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.ABSTRACT •

A transformation j first ,presented by Bennett 'in-1952;-, leading ,to ■ 
OqiUirippleIowpass magnitude ..squared functions ,is re^examine^. • It is • 
cq,st 'in'-the- form of a complex rotating unit,, vector, , Bandpass ..,and'high-.. 
pass ,gene^atlag . functions leading -to .magnitude squared-, functions 
follow immediately'Whqn considered.as rotating vectors. Pole locations 
are arbitrary=' Modifications ,provide general-equlripple,rational, 
function^ with and; .without symmetry- about,the origin. The method-,is - 
shQ-ym to be well adapted to,formation of equiripple, passband and, 
stopband.functions by iterative ,procedures = A n y '■ lengths? of-passband 
and - stopband' can be aecompdated. Limitations of ..the'.method, are,, 
pointed out = :

Bumeroiis examples are ..included, both sipg-lp band functions ’.with ‘. 
arbitrary poles, and equiripple passband aind stopband, f u n c t i o n s . T h e  
method is recommended',,to students ,and practicing engineers -as'either, 
a complement to or substitute for the elliptic function approach, ■

I
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1,1 A  MSCUgSIQH- ©F ̂ FILTER • FUnCHIQITS.

When, sneaking- of transfer function approximation a?, applied .to 

lumped, linear a n d 'finite ,networks ■, one. implies that the appreximant 

under' consideration !fulfills, two requirements: ,(I )■■ It describes , 

properties of a physically, realizable network and (2). lit satisfies 

certain error criteria. , The appro^imants to he discussed.in t h i s ' 

presentation .are those describing;amplitude-frequency relations,.

Physical realizability requires that,the, ratio of,the Laplace 

transform of a -response or,outputcvaridbie.to the Laplace transform 

of an excitation or input,variable,be a rational- function, . .This 

rational, function m u s t . have .,real, coefficients f (Its ,poles and , zeros 

appear in conjugate-pairs), it must have no right - h a l f ' .plane Tpeies - 

and any J  axis, poles must be.-simple.;

Let the rational function (transfer, function) so, defined be calle<i 

T (p ). - The magnitude squared, of T(p) for real frequency, i.e, p = jw,.is

l%(jw)|2'' I ;  -
I + s^(jw)' (1.4)

H(tjw) is called a filter function ,and e is the ripple,factor. --Uqually- 

0 $ H(jw) I in the passband so ,that, ^ < ; |?( j.w) |2 .-̂ 1 1P t h a t :

intervals Given a ripple specification,, one'cap. easily determine

The- desired ,transfer .function,, T(p), -is found by substituting -pf-f -wf

into- |T( jw) |2 - and factoripg • |T(.j.w) _ _^2 i&to left; half, plane' and

right-half, plane poles, using the j axis as.a sorting.boundary. Left, 

half plape poles are-retained-along with half of those'on rfhe j -axis;,
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Any zer© configuration can be chosen such that, the numerator of T(p) 

has real coefficients„ A discussion .of the effects of various zero 

choices is.an extensive subject in.its own right and will not be 

treated.. We will be concerned with the formation of H(ju>) only.

Ideally, H(jcp). = 0 in the passband^and is infinitely large -outside 

the passband. A  response of this nature is unrealizable (5) an<| a, ■ 

rational'function approximation mpst be made. There are numerous 

criteria as .to goodness of fit for the rational, function. A few 

criteria a r e :

1. Maximal; flatness. . At a prescribed point i n :the paps,band, 

the maximum possible number,of successive,derivatives of 

the ,approximant a r e ■equated to the corresponding deriva­

tives of the ideal function-

2, Bounding the maximum error, A very simple criterion but 

sometimes■all that is required.

3« Minimization of ̂ average error.. This can be- misleading; in 

near zero average error does not necessarily involve a 

small maximum error =

4. Minimization _ of rootr-mean-rsquare error. Effect of random 

errors.is minimized.. It can involve ,great computational - 

labor for high degree functions. Resulting |t (Jcj) | 2 

resemble Chebyshev approximation when e = I.

5. Equal maxima and minima of error (equiripple error). This

is also called approximation in the Chebyshev sense. H(Jm) 

exhibits maxima ,of■unity and minima ,of zero in,the passband.
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In what follows, exclusively equiripple,,H( Jo).), will' be deal^-with.- 

They ,will ihe written as H(p) where,p = a + jo) is ,.a general; complex 

variable. ( In some instances the filter .function may appear as- Rf ("x) 

where x is-a real variable. Examples are the-Chebyshev. rational funq- ■ 

tions of. Section ,U.4 and the, general ,equiripple .-passband' and stopband - 

functions of,Section 4.5=' Then

wou^d be,the corresponding -magnitude squared,transfer^function; Sub-, 

s t i t u t i o n o f -a)2 ;= x2 will give the-usual IT(Jm) 12 -̂.

1.2 A-BRIEF .,REVIEW. QF PROGRESS

It^appears to . the author, that somewhere'around-,,the year lg6@^,a 

pa,rtitiqn between' philosophies of approach to- equiyipple .functions. can 

be made. Prior to that t i m e , w o r k  centered ab^ut generation of 

functions in a non-iterative faphion. Glpsed form trigpnometrip- 

functions , , elliptic ,expressions and • series ,expansions • wej?e -popular,. - 

This was necessary-because, of the -great number, of- computations inyolved 

in, iterative processes, coupled with the lack' of -,complete .computer 

facilities -and programming languages.. -

The • first equiripple ,functions encountered.by -most '■ engineers 

were q n d 1 are the,classical Chebyshev-polynpmihlq. They-are defined, 

apd their -properties .investigated -in standard-texts op, network,, 

synthesis; (6^Q^lP1Pl). They are generated in,a closed form
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trigonometric fashion^ Darlington (T.)'introduced(a procedure using 

a , Chebyshev polynomial series to obtain near equiripple character of 

rational-functions = , At about the same time Bennett published - M a i 

Ph.D= dissertation,(2) and ..subsequently ,produced, an article (3) -based 

on that thesis.. The pertinent concepts ̂ are a set of transformations', 

providing functions ,.of an equiripple/nature,over ,,a prescribed Iowband- 

interval, Sharpe (15) also proposed an equiripple generating , 

function. It was-not genqral-i n ■t h a t ■poles were restricted to real 

a n d ■imaginary axes'only, Hplman"(ll) described a procedure operating, 

in ,much-, the same manner as that of Bennett, His !-method,involves a 

rotating radius, vector in the ,proof of equiripple. properties, Only, 

angle information was used since,the radius, vector followed a general 

elliptical path. In . c o n t rastthe author * s ;-work,will use a strictly. 

circular path,for a,radius vector, Both angle - and magnitude are 

utilized. ' Filters having equiripple.approximation, of zero in lowband• 

and equiripple approximation of,infinity ,in,highland'were generated 

by, elliptiq, functions ■ (l,- 5) in, a non-iterative fashiop. Bennett - (4) 

proposed an iterative process for,elliptic-function filters, giving,anv, 

example. An excellent, review of, the.state of the approximation 

problem-inflate..!§54'was given,by.Winkles (20). With the. exception- 

of-Bennett' s work (4), all ..of ■ the- above ■ procedures -had the feature 

of bping expressed, in non-iterative ,terme, usually involving elliptic - 

o r ; trigonometric, functions;

Abput i960■widespread use, of digital computers and - development 

of easily, understood programming- -languages,,e .g ,, Fortran, brought■
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about'renewed interest- in implementation of iterative,procedures.
I

Engineers-began to take different ̂ approaches'to;the equiripple problem. 

-Dne-of-the new ■ approaches was that of McGee-XlS),- based-upon 

equalization of,extrema in. an iterative fashion.,. General equiripple 

passbapej. and stopband functions were solved by. extending the procedure. 

Temes-;(17) and S m i t h -,-(16) employed ,much,,the-'same method in generating 

filters to fit arbitrary specifications as to passband and,.stopband 

shape. Watanabe (l8) achieved equiripple.behavior,in one or two - 

paspbands bub not in the stopbands simultaneously, A Vv e r y .interesting 

attack was-,made.by Humphereys (12) in which- pointq of maxima and 

minima-in.the passband are chosen,explicitly. Avpresentation ,and 

review of both the elliptic -function .approach' and computer, usage was. 

given by,Calahan (5,). An extensive-biblography was .,also included.,

1;3 PTIRPDSES,- G E ;THE ̂ THESIS

The.thesis-has. three-main purposes: (l.) 'To ,cast .the- original

transformation of Bennett - (3) in a different light,- providing ,a 

-pragmatic and. accurate principle-for equiripple approximationj 

(2) ; to present easily used closed form lewpass,. highpass and .,bandpass -.

generating functions and,(3) to indicate procedures based.■on,such..
r

functions that lead to more complex filters,. Some - of rthe procedures 

employ the closed; form, functions in an iterative fashion; others ,-are- 

■strictly closed form. It-is pointecj. out,that^therq exist limitations - 

of the-.principle with regard to formation■ o f ,function^ with preassigned; 

,zeros outside -the passband,, herein,called-extrapassband zeros'.■
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THE COMPLEX VECTOR PRINCIPLE
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2.1 INTRgBUCTJQN.,

In t ^ i s ;chapter a.method■ is ■ presented to generate, .in-,a closed, 

form, rational■functions of t h e :complex variable- p = o + .jw*. They, 

h a v e ' the ■ following properties (l) -They: are magnitude, squared functions., 

for p.=-jw, (2) they exhibit maxima of +1 and-minima ;o f ■zero-in.the 

interval.of interest, being equal to +1 at the ■ interval boundaries 

(3) '-poles lie,in qualrantal,symmetry,outside the interval and are., 

arbitrary and^(l) a l l1 zeros of the-,functions lie,in.thq interval and. 

cannot-be,preselected, being located - essentially by t h e ;poles. As ̂ a 

result, .functions generated by ,.this !,method.'have ̂ ip the Vintervalvef • 

interest, the maximum', number of maxima and-minima possible .-.for a . givon 

degree. Denominator degree will neyer exceed,numerator degree unless 

the interval of interest extends to infinity,.in ,which case a zero.or - 

pair of,zeros may-"appear a t ,infinity

In yhat follows; the tepm "passband" will -be used - i n rplace of the ' 

phrase ,."interval of ipterest". It is less cumbersome and also implies 

a passband in. the .electric;filter sense, which is the primary-applica-,. • 

t ion ,area ,of - such functions ip electrical engineering.

The equiripple.generative procedure employed by Bennett.in his 

thesis (2) and articles (3,4) is ,that,of a function in an auxiliary

z-plane being conformally mapped onto the.p-plane, The,entire repl' 

frequency" axis- (j-m axis) of ,sucha z-plane, is -mapped ,onto ,a desjred . 

passband on the"p-pland real frequency-axis. Pole locations.ip-the z- . 

plane, (prepositioned-by,, an. initial mapping,from,the plplanq to ,the z- 

plane) a r e •brought, back to the p-plane in the same mapping=' This-is <,

i
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the same view taken by Helman (ll). andj.Humphei:veys ’ (12) in their.-assessment 

of the general utility of the functions.

Continued treatment of such functions as transformations has tended 

to obscure their full elegance and simplicity. The beginning- of a new 

view appears in the proof of equiripple properties by Bennett (S) when 

he.speaks of the z-plane function as i.e., a complex vector. An

initial exposure to the functions in a modern network synthesis course 

presented by Dr. Bennett coupled with continued discussions afterward 

have led to a complete adoption of the complex vector principle. 

Transformations have been eliminated entirely. All operations from 

construction of the complex vector function to the final rational func-'-

tion will be carried out iri the complex p-plane. Proofs and examples
' : I

in the exposition of this chapter will be for the lowpass case. 

Modifications for highpass and bandpass cases encountered in Chapter 3 

will be made as necessary^

2.2 PRESENTATION OF THE METHOD IW WORDS AHD EQUATIONS 

A  stepwise outline of the method follows:

I. A mixed rational and irrational function of p is con- ■ 

structed. It is called F(p) and has the following prop­

erties :, 1

A. It acts as a rotating vector of unit magnitude in the- 

passband.

B. It always has a value of +1 or -I at band edge.

C. It has singularities at certain eventual pole locations.
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Specifically, it has singularities at all eventual pole 

locations that are in the left half plane or the positive 

real frequency axis (the jw axis). Poles located in the 

right half plane and on the negative real frequency 

axis are not manifested in P(p) as singularities.

Figure 2-1 indicates the region for which poles are 

placed in F(p). The omitted poles are the negatives of 

those included. They will he caused to appear in the 

final rational function as .a result of a later step. It ■ 

is assumed that all pole locations are exclusive of the 

passband.

Unity is added to or subtracted from F(p), addition .or sub­

traction being dependent on the value of K,(p) at band edge.

For F(p) I^and E(ige = I? addition .is indicated; for

F(p)L  j = -I, subtraction is indicated. This sum or

difference is divided by 2. The resulting function, called

G(p), has the following properties:

A. Its magnitude oscillates between 0 and I in the passband.

B. It always has unity magnitude at band edge.

C . Its numerator is rational.

D. Its, denominator is that of F(p). The remarks made about 

singularities in F(p) hold for G(p).

E. It is nonzero at the; pole locations not manifested as 

singularities, i .e . , at those points in the right half 

jSlane and on the negative real frequency axis at which
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Half of Infinite Frequency Poles 
Included

I



12
poles' are desired.

3. A function called "G(p) conjugate" and denoted by G(p)

is constructed. G(p) has the following properties:

A. It is the conjugate of G(p) for p in the passtand.

B. It has a rational numerator that is either the same as 

that of G(p) or is its negative.

C . It has singularities at those pole locations that were • 

not singularities of G(p), i.e. , its singularities 

occur at pole locations in the nonshaded region of 

Figure '2-i9 including the negative j-axis.

D. It is nonzero at the singularities of G(p).

4. The product Q(p) G(p) is formed and called H(p). H(p)

has the following properties:

A. It is a rational function.

B. It contains all t h e ■desired pole locations in both 

left half plane,, right half plane and the jw-axis.

The locations are in quadrantal symmetry.

C . ■ It .oscillates between 0 and I in the passband.

D. It is equal to I at band edges.

To illustrate in a few.equations how this would work, assume that 

the mixed rational and irrational function for F(p) has been, found.

Its properties are expressed in equations.

F(p),|PrjOJ
J<j>(0))e (2.1 )



±1 (2.2)
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P=Band Edge +1

F(p) IP^P, (2.3)

for prescribed p^ in the left half plane or the positive jco-axis, 

.Now add or subtract unity and divide by 2 to form G(p).

(2.4)

and

0 _< | G(Jw) I £  I (2.5)

in the passband.

^ P ^ p = B a n d  Edge ^
(2.6)

The numerator of G(p) is rational. Also

G(p) I P-yPi (2.7)

for prescribed p^ in the left half plane or on the positive jw-axis, 

Finally

G ( p ) L _  ^ °-P=-P,
(2.8)
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G(p), the conjugate of G(p) has these properties:

G(p) I e-j<f>(w) ±1
P=jO)

[Numerator G(p)] = ^[Numerator G(p)]

(2.9)

(2.10)

G(p) I P^-Ei (2.11)

5(p )Ip=p ^ 0 (2.12)

Multiply G(p) hy G(p) to form H(p). H(p) is a purely rational 

function with the following properties:

H(p)| P^iP,
(2.13)

for all p^ in F(p). In the passtand, H(p) is expressed as

H(p)| P=JW
eJ4(w) ii|2

cos^(w) tI + j sin^(w)

cos^^(w) + I 2cos<j)(w) + sin2tj)(co)
4

I ± cos^(w)
2 (2.14)
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so that 0 < H(Jto) < I in the pas stand. Also

^=Band Edge (2.15)

It is assumed that the desired poles of H(p) are in quadrantal

symmetry so that H ( p ) ] is a real, function. For H(p) to be ap-j(o
magnitude squared function it is necessary that it satisfy one more 

requirement:. All j-axis critical frequencies must be of even multi­

plicity. The zeros of H(p) will be so because it is positive on both 

sides of the zeros. Poles of H(p) on the j-axis must be chosen of 

even multiplicity.

The foregoing remarks do not specify precise function forms and 

manipulations. They do make evident that an approach using the concept 

of a rotating vector provides a new insight into equiripple functions. 

Rather than a result of transformations or of maxima and minima 

choices in the passband,- they are immediate and lucid. The particular 

form to be presented initially produces an approximation to 1/2 with a 

ripple value of 1/2. Later modifications will allow approximations to 

other functions.

2.3 THE LOWPASS FUNCTIONS

2.3.1 Lowpass F(p)

The initial F(p) for the lowpass case is defined as

The F(p) functions for lowpass, highpass and bandpass cases were 
introduced to the author in private communication with Dr. B. J. Bennett,
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F W  A J 1 ^  ^=  i=l -m_^p + /p^ ' + (2.16)

where is the upper hand edge frequency. For simplicity, go will 

he normalized to unity in all subsequent expressions. Presence in 

F(p), of the parameters nu and the index h indicate that F(p) might 

properly he written as F(p, m^, n) at an added expense of notational 

complexity. The expense will not he h o m e .  It will be understood 

in the following that F(p) implicitly involves the parameters nn and 

index n , ' Parameters nu are used to fix the singularities of F(p), 

Index n refers to the number of zeros in the passhand (from to 

in lowpass),

Let us look at an F(p) with a single factor in order to ascertain 

its properties. We have

F(p)
nup + /p^ + l

-nu p + /p2 + I
(2.IT)

Assume for the moment that m^ is real and positive. For p = Jw

F(p)|
jnn w + /l - u2 

^ -jm̂ ci) + /l -.
(2.18)

Two regions must be considered: (l) w in' the passhand, i.e.  ̂ ju | $ I

and (2) to outside the passhand, i.e. , |to| >.' I,

In the range |to| $ I, F(p) has the property that its numerator."is- 

composed of - an. imaginary.part,.(jm_w), and a, real part,.(/l -'Io^),,• while , 

the denominator consists o f ' the."negative imaginary:.part and. the ■ same 

real part,. One might write .this,.as •
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F(p)| P=ju
jg(w) + a ( ui) 
-j3(o)) + a(u) ’ o)| $• I

_ gj*(w) (2.19)

where

m.a)
4>(o)) = 2tan ■■■■■ 1

V l - c u
(2.20)

As cu increases from 0 to I, <j> increases continuously from 0 to tt, 

passing through ir/2. F(p) is indeed a rotating unit vector in this 

region, rotation being counter-clockwise. Figure 2-2 depicts F(p) 

in the passband.

In the range |cu| > 1 ,  the numerator of F(p) becomes purely 

imaginary as does the denominator, making the overall F(p) strictly 

real. However, the numerator is the sum of two terms and the denomi­

nator is the difference of two terms.

F(p)| p=jcu
m. cu + Vcu2 - I i
-ELCU + /a)2 - I

I < CU (2.21)

The possibility of,the denominator becoming zero and therefore prod-- 

ucing an infinite value of F(p) presents itself. This would occur 

whenever

el <u = Vw2 - I (2.22)



II JV

Direction of rotation 
for increasing w

for evenfor o d d 1 ^ 'p = Band Edge 

number of ripples in passtand
^ P =  Band Edge

number of ripples in pass- 
band

Figure 2-2. Action of F(p) U + jV for p in the passtand.
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or

0) = (2.23) ,

which can he .satisfied for a particular value of to > I if 0 < nu- < I. 

The fact that no negative value of w will satisfy the equation is- 

consistent with the remark that F(p) has its singularities only in the 

left half plane and on the positive j-axis. Singularities on the nega­

tive' j-axis will he produced hy G(p). F(ja>) for to outside the passhand 

is shown in Figure 2— 3. In actual use nu would he determined from 

the desired pole location, p^ = Jto9 hy

V p 2 + i

P=J^i
(2.24)

which will yield a value of m^ lying in the interval (0,1) for tô  > I. 

If an infinite frequency singularity is desired, it can he achieved 

hy setting

p 8
/p^'+ I

= I. (2.25)

So it is clear that the single factor F(p) does those things required 

of it.

Extension of these concepts to a multiple factor F(p) is straight-



Asymptote = m.+l/-m.+l

Asymptote = -ly+l/zy+l

Figure 2-3. F( Joj) outside the pas stand. Singularity at w = 4.
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forward. Writing

n m.p + /p^ + I 
F(p) = n — - - - - - - - -

i=l -m^p + /p^ + I i=l

nn F. ( p ) (2.26)

and again assuming all to be real and positive, we see that since 

each individual factor, l\(p), is of exactly the nature described above, 

the overall .F(p) has like properties,

F.(p)I . = eJOi(w)1P=JO) 0) $ I (2.27)

where

, , -I m Im
d . (oi) = 2tan — :-------
1 / l , -  '

(2.28)

so that 0 $ (f)̂ (o)) $ TT as 0 $ w $ I, rotation being in a counter­

clockwise direction. Then ■

F(P)I p=j 0) i=l

i=l

= ejZ#i(w)

j$(w) (2.29).
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where

n
*(w) = I <j) . (u>) (2.30)

i=l

so that 0 $ $(oj) $ m r a s O $ o ) $ l ,  rotation being in a counter­

clockwise direction. Again, in the region I < w, each F\(p) can have 

a singularity at some uk , manifested in the equation by choosing

/p^ + I
P P=Jwi (2.31)

and if a singularity at infinity is desired.

m ± =

(2.32)

Each F^(p) will produce, a preselected singularity so that the overall 

F(p) will have singularities at ux , i = I, 2, • - , -n, _ It is seen from, 

the above that each F\(p) will be zero at and F(p) will be zero 

at a) = ---un , i - I, 2 y - • ° , n, as shown in .Figure 2-4, ,

2.3.2 F(-p) For Complex Poles .
i

The assumption that nu is real restricts possible,singularities to 

the real and imaginary axes only  ̂ leaving out potential locations in 

the complex plane. This restriction will now be removed.

Let us assume that a fourth degree equiripple.lowpass function



-I

-CO. - L U , — CO-.

Figure 2 - h . F'p) constructed from four 
uU •

X n  I

no1̂O

1 ’
CO2 ’

.1dual factors. Singularities at w = w



2k

with a pole configuration shown in,Figure 2-5 is desired, viz., poles 

at p = iCĴ  iJuu; For such a function n = 2 and

• nnp + /p2 + I m  p + /p2 + I 
F(p). = -i------— --- • --------— ---

-m^p + /p^ •+ I -HigP + /p^ + I 
(mm + l)p2 + I + (m + m )p/p2.+;i

= - - - :-------- --- -- — — •' (2,33)
(m^mg + l)p2 + I - (m1 + mg)p/p2 + i

The pole set to "be considered in formation of F(p) is the left half 

plane set, p = Graphical representations of various calcula­

tions involved are shown in Figures 2-6 and 2-7. Let the desired pole 

location be p^ = r^e -1 , where r^ is the radius vector to p^ and 6^ is 

the angle measured counter-clockwise from the positive real axis. 

Express irn as

r2ej2ei .+ i

r ie
j6i

(2.34)

The term inside the radical is rewritten as

r2eJ29i + I = R2C^ 2^i . (2.35)

. Since ir/2 < 6^ < tt, then tt > > 6 ̂  and has the.same sign as 0^.

The expression for nu becomes
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X --

Figure 2-5. P-plane plot of the lowpass Uth degree function with poles 
at p = . Passband shown as double lined axis.
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= eJ(^i - Si)

r .
(2.36)

which'l's a vector in the ,first quadrant as in Figure 2-^(6).

Since is always analytic at and real for p real, Schwarz’s 

Reflection Principle holds 4 showing that the m  associated with p. 

is nu. Let + j3^ so that

m i™i = “i + Si , - (2.37)

and

m i + m i =i 2ai° , (2..38)

Both expressions are strictly real and their substitution into F(p) 

yields ^

(a2 + p2 + l)p2 + 1 + 2a.p/p^ ■■+ I ■
F(p) = •  ̂-p- ' - -p p ■  --------■ (2.39)-

Ca1 + B i + l)p + I' - .2aip/p2 + I

so that the .rotating vector concept again holds when Conjugate poles 

a r e .considered.

It is seen that singularities exist in F(p) only at p. a n d -p..
’ ' ... ' I I
Singularities will be produced in the right. half plane, ' i. e . at -Pi . 

and -p7 through multiplying'the denominator by [(a2 + g2 + l)p^ + I +



(a) Vector representation of 
P -a. + Joii

(b) Vector representation of
2 2 Pi and Cp1 + I)

Formation of nn for p ?i* Sheet I.Figure 2-6.



v p § + T

(a) Vector representation of

'/P? + 1

Figure 2-7• Formation of m^ for p

Jw

+ I 

P i a

Included angle = 
*i - 6i noCo

(b) Vector representation of
VzP f T T

Sheet 2 .
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Sci^p/p^ + i] which is. [Denominator F(-p) ] „ Reasons for choosing such 

an expression will be given in the section concerning formation of g'(p ) „ 

Figure 2-8 shows the general nature of nu for p^ in various regions. 

2.3=3 Lowpass G(p)

G(p) is formed from F(p) by the expression

G(p) F(p) ± I
2 (2A0)

In the passband

G(p)| P=Jw 5 I (2.ia)

which is a rotating vector of one-half unit length, centered at 

( ,  0). A representation is shown in Figure 2-9, (a) and (b). Its 

magnitude varies between limits of O and I. Choice of. addition or 

subtraction of I to F(p) is governed by requirements at band edge. 

For the usual case, an equiripple function is required to have a 

normalized magnitude of unity at band edges. Reference to equations 

(2.29) and (2.30) shows that

G(P)-I Sjnir ± I
P=JW

I ± I n even

-I t 1 n odd
(2.42)
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Increasing m.

complex

Increasing m.

xz
I  < m .  <  00i

iiK complex

HK = I

> 0 < HK < I

-jw.

Figure 2-8. Value ranges for m^ as a function of p ^ .



Direction of rotation for
increasing w

=  +1Band Edge

(a) Even number of ripples

Figure 2-9. Action of G(p)

JV

Direction of rotation for 
increasing ui—  —

>

U)H

Ip = Band Edge “

(b) Odd number of ripples 

U + jV for p in the passband.



Asymptote -m. + I

Asymptote m. + I

Figure 2-10. G(jio) outside the pas stand. Singularity at w = 4.
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at band edge= Clearly w e ■need the positive sign for n even and the 

negative sign for n odd. Concisely,

g (p ) (2.43)

G(p) has the same denominator as does F (p ), giving it the same 

singularities. Since. |F( jco) | ^ I for |(o| > I, there will be no zeros 

of G(p). outside the passband and exactly n zeros in the passband.

A  more compact expression for G(p) can be formed directly from 

F(p) by writing

G(p)
Rational Part of F(p) Numerator 

F(p) Denominator (2.44)

Validity Of this remark is shown by a consideration of the form of.

F (p )= For pairs of conjugate poles, there are in. F(p) factors of the 

form

(l + mniu )p2 + I + (du + m_)p/p^ + I
-------- r 2'--- --- ---------23-- - ..,r-—  . .
_(l + mum_)p. + I - (mi + m^)p/p^'. + 1_

For single poles on.the real axis or at infinity, 

factors of the'form

m.p .+ /pZ. + I  ̂ (a.46)
-mup + Vp?- + !

In both numerator and denominator of the conjugate pole F-(p), the

(2.45)

there are in F(p)
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factors'are made up of two types of terms: an even term that is

rational and an odd term that is irrational; and for the single real 

pole function, the factors are made up of an odd term that is rational 

and an even term that is irrational. Expansion of.the products of 

such F(p) shows an important feature: For n even, the even terms are

all rational and the odd terms are all irrational and for h odd, the 

odd terms are all rational and the even terms are all irrational. In 

fact the even and odd terms of both numerator and denominator are 

identical in form, differing only in sign. In the numerator are all 

positive terms while in the denominator the even terms are all posi­

tive and the odd terms are all negative. The form of F(p) is ^  

where M  and N are the even and odd parts respectively of the numerator 

and denominator. From this

G(p)

M  + W 
M - U + (-1)

M  + (~l)nM  + U -  (- I )nW . ■ 
2(M - U) „ ' (2.47)

For n even, M  is the rational part of the numerator .of F(p) and

^  \ M  + (+l)M + U -  (+l)U 
G(pj ~ 2(M - U)

(2.48)

For n odd, U is the rational part of the numerator of F(p) and
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/ \ M  + (-l)M + $r -(-1)U 
G(P) ■ 2(M - N)

(2.49)

So the move from F(p) to G(p) is immediate and uncomplicated. G(p) 

always has a rational numerator, all of whose zeros are in the passtand, 

and has the mixed rational and irrational denominator of F(p).

2.3.4 Lowpass G(p)

In accord with the outlined procedure, a function is sought with 

the property that it is the conjugate of G(p) in the passtand.

Although it is not.strictly the conjugate of G(p) for all p, nomen- | 

clature will he corrupted and such a function will he called "G(p) 

conjugate" and denoted ty G(p). G(p) has the single necessary and 

sufficient property that

G(p)
^jf(W) + (_!)% + (-l)”

2 2 (2.50)

G(p) itself can te written as

G(p)

n even 

n odd
(2.51)

Take first the case for n even and |to| $ I. M  is an even polynomial 

such that it is real for p = jw so it is its own conjugate. M  - N is. 

a mixed function whose conjugate is M  + N. The desired G(p) is M ^
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For n ' odd, N is an odd - polynomial -,for p (= joi such that -K is its-con-' 

jugate. M-- K vis-again a mixed .function -with M  + ;,N-as its conjugate.

So G(p) = -Jj- 'Generally ,
' I

■M
J  n even,

(2.5g)G(p) =
M  + K

—K - 
M  + K . n odd

For ,the Iowpass' case j M,.+ N ■ is : zero . a t ' poipts, negative of,, those, for., 

which, M  - K 'is ,zero.. , So, for .G(p) (with ,singularities, at- p , (i = -I,

2, • • \, -n) G(p) has ,.singularities at -p^, (i = -I,,.2, -n). Compare,

Figures 2-10 anh"2rl2; .also Figures '2-9. and..27-11.

2.3.5 -Formation of H(p) -

H(p); the final rational function,-is :

f n even
H(p) '= G(.p)G(p) M 2 -,K2 

-K2 ' 
M2' --K2

(2.53)
n odd'

H(p) is guarantee^ rational because M  is a.polynomial and K is,a

polynomial ,multiplying the radical /p^ + ,I. '■ Hence their, squares- are

rational:



Direction of rotation for 
increasing w

=  +1Band Edge

(a) Even number of ripples

Direction of rotation for 
increasing w

= -IBand Edge

(b) Odd number of ripples
Figure 2-11. Action of G(p) = U + JV for p in the passband
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Figure 2-12. G(Jih) outside the pas stand.

Asymptote

= -U .Singularity at w



CHAPTER 3

THREE :FUHDAMitiXTAL FUNCTIONS



3.1 INTRODUCTION

In this chapter three fundamental types of equiripple functions 

are presented. They are: (l)■Lowpass, (2) highpass and (3) bandpass.

Modifications of the lowpass- case presentation of Chapter 2 pertinent 

to highpass and bandpass cases are made as required. Such changes are. 

concerned with the manner in-which singularities appear in p(p), G(p) 

and G(p) , in .addition to necessary band edge changes =; The fundamental 

rotating vector principle-remains invariant, It is shown in examples 

that not a l l .steps of the method as presented in Chapter 2 must be 

included to arrive at numerical coefficient values = It is also shown 

that lowpass functions can.be considered.as a subclass of bandpass 

functions■for computational purposes =

3.2 LOWPASS FUNCTIONS■

Most widely known among equiripple lowpass functions are.the

classical 'Chebyshqv polynomials. They approximate zero with ripple

maxima o f .+I and minima of. -I and have all poles at infinity. The

procedure presented thus far yields lowpass magnitude squared functions

only so it is expected that generation of equiripple functions with
: ■• • / . • 

poles at infinity and passband from zero to qrie will yield the
y ■ ' " i

Chebyshev polynomials squared. This it indeed does.

For such functions with all poles at infinity, all nu- are unity. 

For C^, the nth Chebyshev polynomial squared, F(p) becomes



If one were to require, for example, the second Chehyshey .polynomial
I

squared,- Figure 3-1'; 'the" following .steps, provide; itj;:':

I- Set up F(p) = %  ^ 1 +- ^  + :1.; • ‘ (3.2)
2p- -+ I - 2p/p2 +  I

2 ■ L : I
2. Form.G(p) (3.3)

■ 2p + I - 2p/p2’ + I

3. .Form,the conjugate of-G(p) over the passhand.

‘

G(p) =? — 5---+ 1 • (3.4)
2p + 1  + 2p/p^ +-I

4. Multiply G(p) hy G(p) to^form H(p.).

H(p) = G(p) G(p)

4 2__________ 4p , + 4p + ,,I
4PU + 4P 2 + I -  (4P4 + 4p2) .

: ^

4 2 4= 4p , + 4p + i . ' (3.5)

which for p = jw is the second Chebjyshev polynomial squared. ,As 

pointed out in Chapter 2, H(p) is a rational function,with double order 

zeros.in the passband. It has poles at those locations, inserted i n , 

F(p) plus the negative of those locations. \ In.this case there were 

two ,locations at infinity in F(p). ■ These two poles plus two more at 

minus infinity appear ip. H(p). With-rational functions, infinity:



H(jui)

Figure 3-1. Second Chebyshev polynomial squared
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approached from ■ any direction-can he considered as ja point (21-)' and.

we say H(p). has four poles at infinity, As .another example, consider ■

the requirement of an H(p) function with a double•order zero in-the
2

passbaheL (0 ■ £' to $ l) and finite poles at p = — , Further assume
- /3

that H(p) is to he a magnitude squared function.so.that the poles must 

he double, Figure 3-2 depicts the function.. The result is that

2 m  p + Zp^ + ,1
F(p) = H ■ — , (3.6)

. i=Fl -m^p + V p 2 ■ + I

where

+ I
*1 = *2 =- p\

P = +j —  
/3

(3.7)

The usual steps■follow:

I.- F(.p)
(m^mg t l)p2 + I + (m1 + m 2 )p/py + I 
' 2r ~  "" -J ~ ~
(m m 2 + l)p. + (m1 + m ^ p / p ^  + I

•f P t I + P.Vp2'̂ + 1
Zp=T +'• I

Q(p)

H(p)

y- p 2 + I + p/p2 I,

f|.P4 + §  p2 + i
H  J t +  - S -  T,2P ' '+ |r P + I- - P :

Y  ' 2 
P

(3.8)

(3.9)

(3,10).

4.



-tr-

Figure 3-2. Magnitude squared function of degree 4. Poles at p =

u

j 2//3
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fl ̂  + I p2

+ 2

+ I

+ I
(Soil)

3 2 2As expected, the deneminater factors into ■ (-jj- p + l) which exhibits 

the.desired pple locations.

The foregoing examples have a common-redundancy: They actually

include computation of the denominator polynomial.. Since the poles are 

specified ah initio, this polynomial is already known to within a con­

stant ■ multiplier = The first example is to have poles at infinity and

its denominator must he ,only,a constant.■ The second example requires 
2poles at p = —  and must he

/3 . .
B o t h •denominators were carried in the examples only to shew that the

method indeed produces the proper denominator. A new - computational

recipe that omits such redundancy i s ■

4 2(p + — ) times a constant multiplier.

n
Compute {Rational part E (m.p +'

i-1 1

2. Multiply this hy. its conjugate over the passband.

3= Form--K E... (p + p.) as the denominator of H(p) where K is 
i=l " ' ' ' '

the constant multiplier to "he computed helow, and p^ is

one. of the total number, I, of finite pole locations.. ; : ■ .
Infinite frequency poles do not explicitly uppdar, being 

produced hy numerator degree-pxceedihg de'npmin,ator degree.
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4 o Knowing the,desired ripple - value and the value of the 

numerator function at band edge, compute

K = (Numerator|Band ^ )/(Ripple value)„ (3.12}

3 = 3 HIGH ‘PASS'FUNCTIONS .--  • . "Tp—  ' !
High pass■functions aye generable by performing a.transformation 

a)
of-variable, p - on the lowpass F(p) to give a highpass function 

in the .variable.p*; or by a direct formation of a highpass F(p) based 

on the rotating vector principle. We will adopt the latter view 

because of its greater generality and potential for providing insight= 

The band will extend over the interval <»). Considering the form

of the lowpass F(p), -some expression involving a radical that undergoes 

a change from real value-to imaginary value at the critical point 

w = on would seem reasonable as a start. F(p) should haye the form

F(p). -■ a *-.jg
a-'- '

(3=13)

for -1 a) I 5 u)̂  and. be strictly real for |m| < Some suggestions are:

I, F(p)
n - m.p + /-r(p'4 +
1=1 -m^p - +' /-(p4 f ,Uljr)

(3.14)



(3.15)
n m./p + /w^/p2, + 'l

2. F(p) = II -^r----- -  ■
i=.l -HiiZp + + I'

n m..+ + co2
3. F(p) = n — --- - ■ ■ -  ■ ■ ; (3.16)

. 1=1 -Hli + /p^ + CÔ

All ef these are suitable since•they have a common feature of being (l) 

real outside the passband and (2.) a rotating vector in the passband.

The final choice is entirely left to the.user. We will adopt,(3.l6) 

because of its simplicity.

' Properties of this F(p) will be investigated. For K = - I ,  p = jw 

and Hii real and positive .

m n + /oî  '-
(3.17)

4 %

(3.18)

(3.19)-

F(p)| A
-iq. +J- : . -u

In the passband, |w| ^

Hii + - T -  m2

= ej4>(w)

where

<j) = -it + 2'tan"I Li.
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and as wL 5: a) < «>, -Tr $ <j> < 0; rotation "being in a counter-clockwise 

direction. Outside the pas stand, i.e., for |co| < u ,

Hi1 +

-Hi1 +I L
(3.20)

The function is real and has singularities at both p^ and -p^, deter­

mined. by setting ny. = Qee Figure 3-3. This is different

from.the lowpass case, which exhibited a singularity at p^, 

b u t •a zero value at -p^. One can see from Figure 3-3 that at no point 

outside the passbahd. will F(p) be less than unity in .magnitude, insuring 

that G-(p) will have no zeros outside the pas stand. . The same sort of 

even function behavior will be exhibited by bandpass functions. ,

Another difference is in G(p) . Tifhen G(p) was formed in lowpass 

functionss it .contained singularities ,g,t -p if G(p) contained,them 

at - p ^ . i n  highpg.ss ," G(p) contains no singularities whatsoever, all

desired jdole locations of H(p) having appeared - in G(p). When H(p) =.
I y .

G(p) G(p) is f o r m e d t h e  singularities then belong to a.magnitude 

squared fhhction.and,may properly be,called poles. They will.auto­

matically appear at p^ and -p^. For a general M g h p a s s  function,

i ,
n' .m. + /p^ V  bif

F(p) ■ = ■ ' (3.21)
i=l -m\ +

where n is one half the desired.degree of H(p). For p = jw and all- 

m^ real and positive



F(Jw)
II

Figure 3-3. Highpass F(p) outside the passtand, Poles at p = ±j.2.
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n m. +

F < P ^  ■  >  ■  ± 7 ^ ' 1

In the passhand-, | w | ^ oj

n m. + j/to^ •-'
F ( I ) L  „ F  ™. ------ - ^ i

^ • ' i=l -m^ + - j /cô ' -

Jii1C to)

(3.22)

(3.$3)

whene

f>. = -nir +
n

2 £■tan- 1— - 
i=l

(3.24)

and as CÔ  $ a) < “ ,.-nir $ 0 < O^rotatien "being in a counter-clockwise 

direction. ■ Again, the .function is real for io outside the passtand

F.(p) I . n m. + Zoô  ~ cô
n,

i=l -m". + Zcô  co'2 
, 11 -L

(3725)

and has . singularities, at p = p^ and p = -p^, determined > "by setting 

m' — 1 ZtJ  + (i)2-l :
i L 1P-= p ^ ; i = .1, 2, 3, n, Conjugate, singularities

are handled in a similar fanner.as in lowpass. -Invoking the Schwarz 

reflection,principle again will show;that  ̂ for p = .p. leading to. m . ,
■ ' __ j 1 1

p = ,p^ will lead to The two term product in F(p) is .
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p 2 + -(.“? t m m )  + (m. + m. )/p^ + Oifi
Ftp) - -----^ ^ ---- *— •> , . .  ̂ (3.26)

p + (oî  + rn^m^) - (nu +.mu)/p2 + o)2 •

in which all coefficients are real. It is also desired that the vector 

rotate in.a counter-clockwise direction in the.passhand, requiring in, 

addition,that.all numerator coefficients he positive. Counter­

clockwise rotation is necessary since.all vectors formed from.real axis 

and imaginary axis poles rotate counter-clockwise. Multiplication "by 

a vector rotating clockwise will cause effective cancellation of 

rotation, scattering zeros of G(p), and consequently H(p), throughout 

the complex plane. As a result, a general rule has been established:

A l l 1 m . will be -chosen such-,that they have.positive real parts. An,Xt
instance.of application of this rule appears in the example of this

section.. It might be noted that choice of all nu wi^h negative real

part would do just as.well. Vectors.yould rotate clockwise.in-such

a circumstance. Consistency of choice is. all that is required.

With the stated rule applied, the highpass vector rotates.from

-2ir to Q -in. a counter-clockwise direction1 as w goes from to infinity.

It. has singularities at p = p^, r-p^ and also at p = p^’, -p^, i..e.,,

for the.ehtire quadruplet.of pole locations. Upon, ipultijjli cat ion by .

its conjugate denominator, the. entire quadruplet will.appear as poles

of a magnitude,,squared function. ■ ■ .

Formation of G(p) follows thp usual rules. Since F(.p) | _ . =
■ ; P jtijL

(-l)n , G(%) is
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G(P) (3.27)-

which gives G(p.) a magnitude ,of unity at hand edge. Following a , 

similar procedure ito that in lowpass, it is easily proyed ̂ that ;a direct 

formulation of -G(p) is

G(B)
Rational Part of Numerator of F(p) 

Denominator of F(p) (3.28)

Since -the proof is .so simple .and like tha/t of lowpass,, it will he

emitted., The magnitude squared, function, H ( p ) i s  formed -as

H(p) .= G(p) G(p) with G(p) having the same property as in t;he lowpass

case, i,e. , G(p) is the conjugate function of G(p) ,for p = jto and

(o_ $ w < co. G(p) ,will ,have the fqrm 
.h i

G(p)

' M 
M  ■+ N 
-R ■■■ 

M  + R

n eve.n 

■ n odd,'
(3.29)

so that G(p) has no singularities, whatsoever, . H(p,) ,is therefore

rational and has. the required .singularities,., which can n o w  he called,

poles because they belong to a magnitude squared fupctiqn. As. a ■

numerical example ,of the highpass, procedure., a magnitude function having,

a passband beginning at, cô  = .:.l, and with one ,and one half ripples, in

the positive passband (a .6^ degree function, overall)- is generated.
:

Poles are to be located at p = ±1,- iIijl. The; presence of,complex 

poles will help .to make clear this part of the procedure. A  plot of
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Jw

a

x -Jl X

Figure 3-k. Pole pattern of 6th degree highpass magnitude squared 
function. Passband shown as double lined axis.



Figure 3-5- H(Jui) versus w for function with pole pattern of Figure 3-4
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thp ,function is shown in, Figures ,3-4 a,nd '3-5-. The stepg are:

I, Determine nu

J 1 , = M  :+'l|p = r l  -

m2 = ^  + 1 Ip = -i+Ji = tan"^ % *

m? . !.I19535^  ‘ 2-.5680188

(3.30)

(3.31)

= + I .,27203 1 j . 786122 (3,33)

An application of the rule that nu have always positive 

rgp,! part requires that .we'choose-

" mg'= 1.27203 - j .786122 (3.34)

and

m  =.m2 = 1.272-03 - j .786122 (3,35)

2. Construct-F(p )

3 m . +  /p2' + I ,
F(p) F . II- — -1— • - - ■

i=l -Hii. + /p^ + I .



_ 2 + '+■ I / . -p2 + .3.23606.f (2.54406)/^ 4- I
- 2 + /p^ +'' I p2 + 3.-23606 ( 2 . 5 ^ 0 6 V p 2 + I

_ (3.95827p2 + 7.12054) + (p2 t ,.6. § 3 3 8 9 ) +  I ( 
C3,95827p2 + 7.12054) + (p2 + .6.83389)/#-+ I 7

3, Form G (p ) ,

G(p ) •;= --:--'--r-rx
(3.9,5827$) + .7.12054)

(3.15827P2 rf- 7.12054)
(p^ 4- 6.83389)/p2

TT (3.37)'
+' ;1

4. Multiply, G(p), by G(p) to form H(p)

H(p), = G(p) G(p) ,

= (3.95827B2 + 7.12d54) ■
(3.95827p2 + 7.120.54)2 - .Cp2 .+ 6.83389)2Cp2 + l)'

Ji O 1-_ 15.6679b + 56.3708?. +.5:0.7021 ,3 (3.38)
' + IiGQGlQpil - 4.GQGlGp2 + 4.GQQGQ1

The denominator is,, ideally,

(p2 + .2p. + 2) (p2 '-2p + 2) (l +; p)(l, - p) = -p̂  + p̂  - 4p2 + 4 • (3.39)

Considering the example, ̂ as ,only .6 plaqes carried throughout, H(p),. is 

quite accurate.
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Again'redundancy exists in the example., There ,is no need (to , 

carry th,e .denominator along. It. will, he that one specified ah initio 

and can he iWrdtten dip^ctiy .in .^(p)., It. wap computed solely ,for 

illustrative purposes. , There is need for only the rational,part Qf 

the numerator of F(p,X. , A  new computational procedure .would he: ,

1. Compute the jn .

2. Commute .the rational part, ef the ,numerator of F(p). ,

3. Multiply such polynomial hy its conjugate.

4. . Place this- over the desired denominator, to form H(p)'. t’ - • i . ■ ■ , ! -

5. • Set, the ,constant multiplier to achieve desired ripple.,

3.4 BAED ,PASS FUNCTIONS,

These, functions will he of an egudripple nature over; tl^e range - 

mL $ Wg. The F(p)- used for generating is

n m  /p^ + wg + ■ /pM + mS'
F (p) ,= n .-1 ------------- -V--- ^  (3.40).

i=l -m^/pS' ,+ 4- /pS +

where -COl  denotes lower pand edge ,and denotes ,higher h a n d i edge.'

Assuming to he real an<| positive,, the ,simplest, f  (p) Is



F(-p) = I
-In1Zp2 ■+ 0)2 • + ; Zp2 '+ "o)2;

(3,41),

It has-the- fQllowihg ̂ properties for p =

S1(P)I
In1 Zw2 -  a,2 ‘ + .Vco2 ._''oj2 j

p ■= jw -Pi1Zw2 w2 + Zw2 -,w2

for' IujI i< “l

.jO((;W) , + g(.W,)
-ja(jw.) +\g.(w) for;w $ |w| $ I n e

In th^ passbani, F(p)|p = J u a ‘rotating unit-yeqtor

(3,42)

F 'p ? Ip = 3» 5 e
j*CA)) ; (3.43)

wh.ore.

-I - i b E '<j> = 2 tan' ---- r— T'r'
Zw2 -' W2_

(3,44)

and as w^_ $ w $ ŵ ., 0 (#> $ i r rotation being in ,,a counter-clockwise ,

direction. : . Outside the passbandj- i<,e.-, ,for. |w| < Wfi and: |w| > .wH
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F(p)| p = jtti —Hi-. 4 ^ 1  co2 + i/(jl)2 — w2 -' - . J. J-i H .•
(3.45)

F(p.) as ,.real -and has- singularities at. p ■= p^ and, p ■ = -p^ according •

to ,the value of -m Z g F i I  
2 - 2- 

P t -+ wL
For n/2 ripples in the passtjand (an (overall 2n decree function) -

•Cij2 •n m . /p^. +1(1)2' + /p-2 + 
F(p) «= n 1 : ------ l  —̂ - - -  ' E

i=l -,-m.'/pf1 itf 0)2' '+ /p2. 4- U)2 - F- (3.46).

In the passhaiid.

, jw = e
jWtti) (3.47,)

where

n' ^0)2 —1" co2 '
$ - 2 % tan, 1 -.---.- A  , (3.48);

i=l /4)2 '-'̂ 2 v '
n  . •

and as g.w.S W g , 0 $ 0 ^ np; rotation being in a counter-clockwise ; 

direction. Outside the passhand P(p) iq real with singularities at. 

p = ,Pi and p.= -Pj,, i = I,. 2, . • ̂ , n. As ip. highpass, 'all singularities 

appear ,in F(p) and G(p), G(p) having none a.t all.' The usual diphotpmy, 

regarding pole lecations - results in Hii computed, from' left half, plane/ 

and positive; j-axps poles.. The,origin is,actually on .;the ."boundary 

of the region-;for which ;poles are tO"be,]used,in computing m i . ' Since 

computation ■ o f ,nu for, poles at p = Pi automatically, inserts -a pole, at
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P ■=■ -Pi' inte- F(-p), - and H(.p), ,computation of. mj for ,one half of

the desired H('p) poles at the origin1 is indicated;/ Ther.e ,will 'always ,, 

he an ,even ,numher of ;poles. at thp origin ̂ because H(pj, is. an even 

function and - one., half of their ,number will ■ be an- integer.. •

■ A  computational, procedure for ̂ bandpass .-functions, follows:;

I.. Compute m.'s according toI..

m i --

rizr + > 2 -
(3.4-g)

There-will .always .be-an ,even-,number of m^ to,compute 

because there must be, an integer number of-ripples, in the 

passbandj making n even.

2., Construct F(p)

F(p,) -= n ;
n m. /p^' + jwg.+ /p^ + - ^

i=l -m. vp2’ ' ' f + • /p2 -+ ,to2
Ir T-‘ ' -U ' h -

„> .n evep, (3t50>

3. F o r m '-Glp) by ,

G(? ) -
I

F  (  P  )  - I , +  I  ■ r  
■ " - 2 ' ' (3,51).
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or

Q(p) Rational .-part of -Numerator- of F(ljP),.- 
Denominator of--F(p-), ; (3.52)

Again, it .-is .not difficult to show -"that - a rational niperator ; 

exists - for G(p).. . The ■ proqf ' fellows, the -same .,lines,, as the ' 

Iqwpass case, and ,will not he, presented.*

4 V Form G(pj).. G(.p) ,is formahle .directly frqm 'G(y.) hy ,noting

that'in the pa,sshand, ;G(p). fhas- the .form'

G(p) _ .____________ (Even .Real ,Polynomial) ; „ „ , v
(Even ,RealPolynomial).'.+. (Irrational IT^aginaryVy - ''

Expre1S sion),'

from which ',G(p). takes the., form

n( ,) _ ______;______  (Even. Real-Polynomial) I___________
(Even ,Real.Polyndiiiial) - ( Irrational (imaginary

Expression) ,
1 ' !

5. Form, H.(p) .as - I

H(p.) = G(.p)GCp) (?. 54)

H-(p) is a rational function.-

As . an- example, suppose one constructs a .bandpass .-function ,with k 

ripples in the bani extending from =,1 to = 2;- There will,be 8
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zeros per band for ,a total of l £  zeros or a 116th degree',magnitude squared,- 

function., Poles are to be, placed-in a, ,quadrantal s e t1 at p = ±]_±ji, qn- 

the real 'axis at p = ^l .and in imaginary axis pairs at zero, and,, 

infinity ,for a.total, of- l6 poles. See-Figures S-jS and 3-7$.

Computations for this function were carried o u t . on an-, IBM l&gCj'j II

computer using a, Fortran-program written iby-the-author. , A  simplified

computational■scheme'using the rational part-of the numerator of F(p).

and separate deno^iiinator-computation and 1 normalization was vemployed,;

It- is similar in ,all respects to the.simplified highpass - procedure-

given ..at -the end. of Section 3.3- Table 3-1 lists the input -speci- • ■

fications and.final.coefficient-values plus- pertinent values of:, the nu.-.

The conjugate,product refers to m^nu and.the conjugate.,sum refers to 
: , • - 

mu + m_. A  plot of the function, vs. ,omega is shown,in -Figure ,,3-6.-
! '

The program-was made of a ,completely general nature for -bandpass■ 

functiohs. , Although-the IBM-1620 'is not a-particularly fast machine, 

as modern digital -,computers g o , .,output -for, up to 6*̂ -' 'degree "functions 

was'limited essentially .by-sprint rate of a 240 line per/minute printer. • 

For l 6̂ h degree'functionsi computation,of-numerator- coefficients 

required about.2 - seconds, In g e n e r alcomputational operations end - 

time required increase in.proportion to. the square'o f ;the desired- 

degree.

.As a .concluding - remark,-in -covering the three fundamental functions, , 

it ,is ,clear that for .computational purposes-, one can, consider, 

lowpass as a special case, of the b a n d p a s s W i t h -  .= >-0, -ali values

of m^ are.identical to those,resulting from strict lowpaqs•operations.
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Figure 3-6. Pole pattern for l6th degree magnitude squared function. 
Passband shown as double lined axis.



Figure 3-7. H(jcu) versus w for function with pole pattern of Figure 3-U.



TABLE■3-1.' Pertinent Valueq in the Cemputatien of Figure■3-7 <

Magnitude - squared, funqtien. pf, degree-16- 
Pas shdnd. extends from 1.0 ite,2.0.

Pole,locations 
±1.0 ±jl.O 

(k' pole's .total) 
±j4.0.(U poles total) 
± 1.10 (2-poles total) 
00 (4,poles total)
0.0 (2 poles total)

Corresponding -nn 
Conjugate ..product =,2.0000000 
Conjugate sum- = 2,6832816/,

.89442719

1.5811388

1.0000000,,

2 .0000000,

l6.73861.049p"LD'+ 1400691.7P111 + 11288710?^
+ 504i0944p1Q - 136211290P8 + 227.754900P6. 

. + 229963580^ + 128l65900ug + 30201551
Il.l58l08p12 t 345.90135p10:+ 2544.0486p8 

-l472.,8703p6 + 9997.6648p4 - ,11425-9P3p2

H(p):

Passhand- zeros ,at -

a) ==±.1.0391112, ± 1.3084135, ± 1,6866165,,-1.9610111



CHAPTER h .

VARIATIONS'AHD APPLICATIONS
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4.1 INTRODUCTION

Variations of the three, fundamental-functions to produce rational' 

functions with and-without symmetry about the origin begin .the chapter. 

The .variations'are of a more tactical nature than strategic -.but do 

require an understanding of Chapters 2 -ani Si Applications include 

generation of the Chebyshev rational function • (CRF ) , .-having, equiripple 

passband•approximation of zero from to .= 0 to w = I and.equiripple stop- 

band approximation of infinity beginning at w = - and extending to 

to More general equiripple ,function^ having passbands; and stopbands ;

of-finite length arq presented. A,rapidly convergent iterative 

procedure is used in both.

A limitation of the power of the,rotating vector principle,is 

encountered when one, desires functions ,with :a.,-known denominator and 

certain ,.preaqsigned zeros,, i <e . when -functions without'the maximum, 

number of ̂ passband ripples possible for their degree are required. ■

It is shown that the usual procedure,of'constructing .F(p) from 

individual .factors for each pole-is not in general ,.possible, A- 

solution for such requirements is shown;, however it is-not particularly 

satisfying, requiring the solution of nonlinear-simultaneous,equations 

for-determination of pas sband zero locations,. This result blocks 

development. of a rapid,iterative procedure for multiband.' equiripple , 

filter functions.- It is ,felt by the author that the procedure due to. 

McGeq (13) is,still the most efficient for such filters:

A.limited solution to the,multiple.passband equiripple filter-is 

presented. It is limited in the sense that:' (l): All,passbands have



the .same,number-of ripples,,(2)- a l l -passbnads have the same•amplitude 

of ripple and-(3) the.poles are hot independently,specifiable.

The chapter, concludes with a short ,.inquiry into equiripple ■ 

functions formed.by adding arbitrary constants to F(p) in formation 

of G(p),■

b . 2  . KOh-MAGHITUDEr-SQUARED ■ RATIONAL':FUNCTIQKfS

All,functions produced, so far satisfy the .'three, requirements for 

magnitude squared functions : . (l) All poles and-zeros are ' in ,■ quadT 

rantal symmetry, . (2) all j-axis jioles and zeros are - of even ,multi­

plicity. and (3).H(p) is non-negative for. all..to. In ,addition they,-are 

symmetrical about zero, i.e., they are strictly,evenvor.odd functions 1 

i n ,p̂ .' Such a,feature is not necessary to magnitude:functions in 

general but is characteristic of these.

Suppose,now that one wanted to produce not.magnitude squared, 

functions but!simply rational functions; meaning.that requirements (2)' 

and (3) are removed, leaving as the single .^criterion that all poles and. 

zeros-be in. quadrantal symmetry. . Such functions have simple zeros in 

the passbapd and approximate.zero with iripple,maxima ,of■+1 -and minima 

of1 <-1. ’ Examples are the.entire set of Ghebyshev polynomials and - the 

set .of Chebyshev rational functions,. Notationwise they will be called 

R(x),. rational functions of the.real variable x. Even,or odd nature 

of the.resulting functions will be retained. See;Figure 4-1 for a 

general.sketch. It is assumed t h a t ■one knows the-degree of the desired 

rational function and its denominator in factored form; ire., pole 

locations-are explicit.
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R(x)

Double
order
pole

Figure 4-1. General form of an R(x).

Simple
pole
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The approach to such R(x) is based on beginning as.though its 
square, R (x) , were to.be constructed.' An F(x) ,'consistent1 with R (x) 
is constructed and a corresponding G(x) is formed.■ Here■the procedure'
is truncated. The numerator of G(x) is the proper numerator of R(x).
R(x) denominator is known so that only constant multiplier adjustment, 
is required.

The procedure begins by constructing a modified F ( x ) 'suitable,fpr 
x a real variable., and.n the degree of R(x) -

n m. - x ^ ,+ Z x ^ x^
F(x) .= n •x. • '• • • L'. ^  . • (4,i)'

i=l -m^/x^. - x^.+ - x^ -

for-bandpass ■ and lowpassand

n m. + A z - x^ - •
F(x') = n — -----  (4 .:2 )■

i=l -m^ + Zx^ - x z

for highpass. F(x) is. constructed.so th^t-if operations were carried 
throughi in :■ the magnitude squared sense j. all • poles- of R(x). would appear 
twice, i.e. , F(x) is. con^istqnt with the formation of R^(x). It is 
seen that the rotating vector property existSi in the paspband-for x a 
real variable.’ Passbands are . symmetrically plaqed about, the origin, ■ 
Outside the-,passbahd .F(x')'is real and can, be 'made-to exhibit desired- 
poles by. computing m_ as-

(4.3)



Tl
in bandpass and -lowpass a n d .

m i = /X i  ~ XL,

in higtipass. ■ Again

%(,) = Ft=).'+J - D "

(4.4)

(4.5)

and has a rational numerator.exhibiting simple,zeros in the passband;,
2

By carrying through in a parallel manner as ,before; o n e1 can form R (x) 

as the product of • G(x) and G(x); R(x), is formed by truncating the .,

process at G(x), using G(x) numerator over the desired denominator and 

setting levels with a- constant-multiplier 

Computationally t,he ,procedure is :

1. ■ Square.the required denominator. It is assumed'that thq

denominator is in factored form,so this-amounts to . 

doubling of each - factor.

2. Construct.F(x) as though.this-squared denominator were to
2

be the final, one of R, (x).;

3. Set the rational part of F(x) numerator .over,the required 

denominator. The function formed.has all desired pole 

and.zero,locations and is correct to within a constant
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multiplier.

k. Adjust the -value at "band, edge to whatever-ripple is desired 
through a .constant.multiplier.

As an example, consider the set of all Chebyshev polynomials;-
i

They are'lowpass, extending from ©.to■I,,and'have all poles at infinity. - 
F(x) for; the ,nth polynomial is

F(x) X + V̂X2-- I
i=l -x +- Zx^ - I

^x .!.-./X̂  " - I 

v-x +

G(x) is formed'as,.

(4,8)

G(x) Rational Part (x + ,Zx^
(-x + /x^ -j-ivi

(4.7)

Rlx), is formed by setting the, numerator of ;,G(x):over .,the -desired 
denominator. For the,Chebyshey polynomials.the dehominator is>a 
constant; in fact unity. Then-.

R(x) = T ( x ) - ;n

= Rational, part (x + Vx^ - ' I')i-
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= _ Real - part ■ •(x + j /l - Xz)-̂1 (4,8).

whicl^ is recognized as o n e ■of. the, common -def ining ogaations for .T (x)

(10).. . Other example^ are ..shown in Figures 4-2., '4-3 a n d . . Tables 

4-1, ,4-2 and 4-3 list pertinent, computational, values.,

4.3 RATIONAL, FUNCTIONS .■ WITHOUT, EVER OR- QBE., SYMMETRY j

Generation of.functions"with ev^n or o^.d1 symmetry is -,not an,

intninsijC property of ,the;rotating vector principle.' It is easily,

adapted ;to generate 1 functions, .R(x)exhibiting - equiripple behavior

over any,finite or,infinite ^interval, Procedure is.muchithe same as in

generation, of rational functions,o f •Section 4:2. It is assumed,that,

the degree of the function .an^ its ^denominator are known. v F(x) ;is'
2

constructed as though R ,(x.) .were to be the end result. . The rational 

part of F(-x) numerator will then -be .the desired numerator-. . The denomi­

nator is;, already ,.known so that only a ,constant ,multiplier is ,required, 

to -adjust .ripple ,value. .

' For n (the d-esired.'function-degree, modified F(x) are „

-F(x) = . n

for pa-ssband ..oyer ,the interval x^ $ x $ x̂ ..

m.vx - xT + / x x
(4.9).

The material in this ,-section does n o t :generally- le.ad to useful 
filter; functions., ft is intended only as a'mathematical'sidelight to 
the\generation -ef.filter functions and can be omitted-with no,loss-of- 
continuity.,
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Figure U-3. Bandpass R(x)
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Figure U-U. Highpass R(x).



TABLE ^-1, Pertinent\Values.in the ComputatiensGf 

■ Rational.function;o f ■degree,8.
:

Passhand e x t e n d s , f r o m , O to I.OL

■ 7 7

Polei locations'

13.P : .1.5 Conjugate'product
I

(4 poles - total) ■■ Conjugate pum.

iS: 5 (2- poled total)

00 (2. poles total) .

R(x), =
ll6,45?6,Tx® !- 235?68310x^:+ l49.iT3Yl5x ' ' 

■ -30.698o48x '̂+ ii0000000 ̂____________
-. 00,q6449874x° "+ , 016608 Y-ISx^

-.l8829932xv t 1,0000000

Passband zeros^at,-

x = ,±,.1996,1558, ± .56469322,, ± .83743802, ± .98164067'? '

'Figure,4^2, ;

? .949333J5
= 1.94730^0' 

.95831485 
1,0000000,.



TAIJLE 1h 2 P e r t i n e n t . Values in ..the Cemputatien >ef . Figure '4-3. ’

Rational , function ,of degree ,!Pi- 

Pas stand extends, - f r o m -I.^ t o . 2 = ©.

Pole.locations

(4 p^les total.)

±4.0 (2 poles total) 

iJlijQ (2 ,poles total) ; 

°° (2 poles total)

Corresponding .nu 

Conjugate,, product =.2,0Q0009C 

Conjugate sum, = 2,6832816.'.

.9944f7t9

1.5811388

1,0000000

13901 j 108x"'"2 ' - .190695:48x10 1043585-.4x8
- 2908371-Qx^1'+ 4,346962,Ixlj" 3304-097,.0x? '

R(x) + 999443.87 •
-3417i 4285x 1® + 520.7l427x8' + 4l6,57l42x6

+2082,8571%,^'+ 2221,7l42x2

Pa s stand'-zeros at

± 1.-0138523^ ± I; 1212712,- ± ,1.3185.613, 

± 1.5712704,'± 1.819223, ± 1.9782853.

x--=
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TABLE '4^3. Pertinent Values- in. the ,,Computation of Figure 4-4;-

Rational -function of. degree 

Passhand extends ; from. 1.0 to infinity,, v .

Pplq'Loqations 

"I.G j l.0 

^4 poles total)::

*0,5 (2 poles,total) 

-jl-.G poles total)
r
0.0 '(l!pole.total)

' ' ’ -v

Corresponding

Conjugate ,Product- = '2,23,6068© 

Conjugate Sum,- = .2.,54403,93 ,

.8,660254© 

I .-414213,6. = 

1,0000000

R(x) =

10.,648557x8 - I90.l8398xf + 855.76.559xU 
,, -13.46.7748,x2 + 678.04462,-, - . ' , ;
1.00©000gx^ t-;,.75®0000©x^ + ,3 .7509900x5

' Q  -'

+ .;.3. ©G00000X ' - rtl . 0000000X '

Passhand' -zeros at.

x-= ± I .-,0254304,-, ± 1:24600004,, t 1,8023073, . ± ',3.4652179
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n
f(x) ■= n ,i=il!

lliI-. + /xL.- *
-m i + ^

(4.10)

for passband- ever the interval x $ x < and
L  . .  •

n-
F1(X)1 = n : 

i=l

r .
m. +, /x -  Xij I . H-.,
- m . + -',Xh

(4..11)

for passhan^. evey- the ,'interval < x $ x .̂ It will ;he explained
shortly why. F(x) appears as - a product ,of'squared rather than,simple
terms. . All three ■ functions; ajre rotating, vectors, in-theifi respective

■ i
pass-hands'-and have singularities at .x = x^ in accordance .,with ,

(4.12)

mi ^ /XL “ Xi (4.13)

and.

m i " - xH.. (!t.a.4)

respectively.-
Resul1-̂ ant. E(x) (functions have, in g^nepal, ,no ;symmetry -whatsoever.. 

Correspondingly, concepts .-of: lowpass , bandpass and highpass have, no 
meaning., One, speaks only.of,a pas stand interval. For example, R(x). 
for.passb,and,over\the interval x^ $ x $ Xg. ,will ;be equiripple ,over-, that
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range only. Action e f 'R(x) for -x^ $ x 3 is not.necessarily ,

constrained; In fact it is possible 'for thes.e --ranges -to ■ overlap.

Figurp ,Ur-5 shows various possibilities ,for R(xO. <

An important- poigt must be 'Observed\when,-using, these -F(x). The ■

lack'• ofsymmetry •;mean?' that if a -singularity is;'placed iy F(x), at
2

x =-x^, .its■ negative ,would,not ,,appear in R 1 (-x). : Rather-there will
2 -

appear a 1 simple ,pole, of -.R1 (x) at. x,= x , . Consequently,- each individual 

pole of R2(x-) ;must-be explicitly-,-placed1 in .-,F(x'):.' In tpr m s -;p f -R(x), 

each individual pole must be placed twice-in.F(±)_.. ' For R(x), with h ' 

zeros,. there are . n poles a/hi n- squared; factors iq FGxI, precisely 

eqough to allow placing each pole of R(x). twice.

For a-, given set,of specifications,in (l);;xL and x ^ , . (2).

degree- of R(x) =.n, (3) pole locations;- x.= x^,.Xg, • r i, X^ and ,-,(4) 

value ,of'R(x) ,,at (ene band edge, ,a CQm^)utat.i©nq.l'procedure for- finite , 

passband,.is:

I. Construct .-F(x). Equation (Ij--S) is used. 

11:. - 11- + ' I: -
r(-x) = . n : - I  L-.. .

i=l -m^/x --. kL + : /x;'-' Xg
- 1 «r

.. • /Whpqe;. in accord, with Equation (h.,12)

2,. G-(x) will always be

m Il7x - =L-+ l7x Z-, • - • i
- m ^ / x  - x L  + /x /'- X g

(4.12).
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(a) Band extending to minus infinity

(b) Finite band length

(c ) Band extending to infinity

Figure lt-5. A few possibilities for R(x).



83

G(x) F(x) /+ I - (4.15)

"because ..an - even number,ef -factory are, always 'present in 

E(x). get the numerator, of G (x) '..oyer ■ a denominator- 

possessing, the desired p o l e 'locations(of-R(x).. Thsrs,. 

.r s suit s-

, a _ Rational'-Pan^ I^Jum F(x) ] 
~  K [B'enominator]

3, Adjust "K to give the .,desired value.-,at'specified band edge. ,

As -a numerical,example, consider,a rational function that is- to 

be- siuiripple. from x 1= x^ tp x-= x̂ . but -not for. the rangs -, x = -x^ to 

x_=.-Xr . There ars to be 3 -zpros in.the ,interval,and'the denominator 

is tq provide,poles, at x = x^, Xg and ^ 3 . .. See'Figure - 4=$,'. An 

appropriate -F(x) would be

• F(x):
3-
n

i=l. ^m1 Zx - Xi + /x - Xg
(4.17)

whe^s

I,' 2, 3: (4.18)

For xT I 5-Xt 2 ,and-all-polss at. infinity so that all-mu F- I i this



R(x)

OD-Cr

Figure b - 6 . Plot of R(x) - IUUx2 + 210x - 99.
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becomes

F lx) /x - I + /x - 2 ' — ' r - ■ " • ~r '
-/x I + /x - -2

(32x3 - I k k x 2 + 21 Ox -,99) + (32x2 - 88x + 7Q.)A'- I Zx -! 2
(32x3 - i44x2 + 210x ■99) - (32x2 - 88x + 70)Vx-- l/x - 2

<4.19)

Then

G(x) 32x3 - l44x2 t-210x - 99- -
.(32x - l44x + ..210x - 99) - (32x - 88x + T0)/x - l/x- - 2

-(4.20)

We are interested in.the numerator only,so-that■

R(x) 32x3 - ,l44x2 +,210x - 99 (4.21)

For ,R(l).;= + 1 or, what is the same.thing, R(2) = ±1 we find K = ^1.

4.4 THE CHERYSHEV RATIONAL FUNCTION (CRF)1 '

This:classic form is perhaps a s ■-familiar as the Chebyshev poly­

nomials. There is no need to define or describe it here; it is well

The term aChebyshev rational function",has been used by some 
authors (4,11) to denote any.rational fiinction .with :equiripple-Iehaviqr 
in the passband and arbitrary pole locations. T h e ■class of functions 
exhibiting equiripple,lowpass approximation Of zero and highpass 
approximation of - infinity -were refered to as complete elliptic filter 
functions. It is becoming more common (6, 19) to reserve "Chebyshev 
rational function" for this latter class only, while- authors -invent 
terms for the general class. This,is the. terminology - adhered to in 
this presentation.,
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treated in Blest; standard texts (5, 6, 8, 19, 2l). An article by 

Papoulis (14) indicates an.algebraic procedure:for determining coeffi-r 

cients. Bennett (U) also proposed algebraic'means-for low-degree 
function^ based upon his original transformations, These 'are the.same 

transformations- that lead to the ,F(p) -functions discussed in-Chapters.

2.and;3.■ In.that,same.article he also mentioned'that a band to band 

iterative -process, which is .rapidly convergent, may be-applied.

Gi^illemin cast Bennett’s iteration in different words and gave a low 

degree example (8). The procedure to be described in here is of an 

iterative,nature and arrives -,at the- CRF.a s -p. rational function of q.'. 

real'variable, as presented i n ;Section U.2.
In employing the functions - of ..Chapter S 5 two avenues of approach 

can, be taken ip, producing the CRF1i The ■ first uses none of the. already 

known ,properties,-of ..the CRF ■ and is strictly a band: to-band, !iterative 

process, making first-the lowband.. equiripple-with respect to highbapd 

poles apd finding the. lowband zeros, then inverting the result,and 

making the . M g h b a n d i equiripple/with respect, to what .are: now lowband, 

..poles at the initial lowband zero, locations, ■ The second procedure,, 

initially appears a bit ,more, sophisticated, but-,produces , identical 

result 0 with jrespect tp both -speed.-and accuracy.' It uses.the property 

of. geometric synpietry of-poles and,zeros of1 t h e -CRF1 " For x^ = ,1 thin.

symmetry is-about,a center point, vXq ? ,where X q is the^beginning,of

the hifghbanho , For Vx^ the,center frequency, ,x_ the location of the1'-
i ■

ith zero an d ..X . the Ipcation--Of/the ith pole; tlien N
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X b  x z  • =  ' V  1’ 2> ( 4 . 2 2 )
i

S t e p w i s e t h e  ,first procedure is:-

1. Given .requirements ̂ Gf a C E F ■ ef .-,degree -n,. Iewhand frem 0, to

I a n d 'highband'from-xc to infinity, choose a-set of highband

pole locations,.to-begin the iteration.. Construct a vIowpass

E^ x̂-) iusing these 'pole • locations <- This, E^ (x) is, of 
7' 11,

course, equiripple iq lowpass..

2. Find the zeros of (x) a n d ■ use-ihenj, as poles for cen-
1 ̂

struqtion ,of - a Iiighpqss R^ (x) whose passband begins ,at,
I-

x and runs to infinity, R_ (x) is equiripple,in highpass- 
c, tiI

but is usually no.longer equiripple.in approximating in- ■ 

finity i n .Iowpass. It will ,be equiripple.in-both'bands 

only if the ,original, guess, for highband;;pole, locations were 

exactly,the final,locations,- a most unlikely prospect,

3. ' Find the zeros of .R̂ . (x) and use -.them-,as- poles for the
I

construction of,a new-lowpass function R, (%).
.' ' ' - 2 -

. 4= Continue-the lowpass-highpass. iteration uht.il zero locations

of -R' (^) - (or R (x) ) differ-from those, of Rt. (x ) (or '
LK ' Hk ' ' - ' L (k-1)
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Rtt (x ). , ) "by less than some preassigne^.■'measure, 
-(k-l). ‘ '' ...............

The. second procedure,is:

1. Given req.uirement.s-for. a 1 CRI] of degree .n, lowband■ from ■ 0 to

I -and highband from x to infinity, choose,a s e t .of \highpass, ■• c , • ' ' .

pole - locations to begin th$ iteration.- Construct ■ a lowpass

R (x) using these ,pole.locations. T]p.is'step-is tindeptic^l'
I .........  ' '

to step (l) of the-fir,si method. ,

/

2, ■' Find-the,, zeros ef .Rj (x) = Let ■ them ,.be Ixi7 _ , X17 ; 0 ° X17 , •

. 3., Continue to. form new,R (x) until zero location's ■. of • R x̂),;

n e w

Form

differ from thqse <?’f  R ' (x) by less than some preT
L (k-1)

assigned measure.

Dependence of i h e -second'procedure URen geometric - symmetry-,of-;the

C ^ F 'is evident, B o t h ‘methods produce.results of. identical'occuracy■ 

in(an identical number of iterations (Eacli pew, computation,of an

equirippleifunqtion is\counted as one,-iteration,!, be the,function lowpass
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ghertey computer program. Execution time ;is -of,course the same for 

ho^hi- Copiputationaliy a simplification is pgssihie in both procedures 

Rather than .construct R(x) completely,in-egch'iteration; only the ̂ 

zeros of the rational'part-of the npmeratep of P(x) poed'he,found.;

The programs -written•include t^is simplification.'

Several runs on the computer provided the. following .information,,'• 

some' of ,.which; h a s , b e e p . stated:

I,. Both procedures gave identical,results in the :same.-.number , 

of •: iterations.

2. Although no convergence proof h a s ■b e e n 'found,,no example, 

of failure to, converge was encountered^ Indeed,, monotone 1 

convergence o f •zeros to their,final location, (accurate-to 

8 figures) was -found- in eyery, cpse,-,.

3. With the -exception noted beloWp for a 1 given x^, the number

of iterations was-essentially independent of degree, For

x c = I., I,1- about, 13 iterations ,were, required; for..Xq .= 1.25

about 9 iterations were required; for -x = 2.0-, about, 7
C -

iterations- were required..

U. ■ Initial choice of. hi-ghband .pole locations .had'almost ,no- 

effect-on.-the number of iterations required with pn.e' - 

notable exception: For.n = 4, 8, 12, ; ,i.e. , for - j .
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even, ,wheh,the .initial'poles were divided equally between .. 

. half, groupedr a t ’.x = ,x and half grouped ,at1 infinity, the 

number,of.iterations - required - decreased significantly.

For xc = 1.1,.about"7'iterations yere required; for xc = 

1^25, about 6 ,iterations w e r e ■required; for x =-2.0, aboutC :
U iterations were required. For n. = -2,- 6, 10, °°°', _i.e. , 

n
. for g- odd, the function will not allow an,equal division 

of initial pole locations between band edge and infinity.

By setting n-'2 1 poles at ^c and -.poles at infinity, 

a-reduction of not more than one iteration was observed.

3, 5, 7,.°°°, an ,approximately equal■division o f :initial 

highband poles between ^c and infinity gave no reduction 

of iterations.

Figures 4-7 through 4-10 show migration of lowband zero locations 

for Ifth degree and 8thydegree functions; first for,all highband poles 

chosen initially at. infinity, then for equal division Botweqn-Xc and 

Ipfinijty'. -.

4.5 GEhERAh 1 EQUIRIPPhE. PASS 'MD SIOP EWGTIQWSj m

These functions, pre a.generalization of,the CEF ■ I n -that,. (I ) the - 

upper frequency,band may extend over finite'limits rather than to 

infinity, (2)' the-lower frequency band niay begin • a t . sbjne.'ffnife, non­

zero frequency or.(3) both characteristics may be exhibited. See- 

Figure ■ 4-11 for an illustration of the general form. Since they do not 

in general•exhibit the geometric symmetry characteristic of the CRF,



9 1

x = 0 x = l
.38 
-o—

.92-o— I

• U5
—o—

• 95 -o— 2

. i+6-
-o—

.95-o— 3

.467
-o—

.4673---0—

.46736 
---- o—

.467366
---- o-—

.467366
---------o — — —

.4673664. 
— — <>-----

.46736641 
— — - o — - —

Figure 4-7. Zero migration for CRF. of degree 4.
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x = 0 x = .1
-46 .95

•467 .953

.46736 , .953197
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.U67366U1 .95319741
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---- --- 0 ' 0

Figure H-8. Zero migration for CRF of degree U.' x = 1.25- 
One initial pole location at x ; one initial 
pole location at infinity.
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x = 0
.19 .83

. .55 ° .98

.23 .88
.98

.24 .88
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‘
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--- o----

.24525377 ---- o----
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.650853

.9886755

.889257 -o-
.98867551

,88925728 
-o-
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Figure 4-9. Zero migration for CRF of degree 8. x = 1.25. 
All initial pole locations at infinity.
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X = I

. . 64 .98 - 'I
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2

.245253 .88925-
.65085 ..9886755

3
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-----o--------------------------- O---------------O—  --- Cr—  ji

.650853 ' .98867551

.24525377 •. . . . .  .88925720-.. . O- ~ _ ' O - _ 0 ^  5
.65085310 .98867551

Figure 4-10. Zero migration for CRF of degree 8. x = 1.25.
Two initial pole locations at x ; two initial 
pole locations at infinity.
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Figure U-Il. General equiripple passband and stopband function.



an iterative procedure 'like the first one .mentioned" in ,Section U A  is., 

used. Specifically,, it is:

I.. Qiven --Ieyhand limits, L and;-.x^^ H , 'highhan.!-limits-,

xIiigh L apd xIiigh H desired degree n; cheese a set of
highland-pele locations.t o ■begin t^e-iteration... Construct

a - lewhand E (x) using,these pole 'locations-. ’ 
jjI : .

2, Find the.zeros of R (x), and.use them- as poles -for construe
I-

t i e n ■of-a■highland (x)..
I ••

3. Find.the zeros of;R» (x) and use-them^as poles for construe
-I'

tiqn-of a lowland R (x).- L 2

U= Continue the fiteration until ze^o'locations of R^ (x) (or \
k-;

Rtj (x O ) differ from those, of - R (x),'(or from those-of--
. L (k-1), ■

R fj. (x ) . ) Iy less than some, preassigned ̂ measure.
- ' (k-1). ' " :................ ..

Again the computational simplification of finding only the zeros- 

o f -G(X) ,-numerator was-,.used in writing, a,Fortran program, Execution -of, 

the program provided the, following general information

Id Monotone convergence of-zeros and-poles to- their final- 

locations , (accurate to 8,figures) was again.: observed. - 

This was. true in every ..example although no convergence,
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proof has been.found.

2, With the exception :note^. in. (3); for given lowband and 

highband specifiqa,tiops, ,the -,number of iterations was-, 

essentially- independent ■ of ;degree.' For lowbs,n4'ejc^qnding 

from O t o '1.0, highband'from 1.1 to 3.0, about,,14 iterations 

wqre.require^i for lowb^nd extending..from,8 to 1.0, high-, 

band.from,1.5 tq 3.0;. about'9 iterations were required;

for lOwband,extending from 0 ,to -1.0, highband:frpm- 2.0. to 

' 3..0, about, 7 iterations were required. ■■

3. It was again,found that for even, a .choice of initial 

pole locations equally divided,between the low and h i g h ■ 

limits ,of.the highband produced convergence-with signifl™ ■ 

cantIy .fewer iterations. , Their: number d r o ppedto about

8, 6.-and 5, respectively, for the bands listed in (2).-

Decrease in iterations for odd was not'"more than I 
n - 1-with-.initial — — ' pole, locations at low limit of the : 
n + I'highland and- — —  at - the, high limiti F o r -n odd'and an 

approximately equal placement of initial poles a t ■low and 

high limit of the highband, no change in the number of 

iterations was observed.

Figures 4-12' through 4-15 show migration -Of -Iowband -zer®-./.locations 

and - highband pole locations for. 4th .'degree- a n d 6 t h  degree-• functions.

I__ £
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x = 0  x= 1.0 x = 1.5 x = 3*0
.42

.93

1.57
V  V

CM5
 =

I A A
2.42

.94489

1.57173v V

.442122

X X
2.4231

.944918

1.5717329
X  x

.44212251

2.4231146

.94491841

1.5717329

.44212251

2.4231146

.94491841

Figure U-12. Zero and pole migration for equiripple passtand 
and stopband function of degree U . Band edges 
as shown. Initial pole locations at 2.0 and 2.5.
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x = 0  x =  1.0 x = 1.5 x = 3.0

.44

° .94

1.57173__v___________________ ^_____________

.4421225

K A
2.4231

.94491841

1.5717329
V

.44212251

2.4531146

.94491841

1.5717329
2.4231146

Figure 4-13. Zero and pole migration for equiripple passtand 
and stopband function of degree 4. Band edges 
as shown. Initial pole locations at 1.5 and 3.0.



100

1.0
.28 
— o- ■ 97— Cl

.303 
— o-

.766
.9758
-0----d

1.5

1.53 
4v-

1.83

1-53097 
*-----

X = 3.0 

- 1

2.68
— * —
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.303639 
-----0—

.9758288
-O--- Cl

.766350

1.83410

1.5309764 X--- X-
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.30363946 .97582883 
-----0--------- O--- 0|

.76635027

1.8341011

1.5309764 
X------x-

2.6849972 
— x------

.30363946 .97582883
-O---- — ----O

.76635027

Figure 4-l4.

1.8341011

Zero and pole migration for equiripple passband 
and stopband function of degree 6. Band edges 
as shown. Initial pole locations at 1.875» 2.250 
and 2.625.
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x = 0 .x = 1.O x  = I.5 x = 3.0

.29 .97
.75

,1.53 2.68

.3036 .9758

1.83 '

.7663

1.530976 2.68AZ______V___________________ V______

.303639 .9758288

1.83410

.766350

4 1.5309764 2.6849972

.30363946 .97582883

I '.8341011

.76635027

1.5309764 2.6849972

.30363946 .97582883

1.8341011

.76635027

Figure 4-15. Zero and pole migration for equiripple passtand 
and stopband function of degree 6. Band edges 
as shown. One initial pole location at 1.5; two 
initial pole locations at 3.0. Wote no decrease 
in iterations.
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All highland, poles -are initially chosen.with ̂ aboul even distribution 

in highland, then,placed soley at land edges-,

■4,6 EQ.UIRIi?ELE.'FlMCTIOEfS WITH FREASSIGEfED, EXTRAiEASSlAHB. Z1E R O S -AWE 

ARBITRARY-FQLES '

The rotating vector principle .as presented in Chapters 2.and-3; 

reaches a.limitation when-applied to the problem, of functions, with -. 

preassigned extrapassband zeros and arbitrary poles. Section 4,6,1. 

shows that factor Iy factor construction of F(p). is- not i generally 

.possible. Section 4,6,2.presents.a complete, although not entirely 

■satisfying, solution to the. problem.,

4,6,1 Problems Encountered in tie Rojfcatijng VectorPrinciple
In order t o .clearly understand the,nature of problems.encountered 

When forming equiripple . functions with prescribed extrapas sband.. z eros , 

it is well to look,at - functions F(p),.G(p)(and H(p) from another - 

viewpoint. Heretofore-attention has-been paid; only to.the lopation of 

poles. Maxima and minima locations within the pa.ssband .were,not of 

express•concern. The rotating vector principle,implicitly set the 

passband'zeros and-accordingly the,points at,which H(jm) =-1.: We 

will n o w •indicate■the mechanism b y .which these passband-pointsYare set« 

Assume thah’F(p„) for some bandpass function of overall degree .2n> 

has been constructed ,and-G(p) is now.formed; We see.that;

G(p), = — ^-- . - k i v I  ■ . (4,23)
A(p) - .B(p,)/pz '-.+ ;.

where. A(p)-is an. even, polynomial of degree n and - B (p.) is ,an-even
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polynomial'of degree n,- 2. From this-

H(;p) a 2(p )
A 2 Cp) -.B2 (p)(p2 + W2 X p 2 + w2 )

(4,24)

We now-inquire into ho,w expression of.H(p) -in this form displays 
■ . ' :

explicitly the-zeros and,maxima - -in. the passhand=,.

Th e . answers, to such inspire,are immedi.at^«, Zeros-exist' afr the ,

zeros of A 2 (>) All ,-.such t zeros are;.in-the. ^assh,an^. and,; are dhuhle; .

thereforevH(p) 4 s  /positive oq, both-,sides of hh® 'location- It is ^lso

evident\that H(p-) = 4  whenever B 2 (p) (p2 '+ w^)(p2 +.-aj2 ) =.0,.-All 
2

zeros ,©!1 B' (lp) are therefore in the ;pasShandr; hre'&onble.and interlace-,

those of A 2 (p)/ Sinqe-they are double, ,H(p} 4 s Jless'than'Unity on

either si«|e of them.■ T h e ■facterev(p2 + t ^ )  .and-(p2 + ;-w2 ) provide,

single'order zeros in'the expression above'.' Hence'H(pO'continues

through such points,without again■turning downward, >

In,,more, complete-terms one, may write , 
n

K2 n- -(p2 t.zv)2
i=i ' ' 1

H(p) ,- =
4  n'tP21 P̂ )2 - L2 1 Z 2 I 2x2n-(p- +.w ) -z,-2, 2\ / 2 '2x(p ■+ wT )(p , +.Wh)

ivl •. : Li=I I ■' : ' '
(4.25)

The numerate?' and-its tdenticnl'denominator teriti indicate, points at

which H(p) '= 0., The. zeros are - double,.- The right hand; term of the:.,
n—Ii. p pp n .(p2 +-W2)2 
4=1

t h e . points at ’• which H (p ) = ;1„ • There.: ̂ re > n — .. I double" drder ( internal

denominator,,viz.,.-L (p2 +-W2 K p 2 '+ w^), indicates v

points and'the f^Q'-.^and edges, -both', of-,which are,, single-order points. , 

Figure 4-l6 dhows ̂ the significance of. theep-'-remarks, -The-rotating



Figure U-l6. Passband of four ripple H(p).
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vector principle used so far has not required explicit computation of 

either the z^'s or the ok 's . They were generated automatically in the 

procedure -with only a knowledge of desired pole locations and ,.band edges „ 

Equation 4.25 for H(p) as a magnitude squared function is,the same 

as that arrived at in another manner by Humphereys (9), showing that 

the procedures have a common point.

How consider the requirement of a three ripple bandpass function

with a double order zero outside the band at u) ext All specified
I

poles are assumed at large values of p to keep them from complicating 

the picture. Figure■4-17 shows the specified function. From Figure

4-17, the required H(p) is

H(p) i=l
(rf +

{Kc n (p2 + z2 )2 
Li=I 1 ■ (P" + = L /

-L
Li=I

, 2 L 2x2(p + W ) / 2 ^ 2x/ 2 2x, 2 2„ XT 2 2(p + w^)(p + WgXp + + *ext
I d

(4.26)

)>

For this to be formed in the usual' fashion it would be necessary to

G(p)

v..

{K

r  2

■ n - (p2 + .z2 ) 
Lj=I

n (p2 + z2 ) 
Li=I

(p' ^ x t J

(4.27)
-L n (p2 + w2)

Li=I 1
Vp2+w^ /p2 + w2 /p2 + w2 /p2 + w2 }
* L * H ext L ext_I ■ d

The numerator is a polynomial, which has always been the case with QGp),



H(Jw)

HOOS

SXt1 'Figure 4-17. H(p) with extrapassband zero at z



107

The right portion of G(p) denominator is not of-the usual.form. In
\ v_ rs

contrast, to the-.usual irrational part being only ,hand edge ,,information,.
it has radicals at tvo other points, to = S ^ext ° - The associated

F(p.) is ,a rotating vector not only ■ in ,the passhand "but also in the
interval to $,to $ to! , .■ exu^ exUg -,

More complex cases are. s h o w ■ in-,Figures 4-l§, 4-19, and, 4-20=., In

each, a three ripple-bandpass.functipn,is shown, having double,order

zeros -at- to = z , Z. , the poles:.jbe,ing at specified locations SXtn . ext „ : ■ ■ 1 " -:|f
.. . •’ ^ 1'. :

outside the. portion shown. The numerator -end left hand denominator.^  ^

expression .of-G(p) will,again be polynomials, representing the - ...
! ■ , ' ’ ; ‘ 4 ■

•locations of ,the 'double., order zeros ̂ n H(p.). ■ The righ^ hand denomi-. -
: ■

nator expression must have'zeros ,at w = y , to and radicals wi;th zeros ■
' ' ■ 'V 'I ■ '■ 1 ' V 4;. ' ' . '

at (pT= (Ol,. Ijjh', In \additieu,it-must'liaye.radical s,''wit]i'zeros jat
! ■

to = -u) . , . Figure 4-l8 has simple, radicals. at to = y 1 , .to . • ,
e x t j _ .  ■' ■ . - exI52 ,

%xt V *ext, ; Figurs 4-19"has simple !Wicalei at w,= qj-' , - ."
. ' 3" ' 4 ' . 1 ;

41Bxt a l̂d- a polynomial ;factor.'at,w = : Figure ' 4^-20 - has simple

radicals with zeros-,at to'-F, to ■ , to; , and a-factor, of ,the form.
■ 1 - . SxtP e3PP2- ' ! I .

/a^p'4 +.-a2p^ '+' aQ having zprds located i n .guadrantal symmetry with 

imaginary part sdmpwhere between z . and z J .I - ■ ■ ' • ■ - 1 ■ exn, 'i exUp.
.. . . ■ r • ■

In generali H(,p) has - the - appearance - ;
: -I' !■:: ■ - ' ' -

H(p) A 2 (p)C2 (p)'

A2(p)C2'(p) - B2(p)D(p) (p2 > (0̂ ) (p2 + W2)
(4.28)



and distinctwith two extrapasstand zeros
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H(Jw)

Figure 4-1$. H(p) with two extrapasstand zeros and double order unity value location at

^extg

60
1



Figure 4-20. H(p) with extrapassband zeros and unity value locations displaced off jw axis.

H
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A(p) = K n  (p2 + z2 ), 
i = l  ■

(4.$9)

indicates- the passhand. zere, lecatierts

p p
B(p) = L -n X p . + W.) 

i=l
(4.30)

indicates ,the passhand unity .lecatiens,

c(p);= n (p2 + )
• i=l

(4.31)

indicates, extrapasstand'’zenos and- D(p)(is;a pelynomial- indicating 

extrapasphand-peintg; o f ; unity- Yaliie, which may er. may-net-he on t h e1 

j-raxis:. ^rom. tI^isl

QCp).
A(p)C(p) B(p)yp(p)Vp^'t 0)^/p2 +

(4.32)

F(p)
A(p)e(p) + B(p)/D(p)yp^ +' 0)2/p̂  + oj2'
A(p)G(p), - B(p)/D(p)/p2 '+. ai^/p2 +

(4.$3)

It. is at this point.that, difficulties appear  ̂ It is Shown1 in 1. 

Appendix A  that one cannot construct any.general set of functionsr-
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C, (p)/p^ + t»)2’ + D - C p V p y ''+
F1(P) =  ----- L , - 1---- — ^  - ( M 1O

-C^(p)/p^ + wy '+ D^(p)/p2 + 0)2

where CL (p) ■ and DzCp) ' are expressions -.that i.are; pelyn^mlals . radicals , . 
or ,products'of ..polynomials and "radicals,' such that" their, continued 
product• will ;form the. desired-F(p), unless' D(p) is known.at’the outset.

IPrpialfem̂  will appear if\. failure., of'radicals'to-disappear in cross,
products. Any ,,resulting expressions, will :be cluttered Xfith radicals
which will ,not cpncel,■ .For a 'functiop-with prescribed'extrapasshand

zeros -and prescribed denominator-,,;the-.rotating -vector -principle Tfill
not-yield an H(p) with rational numerator

In essence, the .problem arises from’being unable to determine-
the set of w, initially or to put it in other terms, from ext ̂
inability to determine over exactly what intervals outside the passband 
F(p) is to again become a rotating vector and through what ahgle it 
should, rotate. , :

There remains another general class of functions f o r 'investigation. 

If.it is not generally possible to determine an F(p) that is.a rotating

vector for all intervals in which H(Jm) g I, there are still those ,
: .

F(p) that are rotating vectors in the passband and strictly rfeal out­
side the pasfeband. It is ,shown in Appendix B that such functions will 
introduce undesired poles into H(p)- and are not useful.

Such results do not mean that the rotating vector approach cannot - 
produce H(p) with prescribed extrapassband zeros. What is meant is 
that the approach will not allow e'xtrapassband .zero'placemerit with a,n
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arbitrarily, prespecified, denominator.,- One must .accept the--denominator . 
that appears.

Te illustrate this, let

A(p) + B(p)/p2' + a)̂ /p2 + oj2
F(p)' = -----^  (4.35)

A(p) T- a(p)/p2 '+ 0)’2/p2 +; 0)2 ;

be formed in the usual way for certain pregpecifie^ pole locations.
It is the p.sual bandpass F(p).. Let C(p) be a polynomial representing 
the, desired zero locations, the location, of each- eventual dquble. order ■ 
zero - appearing once. . Also require that C(p) be real for all w.

C(p). = <

/2  2 \n (p + z ) q even
i=l eXti
q.-l. p

p/d n- (p,1 + z ) q odd
i=l , i

(4.36)

Insert C(p) intp F(p) to obtain a rie-vf F(p).

A(p).C(p) + B(p)/p2 + to^/p^' + 0)2' •
F(p) ,= . . " - -Tj l  ' (4.37)

A(p)C(,p) -• |(p)/py:.+ w2/p2' .+

The nevf F(p)' is ptill, a rotating vector in the. passband and will lead.

H(p) = ; ________ A 2 (p)Ga (p)

A2(P)C2(P) - B2(p')(p2 + w2)(p2 + w2)
(4.38)

which exhibits the zeros of C(p) in- double order. The denominator is. 
no longer that one originally specified.
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4.6.2 A  Solutien to the Extrapasshand Zero Problem 
fe T l  * 1 : ; ' I

Although formation of ,an H(p) in the usual sense of factor hy
1 ■ _ ' ?

factor construction of E(p), formation of G(p) and finally ,H(p:) , has
’ • /

been,shown iu general not .possiblethe general form of H(p) offers a ; 

solution.'' The procedure is one of beginning, with this- general form 

and determining points ,where H (p) = O and H(p) = I. It leads to a set 

of nonlinear simultaneous equations, whose solutions are found by an 

iterative Newton Raphson process ( 9,- 10).

. We have as, a desired H (p ), Equation 4.28 -

H(p) = •, Ag(|)C2(f.)----------- ' (Kt28),
A  (p)C (p) - B ,(p)B(p) (p + -Wl M p . + mH )

where

A(p) 4  K-n (^2 + Z2 ) 
i=l ■

B(p) 4  B -n (p2 + w2 ) 
i=l

Q. O p \P(p) 4  ' H (p + z ; 
k=l -k

and D(p,) is an unknown even monic polynomial of degree 4q. Since D(p)
' "f' ■ ' ' ■

is even., monic ,and of degree 4q,. it has 2q coefficients that are. 

unknown. K and L are unknown constants.

Known information, about H(p) Is:

(4.29) "

(4.30)

(4.31)
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I. The degree of all polynomials. Deg (A(p) ) '= 2n.-
Deg (B(p) ) = 2(n - l). Deg (C(p.) ') = 2q. Deg (D(p) ) = 4q=-

2 o Band edges co "aird-oî .

3o The .2q. extrapasshand zero locations, •

4= The overall denominator to within a constant .multiplier,
■ The zeros of the denominator are known.,, .

The problem is to find all z^„ The unknowns are:

1. - Passband zero locations, z^„ There a r e -n of these.

2. • Passband unity locations, j m ' There are n - I of tllisse.

3. Coefficients .of D(p) = There are '2q of these.

4. : Constants K and L.1
' ' ' . : ■

:

A solution procedure is:

, . p ,o p 2 2 2 2 •I. Expand A (p)C.(p) - B (p)D(p) (p + w^)(p + into a
polynomial.= Th^s polynomial will have 2(ri = q.) + I 
unknown coefficients represented jin tferms of, 2(n + q) + I
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unknowns,■ The unknowns are: (l) n locations, (2) n - I

ok locations, (3) 2q coefficients of B(p) and (4).constants ' 

K  a n d 'L .

2o From . the. desired.pole locations, form the. denominator.
' ■ '■

It need not/be a monic .polynomial .but is most likely to be.
so by the process of factor multiplication„ The denominator • 

is .even-.-and of degree. b {n + t),, having 2(h +■ q.) + I 

coefficientsc

3.' Equate the 2(n + q)"+ I unknown-coefficients,of H(p)

denominator to these.of the desired■denominator., A  set
L '

of 2(n + q) + 1  nonlinear ,.simultaneous equations, in a s 5,
\ :

many.unknowns [.results. •

k,. Solve the set of 2(n +.1) + 1  nonlinear simultaneous

equations., Qut ,of - this set of solutions one is interested 

in n :z^ locations and. the constant; K;-

An equation solving .procedure is :

I, ■ Let the-..equations be represented as F^ = '0;, i = .l, 2, ° 

2(n, t q) + I. !

2.. Make an initial -guess for .the solution,values, called x^;
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•'s' 2'(n + I), + I.

3 o ■ Numerically, obtain the 'partial, d e r i v a t i v e s 3Ft/3%^, as.

"9F.. ' F.(x. +-fix.) - F.-(x;)
' i ' ' - -  -..I1 - i ,-Ti' (4.39)

where 6 -is a small cd£stant.

4 o-, Selve -the resulting set ef- linear simultaneei^s e^uatiqns 

(Newfcen^Raphsen)

2(n+,q-)+l 9Fii, ;=? -F^ ; j _= I,- < • •, 2(n + 4). + I
i

(4.40)

for the ,unknowns' -,Axi'. , 
‘ ■ , I

5« Replace the. initial values of X^ by x^ + Ax̂ '=

.6,1 Repeat this, precesq until the Ax. ar e . a s : SBiail.^s'desired.

A simply Fortran,program,was written, verifying this solution
.. ; x ■, Uprocedure. The method was not"extensively pursued■fo’r- the,following 

reasons :• i

; ; , .
I. An initial guess quite,close to the,final solution is 

required for convergence. ■
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2. It is .inefficient . We--ans: interested in n + I ;variables, 

yet must .-solye a ,set -of :2(n + .q.) + I ,simultaneous .nqnlinear 

equations -to arrive at'.them-.

3i McGee,(13) has presented a method for such o p e r a t i o n s h a t . 

appears to be more e f f i c i e n t I t '  is also guaranteed to 

converge.

%.7 A  'GLOBED-,-FORM, SQLUTIQK ,FQR A,..CLASS, OF,MULTIPLE P A S S B M B  FILTERS 

An extension o f ’the-rotating vector principle,allows closed,form, 

construction .,of; a class ,of -multiple ̂ passbanGrfilfer..functions, Any 

number of pasgbands can be constructed immediately. Watanabe1 2(l8) 

produced functions with two equir-ipple ,-passbands» McGee (13), required- 

a . doubly iterative ,procedure for ..solution, although his solution ,is." 

general.

The class possesses the 'following characteristics:

1. -AsIl ,band...are prespecified., They ,are 4y.< <•_• •< jp whe'ro 

k is the-number-of vpassl?ands, See ITigqre ^-21. :

2. ■ All passbands-’have ripple ,between Q^and I,,

- 3. • All passbands have _the same number of, aerop., Let this 

number be n ..so that -g- is the total ripples per.band;
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4. Oi^t',of-tthe total ,,of Znk polo locations; only n. of 'them-are 

independently specifiable^

©perations, are based on construction-Qf, an F(p) that -.becomes a 

rotating vector.for $ -w ^ .to ,.A -odd;.and is a real function for 

othepr • a). From what .has . gone before it is reasonable to expect F(p) to 

be composed of products and sums of - /p^ ''+ :where indicates-,,a band

edge, ■

Numerous ,;F(p ) ,-can be constructed-to provide the rotating vector 

feature, Qne suitable'F(p) is.

F(p) ,=
n nu/pz + w^/p^ + +Vpz + -.Cô Zpz '+ u^/p^ :•+.mg”»•

i=l -m^/pz + wz/pz + Wz^pz + Wz '. " ° +/pz. + uz/pz + w^/pz +

■ (4,41)

Another•F(p ) ,is

n m./pz + wz/pz + w^/pz + (joz • • * , +/p4 ■+ WzVpV + W zV p z +
F(p) =. n • 1 ■ ,."'I,: -- .. - W ---- - ^ - b .

i=l ~m^/pz "'+'OizZpz + u^/p^ + toz ° r • +Zpz ,+ Oi^Zpz -+ Oi^Zpz + oig?*?

(4.42)

For...Oî  $ O i , SL odd;. 4,.4l a n d '4.42 -are rotating vectors. In a l l ■

other intervals they.are real.

The difference between .them, comes, in tNe band'edge value of. the : 

individual factors. Write F(p) as

n
F(p) =. n F (p) (4,43)

1=1

r : ■I--



Figure 4-21. General multiple passtand appearance.
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where

Fi(P)
lVp^ + OJijVp̂  + to^/p2 + 0)̂ * • * +/pz + to|/pZ + OJjVp^ + Ug*

-m^/p^ + w^/p^ + Wg/p^ + O)̂ * • • +/pz + WgZpz + w^/p^ + cog* °

(4.UU)

for U.4l and a corresponding expression for 4.42. In.4.44 P.(ja) ) = II X/
and Fi C jo)^+ 1 ) = -I, I odd. . F\(jw) alternates in.sign for successive m^. 

In the expression that corresponds to 4.42 TT̂ C = I, Fh(JWg) = Fh (Jw^) 

= -I, Fh (Jw^) = Fh(jWc;) = I, etc. Fh (Jw^) alternates in sign for suc­

cessive pairs of w^, having the same sign at the end of one band as at 

the beginning of the next.

Bandpass filter functions always.have n even. Both 4.4l and 4.42 

give F(jw^) = I for all I  and are suitable. For the special case of a. 

filter function that is lowpass from = 0 t o ■ .oig and highpass from 

to infinity, 4.4l becomes

F(p)
IIKp/p^ + + vpZ + Wg

i=l - m ^ / p 2 + w^ + /p2 + w|

nn (4.45)

and 4;42 becomes.

n m.p + /p2 + w2/p2 + w2
F(P) = n ----- - - ■3- (4.46)

i=l -m/p + /p2 + WgZp2 + w2

For n odd, 4.45 gives F(Jw ) = I and F(Jw ) = -I. This would lead to.el ■. j
G(jWg) = 0 and G(jw^) = I. G(Jw) must be unity at both points.

Proper values are provided by 4.46. For this■reason only  ̂ 4.42 will be
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. i

chese^i for .,mere..examination. ( The discussiea about pele : sets-will pertain 

egn^lly te.,beth' 4 . >and 4,42 with, ehvieus;moiiiflcatidns. •

Poles are placed,ih 'H(p) hy setting ■

(p2 + u)2)(p2 + U p j f i  +

(P? + ;Wp(p2' + w| K p ? + W ^ ) " '
(4.47)

As remarked, .each value hhs asseciated with it k values' ef\w

satisfying 4.4%' Appendix d ,has a.more,detailed discussion of,the 

interdependence,of;poleg,-

. G(j>) is formed in the ,usual way.,

'f-

(Ii-M)

■as ,are G(,p) an<%'H(p^).' The author has ,i-writ,ten a - plotting., program using, 

4.42. ,Qraphical-results are shown ih Figures 4-22 'and 4-23,.

4.8/ ' FQhQTIQgS/GENFBATEB M ^FQRMING ,.G(-p) ,IN^AUr-AhTEBKATg WAY..V,

Using an invariant F(p) , .it; ,Is (interesting to .,construct G(p)

■ in ways other .-than ..G(p) ;= ' . Consider the ,addition-of ■ a

Constant, K , to F(p).; Piyision of this "by K*+ I will',provide QGp) 

with value ±1 -at,"band.edge.

G(p). F(n.) + .K(-I)n .„
' ■ K. + I ; ". (4.49%

In. Figure 4-24 are shown Q(p) it- tbe pa-ssbend. for'both k <̂ ,1' and. K > I.



Figure b-22. Two passtands, three ripples per band, 
placed at w = 0, 2.25, ^.25.

w

Poles



Figure 4-23. Three passhands, three ripples per hand. Poles placed at w = 0, 2.5, 4.5,
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The magnitude squared inrthe passtand is given by

H(Ju) Kz + 2K COS^ + I . 
K2 + 2K + I: (.4*50)

witTi maxima ,ef uni^y and, mipima ^ . . For apy K, .it ,is.;seen, 

that an'.identical function results.if,^ is substituted, Hence it, is 

sufficient to consider K >-I .only.

Representing -a bandpass F(p) as

F(p.).
A(p) + B(P)ZpiT + wz/pz +",Wz

A(p.) B(p),Zpz + W2Zp2 + wz
(k,5l)

where:A(p) ,-and B(p) are even polynomials, we have.

G(p)
(K + l) A(p) - .(K-- l)B(p)Zpz + UzZpz + COz
(K. + 1} A(p). + (K + l)B(p) Zpz ■ + UzZp?,+ wz ' '

(4t52)

No' longer is the -numerator strictly rational, but.there, is a,dichotomy 

of real and'imaginary parts in the passtand.y allowing formation ,of'H(p) 

as ,a magnitude squared function- ,

H(p)
(K + 'l)2A2(p) (K - ,l) 2B2(p) (p2 ' + W2) (p2 ,+ 'OJ2)

(K, + .l)2A.2(p) - (H'+ l)2B2(p) (p? •"+ ;0)2) (p2 + w2)
(4.53)

Figure 4-25 shows a general H(p). It is recognized as the '-reciprocal,

of a bandpass magnitude squared transfer function with zeros at- w.= 0,:
(K + i)-̂passtand minima of unity, maxima .of '°. This
.1'

is an alternate.way of forming transfer functibns, -



(a) k < I.

Figure k-2h. G(p)

(Td) k > I.

F(T3) + k(-i)2 
k + I n even
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Figure U-25* An inverted transfer function.
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CHAPTER 5

SUMMARY AHB,RECQMMERDATIC^S



1 2 9  .

5.1 SUMMARY.OF 'HEgULTS

It has I-Ueen • shewn that casting Bennett's original transformation 

(30 in a. different ■ form-leads to, a straightforward method for -generating ; 
equiripple magnitude sq.uared functions in, lowpass,, Uandpas^ and high-:, 

pass. The - procedure - is -.non-iterative, and closed form; Equations for 

placing the arbitrary poles, are first degree algebraic, involving .only 

on? pnkno.wnTh^re 'is :.no simpler form. As ̂ a result, hand computation 

of equiripple functions,with,arbitrary poles is.very feasible. For, 

this -reason-th^ method is, recommended-as either-a more easily under­

stood replacement for elligtiq function generation or as a .complement.x 

to,it; The author,has presented it to students,of modern.network 

synthesis for three years. 'He has found ,..it to be readily, accepted and, 

understood by,them. He also assumes it.would be as appealing to the 

practicing engineer. Computer programming is-uncomplicated, due ,.to an, 

easily-expressed recursion relation for coefficients. ,

Once,the rotating vector principle-is familiar, modified generating 

functions ^ased on.it can be- readily constructed. General rational 

functions, both with and without symmetry about - the origin, are 

generable, The'simplicity'of,equations involved in pole placement.is 

retained.- By employing iterative procedures, equiripple,passband.and- 

stopband functions,can be. constructed, Passbandahd stopband of any- 

length* finite or infinite, can be accomodated. Extension of the 

rotating vector principle ,to more than - one banc), gives a limited - solution - 

to,the multiple equiripple passband problem rn closed non-iterative form. 

Such-functions, present an identical number of zeros per. ban$ and.
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interdependent pole locations. .

Disadvantages, of the method.are also pointed ©uti There is no. 

general means.of application to problems requiring zeros outside ;the 

passtand.. All functions.necessarily have the maximum possible number 

of ripples in the passtand for,a given degree, There also exists the 

possibility■of:non-convergence in the iterative procedure-for equiripple 

pas stand and1 stopband - functions. , Such-,a problem was not encountered 

in any■example.

5.2 ■ RECOMMENDATIONS

Foremost.in any recommendation for future effort is that of finding 

a closed form, nqn-iterative procedure,for construction of functions1 
with prescribed,extrapassband zeros. Quch a.procedure should incor^ 

perate a .simple -means for locating desired polqs. Continued; 

application of such a function in,an iterative manner would provide 

completely general equiripple,passtand and stopband functions,with; 

multiple.bands and varying number of ripplqs. per band. ■ A procedure 

similar to that of McGee,.(13) would, be followed. The significant' 

difference,is that McGee's, procedure is ..iterative both in making a , 

single passtand equiripple- and in making many - passtands equiripple.

T^e proposed-procedure'Would be iterative only in,the .latter sense.- 

Another - endeavor is ,that of developing a rapid ..procedure for the 

construction of functions,exhibiting equiripple ,delay. Lowpass delay 

functions were constructed by ,Humphereys (12), but to the- author's 

knowledge,- the bandpass•delay problem has not received a general- 

solution.
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A^PENBIXiA ,

A CONS.TRUCTI0N PROBLEM. ENCOUNTERED IN EXTRAPASSBAED - ZERO .'REALIZATION
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It -vj-as... shown in Section .4,6.1 that a general form for - magnitude '

• i=;l ■ , ■ k=l,_______~ ■ k

i=l, '■' k=l
n-1  ̂ n

'k

[L? n '+ 0)2)2] Cp2 t W2Xp,2 t w|)D(.p)}-
i=l

prescribed.extrapasstand zero locations; possibly- complex conjugates...

an unknown, ,eyen̂ pp,lynomial of. degree 4q.‘whose zeros mark.,the eqctrapass-, 

ban(̂  points at yhiqh H(p) = I,, B(p) mayxhave both simple and'double;. 

.roots on the ■ jw.axis=:. It-may also .have'roots in, quadrantal symmetry 

displaced,off the'jw,-.axis., K an# L -are constants. For-notational.ease■

we ,- define 1

in., tuaihantal; s'ymmetry; ±0). are. the- undetermined pass-band locations..of- 

unfty value for H(|i); ,u)£ andyw^ a r e t̂he prescribed band edges, D(if)'-is

A(p) A K''H (p? + ẑ ) 
i=l . '

(A.2)

n-l . p;, p
B(p) ,A-L II ■ (p; + U1)!

4 * -
(A,3)

(A.4),

Then
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H(p) C _j_____________a 2(p )g 2(p )_________
A2(P1)C2Gp) - 'B2(p)B'(p) (p2 ;+ w2 ) (p2 + 'W^)

(A.5) ■

Formation of H(p) in t h e ;usual rotating vector process■indicates that 

G-(p) mpst he

Gtp). = — i— :-----A(r')c(t') ; (A,6),
A(p)C(p) r 'B(p)./D(p)Vp2 ■+ w2/p2

and >-F(p,) ',must "he

A.Gp)C(p) +. (;p) ( p) /p? +' w2/p2 + 2̂":
f (p ) t= 1....■ '■(:r • (AiT)

A(p)c(p),'.- "B(.p)/D(p)./p^ "+' a)|/p2'+'-(jj|-'

It can he :peeu. from,Figure "Arl that between ,.any- two successive ,j axip 
zeros of :;B(p) i FOp), is a ,unit, vector - in - the • complex ,plane-, A second 
Order1-Zero1Is1 counted as- two -single yzerps, V

Thei problem, is 1 new to construct ,,F(p) t as -a product of; individual'
■ 1 I

F^(p), ,using t h e ^same.,procedure as that used when extrapasshand,,zeros > 

were - not pre^ehi,, In • that ■ instance

F i (P) .,=
' ^ aiE + 4 2 t :w2

-m . /p2 ',+ w2 ' f  /p2' V ’ a)2 '

and
. i ■-I ,

n' A ( P ) 1+. B(>p)/p2 +:w2/p2 +
F(p). =,; It1 F. (p) =,— ..V-- --- I - • - 4 '

i^l ' - A(p) -- B ( p K p 2 + W2Vp2 +Owgc

(A.8)



H ( J oj )

J axis zero locations of D(p)

Double
order
zero

I D(p) has zeros off 
I J axis in quadrantal 
I symmetry in this 

region \

Figure A-I. A General H(p) with Extrapassband Zeros
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This is a !restricted'case'of ,.the F(p) now; sought .in 'that "C(p) -=. /D'(p) = .1., 

Th,e'simplest'H(p) is ;one with a-,single -zero - in. the. passhand, ;a set ,-of 
prescribed,pxtrapassband zeros and a■prescribed,denomihater-,,.-F(p) : 
con's 1stent,:with-‘the formation .of-such,;a function is

(p2 '+• z?)'C(p), +-Vd (P)Zp ^'+ cj2/p2 + ,-̂ 2
FGp) sv— --- f - .-----;--- ° (AM O )

(p '■+ Z1Io(P); - / D % ) V p ^  :+ to2/p2 +',u'2

F(p). is-a ,product of 

\
C;;(p)'/p2 '+'wS;,+ D (p)/p2 + 0)2:.,

F1 (p.) (= V ;L'— ^ ---— 4 2  ( A M I 1)
-Ĉ (p-)/p2 '+ w2/+ P1(P)Zp?, + .w2

and'-

Cn(P)Zp? t':w2:+ B (p')/p2 + 0)2'.
P„(p) A .'— .. ..r_ Jt-

■ -Cg(P)Zp? •'+' u2'+ p2(p)Zp$ +,!?_

C1(P) , r.CgGp), D1(P) and .D2:(p) a^e'-expressions whose' 

determined.

(A,12)

forms ar,e'to,-be"

Multiplying : out

F(p) =IF1(P)liF^(P1)1'

(C-Jj(P)G2(P) (p2;+ a)2 +''P1(P)D2(P)Gp2 +!w2)} +'((C1(P) iD2(p) +.■ 
C2(P)D1(P)Zp^ + w2'Zp2 + .w2}

C1(P)C2(P) (p2 + (O2 ) + P^(p)p2(p)(p"'+ w2 )}- r ((C1(P)P^(P),'..+ 

C2'(p;)D1(p)Zp2 + oî Zp'2 '+' (A.13)



, _ *
Upon, equating coefficients, of ./pA + ,u^/pf^:7"+ ' in equations ;A-10 ■ and.

: ' , . 11 • -

Ai 13, one. gets.
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Cf( p.)E2 (p) +. -C2 (p ) B1- (p.).= Vi)'(p) 1;, (A.aH)

Excluding;the,trivial-case'of B(p)i=,constant., this can he- satisfied 

p h l y .for r

) .
C1(P)P2(P1) k/B(g) ( . (A,'15)

and.-'-

C (p')p .(p-).'= (l-.k)V7B(P) '
,  I •

(A.'l6)

in WhichiC1(P),. .C2(p), B1 (p) ^and-P 9(p) are-square .-,root a of ■ polynomials;
- ;

such , polynomials • haying ; the .same .roots , ,as • B(p) 'Wher - combined - as ,in -.

.equations-.A f 15 ,and'A.l6=- . ;In order "to.choose 1C (p) , ;C (p), 'B (p) a n d - .
......  i ' ,Vi ' - - -

B (p) .so, that t h e :procedure-for j-constructing ;F(p), iwill work, one must-- 
■ • ' ' ' 

already'1Enoyj tkq- zeros -of -B(p). Such information iis : n o t . assumed, known.

ah initioo > .
I

Exterision .of, this reasoning - to .,h(p'); (with ;larger number ..of -passhand'-
" '

zeros-leads t o  the identical problem,:' Fhfp) cannot be" - constructed-unles-s 

the zeros of-B(p) .are known!. This .points out, ,clearly, the '"dependence., o f : 

the rotating yector pririeiple.unpon, knowledge of,band ,edges,.i.e.j 

unity ;value points = :.
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It. is shewn, Jiere. that | no ^(p) 'with th.e. following properties ; exists:

I,- In the 'passhand 'F(p) 'is ,a unit, vector that rotates -the- 

proper ,number,.of ..times'.,

2.-. ^.Op) contains'all'desired .pole, loc.ations1 as :.sing\^Larities o

3. : ,F(p). 'takes on values .of either- +1 (Wh^n--G1(Pi)1 '= 1V1)

or -I ( W M n t1G(P) '= ■F'̂ g + - at u>..=  ̂, + ,

This will .cause iQ-(p) /= Q at-w = Zg^  _ t

2 .

I I= I,- 2,

4. ■ F(^)'wil,l,yield H(P). with zeros at to z ^  , i ■= I^ 2j • ? - q.\
' i i’

an,d,poles at the'same-locations as. those!of...F(p)<

Figure B-I(a) shews the appearance, of such .a isuggested, F (-p) fop zeros at,

W  = ViZ iZ arid 'poles at to = iW ,. tco „ Figure B-l(b) shows.-the■ -- ^xtr;* . • oxUp I e '
corresponding,G(p)  ̂ To arrive at such,that passband zeros are

I ■ ‘
located for. equiripple properties in. the.passband, G(-p) must, he

_ I
multiplied by G(p)/ Sinee i- in. t h e -,passband,

G(.p).

(Brl)

we .,see that



1#

G(.p) (=

2 ■ "

(-1 )-

-- i

F(Yp) + (-1-), 
2"

(?-2 )i

showing ,that',F(p ).. =.1/F(p) o It is necessary-that-F( ]) =il and,.

F^'2ext-  ̂ ^ ~lc" Sinch-F( Jw) (is regl- and continuous-’Ini tl^is/range, .,-it -, 
i -i

is ̂ evident- that H(-p) will have simple ,poles at-, to, =-iU - , iU- yhich ,
' - - - ' Iv- 2

were, assumed] vto'--he, not-.required. .• Therefor ̂ there-is : no - F(p.) 'that ■-is t,

a rotating, vector in, the '.,passband.,and- real outside ithe passhand, that,

will produce extrapasshand zeros-with-specified pole.locations,.
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(a) F(p)

Figure B-I. Proposed F(p) and G(p)
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(a) F(p)

(L) G(p)

Figure B-2. Resultant F(p) and G(p)
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In Section .4-7,-multiple b a n d .filters were described. F(p) for 

constructing such,filters is '

F(p)
h 4- oj? - - » + /p^ +'ti)2/p4 +- m2 = .=
.%% _3________ _________ z_________ :_____ __________ 4____
i=l -m^/p^ '+ 0) ^ + a) +/p2 + ~u&Vd . + 4

(c.l)

The denominator of F(p) determines finite frequency poles'explicitly. 

Infinite frequency-poles are produced when the denominator is of lower 

degree than the numerator. A single representative denominator, t e r m • 

will be studied with regard.to pole locations. . Finite pole locatlops. 

come from setting this term equal. to. zero.

-m V p^ + ' co2/p2 +-coj2 . . .  + i/p2. + wZ/pZ" + “§ 6 •. (C.2)

Suppose that a two band, filter is desired. Equation C.2 becomes

-IiuVp2 ,+ ti)4/p2 + + /p 2  + W2Zp2 + o)2 -.: (C.3)

An equation ,exhibiting the same zeros as.S.3 is

-mi..(P2 +.W2 X p 2 + u2 ) + ( p2 

-m2- [p.̂  + (w2 + w2)p2 +

2 2 2
+ Wg)(p ..+ W3 ) =...

W2W2] + [p4 + .(W2 + W2) P2 + W2U2] = 0Cc.4)

This is a  fourth degree equation and h a s , by.the fundamental theorem of 

algebra^ four,roots. Given a set of band edges, a single.m_ controls 

four pole.locations.. If.nu = I , !equation C.4-.is second degree, having
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2 finite roots, the other two poles being produced,,at'-infinity There,

■are many particular cases-in ,which all. 4 poles appear, at 'infinity.- If
 ̂ g g 2 2
m  •= I vand ’+ = W g + - only a constant is, left. • ^n example iq

“i = 19 “2 = 2 ’ “a = 3 s “4 = '

Therefore pole locations depend- upon, ^wo things: ' (l) the/value of,

the , a n 4  (2),the value ,of-rn^. Band edges q,re usually prescribed. >

leaving as the determining.factor« For a particular ,filter with q,,,

bands, individual,denominator ter m s ,have.2q-zeros in.general.. Each mu

th,en controls locations, of. 2^ .poles but ,(does ■ not- exercise independent'

control of the -poles,. i, e., the ,poleq. come in sets, ■ I f -obe pole of a.,,
1 . ' ' - 

/ , 
set is chosen as an arbitrary;-location, all.,qther poles ,of the set

appear apd'muqt be,accepted,as part-of,the function.;

As -an..example, let, cô.. = I,- == 2, = 3 and = 4". Equation

C !,4..becomes, for p = jw

-m2" ’( -  ;l4ti)2 + 16) + ,• (CÔ 13w2 + 36)4
i. (C.:5)

Suppose .,that ;,.dop.ble-poles at infinity are. desired.; For duoh pples. 

m ^ = l  and we bave

(IToj2 -I 16) + (13w2 + 36) = G

Whfch,gives as fipite values of w, w = iJ1Zf qr p = iZf in-addition,to 

the. specified pole pair at infinity.
Some, general characteristics of the pole 1 set can,.be "examined,



I k S
:

(C.7)'

2"ŵ. 'see that; can be. conpidei;e.d as a'complex, function of p, and'plotted 
as pin • Figune , ,C-I. _ From, familiarity with such types,,of-plots one'can 
sketch nv for positive w (m̂  is. an even function aud^this is.all we 
needo) , Figure G.’2..shows that only, for values of hv greater than 9>/4' 
will ,all poles lie on thp Juj .axis ».

Rewriting equation C ? 5'

m2 -= (4 -  u y ) ( y  - ,oi2 )

I (I rvuf)(l^ -



li+7

6 J3

Plot of m2 (p2 + ^)(pg + 9)
(p2 + l)(p2 + 16)

Figure C-I.



Infinite frequency 
'Asymptote = I

—I :.

Plot of m as a function of cu
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