “ X1 = fminsearch( @Multicolony , X ) ” .

* This could take quite a while depending on the value of NN . *

8: Save X1 appropriately.

* At this point, optimal parametersX = (C⇤, �⇤) have been obtained. If timelapse

imagery of the scripts is desired, proceed to Step 9, otherwise the routine is

complete. *

In the script ‘ Multicolonycheck.m ’...

9: Repeat Steps 1-4, this time in ‘Multicolonycheck’.

In the MATLAB command window...

10: Type “ Multicolonycheck( X1 ) ” .

Done - The generated image sequence will automatically be saved to a previously

specified directory.

3.8 Results

After a dozen failed imaging experiments, the imaging system was finally

perfected. Two imaging sessions in particular yielded useful data (10 timelapse

parameterizations in total) used in training and testing the nonlocal model. All

timelapses are still frame image sequences (captured every 30 minutes) of Paenibacil-
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lus dendritiformis initially inoculated as 2µL circular colonies. The timelapse figures

in the following section show four time-points (or still images) from used timelapses.

Three timelapses’ parameterizations were used to establish the time scaling used

in all further simulations by minimizing the error between observed and simulated

parameterizations. For this portion of the analysis, 20-dimensional (NN = 20)

polygons were used to parameterize the data. This smaller value of NN was used to

speed up the search for the, at this point, three optimal parameters K , C⇤, and �⇤.

Later, after the optimal time scaling has been obtained, NN will be increased to 50

for greater precision, and parameters of interest are reduced to only C⇤ and �⇤.

Within figure 3.3, the three timelapses’ observed and optimized simulated

parameterizations are displayed. Here, the yellow curves represent the obtained

data 'i
tj(x,y), and the red curves represent the optimized simulated boundaries

�i
tj(x̃, ỹ), for all bacterial colonies. The first and second column of images show two

di↵erent single colony timelapses, with obtained '1
tj(x,y) and optimized �1

tj(x̃, ỹ).

After running the model optimization routine on timelapses’ data, optimal model

parameters are obtained as (K,C⇤, �⇤) = (3.12, 0.48, 16.97) and (K,C⇤, �⇤) =

(3.07, 0.59, 13.55), respectively. Similarly, the third column of images shows a two

colony timelapse as well as 'i
tj(x,y) and respective optimized �i

tj(x̃, ỹ) for both

colonies. Once again the error minimization routine is run on this data and the

optimized model parameters were returned as (K,C⇤, �⇤) = (2.96, 0.54, 38.53). From

these three timelapses, K was extremely consistent and led to a fixed time scaling of

K = 3 for the nonlocal model.

Now that K = 3 has been found to be the optimal time scalar, more precise

colony parameterizations, with NN = 50, are obtained for four more timelapses.

Obtained colony parameterizations 'i
tj(x,y) are once again used to obtain nonlocal

model parameterizations �i
tj(x̃, ỹ), after finding optimal model parameters, this
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Figure 3.3: Timelapses of growing bacterial colonies, their obtained parameterizations
'i
tj and their respective optimized nonlocal model boundaries �i

tj . These timelapses

were used to find time scalar K. The yellow (light gray) curves are obtained 'i
tj ,

the red (dark gray) curves are simulated �i
tj using optimal parameters (K,C⇤, �⇤).

Timelapses are arranged as columns - left : one-colony timelapse ; center : one-colony
timelapse ; right : two-colony timelapse with 2cm spacing.



34

time, C⇤ and �⇤. The observed colony parameterizations and the simulated model

parameterizations from the four more precisely trained two-colony timelapses are

displayed in figure 3.4 and figure 3.5.

The two columns in figure 3.4 show two two-colony timelapses with inoculation

spacing of one and two centimeters, respectively. Optimal model parameteriza-

tions were obtained for the two-colony one centimeter experiment as (C⇤, �⇤) =

(0.50, 24.24). Similarly, the optimal model parameters for the two-colony two

centimeter timelapse were calculated to be (C⇤, �⇤) = (0.61, 40.37).

The two columns in figure 3.5 show two more two-colony timelapses, both

with inoculation spacing of two centimeters. Optimal model parameterizations were

obtained for the two two-colony experiments as values (C⇤, �⇤) = (0.5014, 31.5589)

and (C⇤, �⇤) = (0.4793, 36.3407), respectively.

At this point in the study, seven timelapses have been successfully modeled

through the error minimization routine developed in this study. Therefore, seven

di↵erent pairs of optimal model parameters (C⇤, �⇤) have been obtained for varying

inoculation patterns. From the previous timelapses, model parameter data has been

obtained for two one-colony timelapses, one two-colony timelapse with inoculation

spacing of 1cm, and four two-colony timelapses with 2cm inoculation spacing. The

goal for the remainder of this section is to accurately model additional colony growth

timelapses by extrapolating from the data obtained for the seven trained simulations.

Based on only the initial parameterizations (initial image frame) 'i
t0 , the extrapolated

parameters are used in the nonlocal model to generate simulated boundaries �i
tj of

plated colonies, for full colony growth.

To extrapolate from known parameters, the parameters (C⇤, �⇤) must be

compared to the varying inoculation conditions for all obtained simulations. For the

experiments conducted in this study, the number of colonies and the spacing between
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Figure 3.4: Timelapses of growing bacterial colonies, their obtained parameterizations
'i
tj and their respective optimized nonlocal model boundaries �i

tj . The yellow (light

gray) curves are obtained 'i
tj , the red (dark gray) curves are simulated �i

tj using
optimal parameters (C⇤, �⇤). Timelapses are arranged as columns - left : two-
colony timelapse with 1cm inoculation spacing; right : two-colony timelapse with
2cm inoculation spacing.
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Figure 3.5: Timelapses of growing bacterial colonies, their obtained parameterizations
'i
tj and their respective optimized nonlocal model boundaries �i

tj . The yellow (light

gray) curves are obtained 'i
tj , the red (dark gray) curves are simulated �i

tj using
optimal parameters (C⇤, �⇤). Timelapses are arranged as columns - left : two-colony
timelapse with 2cm inoculation spacing; right : additional two-colony timelapse with
2cm inoculation spacing.
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Figure 3.6: Parameters C (left) and � (right) with respect to colony spacing. Red
(gray) ‘x’: learned (optimized) model parameters ; Blue (dark gray) ‘*’: extrapolated
model parameters.

colonies are the only variables of consideration. However, as evidenced in [13], the

model far exceeds these capabilities and is assumed to handle further variations of

inoculation conditions, as well as imposed physical boundaries on the imaged plate

itself.

In figure 3.6, seven pair of parameters, C⇤ and �⇤, obtained from the minimiza-

tion routine, are plotted with respect to inoculated colony spacing as red (gray) ‘x’.

In these plots, single colony model parameters were plotted with colony spacing of

0. Similarly, in figure 3.7 the seven pair of parameters were plotted with respect

to the number of colonies. Though there is extremely limited data to ‘learn’ from,

extrapolated parameters were used to predict the qualitative growth of additional

timelapses. Additionally, the best guesses for these extrapolated parameters have

been plotted in both figure 3.6 and figure 3.7 as blue (dark gray) ‘*’.

Based on the qualitative trends present in figure 3.6, a series of eye-ball guesses

were made for parameters used to describe an additional, two-colony three centimeter

spaced timelapse. After a couple guesses, using extrapolated parameters (CE, �E) =
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Figure 3.7: Parameters C (left) and � (right) with respect to the number of colonies
plated. As in previous, Red (gray) ‘x’: learned (optimized) model parameters ; Blue
(dark gray) ‘*’: extrapolated model parameters.

(0.65, 60), the model appeared to accurately describe the qualitative growth of the

new timelapse. The first column in figure 3.8 shows the initial yellow (light gray)

obtained boundaries used in conjunction with extrapolated parameters, (CE, �E) =

(0.65, 60), to generate the simulated red (dark gray) boundary parameterizations �i
tj .

For any reasonable initial inoculation pattern, a larger sample population for ‘trained’

timelapses would provide a much better prediction for model parameters (C, �).

Additionally, two three-colony two centimeter spaced timelapses were obtained

within this same imaging period. These timelapses posed significant issues when at-

tempting to accurately trace the bacterial boundaries (‘Boundary Tracing Routine’).

The binary threshold used to distinguish colony from background was not uniform

due to the lighting conditions present. Once the repulsion started in both of these

timelapses, the ‘Boundary Tracing Routine’ failed at distinguishing between colonies -

treating the three as one. Though accurate bacterial boundaries could not be obtained

for all time points, the initial frame’s colonies were traced perfectly as 'i
t0 . This time,

extrapolated parameters are guessed based on the trends seen in figure 3.7.
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After a couple of guesses, expected parameters (CE, �E) = (0.425, 30) proved

to accurately describe the qualitative growth of the first three-colony 2 cm (evenly)

spaced inoculation as seen in the central column of figure 3.8. The initial traced

boundaries 'i
t0 are again plotted as yellow (light gray) curves. In conjunction

with extrapolated (CE, �E), the initial tracings are used to obtain the simulated

bacterial growth (red (dark gray) curves). After (CE, �E) = (0.425, 30) proved to

accurately describe the qualitative growth of the first three-colony two centimeter

spaced timelapse (central column of figure 3.8), the values were next tested on

an additional timelapse with the same inoculation conditions. Once again, for

this additional timelapse, the initial colony tracings 'i
t0 are obtained and used in

conjunction with extrapolated model parameters (CE, �E) = (0.425, 30). The model

again proves its capabilities in accurately capturing the bacterial growth and repulsion

as seen in the right column of figure 3.8.

In this study, the imaging setup yielded only 10 usable timelapses. Though

the sample population is extremely limited, the results obtained in this chapter

show the methods conducted to be a viable means for training the nonlocal model.

By minimizing the error between observed bacterial boundaries and the simulated

boundaries (given the same initial frame) for multiple inoculation conditions,

parameterization values are learned with respect to these inoculation conditions.

Within the study, these conditions were limited to colony spacing and the number

of colonies. Ideally, a much larger sample population of optimized timelapses could

yield far more precise simulations. Additionally, statistical models could be used

to extrapolate parameters to further inoculation conditions. Though extrapolations

conducted in this paper took multiple guesses, the routines and methods conducted

provide the framework needed in training such a nonlocal model with biological data.
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Figure 3.8: Initial colony (frame) tracings are obtained as yellow (light gray) 'i
t0 and

used in conjunction with extrapolated parameters (CE, �E) to obtain modeled red
(dark gray) bacterial growth tracings, �i

tj . Timelapses are arranged as columns - left :

two-colony 3cm spaced timelapse using extrapolated (CE, �E) = (0.65, 60) ; center :
three-colony 2cm spaced timelapse using extrapolated (CE, �E) = (0.425, 30) ; right :
additional ‘test’ three-colony 2cm spaced timelapse using extrapolated (CE, �E) =
(0.425, 30).
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3.9 Conclusion

Through the development of a uniquely crafted imaging incubator, timelapse

imagery was used to obtain boundary parameterizations. These tracings were then

successfully used to ‘train’ a previously developed nonlocal model for colony front

repulsion. By examining overall trends between inoculation patterns and optimized

model parameter values, extrapolations were made to model additional qualitative

imagery data. Future research involving robust statistical analysis and prediction of

parameters would be extremely beneficial in extrapolating parameters for additional

growth patterns. However, this study proves the methods conducted to be adequate

in ‘training’ the numerical simulation [13] to approximate bacterial colony growth

and repulsion as displayed by Paenibacillus dendritiformis.
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CHAPTER FOUR

PARTICLE TRACKING AND MICRORHEOLOGY IN HUMAN GASTRIC

ORGANOIDS

4.1 Introduction

Organoids are closed membrane mucosal sacs which are meant to represent

an organ on a microscopic scale [16]. Organoids are believed to have a relatively

homogeneous interior, primarily composed of mucus in addition to some dead-cell

debris. Organoids, specifically those originating from gastric tissue, have been

used to study the e↵ects of bacterial infection on organoid tissue [2] and gastric

cancer modeling [16]. However, little research has been conducted to observe

the mechanical properties present within organoids. In this study, human gastric

organoids are injected with fluorescent colloidal particles, imaged at various positions

and time points, and then analysed to determine the viscoelastic modulus of

the organoids’ mucus. By examining the di↵usive behavior—purely Brownian—of

injected particles, the organoids’ inner mucosal mechanical properties are extracted.

The complex viscoelastic modulus—obtained from sampled particle tracks—reflect

the fluid behavior mucus (within human gastric organoids) exhibits when perturbed

at various frequencies.

Particle tracking is used to determine the positional coordinates for injected

particles exhibiting Brownian motion. These particle tracks are then used to calculate

mean squared displacements for each particle, which can then be used to quantify

both the viscous and elastic, frequency-dependent moduli for the environment of

embedding, mucus—a technique known as microrheology. This study is the first

using microrheology to characterize and quantify the mechanical properties within an
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organoid.

Though multiple particle tracking experiments were conducted for this study,

the following chapter will provide the results from one specific experiment. In this

experiment, around 70 organoids were grown and injected in preparation for imaging.

However, only 8 organoids provided su�cient and viable tracking data. The imagery

used for particle tracking purposes was obtained 24, 48, and 72 hours after the

bead injections. At each of these time-points, 30 second videos were obtained at

6 ± 2 positions within each organoid. The experiment was set up to observe the

heterogeneity existing within an organoid, as well as the variation between organoids.

Multiple positions were imaged at multiple time-points to determine if any spatial or

temporal trends exist. The results and procedure for this experiment will be outlined

throughout subsequent sections.

4.2 Particle Tracking

Gastric glands are first isolated from a hospital patient’s gastric tissue, and

are then seeded in Matrigel where they grow into human gastric organoids (HGOs).

The HGOs are grown for several weeks until they reach a diameter of 300µm,

or larger, when they are deemed to be injectable. A selection of organoids were

injected with 1µm fluorescent colloidal particles, diluted to a relative concentration

of 10% (from the original volume). After all organoids were injected, a selection

of the injected organoids were loaded onto glass slides in preparation for imaging.

The organoid growth and imaging setup methodology are based on procedures from

[15]. Confocal microscopy was next performed to image the injected human gastric

organoids. It is important to note the organoids maintain a constant temperature of

310.15�K throughout their entire life—including while they are imaged on the confocal

microscope.
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The confocal scope was adjusted to 20⇥ objective zoom and an additional 4⇥

optical zoom which proved optimal for tracking purposes. An attempt was made to

image a broader field of the organoid using a 10⇥ objective zoom. With this wide

of frame, the 1µm fluorescent beads are only two to four pixels in diameter which

is problematic when attempting to precisely track particles position. Similarly, an

attempt was made to image particles with an objective zoom of 63⇥. Although the

particle tracking was far more precise in this instance, only a few particles were viable

for tracking in such a constrained domain. Objective zoom of 20⇥ proved su�cient

in capturing the tracks of 15± 5 particles throughout a 30-second video.

The first image in figure 4.1 displays a brightfield view of a particular injected

organoid, ‘Organoid 4’, in the study. The two smaller images were obtained using the

confocal microscope with the optimal zoom 20⇥ objective, and additional 4⇥ optical

zoom. The left image is the brightfield layer and the right is the fluorescent layer of

a single region (position) imaged in ‘Organoid 4’ at the 24 hour time-point.

For a particle to be viable for tracking, it must be a singlet, and far enough away

from others, so as to avoid hydrodynamic interactions. As long as particles were more

than 3µm from another particle, a particles di↵usion is assumed to be una↵ected by

hydrodynamic interactions. After injecting the colloidal beads into the organoid,

some beads tend to disperse around the mucosal portion of the organoid, whereas

others settle to the bottom. The particles which successfully embed themselves in

the mucosal matrix sometimes aggregate, a↵ecting their di↵usion. For this reason,

only singlet beads are tracked—doublets, triplets and larger aggregates are ignored.

After obtaining the 30 second fluorescent-field imagery, the videos were first

converted from ‘.lif 0 files to ‘.avi0 files and saved to the particle tracking directory.

At this point, the particle tracking routine, detailed later and developed by [12],

may commence. After the video is loaded into the ‘polyparticletracker’ guided user
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Figure 4.1: ‘Organoid 4’ injected with 1µm fluorescent beads - top: Large scale view
of ‘Organoid 4’ captured in bright-field ; bottom left : Tracking scale (20⇥ objective,
additional 4⇥ optical zoom) bright-field view of ‘Organoid 4’ at particle tracking
position 3 of 8 (24hr timepoint) ; bottom right : Corresponding fluorescent-field image
(same region and timepoint as Bottom left).
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interface, the video is examined to ensure the video provides su�cient trackable

events. The region of interest is constrained if the trackable events occur in a specific

subregion of the video.

Many parameters must be adjusted to capture the particles of interest for this

study. First, a Gaussian filter with standard deviation of 2 pixels was applied to

smoothen the appearance of the particles. Next, the minimum radius was set to 3

pixels and the maximum was set to 7 pixels. Additionally, the eccentricity threshold

was adjusted to 0.65, which, along with radius bounds, allows the program to only

track singlet beads and ignore any aggregates. A minimum track length requirement

was added and set to 250 frames. Some particles dip in and out of the visible field

and those tracks are not of interest—this parameter requires tracks be longer than

250 frames in order for the track to be recorded in the output data. The parameter

‘Search for new particles in N-frames’ is adjusted to 40, allowing the program to only

search for new trackable particles every 40 frames. Lastly, the type of calculation used

to approximate the center of each particle is set as ‘polynomial fit gaussian weight’.

This essentially fits a two dimensional Gaussian curve over each particle (bright spot

in the fluorescent image) and records the peak of the signal.

Particle tracks are stored as a single cell array at the end of the routine. Each

of the entries is a particular particle’s track as a two column, n row matrix where

the ith row is the ith x = (x, y) position for a particle’s track. In the following

section, these particle tracks will be used to obtain mean squared displacement data

and subsequently the viscoelastic properties of the organoid’s mucus. Though only

colloidal particles are tracked throughout this study, the ‘polyparticletracker’ can also

be used to track motile bacteria.

The fluorescent image on the left of figure 4.2 shows a particular position imaged

within ‘Organoid 4’. The arrows point to six di↵erent 1µm fluorescent colloidal beads
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Figure 4.2: Example of beads tracked in ‘Organoid 4’ (position 3/8, 24hr timepoint)
(left) and their respective plotted tracks (right). The tracks display two distinct
behaviors: caged di↵usion and free di↵usion.

whose tracks are displayed in the right image of figure 4.2. These tracks display two

behaviors, Brownian motion with elastic caging—where particles’ motion is restricted

to an extremely local environment, as if they are bouncing around within a cage—and

less restricted Brownian motion. One bead even exhibits this caging behavior for a

while, before moving out of the first cage and into a second for the remainder of its

tracked period. It is important to note the distinction between doublets, triplets,

larger aggregates and the singlets of interest, as seen in the left image of figure 4.2.

The singlets which are are not labeled in the figure reflect particles which did not

meet the particle tracking criteria.

4.3 Microrheology Experiments

Once the particle tracks are obtained, they are used to calculate the particle’s

mean squared displacement (MSD) over time. The MSD is calculated as an ensemble
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average using the equation:

MSD(t) =
⌦
|x(t)� x0|2

↵
=

1

N

NX

i=1

|xi(t)� xi(0)|2. (4.1)

where N is the total number of particles to be averaged, xi
0 is the reference (initial)

position for the ith particle and xi(t) is the ith particle position at time t.

The time dependent MSDs are then fit with an exponential model, where ↵

represents the exponential slope of the MSD profile. ↵ values provide a good measure

for a particle’s di↵usive behavior. Particles which experience significant caging, or

are di↵using through an elastic environment, will have a lower ↵ value, whereas freely

di↵using particles have an ↵ value ⇡ 1.0. A particle which is fit with ↵ > 1.0

is considered to be exhibiting super-di↵usive behavior. In [11], authors performed

similar analysis and determined ↵ values to be reliable for 0 < ↵ < 2.0. The

exponential model is formulated as follows:

MSD(t) ⇡ �t↵. (4.2)

At this point in the study, a series of control experiments were conducted to

ensure the particle tracking routine was accurate and robust. 1µm fluorescent beads

were injected into phosphate bu↵ered saline (PBS - pH ⇡ 7.4 bu↵er), as well as

15mg/mL and 30mg/mL concentrations of human gastric mucus. Particle tracking

was conducted for all videos obtained from the three sample control media. Figure 4.3

reflects the ensemble time dependent MSD profiles for beads injected into the three

media, and imaged with two di↵erent confocal zoom settings: 20⇥ objective with

additional 4⇥ optical zoom and 10⇥ objective with an additional 4⇥ optical zoom.

Though the 10⇥-zoom MSD profiles are displayed in this plot, only the bold 4⇥-zoom
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MSD profiles were used as means for control.

The control MSD profiles were then fit with the exponential model (4.2),

providing individual and ensemble ↵ values for beads in each medium. PBS and

HGM are primarily made of water, and therefore the beads should exhibit freely

di↵usive behavior when embedded in such media. From [11], purely viscous particle

di↵usion (free di↵usion) corresponds to ↵ ⇡ 1.0, and purely elastic particle di↵usion

corresponds to ↵ ⇡ 0.00. Ensemble particle MSDs reveal values: ↵ = 0.971(±0.083)

for PBS, ↵ = 0.946(±0.135) for 15mg/mL HGM, and ↵ = 1.034(±0.207) for

30mg/mL HGM. These values are extremely close to 1.0 (1.0 ± 0.2) and prove the

tracking routine is viable in collecting positional information. An additional test

experiment was conducted to further validate the routine’s capabilities. A sample

video of beads in water was obtained from the authors of [19]. The beads in water

once again proved the routine capable—with calculated ↵ ⇡ 1.0.

Mean squared displacements for all particles tracked are next run through the

microrheology routine, where viscoelastic material properties are extracted. Though

human gastric organoids appear, at first, to be relatively homogeneous (as seen

in figure 4.1), no study (that could be found in documentation) has performed

microrheology experiments within organoids to determine the viscoelastic properties

within an organoid. The following section outlines the approach taken to extract

frequency dependent viscoelastic properties within human gastric organoids. The

routine was developed in accordance with the microrheology experiments conducted

in [12] and [11]. Scripts obtained directly from the authors of [19] were adapted

to perform the following analysis. MSDs are used to calculate the local viscoelastic

spectrum G̃(s) where s is the Laplace frequency. Subsequently, G̃(s) was used to

calculate the complex storage loss modulus G⇤(!) = G0(!) + iG00(!). Here, G0(!)

represents the storage (elastic) modulus, G00(!) represents the loss (viscous) modulus,
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Figure 4.3: Time dependent ensemble MSD profiles of 1µm fluorescent beads di↵using
through di↵erent control media. The bold profiles represent data obtained with the
desired imaging conditions (20⇥ objective, and additional 4⇥ optical zoom). Control
MSDs in various media - blue: phosphate bu↵ered saline (PBS) ; black : human gastric
mucus (HGM) at 15mg/mL concentration ; red : human gastric mucus (HGM) at
30mg/mL concentration.
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and frequency ! = 2⇡
t .

Assuming the local viscoelastic modulus around each particle is near the bulk

viscoelastic modulus present within the organoid, then G̃(s) can be calculated from

MSD(t) [12]. This is a major assumption for this study as it is later determined local

viscoelastic moduli to be quite heterogeneous throughout an organoid. However, given

this assumption G̃(s) is calculated from the Laplace transform of MSD(t) (denoted

h4r̃2(s)i and using the generalized Stokes–Einstein equation (GSE) as proposed in

[11]:

G̃(s) =
kBT

⇡Rs h4r̃2(s)i , (4.3)

where kB is Boltzmann’s constant, T is temperature (�K), R is the particle’s radius

(µm)(in our study, 0.5µm), and s is the Laplace frequency.

From [11], we know G̃(!) ⇡ G⇤(s) by letting G⇤(!) = G̃(s = i!), where G⇤(!)

is an equivalent formulation of the GSE and ! = 2⇡
t is standard frequency. Now, the

complex storage loss modulus G⇤(!) = G0(!) + iG00(!) has been obtained as:

G⇤(!) = G0(!) + iG00(!), (4.4)

where G0(!) represents the storage (elastic) modulus, G00(!) represents the loss

(viscous) modulus. At this point, the frequency dependent elastic and viscous moduli

are graphed as in the right plot in figure 4.4. The left image in figure 4.4 shows

individual and ensemble bead MSDs, with respect to time, which were used to

calculate the ensemble frequency dependent complex storage-loss modulus (right plot

in figure 4.4). It is important to note G⇤(!) cannot be trusted at the frequency

extremes, as discussed in [11]. However, G⇤(!) is trusted for ! 2 (10�1, 101) as

discussed in [11].

Numerically, the code provided from authors of [19] performs one interesting
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Figure 4.4: MSDs and resultant ensemble complex modulus from ‘Organoid 4’ 24hr
after injection - left : individual (green (light gray)) and ensemble (blue (dark gray))
MSD profiles of all beads tracked ; right : the resultant elastic (red (gray circles)) and
viscous (blue (dark gray x’s)) moduli.

calculation: calculating the numerical Laplace transform of MSD(t) as h4r̃2(s)i. The

details for numerical methods used to ultimately obtain G⇤(!) are in [12].

4.4 Methods

4.4.1 Particle Tracking Routine

The following instructions detail the routine used to track particles’ movement

throughout a video (.avi video, or .ti↵ image sequence). The imagery used for particle

tracking in this study consists of 30 second videos. The videos were imaged using a

confocal microscope with objective zoom of 20⇥ and an additional optical zoom of

4⇥. The following instructions use functions, and are adapted, from [14].

Obtaining Particle Tracks:

Before proceeding, the uncompressed package ‘polyparticletracker’, as well as

the .avi file of interest (or, .ti↵ image sequence) must be loaded into the current
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directory. The .zip package includes the scripts ‘polyfitweighted2.m’, ‘polyparticle-

tracker.m’, ’polyparticletracker gui.fig’, ‘polyparticletracker gui.m’ and ‘polyval2.m’.

Additionally, the following routine is compatible with Matlab 2009b (or earlier) and

will not work for more current versions of Matlab, without adaptation.

In the Matlab command window...

1: Type “ data = polypatricletracker gui ” .

In the GUI...

2: Input the parameter ‘ Filename ’ as “ example.avi ” .

* Following each input below, values which were used to analyse the videos in

this study will be displayed as ( V ) . However, these values should be adjusted

to track whichever particles are of interest. *

3: Input the parameter ‘ Noise length ’ as value ( 2 ) .

4: Input the parameter ‘ Eccentricity threshhold ’ as value ( 0.65 ) .

5: Input the parameters ‘Maximum radius ’ and ‘Minimum radius ’ as values

( 7 ) and ( 3 ) , respectively.

6: Input the parameter ‘ Minimum track length (frames) ’ as value ( 240 ).

7: Input the parameter ‘ Search new particles in N ’ as value ( 40 ) .

8: Select ‘ Polynomial Fit Gaussian Weight ’ (bottom right of GUI). * Here,

changing the region of interest (by selecting ‘ Change ROI ’ ) can allow for

faster processing and may be useful when tuning the previous parameters. *

9: Click on the ‘ Start! ’ command.

10: When the program no longer says ‘ Running! ’ in place of ‘ Start! ’ , select

‘ Exit ’ .

In the Matlab command window...

11: Type “ data = data.tr ” .

12: Save the particle track list by two-finger clicking on the variable ‘ data ’ and
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clicking ‘ Save As... ’ .

Done - The saved ‘ data ’ is a cell-array with each entry a matrix containing

(x, y) coordinate positions of a particular particle’s track.

4.4.2 Microrheology Routine

The following routine details the instructions needed to obtain ensemble and

individual mean squared displacements (MSDs) of all particle tracks (and respective

x). The MSDs are fit to an exponential model—where exponent ↵ reflects the bead’s

(bead ensemble’s) type of di↵usivity—and are also used to calculate ensemble and

individual frequency dependent viscoelastic modulus G = G0+ iG00 (and respective !)

of all particle tracks. The script ‘ microrheolgyanalysis 01 01 22.m ’ also calculates

the ensemble and individual G0(1 rad
s ), G00(1 rad

s ), tan�(1 rad
s ). The functions and

Matlab scripts used in the following routine were adapted from scripts used in [19].

(G0 is the elastic component and G00 is the viscous component)

Obtaining Microrheology Calculations:

Before proceeding, the uncompressed package ‘microrheologyanalysis 01 01 22’,

as well as the saved particle tracking data must be loaded into the current directory.

The .zip package includes the scripts ‘calc G.m’, ‘logderive.m’, ‘Mean SD many single beads E.m’,

‘Mean SD many single beads.m’, ‘making logarithmically spaced msd vs tau.m’, ‘microrheologyanalysis 01 01 22.m’,

‘polyfitw.m’, ‘space125.m’ as well as example data ‘water.mat’. Additionally, the

following routine is compatible with Matlab 2009b (or newer).

In the script ‘ microrheologyanalysis 01 01 22.m ’...

1: Input the actual pixel size (µm) ( line 7 ).

2: Input the frame rate (f/s) ( line 12 ).

3: Input the radius of the particles which were tracked (µm) ( line 24 ).

4: Input the temperature of the environment when the particles were imaged (�K)
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( line 26 ).

In the Matlab command window...

5: Type “ microrheologyanalysis 01 01 22 ” .

6: Type the filename for the tracking data as “ ‘example tracks data.mat’ ” .

4.5 Results

As previously stated, 8 organoids were injected, imaged and tracked. Previously,

it was assumed organoids’ mechanical properties are relatively homogeneous, however

analysis in this study will reveal this is not completely true. The following section will

discuss the results obtained from executing the particle tracking and microrheology

routines for varying locations and time-points throughout the organoid. The following

analysis was obtained from running the particle tracking and microrheology routines

on 30-second 2D confocal fluorescent field videos with 15 ± 5 trackable beads per

video. There were 6 ± 2 positions imaged within each organoid, at 24, 48 and 72hr

after the bead injection. Though temporal and spatial variation were included in

this experiment, no viable spatial or temporal trends were established following the

analysis.

First, ↵ values were obtained from every trackable bead injected into an organoid.

The ↵ values were extremely variable, but centered around ↵ ⇡ 0.38 with a range

↵ 2 (0.01, 1.00) and standard deviation � = 0.21. Given such a large standard

deviation, it is extremely di�cult to characterize the entire population of beads’

di↵usive behavior. Though the ensemble value between all organoids is ↵ = 0.38,

every particle does not di↵use in the same elastic manner as the ensemble value

would suggest. Some organoids even had some beads which were elastically caged

and other beads which freely di↵used. These two groupings of behavior are evident

in the MSD plot on the left of figure 4.4. From this figure, it is quite evident there
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exists a bimodality of particle’s di↵usive behavior within ‘Organoid 4’ at the 24hr

time-point. Particles in additional organoids and time-points displayed these two

di↵usive behaviors, whereas all particles in some organoids proved to di↵use elastically

and appear to be caged. Additional statistical analysis may reveal some spatial and

temporal variation for ↵ values. However, this study reveals an immense heterogeneity

between individual particles’ ↵ values in a particular organoid and ensemble ↵ values

between organoids, positions and time-points after injection.

After ↵ values were calculated for all particles in all organoids, numerical

methods for solving (4.3) are used to calculate the frequency dependent complex

storage-loss modulus G⇤(!) = G0(!) + iG00(!), for all particles in all organoids,

at all positions and time-points. The ensemble frequency dependent storage-loss

modulus was plotted for each organoid at each time-point as in the right plot of

figure 4.4. Here, the red circles represent the elastic component G0(!) and the blue

x’s represent the viscous component G00(!) at a particular frequency. Here, ! values

represent the frequency at which the environment (surveyed by colloidal particles)

are perturbed. Given a particular perturbation frequency, G0(!) and G00(!) values

reveal the organoids viscoelastic properties. For the right plot in figure 4.1, when

the elastic component is greater than the viscous component, the organoid’s mucus

deforms elastically. Similarly, when the viscous component is greater than the elastic

component, the organoid’s mucus deforms viscously, allowing for greater particle

di↵usion.

For the particular organoid plotted in figure 4.4 (‘Organoid’ 4 at 24hr time-

point), microrheology of the bead ensemble reveals both elastic or viscous behavior

for di↵erent perturbation frequencies. For the frequency range ! 2 (10�0.9, 10�4),

the mucosal environment in ‘Organoid 4’ (at the 24hr time-point) appears to

deform viscously. For all other frequencies, the mucosal environment appears to
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deform elastically. At all time-points, the ensemble MSD profile of ‘Organoid 4’

reveals viscous behavior in some frequency regime. When the same analysis was

performed on all other organoids, the viscous component G00(!) never prevailed at

any perturbation frequency. Instead, all other organoids, at all time-points, appear to

deform elastically. That being said, there are some particles in each organoid which

di↵used freely throughout their environment; though the ensemble of particles showed

elastic behavior. Though viscosity and elasticity is obtained for all frequency values,

the following analysis will focus on the calculated elasticity and viscosity at ! = 1 rad
s ,

G0(! = 1 rad
s ) and G00(! = 1 rad

s ), respectively.

The storage and loss component values at ! = 1 provide an estimate for the

standard elasticity and viscosity of the mucosal environment within an organoid. The

ensemble MSD for particles in a particular video (position) were used to calculate

G0(! = 1 rad
s ) and G00(! = 1 rad

s ) for all organoids at all time-points. Ensemble

G0(1 rad
s ) and G00(1 rad

s ) data for all positions (videos) tracked (in all organoids,

at all timepoints) is plotted as the first two plots in figure 4.5. Additionally,

tan�(1 rad
s ) = G00(1 rad

s )/G0(1 rad
s ) was calculated and plotted as the bottom plot in

figure 4.5. tan�(1 rad
s ) is of particular interest as it reveals if the mucosal environment

is behaving viscously or elastically. In the tan�(1 rad
s ) plot of figure 4.5, for points

below the dashed line, elasticity prevails. Similarly, for points above the dashed line,

viscosity prevails. In all plots of figure 4.5, each red point is the ensemble average of

beads tracked in one 30-second video for a particular organoid (‘Organoids 1–9’ are

organized left to right at each time-point; There are only three discrete time-points).

In this figure, each black point represents ensemble averages calculated from all beads

tracked in all organoids at one particular time point.

As evident in the tan�(1 rad
s ) plot of figure 4.5, the majority of particle ensembles

for di↵erent organoid positions reveal elastic behavior. Some red points are above
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the dashed line, revealing some positions as viscous regions based on the ensemble

behavior of particles within this position (video). Statistical analysis has not been

utilized to establish any temporal or spatial trends ofG0(1 rad
s ), G00(1 rad

s ) or tan�(1 rad
s ).

However, the analysis conducted in this study reveals immense heterogeneity of

the mucosal mechanical properties present between organoid positions, and at all

scales. Additionally, the microrheology analysis performed reveals heterogeneity in

the general population of organoids sampled. Further analysis, and larger sample

populations may reveal some trends of the mechanical properties of human gastric

organoid’s interior structure. However, this study is concluded with the observation

that organoids are not as homogeneous as they are believed. This study reveals much

greater heterogeneity and complexity of human gastric organoids than was previously

assumed.

4.6 Conclusion

This study concludes with microrheology analysis as an acceptable means

for sampling extremely local mucosal environments in human gastric organoids.

Particle tracking and microrheology analysis of these organoids reveal immense

heterogeneity throughout an organoid, spatially, and among organoid populations.

Though further statistical analysis may reveal some spatial or temporal trends for the

mucosal mechanical properties present within human gastric organoids, this study

has concluded with an obvious viscoelastic diversity present within and between

HGOs. By injecting colloidal particles within a small population of HGOs, the

mechanical properties within the organoids were sampled in various regions, through

means of particle tracking and microrheology. This study is the first of its kind

and provides the framework for future research utilising microrheology to analyze

organoids’ viscoelastic characteristics.
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Figure 4.5: Calculated G0(1 rad
s ), G00(1 rad

s ) and tan�(1 rad
s ) values for all videos in all

organoids at all timepoints following injection. In all plots, red (light gray) points
represent ensemble values for one particular position imaged in one one organoid.
The black points represent all red points averaged at one timepoint after injection.
Top left : G0(1 rad

s ) (elasticity) ; top right : G00(1 rad
s ) (viscosity) ; bottom: tan�(1 rad

s )
(G00(1 rad

s )/G0(1 rad
s )) values.
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CHAPTER FIVE

CONCLUSION

Within this thesis, nonlocal models were first examined and studied as methods

developed with aims in biological applications. The Cucker–Smale flocking model

kicked o↵ a stream of nonlocal models constructed to simulate various biological

behaviors. Nonlocal models for Lévy flights in crime, aggregation and swarming

models are next examined so as to provide background in the importance of

nonlocality in biology. In Chapter 3, a very di↵erent type of nonlocal model is

examined and utilized in analysing and predicting the behavior of competitive-

inhibitory repulsive bacterial colony fronts. Image processing and analysis techniques

were used to track boundary dynamics and to obtain optimal model parameters for

use in bacterial simulation.

In Chapter 4, further image analysis techniques were used to track particles

exhibiting Brownian motion throughout human gastric organoids. Microrheology

techniques were used to extract viscoelastic properties present within organoids’

closed-cell membranes. Analysis of the viscoelastic moduli reveals an extremely

heterogeneous mucosal structure which tends to behave elastically in the majority

of local mucosal environments sampled. This thesis is concluded with a further

understanding in utilizing imagery data to obtain observationals of biologic systems.

In two instances, obtained imagery data was used to make qualitative and quantitative

conclusions of biological behavior present within our experimental systems—repulsive

bacterial colonies and viscoelastic mucus within human gastric organoids.
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