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Abstract:
A production-line balancing machine, obtained through the War Assets Administration and received at
Montana State College, is discussed in this paper. A discussion of the general problem of balancing
along with the application of the principles of mechanics applying to balancing is given.

Some of the various types of balancing machines are described and the features of each are discussed.
Apparatus, which can be used to determine unbalance and indicate the corrections to be made without
removing the part from its location in a machine, is described.

Results obtained from the production-line balancing machine are included and discussed. The results
obtained seem to indicate certain undesirable characteristics of the machine. An attempt is made to
evaluate possible reasons for these characteristics. 
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ADSTRiiCT

A p r o d u c t i o n - l i n e  b a la n c in g  machine, o b ta in ed  through  

the  War A s s e t s  A d m in i s t r a t io n  and r e c e iv e d  a t  Montana S t a t e  

C o l l e g e ,  i s  d i s c u s s e d  i n  t h i s  paper .  A d i s c u s s i o n  o f  the  

g e n e r a l  problem o f  b a la n c in g  a lo n g  w ith  the a p p l i c a t i o n  o f  

the  p r i n c i p l e s  o f  mechanics a p p ly in g  t o  b a la n c in g  i s  g iv e n .

Some o f  the  v a r io u s  ty p e s  o f  b a la n c in g  machines are 

d e s c r ib e d  and th e  f e a t u r e s  o f  each are d i s c u s s e d .  Apparatus, 

which can be used t o  determine unbalance and i n d i c a t e  the  

c o r r e c t i o n s  to  be made w ithou t  removing the  part  from i t s  

l o c a t i o n  in  a machine,  i s  d e s c r i b e d .

R e s u l t s  o b ta in ed  from the p r o d u c t i o n - l i n e  b a la n c in g  

machine are inc luded  and d i s c u s s e d . The r e s u l t s  obta ined  

seem to  i n d i c a t e  c e r t a i n  u n d e s ir a b le  c h a r a c t e r i s t i c s  o f  the  

machine.  An attempt i s  made t o  e v a lu a t e  p o s s i b l e  reason s  

f o r  t h e s e  c h a r a c t e r i s t i c s .



-5-
INTRODUCTION

The purpose o f  the r e s e a r c h  and work l e a d in g  t o  t h i s  

t h e s i s  was to  i n s t a l l  and p la ce  in  o p e r a t io n  a b a la n c in g  

machine r e c e i v e d  from war s u r p l u s .  The machine was des igned  

and b u i l t  by a company engaged in  t h e  manufacture o f  a i r ­

c r a f t  e n g i n e s .  I t  was used in  the  a c t u a l  p r o d u ct io n  l i n e  to  

balance th e  cran k sh a f t  o f  a 12 c y l i n d e r ,  V-type  e n g in e .

In  order t o  adapt th e  machine f o r  la b o r a t o r y  exp er im en ts ,  

a s t r a i g h t  s h a f t  was used .  J i x  d i s k s  were made and placed  

a lo n g  the s h a f t  l e n g t h  and h o l e s  were d r i l l e d  i n  t h e s e  d i s k s ,  

p a r a l l e l  t o  the  s h a f t  a x i s  a t  a uniform d i s t a n c e  from the  

c e n t e r s ,  t o  be used f o r  the  a d d i t i o n  o f  w e i g h t s .

A f t e r  the  p r e l im in a r y  work was f i n i s h e d  and th e  s h a f t  

and d i s k s  were i n s t a l l e d ,  the a c t u a l  o p e r a t io n  o f  the  

b a la n c in g  machine was observed and s tu d ie d  t o  determ ine  the  

c h a r a c t e r i s t i c s  o f  the  machine.  At t h i s  p o in t  c e r t a i n  r e s u l t s  

were qu es t io n ed  and an attempt to  e v a lu a te  the  r e s u l t s  was 

made.

One o f  the primary purposes o f  a ba la n c in g  machine i s  

to  determine the c o r r e c t i o n s  needed t o  ba lance  the un i t  in  

q u e s t io n  i n  the most rapid  and econom ical  f a s h io n  p o s s i b l e .

The b a la n c in g  machine w i l l  accom plish  the purpose o f  d e t e r ­

mining t h e  req u ire d  c o r r e c t i o n s ,  but the  procedure invo lved  

i s  not  o f  the  e a s i e s t  and most d i r e c t  n a tu r e .  The charac­

t e r i s t i c s  p r e v i o u s l y  r e f e r r e d  to  are such t h a t  the magnitude
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o f  the  unbalance a f f e c t s  th e  angular  p o s i t i o n  o f  the read ing  

of  the unbalance .

In th e  a c t u a l  b a la n c in g  o f  r o t a t i n g  u n i t s  i t  i s  o f t e n  

not  p r a c t i c a b l e  or p o s s i b l e  to  c o m p le te ly  remove or  make 

a l low ance  f o r  the e n t i r e  unbalance p r e s e n t .  In  t h i s  paper 

the  procedure in v o lv ed  w i l l  be s a t i s f a c t o r y  f o r  the  p a r t i c u l a r  

ca se  when th e  r o t a t i n g  p a r t  can be assumed c o m p le te ly  r i g i d .  

7/hen c a s e s  are  in v o lv e d  where the  e l a s t i c  d e f l e c t i o n  o f  the  

p a r t s  should be c o n s id er ed  th e  problem becomes more complex 

i n  nature  and u s u a l l y  b a la n c in g  can o n ly  be done f o r  a 

p a r t i c u l a r  speed or range o f  sp e e d s .

Standard a b b r e v ia t io n s  are  used f o r  terms in v o lv e d  in  

the  d i s c u s s i o n .  When a new a b b r e v i a t io n  i s  in tr o d u c e d ,  a 

b r i e f  d e s c r i p t i o n  f o l l o w s  the formula or eq u a t io n  where the  

symbol i s  used .  R eference  i s  made to  the source  o f  some o f  

the  s ta te m e n ts  and eq u a t io n s  used .  In  the  B a lanc in g  s e c t i o n ,  

however, no s p e c i f i c  r e f e r e n c e s  are  made s i n c e  the  m a t e r ia l  

i s  presen ted  in  a number o f  books d e a l in g  w ith  th e  s u b je c t  o f  

v i b r a t i o n s .



BALiiNCINGr

Moving p a r t s  o f  a machine have in  common, a s  a r u l e , 

e i t h e r  r e c i p r o c a t i n g  motion or a m otion o f  r o t a t i o n  such 

as t h a t  o f  th e  r o t o r  o f  an e l e c t r i c  motor.  I f  th e  moving 

p a r t s  are not b a la n c e d , f o r c e s  must be a p p l ie d  to  produce 

the  a c c e l e r a t i o n  o f  th e  moving masses  from the  s t a t i o n a r y  

p a r t s  o f  th e  machine,  such as th e  bear ings  and the  machine 

fram e. I t  i s  in  s u p p ly in g  t h e s e  a c c e l e r a t i n g  f o r c e s  th a t  

s e r i o u s  t r o u b l e  may a r i s e , such as  v i b r a t i o n s  i n  the  machine 

heavy b ear in g  p r e s s u r e , which cause undue wear; d e f e c t i v e  

work w ith  g r in d in g  d i s k s ;  and d e f e c t i v e  l u b r i c a t i o n .  I t  i s ,  

t h e r e f o r e , o f  g r ea t  importance to  balance  or n e u t r a l i z e  

t h e s e  f o r c e s  in  v a r io u s  ty p e s  o f  machines .

In  t h i s  pap er , motions o f  r o t a t i o n  only  w i l l  be con­

s i d e r e d .  The r o t a t i n g  p a r ts  o f  a machine may be i n  s t a t i c  

or dynamic b a la n c e .  S t a t i c  ba lance  e x i s t s  in  a r o t a t i n g  

p a rt  when the f o r c e s  which a c t  on the  p a r t , i f  th e  p a r t  i s  

not  runn ing ,  are  i n  e q u i l ib r iu m  r e g a r d l e s s  o f  the p o s i t i o n  

in  which the  part  i s  p la c e d .  Dynamic balance e x i s t s  in  the  

system  when the f o r c e s  e x er te d  by the  masses o f  t h e  moving 

system  on the  s t a t i o n a r y  p a r t s  o f  th e  machine are i n  e q u i l ­

ibr ium , and hence e x e r t  no v a r y in g  r e s u l t a n t  f o r c e s  on the  

s t a t i o n a r y  p a r t s  o f  the machine.

From an a n a l y s i s  o f  a s imple  r o t o r  c o n t a in in g  on ly  one 

unbalanced w e ig h t ,  the eq u a t io n  o f  th e  r e s u l t i n g  f o r c e  may
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be determ ined .  Assume th a t  a s i n g l e  weight  o f  m agnitude,  W, 

i s  l o c a t e d  a t  a d i s t a n c e ,  r , from the  cen ter  o f  r o t a t i o n  o f  

a -'Jlind^r or d i s k . v<hcn the d i s k  or c y l i n d e r  i s  r o t a t e d ,  

the unbalanced w e ight  w i l l  have an a c c e l e r a t i o n  toward the  

c e n te r  o f  the  body. In order t o  supp ly  t h i s  c e n t r i p e t a l  

a c c e l e r a t i o n  the b ear in gs  s u p p o r t in g  the r o t a t i n g  d i s k  or

cv l i n g e r  and the a s s o c i a t e d  s h a f t  and jo u r n a ls  w i l l  have to
*

e^ e rt  f o r c e s  th a t  w i l l  overcome or balance  th e  r e s u l t i n g  

i n e r t i a  or c e n t r i f u g a l  fo r c e  caused by the unbalanced w e ig h t .  

The c e n t r i f u g a l  f o r c e  may be r e p r e se n te d  by the  eq u a t io n  

F "" -g*r 00 where W i s  th e  unbalanced w e ight  in  pounds,  g i s  

the  a c c e l e r a t i o n  due to  g r a v i t y  expressed  in  f e e t  per second  

per se co n d ,  r i s  the  d i s t a n c e  from the  c en te r  o f  r o t a t i o n  t o  

the  w e ight  e x p ressed  in  f e e t ,  and^ i s  th e  angular  v e l o c i t y  

in  ra d ia n s  per second.

I f  a c o n a i t i o n  o f  t h i s  kind e x i s t s  in  a machine the  

f o r c e s  required  t o  r e s i s t  the c e n t r i f u g a l  f o r c e  caused by 

the  unbalanced w e ig h t  w i l l  bo t r a n sm it t e d  from the  r o t a t i n g  

body to  the frame o f  the  machine.  The fo rc e  e q u a t io n  shows 

t h a t  th e  magnitude o f  the  r e s u l t i n g  f o r c e s  w i l l  vary  d i r e c t l y  

w ith  the square o f  the  speed o f  the r o t a t i n g  p a r t .  F igure  I  

shows the  v a r i a t i o n  o f  the  unbalanced fo r c e  w i th  the  speed o f  

r o t a t i o n  f o r  a u n i t  unbalance o f  I  o u n c e - in c h .  An oun ce- inch  

i s  the  standard u n i t  used to  measure unbalance and i s  d e f in ed  

a s  a w e ight  o f  one ounce p laced  a t  a d i s t a n c e  o f  one inch
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from, the  c e n te r  o f  r o t a t i o n .

Unbalance o f  t h i s  nature can be d e t e c t e d  and c o rr ec ted  

by s im ple  means. By ta k in g  the  r o t a t i n g  body and a l lo w in g  i t  

t o  r o t a t e  f r e e l y  w i th  i t s  a x i s  in  a h o r i z o n t a l  p la n e  the heavy  

sp o t  w i l l  come t o  r e s t  a t  the  low s i d e  i n d i c a t i n g  th a t  weight  

should  be removed a t  t h i s  l o c a t i o n  or th a t  we ight  should be 

added d i a m e t r i c a l l y  o p p o s i t e .  The magnitude o f  th e  weight  

removed or the  w e ight  added should  be o f  such a q u a n t i t y  th a t  

the  e q u a t io n  W1 r, = W2 r^ i s  f u l f i l l e d .  In t h i s  eq u a t io n  W1 

r e p r e s e n t s  the  unbalanced weight;  r, , the r a d i a l  d i s t a n c e  o f  

the  unbalanced w e ig h t;  and 'W2 and r 2 the  w e ight  and r a d i a l  

d i s t a n c e  r e s p e c t i v e l y  o f  the  b a la n c in g  w e ig h t .  T h is  simple  

ca se  i s  an example o f  s t a t i c  b a la n c in g  s in c e  the unbalance  

can be d e t e c t e d  by s t a t i c  means. A lso  the  dynamic f o r c e s  

caused by the unbalanced weight  in  a r o t a t i n g  body w i l l  be 

balanced by the a d d i t i o n  or removal o f  a s i n g l e  w e ig h t .  This  

can be shown by a comparison o f  the  e q u a t io n s  in v o lv ed  in  the  

two c a s e s .  In the  case  o f  r o t a t i n g  unbalance the  c o r r e c t io n  

i s  made by adding w e ig h t  d i a m e t r i c a l l y  o p p o s i t e  th e  i n i t i a l  

unbalanced w e ight  or by removing w e ig h t  a t  the  same angular  

l o c a t i o n .  The va lue  o f  the weight  to  be added or removed 

can be determined by eq u a t in g  the  c e n t r i f u g a l  f o r c e  caused 

by the  unbalanced w e ig h t  to  the  c e n t r i f u g a l  f o r c e  caused by 

b a la n c in g  w e ig h t .  S in ce  the  b a la n c in g  weight  i s  added 

d i a m e t r i c a l l y  o p p o s i t e ,  the  f o r c e s  are  c o l l i n e a r  and the
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r e s u l t a n t  i s  z e r o .  Equating th e se  f o r c e s ,  we o b t a in  the 

r e l a t i o n s h i p  r, . S in ce  the angu lar  s p e e d , ,

i s  th e  same f o r  both w e ig h t s  i t  can be e l im in a t e d  from the  

e q u a t io n ,  l e a v i n g  .7, r , » Wx r x  , which i s  the same equat ion  

as f o r  th e  s t a t i c  balance  c a s e .

In the  p r e v io u s  d i s c u s s i o n ,  i t  was assumed t h a t  the r e ­

moval or a d d i t i o n  o f  the  weight  n e c e s s a r y  to  a c h ie v e  the  

s t a t i c  ba lance  was a p p l ied  in  the  same p l a n e , perpendicu lar  

to  the s h a f t  a x i s ,  as  the unbalanced w e ig h t .  I f  the  method 

o f  s t a t i c  b a la n c in g  i s  a p p l ie d  to  r o t a t i n g  b o d ies  th a t  are  

o f  a c o n s id e r a b le  l e n g t h ,  the p o s i t i o n  o f  the  proper p la n e ,  

a lo n g  the  s h a f t  a x i s , f o r  the  a d d i t i o n  o f  the  c o r r e c t i n g  

w e i g h t , w i l l  not be i n d i c a t e d .  Assuming th a t  the  method i s  

used f o r  b o d ie s  o f  c o n s id e r a b le  l e n g t h ,  the r e s u l t  may be 

more u n d e s ir a b le  than the  i n i t i a l  un b a la n ce , I f  a weight  

o f  the  proper magnitude and r a d i a l  d i s t a n c e  i s  added, u n le s s  

the  p lane  o f  the  w e ight  i s  th e  same plane as  t h a t  o f  the un­

b a la n c e ,  a dynamic couple  w i l l  be in tr o d u ce d .  S in c e  i t  i s  

not  p o s s i b l e  to  determine the  l o c a t i o n  of  the  proper plane to  

make c o r r e c t i o n s  by s t a t i c  means, a d i f f e r e n t  procedure i s  

r e q u ir e d  f o r  b a la n c in g  long  r o t a t i n g  b o d ie s ,  even though the  

unbalance may be caused by a s i n g l e  w e ig h t .

In  f i g u r e  2 th e  s im ple  ca se  o f  s t a t i c  unbalance i s  

i l l u s t r a t e d .  F igure  3 shows the  c o r r e c t i o n  o f  t h i s  unbalance  

by th e  a d d i t i o n  o f  a s i n g l e  w e ight  p la ced  d i a m e t r i c a l l y
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*

FIG. 2 STATIC UNBALANCE

FIG. 3 STATICALLY BALANCED

FIG 4 STATIC BALANCE
WITH DYNAMIC UNBALANCE



o p p o s i t e  th e  unbalanced w e ig h t .  F igure  4 shows th e  r e s u l t  

o f  in t r o d u c in g  a w e ig h t  o f  c o r r e c t  magnitude and r a d i a l  

d i s t a n c e ,  but not  in  the  same p lane  as  the  o r i g i n a l  un­

balanced w e ig h t .

The g e n e r a l  c a s e , i n c l u d i n g  both ty p es  o f  unbalance ,  

w i l l  now be c o n s i d e r e d .  Assume th a t  a ro to r  c o n t a i n s  v a r io u s  

unbalanced w e ig h ts  as  shown in  f i g u r e  5 .  I t  i s  p o s s i b l e  to  

determine i f  the r o to r  i s  in  s t a t i c  balance  by th e  method 

d e sc r ib e d  p r e v i o u s l y .  However, t h i s  approach w i l l  be by­

passed  and a method o f  c o r r e c t i n g  the unbalance w i l l  be d e s ­

cr ibed  t h a t  d e term ines  the  m agnitude,  angular  p o s i t i o n ,  and 

r a d i a l  d i s t a n c e  o f  s i n g l e  w e ig h ts  to  be added in  two d i f f e r e n t  

p l a n e s .  F i r s t , choose  planes I  and I I  as the  two c o r r e c t io n  

p la n es  f o r  r ea so n s  o f  convenience  in  adding w e i g h t s .  Now, 

c o n s id e r  p lane  I as a r e f e r e n c e  p la n e .  Taking moments w ith  

r e s p e c t  to  p lane  I , f i n d  the weight  t o  be added i n  plane I I  

t o  make the  r e s u l t a n t  moment o f  the  f o r c e s  o f  the  unbalanced  

w e ig h ts  and the  weight  in  p lane  I I  z e r o .  T h is  s t e p  determ ines  

t h a t  the  o n ly  unbalance rem aining  w i l l  have to  be l o c a t e d  In 

plane  I ,  By c o n s i d e r in g  plane I I  a s  the  r e f e r e n c e  p la n e ,  the  

same procedure can be fo l lo w e d  to  f i n d  the b a la n c in g  weight  

req u ired  in  p lane  I . Thus, the  system  can be brought to  a 

c o n d i t i o n  o f  dynamic balance  w i th  a weight  p la ced  in  each o f  

the  c o r r e c t i o n  or r e f e r e n c e  p l a n e s .  In f i g u r e  6 ,  t h i s  method 

i s  i l l u s t r a t e d ,  u s in g  v e c t o r s  to  r e p r e se n t  the moments of  the
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FIG. 5 GENERAL CASE OF UNBALANCE

FIG. 6 MOMENTS WITH RESPECT TO PLANE I



- 1 5 -

f o r c e s  with  r e s p e c t  to  th e  r e f e r e n c e  p l a n e s ,

A d i f f e r e n t  method, which w i l l  ^ ive  i d e n t i c a l  r e s u l t s ,  

i s  now d e s c r i b e d .  C on s ider ,  as b e f o r e ,  a r o t a t i n g  body con­

t a i n i n g  v a r io u s  unbalanced w e ig h t s  and pick  two r e fe r e n c e  

p l a n e s ,  p la n e s  I and I I ,  Add equa l  and o p p o s i t e  f o r c e s  in  

plane  I f o r  each o f  the f o r c e s  due t o  the unbalanced w e i g h t s .  

This  r e s u l t s  in  a f o r c e  and a couple  r e p la c in g  each of  the  

f o r c e s  o f  unbalance .  In o ther  words ,  the o r i g i n a l  unbalanced  

f o r c e s  have been r e p la c ed  by a couple  and a f o r c e  in  plane I .  

N e x t ,  f i n d  the  r e s u l t a n t  o f  the c o u p le s  and add two f o r c e s ,  

one i n  p lane  I  and one in  p lane  I I ,  to  form a couple  that  

w i l l  be o p p o s i t e  to  the r e s u l t a n t  o f  the  c o u p l e s .  Now, the  

system  i s  in  balance  w ith  the e x c e p t i o n  o f  the  f o r c e s  i n t r o ­

duced in  p lane  I ,  Find the r e s u l t a n t  o f  the  f o r c e s  introduced  

i n  plane I and add a f o r c e  in  p lane  I  to  balance  t h i s  r e ­

s u l t a n t .  A c t u a l l y  the  o n ly  e x t e r n a l  changes made t o  the s y s ­

tem have been the a d d i t i o n  o f  a f o r c e  in  p lane  I I  t o  form part  

o f  th e  couple  added to  balance  the  o r i g i n a l  c o u p le s  and the  

a d d i t i o n  o f  a f o r c e  i n  p lane  I  t o  balance  the  f o r c e s  added 

in  p lane  I . These two f o r c e s  are  added by i n c lu d i n g  w e ig hts  

o f  the  c o r r e c t  magnitude,  angular  p o s i t i o n ,  and r a d i a l  

d i s t a n c e  in  the  r e f e r e n c e  p l a n e s .

Thus, the g e n e r a l  case  o f  unbalance in  a r o t a t i n g  body 

can be balanced by the  a d d i t i o n  o f  a weight  in each o f  two 

d i f f e r e n t  r e f e r e n c e  p la n e s .  As s t a t e d  b e f o r e ,  i t  i s  assumed



t h a t  the  r o t a t i n g  b o d ie s  are r i g i d  and th a t  e l a s t i c  d e f l e c ­

t i o n s  can be n e g l e c t e d .  The problem o f  b a la n c in g  r i g i d  

r o t a t i n g  b o d ies  i s  then one o f  f i n d i n g  the  v a lu e s  o f  the  

w e i g h t s , a n g l e s ,  and r a d i a l  d i s t a n c e s  o f  w e ig h ts  to  be 

added in  two d i f f e r e n t  p la n es  p e r p e n d ic u la r  to  the  a x i s  o f  

r o t a t i o n .
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BALANCING MACHINES

A d i s k  mounted on a r o t a t i n g  s h a f t  which c o n t a in s  an 

unbalanced w e ight  w i l l  v i b r a t e  and a l s o  cause r o t a t i n g  f o r c e s  

t o  be t r a n s m i t t e d  to  th e  b e a r in g s .  The v i b r a t i o n  and the  

b ea r in g  f o r c e s  can be made t o  d isapp ear  by a t t a c h i n g  a small  

w e ig h t  on th e  " l i g h t  s id e"  o f  the  d i s k .  The d e ter m in a t io n  o f  

the  l o c a t i o n  o f  the c o r r e c t i n g  w e ight  i s  a s im ple  problem in  

s t a t i c s .  The s h a f t  can be p la ced  on p a r a l l e l  h o r i z o n t a l  r a i l s  

and th e  heavy s i d e  w i l l  then r o l l  down. A t r i a l  c o r r e c t io n  

w e ig h t  can be added t o  the top  a id e  o f  the d i s k  and the pro­

cedure cont inued  by changing the  w e ight  u n t i l  the  s h a f t  and 

d i s k  are in  apparent e q u i l i b r iu m .  Then the  s h a f t  w i l l  remain  

in  any p o s i t i o n  and the o r i g i n a l  unbalanced w e ig h t  i s  

approxim ate ly  balanced by the  c o r r e c t i o n  w e ig h t .  The s h a f t  

i s  p laced  on the p a r a l l e l  h o r i z o n t a l  r a i l s  t o  e l i m i n a t e  as  

much a s  p o s s i b l e  the f r i c t i o n a l  r e s i s t a n c e  t o  r o t a t i o n .

The s e t  o f  h o r i z o n t a l  r a i l s  i s  the  s im p le s t  s t a t i c  

b a la n c in g  machine in  e x i s t e n c e .  For r o t a t i n g  b o d ie s  in  which 

the  main p a r t  o f  th e  mass i s  in  d i s k  form, s t a t i c  balance  i s  

the  on ly  balance  t h a t  i s  n e c e s s a r y  to  in sure  v i b r a t i o n  f r e e  

o p e r a t io n  a t  a l l  s p e e d s .

In  c a se  the  r o t a t i n g  body i s  e lo n g a ted  and th e  mass or 

w e ig h t  cannot be c o n s id er ed  as  c o n cen tra ted  in  a t h i n  d i s k ,  

the  c o n d i t i o n  o f  s t a t i c  balance  i s  not s u f f i c i e n t  t o  e l i m in a t e  

v i b r a t i o n .  As shown in  f i g u r e  4 ,  a r o to r  may be in  s t a t i c
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balance  and y e t  e x e r t  r o t a t i n g  f o r c e s  on the  b e a r in g s  when 

the  s h a f t  i s  r e v o l v i n g ,  A dynamic b a lan c ing  machine or 

arrangement i s  r e q u ire d  t o  determine the  s i z e  and l o c a t i o n  

o f  the  unbalance ,

A s im ple  type o f  a dynamic b a la n c in g  machine i s  now 

d e s c r i b e d .  The r o to r  i s  p laced in  two bea r in g s  which are 

a t ta ch ed  t o  a l i g h t  t a b l e . The t a b l e  i s  supported on sp r in g s  

a t  the  four  c o rn ers  and can be made r o t a t a b l e  about e i t h e r  

one o f  two a x i s , l o c a t e d  in  the p la n e s  tha t  w i l l  be used as  

c o r r e c t i o n  p l a n e s .  The r o to r  i s  d r iv e n  by a f l e x i b l e  s h a f t  

or b e l t , or can be d r iv e n  by a motor r i g i d l y  mounted on the  

t a b l e .  The l a t t e r  scheme i s  not as  d e s i r a b l e  a s  th e  o thers  

s i n c e  I t  i n c r e a s e s  the  weight  o f  th e  t a b l e  which d e c r e a s e s  

the  s e n s i t i v i t y  o f  the  machine.  The ba la n c in g  procedure i s  

a s  f o l l o w s .  The t a b l e  i s  he ld  a t  one o f  the a x i s  and r e l e a s e d  

a t  the  o ther  and the  r o to r  s o t  in  m otion .  A f t e r  th e  un i t  

comes to  r e s o n a n c e , the  amplitude o f  the  v i b r a t i o n  a t  the  f r e e  

end of  the  t a b l e  can be measured and the  p o s i t i o n  o f  the  

maximum amplitude determ ined .  The p o s i t i o n  o f  th e  maximum 

am plitude  w i l l  depend upon the v i b r a t i o n  c h a r a c t e r i s t i c s  o f  

th e  t a b l e  and r o t o r ,  As we w i l l  show in  the s e c t i o n  devoted  

t o  an a n a l y s i s  o f  the  su rp lu s  machine i n s t a l l e d , the  sh a f t  

w i l l  d e s c r i b e  the  heavy spot  when i t  runs below th e  c r i t i c a l  

speed;  the  l i g h t  spot  when i t  runs above the  c r i t i c a l  speed;  

and a p o in t  which i s  90 d e g r ee s  behind the heavy sp o t  when i t
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i s  run a t  e x a c t l y  the  c r i t i c a l  sp eed .  In a c t u a l  p r a c t i c e  

o h is  /aethod i s  very in a c c u r a te  s i n c e  the ang le  i s  dependent

upon the speed o f  the  r o t o r  and v a r i e s  through a maximum o f  

130 d e g r e e s ,

' m°re  s a t i s f a c t o r y  m e t h o d u s e s  the b a s i c  arrangement 

d e sc r ib e d  a b o v e , but does not depend upon the  a n g le  o f  the  

maximum a m p l i tu d e .  The method c o n s i s t s  o f  o b s e r v in g  the  

amplitude o f  v i b r a t i o n  o n ly  and then making two a d d i t i o n a l  

runs w ith  a sm a l l  unbalance weight  added a t  a conv en ien t  

l o c a t i o n  f o r  the f i r s t  run and f o r  the  second run the  un­

balance  w e ight  i s  added in  a d i a m e t r i c a l l y  o p p o s i t e  l o c a t i o n ,  

i t  can be shown t h a t  the  three  t r i a l  runs and the  r e s p e c t i v e  

am pl i tud es  w i l l  determine the unknown unbalance w i th  a 

p o s s i b i l i t y  o f  one a m bigu ity .  T h is  ambiguity  can be removed 

by a i o u r t h  run which w i l l  a l s o  check the a ccu racy  o f  the  

-L Irsu ohree r u n s .  I f  a f t e r  the  m ot ions  d e sc r ib e d  above have  

been made, and the  c o r r e c t i o n  w e ig h t  added, v i b r a t i o n  i s  s t i l l  

p r e s e n t  the  procedure may be r e p e a te d  once more, The v ib r a ­

t i o n ,  i f  p r e s e n t ,  should be much l e s s  than the  o r i g i n a l  

v i b r a t i o n .

The procedure d e sc r ib e d  f o r  both o f  the above methods 

must be a p p l ie d  t w i c e ,  once w ith  the  a x i s  in  p lane  I  as  the  

r o t a t i n g  a x i s  and a g a in  with  the  a x i s  in  plane I I  a s  the

TT ben Hartog, J. P . ,  !947 I.^wil«UICAL VlBkhTlONb,
PP• 2 9 6 -2 9 7 ,  McGraw-Hill Book C o . , I n c . , New York, N. Y.



—S c ­

ro ta  t i n g  a x i s .  7/he re l a r g e  numbers o f  u n i t s  have t o  be 

balanced as  a requirem ent  o f  p r o d u c t io n ,  the two methods 

d e s c r ib e d  take too  much t im e .

A s i m i l a r  arrangement i s  used in  another  type  o f  

b a la n c in g  machine^-. The p a r t  to  be balanced i s  supported  

and r o ta t e d  on a p iv o t e d  c a r r i a g e . One o f  the  c o r r e c t i o n  

p la n e s  i s  l o c a t e d  over th e  p i v o t  a x i s  and the  unbalance i s  

determined f o r  t h i s  p o s i t i o n  o f  the  u n i t  and then w i th  the  

specimen turned end f o r  end, the unbalance i n  the  o th e r  

c o r r e c t i o n  plane  can be d e term ined .  The machine c o n ta in s  a 

compensating whee l  r o t a t i n g  w i th  the  part  in  which both the  

magnitude and angular  p o s i t i o n  o f  a b a la n c in g  w e ig h t  may be 

changed w h i l e  the  r o to r  and compensating whee l  are  running.  

By v a ry in g  the  angular  p o s i t i o n  o f  th e  b a la n c in g  w e ight  or 

w e ig h ts  the operator  can s e t  the  wheel  to  g i v e  the  s m a l l e s t  

amplitude o f  v i b r a t i o n .  Then by v a ry in g  the  r a d i a l  d i s t a n c e  

o f  the  b a la n c in g  w e ig h ts  the system  can be brought i n t o  

b a la n c e .  The method does  not  r e q u ir e  th a t  the  c o r r e c t i v e  

w e ig h ts  be p la c ed  in  the  c o r r e c t i o n  p la n e s .  S in c e  the  two 

unbalanced f o r c e s  are  determined and assuming the r o t a t i n g  

u n i t  i s  r i g i d ,  any two w e ig h ts  th a t  w i l l  g iv e  the  same ex­

t e r n a l  r e s u l t  may be added.

A method^, which i s  s im pler  than the methods p r e v io u s ly

TI Thompson, T . ,  194^, i.x.C!. ::i /,L VISR-.TICNS 
p.  92 ,  P r e n t i c e - H a l l ,  I n c . ,  New York, New York 

2 .  D e n H a r to g ,  J .  P . ,  1947, pp. 300-302
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d e s c r l b e d , can be used i f  means are a v a i l a b l e  to  measure 

the a n g le  between the  l o c a t i o n  o f  the  unbalance in  a r o to r  

and the p o s i t i o n  o f  the  maximum a m p l i tu d e . Let  the  ro tor  

be supported in  two b e a r i n g s , a and b, which are  s t i f f l y -  

supported in  the v e r t i c a l  d i r e c t i o n  and f l e x i b l e  in  the  

h o r i z o n t a l  d i r e c t i o n .  Two b a la n c in g  p lan es  w i l l  a g a in  be 

used and the  b a la n c in g  or c o r r e c t i o n  p lan es  taken a t  con­

v e n ie n t  l o c a t i o n s  f o r  the  a d d i t i o n  or removal o f  w e i g h t s , 

Imagine the  r o t o r  to  be i d e a l l y  balanced so th a t  no v i b r a t io n  

appears w h i l e  i t  i s  r o t a t i n g .  Now a u n i t  w e ight  i s  added a t  

c o r r e c t i o n  p lane  I i n  a d e f i n i t e  angular  l o c a t i o n .  This  w i l l  

cause a v i b r a t i o n  in  both b e a r in g s  and th e se  v i b r a t i o n s  are  

denoted as Odltrand Sobr . The f i r s t  s u b s c r ip t  r e f e r s  t o  the

b ear in g  where the  v i b r a t i o n  i s  measured and the  second sub­

s c r i p t  r e f e r s  to  the  l o c a t i o n  o f  th e  unbalance .  For the  

g e n e r a l  c a s e ,  where damping i s  p r e s e n t , the numbers Z  are

complex because  the  damping and the speed o f  the  r o t o r  d e t e r ­

mine a phase a n g le  between the  unbalance f o r c e  and the  maximum 

am p l i tu d e .

In  a s i m i l a r  manner the  i d e a l  r o to r  may be unbalanced  

w ith  a u n i t  we ight  i n  plane I I 1 which w i l l  cause bear ing  

v i b r a t i o n s  and , The fo u r  numbers are known as  

the  complex dynamic i n f l u e n c e  numbers. These fo u r  in f lu e n c e  

numbers c o m p le te ly  determine the  i n e r t i a  and e l a s t i c  pro­

p e r t i e s  o f  the sys tem  f o r  the speed a t  which th ey  are  d e t e r ­
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m in e d .  They e r e  i n d e p e n d e n t , h o w ev er ,  o f  t h e  amount o f  

u n b a la n c e  p r e a e n t ,

Now su p p o se  t h a t  an u n b a l a n c e ,  which n u m e r i c a l l y  

a s  w e l l  a s  a n g u l a r l y  d i f f e r s  from th e  u n i t  u n b a l a n c e ,  e x i s t s  

i n  p l a n e  I ,  R e p r e s e n t i n g  t h e  u n b a la n ce  by a complex number,

Uj , we se e  t h a t  t h e  r e s u l t i n g  v i b r a t i o n  a t  b e a r i n g  <su w i l l  be 

r e p r e s e n t e d  by t h e  p r o d u c t  o f  two complex n u m b ers , SZ1jiul U1 .

The r e s u l t i n g  v i b r a t i o n  a t  b e a r i n g  Jr w i l l  be r e p r e s e n t e d  by 

r o d UCt o f  two complex numbers OZTfarI j ^ . J i t h  t h e s e  

n o t a t i o n s  i t  i s  p o s s i b l e  t o  w r i t e  t h e  e q u a t i o n s  f o r  th e  

b e a r i n g  v i b r a t i o n s  i n  te rm s  o f  t h e  f o u r  complex numbers ^  and 

t h e  complex numbers U1 and U3t r e p r e s e n t i n g  t h e  unb a lan ce  

in  p l a n e s  I  and I I .  L e t t i n g  t h e  complex Btiabera  Vjiu and Vb 

r e p r e s e n t  th e  v i b r a t i o n s  a t  b e a r i n g s  a and b r e s p e c t i v e l y ,  we 

can w r i t e  t h e  f o l l o w i n g  e q u a t i o n s :

flu = c c CLX -X+ 0 c O-D: l IL

The b e a r i n g  v i b r a t i o n s ,  and V̂  , can be ured and

t h e  p ro b lem  t h e n  r e q u i r e s  t h e  s o l u t i o n  o f  th e  two e q u a t i o n s  

c o n t a i n i n g  t h e  s i x  known complex numbers  f o r  t h e  two complex 

numbers 1Ur  and ITlt which w i l l  r e p r e s e n t  th e  e q u i v a l e n t  un­

b a l a n c e  i n  p l a n e s  I and I I ,

B a l a n c i n g  a p p a r a t u s  I s  c o m m e r c ia l ly  a v a i l a b l e  which 

u t i l i z e s  t h e  t h e o r y  m en t ioned  above f o r  th e  p u rp o se  of  

b a l a n c i n g  r o t o r s  w i t h o u t  r e q u i r i n g  them t o  be removed from



t h e  b e a r i n g s  i n  which  t h e y  n o r m a l ly  o p e r a t e .  The v i b r a t i o n s  

a t  t h e  two b e a r i n g s  o f  a machine can be m easured  w i t h  th e  use 

o f  an e l e c t r i c a l  c i r c u i t  which e n a b l e s  t h e  v e r y  s m a l l  r e ­

s u l t i n g  v i b r a t i o n s  o f  t h e  machine f rame to  be a m p l i f i e d  and 

t h e  m a g n i tu d e s  m e a s u r e d . The a n g le  o f  th e  maximum a m p l i tu d e  

can be m easu red  e a s i l y  by em ploy ing  a s t r o b o s c o p i c  lamp which 

i s  made t o  f l a s h  a t  th e  h i g h  s p o t  e v e r y  r e v o l u t i o n  o f  th e  

r o t o r .  V a r io u s  o t h e r  methods can  be employed t o  d e te r m in e  th e  

h i g h  s p o t  o f  t h e  v i b r a t i o n .
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THE oURPLUo MACHINE

The s h a f t  to  be balanced I s  s e t  in  b ea r in g s  r i g i d l y  

f a s t e n e d  t o  a t a b l e .  The t a b l e  i s  supported by fo u r  h e l i c a l  

s p r in g s  l o c a t e d  a t  the c o r n e r s .  The s h a f t  i s  d r iv e n  e x t e r ­

n a l l y  through u n i v e r s a l  j o i n t s .  The u n i v e r s a l  j o i n t s  provide  

the  f l e x i b i l i t y  n e c e s s a r y  t o  a l lo w  th e  s h a f t  and t a b l e  to  

v i b r a t e  w ithout  r e s t r i c t i o n  from th e  d r i v in g  s o u r c e .  A 

m echanica l  l in k a g e  i s  connected  to  the  ta b le  a t  each o f  the  

r ea r  corners  t o  measure the  h o r i z o n t a l  v i b r a t i o n s  o f  the  

t a b l e .  Through the  l in k a g e  from each corner o f  th e  t a b le  

m irro rs  are g iv e n  sm a l l  r o t a t i o n s .  L ight  h i t t i n g  the  mirrors  

i s  r e f l e c t e d  and the  h o r i z o n t a l  v i b r a t i o n s  o f  the  t a b l e  cause  

the  a n g le s  o f  the  m irro rs  to  cha ng e , thus changing the  path  

o f  the  r e f l e c t e d  l i g h t .  An a utosyn  motor connected  to  the  

d r i v i n g  s h a f t  d r i v e s  in  turn an autosyn  motor which i s  

geared t o  a p o l i s h e d  hexagonal  s h a f t .  The l i g h t  r e f l e c t e d  

from the  m irrors  I s  in  turn r e f l e c t e d  from the  r e v o l v in g  

hexagonal  s h a f t  and s t r i k e s  a t a r g e t  s c r e e n .  The two l i g h t  

p a t t e r n s  on the  t a r g e t  s c r e e n  each have motions in  two 

d i r e c t i o n s .  The h o r i z o n t a l  motion i s  caused by th e  h o r i z o n t a l  

v i b r a t i o n  or movement o f  the  t a b l e  and the v e r t i c a l  motion i s  

due t o  the  r e v o l v i n g  hexagonal  mirror s h a f t  and r e p r e s e n t s  

the  r o t a t i o n  o f  th e  s h a f t .  The t a r g e t  sc re en  i s  d iv id e d  in  

the  v e r t i c a l  d i r e c t i o n  to  r e p r e s e n t  one r e v o l u t i o n  o f  the  

s h a f t  and in  the  h o r i z o n t a l  d i r e c t i o n  to  r e p r e s e n t  the
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magnitude o f  the  v i b r a t i o n s  o f  the  t a b l e .

H e l i c a l  sp r in g s  are a t ta ch ed  t o  the t a b l e  a t  both o f  the  

f r o n t  co rn er s  and s p r in g s  are e f f e c t i v e l y  a t ta ch ed  to  the rea r  

corn ers  through the  e x t e r n a l  l i n k a g e s .  A c o n v en ien t  means 

i s  provided by which the  t e n s i o n  i n  the  rea r  s p r in g s  may be 

v a r ie d  i n  order to  p o s i t i o n  the l i g h t  f o r  each end o f  the  

t a b l e  on the  t a r g e t  s c r e e n .  For conven ience  the  l i g h t  f o r  the  

l e f t  end o f  the  t a b l e  i s  w h ite  and f o r  the r i g h t  end o f  the  

t a b l e  i s  r e d .

A means o f  l o c k in g  the  t a b l e  i s  provided to  a l lo w  the  

s h a f t  to  be p laced  in  the b e a r in g s  and removed w i th  the t a b l e  

r i g i d l y  h e l d . A c i r c u i t  i s  provided  t o  r e l e a s e  the  ta b le  when 

the s h a f t  i s  up t o  speed a f t e r  s t a r t i n g  and lo ck  th e  ta b le  

a g a in  when the  b a la n c in g  machine i s  turned o f f .  A r e v e r s in g  

arrangement i s  provided f o r  the  d r i v i n g  motor and i s  used as  

a brake t o  sh o r te n  the time r e q u ir e d  f o r  the  s h a f t  and d r i v in g  

mechanism to  come t o  r e s t .

A method i s  provided f o r  e f f e c t i v e l y  s h i f t i n g  the  

l o c a t i o n  o f  the  observed v i b r a t i o n s  with  r e s p e c t  t o  the  

l e n g t h  o f  the  t a b l e . The e l e c t r i c a l  c o n t r o l s  are  mainly  

con ta in ed  in  a c o n t r o l  box a t  a r e a r  corner o f  the  machine 

and the  s t a r t - s t o p  sw itc h  i s  l o c a t e d  a t  the f r o n t .

The b a la n c in g  machine i s  made t o  permit s im ultan eou s  

b a la n c in g  i n  two p la n e s  s i n c e  the t a b l e  i s  f r e e  to  v ib r a t e  

a t  any or a l l  l e n g t h w is e  p o s i t i o n s .  However, the  author



was u n a b le ,  by c o n s id e r a b le  e x p e r im e n ta t io n ,  to  accom plish  

the s im u l ta n eo u s  b a la n c in g  p r o c ed u r e . B u t , by r e s t r i c t i n g  

the  movement o f  one end o f  the  t a b l e  a t  a t im e ,  th e  s h a f t  

was app rox im ate ly  b a la n ced .  From a comparison o f  photographs ,  

r e c e i v e d  from the  m anufacturer ,  o f  a s i m i l a r  machine and the  

a c t u a l  machine,  i t  i s  apparent th a t  the makers have made 

c e r t a i n  changes i n  the  d e s ig n  o f  th e  machine s i n c e  th e  su rp lu s  

machine was made. A few o f  the  changes w i l l  be d i s c u s s e d  in  

a l a t e r  s e c t i o n  o f  t h i s  paper.

—2 6 —
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Consider  a v e r t i c a l  s h a f t  w i th  a d i sk  a t ta c h e d  as shown 

in  f i g u r e  7 .  The d i s k  c o n ta in s  an unbalanced w e ig h t  which 

moves th e  c e n te r  o f  g r a v i t y ,  G, o f  the  combined d i s k  and 

w eig h t  away from the  geom etr ic  c e n te r  o f  the d i s k ,  3 ,  toward 

the  unbalance w e i g h t .  Consider  the  d i s k  to  be l o c a t e d  midway 

between two b ea r in g s  and r o t a t i n g  w ith  a c o n s ta n t  angular  

sp ee d .  The s h a f t  w i l l  have a d e f l e c t i o n ,  when r o t a t i n g ,  

caused by th e  unbalance in  the  d i s k .  Let the  d e f l e c t i o n ,  r ,  

be the  d i s t a n c e  from the  geom etr ic  c e n te r  o f  the d i s k  to  the  

i n t e r s e c t i o n  o f  the  c e n te r  l i n e  of  the  bea r in g s  and the  p lane  

o f  the  d i s k  a t  0 ,  The d i s k  i s  under the  a c t i o n  o f  two f o r c e s ,  

the  s t o r i n g  f o r c e  o f  the  s h a f t ,  k r ,  and the  c e n t r i f u g a l  

f o r c e ,  m ( r + e ) .  The e f f e c t  o f  g r a v i t y  and f r i c t i o n  i s  

n e g l e c t e d .  In  order f o r  t h e s e  two f o r c e s  t o  be in  e q u i l ib r iu m  

they  must be c o l l i n e a r ,  e q u a l ,  and o p p o s i t e .  By equat in g  the  

two f o r c e s 1 and s o l v i n g  f o r  r ,  we o b ta in

o f  the  d i s k  and s h a f t  a t  zero  sp ee d .

The eq u a t io n  i n d i c a t e s  th a t  the  c r i t i c a l  speed  o f  the  

s h a f t  i s  equal  t o  th e  n a tu ra l  freq u en cy  o f  l a t e r a l  v i b r a t i o n

wherece*= ^k/m, the  n a t u r a l  f requ en cy  of  l a t e r a l  v i b r a t i o n

TI Thompson, J. T . ,  1943,  p. 52-83
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o f  the  s h a f t  and d i s k .  For sp eeds  below the c r i t i c a l  speed  

the  s h a f t  and d i s k  w i l l  v ib r a t e  w i th  the heavy s i d e  out s i n c e  

r i s  p o s i t i v e .  For speeds  above the  c r i t i c a l  r i s  n e g a t iv e  

and the  s h a f t  w i l l  v i b r a t e  w ith  the  l i g h t  s i d e  o u t .

For a sy s tem ,  such as  u t i l i z e d  in  the b a la n c in g  machine, 

where the u n i t  i s  supported on s p r i n g s ,  i t  can be shown! th a t  

the  ang le  o f  the  maximum amplitude w i l l  l a g  behind the  un­

ba lance  f o r c e . The a n g le  w i l l  vary between O and 180 d e g r e e s ,  

depending on the damping p re sen t  and the  su p p o rt in g  sp r in g  

c o n s t a n t s .  In the  su rp lu s  b a la n c in g  machine the t a b l e  i s  

f r e e  to  move in  both the  h o r i z o n t a l  and v e r t i c a l  d i r e c t i o n s .  

Thus, s i n c e  the sp r in g  c o n s t a n t s  and the  damping are d i f f e r e n t  

f o r  th e  two d i r e c t i o n s ,  the  am pl i tud es  of  the  v i b r a t i o n s  and 

the  phase a n g le s  w i l l  be d i f f e r e n t  f o r  the  two c a s e s .

The p rev io u s  d i s c u s s i o n  i s  in c lu d ed  to  p r e sen t  the b a s i c  

d i f f e r e n c e  between t h i s  b a la n c in g  machine and the  v a r io u s  

ty p e s  d e s c r ib e d  in  the  s e c t i o n  on B a lanc in g  M achines .  In  

th a t  s e c t i o n ,  the  d e v i c e s  were assumed to  have f l e x i b i l i t y  

in  o n ly  one d i r e c t i o n ,  whereas the  dynamic b a la n c in g  machine 

i n v e s t i g a t e d  does  not  l i m i t  the  v i b r a t i o n s  to  one d i r e c t i o n .

The r e s u l t s  o f  the  i n v e s t i g a t i o n  are r e p r e s e n t e d  by s i x  

sample graphs reproduced from the  p a t t e r n s  on th e  t a r g e t  

s c r e e n  f o r  s i x  d i f f e r e n t  p o s i t i o n s  f o r  the a d d i t i o n  o f  known 

unbalan ce .  The t r a c e s  on the  l e f t  s i d e  of  the  s c r e e n  

Tl  Thompson, 7. T . ,  1948,  pp. 72-75
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r e p r e s e n t  the  v i b r a t i o n  a t  the  l e f t  end o f  the  t a b l e  and the  

t r a c e s  on th e  r i g h t  s id e  i n d i c a t e  the  v i b r a t i o n s  a t  the r i g h t  

end o f  the  t a b l e .  Figure  8 shows the  r e s u l t s  o f  adding th r e e  

d i f f e r e n t  w e i g h t s ,  one a t  a t ime to  the  l e f t  d i s k  a t  the  

approximate l o c a t i o n  o f  the  l e f t  l in k a g e  and a t  an angular  

l o c a t i o n  o f  3 0 ° .  F igure  9 shows the  r e s u l t s  f o r  the  same 

th r e e  w e ig h t s  added t o  the  same d i s k  a t  an angu lar  l o c a t i o n  

o f  1 5 0 ° .  F igu re  10 r e p r e s e n t s  the r e s u l t s  o b ta in ed  by adding  

the  w e ig h t s  a t  270° i n  the  same d i s k .  F igure  11 shows the  

r ea d in g s  o b ta in ed  by th e  w e ig h t s  added a t  the  r i g h t  end of  

the  s h a f t  a t  a 30° angu lar  l o c a t i o n .  Figure  12 shows the  

r e s u l t s  w i th  the  w e ig h ts  added a t  the  150° a n g le  on the  d i s k  

a t  th e  r i g h t  end. F igu re  13 r e p r e s e n t s  the r e a d in g s  with the  

w e ig h ts  added a t  the  270° l o c a t i o n  on the r i g h t  d i s k .

R e fe r r in g  to  f i g u r e s  8 -  10 ,  i t  w i l l  be s e e n  t h a t  the  

magnitude o f  the  w e ig h t  added a t  any angular  l o c a t i o n  on the  

l e f t  d i s k  has a d e f i n i t e  e f f e c t  upon the  ang le  o f  the  maximum 

amplitude as w e l l  as  upon the  a m p l i tu d e .  The r e a d in g s  of  the  

v i b r a t i o n s  a t  th e  r i g h t  end o f  the  t a b l e  caused by the  

a d d i t i o n  o f  unbalance w e ig h ts  on th e  l e f t  d i s k  are observed  

t o  be app rox im ate ly  180° out o f  phase with the  r e a d in g s  at  

the  l e f t  end. The l a g g in g  phase a n g le  o f  the v i b r a t i o n s  a t  

the  l e f t  end, caused by unbalance i n  the l e f t  d i s k ,  i s  

dependent upon the  s i z e  o f  the  unbalance .  This  d i s cr ep a n c y  

cannot be d e f i n i t e l y  e x p la in ed  by the  author and p o s s i b l e

-36-
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r ea so n s  f o r  t h i s  f a l l a c y  are g iv en  in  the D i s c u s s i o n .

F ig u re s  11 -  13 ,  r e p r e s e n t i n g  the  v i b r a t i o n s  caused by 

unbalance in  the d i s k  lo c a t e d  a t  the  r ig h t  and, show th a t  the  

v i b r a t i o n s  o f  the  r i g h t  and o f  the  t a b l e  vary o n ly  in  ampli­

tude f o r  v a r io u s  v a lu e s  o f  unbalance a t  a d e f i n i t e  angular  

l o c a t i o n .  T h is  phenomena i s  in  agreement w ith  the  m a te r ia l  

in c lu d e d  f o r  th e  case  o f  s im ultan eou s  b a la n c in g  i n  two p la n es  

and d i s c u s s e d  in  th e  s e c t i o n  on B a lanc ing  M achines .

The author found t h a t  a p p a r e n t ly  only  one o f  the  four  

dynamic i n f l u e n c e  numbers u. remains c o n s ta n t  f o r  t h i s  

b a la n c in g  machine. Numerous t r i a l s  were made in  a t tem p t in g  

t o  vary the  adjustm ents  o f  the b a la n c in g  machine in  some 

manner th a t  would g iv e  c o n sta n t  v a l u e s  fo r  the dynamic 

i n f l u e n c e  numbers, but t o  no a v a i l .



DISCUSSION

Two p o s s i b l e  e x p la n a t io n s  f o r  the  n o n -co n sta n t  dynamic 

i n f l u e n c e  numbers od arc made by the  author .

The f i r s t  rea so n  i s  su g g es ted  by the method o f  support  

' i v e n  the  t a b l e .  As was p r e v i o u s l y  mentioned,  the  v i b r a t i o n s  

are not  r e s t r i c t e d  to  one d i r e c t i o n  and the r e s u l t i n g  con­

f i g u r a t i o n  o f  the  v i b r a t i o n  w i l l  depend upon the  angular  

speed and the  c o n s t a n t s  o f  the  system  in  the two d i r e c t i o n s .  

As an example,  c o n s id er  the v i b r a t i o n  in  the  v e r t i c a l  d i r e c ­

t i o n  t o  have a phase a n g le  between 90°  and 1 8 0 ° .  ’,'/hen the

unbalance i s  in  a v e r t i c a l  d i r e c t i o n  the r e s u l t i n g  amplitude  

w i l l  be l a g g in g  and could  p o s s i b l y  have a n o t i c e a b l e  e f f e c t  

upon the amplitude in  the  h o r i z o n t a l  d i r e c t i o n  a t  the  p a r t ­

i c u l a r  i n s t a n t .  In the photographs mentioned p r e v i o u s l y ,  the  

method o f  su p p o r t in g  the  t a b l e  has been changed. The ta b le  

i s  supported by rods about a f o o t  l o n g .  The rods are so 

l o c a t e d  t h a t  the  t a b l e  i s  in  a s t a b l e  p o s i t i o n  and the  

f l e x i b i l i t y  o f  the t a b l e  in  the v e r t i c a l  d i r e c t i o n  i s  g r e a t l y  

reduced in  comparison w ith  sp r in g  mounting. The f l e x i b i l i t y  

in  the  h o r i z o n t a l  d i r e c t i o n  i s  probably not d e c re a sed  very  

much i f  a t  a l l .

The second e x p la n a t io n  i s  su g g es ted  by the  method used 

t o  connect  the  s h a f t  to  the  d r i v i n g  head. A double  u n iv e r s a l  

j o i n t  was used to  provide  f l e x i b i l i t y  end i t  i s  p o s s i b l e  th a t  

i n  some way t h i s  arrangement may in troduce  v i b r a t i o n s  to  the



s h c f t  and t a b l e .  I f  s o ,  the  v i b r a t i o n  t r a n s m i s s io n  could be 

balanced with  the o r i g i n a l  b a lan ce  and when v a r io u s  unbalances  

are In tr o d u c e d , the  r e s u l t i n g  motion o f  the t a b l e  could cause  

f o r c e s  t o  be t r a n s f e r r e d  through the u n i v e r s a l  j o i n t s  to the  

s h a f t  end t a b l e .

- 3 9 -
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APPENDIX

The r e s u l t s  obta in ed  by p u rp ose ly  unbalancing  the sh a f t  

in  the  b a la n c in g  machine seem t o  i n d i c a t e  th a t  th e  un i t  i s  

not  u sa b le  f o r  a la b o r a to r y  experiment in a c t u a l  b a la n c in g .

The v a r i a t i o n  in  th e  phase ang le  between the  unbalance and 

the  p o s i t i o n  o f  maximum amplitude d e s t r o y s  the  main purpose 

o f  a b a la n c in g  m achine.  However, th e  b a la n c in g  machine can 

be used t o  i l l u s t r a t e  the  p r i n c i p l e s  in v o lv ed  in  dynamic 

b a la n c in g .  A proposed la b o r a t o r y  ex p e r im en t , u s in g  t h i s  

m achine ,  w i l l  be g i v e n .  Photographs o f  the  b a la n c in g  machine 

are  in c lu d ed  as  f i g u r e s  14 ,  15 ,  1 6 ,  and 17.

The author f e e l s  th a t  th e  machine can be used fo r  two 

d i f f e r e n t  p u rp o se s .  The f i r s t  p u rp o se , to  i l l u s t r a t e  p r in ­

c i p l e s  o f  b a la n c in g  to  undergraduate s tu d e n ts  in  a la b o r a to r y  

c o u r s e ,  i s  g iv e n  in  t h i s  s e c t i o n .  The second p u r p o se , to  

supplement an advanced course  in  I fechanica l  V i b r a t i o n s ,  i s  

not d e sc r ib e d  in  t h i s  paper.

The la b o r a t o r y  e x p e r im en t , proposed by the  a u t h o r , 

c o n s i s t s  o f  two p a r t s .  The f i r s t  par t  I l l u s t r a t e s  the  i n t r o ­

d u c t io n  o f  dynamic unbalance by the  improper a d d i t i o n  of  a 

w e ig h t  in  a p lane  not  co in ce d e n t  w ith  the p lane  o f  a s i n g l e  

unbalanced w e i g h t .  The second part  shows the b a la n c in g  o f  

lo n g  r i g i d  r o t o r s  by the  a d d i t i o n  o f  two w e ig h ts  in  two 

d i f f e r e n t  a x i a l  p l a n e s . I t  i s  assumed th a t  the  s tu d e n t  w i l l  

have completed the  c o u r ses  in  S t a t i c s  and Dynamics before  t h i s
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FIG. 14 RIGHT FRONT VIEW

FIG. 15 TOP VIEW



- 42-

FIG. 17 RIGHT END VIEW
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la b o r a t o r y  experiment i s  g i v e n .

Proposed Laboratory Experiment -  B a lanc ing

I . P re fa ce

Unbalance in  r o t a t i n g  b od ies  c a u se s  u n d e s ir a b le  e f f e c t s  

in  machines such as  heavy b ear in g  p r e s s u r e , undue w ea r , 

v i b r a t i o n s ,  d e f e c t i v e  work w ith  g r in d in g  d i s k s , and d e f e c t i v e  

l u b r i c a t i o n .  B a la n c in g  o f  r o t a t i n g  b o d ie s  can be accomplished  

by s e v e r a l  methods.  For t h i n  d i s k s  a c o n d i t io n  o f  s t a t i c  

ba lance  i s  g e n e r a l l y  s u f f i c i e n t , whereas long  r o t o r s  r eq u ir e  

an a d d i t i o n a l  type o f  b a la n c in g ,  known as  dynamic b a la n ce .  

S t a t i c  balance  r e f e r s  t o  a c o n d i t i o n  o f  s t a t i c  e q u i l ib r iu m .  

R e fer  t o  the  case  o f  a t h i n  d i s k  mounted on a s h a f t .  I f  the  

d i s k  c o n t a in s  an unbalanced w e ig h t ,  and bear ing  f r i c t i o n  i s  

e l im in a t e d  as  much as  p o s s i b l e ,  the  heavy s id e  o f  the d i s k  

w i l l  s eek  the  lo w e s t  p o s i t i o n  when the  a x i s  of  the  s h a f t  i s  

h o r i z o n t a l .  By r ep ea ted  t r i a l s ,  the  proper magnitude and 

r a d i a l  d i s t a n c e  of  a b a la n c in g  w e i g h t , p laced d i a m e t r i c a l l y  

o p p o s i t e  the heavy s i d e ,  can be de term in ed .  The d i s k  i s  now 

i n  a s t a t e  o f  s t a t i c  b a la n c e .  I f  the d i s k  i s  r o t a t e d ,  the  

c e n t r i f u g a l  f o r c e  caused by the  heavy s i d e  w i l l  be balanced  

by th e  c e n t r i f u g a l  f o r c e  caused by the  b a lan c ing  w e i g h t .

Thus the  d i s k  i s  both s t a t i c a l l y  and dyn am ica l ly  b a la n ce d .

In  the  prev ious  d i s c u s s i o n ,  we have assumed th a t  the  

b a la n c in g  w e ight  was added in  the  same a x i a l  plane as  the  

o r i g i n a l  unbalance w e i g h t . However, i f  t h i s  method i s  used



t o  balunce a long  r o t o r  w ith  a s i n g l e  unbalanced w e ig h t ,  the  

a x i a l  p o s i t i o n  o f  the  unbalance w i l l  not  be i n d i c a t e d ,  A 

w e ig h t  o f  the  proper v a lu e  and r a d i a l  d i s ta n c e  and d ia m e t r i ­

c a l l y  o p p o s i t e  the  u n b a la n ce , added a t  any plane o th e r  than  

th e  p lane  o f  o r i g i n a l  u n b a la n ce , can lead  to  a c o n d i t i o n  f a r  

worse than the o r i g i n a l  unbalance .  ',Vhen r o t a t i n g ,  i f  the  

c e n t r i f u g a l  fo r c e  o f  the  b a la n c in g  weight  i s  not  c o l l i n e a r  

w ith  the  c e n t r i f u g a l  f o r c e  o f  the  unbalance w e i g h t , a dynamic 

couple  i s  in tr o d u c e d .  This  dynamic c o u p le ,  s i n c e  i t  cannot  

be d e t e c t e d  by s t a t i c  means, c o n s t i t u t e s  a dynamic unbalance .  

For r i g i d  b o d i e s ,  a c o n d i t i o n  o f  t h i s  kind can be c o rr ec ted  

by adding w e ights  t o  g iv e  an equal  and o p p o s i te  couple  which 

w i l l  balance  the  f i r s t  c o u p le .

I I .  Procedure

The i n s t r u c t o r  w i l l  e x p la in  th e  b a la n c in g  machine to  be 

used in  t h i s  e x p e r im en t . The s tu d e n t  should become f a m i l i a r  

w ith  the  machine b e fo re  p r e c e d in g .  Caution must be e x e r c i s e d  

s i n c e  the  r o t a t i n g  s h a f t  i s  not  covered and the  w e ig h ts  

p r o j e c t  from the d i s k s .  S e l e c t  a nut and a b o l t  and a 

s u f f i c i e n t  number o f  washers to  g iv e  a weight o f  I  1 /2  to  

2 o u n c e s . S e l e c t  a second group to  match the  weight  o f  the  

f i r s t .

P la c e  one weight  a t  a c o n v en ien t  l o c a t i o n  on the  r ig h t  

d i s k .  S t a r t  the machine and observe  the  unbalance r e a d in g s .  

K e x t , add the  second weight  d i a m e t r i c a l l y  o p p o s i t e  the  f i r s t
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w e ig h t  on the  same d i s k  and observe  the r ea d in g s  when the 

machine i s  running .  The second w e ig h t  should n u l l i f y  the  

unbalance caused by the f i r s t  w e i g h t .

Remove the  second weight  from the  r i g h t  d i s k  and add i t  

t o  th e  l e f t  d i s k  a t  the  same angu lar  l o c a t i o n .  'Vhen running  

the  e f f e c t  o f  the dynamic couple  which has been introduced  

should be apparent .  The p reced ing  t r i a l s  w i l l  i l l u s t r a t e  

the  need f o r  dynamic b a la n c in g .

The la b o r a to r y  i n s t r u c t o r  w i l l  g iv e  the va lue  and 

l o c a t i o n  o f  s e v e r a l  w e ig h ts  to  be added to  the  s h a f t  d i s k s .  

Remove the two w e ig h t s  used in  the f i r s t  part  and p la c e  the  

s t a t e d  w e ig h t s  a t  the  in d ic a t e d  l o c a t i o n s .  Measure the  

d i s t a n c e s  between the  d i s k s  and the  r a d iu s  o f  the  c e n t e r s  o f  

the  h o l e s  d r i l l e d  in  the  d i s k s .  Observe the  unbalance .  Two 

o f  the  d i s k s  w i l l  be used as  c o r r e c t i o n  d i s k s .  Consider ing  

one o f  the  d i s k s  as  a r e f e r e n c e  p l a n e ,  the moments o f  the  

auded unbalance w e ig hts  w ith  r e s p e c t  to  the  r e f e r e n c e  plane  

can be ta k en .  C a lc u la te  the  v a lu e  o f  a s i n g l e  w e ig h t  to  

be added a t  the second c o r r e c t io n  d i s k  to  make the  r e s u l t a n t  

o f  the  moments o f  the  w e i g h t s ,  i n c lu d in g  the  c o r r e c t i o n  

w e i g h t ,  equal  to  z e r o .  Repeat th e  procedure to  f i n d  a s i n g l e  

w eight  to  be added t o  the  f i r s t  c o r r e c t i o n  d i s k .  Add the two 

w e ig h t s  t o  the  c o r r e c t i o n  d i s k s  a t  the  c a l c u l a t e d  l o c a t i o n s .  

The s h a f t  should now be b a la n ce d .  The g e n e r a l  case  o f  un­

balance  in  r i g i d  r o t a t i n g  b o d ies  i s  I l l u s t r a t e d  in  the above
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example,

The main purpose o f  a dynamic b a la n c in g  machine i s  t o  

determine the  two c o r r e c t i o n s  t h a t  must be made t o  balance  

r o t a t i n g  u n i t s , The methods used vary c o n s id e r a b ly  and t h i s  

machine was b u i l t  t o  permit s im ulta n eo u s  b a la n c in g  in  two 

p l a n e s . Other t y p e s  r eq u ire  two runs fo r  b a l a n c i n g .  The 

r o t o r  i s  f i r s t  balanced by the  a d d i t i o n  of  a weight  in  one 

o f  the p lan es  and then turned end f o r  end to  determ ine  the  

w e ig h t  needed f o r  the  second p l a n e .

I I I .  R e s u l t s

The r e p o r t  should in c lu d e  the c a l c u l a t i o n s  made to  

determ ine  the v a l u e s  o f  the two w e ig h t s  added to  the  s h a f t .  

D is c u s s  the r e s u l t i n g  balance  o b ta in ed  by the a d d i t i o n  o f  

the  two w e i g h t s .
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