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Abstract:
A class of efficient algorithms is presented for reconstructing an image from noisy, blurred data. This
methodology is based on Tikhonov regularization with a regularization functional of total variation
type. Use of total variation in image processing was pioneered by Rudin and Osher. Minimization
yields a nonlinear integro-differential equation which, when discretized using cell-centered finite
differences, yields a full matrix equation. A fixed point iteration is applied, and the intermediate linear
equations are solved via a preconditioned conjugate gradient method. A multigrid preconditioner, due
to Ewing and Shen, is applied to the differential operator, and a spectral preconditioner is applied to the
integral operator. A multi-level quadrature technique, due to Brandt and Lubrecht is employed to find
the action of the integral operator on a function. Application to laser confocal microscopy is discussed,
and a numerical reconstruction of two-dimensional data from a laser confocal scanning microscope is
presented. In addition, reconstructions of synthetic data and a numerical study of convergence rates are
given. 



' ITERATIVE METHODS FO R TOTAL VARIATION 

BASED IMAGE RECONSTRUCTION

by

MARY ELLEN OMAN

A thesis subm itted in partial fulfillment 
of the requirements for the degree

of

Doctor of ,Philosophy 

in

M athematics ■

MONTANA STATE UNIVERSITY 
Bozeman, M ontana

June 1995



J > 3 1 ?

APPROVAL

of a thesis submitted by

MARY ELLEN OMAN

This thesis has been read by each member of the thesis committee and has been 
found to be satisfactory regarding content, English usage, format, citations, bibliographic 
style, and consistency, and is ready for submission to the College of Graduate Studies.

t c t ____________ G j f c - J  C
Date  ̂ Curtis R. Vogel

Chairperson, Graduate Committee

Approved for the Major Department

Da
- A  1 ^ 9

JoM  Lund X
Head, Mathematical Sciences

Approved for the College of Graduate Studies

Date Robert Brown 
Graduate Dean



iii

STATEMENT OF PERM ISSION TO USE

In presenting this thesis in partial fulfillment for a doctoral degree at Montana State Univer­

sity, I agree that the Library shall make it available to borrowers under rules of the Library. 

I further agree that copying of this thesis is allowable only for scholarly purposes, consistent 

with “fair use” as prescribed in the U. S. Copyright Law. Requests for extensive copying 

or reproduction of this thesis should be referred to University Microfilms International, 300 

North Zeeb Road, Ann Arbor, Michigan 48106, to whom I have granted “the exclusive 

right to reproduce and distribute copies of the dissertation for sale in and from microform 

or electronic format, along with the right to reproduce and distribute my abstract in any 

format in whole or in part.”

Signature



A C K N O W L E D G E M E N T S

I would like to thank the following people without whose help and support this thesis 

would never have been possible.

Curtis R. Vogel 

James L. Kassebaum 

Lyman and Ionia Oman



V

TABLE OF CONTENTS

P ag e

L IS T  O F  F I G U R E S ....................................................................................................  vi

A B S T R A C T  ........................................ ' ....................................................... ,................ viii

1. I n t r o d u c t i o n ..................................................................   I

2. M a th e m a tic a l  P r e l i m i n a r i e s .............................................................................  7

N o ta tio n ......................................................................  7
Ill-Posedness and R e g u la r iz a tio n .......................................................................... 9

3. T o ta l V a ria tio n  ....................................................................................  26

4. D i s c r e t i z a t i o n ........................................    35

Galerkin D iscretiza tion .................... ............................................................■ . . . . 35
Finite Differences ............................................................................. ............. ... . . . 36
Cell-Centered Finite D ifferences....................... '.  : ............................................. 38

5. N o n lin e a r  U n c o n s tra in e d  O p tim iz a tio n  M e t h o d s .................................. 44

6. M e th o d s  fo r D isc re te  L in ea r S y s t e m s .........................................................  49

Preconditioned Conjugate Gradient M e th o d ...................................................... 50
M ultigrid preconditioner for the differential operator L . . . . . . . .  57
Preconditioning for the integro-differential o p e r a to r ..............................  61

Multi-level Q u a d ra tu re ................    63
Algorithm for the Linear System .......................................................................... 66

7. N u m e ric a l Im p le m e n ta tio n  a n d  R e s u l t s ................    68.

D e n o is in g ..............................................................................................j ..................... 68
Deconvolution .....................................  71

R E F E R E N C E S  C IT E D  ....................... ..................................................................  79



Vl

LIST OF FIGURES

Figure Page
1 Diagram of Xi (solid line), (/>,•_i  (dashed line), and <f>i+i (dotted line). 39
2 Diagram of a 4 X 4 cell-centered finite difference grid. Stars (*) indi­

cate cell centers (»*, ?/j). Circles (o) indicate interior z-edge midpoints
and !/-edge midpoints {xi,yj±i ) .................................................... 42

3 Eigenvalues of the m atrix I  +  CiLp(U) where a  =  IO-2 and /? =  IO-4 .
The vertical axis represents magnitude. .............................. .................... 57

4 Relative residual norms of successive iterates of the conjugate gradient
m ethod to solve ( I  T  aLp(Uq))Uq+1 =  Z  for a fixed q (no precondi­
tioning), a = IO-2 ................................................................   58

5 Relative residual norms, of successive iterates of the conjugate gradient 
m ethod with a multigrid preconditioner to solve ( I  +  aL/3(C79))f79+1 —
Z  for a fixed q, a  = IO-2 ............... ... ............................. ...............................  59

6 F irst 64 eigenvalues (in ascending order) of the operator K*K  +  aL  
where L  =  - V 2 and K  is a convolution operator with kernel k(x) =

&~x 2 ■, oi — IO"2, Cr =  .075. The vertical axis represents magni­
tu d e .......................     62

7 F irst 64 eigenvalues of the preconditioned operator C~1(K*K  +  aL)
(indexed according to the eigenvalues of L  in ascending order), where 
C = bl + aL, L = - V 2, b = p(K*K), a  = IO"2, and (3 = 10"4. The 
vertical axis represents m agnitude.................................................................. 63

8 Eigenvalues of the m atrix A  =  KfiKh +  OiLp(U), where a  =  10"2, 
f3 =  10"4, and Lp(U) is a non-constant diffusion operator. The vertical
axis represents m agnitude............................................................................. . 64

9 Eigenvalues of the preconditioned m atrix C -1Z2AC'"1/2, where C =
bl  +  aLp(U) and b =  p(K*K), a  =  10""2, /3 =  10"4. The vertical axis 
represents m agnitude............................    65

10 The true solution (solid line), noisy data  (dotted line), and reconstruc­
tion (dashed line) on a 128-point mesh with a noise-to-signal ratio of
.5 (denoising), a  =  10"2, /3 =  10"4............................................................. ... 69

11 Recovery of u from noisy data (denoising) for various a  values, ou =  10,
o;2 =  10"2, and 0:3 =  10"4 on a 128-point mesh............... ...  70

12 A scanning confocal microscope image of rod-shaped bacteria on a
stainless steel surface.........................................................................................  71

13 Reconstruction of LCSM data utilizing the fixed point algorithm and 
inner conjugate gradient m ethod with a multigrid preconditioner, a =
.05, /3 =  10"4.......................................................................................    72



V ll

14 Norm of difference between successive fixed point iterates for two-
dimensional denoising of an LCSM scan, measured in the  L 1 norm. . 73

15 Exact 128 x 128 image. Vertical image represents light in tensity .. . .  74
16 D ata obtained by convolving the true image with the Gaussian kernel

k (as indicated in text) with a =  .075, and adding noise w ith nOise-to- 
signal ratio — I. The vertical axis represents intensity............................. 75

17 Reconstruction from blurred, noisy data using the fixed point algorithm
with a. =  IO-2 , =  IO-4 , and 10 fixed point iterations. The vertical
axis represents light intensity........................................................................... 76

18 Differences between successive fixed point iterates, measured in the L 1
norm  for deconvolution.....................................................................................  76

19 Norms (T2) of successive residuals of five preconditioned conjugate 
gradient iterations at the ten th  fixed point iteration. (The horizontal
axis corresponds to the current conjugate gradient i te ra tio n .) .............  77

20 The L 2 norm of the gradient of T0,, at successive fixed point iterates
for two-dimensional deconvolution............... ■. .................................... 77

21 Geometric mean convergence factor for the preconditioned conjugate
gradient at each fixed point, iteration for deconvolution.................... ... 78



V lll

A B S T R A C T

A class of efficient algorithms is presented for reconstructing an image from 
noisy, blurred data. This methodology is based on Tikhonov regularization with a 
regularization functional of to tal variation type. Use of to tal variation in image pro­
cessing was pioneered by Rudin and Osher. Minimization yields a nonlinear integro- 
differential equation which, when discretized using cell-centered finite differences, 
yields a full m atrix  equation. A fixed point iteration is applied, and the interm e­
diate linear equations are solved via a preconditioned conjugate gradient method. A 
m ultigrid preconditioner, due to Ewing and Shen, is applied to the differential oper­
ator, and a spectral preconditioner is applied to the integral operator. A multi-level 
quadrature technique, due to Brandt and Lubrecht is employed to  find the action of 
the integral operator on a function. Application to laser confocal microscopy is dis­
cussed, and a numerical reconstruction of two-dimensional data from a laser confocal 
scanning microscope is presented. In addition, reconstructions of synthetic data and 
a numerical study of convergence rates are given.
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C H A P T E R  I

In trod u ction

Throughout this work the problems under consideration are operator equations 

of the form

z  =  K u  +  e, (1.1)

where z  is collected data, e is noise, and u is to be recovered from the data z. Two 

cases will be considered. In the first case the operator A  is a Fredholm first kind 

integral operator

K u  = J  k{x,.y)u(y)dy. (1.2)

Applications include seismology (see Bullen and Bolt [7]) and electric impedance 

tomography [1], which is also considered by Colton, Ewing, and Rundell in [8]. For 

other applications and references, see Groetsch [14]..

O ther im portant applications occur in image processing (see Jain  [18]). In this 

context, k is of convolution type, k(x, y) = k[x — y), and problem (1.1)-(1.2) is called 

deblurring. In the particular application of confocal microscopy, this problem has 

been described by Wilson and Sheppard [35], Hecht [16, pp. 392-515], and Bertero, 

Brianzi, and Pike [4].

A second model problem which arises in image processing and which will be 

considered in this thesis is the denoising problem

z = u e. (1.3)
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Again e is noise, and u is to be recovered from the observation z. Recall th a t the 

“delta function” satisfies

/ S(x — x0)u(x)dx =  u(xq). (1-4)

Although there is no explicit function S, the right-hand side of (1.4) defines a func­

tional on the space of smooth functions. There exist sequences of smooth functions 

Sn(x) such th a t ^7l —> d in the sense tha t

J Sn(x — xo)u(x)dx —> u{x0) (1.5)

for smooth u. If the convolution kernel k is “delta-like,” Le.,

j  k(x — x0)u(x)dx & u(xo), ■ (1.6)

for smooth u, then the model (1.1)-(1.2) is often replaced by (1.3). D ata from a 

laser confocal scanning microscope (LCSM) will be considered in this context, and a 

denoised reconstruction of LCSM data will be presented in Chapter 7.

For typical applications modeled by (1.1)-(1.2), the operator K  is compact, and 

the problem is ill-posed, Le., a solution may not exist, or, if it does, small perturbations 

in z or AT will produce wildly varying solutions u. Chapter 2 presents functional 

analytic preliminaries involved in studying such problems. These preliminaries include 

definitions of compact operators and ill-posedness as presented by Hutson and Pym  

[17], Kreyszig [20], and Necas [24]. The proofs in Chapter 2 are standard and are 

provided for completeness.

To deal with ill-posedness, some type of regularization m ust be applied. This 

means to introduce a well-posed problem closely related to the ill-posed problem. The 

technique used here, Tikhonov regularization (see Tikhonov [29], [30]), is employed 

to obtain the related problem

min TTa(U) (1.7)
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where

Ta{u) -  ~\\Ku -  z\\2 +  aj{u) ,  (1.8)

a  is a positive param eter, J  denotes the regularization functional, and || • || denotes 

the Li2 norm. Tikhonov regularization can be viewed as a penalty approach to the 

problem of minimizing J{u) subject to the constraint

| | ^ - z | | ; < c ,  (1.9)

where c is a non-negative constant. Well-posedness for certain standard choices of J  

(for example, J (u )  =  /  u2dx and J (u ) =  /  |V u |2(ix) is dem onstrated in Chapter 2.

For m any image processing applications, the regularization functional J  should 

be chosen so th a t it damps spurious oscillations but, unlike standard regularization 

functionals, allows functions with sharp edges as possible solutions. The use of to tal 

variation in image processing was first introduced by Rudin, Osher, and Fatemi [26], 

who studied the demising problem (1.3). Deblurring was later considered by Rudin, 

Osher, and Fu in [27]. In this work, a constrained least squares approach was taken. 

The problem considered was to minimize the functional

J r y ( u ) =  /  IVu.| (1.10)
Jq

under the constraint

\\Ku -  z\\2 < a 2, ( 1.11)

where the error level a =  ||e|| is assumed to be known. The symbol on the right-hand 

side of (1.10) denotes the to tal variation of a function, regardless of whether or not 

u is differentiable. A rigorous definition of Jt v -, applicable for nonsmooth u, will 

be presented in Chapter 3. The Euler-Lagrange equations yield a nonlinear partial 

differential equation on the constraint manifold which was solved using artificial tim e 

evolution. After discretization, an explicit time-marching scheme was used. This can
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be viewed as a fixed step-size gradient descent method. The convergence of such a 

m ethod can be extremely slow, particularly in the case when the m atrix  arising from 

the discretization of K  is ill-conditioned.

The approach presented here is to use Tikhonov regularization (1.7)-(1.8) w ith 

a regularization functional of to tal variation type. Numerical difficulties associated 

w ith Jtv  (e.g., non-differentiability of Jt v ) motivate the modified total variation 

functional

(1.12)

which is differentiable for /9 >  0. The resulting minimization problem is discretized 

w ith cell-centered finite differences. This discretization is particularly apt for image 

processing applications in th a t it makes no a priori smoothness assumptions on the 

image. A fixed point iteration is then developed for the resultant system obtained by 

minimizing Ta. This iteration is quasi-Newton in form and appears to display rapid 

global convergence. In two-dimensional deblurring applications, the linear system 

which arises for each fixed point iteration is non-sparse and very large (on the order 

of IO6 unknowns). An efficient linear solver is presented which consists of nested 

preconditioned conjugate gradient iterations. A multi-level quadrature technique is 

applied to efficiently approximate the action of the integral operator on a function 

w ithin the preconditioned conjugate gradient method.

The m ain contribution of this thesis is the assembly of known techniques- 

Tikhonov regularization, to tal variation regularization, cell-centered finite difference 

discretization, fixed point iteration, the preconditioned conjugate gradient m ethod, 

multi-level quadrature-into an efficient algorithm for image reconstruction. This in­

cludes the development of effective preconditioners for the linear system solved at 

each fixed point iteration.
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Chapter 3 is concerned with a rigorous variational definition of the to tal vari­

has certain advantages over the to tal variation functional, such as the differentiabil­

ity  of Jp when V u =  0. The remainder of Chapter 3 is devoted to proving th a t the 

minim ization problem

has a unique solution, using techniques developed by Giusti [12], Acar and Vogel [2], 

and others. The chapter ends with the derivation of the Euler-Lagrange equations 

for (1.13),

Note th a t this is a nonlinear, elliptic, integro-differential equation.

In Chapter 4 the discretization of (1.13) is discussed. The standard Galerkin 

and finite difference discretization techniques are presented, as well as the cell-centered 

finite difference discretization scheme discussed by Ewing and Shen [11], Russell and 

W heeler [28], and Weiser and Wheeler [34]. This la tter discretization scheme is espe­

cially suited to image processing applications since there are no a priori differentia­

bility conditions placed on the solution u.

Chapter 5 briefly reviews techniques for unconstrained minimization. New­

to n ’s m ethod and a variation, the quasi-Newton method, are presented along with 

a discussion of standard convergence results. A fixed point iteration introduced by 

Vogel and Oman [32], is applied to the discretization of (1.13) to  handle the nonlin­

earity. This iteration is shown to be quasi-Newton in form, and several properties of 

the iteration are given.

ation of a function and a discussion of the space of functions of bounded variation. 

The functional Jf3 (c.f. (1.12)), a modification of JTV, is presented. This functional

(1.13)

(1.14)
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The linear system arising at each fixed point iteration is not only non-sparse, 

but also, for typical deblurring image processing applications, quite large (on the 

order of IO6 unknowns). This means th a t direct methods are im practical. The ap­

proach taken here is to use the preconditioned conjugate gradient m ethod (see, for 

example [13] or [3]), which is defined and discussed in Chapter 6. This technique is 

used to accelerate the convergence of the conjugate gradient method. The separate 

preconditioning techniques used for the denoising and deblurring operators are out­

lined in Chapter 6 as well (see also Oman [25]). A m ultigrid m ethod (see Briggs [6] 

and McCormick [22], [23]) proves to be an effective preconditioner for the denoising 

operator. For the deblurring operator, a preconditioner based on the spectrum  of the 

linear operator is presented.

W ithin the preconditioned conjugate gradient algorithm, it is necessary to 

apply the linear operator. As aforementioned, this operator, in the context of de­

blurring, is non-sparse. Traditionally, this type of calculation, which, for a system 

of n unknowns, involves applying an n x n full m atrix  to a vector, required 0 ( n 2) 

operations. Multi-level quadrature, as presented by Brandt and Lubrecht in [5], will 

be used to approximately apply this operator. This approximation to  the quadrature 

is significant in th a t it requires only 0(n)  floating point operations to calculate the 

action of the  m atrix  operator on a grid function. A full presentation is included in 

Chapter 6.

'In Chapter 7, one- and two-dimensional numerical results for the algorithm are 

presented. An actual LCSM scan is dem ised, and deconvolution is done for artificial 

data. In addition, a numerical study of convergence results is presented for both the 

fixed point iteration and the various preconditioners.
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C H A P T E R  2

M ath em atica l P relim in aries

W hat follows is an introduction to the notation used in this thesis, followed 

by a brief discussion of ill-posed problems, compact operators, and a development 

of Tikhonov regularization with standard regularization operators. Although this 

m aterial can be found in several sources (see, for example, [29], [30], [17], and [15]), 

it is included here to provide a basis for the subsequent work. Necessary terminology 

is introduced, and theorems useful to the development are presented. The purpose 

of this section is to dem onstrate tha t the Tikhonov regularization problem defined 

below in (2.6) is well-posed for standard choices of the regularization, functional J. 

Sim ilar techniques will be used in Chapter 3 to show the existence of a solution to 

(2.6) when J  is a functional of to tal variation type.

N o t a t io n

The following notation will be adhered to throughout this work except where 

explicitly stated. The symbol Cl denotes a bounded domain in with a piecewise 

Lipschitz boundary dCl. In image processing applications, the domain is typically 

rectangular, and for the two-dimensional discretization discussion in Chapter 4, Cl 

will be assumed to be the unit square. The symbol vol(Cl) will refer to the volume of 

the domain (area, in two dimensions). The notation L 2(Cl) denotes the space of all 

square-integrable functions on Cl] Le., u 6 L 2(Cl) if and only if fn \u\2dx < oo. The
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space of all functions which are p times continuously differentiable on f) and which 

vanish on <90 is denoted Cg(O), and C1J0(O) denotes infinitely differentiable functions 

which vanish on <90.

The script letters M ,  B, and H  denote metric, Banach, and Hilbert spaces, 

respectively. The notation (•, •) denotes the standard inner product in T2(O), unless 

otherwise specified. All other inner products are distinguished by a subscript which 

denotes the Hilbert space considered; for example, (•, -)-%, The notation || • || refers to 

the L 2 norm, unless otherwise specified. All other norms are denoted || • ||g, where B is 

the space on which the norm applies. The symbol | • | will denote the Euclidean norm 

of a vector, |$| =  (53 x I)1̂ 2■, and | • I^v will denote the total variation of a function.

The symbol H 1(Q1) will denote the completion of C 00(O) under the norm 

IIwIIffi *= (IIwII2 +  Sn IVupda;)1̂ 2 [17, p. 290]. For I <  p <  oo, the space W ltp(Q) will 

denote the  completion of C co(O) under the norm ||u||wnlP =f (||u ||^p +  Jn IVttIp)1̂ .  

Note th a t TJ1(O) =  W 1t2(Q). Both H 1(Q) and W 1 tP are referred to as Sobolev spaces.

For a linear operator A \  M.\ the range of A, a subset of Af 2, will be

denoted R(A).  The null space of A, a subset of Af 1, will be denoted N(A).

For any differentiable function u on T d, the gradient of u is the vector with

components P l , i = 1 , 2 , . . . , d, and will be denoted Vu. For any vector-valued

function v on 9^, the divergence of v is denoted V • v and is given by

V -u
A  dvj

(2.1)

The closure of a set S  is denoted by S. The orthogonal complement of a set 

S' in a Banach space B is denoted S 1- and is defined to be

S'1" =  {u* G B* : u*(u) = 0, for all u € S'} , (2.2)
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where B* is the dual, the set of all continuous linear functionals on B. This notation 

is to be distinguished from the function decomposition u — u Ul which will be 

defined in Chapter 3.

D e fin itio n  2*1 Let A be a mapping from M.i into' Ad2. The problem A(u) =  z is 

' well-posed in the sense of Hadam ard [15] if and only if for each z G Ad2 there exists

this problem is not well-posed, it is called ill-posed.

An im portant class of ill-posed problems are compact operator equations, in 

particular, Fredholm integral equations. Many applications, including image process­

ing, use model equations of this type (see [14]).

D e fin itio n  2.2 Let Adi and Ad2 be m etric spaces. A mapping K  from Adi into Ad2 

is compact if and only if the image K (S)  of every bounded set S  C Adi is relatively 

compact in Ad2.

Let Si(f2) and B2(O) be spaces of measurable functions on a domain O C 

Let K  be an integral operator K  : Bi (O) —* B2(O) defined by

K  is known as a Fredholm integral operator of the first kind. The kernel k of K  is 

said to be degenerate if and only if

111—P o s e d n e s s  a n d  R e g u la r iz a t io n

a unique u G Adi such tha t A(u)  =  z and such th a t u depends continuously on z. If

(2.3)

n

Hx,  $) =  53  A ( icW s ) (2.4)
i = l
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for linearly independent sets {<&}”=1, and for a finite n. If k cannot be rep­

resented by such a finite sum, it is said to be non-degenerate. The corresponding 

operator K  is also called degenerate or non-degenerate, accordingly.

It should be noted th a t a degenerate operator has finite-dimensional range, 

while a non-degenerate operator has infinite-dimensional range. Theorem 2.3 below 

is used to show th a t a nondegenerate operator can be uniformly approximated by 

degenerate operators. For a proof of Theorem 2.3, see [17, p. 180].

T h e o re m  2.3 Let {K n} be a sequence of compact operators mapping Banach spaces

51 to S2. If K n —> K  uniformly, then K  is a compact operator.

E x a m p le  2.4 Let K  be a Fredholm first kind integral operator, K  : L 2{£l) —» T2(f2), 

where the kernel k is measurable and fQ Jn k(x, y)2dydx < 00. W hat follows is a 

sketch of a proof th a t K  is a compact operator; for details see [17]. The kernel k 

can be approxim ated in the L 2(Tl X f!) norm by a sequence of degenerate kernels, 

kn. The corresponding K n are compact since the range of each is finite-dimensional, 

and K n —» K  since \\Kn — K\\ < Ĥ n — ^IU2(Axn)> where ||isT]| denotes the uniform 

operator norm of K.  Hence, K  is compact by Theorem 2.3.

Next it will be shown tha t nondegenerate compact operator equations are 

ill-posed. Theorem 2.6 contains this result, with Lemma 2.5 being a preliminary 

conclusion. Lemma 2.5 is also crucial to the discussion below of a pseudo-inverse for 

such an operator.

L e m m a  2.5 Let S i and S2 be Banach spaces and let K  be a mapping from S i into

5 2 such th a t K  is compact and has infinite-dimensional range. Then R(K)  is not 

closed.
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Proof: Assume th a t R(K )  is closed. Then R(K)  is a Banach space with respect to 

the norm on S 2, and the Open Mapping Theorem [17, p. 78] implies th a t K (S )  is 

open in R(K )  where S  is the open unit ball in S x. Hence, there exists a closed ball of 

non-zero radius in K(S) .  Since K  is compact, this ball is compact. But this implies 

th a t R (K )  is finite- dimensional [17, p. 140], a contradiction. Therefore, R(K)  is not 

closed. □

T h eorem  2.6 Let S x, S 2 be Banach spaces, and let AT be a compact operator K  : 

S x —> S 2 w ith infinite-dimensional range. The problem, find u G S x such tha t K u  — z 

for z G S 2, is ill-posed.

Proof: Since K  has infinite-dimensional range, R(K)  is a proper subset of S 2 by

Lemma 2.5. So there exists z G S 2 which is not in the range of K . □

Pseudo-inverse operators can sometimes be introduced to restore well-posedness 

[14]. However, it will be shown below th a t this approach will not work on a compact 

operator w ith infinite-dimensional range.

Let A be an operator from TYx into TY2. A least squares solution to the problem 

Au  =  z is a Uls G TYx such th a t ||A % g — z|| <  \\Au — z|| for all u G TYx. The least 

squares minimum norm solution is ulsmn G TYx such tha t ||uLSMiv|| <  f°r aU

least squares solutions, uls- The operator A1", a map from TY2 into TYx such th a t 

AtZ =  ulsmN i is called a Moore-Penrose pseudo-inverse operator.

Let TL be a compact operator from TYx into TY2, Define K 0 to  be the restriction 

of K  to  N(K)-1] Le., K 0u = K u  for u G N ( K ) 1 . Then K 0 is bijective, and K^  =f 

K 0 1P,  where P  denotes the projection onto R(K),  is such th a t AAz =  ulsm n- If



12

K  is non-degenerate, R (K 0) = R(K)  is not closed in which implies K q1 (and, 

hence, the pseudo-inverse K^)  is unbounded.

W hen the pseudo-inverse is unbounded, one must apply a regularization tech­

nique to restore well-posedness. A particular technique is Tikhonov regularization 

[29], [30], which is also known as penalized least squares. Again, let K  from H 1 into 

H 2 be a compact linear operator. For a fixed z E H 2 and an a  >  0, define the 

functional T  on H 1 by

r ( “ ) =  I p f u - z IIk , +  | | |« I I h , '  (2.5)

The problem

find u Zl H 1 such that. T(u) — inf T(u)  (2.6)

is known as Tikhonov regularization with the identity operator.

The differentiability of the functional T  will now be examined with a view to 

characterizing a minimum u of T.  The terms defined below-the Gateaux derivative, 

adjoint operator, and self-adjoint operator-will be used throughout Chapters 2, 3, 

and 4, to characterize solutions to the Tikhonov regularization problem with various 

types of regularization operators.

D e fin itio n  2 .7 Let A be a mapping from B1 into B2. For u, v Z B1, the Gateaux 

derivative of A at u with respect to v, denoted dA(u;v),  is defined to  be

A(u  +  rv) — A(u)
dA(u\ v) =f Iim ■ (2.7)

if it exists.

T h e o re m  2.8 Let B be a Banach space, and let /  be a functional on B. If /  has a 

minim um  at E S  and df(u] v) exists for all v Z B, then df(u-, v) =  0, for all v Z B.
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P ro o f: For u G Z?, define by the following

/ ( r )  =  f { u  + Tv). (2-8)

Since df(u\v)  exists, /  is differentiable on 3%. Hence

/ ( r )  =  /(« )  +  Tdf [u ] y) +  o(t2). • (2-9)

Since /  has a minimum at u, /  has a minimum at r  =  0, and hence, /'(O) =  d/(u; u)

0 for all v £ B. a  ■

D e fin itio n  2.9 Let TY1, TY2 be Hilbert spaces, and let A be a bounded linear operator 

from TY1 into TY2. The bounded linear operator A* such tha t

for all u G TY1 and for all v E TY2 is called the adjoint of A.

D e fin itio n  2.10 Let A be a bounded linear operator on a Hilbert space TY. A is 

self-adjoint if and only if

for all u, u E TY. In other words, A* =  A.

The following is an example of a self-adjoint operator. Let TY =  L2(Jl) and let 

K  be a Fredholm first kind integral operator w ith square-integrable kernel k having 

the property, k(x,y)  = k(y,x).  Then K  is self-adjoint (see [17]).

E x a m p le  2.11 The functional T  defined in equation (2.5) can be expressed

(Au,v)n2 =  (u,A*v)Hl (2. 10)

(Au , v)h =  (u,Av)n ( 2 . 11)

(2.12)
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/ ( “ ) =  -  4 k

=  ^ ( K u - Z yKu- Z ) - H2-

Then for u <E ThI;

df(u-,v) = lim -  { f (u  + t v ) -  f (u)}

= Hm ^  -  2 ,#% )%  +

=  ( K u - z , K v)h2 

=  (K*(Ku -  z )yv)Hl-

Similarly, for J(u)  =  ^ ||r ( ||^ ,

dJ(uyv) -  ( U yV ) H 1 -

Consequently,'

dT(u-yv) =  (K*(Ku — z) + (XuyV)H1-

This implies th a t if T  attains its infimum at u y then

(ji:* ̂

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

( 2.20)

(2.21)

The Hilbert-Schmidt Theorem, below, provides the spectral decomposition 

of the compact operator K*K.  The decomposition can be used to find a spectral 

representation for the solution u of the Tikhonov regularization problem. This rep­

resentation also shows the effect of the regularization param eter a  on the solution

u.

D e fin itio n  2.12 Let A be a bounded linear operator from S i into S2. A complex 

num ber A is an eigenvalue for A  if and only if (A — A/)^> =  0 has a non-zero solution.
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The set of eigenvalues is called the point spectrum of A, and the corresponding non­

zero solutions are eigenfunctions for A. The set of complex values A such th a t (A — 

A /)-1 is a bounded linear operator is the resolvent set of A. The complement of the 

resolvent set is the spectrum of A. If A is a finite-dimensional operator, the point 

spectrum  and the spectrum  are identical.

T h e o re m  2.13 (H ilbert-Schmidt. Theorem [17, p. 191]) Let be a compact, self- 

adjoint operator on a Hilbert space Ti. Then there exists a countable set of the 

eigenfunctions for K  which form an orthonormal basis for Ti. Further, the eigenvalues 

of K  are real, and if {A;, < /> ;(:£ )}are the eigenpairs for K , then for any u G Ti,

CO

K u  = 53  Aj(u, f i  (2.22)
i—l

E x a m p le  2.14 Let K  be a compact linear operator from Ti\ into Tf2- Then K  =  

K * K  is a compact, linear, and self-adjoint operator on Tfi. Furthermore, (Ku, Kju1 =  

(K* K u , ^ u 1 =  11 Tfu 11 >  0, so the eigenvalues of K  are non-negative; i.e., K  is

positive semi-definite. This implies th a t u and K*z  have Fourier series representations 

and th a t (2.21) can be expressed as

OO

[(A, +  a)(%, -  (TTz, &)%] & =  0. (2.23)
i=l

This leads to the following theorem.

T h e o re m  2.15 (Spectral representation for Tikhonov regularization) Let i f  be a 

compact operator from Tfi into Tf2. Then the solution u of the Tikhonov regulariza­

tion problem (2.6) has the form

OO I

<=1 A»- +  «
(2.24)
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The ensuing discussion, establishes the well-posedness of the Tikhonov reg­

ularization problem with the identity operator. The main points necessary to the 

proof of well-posedness, coercivity and strict convexity of T,  will also be necessary 

for the well-posedness of the Tikhonov problem with different types of regularization 

operators.

D efin ition  2.16 Let A be a linear operator on a Hilbert space H. A  is 'H-coercive 

if and only if there exists a c >  0 such th a t Re(Au,u)-^ >  c ||u ||^  for all u £ H. A  

functional /  (not necessarily linear) on a Banach space B, is said to  be B-coercive if 

and only if |/ (u ) | —> oo whenever ||u ||s  —> oo.

E xam p le  2 .17  The functional T  as defined in (2.5) is Tdi-coercive, since

T h eorem  2.19 If A is a bounded, linear, coercive mapping on Ti, then R(A)  is 

closed in Ti and A-1 : E(A) —> Ti exists and is bounded.

Proof: Since (Au , u)-h >  7 |MIh f°r some 7 >  0,

(2.25)

E xam p le  2.18 The operator, K *K  +  a l  as in (2.21) is Ei-coercive for a  >  0, since

( (K*K  +  al)u ,  u)Hl =  (K*Ku,  u)Wl +  a | |u | |^

=  WkuWh2+ aWuW2H1

(2.26)

(2.27)

(2.28)> a Wu Wn1-

(2.29)
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which implies

IM|w <  —\\Au\\n-' (2.30)

Hence, Au  =  0 if and only if u =  0. Since A is linear, it is injective. Let {un} be a

sequence in R(A)  with —> u G 77. Then for each vn, there exists a unique un such 

th a t Aun =  vn. Since {vn} is Cauchy, so is {un} by (2.30). Thus un Converges to 

some u in Ti. Because A is bounded,

Au = A( Iim un) - Iim Aun =  v. (2.31)

Thus v G 77(A) and R(A)  is closed in Ti. This implies th a t R(A)  is a Hilbert space 

w ith respect to the Ti norm. The operator A-1 is bounded. Applying the Open 

Mapping Theprem [17],

HA-1UlI <  i | M | ,  (2.32)

and hence, ||A-1 || <  A □

D efin ition  2.20 A functional /  on a m etric space Ai  is convex if and only if for 

every u,v  £ A i  and for each A G [0,1],

/(A u +  (I — A)u) <  X f  (u) +  (I — X)f(v).  (2.33)

/  is strictly convex if and only if (2.33) holds with strict inequality whenever u, u G 77, 

u v, and A G (0,1).

E xam p le  2.21 The norm on a Banach space B is convex. This can be shown by 

application of the triangle inequality and the property tha t ||7u|[s =  M IM M  for all 

7 G 97 and for all u G B.
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E x a m p le  2.22 Define the functional /  on a Hilbert space H  to be f (u )  =  ||u ||^ . 

Let A G (0,1), and let u,v  E Ti such tha t u ^  v. It is shown in Kreyszig [20, p. 

333] th a t a Hilbert space norm is strictly convex. The functional /  can be w ritten 

as / (u )  =  g(h(u)) where g(x) =  x2 and h{u) =  ||u||-^. Since g is convex and strictly 

increasing on [0, oo) and h is strictly convex,

f(Xu  +  (I — A)u) =  g(h(Xu +  (I — A)u)) (2.34)

< g(Xh(u) +  (I — A)h(u)) (2.35)

<  Xg(h(u)) +  (I -  X)g(h(v)) (2.36)

,=  x f ( u) + { 1 -  X)f(v). (2.37)

Hence, /  is strictly convex.

From Example 2.22, it can be inferred th a t the functional T  as defined in (2.5) 

is strictly convex, as it is the sum of two convex functionals, one of which is strictly 

convex.

D e fin itio n  2.23 A sequence {un} in a Banach space B is weakly convergent if and 

only if there exists u E B such tha t Iimn^ 00 f ( u n) =  f (u)  for all bounded linear 

functionals /  on B. In a Hilbert space, fH, the definition reduces to  Yrmn^ orj(un, f ) n  =  

(u, f ) u  for all f  E H.  Weak convergence is denoted un —>■ u.

D e fin itio n  2.24 A functional /  on a Banach space B is called weakly lower semi- 

continuous on D (f)  C B if and only if for any weakly convergent sequence {un}  C 

D (f )  such th a t un u E D( f ) ,  f (u)  < Iim infn^ 00 f ( u n). Note th a t the domain 

D (f )  may be a proper subset of B.
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L em m a 2.25 Let Ti be a Hilbert space. Then for u £ Ti,

Ik llw =  sup (u , v)h - (2.38V
IbIIw=I

The proof of Lemma 2.25' relies on the Hahn-Banach Theorem (see [20, p.

221] ) .

E xam p le  2.26 Let A be a bounded linear operator on a Hilbert space Ti. Then the 

functional ||Au||% is weakly lower semi-continuous. To see this, let {un} be a sequence

in W such th a t Un - -̂ u £ TC. Then for all v E Ti,

(Au , v)h = (u,A*v)n  (2.39)

• =  Iim (un,A*v)H (2.40)

=  H m (A ^,u )M  (2.41)

=  Iirn inf (Aun, v)u (2.42)

<  liinm f I]AunIk Ik Ik . ' (2.43)

Using Lemma 2.25, take the supremum of both sides over all u G Tf such tha t v has 

unit norm. Then

||A u |k - =  sup (Au , v)h .. (2.44)
IbIIw=I

<  Iiin mf Il Aun |k -  (2.45)

By setting A  = I,  Example 2.26 shows th a t a Hilbert space norm is weakly 

lower semi-continuous.

E xam p le  2 .27 The functional T  as defined in (2.5) is weakly lower semi-continuous 

on Ti. To see this, let {un} be a sequence in Ti such tha t un u, and note th a t T
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can be w ritten

T iu) -  2 \ \Kufn2 ~  { K u , z)h2 +  g IkIlH2 +  ^IMIhi- (2.46)

In Example 2.26, it was shown th a t the first and fourth terms are weakly lower semi- 

continuous, and the th ird  term  is constant; it remains to show th a t the second term  

has this property as well.

(Ku, z)u2 = (u,K*z)Hl

=  Hm (un,K*z)Hln—+oo ' ' x

= Iim mi(un, K*z } ^

=  Iim Ini(Kun^z)-H9.
T l—J-CO '  1

Hence,

T(u) < Iiin inf T (un).

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

T h e o re m  2.28 The Tikhonov regularization problem (2.6) is well-posed.

P ro o f: Let -(Un)^T1 be a minimizing sequence for T ; i.e., T(un) —» m iu T(u)  =  T. 

Since T  is coercive, the u„’s are bounded. Hence, there exists a subsequence ^unj j  

such th a t unj — u for some E Tdi (Banach-Alaoglu, [17, p. 158] ). Since T  is 

weakly lower semi-continuous,

T(u*) < Iim in fT (u n .) (2.52)
j—i-OO J

= Iim T(Unj) =  f .  ' (2.53)
j - K X )

Therefore, a minimum, u, exists. The functional T  is strictly convex; hence, u is 

unique. To show continuous dependence on the data, observe th a t dT(u) v) exists for 

any v E Tdi, and consider the characterization (2.21),

(TT# +  a7)fi =  JTz. (2.54)
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The operator K * K  +  a l  is bounded, linear, and coercive, so by Theorem 2.19 it has 

a bounded inverse. Hence, the solution depends continuously on the  data. □

Tikhonov regularization can be applied with regularization operators other 

than  the identity. For example, let H 1 = H 2 = L 2 (tt), where O is a bounded domain 

in Let K  be a. Fredholm first kind integral operator such th a t Ff(I) ^  0, and 

consider the functional T  as follows:

=  +  - (2.55)
2 2 Jv.

The minimization of T  is referred to as Tikhonov regularization w ith the first deriva­

tive.

Note th a t the domain of T  in (2.55) is restricted to u E H 1(Vt). Now consider 

the problem of finding u E Ff1(O) such th a t T(u)  is a minimum.

First, define the functional J  on Ff1(O) to be the regularization functional of 

(2.55), i.e.,

J(u)  =f ^  /  \Vu\2dx.

For any u, u E Ff1(O),

dJ(u;v) = Iim I  y  \S/(u + Tv)\2dx — J  \Vu\2dx

=  Iim —  [  fV(u +  tv) • V (u T  tv) — V u -'Vul dx 
2t Jn

=  Iim —  I 2 rV u  • Vu +  T2IVu 
r->o 2r Jn [ 1

2" dx

~ LV u • Vvdx

(Lu,v).

(2.56)

(2.57)

(2.58)

(2.59)

(2.60) 

(2.61)

This defines (in weak form) the linear differential operator L  on Ff2 (O) with domain

H 1 Cti). .  . .
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If M G Cf2(H) C H 1(Q), then integration by parts, or Green’s Theorem, can be 

applied to obtain

dJ(u;v) = — f  uV • Vudx  +  f  (Vu-rf)vds,  (2.62)
v £2 v 9 £2

where fj denotes the outward unit normal vector. Hence, the strong form of the 

operator L  is

Lu =  —V 2u, z E H, . (2.63)

where V 2 =  V  • V  is the Laplacian operator. The associated boundary conditions are

V u • rf = 0, x G <90. (2.64)

Returning to the functional T  in (2.55), it is seen tha t for any v G Lf1(O),

dT(u\v)  =  (K*(Ku — z),v) + adJ(u\v)  (2.65)

=  (K*(Ku — z ) a L u , v ) .  (2.66)

At a minimum, u, dT(u\ v) =  0, or

((LT #  +  aT)u, v) =  (LTz, u) (2.67)

for all v G Lf1(O). W ritten in strong form,

(L T L f-a V ^ u  =  LTz, a E O  (2.68)

V u -if  =  0, zG  9 0 , (2.69)

a characterization of u analogous to tha t obtained from Tikhonov regularization with 

the identity (2.21).

By mimicking the steps taken to show th a t the Tikhonov problem with the 

identity operator is well-posed, it will now be shown that minimizing (2.55) over 

Lf1(O) is also well-posed.
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L e m m a  2.29 (Poincare’s Inequality [24, p. 32]) Let I < p  < o o , and let u G W ljp(Vl) 

with f n u = 0. Then there exists 7 >  0 dependent only on Q such tha t

[  |V u |pdx >  7 /  updx. (2.70)

D e fin itio n  2.30 Let A  be a linear operator on a Hilbert space Ti, and let {un} be 

a sequence in V, such th a t un G D(A)  for all n, {un} is convergent with lim it u, and 

[Aun] is convergent. A  is a closed operator if and only if for all-such sequences {un}, 

u G D(A)  and Iimn-^00 Aun =  Au.

L e m m a  2.31 Let K  be as in (2.55), and define

I ' . (2.71)

Then ||| • ||| is a norm on H 1(D) and is equivalent to || • ||g-i. Furtherm ore, K *K  +  aL  

is injective and closed on L 2(D).

P ro o f: It is easily shown th a t ||| • ||| possesses the non-negativity and symmetry

properties of a norm. It is also clear th a t |||cu ||| =  |c| |||u ||| for 

the triangle inequality holds.. Also,

any c G % and tha t

| | |u |||2 =  \\Kuf+ a Ĵ \Vu\2dx (2.72)

< IlAII2IIuII2 T a  ^ |V u |2dx (2.73)

<  m ax(l|A ||2, a ) Ilull^1, (2.74)

where ||/T|| denotes the operator norm of K.  Since K  is compact, it is bounded, and 

m ax(||/< ||2, a) < 00.

To see th a t there exists a 7 >  0 such th a t .|||u ||| >  7||u||^-i, it suffices to show

inf { ||#%||2 +  ^  /  I > 7 : (2.75)
—I x 2i JQ, )
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If this is not the case, then there is a sequence {vn} C Jif1(H) such th a t ||un ||Hi =  I for 

all n, and ||/fu „ ||2 +  f  /n \Vvn\2dx 0 as n —> oo. Since both term s are positive, this 

implies || Jifora||2 —> 0 and / n | Vura|2da; —> 0. This la tter fact implies th a t there exists 

a subsequence |u raj. |  such th a t vnj —> u E L 2(Vl) (L2 convergence), since the injection 

m ap from H 1(Q) to L 2(Q) is compact (see [24, p. 28]). Since Jfi |Vurij |2da; 0,

vnj —» u in the H 1 norm as well, and v  E H 1(Q) with ||u ||# i =  I.

Any function w E H 1(Q) can be expressed as ru =  to +  w L, where w = 

fn wdx is the mean value of ru on H and Wl E H 1(Q) is such th a t Jfi wdx =  0. 

Using this decomposition, V v nj = Vv^j . Hence, Jfi |VuraJ 2da; =  Jfi |V u^.|2da; 0 as

j  —» oo. This implies th a t u1 is a constant function whose mean value is 0, or u1 =  0 

on Q. As j  —» oo,

| |^ n , | | '  +  ^ | V u ra, | ^ ^  ||jfu ||2  +  ^ / | V u | 2d3 (2.76)

=  ||Jiu  + JTu-lH2 +  ^  IVu1 I2Jx (2.77)

=  I W (2.78)

The lim it was claimed to be 0, but since K  does not annihilate constants and ||u ||# i =  

I, this cannot be the case, a contradiction. Hence, the constant 7 >  0 exists.

The above discussion implies tha t the norms || • ||g-i and |J| • ||| are equivalent. 

Also, note th a t ] ||u || |2 =  ((K*K jsT aL)u,u)\  hence K *K  +  aT  is injective. To see th a t 

K * K  +  aL  is  a closed operator, let {um} be a sequence converging to u in H 1(Q) 

which satisfies the conditions of Definition 2.30. By the assumptions on the sequence 

{um}, um —̂ u with respect to the H 1 norm which is equivalent to convergence in the 

HI • HI norm. Hence, K * K  +  aL  is a closed operator on i f 1. □

L em m a 2.32 The functional T  in (2.55) is J i1-Coercive and weakly lower semi-
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continuous on H 1(Q).

Proof: The Zf1-Coercivity of T  will be shown first. Note

I ’M  =  t | | & | | '  -  ( ^ , z )  +  ^ l l f  +  §  I V , f  6  (2.79)

=  I i i h i i j - < i f x , Z ) +  i i k r  h s o j
>  I i i i - I i i 2 - i i h i i h i i i 4 + | h i i !  ( 2 . 8 i )
>  I i I h l l i , . -IIJVIIMHIkll + | l k l l J (2 .82)

^ ^IhIH1 (ilhllff1 ^  Il-^lllhll) +  ÎI2II3. (2 .83)

for some 7 >  0, since |||-1 || and || • \\ffi are equivalent norms. As ||u]|#i —> 00, so does

2» .

Weak lower semi-continuity has been shown for the first and fourth term s 

of (2.79), and the th ird  term  is constant; it remains to show the weak lower semi­

continuity of the second term . Let {un} be a sequence in H 1(Q) such tha t un u. 

This implies th a t Wyi —» w in L 2(Q) (strong convergence). Hence, (K u y z) is weakly 

lower semi-continuous. □

T h eorem  2.33 The Tikhonov regularization problem (2.6) with functional T  defined 

in (2.55) is well-posed.

Proof: Proof of the existence and uniqueness of a minimizer, w, is as in the proof of 

Theorem 2.28. To show continuous dependence on the data, note th a t K*K  +  aL  is 

injective and is a closed operator (Lemma 2.31) on H 1(Q). Apply a corollary of the 

Closed Graph Theorem [17, p. 101] to show th a t (K*K  +  aL)”1 is bounded. □



26

C H A P T E R  3

Total V ariation

This chapter defines the total variation of a function and the space of functions 

of bounded variation. A modification of the total variation functional, Jp as in (3.7), 

is defined below and used as the regularization functional in Tikhonov regularization.

as the differentiability of Jp when V u =  0. The subsequent discussion parallels the 

development in Chapter 2 with this new regularization functional. The highlight of 

this section is a proof of the existence of a solution to the Tikhonov problem with 

the regularization functional Jp. The section concludes with the derivation of the 

Euler-Lagrange equations for the minimization problem. (2.6) w ith Ta as defined in 

(3:23). The m aterial here has been gathered from several sources including Giusti [12], 

and Acar and Vogel [2]. It is presented here to pave the way for the discretization 

discussion in Chapter 4.

The presentation begins with the definition of the to tal variation of a function, 

the space B V (£1), and the properties of each. Although the to ta l variation of a 

function reduces to (3.3) for functions in C 1(O), it must be emphasized tha t functions 

of bounded variation are not necessarily continuous.

D e fin itio n  3.1 Let u be a real-valued function on a domain O C 3£d. The total 

variation of u is defined by Giusti [12] to be

The functional Jp has certain advantages over the total variation functional, such

(3.1)
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where

W  =  jh; G C o (^ lR d) : \w(x)\ < I, for- all x G $7} . (3.2)

The to tal variation of u will be denoted \u \t v -

For u G Cfl(O), the total variation of u may be expressed (via integration by ' 

parts) as 1

\u \t v  =  sup /  w -V u d x .  (3.3)
u?ew .

If, in  addition, |V u| ^  0, the supremum occurs for w =  V u /|V u |, and

u \t v  =  J  |V u|dx. (3.4)

D efin ition  3 .2 The set

I u G T1(O) : |u |xv <  ooj  ’ (3.5)

is known as the space of functions of bounded variation on 0  and will be denoted

a m ) .

D efin ition  3.3 Define a functional on BV(Cl) as follows:

(3.6)

Then || • \\b v  is a norm on BV(Cl). The space B y (O ) is'a Banach space under || • \\b v  , 

(see [12],). The to tal variation functional | • \t v  is a semi-norm on BV(Cl) (a semi-norm 

since it does not distinguish between constants).

T h eorem  3.4 (See [12].) For I <  p <  and 0  C %d, BV(Cl) C Tp(O). The 

injection m ap from BV(Cl) into Lv(Cl) is compact for I <  p <  ^ j-  and weakly 

compact for p =  .

MIbv =  IMM +  \u h
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A modification of the total- variation functional, Jpr will now be considered. It 

will be shown th a t Jp has the same domain as | • \t v ■ The weak lower semi-continuity 

and convexity of Jp will also be shown.

D e fin itio n  3.5 For /? >  0, define

Jp(u) =f sup (  /  
wew Wo

-uV • w +  — |u;(a;)|s dx > . (3-7)

The functional Jp agrees with | • \tv  for /3 = 0, and for u. 6 the

supremum in (3.7) is attained for w = V u /(y |/|V u |2 +  ^ 2), and hence, .

Jpiu) = J^y P2 + \Vu\2d'x. (3.8)

L e m m a  3.6 The functional Jp satisfies Jp(u) <  oo if and only if <  oo; hence, 

the domain of Jp is B V (£1) for any /3 >0.  Also, Jp(u) — \u \tv as /3 —> 0.

P ro o f: For w G W,

J  —u V • wdx <  J  uV  • w +  /3^Jl — |u;12̂ j dx (3.9)

= J  —uV  • wdx + /3 J  y/l — |w |2da: (3.10)

<  J  —uV  • wdx +  /3 Vol(Q). (3.11)

Taking the supremum of both sides over W , one obtains -

Iu Itv ^  Jp(u) — Iu Itv T  ft vol(Q). (3.12)
.

Hence, Jp(u) <  oo if and only if \u\xv < oo, and as /3 —*• 0 ,  Jp(u) —> Iu I r v -  n

T h e o re m  3 .7  The functional Jp is weakly lower semi-continuous on Lv(Q), for I <

p < oo.
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P ro o f :  Let {un} C Lp(O) be such tha t (weak Lp convergence). Then for

any to E W , by representation of bounded linear functionals on Lp(O) [17, p. 151],

|̂ —t/V ■ w -f /9^1 -  |to|2j  dx (3.13)

=  Jq ( ~ UnV ■ ^  -  H 2)  dx (3-14)

' =  lirninf ( - u nV  • w +  /3^Jl -  |ti;|2̂  dx (3.15)

<  IirninfJp(Wn). (3.16)

Taking the supremum over W yields

J,e(u) <  lim in f Jp(Uri). (3.17)

L e m m a  3.8 The functional Jp is convex.

P ro o f :  Let u,t> E BV(O) and A E [0,1]. Then for any w E W ,

Sa — [Au +  (I — A)u] V • to +  ,5-y/l — |to|2 j  dx (3.18)

= i
A uV  • to +  /3-y/l — |to|2̂  + (3.19)

(I — A) uV • to +  fdyjl — |to|2J dx (3.20)

<  AJp(u) +  (I — A)Jp(u). (3.21)

Taking the supremum over W  implies

Jp(Au +  (I — A)w) < AJp(u) +  (I A)Jp(u). (3.22)

□

Now employ Jp as the regularization .functional in Tikhonov regularization. 

As in Chapter 2, let AT be a non-degenerate compact operator such th a t K (I)  ^



30

0. Tikhonov regularization can be applied with- Jp as the regularization functional. 

Define the functional Ta as follows:

Ta(u) =  — z\\2 +  —Jp(u), (3.23)

and consider the problem to find u G BV(Tl) such th a t Ta(u) is a Tnin iTrm m .

Lemma 3.8 and Example 2.22 show th a t the functional Ta is convex. Strict 

convexity holds under some additional conditions, for example, when K  has the trivial 

null space. Additional properties of T 01 will now be established, including weak lower

(3.24)

(3.25)

where u denotes the mean value of u on Tl, as in the proof of Lemma 2.31. Then 

HI ■ HI is a norm on BV(Tl) and is equivalent to || • \\b v -

Proof: It is easily shown th a t ||| • ||| has the properties of a norm. To show equiva­

lence, note th a t

IHu III =
I

vol(Tl)
/  udx 

Jq +  M xv (3.26)

< I
vol(Tl)

/  \u\dx
JQ

+  M tv (3.27)

<  max ( -
“  .  V

(3.28)

To show th a t there exists a. 7 >  0 such th a t | | |u ||:| >  7 ' | | u | |b v , it suffices to show th a t

I I I u III =  Iu I +  Iu It v  >  7 i

semi-continuity and B y-coercivity.

L e m m a  3.9 Define

11M 11 =  N +  M tv

M +  sup < / —uV  • wdx
WdzW

(3.29)
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whenever ||« ||sy  =  I. If the above statem ent does not hold, then there is a sequence 

{un} E BV(Q)  such tha t ||«n ||sy  =  I and \un\ -\-\un\xv —> 0 as n —> oo. This implies 

th a t |un| —*• 0 and \un\Tv 0. This la tter lim it together w ith Theorem 3.4 imply 

th a t there is a subsequence \ u nj} such tha t Unj —>• u E T1(H) (T1 convergence). Since 

\unj\TV —> 0, unj —> u with respect to the B V  norm as well and ||u ||By =  ||u ||Li =  I.

Any v E BV(Q)  can be w ritten as u =  u +  u1 , where Vx E BV(Q)  satisfies 

JnV1Clx =  0. Since v is constant, \v \t v  =  Iu1 Irv- Since \unj\Tv —> 0, \u \t v  = 

Iu1 Ixv =  0. This together with the fact th a t Jn U 1 Clx  =  0 implies th a t u1 = 0 on Q.

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

Hence, | | |u ^ | | |  —> |u| ^  0, contrary to the assumption. Therefore, the norms are 

equivalent. □

L em m a 3.10 Let Lf be a bounded operator from Lp into L2. The functional Ta is 

weakly lower semi-continuous with respect to  the Lp topology with I <  p <  oo.

Proof: The functional Ta can be written

Ta(u) =  ^ W K u f  -  (Ku ,z )  +  i | | z f  +  | j s (u).

Thus

However,

u nj I II —  Iu nj I T \unj | r v  

N +  M r v -

i  =  IIuIilzI 

=  ||u +  U1 IIli

=  II^IU1

=  |u|uoZ(H).

(3.36)
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The weak lower semi-continuity of the first two terms was shown in Chapter 2, the 

th ird  term  is constant with respect to it, and Lemma 3.7 shows the property for the 

regularization functional Jp. Hence, Ta is weakly lower semi-continuous. □

T h e o re m  3.11 The functional T01 is HH-coercive.

Proof: Let {itra} C BV(Vl) such th a t ||it„ ||sy  —>■ oo as n —> oo. By Lemma 3.9, 

IHttmIII —» oo as well, and it suffices to show th a t Ta is coercive with respect to the 

HI  • III norm. There exists a subsequence {It7lj.} such tha t |ttnj | —*• oo or \unj\xv —> oo. 

Since

Ta(Unj) — g IITLttmj. z|| T  2 Jp(.un})

> -^Jp(Unj),

(3.37)

(3.38)

if Ittmj-|rv  —> oo, so does Jp(Unj) by Lemma 3.6 and, hence, Ta(unj) —» oo. For any 

u G BV(Vl), u can be w ritten as tt =  tt +  t r1. This implies

Ta(Unj) >  —\\ K  Unj — ^ ||2 (3.39)

=  ~\\Kunj + K u^j — z\\2 (3.40)

=  +  {K u ™3 ~  z ) Il2, (3-41)

If Ittmj I oo, Ta(Unj) does as well. □

The following theorem establishes the existence of a solution to the Tikhonov 

problem w ith the regularization functional Jp. A condition for the uniqueness of a 

solution will also be provided. Stability with respect to perturbations in z, K ,  a, and 

P is quite technical and will be om itted here (see [2]).
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T h e o re m  3.12 The Tikhonov regularization problem (2.6) with Ta as defined in 

(3.23) has a solution u G Lp(Ct) where I <  p <  If Ta is strictly convex, this 

solution is unique.

P ro o f: Let (U71)^L1 C BV(Cl) be a minimizing sequence for Ta, i.e., Ta(Un) —>

infu Ta(u) =f f a. Since Ta is coercive, the u j s  are bounded. By the weak compactness 

of BV(Ct) in Lp(Ct), I < p < (Theorem 3.4) there exists a subsequence 

such th a t unj - ^ u G  Lp(Ct). Since Ta is weakly lower semi-continuous,

Ta(u) < lijn in fTa(unj) (3.42)

=  Iim Ta («nj.) =  Tce. • (3.43)

Therefore, a minimum, u, exists. If Ta is strictly convex, u is unique. o

Finally, the characterization of a minimizer of Ta is addressed. Both the weak 

and strong forms of the minimization problem are derived.

For u ,u  G H 1(Ct),

dJp(u;v) Iim
T—»0

Jf}(u +  t v )  -  Jfi(U)

= Iim

IimT—>0Hi 2t V u • Vu +  r 2|Vu|

= /fi
n ^ 2'+  |V (m +  ru ) |2 +  P2 +  |V u| 

V m • Vu

-dx

(3.44)

o T {.In ( ^ 2 +  +  TV)\2 ~  ^ + IVmI2)  da;I  (3.45)

(3.46)

(3.47)

(3.48)

\J P 2 jT |Vm|2 

=f (Lfi(u)u,v).

This defines (in weak form) the nonlinear differential operator Lp(u) on H 1(Cl). If 

M G C 2(Ct) then integration by parts yields

dJfi(u] u)
Vu

/  V - ----------- vdx +  / 
J d

Vu

9" +  |V up

PVz

ffvds. (3.49)
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where ff denotes the outward normal vector. Hence, the strong form of the operator 

Lp(Ii) is

Lp(u)v =  —V • ( , = V v  J =O,  x E Li (3.50)
V ^  +  |v « p  /  ^

with the associated boundary conditions

V v  -ff =0,  x E dVL. (3.51)

From Chapter 2 and (3.49),

dTa(u] v) =  (K*(Ku — z) -\- aLp(u)u, v) (3.52)

for u, v  G H 1(Ll). If u is a minimizer for Ta and ii G -H1(H), then dTa(uiv) =  0, or

((K*K + aLp(u)u,v)  =  (K*z,v)  (3.53)

for all v G H 1(Ll). If u G C2(Ll), then it is a classical solution of

■ I C K u - V  ■ {  . VM I = IC z, x c  f! (3.54)
IV -lV

V u • ff =  0, a; G dfZ. (3.55)
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C H A P T E R  4

D iscretiza tion

In this chapter three methods of discretizing the minimization problem (2.6) 

w ith T01 as defined in (3.23) are presented. The standard methods of Galerkin and 

finite differences will be discussed first. The la tter half of this chapter is devoted 

to  a presentation of a cell-centered finite difference discretization for one- and two- 

dimensional domains. The systems which result from the three discretizations are of 

similar form; however, the cell-centered finite difference discretization has the advan­

tage th a t it places no a priori smoothness condition on the solution.

linearly independent. Typically, the are piecewise linear basis functions defined 

on a grid w ith mesh spacing h. Then for any U G Uh, U =  Ya =i, u^ i  f°r some set 

C Note th a t H 1(Vi) C BV(Vi). Define the functional Jp : Uh —> % as

G a Ie r k in  D is c r e t iz a t io n

Define the linear space Uh =  span {<^}”=1 where the fa G H 1(Vi) and are

follows

(4.1)

where V D  =  YVf=I uJVfa. From (3.44),

(4.2)

'
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Let K  be a Fredholm first kind integral operator and define Ku : Uh —> L 2(VL)

by
n

KflU = Y ^ u iKfa.  (4.3)
»=i

For any data  z, approximate z by Z  =f E L i  Zifa- Define the functional Th on Uh to 

be

M U )  «  ^WKhU -  Z f  +  a 4 ( U )  ' .

= 1̂WKhU ~ Z f  + a Jn yjwF+^dx.

For any V  GU h the Gateaux derivative of Th is

=  ( ^ - z , ^ y )  +  w ^ ( ( 7 ; y )

=  (KhU - Z t K hV ) + a I  W ' W  dx.
■>a T f j u f  + fp

(4.4)

(4.5)

(4.6)

(4.7)

At a minimum, Lr, dTh(U; V) =  0 for all V  G Uh, or equivalently, dTh(U; <f>j) 

0 for j  =  1 ,2 , . . .  ,.n. This implies

'VU • V ^
{KhU , K h(/>j) + a  Jq -dx — ^

,Q y/\VU\2 + P2

for j  = 1 ,2 , . . . ,  n. Hence, one obtains the finite dimensional system,

(4.8)

£
4=1

{Kh<f>i, K h(/>j) + OL ui — y~l( tPi; dZh )zj, (4.9) '
V tv f r l2 +  /?

for j  — 1 ,2 , . . .  ,n. To implement this, it is necessary to choose basis functions and a 

numerical quadrature scheme.

F in it e  D if fe r e n c e s

For simplicity, let fl be the interval [0,1] in or the unit square in 9t2, and 

construct a mesh of Ua, +  I or (nx +  I) x (ny +  I) equally spaced grid points on TL
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with, spacing h = -^ where nx — ny and n = nx or n = nxny is the to ta l num ber of 

points. In denote these points a;,-. In 3?2, denote these points x j  = where

Xi = ih and yj — jh.  Let U denote a grid function approximation to u such th a t 

[tfjj Rj U ( X 1 ) .  Similarly, let [ZJ1 Rj Z-(X1) .  For ft C J  and i coincide. The finite 

difference approximation to the first derivative in one dimension is

[DkV], = [DkV l  d£ ‘ Iy If , (4.10)

In two dimensions the finite difference approximation to the gradient is taken to be

def f[V]i+i,j -  [V]i [V]itj+1 -
(4.11)

Define a functional Jg : 3?” — 3ft by

where d indicates dimension (d =  I or 2), and

f  «i±lzUiV
( h J ’W D n m  =

(4.12)

(4.13)
J =  i ( J =  I)

+  J  =  („;,•) (J  =  2)

Let K  be a Fredholm integral operator and let Kjl denote a discretization of K  such 

th a t

. LKA&nzfs M M ,  ' (4T4)

whenever U  is a grid function approximation to u. Define the functional T h  on Dftn by

Tk(U) =  % - \ \ K k U  - Z f p  + O c J p ( U ) . (4.15)

For any V £ Dftn the Gateaux derivative of Th is

JTi (UiV)  =  ( K ( K hU - Z ) 1 V)P+ J  Df  .Dk V)
\ V I-DhDI2 + p 2 I 1

=  ( ^ ( F ^ - Z ) , y ) f + a ( D /  DhU

K y / W W  + P

(4.16)

, y )  . (4.17)
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Note th a t in one space dimension, from (4.10),

D l (DhU) =  r ^ i +  Z P i - P i - , (4.18)

This is the finite difference approximation to the negative of the second derivative. 

Similarly, in two space dimensions, D lD h gives the standard finite difference approx­

im ation to the negative Laplacian in two dimensions.

At a minimum, U, dTh{U\V)  =  0 for all V , and hence,

DhK i K h +  cxD (4.19)
V l i W  +  /?2

The system in (4.19) is nearly identical to the system obtained via the Galerkin finite 

element discretization w ith piecewise linear basis functions and m idpoint quadrature.

C e ll-C e n te r e d  F in i t e  D if fe r e n c e s

Let W  be as in (3.2), and define the functional Q on W x W  as follows:

Q(u,w)  =f mV  • w +  /3^1 — |u!|2̂  dx:  

Then the functional Jp in (3.5) can be w ritten

(4.20)

Jp{u) SUp Q(u,w).  
wew (4.21)

Consider the specific one-dimensional case where O =  (0 ,1), and divide D into 

n cells in the following manner. Let h =  1 /n , and let X{ = (i — \ )h , i  — I , . . . ,  n. 

Define xi±i  =  Xi ± h /2 .  The ith cell, which has center X) and is denoted c,-, is defined 

to be

Q =  {a; : <  a; <  ^ + i } . (4.22)
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Xi-I Xi Xi+l

Figure I: Diagram of Xi (solid line), ^ _ i  (dashed line), and ^ +i. (dotted line).

Let Uh denote the span of the piecewise constant functions %*, where

=  {  o| a 0%. . ^.23)

Approximate u b y  U 6 Uh, where

=  (4.24)
j=i

Consider the piecewise linear basis functions >̂i+i  such th a t <t>i+i ( x j+i) — Sij, i :j  = 

1,2 , . . . ,  n — I. Let W h consist of functions of the form

=  . (4.25)
'=i

w ith the constraint |LF(x)| <  I. This implies the constraints |ryj+i |  <  I o n  the 

■coefficients. Graphs of the functions and 4>i+i  are shown.in Figure I.

Using the trapezoidal quadrature approximation and th e  fact th a t IU(O) =

IV(I) =  0.
p i  I - --------------------------------- TO— I  ;______________________________

.(4.26)I -  [W(x)\Hx \ l l - { W { x j+i )f
j=i
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define the functional Qh on Uh x W h by

< 9 %  MO E  y i  -  (%b+i)

n— l

=  A E
J = I
n—l

Uj+1 U j

3= 
n—l

wj+i + ph  53  y i  -  (wj+±y
3=1

h E  [DhU]j wj+x +  V 1 _  K + | ) 2-
j=i j=i

(4.27)

(4.28)

(4.29)

Then for any fixed U £ Uh,

d
t o  V V W -  - J v ^ W h 1 =

W3 + k

— — [-D^Z/] • +  /3h

\ ! 1 ~  (W3+kY
W3+\

(4.30)

(4.31)
i - K - +i )2

For a fixed Z7, the maximum of Qh(U, W)  over W h occurs in the  interior when 

■7^:Qh(U, W)  =  0 for all j .  Then solving for in (4.31),

PhD],-
W3 + h (4.32)

For the remainder of the discussion, Wmax will refer to the element of W h with 

components Wj+k as in (4.32). Define the functional Jg on Uh .by

Jt(ZJ) 4s? ^((/,Wm.=)
n— l

=  h Y j [DftD]. u;,.+i  + P h Y j
j = i  ■ j

n— l

A E  - J W f j + P -
J = I  v

(4.33)

(4.34)

(4.35)

Hence,

d4(U-,V)  = A E
[DhV]j [A ,g],:

P i C I i + 0

(Lf(U)UtV)e, .

(4.36)

(4.37)
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Note th a t Lp{U) is an n X n, symmetric, positive semi-definite tridiagonal m atrix. 

Define the functional Th on Uh by

Tk{V) = 1̂WKkU - Z f + aJl(U),  (4.38)

where Kh denotes a discretization of the operator K,  and Z  & z is a fixed element of 

Mh. Then the problem to find fJ G such th a t Th(U) is a minimum is equivalent to 

finding U € W 1 such tha t

-  Z) +  =  0, (4.39)

which can also be w ritten

. + Tf(N)] y  =  (4.40)

In two dimensions, consider the, domain fl =  (0,1) X (0,1). To discretize 

using cell-centered finite differences, construct a grid system. Let nx =  ny denote 

the num ber of cells in the x and y directions, respectively, and let h =  I j n x be the 

dimension of each cell. The to tal number of cells is given by n =  nxny. The cell

centers are given by (xi,yj) and are defined to be

—
H )

Zi5 Z — I 5 . . .  5 Tlx 5 (4-41)

Vj = ( - D
ft-, J =  I , . . . ,  Tly . (4.42)

The cell edges are given by

xi±± = x i i D .(4.43)

Ii (.4.44)

The i j th cell, denoted c;j , which is centered at (xi,yj) is defined to be

Ql =  {(3,3/) = <  a; <  y (4.45)
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0.75

'a 0.5

0.25

* • . *

5K ( ) *  C) X  C> XZ

*  C)  C)  XZ C)

*  C) 5K C) 5K C> XZ

0.25 0.5 
x axis

0.75

Figure 2: Diagram of a 4 X 4 cell-centered finite difference grid. Stars (*) indicate cell 
centers (xi,yj).  Circles (o) indicate interior x-edge midpoints (x-± i ,y j )  and y-edge 
midpoints {xi,yj±i).

and has area

I Cij I =  h2. (4.46)

This cell-centered grid scheme is depicted in Figure 2.

Approximate u by

, f n* ny
=  (4.47)

i=i i= i

where Xi{x ) a^d Xj(y) denote the characteristic functions on the intervals ( a ^ i ,  a^+i)  

and (yj_i ,  yj+ i),. respectively. Approximate the components wx and wy of w by

nx — I ny
^  2 w i j^ i ( a ; ) % j( y )  (4.48)

i=i i= i ■ 
nx ny— l

wC(a;,y) % (4-49)
i = l  j=l



43

where <j>i+i  are the continuous, piecewise linear functions th a t have been defined 

above.

The rest follows as for the one-dimensional case by using the product quadra­

ture  approximation

(4.50).

corresponding to (4.48)-(4.49) in equations (4.27) - (4.29), and by replacing the single, 

summations by double summations in equations (4.34) - (4.36) (see also [31] and [33]). 

The resulting system has the same form as the system (4.39). W ith lexicographical 

ordering of unknowns, the m atrix  Lp(U) is a symmetric, positive semi-definite, block 

tr idiagonal m atrix.
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C H A P T E R  5

N on lin ear  U n con stra in ed  O p tim ization  M eth od s

The minimization problem (2.6) with Ta as defined in (3.23) is nonlinear. Stan­

dard techniques for unconstrained minimization include Newton and quasi-Newton 

methods, and are presented by Dennis and Schnabel [9]. Newton’s m ethod is fa­

vored for its quadratic convergence rate, but the quasi-Newton methods, which use 

an approximation to the Hessian, are usually easier to implement. In spite of the fact 

th a t convergence is slower than  for Newton’s method, the Quasi-Newton methods 

m ay also be more efficient because an approximate Hessian can often be updated 

more quickly than  the true Hessian. The Newton and quasi-Newton methods will 

be briefly described below. Globalization techniques, such as line searches and trust 

regions (see [9, pp. 120-25], are often used to ensure global convergence, i.e., to 

ensure th a t the m ethod will converge to a minimum for any initial guess. A fixed 

point iteration is presented for finding a solution to the discrete problems obtained in 

Chapter 4. This iteration is shown to be a quasi-Newton m ethod for the minimization 

of f{U)  =  \\\KhU — Z||^2 +  a Jp(U). Several properties of this fixed point iteration 

are described.

Let E  be a map from a set D into itself. Then m G D is a fixed point for F  

if and only if F(u)  =  u. An iteration of the form uq+1 =  F(ug) is known as a fixed 

point iteration. Two particular fixed point iterations are Newton’s m ethod and the 

quasi-Newton m ethod as defined in [9] and other sources.
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In the following discussion, /  : 9£ra —> 3i is assumed to be twice continuously 

differentiable, and u0 G is an initial guess. The gradient of /  at w which will be 

denoted g(u), is the vector with components . The Hessian m atrix  of /  at w will 

be denoted H(u)  and is the m atrix with components [ g f ^ r ] . Note th a t the Hessian 

is symmetric.

A lg o r ith m  5.1 Newton’s Method to find a minimum of /  is as follows. For q =

0, 1, . . ,

(i) Solve H(uq)s9 =  —g{uq) for sq,

(ii) U pdate the approximate solution uq+1 = uq -\- sq.

Equivalently, it can be expressed in the fixed point form,

uq+1 =  uq - [ H i u q)]-1 g(uq) (5.1)

== FNewton(Uq). (5.2)

If u* is a minimizer of / ,  then the sequence {u9} generated by Newton’s Method 

will converge to it* provided u0 is sufficiently close to it* and i f  (it*) is positive definite. 

This is proved in [9, p. 90]. If it0 is not sufficiently close to guarantee convergence, 

one may implement a line search [9, pp. 126-9]. Replace step (ii) in Algorithm 5.1 by

it9+1-=  it9 +  As9, (5.3)

where A G (0 ,1) minimizes / ( i t9 +  As9).

A lg o r ith m  5.2 The quasi-Newton Method has the same form as Newton’s Method 

except th a t an approximate Hessian, Hg, is used in place of H (uq). See [9] for standard
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Hessian approximations. This m ethod can also be expressed in fixed point form as

= . (5.4)

=f FQ(uq). (5.5)

Under certain conditions on Hq, it can be shown th a t u9 u* where {uq} is generated 

by the quasi-Newton iteration, (see [9, pp. 118-125]).

A fixed point iteration for the non-linear system obtained for any of the dis­

cretizations of C hapter'4, is given by

For § =  0 , 1 ,2 , . . .  (5.6)

[K tKk + q^ ( [ 7«))C7«+1 = Ji-; Z, . (5.7)

where U0 E 3£n. This can also be expressed

=  (jKjfJfA, +  aTf(U9))-iar%Z (5.8)

, . . =  .^ - U «  + .(^ %  + ^ ( U « ) ) - ^ H  (5.9)

=  ^ - ( ^ ^  + a ^ ( ^ ) ) - X ^ ( ^ ^ - Z )  +  ^ ( ^ ) ) ,  (5.10)

which is a quasi-Newton m ethod to minimize

W )  = \ \ \KkU -  Zfp +.a4(U) .  (5.11)

Note th a t the gradient of /  is

(,(Cf) =  -  Z) +  a^ (H * ), (5.12)

and

+  aTp(U*) (513)

is an approximation to the true Hessian

JGT(Lf) =  JfZFfA 4- CxTp(LTS) +  cxiL^Lf^LU, (514)
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In the denoising case when K u  is replaced by u in (1.1) of Chapter I, the fixed 

point iteration is as follows.

[7 +  (5 15)

The following theorem gives two properties which hold for this fixed point iteration.

T h e o re m  5.3 For the fixed point iteration in (5.15), for iterations q — 1,2,,. ' ..,

1. ||Lr9||f <

2. The iteration is mean preserving, i.e.,

I z m 1 (5.16)

P ro o f: The first property follows from noting th a t a.Lp(Uq) is a symmetric, positive 

semi-definite m atrix; hence, the norm of [/ +  a.Lp{Uq)\ is bounded below by one. 

Thus

I M l f  =  !I [ / + a ^ M 1)]"1 z | | f

<  H [/  +  a ^ M 1)] r 1 | |Z | |f

<  IIZIIf-

(5.17)

(5.18)

(5.19)

To show the second property, take the inner product of both sides of (5.15) with I, 

where I denotes the grid function which is identically I, using the  finite difference 

. discretization in (4.19). Note th a t Dzl(I) =  0. Then

which implies

7 +  aD% ______ Dh
^IDzlCN-1I2 +  /?2

CN, I =  (Z, l ) f , (5.20)

Dh

Y lD zlD*-1)2 +  /?2
CD, I ) =  (Z, l ) f .

jP

( D \ l ) f + a  D% (5.21)
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The second term  of the left hand side can be expressed

=  a

=  a  

= 0.

/  Dk 

Dh

Uq, I
£2

,J\DhU*-i\* + F

(5.22)

(5.23) .

(5.24)

Thus

(5.25)

which implies the result. Similar techniques can be used to show this property  for 

the other discretizations of Chapter 4 as well. □

Recently, Dobson and Vogel [10] have proved local convergence of the fixed 

point iteration for denoising as given in (5.15). In all numerical experiments, both 

for the denoising (5.15) and the deconvolution (5.7), global convergence has been 

observed. Thus, there appears to be no need for any type of globalization technique, 

such as a line search or trust region.
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C H A P T E R  6

M eth o d s for D iscrete  L inear S y stem s

Herein are presented efficient techniques for solving the linear systems AU9 — 

Z,  where

A =  Z +  (6.1)

and

A =  +  aZ,f((79), (6.2)

and Z  is the appropriate right-hand side, either Z  or K%Z. These systems arise at 

each fixed point iteration in (5.7) of Chapter 5. First, the conjugate gradient method, 

will be discussed along with the idea of preconditioning. Then suitable precondi­

tioners for both  (6.1) and (6.2) will be presented. A cell-centered finite difference 

m ultigrid preconditioner will be used for the former, while a preconditioning m atrix  

of the form bl  +  a.Lp(Uq) will be applied to the latter. This chapter also includes 

a presentation of Brandt and Lubrecht’s multi-level quadrature m ethod [5] for fast 

approxim ate evaluation of K lK h U , a calculation essential to the conjugate gradi­

ent method. This chapter together with Chapters 4 and 5 contains all the tools for 

efficient approximation of a solution to the minimization problem (2.6) with T01 as 

defined in (3.23). The complete algorithm will be given in Chapter 7.
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P r e c o n d i t io n e d  C o n ju g a te  G r a d ie n t  M e t h o d

The basic conjugate gradient m ethod will be stated first w ith a discussion of 

its convergence properties. Throughout this section the Hilbert space under consider­

ation will be w ith the standard Euclidean, or I 2, inner product and norm denoted 

(•,•) and Il • ||, respectively.

For a fixed b £ $t.n define a functional /  on by

f ( u) - f \ ( u i A u ) ~  (u , b), , (6.3)

where A is an n X n symmetric, positive definite m atrix. For any v 6  the Gateaux 

derivative of /  is ,

df(u-,v) = ( v , A u - b ) : (6.4)

so at a minimum, u, d f(u \u) =  0 for all v G or

Au  =  b. (6.5)

A lg o r ith m  6.1 The conjugate gradient method can be employed to find the mini- 

mizer, u =  A-16, of the functional /  where A is a symmetric, positive definite m atrix. 

F irst, define the energy inner product

( u , u ) a  =f (u, Au). (6.6)

Choose Uq. Then the conjugate gradient algorithm is as follows:

T q  — • A uq ■— b

do

(6.7)

( 6.8)

(6.9)

-T-Q
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For & =  0 , 1 , . . .

‘ "  < 4 , 4 ) a
(6.10)

Uk+1 — Uk + akdk (6A1)

rk+i =  Au^+i — b (6A2)

_' {fk+lydk^A
(dk,dk)A

(6A3)

d /e + l =  —Uk+l +  Ckdk (6.14)

The d^s  denote successive search directions beginning w ith the negative gra­

dient. The r/c denotes the residual at each step which is also the gradient of /  at

L e m m a  6.2 ([19, p. 132]) Let r, and d,- be as in Definition 6.1. Then

span {d0, d1}.. . ,d m} = span{r0, r i , . . . , r m} =  span {r0, Ar0, . . . , Amr 0} . (6.15)

The nested subspaces, span {r0} C span {r0, A r0) C . . .  C span { r0, Ar0, . . . ,  AmT0) 

are called Krylov subspaces.

L e m m a  6.3 ([19, p. 132]) The search directions, d,,. are pairwise A-conjugate; Le., 

(di,dj)ji =  0 if i j .  Furthermore, the gradients, r,-, are pairwise orthogonal.

T h e o re m  6 .4  (Expanding Subspace Theorem [21, p. 171]) Let be a se­

quence of non-zero, pairwise A-conjugate vectors in 9tn. Then for any U0 E T n, the 

sequence {%&} generated by the conjugate gradient method has the property th a t Uk 

minimizes /  on .the line u =  Uk-i +  adk-i for a E as well as on the affine space 

U0 +  span {di};~Q.
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L e m m a  6.5 If the sequence {w&} is obtained, by the conjugate gradient m ethod with 

u0 any vector in then

llufc+i — u IIa <  ir âx [I +  AjP^(Ai)]2 11 u0 — u\\\, (6.16)

where Vk is any kth degree polynomial.

P ro o f: Let q1,q2, . . .  ,qn be the mutually orthogonal, normalized eigenvectors of A. 

Then for some 6., 6 , . . .  6 ^ ■

n

A(u0 — u ) =  E (6.17)
Z=I

IIuO- uIIa — (u0 — it,u 0 — u ) a (6.18)

Il A
r1

C
P (6.19)

By Theorem 6.4, U k+ i = U0 A Qk(A)r0 where Qk is a polynomial of degree k such

th a t ||ufc+i. — u ||a is a minimum on span (AY0)^L0. This implies th a t

u A:+! — u =  [I A AQfc(A)] (u0 — u). (6.20)

Then

||uA:+i — u ||a =  (uo — U)TA [/ + AQfc(A)]2 («o — w) ' (6.21)
‘ ' n -

=  E  [I +  ^ G t ( A ,)]2 A,-^2 (6.22)
Z = I

Tl

= E  [! +  ^Qfc(Ai)]2 I K  ^  ^IIa (6.23)
;=i

< max [I +  AiPfc(Ai)]2 ||uo -  u IIa  ̂ ’ (6.24)

where Vk is any polynomial of degree k. □

The next theorem shows the effect of eigenvalue clustering on the convergence 

of the conjugate gradient method.
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T h eorem  6.6 If A  has m  distinct eigenvalues, then the conjugate gradient m ethod 

converges to the solution vector, u — A-1Z>, in at most m  iterations [19].

Proof: If there are rn distinct eigenvalues, choose the polynomial Vm-I  of Lemma 

6.5 such th a t its zeros occur at the eigenvalues A1-. Then ||um — u\\\ — 0. □

C orollary 6 .7  The conjugate gradient m ethod converges to  the solution, u = A -16, 

in at most n iterations [19].

Proof: The m atrix A has at most n eigenvalues. Apply Theorem 6.6. □

The condition number of a matrix-will now be defined, followed by a discussion 

of the effect of the condition number of A on the convergence of the conjugate gradient 

method.

D efin ition  6.8 The condition number of a nonsingular square m atrix  A is

cond(A),= ||A ||2 /||A -i||2 , (6.25)

where || • ||2 denotes the m atrix 2-norm,

IIAh =  max IIAuII,, (6.26)
IbILz=I

If A is singular, then cond(A) = oo. The m atrix  A is said to be well-conditioned if 

cond(A) Rd I. If A is an n X n symmetric, positive definite m atrix , then cond(A) =■ 

Ai/An, where Ai and An denote the largest and smallest eigenvalues of A, respectively.
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T h e o re m  6.9 The ra te  of convergence of the conjugate gradient m ethod depends on 

the condition num ber of the m atrix  [3] as follows:

\\uj -  u \\a  <  2 ||u 0 -  u \\a
y cond(A) — I V  

y  cond(A) +  1 /
(6.27)

P ro o f: Select the polynomial Vk-i(X) in Lemma 6.5 to be such th a t

where Tk denotes the kth degree Chebyshev- polynomial, and A1 and An denote the 

largest and smallest eigenvalues of A, respectively. The kth degree Chebyshev poly­

nomial can be. expressed (see [3, p. 423]) as -

def (x +  V z2 — l )  +  (x — V x2 - I ^
kl

(6.29)

Then

\\u k — u \ \ \  < [I +  A17:>fc_1(A1)]2 ||u0 — u||l

T k ( - l )
rP, ( Al +An A 

\ Al "An / -
IIuO -  w||]

Tk
'cond(A) +  l \
cond(A) — I /

—2

IIu O — ^Ha

=  4
^cond(A)  +  l \  /  ^Jcond(A) — l \  

^c o n d (A )  — I J \ ^ J  cond{A) +  I /

ycond(A)  — I /

(6.30)

(6.31)

(6.32)

Al -2

. | |« o -A ||2(6.33) 

(6.34)

which proves the result.

Theorems 6.6 and 6.9 lead to the observation tha t if A  is a well-conditioned 

n x  n m atrix, and/or A has m  n distinct eigenvalues, the conjugate gradient
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m ethod will exhibit rapid convergence. However, the matrices in question, (6.1) and 

(6.2) are not well-conditioned. To effectively use the conjugate gradient m ethod in 

such a case, it is expedient to implement a preconditioner to improve performance. 

This is done by choosing a preconditioning m atrix, C, such th a t cond(CA) <C cond(A) 

and/or CA  has far fewer distinct eigenvalues than  A, and Cy — w is easy to solve for 

y. The first two requirements will ensure faster convergence, while the third condition 

is necessary for rapid calculation inside the m ethod itself.

A lgorith m  6.10 The preconditioned conjugate gradient method is defined by the 

following algorithm.

Choose U0 G 9£n. Then

Tq — Au0 — b (6.35)

ho =  C - -lTo (6.36)

Il I s- O (6.37)

(6.38)

For & =  0 , 1 , . . . ,

(r&,A&)
( 4 , 4 ) 4

(6.39)

4" ^kdk (6.40)

fk+i — AujiJrI — h (6.41)

— C r ^ i (6.42)

{f'k+lj h,JiJrX )
^  (r&,&&)

(6.43)

dfc+i =  —hk+x +  Ckdji . (6.44)
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Note th a t for a symmetric, positive definite C, this algorithm is equivalent to 

performing the conjugate gradient m ethod of Definition 6.1 to minimize the functional

f ( v) - f \ {u ,A v )  -  (u, 6), (6.45)

where A  =  C -1^2A C -1/2, b = C -1^b,  and u =  C 1Z2U. To see this, assume Algorithm 

6.1 is applied to minimize / ,  and let

%+i =  (6.46)

and

(&47)

(6.48)

Then equation (6.12) of

(6.49)

(6.50)

or

rk+i — Au k + 1 — b. (6.51)

This is equation (6.41) of Algorithm 6.10. Similarly, the other steps of the two 

algorithms can be shown to be equivalent.

The explicit implementation of the preconditioned conjugate gradient m ethod 

for operators (6.1) and (6.2) arising in the fixed point iteration will now be discussed. 

It should be noted th a t the discretization U is used in place of u in the  preconditioned 

conjugate gradient algorithm.

rk+i = ' C - 1Z2Vk+!

_  (j 1Z2^AukJrX ~  b).

Note th a t uk+1 is not the same as u^+i unless C = L  

Algorithm 6.1 can be rew ritten as

hfc+i =  Auk+i — b

= C - 1Z2(Auw ^ b )



57

OOOO^
OOOO

10 0O e e o o

Figure 3: Eigenvalues of the m atrix I  +  aLp(U) where a =  IO-2 and /3 =  10“4. The 
vertical axis represents magnitude.

M u ltigrid  p recon ditioner for th e differential operator L

To begin the task of finding a suitable preconditioner for (6.2), consider the sim­

plified operator (6.1). In applications, this corresponds to the “denoising” problem 

mentioned in the introduction.

Figure 3 displays the spectrum of the discrete operator for a discontinuous u 

with a  =  IO-2 and /3 =  IO-4 . Notice tha t cond(I +  aLp(U)) % IO3, which implies 

th a t the convergence of the conjugate gradient method may be slow. Figure 4 shows 

this possibility to be fact by depicting the convergence rate of the conjugate gradient 

m ethod applied to the system with A as in (6.1) without any preconditioning.

The m ultigrid m ethod is known to work well on elliptic problems with diffusiv- 

ity bounded away from O (see [23]). For the problem described here, the diffusivity,
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io° -*

10 5 10 15 20 25 30
Conjugate gradient iterations

Figure 4: Relative residual norms of successive iterates of the conjugate gradient 
m ethod to solve [I +  ctLp{Uq))Uq+l =  Z for a fixed q (no preconditioning), a  =  IO-2 .

may not perform well. However, multigrid can be used effectively as a preconditioner 

for the conjugate gradient method. In this case, the preconditioning m atrix C of 

Definition 6.10 is not explicitly given. Instead, steps (6.36) and (6.42) are completed 

by performing one multigrid iteration on the system Ah = r.

For simplicity, a two-grid scheme is presented here. A complete description of 

basic m ultigrid techniques and algorithms, is contained in [6] or [23]. For a bounded 

D G f/!/l C f! will be defined to be a discrete set of n uniform grid points, where 

a uniform grid is understood to be a grid with mesh points which are equi-spaced in 

d directions with spacing h. To facilitate nested grids, h is taken to be l /2 k where 

k is the number of nested grids, or levels, in the multigrid scheme. The lower-case 

symbols, h and n will be used to indicate, respectively, the mesh spacing and number

bounded away from zero uniformly in /i, hence, multigrid
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C onjugate  grad ien t iterations

Figure 5: Relative residual norms of successive iterates of the conjugate gradient 
m ethod with a multigrid preconditioner to solve (I  +  aLp(Uq))Uq+1 =  Z for a fixed 
q, a = IO-2 .

of nodes on the fine grid, and similarly the upper-case symbols, H  and N  define the 

coarse grid with N  << n. For ease of reference, define A as in (6.1). Operators 

and grid functions will have the h or H  superscript, dependent on the grid to which 

they belong. The operators and are coarse-to-fine (interpolation) and fine-to- 

coarse (projection) inter-grid transfer operators, respectively. The term  “smoother” 

will henceforth be used to indicate a stationary linear solver, e.g., a Jacobi or Gauss- 

Seidel iteration.

A lgorith m  6.11 A basic multigrid cycle on a two-grid system is outlined in the 

following manner:

(i) Apply Vi iterations of the smoother to the system A hUh = Z h on with initial

guess V h.
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(ii) Compute the residual, rH =  (Z h — A hV h).

(iii) Solve A h eH =  rH- for the error on flH.

(iv) Correct the current V h by setting V h = V h + ILj1Ch .

(v) Apply u2 iterations of the smoother to the system A hUh = Z h on ILh with new 

initial guess, V h.

On the coarsest grid, A HeH =  r11 is solved exactly if possible. To extend this to 

a m ultiple grid system, simply replace step 3 above by a recursive restart of the 

algorithm  on the system A HeH =  rH with initial guess V h -LL. In practice, it is 

usually sufficient to set V1 and V2 small, such as I or 2.

For the system at hand, it has already been noted in Chapter 4 th a t A is a block 

tr idiagonal m atrix. Thus, a Gauss-Seidel iteration is easy to implement with grid 

operations; in other words, the actual m atrix A does not need to be stored for any grid 

level. In the  numerical experiments presented here, a red-black Gauss-Seidel iteration 

was used as the smoother [33]. This iteration is based on a checker-board layout of the 

grid which decouples the “red” and “black” grid nodes. The Gauss-Seidel iteration can 

then be implemented on the red and black nodes independently, making the iteration 

extrem ely computationally efficient. The intergrid transfer operators employed are 

those developed explicitly for the cell-centered finite difference discretization by Ewing 

and Shen [11]. These transfers can also be computed very efficiently since they involve 

only constant coefficients grid operators.

Figures 4 and 5 dem onstrate the effectiveness of this preconditioning. Figure 

4 depicts the relative residual norms of successive iterates of the conjugate gradient
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m ethod applied to the system {I+  aLp(Uq))Uq+l =  Z for a fixed q. No precondition­

ing has been done, and it is easily seen th a t the convergence is quite slow. In Figure 

5 the m ultigrid preconditioner described above has been applied to the same system, 

and the  relative residual norms of successive iterates have again been p lo tted .' Note 

the  drastic improvement in the rate of convergence.

P recon d ition in g  for th e  integro-d ifferential operator

The case when K  is the integral operator as in (1.2) will now be considered. This 

implies th a t the linear system to be solved at the qth fixed point iteration is

(6.52)

where A  is as in (6.2).

For insight into the choice of a preconditioner, consider the one-dimensional 

case on 0 <  cc <  I w ith L p ( U )  replaced by the negative Laplacian and periodic 

boundary conditions, where K  is the convolution operator, K u  =  J01 k(x  — y)u(y)dy, 

with Gaussian convolution kernel, k(x) =  ^ e ~ x?U2, Then L  has eigenvalues \ j  =f 

J 2TT2 which tend to infinity, K *K  has eigenvalues y,j =f ^ e -cr2j2Z2 which tend to zero, 

and L  commutes with K . Figure 6 shows the first 64 eigenvalues of K *K  +  a L  where 

a = .075 and a  = IO-2 . Notice th a t cond(K*K  +  a L )  ss IO3.

This eigenvalue structure suggests a preconditioner of the  form (7 =  6/ + a L .  

This choice for C has eigenvalues 6 +  a \ j \  hence, as j  gets larger, the eigenvalues 

of L  dominate as they do for the m atrix K *K  +  a L .  For a proper choice of 6, the 

m atrix  (7-1 should be a rough approximation to (K*K A a L ) * 1 . W ith C in this 

form, the iteration m atrix  (7-1/2(//*/<" +  <%/)C - Ẑ2 =  C~1(K *K  +  a L )  (since L  and
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Figure 6: First 64 eigenvalues (in ascending order) of the operator K *K  +  aL  where 
L = - V 2 and K  is a convolution operator with kernel k(x) =  e~x2/a2, a  =  IO-2 ,
a = .075. The vertical axis represents magnitude.

K  commute) has eigenvalues

_  F j  T  <x\j 
b + a \ (6.53)

The 7 j’s tend to one as j  goes to infinity, independent of b. To ensure Jj % I 

for small values of j ,  choose the largest eigenvalue of K*K  for b,

b = p(K*K) = P1 = - e - * 2/2 (6.54)
TT

where p(K*K) denotes the spectral radius of K*K .

Figure 7 shows the eigenvalues of the iteration m atrix C~1(K *K  + aL), which 

result from this choice of b. Notice tha t the condition number of this m atrix is 

approximately I. This implies tha t the conjugate gradient m ethod will converge very 

rapidly.
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Figure 7: First 64 eigenvalues of the preconditioned operator C~l (K *K + aL) (indexed 
according to the eigenvalues of L in ascending order), where (7  =  6 / +  aL , L =  — V 2, 
6 =  p(K*K), a  =  IOT2, and /3 =  IO-4 . The vertical axis represents magnitude.

W ith the more general operator defined in (6.2), this choice of 6 is still reason­

able as shown in Figures 8 and 9. In Figure 8, the eigenvalues of the m atrix A  are 

given. In this case, cond(A) to IO4. Figure 9 shows the eigenvalues of the precondi­

tioned m atrix, A C -1!2, where C =  bl + aLp(U) and 6 =  p(K*K). Although the 

eigenvalues are not all near one as in the constant diffusivity case, most are near one. 

The “stray” eigenvalues appear to correspond to jum p discontinuities in U. Thus, 

(7  =  6 / +  aLp(U) is an effective preconditioner for the non-constant diffusivity case 

as well.

M u lt i - le v e l  Q u a d r a tu r e

Algorithm 6.10 requires the application of the operator K^Kh- Commonly
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Figure 8: Eigenvalues of the m atrix A = K^Kh +  aLp(U), where a = IO-2 , /3 =  
IO-4 , and Lp(U) is a non-constant diffusion operator. The vertical axis represents 
magnitude.

used numerical techniques for evaluating discrete representations of integral operators 

applied to grid functions require 0 (n 2) floating point operations. In [5], Brandt 

and Lubrecht describe a method based on multigrid techniques for approximately 

evaluating an integral operator K  =f K *K  applied to v which requires only 0 (n )  

operations. The following is a brief description of this technique.

The two-grid system in one dimension will be as defined previously for the 

m ultigrid preconditioner. The domain Llh will again be defined to be a set of n equi- 

spaced grid points, where n — Vol(Ll)/h, for Li a connected domain in %. And h will 

again be taken to be l /2 k where k is the number of nested grids, or levels, in the 

multigrid scheme.

W ith K h denoting the discretization of the integral operator K  on the finest
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Figure 9: Eigenvalues of the preconditioned m atrix C -1Z2A C -1/2, where C =
bl +  OtLp(U) and b = p(K*K), a  =  IO-2 , /? =  IO-4 . The vertical axis represents 
magnitude.

grid, the m ethod of Brandt and Lubrecht [5] can be represented symbolically as

K v  % K hV h % n hHK H(U ^V h). (6.55)

As before, h and n indicate, respectively, the mesh spacing and number of nodes on 

the fine grid, and similarly, H  and N  define the coarse grid with N  «  n. The op­

erators If^  and If^  are coarse-to-hne and hne-to-coarse inter-grid transfer operators, 

respectively. The lower case v denotes the continuous function, while the upper case 

V  denotes the grid function. The superscripts h and H distinguish between the fine 

and coarse grid functions, and the subscripts i and I  refer to the components of the 

fine and coarse grid functions, respectively. For example, V/1 denotes the approxima­

tion to v(xi). This is in contrast to the multi-indexing with i and I  which appears 

in Chapter 4.

To evaluate K hV h cheaply, restrict V h to the coarse grid, apply the coarse grid
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operator K h  at a cost of 0 { N 2) operations, and then interpolate K h V h  back to the 

fine grid. To see the details of this approximation, choose gth order transfer operators: 

n&, a coarse-to-fine mesh transfer (interpolation), and II^ , a fine-to-coarse mesh 

transfer (restriction). Using pth order quadrature, the operation becomes 

[kv]{x f)  = Z01 y)v{y)dy, I  = I , . . . , N

= h E"=i K x?, K ) ) ^  + C (M

=  + O(Ap) +  o (ff« ) (6'56)

=  A E l 1 R x f 1 x?)[(nfc)TV'‘]J + O(Ap) +  0(if«)

The coarse-grid function, [J<u](a:f), can then be interpolated to the fine grid 

by IIfl- w ith O (H q) accuracy. The entire application looks like

JTV' =  n ^ % )  V  +  C M  + 0 (#9 ). (6.57)

If JV2 Rj n and q — 2p, then H q Rj Zip, and this calculation requires only 0 (n )  

operations and maintains O(Kp) accuracy. To see this, let n =  2lev (lev G Z +, is 

the num ber of levels, or nested grids), and let n +  I be the num ber of points in the 

finest mesh with spacing h =  ^, and let the coarsest mesh have JV +  I points with 

spacing H  = where N  — 2lev/2. W ith second order quadrature (p = 2), K h U ^ V h 

can be calculated in 0 ( N 2) =  0 ((2 levl2)2) — 0 (n )  operations. Fourth order transfer 

operators (q =  4) ensure th a t the accuracy of is 0 ( h 2) + 0 (H 4) =

0 (h 2). Note th a t IIjf =  c(IIfl)T, with c =  H/K, hence, the operator IIflW fl(IIfl)T is 

symmetric when K  is a symmetric integral operator.

A lg o r it h m  for  t h e  L in e a r  S y s t e m

The algorithm used to solve the linear systems arising from the fixed point
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iteration can now be presented.

A lg o r ith m  6.12 The algorithm to solve [K lK h +  a L ^ W ))  Uq+1 -  K lZ  is as fol­

lows.

(i) Apply the preconditioned conjugate gradient m ethod to the system with pre­

conditioner C = M -\- CtLj3(Ug) where b = p(K*K).

(ii) W ithin this preconditioned conjugate gradient method, use multi-level quadra­

ture  to  apply K h K h -

(iii) W ithin each iteration of the preconditioned conjugate gradient method, solve 

equations of the form Cv = (B I^a L fj(U))V =  /  by the preconditioned conjugate 

gradient m ethod with the m ultigrid preconditioner described. '

It should be noted th a t the preconditioner (7 =  6/ +  aLp(u) is essentially 

the same as the operator in a fixed point iteration of the denoising problem (6.1); 

thus, solving Cv = f  for v utilizing the multigrid preconditioned conjugate gradient 

technique is of the same complexity as the linear solver for a fixed point iteration in 

the  denoising problem. The multi-level integration is 0 (n )  as shown in Chapter 6 and 

in [5]. Therefore, the preconditioned conjugate gradient m ethod to  solve. (KhK h +  

aLp(U ^))U ^q+l  ̂ =  K hZ  is a very efficient operation.
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C H A P T E R  7

N u m erica l Im p lem en ta tion  and R esu lts

The numerical results of applying the methodology described previously are 

given here, both for denoising and deconvolution. The data sets for one-dimensional 

denoising and for two-dimensional deconvolution are synthetically created as will 

be described. In the case of two-dimensional denoising, actual LCSM data is used. 

Aside from displaying the reconstructed images, this chapter briefly explores the roles 

of the param eters a  and /3 in the reconstruction process. The chapter concludes with 

dem onstrations of convergence for the fixed point iteration and the  preconditioned 

conjugate gradient method.

D e n o is in g

First consider the one-dimensional test problem of denoising data . This cor­

responds to the case where K  = L  Note th a t in this case the linear operator which 

arises in the fixed point iteration is a tr idiagonal, symmetric positive definite m atrix. 

For the  discussion here, the exact (noise-free) solution is

3
lWexact ( ^ )  =  X [ l /6 , l /4 ]  +  ^ M l / 3 , 5/8]? ( 7 - 1 )

where X[a,b] denotes the indicator function for the interval a < x < b. The data  

was generated by evaluating U exact at N  = 128 equi-spaced points in the interval
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Figure 10: The true solution (solid line), noisy data (dotted line), and reconstruction 
(dashed line) on a 128-point mesh with a noise-to-signal ratio of .5 (denoising), a  =
io-2,  ̂= io-4.

0 <  z <  I and adding pseudo random, uncorrelated error (so-called “discrete white 

noise” ) {CtJ ^ 1 having a Gaussian distribution with mean 0 and variance s2 selected 

so the noise to signal ratio

EfL ,« (% )'

Figure 10 depicts the true solution, the noisy data, and the reconstruction utilizing 

the fixed point method. In this reconstruction a = ICT2 and /3 =  IO-4 .

Figure 11 shows the recovered images for various a ’s, 0 <  cti <  a 2 < «3. As 

expected, a large a  causes a loss of features in the solution, since the regularization 

functional is given so much weight in the minimization functional, tha t the first term , 

Ul ATt — z\\2 is inconsequential. W ith a small value for a , very little  regularization is 

done; hence, the reconstruction retains much of the noise of the data.
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Figure 11: Recovery of u from noisy data (denoising) for various a. values, Ce1 = 10, 
«2 =  IO-2 , and 0:3 =  IO-4 on a 128-point mesh.

As a two-dimensional example, consider Figures 12 and 13. Figure 12 depicts 

an actual LCSM scan of rod-shaped bacteria on a stainless steel surface. The vertical 

axis represents light intensity, while the horizontal axes represent scaled pixel locations 

on a 64 x 64 grid. Figure 13 is a total variation reconstruction obtained using 10 

iterations of the fixed point algorithm with a multigrid preconditioned conjugate 

gradient m ethod to solve the linear systems at each fixed point iteration. The linear 

operator which arises in the two-dimensional denoising case is a block tridiagonal, 

symmetric positive definite matrix. In this reconstruction, a = .05, /3 =  10"4, and 

there were 10 fixed point iterations done with a conjugate gradient tolerance of 10"5. 

Figure 14 plots the norm of the gradient,

,,(C/*+4) =  (7 +  -  Z, (7.3)

for successive fixed point iterations. The decrease in the gradient indicates conver-
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Figure 12: A scanning confocal microscope image of rod-shaped bacteria on a stainless 
steel surface.

gence of the iteration.

D e c o n v o lu t io n

Herein results for the two-dimensional deconvolution problem will be discussed. 

First, the reconstruction algorithm is outlined below with a special note on using the 

preconditioner C =  6/ +  otLp(u). Figures depicting the image reconstructions and 

numerical convergence studies follow.

A lg o r ith m  7.1 An algorithm for the fast reconstruction of the image u from noisy, 

blurred data  z via the minimization problem (1.8) of Chapter I with regularization 

functional Jp as defined in (3.7) of Chapter 3 and the subsequent discrete fixed point 

iteration (4.40) described in Chapter 4.
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Figure 13: Reconstruction of LCSM data utilizing the fixed point algorithm and inner 
conjugate gradient method with a multigrid preconditioner, a. — .05, P =  IO-4 .

(i) Apply fixed point iteration as in (4.40).

(ii) Solve linear system (KflKh +  aLp(Uq))Uq+1 = K fz  by means of Algorithm 6.12 

of Chapter 6.

It should be noted th a t the linear operator K fK h  +  OiLp(Uq) is a non-sparse, 

symmetric positive definite matrix.

In Figures 17 through 18, the operator K  has been taken to be the integral 

operator

( K u)(x i , x2) =  Jo Jo k ( y i ~  x i , y 2 - X2) u( y 1, y 2)dy1dy2 (7.4)

with Gaussian kernel,

% i , z 2 ) = 0 y ' % - # + = 3 ) / <  ( 7 . 5 )



73
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10"®

Figure 14: Norm of difference between successive fixed point iterates for two-
dimensional denoising of an LCSM scan, measured in the L 1 norm.

Figures 15 through 17 show the noisy data, z =  / i  Mexact- H  (where e is assumed to be 

Gaussian white noise as before), the exact solution, and the reconstruction obtained 

by the above algorithm for a two-dimensional example with noise-to-signal ratio =  I 

and kernel-width param eter, a =  .075. Notice tha t in the data, the smaller feature is 

not discernible; however, this feature is detected by the reconstruction.

Figures 18, 19, and 20, present convergence results for this example. Figure 18 

depicts the norms of the differences between successive iterates. This demonstrates 

the convergence of the fixed point iteration.

Figure 20 shows the norm of the gradient,

9(C/) =  . f W W + '  -  Z) +  (7.6)

as in (4.39). Figures 18 and 20 indicate convergence. Figure 21 plots the precondi­

tioned conjugate gradient convergence factor for each fixed point iteration where the

4  5  6  7
Fixed point iteration
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Figure 15: Exact 128 X 128 image. Vertical image represents light intensity.

geometric mean convergence factor is calculated by 

convergence factor =  exp _L V  In ( resm+1
^  &  " I  rea™ ,

(7.7)

where resm is the residual calculated at the (m — l ) st preconditioned conjugate gradi­

ent iterate. This demonstrates the robustness and effectiveness of the preconditioner,

C  =  67 +

Figure 19 records the norms of the residuals at each preconditioned conju­

gate gradient iteration for the tenth fixed point iteration. (This is preconditioning 

of the integral operator, KyiKfl.) Note the rapid residual decay obtained with the 

preconditioner C = bl + aLp(Uq).
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5^

Figure 16: D ata obtained by convolving the true image with the Gaussian kernel k 
(as indicated in text) with a =  .075, and adding noise with noise-to-signal ratio =  I. 
The vertical axis represents intensity.
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Figure 17: Reconstruction from blurred, noisy data using the fixed point algorithm 
with a — IO-2 , j3 = IO-4 , and 10 fixed point iterations. The vertical axis represents 
light intensity.

4 5 6 7
Fixed point iteration

Figure 18: Differences between successive fixed point iterates, measured in the L 1 
norm  for deconvolution.
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Figure 19: Norms (L2) of successive residuals of five preconditioned conjugate gradient 
iterations at the tenth  fixed point iteration. (The horizontal axis corresponds to the 
current conjugate gradient iteration.)

Figure 20: The L 2 norm of the gradient of Ta , at successive fixed point iterates for 
two-dimensional deconvolution.
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10° r-T

4 5 6 7
Fixed point iteration

Figure 21: Geometric mean convergence factor for the preconditioned conjugate gra­
dient at each fixed point iteration for deconvolution.
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