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Abstract:

On a metric space certain concepts of convergence for sequences are defined. Using these concepts,
several relations between metrics on a set X are introduced and their interdependence studied. Included
are the relations "equivalent”" (identical topologies), "comparable" (one topology includes another),
And "uniconvergent" (the identity map from X bearing one metric, to X bearing a second metric has
closed graph). For X a commutative group, convergence in a translation-invariant metric d is more
conveniently studied by introducing the associated metron (the function p: X — R such that [x [
X[p(x) = d(x,0)]). The same is true of relations.

Five classes of metrons on a linear space are considered; metrons, scalar-continuous metrons (the
product of scalar and vector is a continuous function of the scalar component), quasinorms (the product
of scalar and vector is a jointly continuous function of the scalar and vector components), norms, and
inner product norms. A typical question studied is whether, on a given linear space, all metrons of a
given class bear a given relation to each other. For norms, only four of the relations studied remain
distinct, while for complete norms all coincide.

It is proved that non-uniconvergent metrons on a one-dimensional space, and non-uniconvergent inner
product norms on a space of countably-infinite Hamel dimension exist.

The scalar-continuous metron is considered in detail. On finite dimensional spaces it has simple
continuity properties, yet allows surprising convergence behavior. Counterexamples illustrating
non-comparable and incomplete scalar-continuous metrons on a one-dimensional space are
constructed. Some questions relating to completion remain unsolved.
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ABSTRACT

On a metric space certain concepts of convergence for sequences
are defined. TUsing these concepts, several relations between
metrics on a set X are introduced and their interdependence studied.
Included are the relations "equivalent" (identical topologies),
""comparable'- (one topology includes another), &nd "uniconvergent"
(the identity map from X bearing one metric, to X bearing a second
metric has closed graph). For X a commutative group, convergence
in a translation-invariant metric d is more conveniently studied
by introducing the associated metron (the function p: X -+ R such
that Vx ¢ X[p(x) = d(x,0)]). The same is true of relations.

Five classes of metrons on a linear space are considered:
metrons, scalar-continuous metrons (the product of scalar and
vector, is a continuous function of the scalar component), quasi-
norms (the product of scalar and vector is a jointly continuous
function of the scalar: and vector components), norms, and inner
product norms. A typical question:studied is whether, on a given
linear spate, all metrons of a given class bear a given relation to
‘each other. For norms, only four of the relations studied remain
distinct, while for complete norms all coincide.

It is proved that non-uniconvergent metrons on a one-dimen~
sional space, and non-uniconvergent inner product norms on a space
of countably-infinite Hamel dimension exist.

The scalar-continuous metron is considered in detail. On
finite dimensional spaces it has simple continuity properties,
yet allows surprising convergence behavior. <Counterexamples
illustrating non-comparable and incomplete scalar-continuous metrons
on a one~dimensional space are constructed. Some questions relating
to completion remain unsolved.




INTRODUCTION

In the course of reading Mikhlin "The problem of the ﬁiniﬁﬁm
of a quadra;ic functiqnalil I encéuntered tﬁe following situation:

"A linear space D is embedded in each of two normed linear
spaces H an& H'. A sequence of elements in D is supposed conver-
gent to a point u in the norm of H and to.a point u' in the norm
of H'. It is then proved that for the particular spaces and norms
under consideration there is a oﬁe—one cofrespondence between stch
limit points'u and u'." (Mikhlin p.14).

It struck me that I was not familiar with general conditions
that would guarantee such a result in even the simple casé in which
only one linear space is involved:

"A sequence of elements in a linear space is supposed
convergent to a point u of the space in one metric,‘and to a point
u' of the space in another metric. When are u and u' necessarily
the same point?" |

This problem formed the motivation for the present work;_how—
ever, it forms but a small part'of‘a wider ranging investigation.

In general terms, this thesis is concerned with how the
properties of ‘a metric control the COﬁvergeﬁce behavior of a

sequence in a linear space.
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Dif ferent types of metrié,and a variety of'relafions between
metrics are consideréd. The typical question studied is whether,
on a given linear space, all metrics of a.giveﬁ type bear a given
relation to gach other.‘ An example of a statement.of this nature
is the well known result that, on a given finitefdimeqsional linear
space, all norms are equivalent.

In chapter one a large part of the backéround for the thesis
is presented, and a structure built up which enables the key pro-
blems to ﬁe identified. Some of this material will be familiar to
mathematiciéné and is presented with as little elaﬁoration as
possible. Where no detailed proof or reference for a result ié.
given, the demonstration should be found to require only a few,
straightforward stéps.

By contrast, the main results of the thesis follo% from pfoofs
involving rather detailed, though quite glementary, real analysis,
and requiring some ingenuity in their construction. They are
given, largely, in chapters two and three.

In chaﬁter four, the more noteworthy results obtained are
listed, ané a set of further research problems related to this work
is offefgd.

Appendix A identifies some of the notation used throughout;
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The pre—?equisites for reading thé thesis are modest; The‘
usual background of intermediate algebra and analysis is assumed.
Though thé thesis is in the field of fuﬂétional analysis, the
presentation is almost self—containea and 1i£tle uée is made of
high-powered. results from that discipline. However, some famil-
iarity with the eléments of'axiomatic set theory and of poiﬁt set
topology is desirable; appendix B gives referénces for seﬁ‘theory,
and appendix C outlines relevent results from topology.

References to the biBiiography are given in the form:
(Wilansky (1) p.52). |

References to numbered items in the thesis are given in the
forms:

2,3 ———- TItem 3 of section 2 of the same chaﬁter;

1,2,3 -~~~ Ttem 3 of section 2 of chapter 1.
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CHAPTER ONE: ,METRIC'AND LINEAR SPACES.

We present in this introductory chapter certain basic concepts
in the theories of metric and linear spaces. In the last section
of this chapter we summarize the ptrincipal results obtained in

this thesis.

S1 METRIC SPACES.

Let X denote any set, and R the real number system.

1.1 Definition. A function d: X x X - R is a metric d on X iff

V¥V x,y,2 € X:

(a) d(x,y) > 0 - (non-negative)
d(k,y) =0<=>x=y (tbtal)
(®) d(x,y5 = d(y,x) (symmetric)

(¢) d(x,y) < d(x,z) + d(z,y) (triangle ‘inequality).

Note (1) the non-negativity follows from the remainder of the
definition (put y = x in (c));
(2) the triangle inequality and symmetry imply

lax,2) - d(z,y)| < dx,y) < d(x,2) + d(z,¥).

A set X is a metric space iff a metric is defined in X.
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We shall, for brevity, refer to a sequence of elements of

X (precisely. <}_cn>: e X¥) by writing <xn> e X, The unordered

=1

elements of <xn> are denoted by {x"}c X.

1.2 Defnintion. Given a metric d on X we say that a sequence

<xn> of elements of X converges in metric d to an element a of

X iff d(x",a) + O

ji.e. Ve >0 3N Va> N [d(xn,a) < el.

1.3 Theorem. A sequence in X can converge in a fixed metric to .
at most one element of X.

~Proof. Suppose d(xn,a) -+ 0 and d(xn,b) - 0.

Then d(a,b) < [d(a,x") + d(x",b)] - 0.

Thus d(a,b) = 0 and a = b. //

1.4 Definition. A sequence <x"»> of elements of X is Cauchy in -

metric d iff d(xm,xn) -+ 0,

i.e. VYe >0 AN VYmyn > N [d(xm,xn) <el.

1.5 Definition. Given a set X we say that metric d is complete in

X (and X is complete in metric d) iff every sequence in X, Cauchy

in d, converges in d to an element of X, i.e. iff

V<Xn> e X% d(xm,xn) + 0 =>3a e X [d(xn,a) + 0].
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1.6 Definition. Two sequences <xn> R <vn> of elements of X are

1) relatively convergent in metric d iff d(xn,yn‘) -+ 0;

2) relatively Cauchy in metric d iff d'(xm,yn) -+ 0.

’1.7 Theorem. For sequences <xn> » < yn> of elements of X, and
in terms of any one metric on (X:
1) <xn> convergent => <xn> Cauchy;
2) <xn> s <yn> relatively Cauchy <=> <Xn>,/ <yn> Cauchy and
. relatively convergent.

Proof.

1) Si;lppose d(xn,a) + 0. _

Then d(xm,xn) i'[d(xm,a)‘+ d(a,xm)] >0

2) éuppose d(xm,yn) - 0.

Then clearly d(xn,yn) > 0,

d(xm;xn) < [dx",y) + Ay ,x )] ~ 0, and similarly

a5 > 0.

Suppose dx",x") ~ 0 and d(xn;yn) > O

Then d(xm,yn) < [d(xm,xn) + gl(xn,yn)] > 0. //
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S2 RELATIONS BETWEEN METRICS ON A -GIVEN SET.

Recall that a relation is a class of ordered pairs of .sets.

If A is a relation and <u,v> e A, we shall write u A v.

2.1 Definition. Given any relation A we define:

1) A_{i,the inverse of A, by Afl ='{<:u,v>>| {vyud> e A}

i.e. u‘A—l v iff v A u.

2) A, the symmetric restriction of A, by A = A rlA_l
i.e. uAv iff [u A v and v A ul.
'3) A', the symmetric extension of A, by A' = A Afl

“di.e. wA' v iff [uAv or Vv A'u];

We may read u A' v as "u,v are A-comparable'", and u A v as
y s ’

"u,v are A-symmetric". 1In case A is an equivalence relation we

may read u A v as "u,v are A-equivalent".

2.2 Theorem. For any relations A,B, and for any class S:
1) AcAc A'.

2) A reflexive on S <=> A reflexive on § <=> A' reflexive on S

3) A, A' are symmetric. -

4) A transitive => A transitive.
5) A B <=> st e,

6) AcB=>[Ac B and A'c B'].

‘
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Proof. 4) Suppose A t:ransitiygj

Then [uK'vandew] <=> uAvandvAu

and v Awand w A v

=> [u A wand w A u]

<=> u Aw. [/

We now introduce certain relations defined on a collection M

of metrics on a given set X.

1° d2 e M:

1) d.B cl2 iff Jk > 0 yx,y ¢ X [k dl(x,y) > dz(x,y)].

2.3 Definition. For metrics d
1

2) dlC d2 iff there exists a function f: R » R, continuous at 0
with £(0) = 0, such that Vx,y € X [f[dl(k,y)] > dz(x,y)].

3) 4,p 4, i£f vamy, M e ¥l 6y > 0 = dz(;cn,yn> + 01.

. : ‘ p "n n
4) dlE. d2 iff V<xn,>, <yn> € Xw[dl(xm,y ) >0 => dz(xm,y ) -~ 0].

5) d,F d, iff y<x"D> & ¥’ yace X ‘[dl.(xn,a) >0 => d,(x",a) > 0l.

6) d.G d, iff V&> e ¥ Vae X Tbe X

[4, 7,8) + 0 => d,",b) > o],

7y a5 d, iff v<&D e B [dl‘(xm,xn) > 0 => dz(xm,xn) ~ 0].

1 2
8) dlI cl2 iff V<xn> e X VaeX [dl(xn,,a) > 0 = dz(xm,xn) = 0].
9) dlU d2 iff V<xn> e X va,b e X

> a=bl.

[(dl(xn,a) + 0 and dz(xn,b) + 0)




9

We introduce also the symmetric reéstriction and the symmetric

extension (2.1) of each of the relations in 1) - 8); relation 9)

is already symmetric, so U = U = U'.

2.4 Theorem. The relations introduced in 2.3, defined‘gn a
collection M of metrics on a given set, have the following pro-
perties: |
1) All are reflexive on M.
2) U and all relations of types A and A' are symmetric.,

3) For A= B, C, D, E, ¥, G, H, relations of types A and A

are trﬁnsitive. | l

4) Thus B, C, D, E, F, G, H are eqﬁivalence relations on M.

Proof. Immediate from 2.1-2.3. //

2.5 Theorem. The implications portrayed in Figure 1 hold between
the relations introduced in 2.3, all defined on the same collection

of metrics on a given set (where, for example, for brevity the

symbolism B => B is used to denote diﬁ d2 => dlB d2 i.e. B C B):
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2.6 Theorem. Continuin% 2.5, the futhér implications hold:
1) F <=> [G and U]. | .
2) [D and H] => E.

3) If d2 is gomplete: d.I d, <=> le d2;

1~ "2
if d1 is complete: dlI dz <=> le d2,
4) [le d3 énd dQF d3] => dlU‘dz.

Proof. The statements follow easily with some use of 1.3 and

1.7. //

Certain of the relations introduced in 2.3 are important
enough to be given names. Imn the literature, for the particular

case of relation F (only):

le d2 is read "dl is stronger than dz" or "d2 is weaker than dl";
d.F' d, is read "d_, d, are comparable" (rather than F-comparable);
1 % 1> 9o 8Fe &0
dif d2 isvread "dl, d2 are egﬁivalent" (rather than f;équivalent).
We shall read d.U d, as "d,, d, are uniconvergent".
1 2 1 2

These relations are involved in the following characteriza-

tions.
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2.7 Theorem. On a given set, metric d, is stronger than metric

1
d2 (le d2) iff the dl topology is stronger than (includes)

the d2 topology. Thus d1 and d, are equivalent (diﬁ dz) iff the

2
dl and d2 topologies are identical. (Wilansky (2) p.27.)

2.8 Theorem. On a given set X, d1 and d2 are uniconvergent

(dlU d2) iff the identity map from X bearing the dl topology to X

bearing the d2 topology has closed graph. (Wilansky (1) p.195.)

S3  LINEAR SPACES.

3.1 Definition. A set X is a linear space o&er K, (X,K), iff there
Cexist opératiéns of‘"addition" of the elements ("vectors') oﬁ X,
denoted for vectors x and y by x + y, and of "multiplication" of
the elements of X by the elements ("scalars") of a commutative
field K, denoted for a vector x and a scalar k by k.x, such that:
A) X is a cémmutative group with respect to additionj
B) Vh,k ¢ K Vk,f e X:

(a) kox e X

() (h + k).x = h.x + k.x

(e) ke (x'+ y) = kex + k.y
(d) h.(k.x) = (hk).x
(e) i,x‘= x (where 1 denotes the scalar

multiplicative identity).
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For simplicity we shall omit the dots and hereafter denote the
addition of vectors x and y by x + y, and the multiplication of a

vector x by a séalar k by kx.
We let: -x denote the additive inverse of x,
x - y denote x + (~y),
0, o dénote the zero elements of K, X fespectiﬁely;
Q, R, C denote the fields of rational, real,

and complex numbers resgpectively.

3.2 Definition. A set L is a linear manifold of (X,K) iff L(:_X
and L is a linear space over K with the same operations of addition
and multiplication as (X,K).

For any (X,K), {o} is a linear manifold of (X,K), the EEéQ

linear space.

3.3 Definition. Let (X,K) be given and let S be a subset of X.

n

s
A linear combination from S is an element ZJ kisllof X where the
: - “ i=1

. . 1 n N 1
coefficients kl,...kn are scalars, s ,...s are distinct elements
of S, and n is finite.

A linear combination is non—-trivial iff at least one scalar

coefficient is non—zero.

10 S R | R S L—; 1
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3.4 Definition. Let (X,K). be given. - A subset S of X is linearly
dependent iff o is a non-trivial linear combination from S; other-

wise linearly independént.

3.5 Definition. A ﬁamel basis for (X,K) is a subset S of X such

that every element of X can be represented as a unique linear

combination from S.

(By "unique'" we mean that the scalar coefficient of any
element s of S is the same in every linear combination from S

containing s that represents a given element of X.) )

3.6 Theorem. A subset S of X is a Hamel basis for (X,K) iff

every element of X can be represented as a linear combination from

S, and § is linearly independent.

Proof. Immediate (3.5). //

3.7 Theorem. 1) Every non-zero linear space has a Hamel basis.
(Wilansky (1) p.16).
2) Any two Hamel bases for a linear- space are in one-one corres-—

pondence. - (Wilansky (1) p.17).

3.8 Definition. The Hamel dimension of a linear space is the

cardinality of any Hamel basis for the space.
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3.9 Definition. Two linear spaces (X,K) and (X',K) are linearly
isomorphic iff there exists a function f: X » X' WhiCh is
(a) bijective (one-one and onto),
(b) iinear i.e. Vx,vy ¢ X Vk € K

[f(x + ky) = £(x) + k £(y)].

3.10 Theorem. Two linear spaces over the same scalar field are
linearly isomorphic iff they have the same Hamel dimension.

(Wilansky (1) p.20).

3.11 Example. 1) Let (Rn,R) denote the space of real n-tuples.

A Hamel basis may be taken as'{Gk}i=l

where s& = -<0,0,...0,l,0,...0> , the 1 occuring as the kP
coordinate.

Then every n~dimensional linear space is lipeariy isomorphic
to (R",R). |
2) Let-(R®,R) denote the space of real sequences with oﬁly a

finite number of non-zero terms. A Hamel basis may be taken as

k

{87} ﬁhere now Gk'= <0,0,...0,l,0,.,.> , the 1 occuring as the

k=1
kth coordinate. ‘

Then every linear space of countably-infinite Hamel dimension

is linearly isomorphic to (RW,R).
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S4 TRANSLATION-INVARTANT METRICS AND METRONS ON A COMMUTATIVE

GROUP..q

On a set which is a commutative group with respect to an

operation of "addition'" we may introduce the following two concepts.

4.1 Definitipn. On a commutative group X a metric d is a trams-

lation-invariant metric (t.i.m.) iff

Vx,y,2z € X [d(x + z,y + 2z) = d(x,y)].

4,2 Definition. On a commutative group X a function p: X > R is a

metron (m.) iff Vx,y ¢ X:

(a) p(x) > 0; p(x) =0 <=>x =0 (positi%ze, definite)
(b) p(x) = p(-x) (symmetric)

(c) p(x+y) < P(X).+ p(y) (sub-additive).

Note (1) p(x) > O follows from the remainder of the definition
(put y = -x in (e));
(2) sub-additivity and symmetry imply

e - p(M| < plx=y) < p& + p(¥).
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We show the two concepts are closely related.

4.3 Theorem. Given a commutative group X, there is a one-one
correspondence between the members of the set D of all translatibn—
invariant metrics on X and the members of the set P of all metrons
on X given by defining:

the metron p associated with a translation-invariant metric 'd

by
(1) vx e X Ip@x) = dx,0)];

the translation-invariant metric d associated with a metron p

by

(2) Vx5 € X [dGx,y) = px - ») 1.

Proof. (a) For any d € D it is feadily verified that the function
p defined by (1) satisfies the requirements for a metron (4.2)
i.e. p e P. |

(b) For any p ¢ P ié_is readily verified that the function d

defined by (2) satisfies the requirements for a metric (1.1).

Furthermore d(x + z,vy + 2z) = p(x + z - v ~ 2) p(x ~ v) = d(x,vy).
Thus d is a translation~invariant metric i.e. d ¢ D.

(¢c) In addition to defining p(x), (1) also defines a function

£: D ~> P} iikewise a funétion g: P > D is defined by (2). We

shall show that f = g_l.
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For any di e D, f(dl) =p e P and g(p) =d, eD. But
Vx,y € X [dz(x,y) =p(x ~-y) = dl(}'; - y,0) = dl(x,y)]. Hence

gof is the identity map on D.

‘p:L e P. But

YVxeX [pl_(g) = d(x,0) = pz(x - 0) = pz(x)j. ‘Hence fog is the

identity map on P. Thus f = g—l. //

For any P, € P, g(pz) =d e D and £(d)

When metrics are translation-invariant we shall find it
simpler to work with the associated metrons than with the metrics

themselves.

4.4 Example. On any set X the discrete metric d is defined by:

Vx,y €-X: d(x,y) =10 (x = vy)

1 =W,

When X is a commutative group the discrete metric is transla-

tion-invariant, and the associated discrete metron p is defined by:

Vx e Xt p(x) =(0 I(x=o)

1 (x # o).

On a commutative group X bearing a metron p, definitions 1.2,

l.4, 1.5, 1.6, become: A sequence <Xn> e X° converges in p to

aniffp(xn— a) >0 i.e. Ve>0 IN yn >N [p(xn—- a) < e];
A sequence <xn> e X° is Cauchy in p iff p(xm - xn) >0 i.e.

Ve >0 3N ym,n > N [pi" - x) < el;
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A metron p is complete in X (and X is complete in p) iff every

sequence in X, Cauchy in p, converges in p to én element of X id.e.
iff

A4 <§P > e X pm - x>0 = Tace X [px" =~ a) + 0];
Sequences <x >, {y"> e x" are

n
1) relatively convergent in p iff p(x - yn) > 03

2) relatively}Caﬁchy'in p iff p(xm - yn) > 0.

Theorem 1.3, 1.7 also have direct analogs.
Whenever a set X-bears a metric d (metron p) it will be
understood to bear the d topology'(p topology i.e. the ‘associated

© t.i.m. topology).

4.5 Definition. We denote:
a set X bearing a metric d by (X,d);
a commutative group X bearing a metron p by (X,p);

. 4
a linear space (X,K) bearing a metric d, a metric and linear space,

by (X,K,d);

a linear space (X,K) bearing a metron p, a metron and linear space,

by (X,K,p);

the set of real numbers bearing the Euclidean topology by R.

We now give a simple result that will be needed later.

Lkl
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4.6 Theorem. Let a'commutative group}X beaf a metron ga The?
a metron p: kX,q) -+ R is continuous e&eéywhere on X iff p is
continuous at zero.
Proof. Clearly p continuous everywhere => p continuous at o.

Suppose p is continuous at o. Tﬁen' Va e X V<xp> s x:

q(a + X - a):= q(kn -0) >0 = ﬁ(a + x" - é) = p(xn)

> p0) =0 .

=> |p(a + x™) - pl(a)l ~ 0. //

Consider the relatioms introdﬁced in 2.3, but defined now on
a collectioﬁ M of translation-invariant metrics on a given com~
mutative groub X. Let M be the collection of metrons éssociatéd
with the members of M by the bijection f: M +» M given by 4.3(1).

Corresponding to any relation A on M we introduce a relation A
on M defined by:
Vd,,d, E.M [£(d)) A £(d,) <=> d; A dz].'

The sets M ande are isomorphic with respect to the relations
‘A and A, and f is an isomorphism from M to M.:

Thg relation' A between metrons corresponding to any given
relation A between metrics intro&ucéd in 2.3 may be written directly
in terms of metrons‘usihg;d(x,y) = p(x - y). Henceforth we shallL

employ this form only (4.7) of the relations, but for convenience

relations between metrons will be identified by the same symbols
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that originally identified the corresponding relations between

metrics. ;i

4.7 Definitioﬁ. Let' M be a collegtipn of metrons on a given

commutative'»gro.up X. For metromns pl,p2 e M:

1) pB p, 1ff Jk> 0 Vxe X [k p; ) > p,(x)].

2) plC P, .iff there exists a function f: R -+ R, continuous
at 0 Wit];l £(0) = 0, such that yx e X [f[pl(x)] > P2(X>]'

3) p;D pz:iff V<X1?1-> e Xw[pl(xn) > 0 = pz(xn) + 0].

9 piE p, Vx> , G e Xlp (™) 0 = p, (g™ -+ 0],

5) p,F p, iff (x> e X'Ip (x") + 0 =2p,x") > 0l.
6) pC p, iff W™ e X Jee X

Ipl(xn) -~ 0 = pz(xr1 - ¢) > 0].

xn) -~ 0l.

7 p1H P, iff V<xn> £ Xm.[pl(xm - xn) > 0 = pZ(Xm
8) p,Ip, iff V<xn> € Xm[pl(xn) > 0 = pz(xm - x™) » ol.

9) p{U p, iff V<D e Xw Vece X

[I(pl(xn) + 0 aﬁd pz(xn\— é) > 0) = ¢ =o0].

We inﬁroduce also the symmetric restriction and the symmetric-
ext‘ensioﬁ_ {2.1) of each of the relations in 1) - 8); relation 9) is

already symmetric, so U = U = u'.

We are thus considering, apparently, twenty-five different

relations on M. However, the following theorem shows that, for
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metrons, we are considering no more than nineteen different

relations.

4.8 Theorem. For a collection of metrons on a given commutative
group X:

D <=> E <=> F,
and thus 2.5 reduces to the pattern of implications portrayed in

Figure 2:

B B B'
A\

a— V4 \4
C C ol

Figure 2.

Proof. D <=> F is clear on comparing 4.7 3) and 5). We already

have E => F from 2.5.
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To show F = E:
plF Py <= Py topology = P, topology (2.7)
<=> Ye >0 3§ >‘0 Vx e X [pl(x) < § = pz(x) < g]
<= ye>0 s> 0 vy<{x >, <yD> ex’
[p; " = ¥ < 8 = p, (" =y < ¢]

=> pE Py //

S5 METRONS ON A LINEAR SPACE.

A metron defined on a linear space, in addition to possessing

all of the properties 4.2(a),(b),(c)'fequired of any metron on a

~commutative group, may also have some property deriving from the

scalar multiplication.

Tor the scalar field we henceforth employ only R or C.

5.1 Definition. On a linear space (¥X,K) a metron p is a scalar-

continuous metron (s.c.m.) iff

(d) v<tn> e K° Vx..e X [ltn'l -~ 0 = p(tnx) + 0].

5.2 Definition. On a linear space (X,K) a metroﬁ'p is a quasi-
norm (g.n.) iff . ks
(e) V<tn> .eKw; VteK V<Xn> e X VxeX

[(Itn -'tl + 0 and p(xn - x) > 0) => p(tnxn - tx). > 0].
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5.3 Definition. On a linear space (X,K) a metron p is a norm (n.f
iff .
(F) Vt e XK Vxe X [p(tx) = |t] p)].

For a norm we will sometimes write p(xj as |[|x]].

5.4 Definition. On a linear space (X,K) a function from X X X to

K, whose value for x,y ¢ X is denoted (X,y), is an inmer product

iff

Vx,v,2 ¢ X VteK: (1) (x,x)

[v

0; (x,x) =0<=>x =0
(ii) (y,x) = (x,y) (complex conjugate)

(iii) (x + ty, 2z) = (x,z) + t (y,2z).

5.5 Definition. On a linear space (X,K) a function p: X+ R is an

inner product norm (i.p.n.) iff there exists an inner product,

whose value .for x,y ¢ X is denoted (x,y), such that

® VxeXIp@ = (x,x7.

5.6 Theoreﬁ. On a given linear space:

1) any inﬁer product norm is a norm;

2) any norm is a quasi-norm;

3) any quasi-horm is a scalar-continuous metron;
4) any scalar-continuous metron is a metron;

i.e. i.pen. => n. => .0, => s.C.M. => M.,
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Proof. 1) (Wilansky (1) p.121);

2) (Wilansky (1) p.56). !/

5.7 Definition. We shall refer to all metrons defined on a given
linear space and of a given type (m., S.CeMu, GueNley Moy 1ap.D.)

as a class of metrons.

5.8 Theorem. On any linear space (X,K) we can construct an inner

product norm.

Proof. For X {0} the theorem is trivial (5.4, 5.5). For any

other (X,K) let {ea}ueA.be a Hamel basis (3.5) where o is drawn

from a possibly uncountable index set A. Let the representation of

elements x,y € X as linear combinations from the Hamel basis be

X = Z) X ea, y = éz v eB. Then if an inner product can be con-
o B
0EA €A

structed on the space, we shall have the representation:

(x,y) =-(Z xuea, Z YBeB) = E Zxa§s-(e“,e6).
© aeA BeA acA BeA o

Conversely, the form Z} E: kasgays, where the ka

acA BeA

are any scalars

B

> 0,

such that k_ = k and such that x # o => 23 23 kasxaxB

Bo B oeA ReA

yields an inner product, as is readily checked.
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For example, the form defined by kde =1 (d = R8), 0 (o # B)

i.e. Vzx,ye X [®,y) = Z Xa—};aj is an inner product, and yields
ol :

the inner product norm p(x) = ( Z -]x&lz).l/z. //
aeA

5,9 Theorem. For a collection of norms on a given linear space
(X,K): B <=> I, Thus B <=> C <=> F <=> G <=> H <=> I, and 4.8
reduces to the pattern of implications: F = F =>_F' = U,
Proof. B => I follows from 4.8.

To prove the coﬁverse let Py 5P, be norms on (X,K) and suppose
plE Py Then Yk > 0 dx e X [k pl(x) < ‘pz(x)] holds (4.7). It

follows that for each positive integer n we can find successively

. n’ ot N PO n
kn >0, x ¢ X, and Mn > 0 such that knpl(x ) < p2(x ) = anl(x )

where kl' =1, Ml > kl, "
_ n
k1:1+l (m+1)a+ n)’ Mn+l g kn+1’
M M .
. : n+1l n
i.e. Ml > 1, 1 ke 1. .
n ) % | 1
For y = ———— wé have p,(y") = =~ 0.
. n 1 n
n p,(x)

n

But Vm’n:Pz(Ym -y)

|v

[p, 7™ - pz(y#)!

P, () py(x)

mp M nopy )

MT[I Mn
o~ =l 2 Im-na].
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Thus pz(ym - yn) + 0, and p'Z Py- //

N .
When considering relations defined on a collection of complete

metrons on a giyen commutative group, we already know:
G <=>H<=>1I (2.6).

For -complete quasi-norms and complete norms on a given linear
space we obtain stronger statements in virtue of the following

result.

5.10 Theorem. Let X,Y be Fréchet spaces (complete quasi-normed
spaces) and f: X +~ Y a linear map. Then f has closed graph iff f

is continuous. (Wilansky (1) p.195, 200).

5.11 Theorem. For a collection of complete quasi-norms on a given
linear space (X,K): F <=> U, Thus F <=> F <=> F' <=> U, and 4.8

reduces to the pattern of implications portrayed in Figure 3:
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B - >R >B'

a¥ J

C >C >C"
/

Vv I

T

N

1 >T 1Y

Figure 3.

Brooft. ‘Let pl,p2 be complete quasi-norms on (X,K), and let
£3 (X,K,pl) = (X,K,pz) be the identity map. Then
pIU p2<=> f has closed graph (2.8)

<=> f continuous (521L0)

<=> Pq topology o P, topology (Wilansky (2) p.52)

<=> plF p2 (2.7)- But
P1U P,<=> pyU Py (4.7)
<=> sz Py (as above). Thus

PqU Py<=> P.F p, (2.1 .8 4
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5,12 Theorem. For a collection of complete norms on a given linear
space, the twenty-five relations (4.7) become identical.

Proof. Combine 5.9 and 5,11. //

It is thus clear that the study of our twenty-~five chosen
relations reduces, in the case of Banach spaces (complete normed

spaces), to the study of F.
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S6  POSITIVE ADDITIVE SPACES.

6.1 Definition. A set X is a positive additive space, [X,R+], iff
there exist operations of "addition" of the elements of X, denoted

for elements x and y by x + y, and of "multiplication" of the

elements of X by the elements ("scalars") of the set R+ of the nom- |

negative real numbers, denoted for an element x and a scalar k by
kx, such thét: |
A) Vx,yv,z e X+ (a) x+vyveX

b)) E+y)+z=x+ (y+ 2)

(¢) x4+ y-= yl+ X

(d x+y

1l
e
¥

z=>y=z
w e X YVx e Xt () xX+w=x.

B) Vh,k ¢ R_’_‘ Vx,y £ X: (a) kxe X

(b) (h+ k)x = hx + kx

() k(x+7y) = kx + ky
(@) h(kx) = (hk)x

(e) 1x = x.

We let o denote the zero element. of X referred to as w in A)(e).
(It is unique since:

X+W1 =.X=X+W2=>W1=W2.)
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(For: Ox+ o = 0x = (0 + 0)x = 0x + 0Ox <y 0= 0x,

ko + o = ko k(o + 0) = ko + ko .. o = ko,

kx

]

oand k # 0 2 x =

z_‘h-l

6.2 Definition. 1) On a commutative group X the zero semi metron

is the function p: X + R defined by:
Vx e X [p(x) = 0].

2) On a linear space (X,K) the zero semi inner product is the

function f: X x X » K defined by:

Vx,y e X [£(x,y) = 0].

The‘dtility of the concept of a positive additive space now -

appears.

6.3 Theorem. On a given line?r space:

1) A class of metrgns (m., s.c.m., g.n., n.), to which is adjoined
the zero semi metron, forms a positive additive spacé over R+.

2) The class of inner products, to whicﬁ is adjoined the zero semi
inner product, forms a positive additive space over R+.

Proof. The statements follow easily from the definitions. //
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6.4 Definition. 1) On a set X on which an operation of "addition"
satisfying 6.1 A) is defined (an "additive space"), a function

f: X > R is sub~additive iff Vx,y ¢ X [f(x + y) < £(x) + £(y)];

2) On a positive additive space [X,R;I_] a function f: X ~ R is
concave iff VYr,t ¢ R+ Vx,y € X

[r+t=1= f(rx+ ty) > v £(x) + t £(3)].

6.5 Theorem. On the positive additive space IR+,R+] let a

function f: R+ -+ R be such, that £(0) 0. Then f concave => £

sub-—addit.'ive .

Proof. Let u,v ¢ R_*_° Clearly for u = 0 we have

f(u+ v) < £(u) + £(v). Suppose u > 0, and that f is concave.

Then
- v . ‘ u . 4 .
() = flg0 + 0+ 55 (u+v)];u+v £(u +v),
3 u . v . v .
f(v) = £l 0+ (w+ V12 —7— "+ f(u+v).

u+v u-+ v

Thus f(u) + f(v) > f(u+v). //

6.6 Theorem. On the positive additive space [R+,R+] let a function
£ R+ <> R-be concave and such that VYt ¢ R+: f£(t) > 03
f(t) =0 <=> t = 0. Then for any metron p on a given linear space

(X,K),; the function q = £ © p is a metromn.
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Proof, Requiremenfs (a), (b) fpr a metron (4.2) are immediate.
To e;tablish requirement (c) note that a concave, non-

negative function on IR+,R+] can never strictly decrease, for
otherwise it would eventually Becoﬁe negative, a contradiction.
Thus Vx,y & X: q(x + vy) =.pr(x‘ + )]

< £flp(x) + p(y)]

< flpx)] + flp(y)] (6.5)

= qx) + qy). //

The construction of new metrons from old is facilitated by the

next theorem.

6.7 Theorém. On a given linear space, starting with metrons

D, P> PZ;"' of a given class, each of the comstructions contained
in columﬁ 1 of Table 1 yields a metron q of the same class and
bearing the relatiéns stated in column 2 to the original métrons,

for the types of metron indicated in column 3.
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2

Constructed metron

' Relations to the
original metrons

Types of metron

pBgq

qg=tp (t>0) m, scm, qn, n, ipn
q=—l“£—5 pBaq,pCq m, scm, gn
q=7 (0<t<1) 1pCgq m, scm, qn
‘q=Pl+p2 ‘qB‘Plan‘pz m, scm, qn, n
t t. 1/t

q = (py +p,)

(t > 1)

2.5 . ~ L ,
q= (pl + pz)“ 94Bpys 9B Py m, scm, qdn, n, ipn

p
q= 2 i l‘+k q9F pys m, scm, qn
k=1 2 Py
(1 <k <)

Table 1.
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Proof. The statements may be derived from the definitions with

some use of the following results:
(@) - (c): 6.6;
(d) - (e): Minkowski inequality (Wilansky (1) p.5), 6.3 (2);

(f): TFréchet combination (Wilansky (1) p.54). //

In the preceding theorem we have not been able to construct a
metron weaker than each of two arbitrary metrons. Each of the con-
structed metrons is stronger than any metron used in its formation.

We employ one instance of this in proving the next theorem.

6.8 Theorem. On a given linear space (X,K) suppose that all metrons
of a particular class (m., s.c.m,, G.N., D., i1.p.n.) are complete.

Then all metrons of that class are uniconvergent.

Proof. Let Pys Py be metrons of the given class. TIf plw‘pz,
there is a sequence <:xn>> e X and a ¢ X such that pl(xn) > 0,

n ' 2 2% .
pz(x ~ a) > 0but a # oo By 6.7 (e), q = (pl + p2) is a metron of
the same class as Py and Pys and stronger than pl.and P, Clearly
q(xm - xn) = 0 (1.7 (L)). Eut since ¢ is complete, q(xn -b >0
for some b € X. Then pl(xn - b) >~ 0 and pz(xn = b) >+ 0. Thus

by 1.3, o = b = a, a contradiction. //
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S7 EMBEDDINGS.

7.1 Definition. Two metric &paces (X,d) and (X',d') are homeo-
morphic iff there exists a function f; X * X' which is
(a) bijective,

(b) bicontinuocus (f and f_1 continuous).

7.2 Definition. Two metric spaces (X,d) and (X',d') are isometric
iff there exists a function f: X > X' which is
(a) bijective,

(b) distance preserving i.e. Vx,vy é X: d(x,y) = d"(£(x),£(¥)).

7.3 Definition. Two metric and linear spaces (X,K,d) and (X',K,d")

are linearly homeomorphic iff there exists a function f:X - X'

which is
(a) a linear isomorphism (3.9)

(b) a homeomorphism (7.1).

7.4 Définition. Two metric and linear spaces (X,K,d) and (X',K,d')

are linearly isometric, or isomorphic, iff there exists a function

f: X » X' which is
(a) a linear isomorphism (3.9),

(b) an isomefry (7.2).
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4

7.5 Definition. We say (X,K,d) is isomorphically embedded in

(Y,K,d") iff (X,K,d) is isomorphic to (X',K,d') where X'c Y, and

d' is d" restricted to X' X X'.

7.6 Theorem. Any metroﬁ and linear space (X,K,p) can always be
isomorphically embedded in some metron and linear space (Y,K,q) of
any higher Hamel dimension, where q is a metron of the same type
(m. , s.c.m.; Q.0+ M.y i:pe.n.) as p.
Proof. Let (X,K,p) be given and 1et'{éq}aeA be a Hamel basis for
(X;K). iet (Y,K) be a space of any higher Hamel dimension and let
'{fB}BgB be a Hamel basis for (Y,X).
There eiists a one~oﬁe function g: A ~> B. Let C denoté
é[A] (the range of g), and D denote BNC (the relative complemént of
C in B). |
Let (U,K), (V,K)'be the linear manifolds of (Y,K) having
Hamel bases'{fB}BEC,'{fB}BeD respectively.

Obtain a linear isomorphism h: (X,K) - (U,K) by employing the

unique representation of an element as a linear combination from

the Hamel basis as follows: for x = z: xaea define
(01594
- - g(a)
u h(x) 23 Xaf .
oA
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Now define a metron p' on (U,K).by p'(u) = p(x), and we have
(X,K,p), (U,K,p') isomorphic under h.
Finaliy éitend p' to a metron ¢ defined on (Y,K) in the follow-
ing manner: any y € Y may be Writtén as the unique combiﬁation

v = u+ v where ue U, v = 2} v fB e Vi define

. BeD 8
‘ 2 2V
a@ =<p'<u> 0 v 2T
BeD 8 ;T

It is readily checked (4.2, 5,1-5.8) that q is a metron of the

same type as p. //

S8 SUMMARY OF RESULTS.

8.1 Note. Wg consider five classes of metrons defined on a given
linear space over R or C. -In.the following faBle, an entry states
. whether all (A), some (S) or none (N) of the members of the class
specified at the left posses the property listed at the top. (S
means that some do and some do not possess the property.j

The relations appearing in the headiné havg been seleéted either
because of their topological importance (F, f', U; see 2.7, 2.8), or
because they represent extremes among the relations considered
(B, I'; see 4.8). The horizontal implications are as in 4.8, or

consequences of 5.9. The vertical implications are as in 5.6.
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The table is divided into the considergtion of spaces of
finite or of infinite Hamel dimension. Spaces of countably
infinite and uncountable Hamel dimension need separate 1i$ting
with regard té completeness but not with regard:to relational
behavior.

Since a metron and linear space cén always be isomorphically
embedded in'some space of the same metron type and of any highef
Hamel dimension (7.6), counter—examples to relational behavior
valid in one space are valid for some épace of the same metron type
and of any higher Hamel dimension. Thus a statement made for rela-
tional behavior‘can chénge only from A to S as the dimension in-
creases. .(N does not appear for relations since all the relations
are reflexive‘?

Similarly, on a given linear space a statement made for
relational behavior can change only from S to A as the relation is
enlafged; and a stgtement made for relational behavior or com-
pleteness can change only from A to S or from N to S as the class of
metrons is enla;ged‘

It is thus clear that the statments underlined in the table
control the remaining entriés. The rest of this thesis is devoted

to a study of these underlined statements.
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8.2 Table 2. PROPERTIES OF CLASSES OF METRONS DEFINED ON A GIVEN

LINEAR SPACE OVER R OR C.

| %‘;ﬁgNgF COMPLETE | U ’% "< ¥'<d= F <=3
HAMEL {1y m. S s S S S S
 DIMENSION:| 2) sﬁ\.c.m. s s S S S
FINITE é) c/f\\.n. A A A A A s
4) rll A A A<===>A A<====>A
5) iﬁ\.p.n.. A A Ac==t=>A | Ac==a=>A
_No >8o
HAMEL, ‘1) m. s S S S S S S
DIMENSION | 2) gic.m. S | S - S ' é | - S
INFINITE | 3) ;}T.n. N S s s | s S S
4) r|1 N S S | s<==k=>5 | Sa==kg
{5) ﬁ.p.n. N s s S<=F=>8 | S<==3=>§




CHAPTER TWO:  FINITE-DIMENSIONAL LINEAR SPACES.

In tﬁis chapter we establish the key statements (underlined)
in the upper half of 1.8.2 Table. ﬁherever a counterexample is
required‘we gonstruct one for the simplest possible case, that of
the one—dimensional space (R,R).

We recall first some results from the theory of normed spaces.
S1 NORMS.

1,1 Theorem. 1In any linear space bearing a norm Il I] let'{ek}{:=1
be any finite, linearly independent set of vectors. Then there

exists § > 0 such that for every choice .of scalars'{tk}i=l

n n
lI'Z: tkék||_3 ) z: [tk|- (Epstein p.82).
k=1. k=1

1.2 Definition. .On any linear space (X,K); the ath coordinate

functional on (X,K) relative to Hamel basis {e is the function

B
}BeB

foc: X + K defined for o € B by: Vx ¢ X: fd(x) = tot' where

X = 23 ,tBeB.'
BeB -

Note that each coordinate functional is linear.
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1.3 Theorem. On any n-dimensional normed space (X,K) each coordi-

nate functional is continuous.

Proof. Le_t‘ {ek};l___i be any Hamel basis for the space.. For

n
< xm> € Xw, let xm = Z tmek. Then
k=1 K '

n

> Z ltllzl >0 (1.1)
k=1

=[] - o.

> vk[|tg| > 0]. //

1.4 Theorem. Let (X,K,|| ||) be an n-dimensional normed

(x' ,K,l | Il') be any normed space over the same field K.

space and

Th en any

linear map f: X » X' maps bounded sets onto bounded sets; indeed

Fn> 0 vxe X [nf|x|| 2 [[£@]]"].

n
Proof. Let {ek}i=l be a Hamel basis for (X,K). For x = Z: xkek,
k=1 =
n
e[ = 1] ), mfE]]"
k=1
n
< E lku ]]f(ek)l | (triangle inequality)
T k=1
. n .
<M Z kal (where M = max{ | lf(ek)H"})
k=l l<kzxn
< /8 ||x|] (§ as in 1.1).

Take h = (M/8). //
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1.5 Theorem. All n-dimensional normed spaces over K are linearly
homeomorpﬁic. (1.7.3).
Proéf. In 1.4 let (X,K) and (X',K) each ha&é Hamel dimeﬁsion n,
and let f: X -+ X' be any linear isomofphisﬁ (1.3.10);I Then

[1x]] = 0=>[|£x)||' > 0, and conversely. //

1.6 Corollary. On a given n~dimensional linear space all norms

are equivalent.

1.7 Corollary. On a given n-dimensional liqéar space all norms
are complete.

Proof. Let (X,K,p) be any n—dimgnsional normed space. LétA{ek}E~l

be a Hamel basis for (X,K), and define a nomm || ||on (X,K) by:
, n ' n _ :
1
vx e X: |]x]] = ( z; |xk|2)/2 where x = z; xkek (1.5.8).
' k=1 k=1
Then (X,K,|| ||) is isomorphic (1.7.4) to Kn, and thus:complete.

But on any metron space, F => H (1.4.8), and thus (X,X,p) is

complete. //

1.8 Corollary. On a given n-dimensional normed space, a subset is
compact iff closed and bounded.
Proof. Use 1.4, 1.5, and the Heine-Borel theorem omn K®

(Bartle p.85). //
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S2 METRONS.

2.1 Counterexample. On (R,R) there exist two non~uniconvefgent
metrons (Existence proof);:

Proof. A Hamel basis for (R,Q) is uncountable. (If it were
countable the set Ln of all rational linear cbmbinations of n

elements from‘thg basis would be countable; then .
e

R = LVJ Ln would be countable, a contradiction.)
n=1

Take any countable subset of any Hamel basis for (R,Q).
Index and adjust the elements by multiplying by suifable rafionals
so that we have a sequence S = ‘<ek>?k=l with the property
]ek - 1] > 0. The union of S with the remainder of the basis is a
Hamel bagis'{ea}. |

For x € R we have the representation x = zjxuea. Define

p: R = R by requiring that ¥yx e R:

p(x) = Z”Xal p(e®) where p(e®) = p% (e® = ek_g )

1 (eu £ 8).
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-Then Vx,y e Rt (a) 0 < p(x) s = p(x) =0 <=>x=0
(by vthe unique;less of basis representation).
() p(=x) = p(x)...
(e) p(x+y) s p(x) + p(y).

(For x = Zxaeu, y = Z,ydeoc we have:
PG+ ) = pC ) G, + v, 0e™ = Nlx +y | p(e®
< Yl | ple™ + Lly, | pe™

= p@) + (). )

Thus p is a metron. Then defining q such that Vx e R: q(x) = lx|,

we have'l.)(ek -~ 0) > 0 and q(ek ~ 1) + 0. Thus p-¥ q. //

Note p is not a s.c.m., for iek - 1| -+ 0 but

p(e" - 1) > p(1) #.0.
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S3 SCALAR-CONTINUOUS - METRONS.,

We present two theorems on the behavior of scalar-continuous

metrons.

3.1 Theorem. Let ény linear space (X,K) beaf aﬁetron g. For a
metron p: (X,K,q)"* R gonsider the .statemenfs: | |
(1) p is continuous;
(2) p is a.scalar-continuous metron.
Then (a) if q is a s.c.m., (1) =5 (2);
(b) if q is a norm and (X,K) is finite—dimensi'onél,

(1) <= (2).
Proof. (a) Let q be s.c.m. énd_suppoée (1). Then
Va e X v<tn> e K ]tnl > 0 = q(tn a) - O‘ => p(tn a) » 0.
Thus (1) = (2).

(b) Let q be a norm, (X,K) have Hamel basis {ek}f;:l, aﬁd

s
suppose (2). Then for X = Z t;ek we have
' k=1

Vi (1<k< o) q@D > 0= [e] »0 (1.1

= p(tiek) -+ 0 (by def. of s.c.m.).
< _

But p(xp) < Z p(tiek) : (By triangle' inequality). .
k=1
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Thus q(xn)_+ 0 =>'p(xn) ~+ 0, and we have p continuous at o an& S0,

by 1.4.6, continuous everywhere. Thus (2) => . .//

3.2 Theorem. Le; a finite—dimensional linear spaée (X,K) beér a
scalar~continuous metron p and a nérm Il |]. Then V!<xn>> e X'
.p(xn) +0=>V¥YmM (0 <m <M IN VYn >‘N[Hxn|'| <mor M < lenll]
Proof. Suppose that for some <<xn>> e X we have p(xn) - 6 while
for some‘m,.M we have 0 < m < ||x"|| < M for an infinite set of
‘values of n. |

Then, since {x[0 < m < ||x|| < M} is compact (1.8), <xn>
will possess a subsequence <:xgi> such that leni ; all + 0,
where 0 < m < [la]]_ﬁ M. .

Then p(x' T - &) > 0 (3.1 (b)).

But p(xni) + 0. Thus a = o ' (L.1.3), a contradiction. /]

The statement 3.2 Theorem suggests that it might be possiblé
to exhibit a sequence on a finite—dimenéionallspace that converges
to zero in s.c.m. bﬁt diverges to infinity in norm. We show that
this surprising behavior does in fact occur, and thus that not all
s.c.m. on a finite-dimensional space are equivalent (3.5 Counter-
example). Indeed, not all s.c.m. on a finite-dimensional space are
comparable (3.6 Counterexample).

First we need two results from number theory.
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3.3 Lemma. If x is a real number and n is a positive integer,
there exist integers k and h such that:

Jkx - h| = 1/(n + 1) where 1 <k <n (LeVeque p.125).

3.4 Corollary. If x is an irrational number, y a real number, and.

e any positive real number, there exist integers k and h such that:

|(kx - h) - y| < ¢ where 1 < |k

Proof: If y = 0 the statement follows from 3.3 Lemma. If'y #0
- use 3.3 Lemma to find integers p and q such that:

|px - q] < 1/(n+ 1) where 1/(n+ 1) < |y| and 1 < p < n. Let
|px ~ q| = & where 0< & <1/(n+1) < Iy' Then if M denote
the greatest integer < .|y|/6 we have 1 < M. Then

0<|y| ~M§ <8 <1/(n+1) i.e. “yl - M|px - ql, <1/(n + l')._
Thus if ]k| = Mp and ]h| = Mlql we ‘can choose the signs of k and
h so that: I(kx - h) —.y} <1/(n+ 1) where'l <M < |k| < Mn.
And if we choose n so that 1/(n + 1) < mih{[y| ,.e} we have

[(kx ~ h) -~ y| < ¢ where 1 < |k|. //
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3.5 Counterexample. We show two s.c.m. on a one~dimensional space
that are comparable but ndn—equivalent.
Proof. .Consider on ®R,R): p(x) = lsiﬁ x| +-,sin mx |

=l ] = =]

kr and x = h (k, h ihtegers)

Now p(x) =0 <=> x
| <=>x = h =%k =0 (since 1 irrational).

And it is reédily checked that .the remaining requirements for

s.c.m. (1.4.2, 1.5.1) are also satisfied by p. |

Since Vx: ‘sin.xI_i ||, |x - kn| < ¢ =; |sin x| = |sin(x - k)| < .

Eor each positive integer n use 3.3 Lemma to find integerskn

and h_ such that lknﬂ - hn| <1l/(n +‘l? where 1 < k . Then taking

n

X" = h we have: p(xn) = |sin hn[ + lsin‘whnl < 1/(n+ 1). Then

P(xn) > 0 while clearly I[xnl, = ,hnl +’m_ //

Note further in this counterexample, that every

neighborhood of the origin in the ptopology is unbounded in.

norm || |
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3.6 Counterexamplé. We modify 3.5 Counterexample to show two
S.Cc.m. oﬁ (R,R) that are non—comparabie. Indeed; we show more; We'
exhibit fwﬁfs.c.m., p; and p,, such tha£ a'squehce convergent in
either is not necessarily Cauchy in the other,.pll' p2; 

lsin(x/Z)l + 1sin(ﬂx/é)l

Proof. Let pl(x)
pz(x) = ]sin(x/B)l + Isin(ﬂx/B)l.

For each pésiﬁive in;eger n use 3.4'Corollary to find integers_kn,

hn such thap: .

|3k m - (3h + 1) < 1/n iee. [(km=h) - 1/3] <1/3n whefe

1 < lk l.
— '

Then taking x. TO ’ " (n odd) . \
2(3hn + 1) (n even),

0 . o (n odd)

we have plﬁxn)

, |sin(3hn +1)| < 1/n (n even)

and pl(xn) + 0. But for m 0dd and n even,

[2(3n_ + 1) | J2m(3h + 1)
P (X" = ) = sinJ——~JE~————J! + sin[——-—il~f——4
27 L 3 ‘ -3
. [Zﬂ] _ /3
kd Sln"g ——E.

Thus’ <xn>> is not Cauchy in pz.
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Similarly, for.each positive integer n find integers T,» S, guch
that:
f2rnﬁ4— (23n + ;)[ﬂf 1/n where 1 < ,rnf.
Then taking yn = |0 (n odd)
3(2;n + 1) (n even),
we have pz(yn) -+ 0. Eut for m odd and n even, pl(xm,n xn)_z 1.

Thus <:yn> is not Cauchy in Py //

3.7 Counterexample. We show that p in 3.5 is not complete,
Proof. Let p(x) = lsin xl + Isin ﬂxl. For each positive integer
n use 3.4 Corollary to find integers kn, hn such that:

. . ‘ , n _
|(knﬂ 4 hn) 1/2| < 1/n where 1 < [knl. Then taking x = h we

. m_ Dy g - 1.1
have: p(x X)) [51n(hm hn)| < = + = -+ Q.

_Thus {x"> is Cauchy in p. However, for any fixed c € R,
pGx" - ¢) = ,]sin(hn - ¢)| + |sin(me)|

> |sin(c + 1/2)| + |sin(mc)

« If the limiting value were
zero we should have for some integers r, s: ¢ = rm - 1/2 = s, a
contradiction since T is irratiomal. Thus p(xnl—,c) + 0 for any c,

and p is mot complete. //
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S4____QUASI-NORMS.

4.1 Counterexample. We show two quasi-norms, Py and P> oti (R,R)
. ‘e . 9 A - '
such that piﬂ-pz, indeed plE Pye

lxls

Proof. Let pl(x)
- 1
pz(x) = ]Xl 2’

' P, (%)
Then le > 0 => EI?ET =+ +o, thus PlB P2;

]x] > o =>-5;?§7 » 4o, thus pZB Py - /7

4,2 Theorem. On a given finite-dimensional linear space 'all
quasi~norms a?e equivaleqt.

" Proof. On a fiﬁite—dimensional linear spage (X,K) let p be a
quasi-norm and || || a norm. Then 3.1 (b) shows that

||x|| +0=>p(x) >0 i.e. || ||F p. Now suppose <x™> ¢ x° is
such that p(x") -+ 0 but ,Ianl + 0. Then, by 3.2, <;JI> contains
a subseqﬁence <yn§} such that L[ynl{ + ®, Take tnt= /|y .
Then ltn] - Q, p(yn) > 0, énd so p(tnyn) =-P(Yn/|fym|l) -+ 0 (1.5.2).
But )lyn/liynll‘l =1, and'{xl l1x]| = 1} is compact in || |
(1.8). Thus.<:yn/|lynll:> contains a subsequence < zn:> such that
,lzn - cl|'+vb where ||c|| = 1. But thgh p(z? - ¢) > 0 (since

N IlFlp)3.and, by 1.1.3, ¢ = o, a contradiction. Thps p Fl| |1. //
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4.3 Theorem. On a given finite-dimensional linear space all
quasi-norms are complete{
Proof. Oﬁ a given.finite—dimenéional linear space tX,K).let P
be a quasi-norm and || || a norm.
V<<xn>' e X¥ Jec e X: p(xm‘— %) > 0 <=> ]]xm— xn]J >0 (4.2,1.4.7)
' <= |[x"- e[| 0. .7

<=> p(x" = ¢) > 0 (4.2). //

We now show that, on a finite-dimensional space, the quasi-
norms are precisely those scalar-continuous metrons such that the

coordinate functionals (lu2) are continuous.

4.4 Theorem. Let (X,K,p) be a fiﬂite—diménsional spéce bearing

a scalar—-continuous metron p. Consider the statements: |

(1) p is a quasi-norm;

(2) fér-every Hamel basis for (X,K) each coordinate—functional
is,continuousé

(3) there exists.a Hamel basis for (X,K) such that each coordinate
functional is continuous.

Then (i) <=> (2) <=> (3).




. >4 .
Proof. (1) => (2): Let l[ ]l be a norm on (X,K). _Then; relative
to any Hamel basis for’(X,K), each coordinate functional on
CX,K,I].]I? is continuous (1.35, and thu;Aeach coordinate functional
on (X,K,p) is éontinuous (4.2, 1.2.7).
(2) => (3): Immediate (1.3.6 (1)).
(3) => (1): Suppose each coordinate functional on (X,K,p)

relative to Hamel basis’ {ek}2=l is continuous.

For {x"> ¢ X¥, x ¢ X, <sn> e k¥, 5 ¢ K we have the

. . k .
representations (with the summation on k): x = Z:tke s x" = ‘Etﬁek,
n o n k 4 . k n -k
s X - sx= Z(-Sn s)(tk - tk)e + Z/(sn S)tke- + Zs(tk tk)e .
Then p(s Xn-: sx) < Zp[(s - ) (" - t')ek] + Vplts - 8)t ek]
Pis X - n k k Z n k

+ szs(tE - tk)ek].

Now suppose p(xn - x) =0, -‘Psn - sI + 0. Then

Vk[lt; - tkl + 0] (by continuity of coordinate functiomals), and

p(snxP ~ sx) » 0 (1.5.1). Thus p is a quasi-norm (1.5.2). //
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CHAPTER THREE: INFINITE~-DIMENSIONAL LINEAR SPACES.

In this chapter we establish the key statements (underlined)
in the loWe? half of 1.8.2 Table. Wherever a counterexample is
‘required we construct one for the simplest possible case, that

of the space (Rw,R) of countably-infinite Hamel dimension (1.3.11).

Sl METRONS.

1.1 Example. The discrete metron (l.4.4) on a iinear‘spaCe of any
Hamel dimension is complete.

Proof. Immediate-(l.l.S). //

S2  QUASI~NORMS.

2.1 Theorem. No quasi-normed space of countably-infinite Hamel

dimension is cémplete (Wilansky (1) p. 205 Cor.6).

S3 INNER PRODUCT NORMS.

3.1 Counterexample, We show two inner product norms, py and Pys oM

(Rm,R) that are not uniconvergent, plﬁ,pz.
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" Proof. Let (Rm,R) have the Hamel basis {Gk}:_l. (1.3.11). For

[»2] . .
%X,y 8 R we have the representations x

= Z)&kdk; y o= Zykék.

o0 'Xky 0 Xi
Define (_x,y):L = ——2-15- H Pl(x) = Z =
k=1 &k T k=l k
0 [} 0
v Rk .
3, = L. —5+ ), X ) |
k=2 K k=1 k=1
‘ 2
o Tk ® 2\ %
b, = | N o+ | % :
‘ k=2 k k=1.
Then p (") = 1/n, p,(s" - sy =To @ =1).
1/n . (n > 2)
n n 1 : 1
Thuspl(6 —o)->0,p2(6 - 87) -0, but o # 5™, //

3.2 Example. A space of uncountable Hamel dimension bearing a

complete inner product norm: 17_2 (Wilansky (1) p.77).

Ny
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3.3 Counterexample. A space of uncountable Hamel ciimension
bearing an incomplete inner product ﬁorm. ‘
Proof, Let X be the set of elexﬁents of /Kl ‘(IWilan'sky, (l).p. 289),
and let p be the,.norm of ,Cz. Then (X,R,,p) is iéomo:;p‘l;i&:ally
embedded in-ﬁz. .
Let {61-{};=l be as in 1.3.11.

n

Consider <xn> e X¥ defined by: Vn[xn = z (cSk/;k)]. " Then
" k=1

<er> is Cuacﬁy in p, but p(x" - x) » 0 where
X = <X1’X2""Xk”" > with Vk [xk = 1/k]. But x ¢ ﬁz, ¢ Kl,

and thus (X,R,p) is not complete. //




CHAPTER FQUR: WREVIEW AND FURTHER PROBLEMS.

sl  REVIEW.

On looking back, certain results that we have obtained appear
particularly interesting and required some ingenuity for their
derivation.” We would draw attention to:

" Chapter One The coincidence of relations B, C, D, E, F, G, H,

I, when dealing with norms on a given linear space
(1.5.9).
Chaptgr Two ¢ The existence of two non-uniconvergent metrons on
(R,R) (2.2.1). The results for scalaf«éontinuous
" metrons on finiteHdimensional‘spaées (2.3.1 -
2.3.7)
Chapter Three: The counterexzample showing two non-uniconvergent

inner product norms on (Rw,R) (3.3.1).
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52 FURTHER 'PROBLEMS

l? Are there éharacterizatiohs of a topological nature for all. the
relations_ introduced in 1,2.3 (ec.f. '2.7, 2.8)7

2) What other relgtions between-metriés might be‘éignifiéaﬁt?

3) What other metréns might be significant?

4) What relations coincide in a class of mettons (c.£f, 1.4.?, 1.5.9)?
5) Develop the structure of positive additive spaceég

6) Can a metron weaker than each of two arbitrary metrons be con-
structed?

7) Is there a class of metrons such tha£ all‘are comparable but not
all ére equivalent? |

8) Can a concrete examplé of two non—uniconvergen; ﬁetrons on (R,Rj
be exhibited?

9) Do two non—~uniconvergent s.c.m. on a finite dimensional spacé
exist?"

10) What is the completion of a finite dimensional space bearing an _
incomplete s.c.m,?-

11) Does a complete s.c.m. on a space of'couﬁtaﬁly—infinife Hamel
dimensioh exist?

12) Comsider convergence in an embedded.space (Mikhlin p.l4)f

13) What.apblications exist for s.c.m. in applied mathematics?
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APPENDIX A:  NOTATION |

P =>q . p only if q

p <=> q, p iff q p if and énly if‘q‘

V¥ x ) | | for eaéh x |

dx e , there exists an X'sﬁch‘that

= . logical identity, equality

x € X . - x is an element of X

x £ X . ' x is ﬁot én element of X

{X, Vseanl the set containing x,'y,...

x|} o the set. of all x such that...

] :' : the empty set
‘XCY,'Y_:DX ’ X is a‘sﬁbset,on'

U union of sets

0 ' intersection of sets

Y\X . complement of X in Y
'{Xu}aeA’ {x@} the set of all x* for o e index set A '
'{xn}:él,.{xn} set of all x" for n a posigive integer
Q the'rationgl numbérs

R - the real numbers

C : the complex numbers

0 ‘ ' . the ﬁatural numbers, non—hegative integers
R w, the first infinite cardinal




f1 X> Y
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real number x is less than real number y
real number X is less than or equal to real

number vy

absolute value of complex number z

conjugate of complex number z

-.ordered pair of elements x and v

Cartesian product of X and Y

ordered n-tuple

set of real ordered n-tuples
set of complex ordered n~tuples
set of field K ordered n—tdpleé

set of all real finite sequences

(1.3.11)

' {u,v)» e relation A

{u,v > ¢ relation A
inverse of relation A
(1.2.1)

(1.2.1)

f is a function on X into Y
{£(x)|x € 5}

set of all funcétions on X into ¥




. f__l
fog .
CONIRE S
x> X .

% + x

(X,K)

(X,d), (X,p)

(X,K,d), (lX,K,P)

;[X,R+]

0

1=l

(x,y)

&
e

//
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inverse function of function f

composite of functions g and f

sequernce
sequence <'xn:>‘converges to x

sequence xn > does not converge to x
linear sﬁace.ﬁ over field K

set X bearing metric d; metron p

linear space (X,;K) bearing‘metrié d, metron
P | . .

ﬁositive additive space X (1.6,1)

zero of real and complex numbers.

zero of linear space

norm of x

inner product of x and y

&th coordinate functional (2.1.2)

set of absolutely summable complex sequences
set of‘square summable complex sequences.,

end of proof
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APPENDIX B:  SET THEORY

Only a mddeSt.baquround in set theofy in needed to comprehend
this thesis. .In fact, acquaintance with Boolean algebra, relatioﬂs,
functions, products, ordérihgs, the axiomuof choice, and cardinal
numbers, és in comﬁonly_obtained from eiementary or intermediate
courses will suffice.

For a deeper understanding a grasp of axidmatié,sét'theory ié
desirable.  The Mbstowski—Kelley*ﬂbrse system islpresented in
(Kelley) and (Monk). .The several axiomafic systems are compared,iﬁ

(Hatcher) and- (Fraenkel, Bar-Hillel, Levy).
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APPENDIX C: TOPOL.OGY

In this'appen&ix we outline those elements of topology that
are needed for éomprehensipn of the thesis. Detailéed expositions

may be found in CDugupdji) and (Wilansky (1)‘and'(2)).

S1  TOPOLOGICAL SPACE.

1.1 Defindition. Let X be a set. A cdllection T of subsets of X is

a topology for X iff

(a) @ ¢ T’.X é T;

(®) VG, 6, e T[6 NG, eT];.

2
() VST [U{GlGe S} e TI.

1.2 Definition. A set X is a topological space, (X,T), iff a

topology T is given for X. The members of T are called open sets.

1.3 Definition. Given (X,T), a set Fc X is closed iff X\\F is
open.
1.4 Definition. Given (X,T), a family B< T is a base for T iff

each member of T is the (arbitrary) union of members of B.

1.5 Definition. Given (X,T), a family S < T is a sub-base for T iff

there exists some base B for T such that every member of B is the '
PNg

finite intersection of members of S.
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1.6 Theorem. Given any collection S of subsets of X, there exists

a unique topology T for X such that S is a sub-wbase for T. T is:

then called the fopo}dgy_généfated'ﬁy S. (Dugundji p., .65).

1.7 Definitibn. Given (X, T), X € X, a set N(: X is:

a neighborhood (nbd.) of x 1ff dG e T [x e GS N];

a deleted neighborhood of x.iff X ¢ N and N g {x} is a

neighborhood of x.

1.8 Theorem. A set is open iff it is a neighborhood of each of its -

points (Wilansky (2) ﬁ.lS).

1.9 Definition. Given (X,T), x € X, a collection‘L of subsets of

X is a peighborhood base at x iff each member of L is a neighbor-
hood of x and for every neighborhood N of x there exists a set

Me L with M CN.

1.10 Theorem. (1) The intersection of any family of closed sets is
a closed set.
(2) The union of finitely many closed sets is a closed set.

"(Dugundji p}69).
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1.11 Definition. Given (X,T), A =X, a point x ¢ X is.a closure
point of A iff each neighborhood of x meets.A., The set of all

closure poinfé'of A is-called tHe"c'lds‘uréz'-K, of A.-

1.12 Theotem. A is the intersection of all closed sets F such that

A cF. (Dugundji p.70).

1.13 Definition. Given X, ), Ac X, a point x € X is a cluster
point of A iff each deleted neighborhood of x meets A. Thus every

cluster point of A is a closure point of A.

1.14 Theorem. A set is closed iff it contains.all its cluster

points. -(Dugundji p.71).

1.15 Definition. Given (X,T), AC X, a set DC X is demse in A

iff A cD.

1.16 Definition. Given topologies T, T' for a set X we say T is

" stronger than T', T' is weaker than T, iff T > T',

1.17 Theorem. Let T, T' be topologies for a set X, Then T D T'
iff for every subset A of X it is true that the closure of A in

T < the closure of A in T'. (Wilansky (2) p.19)..
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1.18 Definition. Given (X,T), Y ©X. The relative topolldg',y.Ty .

for Y.is'{Y;n € |ce T} Itis readily checked that TY is a topology

for Y.

. 82 CONVERGENCE.

2.1 Definition. A set D is a directed set with respect to a rela-

tion < on D, ID,<], ifflﬁ is

(a) reflexive on D,

(b) transitive,

(c) directive onD i.e.

i€

and §, < 8,]. We write §; > 8

V6. ,8, €D 563€D[(Slf_6 1

3 2

2,2 Definition., Given sets D and X, a function f: D> X is a net

in X, (more fully, a net from.D‘to X), iff D is a directed set.

For § € D we denote £(8) by xs;.énd we denote a net from D to

X by <:x6,> € XP.

Thus a sequence in X is a net from w to X.

For any § e D we may call {86 > 60} a tail of D.
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2.3 Definition. Given A ©X and a directed set [D,X], we say a
net < x§> € XD is:

(1) ev-entuall'y in A iff _:.ldo eD VS » 60 IX6 e Al;

(2) frequently in A iff VcSO e D 3J& > 60 '[xa £ Al.

2.4 Theorem. Given a net <x6' e }P, let Aj,A, e Al be finitely
many subsets_of X and suppose that for each k = 1, 2, ...n,
. n
<x6> is in A, eventually. Then <x(S > is in mAk eventually.
k=1 '

(Wilansky (2) p. 39).

2.5 Definition. Given (X,T), a net \<x5> £ XD'and x e X, we say
that <x(S > converges to x in T, in symbols %% > xin T, iff for
every neighborhood N of x, < x6> is eventually in N.

We then say that x is a limit point of < xd >

2.6 Definition. Given (X,T), a net <x6> € )P and x ¢ X, we say

that x is‘ an accumulation point of <x6> iff for every meighborhood

N of x, <x6 > is frequently in N.

Thus every limit point of <x(S > is an accumulation point of

(x>
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2,7 Theorem. Given X,T), AcX and x € X, then x ¢ A iff there

exists a net in-A converging to x, (Wilansky (2) p.40).

2.8 Theorem. . 1) i.ét T and T' be topologieé fc;r. a set X. Then
‘T o T' <=> V directed set D V<X6> £ _}P Vx e X
'Ixsj*:g in T = xa ~x in T'].
.2) Thus on a given set, two topologies with the same cohvergent
nets and limits thereof are identical.
Proof. 1) Suppose T > T' and that « Lx in T. Let N be a’T'
nefghborhbod of x. Then N is a T neighborhood of x and so <x6>
is eventually in N.
Conversely, suppose that for all nets in X, xs > xin T
=> x(S +~x in T'. Then VA — X, the clqsure -of Ain T C tﬁe

closure of A in T' (2.7). But then T © T' (1.17). //

2.9 Definition. Given (X,T), (Y¥,T') and x ¢ X, a functién»

f: X»> Y is:

continvous at point x iff V¥ neighborhood N of.f(x)

~1

[£ ~ [N] is a neighborhood of x];

continuous on X iff f is continuous at each point of X.

2.10 Theorem. Given (X,T) and (Y,T'), a function f: X + Y is

continuous on X iff VG e T' [f-l[G] e T]. (Wilansky (2) p.52).




70
2.11 Theorem, . Given (X,T), (¥,T') and x €.X, a function f; X + Y
is continuous at x iff V directed set D

4 <x > e XP Ix +x in T =p fo ) > f(x) in T']..

(Wilansky (2) P. 52)

53 TOPOLOGICAL 'PROPERTTIES.

3.1 Definition. Given (X,T) and (Y,T“); a function f:.X‘ﬁrY is:

a homeomorphism from X into Y iff

(1) £ is one-one,
(2) £ is continuous and f—l: f [X] » X is continuous;

a homeomorphism from X onto Y iff, in' addition, f is onto,

3.2 Definition. Two topological spaces are‘homeomogphic iff there

exists a homeomorphism from one onto the other.

~

3.3 Definition. A topological -property is a propefty,which may
be possessed by a topologlcal space, and which.is preserved by
every homeomorphlsm from any topological space onto any other

topological space.

3.4 Definition. A topological 'space (X,T) is Hausdorff iff

'vxl', x, & X !_'xl %I‘XZ => dnbd N, of x; Znbd N, of [N n N, = (b]]




TL
3.5 Theorem. Given (X,T), (Y¥,T') and a one-one, continuous map
f: X > Y, then Y Hausdorff => X Hausdorff. Thus "Hausdorff" is a

topological property. (Dugunaji p.140).

3.6 Theorem, Given (X,T), X is Hausdorff 1iff every convergent

net in X has exactly one limit point. (Wilansky_(l) P.146). "

3.7 Definition. Given sets X, A c"X, a éollection C of subsets of
X is a cover of A iff Ac U {B]B e C}. Given a cover C of AcX,
a subset C' of C is a subcover iff C' is a cover of A. If X is

a t(;pological space, a cover C is an open cover iff every member

<

of C is open.

3.8 Definition. Given (X,T), A cX, A is compact iff every open

cover of A has a finite subcover.

3.9 Theorem. Given (X,T), (Y,T') and a continuous map f: X > Y,
then X compact => Y compact. Thus compactness is a topological

property. (Wilansky (2) p.82).

3.10 Theorem. A compact subset in a Hausdorff space is closed.

(Wilansky (2) p.82).
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3,11 Definition., Given directed sets [D, <] and [B,x], a function
ui B > D is finalizing 1ff yé e D FB_ e B VB 2 B, [u(g) » sl

i.e. iff the net u is eventually in every tail of D.

5

3.12 Definition. Let directed sets [D,<] and [B,X],, sets X and Y
and .a net <<x6>> > XP be given. Then a net < yB > € YB is a
subnet of < XG:} iff there exists a finalizing map u: B + D such

that VB8 e B[’yB = Xu(B)].

3.13 Theorem. Every subnet of a convergent net converges to the

same limit points as the net, (Wilansky (1) p.157).

3.14 Theorem. A point is an accumulation point of a net iff the

" net has a subnet converging to the point. (Wilansky (1) p.158).

3.15 Theorém. Given (X,T), A é;X; the following statements are
.equivalent:

(1) A is compact;

(2) Every net in.A has an accumulation point in Aj;

(3) Every net in A has a subnet converging to é point in A.. -

.. (Wilansky (1) p.l6l).
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84 __SUP, WEAK, AND PRODUCT TOPQLOGIES,

4,1 Definition. Let azset.XAbe_given a non~empty collection C
of topolpgies. The topology having sub-base I UT|T g 'C} is called"

the sup topologY'bY'C,\vaL

4.2 Theorem. Let a set X be given a non—empty.collection C of
topologies. Let T' denote \/E, and let a net <:X6 > e 'y and a
point x € X be given. Then x6 > X in'T' <=> x6 + X in évery

T ¢ C. (Wilansky (1) p.148).

4.3 Definition. Let a set Y, a topological space (X,T), and a

function f: Y + X be given. Then the topology on Y having sub-base .

'{f—l[G]IG e T} is called the weak topology by f, w(¥,f). -

4.4 Definition. Let a set Y, a collection {(Xu,Ta)}asA of
topological spaces, and for each Xa one or more functions £f: Y - Xu

be given. Let the collection of all these functions be denoted F.

Then thé topology \/&w(Y,f)'f € F} on Y is called the weak .topology

by F, w(¥,F).
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4,5'Theorem. Let a set Y be.given the weak topology w(Y,¥) by a
fémily F of maps from Y to a collection of topological spaces. ;Let
a net <<y6> s.YD, and y € Y be given; Then

y(S >y <=> V’f-; T If(ys) + £(y)]. (Wilansky (1) p.149).

4.6 Theorem. With the notation of 4.4, each f ¢ F’is continuous on
Y bearing w(Y,F), and w(Y,F) is the weakest topology on Y such that

this is true. (Wilansky (1) p.150).

4.7 Definition. Let an index set B be given, and for each

8 B,‘is thg set of all

B € B a set X,. The (direct) product, P X

functions f: B + UX, such that VB8 ¢ B [£(B) ¢ XBJ'-

B

For each o e B, the %th projection is the‘mép P} P X - Xa

B8
given by: Vf ¢ P X, [Pa(f) = f(a)] .

4,8 Definition. The product topology for a product of topological

spaces is the weak topology by the family of all projections.

4.9 Theorem. Let X =P XB be a product of tdpological'spacgs,
<k§ > e x° be a net in X, and x € X. The x(S + x in the product

topology <=> VB8 € B Ips(xa) > pB(x)] . (Wilansky (1) p.l151).
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4,10 Definition. Given (X T ), (Y T ), and (Z,T S @ function
f1 X xY > Z is Jplntly contlnuous 1ff V’ directed set D
v<x > E's V<y>> Y VxeX Ver-

l(x6 > x and y(S > y) => f(x Y ) - fo,y)

4,11 Theorem. With the notation of 4,10, let Txy be.the product
topology of X X Y. Then £ is jointiy continuous iff

fr (X x% Y,Ixy) - (Z,Tz) is continuous. (Wilansky (1) pa152)1

S5____FIRST COUNTABLE SPACES,

5.1 Definition. A topological space (X,T) is:

first countable at point x. ¢ X iff it has a countable neighbor— -

hood base at x;

first countable iff it is first countable at each of its points.

Clearly, first countable is a topological prbperty.

-
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. 5.2 Theorem, Let (X,T) be first countable at point x e X. Ther;;
any net converging to X contains a sequence converging to x.

§ XP : §
Proof. Let the net (x > € be such that x -+ x, Let a
countable neighborhood base at x be L = {ann e w}. ‘Replace this

by the shrinking countable neighborhood base at x
n

L' = {Nr‘lln € w},.where v [NI‘1 = 1[]1 NkJ and thus

t A\ ]
vao [N, < Nh]'
Then for each n £ w, <x6 > is eventually in NI'1 and we may
select v € NI"1 - {xtd}. Then the net < x6> contains the sequehce

(v >, and v > x. //

Note, howevér, that this sequence negd not be a subsequence
(i.e. a sequeﬁce which is a subnet) of i:he_net. Indeed, a net
need not‘ contain any subsequences. For let [D,_<_.] consist of.the:
_elements of the first uncountable ordinél Q with the us;1al order.
Then if a map u w + Q& were finalizing we should have

Vo £ Q -ElnO ew Vnzmn [u(n) > a]. But then
Q= U {o € ,Qloc < u(n)}, a countable union of countable ‘sets, and

n=1

thus countable, a contradiction.
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5.3 Corollary. Let (X,T) be first countable at x € X, and let A
be.any subset of X, Then there exists a éequénce in A converging
to x iff there exists a net in A cpﬁﬁerging to i..

" Proof. 5.2. //

5.4 Remark. 'In géneral, when first countable sﬁaces are involved,
"net" may be replaced by "sequence' in the&fems.aealing with conver-
gence, Specifically, making use of 5.1~5.3 and modifying the proéfs‘
suitably, ‘this will be found to hold: when (X,T) is first cduﬁtable
for 2.7, 2.8 1), 2.11, 3.6, 3.15; when both'topologiés are firét

countable for 2.8 2).

S6 SEMIMETRIC AND METRIC SPACES.

Let X denote any set, and R the real number system.

6.1 Definition. A function d: X x X - R is a semimetric d on X

iff y¥x,y,2 € X:
() d(x,y)
(b) d(XAaY)

(c) d(x,y) < d(x,z) + d(z,y).

{v

0; d(x,x) =0

d(y,x)

A semimetric is a metric iff

vx,y € X [d(x,y) = 0 => x = y].
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A semimetric¢-space, CX’d)? is a set X on which is defined a

semimetric d.

n , .
6.2 Example. On C , let x = <x1, ,XZ""'Xn>’

y o= <:y1, yz;...yn:>. Then the function d: C™ + R defined by:
n

VX’y € Cn [d(X,Y)‘= kZl lxk - yklz

» . ‘ o
*] is a metric, the Euclidean

. n
metric on C .

6.3 Definition. Given a semimetric space (X,d), for a ¢ X and

r > 0 the ball with center aand radius. r, N(a,r), is °

{x e X|d(x,a) < r}.

A set included in some bail is said to be semimetrical;y

Bounded.-

6.4 Theorem. | Given a semimetric space (X,d), the collection of sets
{ccX/yxe € Ir>0 [N(x,r) c G]} is a topology for the space,

the d topology. (Wilansky (2) p.15).

A semimetric space (X,d) will be understood to bear the d

topology.
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6.5 Theorem. Balls in a semimetric space are open.

(Wilansky (2) p.15).

6.6 Theorem. Given a semimetric space (X,d), a net
<x§,> € XP,'and x g X, then x6 > x 1iff d(xs,x) - 0.

(Wilansky (2) p.40).

6.7 Theorem. Every metric space is Hausdorff.
Proof, Given a metric space (X,d) let a, b be any two distinct
points of X, Let r =% d(a,b).

Then the balls N(a,r) and N(b,r) are disjoint.‘//

6.8 Theorem. Every semimetric space is first countable.

(Wilansky'(i) P.27).
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