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Abstract:

A transformation, first presented by Bennett in 1952, leading to equiripple lowpass magnitude squared
functions is re-examined. It is cast in the form of a complex rotating unit vector. Bandpass and
high-pass generating functions leading to magnitude squared functions follow immediately when
considered as rotating vectors. Pole locations are arbitrary. Modifications provide general equiripple
rational, function with and without symmetry about the origin. The method is shown to be well adapted
to formation of equiripple passband and, stopband functions by iterative procedures. Any lengths of
passband and stopband can be accomodated. Limitations of the method are pointed out. : Numerous
examples are included, both single band functions with arbitrary poles and equiripple passband and
stopband functions. The method is recommended to students,and practicing engineers as either, a
complement to or substitute for the elliptic function approach.
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ABSTRACT :-

A transformatlon first presented by Bennett -in- 1952,‘lead1ng,to
equlrlpple lowpass magnitude. squared functlons \is re—examlned - It is-
cast 'in the form of a complex rotatlng un1t vectoru‘ Bandpass . and- hlgh—z
pass generatlng functions leadlng to magnltude squared functlons
follew 1mmed1ately*when consgidered as rotatlng vectorso Pole lecatioens -
are arbitrary. Modlflcatlons provide general - equlrlpple ratlonal
functions with and,without symmétry. about . the origin. The method is:
showmn teo be well adapted te, formation of equlrlpple passband and
stopband functlons by iterative procedures Any - lengths of- passband
and - stopband can be accomedated. leltatlons of the method are..

pointed out:

Numerous examples are.included, both single band functlons with o
arbitrary poles and equiripple passband and stopband funct;ons.* The
method is recommendedto students.and practlclng englneers ags either,
a complement to or sybstitute for the elllptlc functlon approach
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1.1 A DISQQSSI®N-QF%F;LTER'FUNCTIQNS

W%?n.spgakipg-of_tﬁé@sfer'fungtiqp approximatien és.appl;ed:to
lumped, lipqar'agd'fin;te!néﬁwqusi one.implies that the appreximan§
under'considgratien;fulfillﬁ two-r§qui;ements:_(l) It describes .
pr@peftiesqof}a physically, realizable network and (Z)Qit satisfies
‘certain error griteqia.w~Thé agpro§imaqts to be discussed in this.
.presenyatientare.thosg de§cribing;amplitudg—frequegcy relatignsm

Physical realizébility-reguirgg~thgtzthe,ratio of . the Laplace
transform of a“response'eréputputcvariableato'the Laplace transform
of an excitation er input variable be-a ratienal fupnctien.. This,
ratiogal{function.must.haveﬂ;eal{coefficients}(Itslpoles and  zeros
appear in conjugate-pairs), it must have n@‘rightfhalf'@léne;yalesp
and any j axis peles must be. simple. |

Let the ratienal functien (transfer. function) se, defined be called

T{p). - The magnitude squared of T(p) for real frequency, i.e. p = jw,.is.

|P(5w)|? = i—,r—i'z'H—('—) | | | (1.1)

H(jw) is called a filter function-and € is the ripple.factor. Usually:
0. H(ju) < 1 in the passband so that, 37 <, |T(ju)|2 & 1 in that,
intervals -Given'a ripple specificatien, onglcag easiiy determingfed
The desired .transfer functien, T(p)?-igifound.by-substiput;pg fp%%;h@“‘
into- |T(Ju)|? and factoring -|T(jw) |5 _ o inte left half plane’and

right-half plane peles, using the j-axis as.a serting beundary. Left

half plane poles are-retained-aleng with half of these'on the J-axis:,
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Any zere configuration cam be chesen such that the.numerator of T(p)
has -real coeffieients. A discussien .of the effects of various zero
choices i1s.an extensi&e subject in its own right and will not be
treated. We will be cencerned with the fofmation,ef H(jw) enly.

Ideally, H(Jw) =0 in the passband.and is infinifely large -outside
the pé,ssband° A respoense of this nature is unrealizable (5) ang g
ratienal 'functioen aﬁpreximatien must be made. There are numerous-
criteria as .to goedness of fit for the ratienal functiem. A few
criteria are:

1. Maximgl;flatnessf. At a prescribed peint ‘in:the passband,

the mgximum - pessible number.ef successive derivatives of
the approximant are-equated te the correspending deriva-
tives of the ideal functien.

2, Bounding the maximum error, A very simple criterien but

sometimes all that 1s required.

3. Minimization of average error.. This can be misleading in

near zero average errer does not necessarily invelve a

small maximum error.

L, Minimization_gf root—mean-square error. Effeet'ef -randem
errers.is minimized. It can invelve great cemputatienagl-
laber fer high degree functiens. Resulting 1T (Jw)|?
resemble Chebyshev appreximation when € = 1.

5. Equal maxima and minima of error (equiripple error). This

is alse called appreximation in the Chebyshev sense. H(Jjw)

exhibits maxima of unity and minima of zere - in.the passband.
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In what follows, exclusively equiripple“HCjw).Will be dealt -with.
They .will be written as H(p) where.p = ¢ + jo is,a general;complg#
variable. In‘sqmé‘instanqes the filter functien may appear as*R%fx)
where x -is -a real variable, .Exgmples-aré,th@:Cheby@hev,rational fuﬁq—-
tiens of‘Séction,HQH and the gengral“equiﬁipplecpassband'and_stopbagd-

functiens' ef .Section 4.5.. Then

lT(x)Jz =,i—;f%2§ﬁfzy" : _ (1.2)

i
v

-would be the correspending magnitude sqﬁg;eq,transfer;function; Sub-

stitutionnof-wst XZ.Will give the-usual lT(ijIQau

1.2 A'ﬁRIEF«BEYIEﬂ QF PRO?RESS

It _appears to the auphoq_thatrsem§wheq¢‘ar9undhthe year 1960, .a
partitiqn‘betweeq'philosophie§.Qf appreach t@-equiyipple_functions.cqn
be made. Prioer te that‘timq,'wgrk*centered-abqut geperatien,eﬁ';
fugctions in a non-iterative fashioen. Clesed form trigonometric“
functions, elliptic ,expressions and-series iexpansiens'were popular, -
This -was necessary because, of the great numbeﬁ of-cemputatiqgs:inyelved.
in iterative processes, coupled with the lack'of;compiete,computer
facilities -and pregramming‘langques?\

The-finﬁt equiripple{functiens encountered by most-engineers
were aQQ\are‘theiclassica% Chebyshgv-polynamials. They -are defipedI
and their properties invegtigated.in étapdard'texps on, netyork..

synthgsis;(6,§,;9;21)? They -are generated:incg clesed form
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trigenemetric fashion. Darlington (T) intreduced a procedure using
a ,Chebyshev polynomial series to obtain near equiripple character: of.
ratienal ‘functiens., At about the same‘time Bennett published -his
Ph,Do-diqsertatiop»(Q}‘and“éubsegueqtlyupreduced,an article (3) based
on that thesis., The pertinent concepts-are a set of transformations:
providing fgnctiensrof an equiripple .nature over.a prescribed lewband -
interv@_lo Sharpe (15) alse proposed an equiripple generating .
functioen. Ib was net general.in-that:peles were restricted té regl
and - imaginary axes only. He;man"(ll) described a procedure operating .
in much.the same manner as that of Benqgttq, Hisrm@thgdlinvplves a
rotating radius vector in the preof of ‘eqpiripplq:prepertiese .Only;
angle infermatien was used since,the radius vector fellowed & general
elliptical path, In contrast),. the author's;work will use a.strictly.
circular path.fer a,radius vecter. Both angle-and magnitude are
utilized. - Filters having equiripple .approximation of zere in lewband.
and equiripple approximatien of:infinity in.highband were generated
by, elliptic, functions (1, 5) in a nen-iterative fashien. Bennett - (4)
proposed an iterative precess for .elliptic -functien filters, giving an
exa‘dmple° Aphexpellent review of, the.state of the approximatien
preblem-in;late”19541was given.by-Winkler (20). With the exception -
of :Bennett's Werg (h)5 all, of-the above'procedures:had the feature
of being expressed in nen-iterative ;terms, usqally‘invqlving elliptic -
er‘trigonemetriq.fgnctionSa

Abeu£.196®:Widespregﬁ use.ofwdigital‘computers and -development

of easily understood pregramming languages, . e.g-, Fortran, breught,
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about ‘renewed in£erest-in implement@ﬁi@n of iterative precedures.
Engineers -began to take di%ferent;apprqacheg\tbithe éqpiripplq problem.
.One.of 'the new approaches was that of McGee.(13), based upen -
equalizatién~of;extrema in an itgratgﬁezfaéhienu,.General equiripple
éassbanq andJstoﬁQand‘fu?qtiGns were solved by extending the procedure.
Temes- (17) and ﬁmithi(l6) empleyed much. the’ same method in generating
filters to fit'arbitrgry specifications as to passhand and.stepband
shape. Watanabe (18) achieved equirigple,behaviér,in‘onq or two -
passbands but net in the sfopbaqu simultagegusly, A \very interesting
attack was made by Humphereys (12) in which peints of maxima and
minima in. the péssband are’ chesen.explicitly. A,presentation and

reviey of both the elliptic -functien approeach and computer usage was

given by ,Calahan (5). An extensive biblography: was .alse included..

1:3 ?URPGSES5OF%THELEHE§IS.

Thetthesis-has_fhreefmain‘purposes: (l)‘Te,cast.the'original
transformation of Bennett (3) in a different light, providing .a
pragmatic aanaccuraté principle ‘for equiripple approximatien;

QE);te present easily used closed f@r@ lewpass,\highpass andmban@passw
generating ‘functiens and.(3) te indicate procedures based-@nusuchu.
functiens that lead to mofé gomple§ filters., ©Some' of .the preocedures
employ the clesed.form functiens in an iteq@tive fashion; otqgrscare
strictly clesed form. It-is pointeq‘outxﬁhatﬁthere éxist-limitatians
ef theaprinciplé with regard te'formatiqnzof,funcpions with preassigned.

.zeros outside the passbang, herein called -extrapassband zerogs




CHAPTER 2-

THE COMPLEX VEG,TOR-‘PRINQiPLE




2,1 INTRODUCTION..

in thi§;chapter a.method - is-presented te generate,.in .a é}osgd
form, ratienal functiens of the complex varigble p = ¢ + jw.. They,
haye the. fellowing properties:; (l)'They;are magnitude.squared functioens.,
for p.F;j@,_(g) they exhibit maxima of +1 and minima ;of zere in.the
interval of interest, being equal te +1 at the interval boundaries,

(3) ‘peles lie in quadrantal:symmetry outside the interval and are.
arbitrary and;(%) gllzeres of thefunctiens lie in.the interval and,
cannot -be.preselected, being located essentially by the ,poles. As a
result,_functions generated Dby this:methed haye; in the interval.ef .
.intgregt, the maximum number of~maxiﬁa and -minima pessible.for a given
degree. Denominater degree will never exceed numerator degree unless
the;ihtervalkof iﬁterest.exﬁendg te infinity, .in which case a. zerpe or:
pgir'@fqzeros may-appear at,infinity.

In yhat f@llow$; the term "passband" will be used in place of the-
phraser”intérval of interest". It is less cumberseme and alse implies
a passband in,theielectric;fiitgr sense,'whigh is the pfi@aryzapplicawp
tiOnJarea,of‘sugh-functions in electrical engineering.

The equiripple generative procedure employed #y Bennett .in hig
thesis (2) and articles (3,4) is that of a funetion in an auxiliary.
z~plane beiné:conformallyrmappe@ onto the.p,—planéq The.entire real -
frequengy’gxis (jm~axi$) of \such.a z—plane,is-mapped\onto‘a dgsi$ed:
passband on the p-pland real fregueney-axls. Pole lecatioens.in the z- .
plane,(préppsitiened*byJan.initial maﬁping,from\the plplang te the 2z-

plane) are -brought, back to the p~plane in the same mapping.- This isq,
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the same view taken by Helman (11). and: Humbhereys (12) in their-assessment,
of the general utility of the functions. .

Con£inued treatment of such functions as transformations has tended
to obscure their full elegance énd simplicity. The beginning of a new
view appears in the proof of equiripple properties by Bennett (3) when
he speaks of the z-plane function as sj¢, i.e., a complex vector. An
initial exposufe to the functions in a moédern network synthesis course
presented by Dr. Bennett coupled with continued discussions afterward
have led to a comp;ete.adoption of’ the complex vector principle.
Transformations have been éliminéted entirely. All operatiohs from
construction of the cqﬁplex vector function to the final rational funec-'-
tion wi;l be carried ogf in %he cémplpx'p—éléne. Prqofé and examples

in the exposition of this Chapter will be for the lowpass case.

Modifications for highpass and bandpass cases encountered in Chapter 3

will be made as necessary.

2.2 PRESENTATION OF THE METHOD IN WORDS AND EQUATIONS

A stepwise outline of the method follows:

l. A mixed rational and irrational functioﬁ of p is con- -
structed. It is called F(p) and has the fpliowing prop-
erties:,

A. It acts as a rotating vector of unit magnitude in the
passband.
B. It aiways has a value of +1 or -1 at band edgg.

C. It has singularities at certain eventual pole locations.
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Specifically, it has singularities at all eventual pole
locations that are in the left half plane or the positive
real frequency axis (the Jw axis). Poles located in .the
right half plane and on thé negative real frequency
-axis are not manifested in F(p) as singularities.
Figure 2-1 indicates the region for which poles are
placed in F(p). Thq omitted poles are the negatives of
those included. They will be caused to appear in the
final rational function as.a result of a later step. It.
is assumed that all pole locations are exélusive 6f the
passband.
Unity is added to or subtracted from F(p), addition or sub-
traction being dependent on the value of E(p) at band edge.

For F(p)| = 1, addition .is .indicated; for

Band Edge

F(p)|Band Fdge = -1, subtraction is indicated. This sum or

difference is divided by 2. The resulting function, called

G(R)a has the following properties:

A, 'Its‘magnitudg oscillates between O and 1 in the passband.

B. Iﬁ always has unity magnitude at band edge.

C., Its numerator is rational.

D. Its denominator is that of F(p). The remarks made about
singularities in F(p) hold for G(p).

E. It is nonzero at the pole locatiens not manifested as

singularities, i.e., at those poeints in the right half

plane and on the negative real frequency axis at which




Half of Infinite Frequency Poles
Included

> This axis included.

!
|

This axis excluded.

T ! ‘ it e sauared -‘»vv*vwli 2} ¢ I‘n"‘ r
the magnlitude squared iuncLioil aillllg

™ e i b b Gt e y T bt o2 B (TR, oy (8
reglion appear as slngularitlies 1n A(ta}.
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poles’ are Qesired.

3. A function called "G(p) conjugate" and denoted by G(p)

| is constructed. G(p) has the following properﬁies:

A. It is the conjugate ofyG(p) for p in’the passband.

B. It has a rational numerator that is either the same as
that of G(p) or is its negative.

C. It has sinéularities at those pole locations that were -
not singularities of G(p), i.e., its singularities
occur at pb;e locations.in the nonshadeé region of-
Figure 2;1; including the negative j-axis.

D. It is nonzero at the singularities of G(p).

L. The product G{p) G{p) is formed and called H(p). H(p)
has thg following properties:
A, It"is a ragional function.
B. It containélall the -desired pole locations in both
. left half ﬁlane, right half plane and thé Jw-axis.
The locations are,inAquadranta; symmetry.
C.. It,oscillafés between O and 1 in the passband;
D. It is equal to 1 at band edges. |
To illustrate in a few. equations how this would work, assuﬁe that
the mixed rational-and irrational fuﬁction for F(p) has been found.
Tts properties are expressed in equafions.

P(p)] . = eI . | | (2a)

DPFJw
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F = =
(p)lp=Band Edge 1

for prescribed P in the left half plane or the positive Jw-axis.

.Now add or subtract unity and divide by 2 to form G(p).

Jo(w)

G =—'——‘e"i.l
(p)|p=jw. 5

and

0 < |a(sw)| <1

in the passband.

|G(P)lp=Band Edge =1

The numerator of G(p) is rational.

(2.2)

(2.3)

(2.k4)

(2.5)

(2.6)

(2.7)

for prescribed 1 in the left half plane or on the positive jw-axis.

Finally

(2.8)




1k

G(p), the conjugate of G(p) has these properties:

_ ~3¢(w) |
&p)| gy = T ‘ (2.9)
[Numerator G(p)] = #[Numerator G(p)] (2.10)
G(p) > (2.11)
]P_*'-Pi
Bp) |y # O | | (2.12)
i

Multiply G(p) by G(p) to form H(p). H(p) is a purely rational

function with the following properties:
H(p) | > (2.13)

for all p; in F(p). In the passband, H(p) is expressed as

Jolw) 42

2

jmn)
3
1l

cosp(w) *1 + j sind(w) 2
2

_ c052¢(w) + 1 % 2cosdplw) + sin2¢(w)
- N

1 % coso{w)
e (2.14)
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so that 0 < H(Jjw) < 1 in the passband. Also

H(p)lE=Banq mige = 1 (2.15)

It is assumed that the desired poles of H(p) are in quadrantal
symmetry so that H(P)lp=jw is a real function. For H(p) fo be a
magnitude squared functién it is necessary.that it satisfy one more
requirement:. All j—axis critical frequencies must be of even multié
plicity. The zeros of H(p) will be so because it is positive on both
sides of the zeros. Poles of H(p) on %he j-axis must be chosen of
even multiplicity.

The foregoing remarks do not specify precise function forms and
manipulations. They do ﬁake evident that an approach using the concept
of a rotating vector provides a new insight into equiripple functions.
Rather than a result of transformations eor of maxima and minima
choices in the passband, they are immediate and lucid. The particular
form to be presented initially produces an approximation to 1/2 with a
ripple value of 1/2. Later modifications will allew approximatiens to

other functions.

2,3 THE LOWPASS FUNCTIONS

2,3.1 Lowpass F(p)

The initial F(p) for the lowpass case is defined as’

1
The F(p) functidns for lowpass, highpass and bandpass cases were
introduced to the author in private communication with Dr. B. J. Bennett.
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= i=1 -, Y- (2.16).
Where‘wH is the upper band edge frequency. For simplicity, Wy will
be normalizéd to unity in all subsequent expressions. Presence in
F(p) of the parameters m, and the index n indicate that F(p) might
properly be written as F(p, m; , n) at an added expense of notational
complexity. The expense will not be borne. It will be understood
in the following that F(p) implicitly involves the parameters m, and
index n.  Parameters m, are used to fix the singularities .of F(p).
Index n refers to the number of zeros in the passband (frbm ~Wy to

Wy in lowpass).

Let us look at an F(p) with a single factor in order to ascertain

its properties. We have

mip + Vp2,+ 1 .
F(p) =. ' (2.17)
-m.p + Vp2 #+ 1
Assume for the moment that my is real and positive. For p = jw
jmew + /1 - w2
Flp)| _., = . (2.18)
P=J —jmiw + /1 - o7
Two regions must be considered: (1) w in the passband, i.e., 1w[ <1

and (2) w outside the passband, i.e., |w| > 1. ,

In the range |w| < 1, F(p) has the property that its numerator. is
composed of;an.imaginéry.pgrtr(jgiw)_and 4.real part, (Y1 —-Ww?), while,
the denominator consists of'$hejn¢ggt;ve imaginary:part and the same:

real part. One might write this.as -
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_ dB(w) + a(w)

P gy = 580wy a(w) e lol <2
= oJo(w) (2.19)
where
-1 m.w
¢(w) = 2tan ————t—o (2.20)
vVl - w

As w increases from O to 1, ¢ increases continuously from O to T,
passing through /2. F(p) is indeed a rotating unit vector in this
region, rotation being counter—clockwise. Figure 2-2 depicts F(p)
in the passband..

ln_the range |w| > 1, the numerator of F(p) becomes purely
imaginary as does the denominator, making the overall F(p) strictly
real. However, the numerator is the sum of two terms and the denomi~
nator is the difference of two terms.

nw + BT

Flp)| _, = 1< | (2.21)
p=Jo —miw + Ve - l’

The possibility of.the denominator becoming zero and therefore prod-
ucing an infinite value of F(p) presents itself. This would occur

whenever

m.w = Jul ~ 1 - - (2.22)




Figure 2-2. Action of F(p)

"Jl

U+ jV for p in the

jon
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or
o= 1 (2.23) ,
Y1 - m?

which can be satisfied for a particular value of w >‘l if 0 < mi-< 1.
The fact that no negative value of w will satisfy the equation-is-
consistent with the remark that F(p) has its singularities only in the
left half plané and on the pesitive j-axis. Singularities on the nega-
tive j-axis will be produced by @(p): F(jw) for w outside the passband
is shown in Figure 2~3. In actual use m. would be determined from
the desired pole location, Py = j‘wi9 by

/o2 + 1

m, = ———— (2.24)
i P s .
p=Eju,

which will yield a wvalue of my lying in the interval (0,1) for wy > 1.

If an infinite frequency singularity is desired, it can be achieved

by setting

= l_iml R_"I'_l_.
1 D> ie

B
|

=1, _ ' (2.25)

So it is clear ‘that the single factor F(p) does those things required
of it.

Extension of these concepts to a multiple factor F(p) is straight-




F(jw)

i |

_Asymptote = -mi+l/mj+l \\\\k\ |
S o R e P s T PR e l 0

F(-jL)=0 s \\ S ' I

\ k\\\ |

= |

|

|

|

|

|

|

|

Figure 2-3. F(jw) outside the passband. Singularity at w = L.

(0]
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forward. Writing
n mp + sz + 1 n

Flp) = 1 = I Fi(p) (2.26)
i=1 -m,p + Vp2 + 1 i=1

and again assuming all m to be real and positive, we see that since
each individual factor, Fi(p),vis of exactly the nature described aboﬁe;

the overall F(p) has like properties.

Fi(P)|p=jw = otalw) > el 1 - (2.27)
where
Ly W
¢i(w) = 2tan = ————— (2.28)
Y1 - we -

so that 0 € ¢.(w) < mas 0 ¢ w £ 1, rotation being in a counter-

clockwise direction. Then -

n
F , = I F( .
(p)|p=Jw j=1 T P)Ip=Jw

- ﬁ‘ i (w)

i=

_ ITe1(w)

jolw) (2.29)

= e
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where
n . .
o(w) = ) ¢.(w) (2.30)
i=1
so that 0 < o{w) < nm as 0 s'w <1, rotatioﬁ being in g counter-
clockwise direction. Again, in the region 1 < w, each Fi(p) can have

a singularity at some W, manifested in the equation by choosing

+
m, = 22X L1 | (2.31)
1 P PRI :
and if a singularity at infinity is desired.
m., = lim'LB_;tQL_
I p® b
= 1. (2.32)

Each Fi(p) will produce, a preselected singularity so that the overall
F(p) will have singularities at W, s i=1, 2, °°;"n?, It 'is seen from.
the above that each Fi(p) will be zero at -w; and F(p) will be zero

at w =~w;, i-~ 1, 2, -+, n, as shown in.Figure o=k,

2.3.2 F(p) For Complex Polgs,

|
The assumption that m, is real restricts pessible singularities to

the real and imaginary axes only,; leaving out petential lecatiscns in
the complex plane. This restrictien will new be removed.

Let ué assume that.a fourth degree equiripple.lowpass'function
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with a pole configuration shown in.Figure 2-5 is desired, viz., poles

at p = #o. ijwi; For such a function n = 2 and

- mp + Vp2 ¥ 1 me_f) + V/p2 + 1
-—mlp + Vpé + l —m2p + sz + 1

)pvp2 +i1

(mom, + 1)p2 + 1 + (m, +m
- 12 1 2 . (2933)

(mm, + 1)p2 + 1 = (m) + m,)pyp? + 1

The pole set to be considered in formation of . F(p) is the left half
" plane sef, ho) ;~_Oiijwi° Graphical representations of wvarious calcuia—
tions involved are shown in Figures 2-6 and 2-7. Let the desired pole
location be p; = riejei, where r, is the radius vector to p; and ei is
the angle measured counter-clockwise from the positive real axis.
Express m as

rgejgei,+ 1

m, = e )  (2.34)
* rieJel

The term inside the radical is rewritten as
1269201 4 3 - p2eI20 | (2.35)

Since /2 < Gi < m, then 7 > wi > ei and wi has the same sign as’eig

The expression for me becomes

"R2ed%V1
1

R T
r.eJel
Ji :
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Jjw

Figure 2-5.

|
|
I
I
| —Juy
|
|
I
X

P-plane plot of the lowpass hth degree function with poles
at p = ioiijwi. Passband shown as double lined axis.
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J(¥3 - 61) : ' (2.36)

Jis

=

vhich~is a vector in the first quadrant as in Figure 2-T(b).
Since ms is always analytic at P; and real for p real, Schwarz's
Reflection Principle holds, showing that tle m associated with 5;

ism,. Letm, = a, + jB. so that
i i i i

— 2 P .

mymy =0y * By SR ' (2.37)

and

m, +m = 20a,. (2.38) "
i ie i '

Both expressions are strictly real and their substitution inte F(p)

Yields ' -
2 2 . \.2 -
(al + BT +1)p” +.1 + 2&ip/p2'+ il

F(p) = —2——a——— , (2.39)
(u + B+ )p + 1'—.20Lipv/p2 + 1

-so that the.rotating vector concept again hélds Vhen conjugate poles
ar‘le,éonsidered° |

It is seen that 81ngular1t1es exist in F(p) only at p; and Eéo
'81ngular1t1es w1ll be produced in the rlght half plane, i.e., at —p

and —p through multiplying the denomlnator by [(ui + Bi + l)p2 + 1+
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2uip/52—;rf]'which is. [Denominator F(-p)]. Reasons for choosing such
an expression will be givep in the section concerning formation of _T£31
Figuré 278 shows the ggneral nature of m, for 12 in various regions.

2.3.3 Lowpass G(p)

G(p) is formed from F(p)‘by the expression

a(p) = F—(E-)-——l L (2.%0)

In the passband

]

3¢ (w) .
o) _., =S5t 3 o]

4

1 (2.41)

which is a rotating &ector of one-half unit length, centered at
(#%, 0). A representation is shown in Figure 2-9, (a) and (b). Its
magnitude véries between limits of O and 1. Choice of. addition or
subtraction of 1 to F(p) is governed by requirements gt band edge.
Eor the usual case, an equiripple functien is required to have a

normalized magnitude of unity at band edges. Reference to equations

(2.29) and (2.30) shows that

I

n even

= (2.42)
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Increasing m

l ; 1/‘ VAR m. < l
ml COmpJ ex !

,‘I’x) .
i
H
il
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i H

Figure 2-8. Value ranges for m, as a function of P, -
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(a) Even number of ripples (b) 0dd number of ripples

Figure 2-9. Action of G(p) = U + jV for p in the passband.
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Figure 2-10. G(jw) outside the passband. Singularity at w = L.




33
at band edge. Clearly we -need the positive sign for n even and the

negative sign for n odd. Concisely,

alp) =. ;Z : (2.43)

G(p) has the same denominator as does F(p), giving it the same
singularities. Since.|F(jw)| # 1 for lwl > 1, there will be no zeros
of G(p),outside the passband and exactly n zeros in the passband.

A more compact expression for G(p) can be formed directly from

F(p) by writing

_ Rational Part of F(p) Numerator .
G(p) = F(p) Denominator (2.h4k4)

Validity of this remark is shown by a consideration of the form of.

F(p). For pairs of cenjugate poles, there are in F(p) factors of the.

form

—_— 2 —_—
(1 + mimi)p + 1+ (mi + mi)p

(2.45)

(1 + moﬁt)p? +1 - (m, +m, )p/p= + 1
ii i i’s
For single poles on.the real'akis or at infinity, there are in F(p)

factors of the feorm

mp+ BPFL O (2.46)
—mip.+ Vp? + 1

In both numerator and denominator of the conjugate pole F(p), the
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factors’ are made up of two types of terms: an even term that is
rational and an-odd term that ié irrational; and for the single real
pole function, the factors are made up of an odd term that is rational
and an even term that is irrational. Expansion of.the'products of
such F(p) shows an important feature: For n even, the even terms are
all rational and the odd terms are all irrational and for n odd, the
odd #erms are all rational and the éven terms are all irrational. In
fact the even and odd terms of both numerator and denominator are
identical in form, differing only_in sign. In the numerator are all

positive terms while in the denominator the even terms are all posi-

M+ N

tive and the odd terms are all negative. The form of F(p) is N X

where M and N are the even and odd parts reépectively of the numerator

and denominator. From this

G(p) = 5

M+ (-D)"M+w - (-1)™w . : : ' (2.47)

M. (2.48)

For n odd, N is the rational part of the numerator of F(p) and
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M+ (=1)M + N =(=1)N
2(M - N)

G(p) =

—_ N ¢

_M_ N (2.11'9)
So the move from F(p) to G(p) is immediate and uncomplicated. G(p)
always has a rational numerator, all of whose zeros are in the passband,

and has the mixed rational and irrational denominator of F(p).

- 2.3.h4 Lowpass G(p)

A In accord with the outlined procedure, a function is sought with
the property that it is the conjugate of G(p) in the passband.
Although it is not.strictly the conjugate of G(f) for all p, nomen- |
clature will be corrupted and such a function will be called ”G(b)

conjugate" and denoted by G(p). G(p) has the single necessary and

sufficient propérty that

G(p) = [ej¢(w) + (—l)n}

5 = 5 (2.50)
G(p) itself can be written as
y— T D even |
G(p) = ¥ - ' (2.51)
n odd
M- ;

Take first the case for n even and |w| £ 1. M is an even polynomial

such that it is real for p = Jjw so it is its own conjugate. M - N is

M
M+ N.

a mixed function whose conjugate is M + N. The desired G(p) is
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For n'edd, N is an odd- pelynomial :for p.= jw such that -N is its con-

Jjugate. M:~ N.is-again a mixed functien with M + N .as its cenjugate. ;
=N

So -G(p) =3y Generally,
M
T+ . B even,
- Glp) =. . (2.52)
_N.\ ‘
M+ n °odd

For.the lowpass case, M + N'is:zero_at'point$;negative-of:thosq_for“
which M - N.is.zero., So‘for,G(p){wibh;singularities_at~pi,.(i~=xl,

2, +++,n) G(p) has.singularities at =By » (1 =\l?;2?--~q,-n). Cemparéa
Figures 2-10 and-2-12; .also Figures ‘2-9 and.2-11.

2.3.5 "Formation of H(P)-

H(p), the final rational function,is ;

H(p) = &(p)B(p) =4 7 (2.53)
- ad-
M?._”Ng n o

- H(p) is guaranteed rational because M is a .polynomial -and N-isa
pelynomial multiplying the radical sz +:1.¢ Hence their.squares are-

rational:
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Figure 2-12. G(jw) outside the passband. Singularity at w = -4,




CHAPTER 3

THREE :FUNDAMENTAL, FUNCTIONS
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3.1 INTRODUCTION

In this chapter three fundamental types of equiripple functions
are presented. They are: (1) Lowpass, (2) highpass -and (3) bandpass.
Modificatiens of the lowpass case presentation of Chapter 2 pertinent
to highpass and bandpass cases are made as required. Such changesvére.
concerned with the manner in.which singularities appear in F(p), G(p)
and G(p), in additien to necessary band edge changes. The fundamental
rotating vector principle remains invariant. It-is shown in examples
that noet all . steps of #he method as presented in Chapter 2 must be
inclﬁdéd to arrive at nﬁmerical éoefficient values. It is also shoewn
that lowpass functiens can be considered.as a subclass of bandpass
functions feor computational purpoéeso

3.2 LOWPASS FUNCTIONS

Mest widely %nown ameng equiripple lowpass functions are. the
ciassical'ChgbyShqv polynemials. They appreximate zero with ripple
maxima of +1 and minima of -1 and have all poles at iﬁfinity° The
procedﬁre preSented thus far yields lowpass magnitude sqﬁéredtfunctions

only so it is expected that generation of edﬁiripple functions with

poles ét infinity and passband from zero to qﬁé will jiéld the

Chebyshev pelynemials squared. This it indedd does.
For such functiems with all poles at infinity,'dll m are unity.

For Ci, the nth Chebyshev polynomial ‘squared, F(p) becomes

n
w(p) = [REIREE L |
-P -!-/:Eﬁ—]j ’
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If ene were teo reduire, for example, the secend Chebyshev .pelynemial
. . | o .
squared,; Figure 3;1;fthé'fell@ﬁihg:sﬁeps;@rgvidéaiti?:

2p + 1 + 2pr2 + l

1. Set up F(p) = (3.2)
o 2p2 + 1 - 2pVp i
' : 2p° + 1 .
2. Form G(p) = 5 - (3.3)
2p + 1 - 2pr2 + l
3. .Form, the conjﬁgatg pf«G(p)'efer the ﬁésébgnd.
2 ' .
G(p) = ——2 L . (3.4)
2p + 1+ prE +. 1
b, Multiply G(p) by G(p) to_form ﬁ(p);
H(p) = 6(p) &(p)
- hph + hp + 1
ip' + bp® ¢ 1o (hp 4 4p

which for p = jw is the second Chebysﬂev polyneﬁlal squared As
pointed out in Chapter 2 H(p) is a ratlonal functlon with deuble erder
Zeres.in the passband. It has poles at those locétlons 1nserted Ain .
F(p) plus the negative of those.locations;'.In,thié casg.there_weré
two locatiens at infiniﬁy:iﬁ,F(p).- Thése two_pqiés plus tﬁolmore'ai

minus infinity appear ih H(p). With rational funptipns,_iﬁfinity’




H( jw)

Figure 3-1.

Second Chebyshev polynomial squared.
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appreached from-gny directioﬁ-can be considered as g point (21.) " and.
we say H(p) has four poeles at infinityav As.anether éxampie; consider
the requirement of 'an H(p) functien with a double erder zero in-the
passband. (05w £ 1) and finite ﬁoles at p = ij;jgm Furtﬁer assume
that H(p) is to be a magnitude squared functien,sz.that £he poles must
be double. Figure 3-2 depicts the functien.. The result is that
2 m.p + /Ez—gjf

F(p) = 1 == — (3.6)
i=1 -m;p + ¥p2 + L '

where
o= = ’ : (3.7)

The usuval steps.follow:

(mlm2 + l)p2 + 1 + (m_ + m )prz + 1
1 F(p) = <
(mlm2+l)p~2+l—(ml+m):9 /P2 *
2p° + 1+ pF AL g 5.8)
= 3.8
Fo 1o AL
‘ip2+l :
2. G(p)=5 5 . (3.9)
I +1-p/5f+—i f
) %p + 1 ) i
in +l+p1/r_)_2——+_l—
5 2
B +de e
he Hp) =z 5 3 2

16 P +5 P +1'-p.-p




H(jw)

Figure 3-2.
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p2 +.1

p2+l

p -+

4
n (3.11)

N g L\
oo [N
IS [USIINTING]

p o+

As expected, the deﬁeminater factoers into~(%-p2 + 1)2 which exhibits
the desired péle lecatioens.

The foregoing examples have a ceommen- redundancy: They actually
include computation of the deneminator pelynemial.. Since the peles are
specified ab ipitie, this pelynomial is already knewn to:ﬁithin a con-
stént-multipliére The first example 1s te have peles at‘infinity and
its‘deneminatqr myst be enly.a censtant.  The second example requires
poeles at.p = ij-;% and must be (p + %02 times a cohstant multiplier.
Both-denominater53were carried in the examples eniy to\shéw that the

method indeed preduces the preper denominator. A new-computational‘

recipe that emits such redundancy is-

: n
1. Compute {Ratienal part I (mip /52 + 13}ey
: \ , i=1 '

.2; Multiply this by itg cenjugate over the passband.

N

Form:K I . (p + pi),as,the deneminater ef H(p) where K is
i=1 : ' . )

the constant multiplier to’be.cemppted below, and P is

‘one. of the tetal number, 1, of finite pole locatiens.

Infinite freqﬁency'poles de net e#pligitl&iappaar, being

preduced by numerator degree -exceedihg denéminatqr degree.
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L. Knewing the desired ripple .value and the value of the
numerater function at.band edge, cempute

K = (Numerator| )/(Ripple value). (3.12)

Band Edge

3.3 HIQH‘EASS‘FQNCTI@ﬁS .

High ﬁass:functiéns'are generable by performing a.transfermation
of .variable, p = %%, en the lowpass F(p) to give a highpass’function
in the:variable:p*; or by a dirett formation of a highpgss F(p) based
on the rotating vector-principié° We will adept the 1a£ter view
‘because of its.greater geﬁerality,and potentiél for providing insight,

The band will extend ever the interval [w., ®). Considering the form

LS
of the lewpass F(p), .seme expression invelving a radical that undergoes

a change frem real value to imaginary value at the critical peint

I, would seem reagonable as a start, F(p) sheuld haye thg'ferm

A
e
B
ole
1+
B =

RIIE - - C (3.13)

for -|w| w; and. be strictly real for juw| < wp . Seme suggestions are:

. n.mp + /=(g2 + w2)
1. Flp) = 1 —S——
i=1 -mip;+'v-(pz ¥xg§}

(3.14)
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n om/p ¥ Vw%/p2'+'l
2. Flp) = I — — (3.15)
isl -m/p + VwZ/p? + T°
n mi_¥ Vo2 + w%

I
Ci=l -, + 1/}_3)2 + w’LQ

(3.16)

A1l of these are suitable since they have a commen feature of being (l)
real outside the passband and (2) a retating vectoer in the passband.
The final cheice is entirely left to the user. We will adept : (3.16)
because of its sim._blicity°

Properties of this F(p) will be investigated, TFor @ =-1, p = ju

and my regl and pesitive.

m) + Vd%'; )2
F(p)| o ., =" — 1. (3.17)
Py e B

In the passband, lwl z wp

m. + ijz - w2
1 L
p=J Tml + jvwz .—_LUL2

F(p)

= ej¢(®) . (3.18)
where
2w
¢ = -7 + 2‘tan-'-‘.l —-_m—& ‘ (3.19)
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and as w, £ W < ®, -1 £ ¢ < 0; rotatien being in a counter-clockwise

L
directien. Outside the passband, i.e., for lwl < Wy
m, + Vw% = w?l )
Flp)| o sy = h . (3.20)
p J —ml + Vw% - w2

The funetien is real and has singularities at beth Py and ~Py>» Qeter_
mined. by ‘setting my =-/EET:—£§} See Figure 3-3. fhis is different
from.the lowpass case, which exhibited a singularity-at p,,

but.a zere value at ~Py- One can see from Figure 3-3 that at no peint
outside the passband will F(p) be less than unity in magnitude, insuring
that G(p) will -have no zeres outside the passband.. The same sort of
even functioen behaVior will be exhibited by baﬁdpass funétiens,.
Anothe? difference is in Glp). When G(p) was férmed in lewpass
functiengé iﬁuceﬁ@ained sinéularities_gt Py if G(p) centained them
at-pl. In hiéhpgss,‘a(p) contgiﬁs ne éingularities Whgtsoever, all
desired pole locatiens of H(p) having appeared-in G(p). When H(p) =.
G(p) é?ﬁylis formed, the singularities then beleng te a magnitude
séuéred:fUhction‘éﬁd,may pfoperly be ,called peles. They will aute-
vmatibally-aﬁpegr at p; and -p;. For g'generai highpass function,

i om, + BEEGE

F(§)-=‘ I = ..~-uL ) . (3.21)
' i=1‘-mi +‘%§2TE7%§

where n is one half the desired.degree of H(p). For p = ju and all

mi_real and pesitive
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Figure 3-3.

Highpass F(p) outside the passband.

Poles at p = *j.2.
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n m + Y02 - w2
F(p)| _ = 0 —— L (3.22)
PE i=1 -m, + Vw% — w2
In the passband, |w| = w
n m, + jYw? = w2 '
. 1 - L
F(P)l - 'jw |=( H N '
p a i=1 —mT_+,ij2“é w%
s &)
= ) | (3.23)
Wheie
‘ n 1 Vw2 - w%
(1),: -nmT + 2 z.tan T ———— (392)4‘)
‘ ) m,
i=1 1.

L <

direction. - Again, the functien is real for w outside the passband

and as w. € w < @, -n7T g ¢ < 0; rotatien being in a counter-cleckwise

. n m, + szif’&z
1o L
F(p)|_ _ ., = L. —
p=d i=1 fmi‘+ Vw%'+ w2
1 T .

(3.25)

and has.singulér%ties.at p = P; and p = =P > determined.by setting
PR S ! . :

oy =P * wLip_é pi; i=1, é,,3, +22, 'n, Conjugate. singularities
are hapdled in a similar manner as in lewpass., -Inveking the Schwarz

reflectien principle agaih’wil; shew, that, fer p =Py leading te.mi,

P =\£;Dwill lead te a;. The twoe terﬁ product in F(p) is.
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p2 +. (w2 +m,m,) + (m + ET)Vp2.+ w2
F(p) = 5 ii i ; - L
p- o+ (w2 + m, ml) - (mi +_E;)sz'+ wE‘

(3.26)
i
in which all ceefficients are real. It . is-alse desired that the vecter
rotate-in.a céunter1clockwisé direction in the.pagssband, requiring in.
additien that.all numeratoer ceefficients be pesitive. Coﬁnter—
cleckwise rotation is-necessary since.all vectors formed frem.real axis
and imggiqary axis poles fetate counter-clockwise. Multiplicatien by
a vecter‘rotating'cleckwise will cause effective cancellatien of
retatien; scattering zeres of G(p), and censequently H(p)? throughout
the ceﬁplex piane. As a result, a general ruleihas been established:
All<mi‘will Be—chesen.such~that they have positive real parts. An.
instance.of application of this rule appears in the example of this
sectien.: It‘might Bé.ﬁéted that -cheice of all m. Wi@h negative real
part Would de just as.well. Vectors. would rotate éléckwise.in=such
a cirCumstaneé. Consistency of cheice is. all that is required.

With the stated rule gpplied, the highpass vecte# ret@peé,from
-2m to O\iﬁ.a ceunfer—clockwise.directienfas w goes ffem dL to infinityf
It hag s1ngular1t1es at P = Pys P and alse at p = pl9 —pl, i.e.,
for the .ehtire quadruplet of pole leocatiens, Upen multlpllcatlon Ty .
its conJugate denemlna%er the entlre guadruplet will. appear as poles
of a mggnltude”sqqared funct;pn.

'

Formétion of G(p) follows the usual rules. Since F(p)|p - jor -

(-7, G(E)
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(-7 -

Fip) +
o(p) = EBLE (3.27)
which gives G(p) a magnitude .of unity at band edge;, Follewing a,
similar precedure :te that .in lowpass, it is easily proved -that a direct
formulation of .G(p) is

Rati 1 Part of Num t -F '
G(p) = Rationsl Part of erator of F(p) i, (3.28)

Deneminatoer of F(p) ’ .

Since -the proef 'is so simple:and like that of lewpass,.it will be
emitted. The magnitude $guqredzfunction, H(p)a.is formed:asﬁ

H(p),= G(p) ETET'With @tp) having the same pr@perty-as in the lowpass
case, i.e., @(P).i$ the cenjugate functien of G(p)lfor p = juw and

W, g w < », G(p) will have the form

‘L
‘_'M"'—‘ n even

= M+N &

Glp) =™ (3.29)
M+ B edd

so that -G(p) has no singularities whatseever, . H(pQ[is theretfore

rational and has the requixed.singularitiesa whiph can noew be cglled

poles because they beleong te a magnitude squared function. As a-

numerical example .of the highpass, procedure, a magnitude functien having'
L

a -passband beginning at wy =.1, and with one and ene half ripples in

the pesitive passban_di(a.6th degree function overall) is generated.

Poles are to be located at p = *1,. f1*jl. The: presence of cemplex

poeles will help ﬁo make clear this part of the procedure. A plot of
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Figure 3-4. Pole pattern of 6th degree highpass magnitude squared

function. Passband shown as double lined axis.




H(jw)

Figure 3-5.

1t

H(jw) versus w for function with pole pattern of Figure 3-k.
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the functioen is shewn in{Figureg,S—h gnd ‘3-5. The steps are:

1. Determine m;

_l+J

my = VP L] | =I5 At o 2

: 2.5880188

=
I

- 1.49535¢9

-

+ 1.27203 - 3,786122,

(3.30)

(3.31)

(3.33)

An applicatien ef the rule that mi.havevalways pesitive

ﬁeal part requin@éithaEZWe*éheese‘wl
iy = 1.27203 - .786122
and

m, =, = 1.27203 - j.j86122

2. Censtruct -F(p)

3 mi + Vp2'+:l_-
I )

P(p) = & e
‘ i=1 —mi_+ Yﬁz + 1

(3.3h)

(3,35)
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. ‘"l, 2 —_— . :
my + /P2r+ I po+ (m2m2_+ 1). + (m2 + m2i/p? + 1

o T py s —
-, +\%p2_f 19" + (mms +1) = (m, + m,)Vpe + 1

_ 2+ /pe + 1 p + 3. 236@6 + (2. 5&&@6)/p2 41
- 2 + HBZETL p> + 3. 236@6 - (2. 5&&@6)/ ca

- 3. 95827p + 7.12054) +.( + 6. 83389)Vp§ + 1
= (3,36)
(3 95827p + 7.12054) + ( + 6 83389)¢p2 -+ 1

3. Ferm G(p) .

) 2 .
G(p) = ~. (3.15827p + 7 120510 = (3, 37)

(3. 95827p + 7.12054) - (p +6.83389), p2 + 1

4o Multiply, G(p). by G(p) te ferm H(p)

H(p) = G(p) G(p) .

(3. 95827p T 1205h) S
(3 95827p +.7. 12@5u) (p + 6. 83389) (p?-+ 1)

_ 15, 6679p + 56.3700p° -+ 20102} o (3.38) -

—p6 + 1 ®®®l®pu - k. @@@l@p + b, @@@@@

The deneminater is, ideally .
2 2. . CL 6 h 2,
(8% + 2p.+ 2)(p" -2p + 2)(1 + p)(2-p) = -pi- +p - bp” + b (3.39)

Considering the exgmple:has!¢nly,6 places carried thneugheut, H(?l_is

quite accurate.




o7

Again redundancy exists in the example. There is no need  to
carry the.denomipator along. It.will be that one specified ab initioe
and can be'wnittép dixgct;y.in.ﬁ(p).\ It wap computed solely .for
illugtrative purposes.  There is need for énly the rational part of
the numerator of F(g),. A new coqputati@qal proee@urewwould\be;,

1, Compute the mi}
2., Cempytethe ratienal part of the pumerater of F(p).
3. Multiply such polynemigl by its cenjugate,
4,  Place this over the desired deneminator te form H(p). |
. ' i ] T [ .

5. ~S¢t|thé constant multiplier te achieve desired ripple.,

3.4 BAND PASS FUNCTIONS,

These, funqtions-will be of an equiripple nature ovgi;the range -

w. g ol s

L The F(p) used for generating is .

e

o T+ T
n mifb g+ /Pc"+ w

H
Flp) = T ,—= - o 'd (3.40)
' i=] -~ 2 F w2 + VP2 + we ‘
i 1_,mi¢p F s Vpe + we
Whghg‘wL denotes loewer band_edgeband Wy denetés higher band.edge.

Assuming m, te be real and pesitive, the simplest F(p) ds
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m /5 ¥ G+ /o2 e
Fp) = e
YRS A WE VRS g

(3,41)

It hanthe'fallowihglprepqrtiﬁs for p = Jjw:

, [ - - SO mry i
¥ o) | . ml/wL = w _T_ wg ’w::
SR VP o 02+ Va2 —wP
MU T T T

- afw) + B(w).

jo(w) + B(w) - .
et a0 o £ ol <y (3.42)

In the passband, F(p)|

‘p =:jw ig a retating u@it‘veqper

F(P)tp = ju %_ei¢(m) 1 S (3.43)

.

where,

= 2 tan™t ——ert (3.44) .

VLOE - (1—)2_

H

and aS’wL_s w < wHJ 0:c ¢ 5 m;. retatien beipg.inia counter-clockwise .
' : " : L3 A

direction, ;. Outside the passband; i:e., for l@[ < w i

I and;Jw| >
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V2 Z w2 ot VaZ = W2 :
Flp)| _ , ==t .. - (3.45)

p=Jvw s e,
m YuE = 02+ Yug -~ 02,

Py and,p.-= Py acceording -

: P‘l»+ w
For -n/2 ripples in“the Lpassﬁan@ (an (overall 2n degree functien) -,

¢

2 D 2 4 2 . L
N RS DT S
M) e e s - (3.46)
‘ s W . -.: ' T i ‘-2-', L , . X
i=1 ,mi/p' + g +,/b_ f‘@H: ‘

In the passbaid,

F(p)kp =,jw'=-eééﬂw)-‘ | , (3.47)

where

: n' o YwE w2
¢ 5.2 ) tap o ——r—— (3.48) -
- i=1 - _/5%7;73§y

and ' as ‘w. £ w.<

I 0-5-9 § nr; rotatien being in g ceunter-clockwise

'wH,

direction. Outside.the p@ssbagd F(p) is real with singularities-ab.
p=p;andp=rp,1i=1,2, i, 0 As ?#ghighPassa'all singularities
appear .in F(p) and G(p),-é(@) having n@né at all: The usual diphétemyﬁ
regar@ihg_pole locatiens‘résqltg'in m., computed:from'left halflplang'
and positivejq—aﬁis p@les.; Thewerigin‘is?ac?ually on sthe bouqdary

of the regioen-for which poles gre to.be used in ‘computing my . Siﬁ¢e

computatieﬁ-ef]mi for peles at.p = Py autematically. inserts .2 pele at
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P-=-?Pi'into'FQP):aG(PlHan.H(P)axCOmPu#%t%Qn of my for ene half of
the desired H(p) poles at the oﬁigin'is indicated: There will always,,
be 'an even ,number .of :poles. at the origingbgcauge-ﬁ(p)lis|an even

function and'one,half|of their}pumber will - be an:integer.

- A computatiepal;prochure,forjbandpasg:fundtiGns follows

1.. Cempute‘mi's-acqording to

Thgre*will.aiWéyg,pe-an{évenangmper of_mi to computé
becguse thgre'mqst be,aﬁ~in$eger'numberaefuripples_in the

pasgband; making n-even.

V)

Censtruct ‘F(p)

n m VP2 F w2+ /p2 * w2

5 S lL' . £ h H -
F(p) = It ———F=———=", n even, - (3:30)
iﬁL"Jmi/p2W¥”d% +V/p2 .+ 02 ’ .

.

3. Form~G(p) by |

n
olp) = TR L)




As .an-

ripples in the band extending frem .w.,
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or

a(p) = Ratlonal part of Numerator of F(p)

Denomlnater of - F(p) (3.52)

t

quin;.it:is:not diffiqult te shew rthat 'a ratiocnal numerater .
exists -for Gip). . The proef follews. the -same, lines, as the -

lowpass case and,will net be.presented.

Ferm‘a(pl, @(p)<is formable :directly frem-G(p) by noting .
that «in -the paﬁsband?zG(pQ¢has'the\form'
(Even Real:Polynemial) ;

Even\Real . Polynemial) "+, (Irratlonalflmaélnary
Expression)

G(p) = ( \3 53)

frem which G(p). takes the form i
I ’ i
|

(Even. Real  Polynemial) |

GQP?'=A(Eyep\Real\Polynémial) - (Irratlenalllmaglnary'G
: Expresslon)
! !
Forn, F(p) a5 - |
H(p) = ¢(p). G(p). (3.54)

H(p) is a rational functien.

exapmple, suppoese ong constructs a bandpass.function with L

=1 te w, = 2¢ Tﬁgre:will3be 8 -

L H:
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zeros per band for a total of 16 zeros or a‘l6?h degxeeumagnitude squareqd
fqnctien% Poeles are te belplaced-in g quadrantal -set'at p = iliji, on
ths real ‘axis at;p = %] .and in imaginaqy*ax;s pairs st zere, ij& and ..
infinity for a.total of 16 poles. See ‘Figures 3-6 aﬁd 3.

Cemputations for this function werxe .carried out.oen an;IBM 1629?11',
computer, using a Fertran-pregram Writteq\by-tﬁshauthsr,£ A simplified
csmputati@pal.schsﬁs\usiné the ratienal part—of'ths ﬁumer%tor'of‘F(p)_
and separate denqminatericomputatipn and‘sopmalizatisn Was&empléyeda
It is similar in .all respects te the simplified highpass'precédure
given at -the end of Bection 3.3h Table 3-1. lists ths input»speci—
ficatiens and,finalacoeffieient-valﬁes plus-pentinént values of:.the miq
The copjugats,pre@uct refers to miﬁz gnd . the gonjggate,s%m refers ts
m, + 5;; A plét of the function.vsi.omega is showh,in‘F:i;gure;B—6°
The program- was made of a cempletely ger}eral nature fer bandpass
functlanso' Although the IBM. 162@ is net a- partlcularly fast machlne

hi
as modern dlgltal computers ge, output\for up to 6t

degree functlens
was limited essentlally byxprlnt rate of a- 2h® line per msnute prlntero‘
For 16‘ degrse'fupcti@ns5 com@utation.Qf-numerator-ceeffgc1snts
required about 2.secends. In general; cemputational operatieps and "
time required-increase iniproportion to.ths square ‘of ;the desiredJ
degree.

As a;ponsluding.remark;in-ceyering-the three funéamental‘functisns,,
itzis clear that for .computatienal purpeses, ‘oné can, censider,
lowtass as a spscial_éase.of the bandpass:. With-@D =.0,.811 values

of my arelidentical te these resulting from strict lowpass operatioens.
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Figure 3-6. Pole pattern for 16th degree magnitude squared function.
Passband shown as double lined axis.
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Figure 3-T.
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H(jw) versus w for function with pole pattern of Figure 3-k.
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TABLE :3-1. " Pertinent Values in the Cemputatien of Figure.3-T..

Magnitude ‘squared function.of, degree.16:

Passbgnd.extends'fnpm 1.0:t0.2.0. |

Pole.locatioens . Correspending m,
¥1.,0 #31.0 Conjugate .product =.2.00QOOOO
(4 poles .total) Conjugate sum- = 2,6832816,.
£34.0, (1 poles total) ' .894L2719
* 120 (2 -poles total) 1.5811388
© (L4 poles total) 1.0000000:,
0.0 (2 poles total) _ 2.,0000000

L 2

73861, 049p 0+ 1400691.7p " + 11288710pF
+ 5ohlo94hp10 - l36211290p8 + 22175u9oop§
H(p)=. + 229223580p& + 1281§ggoopg'+ 30201251

' 11.158108p™" + 345.90135p™ "+ 25kk.0L86p
—lh72m8703p6 +‘9997,6648ph —111425.9O$p2

Pagsband zeros:at-

w =:*.1,0391112, * 1,3084135, * 1,6866165, * 1.9610111




CHAPTER L

VARTATIONS AND APPLICATIONS
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L,1 INTRODUCTION

Variations of_thg three fundamental-functions to produce ratiqngl‘_
functions with and-without symmetry about the origin begin .the chapter.
The .variations are of a more tactical nature than strategicubut do
reqguire an understanding of Chapters E‘énq 3. Appligatiahs include
generation.of'ihe Chebyshev-rationql'functien-(CRF)?;having.equirippler
pas$ban@'appreximation of zerog from'w,= 0 tgw=1 and_equiripple~stop—
band approximation of infiﬁity beginqing at w =0, and extending te
w ={wl More general equir?ppleffunctions having passbands:and stopbands;
of ‘finite length are presented. A rapidly éenvergent iterative .
procedure is used in bot'h°

A limitation of the power of therotating vector principle,is
encountered when one desires functions with .a.knewn denominator and
certain preagsigned zeros, l.:e., when functions without the maximum,
ﬁmeer of ;passband ripples possible for their degree are required;‘
It is shown that the usual procedure.of‘censtrucfing.F(p) from
inqividualafactqrs for each pele-is net in\generalypoésible! A
solutioen feor such requirements is shown;gheﬁever it is-not particularly
satisfying, requiring the solutien of non%inear~simulfaneous,equations
fér.determinaﬁion @f'passband ZEYo lqcatioﬁsw. This result blocks
development_of a r@pidfiterative procedure for multiband-equirdipple,
filter functioqs:: I£7isff¢lt“by the guthor that the precedure due to.
McGee (13) is}still_the most efficient for such filters.

A;limited solutionvto the multiple passband equiripple filter-is

presented, It is-limited in the .sense that:- (1) All passbands have
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the .same. number -of ribples,,(2) all-passbnads have the -same-amplitude
of ripple and-(3) the:poies are not independently:specifiable,
The chapter. concludes with .a shoert .inquiry inte equiripple
functions formed.by adding arbitrary constants to F(p) in formation
of G(p):-

4.2 . NON-MAGNITUDE-SQUARED -RATIONAL : FUNCTIONS

All functions ﬁrodueed,so far satisfy the ‘three requirements for
magnitude squared functiens:. (l)-Allrpoles and'zéres aré'in;quadT
rantal symmetry, (2) all j-axis poles and zeros are-of even multi-
plicity . and (3),ﬂ(p)-is non-negative for all.w. In addition they .are
symmetrical - about zero, i.e., they are_strieély‘even;or:odd functions:
in\p?f' Such a.feature is nét:necessary to magnitude:functions in
ggnera;'buﬁ is characteristic of these.

Suppese .now that one. wanted to preduce ngﬁzmagniyude squared
functieﬁs butﬂsiﬁply'rational-functiens; meaning:that'requipements (2) -
and (3) :are reﬁOVed,'le@ving as the single criterion that all peles and.
zeros -be in. quadrantdal symmetry. .Such:functiené have simple zeros in
the passband anq_apprqximate:zero withiripple,maxima.ef”+i=and.minima
of ~1.- E#gmple§~are the entire set of Ghebyshevlpol&nomials and-the
set.of Chebyshev ratienal functions.. Notationwise thgy.will be called
R(x),,rational'functionS'of the real variablé-x.‘ Even,or odd nature
of the .resulting functian'Will-be retained. See:Figure L4-1 for a -
general .sketch. It is assumed thaﬁuéne knows the.degree of the-desirsd
raﬁional function-aﬁd-its deneminator in fagtored fermj; ise., péle

locations ‘are explicit.
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The approach to such R(x) is based on beginning as-though its
square, Re(k)a were -to be constructed. - An\F(x);consiétént‘with-Rgfx)
is consffucted and a corresponding G(x) is férmed,' Here: the procedufe‘
is truncated. The numgrato? of -G(x) is the proper numerator of R(Xy,
R(x) denominator is knoﬁn so that only ¢dnstant:multiplier adjustment.
is required.

The procedure begins by constructing a.medified F(x) -suitable.for

x a real variable and n the degree of R(x) -

- Y o> R
n m,vxe xE + vx xg

F(x) = 1. . — .
' Ti=1 = 2 _ xe 2. - .xe..
i=1 mi{x_ xE + /# xg
for -bandpass and lowpass, and
n m, + V%% - x%
F(x) = T (4.2)

i=1 —mi + /X2 2 xé

for highpass. F(x) is. censtructed so that . if operatiops were carriea
th?oughxip}£he magpitq@e‘squared sense;- all peles of R(xl Woﬁ}d appéarl
twice, i.e., F(x) is consistent with the formatien of Rg(x). It is
seen that the rotatihg vecer property exists in_tgé éésgbandffer X a
réal variable. Passbands are,symmetriqallylplaéed about:the Qriéin.v
Outside thezpassbqnd:F(x)'is real -and can,be made-to exhibit desiéed:

poles by. computing m; as -

(4.1) |

(1.3)




TL

in bandpass and-lowpass and

m, = Vx? - x% (h.h)

1 b

in highpass. - Again

G(x) =: e , (4.5)

and has-a ratienal numeratoer.exhibiting simple zeros in the-passbandh.
By carrying through in a parallel manner -as.before; one’'can form R2(x)
as the preduct of -G(x) -and G(x): R(x) is formed by truncating the:.
process at G(x), using'G(x) numerater over the desired  denominater and
setting levels with a censtant multiplier.

Computationally the procedure is:

1. - Square .the required denominater. It is assumed that - -the
deneminater. is in.factered-form so this-ameunts to

deubling of each-factor.

2. Construct.F(x) as -though -this :squared deneminator were:to,

be the final.one of R?(X)(

3. Set the ratienal part of F(x) numerator .over.the reguired
deneminator. The functien fermed.has all-desired pole

and. zero, locations and is correct to within a constant
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multiplier.

. Adjusttﬁhe;value at band edge to whatever-ripple is desired

threugh a .constant multiplier.

As an example, consider the sef of all Chebyshev polynoemials.

They are'lowpass, extending from 0.te-1, and have all -peles at infinity.‘

F(x) for, the nth polyqomiél is

Doy 4+ /¥ 1

F(x) =, I :
i=l -x +./x2 = 1
- (x.+myx2‘— l;)n , (L é)
.—X_+ V‘-};cz;:f-'— 1 '
G(lx’)'i's‘,form,ed,.'é.'s,~
_ Rational Part (x_+;Vx2“+,i)n3 '

G(x) = . — (L,7)
x : (x4 2 )R '

“R(x) is formeéd by setting the, pumerator osz(#)gé%érlfherdegired=
deneminator. For the .Chebyshev ﬁolynoﬁiais;the dénetiilator is.a

congtant; il fact uhity. Theéd.

R(x) =T (%) :
I .
= Ratienal part (x + V%2 ;leP'
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=HReal‘part-(x|+ jvi +.?2)n : (4,8)

which is recognized as one ef .the commen defining .equations f@;‘Tn(x)
(19).. Other examples are shewn in Figures 4-2,'4-3 and h-k. Tables

4-1, 4-2 and 4=3 1ist pertiqent,cémputational;Yalues.:

4.3 RATIONAL FUNCTIONS,WITHOUT. EVEN OR ODD.,SYM[EITRY?‘:_F
Gen@ratiap-ofifunctions“with even or odd'symmetry-iszngt an
intrinsjc preoperty of .the,rotating vecter principle. it‘is éasiiy
adapted ;to generateffuqctiqns,.R(x)i exhibiting. equiripple behavior
over.any,fini@é or infinite interval. Procedure is much.the same ags in
‘generation, of ratiénal fupctions,offSeqtien hio2, It‘is assumed;that .
the degree inthe functien .and its ;deneminator arg'khewn.v F(x)iis'
constructed as though Ba&x)-wére to be the end result.  The rational
'paft of FGX)-qumgratar will then:be the desired numerator.. The depomi-
ﬁatqr igpalfgady"knowg so that only agconstantrmultipligr is.required
£oxadJQSt‘ripplggva1ue.. | |

" For n the desired-function -degree, medified F(x) are.

n [ m %z x + x x |2
F(x) = 0 e = H - (4.9).

S . .1=l, fmi{x _lXLﬁ+ Vx - Xy

feor passband over the interval X, <X XH,

.y - L
3

1 The material in this: seetion does not: generally lead tg useful
filter functlons It is 1n¢ended only as a'mathematical: 31de11ght to
the’, generatlon of fllter functlons and - can be omltted with no, loss of
contlnulty
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Bandpass R(x).

Figure L-3.
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Hig
ighpass R(x)

Figure bL-L
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TABLE 4-1, Pertinent:.Values.in the Cemputatien jof ' Figure, -2, .

Ratienal, functien ef 'degree,8.

Passband extends, frem 050 to 1.0.

Pele locations

¥3,0:.1.5 ' Conaugate‘pégdﬁct.= - 94933375
(L péles~te?él)~ Conjugate sumf = 1.9473060"
£3,5 (2 poled total) - | . 95831485
» (2 poles total) . 1,0000000,

1l6ﬂ45967x8*- 235,6831@x6‘+ 1&9473715X4“

: _3@.696@h8x?f+ 10000000
_,@3064A987hx6*+ ,@l§6®8718x%
—;18829932x% + 1.0000000

R(x), =

Passhand zeros-.at -

X =\¢:.199615583'i .56469322, + .837L3802, * .98164A6T
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TABLE L4=2. Pertinent Values in,the d@mputatipn“of:Figure‘h—3°”

Raﬁiqpalhfunctien,ef-degree!lQ}

Passband extends-frem-1.0 to.2.0.

il

Pole.lecations Coryesponding\mic
£1,0.%51,0 Conjugate .product =,2,0000000
(b poles total) Conjugate sum. = ?:6832816u.
th,e (2 poles total) | ,394g2719:

31,0 (2,poles total) 1.5811388
(2 péleg.totai) " 1,0000000

13961 :168x+° — 190695 48x 4 1043585, kx"
~ 2908371.0x° '+ 4346962.1x" - 3304097,0x°"
.+ 999hh3.87. . .
R(x) = — 29 o i
-34,71h285x7 " + 520.71427x. + 416.571h2x

+2@8298571xF'+ 2021, T1h2x"

Passband:zeres at.

x-= *°1,0138523, * 1,1212712, *.1.3185613,

+ 1,5712704, ¢ 1.819223, * 1.9782853,
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TABLE"4-3, .. Pertinent Values in the;Computation of Figure L-l.

Ratienal- functien

of. degree 9,

Passband extends.frem 1.0 te infinity, v.

Pole'Locatieons
£1,0 jl.g
. (& poles total):
£0,5 (2 poles total)
£51.Q (2 poles total)
O;O‘(lgpo%e,total)

106485575 - 190.18398x" + 8

1346 7748x° + 678.0kb62:, -

quréspénQing

Conjugate .Product

Conjugate Sum.

55‘.736,5592;lt

R(x) =. b=+ I A
' 1.0060000x" +:.75000000x" +.3
3 g

. 7500000%"

+,3.0000000x - .1.0000000x

Passband < zeres ab. '

x-= * 1.025430k, * 1.2460000k, * 1,80

23073, *'3,4652179

.
Lo
'2,2360680
2,,5410393 |
.86602540
14142136 ¢

1,0000000
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. — T A2
n mi + VXL - X 1

F(x)= 1, =, (4.10)
i=l|-m, + Vx_. ="x|
RSN e | L.

for passband ever the interval X § x <®; and
n- miJ+\Vx‘é xﬁ,,?

Fix) = 1I. ' : (4.11)

i=1 |-m, + VE < x]
BT

for passband over.theéihteryalz—w <X § X It will ‘be explained

shortly th,F(x) appears as.a produ;tief\squaneq.rther thanhsimplec

terms.., All three-fungtionSjaFe rotating vectors;in-their respective
S

passbands-and have singularities at.x = Xy in accordance,with ,

X .- .

R I (h.12)
i L

| . .
m, = VX - % ' L (4.13)
{
and

l

mg = VX = xy (4.14)
respectivelys

Resul&gnt_R(x)yfunctiong havgg in_ggner@lq,no;symmetry‘whatggeyerﬂ
Correspendingly, concepts:.of:lowpass, bandpass and highpass have.no'
meaning., One, speaks ‘only.of .a passband interval. TFor example, R(x).

for.passband, ever.the interval XL < z-s_xH"yili;bg equiripple ,over-that,
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range only. Actienzef'R(x) for Xy § X S =Xp is not.necegsarily

cqngt;ained;\ Inh fact-it.is pogsib%erf@r,theégxragge$~to-0verlap{
Figure k=5 shows varieus pessibilities for R(gbé/

)

An impertant point must benpbservedxwhen{ﬁsing.@hese\F(x); The -
lack'ef \symmetry means that if aiéingq;arity is;piaced in F(x) at
x:=-xi,,its-negatiye_Wguldmggzﬁappear‘ip Rgﬁg),: Rather .there will:
appear a‘simple;poletofo2(x) at x.= x;. Ceﬁsegugntly, egch individual
pole of R?(x):must-be exp;icitlyqplaged'iqiE{X)f In terms .of R(x),
each individual pole must be placed Eyigg.ian(k)ﬁ' For R(X).Vith n-
zeros,.tﬁere‘areap poles Qﬁé n squared: factors iq_FGXl,'pfggise}y
enough to allew plaéing~¢@ch poi¢ of R{x) twiqe.

For a. given set‘Qf-spepifigations\;n‘ﬁiéé:- (ll(xL'and XHQ.(Ql
degree- of R(x) =.n, (3) pole légatiegs; X=X 5 Xy ced, X anqa(q)

Va;ue{ef\R(x)tat,ene‘band edge, .a computational procedure fer finite

passbandhis:

1., Censtruct.F(x). Equation (4.9) is used.

n, |m¥x - x "+ vVx -x: "% :
Plg) = 1 [l TR (4.9)
i=1 _mi/i'ijL.+7/§?; xﬂ. ’

: /wﬁeneg.inlécqord,with Equatigh (l12)

“

(h.12)

2, G(¥) il alvays be
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(a) Band extending to minus infinity

R(x)

NEM/A
YL x

(b) Finite band length

R(x)

/
/
/

(c) Band extending to infinity

Figure L-5. A few possibilities for R(x).
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Lo
o(x) = FELEd | (4.15)
because :an-even number ,of .facters are,always present in :
F(x)¢ Set. the numerater.of G(x)lover -a deneminator

possessing .the desired pele'lecations of R(x).. There,.

results

s _ Ratienal -Part [Hum Fix)]: )
Rix),= = K [Denominator] © (ks16)

3. Adjugt K te give the.desired value.at specified band edge.,

As 'a numerical example, censider.a rational funetion that is tq
be-qu$r;ppl§.from X=X tp X=Xy but ‘net for:the range.x = -Xp to
X=Xy ?hergzare to be 3'zeros'ipfthgﬂinte;val‘and'phe‘denomihqter

is te provide poles. at x =Xy, Xp and x.. . See Figure k=6, An

3°
’ appropriaﬁe‘F(@)lwou;d be

3- mi/X,;7k“f 2
RO e e
i=1, Tmi{;,— XLT+ yx = *y

LY YR %y

(4.17)

; 1= 1,2, 3 ' ' (4.18)




Figure L4-6.

3

Plot of R(x) = 32x~ - 1hhx2 + 210x - 99.

h8
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becomes
6.

P(x) = Vx - 1 + /k - 2

' —Vx -. 1 + Yx - .2

_ (3% - 1hhx + 210x —\99)‘f‘(32x - 88x + 70)/x - 1/x - 2’h 19)

| (32%° - 1dhx® + 200x -99) - (32x° - 88x + TOME - 1Vx - 2
‘Thén’
‘ o . 32x3 - hx® +“216X - 99 .
G(x) = % . ——— = \h 20)

(32x> - 1L4hx" +.210x - 99) - (32x - 88x + T0)vx - l{x -

We are interested in.the numerator only;so-that.

53

5 .
R(x) = 32x% »-alhhx +.210x - 99

X P

(h.21)

For R(1).= ¥ 1 or, what is the same thirg, R(2) = #1 we find K = *1.

4.4 THE CHEBYSHEV RATIONAL FUNCTION (CRF)l'

‘Thi$=clgssic form is perhaps as.familiar as the Chebyshev poly-

nomials. There is no need to define or describe it here; it is well:

1 The. term "Chebyshev rational function" has been used by some
authors (h 11) to denote any.rational function with equiripple- behav1or
in -the passband and arbitrary pole locations. The.class of functions
exhibiting -equiripple.lowpass approximation of -zero-and highpass
approximation of.infinity -were refered to as complete elliptic filter
functions. It is becoming more common (6, 19) to reserve. "Chebyshev
rational function" for this latter class only, while authors  invent
terms for the general class. This.is the terminoclogy adhered to in
this presentation., -
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treated in moest standard texts (5, 6, 8, 19, 21). An article by
Papoulis (14) indicates an.algebraic procedure:for determining ceeffi-
cients. Bennett (4) also propésed'algebraic'mgansufor low- degree :
fﬁnctieng based ‘upon his original transformatiens, These are the same
transfermafieps.that lead to the F(p) functions discussed in.Chapters,
"é.an@g3;- In that.same.article he alseo mentioned' that -a band to band
iterative-pregessAwhiQh is:.rapidly convergent may be.applied.
Guillemin cast Bennett's iteration in gifferentlwords and gaVe'a’low
degree example (8). The procedure to be describéd in here is of an
" iterative nature and arrives.at the- CR¥ as'a rational fumction of g-
regl variable, as presented in.Sectien M.Q,‘

In empleying the funetiens of .Chapter 3, two avenues of apprgagh
qaﬁ,be taken in prodqueing the CRF,, Theé first uses none of the already
kn@wngpropgrties'ef.the CRF .and is sﬁriq@ly-a band, to band:iterative,
ﬁ:éce$§, méhing first'tpe|loWbanq»eQui;ipp;e~with respect te highb%nd'
Dbéles and finding the lowbénd‘zerqsa then inverting the result,and
mgking the;highband‘equiyiépie;with resgpect. to what are:new lewband
.poles at t@e initial iewband‘éere,locationge' Thé segep@ procedu;eb
initially @ppears,@'bitﬁméyg‘sophisticatgﬁ but;prodgcesgideq?ical
results with ;respect to both-speeQ\aﬁd accuragy. Tt&useskthe property
.of:geemetfig symmetry of ;peles and.zereos of'ﬁhe~CRE3‘ Eer‘xL'=¢l this,.
symmetry is:abouthg center péintz /2;2,wher%txé is bheébeginping,of
the highband. For %EZ the .center frequéngy,\xzﬁ th% lecaﬁiQQ_Gf the'"

i - :

ith zero and.x, . the locatien-of.the 1th-'pole; then
i , o
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s 1= 1,2, ere, - (h722)

Stepwise, the .first progedure 'is:

3. .

Given.requirements.oef 'a CRF eof :degree n,.lewband frem 0, to
1 and‘higpbanQ'from-xc_to infindity, choese a-set of highband
pole locatioens, te-begin the iteratioen... Construct a‘lowpass

R (x) using these pole:locations.. This Ry (x) is of
T . . ' l‘i‘.

course, equiripple in lowpass..

Find the zeres of RL (x) and-use-them as peles for cen~
. Ly !

structien ,of -4 highpass R, (x) whese pasgband begins .at

H

X, and runs te infinity, RH (x)'is equiripple ,in highpass -
™oy . N :IL
but is usually no;lenger'eqqiripple.in approximating in- -

finity in-lewpass. It'wil;.be-equihipple,innbéth'b@nds
only 1f the eriginal;guess, for highband;pele, locations were
exactly the final lecatiens,-a mest unlikely prospect. ..

Find the zeres of R, (x) and use:them ds poles for the

Hi‘

constructien.of,a heWzlowpass'fuﬁctien RL (x),

2.

Conpinuglphequwpassfhighpassﬂéteration until zefo locatioens -

of‘Ri“(x);(er Ry (x) (ér;

k k

(x) ) differ.from these of Ry
Hre (

k~1)
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R (%).;) by less than some preassigned-meagure, -
’kfl) ‘ ’ ’

The- secend procedure;is:

1. Given requirements-for.a'CRE of degree.n, leowband:frem-0 te
1-and highband ffom‘xc to infinity, cheose.a set.of ‘highpass:
pole~lecatiqpé to begin the iteratiop.. Construct-a lowpass ..

RL.(X) using these pole locations.: This 'step.is:indenticgl:
1 .

to step (1) of the . first method.

7 Z Z .
< 1 2" i
s P, X _ _cv and - use- these as..
Z Py T

(x) ¢ 4y
L2

X 1 x

F = ¢ \ —
orm x_ =,—=!', X_ =,——
C Py Hy T By X

nev pole loca%iqns‘ﬁe-fo§m~R

2. ' Fing the, zeres of Ry (%). Let . thembeix_  , x_, °°% X .-
C ..

3. Continue to form new.R. (x) until zero legatignscof'RL (%)

Ly K

differ frem these of Bﬁ (x) By less than seme pret
' (k-1) '
assigned measure.

Dependence of ﬁhe;sgcep@ipragédgre upen geometric~symﬁ§tryiof:thg
dRElis'ev§denp,= Beth‘me#hod§ preduce . results of.i@entigq;‘occuraéy~
in{an-idgptfeal ngmber of iterationq (anh qew;cempuﬁatigﬁﬁof-én'
equiripplggfupqti@n is)counted as one iteration, be the;fqnc%ion~iowp§ss

er highpasgg){‘ This\is th.sﬁrpriéing in view of the-féet-that's¢ttiﬁg

X . 1, . . ' o
x, = ;2 essentially censtitutes a lowpass te highpass transfermatien.

i~ e, - . .
" B R o ! : Ll [ .
So the metheds are-equivalent. -However, Procedure -2 results in g

; '
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shorter cemputer program. 'Executien time :is-of ,coeurse the same for

.beth:- Cemputatienally a simplificatien is pqssib;e in boeth precedures. ,

Rather than:censtruct R(x) cempletely in-each'iteration; only the.

zeres of the rational part-of the numerater of 'F(x) need' be.found.

The  programs written-include this simplification.

‘Beveral runs en the cemputer previded the fellowing .infermatien,

seme of . which has, beenstated:

1.

Both precedures gave identical, results in the 'same. number,

of siterations.

Althoeugh ne cenveygenqg-preef haSnbeen‘found,,no example
of failure to.converge was enpopptergd: Indeed, monotone -
cenvergence of .zeros to their, K final locatien.(acqurate'to

8 figures) was.found: in every . cgse.,.

With the exceptien neted below, for a'given Xy the number
of,iteratiqnsvwas-eSsentially independent -of ‘degree. For
X, = 141, about 13 iteratiens,were. required; for;xc,= 1.25,.

about 9 'iterations were required; for1xc = 2.0, about, T

iterations were required.,

. - Initial cheice of highband pele lecatiens hagd:almest . no -

effect .on -the number of iteratiens required with one.

notable exception: For.n =4, 8, 12, ravy deee, fOrZS.




90

even, when,the initial poles were divided equgily between .. ..

half grouped,at 'x =X, and half grouped.at:'infinity, the
number,of.itegationszregu%red;dec?eaSe@ significantly.
For-x; =~1;1,.abéﬁt“?'iﬁefa#ioga.wére required; for x;'=
1:25, abeut 6.iteratiens Wé?e‘reqﬁired;'fo; X, =-2:0, about
L iterations were required. For n.=-2,-6, 10, oo, doeo,

_ fer'% odd, the functien will not allew an.equal division
of initial pole locatiens between band-edgé‘and infinity.

By setting n'é.l poles at w_ and‘ni;\l

.poles at infinity,
a.reduction of notimbre:than one jteration:.-was observed.
3, 5,-T;:°°°,’anTapproximatelylequal-division of -initial
vhighband poles between w,, and infinity gave no reduction

of iterations.

Figures 4-7 through 4-10 show migration of lowband zero locations
for Yth degree -and 8thrdegree-functiqns; first for ;all highband poles
chegen initiglly at.infinity, then for equal divisien betweqn»xc_and

infinity. .

4.5  GENERAL EQUIRIPPLE.PASS AND STOP FUNCTIONS.

Thegé fuﬁcti@ps\are a.generalizatiep.of.tﬁe CRF'in that.(1) the -
upper_frgqﬁéncy;baﬁd‘ﬁay éxtenq ofer finite'limits rather thén to
infinity;‘(Q)ftheilower freduenéy.band may begin-at‘séﬁeffiniﬁg, nen~
zere frequency-or (3) beth characteristicsxmay be exhibite@s See-
Figure-h;ll for an illustratioﬁ of ﬁhe géﬁ?ral:fé;m, Bince they do not

in general exhibit the geometric symmetry characteristic of the CRF,
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All initial poles at infinity.

10

X =
.92
b5 .95
46, .95
467 .9531
L4673 .95319
.L6736 <95319
O o1 6
467366 953197
o Oo—r— 17
467366 .9531974
467366, -953197h
46736641 -953197k1
Figure 4-7. Zero migration for CRF. of degree 4. 1.25.

Tterations
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x=0 x =1
.46 .95
O O 1
467 :
O— ?}53 2
L6736 +953197 3
467366 .95319741
O o—1— L
L7366k .953197k41 5
16736641 .953197h1
Figure 4-8. Zero migration for CRF of degree k4. x, = 1.25.

One initial pole location at x_; ome initial

pole location at infinity.

Iterations
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A1l initial pole locations at infinity.

x =0 x =1
.19 .83
- .55 - o8| !
.23 .88
e ey M
.2k .88
—0 O O Of— 3
.64 .988
.2hs .889
O— < —O- or— |
.650 .9886
250 .8892
O O O O— 5
.6508 . 98867
.2h525 .88925
o o o O 6
.6508 .988675
.2h525 .889257
O - O O~ Or— 7
: ,65085 .988675
.2h52537 .889257
O— O— —Cr 0"""‘8
.650853 .9886755
2452537 .889257
—0 O O— O1— 9
650853 - .98867551
.2h525377 .88925728
—0 - Q- O Oo1—10
.65085310 .98867551
Figure U4-9. Zero‘migfation for CRF of degree 8. x = 1.25.

Iterations
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= O_ x =1
.2k .89
—O- —O— O Of——-7.
.64 .08
.25 .8892
> .6508 “o8867| °
.245253 .889257 .
- O o3
.65085 . .9886755
.24525377 .88925720
—O- > > H—
.650853 ° .98867551 4
24525377 A 88925720 L
© .65085310 - .98867551 >

Figure 4-10. Zero migration for CRF of degree 8. X, = 1.25.,
Two initial pole locations at x ; two Initial

. s s c .

pole locations at infinity.

Iterations




ol
60
o
)
»
1
)
tp
o
Kl
b

ja o]
=
O
l
4
V (=
.\\ =
o]
e~
b

General equiripple passband and stopband function.

Figure L4-11.




%

an iterative progedure like the first one.mentioned in.Sectien 4.k is.

used. Speecifically, it is:

CH 1)

Given :leyband limits? b4 ‘ and ‘highband limits,

lew I %16y H°

and x, - and desired degree.n; choese a-set of

*high L, high H

highband pele iocatiqnstﬁo‘bggin the -1teration. .. Censtruct

a3lowban@‘RL (x) using these pole lecations:
1., o

Find the .zeroes of RL,(gl and use them as peles-for ¢on$ﬁruc_

tien of -a-highband RH (x)..
[] r‘« ‘ l

Find the zeros of;RH”(x) and use them,as ‘poles for.construc-
. ! \,l

o (x)

tidngef a lewband R

Centinue th@;iﬁera@ion,until zere lecatiens of Bﬁ (%) (er.
. o . -

Ry (x) ) differ from these of R (x)(or frem these.of:

RH (x),) by less than seme. preassigned measure.

"

Again the cemputatienal simplificatioen of finding enly the zeres-

ofnG(x){numerator wasyused in writing a.Fortran program, EXecutioen of,

the program previded the, follewing genergl infermation:

1.

Menotgne convergence: of -zeres and peles to their final-
locatiens . (accurate to 8 figures) was again:ebserved.:

This was true in every .example élthough ne cenvergence.
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proof has been.found.

N

With the exception;neted.inh(Sig fer -given lowband and
_ highband specificgtiops, the number of iterations vas -

essentially.independept'of=degree; For lewﬁqg@‘expendipg

from © te‘lQOQ-highban@“frem 1.1 to SQG;'ebout,lA iterations.

were, required; for lowband exteq@ingnffomIG to 1.0, High-,
band.from.1.5 t@ 3.0, about 9 iteratiéns were required;
for lowband . extendlng frem @ te'1.0, highbangd’ frem .0. te

3.0, about 7 iteratiens were required, .

3. It was again found that for,g-even, a .choice of initial
.pele locatiens equally divided. between the ‘low and‘high-‘
limits .of .the highband preduced cehvefgenee-with eignifir-
cantly fewer iterations., Theirfpumber dropped;to abouf
8, 6.and 5, respectively, for the bands listed in (2).

o . . n
Decrease in iterations for é-odd was notmore than 1

with :initial Sl l"pole,loczaﬂc:]’.on'.s at low-limit of the:

.2
n.+ 1°
2

highband and at the high limit: For n odd'and an
approximately equal placement of initial poles at-low and
high 1limit of the highband, no change in the number of

iterationsg was observed.

Figures 4-12 +hrough 4-15 ShOW’Mlgraulon of lowband ZETQ. ¢ocat10ns

and hlghband pole locatlons for hth degree and, 6th degree funetlonsa

.




and stopband function of degree k.
Initial pole locations at 2.0 and 2.5.

as shown.

Band edges

x =1 = 1.5 x = 3.0
RIve)
O O 1
93
LT .
a 242 2
Lho
O —Or 3
.94L489
1.57173
3 % N
2.4231
Lhor22
.9kL918 2
%;5717329 5 6
" 2.h231146
Lh212251
T .9hko18h1 T
}-5717329 »
” 2.142311L6 8
L4h212251 N
.9L44918k1 9
Figure L4-12. Zero and pole migration for equiripple passband

Tterations
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x =0 x =1.0 x = 1.5 X 3.0
R
- .ol 1
1.57173 .
LA 7\ 2
2.4231
.hhggzzs R
© T okho18h1 3
1.5717329
~ 5.0531156 4
JAiho12051
.okLo18h1 >
%;5717329 .
T 2.4231146 6

Figure 4-13. Zero and pole migration for equiripple passband

and stopband function of degree 4.

Band edges

as shown. Initial pole locations at 1.5 and 3.0.
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x =0 x = 1.0 x = 1.5 x = 3,0
'g@ 9T N
- Tk
1.53 2.\§8
" 1.83 " 2
-303 ;9758
- . 766 3
1 530%7 2\§8
" 1.83410 ” b
.303639 .9758288
.766350 2
1.530976k 2.6849972
" 1.8341011 ” 6
.30363946 ,97582883
O 76635027 T
1. 5309\'/{6!; 2. 6§5h9972
’ 1.83L41011 h 8
.30363946 .97582883 :
76635027 ?

Figure b-1k.

Zéro and pole migration for equiripple passband

and stopband Tunction of degree 6.
as shown.
and 2.625.

Band edges

Initial pole locations at 1.875, 2.250

Iterations
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=0 x =1.0 x =1.5 x = 3.0
29 97
o —0—_0 1
.75
1.53 2.68
o X 3¢ 2
1.83
-3036 .9758 3
.T7663
1.530976 2.68 \
1. 83410 a
.3036;9 .97;8288 ,
766350 2
1.530976k 2.68L9972 §
1.83L41011
.30363946 .97582883
- 76635027 T
}.530976h 2.@?&9972
T 1.83h1011 ) 8
.3036;9&6 .9T5§?883
. 76635027 9

Figure 4-15. Zero and pole migration for equiripple passband
and stopband function of degree 6. Band edges
as shown. One initial pole location at 1.5; two

initial pole locations at 3.0.
in iterations.

Note no decrease

‘Tterations
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All highband peles -are initially chosen. with:about even distributioen
in highband, then placed soley at band edges.

‘4.6 EQUIRIEPLE,FUNCTIONS WITH PREASSIGNED: EXTRAPASSBAND ZEROS 'AND

r.AﬁBITﬁARX'EOQES

| The rotating vector principle~as presgntéd in Chapters 2 .and 3.
reaches a limitation when.applied to the problem of functiens.with .
preassigned extrapassband zeros and arbitrary poles. ©Section k6.1,
shows that facter by factoer constructien of F(p). is not .generally
~possible, Section 4,6.2 presents.a complete, altheugh net entirely
-satisfying, selution to the problem.

4.6,1 Problems Encountered in the Rotating Vector.Principle..

In order to.clearly understand the .nature of preblems.encountered
when forming equiripple. functions with prescribed extrapassband zeros,
it is well to look,at-functions F(p), . G(p) end H(p) from another-
viewpoint. Heretofere-attention has .been paid: only todthe logation of
poles. Maxima and minima leocatiens within the passbandfweré;not of |
express:concern. The rotating vector principle.implicitly set the
passband:zeres and accordingly the peints at vhich H(Jw) = 1.. We
wilk now-indicate the mechanism by.which these passband points;are set.

Assume that.F(p) for some bandpass function of overall degree 2n:

has been constructed and G(p) is now.formed: Ve see.that-

o(p) m — BBl . (4.23)
Alp) r.B(p)/bZ‘+(d%%b? + wéz

where A(p) is an. even,pelynomial of degree n and-B(p) is an-even
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&

poelynemial ef degree n .- 2. From this

2(

Hip) =7 ) e (l,2h)
A.(p) Z %) (o w )(p + wH)
We noy- inquire inte hey the gxpreséion of H(p) 'in this form displays
explicitly theyzéro$ and%ﬁ%ximgainhthe p@séhan@z

$he¢ansyers tq such,iﬁquirgjare imme%igtgy: Zerqs~exi§t'gt the |
zeres of A?(p)% Allisuch zeres gre.in the passhanﬁ_gnd@are‘déublg;.
thgreforg\H(p){is/positive on, both.sides of the locatien. Iy_ié'@lse
evident:that B(p) = 1 wherever 3°(3) (8 '+ of)(p% 4.02) =0, - 411
zeros- of B (p) -are- therefere in the passband, are double.and imterlace.,
‘these of A (p) Slpg@-thgy ar@ @@ubleq!H(P)(lﬁileSS‘than‘Qplty on
either side of thgmm" Thg-fag@grg\(pe +;é§) aggl(pg +gw§) érovide,
single serder zeres in the expressien @bevé; .Hénge‘H(p):centinugs
through éugh‘ﬁeigts,yitheui'again-ﬁprniné dewmward. ¥

In more, cemplete terms one ,may erte,
2 2 232
(° 4l -
> . . 1,1 : : SR, : -
H(p) (=< o B S {n-1. - s R (4.25)
4 2" 2 2 2 2 2 2,2 2 2 ;
2 1774 292 - 12 1 (2 P[P WD) 6P )
i=] - N c ,=l R : )

The’ numerator and-its 1dentlcal\den®m1na$or term 1nd1cate pelnts at

which H(p) = 0. The. zeros are”deuble' The right hand:tgrm of the:
B - =1, - '
. 2 22|
deneminater, viz,,.~L | 1 (p +~w.)
' i=1
the peints~at=which H(p) =:1." There’ gre n-1 deuble order internal

2 -
(p ‘+ W )(p s mH), indicates-,

p01nts and the two.band edges, “both: of Whlch are, 51ngle order pelnts

Flgure 4 16 shews the 51gn1f1cance of these remarks. The;retgtlng




H(jw)
1 . 1
? z z z
1 2 L
Figure 4-16. Passband of four ripple H(p).
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vector principle used so far has not required explicit computation of
either the zi's or the wi?s° THey were generatgd-automatically in the.
procedure with only a knowledge of desired pole locations and, band edges.

Equation 4.25 for H(p) as a magnitude squared function is.the same
as that arrived at in another manner by Humphereys (9), showing that
the procedures have a common point.

Now consider the requirement of a three ripple bandpass function
with a double order zero outside the band at w = Zextl° All specified
poles are assumed at large values of p to keep them froﬁ complicating

the picture. Figure 4-17 shows the specified function. From Figure

4-17, the req%ired H(p) is

of o - o221, 2 2 2

K igi (p +'Zi) (p° + Zextj_)

H(p) = 3

{Kg[ T (p° + z?)zj'(pg + 22, )2

Cli=p 1 extl
+ (k.26)

5 .

2 2 2.2], 2 2., 2 2, 2 2 2

-L [izl-(p + wi) ](p f wI)(p + wH;{p + wextL?(p + wexte)}

For this to be formed in the usual fashion it would be necegé@ny to-&ayg.;

K[ﬁ (p° +,z§)](P2 e 2 )

: ext
o
| 1G22, )
L= 1 ,
5 (L.27)
2 2 , : 5
_ Ty fE 2 SRR 2% 02
L[ ro(p”+ ‘”i)]‘/p +UE YpS g vpS Wl VPR ug )

i=1 1 2

The numerator is a polynomial, which has always been the case with G(p).




iff L 1 2 H extl Pext
0
e | o Z3 Zext
als
Figure 4-17. H(p) with extrapassband zero at S
1

90T




at wi= w

e

lot

The right portlon of G(p) dencminater is not‘of~the uSual form. In

contrast. te the .usual 1rratlenal part belng enly band edge‘lnfermatlon,

it has radlcals at tWO‘ether points, w = w . .The-assoc1ated-
' extl ext2

F(p) is a retatlng vector noet only inthe passband but alse -in the

1nterval w <wgw!

tl 3 ' -
More cemplex cases are shewn in. Flgures L 18 h 19, and h 20.., In

- each, a three ripple bandpass functlen 1s shewn hav1ng double.erder

zeres a3t w = 2 “the poles belng at spe01f1ed loecatiens

extl ext2

euts1de the. portlen shewn The numerater.ahd left han@ denominator_

éxpressieh!ef~G(p) will,again be boljhemials; repiesenting the-.
. . k! r R A o

.1ecations_ef:the\doubleworqer zerps\ih h(p),. The_righﬁ'hand denomi-.

nater expressien must have:zerosnat W= wl, me and radlcals with zeres -

L P
e . . s

Lz_@ﬁg In: addltlen 1t must have radlcals w1th zeros at

.5.

w =,qext1. Flgure h 18 has s1mple radlcals at e T wexti iextg’
‘ext§"wext4% Flgure h 19 has simple : ?adlcals ah W . j }extl n : i
w..-f and a-pelynomlal;fagtergat_w ;u& 5 Flgure M 2@ has 51mple
e_§3 ' T i re¥t2 R
radlcals w1th zeres: sat wE o s W2 - and a facter efAthe form.
B ,extl ext2‘ |
hav1ng zeras located 1n quadrantal symmetry with

) o
/ahp + ;8P + ao

1mag1nary part semewhere between Zexti and“zéxtg-

In general; HQp) has-phe«appearahce o R

2,y 2, : o
A-(p)C (p) : PRI : Y
. ; . SSHEAS (L.28)
2( )cP(p) - B2(p)D(p) (2% + wi)(P2 )

H(pj =




H(Jjw)

Figure 4-18.

Z

H(p

1
)

22 23 Ze

with two extrapassband zeros and disti

xt
net w
ex

80T




H(jw)
w w w w
L ] 2 H w W W
7 U AT ol do S B e Sy S L
0
z z z z z w
51 2 3 extl ext2
Figure 4-19. H(p) with two extrapassband zeros and double order unity value location at
w
ext

2

60T




H(Jjw)

B % ~

X
\ 8 1 & H ext

T e ey L
‘1 9. \J‘! \\/\

Zl Z2 Z3 Zext

16
Figure 4-20. H(p) with extrapassband zeros and unity value locations displaced off jw axis.

OTT
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n
Alp) =K T (p° + 22) (k.29).
i=1- : ' .

indicates- the passband, zere locatiens, -

n=_-=l'- : .
B(p) = L (p° + w,)? . (4.30)

i=1

indicates. the passband unity;lecatieps,E

Qo

. 2 . 2. '
C(p)i= W-{p~ + 2z, ) . (4.32)
‘ . ext,
.q_:l 1
indicates, extrapassband zeros and D(p){is . polynomial indicating
extrapasgband:points; of iunity value, which may, or may-net.bé on the:

Jr-axis: From this

Qo) s Al s
1A(P)C<P)'— BGP)/D(p)/b%“+ w%V@Z + mﬁ'

A(p)C(p) + Blp)B(RIVEE ¥ aB/eZ ¥ g

F(p) = (L.33) .

KE)(a), - 3o BIVEE T 2 ¥

It. is at this pqint.théthdifficulties appear. It 1s shown. in:

Appendix A that one canmnot construct any.general set of functions,.
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'ci(p)"pz + w% + _Di(p.)v/‘p2 F wHE
~¢,; (p)/pZ + w2 + D, (p)Vp? + wH?j

F,(p) = (4.34) -
where Ci(R)-and Di{p)'arg expneSsiQnsﬂthat&aré:p@lyn@mials;nradicalé,
er,predﬂcts‘afgpolyndmials-and~radidals,rsqgh thab'thgir‘continuéd
product.will :ferm the desired F(p), unless D(p) ‘is kﬁown-atfﬁhe cutset.
Probléms wiil appear iﬂ.failure;of'radica15‘$e.di@appear in-crosé,
products. Anyureéulting expressions‘willzbe cluttered wyith radicals
which Will.ﬁot.cancelﬁ-.For a‘functien=with'prgscribed'e#?répaséband
zeroa~an@'pﬁ§scribed denaminato?;;the:rotatiﬁg5vecter~princiﬁle will
net-yield an H(p) with rational nume?afor;

In essence, the:preblém arises froﬁ’being'unable to determine
the set of wéx : initially or to put it in othef férms, fréﬁ
inability to determine over exagctly what intervals outside the passband
F(p) is to agéin become a rotatihg.vecter and through %hat inéle‘it
should rotate. :

There remgins another geﬁeralfclgss of funétions for‘iﬁ#eétigatieno
If it is not generally possible ta dgtermine an F(p) that is.é rotating
vector for all intervals in which H(jw) £ 1, there are .still those
F(p) that aré‘rotating vectors in the passband and striétly.réal ouéi
side the passband. It is shown in A?pendix B that such functiens will
introduce undesired poles into‘H(p) and are not useful. |

Such results do not mean that the rotating vector approach cannot -

produce H(p) with prescribed extrapassband zeres. What is meant is

that the approsch will not allow extrapassband .zero placement with an
. - .. . 1 © ) ]
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arbitrarily. prespecified. denoeminater. One must accept the-deneminater .
that .appears.

Toe illustrate this, let

A(p) + B(p)vp2 + wivp2 * ug

(L4435)

F(P)F = R i - . i RIS

' Alp) = B(p)Vp2 * W2/p2 + w2
be' fermed 'in. the usual way for certain pregpecified pele lecatiens.

It is the usual bandpass F(p). Let C(p) be a pelynemial representing
the, desired -zero locations, the locatien of each-eVentHal daquble. erder -

zero-appearing once. . Also require.that ¢(p) be real’for;éll w.

2 2
Rl (p~ + ZeXt.) q even ‘
i=1 i : X
oe) =y y o (h.36)
- y 2.
Ip/3 B (pF+ Z oyt ) q odd
i=1 , i

Insert C(p).intb~F(p) ﬁo obtain a gew~F(p).

A(p)C(p) + B(p) VP ¥ WBVEZ ¥ a8
P — - (1.37)

F(p) =

The ney F(p) is still a-rotating vector in the passband and will lead .

to

. ' 2 2

- (p)C°(p) -

H(p) = gy B B 5 - (4.38)
F () - B5) (0% D)% + uf) -

which exhibits the ze;oé of C(p) in double order. The denominator is.

no lenger, that one Qriginallj specified. ‘ ,
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W, 6,2 A Solutlon to the Extrapassband Zero Problem

Although fermatlen of an H(p) in the usual -sense of factor by
factor construct;on,of-F(p), formation of G(p) and finally H(p), has
been‘shoﬁﬁ in'gengral not .pessible,. the.geﬁeral’form of H(p).offers a
selution.’ The procgdqreAis-Qne of beginningiwith:this general ferm
and determining peints where H(p) = 0 and H(p) = 1. It leads to a set
of nenlinear simulfpaneous equatiénsawhose solytipns are found by an
iterative NéthnVRaphson é;ocgsé (u9; 10).

‘We haye as. a ‘desired H(p), Equatien 4.28 -

H(p) = - . A (P)C (p) : ':;,." (4,28)
T REPE) - Bone) 6P + 2 + al)

where

Alp) A K ﬁl(p_ + 25) | | (h,29)

mp>gzﬁfuﬁ+w§> l (4.30)
i=1 -

op) o TGP wal, ) . - (1,31)

k=1 k

and D(p) is an unknown even monic polynomial of -degree 4q. Since D(p)
is evén, monic .and of degree hq, it has 2g coeefficients that are

unknewn. K and L are unknown cantapiso

Knewn informatien abeut H(p) is:
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1. The degree of all polynomials. Deg (A(p) ) = 2n..
Deg (B(p) ) =2(n - 1). Deg (C(p) ) =23. Deg (D(p) ) = hq..
2., Band edges, w_ "gnd-w

L H’

°

3. The 29 extrapasshand zereo locations, *z__ .
> ; ' extk

‘L, The overall deneminater to within a constant multiplier.

The zeros of the deneminator are known. .
The probleﬁ is to find all Zs The unknewns are:
1., Passband zerq lecatiehs, Z,: There are-n of these.

2. - Passband unity'loqations,iéio" Qhere are n - 1 of théseo

3. Coefficients &f D(p). Thére are 29 of these.

4. Censtants K @n& Lo
A selutien precedure is:
2 2 -
1. Expand A2(p)C.(p) - BE(p)D(p)(p2 + wL)(p2 + wH)g into a

polynemial. This polynemial will have 2(n=gq) + 1

unknown coéfficignts represented ih té?ms of 2(n + q) + 1
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- Let the.equatiens be represented as'Fi
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unknewns. - The unknewns are: (1) n z; lecatiens, (2) n - 1
w; lecatiens, (3) 2q ceefficients of B(p) and (k) censtants -

X and L.

Frem the desiyedypole“lecations,'form the deneminater.

It need net:.be a‘meniCupplynemiql_buﬁ is mest likely to be

_so by the process of factoramdlﬁiplicatioﬁo The'denominat@r'

is even-and of degree. k(n + q), having 2(h + q) + 1

coefficients°

Equate the 2(n+ q) "+ 1 unkhewn5coefficientslef H(p)
denominat@r to these.of the desired.deneminater.. A set

N N
of 2(n +.q) + 1 nenlinear simultgneous equatiens.in as;

many . unknewns :results.

Selve the set of 2(n +.1) + 1 nenlinear simul%apequs )
equatiens.. Out of;this‘sét of selutiens-ene is interested

in nz, lecatiens and the censtant X:

4

An‘equation,solving,pfocedure is:

I
o
=

1]
=

o
no

o

v

2(n + q) + 1.¢

2.. Make an initial .guess fer the selutien values, called X53




Co1T
=1, 2, ey 2(n + 1) + 1.

3. - Numerically eobtain theTpartial,derivativeé;.aFi/SXi, as
i . E B - [ . L -

¥y Ej(xi\+“6xi) - Fj(?iz ) (4.39)

T - [

ax, 1. Sx.
£s i

wheére 6§ :is.a small cedstant.

L.. Selve the resulting -set of linedr sim#ltanéegg eduatiens

(Newbon-Raphson)

2(nhg)+l IF, . . .
D sy = B i =1, e, 2(n gl vl (boho)

o2 X, i 757 5. PR

l*l o1 - ' '

Tor, the unknowns A%,

5. Replace-the initial values of x, by x, + A%,.

.6¢ ‘Repeat this,pfeqess until the Axi are.as.small as desired.
w R [ '._ T ’ ’ T e ' .

A sgiple ﬁofﬁran{pregréﬁmwas writfén, verifyifig fnis §81p%ioﬂ
procedure. The methed was net extensiveély puréﬁéé'fdr~%hé:féliéwiﬁg

e
h

reasens : . }
i
“l. An initial guess quite .clese te the final seiutioh\is

required for .cenvergence. -
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2. I§-i$¢iqef£ici§qt.} waar¢~intqre§§§d in n- # 1l.variables,
yet must .selve a set of-2(n +.q) + 1 ;simultaneeus nonlinear

equations to arrive at them.
3 MgGee,(lB) has presented a method for -such op@ratipns:that{
appears to be more efficient. It is also guaranteed to

converge.

LT A'CLGSEDvFQRM,SOLUTION.FQR:AMCLASS.OF‘MULTIPLE PASSBAND FILTERS

An extengion‘ef*the.rotating<vectqr principle allows clesed, form,
censtructioen.of  a class.ef-multiplegpasgbandafilter;functionﬁq Any

number of pasgpan@s'can‘bé-constructe@ immediately. Watanabg‘(l@)

- produced functions with twe equiﬁippletﬁasgbaan? McGee (;3) quuiyed-

a doubly iterétivglprocedure forlsolu?ion, although hi§?§olupioﬁiia'
general.
The élasgiposﬁessgs the following characteristics:

1. All\bagd”are prespecified. They;arg-@1.< Wy <200 By Wheze:

k ig the-number -of .passhands. See Figure 4-21..

2. - Al; passbands-have ripple between 0 and 1,

. 3.- A1 passbands ha&e‘the_same number of, zeros. Let this

number be n.so that %-is the total ripples per.band:
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L, Oyt .ef the total .of 2nk pole locations; only n of -them.are

independently specifiable.

@peratiohslare based on coenstructien-ef.an F(p) that.becomes a-

rotating vegtor. feor wf,siw L edd; and is a real functien for

S Woys

Qﬁhex-d. From what has gone before it i1s reasonable to expect F(p) to

indicgtes-a band

be cempesed of products and sums of-sz'*‘migwhere w,

.edgee "
Numerous . F(p) (can be constructed te provide the rotating vector
feature: One suitable -F(p) is,
7 vl av o) 7. . ey W Sy v e S
P(s) .= ; mi{@ + wlfp + w3/p + oz +/§ +,92/§' +.@h¢b A '
: i=1 -m,/pZ + w2V/pl + WllpZ T wlers +/pZ 2/p7 + w2/pZ + wlees
i=1 mi/p + wivp wZVpT w5“ p° + wivVD WiV we

-(g.ul)

Another F(p) is.

, v 38w sbrne Wy murcumy SO v srammy  mv vy 3 v surasry SN

R R R e SR kI i
D e ST T T T T, T 0237+ wl/pT T wliee

Ci=1 mi/?' + wl(p + wu/b gt +/p?, o+ NQ{P' +,w3/p + Wzt

(k.h2)

For.w, § w.g % odd. 4{41 and 4. 42 .are rotating vecters. In all.

g S WS Yaagn

other intervals they are real.
The d%fferen¢¢"between;them3p@mes,in the ‘band' edge value of the,

individyal facters. Write F(p) as

F(p) = 1 F.(p) (h.143)

1 . R




Figure L-21.

General multiple passband appearance.
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where

mi/pY + Qi\/pz + wzv/_pZ + -w;--- +x/_pﬁZ + w4/§2 + u‘)Z/pz + w%“"

3 2 L

Y v ey Wav, vy ey S o sarmy S v ey o ny v S
m, Vp* + wiVp +w3/i) + g +/p +w2/p +wh1/p + uge

F,(p) =.

(4.1))

for 4.41 and a corresponding expression for L4.42, In L. 4k Fi(jw ) =1

2

and Fi(jw£+l) = -1, % odd. .Fi(jw) alternates in.sign for'successive W,

In the expression that corresponds to 4.k42 Fi(jwl) =1, Fi(ij) = Fi(jw3)

= -1, Fi<jwh) = Fi(jws) =1, ete. F.(jw,) alternates in sign for suc-

i 2)

cessive pairs of w,, having the.same sign at the end of one Band as at

0°
the beginning of the next.

Bandpass filter functions always.have n even. Both L4.41.and L.kh2
give F(jwi) = 1 for all 2 and are suitable. For the special case of a.
filter functioﬁ.that'is lowpass from W, = 0 to-m2 and highpass from Wy
to infinify, 4.41 becomes

n mip‘/'_g2 + w% + /pf+ u)é
F(p) = I S— — (4.45)
i=1 —mip/p t g+ VD + wg

and L:42 becomes.

n n.p + 1/};)Z + wz/pf+ w2 i '
F(p) = 1 — 2~ 3 (h.46)

s 7 Z./7 7
i=1 m. P + Vpt + wz/p + w3

For n odd, 4.U45 gives F(jw2) = 1 and F(jw3) = -1, This would lead to.

G(jwz) = 0 and G(jw3) = 1, G(jw) must -be unity at both points.

Proper values are provided by 4.46., For this.reason only; 4. Lh2 will be
)
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chesem for.mere.examinatien. The discussion; about pole sets 'will pertain
'equally to . beth L, hl‘and h Lo Wlth obvious, modlflcatlens.'

. Poles are: placed ih H(p) by setting -

(p% * usz)(l"2 + ) (p2 + FuZ)ee
m, = -tpl i i i (4,57)
(p2 +. wz)( i + }(p + w%)'” ' S

Uo'l\.')

As remarked, each m; value has a55901ated with it k: vslues of (W
-satlsfylng I, MT Appendlx C has a, more detailed discussion’ of} the
1nterdependence\of poles.' ' | |

| Aq(p) is fermsd-in tHe;ususijwayy

‘.]'.

T

PR SUNEL | o e

':as are G(p) and: H( ).; The author haSLwritten aﬂplotting program using ‘

M,Hgﬂ qraphlcal results are shown in Flgures h-22- and h- 23

k. 8 FUNGTIONS GENERATE] BY FORMING .G(p) , IN-AN ALTERNATH WAY..

Us1ng -an- 1nyar1anb F(p),-lt ds ;interesting to.cehstruct G{p)

L , N |
" in Ways ether than (G(p) ;= ?(p) T (T;}' . Censider the:addition -eof:a

censtant K to F(p) B1v1s10n of thid by K+ l Wlll.prov1de a(p)

rd

.Wlth value_*l\at band edgeq

o) = FolEEEL S O N

_1n,Fiéure_4E2h-are shevm G(p) in the .pasgband, for beth K-:< 1l and K > 1.
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Figure 4-22. Two passbands, three ripples per band. Poles
placed at w = 0, 2.25, L4.25.
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Figure L4-23.
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Three passbands, three ripples per band.
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i

The magnitude squared in,the passband is given by-

K2 + 2K cos¢ + 1

H(jw) = ' - (%:50)
K2 + 2K + % :
: . S s 1)2 ' S
with maxima .of unity and minima of: K + 1% - For any 'K, .it is:seen,

that:an identical functien resultg,lf:K is subgstituted, Hence it is
sufficient to consider K >.1 .enly.

Representing .a bandpass F(p) as

A(p) + B(p)/p + wz/p + ﬁ
F(p). = : (4,51}
A(p) - B(p)/pZ ¥ wevp® +7§§'
where (A(p) :and B(p) are even ‘pelynomials, we have.,
(K + 1) A(p) - (K-~ 1)B(p)vp? + wZVp” + uf
G(p) = = . (4,52)
(K + 1) a(p) + (X +\1)B( )Jp - wz/p e wﬁ;:

No longer is the .numerator strictly ratienal, but.there is a dichotemy
of real and imaginary parts in the passband, allewing fermatien of -H(p)
as a magnitude squared functien.

(K + 1)2A2( ) - (K - 1)232( )(p + wz)(p ¥ wz)

H(p) = - (4.53)

(K. +1)282(p) - (K+ 1)282(p) (p2 -+ 2)(p% + wﬁ)

‘ Figure 4-25 shows a general H(p). It is recegnized as the reciprecal,

of a handpass magnitude squaredstransfer function with zeroes at w = 0,.

’ 2
+
©; passband minima of unity, maxima .of- EK 1)

'}g‘*ﬁfyz .. This
-\ I3 -

s Ty, Fug,

is an alternate .way of forming transfer functiens. -
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Figure L-24. G(p)
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Figure L4-25.

An inverted transfer function.
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CHAPTER 5

SUMMARY AND . RECOMMENDATIONS
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5.1 SUMMARY,OExRESULTS
. It hasteenEShown‘that castiﬁgIBennett's‘original transformation
(3) in & Qiffereﬁt-form‘leads to a -straightforward methed fer-generating,
equiripple magnitude squared functiens in. lewpass, bandpass and high-
pass. The-proqedure‘is\non—iterativé,and‘closed'forms Equations for
placing the arbitrary poles are first degree algebraic, invelving .only
one unknown. There.is:no ;impier form.' Asﬂa'result% hand computatien
of equiripple functions.with arbitrary poles is:very fgasibleﬁ For
this;reasqn.the method'ig,recemmended.as either.a more easily under-
stood replacement for elliptig function gene?ation er as a complement:
to it. The author has presented it to‘studentsaof modern .network
synth§sis;for three -years. ‘He_has found- it to‘ﬁe readily. accepted gnd.
understood by .them. He alse assumes it.woul@ be as appealing te the
practicing engineer. Computer programming is uncemplicated due.to an,
easilyuexpressed recursion;felation‘fer ceeffiéients.i

Once,the rotating vector principle.is familiar, medified generating
functions based-op{it‘can be'feadily constrgcted. General rationgl
funetions, both ﬁith and - without syﬁmet;y ébogt-the origin, are
geper@ble; The ' simplicity 'of ,equations invelved in pole placement . .is
retained. By employing itgfative procedures, equiripple.passband,and'
stopband fuynctions.can be_construqtédﬁ Passband and stopba 1d of any

lengths; finite or infinitg,'can be accomodated. Extens;on of -the

rotating vectoer principle to more than .one band gives a limited -solutioen

to the multlple equlrlpple passband preblem ;n closed .non-iterative form.

Suqh'fugctgens present anl;dentlcal number of zeros-per band and,
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interdependent pole locatiens. .

Disadvantaggs.of the method .are aléo pqiﬁted out. Thgrezig no
general means.of application to problems requiring -zeros éutside;the
passband. All functions.necessarily have the maximum posgible number
af ripples in'thg passband for.a given -degree. There also ex%stsﬂﬁhe
pessibiliﬁy-ofjnen—converggnce in the iterative ﬁroqedure~for.equiripple
passband and'st@?band'functiqns?, Such-a problem was not epqountered

in any example.

5.2 - REC@MMENIATIONS

Foremost in any recommendation for future effort is that of finding:
a cleéed form? nqq—iterative procedure.for construction of functions:
with prescribedtextrapassband zeros. Such a procedure should incor-
porate a simple means fer locating desired poles. Continued.
applicatiop of such a function in an-iterative manner would previde
cempletely general equiripple ,passband and st@pbaﬁd‘functions‘with;
multiple bands gnd:varyipg number. of ripples per band. A procedure..
similar te that of M¢Gee.(13) would be folleowed. The significant
difference,is that McGee's procedure is iterative both in making a.
‘ 'siﬁgle_passban@ equiripple and in -making many passbands equiripple.
The propesed progedure -would be iterative only in,the latter sense:
Another - endeavor is ‘that of developing a rapid.procedure for the
construction of functions,exhibiting equiripple delay. Lowpass delay .
fuﬁctiqns were constructed by Humphereys (12), but teo the author's
knoyledge, the bandpass-delay problem has noet.received -a general-

solutioen.
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A CONSTRUCTION PROBLEM.ENCOUNTERED IN EXTRAPASSBAND -ZERO ‘REALIZATION
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It was.shown in Secti@nxh.éﬁl that a general form for -magnitude’

W€ w, is

squared . functions that are éqﬁiripp}enover gg-intgrvalwwL < B

‘n q
(k% 1 (p° +:2)%1[ 1 (" '+ z_, )%]-

'_- . i‘_—:l' . k:l > ""k ¢

H(P) =TT o - q LS
{5 1 (p7 4 2 )71 1 (9% 4z )7T -

i=]1 PO k=1 k

n-1
[L? I
i=1,

(4.3)

(pF w?)zl(,pg +~\wI-2J.).(,p:2 + wﬁ)D(_-p)}‘

Whgre~izi are theEundetgrm;nedlpassbandazgro:locatiens;~izéxt are thev
' ’ v ' k.
prescribed ,extrapassband zero locatiens, possibly cemplex conjugates .

. b I ..
in-quadrantal; syimetry imi are.the undetermined passband lecations.of-

and.w.. are‘the prgécrib@d band edges, D{p)-is

L

unity value for H({p‘)"hw q

an unkhewn. even,pelynomial -of degree Lq'whose zeres mark.the extrapass-,

band peints at Whiéh H(p) = 1., D(p) may:have both simple andid@ublé;

.reets on thg‘jw~éxis¢ It may-also -have 'reots in quadrantal symmebry

displaced,off the 'jw.axis., K and L-are constants. For-notationéltéése-

we define .

2

' n
Ap)AKT (97 +25) (4.2)

n-1

B(p) AL I ‘:(p:z:"+ uﬁ)f' , (4.3)

1=1 .

=@

(% 42l ) (ask)

C(p)‘é;' ‘ext

Then
i
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A%(p)c(p) .

H(p) = — - ple tp) (a.5).
85(2)¢%(0) - B (p)btp) (07 1+ 02 (07 +:0])

Fotmation of H(p) in the;uéual rotating vector proeess-indicates that

G(p) must be

: A(p)0(§)~ (A6).

G(p). = m— — .
A(p)C(p) = B(p)/D(P)Yp? + wB/p? + wZ:

and F(p) must ‘e,

A(@)Ctp), +. Blp)BR)VER + w2/E2 + 02

F(p) (=

I - — (A7)
A(p)G(p)i~ B(p)YD(p)Yp? + wevpZ + ul" ‘

It can be:.seen, from,Figure“A-1 that between any tvo:sugcessive,j.axis
zeres -of .D(p); Flp). is a unit,vector in,the.complex plane., A second
ordér.zero is'counted as tvwe vsingle. zeros.

The' problem is'new to censtruet F(p) as -a product -of individual -
. ) . ; v s )

Fi(p),gusing the:same, procedure as that used when extrapassband, zeros.
LY . L : - ‘ ‘ -

were:not present. In.that- instance
, .

/P2 ¥ W2 + VpZ T L.
. Qg AL " o

._ . (4.8)

L LD ST
}@i/p + Wt VPE e

ang

. n Alp).(+ Blp)YpS +W2/pe + 02
F(p) =, I F,(p) = —r——rpr——f—tt
Alp)*= B(p)¥p? + w2Vp? ¥]iZ.

(A49).
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H(jw)

J axis zero locations of D(p) 3
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/ Jim il \

f’ ’/D(p) has zeros off
/ / j axis in quadrantal
symmetry in this

Figure A-1
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This is %;rgstrictgdhcase'of,the F(P) ngw:seught,in=tha;”c(p) /BTET =1

Th@”simple§t‘H(P) is ene Qith ahsing%?_Zeré‘inwthé-P@SSband;;a set of -

prescribed.extrapassband, %eros;and a'ﬁrescribéd,denbminatprw,“F(p){

c@nsigtenxaﬁith:the formation of ;such.a function is' g
.kp?‘+-z§)c(‘) + . /D( )/P_,+ wzypg . wﬁ

Flp) sv—5—5= . g : (A:10)
(p~ zl)p(p)r— /Dﬁijb2w+f@%/§? +1¢§:

F(p). is.a;proeduct of

C\(p)V;p2 + w .+ Dy (p )Vp2 ¥ w%

T (p) (= il (422
1 —Cl(PDKP2'+ wE'% Dl(P) p2‘+“wHa.
and
2(p);/p2 + wz +D (p)VP + w
P (p) = 2] (A.12)
2 cg(p)/52_1_52'+ D, p)r/p2 ¥ wg '

Cl(p),icz(p),'Dl(p) anduDzip) are-expressions whose' forms are to be'
determined. '

Moltiplying ;out

F(p) =7, (p) Fslm)’

1
C,(p)Dy (» )/p2 + wé/p +. w)}

{C:(p)Gg(p)(' + ‘D, (p)Dy (p)(p + sz} +{(Cy (p)[D (p) +:

) (200, (0) (2 + u2) + Dy(p)2 §2< p)(0” '+ wB)¥ - 1(Cy (pImy(p)et

52D, (2)/27 7 wd/pa T2 o (8.13)
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Upon eQuatlng coefficients. of /p2 + d?ng + w% 1n equations:A.10 and

Ail3, oene gets

s

Ci'(P,)g(jp‘) +;‘C2(P)Dj_'(P')-:."‘.E.; D-(hf),) ‘~.'~ - - (A-1k)

Exeludiﬁg;fhe;tnivialncase“of_D(j){=,cen§tant5 this ‘can be satisfied

only . for ..

Cl<.p.>D;-<n> ~ WE0ET - | (n25)
and:

Cy(p)Dy(p  ')_ = (- k){ﬁ_(lT)V | ' '(_A,xlé)-

in whlch ¢ (p), € (p) (p).andub (p) are:-square:roots of -pelynemials

Pyit

such . polynomlals|hav1ng the .same .roots, as- D(p )3when-combihedfas;in'

'
N

,equatuens A,15 and A. 16 In order to choose Cl(p) . C (p) 'D. (p) and -

D (p) se that the: procedure for . constructlng F(p)tw1ll work one must-

already“knewithe.zeres-of;D(p){ Such 1nformatlen iisnot. assumed known
ab Initig. . | | |
Ex@eﬁsien‘of,?his‘reesoning‘tofﬂ(glg%ith;larger'ﬁqmber.ef~pasebandu
zeros-leads-to-the ideqticel‘problem;‘ %i(pi-cannot betceﬁstrucﬁed~unlessv
the zerosfoftl(p)'are-known‘ﬂ Thls .points eut . clearly. the' dependence of!

the retatlng,vector prlnc;ple unpon‘knowledge of .band. edges, .i. e

unity ivalue polptsi“




APPENDIX :B

ON. THE N@N-EXISTENCE OF F(p) WITH PRESCRIBED PROPERTIES
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% Y

It .is shown here thatino F(p) with the fellowing preperties exists:

1. In the 'passband F(p) 'is a unit, vector that rotates -the.

s .

Pr.ep,é.r .m?mb'?'r.‘ of .t ime.S':}
2. E(p) contains all-desired pole locatiens'as.singylarities.

3. : F(p) takes on values of either +1 (when G(p)'= — 5

») +. . :
or =1 (vhenio(pli= TBLEL) op =y 1= 1,2, ih, g
2 »

This Will.qause.GQp)(= G at,w=12 . i

L, . F(Q)=Wiglryield H(P) with zeres at w B, ? 1= 1,25 o005 Ay
7 . by 2 _

and,peles at the 'same'lecatiens as. theseof . F(p){

Figure B;;Gal shows the appearance.of such aisuggested F(p) for zeros at, .

W=z

W, % hd - = % 2. 7 - N
"*@Xtiﬁ fz@xtﬁ and poles at w W5 Bge Figure B-=1(b) shows.the

19

corresponding ,G(p)¢ Te arrive at H(p) such that passband zeres are
i .
located for equiripple properties in the. passband, G(p) must be
. . | : : !

myltiplied by G(p): Sincey im thepassband,

_ ‘\__F(,p)\

IR}
G(p). s - Z ()

_ e;?ﬁ@)_+ (al)ﬁ-.

T 2 (B.:"l)

we.see that
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=. 5
I
_JUB) (g
e e
.
= Fip) _-Z, F_l-) (B<2);

sheving that F(p). =.1/F(p): It is necessary that F(Juy) =1 and

\
\

F<jzéxt~) =5--1.. Singé-F(jw){is'realwand cenpinuqusfin this- range, .it .
L I : '

igr@vidé.t~tpa¢ H(p) will have simple.poles at w,=-*u; , *w  yhich,

Cl- 2

.W@ne,agﬁumeqzmo*be\noturequiyedgr Therefore them§~iscné~F(p);tha§-isL

4

a rotating véctor in, the 'passband.and real outside vthe passband that,

will preduce extrapassband zeros with-specified poleé lecations..
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(a) F(p)
| | '\
|\
5 | ‘ \
} G(Jjw) | l \
// ) '
- VN 1
| = P s - - et - bt Jes— w
0 ,_ i 7 \ S \ e ¢ : |

(b) G(p) | /‘\

i e B-1. Proposed F(p) and G(p)
Figur -1.
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F(jw)

TN

g 0N

G(jw) l
|
l
i e !
e \\
0 W N ;::\\ W, I(MC.l el e
Zext Zext a
l 1
|
|
|
| g
(b) G(p)

Figure B-2. Resultant F(p) and G(p)




APPENDIX C -

POLE' LOCATIGNS. OF, MULTIPLE BAND FILTERS:.
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In Section 4-T7, multiple band. filters were described. F(p) for

construeting such.filters is -

N VP wlVpZ £ WP eee + Vp2 + RVpe F Wl -
Plp) = 1 — /o2 12 n : ‘ 12 2 2 ' (c.1)
i=] — . soe 2 - ¢ oo
i=1 -m vpe '+ wl/p +_@E ‘ +Vp2 + wg/p + g |

The dénominato; of‘F(p) determines finite frequency p'c;;Le's':"éxplieitly°
Infinite-ffequéncy;poles are produced when the deneminator is of lower
degree -than -the numgratérr A single.representatiye denominator term.
" will be studied with regard to pole locations. . Finite pole locations.

come from- setting this'tenm equal.to zeéro.

e S F Gl T ... R WA 7 ... = 0. (c.o)
mi/R + wl/p + wﬁ ‘:+ Vp2 + wz/p + ws 0-. ‘ (c.2)

" Suppose that a two band filter is desired. Equation C.2 becomes -

AP T ol o F ik VP F s/ w D = ‘
mi/p + wl/p + w&1+ Vp2 + wg/p, + w3_,IO,.. (c.3)

An equation.exhibiting tle same zeros as.C.3 1is

2) + QPE £ wg)(p%_+ wg) = ..
b

2.l 2 2, 2 o2 2-
—my [p7 + (0] + w))p” + wie)] + [p7 + (ug + wy

: 2 2., 2
-m, (P + 0 ) (p” + w

_This is-a fourthldegree equation and has, by .the fundamental'thegrem,of
algebra, four roots. Given a set .of band edges, a single m, controls
fouf‘pole.locétions.. If‘Am:.L = 1,.equation C.4 is second degree, having

1
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2 finite roots, the other two poles being produced,at dinfinity. There.

are many particular cases-in.which all k poles appear, at ‘infinity. If

m.= l;and wi’+ wi = w§4:@3_only a constant is left.  An example is
wl_= 1, Wy = 2, w3 = 3, wq f Vlaoj

Therefore pole locatiens depend upon_ﬂwglﬁhing§: " (1) "the value of,
the w, angd (EJpre Vaéue\eﬁ\mii Band edges are usually ééégéfiﬁed;
leéving mi\aslthe degé;mininglfactgre For s ﬁarticulay-filter with q-
bands, inqivi%ual:dgﬁominator ﬁerms;haﬁgHQQ'zepos in.genégalT‘ Each m
then céntrols location$,of12é.polﬁs but .dees not exercise independent-
qpqtrol of the poles,.i.e., the poles ¢oﬁ§ iq sets. - If-@ﬁe pole of a.,
/Sgt is choesen as an agbitrary;locaﬁion, allwqther poié§\df ﬁhe set
apﬁear'aqd'mugt be acecepted.as part:of- the fqﬁctiﬁn.;I

As-an“éxamplé, let w,. = 3 and wh_= ﬁ; Equation

l"- l,’ CU2 ﬁ 2, w3l=
Cik becemes, for p = jo
Bt - 2?4 26) w (v 130P + 36) = 0. (c:5),

Suppbse.tha@;dohblg-poles at; infinity gre:ﬂesiggd.; For éﬁoﬂ peles .

ol
ot

m, = 1 and we have

1

(1767 = 16) + (1307 + 36) = 0 | | (C.6)
which.gives as finite values of w, w = ij{g Qf p = /5 in-additien.to-
the specified pole pair at infinity.

_Seme.generai'characteristics of the pele‘set can,be'éXaminéd?
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Rewriting equation C,5-

Ll f ?)(p = W ) | (c.7)
"1 (2 - )(16 - W’ )

wesee that m2 can be congidered as a: complex functioen of p and- plotted
aé:ip'Figgre.C—l,\ From familiarity w1th such types:of plets one:can
sketch mf for pesitive w (mi is. an even function and:this is. all we
ﬁee§9)7 Figure C;2¢§h0w§ that only. for val@gg Qflmi;gxeaﬁer than 9/b-

will .all poles lie on the j&,axis;
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Sk L

o.=le

Gi=io

=d4

—
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Figure C-2. Plot of m2 as a function of w.
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