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ABSTRACT

A class of efficient algorithms is presented for reconstructing an image from
noisy, blurred data. This methodology is based on Tikhonov regularization with a
regularization functional of total variation type. Use of total variation in image pro-
cessing was pioneered by Rudin and Osher. Minimization yields a nonlinear integro-
differential equation which, when discretized using cell-centered finite differences,
yields a full matrix equation. A fixed point iteration is applied, and the interme-
diate linear equations are solved via a preconditioned conjugate gradient method. A
multigrid preconditioner, due to Ewing and Shen, is applied to the differential oper-
ator, and a spectral preconditioner is applied to the integral operator. A multi-level
quadrature technique, due to Brandt and Lubrecht is employed to find the action of
the integral operator on a function. Application to laser confocal microscopy is dis-
cussed, and a numerical reconstruction of two-dimensional data from a laser confocal
scanning microscope is presented. In addition, reconstructions of synthetic data and
a numerical study of convergence rates are given.




CHAPTER 1
Introduction

Throughout this work the problems under consideration are operator equations

of the form

z=Ku+e, - (1.1

where z is collected data, € is noise, and w is to be recovered from the data 2. Two
cases will be considered. In the first case the operator K is a Fredholm first kind

integral operator
Ku¥ / k(z,y)u(y)dy. : (1.2)

Applications include seismology (see Bullen and Bolt [7]) and electric impedance
tomography [1], which is also considered by Colton, Ewing, and Rundell in [8]. For

other applications and references, see Groetsch [14].

Other important applications occur in image processing (see Jain [18]). In this
context, k is of convolution type, k(z,y) = k(z —y), and problem (1.1)-(1.2) is called
deblurring. In the particular application of confocal microscopy, this problem has

been described by Wilson and Sheppard [35], Hecht [16, pp. 392-515], and Bertero,

Brianzi, and Pike [4].

A second model problem which arises in image processing and which will be

considered in this thesis is the denoising problem

z=u+e (1.3)




2
Again € is noise, and u is to be recovered from the observation z. Recall that the

“delta function” satisfies

/ax—%m@mx=m%y (1.4)
Although there is no explici‘t‘ function 6, the right-hand side of (1.4) defines a func-

tional on the space of smooth functions. There exist sequences of smooth functions

8, (z) such that &, — & in the sense that

/5n(;v — mo)u(m)dw — u(zg) (1.5)

for smooth w. If the convolution kernel & is “delta-like,” i.e.,

/Mw—mh@ﬂw%%%% - (1.6)
for smooth u, then the model (1.1)-(1.2) is often replaced by (1.3). Data from a

laser confocal scanning microscope (LCSM) will be considered in this context, and a

denoised reconstruction of LCSM data will be presented in Chaptér 7.

For typical applications modeled by (1.1)-(1.2), the operator K is compact, and
the problem is ill-posed, i.e.,'a solution may not exist, or, if it does, small perturbations
in z or K will produce wildly varying solutions w. Chapter 2 presents functional
analytic preliminaries involved in studying such problems. These preliminaries include
definitions of compact operators and ill-posedness as presented by Hutson and Pym
[17], Kreyszig [20], and Necas [24]. The proofs in Chapter 2 are standard and are

provided for completeness.

To deal with ill—posédness, some type of regularization must be applied. This
means to introduce a well-posed problem closely related to the ill-posed problem. The
technique used here, Tikhonov regularization (see Tikhonov r‘[29‘], [30]), is employed

to obtain the related problem
min Ty (u) (1.7)




where ’
. :
To(u) = EHKu — 2||* + aJ(u), (1.8)

« is a positive parameter, J denotes the regularization functional, and | - || denotes
the L? norm. Tikhonov regularization can be viewed as a penalty approach to the

problem of minimizing J(u) subject to the constraint
| Ku — z||* < ¢, , (1.9)

where ¢ is a non-negative constant. Well-posedness for certain standard choices of J

(for example, J(u) = [u?*dz and J(u) = [ |Vu|’dz) is demonstrated in Chapter 2.

For many image processing applications, the regularization functional J should
be chosen so that it damps spurious oscillations But, unlike standard regularizatioﬁ
functionals, allows functions with sharp edges as possible solutions. The use of total
variation in image processing was first introduced by Rudin, Osher, and Fatemi [26],
who studied the denoising problem (1.3). Deblurring was later considered by Rudin,
Osher, and Fu in [27]. In this work, a constrained least squares approach was taken.

The problem considered was to minimize the functional

Jov(u) = /Q IVl (1.10)

under the constraint.

| Ku — z|* < o, ‘ (1.11)

where the error level o = ||¢|| is assumed to be known. The syrﬁbol on the right-hand
side of (1.10) denotes the total variation of a function, regardless of whether or not
u is differentiable. A rigorous definition of Jry, applicable for nonsmooth u, will
be presented in Chapter 3. The Euler-Lagrange equations yield a nonlinear partial
differential equation on the constraint manifold which was solved using artificial time

evolution. After discretization, an explicit time-marching scheme was used. This can
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be viewed as a fixed step-size gradient descent method. The convergence of such a
method can be extremely slow, particularly in the case when the matrix arising from

the discretization of X is ill-conditioned.

The approach presented here is to use Tikhonov regularization (1.7)-(1.8) with
a regularization functional of total variation type. Numerical difficulties associated
with Jry (e.g., non-differentiability of Jrv) motivate the modified total variation

functional
Ts(u) :/Qw/|vu]2+ﬂ2, (1.12)

which is differentiable for § > 0. The resulting minimization problem is discretized
with cell-centered finite differences. This discretization is particularly apt for image
processing applications in that it makes no a priori Smootﬂness assumptions on the
image. A fixed point- iteration is then developed for th;a resultant s;lzstem obtained by
minimizing T. This iteration is quasi-Newton in form and appears to display rapid
global convergence. In two-dimensional deblurring applications, the linear system
which arises for each fixed point iteration is non-sparse and very large (on the order
of 10° unknowns). An eflicient linear solver is presented which consists of nested
preconditioned conjugate gradient iterations. A multi-level quadrature technique is
applied to efficiently approximate the action of the integral operator on a function

within the preconditioned conjugate gradient method.

The main contribution of this thesié is the assembly of known techniques—
Tikhonov regularization, total variation regularization, cell-centered finite difference
discretization, fixed point iteration, the preconditioned conjugate gradient method,
mﬁlti—level quadrature-into an efficient algorithm for image reconstructidn. This in-
cludes the development of effective preconditioners for the linear syste.m solved at

each fixed point iteration.




5.

Chapter 3 is concerned with a rigorous variational definition of the total vari-
ation of ‘a, function and a discussion of the space of functions of bounded variation.
The functional J (c.f. (1.12)), a modification of Jrv, is presented. Thi.'; functional
has certain advantages over the total variation functional, such as the differentiabil-
ity of Js when Vu = 0‘. The remainder of Chapter 3 is devoted to proving that the
minimization problem

1
rrhin{EHKu—sz—l—aJﬁ(u)} (1.13)

has a unique solution, using techniques developed by Giusti [12], Acar and Vogel [2],
and others. The chapter ends with the derivation of the Euler-Lagrange equations
for (1.13),
* Vu .
K*Ku~V- (—) = K*z. , (1.14)

VB + [Vul?
Note that this is a nonlinear, elliptic, integro-differential equation.

H

In Chapter 4 the discretization of (1.13) is discussed. The standard Galerkin
and finite difference discretization techniques are presented, as well as the cell-centered
finite difference discretization scheme discussed by Ewing and Shen [11], Russell and
Wheeler [28], and Weiser and Wheeler [34]. This latter discretization scheme is espe-
cially suited to image processing applications since there are no a priori differentia-

bility conditions placed on the solution wu.

Chapter 5 briefly reviews techniques for unconstrained minimization. New-
ton’s method and a variation, the quasi-Newton method, are presented along with
a discussion of standard convergence results. A fixed point‘ iteration introduced by
Vogel and Oman [32], is applied to the discretization of (1.13) to handle the nonlin-
earity. This iteration is shown to be quasi-Newton in form, and several properties of

the iteration are given.
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The linear system arising at each fixed point iteration is not only non-sparse,
but also, for typical deblurring image processing applications, quite large (on the
order of 10 unknowns). This means that direct methods are impractical. The ap-
proach taken here is to use the preconditioned conjugate gradient method (see, for
example ‘[13] or [3]), which is defined and discussed in Chapter 6. This technique is
used to accelerate the convergence of the conjugate gradient method. The separate
preconditioning techniques used for the denoising and‘ deblurring operators are out-
lined in Chapter 6 as well (see also Oman [25]). A multigrid method (see Briggs [6]
and McCormick [22], [23]) proves to be an effective preconditioner for the denoising

operator. For the deblurring operator, a preconditioner based on the spectrum of the

linear operator is presented.

Within the preconditioned conjugate gradient algorithm, it is necessary to
apply the linear operator. As aforementioned, this 6perator, in the conteX.t of de-
blurring, is non-sparse. Traditionally, this tyi)e of calculation, which, for a system
of n unknowns, involves applying an n X n full matrix to a vector, required O(n?)
operations. Multi-level quadrature, as presented by Brandt and Lubrecht in [5], will
be used to approximately apply this operator. This approximation to the quadrature
is significant in that it requires only O(n) floating point operations to calculate the
action of the matrix operator on a grid function. A full presentation is included in

Chapter 6.

‘In Chapter 7, one- and two-dimensional numerical results for the algorithm are
presented. An actual LOSM scan is denoised, and deconvolution is done for artificial
data. In addition, a numerical study of convergence results is presented for both the

fixed point iteration and the various preconditioners.




CHAPTER 2

Mathematical Preliminaries

What follows is an introdﬁction to the 'ﬁotation used in this thesis, followed
by a brief discussion of ill-posed problems, compact operators, and a development
of Tikhonov regularization with standard regularization operators. Although this
material can be found in several sources (see, for example, [29], [30], [17], and [15]),
it is included here to provide a basis for the subsequent work. Necessary terminology
is introduced, and theorems useful to the development are presented. The purpose
of this section is to demonstrate that the Tikhonov regularization problem defined
below in (2.6) is well-posed for standard choices of the regulariéation. functional J.
Similar techniques will be used in Chapter 3 to show the existence of a solution to

(2.6) when J is a functional of total variation type.

Notation

The following notation will be adhered to throughout this work except where
explicitly stated. The symbol Q denotes a bounded domain in ¢ with a piecewise
Lipschitz boundary 9. In image processing applications, the domain is typically
rectangular, and for the two-dimensional discretization discussion in Chapter 4,
will be assumed to be the unit square. The symbol vol(2) will refer to the volume of
the domain (area, in two dimensions). The notation L?*(Q2) denotes the space of all

square-integrable functions on Q; i.e., u € L*(Q) if and only if [ |ul’*dz < co. The~
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space of all functions which are p times continuously differentiable on Q and which
vanish on 0§ is denoted CF(Q), and C§°(Q) denotes infinitely differentiable functions
which vanish on 0f).

The script letters M, B, and H denote metric, Ba;na,ch, and Hilbert spaces, |
respectively. The notation (-,-) denotes the standard inner product in L?(2), unless
otherwise specified. All other inner products are distinguished by a subscript which
denotes the Hilbert space considered; for example, (:,-)#. The notation || - || refers to
the L? norm, unless otherwise specified. All other norms are denoted ||-||5, where B is
the space on which the norm applies. The symbol |- | will denote the Euclidean norm

of a vector, |Z| = (I w?)l/ ? and | - |rv will denote the total variation of a function.

The symbol H*(Q) will denote the completion of C°°(£2) under the norm
|z 2 (Jlull? + fiy |Vul?dz)"? [17, p. 290]. For 1 < p < oo, the space WP(Q) will
denote the completion of C*°(R) under the norm |jullwir = (||u|%s + [y [Vul?)*?.

Note that H*(Q) = W12(Q). Both H*(2) and W'? are referred to as Sobolev spaces.

For a linear operator A : M; — M, the range of A, a subset of M, will be
denoted R(A). The null space of A, a subset of Mj, will be denoted N (A).

For any differentiable function u on R¢, the gradient of u is the vector with

components g—;, 1 = 1,2,...,d, and will be denoted Vu. For any vector-valued

function ¥ on R, the divergence of ¥ is denoted V - ¥ and is given by

a”f : (2.1)

’ d
V=25

The closure of a set S is denoted by S. The orthogonal complement of a set

S in a Banach space B is denoted St and is defined to be

St ={u*eB*:u*(u)=0, for all u € S}, (2.2)
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where B* is the dual, the set of all continuous linear functionals on B. This notation
is to be distinguished from the function decomposition v = % + ut which will be

defined in Chapter 3.

I11-Posedness and Regularization

Definition 2.1 Let A be a mapping from M; into' Mj. The problem A(u) = z is
‘well-posed in the sense of Hadamard [15] if and only if for each z € M, there exists
a unique u € My such that A(u) = z and such that u depends continuously on z. If

this problem is not well-posed, it is called ill-posed.

An important class of ill-posed problems are compact operator equations, in
particular, Fredholm integral equations. Many applications, including image process-

ing, use model equations of this type (see [14]).

Definition 2.2 Let My and M, be metric spaces. A mapping K from M; into M,
" is compact if and only if the image K(S) of every bounded set S C M; is relatively

compaét in M.

Let B1() and B3(Q) be spaces of measurable functions on a domain £ C R,

Let K be an integral operator K : B1()) — B2(f)) defined by

Ku= [ Howud. (23)

K is known as a Fredholm integral operator of the first kind. The kernel k of K is

said to be degenerate if and only if

n

k(z,y) = > ¢ilz)i(y) | (2.4)
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for linearly independent sets {¢;})_, , {#:}}_, and for a finite n. If £ cannot be rep-
resented by such a finite sum, it is said to be non-degemerate. The corresponding

operator K is also called degenerate or non-degenerate, accordingly.

It should be noted that a degenerate operator has finite-dimensional range,
while a non-degenerate operator has infinite-dimensional range. Theorem 2.3 below
is used to show that a nondegenerate operator can be uniformly approximated by

degenera,té operators. For a proof of Theorem 2.3, see [17, p. 180].

Theorem 2.3 Let {K,} be a sequence of compact operators mapping Banach spaces

By to By. If K,, — K uniformly, then K is a compact operator.

Example 2.4 Let K be & Fredholm first kind integral operator, K : L*(Q) — L?(£2),
where the kernel k is measurable and [, [ k(z,y)’dydz < co. What .follows is a
sketch of a prdof that K is a compact operator; for details see [17]. The kernel %k
can be approximated in the L% x ) norm By a sequence of degenerate kernels,
k.. The corresponding'Kn are compact since the range of each is finite-dimensional,
and K, — K since || K, — K|| < ||kn — k||z2(axq), Where || K|| denotes the uniform

operator norm of K. Hence, K is compact by Theorem 2.3.

Next it will be shown that nondegenerate compact operator equations are
ill-posed. Theorem 2.6 contains this result, with Lemma 2.5 being a preliminary
conclusion. Lemma 2.5 is also crucial to the discussion below of a pseudo-inverse for -

such an operator.

Lemma 2.5 Let B, and B; be Banach spaces and let K be a mapping from B; into
B, such that K is compact and has infinite-dimensional range. Then R(K) is not

closed.
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Proof: Assume that R(K) is closed. Then R(K) is a Banach space with respect to
the norm on By, and the Open Mapping Theorem [17, p. 78] implies that K(S) is
open in R(K) where S is the open unit ball in B;. Hence, there exists a closed ball of
non-zero radius in K(S). Since K is compact, this ball is compact. But this implies
that R(K) is finite- dimensional [17, p. 140], a contradiction. Therefore, R(K) is not

closed. o

Theorem 2.6 Let By, By be Banach spaces, and let K be a compact operator K :
By — B, with infinite-dimensional range. The problem, find € By such that Ku = 2

for z € B,, is ill-posed.

Proof: Since K has infinite-dimensional range, R(K) is a proper subset of By by

Lemma 2.5. So there exists z € B, which is not in the range of K. n|

Pseudo-inverse operators can sometimes be introduced to restore well-posedness
[14]. However, it will be shown below that this approach will not work on a compact

operator with infinite-dimensional range.

Let A be an opérator from H; into Haz. A least squares solution to the problem
Au = zis a ups € Hy such that ||Aurs — z|| < ||Au — 2|| for all u € H;. The‘ least
squares minimum norm solution is ursyn € Hy such that ||upsmn|| < |lurs|| for all
least squares solutions, urs. The operator A, a map from H, into H; such that

Atz = upsa, is called a Moore-Pentose pseudo-inverse operator.

Let K be a compact operator from H; into 7z, Define K, to be the restriction

?

of K to N(K)*; iee., Kou = Ku for u € N(K)*. Then K, is bijective, and KT

K;'P, where P denotes the projection onto R(K), is such that K tz = upsuy. I
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K is non-degenerate, R(Ko) = R(K) is not closed in H,, which implies K5 (and,

hence, the pseudo-inverse K1) is unbounded.

When the pseudo-inverse is unbounded, one must apply a regularization tech-
nique to restore well-posedness. A particular technique is Tikhonov regularization
[29], [30], which is also known as penalized least squares. Again, let K from H; into
Hy be a compact linear operator. For a fixed z € H,; and an o > 0, define the

functional T on H; by

1 o -
T(u) = §||KU — 2|3, + 5”””%(1- (2.5) - -
The problem
find 4 € H; such that T'(4) = 161175 T(u) (2.6)

is known as Tikhonov regularization with the identity operator.

The differentiability of the functional 17" will now be examined with a view to
characterizing a minimum @ of T'. The terms defined below—the Gateaux derivative,
adjoint operator, and self-adjoint operator—will be used throughout Chapters 2, 3,
and 4, to characterize solutions to the Tikhonov regularization problem with various

types of regularization operators.

Definition 2.7 Let A be a mapping from B; into B;. For u,v € By, the Gateauz

derivative of A at u with respect to v, denoted dA(u;v), is defined to be

def 1. A(u + mv) — A(u)

7—0 T

dA(u;v) ) (2.7)

if it exists.

Theorem 2.8 Let B be a Banach space, and let f be a functional on B. If f has a

minimum at & € B and df(4; v) exists for all v € B, then df(d;v) =0, for all v € B.
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Proof: For v € B, define f : ® — R by the following
F(r) = (i + Tv). - (2.8)

Since df(fi;v) exists, f is differentiable on ®. Hence
F(7) = (@) + rdf (8 v) + o). (2.9)

Since f has a minimum at ¢, f has a minimum at 7 = 0, and hence, F(0) = df (t;v) =

0 for all v € B. ‘ : : o.

Definition 2.9 Let H;, H, be Hilbert spaces, and let A be a bounded linear operator
fron'i Hy into H;. The bounded linear operator A* such that '

(Au,v)y, = <U’7‘A*v>'H1 : (2.10)

for all u € Hy and for all v € H; is called the adjoint of A.

Definition 2.10 Let A be a bounded linear operator on a Hilbert space H. A is
self-adjoint if and only if
(Au,0)p = (u, Av)y (2.11)

for all u,v € H. In other words, A* = A.

The following is an example of a self-adjoint operator. Let H = L*(2) and let
K be a Fredholm first kind integral operator with square-integrable kernel & having

the property, k(z,y) = k(y, ). Then K is self-adjoint (see [17]).

Example 2.11 The functional T' defined in equation (2.5) can be expressed

1
T(u) = §(I{u —z,Ku — 2z, + d Uy U)Hy - (2.12)

5
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Let
Fa) K 2, (2.13)
- %(Ku 2, Ku— ). (2.14)
Then for v € H;,
Hlusv) = lm = {Fu+ ) — f(w) (215)
_ Pi%% {T(Ku — 2, Ko, + %zumualz}- | (2.16)
= (Ku— 2z Ko), - (2.17)
= (K*(Ku— z); V), . (2.18)
Similarly, f01; J(uw) = 3lull3,,
dI(uiv) = (u,v)n,. (2.19)
Consequently, |
dT(u;v) = (K*(Ku—z)+ o, vl | (2.20)

This implies that if T' attains its infimum at @, then

(K*K + al)i = K*z. | (2.21)

The Hilbert-Schmidt Theorem, below, érovides the spectral decomposition
of the compact operator K*K. The decomposition can be used to ﬁﬁd a spectral
representation for the solution ¢ of the Tikhonov regulariéation problem. This rep-
resentation also shows the effect of the regularization parameter o on the solution

.

Definition 2.12 Let A be a bounded linear operator from By into B2. A complex

number ) is an eigenvalue for A if and only if (A — AI )¢ = 0 has a non-zero solution.
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The set of eigenvalues is called the point spectrum of A, and the corresponding ﬁon—
zero solutions are eigenfunctions for A. The set of complex values A such that (A —
A7 is a bounded AIinear operator is the resolvent set of A. The complement of the
resolvent set is the spectrum of A. If A is a finite-dimensional operator, the point

spectrum and the spectrum are identical.

Theorem 2.13 (Hilbert-Schmidt Theorem [17, p. 191]) Let K be a compact, self-
adjoint operator on a Hilbert space H. Then there exists a countable set of the
eigenfunctions for K which form an orthonormal basis for H. Further, the eigenvalues

of K are real, and if {);, ¢:(z) o, are the eigenpairs for K , then for any v € H,

'f{u = i (u, di)n ¢1 (2.22)

Example 2.14 Let K be a compact linear operator from H; into H,. Then K =
K*K is a compact, linear, and self-adjoint operator on 'H;. Furthermore, (K U, UNpyy =
(K*Ku,u)y, = |Kull}, > 0, so the eigenvalues of K are non-negative; ie., K is
positive semi-definite. This impliesthat v and K*z have Fourier series representations

and that (2.21) can be expressed as

o0

Z [()‘1 + a)(u, ¢i>'H1 ( 2 ¢2>'H1] ¢ =0. ‘ (223)

=1
This leads to the following theorem.
Theorem 2.15 (Spectral representation for Tikhonov regularization) Let K be a

compact operator from H; into Hs. Then the solution 4 of the Tikhonov regulariza-

tion problem (2.6) has the form

8

7¢1>H1 ¢z (224:)

=1
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The ensuing discussion, establishes the well-posedness of the Tikhonov reg-
ularization problem with the identity operator. The main points necessary to the
proof of well-posedness, coercivity and strict convexity of T, Wﬂl‘ also be necessary
for the well-posedness of the Tikhonov problem with different types of regularization

operators.

Definition 2.16 Let A be a linear operator on a Hilbert space H. A is H-coercive
if and only if there exists a ¢ > 0 such that Re{Au,u)y > c||lull?, for all u € H. A
functional f (not necessarily linear) on a Banach space B, is said to be B-coercive if

and only if | f(u)| — co whenever |u||g — 0.

Example 2.17 The functional T" as defined in (2.5) is H;-coercive, since

T(u) > ~lul,- (2.25)

Example 2.18 The opera,t‘or, K*K + ol as in (2.21) is Hy-coercive for a > 0, since

(K*K + al)u,u)y, = (K*Ku,u)y, +oflullf, (2.26)
= || Kullz, + edluliz, (2.27)
> alfull,. (2.9)

Theorem 2.19 If A is a boundeéd, linear, coercive mapping on H, then R(A) is

closed in H and A™' : R(A) — 'H exists and is bounded.

Proof: Since (Au,u)x > v||u||3, for some v > 0,

\ 1 1
|ull?, < ;(AU,U)H < ;HAHHHHUHM : (2.29)
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which implies

lolpe < sl (2:30)

Hence, Au = 0 if and only if v = 0. Since A is linear, it is injective. Let {v,} be a
sequence in R(A) with v, — v € H. Then for each v,, there exists a unique u, such
that Au, = v,. Since {v,} is Cauchy, so is {u,} by (2.30). Thus U, converges to

some u in H. Because A is bounded,

Au= A(lim u,) = lim Au, = v. , (2.31)

n—ro0 n—0o0

Thus v € R(A) and R(A) is closed in H. This implies that R(A)‘ is a Hilbert space

with respect to the H norm. The operator A~! is bounded. Applying the Open

Mapf)ing Theorem [17], | h
A7l < ol e

and hence, [|A7Y]| < o

1
o

Definition 2.20 A functional f on a metric space M is convez if and only if for

every u,v € M -aﬁd for each A € {0, 1],
FOu+ (1= A) < AF() + (L~ N (2.33)

f is strictly conveg if and only if (2.33) holds with strict inequality whenever u,v € H,
u v, and A € (0,1).

Example 2.21 The norm on a Banach space B is convex. This can be shown by -
application of the triangle inequality and the property that ||yv||s = |v|||[v||s, for all

ye€Rand forallv e B.




18 .
Example 2.22 Define the functional f on a Hilbert space 7 to be f(u) = ||ul[%.
Let A € (0,1), and let w,v € H such that u # v. It is shown in Kreyszig [20, p.
333] that a Hilbert.spac'e norm is strictly convex. The functional f can be written
as f(u) = g(h(w)) where g(z) = z? and h(u) = ||ul]3. Since g is convex and strictlyv

increasing on [0,00) and A is strictly convex,

fOu+(1=2v) = gh(u+ (1= Aw)) (2.34)
< gOh(u) + (1 = N)h©)) (2.35)
< Ag(h(u)) + (1= A)g(h(v)) (2.36)
‘= Af(w) + (1= M) F(v). (2.37)

Hence, f is strictly convex.

From Example 2.22, it can be inferred that the functional 7' as defined in (2.5)
is strictly convex, as it is the sum of two convex functionals, one of which is strictly

convex.

Definition 2.23 A sequence {u,} in a Banach space B is weakly convergent if and
only if there exists u € B such that lim, e f(un) = f(u) for all bounded linear
functionals f on B. In a Hilbert space, H, the definition reduces to limy, 00 (Un, f)m =

(u, f)n for all f € H. Weak convergence is denoted u, — wu.

Deﬁnitioﬁ 2.24 A functional f on a Banach space B is called weakly lower semi-
continuous on D(f) C B if and only if for any weakly convergent sequence {u,} C
D(f) such that u, — u € D(f), f(v) < liminfy e f(us). Note that the domain

D(f) may be a proper subset of B.
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?

Lemma 2.25 Let H be a Hilbert space. Then for u € H

lullx = sup (u,v)n. S (2.38)"
© o llle=2
The proof of Lemma 2.25 relies on'the Hahn-Banach Theorem (see [20, p.
221]).

Example 2.26 Let A be a bounded linear operator on a Hilbert space H. Then the
functional || Aul|x is weakly lower semi-continuous. To see tlﬁs, let {u, } be a sequence

. in H such that u, — v € H. Then for all v € H,

(Au, o) = (u, A (2.39)
= Tim (un A7) (2.40)
= lim (Aun, v} . (2.41)
= lminf(Aun, ol (2.49)
< liminf || Aun[|nfv]lx. - (2.43)

Using Lemma 2.25, take the supremum of both sides over all v € H such that v has

unit norm. Then

|Aull#. = sup (Au,v)n . (2.44)
llvll#=1 e : »
< liminf || Aug . (2.45)

By setting A = I, Example 2.26 shows that a Hilbert space n;)rrn is weakly

lower semi-continuous.

Example 2.27 The functional T as defined in (2.5) is weakly lower semi-continuous

on H. To see this, let {u,} be a sequence in H such that u, — u, and note that T
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can be written

T(w) = JIKul, — (Ku 2o+ 5l + Sl (240

In Example 2.26, it was shown that the first and fourth terms are weakly lower semi-
continuous, and the third term is constant; it remains to show that the second term

has this property as well.

(Ku,2)1, = (u,K*2)p, (2.47)
= lim (un, K*2), (2.48)
= liminf(us, K*2), | (2.49)
= liminf(Kun,2)n,. (2.50)
Hence, .
T(u) < liminf T(u,). (2.51)

n—o0

Theorem 2.28 The Tikhonov regularization problem (2.6) is well-posed.

Proof: Let {u,}52, be a minimizing sequence for T'; i.e., T'(u,) — inf, T'(u) L
Since T' is coercive, the u,’s are bounded. Hence, there exists a subsequence {unj}(?o )
. J:

such that u,, — @ for some @& € H; (Banach-Alaoglu, [17, p. 158] ). Since T is

weakly lower semi-continuous,

T(v*) < liminfT(un,) | (2.52)

J—o0
= lim T(un,;) = T. ' (2.53)
J—r00

Therefore, a minimum, @, exists. The functional T' is strictly convex; hence, 4 is
unique. To show continuous dependence on the data, observe that d1'(d;v) exists for

any v € Hi, and consider the characterization (2.21),

(K*K + al)t = K*z. (2.54)
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The operator K*K + oI is bounded, linear, and coercive, so by Theorem 2.19 it has

a bounded inverse. Hence, the solution depends continuously on the data. O

* Tikhonov regularization can be applied with regularization operators other
than the identity. For example, let Hy = Ha = L2(Q) , Where {2 is a bounded domain
in R¢. Let K be a. Fredholm first kind integral operator such that K(1) # 0, and

consider the functional T' as follows:
u) = 5 u— z||* + 5 J ul*dz. ‘ }

The minimization of T" is referred to as Tikhonov regularization with the first deriva-

tive.

Note that the domain of T in (2.55) is restricted to u € H'(2). Now consider

the problem of finding % € H(Q) such that T'(4) is a minimum.

First, define the functional J on H* (2) to be the regularization functional of

(2.55), i.e., o
RN B
LOEE /Q VuPdz. o (256)
For any u,v.€ H(Q),
. — : i 2 o 2 }
dJ(wv) = limo- { /Q IV (u+ 7o) da 1{2 VulPdz e
a . 1 )
= lim 2—7_/9 V(u+7v) - V(u+ 70) — Vu -Vu] dz (2.58)
T T L 2 [2
= 11_3% o /Q [?TVU Vo 4 7%|Vo| ] dz | (2.59)
- /Q Vu-Vodz . (2.60)

def (Lu,v). . _ ‘ . (2.61) ‘

This defines (in weak form) the linear differential operator L on"L*(Q) with domain

HY(Q).
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If u € C*(1) C H'(R2), then integration by parts, or Green’s Theorem, can be

applied to obtain
dJ (u;v) = ——/Q’UV - Vudz + /an (Vu - 1) vds, (2.62)

where 7 denotes the outward unit normal vector. Hence, the strong form of the

operator L is
Lu = —-V?u, z€Q, \ (2.63)
where V2 = V-V is the Laplacian operator. The associated boundary conditions are

Vu-7 = 0, =€ " (2.64)

Returning to the functional T' in (2.55), it is seen that for any v € H*(Q),
dT(u;v) = (K*(Ku — 2),v) + adJ(u;v) (2.65)
= (K*(Ku—z) + alu,v). : (2.66)
At a minimum, 4, d1'(4;v) =0, or

(K*K + aL)t,v) = (K*z,v) (2.67)

for all v € H*(Q)). Written in strong form,
| (K*K —aV¥i = K*z, z€0 (2.68)
Vi-7 = 0, z€0Q, (2.69)

a characterization of @ analogous to that obtained from Tikhonov regularization with

the identity (2.21).

By mimicking the steps taken to show that the Tikhonov problem with the .
identity operator is well-posed, it will now be shown that minimizing (2.55) over ‘

H'(Q) is also well-posed.
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Lemma 2.29 (Poincaré’s Inequality [24, p. 32]) Let 1 <p <0, and let u € WH?(Q)

with fqu = 0. Then there exists v > 0 dependent only on 2 such that

/Q |VulPdz > fy/Q“upch. ' ‘ (2.70)

Definition 2.30 Let A be a linear operator on a Hilbert space 74, and let {un} be
a sequence in H such that u, € D(A) for all n, {u,} is convergent with limit u, and
{Au,} is convergent. A is a closed operator if and only if for all such sequences {uy},

u € D(A) and limy, 0 Au, = Au.

Lemma 2.31 Let K be as in (2.55), and define

|,Hum=<||Ku||2+a/9|{7u|2dx>%. @)

Then [||- ||| is a norm on H*(Q) and is equivalent to || - ||g:. Furthermore, K*K + oL

is injective and closed on L*(9).

Proof: It is easily shown that ||| - ||| possesses the non-negativity and symmetry
properties of a norm. It is also clear that |||cul|| = |¢| |||u]|| for any ¢ € R and that

the triangle inequality holds.. Also,

Il = Bul? 4o [, [Vufds 212
< Kl + o [ [Vulds @)
< max(|| K|, o)|[ulls, (2.74)

where || K|| denotes the operator norm of K. Since K is compact, it is bounded, and

max(]| K||?, @) < oo.

To see that there exists a v > 0 such that |[Ju||| > |||}, it suffices to show

' 2 95 2dz b > : 2.75
inf {HK’M“ + 2‘/Q|Vu| dm} > 7 ( ) |

[leel] g2 =2
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If this is not the case, then there is a sequence {v,} C H*() such that |[v, |z = 1 for
all n, and || Kv,|[> + £ fq |Von|2dz — 0 as n — co. Since both terms are positive, this
implies || Kv,||*> — 0 and [, [Vv,|?dz — 0. This latter fact implies that there exists
a subsequence {vnj} such that v, — v € L*(Q) (L? convergence), since the injection
map from H'(Q) to L*(Q) is compact (see [24, p. 28]). Since f, [Vn, |?dz — 0,

Un; — v in the H* norm as well, and v € H(Q) with [vllm = L

7

Any function w € H*(Q) can be expressed as w = W + w', where @ =
vollw Jo wdz is the mean value of w on  and w' € H(Q) is such that [, wdz = 0.
Using this decomposition, Vun; = Vv, Hence, [q [V, [?dz = [q Vg, [Pdz — 0 as
j — oo. This implies that v' is a constant function whose mean value is 0, or v+ = 0

on ). As j — oo,

||Kvnj||2+9/ Vo, [2dz - ||Kv||2+9‘-/ Vo|2de ©(2.76)
2 Ja . 2 Ja _
- ,||K5+Kvi||2+/ﬂ|vvl|2dx (2.77)

= | K9] (2.78)

The limit was claimed to be 0, but since K does not annihilate constants and ||v||z: =

1, this cannot be the case, a contradiction. Hence, the constant v > 0 exists.

The ébove discussion implies that the norms || - ||z and ||| - ||| are equivalent.
Also, note that ||[u]||? = ((K*K + aL)u,u); hence K*K + L is injective. To see that
K*K 4+ aL s a closed operator, let {u,} be a sequence converging to u in H'()
which satisfies the conditions of Definition 2.30. By the assumptions on the sequence
{Um}, Um — u with respect to the H* norm which is equivalent to convergence in the |

Il - || norm. Hence, K*K + L is a closed operator on H'. 0o

Lemma 2.32 The functional T in (2.55) is H*-coercive and weakly lower. semi-
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continuous on H*(Q).

Proof: The H'-coercivity of 7' will be shown first. Note

T(u) = %HKUHZ — (Ku,z2) + %||z.||,2 + g/ﬂ |Vul’dz (2.79) |
= 2l — (K, ) + 1P (2.80)
> %IHuHI2 — K| ulll=] + %IIZII2 ' (2.81)
> %VIIUII%F = 1K (el ]I2]] + %HZII2 (2-82)
> %”ullHl (Yllwllzn = [LE=1) + %HZIIZ, (2.83)
for some v > 0, since |||+ ||| and || - ||z are equivalent norms. As ||u| g2 — o0, so does

T(w).

Weak lower semi-continuity has been shown for the first and fourth terms
of (2.79), and the third term is constant; it remains to show the weak lower semi- -
continuity of the second term. Let {u,} be a sequence in H*(Q) such that u, — u.
This implies that u, — w in L*(Q) (strong convergence). Hence, (Ku, z) is weakly

lower semi-continuous. (n]

Theorem 2.33 The Tikhonov regularization problem (2.6) with functional T' defined

in (2.55) is well-posed.

Proof: Proof of the existence and uniqueness of a minimizer, 4, is as in the proof of
Theorem 2.28. To show continuous dependence on the data, note that K*K + oL is
injective and is a closed operator (Lemma 2.31) on H(f2). Af)ply a corollary of the
Closed Graph Theorem [17, p. 101] to show that (K*K + oL)™* is bounded. o
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CHAPTER 3

Total Variation

This chapter defines the total variation of a function and the space of functions

of bounded variation. A modification of the total variation functional, Jg as in (3.7),
is defined below and used as the regularization functional in Tikhonov regularization.
The functional Jg has certain advantages over the total variation functional, such
as the differentiability of Jg when Vu = 0. The subsequent discussion parallels the
development in Chapter 2 with this new regularization functional. The highlight of
this section is a proof of the existence of a solution to the Tikhonov problem with
“the regularization functional Jg. The section'concll.ldes with the dérivation of the
Euler-Lagrange equations for the minimization problem (2.6) with T}, as defined in
(3:23). The material here has been gathered from several sources including Giusti [12],
and Acar and Vogel [2]. It is presented here to i)a,ve the way for the discretization

discussion in Chapter 4.

The presentation begins with the definition of the total variation of a function,
the space BV(f)), and the properties of each. Although the total variation of a
function reduces to (3.3) for functions in C*(Q2), it must be emphasized that functions

of bounded variation are not necessarily continuous.
Definition 3.1 Let u be a real-valued function on a domain @ C R¢. The fotal
variation of u is defined by Giusti [12] to be

sup | —uV - wdz (3.1)
TEW v
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where .
W ={@ € CHQRY) : [i(z)| <1, forall o€ Q). ' (3.2)

The total variation of u will be denoted |u|Tv;

For u € C'(9), the total variation of u may be expressed (via integration by -
parts) as

|ulry = sup | @ - Vudz. R )

If, in addition, |Vu| # 0, the supremum occurs for @ = Vu/|Vul, and

ubey = [ IVl ds. (34

Definition 3.2 The-set
{veI*Q) : lulrv < oo} - (3.5)

is known as the space of functions of bounded variation on § and will be denoted

BV(Q).

Definition 3.3 Define a functional on BV () as follows:

el % Jfulzs + fulzv. | (3.6)

Then || - || pv is a norm on BV(€2). The space BV(f) is'a Banach space under |- ||zv

(see [12]). The total variation functional |-|7v is a semi-norm on BV (Q) (a semi-norm

since it does not distinguish between constants).

Theorem 3.4 (See [12].) For 1 < % and Q C R4, BV(Q) C L7(Q). The.

<p
| injection map from BV(Q) into LP(Q) is compact for 1 < p < 74 and weakly

compact for p = %.
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A modification of the total variation functional, Js, will now be considered. It
will be shown that Jjs has the same domain as |- |ry. The weak lower seﬁi—continuity

and convexity of Jg will also be shown.

Definition 3.5 For 8 > 0, define

To(w) % sup { / [—uV_‘- 34 /1 |w(x),|2] dm} . | (3.7)

dEW

The functional Jy agrees with |- |py for § = 0, and for u. € C}(Q), the
supremum in (3.7) is attained for @ = Vu/(1/|Vu|? + £2), and hence,

Js(u) = /Q /B + [Vul?ds. - (3.8)

Lemma 3.6 The functional J; satisfies Jg(u) < oo if and only if |u|rv < oo; hence,

the domain of Jp is BV () for any § = 0. Also, Jg(u) — |ulrv as-f — 0.

Proof: For @ € W,

) A/Q-W-a;dx < L(—uv-i”)'—i—ﬂw/l—vhﬂ?) ds | (39
— /Q —uV - Bdz + f /Q J1 = [0Pdz (3.10)

< / —uV - Bde + B vol(Q). * (3.11)
Q , .
Taking the supremum of both sides over W, one obtains -
lulry < Jp(uw) < lulry + B vol(2). - ' (3.12)

Hence, Jp(u) < oo if and only if [u|lrv < oo, and as B — 0, Jg(u) — |ulry. o

Theorem 8.7 The functional Jp is weakly lower semi-continuous on L?(Q2), for 1 <

p < 0.
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Proof: Let {u,} C L?(Q) be such that u, — u (weak L? convergence). Then for '

any W € W, by representation of bounded linear functionals on L?(Q) [17, p. 151],

/,Q<—uV-u_)'-I'—,3 1;|w|2)dx
= Jim [ (—wV -3+ By [aP) de
L= liﬂg}f ( upV - G + B1/1 — || )dw

< liminf Jg(uy).

n—co

Taking the supremum over W yields

Lemma 3.8 The functional Jjs is convex.

Proof: Let u,v € BV(Q) and A € [0,1]. Then for any @ € W,

/{ D+ (1= Ao]V - w+ﬁm} .
- v
(1=3) (v @+ 81— [ | do

< )\Jﬂ(u) + (1 — )\)Jﬂ(v)

o)

e}

Taking the supremum over W implies

Jp()\u + (1 - )\)’U) < )\Jp(u) + (1 - )\)Jﬁ(v)

(3.13)
(3.14)
(3.15)

(3.16)

(3.17)

(3.18)
(3.19)
(3.20)

(3.21)

(3.22)

Now employ Jg as the fegularization.functional in Tikhonov regularization.

As in Chapter 2, let K be a non-degenerate compdct operator such that K (1) #
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0. Tikhonov regularization can be applied with- Js as the regularization functional.

Define the functional T, as follows:
1 g« ‘ A

Tolu) = §||Kuﬂ— z||* + EJQ(U)? | (3.23)

and consider the problem to find 4 € BV(Q) such that T,(%) is a minimum.

Lemma 3.8 and Example 2.22 show that the functional T, is convex. Strict
convexity holds under some additional conditions, for example, when K has the trivial
null space. Additional properties of T, will now be established, including weak lower

semi-continuity and BV-coercivity.

Lemma 3.9 Define

Hulll = @l + lulrv ()
= [u|+ 1?;‘1611]?\1{/9 —uV - ﬁ)'dx} , (3.25)

where @ denotes the mean value of u on ), as in the proof of Lemma 2.31. Then

||| -]]| is & norm on BV(£2) and is equivalent to || - ||zv.

Proof: It is easily shown that ||| - ||| has the properties of a norm. To show equiva-

lence, note that

Ml = ooy e+ bk (3.26)
< ooy o e+ ke (327
< max (#@Q lullsi- (3.28)

To show that there exists a.y > 0 such that |[|ul] > v|lu||Bv, it suffices to show that

ulll = [al + |ulrv = 7, - © (3.29)
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whenever |lul[pv = 1. If the above statement does not hold, then there is a sequence
{un} € BV(Q) such that ||u,||pv = 1 and [, + |tn|rv — 0 as n — co. This implies
that [@,| — 0 and |up|ry — 0. This latter limit together with Theorem 3.4 imply
that there is a subsequence {un J.} such that u,; — u € LHQ) (L convergence). Since

|[tn;|Tv — 0, un; — u with respect to the BV norm as well and ||u|py = |[u||z: = 1.

Any v € BV(Q) can be written as v = v 4 v, where v+ € BV(Q) satisfies
Jovtdz = 0. Since v is constant, |v|ry = |vt|zv. Since |unlry — 0, |ulry =

|ut|rv = 0. This together with the fact that f utde =0 implies that 4t = 0 on Q.

Thus

|||ung“| = |ﬁnj|+|unj|TV ‘(3'30‘)
— |ﬂ|‘+|ulTv. (3.31)

However,
1= Julls (3.32)
= @+ vtz (3.33)
=[]l (3.34)
= [aool(S). (3.35)

Hence, |||un;||]| — [@] # 0, contrary to the assumption. Therefore, the norms are

equivalent. ‘ ‘ )

Lemma 3.10 Let K be a bounded operator from L? into L2 The functional T, is

weakly lower semi-continuous with respect to the L? topology with 1 < p < co.

Proof: The functional T, can be written

T () = %nmn? — (Ku,z) + %||z||2 + 5 Jp(w). | (3.36)
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The weak lower semi-continuity of the first two terms was shown in Chapter 2, the
third term is constant with respect to u, and Lemma 3.7 shows the property for the

regularization functional Jg. Hence, T, is weakly lower semi-continuous. n|

Theorem 3.11 The functional T}, is BV -coercive.

Proof: Let {u,} C BV(Q) such that ||u,|[sgv — oo as n — co. By Lemma 3.9,
[||un]|| = oo as well, and it suffices to show that T, is coercive with respect to the
11| - ||| norm. There exists a subsequence {unJ} such that [, | — 0o or |tun|Tv — oo.

Since

1 o
Talting) = 5l1Ktin,; ~ z||> + ;Z—Jﬁ(un_J) (3.37)

> SJplun), | (3.38)

if |tun;|Tv — 00, so does Jp(un;) by Lemma 3.6 and, hence, To(un,) — oo. For any

u € BV(Q), u can be written as v = % + u*. This implies

Tu(un) 2 ol K, — o] (3.39)

_ %nz{% T . (3.40)

= %mn].]zuf{'(l) + % (Kut, —2) | | (3.41)

If [tin,;| — 00, To(uy,) does as well. , ‘ .

The following theorem establishes the existence of a solution to the Tikhonov
problem with the regula,riza,tion functional Jg. A condition for the uniqueness of a
solution will also be provided. Stability with respect to perturbations in 2z, K, «, and

B is quite technical and will be omitted here (see [2]).
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Theorem 3.12 The Tikhonov regularization problem (2.6) with 7T, as defined in

(3.23) has a solution @& € LP(Q) where 1 < p < If T, is strictly convex, this

4
d—-1°

solution is unique.

Proof: Let {u,}32; C BV(Q) be a minimizing sequence for T, i.e., To(uyn) —

inf,, To(u) def Ta. Since Ty, is coercive, the u,’s are bounded. By the weak compactness

of BV(Q) in LP(Q2),1 < p < 7% (Theorem 3.4) there exists a subsequence {unJ i

such that u,, — 4 € LP(§). Since T, is weakly lower semi-continuous,

To(4) < liminf Ty(un,) | (3.42)

J—0o0

A

= lim T4 (tn;) = Ta. : ' (3.43)

J—00

Therefore, a minimum, 4, exists. If T, is strictly convex, @ is unique. o

Finally, the characterization of a minimizer of T, is addressed. Both the weak

and strong forms of the minimization problem are derived.

For u,v € H*(Q),
Jp(u + ) — Jp(u)

dJg(u;v) = lim

70

~ lim2 {/ (\/Tﬁz + |V (u+ o) — /62 + iVu|2) dm} (3.45)

(3.44)

T—=0 T
2 2
_ / 27Vu - Vo + 74| V| sy . (3.46)
’T—)O T \/ﬂ2 + Iv u -+ 7.,0 |2 -+ \/ﬁ? + |vu|2 |
/ YUV (3.47)
132 + |Vu|2 ‘ .
' (Ls(u)u,v). (3.48)

This defines (in weak form) the nonlinear differential operator Lg(u) on H*(Q2). If

u € C?(Q) then integration by parts yields

Vu: Vu £
co) = e | vd ———— - fvds. 3.49
dJp(u;) |v ( Flez) o+ [ i (3.49)
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where 7 denotes the outward normal vector. Hence, the strong form of the operator

Lp(u) is
_ 1

Lg(w)v = -V [ ———u
o (\/ﬁ2+ Vul?

with the associated boundary conditions

Vv)zO, z €

Vv -7=0, z¢€d0.
From Chapter 2 and (3.49),

dl(u;v) = (K*(Ku — 2) + aLg(u)u,v)

(3.50)

(3.51)

(3.52)

for u,v € H* (Q). If 4 is a minimizer for T, and 4 € H*(Q), then dT,(%;v) =0, or

(K"K +alp(@)i,v) = (K*z,0)
for all v € HY(Q). If & € C*(Q), then it is a classical solution of

K K-V L = K ceq
JB+ Vup

(3.53)

| (3.54)

(3.55)
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CHAPTER 4

Discretization

In this chapter three methoas of discretizing the minimization problem (2.6)
with T, as defined in (3.23) are presented. The standard methods of Galerkin and
finite differences will be discussed first. The latter half of this eha,pter is devoted
to a presentation of a cell-centered finite difference diseretization for one- -and two-
dimensional domains. The systems which result from the three discretizations are of
similar form; however, the cell-centered finite difference discrefization has the advan-

tage that it places no a priori smoothness condition on the solution.

Galerkin Discretization

Deﬁne the linear space UM = span{@} _; Where the ¢; € H Y(Q) and are
linearly independent. Typically, the ¢; are piecewise linear basis functions defined
on a grid with mesh spacing h. Then for any U € U*, U = 5", u;¢; for some set
{ui}i, C ®. Note that H'(Q) C BV(f). Define the functional J} : U™ — R as

follows
_ /Q_,/'|_VU|2+§2dx, , 1)
where VU = Y%, 4;V ;. From (3.44), |

VU -VV N
dIA(U; V) = 4.2
g / W ST 42
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Let K be a Fredholm first kind integral operator and define Kh :Uh — L*(Q)
by | ‘- |
KU = iuiK@. ' (4.3)

=1

def * 4 2zi¢;. Define the functional T, on U” to

For any data z, approximate z by Z =

be

TW(U) ¢ —||KhU 2P +elk) (4.4)

- —||KhU Z”Z—|-a/1/VU|2+ﬂ2dw )

For any V € U" the Gateaux derivative of T}, is

AT, (U; V) = (KwU ~ Z,KWV) + adJHU; V) (4.6)
VU -VV

,/VU|2+ﬁ2

At a minimum, U, dT, (T, V) =0for all V € U", or equivalently, dTh([A] o) =

— (KU - Z,KpV) + / (&.7)

0 for y =1,2,...,n. This implies

VU4 (Z, Knds), (4.8)

(KW U, K ;) +a/ \/W
for y=1,2,...,n. Hence, ‘oner obtains the finite d1mens1ona1 system,
Zn: {(Kh%ffh(ﬁj) +a <—Lav¢j>:| Us i(%Khd)y)zn (4.9)
for g =1,2,...,n. To i,mplementA this, it is necessary to choose basis functions and a

numerical quadrature scheme.

Finite Differences

For simplicity, let  be the interval [0,1] in % or the unit square in 2, and

construct a mesh of n; + 1 or (ny + 1) x (n, + 1) equally spaced grid points on
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with spacing A = nl—x where n, =n, and n = n, or n = TgNy 18 the total number of
points. In R, denote these points z;. In R?, denote these points z; = (z;,y;), where
z; = th and y; = jh. Let U denote a grid function approximation to u such that
[U]; = u(zz). Similarly, let [Z]; ~ z(z7). For @ C R, I and i coincide. The finite
difference approximation to the first derivative in one dimension is

aef (Vg = [V]i'

[DhV]I = [-th]i A

(4.10)

In two dimensions the finite difference approximation to the gradient is taken to be

DV, = [DiV],, % ([V]m,;’l — [Vl 7 [V]i,j+1h~ [V]i,j) ' (4.11)
Define a functional J[; (R — RN by
T5(U) = hdZI:'\/l[DhU]IIZ + 42, (4.12)
where d indicates dimension (d = 1 or 2), and |
DU, ={ o (f%)z o, f=ro =) (4.13)
| (smgmeat) o (M=), T =(i5) (d=2)

Let K be a Fredholm integral operator and let K}, denote a discretization of K such

that
KD, (Ku)(an), | (4.14)

whenever U is a grid function approximation to w. Define the functional T}, on R™ by

hd
Ta(U) = | KU — Z\|p + aJ2(U). (4.15)

For any V € R™ the Gateaux derivative of T} is
DU

" — K*KU_Zsz ’ 7.DV
dTw(U; V) (K (K ),V +a<\/m * >

‘(4.16)

72

= (K;(KyU—-2),V z—|—a<D* A
(Ki(KaU = 2), V), ( ——

£2

Dt )v> .(4.17)'
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Note that in one space dimension, from (4.10),

—Uip1 +2U; — Ui

D (DyU) = =

(4.18)

This is the finite difference approximation to the negative of the second derivative.
Similarly, in two space dimensions, Dj D), gives the standard finite difference approx-

imation to the negative Laplacian in two dimensions.

At a minimum, U, dTh((A] ; V) =0 for all V, and hence,

{I{,‘;Kh + aD; ( D )

VIDRU 2 + B2

The system in (4.19) is nearly identical to the system obtained via the Galerkin finite

WU =K;2Z. (4.19)
element discretization with piecewise linear basis functions and midpoint quadrature.

C_ell-Centered Finite Differences

Let W be as in (3.2), and define the functional Q on U x W as follows:
— def — ‘—; .
Q(u, W) = /Q (——uV -0+ Fy/1— |w|~2> dz. (4.20)
Then the functional Jp in (3.5) can be written

Jo(w) = sup Q(u,@). | (4.21)
: TEW
Consider the specific one-dimensional case where () = (0, 1), and divide  into
n cells in the following manner. Let h = 1/n, and let z; = (i — L)k, i = 1,...,n.
Define z,, L= + /2. The ** cell, which has center z; and is oleﬁotedj ¢, is defined
to be

-

ciz{:c Y %<w<mi+%}. | ‘ (4.22)
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Figure 1: Diagram of x; (solid line), ¢;_1 (dashed line), and ¢; +1 (dotted line).

Let U™ denote the span of the piecewise constant functions y;, where

Approximate v by U € U " where
= uixi(z). - (4.24)
=1 :
Consider the piecewise linear basis functions ¢, 1 such that ¢, +% (254 1 ) = 6ijy 1,7 =

1,2,...,n—1. Let W" consist of functions of the form “
n—1 . , -
W(z) = Z wz’+%¢i+%($) ) (4.25)
=1 . ' .

with the constraint |W(z)| < 1. This implies the congtraints |w;, _|_1| < 1 on the.

coefficients. Graphs of the functions y;, ¢, and é; 41 are shown.in Figure 1.

i—1s

Using the trapezoidal quadrature approximation and the fact that W(0) =

/ J1— W (2)2de ~ hz\/l We Py ,(.4.26)'
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define the functional Q" on U* x W" by

n—1 ’ n—1
QHuw) ¥ — Z/ ij+%¢;.+%dm + 61 Y /T (wy32)?
. i=1
u n—1
= h Z .7+1 , j+% + IBhVZ J1 = (wH_%)—z
J=1 ’
n—1
= Z [DalUljwjpy 4+ Bh 3 /1 = (w41)%
j=1

Then for any fixed U € U",

0

QMU W) " = Ug. . . do +ﬂh——”2;_‘
awj+% / *2 I—(w j+5)2
w-_l_;
= DU+ Bt
! 1- (wj+%)?

(4.27)

(4.28)

(4.29)

(4.30)

(431)

For a fixed U, the maximum of Q*(U, W) over W"* occurs in -the interior when

52 @MU, W) = 0 for all 5. Then solving for wjy1 in (4.31),

W1 = [D_hU]j
itz \/| [Dﬁ-U]j 2 + ﬂz'

(4.32)

For the remainder of the discussion, Wi,q, will refer to the element of W with

components w; 1 as in (4.32). Define the functional .Ig on U" by

Jg(U) def Qh(U Wmaw)

= hZ[DhU] J+1+ﬂh2v Wi+
_ h‘._ SN

Hence,
[DrV]; [DRU];

ﬂww [+
= (L(U)U, V),

dJp(U; V) = hZ

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)
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Note that Lg(U) is an n X n, symmetﬁc, positive semi-definite tridiagonal matrix.
Define the functional T}, on U* by
) ,
Tw(U) = SIERU — Z)|* + aJ}(U), (4.38)

where K} denotes a discretization of the operator K, and Z ~ z is a fixed element of
U"*. Then the problem to find U € ¢/* such that T}, (f] ) is a minimum is equivalent to
finding U € R™ such that

Ki(KwU — Z)+ Lg(U)U = 0, (4.39)
which can also be written

[K: Ky + Ly(U)| U = K3 2. (4.40)

In two dimensions, consider the domain © = (0,1) x (0,1). To discretize
using cell-centered finite differences, construct a grid system. Let n, = n, denote
the number of cells in the x and y directions, respect\ively, and let h =1 /nz be the
dimension of each cell. The total number of cells i's given by n = ngn,. The cell
centers are given by (z;,y;) and are defined to be n

1

z = (z’—§>h, i=1,... 08 (4.41) .
y; = (p%) By G=1,...,n, (4.42)
| The cell edges are given by | |
Ty = + g, _ S (4.43)
Yjel = Yj % ' ‘ (4.44)

The 15%* cell, denoted c;;, which is centered at (z;,y;) is defined to be

Cij = {(m,y) pomp <@ <y, Y1 <y < yj+%} (4.45)
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Figure 2: Diagram of a 4 x 4 cell-centered finite difference grid. Stars (*) indicate cell
centers (z;,y;). Circles (o) indicate interior z-edge midpoints (wi'i% ,y;) and y-edge

midpoints (z;, yji%).

and has area

|Cij| = hz. (4:.46)
This cell-centered grid scheme is depicted in Figure 2.

Approximate u by

u(z,y) ~ U(z,y) de ZZUJ'LJXz ‘ (4.47)

=1 j-—l

" where x;(z) and x;(y) denote the characteristic functions on the intervals (z Ti 1, +3 1)

and (yj._% »Yjrd ), respectively. Approximate the components w” and w? of @ by

ng—1 Ny

w(z,y) ~ .VV’”(fv,\y)‘d:ef ; Z_;wijsm%(w)xg'(y) (4.48)

g ny—l

w(z,y) ~ W d‘*fzzwmxz a®  (449)

’L—'lj 1
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where ¢, +1 are the continuous, piecewise linear functions that have been defined

above.

The rest follows as for the one-dimensional case by using thé product quédra—
ture approximation 4 -
| 2 Nz —1 <y . ‘

/01 /01 fz,y)dyds { | 22 ?Zz %511 ]J: ((;C:rj]; y;)) : (4.50).
corresponding to (4.48)-(4.49) in equations (4.27) - (4.29), and by replacing fhe single
" summations byn‘c'l'(.)uble summations in equations (4:34) - (4.36) (see also [31] arid [33])
The resulting system has the same form as the system (4.39). With lexicographicé,l
ordering of unknowns, the matrix Lg(U) .i's a symmetric, i)osifive semi-definite, block

tridiagonal matrix.
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CHAPTER 5

Nonlinear Unconstrained Optimization Methods

The minimization problem (2.6) with T, as defined in (3.23) is nonlinear. Stan-

dard techniques for unconstrained minimization include Newton and quasi-Newton
methods, and are presented by Dennis and Schnabel [9]. Newton’s method is fa-
vored for its quadratic convergence rate, but the quasi-Newton methods, which use
an approximation to the Hessian, are usually easier to implement. In spite of the fact
that convergence is slower than for Newton’s method, the Quasi-Newton methods
may also be more efficient because an approximate Hessian can often be updated
more quickly than the true Hessian. The Newton and quasi-Newton methods will
be briefly described below. Globalization techniques, such as line searches and trust
regions (see [9, pp. 120-25], are often used to ensure global convergence, i.e., to
ensure that the method will converge to a minimum for any initial guess. A fixed
point iteration is presented for finding a solution to the discrete problems obtained in
Chapter 4. This iteration is shown to be a quasi-Newton method for the minimization
of f(U) = ;||KxU — Z||% + aJ}(U). Several properties of this fixed point iteration

are described.

Let F' be a map from a set D into itself. Then v € D is a fized point for F
if and only if F'(u) = u. An iteration of the form uIt* = F(u?) is known as a fixed
point iteration. Two particular fixed point iterations are Newton’s method and the

quasi-Newton method as defined in [9] and other sources.
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In the following discussion, f : ®* — R is assumed to be twice continuously
differentiable, and «® € R is an initial guess. The gradient of f at w which will be

denoted g(u), is the vector with components [%J .-The Hessian matrix of f at u will

be denoted H(u) and is the matrix with components { o J Note that the Hessian

Ju;Ouy

is symmetric.
Algorithm 5.1 Newton’s Method to find a minimum of f is as follows. For ¢ =
0,1,...,

(i) Solve H(u?)s? = —g(u?) for s.

(ii) Update the approximate solution u?*! = u? 4 s9.

Equivalently, it can be expressed in the fixed point form,

ut™ =t — [H(u?)] 7 g(u?) (5.1)

' Fewton(ud). (5:2)

If u* is a minimizer of f, then the sequence {u?} generated by Newton’s Method
will converge to u* provided u® is sufficiently close to w* and H(u*) is positive definite.
This is proved in [9, p. 90]. If u® is not sufficiently close to guarantee convergence,

one may implement a line search [9, pp. 126-9]. Replace step (ii) in Algorithm 5.1 by
ulth = y? 4 \s?, (5.3)
where A € (0,1) minimizes f(u? + As?).

Algorithm 5.2 The quasi-Newton Method has the same form as Newton’s Method

except that an approximate Hessian, Hy, is used in place of H(u?). See [9] for standard
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Hessian approximations. This method can also be expressed in fixed point form as ‘

ut™ =l — (H,) g (uf) (5.4)

&y (u). (5.5)

Under certain conditions on Hy, it can be shown that u? — u* where {u?} is generated

by the quasi-Newton iteration, (see [9, pp. 118-125]).
A fixed pcﬁnt iteration fér the non-linear system obtained for é.ny of th-e dis-
cretizations of Chapter 4, is given by “
For q.= 6,1,2,... (5.6)
(KiKp + aLg(U)U™ = KiZ, . (5.7)
where U° € ™. This can also be expressed

Uttt = (KiKp + dLg(U‘-’))‘UQfZ , (58)
= U'-U?+ ‘(K";Kh + aLp(Uq))_IKZZ H
= U?— (KiKp + aLg(UN)) M (Ki(KwU? — Z) + aLp(U?)),  (5.10)
which is a quasi—ﬁewton 1.nethod to minimize
F(U) = 51K ~ ZIf% +ad}(0). | (5.11)
Note that the gradient of f is |

9(U) = Ki (K, U — 2) ; aLg(U9), (5.12)

and

H, = K; Ky + aLg(U?) (5.13)
is an approximation to the true Hessian

H(U)  = KiEy + aLg(U?) + aL,(UY)U?. (5.14)
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In the denoising case when Ku is replaced by u in (1.1) of Cha,pter 1, the fixed

point iteration is as follows.
[I 4+ aLg(UN U = Z. (5.15).

The following theorem gives two properties which hold for this fixed point iteration. -

Theorem 5.3 For the fixed point iteration in (5.15), for iterations ¢ = 1,2, ...

Y

LUl <11Z]le
2. The iteration is mean preserving, i.e.,

RS e (5.16)

Proof: The first property follows from noting that alg(U?) is ad'symmetric, posiﬁve

semi-definite matrix; hence, the norm of [I + aLg(U?)] is bounded below by one.

Thus
el = || [I+als@™)] Zlle L (3
< I+ aLg@)] 7 2] (5.18)
< NZle. (5.19)

To show the second property, take the inner product of both sides of (5.15) with 1,

where 1 denotes the grid function which is identically 1, using the finite difference

-discretization in (4.19). Note that Dj(1) = 0. Then

I+aD || U,1) =(Z,1)p, 5.20
< h (\/|‘Dth_1]2+132):| !, < )Z ( )

which implies

* ‘Dh > ' |
Ul 1)e +a{D U1y = (Z,1)e. 5.21
)t < ”"(wphm—lluﬂ?) T Ate B2
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The second term of the left hand side can be expressed

= a<D;§( Dn )U4,1>
iU+ g)

% <\/|DhU?};[2+ﬂ2 Dt )>

2

Thus |
<Uq,‘1>g2 == <Z, 1)[2,

(5.22)

(5.23)

(5.24)

(5.25)

which implies the result. Similar techniques can be used to show this property for

the other discretizations of Chapter 4 as well.

g

Recently, Dobson and Vogel [10] have proved local convergence of the fixed

point iteration for denoising as given in (5.15). In all numerical eXperlments both

for the denoising (5.15) and the deconvolution (5.7), global convergence has been

observed. Thus, there appears to be no need for any type of globaiiza,tion technique,

such as a line search or trust region.
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CHAPTER 6

Methods for Discrete Linear Syst'ems

Herein are presented efficient techniques for solving the linear systems AU =

Z, where

A = I+aLs(U9), (6.1)

and
A = KpKp+ aLg(U%), (6.2)

and Z is the appropriate right—haﬁd side, either Z or K}Z. These systems arise at
each fixed point iteration in (5.7) of Chapter 5. First, the conjugate gradient method
will be discussed along with the idea of preconditioning. Then suitable precondi-
tioners for both (6.1) and (6.2) will be presented. A cell-centered finite difference
multigrid preconditioner will be used for the former, while a preconditioning matrix
of the form bI + aLs(U?) will be applied to the latter. This chapter also includes
a presentation of Brandt and Lubrecht’s multi-level quadrature method [5] for fast
approximate evaluation of K;K,U, a calculation essential to the conjugate gradi-
ent method. This chapter together with Chapters 4 and 5 contains all the tools for
efficient approximation of a solufion to the minimization problem (2.6) with T, as

defined in (3.23). The complete algorithm will be given in Chapter 7.
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Preconditioned Conjugate Gradient Method

The basic conjugate gradient method will be stated first with a discussion of
its convergence properties. Throughout this section the Hilbert space under consider-
ation will be ®” with the standard Euclidean, or £2, inner product and norm denoted

(-,+) and || - ||, respectively.

For a fixed b € ®" define a functional f on R by

BN | =

fw)=

(u, Au) = {u, ) o (63)

where A is an n X n symmetric, positive definite matrix. For any v € ", the Gateaux

derivative of f is

df (u;v) = (v, Au — D), (6.4)

so at a minimum, 4, df(4;v) =0 for all v € ®", or

Ati = b. (6.5)

Algorithm 6.1 The conjugate gradient method can be employed to find the mini-
mizer, & = A7), of the functional f where A is a symmetric, positive definite matrix.

First, define the energy inner product
(u,v)4 & (u, Av). : | (6.6)
Choose ug. Then the conjugate gradient algorithm is as follows:

o = AUQ—ZJ (67)
d() = —Tp : . (68)

(6.9)




o1

For k=0,1,...
(T, di) o

ap = ————1 : 6.10
g (dr,di)a (6.10)

Ukl = Uk + apdg : (6.11)

Tk41 = A’I,Lk+1 —b : (612)

~ {Tp+1,dr)a :

cp = ———= 6.13

* (di, di)a ( )

dk_|_1 = —Tpy1 + crdp ' (614)

The dy’s denote successive search directions beginning with the negative gra-
dient. The r), denotes the residual at each step which is also the gradient of f at

Uk.

Lemma 6.2 ([19, p. 132]) Let r; and d; be as in Deﬁnition 6.1. Then

span{do,dy,...,dn} = span{ro,r1,...,Tm} = span {ro, Arg,...,A™re}. (6.15)

The nested subspaces, span {ro} C Spaﬁ {ro,Are} C ... C spaﬁ {ro, Aro, ..., A™ro}

are called Krylov subspaces.

Lemma 6.3 ([19, p. 132])- The search directions, d;, are -pairwisé A-conjugate; i.e.,

(di,d;)a = 0if 1 # j. Furthermore, the gradients, r;, are pairwise orthogonal.

Theorem 6.4 (Expanding Subspace Theorerﬁ [21, p. 171]) Let-‘ {d;}77 be a se-
quence Qf non-zero, pairwise A-conjugate vectors in ™. Then for any ug € R, the
sequence {ug} geﬁerated‘ by the conjugate gradient method he.ms'the propérty that ug
minimizes f on.the line v = ugx_y + adj_y for a 6 R, as well as on the affine space

uo + span {d:}is
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Lemma 6.5 If the sequence {u;} is obtained by the conjugate gradient method with

ug any vector in ", then

ks — @ < max[1+ X P luo — a1, | (6.16)

where Py, is any k** degree polynomial.

Proof: Let ¢1,¢,...,¢, be the mutually orthogonal, normalized eigenvectors of A.

Then for some &1, &3, ... én;

Alug — 1) Z Aikigi. » (6.17)

Hence,
luo — % = (uo — i, uo — ) - (618)
= Z/\i&'2' . : (6.19) .

By Theorem 6.4, ugy; = ug + Qk( )ro where Qj, is a polynomial of degree k such

that ||urts — @||4 is 2 minimum on span {A’ro} i—o- This implies that

i — = [+ AQy(A)] i), (60
Then
fonss 8% = (o~ AU+ AQUAT (wo—7) (62D
= YA MG AL (6.22)
= S0 MQO o= ally (6.33)
< max[L+ AP lwo—als, — (624)

where Py is any polynomial of degree k. , a

The next theorem shows the effect of eigenvalue clustermg on the convergence

of the conJugate gradient method.
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Theorem 6.6 If A has m distinct eigenvalues, then the conjugate gradient method

converges to the solution vector, & = A~'b, in at most m iterations [19].

Proof: If there are m distinct eigenvalues, choose the polynomial Ppr-1 of Lemma

6.5 such that its zeros occur at the eigenvalues A;. Then |ju,, — @[} = 0. o

Corollary 6.7 The conjugate gradient method converges to the solution, % = A~'b,

in at most n iterations [19].

Proof: The matrix A has at most n-eigenvalues. Apply Theorem 6.6. | o

The condition number of a matrix-will now be defined, followed by a discussion
of the effect of the condition number of A on the convergence of the conjugate gradient

method.

Definition 6.8 The condition number of a nonsingular square matrix A is

cond(A) = || All/|l A7 2, (6.25)
where || - |2 denotes the matrix 2-norm,
|All2 = “rﬁla,xl | Au| 2. ' ' (6.26)
u 12:

If A is singular, then cond(A) = co. The matrix A is said to be well-conditioned if
cond(A) ~ 1. If Ais an n X n symmetric, positive definite matrix, then cond(A) =

A1/ An, where Ay and A, denote the largest and smallest eigenvalues of A, respectively.
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Theorem 6.9 The rate of convergence of the conjugate gradient fnethod depends on

~ the condition number of the matrix [3] as follows:

) [ +Jeond(A) — 1\’
[l — dilla < 2|[uo —4]l4 : (6.27)
cond(A) +1 _
Proof: Select the polynomial P;_1()) in Lemma 6.5 to be such that
. A+ Ay — 20 YDV : '
14+ APp_1(N) = _ ' .
+ APy 1( ) Tk( N )/Tk (/\1—)\71,), (628)

where T}, denotes the k™ degree Chebyshev. polynomial, and )\; and ), denote the
largest and smallest eigenvalues of A, respectively. The k" degree Chebyshev poly-

nomial can be. expressed (see 3, p. 423]) as

Ty(z) & % [(w + Va? — ) ( 72 — 1)k] : (6.29)
Then |
o = 8l S (14 0aPa (] oo — 60
Tk( 1) . ~ 112 ' '
= E(E) Nluo — Al | 5 (6.31)
[ cond(A) —I—
_ 4 ( cond(A) + 1) +‘( cdnd(A) - 1) } o — al4(6.33)
I cond(A) —1 cond(A)+1) ‘ ‘

cond(A) +1 | |

which proves the result. | | | | =8

Theorems 6.6 and 6.9 lead to the observation that if A is a well-conditioned

n X n matrix, and/or A has m < n distinct eigenvalues, the conjugate gradient
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method will exhibit rapid convergence. However, the matrices in question, (6.1) and
(6.2) are not well-conditioned. To eﬂecti'vely use the conjugate gradient method in
such a case, it is expedient to implement a preconditioner to improve performance.
This is done by choosing a preconditioning matrix, C, such that cond(CA) < cond(A)
and/or C'A has fa,r. fewer distinct eigenvalues than-A, and Cy = w is easy to solve for
y. The first two requirements will ensure faster convergence, Whﬂé the third condition

is necessary for rapid calculation inside the method itself.

Algorithm 6.10 The preconditioned conjugate gradient method is defined by the

following algorithm.

Choose ug € R". Then

ro = Aug—25b (6.35)
ho = O—l?"o (636)
do = —ho (6.37)
(6.38)
For £ =0,1,...,
(lrka hk)
= =7 =1 6.39
“ (dk, dr)a (6.39)
Upyr = U+ akdk (6.4:0)
Tk = Auk+1 - ' (64:].)
hiyr = Clrppa (6.42)
(T, hata)
, = 6.43
% T ) (042
dk+1 = —hk_|_1 + crdy. (644)
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Note that for a symmetric, positive definite C, this algorithm is equivalent to

performing the conjugate gradient method of Definition 6.1 to minimize the functional

Fo) L, dv) - @,5) (645)

where A = CY2ACY2, b = C~1/%p, and & = CYu. To see this, assume Algorithm .

6.1 is applied to minimize f, and let

Ek-}—l = C_l/zﬁk_{.]_ (646)

and
Tryr = C7V2f (6.47)
= CY2%(Abgyy —0). - (6.48)

Note that Wiy is not the same as upy; unless C = I. Then equation (6.12) of

Algorithm 6.1 can be rewritten as

Frpr = Algpr—b (6.49)

= CY? (A, ~ ) ' " (6.50)
or
Thi1 = AlUpyr — b. (6.51)

This is equation (6.41) of Algorithm 6.10. Similarly, the other steps of the two

algorithms can be shown to be equivalent.

The explicit implementation of the preconditioned conjugate gradient method
for operators (6.1) and (6.2) arising in the fixed point iteration will now be discussed.
It should be noted that the discretization U is used in place of u in the preconditioned

conjugate gradient algorithm.
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Figure 3: Eigenvalues of the matrix | + aLp(U) where a = 10-2 and /3= 10“4. The
vertical axis represents magnitude.

Multigrid preconditioner for the differential operator L

To begin the task of finding a suitable preconditioner for (6.2), consider the sim-
plified operator (6.1). In applications, this corresponds to the “denoising” problem

mentioned in the introduction.

Figure 3 displays the spectrum of the discrete operator for a discontinuous u
with a = 10-2 and /3 = 10-4. Notice that cond(l + aLp(U)) % 103, which implies
that the convergence of the conjugate gradient method may be slow. Figure 4 shows
this possibility to be fact by depicting the convergence rate of the conjugate gradient

method applied to the system with A as in (6.1) without any preconditioning.

The multigrid method is known to work well on elliptic problems with diffusiv-

ity bounded away from O (see [23]). For the problem described here, the diffusivity,
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Figure 4. Relative residual norms of successive iterates of the conjugate gradient
method to solve [I + ctLp{Uq))UgH = Z for a fixed q (no preconditioning), a = 10-2.

bounded away from zero uniformly in /i, hence, multigrid
may not perform well. However, multigrid can be used effectively as a preconditioner
for the conjugate gradient method. In this case, the preconditioning matrix C of
Definition 6.10 is not explicitly given. Instead, steps (6.36) and (6.42) are completed

by performing one multigrid iteration on the system Ah =r.

For simplicity, a two-grid scheme is presented here. A complete description of
basic multigrid techniques and algorithms, is contained in [6] or [23]. For a bounded
DG f\1 C ! will be defined to be a discrete set of n uniform grid points, where
a uniform grid is understood to be a grid with mesh points which are equi-spaced in
d directions with spacing h. To facilitate nested grids, h is taken to be 1/2k where
k is the number of nested grids, or levels, in the multigrid scheme. The lower-case

symbols, h and n will be used to indicate, respectively, the mesh spacing and number
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Figure 5: Relative residual norms of successive iterates of the conjugate gradient
method with a multigrid preconditioner to solve (I + aLp(Uq))Uq+l = Z for a fixed
g, a = 10-2.

of nodes on the fine grid, and similarly the upper-case symbols, H and N define the
coarse grid with N << n. For ease of reference, define A as in (6.1). Operators
and grid functions will have the h or H superscript, dependent on the grid to which
they belong. The operators and are coarse-to-fine (interpolation) and fine-to-
coarse (projection) inter-grid transfer operators, respectively. The term “smoother”

will henceforth be used to indicate a stationary linear solver, e.g., a Jacobi or Gauss-

Seidel iteration.

Algorithm 6.11 A basic multigrid cycle on a two-grid system is outlined in the

following manner:

(i) Apply Vi iterations of the smoother to the system AhUh = Zhon with initial

guess Vh.
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(ii) Compute the residual, r = I (Z" — APVR),

(iii) Solve A¥eH = r¥ for the error on QF.
(iv) Correct the current V* by setting V* = V4 [T},

(v) Apply v, iterations of the smoother to the system A*U* = Z% on QF with .Iler

initial guess, V.

On the coarsest grid, A¥ef = r# is solved exactly if possible. To extend this to
a multiple grid system, simply replace step 3 above by a recursive restart of the
algorithm on the system Afe¥ = r¥ with initial guess V¥ = 0. In practice, it is

usually sufficient to set vy and v5 small, such as 1 or 2.

For the system at hand, it has already been noted in Chapter 4 that A is a block
tridiagonal matrix. Thus, a Gauss-Seide] iteration is easy to implement with grid
operations; in other. words, the actual Ima,trix A does not need to be stored for any grid
level. In the numerical experiments presented here, a red-black Gauss-Seidel iteration
was used as the smoother [33]. This iteration is based on a checker-board layout of the
grid which decouples the “red” and “black” grid n;)des. The Gauss-Seidel iteration can
then be implemented on the red and black nodes independently, making the iteration
extremely computationally efficient. The intergrid transfer operators employed are
those developed explicitly for the cell-centered finite difference discretization by Ewing
and Shen [11]. These transfers can also be compufed very efficiently sin'ce they involve

only constant coeflicients grid operators.

Figures 4 and 5 demonstrate the effectiveness of this preconditioning. Figure

4 depicts the relative residual norms of successive iterates of the conjugate gradient
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method applied to the system (I + aLg(U?))U*! = Z for a fixed ¢. No precondition-
ing has been done, and 1t is easily seen that the convergence is quite slow. In Figure
5 the multigrid preconditioner described above has been applied to the same system,
and the relative residual norms of successive iterates have again been plotted. Note

the drastic improvement in the rate of convergence.

Preconditioning for the integro-differential operator

The case when K is the integral of)erator as in (1.2) will now be considered. This

implies that the linear system to be solved at the ¢** fixed point iteration is
AU = K} Z, (6.52)
where A is as in (6.2).

For insight into the choice of a preconditioner, consider the one-dimensional
case on 0 < ¢ < 1 with Lg(U) replaced by the negative Laplacian and periodic .
boundary conditions, where K is the convolution operator, Ku = fol k(z — y)u(y)dy,
with Gaussian convolution kernel, k(z) = \/%e‘”’z/ o, Then L has eigenva,lues N
7?m% which tend to infinity, K*K has eigenvalues p; & %e“’zf/ % which tend to zero,
and I commutes with K. Figure 6 shows the first 64 eigenvalues of K* K + oL where
o =.075 and « = 10~2. Notice that cond(K*K + aL) ~ 10°.

This eigenvalue structure suggests a preconditioner of the form C' = bl + aL'.
This choice for C has eigenvalues b + o);; hence,.as j gets larger, the eigenvalues
of L dominate as they do for the matrix K*K + aL. For a proper choice of b, the
matrix C~! should be a rough approximation to (K*K + «L)™'. With C in this
form, the iteration matrix C~Y*(K*K + oL)C~/? = C-Y(K*K + al) (since L and
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Figure 6: First 64 eigenvalues (in ascending order) of the operator K*K + aL where
L = -V 2and K is a convolution operator with kernel k(x) = e~x2/a2, a = 10-2,
a = .075. The vertical axis represents magnitude.

K commute) has eigenvalues

_Fj T <x\j

b+ a\ (6-53)

The 7j’s tend to one as j goes to infinity, independent of b. To ensure Jj % |

for small values of j, choose the largest eigenvalue of K*K for b,
b=p(K*K) =P1= ;ne-*ZZ (6.54)
where p(K*K) denotes the spectral radius of K*K..

Figure 7 shows the eigenvalues of the iteration matrix C~1(K*K + aL), which
result from this choice of b. Notice that the condition number of this matrix is
approximately I. This implies that the conjugate gradient method will converge very

rapidly.



Figure 7: First 64 eigenvalues of the preconditioned operator C~I(K*K+aL) (indexed
according to the eigenvalues of L in ascending order), where (7 = 6/+ aL, L = —V 2,
6= p(K*K), a = 10T2, and /3= 10-4. The vertical axis represents magnitude.

With the more general operator defined in (6.2), this choice of 6 is still reason-
able as shown in Figures 8 and 9. In Figure 8, the eigenvalues of the matrix A are
given. In this case, cond(A) to 104. Figure 9 shows the eigenvalues of the precondi-
tioned matrix, AC-112 where C = bl +aLp(U) and 6 = p(K*K). Although the
eigenvalues are not all near one as in the constant diffusivity case, most are near one.
The “stray” eigenvalues appear to correspond to jump discontinuities in U. Thus,

(7 = 6/ + aLp(U) is an effective preconditioner for the non-constant diffusivity case

as well.

M ulti-level Quadrature

Algorithm 6.10 requires the application of the operator K*"Kh- Commonly
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Figure 8: Eigenvalues of the matrix A = K*"Kh + aLp(U), where a = 10-2, 13 =
10-4, and Lp(U) is a non-constant diffusion operator. The vertical axis represents
magnitude.

used numerical techniques for evaluating discrete representations of integral operators
applied to grid functions require 0(n2) floating point operations. In [5], Brandt
and Lubrecht describe a method based on multigrid techniques for approximately
evaluating an integral operator K =f K*K applied to v which requires only 0(n)

operations. The following is a brief description of this technique.

The two-grid system in one dimension will be as defined previously for the
multigrid preconditioner. The domain Llh will again be defined to be a set of n equi-
spaced grid points, where n —Vol(LI)/h, for Li a connected domain in %. And h will
again be taken to be 1/2k where k is the number of nested grids, or levels, in the

multigrid scheme.

With K h denoting the discretization of the integral operator K on the finest



65

10° e+ rapy POCOO0000CK fro000t- 00QQ()aQRARARRAA(PRAARAR00RAAARA00AG

Figure 9: Eigenvalues of the preconditioned matrix C-12AC-1/2, where C =
bl + OtLp(U) and b = p(K*K), a = 10-2, /? = 10-4. The vertical axis represents
magnitude.

grid, the method of Brandt and Lubrecht [5] can be represented symbolically as

Kv % K hVh % n KK H(U"Vh). (6.55)

As before, h and n indicate, respectively, the mesh spacing and number of nodes on
the fine grid, and similarly, H and N define the coarse grid with N « n. The op-
erators If~ and If~ are coarse-to-hne and hne-to-coarse inter-grid transfer operators,
respectively. The lower case v denotes the continuous function, while the upper case
V denotes the grid function. The superscripts h and H distinguish between the fine
and coarse grid functions, and the subscripts i and | refer to the components of the
fine and coarse grid functions, respectively. For example, V/1denotes the approxima-
tion to v(xi). This is in contrast to the multi-indexing with i and | which appears

in Chapter 4.

To evaluate K hV h cheaply, restrict Vhto the coarse grid, apply the coarse grid
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operator K¥ at a cost of O(N?) operations, and then interpolate KZVH back to the
fine grid. To see the details of this approximation, choose q*® order transfer operétors:
1%, a coarse-to-fine mesh transfer (interpolation), and IIZ, a fine-to-coarse mesh

transfer (restriction). Using p'* order quadrature, the operation becomes

[f{v](xfff) = lz(x‘l’—ff,y)v(y)dy, I=1,....N

= kY, Bl eh)VE + O(h)

= hXi, [Z’(ﬁra wH)II}‘{]JV;h + O(h?) + O(H?) (6.56)

= h il EE, <)1) Vs + O(h?) + O(H?)

The coarse-grid function, [Kv](z¥), can then be interpolated to the fine grid

by I1% with O(H?) accuracy. The entire application looks like

KMt =T KR ()T VR 4 O(h?) + O(HY). (6.57)

If N2 ~ n and ¢ = 2p, then H? ~ AP, and this calculation requires only O(n)
operations and maintains O(hpj accuracy. To see this, let n = 2! (lev € Z* is
the number of levels, or nested grids), and let n + 1 be ﬁhe number of points in the
finest mesh with spacing h = %, and let the coa,rsgst mesh have N + 1 points with
spacing H = % where N = 2/¢/2, With second order quadrature (p =2), KETIIEZV*
can be calculated in O(N?) = O((2**/)?) = O(n) operations. Fourth order transfer
operators (¢ = 4) enstire that the accuracy of I KHIIEV? is O(h%) + O(H%) =
O(h?). Note that I = ¢(II%)T, with ¢ = H/h; hence, the operator 1% K (12T s

symmetric when Kisa symmetric integral operator.

Algorithm for the Linear System

The algorithm used to solve the linear systems arising from the fixed point
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iteration can now be presented.

Algorithm 6.12 The algorithm to solve (K} Kj + aLg(U9)) Ut = K} Z is as fol-

lows.

(i) Apply the preconditioned conjugate gradient method to the system with pre-
conditioner C = bl + aLp(U.q) where b = p(K*K).

(i) Within this preconditioned conjugate gradient method, use multi-level quadra-

ture to apply K; K.

(iii) Within each iteration of the preconditioned conjugate gradient method, solve
equations of the form Cv = (bI+aLg(U))v = f by the preconditioned conjugate

gradient method with the multigrid preconditioner described.

It should be noted that the preconditioner C' = bI + aLg(u) is essentially
the same as the operator in a fixed point iteration of the denoising prbblem (6.1);
thus, solving C'v = f for v utilizing the multigrid preconditioned conjugate gradient
technique is of the same complexity as the linear solver for a fixed point iteration in
the denoising problem. The multi-level integration is O(n) as shown in Chapter 6 and
in [5]. Therefore, the preconditioned conjugate gradient method to solve (K} K} +

aLg(UD)UE) = K} 7 is a very éfficient operation.
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CHAPTER 7

Numerical Implementation and Results

The numerical results of applying the methodology described previously are
given here, both for denoising and deconvolution. The data sets for one-dimensional
denoisirig and for two-dimensional deconvolution are synthetically created as will
be described. In the case of two-dimensional denoising, actual LCSM data is used.
Aside from displaying the reconstructed images, this chapter briefly explores the roles
of the parameters e and £ in the reconstruction process. The chapter concludes with
demonstrations of convergence for the fixed point iteration and the precoﬁditioned

conjugate gradient method.

Denoising

First consider the one-dimensional test problem of denoising data . This cor-
responds to the case where K = I. Note that in this case the linear operator which
arises in the fixed point iteration is a tridiagonal, symmetric positive definite matrix.

For the discussion here, the exact (noise-free) solution is

3
Uexact(T) = X[1/6,1/4 + g X(/35/8) (7.1)

where X[,y denotes the indicator function for the interval < z < b. The data

was generated by evaluating weg.: at N = 128 equi-spaced points in the interval -
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Figure 10: The true solution (solid line), noisy data (dotted line), and reconstruction
(dashed line) on a 128-point mesh with a noise-to-signal ratio of .5 (denoising), a =
10-2 = 10-4.

0 < z < | and adding pseudo random, uncorrelated error (so-called “discrete white

noise”) {G@J” 1 having a Gaussian distribution with mean 0 and variance s2 selected

so the noise to signal ratio

EfL« (%)’

Figure 10 depicts the true solution, the noisy data, and the reconstruction utilizing

the fixed point method. In this reconstruction a = ICT2 and /3= 10-4.

Figure 11 shows the recovered images for various a’s, 0 < cti < a2 < «3. As
expected, a large a causes a loss of features in the solution, since the regularization
functional is given so much weight in the minimization functional, that the first term,
UIATt —z\\2 is inconsequential. With a small value for a, very little regularization is

done; hence, the reconstruction retains much of the noise of the data.
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Figure 11: Recovery of u from noisy data (denoising) for various a. values, Gl = 10,
«2 = 10-2, and 03 = 10-4 on a 128-point mesh.

As a two-dimensional example, consider Figures 12 and 13. Figure 12 depicts
an actual LCSM scan of rod-shaped bacteria on a stainless steel surface. The vertical
axis represents light intensity, while the horizontal axes represent scaled pixel locations
on a 64 x 64 grid. Figure 13 is a total variation reconstruction obtained using 10
iterations of the fixed point algorithm with a multigrid preconditioned conjugate
gradient method to solve the linear systems at each fixed point iteration. The linear
operator which arises in the two-dimensional denoising case is a block tridiagonal,
symmetric positive definite matrix. In this reconstruction, a = .05, /3 = 10"4, and
there were 10 fixed point iterations done with a conjugate gradient tolerance of 10"5.

Figure 14 plots the norm of the gradient,
SCI*+4) = (7 + - Z, (7.3)

for successive fixed point iterations. The decrease in the gradient indicates conver-
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Figure 12: A scanning confocal microscope image of rod-shaped bacteria on a stainless
steel surface.

gence of the iteration.

Deconvolution

Herein results for the two-dimensional deconvolution problem will be discussed.
First, the reconstruction algorithm is outlined below with a special note on using the
preconditioner C = 6/ + otLp(u). Figures depicting the image reconstructions and

numerical convergence studies follow.

Algorithm 7.1 An algorithm for the fast reconstruction of the image u from noisy,
blurred data z via the minimization problem (1.8) of Chapter | with regularization
functional Jp as defined in (3.7) of Chapter 3 and the subsequent discrete fixed point

iteration (4.40) described in Chapter 4.
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Figure 13: Reconstruction of LCSM data utilizing the fixed point algorithm and inner
conjugate gradient method with a multigrid preconditioner, a — .05, P = 10-4.

(i) Apply fixed point iteration as in (4.40).

(ii) Solve linear system (KflIKh + aLp(Uq))Uqg+l = Kfz by means of Algorithm 6.12

of Chapter 6.

It should be noted that the linear operator KfKh + OiLp(Uq) is a non-sparse,

symmetric positive definite matrix.

In Figures 17 through 18, the operator K has been taken to be the integral
operator
(Ku)(xi,x2) = Jo Jo k(yi~ Xi,y2-X2)u(yl,y2)dyldy2 (7.4)
with Gaussian kernel,

% i,22)=0y'% -#+=3)/< (7.5)
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Figure 14. Norm of difference between successive fixed point iterates for two-
dimensional denoising of an LCSM scan, measured in the L1 norm.

Figures 15 through 17 show the noisy data, z = /i Mexact-H (where e is assumed to be
Gaussian white noise as before), the exact solution, and the reconstruction obtained
by the above algorithm for a two-dimensional example with noise-to-signal ratio = |
and kernel-width parameter, a = .075. Notice that in the data, the smaller feature is

not discernible; however, this feature is detected by the reconstruction.

Figures 18, 19, and 20, present convergence results for this example. Figure 18
depicts the norms of the differences between successive iterates. This demonstrates
the convergence of the fixed point iteration.

Figure 20 shows the norm of the gradient,

9(CH = fW W +"'- Z)+ (7.6)

as in (4.39). Figures 18 and 20 indicate convergence. Figure 21 plots the precondi-

tioned conjugate gradient convergence factor for each fixed point iteration where the
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12.

OO

Figure 15: Exact 128 x 128 image. Vertical image represents light intensity.

geometric mean convergence factor is calculated by
convergence factor = exp - V In (resm+1 (7.7)
N & "L rea™ |
where resm is the residual calculated at the (m —I)st preconditioned conjugate gradi-
ent iterate. This demonstrates the robustness and effectiveness of the preconditioner,

C=67+

Figure 19 records the norms of the residuals at each preconditioned conju-
gate gradient iteration for the tenth fixed point iteration. (This is preconditioning
of the integral operator, KyiKfl.) Note the rapid residual decay obtained with the

preconditioner C = bl + aLp(UQq).



75
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Figure 16: Data obtained by convolving the true image with the Gaussian kernel k
(as indicated in text) with a = .075, and adding noise with noise-to-signal ratio = I.
The vertical axis represents intensity.
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Figure 17: Reconstruction from blurred, noisy data using the fixed point algorithm
with a —10-2, j3= 10-4, and 10 fixed point iterations. The vertical axis represents
light intensity.

4 5 6 7
Fixed point iteration

Figure 18: Differences between successive fixed point iterates, measured in the L1
norm for deconvolution.
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Figure 19: Norms (L2) of successive residuals of five preconditioned conjugate gradient
iterations at the tenth fixed point iteration. (The horizontal axis corresponds to the
current conjugate gradient iteration.)

Figure 20: The L2 norm of the gradient of Ta, at successive fixed point iterates for
two-dimensional deconvolution.
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Figure 21: Geometric mean convergence factor for the preconditioned conjugate gra-
dient at each fixed point iteration for deconvolution.
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