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Abstract:
This thesis presents a nonlinear least squares approach that iteratively updates the parameter estimate
while stepping through the data set. The approach presented proceeds by first computing the parameter
estimate for a reduced portion of the data set and then adding consecutive data samples and
recomputing the parameter estimate for the new data set. This process repeats until a final parameter
estimate for the entire data set is obtained. This approach was developed to estimate the parameters of
systems that can be modeled by differential equations. Two routines, referred to collectively as the
continuation methods, that utilize this approach are examined. One method steps through the data space
using an arbitrary schedule supplied by the user. The other routine computes the number of consecutive
data samples to add on each iteration. The continuation methods were validated by comparing their
performance to an implementation of Levenburg-Marquardt. Experimental results obtained from a wide
variety of functions and dynamic data obtained from a practical fuel cell power system demonstrated
that the continuation methods have significantly larger regions of convergence than the traditional
Levenburg-Marquardt approach. 
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ABSTRACT

This thesis presents a nonlinear least squares approach that iteratively updates the 
parameter estimate while stepping through the data set. The approach presented pro­
ceeds by first computing the parameter estimate for a reduced portion of the data set 
and then adding consecutive data samples and recomputing the parameter estimate 
for the new data set, This process repeats until a final parameter estimate for the 
entire data set is obtained. This approach was developed to estimate the parameters 
of systems that can be modeled by differential equations. Two routines, referred 
to collectively as the continuation methods, that utilize this approach are examined. 
One method steps through the data space using an arbitrary schedule supplied by the 
user. The other routine computes the number of consecutive data samples to add on 
each iteration. The continuation methods were validated by comparing their perfor­
mance to an implementation of Levenburg-Marquardt. Experimental results obtained 
from a wide variety of functions and dynamic data obtained from a practical fuel cell 
power system demonstrated that the continuation methods have significantly larger 
regions of convergence than the traditional Levenburg-Marquardt approach.
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INTRODUCTION

Least squares estimation is a common solution to the problem of determining 

unknown system parameters from a measured data set. Least squares fitting estimates 

the actual parameters of a modeled system by minimizing the sum of the squared 

errors between the estimated and measured data. Two major categories of least 

squares fitting are linear least squares and nonlinear least squares (NLS) estimation. 

Linear least squares can be used when the function relating the system model is linear 

from the parameters to the output. Otherwise, NLS is used [I].

NLS estimation routines generally update an initial parameter estimate 0O iter­

atively to obtain the final estimate 9. These routines generally converge only for a 

limited range of initial guesses. The continuation methods presented in this thesis 

were developed to increase the region of convergence (ROC) provided by least squares 

estimation. Development of the continuation methods was motivated by the desire 

to estimate the parameters of an induction motor from transient stator current mea­

surements. A general approach for estimating the parameters of these motors based 

on increasing amounts of data was proposed in [2] and the continuation methods 

presented in this thesis are an extension of this research. The continuation methods 

are based on the NLS approach and were developed to estimate the parameters of 

systems that can be modeled by differential equations.

Systems that can be modeled by differential equations represent a broad class of 

useful problems. The continuation methods developed in this thesis are beneficial 

whenever an accurate initial guess for a system that can be modeled by differential 

equations is not available or easy to obtain. Two interesting specializations of this 

problem class are noninvasive system diagnostics and identification of fuel cell model 

parameters. One example of noninvasive system diagnostics is the Nonintrusive Load 

Monitor (NILM) [3, 4, 5, 6, 7, 8]. This device is installed at a centralized location in a
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power distribution network and monitors electrical transients to determine the condi­

tion of the individual loads in the network. This requires the NILM to identify a wide 

range of systems without an accurate initial guess for every transient. Another inter­

esting specialization of this problem class is the identification of fuel cell parameters. 

Much research has focused on the development of steady-state [9, 10, 11, 12, 13] and 

dynamic [14, 15, 16, 17, 18] models for fuel cells. System identification using these 

models can improve the design of individual fuel cells and fuel cell power systems.

This thesis begins with an overview of least squares estimation in Chapter 2. The 

description in Chapter 2 includes general least squares estimation along with the 

Gauss-Newton and Levenberg-Marquardt methods. Chapter 3 introduces the con­

tinuation methods and examines the computations involved with each method. The 

continuation methods are compared to a traditional Levenberg-Marquardt routine 

using simulated data sets in Chapter 4 and using dynamic data obtained from a prac­

tical fuel cell power system in Chapter 5. Chapter 6 summarizes the experimental 

results and provides suggestions for future research.

t
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LEAST SQUARES ESTIMATION

This chapter summarizes the mathematical computations involved with least 

squares estimation and the Gauss-Newton and Levenberg-Marquardt iterations. The 

overview provided is intended to facilitate a description of the continuation methods 

and the problem of local minima from a mathematical point of view. This review is 

not exhaustive. More rigorous treatments of these topics are given in [19, 20, 21].

The primary purpose of least squares is to determine an m  dimensional parameter 

vector 6 that minimizes the error between an n  dimensional measurement vector y 

and an n  dimensional estimate vector y  given an p dimensional input vector u and a 

function relating these quantities

y = f(9,u). (2.1)

The error measure for least squares is the loss function

V(6) =  \  ZXw -  Vi)2 = t̂ Q, (2.2)

where r is the n dimensional residual vector defined by

r = y - y .  (2.3)

The loss function (2.2) produces a maximum likelihood estimate when the data has 

normal, identically distributed, and independent errors [20].

Linear Least Squares

Linear least squares is applied to systems that are linear in the parameters. These 

systems can be expressed
m 

i=l
(2.4)



4

where fa represents the %'th component of /  in (2.1) except f  is no longer a function 

of 9. Linear systems can also be expressed using the linear matrix equation

V =  AO, (2.5)

where y is linearly related to the parameters 9. If the system is linear in the param­

eters, it is possible to obtain the final least squares estimate in a single iteration. If 

to =  n then the solution can be found by inverting A as follows

9 = A~ly (2.6)

If n > to then the pseudo-inverse must be utilized. When n > m  the linear least 

squares problem is often solved using the singular value decomposition (SVD) [20, 22].

Non-Linear Least Squares

If a system is not linear in the parameters nonlinear least squares must be applied. 

Nonlinear least squares is applied to systems that are expressed

y(u) = f(9,u), ' (2.7)

where the parameters 9 are inside the nonlinear function f .  These systems require an 

iterative approach to minimize the loss function in (2.2). Many methods exist that 

solve the NLS problem. However, the Levenberg-Marquardt method [23, I, 24] and 

its variations [25, 26] are most commonly used [20].

The Levenberg-Marquardt method is an adaptation of the Gauss-Newton method. 

The Gauss-Newton iteration is

g(A+i) =  + (2.8)

5g n  =  (Jr J ) -1 J3rY, (2.9)
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Increasing A

A =  100
A =  0, £

A =  10

Fig. 2.1. An illustration of the relationship between Sgn and SLM.

where J  is the Jacobian matrix [19] with elements

( 2 . 10)

9
The Levenberg-Marquardt step Slm follows Sqn with an additional weighting term 

that allows the step to interpolate between the steepest decent direction and Sqn- 

The Levenberg-Marquardt step is given by

Slm = (J7V +  \ D T D)~lJTr, (2.11)

where A and sometimes D are changed on each iteration [27]. The term A is often 

referred to as the Levenberg-Marquardt parameter and D is a weighting matrix that 

accounts for the scaling of the problem. Implementations of Levenberg-Marquardt 

vary primarily in how D and A are computed [24]. Notice that Slm approaches Sqn 

as A —> 0 and Slm reduces to zero and approaches the steepest-descent direction as 

A increases with D = I  [20]. The relationship between Sgn and Slm is illustrated in 

Fig. 2.1.

The disadvantage of most NLS estimation algorithms, and Gauss-Newton and 

Levenberg-Marquardt in particular, is that they evaluate the loss function using local

J i,j -
Ori
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information. Thus, they converge to the minimum closest to the initial parameter 

estimate. This is a significant problem because the loss function of a nonlinear system 

can have many local minima. Routines that evaluate the loss function using local 

information are susceptible to local minima because the derivative of the loss function 

is zero at both global and local extrema. The derivative of the loss function at any 

extrema is

y v ie) =  2 EXmr dfe ••• s f c ) ri2 =  °- ■ (2-12)
Z i=l '

Expanding this derivative yields
n

W (9 )  =  E f f e  k  ■" & )r< -  (2.13)i—I
Noticing that the term

( &  &  & )  (2-14

is a row of the Jacobian matrix defined in (2.10), it follows that [24]

=  E ( S )  S )  S ; ) n  = - ( J 5V y  =  O, (2.15)
i= l

Slm  =  (JTJ  +  \ D TD )-1J Tr =  0. (2.16)

The Levenberg-Marquardt step Slm  is zero at a local minimum and the iteration does 

not improve the parameter estimate.

An Example of Local Minima

Estimating the frequency of a sine wave illustrates the problem of local minima. 

Traditional NLS routines that utilize local information generally require an accurate 

initial guess to estimate the frequency of a sine wave. Suppose the observed data is 

given by the function

V = sin(6t), (2.17)
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Fig. 2.3. Loss function for (2.17).
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where t is a time vector on the interval [0,10] seconds with a sample rate of 100 

samples/sec (see Fig. 2.2). The loss function for this observation set is shown in 

Fig. 2.3. Many local minima exist in this loss function. Traditional least squares 

approaches will only converge to the actual frequency if the initial guess is within 

the concave-up region directly surrounding the global minimum. For this example, 

traditional least squares routines will converge to the actual parameter estimate only 

if the initial guess is within approximately 7.5% of the actual value over the interval 

[0,10]. This is a very small region of convergence. The disadvantage of NLS routines 

that use local information is that their convergence completely depends on the initial 

guess and the shape of the loss function.
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THE CONTINUATION METHODS

The Approach

Before the specific computations of the continuation methods are presented it is 

necessary to understand the fundamental approach of the routines. The continuation 

methods avoid local minima and increase the ROC by stepping iteratively through 

the data space and solving the NLS problem on each iteration. One iteration through 

the continuation methods corresponds to one minimization of the loss function (2.2) 

for a particular number of data points Njt. The continuation methods update the 

data set by adding consecutive data samples. That is, they begin with the first data 

point di and add data points following the scheme

(di d2 d3 ■■■ dNk ■■■ dNk+1 • • • dNmax)

where di represents the i ’th data point, is the number of data points evaluated on 

the k’th  iteration and Nmax is the maximum number of data points in the observation 

set. The general approach taken by the continuation methods is

1) Obtain the initial data points to evaluate JV&=o

2) Minimize the loss function over Nk

3) Increase the data set to Nk+i

4) Repeat 2) and 3) until Nk = Nmax and 

the convergence criteria is met.

Both continuation methods follow the general approach outlined above. However, 

they differ in how they obtain the initial number of data points Nk^o, how the data 

space is updated on each iteration, and how the parameter estimate is computed. The 

specific differences between these routines are examined in the following sections. For
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Parameter Estimate (9)

Fig. 3.1. Contour plot of the loss function of (2.17). The colors on the contour map 
indicate the magnitude of the residual norm of the loss function. In order of 

increasing magnitude the colors are; blue, green, yellow, and red.

now it is sufficient to notice that the iterative approach taken by the continuation 

methods can reduce the nonlinearity of the function for small Nk. This reduction in 

nonlinearity decreases the number of local minima in the loss function and increases 

the likelihood of converging to the global minimum.

The sine wave of (2.17) demonstrates how iteratively updating the data set can 

reduce the number of local minima and increase the ROC. The measured data for 

(2.17) is shown in Fig. 2.2. A contour plot of the loss function for (2.17) versus the 

number of data points N  is shown in Fig. 3.1. As the number of data points decreases 

the number of local minima decrease as well. Reducing the number of local minima in 

the loss function for small N  provides a large ROC for the function evaluated at small 

N. Once the continuation methods converge to the global minimum for small N, they
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will successfully converge to the global minimum of the entire data set if they stay 

within a region of quadratic convergence and the loss function is smoothly deforming. 

The constraint of a smoothly deforming loss function implies the continuation meth­

ods should be applied to systems for which the loss function continuously evolves as 

the number of data samples increases. The continuation methods can be applied to 

these systems because the loss function for an increased number of samples can be 

reasonably determined from the loss function for the previous number of sam ples. 

Systems that can be modeled by differential equations fall into this category because 

they are solved by integrating continuous functions. For these systems, a change in 

the parameters on the order of the error in the parameters generally results in mono- 

tonic behavior of the loss function. The continuation methods use this behavior of 

the loss function to increase the ROC.

The Simple Continuation Method

Each iteration through the simple continuation method (SCM) involves two main 

tasks; I) update the parameter estimate 9 and 2) update the data set A^. The SCM 

updates the parameter estimate using a weighted Gauss-Newton method and updates 

the data set by following the schedule defined in a user supplied vector N. The data 

set was updated using an arbitrary schedule contained in N  to facilitate a study 

of how the step in the data space affected the convergence of the SCM. A weighted 

Gauss-Newton iteration was used to update the parameter estimate because, if applied 

correctly, iteratively updating the data set keeps the routine in a region of quadratic 

convergence on all but the first iteration. When the convergence is quadratic, the 

Gauss-Newton approach is as good as any other NLS estimation technique. The
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following sections detail the computations used by the SCM to update the parameter 

estimate and the data space. The Octave code for the SCM is given in Appendix A.

Updating the Parameter Estimate

The SCM updates the parameter estimate using a weighted Gauss-Newton ap­

proach. The SCM follows the traditional Gauss-Newton step with the addition of a 

weighting matrix P. The weighting matrix P  contains information about the variance 

in the fitted parameters and is computed

P = P0 + JTJ, (3.1)

where J  is the Jacobian of the current data set evaluated at the previous parameter 

estimate and P0 is the initial weighting matrix. The SCM updates the parameter 

estimate 9 with a step

Sg = - P - 1Jt T, (3.2)

where J  is the Jacobian and r is the residual. The step in parameter space is the 

Gauss-Newton step Sqn multiplied by the variances of the fitted parameters 9. The 

initial weighting matrix P0 in (3.1) provides the expected variance of the initial guess 

and is supplied by the user. If the user expects the parameters to have a variance of 

approximately p%, then Po should be defined

/_h_
p*5i 0 0 •• 0 \
0 I

p*§2 0 •• 0
0 0

P*§3
0 , (3.3)

V 0 0 o ' •• I )
p*e„
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where Oi is the z’th parameter in the initial guess 6. Equations (3.2) and (3.3) assure 

that the step in parameter space is proportional to the expected variance in the 

estimate.

Updating the Data Set

A user supplied vector N  defines the steps taken by the SCM through the data 

space. The vector N  must completely define the data set and supply the number of 

samples to evaluate on each iteration. For example, if the data set consists of a total 

of Nmax data samples, N  may be defined

JV= (20 40 60 AL,= )

although the size of the step in the data space does not need to be constant. However, 

for this thesis, the SCM updated the data set with a constant step size. The constant 

step size A# defined the number of data points evaluated on the first iteration and 

how many data points were added on subsequent iterations. For an arbitrary A# the 

schedule taken through the data space was

N  =  ( Ajv 2Ajv 3Ajv • • • Nmax)

Specifically, if the measured data consists of 1000 samples and Ajv =  50 then the 

continuation method would step iteratively through the data space according to the 

schedule

N =  (50 100 150 ••• 950 1000).

This simple approach allows the user to adjust the step in the data space Ajv based 

on the complexity of the problem and allowed a study of the affect of A n on the 

convergence of the SCM.

Illustrations of how the SCM updates the parameter estimate as it steps iteratively 

through the data space are given in Figs. 3.2 and 3.3. These contour plots demonstrate
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Parameter Estimate (0)

Fig. 3.2. Contour plot demonstrating how the SCM updates the parameter estimate 
as it steps through the data space with A# = 20.

how the SCM estimated the parameters of the single parameter sine wave function 

(2.17) for varying A/v. Figures 3.2 and 3.3 illustrate how the SCM updates the 

parameter estimate as it steps through the data space with A n =  20 and A/v =  50, 

respectively. When A n = 50, the SCM almost falls into a local minimum (Fig. 3.3). 

This implies that the ROC is maximized by keeping A n small.

The Adaptive Continuation Method

The adaptive continuation method (ACM) updates the parameter estimate with 

a Levenberg-Marquardt step and updates the data set using a trust region approach. 

The hyper-ellipsoidal trust region limits the step in the data space so the ratio between



15

Parameter Estimate (6)

Fig. 3.3. Contour plot demonstrating how the SCM updates the parameter estimate 
as it steps through the data space with A n =  50.

the step in parameter space and the standard error of the parameters is less than the 

variance of the measurement noise. The trust region was generated using the standard 

error of the parameters and the measurement noise because they provide an indication 

of the precision of the estimated parameters and measured data, respectively. The 

parameter estimate was computed using a Levenberg-Marquardt iteration because it 

is the most common NLS estimation approach used today [20].

Updating the Parameter Estimate

The ACM updates the parameter estimate via a Levenberg-Marquardt step that 

is based on the method proposed by Jorge More [27] and its corresponding implemen­

tation for the MINPACK project. The approach utilized by the ACM differs from



16

the Levenberg-Marquardt method derived for the MINPACK project by taking the 

SVD, instead of the QR decomposition, of the Jacobian. The SVD was used because 

it provided access to the singular values of the Jacobian which improves performance 

on poorly conditioned problems [22].

The ACM computes a step in the parameter space 8§ using a traditional LM step. 

The step is computed such that

Vct < eps, (3.4)

Il DSi Il < V, (3.5)

or

> eps, (3.6)

VlIQ

(3-7)

where 77 is the step bound, a is the desired relative error in the step bound, D is a 

weighting matrix, and eps is the machine precision. When N  < Nmai the data set is 

updated whenever a parameter estimate 6 leads the ACM into a region of quadratic 

convergence. When N  = Nmax the parameter estimate 0 is updated until one of the 

convergence criteria is satisfied. For a detailed description of the computations used 

by the ACM to update the parameter estimate see Appendix B and Appendix E.

Updating the Data Set

Once a parameter estimate that results in quadratic convergence has been com­

puted for a given A&, the data set is updated. The initial number of data points was 

computed

ArZb=O =  max (5 .05 * Nmax ). (3.8)

Equation (3.8) was used because it significantly reduced the complexity of the loss 

function and produced excellent results when applied to the functions used for vail-
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dation. This Nk=0 is not optimal for all problems. Determining an optimal Nk=0 for 

all possible functions is outside the scope of this thesis. However, relatively simple 

solutions to this problem exist. One solution is to allow the user to supply N k=0 

based on their knowledge of the function. Another solution can be derived from the 

observation that the elements in the rows of the Jacobian matrix of a linear system 

are equal. This solution can be implemented by computing the Jacobian for a rel­

atively large portion of the data set, say 10-20%, and continually reducing the size 

of the data set until the elements in the rows of the Jacobian are equal within some 

tolerance. This assures that the ACM sufficiently reduces the nonlinearity of the data 

set.

On subsequent iterations the number of samples added is determined using recur­

sive least squares (RLS) [19], the standard errors of the parameters, and the mea­

surement noise. The standard errors of the parameters ag are given by the diagonal 

elements of the matrix

C = (Jt J ) - 1 (3.9)

<ro(i) = y/Cu (3.10)

where J  is the Jacobian and ag(i) is the standard error of the f th  parameter [I]. The 

ACM chooses a step in the data space that keeps the step in the parameter space 80 

within a hyper-ellipsoidal trust region that is generated from the standard error of 

the parameters and the measurement noise. The trust region is defined by

Il CyT1 (̂ Arfc+! -  ^Nk) ||< <Jn , „ (3.11)

Il ~  W  ll< I, (3.12)CrW

where 0]yk+1 is the RLS parameter estimate for the updated number of samples, O^k 

is the parameter estimate for the number of samples evaluated on the A;’th (last) 

iteration, is the variance of the measurement noise, and Ca is a diagonal matrix
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that contains the standard errors of the parameters defined in (3.10). The ACM 

updates the data space one sample at a time until the ratio of the difference between 

the recursive least squares (RLS) solution of the parameter estimate at the updated 

number of samples 0Nk+l and the parameter estimate at the original number of samples 

^Nk to the standard errors of the parameters exceeds the measurement noise (3.11).

An illustration of how the ACM updates the parameter estimate as it adaptively 

updates the data set is given in Fig. 3.4. The contour plot demonstrates how the

Parameter Estimate (Q)

Fig. 3.4. Contour plot demonstrating how an the ACM updates the parameter 
estimate while adaptively updating the data set.

ACM estimates the parameters of the single parameter sine wave function (2.17). 

Figure 3.4 shows that the ACM takes small steps in the data space until it is close 

to the correct parameter estimate. Once the ACM computes an accurate parameter 

estimate it then adds large amounts of data on subsequent iterations. This adaptive
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approach should provide a large ROC and reduce the number of iterations required 

for convergence.

Relation to the Kalman Filter

The iterative approach taken by the continuation methods may remind the reader 

of the extended Kalman filter and its application to recursive least squares. However, 

there is a subtle yet significant difference between the extended Kalman filter and the 

continuation methods. The extended Kalman filter is closely related to the Kalman 

filter. The difference between these filters is the extended Kalman filter is applied 

to nonlinear problems and the Kalman filter is applied to linear problems. The 

following is a simplistic explanation of the Kalman and extended Kalman filters. 

The explanation provided is intended to give, a basic understanding of the extended 

Kalman filter and highlight the difference between it and the continuation methods. 

More detailed information on the Kalman and extended Kalman filters is given in [28, 

21, 20]

The Kalman Filter

The Kalman filter is generally used to estimate the n dimensional state vector x 

of a linear controlled process [28, 24, 19]. Formally, the linear system estimated by 

the Kalman filter is given by

. XiJrI = Qxi +  Yui +  Wi, (3.13)

with an m  dimensional linear output equation

Zi =  H xi + Vi, (3.14)

where Xi+i is the current state, Xi is the previous state, Ui is an optional control 

input, Zi is the measurement vector, Wi is the process noise, and Vi is the measurement



2 0

noise [28]. For the simplified explanation provided in thesis Vi , Wi , and W i are assumed 

zero. The linear system then becomes , •

1 — $37%, (3.15)

with an m  dimensional linear output equation

Zi = H xi. (3.16)

A recursive solution of the state x of the system described in (3.15) and (3.16) is

S%+i =  <&iXi +  Ki(zi — HiXi), (3.17)

where K i is the Kalman gain and the difference Zi — HiXi is known as the innovation 

or residual [28]. The error between the state estimates is

Ei - X i Xi, (3.18)

where X i  is the actual and unknown value of the state at time i. The Kalman gain 

matrix K  in (3.17) is chosen to minimize the error covariance of the state estimate 

error (3.18) given by

P i - E  [cjef j , . (3,19)

where E  is the expected value of the error covariance.

The Extended Kalman Filter

The application of the Kalman filter to nonlinear systems is known as the ex­

tended Kalman filter. The extended Kalman filter is a Kalman filter that linearizes 

around the current mean and covariance [28], The linearizations performed by the ex­

tended Kalman filter are generally accomplished through use of the Jacobian matrix. 

Consider the simple nonlinear system with an n  dimensional state vector x

(3.20)Xi-H =  /(%*),
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and an m  dimensional linear output equation

Zi = h(xi), (3.21)

where both /  and h are nonlinear functions. The equations that estimate the state 

x and measurement z  in the extended Kalman filter are the same as those used in 

standard Kalman filter. The only difference is that the matrices <h and H  in the 

extended Kalman filter are Jacobian matrices that contain the partial derivatives of 

f  and h with respect to the state x, respectively.

The extended Kalman filter is reminiscent of the continuation methods because 

they both update estimates using increasing amounts of data. The extended Kalman 

filter estimates the next state using information obtained from the previous state 

which accumulates data as the filter progresses. The continuation methods begin 

by evaluating a small portion of the data set and then successively increasing the 

size of the data set until they obtain a final parameter estimate for the entire data 

set. However, the iterative solution used by the extended Kalman filter differs from 

the continuation methods. Iterative solution of the extended Kalman filter does 

not evaluate the linearizations obtained through use of the Jacobian at the correct 

operating points determined by the most recent estimates [24],. The extended Kalman 

filter is equivalent to the continuation methods only if all of the previous states 

a =  0 ,1, 2, •••,& — I, /c are used to estimate the next state i = k + 1.
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VALIDATIONS WITH SIMULATED DATA SETS

Experimental Procedures

Adequately testing a parameter estimation routine is a difficult task. The test­

ing procedures used to validate the continuation methods were developed following 

the testing guidelines proposed by More [29]. The guidelines in [29] advocate that 

testing optimization software should focus on reliability and robustness, should in­

clude a large variety of test functions, and the methods compared should have similar 

convergence criteria. The validation tests used for this thesis were designed to meet 

these goals. The performance of the continuation methods were compared to an im­

plementation of Levenberg-Marquardt. To ensure that the convergence results were 

comparable, the convergence criteria used by each of these methods were similar. 

The robustness of the methods was tested using thousands of different parameters for 

each test function. The test functions used for validation encompassed a wide range 

of complexity and functional behavior. The following sections detail how the testing 

procedures addressed the guidelines in [29].

Test Functions

The test functions used to validate the continuation methods were generated using 

sines and exponentials because the responses of these functions are similar to that of 

many differential equations. Furthermore, identification of sine waves is important in 

many test and measurement systems. The number and variety of the test functions 

used for validation were not as wide as in [29]. This is reasonable considering that 

the continuation methods were developed to identify a specific problem class and not
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the general NLS problem. The test functions used to generate simulated data sets 

for validation were:

1) Two Parameter Sine Wave Function

y(t) — X1 sm(x2 t) (4.1)

X1 =  amplitude 

X2 =  frequency ;

2) Four Parameter Sine Wave Function

y(t) = X1 sin(z2t +  £3) +  %4 (4.2)

X1 — amplitude 

X2 =  frequency 

x 3 =  phase 

■ £4 =  offset

3) Sum of Two Sine Waves Function

y(t) =  X1 sin(a;2*) +  £3 Sin(^t) (4.3)

Xl j X3 =  amplitude 

x2, X4 = frequency

4) Sum and Difference of Sinusoids

y(t) = X1 sin(x2t) +  x 3 Sin(^t) -  X5 cos(x6t) (4.4)

=  amplitude 

x2,X4,x5 =  frequency

5) The Box Three Dimensional Function

fi(x) = -  e"*11* -  Z3 (e"*1 -  e"10*1) (4.5)
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U — .Ii 

O < i <20

The Box Three Dimensional function (4.5) was one of the standard test functions 

included in [29] and was originally published in [30]. With the exception of the Box 

Three Dimensional Function, t is a time vector sampled at 100 samples/sec on the 

interval [0,10] seconds. Thus, each of the test functions in 1-4 have Nmax =  1000.

Testing the Performance of the Continuation Methods

The continuation methods were validated by comparing their performance to a 

version of the Levenberg-Marquardt method. The Levenberg-Marquardt method was 

chosen as a benchmark because it is the most commonly used approach to NLS 

estimation [20]. The implementation of Levenberg-Marquardt used for comparison 

was written by the author and S.R. Shaw. This routine, referred to as LM, updates 

the parameter estimate in exactly the same manner as the ACM with N  =  Nmax. 

The ACM and LM differ only in how the data set is manipulated. The octave code 

for LM is given in Appendix C.

Each of the routines used the same convergence tests and tolerances. Most conver­

gence tolerances were set to the default values defined in the subroutine goptions.m 

(see Appendix D). However, the tolerances on the step in parameter space and the 

actual and predicted reductions were set to ^eps.

)

Testing the Robustness of each Method

The robustness of each method was tested by identifying each test function for 

thousands of different parameters. Validation consisted of either fixing the initial 

guess and randomly generating the actual system parameters or fixing the actual 

parameters and randomly generating the initial guess. Randomly generating both
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the initial guess and the system parameters ensured the test results were not skewed 

by an anomaly caused by a certain initial guess or data set. For either case, the 

random values were generated within a hyper cube in the parameter space that limited 

the error between the initial guess and the actual parameter to 100%. The error 

between the initial guess and actual parameter value was computed as the relative 

error percentage

Testing the SCM

Two important questions experimental procedures sought to answer was how A n 

affected the convergence of the SCM and how A n affected the number of function 

evaluations required by the SCM. These questions were addressed by estimating the 

parameters of each test problem using 11 different A n 7S. The SCM updated the data 

set using

for each parameter estimation problem. The convergence of the SCM and the average 

number of function evaluations required by the SCM at a given A n  were determined 

by applying the SCM to all the test problems with a fixed A n . For example, to 

compute the convergence and average number of function evaluations of the SCM 

with A n =  20, the SCM with A n = 20 was applied to all of the test problems. The 

percentage of attempts for which the SCM with A n = 20 converged to the correct 

parameter value was the convergence of the SCM with A n = 20. The number of 

function evaluations necessary to obtain each correct parameter estimate averaged 

over all successful tests was the average number of function evaluations required by

(4.6)

where 6 is the initial guess and 9 is the actual parameter value.

Ajv =  (2 5 10 20 25 40 50 100 200 500 1000) (4.7)
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the SCM with A# =  20. This process-was repeated for each A n defined in (4.7) and 

the results were plotted.

Testing the ACM

The number of data points evaluted by the ACM on the initial iteration was 

determined using the default value computed by (3.8). The ACM was tested by 

comparing it to the SCM with =  50 and LM. The SCM with A n  =  50 was used 

for comparison because it provided an indication of how effectively the ACM updated 

the data set. The SCM with A n = 50 and the ACM solve identical problems on 

the initial iteration. On subsequent iterations the SCM updates the data set with 

a fixed A n  =  50, whereas the ACM adaptively computes the optimal number of 

samples using the trust region approach outlined in Chapter 3. If A n =  50 was the 

optimal update in the data space, the ACM should choose to update the data set by 

50 samples on each iteration. If A# — 50 is not optimal, the ACM should update the 

data space in a manner that is optimal. Thus, the ACM should converge at least as 

often as the SCM with A n  = 50 if the trust region approach is effective.

Validation Results for the Single Sine Wave Functions

The single sine wave functions defined in (4.1) and (4.2) were used for validation 

because much attention has focused on developing methods to estimate the parame­

ters of sine waves [31, 32, 33, 34]. Identification of sine waves is important because 

it is a fundamental task in many test and measurement systems. Characterization 

of A/D converters, digital oscilloscopes, and linear circuits are some examples. The 

two parameter sine wave function (4.1) allowed for a graphical comparison between 

the continuation methods and LM. This comparison provided valuable information 

about the ROC of these routines. However, most test and measurement systems are
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characterized by the four parameter sine wave function (4.2). Validations with both 

(4.1) and (4.2) may seem redundant, but the insight provided by the graphical analy­

sis of (4.1) and the practicality of the four parameter sine wave function (4.2) suggest 

that both be used as test functions.

Experimental tests using (4.1) consisted of 4000 test problems and tests conducted 

with (4.2) consisted of 2000 test problems. For both of these test functions, half of the 

test problems were defined with a fixed initial guess and randomly generated system 

parameters and the other half of the test problems were defined with fixed System 

parameters and randomly generated initial guesses. For the two parameter sine wave 

function, the random parameters were generated within the range

For the four parameter sine wave function, the random parameters were generated 

within the hypercube

0 <  X 1 < 4

0 < x2 < 8

and the fixed parameters guess were given by

0 <  X 1 < 4

0 < x2 < 8
TT

0 < 'X3 < —

0 < < 5

(4.8)
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and the fixed parameters were given by

f Xi ^ f  2 >

32 4

33 TT
2

134/^  ̂2.5 J

Two Parameter Sine Wave with a Fixed Initial Guess

Results for the validations performed with (4.1), a fixed initial guess, and randomly 

generated system parameters are shown in Figs. 4.1- 4.4 and Table 4.1. Computing 

the convergence of the SCM for each A n revealed that the convergence of the SCM 

is inversely proportional to A n . Figure 4.1 illustrates the importance of choosing 

a reasonable step in the data space. When A n  = 2 the SCM converged 100% of 

the time. However, as A n increased the convergence of the SCM decreased and

Table 4.1
Validation results for test function (4.1) with a fixed initial guess.
Routine Convergence (%) Average Function Evaluations A n

LM 9.6 2 1000

SCM 97.9 87 50

ACM " 98.4 5 varied

approached that of LM. When A n = Nmax the SCM converged 9.1% of the time 

versus 9.6% for LM. The similarity between the convergence of the SCM with A n  = 

Nmax and LM was expected. This behavior was expected because when A ^  = Nmax 

the SCM becomes a traditional NLS method that estimates the parameters using a 

weighted Gauss-Newton iteration.
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Step in Data Space (Ajv), Samples

Fig. 4.1. The convergence of the SCM as a function of when fitting 
equation (4.1), the initial guess was fixed, and the actual parameters were generated

randomly.

Figure 4.2 shows the average number of function evaluations required by the SCM 

as a function of A n . Notice that A# is also inversely proportional to the number of 

function evaluations. When A n is small there is a significant computational penalty. 

However, by analyzing Figs. 4.1 and 4.2 it is possible to find a A n that provides 

both good convergence and minimal function evaluations. For example, the SCM 

converged 97.9% of the time and required an average of 87 function evaluations for 

convergence when A n = 50. This convergence is only marginally less than the 100% 

convergence obtained when A n = 2, but the number of function evaluations is over 

an order of magnitude less than the 1649 function evaluations required when A n = 2.

The reader should note that the lines connecting the convergence of the SCM at 

the discrete A ^ ’s in Fig. 4.1 and the number of function evaluations of the SCM at 

discrete Ajv1S in Fig. 4.2 do not imply these quantities are linearly related to A n 

between the discrete step sizes. The lines were included only to show the relationship 

between these quantities and A n .
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Step in Data Space (Ajv), Samples

Fig. 4.2. Average number of function evaluations required for the SCM to converge 
as a function of when fitting equation (4.1), the initial guess was fixed, and the 

actual parameters were generated randomly.

A comparison of the validation results for the SCM with A n = 50, the ACM, and 

LM are given in Table 4.1. The validation results in Table 4.1 illustrate the increased 

ROC afforded by iteratively updating the data set. The convergence of the SCM and 

ACM are an order of magnitude better than LM. Another interesting result is that 

the convergence of the ACM was better than the SCM with A n — 50, but the ACM 

required significantly fewer function evaluations than the SCM. This demonstrates 

the value of adaptively updating the data set. Adaptively updating the data set can 

significantly reduce the trade-off between convergence and function evaluations.

Equation (4.1) had only two parameters making it possible to produce scatter 

plots showing the parameters for which the routines converged. The scatter plots 

were produced to demonstrate how the ROC of a traditional LM approach compared 

to the ROC of a routine that iteratively updated the data set. This was accomplished 

by choosing a single representative iterative approach (the SCM with Ajv = 20) and
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with equation (4.1) and a fixed initial guess.
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Fig. 4.4. Scatter plot of the actual system parameters for which the SCM did not 
converge when fitting (4.1), the initial guess was fixed, and the actual parameters

were generated randomly.
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Fig. 4.5. Scatter plot of the actual parameters for which LM did not converge when 
fitting (4.1), the initial guess was fixed, and the actual parameters were generated

randomly.

comparing it to a single representative traditional approach (LM). Figure 4.3 shows 

a scatter plot of the 2000 actual parameter values generated for this test function. 

These parameter values evenly cover the data space allowing up to 100% error between 

the initial guess and actual parameters. Figure 4.4 shows the actual parameters for 

which the SCM did not converge when Aat =  20. The SCM failed to converge for 

only 34 of the 2000 test problems. Furthermore, the SCM only failed when the error 

in either x\ or X2 was nearly 100%. Figure 4.5 shows the actual parameters for which 

LM failed to converge. LM failed to converge for 1809 of the 2000 test problems. LM 

converged reliably only when the relative error between the actual frequency of the 

sine wave (x2) and the initial guess was less than 15%. These scatter plots illustrate
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Table 4.2
Validation results for test function (4.1) with fixed system parameters.

Routine Convergence (%) Average Function Evaluations A n

LM 9.9 3 1000

SCM 99.5 40 50

ACM 99.5 5 varied

that the SCM has a much larger ROC than LM when estimating the parameters of 

a sine wave.

Two Parameter Sinewave with Fixed System Parameters

Results for the experiments conducted on (4.1), with fixed system parameters, 

and randomly generated initial guesses are shown in Figs. 4.6 - 4.9 and Table 4.2. 

The convergence of both the ACM and the SCM with A n =  50 was 99.5%. This 

was significantly better than LM which converged only 9.9% of the time. Figure 4.7 

plots the average number of function evaluations for the SCM as a function of A n . 

Figure 4.7 and Table 4.2 once again demonstrate that the ACM provides convergence 

that is comparable to the SCM while requiring significantly fewer function evaluations 

when estimating the parameters of (4.1). The scatter plots shown in Figs 4.8- 4.10 

demonstrate that the SCM with A n = 20 has a much larger ROC than LM.

A

Four Parameter Sine Wave with a Fixed Initial Guess

Estimation results for (4.2) with a fixed initial guess and 1000 randomly generated 

system parameters are shown in Figs. 4.11, 4.12 and Table 4.3. The convergence of the 

SCM and ACM was quite high although they were lower than for the tests conducted 

with the two parameter sine wave (4.1). The convergence of the SCM was 91.9%
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1000
Step in Data Space (A ^)1 Samples

Fig. 4.6. Convergence of the SCM as a function of A n when fitting equation (4.1), 
the actual parameters were fixed, and the initial guesses were generated randomly.

Step in Data Space (A #), Samples

Fig. 4.7. Average number of function evaluations required for the SCM to converge 
as a function of when fitting equation (4.1), the actual parameters were fixed, 

and the initial guesses were generated randomly.
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equation (4.1) and fixed system parameters.
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Fig. 4.9. Scatter plot of the initial guesses for which the SCM did not converge 
when fitting (4.1), the actual parameters were fixed, and the initial guesses were

generated randomly.
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Fig. 4.10. Scatter plot of the initial guesses for which LM did not converge when 
fitting (4.1), the actual parameters were fixed, and the initial guesses were generated

randomly.

with A n = 2 and the convergence of the ACM was 76.4%. Both of these routines 

performed significantly better than LM which converged only 9.3% of the time. The 

ACM required fewer function evaluations than the SCM with A n = 50. However, 

the ACM did not converge as often as the SCM with =  50. The convergence of 

the SCM when A n =  50 was 89.7% compared to 76.4% for the ACM. Even though 

both routines evaluated the same number of data samples on the initial iteration, the 

SCM converged 13.3% more often than the ACM. This indicates that the ACM may 

not be updating the data set optimally.

Four Parameter Sine Wave with Fixed System Parameters

Estimation results for (4.2) with fixed system parameters and 1000 randomly 

generated initial guesses are shown in Figs. 4.13, 4.14 and Table 4.4. Once again, 

the SCM and ACM performed much better than LM. The convergence of the SCM
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Step in Data Space (Aw), Samples

Fig. 4.11. Convergence of the SCM as a function of A n when fitting equation (4.2), 
the initial guess was fixed, and the actual parameters were generated randomly.

0 200 400 600 800 1000

Step in Data Space (Aw), Samples

Fig. 4.12. Average number of function evaluations required for the SCM to converge
as a function of A n  when fitting equation (4.2), the initial guess was fixed, and the

system parameters were generated randomly.
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Table 4.3
Validation results for test function (4.2) with a fixed initial guess.

Routine Convergence (%) Average Function Evaluations Ayv
LM 9.3 4 1000

SCM 89.7 255 50

ACM 76.4 14 varied

Table 4.4
Validation results for test function (4.2) with fixed system parameters.

Routine Convergence (%) Average Function Evaluations Ayy
LM 9.1 4 1000

SCM 85.5 90 50

ACM 81.3 12 varied

was 96% when = 2. The convergence of the SCM was greater than 85% when 

A# < 50 and the convergence of the ACM was 81.3%. LM converged only 9.1% of 

the time. The SCM with An =  50 once again had better convergence than the ACM. 

This is another indication that the ACM is not optimally updating the data set.

Validation Results for Sum of two Sine Waves Function

Experimental tests for (4.3) were conducted with the system parameters fixed at

f Xi^

%3

Z 2\

4

3W\Z4 /
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Step in Data Space (Ajv), Samples

Fig. 4.13. Convergence of the SCM as a function of A n when fitting equation (4.2), 
the system parameters were fixed, and the initial guesses were generated randomly.

0 200 400 600 800 1000

Step in Data Space (Ajv)1 Samples

Fig. 4.14. Average number of function evaluations required for the SCM to converge
as a function o f A n  when fitting equation (4.2), the actual parameters were fixed,

and the initial guesses were generated randomly.
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Table 4.5
Validation results for test function (4.3) with fixed system parameters.

Routine Convergence (%) : Average Function Evaluations A n

LM 2 48 1000

SCM 91.9 348 50

ACM 76.7 154 varied

and the initial guesses generated randomly within the range

0 < Xi < 4

0 < X2 < 8  

0 < x3 < 6

0 <  < 10.

Validations involving (4.3) were performed using only fixed system parameters be­

cause tests conducted with (4.1) and (4.2) indicated that the results were not skewed 

by fixing either the initial guess or the system parameters. Results for (4.3) with 

fixed system parameters and 1000 randomly generated initial guesses are shown in 

Figs. 4.15, 4.16 and Table 4.5.

The results obtained from (4.3) illustrated how the continuation methods and LM 

behave when functional complexity increases. Figures 4.15 and 4.16 demonstrate that 

the SCM becomes more dependent on A# and requires more function evaluations as 

the complexity of the function increases. This implies that A n  should be decreased 

as the complexity of the problem increases to safeguard against falling into a local 

minimum. The convergence results were still quite remarkable. The convergence of 

the SCM was 96.4% when A n = 2 and 91.9% when Aw- =  50. The ACM converged 

76.7% of the time. The convergence of the SCM and ACM was significantly better 

than LM which had a convergence of only 2%.
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Step in Data Space (A #), Samples

Fig. 4.15. Convergence of the SCM as a function of Ajv when fitting equation (4.3), 
the system parameters were fixed, and the initial guesses were generated randomly.

Step in Data Space (A#), Samples

Fig. 4.16. Average number of function evaluations required for the SCM to converge
as a function of A# when fitting equation (4.3), the system parameters were fixed,

and the initial guesses were generated randomly.
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Table 4.6
Validation results for test function (4.4) with a fixed initial guess.

Routine Convergence (%) Average Function Evaluations Ajv

LM 0.5 95 1000

SCM 71.6 . 1184 50

ACM 43.2 286 varied

Validation Results for the Sum and Difference of Sinusoids

Experiments with (4.4) consisted of 1000 separate test problems with the initial 

guess fixed at

^z1 > /2 ^

%2 4

%3 3

Z4 5

35 I

136^ U J
and system parameters randomly generated in the range

0 < Xi < 4

0 < X2 < 8  

0 < X5 < 6

0 < Z4 < 10

0 < Zg < 2

0 < z6 <8.
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Step in Data Space (Ajv), Samples

Fig. 4.17. Convergence of the SCM as a function of A n when fitting equation (4.4), 
the initial guess was fixed, and the system parameters generated randomly.

Step in Data Space (Ajv)1 Samples

Fig. 4.18. Average number of function evaluations required for the SCM to converge
as a function of A n  when fitting equation (4.4), the initial guess was fixed, and the

system parameters were generated randomly.



44

Validation results for (4.4) are shown in Figs. 4.17, 4.18 and Table 4.6. Another 

increase in functional complexity resulted in another decrease in the convergence 

and another increase in the average number of function evaluations required by each 

routine. The convergence of the SCM was 86.6% when A n =  2. The SCM converged 

71% of the time when A n =  50 and the ACM converged 43.2% of the time. Both the 

SCM and the ACM performed significantly better than LM which had a convergence 

of 0.5%.

Validation Results for the Box Three Dimensional Function

Experiments conducted with (4.5) tested the ability of the continuation methods 

and LM to estimate the true parameters of this function using 21 different initial 

guesses defined by

0O =  m * (0 10 20), (4.9)

where

m = (0 .5 I 1.5 ... 9.5 10). ' (4.10)

The schedule taken by the SCM through the data space was defined by

N  = (2 4 ••• 18 20). (4.11)

One schedule through the data space N  was used because the function only consisted 

of 20 data points. This limited the number of possible schedules, so a reasonable 

schedule was chosen and used for experimental purposes. Validation results are shown 

in Table 4.7. The convergence of the SCM was 3 times greater than either LM or the 

ACM. The SCM was expected to converge more than LM, but it was unusual that 

the SCM performed so much better than the ACM. However, a direct comparison 

between the SCM and the ACM is impossible because the SCM evaluated 2 data
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Table 4.7
Valid ation results for the Box 3-Dimensional function (4.5)

Routine Convergence (%) Average Function Evaluations Ajv

LM 28 45 20

SCM 95 2358 2

ACM 28 153 varied

points on the first, iteration whereas the ACM evaluated 5 data points. The ACM 

may have failed on the first iteration and not while updating the data set.

The experimental results presented in this chapter demonstrate that the trust 

region approach used by the ACM to update the data space is not optimal. The 

SCM with Ajv =  50 often had better convergence than the ACM. Moreover, as 

the complexity of the test functions increased the difference between the SCM with 

Ajv =  50 and the ACM increased. The convergence of the ACM when fitting thet 

single sine wave function (4.1) was better than the SCM with Ajv =  50. For the more 

complex functions in (4.2), (4.3), and (4.4) the SCM with Ajv =  50 converged more 

often than the ACM. The convergence of the ACM was only 4.2% less that the SCM 

with Ajv =  50 for (4.2) with fixed system parameters. The difference then began 

to steadily increase. The SCM with Ajv =  50 converged 13.3%, 15.2%, 28.4%, and 

67% more often than the ACM for (4.2) with the initial guess fixed, (4.3), (4.4), and 

(4.5), respectively. This indicates that the trust region approach used by the ACM is 

valid, but not optimal. The approach is valid because it produced a larger ROC than 

a traditional NLS approach. It is not optimal because it often had a smaller ROC 

than the SCM with Ajv =  50. The ACM worked great for simple functions, but only 

marginally for more complex functions. This seems to indicate that the trust region 

approach often chose steps that were too large in the data space.
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More tests need to be conducted to determine if the ACM failed because it chose 

too large of step in the data space. The experimental tests were not specifically 

designed to test whether the ACM failed while updating the data set or failed while 

estimating the parameters. When estimating the parameters of (4.5) the ACM only 

converged when LM converged. This may have implied that the ACM failed while 

updating the parameter estimate and not the data space. However, it is unlikely 

that a Levenberg-Marquardt approach would fail to converge when Gauss-Newton 

converges.



A PRACTICAL IMPLEMENTATION ON A FUEL CELL

Experimental results from chapter 4 tested the validity of the continuation meth­

ods using a wide variety of simulated data sets. This chapter validates the contin­

uation methods using data obtained from a real world power system. This chapter 

compares the ability of the continuation methods and LM to estimate the dynamic 

response of an Avista Labs SR-12 500W PEM fuel cell. A fuel cell was chosen be­

cause of. the recent interest in fuel cells as power generation systems [35, 36, 37, 38] 

and because it provided a test of how well the methods performed in the presence of 

significant noise.

The following sections present the dynamic model used to predict the response of 

the fuel cell, the experimental setup used to obtain the dynamic data from the fuel 

cell, and the validation results obtained from the continuation methods and LM. This 

level of detail is included because the model used to predict the response of the fuel 

cell is unpublished and was developed by the author and S.R. Shaw. The validation 

model is an integral part of any validation test and understanding the validation 

model is an important part of understanding the validation results.

Dynamic Fuel Cell Model

47 .

The dynamic electrical terminal model used for validation was developed by cou­

pling a linear steady-state electrical terminal model with a transient thermal model. 

The steady-state model describes the equilibrium conditions of the fuel cell and the 

thermal model describes the transient behavior between steady-states. The linear 

model, expanded to facilitate thermal modeling, was expressed

Vstack — Ul +  UjT — i r i  — iT r 2 - (5.1)
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The transient thermal response was modeled as

dTrmeas
^  T  b i ^ {T m e a s  T am b ) ,dt meas (5.2)

where a, b, and c are parametric coefficients. In equation (5.2) the current was 

assumed to be proportional to the reactants consumed. Thus each parameter was 

implicitly scaled by a factor of

where Mstack is the mass of fuel cell and HCstacIt is the heat capacity of the fuel cell. 

Several processes account for the net heat generated by the chemical reactions of a 

fuel cell. These include the sensible heat absorbed, the theoretical energy produced 

by the reaction, the electrical energy output, heat loss from the stack [14]) and heat 

generated by the internal resistance of the fuel cell. It can be verified that (5.2) 

accounts for all of the heat terms included in [14] and the heat generated by the 

internal resistance. The first current term (i) accounts for the theoretical energy 

produced by the fuel cell, a portion of the electrical energy output, and a portion of 

the sensible heat produced by the reactants. The current squared term (i2) models 

the increase in temperature that results from the membrane heating up as the current 

increases. The temperature term (Tmeas — Tamb) accounts for heat loss from the stack 

and a portion of sensible heat produced by the reactants.

The transient thermal response of (5.2) was modeled using the electric circuit 

analogy shown in Fig. 5.1. The resistor ra is the thermal resistance between Tamb 

and Tmeas, the resistor rb is the thermal resistance between Tmeas and Tmem, and the 

capacitor C represents the heat capacity of the membrane. The combined response 

of ra, rb, and C models the thermal time constant of the fuel cell.

The temperature measurement Tmeas used for experimental purposes was located 

near the gas diffusion layer in the outlet air channel of a central cartridge as shown 

in Fig. 5.2. The membrane temperature Tmem would ideally be measured, but it was

I
(5.3)
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+
Tamb

Tmeas

Ta n +

C Tmem

I  OC Qin

<7

Fig. 5.1. Circuit analogy for the temperature response of a fuel cell.

Fig. 5.2. Location of K-type thermocouple in SR-12 stack a) and location of 
thermocouple in the fuel cell cartridge b).

not possible to install a thermocouple inside the fuel cell cartridge without damaging 

the cartridge. However, Tmeas is proportional to Tmem and the use of Tmeas did not 

inhibit the ability of (5.2) to model the temperature response. It simply scaled the 

model parameters by a constant factor.

The measured temperature (Tmeas) was broken apart using superposition

Tmeas = OiiTi +  agTg +  T3, (5.4)

to simplify estimation. Here T i is the temperature response due to the current in the

fuel cell, T2 is the temperature response due to the internal resistance of the fuel cell,

T3 is the temperature response due to the difference between T amb and Tmeas, and the
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Ct1i S  are constants that scale T1 and T2 to obtain the correct units. The differential 

equations used to predict the transient behavior of T1, T2, and T3 were ■

U-L1
dt

Il I S (5.5)
dT2.
dt = (5.6)

dT3
dt = P(Tamb — T3) (5.7)

/9
I

(ra + n )C ' (5.8)

The T!s in (5.5) - (5.7) are the homogeneous solutions to the differential equations. 

The terms i and Tamb represent the particular solution to the differential equation 

due to the given input. The final dynamic model was obtained by substituting equa­

tion (5.4) into equation (5.1) which yields

Vstack =  V1 + V2Tmeas — ir i — r2iTmeas (5.9)

where V1, V2, rq, r2, and the o%'s are parametric coefficients. '

A simplified version of the dynamic model (5.9) was used to validate the contin­

uation methods. The simplified model only included the temperature responses T1 

and T3. The validation model was obtained by substituting

Tmeas = Ĉ1Tx + T3 (5.10)

into (5.9). Validation was performed with this model because parameter estimations 

conducted with LM determined that the inclusion of T2 reduced the prediction error 

by less than .001%. Removing T2 simplified the model, reduced the computation 

time, and had a negligible effect on the predicition results.

Experimental Setup

The validity of (5.9) was tested using dynamic data taken from an Avista Labs 

SR-12 500W PEM fuel cell. Model validation used the SR-12 stack voltage (VstaCk)
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Fig. 5.3. Schematic of Experimental Setup, 

and current ( I s t a C k )  shown in Fig. 5.3 and the temperature (Tmeas) shown in Fig. 5.2.

An LEM LAlOO-P current sensor measured the stack current and an LEM LV25- 

P voltage sensor measured the stack voltage. A K-type thermocouple near the gas 

diffusion layer on the outlet air side of a central membrane of the SR-12 measured 

the temperature. The output of the thermocouple was processed by an Omega SMCJ 

thermocouple to analog converter. An Advantech PCI-1710 12-bit data acquisition 

card linked each of the measurement devices to a computer.

The SR-12 operated for 30 minutes under a 2A load after completing its factory 

programmed warm-up procedure before any experiments were conducted. This warm­

up cycle resulted in a temperature of 305 K  near the gas diffusion layer. Several 

dynamic experiments were then performed. Between each experiment the fuel cell 

operated under a 2A load and was allowed to cool until the outlet air temperature
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reached 305 K . The stack was allowed to cool to 305 K  to ensure that each experiment 

had similar starting conditions.

The dynamic data obtained from the SR-12 fuel cell was measured at 50 sam-

ing this entire data set was very time consuming. The dynamic model (5.9) required 

the simulation of two differential equations to model the temperature response. Each 

of these simulations took about 8-10 minutes to complete. Thus, a single iteration 

through any of the routines took 20-30 minutes when the entire measured data set 

was used. The data set was downsampled to reduce computation time for validation. 

The original data set was downsampled by a factor of 3 to generate a new validation 

set consisting of 3000 data samples. The system parameters were estimated using this 

decimated data set. Once a parameter estimate 6 was obtained from the decimated 

data set, 9 was used to estimate the response for the entire measured data set. The 

errors between the actual and predicted responses and the plots showing the estima­

tion results were obtained using the entire measured (non-decimated) data set: The 

error between the predicted and actual response was computed as the relative error 

percentage

where / 0(,s is the observed data set and f est is the estimated data set obtained from 

the model (5.9) and the estimated parameters.

The convergence of each routine was tested from the common initial guess

Experimental Results

pies/sec over a 180 second time interval and consisted of 9000 data samples. Validat­

r (511)

6o =  (-0337 37.868 -1.2959 - I x l O -4 50 I x l O -3 )
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A single initial guess was utilized because the purpose of identifying the dynamic 

response of the fuel cell was to demonstrate that the continuation methods can iden­

tify the parameters of practical systems. The SCM stepped through the data space 

following the schedule

N  =  (1500 3000).

This schedule was chosen because it provided excellent results while reducing the 

number of function evaluations.

Validation results are shown in Table 5.1. All three methods estimated parameters 

that accurately predicted the dynamic response of the fuel cell. The relative error 

between the actual and predicted responses were 1.807%, 1.807%, and 1.808% for 

the SCM, the ACM, and LM, respectively. The measured output current obtained

Table 5.1
Validation results for the dynamic fuel cell model (5.9).

Parameter Ql m Qs c m Qa c m

P .03315 .0329 .0322

V1 37.29 37.23 37.09

Tl -1.08 -1.06 -1.00

«1 85.81 112.4 632 .9

V2 -7.72 x 10-4 - 5 .8 5  x  1 0 ^ -1.02 x 10-4

7-2 5 1 .6 8 x 1 0 -4 2 .84  x  10 -4 5.20 x IO-5

from the SR-12 is shown in Fig. 5.4 and the actual voltage response and the response 

predicted by the SCM are plotted in Fig. 5.5. Only the response predicted by the 

SCM is plotted in Fig. 5.5 because the responses predicted by the ACM and LM were 

very similar. When plotted together, it was impossible to distinguish between the
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three predictions. The prediction results demonstrate that, even in the presence of 

significant noise, both the SCM and ACM can accurately identify a practical system.

Some of the estimated parameters varied significantly even though the prediction 

errors for each routine were similar. All of the routines produced similar values for (3, 

Vy, and Ti which represent the reciprocal of the thermal time constant, the part of the 

open-circuit voltage that is independent of temperature, and the part of the total cell 

resistance that is independent of temperature, respectively. However, the routines 

predicted significantly different values for V2, «1, and r2 which represent the part 

of the open-circuit voltage that depends on temperature, an arbitrary constant that 

scales Ti to obtain the correct units, and the part of the resistance that is dependent 

on temperature, respectively. Each of the methods estimated V2 and r2 to have 

magnitudes on the order of IO-4. Thus, their effect on the predicted response was 

negligible. This allowed similar prediction results despite relatively large differences 

in these parameter values. This result implies that the main response of the fuel 

cell is governed by the the thermal time constant j3~l and the portion of the open- 

circuit voltage and total cell resistance that are independent of temperature (Vr1 and 

ri, respectively).
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Fig. 5.4. Measured output current of the SR-12 PEM fuel cell used to model the
output voltage.
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Fig. 5.5. Predicted and actual voltage response of the SR-12. The dark line is the
response predicted by the SCM.
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CONCLUSIONS

This thesis demonstrated that NLS estimation in conjunction with an iteratively 

updated data set provides a significantly larger ROC than a traditional Levenberg- 

Marquardt approach when applied to functions that can be represented by differential 

equations. The increased ROC afforded by these methods makes them a valuable tool 

for identifying physical systems. The following sections’ summarize important conclu­

sions drawn from experiments, any contributions made by each of the continuation 

methods, and suggest directions for future research.

The Simple Continuation Method (SCM)

Experiments conducted with the SCM provided valuable insight into the behavior 

of routines that iteratively update the data set. The SCM demonstrated that there 

exists an inverse relationship between convergence and the number of function eval­

uations. The best convergence was obtained by the SCM when the number of data 

points added on each iteration was as small as possible (A n =  2). However, if A n  =  2 

the SCM required a large number of function evaluations for convergence. Experi­

mental results demonstrated that a compromise between convergence and function 

evaluations could be obtained. A step in data space of

.02 * Nmax < A n < .05 * Nmax

generally provided the best combination of convergence and computational overhead 

for the test functions included in this thesis. Adding 2-5% of the data set on each 

iteration may not be optimal for every situation, but it is a good starting point. .
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The Adaptive Continuation Method (ACM)

The ACM required fewer function evaluations than the SCM, but this came at the 

price of reduced convergence. Given the experimental results from the SCM demon­

strating the inverse relationship between convergence and the number of function 

evaluations, this was not entirely unexpected. However, a comparison between the 

convergence of the SCM with A/y =  50 and the ACM indicated that the ACM did not 

update the data set optimally. The ACM could be improved by adaptively determin­

ing the initial interval A&=o and reducing the size of the trust region used to update 

the data set. The trust region used for the ACM limited the step in data space by 

keeping ratio between the step in the parameter space and the standard deviation 

of the parameters within the standard deviation of the measured noise. The trust 

region could be reduced by multiplying the standard deviation of the measured noise 

by some multiple less than one. The ACM could also be improved by adaptively 

determining the initial interval Nk=Q. One way in which the ACM could adaptively 

determine Nk=Q would be to choose an initial data set Nk=Q over which the function is 

minimized on the initial iteration and if the minimization is unsuccessful reduce N k=Q- 

Repeat this process until the minimization is successful. This approach is similar to 

that proposed in [2] except it is only applied to determine the initial interval N k=Q 

and it never increases the size of the interval.

Future Research

Future research should focus on generating an adaptive routine that provides a 

better trade-off between convergence and function evaluations. This research should 

focus on refining the specific methods and the general approaches presented in this 

thesis to develop routines that are suitable for on-line parameter estimation. This
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may first require extensive testing of the ability of these methods to identify physical- 

systems off-line before progressing to on-line applications.
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Main Program: SCM

function [mu,info ,nfev] = SCM(f, g, mu, PinvO, schedule, ...) 

info = 11 

nfev = 0;

7. main loop

for i = I :length(schedule)

N = scheduled);

[mu,Pinv,J ,d x ,grad,nevs,info] = iterate(f,PinvO,mu,N ,all_va_args) 

nfev = nfev + nevs / schedule(length(schedule)); 

if(g != ” )

feval(g,m u ,Pinv,N ,all_va_args); 

end; 

en d ; 

end;

Subroutine: iterate

function [x,pinv,J,dx,grad,nevals,info] = iterate(f, PO, x, N, ...) 

nevals = 0 ;  

newnorm = 0; 

rval = 0 ;

while(rval == 0) ,

7, compute residual and Jacobian 

[J,err] = fdjac(f,x,[],N, all_va_args); 

nevals = nevals + length(x)+l; 

oldnorm = newnorm; 

newnorm = norm(err);

% Compute inverse covariance
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% matrix, gradient, and step 

pinv = PO + J ’*J; 

grad = J'*err; 

dx = -pinv\grad;

% take step 

x = x + dx;

% check convergence

Crval, info] = isconverged(grad, nevals, dx, x, newnorm, 

oldnorm, norm(err+J*dx));

end;

nevals = nevals * N; % scale by number of points we're evaluating 

end;

Subroutine: is converged

function [rval, info] = isconverged(grad,nfe v ,d x ,x ,

newnorm,oldnorm,prednorm)

opts = goptions(); 

rval = 0; 

info =

% check the gradient 

if(norm(grad) < opts(4)) 

rval = 4;

info = sprintf ("gradient norm = 1Z .Se < goptions(4) = %.3e", 

norm(grad), opts(4));

end;

% number of function evaluations 

i f (nfev > opts(14))

info = sprintf ("number of function evaluations exceeds 0Zd",
i
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opts(14)*length(x));
rval = 14; 

end;

% check relative step size

if(norm(x) && norm(dx) < opts(2)*norm(x))

info = sprintf("relative step norm = %.3e, less than

goptions(2) = %.3e>,) norm(dx)/norm(x), opts(2));

rval = 2 ;  

end;

% check actual and predicted reductions.

7. do not perform check if oldnorm is zero. 

i f (oldnorm !=0)

i f (abs((newnorm - oldnorm)/oldnorm) < opts(3) && 

ab s ((newnorm - prednorm)/oldnorm) < opts (3 ) )  

rval = 3 ;

info = sprintf("actual and predicted reduction in residual 

norm less than 7».Se", opts(3));

end; 

end; 

end;
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M a i n  P r o g r a m :  A C M

function [x,info,nfev,N]'= ACM(f,x,D,N_max,sigma2,...)

°/o# Make sure x is a column vector 

if(sizeCx,I) < size(x,2))

X =  X j ;

en d ;

%# Initialize variables 

opt = goptionsO; 

if opt (14) = = 0

opt(14) = 100 * length(x); 

end;

sigma2 = max( [le-4. sigma2] ); 

alpha = 0 ;  

info = ;

W = max ('[5 round (. 05*N_max) ] )

fvec = feval(f,x ,N ,all_va_args);

nfev = I;

mode = ( D = = G ) ;

iter = 1 ;

fnorm = norm(fvec);

%# begin outer loop 

while (info == "")

%# evaluate the Jacobian and compute its SVD 

[fjac,fvec] = fdj ac(f,x ,fv e c ,N ,all_va_args); 

nfev = nfev + columns(fjac);

[u,s,v] = svd(fjac,0);

jcnorms = sqrt(diag(v*s*s*v')); 7„# column norms



70

utf = u ’*fvec;

%# on first iteration compute r, D, and initialize step 

if iter == I.;

if mode == I

D = diag(jcnorms + (jcnorms == 0)); 

end;

xnorm = norm(D*x); 

step = opt(18)*xnorm; 

if step == 0 

step = o p t (18); 

end; 

end;

7«# compute norm of the scaled gradient 

gnorm = 0; 

if fnorm != 0

temp = (diag(s) == 0);

temp = v*diag((1-temp),/(diag(s)+temp))*utf/fnorm;

°/o# if column norm - zero, corresponding x is zero 

%# otherwise, scale by column norm

temp = a b s (temp.*(jcnorms != 0)./(jcnorms+(jcnorms==0))); 

gnorm = m a x ([gnorm; temp]); 

end;

%# check if gradient norm is less than opt(4) (gtol) 

if (gnorm < opt(4))

info = sprintf("gradient norm = 0Z .S e , less than gtol = °Z.3e", 

gnorm, opt(4));

e lse
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%# Rescale D 

if mode == I

D = diag(max([diag(D)’; j cnorms’])); 

en d ;

%# begin inner loop 

ratio = 0 ;

while (ratio < .0001)

%# determine LevenburgMarquardt parameter 

[ul,sl,vl] = svd(s*v,*diag(l./diag(D)),0);

[delta,alpha] = lsvd(step, .1, alpha, vl, si, u l ’*utf);

pnorm = norm(delta);

delta = -(diag(l./diag(D)))*delta;

°/o# determine new x and store in xl 

xl = x + delta;

%# on the first iteration adjust the initial step bound 

if iter == I;

step = m i n ([step pnorm]); 

e n d ;

fxl = feval(f,x l ,N ,all_va_args); 

fnorml = norm(fxl); 

nfev = nfev + I ; 

if fnorm == 0

error("fnorm == 0\n"); 

end;

%# compute the scaled actual reduction

actred = -I;

if (.l*fnorml < fnorm);
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actred = I - (fnorml/fnorm)"2; 

end;

%# compute the scaled predicted reduction and

%#directional derivative

tempi = norm(s*v’*delta)/fnorm;

temp2 = (sqrt(alpha)*pnorm)/fnorm;

predred = templ*templ + 2*temp2*temp2;

dirder = -(templ*templ + temp2*temp2);

%# calculate ratio of actual to predicted reduction 

ratio = 0; 

if predred ! = 0

ratio = actred/predred; 

end;

%# Update the step bound 

if (ratio > .25) 

if (ratio >= .75 I I alpha == 0) 

step = pnorm*2; 

alpha = .5*alpha; 

end; 

else

if (actred >= 0) 

temp = .5; 

else

temp = .5*dirder/(dirder + .5*actred); 

end;

if (.l*fnorml >= fnorm I I temp < .I) 

temp = .I;
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end;

step = temp*min( [step pnorm*l'0] ); 

alpha - alpha/temp; 

end;

°/o# when iteration successful, save x, fvec, and 

°/o#calculate norm x 

if ratio >= .0001 

x = xl;

xnorm = norm (D=^x);

fvec = fxl; ,

fnorm = fnorml; 

iter = iter + I; 

end;

U U  Tests of convergence %%%%

°/„# is actual and predicted reduction less than opt (3)? 

i f (abs(actred)<=opt(3) && predred<=opt(3) && .5*ratio<=l) 

if (step <= opt(2)*xnorm)

info = sprintf("actual and predicted reduction less than 

7o.3e and relative step less than %.3e",

. opt(3),opt(2));

else

info = sprintf("actual and predicted reduction less than 

%.3e", opt(3));

en d ; 

break; 

en d ;

%# is step in parameter space less than o p t (2)*norm(x). (xtol)
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if (step <= opt (2) *xnorin)

info = sprintf("maximum relative step less than %.3e", opt(2)); 

break; 

end;

7»# too many iterations? 

if nfev >= opt(14)

info = sprintf("number of function evaluations exceeds 

°/od" j opt (14));

return; 

end; 

e n d ; 

en d ;

if ((info != "" I I (ratio >= .75 && alpha == 0))

&& N < N_max)

fnorml = 0;

[f jac,fxl] = fdjac(f ,x, [] ,N,all_va_args); 

nfev = nfev .+ columns (fjac);

[u,s,v] = svd(fjac,0);

temp = sqrt(abs(diag(pinv(v*s*s*v’))*sigma2)); 

seinv = diag(I ./(max(temp, eps))); 

while(fnorml < eps && N < N_max)

Nlim = N +  m i n ([round(N_max/10) N_max-N]);

[f jac,fxl] - fdjac(f ,x, [] ,Nlim,all_va_args) ; 

nfev = nfev + columns(fjac);

U  search in N until GN step exceeds the trust

°/o# region established by the standard error estimate.

Pk = pinv(fjac(l:N,:)'*fjac(l:N,:));
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temp = Pk*fjac(l:N,:)^ f x l ( I r N ) ;

thetaO = temp; %# remember where we started

N = N + I;

ek = fxl(N,:) - fjac(N,:)*temp;

Pk = Pk - ((Pk*fj ac(N,:)J *fj ac(N,:)*Pk)/

(1+fjac(N,:)*Pk*fjac(N, 

temp = temp + Pk*fjac(N,:)'*ek;

while (N < Mlim ScSc norm(seinv*(temp-thetaO)) <= I)

N = N + I;

ek = fxl(N,:) - f jac(N., :)*temp;

Pk = P k - ((Pk*fjac(N,:)’*fj ac(M,:)*Pk)/

(1+f jac(N, :)*Pk*f jac(M, :) 0 ) ;  

temp = temp + Pk*fjac(N,:)J*ek; 

end;

%# update the residual norm 

fnorml = norm(fxl(l:M)); 

end;

fvec =fxl(l:N); 

fnorm = fnorml;

info = %# reset info...

iter = 1 ;  

end; 

end; 

e n d ;
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Main Program: Imsvd

U  Copyright (C) 2001 Montana State University 

%#

%# This program is free software; you can redistribute it and/or 

%# modify it under the terms of the GNU General Public License 

%# as published by the Free Software Foundation; either version 2 

°Z# of the License, or (at your option) any later version.

U
% # This program is distributed in the hope that it will be useful,

%# but WITHOUT ANY WARRANTY; without even the implied warranty of 

°/„# MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the 

%# GNU General Public License for more details.

U
7«# You should have received a copy of the GNU General Public License 

7»# along with this program; if not, write to the Free Software 

7«# Foundation, Inc., 59 Temple Place - Suite 330, Boston, MA 

U  02111-1307, USA.

U  .
7«# Contact info:

U
% # sshaw@alum.m i t .edu 

%# mkeppler@montana.edu 

7.#

7«# S. R. Shaw and M. Keppler 

7o# ECE Department 

7,# 610 Cobleigh Hall 

7«# Bozeman, MT 59715

mailto:sshaw@alum.mit.edu
mailto:mkeppler@montana.edu


f u n c t i o n  [ x , i n f o , n f ev] = Im svdCfj Xj D , . . . )

%# I n i t i a l i z e  v a r ia b le s  

7»# Make sure x i s  a column v e c to r  

i f ( s i z e ( x , I) < s i z e ( x , 2 ) )  

x = x 5; 

end;

op t = g o p t i o n s ( ) ;  %# e x i t  o p t io n s

7.# o p t (14) s e t s  max i t e r a t i o n s .  D e fa u l t  i s  1 0 0 * le n g th (x )  

i f  o p t (14) == 0

o p t (14) = IQO * l e n g t h ( x ) ; 

end;

a lp h a  = 0 ;  

in f o  =

fv e c  = f e v a l ( f , x , a l l _ v a _ a r g s ) ; 

n fe v  = I ;

fnorm = n o r m ( f v e c ) ; 

mode = (D == [ ] ) ;  

i t e r  = 1 ;

•/.# b e g in  o u t e r  loop  

w h ile  ( in f o  = -  "")

%# e v a l u a t e  t h e  J a c o b ia n  and compute i t s  SVD 

[ f j a c , f v e c ]  = f d j a c ( f , x , f v e c , a l l _ v a _ a r g s ) ;

[ u , s , v] = s v d ( f  j a c , 0 ) ;

jcnorm s = s q r t ( d i a g ( v * s * s * v ' ) ) ;  %# column norms

u t f  = u '* f v e c ;

n fe v  = n fe v  + co lum ns( f j a c ) ;



79

%# on f i r s t  i t e r a t i o n  compute r ,  D, and i n i t i a l i z e  s t e p  

i f  i t e r  == I 

i f  mode -=  I

D = d iagC jcnorm s + ( jcnorm s == 0 ) ) ;  

end;

xnorm = norm (D *x); 

s t e p  = op t(18)*xnorm ; 

i f  s t e p  == 0 

s t e p  = o p t (1 8 ) ;  

end; ' 

end;

%# compute norm of t h e  s c a l e d  g r a d i e n t  

gnorm = 0 ;  

i f  fnorm ! = 0

temp = ( d i a g ( s )  == 0 ) ;

temp = v * d ia g ( ( 1 - t e m p ) . / ( d i a g ( s ) + te m p ) ) * u t f /fnorm ;, .

%# i f  column norm = z e r o ,  c o r re s p o n d in g  x i s  z e ro  

%# o th e rw is e ,  s c a l e  by column, norm

temp = a b s ( tem p .* ( jcn o rm s  != 0 ) . / ( j c n o r m s + (Jcno rm s= = O ))) ; 

gnorm = max([gnorm; te m p ]) ;  

end;

°/„# check  i f  g r a d i e n t  norm i s  l e s s  t h a n  op t (4) ( g t o l )  

i f  (gnorm < o p t (4 ))

i n f o  = s p r i n t f ( " g r a d ie n t  norm = %.S e , l e s s  th a n  g t o l  = % .3e" , 

gnorm, o p t ( 4 ) ) ;

b re a k ;

end;
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%# R e s c a le  D 

i f  mode == I

D = d ia g (m a x ( [d ia g (D ) ’ ; Jcn o rm s j ] ) ) ;  

end;

%# b e g in  in n e r  loop  

r a t i o  = 0 ;

w h ile  ( r a t i o  < .0001)

%# d e te rm in e  LevenburgM arquardt p a ra m e te r  

[ u l , s l , v l ]  = s v d ( s * v ’* d i a g ( l . / d i a g ( D ) ) ,0 ) ;

[ d e l t a , a l p h a ]  = l s v d ( s t e p ,  .1 ,  a lp h a ,  v l ,  s i ,  u l ’* u t f ) ;

pnorm = n o r m ( d e l t a ) ;

d e l t a  = ( d i a g ( I . / d i a g (D)) ) * d e l t a ;

%# d e te rm in e  new x and s t o r e  i n  x l  

d e l t a  = - l * d e l t a ;  

x l  = x + d e l t a ;

%# on th e  f i r s t  i t e r a t i o n  a d j u s t  t h e  i n i t i a l  s t e p  bound 

i f  i t e r  == I

s t e p  = m i n ( [ s t e p  pnorm ]);  

end;

%# e v a l u a t e  f  a t  x l  and c a l c u l a t e  t h e  r e s i d u a l

f x l  = f e v a l ( f , x l , a l l _ v a _ a r g s ) ; %# c u r r e n t  v a lu e  o f  fv ec

fnorm l = n o r m ( f x l ) ;

n f e v  = n fe v  + I ;

y„# compute t h e  s c a le d  a c t u a l  r e d u c t io n  

a c t r e d  = - I ;  

i f  ( . l* fn o rm l < fnorm) 

a c t r e d  = I  -  ( f n o rm l/fn o rm )~ 2 ;
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end;

%# compute s c a l e d  p r e d i c t e d  r e d u c t i o n  & d i r e c t i o n a l  d e r i v a t i v e

tem p i = n o r m ( s * v '* d e l t a ) / f n o r m ;

temp2 = ( s q r t ( a lp h a ) * p n o rm ) /fn o rm ;

p r e d r e d  = tem p l* tem p l + 2*temp2*temp2;

d i r d e r  = - ( te m p l* te m p l  + tem p2*tem p2);

%# c a l c u l a t e  r a t i o  of a c t u a l  t o  p r e d i c t e d  r e d u c t i o n  

r a t i o  = 0 ;  

i f  p r e d r e d  ! = 0

r a t i o  = a c t r e d / p r e d r e d ; 

end;

%# Update t h e  s t e p  bound 

i f  ( r a t i o  > .25)

i f  ( a lp h a  == 0 I I r a t i o  >= .75) 

s t e p  = pnorm*2; 

a lp h a  = . 5 * a lp h a ;  

end; 

e l s e

i f  ( a c t r e d  >= 0) 

temp = :5; 

e l s e

temp = . 5 * d i r d e r / ( d i r d e r  + . 5 * a c t r e d ) ; 

end;

i f  ( . l* fn o rm l >= fnorm I I temp < .1) 
temp = .1 ; 

e n d ;

s te p  = temp*min( [s te p  pnorm*10r] ) ;
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a lp h a  = a lp h a / te m p ;  

end;

%# i f  i t e r a t i o n  s u c c e s s f u l  save  x , f v e c ,  and c a l c u l a t e  norm x . 

i f  r a t i o  >= .0001 

x = x l ;  

fv e c  = f x l ;  

xnorm = norm (D *x); 

fnorm = fn o rm l;  

i t e r  = i t e r  + 1 ;  

end;

%%%% t e s t s  o f  convergence  TLTL

%# i s  a c t u a l  and p r e d i c t e d  r e d u c t i o n  l e s s  th a n  o p t (3 )?  ( f t o l )  

i f ( a b s ( a c t r e d )  <= o p t (3) && p r e d r e d  <= o p t (3) && . 5 * r a t i o  <= I)  

i f  ( s t e p  <= o p t ( 2 ) *xnorm)

in f o  = s p r i n t f ( " a c t u a l  and p r e d i c t e d  r e d u c t i o n  l e s s  

th a n  %.Se and r e l a t i v e  s t e p  l e s s  th a n  

7„.3e", o p t (3) , o p t (2 ) )  ;

e l s e

in f o  = s p r i n t f ( " a c t u a l  and p r e d i c t e d  r e d u c t i o n  l e s s  

th a n  % .3e", o p t ( 3 ) ) ;

b re a k ;

end;

end;

%# i s  s t e p  i n  p a ra m e te r  space  l e s s  th a n  o p t(2 )* n o rm (x )?  

i f  s t e p  <= op t(2 )*xnorm

in f o  = sp r in tf("m ax im um  r e l a t i v e  s t e p  l e s s  th a n  

% .3 e" , o p t ( 2 ) ) ;
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b re a k ;

end;

%# to o  many i t e r a t i o n s ?  

i f  n fe v  >= o p t (14)

in f o  = s p r i n t f ("number o f  f u n c t i o n  e v a l u a t i o n s  exceeds 

°/0d" ,o p t ( 1 4 ) )  ;

b re a k ;

end;

end;

end;

end;
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APPENDIX D

SHARED SUBROUTINES
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%# Copyright (C) 2001 Montana State University

•/.#

°/„# This program is free software; you can redistribute it and/or 

%# modify it under the terms of the GNU General Public License 

%# as published by the Free Software Foundation; either version 2 

%# of the License, or (at your option) any later version.

%#

*/.# This program is distributed in the hope that it will be useful,

7o# but WITHOUT ANY WARRANTY; without even the implied warranty of 

%# MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the 

%# GNU General Public License for more details.

'/.#

%# You should have received a copy of the GNU General Public License 

7a# along with this program; if not, write to the Free Software 

7a# Foundation, Inc. , 59 Temple Place - Suite 330, Boston, MA 

7,# 02111-1307, USA.

7a#
7a# Contact info:

7.#
7a# sshawOalum. m i t . edu 

7a# mkeppler@montana.edu 

7a#
7a# S. R. Shaw and M. Keppler 

7a# ECE Department 
7.# 610 Cobleigh Hall 
7a# Bozeman, MT 59715

Subroutine: fdjac

mailto:mkeppler@montana.edu
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%#

function [fjac.fvec] = fdjac(f, theta, fvec, ...)

%# find the appropriate step size scale factor

opt = goptionsO;

small = o p t (16);

if nargin < 3 I I fvec == []

fvec = feval(f,theta,all_va_args); 

end;

°/o# initialize fjac 

fjac = zeros(size(fvec,I), 

size(theta,I));

% # evaluate Jacobian

for i = I :size(fjac,2) %# for each column

smu = theta(i); % # sdve the element

h = min ( [max (abs ( [small small*smu] )) opt (17)]).; 

theta(i) = theta(i) + h; %# increment

fjac(:,i) = (feval(f,theta,all_va_args)-fvec) / h; 

theta(i) = smu; %# restore element

end; 

end;
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%# Copyright (C) 2001 Montana State University

U
7.# This program is free software; you can redistribute it and/or 

%# modify it under the terms of the GNU General Public License 

%# as published by the Free Software Foundation; either version 2 

%# of the License, or (at your option) any later version.,-

%#

%# This program is distributed in the hope that it will be useful,

%# but WITHOUT ANY WARRANTY; without even the implied warranty of 

%# MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the 

%# GNU General Public License for more details.

%#

%# You should have received a copy of the GNU General Public License 

%# along with this program; if not, write to the Free Software 

%# Foundation, Inc., 59 Temple Place - Suite 330, Boston, MA 

%# 02111-1307, USA.

%#

°/o# Contact info:

%#

%# sshaw@alum.mit.edu 

*/.# mkeppler@montana.edu 

'/.# S. R. Shaw and M. Keppler 

7.# •
7«# ECE Department 
7.# 610 Cobleigh Hall 
%# Bozeman, MT 59715

Subroutine: Isvd

mailto:sshaw@alum.mit.edu
mailto:mkeppler@montana.edu
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%#

function [x,alpha] = Isvd(delta,sigma,alpha,v ,s ,utf)

%# Compute the OLS solution. If s is rank deficient (within

%# machine precision) then obtain a solution that minimizes the

7»# norm of x.

sinv = diag(s);

x = (abs(sinv) == 0);

rankdeficient = sum(x);

sinv = diag((l-x) ./ (sinv+x));

x = v*s.inv*utf;

°/o# Check to see if we can accept this solution, i.e.

%# is the ||x|I < delta+sigma*delta? 

nx = norm(x); 

tol = sigma*delta; 

fp = nx-delta; 

if fp < tol 

alpha = 0 ;  

return; 

end;

%# The least-square solution didn't work, so an iteration 

°Z# to find a regularizing alpha is necessary. Establish 

% # bounds for the regularization parameter.

°/o# Initialize lower bound — > lower bound less them epsilon 

%# means that I Iz(alpha)I I may *exceed* our minimum norm 

°/o# solution above. 

if rankdeficient > 0 

L = eps;
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else

z = v ’*x;

phi_prime = - ( z ,*sinv*sinv*z) / n x ;

L = ((delta-nx) / phi_prime); 

end;

%# Initialize upper bound. 

sts = s ’*s; 

stutf = s ’ *utf; 

gnorm - norm(stutf);

U = (gnorm/delta) - min(diag(sts)) ;

°/„# check alpha

alpha = m i n ([U m a x ([L alpha])]); 

if alpha == 0

alpha = gnorm / nx; 

end;

"/„# Iterate to find a new alpha 

for iter = 1:10

%# compute new x with current alpha 

temp = diag(l./(diag(sts)+alpha)); 

z = temp*stutf; 

fp = norm(z)-delta;

%# check exit criteria

if (abs(fp) <= tol I I (abs(fp) <= temp I I fp < 0 

&& alpha == eps)) 

x = v*z; 

return; 

end;
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%# compute update to alpha

phi_prime = - (z'*temp*z)/ (fp+delta);

pare = - ( (fp+delta)/delta)* (fp/phi_prime);

%# update the bounds

if(fp > 0)

L = m a x ([L alpha]); 

else

U = m i n ([U alpha]); 

end;

°/0# calculate new alpha, within the bounds, 

alpha = min([max([L alpha+parc]) U]); 

end;

%# update x 

x = v*z; 

end;
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%# Copyright (C) 2000, 2001 Montana State University 

%#

%# This program is free software; you can redistribute it and/or 

%# modify it under the terms of the GNU General Public License 

%# as published by the Free Software Foundation; either version 2 

%# of the License, or (at your option) any later version.

*/.#

%# This program is distributed in the hope that it will be useful,

%# but WITHOUT ANY WARRANTY; without even the implied warranty of 

%# MERCHANTABILITY or FITNESS FOR A PARTICULAR PURPOSE. See the 

% # GNU General Public License for more details.

7.#

/,# You should have received a copy of the GNU General Public License 

7»# along with this program; if not, write to the Free Software 

%# Foundation, Inc., 59 Temple Place - Suite 330, Boston, MA 

7.# 02111-1307, USA.

7,#
7«# Contact info:

7.#
7«# s shaw@alum. m i t . edu 

%# mkeppler@montana.edu

%#

% # S. R. Shaw and M. Keppler 

7«# ECE Department 
%# 610 Cobleigh Hall 

7»# Bozeman, MT 59715

Subroutine: goptions

mailto:mkeppler@montana.edu
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%#

function opts = goptions(optnumber, value)

global goptions_defaults_ = [0 le-4 le-4 sqrt(eps) 0 0 0 0 0 0 0

0 0 0 0  sqrt(eps) .1 10]; 

global goptions, = goptions_defaults_;

t
%# reset to defaults 

if nargin == I

goptions, = goptions_defaults_; 

e n d ;

if nargin == 2

goptions,(optnumber) = value; 

end;

opts = goptions,; 

end;
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APPENDIX E

UPDATING THE LM PARAMETER
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The ACM and LM update the parameter estimate 9 with a Levenberg-Marquardt 

iteration that utilizes the SVD of the Jacobian [27]. The parameter estimate 9 and 

the Levenberg-Marquardt parameter a  are updated in the subroutine Isvd.m (see 

appendix D). The purpose of Isvd.m is to compute an a  that produces a step DSg 

such that

< eps, (6.1)

IJ D 5 e Il <  V , (6.2)

r

y/a > eps, (6.3)

HI (I - 4  | <  m?, (6.4)

where 77 is the step bound, a is the desired relative error in the step bound, D is 

a weighting matrix, and eps is the machine precision. In (6.2) a  is zero within the 

machine precision and D5§ is the ordinary least squares solution. The Levenberg- 

Marquardt step is generally determined by solving the matrix equation

P W M
V J  V 0 /

for a  in the least square sense so the error in the normal equation

(6.5)

Il+a (I IM8 I) ■ (6,6)

is minimized. The subroutine lsvd.mr on the other hand, solves the matrix equation
I(  J D -1 ^

Iyftx )
(6.7)

V
because it simplifies the computations required to determine a. A change of variables 

y =  DS§ yields
1 J D -1

(6.8)
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This matrix equation is solved using the SVD of JD ~l . If the SVD of JD -1 is given 

by usvT = JD -1 (6.8) becomes

 ̂ usvT

V VS
The normal equations of (6.9) .are

V = (6.9)

(v sT uT usvT +  a l)y  =  vsT uTr. (6.10)

Pulling v and vT outside of the parenthesis and taking advantage of the fact that u 

is orthogonal, the normal equation becomes

v(sTs + vTaIv)vTy =  vsV r. OSH)

Since a  is a constant, I  is the identity matrix, and v is orthogonal (6.11) can be 

rewritten

v(sTs + crf)vTy — vsTuTr. (6.12)

Multiplying both sides of (6.12) on the left by vT and solving for y gives

y =  v{sT s +  aI)~1sTuTr. (6.13)

The variable y is the solution of the matrix equation (6.9) for any given value of a. 

If a  =  0, y is the ordinary least squares solution. If the least squares solution does 

not meet the criteria

Il y ||< n, (6.14)

a new ck 0 is computed. To simplify the computation of a  a new variable

z =  vTy =  (sTs +  aI)~ 1sTuTr (6.15)

is introduced. The variable z can be used to compute a  because v is orthogonal which 

implies || y ||=|| z ||. The Levenberg-Marquardt parameter a  is obtained from the 

derivative
d Il z

da (6.16)
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The derivative in (6.16) is computed by finding

d H z |P

and using the property that

da

d Il *  IP =  2zd Il 2
da ~ da 

Solving the derivative in (6.17) and applying (6.15) yields

d Il z Ip
da = E da s - '+Qiy

T

=  £ - 2
SiUjri SiUrJri
Si +  a (sf +  o;)2 

—2zt (st s +  al)~lz.

(6.17)

(6.18)

(6.19)

(6.20) 

(6.21)

The derivative in (6.16) is found by substituting (6.21) into (6.18) to obtain

d  H z  H - z V a  +  a i ) - i z  
do Hz Il ^

which is used to compute a.

The subroutine Isvd.m computes the Levenberg-Marquardt step iteratively. 

The iterative aproach proceeds by first computing the ordinary least squares solution. 

This is equivalent to solving for Dd^ with o =  0. If the step Dd§ satisfies the criteria 

in (6.1) and (6.2) the step is returned to the main program. If the step does not 

satisfy (6.1) and (6.2), the step z (6.15) is computed using an updated a  obtained 

from (6.22). The Levenberg-Marquardt parameter a  is updated ten times or until 

z satisfies (6.3) and (6.4). Once an appropriate step .z is computed, it is multiplied 

by v to obtain the weighted step in parameter space Dd§ for the given a ^  0. After 

returning to the calling routine, the step returned from Isvd.m Dd§ is multiplied by 

D -1 to produce the Levenberg-Marquardt step d§.
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