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ABSTRACT

A significant amount of literature is devoted to the study of the dynamical
properties of the translation actions associated to self-affine tilings or Delone sets.
A natural step is to axiomatize these essential properties among all R%actions on
compact metric spaces. We propose a set of dynamical axioms of such an action
which yields a topological conjugacy between the R?-action and the translation action
associated to a self-affine repetitive aperiodic tiling. In particular, we show that these
axioms admit an expanding metric on the local cross-section of the phase space, which
implies the existence of a local cross-section that is a Cantor set. We also investigate
an interesting example of a tiling space that contains non-FLC tilings, which exhibits
an unusually complicated local structure.



INTRODUCTION

The main goal of this work is to give an intrinsic characterization of continuous
Réactions on a compact metric space that are topologically conjugate to the
translation action on the tiling space associated to a self-affine repetitive aperiodic
tiling of R? with finite local complexity (FLC). This type of tiling space has been
widely studied, mostly focusing on the dynamical properties that are invariant under
topological conjugacies [13,33,37,39]. The repetitivity hypothesis is a form of almost
periodicity stipulating that any finite patch repeats so that it can be found within a
sufficiently large window placed anywhere over the tiling. FLC requires that, up to
translation, there are finitely many different patches of any given maximum size. We
define both of these terms with more rigor in section 2.

In the current state of tiling theory, in order to understand the translation action
on a tiling space one must first define a concrete set of prototiles and a set of rules (or
procedures) prescribing how tiles may abut, which can be rather cumbersome. Our
characterization aspires to create a more abstract and economical definition of tiling
actions which will bring tiling theory into the field of study of topological dynamics
of higher rank actions. Kwapisz proposed 4 axioms to describe an abstract self-affine
tiling action [20]. Under the assumption of FLC, it was shown that there exists a
topological conjugacy between the abstract self-affine tiling action with FLC and the
action associated with an aperiodic repetitive self-affine tiling with FLC. We aim to
show that the FLC hypothesis on the abstract tiling action is redundant, which is
equivalent to showing that a compact metric space that admits an abstract self-affine
tiling action is locally the product of R? and a Cantor set. This equivalence is not

obvious and hinges on the way Markov partitions in the proof of Kwapisz’s theorem



are constructed. The tiles in the abstract space are obtained by intersecting orbits of
the R? action with atoms of the Markov partitions.

The secondary goal of this thesis is to better understand the local structure of
tiling spaces of non-FLC tilings. Tilings that do not meet the FLC condition have
been studied in [7,11,12,17,18,36] and the common feature is the presence of fault
lines. We define the fault line precisely in section 5, but roughly it is an infinite line of
tile edges along which tiles may abut in an infinite variety of ways. Frank and Sadun
introduce an example of a non-FLC tiling of R? in which the effect of a horizontal
fault line is described by two 1-dimensional substitution tilings [12,37]. Here the
tiling above the fault line is completely unrelated to the tiling below the fault line.
This feature has a huge effect on the topology of the tiling space because it introduces
a new degree of freedom. Frank and Sadun informally describe the tiling space as
an odd mixture of 2- and 3-dimensional pieces, where the 3-dimensional pieces are
dense. We formalize their discussion and give a more rigorous description of the tiling

space.

Paradigm and Z-Actions

Let T = (T%),.z« be an Z%action on a metric space (X,d). The result of
applying T? to x € X is denoted by T!x. T is ezpansive if and only if any two orbits
separate at some time by a definite distance; i.e., Ia >0 Vxyex if d(T"x, T"y) < Ay
for all n € Z? then x = y. A homeomorphism of X is expansive if and only
if the Z-action generated by it is expansive. In 1979, Mané showed that if there
exists an expansive homeomorphism of a compact metric space X that is minimal
(i.e. every orbit is dense), then X has topological dimension zero (i.e. X is totally
disconnected) [25]. Since tiling actions of aperiodic repetitive self-affine tilings with

FLC are both expansive and minimal and their underlying tiling spaces are locally



the product of R? and a Cantor set, it was natural to hope that one could generalize
Mané’s result to Z¢ and R? actions for d > 2. However, we were unable to utilize
Mané’s constructions because they heavily relied on the stable and unstable sets of
the homeomorphism, which do not have good analogs for higher rank actions. So we
turned our attention to Fathi, who proved (Theorem 3.1) that if a compact metric
space admits an expansive homeomorphism with zero topological entropy, then it has
zero topological dimension [10]. Fathi’s main tool was the existence of an expanding
metric; i.e., a metric that is expanded in a finite time by a definite multiplicative
factor. We were able to generalize Fathi’s theorem. In particular, for expansive

Z%-actions we obtained the following result, proved in section 3.

Theorem 1.1. For d € N and a norm | - | on R? there is b > 0 such that if T is an
expansive Z%-action on a compact metric space X, then there exists a metric d on X

defining its topology and numbers k>1andé> 0 so that, for all x,y € X,

max {d(T"X, T”y)} > min {k‘d(x, y), €} :

neZd, |n|<b

Even though the Z? results do not play a direct role in our results about
tilings, we have chosen to include them in this paper because we could not find
any generalization of Fathi’s theorem to higher rank actions in literature. Our main
task is to generalize this construction to the appropriate class of R%-actions, for which

matters are complicated by the fact that R? is connected (unlike Z%).

Results for R%Actions

The appropriate class of R%actions is one in which the dynamical properties
exhibited by tiling actions are codified in purely topological terms. We now state the

axioms of such actions, first proposed by Kwapisz in [20]. Let T = (T"),.ps be an



Réaction on a compact metric space X with the metric d. For the ball of radius
R > 0 centered at t = 0 we simply write Bg. We say a linear map A is expanding if
and only if all of its eigenvalues X satisfy |A| > 1. Consider the following axioms for

To, lo, AO > 0:
(I) (LF)ory: Vxex tere If x +t =x and |t| < 21y then ¢t = 0;

(I1) (WE),y00: Vxyex Ifd(x+t,y +1) < Ag for all t € R then x =y + s for

some s € B,;

(IID (PS)lO,ro,AO: v0<5<A0 EI51>0 vx,yEX7 UCR4 connected If inf d<X + tay + 5+ t) <

Is|<lo
0y for all t € U, then 3s € B,, such that d(x +t,y +s+1t) <0 for all t € U,
(IV) (EXP): There exists a homeomorphism ¢ : X — X and an expanding linear
map A : R — R? such that T o ® = ® o T* for all t € R

In the abbreviations above, (LF) stands for “Local Freedom,” (WE) is short for “Weak
Expansivity,” (PS) is “Phase Stability” and (EXP) represents the “Self-affinity” of
the action. These axioms, particularly (WE) and (PS), require some explanation,

which we provide in Chapter 2.

Definition 1.2 (Kwapisz [20]). An action of R? on a compact metric space X is

considered an abstract tiling action iff there exist positive constants ro, Do, lg with

lo < ro so that azioms (I-1II) hold.

Definition 1.3 (Kwapisz [20]). An abstract tiling action also satisfying (IV) is called

an abstract self-affine tiling action. If additionally X s locally the product of a Cantor

set and R?, the action is FLC.

We should note that, in [20], an abstract action T on X is defined to be FLC

iff X is locally the product of a Cantor set and R, which is not to be confused with



the standard notion of FLC as applied to concrete tilings. It is only on the force of
the following theorem that the use of the FLC phrasing for abstract tiling actions is

justified.

Theorem 1.4 (Kwapisz [20]). For any minimal abstract self-affine tiling action T
(acting on X ), there is a repetitive self-affine tiling with FLC such that its tiling
space Y maps to X wvia a finite-to-one continuous map 7w :Y — X which factors the
translation action on'Y toT'. The factor map 7w :Y — X s 1-1 on the complement
of a nowhere dense set of measure zero. Moreover, if the abstract tiling action T is

additionally FLC, then 7 s a homeomorphism conjugating T' to the translating action

onY.

We note that the measure referenced in the theorem is the unique action invariant
probability measure (see Theorem 9.1 in [20] and [39]). Kwapisz utilizes the local
product structure afforded by the abstract tiling action and the existence of Markov
partitions to make a connection with concrete tilings. Our main goal in this paper
is to remove the FL.C condition in the “moreover” statement above. It is convenient
to introduce two additional conditions on T that guarantee the existence of a well
behaved cross-section Xy C X. We define the Delone set in Chapter 2, for now think

of it as a closed subset of R? that is uniformly discrete and relative dense.
(DEL): 3g,, »p>0 such that Vyex Dy :={t :x+1t € X} is an (Rp,rp)-Delone set.
(TRA): Ves035.c(0,¢) such that Vyex if d(x, Xo) < d, then 37 € B, N Dx.

Definition 1.5. An action T on X is said to have good cross-section Xq iff Xg is a

closed subset of X satisfying (DEL) and (TRA).

Now we state our main result.



Theorem 1.6. Any minimal abstract self-affine tiling action T on a compact metric
space X with a good cross-section Xg s topologically conjugate to the translation

action on the tiling space of a repetitive self-affine tiling with FLC.

The majority of the work necessary to remove the assumption of FLC lies in
establishing the existence of a Cantor component in the local structure of X. Indeed,

by the arguments in [20], Theorem 1.6 readily follows from Theorem 1.7:

Theorem 1.7. If T is a minimal abstract self-affine tiling action on a compact metric
space X with a good cross-section Xg, then X is locally homeomorphic to the product

of R? and a Cantor set.

The key technical ingredient in the proof of 1.7 is a generalization of Theorem
1.1 for Z?-actions to R%actions asserting existence of an expanding metric on a cross-
section to the action. To understand the metric on the cross-section we need to isolate
the “times” (i.e. the translations) in which an orbit intersects the cross-section. Since
the orbits of two points may not intersect the cross-section at the same “time”, the
following definition describes the situation when the orbits of two points return about

the same “time”.

Definition 1.8. We say t,t' € R? are (Ay, R,X,z)-corresponding if and only if t €

Dy, t' € Dy, |t — ] < Ag, and min{|t|, ||} < R+ A,.

Theorem 1.9. Let T be an abstract tiling action on a compact metric space X with
a good cross-section Xo. Fiz Ay € (0,7p/2). Then there exists a metric de, on Xo
defining its topology and numbers b > 0, k > 1, and € > 0 so that for all X,y € X,

if desp(x,y) < €, then

sup {demp (Tex, Te/y> e e (Ag, b, x, y)—corresponding} > kdeyp(x,y).



Remark 1.10. In Theorem 1.9, one can take € > 0 as small as they wish without
changing degp, b, k, and Ay. Moreover, given any Ay > 0, the implication in the
theorem holds with Ay replaced by Ay provided € is sufficiently small. This is because,

as we shall prove in Proposition 2.27, Dy depends continuously on x € X.

In this generalization, axiom (WE) replaces the expansiveness requirement in
Theorem 1.1. (PS) serves to overcome the “slippage” or “shearing” problem that
may occur for R%actions, which is absent for actions of discrete groups like Z¢. In
Chapter 2, we show that property (DEL) is automatically satisfied for abstract self-

affine tiling actions.
Overview

Chapter 2 contains prerequisite material of definitions and examples. In
particular, we discuss the details of each axiom while providing examples as well
as some important implications, including a proof of (DEL). We also provide brief
introductions to group actions, tiling spaces, dimensional entropy, and Hausdorff
dimension.

In chapter 3 we establish the existence of an expanding metric for expansive Z?
actions (Theorem 1.1). We actually provide two versions of this result, the first is a
bit weaker in that the expanding radius b depends on the action. The proofs provide
context and a springboard for the more elaborate arguments used in proving Theorem
1.9 in Chapter 4.

As already mentioned, Chapter 4 contains the proof of the existence of an
expanding metric on the good cross-section of an abstract tiling action (Theorem
1.9). Using this expanding metric we are able to show that the Hausdorff dimension
of the local cross-section is less than or equal to a constant times the one-dimensional

entropy of the action. We then show that the one-dimensional entropy of an abstract



self-affine tiling action is zero. This implies that the Hausdorff dimension of the local
cross-section is zero. Hence it is totally disconnected. Lastly, we prove that a space
that admits an abstract self-affine tiling action and a good cross-section is locally
homeomorphic to the product of a Cantor set and R?, our main result.

The remainder of this thesis is an analysis of a specific self-affine tiling without
finite local complexity. This example was first discussed by Frank and Sadun [12,37]
(throughout this paper we will refer to it as the Frank-Sadun example). It illustrates
how failure of the (WE) axiom can lead to violation of FLC and generate a very
complex local structure. We give precise statements and complete proofs of the
results that describe the local product structure of this tiling space. It turns out to
be even more complicated than what Frank and Sadun suggest in their rather informal
exposition. The main result about the local topological structure of the tiling space
is Theorem 5.3, and Chapter 5 is essentially entirely devoted to the proof.

Finally, in the appendix we establish the relevant topology on closed subsets
of R? and show its equivalence to the topology induced by the Hausdorff distance

between closed subsets of R? with respect to an appropriate bounded metric.



Table 1.1: Some Key Notations.

EREEE

> &gﬁp*@*r&>

SER S GG

<

the action on a space (Z4, R?, or a tiling action)

a compact metric space (arbitrary or a tiling space)

a closed subset of X, usually a good cross-section for T

an open ball of radius r centered at the origin in R?

a linear expanding map on R?

the homeomorphism on X in the self-affinity definition,
also the inflation-substitution rule on tilings dimension > 2
the set of returns for x to the set Xy

a patch in a tiling x

the space of all tilings given a prototile set

a finite set of symbols (an alphabet)

the set of all bi-infinite pointed words

the set of all finite words

a symbolic substitution on A, which extends to a map on A*
a substitution matrix

the tiling space associated to the substitution ¢

the 0 neighborhood of X,

the e-local stable set of x with respect to ®

the e-local unstable set of x with respect to ®

the annulus in R? centered at the origin with inner radius a
and outer radius b

the intersection of C with the closed ball of radius R in R?
the e neighborhood of the set A

a basic set in the topology on the closed subsets in R?

the n-dimensional entropy of T, a Z%action

the n-dimensional entropy of T, a R%action

the topological dimension of the space X

the Hausdorff dimension of X with respect to the metric d
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PRELIMINARIES

Group Actions

Definition 2.1. If G is an additive group with identity element O and X is a set, then

a group action of G on X is a function T : G x X — X : (g,x) — T(g,x) satisfying

the following axioms for all x € X :

(i) T(0,z) =x and

(ii) T(g2, T(g1,7)) = T(g1 + g2, ) (V91,92 € G).

We restrict to the case when X is a topological space (usually compact), G is
a topological group R or Z% for d > 1, and T is continuous. We shall write T for
T(t,-) and the set {T*(z) | t € G} is referred to as the orbit of x under T. For more

details on group actions see [5,8,9,16, 38].

Example 2.2 (Translation). R? acts on itself by translations: for ¢, w € R, let
Tt : R? — R? be defined by T!(w) = w + t. The axioms for a group action follow

from properties of vector addition: T%(w) = w and T (T*(w)) = Tt 2(w).
Example 2.3 (Rotation). Given o, € R, Z? acts on the circle S' := R/Z by
rotations: for (n,m) € Z2, let T™™) : §' — S be defined by T™™x = z +na +mp.

Example 2.4 (Kronecker Action [16]). R? acts on T¢ = S* x --- x ST = [0, 1]¢/ ~ by
translation: for fixed vectors wy, ..., wg € R? and z € T" define T(z) = z + t1w; +
oo+ tqwg where t = (tq,...,tq) € RL

The three actions above are by isometries.

Example 2.5 (Denjoy Example [16]). A homeomorphism f : S' — St is called a
Denjoy map iff 3A C S where A is a Cantor set, f(A) = A and the rotation number

of f is irrational. The Denjoy action is the Z-action on A given by T* := f[.
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The four actions above are minimal (i.e., the orbit of every point x is dense in X) iff
(o, B) € Q? in Example 2.3 and iff wy, . .., wy are independent over Q in Example 2.4.

The following example will be used to illustrate axioms (WE) and (PS) in section 2.

Example 2.6 (Rotation). R acts on the annulus A C R? centered at the origin by
rotation on its concentric circles with the same linear speed: given polar coordinates

(r,0) € A, let T'(r,0) = (r,0 + 1).

Example 2.7 (d-Dimensional Shift Action [5]). For a finite alphabet A, Z¢ acts on
X = A% by shifts (or translations): for z = (2(n)),eze € X and k € Z* we take

(T*z) (n) =z(n+k) (neZ).

A subset Y C X is called invariant iff the orbit of any x € Y is contained in Y.
The d-dimensional shift has many invariant closed subsets. Restricting the maps T*
to such a subset produces a new action T'|y. The following is an example of such an

action.
Example 2.8 (Ledrappier Example [5]). Z? acts on Y, a subset of X = {0, 1}22,
defined by the condition
z(i,j) +x(i+1,j) + (i, +1) =0 (mod 2).
We note that the above Y is treated as an infinite cartesian product of Z/2Z.
Ledrappier showed that this example is mixing but not mixing of all orders [9].
Tiling Spaces

There is a great deal of literature on tiling spaces and their actions, for a good

introduction to this theory see [13,33,37,39]. We give a brief account.
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Definition 2.9. A tiling x is a set of tiles that have pairwise disjoint interiors,
covering all of RY. FEach tile is a translate of an element from a fived finite set
{p1,p2,---,pn}, called a prototile set. We require that each prototile p; is the closure

of its interior and is compact.

Two tiles are equivalent if both are translations of the the same prototile. A
patch of a tiling x is a finite subset P of x. The union of the tiles in the patch is a
subset of R? | denoted |P|. We define the diameter of P as diam(P) := max{|p —q| :
p,q points in |P|}. We call a patch with diameter not exceeding R > 0 an R-patch.
Two patches P and Q are equivalent (up to translation), denoted P = Q, if and only
if there exists a translation that matches up equivalent tiles; i.e., 3t € R? such that
P = Q-+t. A tiling x is aperiodic if and only if x+¢ = x implies t = 0. A tiling x has
finite local complexity (FLC) if and only if for all R > 0 there exists in x only finitely
many equivalence classes of R-patches. That is, for all R > 0 there exists n € N and
patches Py, ..., P, such that if P is an R-patch in x then there exists j € {1,...n}
such that P = P;.

Let 2 denote the space of all tilings of R? with a given prototile set. R? acts

on £ by translation, T*(x) = x + t.

Definition 2.10. Given a tiling xo € 2, the tiling space of Xo is the orbit closure

X = cl{xo +t : t € R} where the closure is taken with an appropriate metrizable

topology in Z .

In the standard topology, two tilings in X are close if they can be made to
agree on a large patch centered at the origin by a single small translation (a large
patch is a patch whose underlying set contains a large ball, for a precise definition
see [33]). In this topology one must require that o has FLC in order to guarantee

the compactness of X (essentially [34]). Furthermore, with the FLC condition X is
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locally a product of R? and a totally disconnected set (which is Cantor if every tiling
in X is aperiodic) [2]. Without the stipulation of FLC we must consider a weaker
topology, the compact-open topology [21], which can be described as follows. Pick
a point ¢; in every prototile p;. To a translated prototile p; 4+ t associate the point
¢ +t. Call it a control point of the tile. Then any tiling of R? can be recorded as an
n-tuple (n = number of prototiles) of subsets of R?, (A;), each collecting the control
points of the tiles of type p; (i.e. translates of p;). The sets A; are closed subsets of
R? and, after using the stereographic projection, we can use the Hausdorff topology
on such subsets viewed as subsets of the d-dimensional sphere. That is, the space of
all tilings with given prototiles can be viewed as embedded into the space of all closed
subsets of the n-fold cartesian product of the d-dimensional sphere. This topology is
the third topology described (informally) by Frank and Sadun [12,37].

If FLC is satisfied these two topologies on X are equivalent [21]. In the second
topology, a tiling space X is always compact, which can be shown by using a Cantor
diagonalization argument. Note that FLC is not topologically invariant in the sense
that there are two tilings, one with FLC and one without, such that the translation
actions on their respective tiling spaces (obtained by taking the closure with respect
to the second topology) are topologically conjugate [30]. X is sometimes referred to
as the hull of x5. We now give a few simple examples of hulls, which are illustrated

in Figure 2.1.

Example 2.11. Suppose X, is a 1-dimensional periodic tiling with one prototile of

unit length. Then xo +t = x¢ for all t € Z. Thus X ¥ R/Z = St

Example 2.12. Similarly, if xq is a 2-dimensional periodic tiling with one unit square

prototile, then X & R?/7Z? =~ T2,
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Example 2.13. Suppose X is a 1-dimensional tiling with two prototiles, say a = [0, 1]
and b = [0,2], and there is only one appearance of a b in xg. Then X includes all
tilings with one b tile and tilings with no b tile. Thus X has two path-components: a
circle as in example 2.11 and a line that asymptotically approaches that circle with

both ends.

Example 2.14. Using the same prototiles from the example before, suppose xg is a
1-dimensional tiling with one half consisting of a tiles and the other half consisting
of b tiles. Then X has three path-components: a circle made of the tilings with all a
tiles, a circle made of the tilings with all b tiles and a line asymptotically approaching
both circles made of the tilings where half of R is tiled by a tiles and the other half

is tiled by b tiles.

A tiling x is said to be repetitive if for any R-patch P in x there exists Rp > 0
such that every open ball of radius Rp in x contains an R-patch equivalent to P.
This property is also known as the local isomorphism property [39]. Informally, this
means that each local picture of x occurs everywhere in x. A tiling is repetitive if
and only if the tiling action is minimal (i.e., every orbit is dense) [31].

A popular class of tilings to study is that of self-affine tilings. A tiling x is
self-affine iff there is a homeomorphism ® : X — X and an expanding linear map

A : R? — R such that

d(x) =x and TM o ® =P o T" for all t € RY.

This is an abstract definition given by Kwapisz [20]. Traditionally, self-affinity of x is
expressed via a so called inflation-substitution process whereby A inflates a tile p to
A(p) which is then subdivided into tiles from x according to some fixed rule. We will

formalize this rule shortly. It is easiest to do this for one-dimensional tilings. Indeed,
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Xq: X:

X0- 0 X:
Xo: a a a a a boa a a a a a a a X:
Xo: bbb b b b a aa aa aa a X:

o

Figure 2.1: Examples of tilings and their hulls

when the prototiles are line segments, one-dimensional self-affine tilings coincide with
so called substitution tilings, which we introduce now.

Substitution tilings are closely related to self-affine tilings and the field of
symbolic dynamics [13,33,37]. Many of the examples in this paper will be substitution
tilings. While we refer the reader to [1] for details, let us give a summary of this
development. As before we fix a finite set A. We think of A as an alphabet, the
elements of A as letters, and a sequence of symbols (or juxtaposition of letters) as a
word. For instance, the word 1101 corresponds to a sequence (ag)i_, with a; = 1,
as =1, a3 =0, and a4 = 1. Often it is convenient to use sequences indexed by other
sequences of Z. To indicate the Oth element of a sequence we use a pointed word

where a period is placed between the Oth and the 1st letter. For instance, (ax)j_ ,
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with ap = 0 for £ < 0 and a; = 1 for £ > 0 is represented by the pointed word
000.111. The set of all bi-infinite pointed words is synonymous with .A%. Recall from
Example 2.7 that Z acts on A% by the shift map. Here the action T*2z amounts to
moving the period in z k places to the left. Denote the set of all finite words of letters
from A by A*. A symbolic substitution on A is a map ¢ : A — A* associating a
word to each letter. This map can be extended to A* by replacing each letter by the
associated word.

The substitution matrix associated to ¢ is given by A = (aij)ﬁ j—1 Where d is the
cardinality of A and a;; records the number of occurrences of the ith letter in ¢(j).
We are particularly interested in ¢ with a substitution matrix that is primitive; i.e.
there exists a positive n € Z such that every entry of A™ is positive. In such case,
there exists a Perron-Frobenius eigenvalue A\; > 1 (the largest positive real eigenvalue)
with multiplicity of one (Theorem 3.3.1 [6]).

A bi-infinite word w is called ¢-admissible if each finite sub-word of w can be
found as a sub-word in ¢"(a) for some a € A and n > 0. By assigning a prototile to
each letter in A we can consider the substitution tiling T,, the set of all tilings whose
sequence of tiles correspond to a ¢-admissible word. Here the prototiles (intervals
in R) are distinguishable by their labels (or color), but not necessarily by their
lengths. Given a primitive substitution matrix with Perron-Frobenius eigenvalue
A1 with corresponding left-eigenvalue L = (Lq, ..., Lg), the prototiles p, ..., px have
lengths Ly, ..., Ly. ¢ acts on 7T, by stretching each tile a by a factor of A\; and replacing
it by a sequence of prototiles corresponding to the associated the word ¢(a). If A is
primitive and x¢ € Ty, then x is repetitive and 75 = cl{xo + ¢ | t € R} [37].

Another way to construct a one-dimensional tiling from a ¢-admissible word is
to project a strand (a broken line of unit horizontal and vertical segments) onto the

eigenspace associated to A; [1]. We utilize this technique in section 5 and we defer
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the construction until then. We will now provide several examples of substitution
tilings. The first two examples are of 1-dimensional tilings and thus can be described
combinatorially, while the remaining 2-dimensional examples must also include a

geometric description.

Example 2.15 (Thue-Morse). Suppose A = {a,b} and the substitution ¢ : A — A*
is defined by the rules ¢(a) = ab and ¢(b) = ba. This substitution has matrix
A = (11), Perron-Frobenius eigenvalue A\; = 2 and corresponding left-eigenvector
L=(1,1). Let w:= nh_)ngo ¢"(b.a). Note that ¢*(w) = w. Let x¢ be the 1-dimensional

tiling of @ and b tiles, both of unit length but of distinct color, corresponding to the

word w. Then Ty = cl{xo +1 |t € R}.

a b babaabab b ab aad
0

Figure 2.2: Thue-Morse substitution tiling

Example 2.16 (Fibonacci). Suppose A = {a,b} and the substitution ¢ : A —
A* is defined by the rules ¢(a) = b and ¢(b) = ab. This substitution has matrix
— 15

A = (91), Perron-Frobenius eigenvalue A\; = “5% and corresponding left-eigenvector

L = (1,)\;). Again let w := lim ¢"(b.a) and see that ¢?(w) = w. Let x¢ be the 1-
n— oo

dimensional tiling of a and b tiles with lengths one and Ay, respectively, corresponding

to the word w. Again T, = cl{xo +t | £ € R}. Note that the asymptotic ratio of the

number of a tiles to the number of b tiles in any x € 7 is irrational. Thus there are

no periodic tilings in 7.

We now formalize self-affinity and the inflation-substitution rule as promised

earlier.
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Figure 2.3: Fibonacci substitution tiling

Definition 2.17. A tiling x is A-self-affine iff there is an expanding linear map
A :R?T — R? such that

(a) Ap is a patch of x for every tile p of x, and

(b) if p and p’ are two such tiles that are equivalent (by a translation) then the patches

Ap and Ap' are equivalent as well.

In other words, x is unchanged if we first inflate it by applying A and then
substitute each inflated tile Ap by a collection of tiles that only depends on the type
of p. This is equivalent to x being A-subdividing in [39].

It is natural to also talk about an inflation-substitution rule ® (with inflation
A) in absence of a specific tiling x; i.e., only given a set of prototiles {p1,...,pr}.
Such a rule is an assignment that associates to every prototile p; a collection of tiles,
denoted ®(p;), that tiles the inflated tile Ap; (i.e. its elements have disjoint interior
and union to Ap;). Such a rule ® can then be applied to translates of prototiles via
O(p; +t) :== ®(p;) + At, and also to tilings (or patches of tilings) tile-by-tile. In this
framework, a tiling x is self-affine if there is a inflation-substitution rule ® such that
®(x) = x. In practice, one constructs such a tiling x as limits ®"(p) as n — oo
where p is a suitably chosen seed tile (or seed patch). This is illustrated in following

examples.

Example 2.18 (Chair). The set of four prototiles for the “chair” substitution is given

in figure 2.4. The inflation-subdividing map ® inflates each tile by a factor of 2 and
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subdivides it into four tiles. Tilings in 7¢ are aperiodic, repetitive, self-affine tilings

with FLC [13,23,37].

P P P P
T N R g R

Figure 2.4: Chair prototiles and inflation-substitution rule

Figure 2.5: Chair tiling

Example 2.19 (Penrose [32]). The Penrose substitution tiling is one of the most

famous non-periodic tilings and it has several variants. Consider the variant arising

from two prototiles, a half-kite and a half-dart seen in figure 2.6. The inflation-
1+v5

subdividing map @ inflates each tile by a factor of A = =5~ and subdivides according

to figure 2.6. Tilings in T are aperiodic, repetitive, self-affine tilings with FLC.

Example 2.20 (Pinwheel [29]). For this example we relax tile equivalence between
tiles and prototiles by allowing not only translations but also rotations. We begin

with two right triangular prototiles of side lengths 1, 2, and v/5 (see figure 2.8). The



Figure 2.6: Penrose prototiles and inflation-substitution rule

Source: Jaroslaw Kwapisz

inflation-substitution map ® inflates each tile by a factor of /5 and then subdivides it
into 5 triangles as shown in figure 2.8. Because the triangle prototiles have angles that
are irrational multiples of 7 they appear in the tiling in infinitely many orientations.
Thus the Pinwheel tiling does not have FLC. Furthermore, this tiling is locally the
product of an arc (an open subset of the circle of all possible orientations), a disk and

a Cantor set [2,37,41].

Example 2.21 (Frank-Sadun [12, 37]). Let a and b be horizontal rectangular
prototiles with height 1 and widths A\, = %ﬁ and 3, respectively. The map ¢
inflates tiles by a factor of A\; and subdivides as depicted in figure 2.10. In chapter 5
we will show that the tilings in 7¢ do not have FLC. This will be due to the fault line
phenomenon. Along a fault line the vertical edges of tiles below the fault line can be
offset from the vertical edges of tiles above by an arbitrary amount. Thus there are
infinitely many ways two tiles can abut in the tiling. We will also show that the local

structure of 73 is more complicated than the usual product of R? and a Cantor set.
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Figure 2.7: Penrose tiling

Source: Jaroslaw Kwapisz

! 3% 1}3&

Figure 2.8: Pinwheel prototiles and inflation-substitution rule

Because there is an obvious parallel between substitution dynamical systems and
self-affine tiling dynamical systems, we utilize a slightly abusive notation. Throughout
this paper, especially in Chapter 5, we use ¢ to denote both a symbolic substitution
and sometimes to denote an inflation-substitution rule for a tiling of R. Again ® is
used to represent an inflation-substitution rule on a higher dimensional tiling as well
as the map in the abstract formulation of self-affinity (EXP). The intended use should

be clear from the context.
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Figure 2.9: Pinwheel tiling

fol - EEd ] e ]

Figure 2.10: Frank-Sadun substitution rule

Figure 2.11: Frank-Sadun substitution tiling
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Axioms

Recall that our goal in this paper is to find a class of R? actions on a compact
metric space that are topologically conjugate to the tiling action on an aperiodic
repetitive self-affine tiling with FLC. Kwapisz proposed four axioms for this class of
R? actions [20]. In this section we will examine each of the four axioms individually,
provide examples, and introduce two additional conditions stipulating the existence
of a well behaved cross-section to the action: (DEL) and (TRA). In particular, we
will show that (DEL) is consequence of axioms (I-IV), however, (TRA) does not
automatically follow from Kwapisz’s axioms. We state (DEL) and (TRA) separately
to highlight the important aspects of the action used to show the existence of an
expanding metric in section 4.

Let T = (T"),.ga be an R%-action on a compact metric space X with the metric
d and X, be a closed subset of X. To denote the ball of radius R > 0 centered at
t = 0 we simply write Br. A discrete set D is said to be (Rp,rp)-Delone in R? if
every open ball of radius Rp in R contains at least one element of D and if each
open ball of radius rp in RY contains at most one element of D [2,22]. The axioms
for an abstract self-affine tiling action are listed below for some positive constant 7,

lo and Ag.
(I) (LF)2ry: Vxex tera if X+t =x and [t| < 2r then ¢ = 0.

(1) (WE),y.00: Vxyex if d(x+t,y +1) < Ag for all t € R then x = y + s for

some s € B,,.

(IID (PS)ZO,TO,AO: v0<5<A0 EI51>0 vx,yGX,UCRd connected if inf|s|§lo d(X—i—t,y—i—S—Ft) < 61

for all ¢ € U, then there is s € B,, such that d(x+t,y+s+t) < forallt € U.
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(IV) (EXP): there exists a continuous ® : X — X and an expanding linear map
A :R?Y — R? such that T o ® = ® o T for all t € R%.

(V) (DEL): 3g,, >0 such that Vuex Dy :={t : x+t € Xy} isan (Rp,rp)-Delone

set.
(VI) (TRA): Ves035.€(0,¢) such that Vyex if d(x, Xo) < d, then 37 € B, N Dx.

Local Freedom

(LF)2ro © Vxex,tere if x+t=x and [t| < 2r¢ then t =0 (2.1)

An action is called free if only the identity element fixes any point. The acronym LF
refers to the local freedom of the action where 2r( is the scale of freedom. Essentially
it says that the action does not contain an orbit of “small” period. Note that Kwapisz
states (LF) for ry [20]. Inconsequentially we use 2ry so that our Temporal Alignment
Lemma 4.2 holds. It is quite clear that any tiling action on an aperiodic tiling (e.g.
Thue-Morse, Penrose, Pinwheel, etc.) satisfies (LF) since ry = oco. Moreover (LF)
holds for any tiling action, even if the tiling space has periodic tilings, as long as 2r
is less than the minimum inner radius of a prototile (the minimum distance from the
center of the prototile to an edge). Actions that (LF) excludes are actions that have
points that are fixed under the action of R? or its connected subgroup. For example,
the action of R on RU{oo} given by T!x = e 'z has x = 0 and 2 = oo fixed. Another
example that fails (LF) is the R-action by rotation on a disk centered at the origin,
which is a fixed point. (LF) is a requisite to (DEL), which, in return, is necessary to

show that the local cross-section is a Cantor set.
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Weak Expansivity

(WE)rp.a0 0 Vayex if d(x+t,y+1) < Ag for all £+ € RY, then 22

x =y + s for some s € B,,.

The (WE) axiom is a weak form of expansivity where Aq is the expansivity
constant. It was also considered in [4,19,27]. In the context of a tiling action, (WE)
basically says that if two tilings stay close for all time, then one must be a small
translation of the other. In other words, we can distinguish any two orbits if we
observe them with resolution Ay or better. As desired, the tiling action on tilings
with FLC satisfies (WE). Moreover, the tiling action on some non-FLC tilings also
satisfies (WE), such as the tiling action on the Pinwheel tiling described in example
2.20. One instructive example that satisfies (WE) is the flow on an annulus that
rotates its concentric circles with the same linear speed (Example 2.6). Here (WE)
is satisfied due to the shearing action between different circles.

As stated earlier, we want our axioms to exclude tiling actions like that in the
Frank-Sadun example because it does not have the proper local structure. The (WE)
axiom does this for us and it excludes any action by isometries. In section 5 we prove
that the Frank-Sadun example fails (WE).

The following lemma gives a more quantitative version of (WE), which we will

utilize in the proof of Lemma 2.29.

Lemma 2.22. T satisfies (WE) if and only if for all € > 0 there exists R > 0 such

that

Veyex Vien, d(x+t,y+t) <Ay = 3Is & B,, such that d(x,y +s) <e. (2.3)
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1
Proof: (<) Suppose d(x +t,y +t) < Aq for all t € R% Take ¢, = — and R,, > 0 so
n

that (2.3) holds. Then (2.3) reads
_ 1
Viep, dx+ty+t)<Ay = 3Is,€B, dxy+s, <-—
n

Passing to a subsequential limit yields s € B,, such that d(x,y+s) = 0; i.e., x = y+s.
(=) Suppose the implication (2.3) does not hold. Then there exists € > 0 so

that, for all n > 0, there exist x,,,y, € X such that

Viep, d(Xp+t,yn+1t) <Ay yet inf d(x,,y,+s)>e

SEBTO

By compactness there exists a sequence of indices n; — oo such that x,, — x and

Yn, — Y with x,y € X. Then we have

Viera d(x+t,y+1t) <Ay and i%f d(x,y + ) > e.
EIS 0

But (WE) guarantees s € B, such that x =y + s, a contradiction. O

Phase Stability

(PS>10,1‘0,A0 : v0<5<A0 E]51>0 vx,yeX, UCRA connected if ‘l‘ri]; d(X + t? y + 5+ t) < 61
S|Sto

for all t € U, then 3s € B,, such that d(x+t,y+s+1t) <o

for all t € U.
(2.4)

The (PS) axiom is an attempt to express a type of phase stability whereby, if

two large orbit pieces are close to each other, then any two close points remain near
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each other under translation along their respective orbits. In the context of tilings,
(PS) says that if anywhere x looks very much like a small translation of y, then there
exists a single translation to make y look pretty much the same as x. The [y constant
acts as un upper bound on the size of the “harmless shear” between x and y. In that
sense it is reasonable to require that ly does not exceed the local freedom scale. Note
that (PS) allows for arbitrarily large and connected U. If a bound were placed on the
diameter of U, then (PS) would simply follow from continuity of T. For our proofs,
we only need U to be solid ellipsoids in R%.

It is noted in [20] that actions satisfying (PS) include actions by isometries, the
tiling action on some tilings with FLC (e.g. Penrose and Thue-Morse), and even
on some non-FLC tilings (e.g. the Frank-Sadun tiling). However, (PS) excludes the
tiling action on some non-FLC tilings, like the Pinwheel tiling. In this case, when two
tilings are close by small rotation near the origin, their large orbit pieces may not be
close. Roughly speaking, the orbit pieces look like a pair of scissors; near the origin
they are close, but away from the origin they are far apart. An important example
is the action of rotation on the annulus with constant linear speed (Example 2.6),
which fails (PS) since it contains arbitrarily large shears. Observe that this action
satisfies (LF) and (WE) yet its local cross-section is an interval of R rather than a
Cantor set. So by requiring actions to satisfy (PS) we remove problematic examples

such as this.

Abstract Self-Affinity

(EXP) : there exists a homeomorphism @ : X — X and an expanding linear map

A:RY 5 RY such that T o ® = ® o T for all ¢ € R
(2.5)
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(EXP) is the abstract formulation of the self-affinity property. The requirement
that @ is invertible is often automatically satisfied when & is just continuous due to
the recognizability theorem for aperiodic tiling spaces [39]. Observe that (LF) and
(EXP) force aperiodicity: applying ®~" to x +t = x yields ®7"x + A"t = ¢~ "x
where |[A™"t| — 0 as n — oo by the expanding property of A and (LF) implies there
exists n so that A="t = 0. Clearly actions satisfying (EXP) include the tiling action
on self-affine tilings. We show that any R action satisfying (EXP) has zero one-
dimensional entropy (Theorem 4.16). Recall from the introduction that an abstract

self-affine tiling action is an action of RY that satisfies axioms (I-IV).

Delone Returns and Transversality

Recall that an action T on X has a good cross-section Xy iff X is a closed subset

of X satisfying (DEL) and (TRA).

(DEL): 3g, ,,>0 such that Vaex Dy :={t : x+1t € Xo} is an (Rp,rp)-Delone

set.
(TRA): Ves035.€00,¢) such that Viex if d(x,Xo) < d, then 37 € B, N Dx.

(DEL) asserts that there is a closed subset whose set of return times is uniformly
discrete and relatively dense. Specifically, for a fixed x € X, each open ball of radius
rp in R? contains at most one point from Dy and each open ball of radius Rp in
R? contains at least one point from Dy. For more information about Delone sets
see [2,22]. The sixth axiom (TRA) conveys the transversality of the orbits of the
action T to the cross-section Xg. In this section, we show that (DEL) is automatically
satisfied for an abstract self-affine tiling action. Unfortunately, (TRA) does not follow
from self-affinity because points near the ends of X can take a long time to intersect

Xp. This is illustrated in Figure 2.12; where 7 is the “first return time” of x to X, and
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T is large. Also in this section, we define a topology on the set of all closed subsets
of R? that is equivalent to the one induced by the Hausdorff distance. Using this

topology, we show that if T has a good cross-section X, then x — Dy is continuous.

Xy
XO /XO
X0
d
x 71> € Ix+7 z+R

Figure 2.12: Failure of (TRA)

As stated in the introduction, the tiling space of concrete aperiodic tilings with
FLC is locally the product of R? and a Cantor set. Specifically, the R¢ factor is the
local unstable set of a tiling under the action of ® and consists of all small translations
of the tiling. The Cantor factor is the stable set of a tiling and consists of all tilings
that agree with it exactly on a very large central patch. We denote the e-local stable

and unstable set of x € X with respect to ¢ as

We(x, @) :={y € X|d(®"x,P"y) < € for all n >0} and (2.6)

Wix,®) ={y € X |d(® "%, "y) < € for all n > 0}. (2.7)

Recall that an abstract self-affine tiling action comes equipped with positive constants

10, lo, and A satisfying axioms (I-IV), which we will use in the following statements
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and proofs. For A € (0,4A), £ C R? and x,y € X, we write
x|\ 2y i d@™(x +1), 9" (y +1) <A Vienmso. (2.8)

This relation abstracts the instance when x and y have the same patches over E
without adjusting by a small translation.

Kwapisz showed that an abstract self-affine tiling action has a similar local
product structure. This product structure is critical for verifying (DEL) and (TRA).
It hinges on the following lemma, which is an abstract analog of the fact that two
sufficiently close tilings can be made to agree on a large central patch after a small

translation (Axiom (PS) played a critical role here).

Lemma 2.23 (Kwapisz [20]). Given ¢ > 0, x € X, and any abstract self-affine tiling
action T on X, the set W?(x,®) (where ® is from (EXP)) is a local cross-section in
the sense that there is €, > 0 (independent of x) so that if d(y,x) < e, then there
erists y. € W2 (x,®) with'y = y. + t. for some t, € B,,. Moreover, given R > 0,

€1 > 0 can be taken small enough (only depending on ®) so that
x + T!SBARO) Zy,+ T\SBARO) for all T € B,,. (2.9)

Remark 2.24 (Kwapisz [20]). If we take € small enough, for all x € X, we have

VotT € WE(x+7,®) forallT € B,, andy. is the unique point of (y+B,,) "W (x, ®).

In such case, the traditional notation is y. = [x,¥y|s. Taking € > 0 small enough
Lemma 2.23 gives a local product structure near every x € X; that is, there is a
homeomorphic identification between a neighborhood of x and (x + B,,) x W?(x, ®)

given by y <> (x +t,y.). We are now ready to establish (DEL).
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x X+t x+ T x+R

Welx, @) We(x+t, @) Wo(x+7 0)

Figure 2.13: Local product structure

Proposition 2.25. (DEL) holds for an abstract self-affine action T on a compact

metric space X.

€

Proof: Suppose € > 0 is as in Remark 2.24. Fix xy, € X. Define X, := Wsl/2(x0, D)
where € is provided by Lemma 2.23. Suppose x € Xg, x+ s € X and |s| < 9. Then
d(x,x+s) < €1 by the definition of W¢ jo- Lemma 2.23 and Remark 2.24 imply s = 0
since x € (x + By,) N W, (%0, ®) and x is unique. Thus taking rp := ro, every ball
of radius ro in R? contains at most one point of Dy, since (x + By,) NW? jo(X0, @) is
a single point. For all open sets U C X and for all x € U there exists R > 0 such
that {t € R’ : x +t € U} is R-dense by the minimality of 7. Applying this to the
open set U = B, (X¢) and combining with the fact that, for all y € B, (xq), there
exists s € B,, such that y + s € Xy, from Lemma 2.23, we see that Rp = R + ¢
works; i.e., Dy is Rp-dense. 0

We now define a topology on closed subsets of R? that we will use for the Delone
sets Dy in Theorem 1.9. For any closed set in R? we define C® := C'N Bg(0), which

is a compact subset of R, and B(A) := {t € R? : |t —a| <€, Vaea}. Given a closed



32

subset A C R% we define a family of closed subsets of R? by

UR(A) = {C C R': CRCB./(A) and AR C B, (C)}

closed

for R > 0 and € > 0.

Proposition 2.26. The collection of closed sets

B= {Uf(A) A C RYe>0,R> 0} (2.10)

closed

forms a basis of a topology on the set of all closed subsets of RY.

The topology given by B is equivalent to the one induced by using the Hausdorff
distance between closed subsets of R? with respect to a desirable bounded metric.

We relegate this basic fact and Proposition 2.26 to the appendix.

Proposition 2.27. For any abstract self-affine tiling action T on X with a good

cross-section Xq, the map x — Dy is continuous; i.e.,
Verso Jos0 Vayex d(x,y) <8 = Dy € UE(Dy). (2.11)

Proof: Tt suffices to prove that d(x,y) < = DJ} C B.(Dx) since we get the other
inclusion simply by swapping x and y. Suppose that the implication fails for R > 0
and € > 0. That is, for each § = % there exist x,,,y, € X with d(x,,y,) < % and
D;,%n ¢ B¢(Dx,). Thus for each n there exists ¢, € R with y, +1, € Xo and |¢,| < R,
yet

V1 € B(t,) x,+ 7 & Xo. (2.12)

Upon passing to a subsequence, we may assume that ¢, — t for some ¢ with |{| < R

and x,, — x for some x. Because (Tt)mg g is equicontinuous we have d(x, + t,, y. +
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tn) — 0 and so

d(x, + tn, Xo) < d(yn + tn, Xo) + d(x, + tn, yn + tn) — 0. (2.13)

On the other hand, we see that for the ¢, > 0 supplied by (TRA) it must be that
d(x, +t,, Xo) > . for each n, otherwise 2.12 would be violated. This last inequality

contradicts (2.13). O

Weak Expansivity on the Cross-Section

We assume in this section that a good cross-section exists and we express (WE)
entirely in terms of intersections of R?-orbits with X,. To be weakly expansive on the
cross-section roughly means that if the orbits of two points intersect the cross-section
at about the same time and near each other, than the original points must have been
very close to begin with. In other words, we can distinguish any two orbits whose
return times are within Ay of each other by observing them with resolution A; or

better. This is made precise by the following definition.

Definition 2.28. For A; > 0 and Ay € (0,79/2), T satisfies (WEo)a,.n, on Xo if

for all €, > 0 there exists R > 0 so that for all x,y € Xy with Dy € UZ, (Dy)

vt,t’ (A2,R,x,y)—corresponding d(X + t? y + t/) < A1 - d(X7 Y) < €1. (214)

Note that the meaning of ¢,t' (As, R, X, y)-corresponding is given in Definition 1.8.

Lemma 2.29. If T satisfies (DEL) and (WE),, a, for ro € [0,7p] and Ay > 0, then
T satisfies (WEy)a,.n, 0n Xo for some Ay >0 and all Ay € (0,7p/2).
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Proof: Suppose T satisfies (WE),, A, for some ry € [0,7p] and Ay > 0. Fix €; > 0

arbitrarily. By equicontinuity of (7%)<g,, there exists A; > 0 so that
VXIQ,IEX d(X/, yl> < 2A1 = Vt/GBRD d(X/ + t/, y/ + tl) < Ao. (215)
It follows that, for any x,y € Xj

Viprnn  dX 1y +1) <201 = Viep, d(x+ty+1) <A (2.16)

Indeed, for any t € Bg there exists t € DEED with |t — | < Rp (by the Delone

property of Dy) and so d(x + 1,y +t) < 2A; (by the hypothesis of (2.16)). Defining

X =x+t,y :=y-+tandt :=t—t wegetdx+ty-+t) <Ay by (2.15).
Choose Ay € (0,7p/2) sothat  sup  d(y+s,y) < A;. We claim that there

[s|<A2, yeXo
exists € > 0 such that for all x,y € X

inf d(x,y+s) <e = d(x,y) < €. (2.17)

|s|<ro

Otherwise, there exist sequences x,,y, € Xy and s, € R with |s,| < rg so that
A(Xp, Y+ Sn) < % yet d(x,,y,) > €. By compactness, there exists a subsequence
(Mg )n,—oo and x,y € Xo, s with |s| < rg such that x,, — x, y,, — ¥, and s, — s.
Then d(x,y + s) = 0 yet d(x,y) > €; > 0. In particular, y + s € X (since x € Xj),
which means that s € Dy. Since |s| <79 < rp (and 0 € Dy) it must be that s =0, a
contradiction.

To prove that T is (WEg)a, a, on Xo, take € > 0 as in the claim and let R > 0
be as provided by Lemma 2.22 for this e. Take R := R+ Rp. Consider arbitrary

x,y € Xo with Dy € U (Dy) and d(x +t,y +t) < A for all t,#' (Ag, R,X,y)-
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corresponding. Then for ¢t € Df we get
dx+t,y+t) <dx+t,y+t)+dy+t,y+t) <A +A =27 (2.18)

where t' € Dy, is chosen as the point of Dy closest to t. See that d(x+t,y+t') < A in
(2.18) because t, ' are (Ay, R, x,y)-corresponding (here we used that Dy € UiQ(Dx)
to get [t —t'| < Ay) and d(y +t',y +t) < Ay in (2.18) is by the choice of A,.

From (2.16) we get d(x+t,y+t) < A for all ¢ € Bg. Now, Lemma 2.22 supplies
s € B,, so that d(x,y + s) < e. Finally, (2.17) gives us d(x,y) < €, completing the
proof of (WEg)a,.a,- O

Dimensional Entropy

Following Milnor [26], we define n-dimensional entropy of a Z?-action for 0 <
n < d. Let X be a compact metric space with metric d and T be a Z?action on X.

For all bounded sets S C R, define the metric

d(x,y) == max {d (T, T)}. (2.19)

e€SNZ4

We say that F C X is a (T, S5, €)-separated set if and only if

Vx,y € E, v#y=ds(zr,y) >e (2.20)

Define
sep(T, S, ¢) := max{#FE : Fis a(T, S, €) — separated set} (2.21)

and

H(T,S,¢) :=1Insep(T, S, e). (2.22)
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Definition 2.30. For Q :=[—1,1]¢, R > 0, and € > 0, we define
H(T,R
(T, €) := limsup AT, RQ.€) for 0<n<d. (2.23)
R—o0 R"
Then the n-dimensional entropy of T s
1a(T) = lim 7,(T, €) (2.24)

e—0t

where the limit exists by monotonicity.

We remark that Milnor defines 7, (7T, €) for any compact set Q C R? and R > 0
by

N (T, €) := sup lim sup H(T,RQ + B,e) for 0<n <d, (2.25)

B R—oo R"
where the supremum is taken over all bounded B C R? [26]. When Q@ is a cube, this
yields the same value as (2.23). In fact, (2.23) and (2.25) agree for any compact set
Q C R? with the property

IA>1 QCint\Q. (2.26)

Remark 2.31. IfT is an R¥-action, we make analogous definitions using the distance
function

T L e e
dRQ(‘Tu y) T grel%g{d(T Z, T y)} (227>

which yields the corresponding quantities sep(T, RQ,€), H(T, RQ,¢€), and 1,(T). By

restricting the R%-action T to Z%, we get 1,(T) = 7,(T).

Proof: Clearly, for all z,y € X, dpo(z,y) < JﬁQ(x,y). So sep(T, RQ,¢) <

sep(T, RQ,¢) and 1,(T) < 7,(T). Furthermore, by the continuity of T, for any



37

€ > 0, there is § = d(€) > 0 such that
vx,ygx d(‘ra y) S (5 = d(Tt;U7 Tty) S € (vtEB\/g(O)>' (228>

It follows that

d]T%Q(x,y) <§ = (j]T%Q(x,y) <e (Vayex) (2.29)

and so every (T, RQ), €)—sep set is also a (T, RQ, ¢)-sep set. Therefore, sep(T, RQ, ) >
sep(T, RQ, €) and taking € N\, 0 we get 7, (T) > 7,(T). O

Example 2.32. Let X = {0, 1}Z2 and T be the shift action, so that for k € Z2,
TFz = z(n + k) (as in Example 2.7). For sufficiently small € > 0, we have C(e) > 0
so that 2@R+D? < sep(T, RQ,¢) < 22R+C(€)* for all R € N. That is, sep(T, RQ, €) is

of order 2R®? and

In(22R)7%)
m(T) = limsup ———= = limsup4RIn2 = oo (2.30)
R—o00 R R—o0
1 2(2}%)2
n2(T) = lim sup al 5 ) =4In2 (2.31)
R—o0 R
In(2C8)° 41n2
n3(T) = lim sup n(—g) = lim sup B2 . (2.32)
R—o0 R R—o0

Example 2.33. Let T be the rotation action from Example 2.3. Note that this action

is not expansive. Considering that the length of S' is L = 1, sep(T, RQ,¢) ~ L/e

and 7y (7, €) = limsupp_, % =0.

Example 2.34. Let X = {0,1}? x S' and for a fixed a let T (z, y) = (x(n +
k),y+la); i.e., the action is a product of the shift and rotation. For sufficiently small

e > 0, sep(T, RQ, €) grows like 227 and 7, (T") = limsup_,, 2422 = 2In 2.
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Hausdorfl Dimension

In this section we define topological and Hausdorff dimension and show that the
Hausdorff dimension is a least as big as the topological dimension. This is standard
and we use [15] as our main source for the following definitions, theorem and lemmas.
All proofs in this section are attributed to Hurewicz and Wallman and are only
provided for compelteness. We start by inductively defining what is means for a
separable metric space to have topological dimension < n. In it dim(X) > n stands

for the negation of dim(X) < n.

Definition 2.35. The empty set and only the empty set has topological dimension
—1, dim(@) = —1.

(i) A space X has dimension < n (n > 0) at a point p if p has arbitrarily small

neighborhoods whose boundaries have dimension < n — 1.

(11)) X has dimension < n, dim(X) < n, if X has dimension < n at each of its

points.

(11i) X has dimension n at a point p if X has dimension < n at a point p and X has

dimension >n — 1 at p.
(iv) X has dimension n if dim(X) <n and dim(X) >n — 1.
(v) X has dimension oo if dim(X) > n for each n.

As shown in [15], if a set has topological dimension zero, then it is totally disconnected.

Definition 2.36. Let X be a metric space and p an arbitrary real number, 0 < p < oo.

For any A C X denote the diameter of A by diam(A). Given € > 0, let

m,(X) = inf i diam(A;)? (2.33)
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where X = Ay U Ay U -+ s any decomposition of X in a countable number of subsets

of diameter less than €. Then the p-measure of X is given by

mp(X) = supm;,(X). (2.34)

e>0

Definition 2.37. Given an arbitrary metric space X with metric d, the Hausdorff

dimension of X 1is defined by

HDy(X) = sup{p € R: m,(X) > 0}. (2.35)

Theorem 2.38. Let X be a metric space with metric d. Then

HD, (X) > dim(X). (2.36)

Lemma 2.39. Let X be a space of dimension n, 0 <n < oo. Then

ma(X) > 0. (2.37)

Lemma 2.40. Let X be a space such that m,1(X) = 0 for some n with 0 < n < co.
Then

dim(X) <n. (2.38)

First we will prove Theorem 2.38 from Lemmas 2.39 and 2.40, then we prove
the lemmas.
Proof of Theorem 2.38: Suppose dim(X) = n, 0 < n < oco. Lemma 2.39 implies
mp(X) > 0. So sup{p : m,(X) > 0} > n. That is HDy4 (X) > n O
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To prove Lemma 2.39 we will show that Lemma 2.39 is equivalent to Lemma

2.40 and prove Lemma 2.40.
Claim 2.41. Lemma 2.39 is equivalent to Lemma 2.40.

Proof of Claim 2.41: (=) Suppose Lemma 2.40 fails, i.e., k := dim(X) > n + 1 and
mp+1(X) = 0. By Lemma 2.39, my(X) > 0. Since p — m,(X) is non-increasing
mn+1(X) > 0, a contradiction.

(<) Suppose Lemma 2.39 fails, i.e., dim(X) = n and m,,(X) = 0. Lemma 2.40 gives
dim(X) <n — 1, a contradiction. O

Proof of Lemma 2.40: Let o € X. For r > 0, let S(r) :={x € X : d(z,z9) = r}.

Claim 2.42. If X is a space such that m,1(X) =0, 0 < p < oo, then for almost

every r, m,(S(r)) = 0.

Before proving Claim 2.42, we show that Lemma 2.40 follows by induction on n.
We use that 0B(r) C S(r) here. We start with n = 0: Suppose mi(X) = 0.
Claim 2.42 implies mo(S(r)) = 0 for a.e. r. That is, for all xo, S(r) = () for
a.e.r. Hence dim(X) < 0 by Definition 2.35. We assume the induction hypothesis,
Mmp1(X) = 0 = dim(X) < n, and suppose my,;2(X) = 0. Claim 2.42 implies
Mmn+1(S(r)) = 0 for a.e.r. The induction hypothesis gives dim(S(r)) < n for a.e.r.
Since r can be arbitrarily small, dim of X at xqg < n + 1. Since zy was arbitrary,

dim(X) < n+ 1. This proves Lemma 2.40.

Proof of Claim 2.42: Consider first an arbitrary set £ C X. Let

ry = inf d(z, x¢), re=supd(z, ). (2.39)
zel 2€E
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Then
ro —r1 < diam(FE). (2.40)

From (2.39) and (2.40) it follows that

/00 diam(S(r) N E)P dr = /7’2 diam(S(r) N E)P dr

1

gdiam(E)p/ dr

T1

< diam(E)P*. (2.41)

From Definition 2.37 and the hypothesis m,1(X) = 0 there exists a sequence of

decompositions of X, X = A7 U A U---, such that €, := supdiam(A}) < oo and
k

n—00 <

lim ) diam(A})"* = 0. (2.42)
1=1
From (2.41) and (2.42) we get

lim Z/ diam(S(r) N AP dr = 0. (2.43)
n—oo i 0

=1

Letting f,,;(r) := diam(S(r) N AP")? > 0, equation (2.43) says

Jim 32l =0, (2.44)
where || - ||; is the norm on L'(]0,00)). Then by the triangle inequality we have

lim
n—oo

(o]
Z fn,i
i=1

< lim Y |l failli =0 (2.45)
1 i=1
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That is
lim ) diam(S(r) N A})” =0, (2.46)

where the limit is taken in the mean. By Corollary 2.3 in [40] (a well-known corollary

to the Riesz-Fischer Theorem) there exists a subsequence ny with n; — oo such that

lim diam(S(r) N AP =0 for a.e.r. (2.47)

i=1
This implies that m,(S(r)) = 0 for a.e.r. This proves Claim 2.42, which then proves
Lemma 2.40. U
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RESULTS FOR Z4-ACTIONS

Existence of an Expanding Metric (Dependent on the Action)

As stated in the introduction of this thesis, this chapter serves as a jumping-
off point for the arguments made in the next chapter. However, some might find
the results in this chapter of independent interest because we present two theorems
which generalize Fathi’s theorem to a higher dimensional action. The first theorem
guarantees a metric that is expanded by some factor k£ > 1 within finite amount
of time, but that amount of time depends on the action. The second theorem will
remove this dependence.

First, recall that a homeomorphism h on a metric space (X,d) is said to be
expansive if there exists ¢ > 0 such that for any two distinct point z,y € X,
there exists n € Z such that d(h™(z),h"(y)) > c. In such case, ¢ > 0 is called

an expansiveness constant for h [6].

Theorem 3.1 (Fathi [10]). If h : X — X is an expansive homeomorphism of a
compact metric space X, then there exists a metric d on X defining its topology and

numbers k > 1, € > 0 such that

Yoyex max{d(h(z),h(y)),d(h™"(z),h"" (y))} > min{kd(z,y), e} (3.1)

Fathi’s approach, which we emulate in our generalizations, relies on Frink’s
metrization theorem, where the usual triangle inequality is replaced by a generalized

triangle inequality:.

Theorem 3.2 (Frink [14]). Suppose there exists a function p on a topological space

X such that, for every two points x,y € X, p satisfies the following conditions:
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L p(z,y) > 0;
II. p(z,y) =0 if and only if v = y;
III. p(x,y) = p(y,x), (symmetry);
IV. If p(z,y) < € and p(z,y) < €, then p(x, z) < 2¢, (generalized triangle property).

Then X is metrizable. In particular, there exists a metric d on X such that, for every
two points x,y € X,

d(z,y) < p(r,y) < 4d(z,y)

We are now ready to state our first generalization of Fathi’s theorem to an

expansive Z%-action.

Theorem 3.3. Let T be an expansive Z-action on a compact metric space X. Then
there exists a metric d on X defining its topology and numbers b > 0, k > 1, and

€ > 0 so that, for all x,y € X,

max d(T°x, T ) > min {kd(x,y), €} . (3.2)

e€Z, |e|<b

b is called the expanding radius for T.

Proof:  Choose some metric 6 on X defining its topology. Let ¢ > 0 be an

expansiveness constant for T i.e.,

Vayex X#y = sup {0 (T"x,T"y)} > c.

nezd
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For any x,y € X, define n: X x X — R, by

oo if x=y,
n(x,y) = (3.3)
inf {|t| : t € Z4, 6 (T'x, T'y) > ¢} if x#Yy,

where | - | is the Euclidean norm. Observe that n(x,y) is upper semi-continuous as a
function of x,y € X. To see this take (x,y) € X x X. Now suppose (X,,,y,) = (X,¥)
as n — oo. We must show that limsup n(x,,y,) < n(x,y). This is clear when x =y
and n(x,y) = co. For x # vy, takz—lgoé Z% such that §(T'x, T'y) > c and [t| < n(x,y).
By continuity of T?, there exists ny € N such that §(T'x,,, T"y,) > c for n > ngy. So
n(Xn, yn) < |t| < n(x,y) for all n > ny and the inequality follows.

By a simple argument using compactness of X, one can pick m > 0 so that
c
Vabex O(a,b) > 3 = n(a,b) < m. (3.4)

To show this suppose that for each m > 0 there exist a,,,b,, € X such that
d(am, by) > g and n(a,;,, b,) > m. By compactness of X, there exists a sequence
my, — oo such that (a,,,, by, ) — (a,b) for some a,b € X. By Upper semi-continuity
of n(x,y)

oo = limsup my, < limsup n(a,,,,b,,) < n(a,b).
mp,—>00 M —>00

From n(a,b) = oo we have §(T?a, T*b) < ¢ for all . So a = b by expansiveness.
This contradicts d(a,b) = lim d(ay,,, by, ) > g Choose a > 1 so that o™ < 2.

M —>00

Now we define p: X x X — R, by

p(x,y) = a Y, (3.5)
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It is easy to see that p is lower semi-continuous since n(x,y) is upper semi-continuous.
Although p typically violates the triangle inequality and thus is not a metric, it
satisfies the properties (i) p(x,y) = p(y,x) and (ii) p(x,y) = 0 iff x = y (for all
x,y € X).

Claim 3.4. p defines the topology on X.

Proof of claim: To show that p defines the topology on X, we must show that

1. for all » > 0 there exists € > 0 such that for all x,y € X p(x,y) < € =

d(x,y) <r and

2. for all € > 0 there exists » > 0 such that for all x,y € X d(x,y) < r =

p(x,y) <e.

To prove part 1 it suffices to show for all » > 0 there exists m > 0 such that
n(x,y) > m = d(x,y) < r. This is proved using the argument for (3.4) with g

replaced by r and taking € := a™™.

Suppose part 2 does not hold; i.e., suppose there exists € > 0 such that for all

Ina
there exists r > 0 such that 0(x,y) <r = 0 (T'x, T'y) < ¢

—1
r > 0 there exist x,y € X with §(x,y) < r and p(x,y) > €. Let N := [ ne—" By
equicontinuity of (Tt)‘ J<N
for all |[t| < N. Hence n(x,y) > N and so p(x,y) < € by our choice of N. This

contradicts p(x,y) > €. So part 2 holds. O
Claim 3.5. For allx,y,z € X, p(x,y) <2max{p(z,y),p(z,x)}.

Proof of claim: Let x,y,z € X. Take n € Z% with |n| < n(x,y) such that

d (T"x,T™y) > c. By the triangle inequality, 6 (17"z, T"x) > g or § (T"z,T"y) > g
In the first case, when § (T"z,T"x) > g, (3.4) supplies k € RY with |k| < m such
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that § (T""*z, T"*"x) > ¢, so n(z,x) < |n| + |k| < n(x,y) + m. This gives

p(X, y) < 2a7mp<x, y) — 92~ (xY)+m) < 9 —n(zx) _ 2p(z, X),

where we used the choice of « for the first inequality. In the second case, when
O(T"z, T"y) > g, p(x,y) < 2p(z,y) by the same argument with x and y swapped.
0

Now that we have (), (ii), and Claim 3.5, we apply Frink’s Metrization Theorem

3.2 to p to get a metric d on X such that

d(x,y) < p(x,y) <4d(x,y) (x,y € X). (3.6)

It directly follows from this inequality that d defines the topology on X, since p
defined the topology on X. It remains to show that d satisfies inequality (3.2) in the
theorem.

We start by picking s > 0 so that

> 1. (3.7)

By using continuity of T, we find € > 0 such that

dx,y) <e = n(x,y)>s (x,y€X). (3.8)

Observe that (3.2) holds trivially when x = y or d(x,y) > e. Hence, we argue for
arbitrary x,y € X with x # y and d(x,y) < e. We fix such x,y and let t € Z% be

such that 0(T*x, Tty) > ¢ and n(x,y) = [t|; in particular, p(x,y) = o~
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By the choice of €, we have 0 < s < |t|, which guarantees existence of e,n € Z?

such that

le| <b:=s+Vd, |n|]<|t|—s+Vd, and t=e+n.

(3.9)

(Indeed, there clearly are &, € R? with |e| < s, || < |[t| — s, and t = & + 71 (see

Figure 3.1). So taking e € Z¢ with |e — é| < v/d — facilitated by v/d-density of Z?

in RY — and n := t — e does the job). In view of (3.9) and the hypothesis on t,

n

™|

0 b:zler\/a
Figure 3.1: Expanding radius b dependent on T, a Z9-action

§(T"Tex, T"Tey) = 6(T'x, T'y) > ¢. So
n(Tex, T ) < |n| < |t| — s + Vd.
Since p (Tex, T¢y) := o T™=TY) (3.10) gives
e {p (T, Ty)} > o U=Vl — oV p(x, y).

This combines with (3.6) to yield

max d(Tx, T%) > a

e€Z4, |e|<b

(3.10)
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which establishes (3.2). O

Existence of an Expanding Metric (Independent of the Action)

Theorem 1.1 is our second generalization of Fathi’s theorem and it removes the

dependence of the expanding radius on the action and we restate it now.

Theorem 3.6. For d € N and a norm | -| on R? there is b > 0 such that if T is an
expansive Z%-action on a compact metric space X, then there exists a metric d on X

defining its topology and numbers k>1andé> 0 so that, for all x,y € X,

max {J(Tex, Tey)} > min {/;cf(x, y), 6} . (3.11)

e€Z, |n|<b

b is called the expanding radius.

Proof: Fix d € N. Let n be such that Z¢ is n-dense in R? with respect to the norm

| -], i.e. for every p € R? there is n € Z¢ so that |[p — n| < 7. Choose

a+
2

S

a > 2n, b=a+2n and é>

(3.12)

Consider an expansive Z%action T. Let the metric d, and numbers k, b, and € be as
in Theorem 3.3. Pick 3 € (1,00) so that 8° < k.

Define
~ d(Tex, T
d(x,y) = max u

X). 1
c€Zd, |e|<bté Blel (xy € X) (3.13)

It is straightforward to check that d is a metric on X that defines its topology. Let

K.={(x,y) € X :d(x,y) > €}. Fix t € Z% with a < |t| < b. Define

&t,e):= inf d(T'x,Tly). (3.14)

(x,y)€K-
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Since €(t,€) > 0 by the continuity of T, we have

E=¢€(e):= min €(t,e) > 0. (3.15)
tezZd, a<|t|<b

We are now ready to prove (3.11). Take x,y € X. Suppose d(x,y) > €. Then
(3.11) holds because the construction of € gives

max {J (T“’X,Tey)} > e (3.16)

ecZd,a<e|<b

Suppose d(z,y) < €. Then by Theorem 3.3 we have

max {d(T°x,T%)} > kd(x,y), (3.17)

e€Z4, |e|<b

where b is the expanding radius from Theorem 3.3. Choose eg € Z%, |eg| < b+ ¢, at
which the maximum in (3.13) is attained.

i+ b
Claim 3.7. |e| > a; .

i+ b
Proof: Let By := {e € R|0 < |e|] < b}. Suppose |ep| < a;— .

Then eq + B, C By due to our choice of ¢. Hence, for j € By, j + ey € Bz and we

can estimate

d (Teox, Ty) d(Tex, T¢y)
e SN T T 19
d (Tj+eox’ Tj+€0y)
> . 1
= B T gl (319)
d(T7 (Tex) , TV (T*y))
> 3.20
= jeB0) pleolt (3:20)
k d(Tex, Teo
k d(Tx, T*y) (3.21)

AT
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where inequality (3.20) used the fact that |j+ €| < |eg|+ b and inequality (3.21) used

(3.17). But the resulting inequality (3.21) cannot be true since we chose 3° < k. O

Claim 3.8. There exists n € Z with a < |n| < b such that

In| + |eo — n| < leg| + 2. (3.22)

leol \ 2
in R? and B, (p) < A; 5 (because b’Ta =1 by (3.12)), there exists n € Z'N B, (p) N A, ;.

G4 b 3
Proof: Let p := o <i> € A5 =1{me R%|@ < |m| < b}. Since Z% is 1 dense

b
Since |eg| > ¢ from Claim 3.7 we have |eg — p| = |eg| — |p| (see Figure 3.2). By

the triangle inequality
leo = n| < [n —pl| +leo — pl < n+ ([eo] = Ipl) (3.23)

and

In| <|n—pl+|p| <n+pl| (3.24)

Putting these together we get
|+ leo = n| < n+ |pl +n =+ (leo] — |pl) < leof + 2n, (3.25)

which is (3.22). O
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0 a b

Figure 3.2: Expanding radius b independent of T, a Z?-action

From (3.22) we get |eg —n| < |eg| +2n —|n| < b+ ¢+ 2n—a < b+ ¢. By taking

e = ey — n under the maximum below, we can estimate

~ d (Trtex, T ey)

d(T"x,T"y) = eeziﬂjfiw Blel (3:26)
> d(T"“O;z»_EWO_HY) (3.27)
i w . Bleol-leo=n (3.28)
> d(x,y)ps"=n (3:29)
> d(x,y)B* " (3:30)

where we used (3.22) and |n| > @, in that order. By our choice of @ we have 44727 > 1.

Taking k = %2, inequality (3.30) becomes
d(T"x, T") > kd(x,y). (3.31)

Finally, (3.11) follows from (3.16) and (3.31). O

Remark 3.9. In dimension d =1, (3.22) holds with n set to 0 and equations (3.26-

3.31) work with a = 0 and b=a—+1, recovering Fathi’s result.
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RESULTS FOR R?-ACTIONS

Temporal Alignment Lemma

In this chapter, we will be concerned with abstract tiling actions with a good
cross-section Xy. We start with a convenient notation for the condition on proximity
of two orbits that already appeared in the definition of (WEj) (Definition 2.28) and

Lemma 2.29.

Definition 4.1. For any A1, Ay, R > 0 and x,z € Xy, we write

57
XRA—QZR

iff D, € UR (Dy), and for all t,t' that are (As, R, X, z)-corresponding, d(x+t,z+t') <
A

Note that the relation is symmetric, X|R i:: Z‘R iff Z‘R i:; X|R. We express it
in words by saying that x and z are R-prozimate with mazimum separation A; and
temporal alignment to within A,. In the context of tiling actions, this is roughly
equivalent to saying that the two tilings x and z agree, up to As-small translation,
on their central R-patches. (Actually, on R + r(Ay)-patches where r(A;) — oo as
Ay N\, 0.)

The following technical lemma about improving the temporal alignment (at the

cost of reducing R) heavily relies on the axiom (PS) and will play a key role in the

proof of Theorem 1.9.

Lemma 4.2. Let T be an abstract tiling action on a compact metric space X with

a good cross-section Xo. Then for all Ay > 0,As € (0, min{ly, 10A}) there exists
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Al > 0 such that

Al A1
VR>Rp+1 VxzeXy X‘R A Z‘R - X‘RfRDfl A2:/2Z|R7RD71 (4.1)

Proof: Fix Ay >0,y >0 and R > Rp + 1. Take any A, € (0, min{ly, 10A}).

Claim 4.3. For all € > 0 there exists 6 > 0 such that for all x,z € Xy, for all

(Ag, R, x,z)-corresponding t,t', and for all |s| < rq we have
dx+t,z+t')<d and dx+t,z+t+s)<d = [t+s—t|<e. (4.2)

Proof of Claim: Suppose Claim 4.3 fails. Then there would exist ¢ > 0 such that
for all n > 0 there exist x,,,z, € Xo, (Aq, R,x,z)-corresponding t,,t/ and s, with

|sn| < 7o such that
/ 1 1
d(xy, +tn,zn +1,) < — and d(X, +tn, Zn + 1, + ) < — (4.3)
n n

yet

I (4.4)

Using compactness, there exists subsequence (ny), ny — oo, such that x,, — x,
Zp, = Z, tn, = 1, 1, — 1, sy, — s with x,2 € X, t € Dy, t' € D, and [s] < 7p.
Then

im  d(Xp, + tn,, 20, +1,,) =dx+t,z2+t)=0

Ng—>00

and

lm  d(Xp, +tn,, Zn, +tn, + Sn,) =dx+t,z+t+s) =0.

N —r00
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Since t,, ,t/ are corresponding and thus satisfy |t,, — ¢/ | < Ay, we also have

Hm |ty + 8n, — 1, | = [t +5—1'] <Ay + 7. (4.5)

N —>00

Thus z+t =z+t+s;ie. z+7=zfor7:=t+s—1t. So|r| > 2rg by
(LF)a,. However (4.5) and (4.4) imply € < |7| < Ay + rp. Since Ay + 19 < 219 we
get a contradiction. This proves Claim 4.3. U

Now take € € (0,A2/4) and ¢ € (0,A2/10) as in Claim 4.3. Apply (PS)i.r0.4,

for this 0 to get 6; > 0.

Claim 4.4. There exists A, € (0, Ay) such that for all R > Rp + 1,

A . ~ ~
VaoeXo Vii<r-rp+1 X|p A:; 7|, = |s,1|2fzo dx+t,z+1t+s) < b (4.6)

Proof of Claim: Fix x,z € Xy and R > Rp + 1. By continuity of the action there

exists A; > 0 (depending on Rp but not R) such that |f — t| < Rp guarantees that
dx+tz+t) <Ay = dx+tz+i+t —t)=dx+t+i—t,z+t' +1—1t) <.

Suppose
Ay
X‘R e z’R (4.7)
and |[t| < R — Rp — 1. Then there exists t € Dy with |t —t| < Rp (by the Delone

property of Dy). Since

t|<|f|+|t—t|<R-—Rp—1+Rp=R—-1<R,
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(4.7) ensures that there exists a corresponding ' € D, such that |t — t'| < A,.

Since [t' —t| < Ag < Iy we get

inf d(x+t,z+t+s) <.

Is|<lo

Finally, by the arbitrariness of ¢ with |[{| < R — Rp — 1 Claim 4.4 is shown. O

So far we have fixed the values lo > 0, Ay, Ay € (0, min{ly, 10A}), R > Rp+1,
€ € (0,A5/4), and § € (0,A5/10). Now we take A; € (0,0) satisfying Claim 4.4 and
fix x,z € X; such that

X‘R i:; Z‘R. (4.8)

Let R :== R— Rp — 1 and U := Br/y1. Then by Claim 4.4 we have

inf dx+tz+t+s5)<d (Viey)-

‘S‘<lo

Invoking (PS)y, +.a, We get s € B,, independent of ¢ so that
dx+tz+i+s)<d (Viey)- (4.9)

For any ¢, t' (Ay/2, R, x,z)-corresponding, ¢,t' are also (Ag, R, X, z)-corresponding.
So
dx+t,z+1t) <A (4.10)

Applying (4.9) with £ :=t we get

dx+t,z+t+s)<é. (4.11)



57

Since A; < § we can invoke Claim 4.3 to get [t+s—t'| < e. Using a similar argument

with t = = 0 we also get |s| < e. Therefore
[t—t| <|t+s—t]|+]s| <2 <2(Ay/4)=Ay/2.

Hence, by the arbitrariness of ¢ and ¢’ and (4.10), we get

Ay

X VA
R/ A2/2 }R/

as desired. 0

Proof of the Expanding Metric Theorem 1.9

Theorem 1.9 is a generalization of Theorem 3.3 for Z%actions to R%actions.
The expanding metric is defined on the closed subset Xy C X provided by (DEL).
The arguments made in this proof parallel those made in the proof of Theorem 3.3,

with some extra work due to the dependence of the set of return times Dy on x.

Theorem 4.5 (1.9). Let T be an abstract tiling action on a compact metric space X
with a good cross-section Xo. Fiz Ay € (0,7p/2). Then there exists a metric d.y
on Xg defining its topology and numbers b > 0, k > 1, and € > 0 so that for all

X,y € Xo, if dup(X,¥) < €, then
sup {demp (Tex, Tely) e, e (Ag, b, x, y)—corresponding} > kdegp(X,y). (4.12)

We say that b is an expanding radius for T on Xj.

Proof: Let T be an R¢-action on X with a good cross-section X, satisfying (LF)q,,,

(WE),0.005 (PS)igre.0,- Choose some metric d on X defining its topology. Let
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A1, Ay > 0 be the constants provided by Lemma 2.29, i.e.,
Voo Fro Vayex, X|r 3Tyl = dxy)<e (4.13)
Fix A; as in Lemma 4.2. For any X,y € Xg, define n : Xy x Xg — R, by
n(x,y) = sup{R > 0: x| i: vla). (4.14)

Note that n(x,y) > 0 because for R = 0, Df = D} = {0} so x|z i:l y|r holds

trivially. In (4.13) take € = % to get L > 0 such that

~

A A
e 2yl =dxy) <5 (xyeXy) (4.15)
2
Choose a > 1 so that o™+ < 2. Now define p : X; x Xo — R, by
p(x,y) = a Y, (4.16)

Although p typically violates the triangle inequality and thus is not a metric, it
does satisfy the properties (i) p(x,y) = p(y,x) and (ii) p(x,y) = 0 iff x = y (for
all x,y € Xy). Once we have established the following claims, we will use Frink’s

Metrization Theorem to get a true metric.
Claim 4.6. p defines the topology on Xq.
Proof of claim: To show that p defines the topology on X, we must show that

(a) for all » > 0 there exists ¢ > 0 such that p(x,y) < € = d(x,y) < r (for all

x,y € Xp) and
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(b) for all € > 0 there exists » > 0 such that d(x,y) < r = p(x,y) < € (for all

X,y € Xo)

To prove part (a) it suffices to show that, for all r > 0, there exists m > 0 such
that n(x,y) > m = d(x,y) < r. Fix r > 0. Then (WE) provides an R > 0 such
that

A
X|r Azl ylr = d(x,y) <7
2

Choose m := R. Then
n(x,y) > R = X\Ri:l vl = d(x,y) <.
2

To prove part (b) consider € > 0 and take R > 0 so that a™® < ¢. For all

Ay € (0,7r9/2], Proposition 2.27 provides r; > 0 such that
Viyex, d(x,y) <ri = Dy € UL (Dy).
Also, by equicontinuity of (T")y<g, there exists ro > 0 such that for all x,y € X,
d(x,y) <ry = d(T"%,T'y) < Ay/2 Vit<r-

Now shrink A, so that, for all y € Xo, d (T'y, T'y) < Ay /2 whenever [t — /| < A,.

Thus for all x,y € X, with d(x,y) < r, we have

d <Ttx, Tt/y> <d (Ttx, Tty) +d (Tty, Tt/y> < A1/2 + AI/Q <A,
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(for all ¢,t' (As, R, x,y)-corresponding) by the triangle inequality. Set r = min{ry, o}

to get

d(x,y) <r = X|g iz ylr = n(x,y) > R.
2

So p(x,y) = a "x¥) < o~ < ¢ by our choice of R.

Claim 4.7. For all x,y,z € Xo, p(x,2) <2max{p(x,y),p(y,z)}.

Proof of claim: Let x,y,z € X, and consider R < min{n(x,y),n(y,z)} so that

X|RA:1 ylr and y|RAzl zZ|g.
A2 AZ

Then
Dy, € UZ (Dyx) and D, € UZX (Dy).

Putting those together gives us
D, € UJ,, (Dy)

By the choice of L given in (4.15) we have

Ay/2 Ay/2
X|p-r = ylg-r and ylg-r = z|p-L.
AQ AZ

Lemma 4.2 implies that

Ayr/2 q Aq/2
X|R—L-Rp—1 An/2 y‘R—L—RD—l an Z’R—L—RD—I As/2

Now we apply the triangle inequality and (4.17) to get

XlR-L-Rp—1 3, Z‘RfoRDfl'

(4.17)

y R—L—Rp-1°

(4.18)
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That is

p(X, Z) S a—(R—L—RD—l) S O[L+RD+104—R‘ (419)

By the arbitrariness of R, we get

plx.2) < aa~ "D} < 2 max{p(x, y), ply. 2)}, (4.20)

as desired. This proves Claim 4.7. 0

Now that we have (i), (ii), and Claim 4.7, we apply Frink’s Metrization Theorem

3.2 to p to get a metric deyp, on Xy such that

dexp(xv Y) S P(Xa y) S 4deXP(X7 y) (X7 y € XO) (421)

It directly follows from this inequality that de., defines the topology on X, since
p defined the topology on Xy. It remains to show that de, satisfies inequality (4.12)
in the theorem.

We start by picking s > 0 so that

oS —2(Rp+A2)

e | 4.92
1 > 1, (4.22)

where Rp is the Delone constant for Dy. Let R := Rp + As. From the second

inequality in (4.21), there exists € > 0 such that

dexp(X,y) <€ = n(x,y) >s+ R (x,y € Xp). (4.23)
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To prove (4.12) we fix x,y € X with dexp(x,y) < €. Then D, € USAJ;R (Dy) by
(4.23). Consider an arbitrary A > 0 such that
A<n(x—ey—c¢€) forall e e (Ay, s+ R,x,y)-corresponding. (4.24)

This means that

X — e}A 222 y — e"A for all e, e’ (A, s+ R,x,y)-corresponding. (4.25)

Fix t,t' (Ay, A—2R+s,x,y)-corresponding with [¢|, [t'| < A—2R+s. Now split ¢ and
t’ into collinear parts t = €+ n and ¢’ = € + 7 so that |e| = s, |n| = [t| — s, || = s,
and |n'| = |[t'| — s. Take e, €' to be (Ay, s + R,x,y)-corresponding with |e — é| < Rp

and ¢/ — €| < R.

0 b:=s+Rp+A,
Figure 4.1: Expanding radius b for T, an abstract tiling action
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Set n:=t—eand n’ :=t — €. Using the triangle inequality we get

n| < |f| +|n—7| < (A—2R)+ (2R) <A and

In'| < ||+ |n" — 7| <(A—-2R)+ (2R) < A.

Obviously n € Dx_. and n’ € Dy_.. From (4.25) we get Dy_. € UﬁQ(Dx,e). So
|n —n/| < Ag. That is, n,n’ are (Ag, A,x — e,y — €’)-corresponding. Using this and

(4.25), we get

~

dx—t,y—t)=dx—e—ny—¢ —n') <Aj.
By the arbitrariness of ¢ and ¢/, we get X|4_or+s i:l V|a_2r+s and so
2
n(x,y) > A—2R+s.

That is A < n(x,y) — s + 2R. By the arbitrariness of A, we get n(x — e,y —¢€') <

n(x,y) — s+ 2R for all e, e’ (Ay, s + R, X, y)-corresponding. So
inf{n(x —e,y —¢') : e,e’ (A, s + R,x,y)-corresponding} < n(x,y) — s + 2R.

That is

s—2R

sup{p(x —e,y —¢') : e, (Ag, s + R,x,y)-corresponding} > o* *"p(x,y).
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Applying inequality (4.21) we get

s—2R
sup{dexp(x — e,y — €') : €,€ (Ag, s + R, x,y)-corresponding} > aTdeXp(x, y)

= kdexp (X, }’),

where the equality comes from (4.22). Letting b := s + R, we get inequality (4.12) as
desired. O

Dimension Estimation Theorem (Z<)

The reader who is only concerned about our main results may skip this section
as it only pertains to Z%actions. This theorem generalizes the bound used by Fathi

along analogous lines [10].

Theorem 4.8. Let T be an expansive Z*-action on a compact metric space X, with

metric d and constants k and b as in Theorem 1.1. Then

HD;(X) < b- ”frf? (4.26)

Proof: Fix e > 0. Let E C X be a (T, RQ, ¢)-separated set of maximal cardinality.

Then E is also a (T, RQ, €)-spanning set, i.e.
Vxex,Jyer such that de(x, y) < e (4.27)

Here we use the metric de defined in (2.19) with d = d. Then the collection of

T
e-balls in the dp,, metric given by U = {BSRQ (x) : x € E'} is a covering of X.

Claim 4.9. For U € U, diam(U) < 2ek™"1, where | := LR/BJ
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Proof of Claim: Fix x € E. Let U = B (x) € Y. Take y € U. Then there exists

ki€ Ay NZY (recall @ comes from the proof of Theorem 3.6) such that
cZ(Tklx, Tkly) > /Nai(x, y) (4.28)

by Theorem 1.1. Applying Theorem 1.1 again we find there exists ky € Z? with

ko — k1 € A&,E such that
J(T’”X, Tka) > kd (Tklx, Tkly) > I%ch(x, y). (4.29)
This can be repeated [ := LR/ZN)J times to get k; € Z® with k; — k1 € A&,l; such that
d (Thx, Thy) > kd (Th—1x, Th-1y) > kd(x,y). (4.30)

Thus
d(x,y) < k7'd (Thx, Thy) < ke (4.31)

where the last inequality is due to the definition of U and the fact that k; € {B;(0) C
Bz ;(0) = RQ. By the arbitrariness of x,y € U we have diam(U) < 2ek~+1. O
b

For s > 0, Claim 4.9 gives

Z diam(U)* < sep(T, RQ, €) (261?;_l+1>8 (4.32)

veu

< sep(T, RQ, 6) i 6sln(2e)+s(fl+1)1nl~c' (433)

By definition we have

1 T
nn(T, 6) = lim sup - SeP( ) RQ, 6)
R—o0 Rn

for 0<n<d. (4.34)
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Fix 6 > 0 and n = 1. Then there exists Ry such that for all R > R,

Insep(T, RQ, ¢)

LD o+ (4:35)
So
sep(T, RQ, €) < eRm(T:)+9), (4.36)
Hence
Z dlam(U)S < eR(m(T@)-HH—S%lnfg.;,_é‘lnlgze)) (437)

. eR(m (T,e)+d6—s LR/II;J* In k+ Shlge)> .

(4.38)

To guarantee convergence for the right hand side of (4.38) as R — oo it suffices to
require 1y (T, €) +6 — % < 0. Indeed then (T, €) 4+ — SMRJ_I Ink -+ sm—}(fe) < 0 for

sufficiently large R because it differs from n;(T,€) + § — # by a term of the order

of a constant times R~!. So any exponent s > W guarantees that the sum
(4.37) is bounded as R — co. Thus
- T o
HD,(X) < 5. ™ 1:% i (4.39)
Now letting 6 — 0 and then € — 0 we get
~ T
HD;(X) <b- "llrf ]%) (4.40)

as desired. 0
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Dimension Estimation Theorem (R?)

Theorem 4.10. Let T be an abstract tiling action on a compact metric space X with
a good cross-section Xo. Takingb >0, k> 1, Ay >0, € >0 and dey as in Theorem

1.9, we have

m(T)

<b.
HDdemp (X(]) — b 111 k

(4.41)

Proof: Let d be a metric on X defining its topology and consider the metric (EQ

defined in (2.27).

Claim 4.11. There exists € > 0 so that

T ~
vx,yEXO vR>0 dRQ<X; y) <€ = Dy g U§2 (Dx) and v15,15’ (A2,R,x,y)-corresponding

dooy (THx, TV y) < €. (4.42)

Proof of Claim: This follows from the continuity of x — Dy and the fact that de,
and d induce the same topology on Xy. To be precise, take € > 0. Consider x,y € X
and R > 0 so that CEQ(X, y) < & Whenever t € D, N RQ, we have d(T'x, Tly) < €
(by the definition of CEQ). Here Tty need not be in X, but continuity of z — D,
ensures that, if € is small enough there is ¢’ so that 7"y € X, and [t — /| < A,. In
fact, upon shrinking ¢ more if necessary, |t — #'| will be so small that d(T*x, T"y) <
d(T'x, Tty) 4+ d(T""y,y) can be made as small as we like. In particular, we can
achieve do,(T'x, T"y) < €. This means that for every t € DF C R(Q there exists
t' so that t,t" are (Ag, R, X,y)-corresponding, and vice versa for ¢’ € Df. Moreover,
dexp (Tx, T'y) < € for such ¢,#', as desired. d

Fix € > 0 as in Claim 4.11. Let F C X be a (T, RQ,€) — sep set of maximal

cardinality. Then FE is also a (T, RQ, €¢) — span set and so the collection of e-balls in
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~ T
the dp, metric given by U = {Bg f2(x) : x € E} is a covering of X. In particular,

the set V ={UNXy : U € U} is a covering of X .
Claim 4.12. For allV € V and R > 0, diamg,, (V) < 2ek~f/b+1,

jT
Proof of Claim: Fix x € E and R > 0. Let V = Bi*(x) N X, € V. Take any
y € V. By Claim 4.11, we have dexp(x,y) < €. Application of Theorem 1.9 gives

ki, k) (Ag, b, x,y)-corresponding such that
doay (T’“X, Tkiy) > kdyp(x, y). (4.43)

Aslong as b < R, we still have du,(T"x, T*y) < ¢ (by Claim 4.11) and we can apply
Theorem 1.9 again to get ky, kb with ky — ky, k) — k} (Ag, b, T*1x, T¥y)-corresponding

and ke — k1 € By(0) such that
doy (T’”X, Tkéy) > kdes, (Tklx, Tkiy) > K2d,uy (X, Y). (4.44)

This can be repeated [ := | R/b| times to get ki, k; that are (Aq, b, X, y)-corresponding

with deyp, (THx, TFy) < e. Hence
Aowp(%,Y) < k™ dewy (Tklx, Tk/1y> <...< k‘_ldezp (T’”x, Tk2y> <k'-e  (4.45)

By the arbitrariness of y € V we have diamg,_ (V) < 2ek~F/b+1, O

For s > 0, Claim 4.12 gives

> diam(U)* < sep(T, RQ, é) (2ek~ /") (4.46)

< S/éf)(T, RQ, g) . esln(Qe)—i—s(—R/b-&-l)lnk. (447)
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By definition we have

Insep(T ~
ﬁn<T7€):thup nSGp( 7RQ,6)

for 0<n<d. (4.48)
R—o00 R

Fix 0 > 0 and n = 1. Then there exists Ry such that for all R > R,

Ins&p(T, RQ, )

7 < (T, €) + 0. (4.49)
So
sep(T, RQ, &) < eRmT:+9), (4.50)
Hence
Z dlam(U)s < 6R(ﬁ1(T,€)+5+s*RI/%b+1 lnk+81n1%25)). (451)

To guarantee convergence for the right hand side of (4.51) as R — oo it suffices to
require that 7y (T, &)+ — 222k < 0. Indeed then 7y (T, &) + 6 +s 2 In k4 21229

for sufficiently large R because it differs from 7, (T, €) +6 — % by a term of the order

of a constant times R~!. So any exponent s > W guarantees that the sum
(4.51) is bounded as R — oo. Thus
HDg,,,(X) <b- 771(7;;1—2—1_5 (4.52)
Now letting 6 — 0 and then € — 0 we get
HD,,,,, (X) <b- ﬁfﬁ) (4.53)

as desired. 0
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Self-Affine Actions Have Zero Entropy

In this section, let T' be an R%-action (or Z%-action) on a compact metric space
(X, dx) and S be an R%-action (or Z%action) on a compact metric space (Y, dy). The
dynamical system (Y,S) is a factor of (X, T') iff there exists a continuous surjective
map h : X — Y such that ho T = St o h for all t € R%. If h is invertible, then the
dynamical systems (X, 7T) and (Y,S) are called conjugate [6]. Recall from Remark
2.31, that the entropy of an R%action can be determined by calculating the entropy
of its associated Z?-action obtained by restricting to times ¢t € Z?. In particular, in

the proofs of items 4.13, 4.14, and 4.15, all times are integers in Z.

Proposition 4.13. If (Y, S) is a factor of (X,T), then

m(T) > m(S). (4.54)

Proof: This is standard. Suppose (Y,S) is a factor of (X,T), i.e. there exists a

continuous surjective map h : X — Y such that

hoT'=5"0h Vg (4.55)

By compactness, h is uniformly continuous. So for any e > 0, there exists d(¢) > 0
such that

dx(x1,X2) < 0(€) = dy(h(x1), h(x2)) < €. (4.56)

Let E C Y be (S, RQ,€)-separated. Let F' C X be obtained by choosing one pre-
image for every y € E. Take x,y € F, x # y. Then h(x),h(y) € E and there
exists e € RQ N Z¢ such that dy(S°h(x),S°h(y)) > e. Then (4.56) implies that
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dx (T°x,T¢y) > 6(€). This shows that F'is a (T, RQ, d(¢))-separated set. Thus

sep(T, RQ, 6(€)) = sep(S, RQ, €). (4.57)
So
1 1
Eln sep(T, RQ,6(¢)) > = Insep(S, RQ, ¢), (4.58)
and letting R — oo yields
(T, 0(€)) > m(S,e). (4.59)
Finally, letting ¢ — 0 gives
m(T) > m(S). (4.60)
O
Corollary 4.14. If S is topologically conjugate to T, then
m(T) =m(S). (4.61)

Proof: 1f S is topologically conjugate to T', then S is a factor of T" and T is a factor

of S. So applying Proposition 4.13 both ways yields (4.61). O

Proposition 4.15. If St = T where A : RY — RY is an injective linear map with
AQ C AQ), then

Proof: First, observe that there exists 7y € R such that for all R > 0 and ¢t € ARQNZ

there exists ¢ € ARQ N AZ? such that |t — /| < 7y, where | - | is some norm on Z.
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By equicontinuity of (7°¢)cj<r,}, for any € > 0 there exists d(e) > 0 such that

d(z,y) < 6(e) = d(T°x, T%) < e Ve € Z*N B,,(0). (4.63)

If d(T'x,Tty) > € for some t € ARQ N Z%, then d(T"z,T"y) > 6(e) for some
t' € ARQ N AZ? with |t — | < 75 by our observation. From the definition of S

d(S"" z, S"y) > 6(e) for the t” € RQ N Z¢ that satisfies At” = t'. Tt follows that

sep(S, RQ,(¢€)) > sep(T, ARQ, ¢). (4.64)

Since ARQ) C AR(Q), we have

sep(T, ARQ, €) > sep(T, ARQ, €). (4.65)
So
1 1
= log sep(S, RQ, d(¢)) > )\E logsep(T', (AR)Q, €). (4.66)
Letting R — oo, we get
m(S,9(e)) > Am(T,e). (4.67)
Now let € = 0 to get
m(S) = Am(T) (4.68)
as desired. 0

Theorem 4.16. Suppose T is a self-affine Ré-action (or Z-action) on a compact

metric space X. If ni(T) < oo, then

m(T) = 0. (4.69)
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Proof: Let T be a self-affine R%action. By definition there exists an injective, linear,

expanding map A : R — R? and a homeomorphism ® : X — X such that

Vvt € R (orZ%), ®oT'=T"od.

(4.70)

Because A is expanding, there is A > 1 and n € N such that A\QQ C A"Q. Let

St := T2 By (4.70) and Corollary 4.14 we get

m(T) = m(S).

We apply Proposition 4.15 to get

m(S) = dm(T)

That is

m(T) > x(T)

with A > 1. Since n1(T") < oo, we conclude that

(4.71)

(4.72)

(4.73)

(4.74)

O One needs to work quite a bit more to see that 7, (7") < oo for self-affine

Re-action T.

Theorem 4.17. If T is a self-affine abstract tiling action, then n;(T) = 0.

Proof: By passing to an iterate of ® if necessary, we can assume that there exists

A > 1 so that for all t € R? |[At| > M¢t|. Fix A € (0,Ay), where Ay is the expansivity
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constant from (WE). Let € > 0 be such that for all y,,x € X

v. € Wi (x,®) = y.|5"" =x|577. (4.75)
That is, for all m € Ny d(®™y, + A™t, d"x + A™t) < A/2 for all |t| < 1. Let ¢, > 0

be as provided by Lemma 2.3 in [20]. Let d; > 0 be so that
[t <01 = Vxex d(x,T'x) < min{e; /2, A/2}. (4.76)

Upon fixing zy € X and taking Ry > 0 large enough, the orbit piece X := zy + Bp, is
so dense in X that it intersects W (x, ®) N B, j2(x) for every x € X. This follows by

minimality and the local product structure at every x.

In R

Consider any R > 1. Take m := [——‘ € N. Select D C Bp, C R¢ that

0

In A
is [|A]||7™d1-dense and of cardinality #D < Cy||A||™ where Cy = Cy(d1, Ry). Set

E2:Z0+D.

Claim 4.18. ™ (F) is (T, \%Q, A) — spanning.

Proof of Claim: Consider any y € X. Set y_,, := ® " (y). Take z € B j2(y—m) N
W2 (y_p,) NX. Take t, with |t.] < [|A]|7"0; so that x := z + ¢, € E. Since |t,| < d1,
then d(x,z) < €/2. Because d(y_m,X) < d(Y_m,2) + d(z,X) < €1/2+ €1/2 < € we
can use Lemma 2.3 in [20] to secure y. := [X,y_n]; 1.6, {ys} = WE(x, )Ny _sn+ By
Note that y. = y_,,, + t. (see Figure 4.2). This used Remark 2.4 in [20].

By choice of € and y, € W(x, ) gives

A"y, + A, Bx + A™) < AJ2 Vo (4.77)
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Y-m ¥ y_|_Rd
d
Z X =2zt z+R
W2 (z, ) W2 (x, @)

Figure 4.2: y, from the local product structure

Also

d(®™y, + A", "y, + A"t) = d(®"y_,, + A"t + A"ty + A™)
=d(y + A"t + A",y + A"t)

<A/2 (4.78)

because |A™t.| < ||A™]|||A]|7™d; = 6; and by the choice of §;. Putting together (4.77)
and (4.78) gives

dly + A", ®"x + A1) < A2+ A/2=A V. (4.79)

Thus d(y + 7,®™x + 7) < A for all |7| < A™. Since \%RQ C Br € Bym we get

JT%Q(CDT”X, y) < A. By arbitrariness of y, ®™(E) is (T, \%Q, A) — spanning. O

From Claim 4.18 we have, for all sufficiently small A > 0 and all R > 0,

AT, J2Q.A) < 407(E) = £ = £D < CllA|I"

In [|A]|
< Cpe mx

‘mIn A

In [[A]]

= Co(A™) mx < CyRY
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where v := =8l € [1 o0). Thus

1. R 1
im — s < lim — v =0, .
}%gl;o Inspan(T, \/EQ, A) < 1%1_1320 In Co(VdR)” = 0 (4.80)

By the standard relationship between separated and spanning sets we have

1,
1%220 I Insep(T, %Q, A) =0 as well. Taking A N\, 0 gives 7;(T) = 0. O

Remark 4.19. We have shown a much stronger statement than n;(T) = 0. The
growth of %(T,\%Q,A) and %(T,\%Q,A) is at worst the power function RY
for any given A. This is a well known fact for tiling spaces of concrete self-affine

tilings [22, 28].

Proof of the Local Structure Theorem

Theorem 4.20 (Theorem 1.7). If T is a minimal abstract self-affine tiling action on a
compact metric space X with a good cross-section Xg, then X s locally homeomorphic

to the product of R? and a Cantor set.

Proof: Define a continuous function ¢ : Xg x R — X by ¢(y,7) :=y — 7. (TRA)

provides d > 0 so that

x € Bs(Xo) = DyxNB,, ={r=1(x)}. (4.81)

The map ¢ : Bs(Xo) — Xo X By, given by ¢(x) = (x + 7(x),7(x)) is continuous
since the map x — Dy is continuous by Proposition 2.27. By uniform continuity,
taking » > 0 small, ¥(Xy x B,) C Bs(Xy). By construction, ¢ o ¢ = idpg;x,) and
p o1 =idx,xp,. It follows that the sets U := X, x B, and V := 9 (U) are open and

Y|y : U — V is a homeomorphism.
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y47 " (Ya 7—)
/_\
R
S~—uw[8_—"
¥
— —
B5(Xo) B,
Picture in X Picture in Xy x R

Figure 4.3: Local homeomorphism on X

It remains to show that X is a Cantor set; i.e., compact, totally disconnected

and perfect. X is compact as a closed subset of a compact set. By Theorem 4.16

m(T) = 0. By Theorem 4.10 HD,, (Xo) < b- 20 = 0. Thus X, is totally

disconnected. To show that X is perfect take x € Xy. By minimality, there exists a

sequence (t)ren C RY so that klim x + tp = x. Let x;, := x+ 1t € X. Again, (TRA)
—00

provides d > 0 so that
X € B(;(X()) = DN BrD = {Tk = T(Xk)}. (482)

So for this § > 0 there exists N € N such that x; € Bs(Xg) for all £ > N. Since
x — Dy is continuous and 7(x) = 0, letting x}, := x;, + 7, € X for all £ > N, we
have kh_}lr(r)lO X, = x. By aperiodicity x}, # x (for all k). Thus x is an accumulation

point in Xj. O
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A NON-FLC SELF-AFFINE TILING OF R?
Introduction

We now turn our attention to a 2-dimensional substitution tiling with horizontal
fault lines, that was first considered in [12]. We are interested in this example because
the local structure is more complicated than the usual product of R? and a Cantor set.
Our main goal is to flesh out all the details necessary to complement the somewhat
informal exposition in [12]. Tilings in this space will have essentially the same rows,
up to horizontal translation, which is governed by the 1-dimensional substitution
tiling of the row and its coding.

Consider the rectangular prototiles a and b, where both have height 1 and

1++vV13
2

widths A\ = and 3, respectively. Now consider the self-affine substitution ®

described in Figure 5.1.

_a_| a | a|a
o) EELe] e

Figure 5.1: Frank-Sadun substitution rule

For any n € N, ®"(a) and ®"(b) are called nth-order super-prototiles. A tiling
of R? is allowed by the substitution ® if for any finite patch P in the tiling, there
exists n € N such that a translated copy of P is contained in some nth-order super-
prototile. Let 7 be the set of all tilings of R? with prototiles a and b. The substitution
tiling space, T, is the smallest closed set containing all allowed tilings. Consider the
open-compact topology defined in Chapter 2 in which, roughly speaking, two tilings
are e-close if they contain the same tiles out to a distance of 1/e and if each tile in the

first tiling is within a translation of size < € of the corresponding tile in the second
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tiling [12,21]. Note that we allow the translation to depend on the tile. In the case of
tilings with FLC (roughly, finitely many local pictures) one can require that there is
a single e-translation for all the tiles out to a distance 1/e. Under this topology, Tg is
compact and the R?-action on T3 induced by translating tilings is minimal [12,31,34].

In it is shown that the FLC hypothesis implies that the tiling action satisfies
(WE). In addition to describing the local structure, we show that tilings associated
to this particular substitution fail to have FLC and that the action is not weakly

expansive as stated in the following two propositions.
Proposition 5.1. Tilings in Te do not have FLC.
Proposition 5.2. The tiling action on Te does not satisfy (WE).

The culprit will be a phenomenon of the fault line. Following [12], we say that
a tiling © € Te exhibits a fault line if and only if there is a line, ¢, that is a union of
edges of tiles in x with direction vector v € R? satisfying the following property. For

every € > 0 there exists a tiling x’ € T3 such that:

(1) on one half of the plane with boundary ¢, x’ = x, and

(2) there exists t € (0, €] such that on the other half of the plane with boundary ¢,

x =x' 4+ tv.

In our case, ¢ will be a horizontal line and so v = (1,0).

We remark that if some tiling xq € Tp contains a fault line, then FLC fails for
every X € Tg. To see this consider any tiling x € T and assume it has FLC. Since x
has FLC, then Tg := cl{xq +t : t € R*} is compact if the closure is taken with the
standard topology described in Chapter 2. Since x contains a fault line, for some
R > 0 and any € > 0 there exists a patch of diameter less than R containing two tiles

abutting along ¢ with edges offset by t € (0, €] (see Figure 5.2). Then such a patch
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also appears in x up to translation since 7 by minimality of the translation action.
Because € is arbitrary, x contains infinitely many distinct patches with diameter less

than R, thus violating the FLC hypothesis for x.

14

Figure 5.2: Arbitrary offset of tiles along the fault line

In pursuance of the local characterization of T, we introduce some preliminary
terms and notation. We say a tiling x is aligned if the x-axis is made of tile edges.
We consider a row r in any tiling x to be the collection of tiles in x whose union
of interiors contains a horizontal line. We index the rows according to its vertical
position where 7y denotes the row whose union of interiors and bottom edges contain
the z-axis. By a vertical translation (which induces a homeomorphism of Tg) any

tiling in Tg can be placed in the subset of aligned tilings denoted

To:={x € To : x aligned }.

Because small neighborhoods in 7 of a point x € 7, are homeomorphic to the
Cartesian product R x U where U is a small neighborhood of x in 7,, we investigate
the local structure of 7,. Note that 7, comes with the R-action induced by the
horizontal translations.

Our main tool will be a coding procedure associating to any x € 7, an element
c(x) € G := {0,1}" (essentially the group of 2-adic integers). Note that we will write

the elements of G as infinite words, i.e., infinite concatenations of 0’s and 1’s (with
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no intervening commas). The subset G consisting of words that terminate with
0% := 0000... is a dense subgroup. Identifying its element dyd;...dyN0> with the
natural number d; +dy2+. .. +dn2V ! establishes a group isomorphism Gy — Ny. We
shall use f : G — @ for the translation of G by 1 := 10*° with carry to the right, which
is often referred to as the adding machine. (For example, if ¢ = 1100... € G, then
fle)=c+1=1100...4100... = 00100...). G is the forward orbit of 0> under
the action of f, G = {f*(0°) : k € Ny}. The backward orbit is Gy = {f*(0®) :
—k € N}, where k = 0 is excluded. It consists of all the sequences that terminate in
1> and thus is also dense in G. For instance f~1(0%) = 1°° because 1*° + 10> = 0>.
Denote by Gy the bi-infinite orbit of 0% under f, Gy := G, UGS = {f*(0®) : k € Z}.
The mapping Z > k — f*¥(0°°) € Gy is an isomorphism of groups. We postpone the
details of the construction of ¢(x) as the code of the Oth row of x and only note that
it depends continuously on x.

One way to explain the local structure of 7, is to first embed it into the big

product space

y=6¢x]]T

keZ
The embedding is simply given by x — (¢(x), (rk)kez) where ry is the k-th row of
x thought of as a tiling of the real line. (This map is obviously a homeomorphism
onto its image because already x — (X )rez is such and ¢(+) is continuous. From now
on consider T as identified with the image of this embedding. In particular, in the
rest of this section, when we refer to a metric on 7g it will be the restriction of the

following metric on Y:

(e (1), (€, () = e {dote ), e (e, ) 2}
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Now, Y is a huge space and Tg sits in it only as a small subspace and will be
captured by examining its projections onto at most three factors of in the infinite
cartesian product defining ). Let then g : YV — G and 7, : Y — 7T, be the
projections 7mg(c, (ry)) := ¢ and mg(c, (rg)) := rg. The main role will be played by the
projection mg (¢, (1)) := (¢, 70) and the fibers of its restriction to 7, for which we

reserve the notation
Z(c,r) = 7Tg70_1(C, rNT, ((e,r) € G xTy).
We write 7, as a disjoint union 7, = 7, U T, where
Ty =mgo (G\GoxTg) and Tp:=mgo  (Gox Ty)

Theorem 5.3. In the disjoint union T, = T,UTy, both T, and T, are dense. Moreover:

(i) Z(c,r) is a point for (c,r) € G\ Gy x Ty, and the restriction mgo|7, : Ty —

G\ Go x Tj is a homeomorphism;
(it) Z(c,r) is homeomorphic to Ty for (c,r) € Gy X Ty;

(113) if (c(”), r(”)) C Gox Ty and (c(”), r(”)) — (¢,r) € G\ Gy x Ty then Z(c("),r(”)) —

Z(c,r); (Note that Z(c,r) is just a point here.)

() if (c™) C Gy and ™ — ¢ € G with ™ # c then the fibers Z(c,r) shrink to a

point, i.e., lim sup diam(Z(c(”),r(”))) = 0;
n—0 TE7—¢>

(1)) VeeT H(C(n)7T(n))CgOX% Z(c(n)7 r(n)) — {x}’

(Vi) VaeTs 3(c<n>,r<n>)cg\g0x7¢ Z(c(”),r(")) — {z};
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Corollary 5.4. 7, is locally homeomorphic to R x V where V is the Cantor set with
countably many points removed. (In fact, R x Cantor x U where U is an open subset

of G\ Go.) Inside any non-empty open set in T, there sits an embedded copy of Ts.
Corollary 5.5. There is no open subset of T, that is homeomorphic to R x Cantor.

Analysis of a Pair of 1-Dimensional Tilings

To begin our analysis of the 2-dimensional tiling space defined above, we first
analyze the associated pair of 1-dimensional substitution tilings. We can do this
because what happens on either side of the fault line can be described by a pair
of 1-dimensional substitutions. Consider the substitutions ¢;(a) = ba, ¢1(b) = aaa
and ¢o(a) = ab, ¢1(b) = aaa. Both substitutions have the abelianization matrix

A = (13) with Perron-Frobenius eigenvalue A\; = %ﬁ

~ 2.3 and the remaining
eigenvalue \y = %ﬁ ~ —1.3. A bi-infinite word w = ... w_sw_q.wows ... is called
admissible if for each finite sub-word wy, there exists n € N such that wy, is contained
in ¢?(a). Let a and b be 1-dimensional prototiles with lengths A; and 3, respectively.
The tiling space 7Ty, consists of all tilings of R by translates of the prototiles a and
b with the property that any finite connected patch of tiles has the associated word
that is admissible.

One-dimensional tilings spaces can be modeled and analyzed in the “strand
space,” which is introduced in [1]. We will use this convenient realization to prove
Lemmas 5.8 and 5.9, so we recall it now.

Let w; denote the eigenvector for eigenvalue \; of the substitution matrix A. Set
E; = lin(w;) so that R? = E;® E,. The projection of a point p onto E} in the direction
of E, is given by pri(p) := (p, w])wy, where wy is the Perron eigenvector of the adjoint

AT normalized so that (wi,w}) = 1. Then the length of the projection onto Fj is
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given by ’ p‘l = (p,w1). Define pro(p) similarly and the length of the projection onto
E, is given by |p|2 = (p,ws).

Let e; be the ith unit basis vector in R? and I; := {te; : t € [0,1]} be the ith
unit line segment on the corresponding axis. Iy = {te; : t € [0, 1]} will be associated
to a tile of type a and Iy = {tey : ¢ € [0, 1]} will be associated to a tile of type b. The
term strand refers to an oriented broken line v = {I;, + x4}, 7, € R?, consisting of
translated copies of the basic segments meeting tip-to-tail in a connected union. For

example, a strand associated to the word aaaba is pictured in figure 5.4.

Figure 5.3: A strand associated to aaaba

The space of all bi-infinite strands in R? is denoted by F. The substitution ¢;
induces a map ¢, that takes edges to strands. More precisely, the image of the edge
x+ 1, is given by ¢;(x + I;) = Az + I;. The map on edges ¢; naturally extends to an
inflation-substitution map on strands edge by edge; i.e., ¢;(7y) is the strand obtained

by concatenating the strands ¢;(e) where e is an edge of 7.

Y ¢1(7)
| Ay
Ty Az

Figure 5.4: ¢, applied to the strand ~

Strands up to translation along Fs are synonymous with tilings via the projection

pry onto E; (see figure 5.5). We define the space of all tilings with prototiles a and b
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as T :={y € F:0 €~} = F/FE; with the tiling topology. As expected, T is compact

and ¢ induces a self-map on 7, which we also denote by ¢.

Figure 5.5: A tiling produced by projecting a strand onto F;

Given a substitution ¢, we define the big tiling space associated to ¢ as the

global attractor of ¢ : T — T

T," =) ¢"(T). (5.1)

neN

This means that v € 7;big iff Vend, ,er with v = ¢"(y_,). This space is actually
larger than the 7T, defined at the beginning of this section because it may include a
finite number of additional orbits (the so called wandering orbits of the welded strands
described in [BK]). When we eliminate these orbits from 7", we get the subset Tg,
which is the unique minimal set under translation and is equal to the original tiling
space associated to the substitution ¢. For the tiling we are considering 7;;’@ = Ty,
because any central substrand of length 2 in F,, have words aa, ab, ba, all of which
are subwords of ¢?(a), so there are no welded strands.

Through the next three lemmas we will see that the tiling spaces 73, and Ty,

are the same space. First, consider the ¢, and ¢, on the level of words.
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Lemma 5.6. For any word w of finite length, ¢o(w) is a cyclic permutation of
¢1(w) obtained by removing a from the end of the word ¢1(w) and replacing it at

the beginning.

Proof: Let gl be a map on words of finite length obtained by first applying ¢, to
the word and then removing a from the right end and placing it at the left end. For
example, qgl(a) — ba = ab. Then Lemma 5.6 says that for any word w, ¢o(w) = ggl(w)
We will prove this lemma by induction on the length of w.

Suppose w is a word of length 1. Then either w = a or w = b. If w = a, then
qgl(w) — ba = ab = ¢o(w). If w = b, then gl(w) = aaa = aaa = da(w).

Assume for any word w of length n, we have ng;l(w) = ¢9(w). Let w be a word
of length n+ 1. Then there exists a word w of length n such that w = aw or w = bw.
I w = a, then ¢(w) = Ga(a)6x() = abér() = G1(@)1(@) = da(ad) = 61 (w).
If w = bid, then 6o(w) = G2(0)2(®) = aaa d1(i) = G1(D)1(@) = 91(bD) = 61 (w).
Thus for any word w, ¢qo(w) = q?l(w) |

Lemma 5.7. Ifw is a bi-infinite word, the bi-infinite word ¢o(w) is the right shift of
the word ¢1(w) with a being the first letter after the period in ¢o(w). Interpreting w
as a tiling w, the tiling ¢o(W) associated to the word ¢o(w) is obtained by translating
the tiling ¢1 (W) associated to the word ¢,(w) to the right by the distance equal to the

length of an a tile, |a] = A\;.
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Proof: Let w = (wy)>,, , wr € A, be an arbitrary bi-infinite word. Denote the finite

subword ¢;(wy) with the last a removed by ¢;(wy) \ a. Then

bulw) = ()% = ()~

— (W oa)gr (w 1)1 (wo)r (wr) ..
= .. a(d1(w_2) \ a)a(dr(w_1) \ a).aldr(wo) \ @)a(d(w) \ a)...
= ...ad1(w_2)(¢1(w-1) \ a).a d1(wo)d1(wr) . ..

= ¢1(w) shifted once to the right.

In terms of the 1-dimensional tilings, we have ¢o(W) = ¢1(W) + A;. O
Lemma 5.8. The tiling spaces Ty, and Ty, are the same space.

Proof: Define the bi-infinite word w; := lim ¢§2") (a.a). Then ¢3(w;) = w;. From
n—o0
Lemma 5.7, on the level of tilings we have ¢o(wq) = ¢1(wy) + |a]. Let v, be the
bi-infinite strand associated the word wy, i.e. 73 = lim (ﬁ"([l U L), where (I U Iy)
n—o0

is centered at the origin. Then ¢o(71) = ¢p1(71) + |a|. Set tg := 1@\1 € R. Then

¢35 (11 +to) = b2 (d2(n + 1))
= @2 (d1(n) + Mito + al))
= ¢1(71) + Alto + Mial + |al
= + Alto + Ailal + |a]
|al

SUTToN

= +to
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In other words, v; + tg is fixed by ¢3. Therefore v, +ty € 7;,;’@ = Ty,. By translation
invariance of 7,,, we get 1 € Ty,. Finally, 75, = T, by minimality, since vy, € Ty,
and v; € Ty,. We have just shown the tiling spaces defined by substitutions ¢; and
¢9 are the same space. ([l

Starting with a pair of a tiles both beginning at 0 with one above the other, (%),
and applying ¢, on the lower edges and ¢, on the upper edges successively, we get

patches of tiles described by the following pairs of words:

7 (a)
o= (1), o= (o), oy = (glateent), . an = (50
Notice at any given point along the horizontal fault line, there is a discrepancy between
the number of « tiles in the top row and the number of «a tiles in the bottom row. We
define the discrepancy of a tiles between the top and bottom rows of the nth iterate

up to the point 7 € R by

a™ (1) :=(the number of a tiles in the top row of a,, entirely contained in [0, 7])

— (the number of a tiles in the bottom row of a, entirely contained in [0, 7]).

(5.2)

Note that a™*2(-) is an extension of a"(-), since the pair of words a,, is contained
in the pair of words as,. That means a?"(7) = a™(7) for 7 € R, provided both are

defined.

Lemma 5.9. The discrepancy a™ (1) is unbounded; i.e. sup a™ (1) = +oo.

Proof:  Again we will use strands to prove this lemma. Denote the strand

corresponding to the word ¢§”)(a) by %-(n). Define the maximum distance between
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strands 4\ and " as

D,, := max {|p§n) - pé")lg :p” ey and p” — pf"” € E2} ' (5:3)

3
(3) —
by @)
3

i

- 2

g4
ps
0
Ey

Figure 5.6: The distance D3 between strands %3) and 753)

Recall that the map on edges ¢; naturally extends to an inflation-substitution

map on strands edge by edge. Let us denote the resulting strand of ¢; applied to 'y(n)

(n) )

by (qbl)%(n) for 7 = 1,2. Since ¢; of points p; ’ on strands 'yi(n may not be the same
points at which the maximum D, is attained, we will denote them by ql(n“) (see
Figure 5.7).

Using a computational aid we estimate that the maximum distance between
strands %7) and 757) is D7 ~ 9.853 > 9.85. As long as D,, > 9.85, we have D, ;1 >

1.01D,,. To see this fact, let
e; == sup{| (¢), (p) — Apl, : n is a strand in R? and p is a point on 7}

(see Figure 5.8 for an example of the distance | (i), (p) — Apl,). Again using a
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2 3)
¢1 (pg )) =q

3
2
(3)
P1 3
\\ %g)
N .
/P
2
2
N o ) Es / i
) 5 |
<) @) ! 0 \¢2([)(>)) - (155)
2
b1
) )
Figure 5.7: ¢; applied to v;
2
¢1(p1”) [
¢1 \\ \( -l ‘qﬁl ([)(1‘2)) — 111)(12)‘
— E2
Fy
2
FEs L ,yi ) Ap(lg)
o)
2
Pt

2) (2)
Figure 5.8: The distance \¢1(p§ ) — Api”2
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computational aid we estimate that ¢; < 1.366. Then

n+1 n+1 n+1 n+1
Dyi1 = [p"™ = p ), > g™ — g,

> |Ap” — ApYY|, — e — e

> [Ap\™ — ApS™|, —2.736

> Dallp"” = p8], — 2.736

> |\o|D,, — 2.2736

> 1.01[D, + (|Xe| — 1.01)D,, — 2.736]

>1.01D,

where we use that (|\o| — 1.01)D,, — 2.736 > (1.3)(9.85) — 2.736 > 0. Hence D,y >
(1.01)kD,, for n > 7 and k > 0. So for any k > 0, D7, > (1.01)*D; > (1.01)%(9.85)
and ’}erolo(l.Ol)k(Q.%) = 00, i.e. Dy diverges.

To see that a™(7) also diverges as n — oo, let p; = (z;,v;) (i = 1,2) be the

points on W(H)

%

satisfying p; — p2 € Es and pry(p;) = 7, for some fixed 7 € R and

n € N (see Figure 5.9). Then a(™(7) = [2,]| — |22]. If a is the angle between E, and

3
- ¥
Y4 )
3
@ . V2
2.
| ‘% (3)
T (1(;;)<l_) T p2
or
0
-
Ey

Figure 5.9: Geometric estimation of the discrepancy a™ (1)



92

the z-axis, then a™(7) & |p; — po|,cosa. Because cosa # 0 and max{[p; — ps|, :

p1 — P2 € Ey} is unbounded, then a(™(7) is also unbounded. O

Analysis of the 2-Dimensional Tiling

Recall the substitution and its associated self-affine tiling space Tg described in

the introduction of this chapter. Note that the inflation property of ® is given by the

o - RS - BRLGT

Figure 5.10: Frank-Sadun substitution rule

matrix A := [’\01 g} where Ay is the Perron-Frobenius eigenvalue of A, the substitution
matrix given in the previous section.

In [39], Solomyak proved recognizability for all aperiodic tilings with FLC. In
this section we will explore the 2-dimensional substitution tiling in detail, which will
produce several necessary results, the main result being recognizability (Lemma 5.29).
Our development follows the ideas of Frank-Sadun and relies heavily on the coding
assigned to each horizontal row of tiles in a tiling. We will first describe the coding
for a particular tiling x,. Then we will extend that coding to translates of xy, and

finally to any tiling in the space Te.

Coding Rows in Tiling x,

Let xog € Ta be the tiling of R? grown from the two tile patch (&) centered at
the origin under ®@; i.e., Xo := lim ®" () (see figure 5.11). Clearly ®(x¢) = X and
n—oo

for any ¢t € R? we have ®(xq + t) = ®(xg) + At = x¢ + At. By minimality of the

R2-action on Tg we see that Te = cl{xo +t : t € R?*}.
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(I)(Xo) = X0

Figure 5.11: Growing xy under ¢

Since every patch of tiles in x( is contained in an image of an a-tile we have
a natural hierarchy of n super-prototiles (or simply n-supertiles) that will allow us
to generate binary codes for the horizontal rows (of tiles) in x¢. Recall that a row
in any tiling x € Tg is the collection of tiles in x whose union of interiors intersects
a horizontal line. It is sometimes useful to view a row in x € T3 as an element of
the 1-dimensional tiling space T, := Ty, = Ty, (Lemma 5.8) as projections onto a

horizontal line (figure 5.5).

Definition 5.10. The code of a row r in Xq is a one-sided sequence ¢ € G where the

nth digit in the sequence is 0 if the row r intersects the lower half of an n-supertile

and 1 if the row r intersects the upper half of an n-supertile.

We mention that which n-supertile is used is immaterial. Observe that ry, the
row of tiles whose bottom edges make up the z-axis, will have code ¢y = 0°° because
it intersects the lower half of an n-supertile for all n. Similarly, r_;, the row of tiles
whose upper edges make up the z-axis, has code c_; = 1% because it intersects the
upper half of an n-supertile for all n. The first row above 7y, denoted r1, will have code
c¢1 = 1000. .. because it intersects the upper half of an n-supertile and the lower half
of an n-supertile for all n > 1. The codes of adjacent rows are related via the diadic

adding machine f : G — G described in the introduction to Chapter 5. Precisely,



94

taking ¢; to denote the code of the kth row 7 in the tiling x4, we have the following

lemma:

Lemma 5.11. For all k € Z, cjy1 = f(ck).

Proof: Fix k € Z and consider the following three cases:
1. Simple Case: ¢ = 0w, where w € G
2. Generic Case: ¢ = 111...10w, where w € G
3. Critical Case: ¢, = 1

Simple Case: Suppose ¢ = Ow. Since the first digit is 0, r; must intersect the lower
half of a 1-supertile. The row directly above r, necessarily intersects the upper half
of that same 1-supertile see Figure 5.12. That means the first digit of c¢4,1 must be
1. Note that for all n > 1, r; and 7., intersect the same half of an n-supertile. So
the remaining digits of ¢, and ¢y, are the same, as given by w. Now, observe that

adding 1 to the code of r; by using binary addition with carry yields the appropriate

code for rpi1: fler) =c+1=0w+100... = 1w = ¢41.
o D(P) al-supertile
-
P’ (p")
D (') a 2-supertile
X0 X0 X0

Figure 5.12: Simple case: row 7 intersects the lower half of a 1-supertile

Generic Case: Suppose the code for r; begins with n ones, ¢, = 111 ... 10w for some

w € {0,1}N. The zero in the (n + 1)th digit implies that r; intersects the lower half



95

of an (n + 1)-supertile. The first n ones in the sequence imply that ry intersects the

upper half an m-supertile for all m <n.

Tk+1

i (p)
— ) ) b Tk

@m(p) an  m-supertile
X0 X0 X0

Figure 5.13: Generic case: row 7y intersects the upper half of a m-supertile

It follows that r,; intersects the upper half of the same the (n 4 1)-supertile
as 1, and 7, and 7, intersect the same half of an m-supertile for each m > n + 1.
Because row 7y lies above row 7 and ry intersects the upper half of all m-supertiles
for m < n, rpy1 must intersect the lower half of a different set of supertiles. So
the code for r,,; will begin with n zeros, c¢xy; = 000...01lw. Now observe that
by adding 1 (with carry) to the code of r, we get the appropriate code for ryyq:
flexg) =cx+1=111... 10w+ 100... =000...0lw = ckyq.
Critical Case: Suppose that ¢, = 1111 ... = 1°°. This means that r; always intersects
the top half of all supertiles. This is in fact row r_; in the tiling xq. So the row above
must forever intersects the lower half of all supertiles, albeit they must be images of
different supertiles. So 7, and rx,; never intersect the image of the same supertile.
When we add 1 (with carry) to the code of ry we will see that r, and 74,1 never share

a coordinate, thus satisfying the conditions above.
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Figure 5.14: Critical case: row r is always intersects the upper half of supertiles

Since k € Z was arbitrary, Lemma 5.11 holds for all £ € Z. O
Observe that all even numbered rows intersect the bottom half of 1-supertiles
and thus have codes that begin with 0. Similarly, all odd numbered rows intersect

the top half of 1-supertiles and thus have codes that begin with 1.

Lemma 5.12. Let r, be a row in the tiling xo with code c,. Then cop = Oci and

Cokt1 = Ly

Proof: Take a row 1, in xg with code ¢;. Under the inflation substitution of ® every
row gets inflated and replaced by two rows. In particular, r; gets mapped to 7o Urokyq
(see figure 5.15). This also means that every (n + 1)-supertile in ®(xg) arises from
an n-supertile in xq, and the tops and bottoms halves of the two correspond to each
other via ®. Hence the (n+ 1)st digit in co and copyq is the same as the nth digit of
¢, for n > 1. The first digit is dictated by the even and odd property: co begins with
0 because 2k is even and cg 41 begins with 1 because 2k + 1 is odd. Thus cor = Ocg

and cor1 = Ocg + 1. O
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o

Tk _—

AN
AN

> r-axis > r-axis

X0 (I)(Xo) = X

Figure 5.15: Correspondence of rows in xy under ¢

The next proposition shows how individual rows can be obtained from the row
below. Eventually we see that most tilings in 7¢ are determined by one row and its

code.

Lemma 5.13. Let r;, be a row in xo with coding of the form ¢, = 111... 10w with m
leading ones and w € G. Then the row ri1 is obtained from row ry by translation;

namely Ty = 1 + (7, 1) where T := )\TH — A — L

Proof: Let’s begin with the simple case. Suppose row 7 has the coding ¢, = Ow, where
w € G. Then riyq1 has coding ¢z 1 = 1w by Lemma 5.11. Observe that ¢, and cgyq
have the same digits in place n > 2. This means that for n > 2, r; and 7, intersect
the same half of the same n-supertile. The first digits of ¢, and ¢y imply that there
exists a l-supertile such that r; intersects the bottom half and 7., intersects the
top half. Therefore there exists a row r; such that r, Urg; € ®(ry). Considering
for a moment r and rpy; as 1-dimensional tilings, we can write r, = ¢;(r;) and
Tr+1 = ¢2(r;), according to the definition of ® (see Figure 5.16). Lemma 5.7 gives us
¢2(r)) = ¢p1(r) + A1 That is re = 7 + (A1, 1).

Now, suppose row 7 has coding ¢, = 10w, where w € G. By the adding machine
rg+1 has coding cxy1 = 0lw. Note that rows r; and ry,1 do not intersect the same

1-supertile because r; intersects the upper half and ry,; intersects the bottom half.
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P2 Tk+1
" == e
1
X0 (I)(X()) = X

Figure 5.16: Case where ¢; = Qw

X0 @(XQ) = X (1)2(}{0) = X0

Figure 5.17: Case where ¢, = 10w

However, r; and r;1 both intersect the same n-supertile for n > 2 and they intersect
the same half of the same n-supertile for n > 3. Furthermore, there exists a row 7,
such that r, Uryy C ®%(r;) with 74 lying in the bottom half and 7, lying in the
upper half of the image. Considering again r; and r;,; as 1-dimensional tilings, we
can write r, = @a(¢1(r)) and riy1 = @d1(2(r)) (see Figure 5.17). Using Lemma 5.7

and the property ¢;(r +t) = ¢;(r) + A\t for any 1-D tiling r and t € R, we get

d1(P2(r1)) = P1(d1(r1) + M)
= ¢1(1(r1)) + A3
= @o(P1(r1)) + A7 — M

Reverting back to considering rx, x4 as rows of the 2-dimensional tiling, this means
Tk—i—l =Tk —f— ()\% — )\1, 1)
Take an arbitrary m € N and suppose that row r; has code ¢, = 111... 10w with

m leading ones. By Lemma 5.11 we have cx1 = ¢ +1 = 000...01lw with m leading
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zeros. From these codings we determine that for all n < m, r, and r,.; do not
intersect the same n-supertile because 7y intersects the upper half and 7, intersects
the lower half. For n > m + 1 we see that ¢, and ¢4, agree, so 7, and 7.1 intersect
the same half of a n-supertile. From digit m+1 we see that r; intersects the lower half
of a (m+1)-supertile and ry; intersects the upper half. This means that there exists
a row r; such that r, U gy C ®™ 1 (r;). Expressing rp and ry,; as l1-dimensional
tilings ry and ry,; we can write ry = @¢5'(¢1(r;)) and riy1 = @7 (d2(r;)). The lemma

follows then from the following claim.
Claim 5.14. @7 (¢2(r;)) = ¢5 (1 (r)) + AT = AP — ... = N\

Proof of Claim: We will prove the claim by induction on m using Lemma 5.7 and
the property ¢;(r +t) = ¢;(r) + A1t for any 1-D tiling r and ¢ € R. We have already
shown that the m = 1 case holds; i.e., @1(a(r;)) = Po(p1(r;)) + A2 — X\;. Suppose
that the m — 1 case holds; i.e., @7 ' (pa(r))) = @7y (1)) + AP = AT — . — AL
Then

D7 (2(r1) = @1 (P ($2(r)))

= G1(dy(Ba(r)) + AT = AT — = Ny)

= @2y (Ba(r)) + AT = AT — = A) = Ay
= a7 (d1(r))) + AT — AT = = AT =
= @' (d1(1)) + AT = AT — = AT =

The next lemma will show the uniqueness of the translations found above.

Lemma 5.15. The numbers \"*t — A" — ... — A are distinct for each m € N.
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Proof: Suppose there exist n # m such that

DR D VI . VAL L V) (5.4)

Without loss of generality, suppose n < m. Then equation (5.4) becomes

0= AT AT ol N (e menl 9 op

D D | e ) (5.5)

Note that for m — n = 1, the right side of equation (5.5) becomes \; —2 > 0, a
contradiction. To get a contradiction for all £k := m —n > 1, we now show that
A — A1 — X > 3 by using induction. For k = 2 we have A? — A\; = 3 by the

definition of A;. Suppose we have

AL A2y > 8,

Then multiplying both sides by A; and subtracting A\; we get

AL — = A = A > 30 — A =20 >3

completing the induction step. O

Coding via the Number of Leading Ones

Lemma 5.16 ahead shows that the recording of the number of leading ones in

the codes of all rows uniquely determines the codes. For each m € N, set

B ={c=0100...€G:01=09=... =0, =1, 041 =0}
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and let By :={c=0109... € G: 0, = 0}. For ¢ € G, we define the itinerary of ¢ by

I(c) == (mg)xen, € {0, 1}

where my, € Ny satisfies f*(c) € B,,, for k € Ny. Notice that the kth entry of I(c)

records the number of leading ones in the kth iterate of ¢ under f.
Lemma 5.16. For any ¢ € G, 1(c) uniquely determines c.

The family { B, }men is a partition of G. We note that there exists an f-invariant
metric d on G in which diam/(B,,) \, 0 as m — oco. We also note that f is minimal;
i.e., {f"(c) : n € N} is dense in G for every ¢ € G.

Proof of Lemma 5.16: Fix ¢ € G. Suppose the lemma fails; i.e., there exist ¢, ¢ € G,
¢ # ¢, with I(¢) = (my),ey, = I(c). Since ¢ # c there exists ¢ > 0 such that
d(c,¢) > e. Take m € Ny so that diam(B,,) < e. By minimality of f there exists
infinitely many k € Ny such that f*(c) € B,,. In particular, there is k € Ny such that
f¥(c) € B,,. Because f is an isometry d(f*(c), f*(¢)) = d(c,¢) > €. So f*(¢) & Bp.
By the definition of the itineraries my = m and my # m, a contradiction. OJ

Now that we know that the itinerary (my)y uniquely determines the code, we
observe that it is not necessary to know the number of leading ones in every row to
determine the codes for every row in our tiling (this is because the codes are related

by the adding machine).

Corollary 5.17. Let ky € Z and let c;, € G for each k € Z. If (ci),ey is such that
ckr1 = f(ck), then the sequence (mk)k>k0, where my, := the number of leading ones in cy,

determines (c)yey uniquely.

Proof: Fix ko € Z. Take two arbitrary sequences (c;),c;, and (¢x),cy, from G satisfying

ckr1 = f(ex) and ¢y = f(é) for all & € Z. Suppose (cx)rez and (¢x)rez have
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(Mi)ksky = (Mg)ksky- Note that I(cp) = (mpy)ien, because fl(cy) = cpy has myy
leading ones. From (mg)ksk, = (M) k>ke We g€t My y; = Miy4; for j € No. That is
I(ck,) = I(C,). Then Lemma 5.16 implies ¢, = ¢x,. Using the adding machine on

Ck, W€ get ¢, = fk_ko (Ckg) = fk_ko (éko) = ék for all k € Z. Thus (ck)kGZ = (ék)keZ‘ O

Coding Rows for Translates of xq

Now that we have established binary coding of rows in x;, we can extend the
coding to translates of xq. For any ¢ € R?, ®(xo+ A™"t) = xo + A" "¢, So we have

the infinite backward orbit under ®:

...*—>X0+A_2tV—)XO—FA_ltI%XOﬂ—tI—)XO—FAt (56)

and the associated infinite hierarchy of supertiles for xo + ¢ whereby an n-supertile in
Xo + t is the image under ®" of a tile in xq + A™"¢. This provides codes for the rows
of xg + t whereby the nth digit of the code of a row is 0 or 1 depending on whether
the row intersects the lower half or upper half of an n-supertile.

In subsequent considerations we will have to index the rows of any tiling x € Tg
by integers so let us attend to this simple task now. Recall that rq in xq is the
collection of all tiles in xg whose bottom edges made up the z-axis. The tiling xq + ¢
may not have a collection of tiles whose bottom edges make up the z-axis. So let us
define the zero-th row of any tiling x € Tg to be the collection of tiles in x whose union
of interiors and bottom edges contain the z-axis. We then index the remaining rows
in the natural way, increasing the index by one for each row above and decreasing by
one for each row below.

Let us record how the indexing of a row changes under translation. Observe that

if r is a row in x¢ with code ¢, then r 4+t is a row in xg + t and r + ¢ will have the
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same code c. In particular, if X' := x¢+¢ with ¢t = (a,b) € R? and r}, is the kth row of
x’, then the correspondence between the rows of xo and x’ is given by 7, = rj_|5| +1.
So row rj,_|p in Xo has the same code as row 7, in x'; i.e., ¢, = c4—|p). Using this

property we can see that Lemma 5.11 and Lemma 5.13 immediately extend to xq +¢.

Lemma 5.18. The code for row 7)., in tiling X' := xq +t can be determined from

the code of row 1), by way of the adding machine: ¢, = f(c},) for all k € Z.

Lemma 5.19. Let 1) be a row in X' := x¢+t with coding of the form ¢j, = (111...10w)
with m leading ones and w € G. Then the row ry_, is obtained from row r by

translation as follows: vy, = 1, + (7,1) where T := )\’1”+1 — A — = AL

Although these lemmas are quite clear we include their proofs for completeness.
Proof of Lemma 5.18: Let the code of row 7}, in X" := x¢ + ¢ be given by c},.
If t = (a,b) € R? then ¢}, = ¢,_|p] where ¢_ is the code for row 4|5 in Xo.
Then Lemma 5.11 implies that row 74— |11 has code cp—|pj41 = f (ck_ LbJ)~ Since row
Tk—|p)+1 ID Xo corresponds to row rj_, in X its code is given by ¢, = ci_|pj41 =
f (en-tog) = f(ch)- O
Proof of Lemma 5.19: Rows 7}, and r},; in X’ corresponds to rows rj,_ 5] and 74— |p)+1

in xo. In particular, rj, = ry_s) +t and 7,1 = r4_|p)4+1 +¢. Then

T;Jrl =Tg_|pj+1 Tt
= (ry—pp) + (7,1)) +¢ by Lemma 5.13
= (re-ppy +1) + (7, 1)

=+ (1),
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Extending Lemma 5.12 is not as straight forward as the previous lemmas because
d(x') # x' for t # 0. So how do the codes of x" and ®(x’) relate? The answer depends
on how the z-axis intersects the tiling x’.

Recall from the introduction to Chapter 5 that a tiling x is aligned if the z-axis
is made of tile edges. Likewise, we say a tiling x is half-aligned if the x-axis lies
exactly in the middle of a row of tiles; i.e., x + (0,1/2) is aligned (see figures 5.18
and 5.19). Note that the tiling x, is aligned; i.e., xg € T,. If ®(x) = x’ € T, then
x must be either aligned or half-aligned due to the vertical doubling property of ®.

The correct analogue of Lemma 5.12 is as follows.

1 ‘ 1 ‘
To \ . . To [ > r-axis
s | > r-axis ry ‘
Figure 5.18: Aligned tiling Figure 5.19: Half-aligned tiling

Lemma 5.20. Let X' := %o+t and x := ®(X') = x¢ + At. Ifx' € T,, then ¢o, = 0c,
and Cop1 = 1c), for all k € Z. If X' is half-aligned, then ¢or—1 = Oc), and ¢o, = 1c,

forall k € Z.

Proof: Suppose x" € 7,. Using the definition of supertiles (following 5.6) we observe
that the (n + 1)-supertiles in x arise from n-supertiles in x’ by application of ®. As
shown in the proof of Lemma 5.12, for any k € Z r}, gets mapped to 7o U Tor11 (see
figure 5.15). So the n + 1 digits of ¢y and ¢éor11 are the same as the nth digit of ¢},
for n > 1. 1-supertiles in X arise from the inflation of a tile in r;, under ®. The image
of this tile will intersect both rows 79, and o5y 1. So ¢o Will begin with 0 because 79

intersects the bottom half of the 1-supertile and ¢o;11 will start with 1 because 7ox 41
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75.
, 2 N @ A2k (b('lq;c)
Tk _— T2k—1
¢ > r-axis , N :
¢ > r-axis
% (x) =%

Figure 5.20: Correspondence of half-aligned rows under &

intersects the top half of the 1-supertile. Hence the codes are given by éo = Oc), and
Cop1 = 1c}.

Suppose x’ is half-aligned. Again we observe that the (n + 1)-supertiles in x’
arise from n-supertiles in x. Unlike the previous case, a row r, in x’ gets mapped
to Tor_1 U Fgy in X' under @ (see figure 5.20). This means that the n 4+ 1 digits of
Tox—1 and 7o are the same as the nth digit of ) for n > 1. Now the even numbered
rows in X have codes that begin with 1 because they intersect the upper half of the
1-supertiles and the odd numbered rows have codes that begin with 0 because they
intersect the lower half of the 1-supertiles. Hence the codes of rows in x’ are given by

cor1 = Ocy, and ¢, = Ocy, for all k € Z. O

Coding Rows in an Arbitrary Tiling x € T

Now we consider an arbitrary tiling x € 7Tg. Since the orbit of xy under
translation is dense in Ty, there exists a sequence (f,),cy with t, € R? such that
71113()10 Xo +t, = x. Before we can extend our properties of codes from the previous two
sections to codes of rows in x, we need to know that the sequence of codes converge

and are independent of the choice of (t,), . We will restrict our attention to z € 7,

since the codes are preserved under translation.
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Given (t,),cy € R X Z, we let x,, := X + t, and denote the kth row in x, by

(n) )

ry”, its code by c,(cn , and the number of leading ones in ngn) by m,(:) (cf. Section 5).

We are interested first in sequences (t,)nen satisfying the following hypothesis:

(H) x:= lim x,, and ¢, := lim cfg") exist for all k£ € Z.
n—00 n—00

In the proof Corollary 5.23 we will see that such a sequence always exists for any
X € Tsp.

For each k € 7Z we have a dichotomy about the sequence of leading ones; either
(i) (m,(cn)>n6N is bounded along a subsequence or
(ii) <ml(€n))neN tends to infinity.
Lemma 5.21. Under hypothesis (H) (ii) can only hold for at most one k.

Proof: Suppose not; i.e., there exist ki, ky € Z for which (ii) holds. Without loss of

generality, let ko > k. Since <m,(:)> tends to infinity there exists N € N such
* / neN

(n

that for n > N m,(;lL) > ky — ki. Because c,,CQ)Jrl is obtained by applying the adding

machine to c,(:;) it has m,(cz) leading zeros. c,(cz)Jrl can also be obtained by applying the

adding machine ky — k; times to c,(girl. Because m;’j) > ko — ky this yields a one

somewhere in the first m,(g) positions in cg;)ﬂ, contradicting cgll having m](;;) leading

ZETO0S. 0
Lemma 5.22. The limiting sequence (c),c, does not depend on the choice of
(tn)pen C RXZ; i.e., if (H) is satisfied for sequences (ty,), ey and (1)), oy with x =X/,

then (ck)pez = (C) pez-

Proof: From lemma 5.21 either (t,), .y satisfies (i) for all & € Z or there is exactly

one k, € Z for which (ii) holds. Similarly, either (t;,), .y satisfies (i) for all & € Z
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or there is exactly one k, € Z for which (ii) holds. If case (i) is satisfied for both

sequences fix kg € Z arbitrarily. If case (ii) holds for (¢,) or (t/) or both, let ky =

k. or k., or max{k,, k.}, respectively. Fix k > kqo. Then (i) holds for k; i..e, (m,ﬁn)>
neN

is bounded along a subsequence. In particular, there is some m; that is a limit of

m,(g") along a subsequence. Thus there exists an unbounded subset N, C N so that

m{™ = my for n € Ny. Similarly, if m}, is a limit of m’{"

there exists an unbounded subset N;, C N so that m/ é”) = my, for n € N}.

By Lemma 5.13 rows r,ﬁ”), 7“,821 are equivalent up to a horizontal translation by

along a subsequence, then

T,i") = A forallm € N, Similarly, r’,g"), r ,@1 are equivalent

up to a horizontal translation by 7/ ,(cn). Note that, for each k, T,En) takes on finitely

many values along the subsequence n € Ny because <m,(€n)>n€N is bounded. Because
K

X, — X as n — oo and by taking subsequential limits along N, we get that the 1-
dimensional tilings corresponding to rows ry, rx41 are equivalent up to some limiting
translation 7. Similarly for x’, the 1-dimensional tilings of rows r;, v}, ; are equivalent
up to a limiting translation 7;. Since x = x’ , the tiling of r;,; is preserved under
translation by 7;, — 7. By aperiodicity of Ty, we have 7, = 7.

Therefore my = m), for k > ko, because the numbers \™*t — \™ — ... — X are

distinct for each m € N by Lemma 5.15. So (¢k)sp, = (¢4)gsp, by Corollary 5.17.

Finally, applying the adding machine yields (cx),c; = (¢}) ez, as desired. O

Corollary 5.23. Given any x € T, and any sequence (t,),cy € R X Z such that

lim xg +t, = x, for all k € Z, the limit lim c,&n)

n—oo n—oo

the choice of (t,)

= ¢y exists and is independent of

neN-’
Proof: Let x = lim xg + t,. ((c;(ﬁn))kez> is a sequence in the compact space
n—00 neN

({0, 1}Z)N. So it converges if and only if every convergent subsequence has the same

limit. This is guaranteed by Lemma 5.22. U
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Given x € 7T,, there exists a sequence (tn)neN C R x Z such that lim x¢+¢, = x

n—oo
because the orbit of xq is dense in Tp under translation. So we define the code of the
kth row of x to be the limit ¢; given by Corollary 5.23. Note that for x € T not

aligned, we can fix 7 so that xj, := x + (0, 7) is aligned and let the codes of rows in x

be defined as the codes of the corresponding rows in x’.
Corollary 5.24. The code cq depends continuously on x € T,.

Proof: Suppose lim x™ = x in 7,. For all n € N there exists (t,,,)°_, such that

n—oo

lim x¢ + tm = x| Let x(mm) .= Xo + tpm. By Corollary 5.23

m— 00

lim "™ = V. (5.7)

m—r0o0

Now choose a subsequence x™™) such that lim x™™) = z and lim c(()n’m") =
n— infty n—00
" Then corollary 5.23 implies
lim "™ = ¢. (5.8)
n—oo 0
Finally, 5.7 and 5.8 show that lim c(()") = Cp. Il
n—oo

It is easy to see that Lemma 5.18 and Lemma 5.19 extend to any tiling x € Ty

as follows.

Lemma 5.25. For any tiling x € Ty, the code for row ryyq can be determined from

the code of row ry by way of the adding machine: cxrq = f(ck) for all k € Z.

Lemma 5.26. For any tiling x € Tg, let the code of row 7y be of the form ¢, =
(111...10w), where m > 0 is the number of leading ones in ¢, and w € G. Then

the row ry41 is obtained from row ry by translation; namely ry.1 = ry + (7, 1) where

TI:/\T-H—)\T—'--—)\L
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Remark 5.27. For every fived k € Z, the translation T in lemma 5.26 depends

continuously on x € T,.

Proof: From Corollary 5.24 it suffices to show 7 depends continuously on cq. Take
c(()n) € G such that lim c(()") = ¢o where ¢y has m leading ones. For € > 0 there exists
n—oo

1
N € N such that dg(C(()n),C[)) < €. Choose M > m such that o <€ Then ¢™ has

m leading for n > N. That is 7 = 7 for n > N. U

/

Lemma 5.28. Suppose x,x" € Ty are such that ®(x) = x'.

If x is aligned, then the codes of x and x' satisfy
e =0c;,  and oy =1cy  forall keZ. (5.9)

If x is half-aligned then the codes satisfy

e =1, and dy g =0cky1  forall keZ. (5.10)
Proof. Take x, := X¢ + t,, such that lim xy + ¢, = x and lim c,(ﬁn) = ¢, for all

k € Z by Corollary 5.23. Then x/, := ®(x,) = x¢ + At,, converges to x' = ®(x) and

lim ¢\ = ¢, for all k (by Corollary 5.23). Applying Lemma 5.12 to x/, and x,, and

n—oo

passing to the limit with n — oo yields gives (5.9) and (5.10). O

Recognizability

In this section we establish that the substitution ® is recognizable. In terms
of the tiling dynamical system, this means that the inflation-substitution map ® :
Te — To is invertible. It is easy to see that ® is surjective since any tiling can be

approximated by xg + ¢t and ®(x¢ + A~'t) = x¢ + t. However, it is not clear a priori
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that there exists only one preimage under ®. We will use the codings of rows to show

injectivity of ®.
Lemma 5.29. For any x € Ty, there exists a unique x' € Tg such that ®(x') = x.

Proof: Fix x € Tg. Suppose there exist tilings x’, x” € Tg such that ®(x') = x =
®(x”). Note that ®(x' + A7) = x+t = &(x" + A~'t) for all ¢ € R?. This means
that if x is not aligned we can make a small vertical translation so that x + ¢ is
aligned. So we might as well assume that x is aligned. Let (¢},) and (¢}) be the codes
of rows in x’ and x” respectively. Because x is aligned, its preimages x’ and x” must
be either aligned or half-aligned. Suppose that x’ is half-aligned and x” is aligned.
Then Lemma 5.28 implies that for each k € Z the codes satisfy cor, = 1¢}, = 0¢} and
cokt1 = 0cj .y = lcj, which cannot happen because the first digit cannot be both
1 and 0 simultaneously. Therefore we can conclude that x’ and x” must have the
same alignment. If x’ and x” are both aligned, then Lemma 5.28 implies that the
codes satisfy cop = 0c), = 0c} and copy1 = 1¢), = 1¢} (k € Z). If X’ and x” are both
half-aligned, then Lemma 5.28 implies that the codes satisfy cor, = Ocj, +1 = 0c} + 1
and copqy = 0¢y = 0cf; (k € Z). In both cases we see that ¢, = ¢ for each
k € Z. In particular, the first symbols of | and ¢} coincide, and our assumption
that &(x') = x = ®(x”) yields ¢1(r},) = o = ¢1(r)) and @a(r},) = rop1 = Pa(r})
(k € Z). Thus r}, = r} because ¢; is injective for ¢ = 1,2 (reference). In conclusion,
we have shown that x’ and x” have the same alignment and that their rows are equal,
hence x' = x". O

Now that we have recognizability we can give the following definition of an n-

supertile.
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Definition 5.30. Suppose x is a tiling in Te. Let x_,, € Tg be a tiling such that
®"(x_,) = x. Then a patch of x is called an

n-supertile if and only if it equals ®"(T) for some tile T of x_,,.

Proof of Non-FLC Tiling

Let X be the tiling of the right half plane obtained by growing the patch (&)
under ¢ and 7 be its rows (k € Z). Similar to xg, X¢ has a natural hierarchy of super
tiles , and the codes of ¥_; and 7y are ¢_; = 1°° and ¢y = 0. We observe that the
tiles in 7_; spell the infinite word w_; := ¢$°(a) and the tiles in 7y spell the infinite
word wg := ¢3°(a). Let E be the set of the positions along the z-axis of all left edges
of a-tiles in 7y and all right edges of a-tiles in ¥_;. Given 7 € E, we define the offset
o(r) between a-tiles in row 7y and a-tiles in row 7_; as follows. If 7 is at the right
edge of an a tile in 7_1, then we define o(r):=r'—r>0, where 7’ is the position of the left

edge of the nearest a-tile of 7y entirely contained in [, 00).

o a

/
a T T

Figure 5.21: Offset defined using the tile edges from r_;

If 7 is at the left edge of an a-tile in 7, then we define o(r) := 7 — 7" > 0, where
7’ is the position of the right edge of the nearest a-tile of ¥_; entirely contained in
(0, 7].

Note that our substitution ® does not allow two horizontally adjacent b-tiles

in any row of Xg. Because |b| = 3, we conclude that for all 7 € E, o) € [0,3].
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O(’T/) a

/
a T T

Figure 5.22: Offset defined using the tile edges from rg

Additionally, o(r) (mod 3) is determined by the number of a-tiles alone; precisely
o(r) = Aa(r) (mod 3) (5.11)

where a(7) = a®)(7), as defined in (5.2). Let A := {o(r) (mod 3) | 7 € E}, a subset
of the circle R/3Z.

Lemma 5.31. A is dense in R/37Z.

Proof: Observe that a(7) changes in steps of +1 as 7 increases and recall that
a(t) is unbounded (by Lemma 5.9). This implies that, for any m € N, either
{0, A1,...,mA1} (mod 3) C A or {0,—Aq,...,—mA;} (mod 3) C A. One of those
possibilities takes place for infinitely many m, so A contains a forward orbit of the

rotation by A; or —A;. Hence A is a dense subset of R/3Z because )\ is irrational.[]

Lemma 5.32. For any s € (0,3), there exists a tiling x € T, with a pair of a-tiles
(one in row r_y and one in row ro) offset by s; i.e., IT € E with o(r)=s. Additionally,

row r—_; will have code c_1 = 1°°.

Proof: Fix an arbitrary s € (0, 3). By Lemma 5.31 there exists a sequence (7,,)7; C E

with lim o) = s. Let x,, := Xo— (7, 0), the tiling of the right half plane translated
Tn—>00

to the left by 7,,. Upon passing to a subsequence n, — oo, by compactness there exists

a tiling of the whole plane x, := klim X,, Which contains a pair of tiles offset by s

— 00

near the origin and r_; has code c¢_; = 1*°. OJ
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Ti/2 . Tj/2

a 0
7

Figure 5.23: Patch P;

Let us recall a few definitions pertinent to Proposition 5.1. A patch P of a tiling
x is a connected subset of tiles in of x. The diameter of a patch P is defined as
diam(P) := max{|p—¢q| : p,q are points in tiles of P}. We say that two patches are
equivalent (up to translation), P = @Q, iff there exists ¢t € R? such that P = Q +¢. A
tiling x has finite local complezity (FLC) iff for all R > 0 the set of equivalence classes
of patches of diameter less than or equal to R is finite; i.e., Vrsodnen Ip, ... Py sSuch

that if P is a patch of x with diam(P) < R then Jjcq1 2, n} such that P = P;.

Proof of Proposition 5.1: Take any y € 7. Suppose y has FLC, so we can use the
topology that requires only a single translation to match up two patches as described
in Section ... . Fix N € N. Pick 7; € (0,3) for j = 1,2,... N with 7; # 7 for
Jj # k. Let P; be a patch containing two a-tiles offset by 7; € (0,3) centered at the
origin (see figure 5.23). Let R = max{diam(P;)++/2/5}. We will show that y has N
inequivalent patches of diameter R, which shows that y fails to have FLC. For each
7; we use Lemma 5.32 to get a tiling x; € T3 such that P; is a patch of x; centered at
the origin. Let € := I};lil(lTj — 7%|) so that 0 < e < 1. Since cl{y +t:t € R?} = T,
for all j € {1,2,... N}, there exists ¢; such that y +¢; is so close to x; that it contains
a patch P} with two a-tiles offset by 7/ with |7; — 7] < €/10. Then by the triangle
inequality we have |7/ —7;| > |7 — 7| |75 —7}| = |7 — 73| > €—€/10—¢€/10 = 8¢/10 > 0.
That is 7; # 7 for all j # k. Finally, any patch in y +¢; is also a patch in y. Hence
y has N different patches of diameter R + v/5/2 (see figure 5.24). O
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Pl éR /%
J o 0
€/10

Figure 5.24: Patch P

The Critical Case of the Fault Line

Now that we have shown that the tiling space Tg fails to have FLC, we attempt
to describe its local structure in more detail. For the critical case where rows r and
r’ having codings ¢ = 1*° and ¢ = 0, we will see that the vertical edges of the
tiles in r are horizontally offset by arbitrary distances to the vertical edges of tiles
in 7/. In fact, the tiles in r are unrelated to the tiles in 7’. In the following results,
we use the same notation for a 1-dimensional tiling r as we do for a row r of tiles in
a 2-dimensional tiling x. To get a row r corresponding to a 1-dimensional tiling r,
simply inflate every tile in the 1-dimensional tiling  to have height one and place it
in R? so that the tiles saddling the origin now saddle the y-axis. We apologize for this
abuse of notation, but we are confident that the context will provide the appropriate

meaning.

Proposition 5.33. For any two 1-dimensional tilings r_1 and ro obtained from our
substitutions ¢1 and ¢o, there exists a 2-dimensional tiling X € T¢ containing row rg

directly above row r_; with codes ¢ = 1*° and ¢’ = 0.

Proof: Take an arbitrary tiling r_; from the tiling space determined by the
substitution ¢o and an arbitrary tiling rg from the tiling space determined by the
substitution ¢;. Denote the finite central patches of r; by 7; := ri‘]_VN. As shown in

the 1-dimensional case, any finite part of r_; is a sub-patch of ¢} (a) and any finite
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part of rq is a sub-patch of ¢¥(a) for all N € N sufficiently large. So there exists
N € Nand sy € [0, 3] such that the image of the pair of a tiles offset by sy under &

70
T

contains the pair ( ) ) Better yet, from Lemma 5.32, there exists a tiling x,, € 7o

such that ®V(x,,) € T contains the central patches (ffl ) By compactness of Ty,

T

there exists a convergent subsequence ®Vx (Xsy, ) such that Nlim dNe(x, v) =Y ETo
g k—>00

and y has the desired pair of rows (,/ ). O

For completeness we include the following two lemmas, which give us an idea of

size of T, mainly that it is at least as big as G.

Lemma 5.34. For any code o € G terminating with 0°°, i.e. 0 = 0105...0,,000. ..

with o; € G, there exists a tiling X € Te with ¢g = o.

Proof: Suppose o = 0,05...0,000... with 0; € G. Take n = o, + 209 + 2205 +
-4 2m Vg Using Lemma 5.11, we see that the (n+1)st row of X, has the coding
o since ((((000...)4+1)+1)+---)+ 1) =n. So let x = xo — (0,n), the tiling xq

translated down n units so that o represents the first row of x. [l
Lemma 5.35. For any code 0 € G, there exists a tiling X' € T with code ¢, = 0.

Proof: Suppose 0 = 0105...0,.... Define 6™ = gy05...5,000.... Let x(™ be the
tiling with first row coding of ¢™. By compactness of Tg, there exists a convergent
subsequence x("™) € Tg such that lim x™) = x' € T and lim o) = o is the

N —>00 N —00

coding of the first row of x’. O

Proof that (WE) Fails

Proof of Proposition 5.2: Fix ro > 0 and Ay > 0.
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Claim 5.36. : For any 7 < A there exists tilings x, X € Tg such that

Tk k<0
T =

x4+ (1,0) k>0
i.€., the x-axis is a fault line.

If the claim is true, then d(x +t,x +t) < A for all t € R? yet for all s € B,,
x # X+ s. So (WE) fails.
Proof of claim: Arbitrarily fix 7 < Ag. Take any 1-dimensional tilings 7_1, 7o € Ty,.
Let r_y = 7_1 and ro = 79 + 7. By Proposition 5.33, there exist tilings x, X € T
with rows r_1, ro and 7_y, T, respectively, with coding c_y = ¢_; = 1°°. Moreover,

r, =7 for k <0 andry, =7, + 7 for k > 0. O

Proof of the Local Structure Theorem 5.3

7, and T, are both dense by minimality of the R?-action on Ts. Now we prove
statements (i-vi) individually.

(i) Fix (¢,7) € G\ Gy x Ty. Then Z(c,r) is a tiling x € 7, whose zeroth row r
corresponds to the tiling r € 7, and has the code ¢ € G\ Go; i.e., mgo(x) = (¢, 7). To
see that x is unique we invoke lemmas 5.25 and 5.26. Lemma 5.25 implies that the
remaining codes (¢ )k are determined by the orbit of ¢ under the adding machine;
i.e., ¢y = f*(c). Now we apply Lemma 5.26 consecutively to each row using the codes
(ck)rez respectively. In other words, each row 7, in x is just a translation of r by
the vector 7, := 7,(c). Moreover, 7, = 7(c) depends continuously on c¢. Indeed,
assuming k > 0 for specificity, 75 (c) is given as a sum of translations between rows r;
and rj;; where 7 = 0,...,k — 1, and each such translation is a continuous function

of ¢ (Remark 5.27). It follows that the inverse of mg |7, is continuous. That 7g |7,
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is continuous rests on the continuity of ¢(z) = ¢y as a function of x which is shown

Corollary 5.24. 0

(ii) Fix 7o :=r € T3 and ¢ := ¢ € Gy. There exists k. € Z so that ¢ = fF(1°°).
For specificity assume that k. < 0. Any tiling x € Z(c¢,r) has a fault line between
rows 7, and 7,11 which have codes 1*° and 0°°, respectively. The row r, is on the
other side of the fault line from ry and we will refer to it as the transcritical row of
x. (If k. > 0 that would be the row 7y, 1;1.) According to Proposition 5.33 rows 7y,
and 7y, 1 are completely unrelated. Therefore x is uniquely determined by the triple
(co, 70,7k, ). Precisely, any row r for & > k, + 1 is a translations of rq by an amount
determined by k and the code ¢ (and thus by k and k), and any row r for & < k, is

a translation of r;, by an amount determined by £ and k,.
Claim 5.37. The dependence of x on (co,70,7k,) 1S continuous.

In particular, the dependence of x on 7y, is continuous. Thus the correspondence
Tk, — x is a continuous bijection between compact spaces Ty and Z(c,r), hence a
homeomorphism.

Proof of Claim 5.37: Take a sequence x™ C Z(c,r) with the corresponding sequence
of triples (¢, r{™, r,gf))neN such that lim (e, i), r,EZ)) = (co, 70, 7%, ) in the product

topology. For € > 0 there exists Ny, Ny, N3 € N such that the following statements
hold.

(a) dg(c{™,co) < € for n > N.
(b) d%(r(()"), o) < € for n > Ns.

(c) d%(r,(g),rk*) < eforn > Ns.
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), r,) < € forn > Ny and k > k, since 75, depends

)

Furthermore, (b) implies that dr, (r](cn
continuously on ¢p. Similarly, (c) implies dr, (r,g" ,7k) < € for n > N3 and k < k..

Thus dn(r,g"),rk) < eforall k € Z if n > max{N,, Ny, Ns}. That is lim 2™ = 2. O

n—o0

(iii) Take a sequence (c™, r™) C Gy x T, so that T}Lrgo(c(”),r(")) = (¢,r) €
G\ Gy x Ty. Since ™ € Gy we can write it as ¢ = f’“(‘n) (0°°) and note that
k™ —s 0. Consider first a fixed n € N. By the description of the fiber in the proof of
(ii) above, all the tilings in Z(c(™,7(™) agree on rows with indices in the range from
—k"| to |k{™|. (This is the range that does not include the fault line.) Moreover,
the rows in this range depend continuously on the zeroth row and its code. Thus, if
we fix any N > 0, if n is large enough that |k:£n)| > N, then the patches of any tiling
in Z(c™, r™) consisting of the rows in the range —N to N do not depend on the
choice of the tiling, and they converge to the corresponding patch in the sole tiling

making up Z(c,r). O

(iv) Write ¢, as ¢, = fkw (0*°) and note that k™ = 0o, as before. Use the
correspondence 7, — z between Z (™ r(M™) and T from the proof of (ii) and the

definition of the metric to see that diam(Z(c™,r™)) < 2= 1K1 s 0, O

(v) Fix x € T,. Take any tiling x € 7, with a fault line. Let k, be the index
of its transcritical row. By using minimality of the R?-action on 7Tg, one can find a
sequence (t,) C R x Z such that %™ .= % 4+ t,, — = and the second coordinate ty2 of
t, converges to infinity. (To be precise, minimality secures numbers R,, — 0o are such
that x’ + Bg,(0) is 1/n-dense in Tg for any x’. Select t,, from the ball Bg, ((0,2R,,))
so that x(™ is within distance 1/n from %x.) Note that {x™} c Z(¢™ 7™) where
& = ¢(x™) and 7™ is the Oth row of ™. Moreover, (™ has its transcritical row
at index k, + t, 5 — 0o, which implies (as in (iv)) that the diamaters of Z(&™,#)

shrink to zero. Thus x(™ — x guarantees Z(¢™, 7)) — {x}. O
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(vi) Fix x € T,. Take any tiling x € 7, without a fault line. By minimality of
the R2-action on Ty, there is a sequence (t,) C R x Z such that x™ := x +t, — x.
Because x(™ have no fault lines (just like X), {x("} = Z(¢™,#™) where &™) := ¢(3(™)

and 7™ is the Oth row of (™. Thus Z(¢™ #™) — {x}. O
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APPENDIX A

TOPOLOGY ON CLOSED UNBOUNDED SUBSETS OF R
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In this section, consider all sets to be closed unbounded subsets of R? unless
stated otherwise. Let dg denote the Hausdorff distance between closed sets of R¢
with respect to any metric dg inducing the standard topology and with the property
that distance between any two points near infinity is small; i.e., for all © > 0 there
exists R > 0 such that

it], |t'] > R = ds(t,t') < p. (A.1)

While the metric induced from the standard unit sphere via the stereographic

projection onto R? is a natural choice for dg, we provide a more concrete construction.

Let | - | denote the Euclidean metric on RY. Fix a point s € R? and define
1
h(t) := —————. Note that
1+t —s|
Ve |h(t) — ()| < |t =¥ (A.2)

because |t — s| — [t — s| < |t —t/|. Take

ds(t,t") ;== min{|t — ¢|, h(t) + h(t')}. (A.3)

It is clear that dg(t,t') = dg(t',t) and dg(t,t') = 0 iff ¢ = ¢'. To verify the triangle

inequality we must verify the six possibilities in which the minima of

ds(t,t") < ds(t,t") + ds(t',t") (A.4)

can be realized. We indicate the three first choices by (1,1,1). Here (A.4) becomes
[t —t"| < |t —t'| + |t' —t"|, which is of course true. The situation of the three second
choices, (2,2,2), is equally as clear: h(t) + h(t") < [h(t) + h(t')] + [h(t') + h(t")]. By

the definition of “2” in (2,1,1), we have h(t) + h(t") < |t' —t"]. So h(t) + h(t") <
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|t —t'| + |[t' — t"|, which is (A.4) for this case. From the “1” in case (1,2,2), we
have [t — t"| < h(t) + h(t") < h(t) + h(t') + (') + h(t"), which is (A.4) for this
case. For case (1,1,2), we have |t —t"| < h(t) + h(t"), |t —t'| < h(t) + h(t'), and
h(t') = h(t") <|t' —t"]. So

[t —t"| < h(t) — h(t") + h(t') + h(t") < [t = |+ h(t') + h(t")

by (A.2), which is (A.4) for this case. For case (2,2,1), we have h(t) +h(t") < |t —t"|,
h(t) + h(t") < |t —t'], and [t' —¢"| < h(t') + h(t"). So

h(t) + h(t") = h(t) + h(t") + h(t") — h(t') < h(t) + h(t") + |t" — "]

by (A.2), which is again (A.4) for this case.

Our dg is a simplified form of the metric from [24]. Another approach, borrowed
from [3] (called “sphericalization” in [35]) is to use ds(t,t') := |t—t'|h(t)h(t'); however,
this is only a Frink metric.

In the following notation, we use bold to indicate that we are using the Hausdorff

distance with respect to dg defined in (A.3). For any set C, define
B.(C):={peR%: |p—q| <eforsomeqecC}

and

ds

BF(C) = {p € R*: dg(p,q) < ¢ for some q € C}.

We will also define
B,(C) :={C:dg(C,C) < u}
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and

B,(C) :={C:ds(C,C) < p}.

Finally, recall our definition C* := C'N Bx(0).

We will need the upper semi-continuity property of C* as a function of R, which

is established in the following lemma.

Lemma A.1. For all & > 0, and R > 0 there exists 6o > 0 such that VC C R?

closed

Cftr2 C By (O1). (A.5)

Proof: Suppose the lemma fails. Then there exists 6; > 0 and R > 0 such that for
each d, = 1 there is C), CR? C R? exists py, € C’,f+1/k with pp & Bs, (CT). Using
closed

compactness of the space of closed subsets of Bg,1(0) with respect to the Hausdorff

topology on such sets, we can find a subsequence k,, — oo such that p,, — p and

C,ifl/k" — C for some p € C with C' C ERH(O). Since py, € Bs, (C®) and |p| < R

closed

we get p & C, a contradiction. O

Recall our definition

UH(A) = {c C R": C*C B (A" and A"C B (C’R)}.

closed

Lemma A.2. For all ACR? € >0, R> 0, C € UR(A) there exists i > 0 such that

B,(C) C UR(A). (A.6)
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Proof: Take C' € UR(A). We need to show that there exists a u > 0 so that the

following two inclusions
C® C BJ(A) and A" C B.(C) (A7)

hold whenever dg(C, C) < p. Since C® C B,(A) and is compact there exists ¢ € (0, ¢)

such that
C" C Bua(A). (A.8)
!
Set §; = € 5 ©  Take dy € (0,61) as in Lemma 4. Take p; > 0 small so that
Ve dg(C,C) <y = CB C By, (CF) (A.9)

(the proof of existence for p; is similar to the proof of Lemma 4). Consider C e

B,,(C) and ¢ € CF. Take ¢ € CF with |¢ — &| < &, per (A.9). Then |¢| < R+ 6,. So

ce Ot C B (C%) C Buays(A).
(A.5) (A.8)

Hence & € Bu s, 45,(A) € Be(A) since € + 8, 4+ 05 < e. So C C B.(A) for all C with
dS(Oa 6) < H1-
Now we show the second inclusion in (A.7). Since C € Uf(A) we have A% C

B.(C). Again, there exists €’ € (0, ¢) such that

AR C Bu(C). (A.10)

6_6//

Set 03 1= . In the same way we secured pu; for (A.9) there is ps > 0 so that

Ve dg(C,C) < pg = CF' C By, (0). (A.11)
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Consider C' € B,,(C) and a € AR, Take ¢ € C with |a — ¢| < €”, which we can do by
(A.10). Since |¢| < R+ ¢”, ¢ € CB+". Then there exists ¢ € C such that |c — ¢ < &
by (A.11). Then |a —¢| < |a —¢| < ¢’ + 85 < e. Thus AR C B.(C) for all C with
ds(C,C) < pe.

Finally, let y¢ := min{py, uo}. Then for all C € B, (C) we have

C"C B.(A) and A" C B.(C). (A.12)

That is C € UR(A). Hence B,(C) C UR(A) . We have shown Lemma A 2. O

Corollary A.3. If C € UM (A)) NU2(A,), then there exists p > 0 such that
B,.(C) C UR (4;) NUR(A,). (A.13)
Proof: Apply Lemma 5 twice while taking the minimum of the two u’s. 0

Lemma A.4. For all C CR? and p > 0 there exists R > 0 and € > 0 such that

UR(C) € B,(0). (A.14)

Proof: It suffices to prove

UR(C) CBL(C) (A.15)

since Eu C B, if u < /. Since dg induces the standard topology on R?, for all > 0

and R > 0 there exists € > 0 such that

|| < R+10 and [t —#|<e = dg(t,t) < p. (A.16)
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Take p > 0 as in Lemma A.2 and fix R > 0. From our property
[t [t'| > R—1 = ds(t,t') < p. (A.17)

Take € € (0,1) as in (A.16) for our chosen p and R. Consider C' € UZ(C). Then
we have

(i) CRCB/(C) and (ii) C®C B.(C). (A.18)

Take ¢ € C. If |¢] > R—1, take any ¢ € C with |¢| > R— 1, which exists because
we assumed C' is unbounded. Then dg(c, ¢) < p by (A.17). If |¢] < R — 1, then there
exists ¢ € C' with |c— ¢ < e by (¢) in (A.18). Since |¢| < |¢|+e < R—1+4+€¢ < R+ 10,
(A.16) yields dg(c, &) < p. This shows that C' C EZS(C).

Now take ¢ € C. If |¢| > R — 1, take any ¢ € C with |¢| > R — 1, which exists
because we assumed C is unbounded. Then dg(c,é) < p by (A.17). If |¢] < R — 1,
then there exists ¢ € C with |c — &| < € by (i) in (A.18). Since |&| < || + ¢ <
R—1+¢ < R+10, (A.16) yields ds(c,¢) < p. This shows that C' C Ejs(é). We
have shown C' C EZS(C’) and C' C Eﬁs(é), which means that dg(C,C) < p. So
C € B,(O). O

We are ready to prove Proposition 2.26 from section 2, which we state now.

Proposition A.5. The collection of closed sets

B= {Uf(A):A C RY e>0, R>O} (A.19)

closed
forms a basis of topology on the set of all closed subsets of R.

Proof of Proposition A.5: Apply Corollary A.3 and Lemma A.4. 0
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Proposition A.6. The topology provided by Proposition A.5 is equivalent to the one

induced by dg on closed unbounded subsets of R,

Proof: Apply Lemma A.2 and Lemma A.4. 0



