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ABSTRACT

In this thesis, the estimation of a cumulative total 
is investigated through the use .of two groups of estima­
tors. The first group is comprised of standard estimation 
procedures but with corrections in the standard deviations 
of the estimated cumulative totals. The second group 
involves ratio estimate procedures but again with cor­
rections in the standard deviations. The estimators are 
then compared theoretically based on these variances and 
in the fourth chapter the estimators are compared through 
a monte-carlo study under various conditions.



CHAPTER I
i n t r o d u c t i o n :

In many instances it is necessary to estimate the 

total number of occurrences of a given event which will 

occur in a future time period. Estimation of the number 

of passengers expected to arrive and. depart from a particu­

lar airport during the next calendar year or the total 

assets of a banking institution at the end. of their next 

fiscal year are two somewhat different examples for which 

related statistical techniques may be used.

In estimating airport traffic for a future year, one 

starts with a zero count and accumulates for subperiods 

(daily, weekly, or monthly) to finally obtain the cumula­

tive total traffic at the end, of the year. When consider­

ing bank assets, one starts with the total assets at the 

beginning of the fiscal year and. again accumulates the 

increase in assets over each subperiod to arrive at the 

total value of all accumulated, assets for the end. of the 

year. ' .

The purpose of this thesis is to present and compare 

several methods of estimating such cumulative totals. For 

ease of calculation, it is assumed that the subperiodic 

(e.g. monthly) observations are available at the end of
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each subperiod and. that these subperiodic observations are 

independent. If the observations are not independent, then 

the methods can be altered in an appropriate manner.

A great deal of work has been done on estimation for 

missing observations (see Hamilton [ 5 ] for a survey and 

bibliography of this work). Estimation of dependent ran­

dom variables within the range of previously observed in- 
\

dependent predictive variables using regression analysis is 

also a well-known and. widely used, technique. However, 

when the dependent variable to be estimated, is based on 

values of the predictive variables outside the range of 

data which was used, in forming the regression equation, the 

methods are not reliable. Draper and. Smith [2, p . 6-7, 22] 

warn about the problems encountered in estimation of future 

observations. The major problem is the fact that the pro­

cedures usually used depend a great deal upon the assumption 

made; for example, no change, in the trend or that the change 

in the trend is as predicted.

Since the data considered in this thesis will be cumu­

lative totals, i .e ., totals of subperiodic observations, 

these totals will be dependent from one subperiod, to 

another. Consequently, standard, regression methods can be 

used, only after performing suitable transformations- to
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provide independence between the observations. This 

procedure alone will not utilize all of the information 

available. If one ignores the fact that subperiodic ob­

servations are available, the estimated value and the con­

fidence interval for the predicted cumulative total may be 

obtained in the usual way. This procedure is given as the 

first method only to provide a reference point for those 

methods which follow. However, if the subperiodic observa­

tions are utilized, and since the estimates are for cumula­

tive totals, the confidence intervals should be the largest 

at the beginning of the period and gradually shorten as 

the period progresses until the interval becomes a point 

at the end of the period (since all the subperiodic obser­

vations have been recorded.).

The procedures examined will use standard regression 

analysis to determine the estimates.in those cases where 

the use of computer programs is necessary. These proced­

ures have been divided into two groups; the methods in the 

first group utilize the data directly, while those in the 

second group involve ratios. The methods in the first 

group involve basic regression procedures with appropriate 

corrections in the variance of the estimators so that the 

confidence intervals shorten rather than lengthen as the
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period, progresses and. subperiodic data becomes known.

Ratios are used in the second, group because when 

variables are correlated, (ratios are usually considered 

useful when correlations are greater than .5), the ratio 

estimate reduces the variance of the estimated, total, [see 

Cochran, I, p. 166], In addition, the variables used in 

the ratio contain information about the trend, and thus 

these estimates should not be as "sensitive" to changes in 

the trend. The variance for ratio estimates can only be 

approximated but the degree of the approximation has been 

studied and. is referenced later. Again, the appropriate 

corrections are made in the estimated variance of the total 

so that the corresponding confidence intervals shorten 

rather than lengthen as the period progresses and subperi­

odic data becomes available.

The advantages and disadvantages of each procedure are 

examined and finally at the end of each group, the methods 

are compared, from a theoretical standpoint.

In Chapter Four, the methods are compared by use 

of monte-carlo techniques. The procedures are initially 

compared under ideal situations where all the assumptions 

are met. In each case, the model for the- data is present­

ed as well as the distribution of the errors including
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values of all necessary parameters. Comparisons are "based, 

upon the percentage of the confidence intervals which con­

tain the actual cumulative total.

By varying the trend and. the distribution of errors, 

comparisons can be made concerning the sensitivity of each 

model to different assumptions regarding these factors.

In some cases, the model assumed was a continuous, curve 

with the trend remaining constant or with the trend chang­

ing at the beginning of the current period; in other cases 

the model contains a shift upwards (or downwards) in the 

trend, again at the beginning of the current period. All 

possible combinations could, not be examined but several 

different combinations of trend, and. distribution of errors 

are analyzed under each method.

Finally, a comparison of the estimates is presented, 

based upon the monte-carlo study as opposed to the theoret 

ical comparisons given earlier.



CHAPTER II
ESTIMATES - GROUP I

Each of the methods of estimation in Group I utilize 

standard regression'analysis to obtain estimates of the 

future observations for the n+1 period. Each method given 

in this chapter uses these estimates to form an estimate 

for the cumulative total for the (n+1)st period and its 

associated confidence interval.

For all of the procedures described in Group I, the 

basic model is the same. The cumulative totals are to be 

estimated for the (n+1)st period. It will be assumed that ' 

there are n periods of past data, each containing m sub­

periods, and that data is available for all these subperiods. 

For example,' periods could be years, while subperiods could 

be months of weeks. The following notation will be employ­

ed in describing the various models.

Definition of Symbols . ,

t = index of observations, numbered in order from . 

one for' the observation from the first sub- . 

period to mn for the observation from the 

last subperiod of the latest complete period,■ ■

i.e,,. t = 1,2,... ̂ mri.
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x Ji

<>(i) 
Y J

= observed value of the random variable 

(= |ijj_ + .^ji) for the i-th subperiod of 

the j-th period.

= mean.value for the i-th subperiod of the 

j-th period. (For the purpose of this 

thesis, the p. 's are. assumed to have a 

polynomial representation in t .)

= error term for the i-th subperiod of the 

j-th period and it is assumed the €,jj_ are

identically and independently distributed.
2with a mean of zero and variance of .

= variance for subperiodic observations.

= periodic total for the j-th period at the 

end of the i-th subperiod; that is, the 

sum of the first i subperiodic observations 

in period j. (Usually i will be equal to 

'm). ' (Zfj11 = 4 =1 Xjk).
= cumulative, total for period 3 (Y - = )•
= estimated periodic total for the j-th period 

based upon data for the first i subperiods 

of the j-th period (i = 0,1,...,m-1). When 

i = Oj. no data is available.
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• MODEL - GROUP I

In deriving a suitable model, any properties that the 

estimates should have must be taken into consideration= 

Assume the subperiodic observations are independently dis­

tributed random variables. Assume also, for ease of calcu­

lation, that the variances are the same for all subperiods.

Based upon the estimated periodic total, an "estimation 

interval" will be formed. Ideally, as additional subperiod­

ic data becomes available, the estimation intervals will 

become shorter since only the portion of the cumulative 

total due to the remaining unobserved subperiods is un­

known. Finally, after the last subperiodic observation in 

the present period becomes available, the cumulative total 

is known so the estimation interval should reduce to a 

point, the actual cumulative total for the just concluded 

period.

Ordinarily when Y . = X.., the variance of Y .d X-X JX.. J
would be
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Var(Yj) = S“=1 Var(Xjl) .+ 2 2 =Ov(Xj v Xjk)

i<k

= sL i  var(xji)

m a

since the subperiodic observations are assumed independent 

with equal variances. However, since the objective is to 

estimate the actual periodic cumulative total, (not the­

me an value for similar periods), subperiods for which ob­

servations have been realized should not enter into the 

variance of the actual cumulative total. Actual sub- 

periodic observations will be used when available in 

calculating the total and these actual subperiodic obser­

vations contain "no error" relative to the actual cumula­

tive total. The estimate of the cumulative total will be 

obtained, by first estimating those subperiodic observations 

that are not available, then the estimate of the cumulative 

total is found by summing these estimates together with • 

those subperiodic observations that are already available. 

Thus, the variance of the estimate of the cumulative total 

is due to the deviation of the estimated values from.the 

actual values and not from the deviations of the actual 

values from population parameters. -
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Therefore, the model for the cumulative total before 

any subperiodic observations are available will be the sum 

of the mean and error terms for each subperiod, i .e .,

Y ^i=I jJi*

The model, after the observation for the first sub­

period becomes available, will consist of the observed 

value for the first subperiod plus the sum of the mean and 

error terms for each of the remaining subperiods, i .e .,

f  - h i  + ^ i = 2 " J i

Continuing in this manner, replacing the mean and error 

terms for a subperiod with the observations as they become 

available, the model for the cumulative total at the end 

of k-th subperiod becomes

Y = Z ki=l Smi=k+l

Finally, at the end of the last subperiod, the model for 

the cumulative total becomes

YJ
(m) 2I=I jm
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Notice that at the end of the last Subperiod5 no error 

remains in the cumulative total because at that time, the 

cumulative total is known exactly. Therefore5 an 

estimate for the cumulative total after the end of the 

last subperiod is not required.

The following notation is required, to express the 

model in matrix form. Matrices are denoted by bold face 

print and the case m=12 is shown.

0 0 0 0 0 0 0 0 0 0  Q o| 
1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0 0 0 0 0  
1 1 1 0 0 0 0 0 0 0 0 0  
1 1 1 1 0 0 0 0 0 0 0 0  

_ 1 1 1 1 1 0 0 0 0 0 0 0  
*VI- 1 1 1 1 1 1 0 0 0 0 0 0  

1 1 1 1 1 1 1 0 0 0 0 0  
1 1 1 1 1 1  'I 1 0 0 0 0  
1 1 1 1 1 1 1 1 1 0 0 0  
1 1 1 1 1 1 1 1 1 1 0 0  

[l 1 1 1 1 1 1 1 1 1 1  Oj
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I
O
O
O
'0
0
0
0
0
0
0
0

I
I
0
0
0
0
0
0
0
0
0
0

1 1 1  
1 1 1  
1 1 1  
0 1 1  
0 0 1 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0

1 1 1 1 1 1 1  
1 1 1 1 1 1 1  . 
1 1 1 1 1 1 1  
1 1 1 1 1 1 1  
1 1 1 1 1 1 1  
1 1 1 1 1 1 1  
0 1 1 1 1 1 1  
0 0 1 1 1 1 1  
0 0 0 1 1 1 1
0 0 0 0 I I I
0 0 0 0 0 1 1
0 0 0 0 0 0 IJ .

The matrix model for the j-th period is

Yj = MXj + NUj + NEj •

Let U . be an unbiased estimate for U .. Note U- is a I J J
matrix of estimates of the subperiodic observations.

THEOREM I. An unbiased estimate of Sq (Ŷ .) is given by

Y. = MX. + NU- .tj tj J

Proof. Sq(Yj) = $q(W1Xj + NUj + NEj)

= MX- + NU1- , :J J •

since SqCe j-) = 0. Note, SqCsj-±) = 0 by assumption.

In these expectations G = {X^ , . .. ̂ j m) . In the following, 

H = ^x Il5 • * * j-I,m^ *
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Also, ^(V.) = + NUj-) = MXj + NUj because

^.(Uj ) = Uj . Thus3 , is an unbiased estimate of ^g(Yj). S

THEOREM 2. The variance-covariance matrix 1$ 

for Yj is

= c

m m-1 m-2 m-3 • o • k. ■ I—II I
m-1 m-1 m-2 m-3 • • • k k-l ' ... • I
m-2 m-2 m-2 m-3 • • • Ic k-l a • o I
m-3 m-3 m-3 m-3 O • e Ie k-l I

• . • . • •
. • • ■ • . * " *
• • ■ • • ° °
k k k k • • # Ie k-l' ... ' I

k-l k-l k-l k-i ... K-l k-l ___  I

« • • • . • •
0 . • • O • *' • •
* • • • • •

- 1 . I ' I I - 0,0 I I H 8__
Proof. Vartyd)] = V a r [ S ^ 1  ̂xk+2™=1+:Ln k+2™=1+1e jk]

Var(s“=i+l6Jfc) = 2
m
k=i+l v a r (6jk>

(m-i)o2 .
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Assume.I < i 1„

Cov(Yji).Yjl')) =

^[(Yji) - Z(Yji)))(Y(i') _ ^(Yjl'))] =

^  ̂ 2k=i+le ° ^k'=i'+l6 jfc'̂  =

2̂k=i+l6jk + 2k-i'+lGjk^ ' ^k'=i'+lejk^ =
± I m

^ 2k=l+lGjk * Yfc1=I1+Iejk'  ̂ '

+ ^Yfc=I1+lejk ° Yk1=It+^ jk!} =

Yfc=I+! YkT=ii+1 ^ e jk) ^ 6 jk')

. + 5tYk=1 ,.+1Gjk + '2Ykki=ii+ie jkt€ JkT
k< k'

0 + Y k= I '+I ^ eIfc) + 0 =

(m-i')a2 .€

Thus, c§ is as shown.. S- 

For m=12, §  is
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10 9 8 7 6 5 4 3 2 I
10 9 8 7 6 5 4 3 2 I
10 9 8 7 6 5 4 3 2 I
9 9 8 7 6 5 4 3 2 I
8 8 8 7 6 5 4 3 2 I
7 7 7 7 6 5 4 3 2 I 2
6 6 6 6 6 5 4 3 2 I U€
5 5 5 5 5 5 4 3 2 I
4 4 4 4 4 4 4 3 2 I
3 3 3 3 3 3 3 3 2 I
2 2 2 2 2 2 2 2 2 I
I I I I I I I I I 1J

be described to obtain e

for the cumulative totals. The first method involves

estimating the cumulative total directly ,while the re­

maining methods in this group involve estimating the

unavailable subperiodic observations, i .e ., u ' s ,  and thenJ
forming an estimate of the cumulative total by summing. 

observed and estimated subperiodic data.
/XThe variance-covariance matrix for Y. is presented 

separately for each of the methods considered because it is 

a function of the variance-covariance matrix for the esti­

mates of the future observations.

Any model-may be used for obtaining the estimates of 

future observations based on historic data. However, in- 

the interest of simplicity, polynomial models have been 

used for each of the methods presented in this thesis., -
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ESTIMATES

Method. I - Prediction Based On Periodic Totals

. This is the only, method of estimation for the cumula­

tive total in Group I that does not involve estimates for 

the individual subperiodic observations. To predict Yn+1, 

compute the cumulative totals for periods one through n

2m ’ i=l

• and base the estimates on, a regression equation of the 

form
Y= T B + 6 j

where
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That Is5 regress the totals versus a polynomial of degree 

P (< n) in periods (time)5

Yj ~ P q + P 1J + P g d 2 + o • " + PpJp + 5 j

where 6 . is the error term for the j-th period. Note 
J

:6 j “ s i=i £ ji'

From this regression an estimate of -the trend, and. ah - 

estimate of the variance of the error term for the periodic 

total is obtained. . ' ■

Based upon this regression,' one obtains

/\B (T1T)-1T Y

ol

Using this estimate, of the P 1S5 the estimate of the 

periodic total for the coming period ((n+l)-st period) is

Y (0)n+l P0 t P^(h+1) + ... + Pp( n + l ) .

This estimate is the best linear unbiased estimate (BLUE) 

among all estimates based on the cumulative totals
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[G r a y M l l , 4] (under the previous assumptions and by assum­

ing the error terms to be normally distributed). Therefore, 

an estimation interval can be obtained such that

■ prX11.. .xn+lim C ^ l - V z s 5 Yn+1 5 YH°i + V a t i  
- I - a.

In this expression, Z /g is the standard normal deviate such 

that

Pr(Z > Z /g) = a/2, and 

s2 = var(Y^{ - Yn+1) = [l + A ( F T

2where Sy,^ is the error variance obtained from the regres­

sion analysis and A= (I (n+1) . . . (n+l)P.) . Z is used as 

an approximation of the student's t distribution. This 

type of approximation-will be used in subsequent sections 

for the t and the Satterthwaite approximate t.

In subsequent methods, the estimation intervals of 

the type above will be called estimation intervals of 

level 1-a and will be expressed in the form,

Yn+i ± za/2 '(S) -
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This method is precisely identical to the manner in 

which one would, predict a future observation based on 

ordinary regression techniques» Consequently3'it is sub­

ject to all of the usual limitations on this type ..of pre­

diction. These limitations include:

1) the prediction cannot be updated as sub- 

periodic data becomes available,

2) it is dependent on a continuation of the . 

assumed trend during the future period 

being predicted, and

3) the variance of the estimate does not 

decrease to zero as the subperiodic 

observations become available since they 

are not utilized in any way.
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Method 2 - Prediction Based O n .Suhperiodic Observations 

Separate Estimates for Each Subperiod.

For this method, an estimate of the. cumulative total 

is obtained based on individual estimates for each of the 

subperiods„

Since estimates for each of the.subperiodic observa­

tions in the coming period are required, m regressions will 

be needed, one for each subperiod.' For each subperiod .

(i = '1,2,. „ . ,m), the model used will be

X jl =f3i0' + ^ilt + • ° * + ^iptp + -Hji .

J = I,.. ., n

« Note, t] .- may not equal ej£; 
since r] is the failure of to follow the polynomial' 

equation, not the error from the mean value and would be 

equal to e only if the assumed trend is correct. The"■ 

values of t .for consecutive observations included in the 

regression analysis for subperiod i will be

t = i ,■i'+m, i+2m, ..., i+(h-l)m .

From the regression run for subperiod, i, one obtains esti­

mates of

where is the error term
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^il-5 • “ • } P ̂  ̂ Q-ftd. o  ̂iIp- 'Ir)

denoted by

^iO5 ^ll5 • •m i P j_p5• 9-nd aA 2 .in*

Using the matrices

x(i)
Ii
:2i

l!

B(i)

P

10
11

ip.

:(i)

M  Q̂ " ̂ = [I (i+nm) (i+nm)2 ... (i+nm)^] and

,(i)
I

i
(i+m) (i+m) 2 . '

ij
(i+m)^

I i+(n-l)m [i+(n-l)m]‘ [i+(n-l)m]

the model is

X^1 ) = .+ E^1 )

giving
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The estimate for the i-th subperiod of the coming 

period is, therefore.

$ n+l,i ‘ 6(1)

This method is the BLUE among all estimates formed from 

this data.

The estimate of the variance of (X . . - X .) isx n+1,i n+1,iJ

= s2(l + )™1M^1 ^)

where Sf is an estimate of residual error from the 

standard regression run for subperiod 1»

Assuming subperiodic data is available for k sub­

periods of the (n+1)-st period (k = 0,1,...,m-1), the 

estimate of the periodic cumulative total is

y ( ^ )  — V^- y- -L V® V^n+1 2jI=O x n+l,i 2ji=k+l An+l,i

where, xn+lj0 = 0.

As a- direct result of Theorem I, this estimate is 

unbiased. Also, the estimated variance of - Y -̂) is

v (k) = ^ r sL k +l(Xn+l,i - Xn-KL,i>]

“ 2,i=k+l CTi *
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Let 0^ be a matrix of dimension (I X ’i) whose elements: 

are all zero, and 1^ a matrix of dimension (I X i) whose . 

elements are all one; also note

% n+l (x n+l,l5 * * *5 xn+l,m)

and

a  , - A zn ^ \
^n+1 . ^ n + ! , ! 5 *0 *5 ^n+l,m^

Then, for k=0 (before any subperiodic data is observed)

Y (0)n+1 L  ' X n+1 + V  ° Un+1 5

i „e., the estimated total at the beginning of the period is 

the sum of the estimates of the subperiodic observations. 

For k >' 0,

: ^m-k ^ Xn+1 + K ' 1m-k^
AUn+1

that is, the actual subperiodic observations are substituted 

for their estimates as they become available.

Estimation intervals can be formed for subperiod i 

of level I-a by

%lil ±  (Za/2)%(i) '
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These intervals may be used to see if the assumed trend, 

has changedj that is, if xn+1 ^ is not contained in the 

interval, then the possibility that the assumed trend has 

changed is greatly increased.

The estimation interval of level I-a on the estimated 

cumulative total for period (n+1) at the. end of the k-th 

subperiod is

4 S  ±  <Za/2)v (k) •

Advantages of this method are:

1) estimates for the cumulative total 

can be updated, as data becomes 

available for subperiods,

2) subperiods can be used to check for 

a change in the assumed trend,

3) the variance of the estimated cumula- , ■

tive total decreases as data becomes ", 

available for subperiods. (Note the . 

variance of the estimated total would 

decrease to zero if an estimate were

formed at the end of the last sub­

period).
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4) variances of the error terms for 

different subperiods do not need 

to be assumed equal; however, 

variances for the same subperiod 

in different periods must be equal.

However, a disadvantage of this method is that because 

of the number of parameters to be estimated, which depends 

on the degree of the fitted polynomial, a great deal of 

data would be needed to have sufficiently many degrees of 

freedom for the estimates of the variance. For instance, 

five periods of data would only give one degree of freedom 

in each error variance if a third degree model is used.

If the variances of the error terms for different sub­

periods. are assumed equal, then it is possible to combine 

all the m regression problems into one analysis 

[Zellner,17 ]. This in effect increases the number of de­

grees of freedom in the estimated variance of the error 

term. However, the disadvantage of different trends for 

each of the subperiods remains.
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Method 3 - Prediction Based on Subperiodic Observations - 

Combined Estimates For All Subperiods

One of the disadvantages of the preceding method is 

that a large amount of data is necessary in order to ob-' 

tain sufficient degrees of freedom for the estimates of 

the error variance,, This third method utilizes the as sump 

tion of equal variances for all subperiods in order to in­

crease degrees of freedom for error variance. This is 

accomplished by combining all the data into one regression 

run. In addition, the disadvantage of unequal trends for 

different subperiods encountered in Method 2 is overcome 

by allowing only one equation for the trend.

Define the following matrices where 

’ n = number of periods of data available 

'm = number of subperiods per period,

"l [(d-l)m+l][(j-l)m+l]2 ... [(j-l)m+l]p

I [(j-I)m+2][(j-I)m+2]2 ... [(j-l)m+2]p

I [(j-l)m+m][(j-l)m+m]2 ... [(j-l)m+m]p

]_ = ( 0 0 0  ... 0)
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B (P0 J-P1J * *"* J P m+p-l) '

Ej (Cjl' CjgJ -"-J e jm ) '

= C j l ^ j g J  ' " J  "jm)'

M, Tj
.^mrI
%i_l

I

Thus the model for the j-th period is

X. = M . B +-E4 . <J u J

For■ the first period (j=l) the .model is .

I,
x L = M 1 B + E 1

I I 
I 2

I m-1 
I m'

I
' m - 1

0,m-1
B.+ EI-

I
2P

(m-l)p

I 0 
0 I ...

. . . 0 P<
P-

0 0 . . .  I
0 Q' .... 0

p___

P+1
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Similarly, for j=6.

5m+l
5m+2

(5m+l)p
(5m+2)p

1 0 ... 
0 I ...

I 6m -1
I I 6m

(6m-l)p
(6m)p

0 0 ...
6 o ...

Specifically for the first of four subperiods (m=4) and
assuming a quadratic model (p=2).

% I

1 1 0  0 
4 o i o  
9 0 0 1  16 o o oj

F eIil 
e12 
613

L e I1U

or.

“11 Pn + Pi + Po + Po' + e11
P0: + 2p : + ^Pg + P 4 +
P q + 3Pi + 9@2 + P 5 + £ 13
P 0 + ^ l  + I^Pg + ^13 ‘
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Thus3 P q 5 P and Pg are the coefficients for quadratic 

trend in index of time while P ^5 P^ and p^ allow for 
differences due to the subperiod (i.e., a subperiod effect). 

Therefore, in general for a quadratic model.

Xjk

P q .+ P^_( (m “ l) j + k) +
P 2 ((m-1) j + k)2 + p 2+k + C jfc

• when k = I,.... ,m-1

P0 + P1(Kij) + P2(mJ)2 + e when k = m

where j is the period, and k is the subperiod.

The model for all the data is therefore.

= M B  + ' E .

Based upon the overall regression, an estimate of B is

B = (M1M ) -1M 1X
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and..an estimate of the error variance is

“e " SX.M>

the residual mean square.

Let • : ... '

M 0-Ji =(I^nmii) „ „ „ (MH-I)pCi)

where C i is a matrix of dimension I X (m-1) with all 

elements equal to zero except for the element in the i-th 

column which is equal to I (for i ■= I,...,m-1). For i=m, 

all elements are zero. Using these properties, the 

estimate of the observation for the i-th subperiod of the 

(n+1)-st period is

• ̂ n+1, i = for 1 = 0,1,. ..',m-rl

with an : estimated . variance for (X . - X  , . )  of. - 'x n+1,i n+1ji'

Based upon these estimates for the subperiodic 

observations, the estimates for the cumulative total at 

the end of the k-th.subperiod have exactly the same form, 

as those, for Method 2. That is.



where x O . However, the covariance betweenn+1,0

(%n+l,i " Xn+l,i) 

and. - - ■

(X n+l,h " Xn+l,h')

is not zero as in Method 2. Therefore, these covariances 

must be estimated in order to find an estimate of the 

variance of ( Y ^  - Yn+1),

°"ih = Cav^ Xn+l,i " X n+l,i^(Xn+l,h " Xn+l,.h^

= 3X-M M 6i (jM lM) ■ M 0h -

Thus, the estimated variance of ( Y ^ |  ~ Yn+^) is

2 . _ vm a 2 „ m „ m  a .
v(k) Xi=R.+l ^i + 2i=k+l Xh=k+1 aIh- 0

I ^ h .

Consequently, the same procedures can be used to form 

estimation intervals' on the subperiodic observations and 

on the cumulative totals.

Advantages of this method, are:

estimates of cumulative totals can be' updated 

as data becomes available for subperiods.
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2) subperiods can be, used to check for 

changes in the assumed trend,

3) the variance of the estimated cumula­
tive total decreases as data becomes 
available for subperiods,

4) increased degrees of freedom for 
residual error are obtained, from the

• same amount of data as for Methods I 

and 2, and

5) different equations for the overall 

trend in each subperiod will not occur.

The main disadvantage of this method is its 

inability to correct for changes in the assumed trend.



Method. 4 - Prediction Based on Cumulative Subperiodic Data

In some cases it may be inconvenient to observe the 

subperiodic observations; however, the cumulative totals 

at the end of each subperiod may be available» Although 

it would, be possible to convert these cumulative sub- 

periodic totals into the individual subperiodic observa­

tions, this would be time consuming especially if there 

is a large amount of data. Therefore, this procedure 

utilizes these.cumulative totals (not the individual ob­

servations) as an independent variable in order to predict 

the total for the current period. In addition to removing 

the necessity of converting to individual subperiodic ob­

servations, this procedure uses information from previous 

subperiods, i .e ., for subperiod two, the cumulative total 

at that time is composed of the observations for subperidds 

one and two. • "

Let be the cumulative total for the j-th periodJ
through the end 6f the i-th subperiod.

Then for i = l,...,m-l, regress the models 1 '

33

Yj = +■ ... + Pĵ t p + P ^ z j 1) +

where t = 1,2,...,n,...,nm is the index for the observa-
tions and is the error term for the i-th subperiod o fJ



the j-th period. 

Let .
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Y

lI

B (i)

Cl)

E (i) _

,a)

,(i)

and

i(i)

, (i) 
P+1

I i ip ■ Z

I ' m+i (m+i)p Z

(i).J

.1 km+i

where k = n-1. Then,

V

,(km+i) ̂ )

!(i) B U )  + E (1)
,(i)and the estimate for B'""' is given by
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Therefore, based upon the regression at the end of the 

i-th subperiod, the estimate of the cumulative total for 

period n+1 is

W i
ZX

= [I (nm+i) . . o  (nm+i)p .n+1 ■

The estimated variance of - Yn+1 is

V/
(i)

(m-i)
i S (i) + S (i) '

+ 'sfi) - 2 B (1) Sf1.)
where S i'(i)
regression run i.

is the residual mean square error from

The estimation interval of level a is given by

^nil ±  Za/2 v (i)

where Z is the usual standard, normal deviate.

Advantages of this method-are:'

I) the estimates of cumulative, totals ■■ 

are updated, as data becomes avail­

able for subpexiods.
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2) it is extremely easy to run regressions, 

since the set-up of the design matrix

is straight forward, and

3) the variance of the estimated periodic 

total decreases as data becomes avail­

able for subperiods.

Disadvantages of this method aret

1) it is difficult to check if the 

assumed trend has changed, and

2) the degrees of freedom for esti­

mated variance are reduced.
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COMPARISON OF ESTIMATORS'

One of the- primary ways to compare methods of estima­

tion is to compare their variances. The theoretical values 

of the variances for each of the estimators in this chapter 

will be examined.

Method I

The estimated variance of 

Method. I on page 18 is
( % %  -

as given in

[ I  + A C T 1-T V 1A 1ISy i1

pwhere S ^ i^ is the residual mean square error which estimates
2 - 2 • 2m ag j provided the model is correct. Note that C y olJ1 >_ m ag - 

for Method I [Draper & Smith, 2].

Method 2

The estimated variance of - Yn+-j) for Method.

2 given on page 22 is , - 1 .

- -sI=H+! 'sI-U + MM'(M W'  M U)IT1m U)-) .

. Y a ■ . . . ■ " ;
where S^ is the residual mean square error from t h e .i-th

2regression run. Provided the model is correct, S^ esti-
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2 2 2mates a£, otherwise estimates a , which is greater than 

2
CTe *

Method 3

The estimated variance of - Y -̂) as given in
Method 3 on page 31 is

2Lk-H sX-M + M oi( M ' m r 1 M 0P  +V i

zx=k+l 2h=k+X 8X-M^1 M 0i( M' Hfl) M  Oh^" 
i ^ h

The theoretical mean square error is greater than or
p ■equal to Ug depending on whether or not the model is the 

true model. - '-

Method 4 ' ,

The. estimated variance, of ~: Yn+1^ as Siven for
Method 4 on page 35 Is.

S? + R/î ( BVa ' 6V3 (i))_1 M± .
2where is the residual mean square error.
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Since each of the above expressions involve matrices, 

it is not feasible to compare them in general. However, 

when there are 12 subperiods per period and five periods 
of past data, then at the beginning of the sixth period, 

the theoretical variances are 26.2 a  ̂ for Method I,

26.2 for Method. 2, and. 25.2 for Method 3 • Since the 

theoretical variances for Method 4 depend upon the data 

itself, these variances were not calculated. At the end 

of the sixth subperiod of the present period, the theoret- 

ical variances are 12.6 for Method 2 and. 9-9 cr " for 

Method 3. Note that Method I cannot be updated and there­

fore is not changed. At the end. of the Ilth subperiod, the
2 2theoretical variances are 2.1 a for Method 2 and 1.3 aG ■ G

for Method 3• Thus at the end of each subperiod. Method 3 

.has a slightly smaller theoretical variance than does 

Method 2. In addition. Methods 2 and 3 always have theor­

etical variances no greater than that of Method.I.



CHAPTER III

■ ESTIMATES - GROUP 2

The estimates in this'group will utilize ratio esti­

mates comprised of the cumulative subtotals divided by the 

periodic totals. Ratio estimates are desirable when the 

correlation between the numerator- and denominator is , ' 

greater than five tenths. The ratio estimate has a larger 

variance than the regression estimate (Method 2-4 without 

any trend terms) unless the regression is a straight line 

through the origin because

Var(Y^ggression) = Sy(l-p )»

while

Var(Yratio) = ^y + ~ 2RpSySx .

Therefore,

Var(Yreg) < Var(Yratio)
provided

-p2Sy ' <  R 2 s |  -  Z R p S y S x  

or

( PSy - RSx ) 2 > O ,
which implies the relation between the two variables is a 

straight line through'the origin [Cochran I, p. 199-200].
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In addition, information about the trend is contained 

in the observations and cumulative subtotals so no terms 

are needed in the "model" to explain the trend as in 

Chapter'll. Unfortunately, ratio estimates are not un­

biased. This bias will be examined in detail for each 

method considered.

Use of ratio estimates will reduce the variability be­

cause the observations as well as the cumulative subtotals 

are correlated with the totals for the period. When ratio 

estimates are used for estimating a total, the.ratio is 

estimated first. Since this ratio has little variability, 

the total is estimated by multiplying the value of the 

denominator variable (assumed known) by the estimated ratio 

The model for the subperiodic observations will.be

Xji = + oij + Ej f o r  i = l,2 ,...,m and
j — I, 2 , ..., n4~I .

where

4^ =.mean value for the i-th subperiod.

aj = mean value for the j-th period.

E j = error term for the i-th subperiod of the j-th

period and it is assumed the Eji are identically 

and independently distributed with a mean of
Ozero and variance of d | .
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= variance for subperiodic observations.

= periodic total for the j-th period at the end of 

the i-th subperiod; that is,- the sum of the 

first i subperiodic observations in period j

(2 ^  = 2k=l' 1
= cumulative total for period j

(Yj = = Ei=I Xji)-
= estimated periodic total for the j-th period 

based upon data for the first i subperiods of 

the j-th period (i = 0 ,1 ,...,m-l).
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Method I. - Prediction Using Separate Subperiod. Estimates 

Based on Fractions of the Total=

Since the total for a period and t he'cumulative total 

through the i-th subperiod of that period are strongly- 

correlated, these variables are' used to form the ratio 

estimate. Define the fraction of the total observed at 

the end of the' i-th subperiod as

This ratio is the reciprocal of the "standard11 ratio 
estimate. The estimate of the total for the (n+1)st 

period is the observed subtotal through subperiod i di­

vided by the estimated fraction of the total observed at 

that time. The fraction of the total observed is esti­

mated by

R(1) = S(zM)/,S(Yn+1)

R (i) = z(i)/7

where

z(i)
and



44
An estimate of the cumulative total for period n+1 at 

the end of subperiod i is given by

= z<i>A(i)

The bias in this ratio estimate, ls now examined

Since

and

(k)
z j = Si=l ^i + kaj + Ei=l eJi-

Y j = ^i=I M'i + mdj + Si=i Cji
it follows that .

n „m n _mnY. = Sj=1 Yj = n S i=1 + m 2j=1 ttj + ^ij Cji

and that

z:00 E . =1 4i
- wil r+ k Z j=1 aj + Zi j Cji .

Therefore, the estimated ratio is given by 

R
„k , , _,n , „kn v(k) _ n e I=I 4i + k Zj=i aj + Zij Sji

n Si=l ^i + m z J=I a J + Zij Gji
while

a,) = 2 ( 4 + 4  _ = L i  + ton+1
Yn+l) ' Ei=l i(4. + mah+1

Consequently, .the expected value of the bias is
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g(R(k) - R (k)) = - R (k)) = S{----  Yz(k) - R(k) Yo
:)•

Provided, (i— ) and (Z - R^k) Y.) are independent, the ex
‘ Y .

pec ted. value of the "bias is

S(̂ P-) _ R(fc) Y.) = 5 (i-) S(Z^k) - ^(Zn + 4  Y.)Y.

„,1 . „.Z ik)5 (Yn+l) -
(--------- — :------------- )

5(4-) I
Y -'

S(z(k)5(Yn+1) -  S ( Z < $ [ ) Y . ) .n+1-

If one can not assume the independence required, an alter­

native method of examining the bias is given later.

Assuming £(y ~) = ^y1  ̂ 5 the expected.. value of the

bias is

I I
^i=I 01 i)^ YTy * <S(Yn+1) [(mn+i -I=I-J

(m M-j_ - k 2I=I 4^) ] •

Since Y is an unbiased estimate of S(Y.) and. Yfî 1 is 
an unbiased, estimate of £(Yn+1),. an estimate of the bias

is
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l
A
Y V i

^ m n+l " 2I=I a j^ *

(.m ~ k [i.̂) ] •

An alternative method to find the expected value of 

the bias is to expand the estimated ratio, = Z^V'Y,

in a Taylor Series about S / S ( Y ) 9 provided, the Taylor 
Series expansion is convergent. Dropping all terms of 

order higher than two, the expected value of the bias is 

approximately
1 .

£(R(k) - R^k)) = (2k=1 P1 -+ Tsa)/(Zfssl p± + ma) -

(2i=l ^i + k^n+l)/(^i=l ^i + m n+l^ + 

(ma2/n) (Zk=1 \x± + ka)/(Slssl p ± + ma)3

(ka2/n)(l)/(21=1 P1 + ma)2,

In examining this expression, as well as the first one 

derived, the expected value of the bias i s .approximately 

zero under the following conditions: , ■.

1. If the P1 !.s are all approximately equal -and if 

•an+l iS average of O ljO g 5«» -jcx,n 5 or,
k2 , if IsSlsslP1 is approximately, equal to ^jLqPj/
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In addition, the bias.- decreases if Yn+^ is increased

significantly. It is important to note that although

different assumptions were made for each of the derivations

and although different expressions for the expected value

of the bias were obtained, in each case, the expected value

of the bias is approximately zero under the same conditions.

Note that if the standard ratio estimate is used, the '

estimated, bias has in the denominator instead of Y v̂ . -n+1 - n+1 •
and would therefore be larger. Thus, the bias is a func- .

'tion of Y +^, the subperiod, k, and the number of subperi­

ods, m, as well as a function of the p's and a's. The 

expression for the bias as derived can be used to approxi­

mate the bias at the end of each subperiod.

In order to examine the behavior of this bias, the 

following example is presented. Example.: Assume that data

is available for three past periods and that each period 

h a d .observations taken after each of three subperiods. 

That.is, = P 1 + for j = 1,2,3 and i = 1,2,3.

Let = 2I=I xJi, a j =. = i+10 .and e^1. = -1,0,1
with equal probabilities. Assume., the. errors were all zero 

during the first three periods (ie., perfect knowledge)... -
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Thus the following results could, be obtained for the three

, thsubperiods in the 4- ^  period (j =4).

Subperiod I . Subperiod 2 Subperiod. 3

x4l x42 ^ 2) S(Yf)) x43 y4

r  16 45
I* 15 ■' 45.1 46 ■ J 17 46

L 18 . 47
p 16 46

16 46.7. 47. \ 17 47
1 18 48 .

ri6 47
L 17 48.2 48 < 17 48

118 49.
ri6 46 '

' 15 . 46.7' 47 {17 47
118 48

P16 47
16 48.2 48 <17 48

ll8 ■ 49

ri6 ■ 48
. 17 49.8 49 <17 49 ■

. ,b.8 50

ri6 ■47
15 ■ 48.2 48 {17. ' 48

Il8 . '49 .
ri6 ' 48

16 49.8 4 9. <17 ' 49
I18 • 50

fl6. . 49
- 17 ' 51.3 50 <17' ■ 50

. I18 51

I4 45.2

15 48.5'

16. ■ 51.7

4?

49
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R^1)

R(Z)

xIl + X21 + X31

z(Z) + z(2) + z(Z) 
s(3) + z{3) + ^ 3 )

39
125~

8l
" 125

.3095

= .6429

Thus the expected, value of the "bias in the cumulative 

total at the end. of subperiod. I3 is given by

5(bias) = 1(45.2-47 + 48.5-48 + 51.7-49) = 1.4/3 = .47 .

Also3 this expected, bias at the end. of subperiod. 2 is

<§(bias) = 1(45.1-46 + 46.7-47 + 48.2-48 + 46.7-4-7 + 48.2-48 + 
49.8-49 + 48.2-48 + 49.8-49 + 51.3-50) = .22.

Note that if the errors were large relative to the 
Observations3 this bias would increase.

Procedures have been • devised, for removing the bias when 

ratio estimates are used. See3 for- example3 Durbin [3] 3 

Rao [7]3 Rao and Webster [9] 3 and Schucany3 Gray and Owen 

[12]. The application of these various procedures to this 

type of estimation is a matter for further study.

The variance of the estimate of the cumulative total is 

approximately
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Var(YW ) *

( V a r ( z W )  - 25(Tn+:L)Cov(z(i)j(1)) + 

[<̂ (Yn+l) ]2 Var &(!)).

For this thesis, it will be assumed that is

approximately equal to Z ^ ) .  The approximation error in 

Var based on these assumptions is less than <9$ to
O ■

terms in 1/n . [Sukhatme, 15].
. In the following procedures, use of the term approxi­

mate variance will refer to the degree of.approximation 

resulting from the ratio estimate.

The theoretical values of

Var Z Var Y^, and

c o v f z W ,  Yk )

are found from the assumption that

(i) 2J=I X kj

That is, the i-th subperiodic total is. the sum of the ob­

servations through■super!od i of the k-th period. Since.

the'subperiodic observations are assumed independent
2

with common variance,
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V a r ( Z M )  =

varC2J=I X kj) = 

2J=I Var(Xkj) =

At first this appears contrary to the variance expressions 

derived in Chapter II0 In Chapter II the variance of the 

predicted value involved errors for only the remaining 

subperiods since the observations are available for t h e . 

first subperiods of the period. Here, however, the vari­

ances of the subtotals are desired for past periods, which 

indeed do involve errors for each observation in the sub­

total.

Since

Yk =

Var Yk = 2m a£ „

In order to find the variance (approximate) of the ratio 

estimate, the covariance between the numerator and denom­

inator of the ratio must be found; that is, the covariance 

between the subperiodic and periodic totals is needed.
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THEOREM 3 o C o v ( Z ^ ) j Y^) = I a ^  when the observations 

are independent identically distributed random vari­

ables .

Proof. Cov(z(i), Yk)

Cov(zi y y®-=1 x kj5 x J l=1 Xkj

Sr4 - i
Y Ym
Xkj 2J 1=I XkJ-l

Sr4 - i rxItjI2 + 4
S 'rD 
Nr4Il

J / j'

;j=lXk p  ^2J 1=I X kj

5 2̂J=I Xkj ̂  ̂2J1=I Xkj' + 2J 1 =i+l XkJ' ]

2L  ^(Xkj)" + 4 = i  4 ' = i  ^(x kj)^(xkj.)
,2 , ^i „m 

1=1 j
j ^ j

4 - i  s (xu )  • < 4 --I s (xk.i') + 4 ' - i + i  s (x u ' ) )

4 = l [S(Xkj)2 ■ rsP cIcb]2 +> kj

4 = 1  4 ' - i [S(xy ) s (x kd') - s <xkj)s (x kj')
j V  d'

= 4 =! Var(XktJ) .+ 0 = 1 ae2 
which completes the proof. I
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The variance of the estimated.' total depends on the 

approximate variance of R x y given by

Var(R^x )) = I Z [Var(z(j))-2K (1)C o v ( z W , Y n+1)

+ [ E ^ h ^ a r t Y ^ ) ] .

Using the theoretical values of Var(Z^)), Var (Yn+1), and 

G o v ( Z ^ | i, Yn+1) .as previously found,

[i - 2R(X)i + [R^1)]2m].Var[R(x )] =

:(!) _THEOREM 4. The approximate variance of - Yn+^ is

^ y - 2 (i cjr + Ef(Y^i)Y var &(!)]
[Rv ; ]

^ 2 2 . 2  
+ m 0E - u r y  1 «e

Proofo Since

Var(YW - Yn+1) =

Var(Y(d - 2 Cov(^>, Y ^ )  + Yar(Yn+1),

it is necessary to estimate

■ C°v(fW, Yn+1).
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0ov4 n i 4  Yn+l)
z(i)

CoV 3 Y.^(TJ 5 ^n+l)

= rfiy c o v ( z V ,  Yn+1) = ^ f 7 I

Also,
z (I)

V a r ( 5 V )  =  V a r ( ^ l ) .

( T T p  [Tar(Znii) - 2 S (Yn+l) Cov( 4 i i ’ R (1))

+ ^ ( Yn+l)l2 * VarfR^) ]].

Note,

Cov(Zn + V  = 0
;(i)since does not depend upon Z

Therefore,

V a r ( Y W )  «=

(T)V U  4  + [S;(Y»l) I2 Var fit1) ).Crv ; ]
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Thus, the approximate variance of is

v Ci) = r ^ r y ]2 (I C2 + CS(Ynti)]2 Var g(h.r

2 2 2
+ * °e - ZTiy i *€

which completes the.proof= I

Unbiased estimates of Var( Z ^ ^ ) , Cov(Z^|, ^n+1^9 an^ 

Var(Yn+^) can be obtained, from the data. Let V ^ be the

resulting estimate of Var( Y ^ |  - Yn+^) obtained by sub- •

stituting for and Y for <§(Yn+1). . .

'The estimation interval of level a is given by '

C l  ±  V s  ' V(i)

where Zq^2 is.the standard normal deviate such that

Pr(Z^-Zd Z2 ) = a/2.

Note that near the end of the period, say at the end of; 

the (m-l)-st subperiod.
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V?(m-1) (m-I) {m-1 + (m-1) - 2(m-l)R

+ m(R<m -1))a ]) + ma€2 -

Since will be very close to one, use of = I

gives

V2 I(m-l) ~ (m~l) - (2m-2) + m]} + ma^ - (2m-2)(

2 1 2 .

*e + E*e;

while for R (m-1) ■9s

V (m-1) (.81) ( m-1 + — [m-1-(2m-2) (. 9) + m ( . 8l) ])

+ Ba2 - 2St2 a2 e / n\ E(.9)

CT CT
[.Olm + .8] + —

(.81)
[ .Olm + .8 ] '.

I
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In each case, is approximately provided m is

not extremely large and n small.
2For example, assuming n=5, m=12, and o^=l, the approxi 

mate variances when = i/12 are as tabled below.

i I I I 2 1 3 4 I 5 I 6 j 7 . 1 8 S 9 I 10 .111 jl2
1158172. |43e2■(28.8 120.2 114.4 S8 .7 17 0214.412 .881103 I 0

Thus, the variance of the estimate decreases as the number 

of subperiods for which data is available increases. 

Consequently, the associated, estimation intervals will be- 

come narrower as the' estimates are updated throughout the 

period.

Advantages of this method are:

1) changes in the assumed trend have less

effect since information about the 

trend is contained in ,

2) calculations to obtain estimates are 

easy to perform,

3) correlations between the periodic ' 

totals and subperiodic totals are 

used to decrease the variance of the



estimator5 and

4) the ratio is between zero and one.

A disadvantage of this method is that there are too 

few degrees of freedom for the estimated variance of the 

estimator since the individual components V a r ( Z ^ ^ ) ,

Var(Yn+^), and Cov(Z Yn+1^ are ■ individually estimated. 

Each of these estimates has (n-1) degrees of freedom where 

n is .the number of periods used to form the estimated ratio 

Thus, the degrees of freedom for the variance of the esti­

mator will b e ■small when using only the data from a few 

periods.

Note that data for other subperiodic totals' is not
2used even though this data also provides estimates of a . . 

Therefore, a method which utilizes data from all of the 

subtotals, would provide more degrees of freedom for the 

variance of the estimator.
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Method 2 - Prediction Using All SuUperiod Estimates Based 

On Fractions Of The Total

In order to increase the degrees of freedom for the 

estimate of the variance, above that obtained in Method I, 

data for other subperiodic totals can be utilized. That is, 

all the subperiodic totals may be combined, into one regres­

sion analysis. This will require that certain transforma­

tions of the data be performed, since the subperiodic totals 

are not independent within a given period.

The fraction of the total observed at the end of sub- 

period i will be regressed versus an equation of degree p 

in i, the index for subperiods, in order to estimate the 

expected fraction of the total observed by the end. of sub­

period i for the current period.

The model is

ud> - fil P0 +  P1I +  p.2i2 ... + PpIp + Tlji

where i denotes the subperiod (i=l,...,m), and. Tlji is an 

error term.

After estimates of pQ , P i, P 2 , and Pp are ob­

tained, the estimate of U (̂ ^ is

r(i)... A A  , . A  P A . nUV' = P0 + P1(I) +.P2I + ... + PpIp



60

where is the estimated, fraction of the cumulativeJ .
total observed by the end of subperiod i.

Since is equivalent to the ratio estimate givenJ
for Method I, when. n=l5 its approximate variance is of the 

same form; that is.

Var (ujj1 )) I [Var(z(^)) + ]2Var(Y,)J J .J

- 2#[u(l)]Cov(z(i), Y )] ■J J J-

[i + - 25[u(1 h i  •
[ S ( Y )]2 . """J

It is necessary to assume that the U ( 1s are independentJ
in order to utilize standard regression programs. Conse­

quently, the variance-covariance structure of the u(^)'s .J
must now be examined. Since the approximate variance is

a function of S [lA1) ], the results will be dependent upon. J
I. Let a b e  the variance-covariance matrix of the 

l J j g

u(^)'s for one period.J
THEOREM 5- For i < i' ,

Cov(u(i), Û .1 '^)J J

S— , [I - g[u(i)]l' - SCut.1')]! + S[u(1)u(1')]m]
[S(Yj)]
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Proof. Applying' the■same techniques and assumptions 

as used in deriving the expected value of the bias in 

Method. I, .

Cov(uji), tlj1 '))

' - Z (i) Z (i')
' = Coy[-i—  . ]

I G'ov[ (Z J ■ J

■ [covrzdAd')] „.sruf)]coV(yjZa')) •
J

- &[u(i')]Cov(z(i)Yj) + < § 1 ^lVar([Yj.]2)]

P  . . , . '
= — — -  p [i - <g[U^)]i' - <§[U^')]i + <S[U^)u^')]m], 
• [5(Y.)]2 j J a

Which completes the proof. I

.Note the covariance is zero if the periods are

different^ and also if I' = m = I 5 then ) = I,
■

so. again, the expression above becomes zero. ' Since the
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above expression depends upon U\(i) and Uj(I') as well as

i and i ', the covariance cannot be determined until

estimates of U\(i) and u(^ ) are calculated. . J

If the covariances are too large to be ignored, then . 

the U's must be transformed into, independent "observations" 

in order to use standard regression programs. In this case 

a non-singular matrix M  can be found such that

$9

has a variance-covariance matrix of

a BWVEWe ■
2

0S .• V l  •

Using this transformation, the model for the j-th period 

becomes

SWUn- — BWC ES + BW RLv J

where



I 2m m

and.

"iji

Thus, the overall model becomes
Ca ” 3

K/2*y*

n



= Ê 3*€* B + = O B +  E .

THEOREM 6 . The estimate B for B obtained from the 

transformed, model is the estimate desired in the original ' 

model.

Proof. The estimate of B from the transformed model is

18 = (E2>1 0)) B)1 A
- (c ^ m W c *)" 1C*' U* o

Let

V
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Since
Rfi V M 1 = X ,

M ""'1 Eya ¥  M 1M '1"1 = Ei-1 M'"1;, and

V =(JRffBW)"1 ,
thus

El1M = V"1 .

This implies that.

EW*'"1 = Ea*"1 BW*'"1 = (M * ' BW*)"1
which implies V * =  * ) -1
or ' EW^1Dfft= V * - 1 .
Thus,

B =(C*'V*-1 C*)-;LC*'V^-1U*
which is the standard estimate as given in.Grayhill [4 ] 
when the data is correlated. I
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After B , the estimate of B , is found, one calculates 

the estimated fraction of the total observed for period 

n+1 at the end of the i-th subperiod by

^n+1 = . (1 1 ±2 • 1 * iP)® = C 0 S.

■ As in Method I, the estimated total is given by

7 (i)
9 (1) _ n+1
n+i - ^ n y  •

n+1
zx( j_)

The estimated approximate variance of Un+-̂ is

S2 • ( C &( C*' v * " 1 C*)'1 C 0 )

where S2 is the residual mean square error for the trans­
formed model.

/x(i)
The approximate variance of (Yn+i - Yn+i) (using the 

same procedure as used for Method I) is

X( i)
Var(Yn+I - Yn+i)

2
V(i) =

(8[Uni(])""2
(i al + [6 (Yn+1)]2 Var



Note that if it is not necessary to transform'the 
— 1data, ^hen V* a Z , and the estimated approximate variance 

ZxZ ̂ V
of U v,T is the usual estimate for uncorrelated data.
' . - '■ V -  . -

Based upon , the estimation interval of level a. 

is

6?

<>(i)
n+1 + /X

The advantage of this method over Method I is the 

increased degrees of freedom in the residual mean square 

error.

The disadvantages are:

1) . if the data is strongly correlated;
(i)that is if the U\ * s are strongly 

correlated, then it is necessary to 

transform the data using an R/3 matrix,

2) calculations are much more difficult 

than for previous methods, especially 

in finding the estimated variance of 

the estimate,

3) the inverse of V* must be found;
'

note this is equivalent to finding 

.the inverse of V •and could be
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difficult for a large number of subperiods 

per period, a n d .
2

4) an estimate of must be 'found; note that

the residual mean square from the regression
2 1analysis does not estimate o „ An estimate 'E

can be found using Methods 2-2 or 2-3. '
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Method 3. - Prediction Using Moving Totals of Consecutive 

' Subperiod Estimates Based on Fractions Of The

Total

A disadvantage of the estimates formed in Methods I 

and 2 is that the variances are large for small values of i 

(the first sub-periods of the period of interest) and thus 

the estimates are not very reliable„ That is, the esti­

mates are affected, a great deal .by observations in early • 

subperiods that deviate significantly from their expected. . 

values. One method of removing a lot of the variability 

is to use the sum of the observations for the last m sub- 

periods, at the end of each subperiod I. Then the

value of the ratio

u(^) = w (.1V y .u J J

will be close to one for every I 0 Thus, the model is

■ Ujl) = P 0 + p I1 '+ Ppi2 + + P plP + n o ­

where i denotes the subperiod. (1=1,...,m) and,.r)̂  is an 

error term.

Since the U (1 ^1s are not independent, the. theoretical
' J '' (±) - 

variance-covariance matrix of the US 71s must again be,
J

found so an appropriate transformation can be performed/'



Using the same techniques as used in Method 2 /

Var (U (1 ̂ [ V a r  w W  + ) ]2 Var(Yj)

- 25 ] C o v ( w M  ̂ Y.)]
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^-T3- [m + ]2m - 2#[U^)]i].

It is also, necessary to determine covariances' between Uj 1 s 

within the same period«

THEOREM 7 - Co v (U^zl) , u(k ))
j J

I
0(Yj)r

[(m-(fc-i)) - - &(u(k))i +J J J' J
Proof. Using the same techniques as used in Method 2,

Cov(u(^), u(k ))

I Cov[(w(i) _ 5(u(i))Y.)(w(k)-5(u(k))Y.)]
[S(Yj) ]2 L X X J" ' J y X J X J J

I [Cov[w(^)w(k)] - S(u(^))Cov(Yjw(k))J J

- S(u(k))Cov(w(i)Y.) + S(u(i)u(k))Var([Y.]2)] u J j j j  j
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Tl

— -- — 77 k-i)}
te(Yj)] J J

J J
Note that

"because and have {m- (k-i)) observations inJ J
common. The other covariance terms are as derived, in

Theorem 55 which completes the proof. 8
Unfortunately, the U .'s are not uncorrelated forJ

different periods; that is, the 's can be correlated 

between adjacent periods.

Cov(W$1 ),w(k)) '= ( m - (k-i)j J J
r ( k )

THEOREM 8 . For j = J 1 + I and i < k < 21,

Cov(u(i), u(k)) fc

o2 ■
--- ^ -- - [{m-(k-i)}-<f(u(1))(m-k)-<§,(U^))(m-i)].

&(Y. Y^,)  ̂ J

Proof. Cov(u(1 ), u(k)) =J J

I
Yj ,)

Cov[ (wt)-S(ud)) Yj) (*U)- Stu(^)Yj,)]

by the same techniques as used in "Method 2.
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---— ---  { Co v (W^1 ) W W  )-5(U^:l))Co v (w ( ^  Y .)
5(Y. Y.,) J J J ^U J

_ a(u(k))Cov(w(l)Yj,)+ g(u(l)u(t))Cov(Yi, Y,,)]J J J 5 j

= — —  ---  [{m-(k-i)}-S:(u(1 ))(m-k)-^(U^)) (m-i)+ 0} 5
&(Yj Y^,)  ̂ J

which completes the proof. B

All other covariances are zero since

w(k), Y .s and Y.,J J j J

would not have any observations in common for the remaining 

terms in the variance-covariance matrix„
2After the variance-covariance matrix o W*  for the

U (1 ) 's has been derived, a non-singular matrix. P *  can be 

found such that

•P* W P*'=In( ^ 1) ,

in order to obtain independent "observations" for the 

regression analysis.
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Using’the notation of Method 2,

A =  P * U * = ’P * C * B +  p*'.N*= D B  + 'fe

where is the matrix of error terms. Thus,

by Theorem 6. Then the estimated, ratio is

C0 B

and. the estimated total is

n + i  • ^ r y  •n+i

The estimated, approximate variance of U^+.£ is

S2 . .(C^C*' V - C - * ) " 1 c 0 )

2where S is the residual mean square error. Thus, the 

estimated, approximate variance of - Yn+1) is

and the estimation intervals of Ie vel a are
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%-(i)n+1 ±. ^ / 2

Advantages of this method are:

1) the number of degrees of freedom in the

residual mean square error is the same 

as for Method 2 and • •

2) the estimates are not affected, as 

greatly by observations that de­

viate significantly from their ex­

pected values as in Method 2, 

especially during the first few sub- 

periods o

The disadvantages are:

1) the data must be transformed whenever

the correlations between v(^^'s areI
large,

2) calculations are much more difficult 

than for previous methods,

3) the inverse of V *  must be found, 

which will be more difficult than 

for Method 2,
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4) the estimates will not be affected

as much by observations significantly 

above their "expected'values" when 

the increase is due to a change in 

the system' instead of random error, 

i.e., it is less sensitive to actual 

changes in trend, and
' 25) an estimate of a must be found; note

that the residual mean square from

the regression analysis does not esti- 
2mate a . An estimate can be found e

using Methods 2-2 or 2-3» ■
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COMPARISON OF ESTIMATORS

As in Chapter II, the estimators will be compared by 

comparing their variances. Since all the .variances in this 

group are approximate and depend upon the estimate of the 

appropriate ratio, the comparisons may not always indicate 

the "best" method, for a particular, set of data.

In order to compare Method I to Method 2, note that 

for Method I,

V'(I) = TZTiy;? (I <  + Var R ^ 4(i)-
[Rv ']

, 2 2 . 2  
+ m CTe " V i y  1 °e ’

while for Method 2,

v Ci)
I

( s i x y r r ( 1 °e + Es ( V i )  J2 var 4+i) +

2+ mae

These formulas for the variance of the estimated 

totals are quite similar; since Method 2 provides many more 

degrees of freedom for the variance estimate, much greater 

precision will be attained by the use of Method 2. This



greater precision is attained, at the sacrifice of the 

additional computations required in performing the necessary 

transformations to attain independence.

In comparing Methods 2 and 3, it is possible to con-. 

struct example's where each method gives a smaller variance. 

However, if the covariances are.positive, then it appears 

•that Method 3 gives the smaller variance.

For Method 2, note that for subperiods at the beginning 

of the period, the estimate U^]_ will be small; thus,, 

dividing by the square of UI1+^ will make the variances of 

the estimated total large„
a (i)

However, for Method 3, the estimate will be only
: ■ '

slightly less than one, thus the- variance of the estimated •' 

total will be less than the variance from Method-2 provided 

the ’estimates - of Vaf.(U^^) do not differ greatly .for Methods 

2 and 3. " . . . . .  • ■■■
Thus, Method 3 will usually provide smaller' variances 

than Method 2 for subperiods at the beginning of the period.

The choice between these two methods at the.end of 

subperiods from the middle to the end of the period would 

depend more upon knowledge of the situation than on the 

variances. If there is no reason to suspect a drastic 

change in the trend. Method 3 will generally provide a

77



"better estimate' since the estimate is not influenced, as 

drastically "by observations with a large random error.

But3 if the trend has had a radical jump at the beginning 

of the period, then Method 2 would be better since data' 

from the previous period would be misleading.
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CHAPTER IV
MONTE-CARLO STUDY .

Each of the methods of estimation for cumulative 

totals described, in Chapters II and. Ill which require the . 

use of regression programs are compared, by' Monte-Carlo 

techniques.

For each data set, monthly observations were generated 

for five previous years using the past model. : In addition, 

one hundred repetitions were generated for the twelve 

months of the current year; this data was generated under 

the future model (possibly a different model than used for 

the past data). In each case, the model(s) used, for the ■ 

past and future data are presented as well as all necessary 

parameters for the distribution of the random.errors.

The methods of estimation are denoted by chapter and 

number. For example, 2-1 is the first method, of Chapter II

For Method 2-2, the same intercept was used for 

each subperiod, and in Methods 3-2 and 3-3, the estimate 

of the yearly total as given by Method 2-1 was used, in 

calculating the variance of the estimator.

The percentage of 95$ estimation intervals (EI) as • 

formed at the end of the i-th subperiod containing the 

actual cumulative total for the current year is presented



8o . -
as well as the variance of the estimator. In addition, 

the percentage of the. estimated totals, falling within 

three percent of the actual total .(PI) is given. In each- 

table, the following format is used for each method:

EI PI

VARIANCE . . .

At the top of each table all necessary'information 

about the model(s) for the past and future data are given 

along with the distribution of the- error terms. The fol­

lowing notation will be used: .

e ~ N (0,100) for a normal distribution with 

zero mean and a variance of 

100, and

e ~ U (20) for a uniform distribution with

a mean of zero and a half-width

of 20.
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TABLE I

Past Model: Y = 100 + 2T + e for T = I,...,60
Future Model: Y = 100 + 2T + e for T = 61,...,72
Error Terms: e ~ N(0,100)

i
Method

2-1
Method

2-2
Method

2-3
Method

2-4
Method

3-2
Method

3-3
0 92 92

1803
94 92
1822

92 92
1905

I 92 . 92 
1670

92 92
1684

99 69
5830

97 49
24649

99 65
3982

2 94 96
1518

94 96
1474

100 65
9831

96 69
.8270

99 79
3315

3 92 94
1366

92 97
1276

100 91
3455

91 78
4446

100 99
2726

4 96 100 
1215

97 100 
1089

72 89
1315

87 82
2809

100 100 
2210

5 90 97
1063

92 99
913

93 86
3275

84 83
1918

99 99
1766

6 92 99
911

97 100 
748

91 90
2354

86 92
1355

95 99
1390

7 86 99
759

96 100 
595

77 97
1108

90 98
970

89 97
1081

8 92 100 
607

91 100 
454

99 100 
748

92 100 
690

92 100 
837

9 94 100 
455

90 100 
323

98 100 
584

91 100 
478

90 100 
656

10 88 100 
304

86 100 
204

82 100 
215

96 100 
311

39 99
535

11 96 100 93 100 80 100 95 100 21 100
152 96 97 177 474
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TABLE 2.

Past Model: Y = 100 + 2T + E for T = I,...,60
Future Model: Y = 220 + 3(T-60) +. E for T = 61,...,72
Error Terms: E ~ N(O5IOO)

Method Method Method Method . Method
i 2-1 2-2 2-3 3-2 3-3
0 73 91 91 91 97 91

1053 1 2375 2803
I 92 92 95 92 97 56 00 00

2177 2481 23479 6864
2 91 91 93 91 88 46 00 00

1979 2172 8055 5351
3 76 84 88 88 74 46 00 00

1781 1879 4372 - 4105 ..
.4 73 84 83 89 61 44 01 00

1583 1604 2777 3091
' 5 60 80 71 89 45 45 23 12

1385 1345 1898 2286
6 56 88 70 93 47 65 74 79

1187 1102 1342 1663

7 48 84 57 93 48 87 93 100
990 877 961 1202

8 74 100 70 100 55 95 98 100
792 668 683 884

9 88 100 80 100 77 100 100 100
594 476 472 - 693

10 100 100 91 100 88 100 100 100
396 301 306 . 615

11 100 100 97 100 99 100 75 100
198 142 172 636
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TABLE 3

Past Model: Y = 100 + 2T + E for T
Future Model: Y = 220 + 4 (T—60) + e for T
Error Terms: e ~ N(0 ,100)

Method Method Method Method
i 2-1 2-:2 2-3 3-2
0 27 04 01 03 07 04

4301 < 1732 2303

I 03 05 03 02 95 48
1588 2036 22892

2 01 02 02 02 61 21
1444 1782 7982

3 00 02 01 02 34 13
1299 1542 . ' 4356

4 00 00 00 02 17 09
1155 1316 2776

5 00 05 00 07 17 20
1011 1103 1900

6 00 16 00 16 15 33
866 905 1345

7 09 58 04 36 23 57
722 720 963

8 07 64 03 59 33 81
577 548 684

9 07. 84 07. 86 55 99
433. 391 ' 472 '

10 24 100 24 100 82 100
289 247 305

11 71 100 61 100 93 100
144 117 170

I ,.. . .,60 
61....72

Method 
3-3

06 01 
’ 2831
04 01
2482 .
02 02 
2156
02 . 02 
1852

03 07 
1570 .
04 14 
1308

14 54 
1065

10 66 
839

■ 14 85
632

36 100 
441
100 100 
266
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TABLE 4

Past Model: Y = 100 + 2T + E for T = I,...,60
Future Model: Y = 120 + 2T + E for T = 61,...,72
Error Terms: e ~ N(O1IOO)

Method Method Method Method Method
I 2-1 2-2 2-.3 3-2 3-3
0 00 00 00 00 00 00

538 2592 3010
I 00 00 00 00 97 47 02 00

2376 2661 27466 4009
2 . 00 00 00 00 99 71 03 00

2160 2329 8800 , 3342

3 00 00 00 00 88 76 01 00
1944 2016 4633 2752

4 00 00 00 01 82 76 05 01
1728 1720 2900 2235

5 00 02 00 02 72 75 08 13
1512 1442 1966 1791

6 01 07 01 ' 06 74 88 .06 17
1296 1183 1388 1413

7 03 15 03 21 67 96 04 31
1080 941 995 . 1100

8 09 53 09 63 75 100 20 82
864 717 ' 712 848

9 29 97 21 98 87 100 84 100
648 511 500 655

10 45 100 28 100 98 100 100 100
432 323 333 518

11 61 100 46 100 100 100 100 100
216 152 200 434
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TABLE 5
Past Model: Y- = 100 + 3T + e for T = I,...,60
Future Model: Y = 280 + 2(1-60) + E for T = 61,.. . , 7;
Error Terms: E ~ N(O1IOO)

Method Method Method Method Method
i 2-1 2-2 2-3 3-2 3-3
0 40 22 07 18 14 22

3640 1977 2374
I 07 20 11 22 71 07 00 00

1812 2098 41702 22070
2 06 16 08 22 93 51 00 00

.1647 1837 . 11225 . 15369
3 06 26 06 26 98 89 00 001483 1589 5491 10341

4 15 58 09 45 99 99 00 00
1318 1356 3345 6665

5 14 74 08 59 98 99 .00 00
1153 1137 2194 4082

6 25 94 13 82 99 100 00 00
988 932 ~ 1535 2388

7 47 97 20 93 96, 100 ". 00 00
' 824 . 742 1103 1420

8 46 99 23 98 99 100 ' 00 op
659 565 799 1043

9 . 32 100 22 100 99 100 00 00
494 403 575 .1149

10 52 100 37 100 100 100 00 00
329 254 403 1652

11 94 O O I—I 86 100 98 100 100 100
165 120 267 2477
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TABLE 6

Past Model: Y 
Future Model: Y 
Error Terms: e

= 100 + 3T + 
= 280 + 1(T— 
~ N(OsIOO)

8 "
60) + G

for T = 
for T =

1....60
61....72

Method 
I 2-1

Method
2-2

Method 
2-3 ‘

Method
3-2

Metho d 
3-3

0 14 16
2531

10 17
2142

11 16 
2193

I 05 17
1963

05 18
1939

70 04
38064

00 00 
5463

.2 08 27.
1785

07 26
1697

. 80 45
10681

00 00 
4382

3 06 28 
1606

04 27
1469

88 70
5311

00 00 
3468

4 ' 01 16 
1428

01 21 
1253

89 85
3225 .

00- 00 
.2705

5 04 32
1249.

01 32
1051

93 94
2152

00 .00 
2079

6 05 41
1071

01 36
862

90 100 
1509

00 00 
'.1578

7 04 64
892

01 . 62 
685

91 100 
1084

00 00 
1191

8 17 93
714

05 92
522

93 100 
784 ■

00 00 
907

9 • 42 100 
535

24 100
372

94' 100 
562

00 00 
718

10 23 100 
357

15 100 
235

84 100 
390

00 00 
616

11 ' 52.100 
178

35 100 
111

81 100 
255

00 98
591
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' TABLE ]_

Past Model: Y = 100 + 2T + a + e for T = I ,... ,60

I I 2 3 4  5 6 7 8 9 10 11 12,
a± -5 -5 0 5 10 20 30 30 20 10 5 0

Future Model: 
Error Terms:

Y = 100 + 2T 
E ~ N(O1IOO)

+ + £ • for T = 61,...,72

Method 
i 2-1

Method
2-2

Method
2-3

Method
3-2

Method 
3-3 .

0 39 96
123

97 96
2400

97 . 96 
2107

I 97 93
2200

99 99
1862

93 17
46122

00 00 
3726

2 84 . 84 
2000

96 98
1630

91 52
11554

00 00 3133
3 75 81

1800
95 98
1411

50 20
5538

00 00 
2610

4 69 81
1600

99 99
1204

21 08 
3305

00 00 
2152

5 67 87
1400

96 100 
1009

13 13
2180

05 08
1753

6 60 - 84 
1200

93 100828 21 31 ;
1519

06 19
1407 ..

7 79 98
1000

92 100 
658

63 82
. 1088

28 62
m i

8 . 99 100 
800

95 100 
502

89 100 
786

66 99
860

9 • 100 100 
600

93 100 
357 -

97 100 
563

90 100 
651

10 98 100
' 400. /

93 100226 98 100 
. 393

99 100 
479

11 96 100 94 100 99 100 94 100
200 107 259 343
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TABLE 8
Past Model: Y 
Future Model: Y 
Error Terms: e

= 100 + 2T + 
= 100 + 2T + 
~ U (20)

E

E

for T = 
for T =

1.. .. ,60
61.. ...72

Method 
i 2-1

Method2-2 Method ' 
2-3

Metho d 
3-2

Method
3-3

0 100 81 
15837

95 82
2688

96 81
3490

I 98 95
2.464

99 89
3085

79 18
35566

86 00 
14104 •

2 100 99
2240

100 97
2701

88 59
11306

70 00
10663

3 99 98
2016

98 97
2337

95 78
5983

88 06 
7839

4 100 100 
1792

99 99
1995

94 80
3755

82 19
5576

5 96 97
- 1568•

97 .98 
1673

89 78
2547

93 59
3818

6 94 100 
1344

ioo idd 
137.1

86 87
1794

98 90
25%2

7 88 98
1120

94, 99 
1091

86 95
1282 •

100 100 
1643

8 89 98
896

95 100 
831

88 94
910

' 99 100 
7144

9 96 100672 96 100 
592

88 100 
629

99 100 
990

10 79 100 
448

85 100 
374

90 100 
409

86 99
1149

11 72 100 
224

87 100 
177

99 100 
232

82 99
1591
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TABLE 9

Past Model: Y
Future Model: Y 
Error Terms: e

= 100 + 2T + 
= 100 + 2T + 
'v u(30)

e
e •

for T = 
for T =

1.. ...60
61.. ... 7 2

Method 
I . 2-1

Method
2-2

Me thod 
2-3

Method
3-2

Method
3-3

0 99 68
15176

93 66
6627

96 68
8011

I 94 60
6074

96 60
7081

87 21
72039

51 00
96982

2 98 73
5522

98.696199 92 41
24211

75 00
66698

3 99 81
4970

99 76
5365

99 58 •
13110.

76 00
■ 44087

4 99 79
4418

99 77..
4578

96 618323 75 0027622
5 98 80

3866 99 853839
' 93 74
5678

89 02
16106

6 96 82
3313

96 84
3147

93 75
4007

96 34
8584

7 100 92
2761

95 88
2504

95 89
■ 2857

100 96
4293

8 100 100 
2209

99 97
1907

98 96
2018

80 672626
9 99 100 

1657
97 99
1359

97 100 
1379

16 02 
3090

10 97 100 
1104

94 100.858 94 100. 
877

•03 00
5287 ■■

11 87 100 
552

89 100 
405

90 100 . 
471

00 00 
8891 .

I
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TABLE 10

Past Model: Y = 100 + 2T + E for T = I $ • ••,60
Future Model: Y = 100 + 2T + E for T = 61...72
Error Terms: e 'v U(40)

Method Method Method Method Method
I ■ 2-1 2-2 2-3 ' 3-2 3-3
0 98 68 98 65 100 68

13731 ■ 125,47" 15738
I 97 65 100 67 100 09 85 06

11593 13911 . 137085 22005 ■
2 98 72 98 71 99 46 92 14

10540 12178 44838 18184

3 100 76 100 75 95 42 91 279486 10539 23917 14882

4 100 75 100 75 95 50 96 41
8432 8993 15068 12054

5 100 73 100 83 91 62 100 76
7378 7541 . 10248 9657

6 100 87 100 88 93 69 100 • 73
; 6324 6183 7232 7658

7 99 89 100 91 95 72 100 84
5270 4918 5172 6023

8 100 95 100 92 93 79 100 86
4216 3747 3681 4722

9 97 88 99 96 93 85 100 94
3162 2670 2549 3730

10 91 86 99 100 ■ 98 98 100 98
2108 1686 1664 3017

11 100 100 100 100 100 100 100 100
1054 796 951 2564



91
TABLE 11

Past Model: Y = 100 + 2T + e for T = I , 1 2
and for periods 1=1,...,5

Future Model: Y = 100 + 2T + e for T = I ,...,12
Error Terms: e ~ N(O5IOO)

Method Method Method Method Method
i 2-1 2-2 2-:3 3-:I 3-3
0 34 24 85 34 75 24

701 2362 2339
I 92 37 74 28 . 98 27 92 35 .

2165 2064 19558 2392
2 92 44 67 27 86 20 ■ 92 39

1969 1803 7271 2148
3 -98 ■ 66 79 39 71 18 96 49

1772 1557 4074 1910
4 ■ 98 84 86 50 60 19 100 71

1575 1325 2630 1678

5 98 82 85 55 55 26 99 79
1378 1108 1811 1452

6 97 78 94 68 58 32 98 87
1181 906 1284 1231

7 ■ 96 77 93 84 61 34 98 . 95.
984. 719 917 1017

8 97 90 92 87 64 52 99 96
787 546. • 647 809

9 96 94 96 96 73 73 97 96
591 387 440 606 :

10 99 100 88 98 85 94 100 99
394 244 276 409

11 98 100 90 100 95 100 98 100
197 114 144 218



; Past Model: Y = 100 + (. 75+. 25i)T + e. for T ~ I,..., ,12
for periods L=I,..

Future Model: Y = 100 + 2.5T + e
Error Terms: e ^ N(O5IOO)

Method Method Method Method Method

92
TABLE'12

i 2-1 2-:2 2-.3 3-2 3-3

0 41 17 52 21 48 18
1186 1562 1447

i 48 14 42 12 91 18 99 10
.1432 1328 17490 7436

2 43 17 43 17 75 16 99 17
. 1302 1209 6887 5985

3 34 11 34 14 62 11 99 14
. 1171 1090 3938 4700 .

4 35 11 36 ' 12 42 08 89 10
1041 972 2566 3587

5 28 14 40 20 37 12 88 19
911 850 1776 2645.

6 28 14 45 28 40 12 . 78 18
781 727 1262 1877

7 18 13 33 23 42 20 60 16
651 605 902 1287

8 34 24 40 36 49 31 43 12
521 484 635 876

9 40 48 47 59 52 55 43 .26
■ 390 362 430 645

10 . 44 73 54. 86 . 70 90 25 16
260 241 267 598

11 54 100 64 100 85 100 85 46
130 121 134 737
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Past Model: Y = 100 + (.75+.251)T + e for T - !,...,12
for periods 1-1,..

Future Model: Y ?= 100 + 1.5T + e '
Error Terms: e ~ N (0,100)

TABLE 13

i
Method

2-1
Method

2-2
Method

2-3
Method

3-2
Method

3-3

0 72 01
5336

38 01
2868

47 ‘ 01 
3408

I 49 04
2629

50 03
2997

97. 30 . 
18387

39 .00 
4084

2 55 05
2390

56 05
2608

91 28
7048

29 01
' 3427

3 67 10
2151

72 12
2243

85 30
3990

51 .03 
2839

4 61 09
1912

76 15
1901

81 35
2589

53 04
2316

5 55 11
1673

71 19
1582

74 38
1788

58 08
1858

6 47 08
1434

78 23
1287

77 45
1269

44 07
1462

7 ' .42 07
. 1195

84 42
1014 .

78 58
907 '

26 04
1126

8 50 13
956

89 61765 ■ 83 68
640

38 10
846

9 66 32
717

96 90
539

84 84
435

■43 18
624

10 70 58
478

98 99336 87 94
272

77 71
455

11 94 99
239

97 100 
156

96 100 
140

100 100 
337
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Since Methods 3-2 and 3-3 have not been studied in 

detail before and involve approximations, the estimation 

interval percentages were compared to the theoretical 

values for Method 3-2 by Monte-carlo techniques, Since 

Method 3~3 involves basically the same theory and because 

it did not perform nearly as well, a comparison was not 

made for Method 3~3* Since Method 3-2 should perform the 

best when each period is a repetition of the previous 

period, i.e,,

X.. = i-i + gi + e.. for i = 1,2, = ..,m 
J1 0 O = 1,2.... n

the comparison involving generating five periods of past 

data and a period.of current data, or a total of six periods 

of data under the above model for each of the 25 repetitions 
Three regression models were used to attempt to fit the 

fractions; linear, quadratic and cubic,

Standard deviations of 10 and 30 were used. In ad­

dition, a combination model is listed for a = 10 where the 
cubic model was used for the first five subperiods and the 

quadratic for the remaining subperiods. In each case, the 

proportion of the estimation intervals containing the actual 

total are presented.
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TABLE 14

Percent of intervals which contained the actual total f o r ■ 
25 repetitions of generated data applying Method 3-2 based 
on Table 11.

. Linear
o=10

Quad
o=10

Cubic
o=10

Combination
o=10

Linear 
• o=10

Quad.
o=30

I 92 92 100 100 92 96

2 88 80 100 100 80 84

3 76 76 90 90 80 84

4 68 76 90 90 88 92

5 76 . 76 80 90. 84 92

6 80 88 80 88 88 92 .

7 80 84 80 84 92 92

8 84 96 70 96' 96 96

9 84 92 70 92 88 92

10 92 96 50 96 96 96

11 100 88 4o 88 92 92



CHAPTER V
• CONCLUSIONS

In this chapter, the various methods will be compared, 

based upon the Monte-Carlo results. In Table I, Method 2-3 

performed, the best, based upon the percentages of the esti­

mates within three percent of the actual value. Method 2-2 

did almost as well but the variances of the estimator were 

slightly larger.

However, Method 3-2 did quite well, especially after 

the end of the third subperiod. Method 3-3 had the same 

percentage of the estimates within three percent of the 

actual total, but the variances of the estimates were large. 

Due to the size of the variances in Method 2-4, this method 

was not considered for any other situations. Table I, of 

course, represents the best possible situation; a normal 

distribution for the errors and. no change in the trend.

In Table 2, the trend has changed in that the slope, 

changes from 2 to 3. (Note all changes in the trend occur 

at the beginning of the current year). Here, Method 3-3 
really does poorly as compared to the other methods. When 

the slope of the trend, changes from 2 to 4 as in Table 3, 

Method 3-2 does better than the other methods when using 

any of the criteria in the table, except the variances.



When the trend changes by a jump, but no change in 

slope as in Table 4, again Method 3-2 performed better 

than any of the others, which is not surprising since it 

was designed for just this situation.

In Table 3, only the slope was changed from 3 to 2. 

After the end of the second subperiod. Method 3-2-gave the 

best results, although the variances were larger than for 

Method 2-2. Method.2-2 apparently underestimated the 

variances, as can be seen by the estimation interval per­

centages.

When the trend changed from 3 to I as in Table 6, the 

results were almost the same as for Table 5•

In Table 7, monthly effects, ct̂ , were added as given 

at the top of the table. Method 2-3 gave the highest per­

centage of the estimates within three percent of the total, 

but Method 2-2 did almost as well.

In Tables 8» 9 and 10, the distribution of the error 

terms was changed from the normal to a uniform distribution 

to see how sensitive the methods were to normality. Methods 

2-2, 2-3 and 3-2 still performed quite well under the uni­

form distribution.

In Tables 11, 12 and 13, the intercept was assumed to 

be the same for each period but the - slope was varied from

97
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period to period in Tables 12 and 13 while it remained con­

stant for Table 11. In Table 12, the slope continued to 

increase for the current period while in Table 13 the slope 

decreased for the current period. Although Method 3-3 per­

formed extremely well when there were no changes in the 

slope as in Table 11, it was the poorest in Table 13= In 

Tables 12 and 13» Method 3-2 performed at least as well as 

the other methods and considerably better in some cases.

Table 14 shows that the performance of Method 3-2 

depends a great deal upon the regression, model used. If 

the "correct" model is used the percentages are fairly 

close to 95$. The average percentage for the combination 

model was 92$ which is fairly close to One problem

with the Monte-carlo study is that upon looking at the 

data, if two or three observations at the beginning devi­

ate from the mean in the same direction, then this method 

interprets this as a phange and assumes the remaining ob­

servations will also be above the mean; thus, this method 

is affected more than the others studied. However, if the 

first observations were significantly bigger than usual, it 

would be reasonable to assume a change in the trend. This 

problem in predicting a change when there was actually no 

change was the main reason the percentages were smaller
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than 95f° near the beginning of the period. Even in these 

cases, this method recovered fairly quickly under one of 

the methods. In general, the cubic was better at the 

beginning and the linear at the end of the period.

In terms of variances and accuracy, Method 3-3 did 
not perform as well as did the others except in cases 

where there were no changes in the model for the past 

and the future. For this reason and the fact the trans­

formation matrix is extremely difficult to calculate, 

Method 3-3 is not recommended.
Overall, Method J-2 performed quite well under all 

circumstances, especially after the second subperiod.

Some of the other methods, especially 2-2 and 2-3, per­

formed quite well under some circumstances but did poor­

ly under others. Therefore, unless one knows that the 

trend fits one of the situations under which Methods 

2-2 and 2-3 performed extremely well, Method 3-2 appears 

to be the best procedure to use because it did almost as 

well as any other procedure regardless of the changes in 

the trend or in the distribution of the errors.
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c* ******************************************************
C SET F : 5/REG DATA5OUTIN
C SET F: 6 / R5  0UTI N5  REL
C SET F: 7 / 0 5  O UT I N5 REL
C SET F : 8 / H 5 OUTIN5 REL
C SET F : 9 / R E5 OUT
C s e t F : I 0 /CURRENT DATA5OUTIN
C SET F: I 2 /TEMP DATA5 0UTIN5 REL
C SET F : I  4 /TEMP DATA5 0 U T I N 5 REL
C SET F : I  5/CONTROL F I L E 5 I N
C SET F: I 08 CARD PUNCH
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
C MUL T I PL E  REGRESSION PROGRAM

C USES SUBROUTS: P A R A M , I R E AD , T R A N , CORRE,S E L E C T , M I N T , COE
F, RES,LOCATE
C CONTROL CARDS READ ON 1 05 ,  DATA 1 0 5 ,  ERROR MESSAGES O
UT ON 1 0 8 ,
C L I S T E D  OUTPUT ON 6 - -BUT DUPLICATED ON 9 ,  UNI TS 8 &
9 ARE M I SC*
C
C NCOPY=MAx COPIES OF OUTPUT, MAXM=MAX S I Z E  OF REGRESSI
ON,
C MAXI=MAX S I Z E  OF I NPUT & TRAN ARRAY, MAXT=MAX NO. O
F TRANSFORMS 
C

DOUBLE PRECI SI ON R, RX, X BAR, STD,  BOB, DET 
COMMON R, RX,XBAR,  STD,  BOB, TOB, SB 

C -
N COPY= 9 i MAXM= 581 MAX I = 9 9 J MAXT = 50 

C FOLLOWING DIMENSIONS DEPEND ON: I 7 I I = 58 *  C 5 8 + I ) / 2 ,  I 653
= C 5 8 -  I ) X 58 / 2 ,
C I I 4 = 5 8 * 2  WHERE MAXM=585 10 0 = 9 9  + 1 WHERE MAXI  = 995 AND
MAX T = 50

DIMENSION RC17 I I > , RXC I 6 5 3 ) , XBARC 5 8 ) , STDC 5 8 ) , BOBC5 8 )  ,  B
Cl I 4)

DIMENSION I SAVEC5 8 ) , TOBC I 0 0 )  ,  TC 9 9 ) ,  SBC 9 9 ) , I  TCC5 , . 5 0 ) ,  C
CC 50 )

DIMENSION IH EADC 2 0 ) ,  I  PARC 2 0 ) ,  I A C 8 ) ,  I  F5C 37 )
C BOB I S  DUMMY DOUBLE PRECI SI ON B ARRAY + I - -  JOB I S  T
+ /

EQUIVALENCE C BOBC 2 ) ,  B ) ,  CT0BC2) ,  T>



I

io4
DIM EN S I  ON I  CCIC 2 4 ) »  I C P I  ( 2 4 )  > BBC 0:  2 4 )   ̂ BC ( 0 :  2 4 )
DO 6 1 = 1 , 2 4  
I C C I ( I ) = O  

6 I C P I 1C I ) = 0
SIGMA=O •
XW = O 
K=O ;
OUTPUT * INPUT CODE FOR D I S T R I B U T I O N  OF ERRORS'  ,

I 'NORMAL=I  ' ,  ' UN I  FORM = 2 '
INPUT NCO
OUTPUT ' INPUT METHOD OF E S T I M A T I O N '
I NPUT NM
GO TO ( I ,  2 ) , NCO

1 OUTPUT ’ I NPUT STANDARD D E V I A T I O N '
I NPUT SIGMA
OUTPUT ' I NPUT # OF SDEVS FROM MEAN'
I NPUT XW 
GO TO 5

2 OUTPUT ' INPUT HALF-WIDTH OF I N T E R V A L ’
I NPUT XW

5 CONTINUE
OUTPUT * I NPUT RANDOM NUMBER GENERATOR'
I NPUT ISEED  
DATA E N D F / ' E N D F ' /
OUTPUT ' INPUT NO OF REPS OF PAST DATA ’
I NPUT NR
OUTPUT ' INPUT # OF REPS OF CURRENT DAT A / R EP OF P A S T ' 
I NPUT NRR
OUTPUT ' INPUT 0 OF SUBPERIODS,  DEGREE OF TREND’
I NPUT MPER, NTREN D
OUTPUT ' INPUT Z VALUE FOR C l , % DEV OF MEAN'
I NPUT Z C I , Z P I
OUTPUT ' I NPUT NO OF PERIODS'
I NPUT NPER
I FCNM. NE.  4)  IM=Oi  GO TO 8 
OUTPUT ' I NPUT SUBPERIOD #•
I NPUT IM 

8 CONTINUE
I FCNM . N E . 7 .  AN Do NM • N E* 8 ) GO TO 9
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OUTPUT ’ I NPUT I TO OUTPUT MATRI CES'
I NPUT ND
OUTPUT ' I NPUT YHAT# VARIANCE '
I NPUT Y H A T l » VARIANCE  

9 CONTINUE
OUTPUT 'FOR PAST DATA'
OUTPUT ' INPUT BETA FOR I = 0 j> NTREND'
DO 7 1 = 0 , NTREND 
I NPUT B B ( I )

7 CONTINUE
OUTPUT ' I N P U T  EFFECTS FOR SUBPERIODS 0 THRU M - I '
DO 3 I =  I , M P E R - I 
I NPUT XX 
J= I +N TREN D 

3 B B ( J ) = X X
J=NTREND+MPER 
B B ( J ) = 0
OUTPUT ' INPUT NCH USING CODE'
OUTPUT ' 0  -  CONTINUE SAME TREND'
OUTPUT ' I  -  DUPLICATE TREND FOR EACH P E R I O D '
OUTPUT ' 2  -  DIFFERENT TREND FOR EACH P E R I O D '
I NPUT NCH
OUTPUT ' FOR PRESENT DATA'
OUTPUT ' I N P U T  BETA FOR 1 = 0 , NTREND'
DO 7 0 0 0  1 = 0 , NTREND 
I NPUT B C ( I )

7 0 0 0  CONTINUE
OUTPUT ' INPUT EFFECTS FOR SUBPERIODS 0 THRU M - I '

. DO 8 0 0 0  1 = 1 , M P E R - I 
I N P U T  XX 
J= I +NTREND 

8 0 0 0  B C ( J ) = X X
J = NTREN D+MPER 
B C ( J ) = 0
DO 100 I R = I , NR 
NQQ= 0
I F ( I R . EQ.NR)  NQQ= I 
K=KALPHA
REWIND 5 , 1 0 , 1 2 , 1 4 , 1 5
CALL CSG EN ( N CO, SIGMA,  XW,K,  I  SEED,N TREND, NPER,MPER,  SB, N 

CH,NRR» B O
I F ( NM• E Q. 7 )  CALL CSTR7( MPER, ND, ND)
I  F(NM.  E Q . 8 )  CALL CSTR8 (MPER,  ND,  ND)
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C I N I T I A L I Z A T I O N  & PARAMETER SETTING
10 END F I L E  1$ REWIND 6* 7 J I  EN D= I ; N= 0J TC 0 > = 0 . 0J BC 0 > = 0 . 

REWIND 1 5 , 9  
CALL ABORTSET C 1 3 S , I )

8 6  FORMATC / I H l  )
CALL PARAMC I ,  10,MAXT# !HEAD,  I PAR,  I  TC,  CC, I  F5 ,  I F 5 )
DO I I I =  I ,  M AX I 

I I TC I  ) = 0 .
I N N = S i  I F C !PARC 1 9 ) . N E . 0 )  I N N = 1 0 5
K=IPARC 5 ) i  M= !.PARC 6 > i  END F I L E  T i  REWIND 7 , 8
I F  C M . EQ« 0 )  M=K
I F C CM.GToMAXM) . O R . CK. G T . M A X I ) . O R . C M . L T . 2 ) . O R . CK. L T . 2  

) )  GO TO 13
I F  C I PARC1 3 ) . E Q . 0 )  IPARC I 3 ) = 1  
I F  C I PARC1 2 ) . N E . 0 )  I P A R C 1 2 ) = !
J = K i I F  CM. GT . K)  J=M
WRITE C6 , 1 2 )  I  F5 ,  I  PARC I 2 )  ,  C I  ,  I  = I ,  J )

12 FORMATC ' CARD FORMAT' ,  1 7 A 4 / T 2 ,  2 0 A A / / * OBS. * , 7X,  ’ VARIA 
BLE N O . ' /

I '  NO.  ' , N C 9 0 C T 5 ,  1 7 ,  4 1 1 2 / )  ) ,  C T5 ,  I  7 ,  9 1 I 2 ) )
C READ OBSERVATIONS

CALL ABORTSET C I 4S,  I >
20 N = N+ I i  CALL IREAD C I END, 0 , K ,  N,  I  F5 ,  I .F5,  B,  I PARC I 8 ) ,  INN ) 

I F  C I  END. EQ. 2 )  N = N - I i  GO TO 30
0 I F C  C N . L E .  IPARC 1 3 ) ) .  OR. C IPARC I 3 )  . L T . 0 )  ) WRITE C 6,  2 1 )  N 

, I P A r C1 2 ) ,
I C BC I ) , I = 1 , K )

21 FORMATC / T 2 ,  I 3 , N  C90C T5 ,  5G1 2 . 4 / >  >,  C T5 ,  I 0G1 2 . 4 )  >
22 FORMATC' T R F ' ,  NC90C T5 ,  5G12 . 4 / ) ) , C T 5 , I 0 G l 2 . 4 ) )

I F  C I PARC 7 ) . L E . 0 )  GO TO 23
CALL TRANC I  END, IPARC 7 ) ,  MAXI ,  I  TC,  CC, B, T)
I F C I END. EQ. 3 )  GO TO I 4 
DO 2 4  I =  I ,M 

24  T C D  = B C D
I F  C I  END. EQ. 2 )  N = N - I i  I E N D = I i  GO TO 20  

01 F C C N . LE .  !PARC I 3 ) ) . O R . CIPARC I 3 ) . L T . 0 ) )  WRITEC 6,  2 2 )  I 
PARC I 2 ) ,

I C BC I ) , I = 1 ,M )
23 I F  CI  PAR C 9 ) . N E» 0 ) WRI TEC 8 ) C BC I  ) ,  I =  I ,  M)

CALL CORREC I E N D , M , N ,  IPARC 1 2 ) , XBAR, ST D , R ,  B)
GO TO 20

RUNNING OFF REGRESSIONS 
30 I F  CIPARC 1 4 ) . NE.  0 )  I  END= 6 i  GO TO 33  

I F  C IPARC I 5 )  . N E . 0 )  I  EN D= 4
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33 CALL CORREC I E ND, M, N,  I P A R d  2 ) , XBAR,  STD,  R , B )
JR= I PAR C 8 )
I F  C J R . E Q . 0 )  JR= I 
DO 31 1 = 1 , JR
CALL ABORTSET C 38 S,  I )  J I  EN D= I
CALL SELECT C I  EN D, I  PARC 8 ) ,  NRES,  M,  K ,  KY,  I  SAVE,  I  A,  R, RX ) 
WRITE C 6 , 8 8 )  !HEAD,  I A  

88 FORMATC20A4,T l , I H l / T 2 , 8 A 4 / / )
I  F C I  END. EG). 3)  GO TO 38 
CALL SYMINVC I END, RX , K,  DET)
I F  C I  END. GT.  I ) WRITEC 6,  41 ) I  SAVECKY+I  END) J GO TO 31 

41 FORMATC ' X ' ' X  MATRIX BECAME SINGULAR AT VARIABLE 1 3 )  
I F  C I END. EG). 3 )  GO TO 38 
DO 37 I  I =  I , KY
I F  C I I . G T . l )  WRITE C 6 , 8 8 )  I  HEAD,. !  A
CALL COEFCK,KY,  I I , N , I PARi  I  SA VE» XBAR, STD,  R,  RX, BOB, SP,  N 

MUMPER,
INTREN D, Z C l ,  ZP I ,  I M ,  YHATl  ,  V ARI ANC E, NRR, I  CCI  ,  I C P I ,  NQQ )
01 F C N RES*N E . 0 )  WRITEC 6,  88 ) I H EA D, I A %
I CALL RES C N , K , K Y ,  1 1,  M, IPARC I 4 ) ,  NRES,  I  SAVE,  XBAR, STD, BO 

B, T,  RX, SP )
37 CONTINUE)  CALL P R I N T C N , K , K Y ,  I PAR,  I  SAVE,  !HEAD,  R, RX, STD,  

T, I A )
GO TO 31

38 WRITE C 6 ,  3 9 )
39 FORMATC ' ERROR IN REGRESSION S E L E C T I ON ' )
31 CONTINUE

MUL TI PLE  COPIES & ERROR RECOVERY

17 WRITEC 6 , 8 6 ) )  WRITEC 6 , 8 8 )  E N D F f N C = I P A R C l l )
I F CNC.LE.  0 )  NC= I 
I F  CNC.G T.NCOPY ) NC=NCOPY 
CALL ABORTSET C 1 0 S , I )
DO 16 I =  I , NC 
REWIND 6

18 READC 6 , 8 7  ) C TC J ) ,  J= I ,  31 )
I F  C TC I ) . EQ. ENDF) GO TO 16  
WRI TEC 9,8 7 )  C TC J ) , J= 1,  3 1 ) ) GO TO 18

16  c o n t i n u e ; go  t o  100
87 FORMATC 31 A4)
13 WRITEC 1 0 8 ,  9 3 )  IHEADfGO TO 19
93  FORMATC 2 0 A 4 , T l , / / / / '  ERROR I N PARAMETERS, PROBLEM I GN 

ORED' )
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14 WRI TEC1 0 8 , 9 4 )  IHEAD
94  FORMATC20A4,  T l , / / / / ’ ERROR IN TRANSFORMATION OR READ-  

I N ” )
19 CALL IREADC 3 , K , K , N ,  I  F5 ,  I  F5 ,  B, IPARC 18)  )5 GO. TO 100  

I 00 CONTINUE
WRITEC1 0 8 , 1 0 1 )  NM

101 FORMATC 2 / ,  2 0X ,  "METHOD”, 12 )
I C C = I f I I P = 12
I FC NMb E Q o I ) I  I P=  I
IFC NM. EQ • 4) I C C = I M I  I  IP=  IM
I F C N M . E Q . 7 . O R . N M . E Q . S ) I I P = I l
DO 103 I C = I C C , I I P
X I  C C I = I  CCIC I O
X I C C I = X I C C I / N R * C 1  . / N R R )
YI  CPI  = I C P I  ( I O
Y I  CPI  = Y I  C P I /NR *  C l . / N R R )
WRITEC I 0 8 ,  1 0 2 )  I C,  X I C C I , Y I C P I

102 FORMATC 2X,  ' SUBPERIOD= ”,  I  3 ,  3X,  ’ Cl  FRACTION = ”,
1 F 6 . 4 ,  4 X , ” PI  FRACTION = ' , F 6 .  4)

103 CONTINUE  
END

SUBROUTINE PARAM ( I  0 ,  I P ,  I  T,  I H ,  I  PAR,  I  TC,  C C , L ,  I F 5 )
DIMENSION IAC 2 0 ) , I PARC I ) , I HC I ) , I  TCC 5,  I ) , CCC I ) , LC2 1 ) ,  I 

F5C I ) ,KAR DC 8 )
DATA K A R D / ” F ”, ”L ”, ”P ”, ”R ”, ”T ”, ”0 ”, ” . ”,  ”C ”/
DO I 1 = 1 , 3 7
I F  C I o L E o 2 0 )  I H C I )=KARDC7)
I F  C l . L E. 2 1 )  L C I  ) =KARDC 7 )
I F  C I . LEo I P + I 0 )  I  PARC I ) = 0 

I I F5C I  ) =KARDC 7 ) I NHEAD=0
30 FORMATC 2 0 A4,  T l ,  Al ,  T 6,  A l ,  T 2 ,  41 I ,  T l  3 ,  I 7A4)
31 FORMATC T I I ,  7 C 2 A 4, 1 2 ) )
32 FORMATC Tl  I ,  3 5 1 2 )
33 FORMATCT6 , I I , 1 2 )
34 FORMATC Tl  I ,  5 12 ,  Fl 0 . 5 )
10 READC I 5 ,  30 ,  END= 12)  I  A,  J , Kl  REWIN D 81 WRI TE C 8 ,  30 ) I A l  RE 

WIND 8
I F  CJ.EQo KARDC I ) )  GO TO 21
I F  CU. EQ.KARDC 3 ) )  READC8,  3 2 )  CI PARC I + I 0 ) ,  I = I ,  I P ) I GO T

O 10
I F  C J .EQ.KARDC I ) )  GO TO 21
I F  C CU. EQ.KARDC 2 )  ) . AND. C 1 0 .  EQ. 2 )  ) I  PARC 9 ) =  11 GO TO 22  
I F  C C U . EQ.KARDC 4 ) ) . A N D . C I O .  E Q . l ) )  I  PARC 8 )= I  PARC 8 ) + 11 G 

O TO 23
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01 F ( ( J .  EQ.KARD(  5)  ) .AND.  ( I  PARC 7)  + l . L E . I T > )  K = I P A R ( 7 )  + 1

! WRI TE  ( 6 , 3 0 )  K AR D( 7 ) ,  ( I  AC I  ) ,  I  = I ,  I 9 ) J GO TO, 24  
I F  ( C J .  EQ.KARDCS)  > .AND.  C 1 0 .  EQ. I > > GO TO 25  
NH EAD=N HEAD+ I
I F  ( N H E A D . E Q . l )  READ<8 , 30>  C I H ( I  ) ,  I  = I ,  2,0 ).
I F  ( N H E A D . L E .  10 )  W R I T E < 6 , 3 0 >  I  A,  K ARD( 7 )
GO TO 10

21 READC 8 , 3 0 )  I A , J , K , C I  PARC I ) , I =  I , 4 ) ,  C I F5CI ) , I = I
, 1 7 )

IPARC 5)  = IPARC I ) * I 0+1 PARC 2)? IPARC 6 ) = IPARC 3 ) * 1 0 + I PARC 4
)

I F  C K . EQ.KARDC6 ) . O R. K . EQ.KARDC7>> RETURN 
READC I 5 ,  3 0 )  C I F S ( I ) *  1 = 1 8 ,  37>J RETURN

22 READC 8 , 3 1 )  CLC I ) , LC 1 + 7 ) , L C 1 + 1 4 ) , 1  = 1 , 7 ) ;  GO TO 10
23 WRITEC 7 , 3 0 )  I Af REWI N D Si READC8,  3 3 )  I , J f I F  C J . NE . 0 ) I P  

ARC 9 ) = J
I F  C I . N E . 0 )  READC 1 0 5 ,  3 0 )  I  Af WRI TEC 7 ,  30 )  I A
GO TO 10

24  I  PARC 7 ) =Kf  READC 8 , 3 4 )  C I  TCC I , K ) , I = I , 5 ) , CCCK) f GO TO 10
25  WRITE C 7 , 3 0 )  I A f  REWIND 8f  READC8,  3 3 )  I
2 6  I = I - I f I F  C I . L T . 0 )  GO TO 10

READ C I 5 ,  3 0 )  I A f  WRITE C 7,  3 0 )  I A f  GO TO 26  
12 CALL E X I T  

END

NORMAL RANDOM VARIABLE

FUNCTION RNORMC I Y ,  XM EAN , .SI  GM A,  XM I N ,  XM AX)
CALL MYRANCI Y ,  RA)
CALL MYRANCI Y , R B )
V=C -  2 . 0 * A L OGC R A ) ) * * 0 e 5 * COSC 6 . 2 8 3 * RB)
RN ORM = V * S I GMA+XMEAN 
I FC RNORM-XM I N )  6 , 7 , 8

6 RN ORM = XM I N
7 RETURN
8 I  FC RNORM-XMAX)  7 , 7 , 9
9 RN ORM = XMAX 

RETURN 
END
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SUBROUTINE CHOL ( I  END, A,N» DET>
C CHOLESKY DECOMPOSITION OF A P O S I T I V E  D E F I N I T E  MATRIX
STORED AS
C AN UPPER TRIANGLE,  COLUMN BY COLUMN

DOUBLE PRECI SI ON A< 1 ) , D E T , S U M , P I V O T , DSQRT
INTEGER SUB
DET= 1 . 0
DO 25 1 = 1 , N
L O O P = I - I
DO 20 J = I , N
S UM = 0 . 0
I  FCLOOP*L E . 0 )  GO TO 10 
DO 5 K= I , LOOP

5 SUM = SUM + AC S U B C K , I ) ) * A ( S U B ( K , J ) )
10 SUM=AC SUBC I , J ) ) -  SUM 

I F  C I . N E . J )  GO TO 15
C TEST FOR FAILURE OF P O S I T I V E  DEF I NI TENESS

I FC SUM. LT.  I . D - I 3> GO TO 30
C TRANSFORM P I V O T

PIVOT=DSQRTC SUM)
A C S U B C I , J ) ) = P I V O T  
DET= DET * P I VOT 
P I  VOT=I  . 0 / P I V O T  
GO TO 20

C COMPUTE OFF-DIAGONAL TERMS
15 A C S U B C I , J ) ) = S U M * P I V O T  
20 CONTINUE  
25  CONTINUE

C COMPUTE DETCA) =DETCL) *DETCL ' )
DET= DET*DET  
RETURN 

30 D E T = 0 . 0  
I  EN D= I 
RETURN 
END
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SUBROUTINE SYMINVCI  END, A , N,  DET)
C SUBROUTINE TO INVERT A P O S I T I V E  D E F I N I T E  MATRIX BY CH
OLESKY METHOD

DOUBLE PRECI SI ON AC I ) ,  DET,  SUM 
INTEGER SUB

C FACTOR A INTO A = C L L ' )
CALL CHOLC I END, A, N,  DET)
I F  CD E T . E Q . 0 . 0 )  GO TO 30
INVERT UPPER TRIANGULAR MATRIX C L ' ) .  T H I S  MUST BE DON

FROM
COLUMN N , N- 1 ............I SO AS NOT TO DESTROY NEEDED ELEMEN

DO 15 L = I  , N  
K = N + I - L
A C S U B C K , K ) ) = 1 . 0 / A C S U B C K , K ) )
DO 10 M=L, N  
J = N + I -M
I FC J . EQ. K ) GO TO 10 
S UM = 0 .  0 
J 1 = J+ 1  
DO 5 I = J l , K

5 SUM=SUM-AC SUBC J ,  I ) ) * A  C SUBCI ,  K ) )
AC SUBCJ , K ) ) = SUM/AC SUBCJ , J ) )

10 CONTINUE 
I 5 CONTINUE

NOW A CONTAINS L TRANSPOSE INVERSE
MULTIPLY INVERTED LOWER TRIANGLES TOGETHER IN REVERSE

ORDER
DO 25  1 = 1 , N 
DO 25  J = I , N  
SUM=0 . 0  
DO 20 K = J , N

20 SUM=SUM+ACSUBC I , K )  ) * A C S U B C J , K )  >
ACSUBC I , J ) )  = SUM 

25  CONTINUE 
30 RETURN 

END
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INTEGER FUNCTION LOCATEt  1» J )
I F  C ( I  -  J ) .L  T« 0 ) L 0 CAT E = I  + ( J * J - J ) / 2 i  RETURN 
LOCATE=J+( I * 1 - I ) / 2 J  RETURN 
END ■

)

SUBROUTINE SELECT ( I END» L» N»Mj. K » K Y* I SA VE» I  A,  R, RX ) 
DOUBLE PRECISION R ( I ) , R X C  I )
DIMENSION I SAVEC I ) , I A ( S )
DATA I B ,  I R / '  R ' /
DO I ,  I =  I , 8

I I  AC I  ) = I  BJ I  SAVEC I > = 0J I  SAVEC 2 )  = 0JKY=0J I  J = 0 l  N = 0
I F  C L . G T . 0 )  REA DC 7 ,  4)  I D, J ,  N,  KY ,  I A,  CI SA VEC I  ) , I =  I ,  20 )
I F  ( C L . G T . 0 ) . A N D . C I D . N E . I  R ) )  I END= 3," RETURN
I F  C CL. GT.  0 )  . AND.  C J . N E . 0 )  ) R E A D ( 7 , 5 )  C I  SAVEC I ) , 1 = 2 1 , M

4
5

21
3

6
7

22

FORM ATC A l ,  T6 ,  I  I ,  2 12 ,  7 A 4 , A 2 ,  2 0 1 2 )  
FORMA TC 4 0 1 2 )
I F  ( K Y . L E . 0 )  KY= I  
I F  ( K Y . G T .  ( M - I ) )  IEND=3J RETURN 
I F  C I SAVEC 2 ) « N E » 0 )  GO TO 3 
I F  C I  SAVEC I ) . EQ. 0 )  I S A V E ( I ) = I  
J= 0
DO 21 1 = 2 , M 
J = J+1
I F  CJ . E Q . ISAVEC I ) )  J = J + I
I S A V E ( I ) = J
K=M-KY
DO 6 1 = 1 , M
I F  CISAVEC I ) . L E . 0 )  K = I - K Y - I J  GO TO 7 
I F  ( I S A V E C I  ) . G T • M ) I EN D= 3J RETURN 
CONTINUE
I F  C K . L E . 0 )  I  EN D= 3J RETURN 
DO 22 1 = 1 , K 
DO 22  J = I , I
I J = I J + !
RXC I J ) = RCLOCA T E CI SAVEC I + K Y ) , ISAVECJ + K Y ) ) ) J RETURN 
END
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SUBROUTINE C OE F ( K , KY ,  I I , N »  IP A R ,  I  SAVE,  X BAR, STD,  R, RX ,  B,  
SE

I ,  NM, MPE R, N TREND, Z C l ,  ZP I ,  I M ,  YHATl  ,  VARI ANCE,  NRR, I  CC I ,  I  C 
P I , NQQ)

DOUBLE PRECI SI ON X BAR, STD,  R, RX, C, SME, B, BO
DIMEN SI  ON IPARC I ) ,  ISAVEC I ) , XBARC I ) , STDC I ) , RC I ) , BC I ) , R

XC I )
DIMENSION I C C I  C I ) , I CP I C I )

C F IND REG COEF,  R - SQUARED, I NTERCEPT- - PLACED IN BCK-H )
RM = 0 . 0 ; BO=0 . 0 ; NY=ISAVEC 1 1 ) ; NN=N-  I ; I  F CIPARC I 4 ) . N E . 0 )

NN = N
F= 0 . 0 ;  SE= 0 . 0 ;  SM E= 0 . 0  
DO I J= I , K
BCJ )  = 0 . 0 ; N X = I SAVECJ + KY)
DO 2 1 = 1 , K

2 BCJJ = BCJ)  + R CL OCATEC N Y , I S A V E C I + K Y ) ) ) * RX CL OCATEC J , I ) )  
RM=RM+BCJ)*RCL OCATECNY, NX ) ) ; BC J )= BC J ) *STDCNY > /STDCNX )

I BO=BO+BCJ ) * X BARCNX>
BC K + I J = XBARC NY ) - B 0 ;  I  F C !PARC I 4 ) . N E . 0 )  BCK+1 ) = 0 . 0  

C F IND SUM SMEAN OF SQUARES DUE TO REG, ERROR, TOTAL
S S T = S T D C N Y ) * S T D C N Y ) * C N - I ) ; SSR=R M * S S T ; SSE=SST-SSR;SMR=

SSR/K
I F  C C S S E . L E .  0 . 0 )  . OR. CNN . L E . K  J J S S E = 0 . 0 ;  GO TO 27
SM e= s s e / c n n - k j ; f = s m r / sm e ; s e = d s q r t c  s m e j

C WRITE- OUT C O E F F I C I E N T S , E T C .
27 WRITE C 6,  2 3 )

DO 3 1 = 1 , K
C = R X C I t C 1 + 1 )  / 2 ) ; L^ I  SAVECKY+1 > ; C=C * S M E / CSTDCL) * STDCL) 

) /  C N -  I )
Sb =DSQRTC DABSC C) ) ;  PR=BC I ) /DSQRTC C * CNN-K ) + BC I  >*BC I  ) ) ;  T

= 0.0
I F  C S E . G T . 0 . 0 )  T=BC I ) / S B

3 WRITE C 6 ,  2 4 )  L ,  X BARC L ) ,  PR,  BC I  ) ,  SB, T 
WRITE C 6 ,  2 5 )  NY,  X BARC N Y ) ,  BC K + I ) ,  RM, SE 
I F  C !PARC I 4 ) . N E . 0 )  WRITE C 6 ,  2 8 )
NE=NN- K;  WRITE C 6,  2 6 )  K,  SSR, SMR, F, N E, SSE,  SM E,  N,  NN, SST 

230FORMATC * VAR.  ' , T l  3 ,  'MEAN ' ,  T 2 4 ,  ' PARTI AL ' ,  T 3 6 ,  'RE GR ESSI  
0 N ' , T 4 9 ,  ' STD.

I ERROR' ,  T 6 3 ,  ' C O M P U T E D ' / '  NO.  ' , T 2 5 ,  'CORR.  ' , T 3 8 ,  'COEF.  
' ,  T 49 ,  ' REG R.

2C0EF.  ' ,  T6 3 ,  * T V AL U E ' )
2 4  FORMA TC T 3 ,  1 2 ,  3 X , 5 G 1 3 . 4)
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250FORMATC 6 DEPEN DENT ’ / T 3 »  12» 3X> Gl 3 .  4 / / T 3 #  " INTERCEPT =
T 2 1> G I 3 e 4 / T 3 ,

I ' R  SQUARED = * > T21 » Gl 3« 4 / T 3 #  ’ STDe ERROR ( SY • X ) = ' , T 2 1 , G 1
3 .  4 )

260FORMATC/ / / / / /  . T l ? ,  'ANALYSI S  OF VARIANCE FOR T H I S
R E GR E SS I O N ' /

I / / T 6 ' S O U R C E ' , T 2 6 ,  ' D . F .  ’ , T 3 8 ,  ' S . S .  ' , T 5 1 ,  ' M . S .  ' , T 62,  ' F 
V A L U E ' / / '  DUE

2 TO R E G R E S S I O N ' , T 2 4 ,  I  5,  T 3 4 ,  3G1 3 .  6 / '  RESI  D U A L T 2 4 ,  I  5 ,  
T 3 4 , 2 G I 3 . 6  /

3 '  TOTAL ( N = * ,  I  5,  ' ) ’ ,  T2 4,  I 5 ,  T 3 4 ,  Gl 3 .  6 )
28 FORMAT ( / / '  NOTE THAT THE OPTION OF " N O  COMPUTER SU 

P PL I E D  INTERC
I E P T ' '  WAS USED'  )

C CALCULATION OF CONTRASTS
CALL I N TERC K,  RX,  B, SE,  N E, XBAR ,  I  SA VE, STD,  K Y,  N,  I C C I ,  I  CP 

I
I ,  NM,MPER,  N TREND, Z C l ,  Z P I  ,  TM, YHATl  ,  VARI ANCE, NRR,  NQQ ) 

DIMENSION I T ( 8 ) ,  CONC 58 )
DATA I C ,  I R / ' C  R V
J J = 0  ; I  F C 11 . G E . 2 )  GO TO 47

34 READ C 7 ,  3 1 ,  EN D= 5)  U  BACKSPACE 7JL = K+1 i I  F C l . N E . I O  R 
ETURN

31 FORM ATC Al  ,  T6 ,  I  I ,  T l  I ,  7A4 ,  A2,  8 F 5 . 0 )
DO 33 1 = 1 , L

33 CON C I ) = 0 .
READ C 7 ,  3 1 ,  EN D= 5)  I ,  I ,  I  T,  C CON C J ) ,  J= I ,  8 )
I F  C l . EQe I )  READ C 7,  3 2 ,  END= 5 )  C CONC J ) ,  J = 9 ,  2 4 )
I F  C l .  EQ. 2 ) READ C 7,  3 2 ,  END= 5 )  C CON CJ ) ,  J= 9 ,  40 )
I F  C I . E Q .  3 )  READ C 7 ,  3 2 ,  END= 5)  CCONC J ) , J = 9 ,  5 6 )
I F  C I . E Q . 4 )  READ C 7 ,  32> EN D= 5 )  C CONC J ) ,  J = 9 ,  58 )

32 FORMATC I 6 F 5 . 0 )
47 CL = 0 . 0 J  SL = 0 . 0

DO 42 I =  I , K
CL = CL+ BC I )*CONC I +  I )
DO 42 J  = I ,K
XX=RX CLOCATEC I , J ) ) / ST D C I  SAVEC I +KY) ) / S T D C I  SAVECJ + K Y ) ) /

CN- I  )
42 SL= SL+ CON Cl +  I ) *CONCJ+ I ) * X X  

CL= CL+ CON Cl I  ) * X  BARC I  SAVEC 11 ) )
SL=DSQRTc CCON C 11 )*CONC I  I  ) / N  + SL ) *  SM E )
J J  = J J + ! ; I F  C JJeEQe I )  WRITE C 6 , 4 6 )

46 FORMATC' !CALCULATION OF CONTRASTS AND PREDICTED VALUE 
S ' / )
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WRITE ( 6 ,  4 3 )  I  T ,  I  SA VEC 11 C I  SA VEC I +KY >,  I  = I ,  K >
WRITE C 6 ,  4 4 )  CONC I  I ) , CCONC I  + I ) » I = I , K )
WRITE C 6 ,  4 5 )  CL,  SLj  I  F C U .  GE . 2 )  RETURN 
GO TO 34

43 FORM A TC / T 2 ,  8 A4 /  ' VARIABLES & CONTRAST WEIGHTS - -  V C  I 6 
, 9 1 1 2 ) )

44  FORMATC 10G1 2 .  4)
45 FORMATC/ ' CONT RA ST  = 9,  Gl 2 .  4 ,  I 0 X ,  ’ STD.  ERROR = Gl 2 . 4 )

5 RETURN
END
SUBROUTINE CSCONVCI N N , I OUT,NOUT)

PROGRAM TO PUT NEEDED INFORMATION ON DATA F I L E

DIMENSION XC I 2 ) ,  AC 12,  I 2 ) , MC 1 2 ) , NTC I 2 ) ,  ZC 12)
10 DO 30 J= I , 12

READC I N N , 2 0 , END=8 0 )  X C J ) , C A C J , I ) , I = 1 , 1 2 ) , M C J ) , N T C J )
20 FORMATC F5. .0 , 1 2 1 1 , 2 1 2 )

I F C X C J ) . L T . 0 >  STOP 
30 CONTINUE

DO 40 1 = 1 , 1 2  
Z C D =  0 
DO 40 J= I , I

40 ZC I )=ZC I ) + XCJ )
DO 60 I = I ,  I I 
I O=IOUT

45 WRITECI 0 , 5 0 )  X C I  ) ,  C A C I  ,  J ) ,  J= I , I 2 )  ,  M C I  ) ,  NTC I ) ,  Z C I + I ) 
I , ZC I ) , Z C 1 2 ) , 1 , 1 + 1

50 FORMATC I  5 ,  I 21 I ,  2 1 2 ,  31 5 ,  2 1 2 ,  T 6 0 ,  ' I ' )
I  FCNOUT.NE.  I ) GO TO 60
WRITEC 1 4 , 5 0 )  XC I  ) , C AC I , J ) , J= I , I  2 ) , MC I  ) , NT C  I  ) , Z C  I  + I ) . 

I , ZC I ) , Z C 1 2 ) , I , 1 + 1 
60 CONTINUE

I O=I  OUT
65 WRI TEC I  0 ,  7 0 ) ■ X C I 2 )  ,  C AC I 2 ,  J ) ,  J= I ,  I 2 ) ,  M C I 2 )  ,  NTC I 2 ) ,

IZC I 2),ZC I 2)
70 FORMATC I  5 ,  I 21 I ,  2 1 2 ,  5X,  2 1 5 ,  2X ,  ' I ' ,  T 6 0 ,  ' I ' )

I  FCNOUT.NE.  I ) GO TO 10
WRITEC I 4 , 7 0 )  XC I 2 ) ,  C AC I 2 ,  J ) ,  J= I ,  I 2 ) ,  MC I 2 ) ,  NTC I 2 )

I , Z C 1 2 ) , ZC 12 )
GO TO 10 

80  CONTINUE
RETURN 
END
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SUBROUTINE CSTR7 (M,  ND,  NDD)
C
C PROGRAM TO TRANSFORM DATA FOR METHOD 7

DIMENSION X ( 6 0 ) ,  X TC 6 0 ) ,  SC I 5 4 0 ) ,  SS( 1 5 4 0 )
I , XNTC I 2 ) , NTC 1 2 ) ,  RC I 541 ) ,  RRC I 5 4 1 ) , YTC 12)
2 , SSSC1 1 , 1 1 )

3 DO 4 1 = 1 , M
4 X TC I ) =0
5 DO 20 1 = 1 , M

READC I 4,  1 0 ,  EN D= 30 )  X ( I )
10 FORMATCT 2 7 , F 5 . 0 )

XTC I  )=XTC I  )+XC I  )
20 CONTINUE

GO TO 5
30 DO 40 I = I ,  M - I
40 XTC I ) = XTC I ) / X T ( M )

N = M- I 
RC I 5 4 1 ) = 0

45 DO 55 1 = 1 , M - I
DO 50 J = I , M -  I 
I I  = I
I  FC J . L T .  I  ) I I = J
SCLOCATEC I , J ) ) = C I I - X T C  I ) * J - X T C J > * I +XTC I ) * X T (  J ) *M ) / X  CM

>**2
SSSC I ,  J )= SCLOCATEC I ,  J ) >

50 R C LN D ( I , J ) )  = 0
55 RCLNDC I , I ) ) = I

I FCN D.NE.  I )  GO TO 60 
DO 57 1 = 1 , M - I

57 WRITEC 1 0 8 ,  I I 5 )  C SCLOCATEC I ,  J ) ) ,  J= I ,  11 )
60 RRCLNDC I , I ) )  = 1

SSCLOCATEC I , I ) )  = SCLOCATEC I ,  I ) )
DO 65 J = 2 ,  N 
RRCLNDC I , J ) )  = 0 ,

65 SSCLOCATECI ,  J>> = 0
RRC 1.541 ) = 0 
DO 95  K= I , N -  I 
DO 80  I = K + I ,N
XM=SCLOCA T E CI , K ) ) /SCLOCATECK , K ) )
DO 7 0 J = I  ,N
RRC LN DC I  ,  J ) ) = R ( L N D (  I ,  J ) ) -  RCLN D ( K , j )  ) *XM  

7 0 SSCLOCATEC I ,  J ) ) = SCLOCATEC I ,  J )  ) -SCLOCATECK,  J )  ) *XM
80 SSCLOCATECI , K ) ) = 0

DO 95  1 = 1 , N



11?

DO 95  J=1.»I
S(LOCATE(  I j J )  ) = SSCLOCATEC I j J ) )

95  R ( L N D ( I j J ) ) = R R C L N D ( I j J ) )
DO 100 I = I j N 
DO 100 J = I j I

100 R ( L N D ( I j J ) )  = R ( L N D C I j J ) ) /
I SQRKABSC S( LOCATEC I j I  ) ) ) )

I  FCND.NE.  I ) GO TO 116  
DO I 10 I = I j N

I 10 WRITEC I 0 8 j I I 5 )  ( R ( L N D ( I j J ) ) j J= I j I I )
115 FORMATC 6G1 2 .  6 )
116  CONTINUE 

REWIND I A
I 17 READC I 4 j I 2 0 j END= I 60 )  CNTC D j XTC D j I = I j M)
120 FORMATCT I S j I 2 j T 2 7 , F 5 . 0 )  '

I F C N D . E Q . l )  WRITEC 1 0 8 j I 2 0 )  CN TC I ) j X TC I  ) j I  = 1 j M ) 
DO 130 I = I j M - I  

130 X T ( I ) = X T ( I ) Z X T ( M )
DO I 45 I = I j M - I  
YTC I  ) =0  
X B= 0
XNTC I ) = 0 .
DO I 40 J = I j M - I
XNTC I  ) = XNT(  I  )+RCLNDC I j J )  ) *N TC J )
XB=XB+RCLN DC IjJ))

I 40 YTC I ) = YTC I ) + R ( L N D (  Ij J )  ) * X T (  J )
I 45 WRITEC 5j I 5 0 )  YTC D j XNTC D j XB 
I 50 FORMATC 3 F 2 6 .  8 )

GO TO I 17 
I 60 CONTINUE

I FCND.NE.  I ) GO TO I 70  
READC1 0 J 1 2 0 )  ( X T C I ) j I = I j M )
WRI TEC 1 0 8 , 1 2 0 )  CXTC D j I = I j M)
REWIND 10

170 CONTINUE '
REWIND 5 

■ REWIND 14 
RETURN 
END
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SUBROUTINE CSTR8(  M, ND,  NDD)
C
C PROGRAM TO GENERATE INDEPENDENT DATA FOR METHOD 8

DIMENSION XC 6 0 ) , X TC 5 ) ,  SC I 5 4 0 ) ,  SSC I 5 4 0 )
I ,  XX TC 4 4 ) ,  RC I 5 41 ) ,  RRC I 541 ) ,  YTC 4 4 ) ,  WC 1 2 )
2 ,  N T C 4 4 ) ,  XN T C 4 4)

DO 180 1 = 1 , 5  
180 XTC I ) = 0  .

DO 185  1 = 1 , M 
READC I 4 ,  1 8 3 )  XC I )

183 FORMATC F 5 . 0 )
185 XTC I )=XTC I )+XC I )

DO 188 1 = 1 , M
188 WC I ) = 0 .

J= 2
189 CONTINUE

DO 190 1 = 1 , M
READC I 4 ,  I 8 3 ,  END= 2 0 0 )  X C C J - I  ) * M + I  )

190 XTCJ ) = X T C J ) + X C C J - I ) *M + I )
J = J+1
GO TO 189  

200 Z = X T C D
J = J -  I 
KK= I 
KKK = 0 
NY = J
DO 2 10  K = D J -  I 
DO 2 10  1 = 1 , M
Z = Z + X C I + M * K ) - X C I + M * C K - I >)
I FC I • EQ• M ) GO TO 205
XXTCKK)=Z
KKK=KKK+!
I F C K K K . G T . 1 1 )  KKK= I 
NTCKK)=KKK 
KK=KK+I

20 5 WC I )=WCI >+Z
210 CONTINUE

DO 220  1 = 1 , M - I 
220 WC D = W C D Z W  CM)

W C M ) = W C M ) /  J
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TO CALCULATE VAR-COV MATRIX

R ( I 5 4 1 ) = 0 .
DO 2 40 I = I •> 44  
DO 230 JJ=  I , I 
S ( L O C A T E ( I , J J ) ) = 0  

230 R ( L N D ( I , J J ) )  = 0 
2 40 R ( L N D ( I ^ I ) ) = I

R R ( L N D ( 1 , 1 ) ) = 1  
DO 250  JJ= I , J - I 
DO 250 I I  = I f M-  I 
DO 250  I I I = I f H  
K V=A BS( I I - I I D
K I = L O C A T E ( (J J -  I ) * ( M- I ) + I I f ( J J - I ) * ( M -  I > + 1 I I  ) 
S ( K I ) = ( M - K V - W ( I I ) * I I I - W ( I I I ) * I I + W ( I I ) * W ( I I I ) * M )

250 S ( K I ) = S ( K I ) / W ( M > * * 2  
DO 260 J J = I f J - I  
DO 260  I I  = D M - I  
DO 260  I I I = I f M - I  
K I = ( J J -  I ) * ( M - I ) + I I 
KJ = J J * ( M - I ) + 111 
K V = A B S ( K I - K J )
I  F ( KV.  GE. 11 )  GO TO 260  
KV=A BS ( I I - I I D
S( L OCATE ( K I  f K J ) ) = ( M - K V - W ( I D * ( M - I  I D - W ( I I I ) *  

I ( M - I D ) / W ( M ) * * 2  
260  CONTINUE

I F ( N D . N E .  I )  GO TO 280  
DO 270 1 1= I f  44
DO 270 I I I = I f I I  
XX=S( LOCATE(  I I f I I I ) )
I F ( X X . E Q . 0 )  GO TO 2 70  
WRI TE(  I 0 8 f  I I 5 )  I D  I I  I f  XX 

27 0 CONTINUE  
280  CONTINUE

SS(LO.CATE( I f I ) ) = S ( L OCATE( I f D  )
N = ( J -  I ) * ( M -  I )
DO 65 J = 2 f N 
RR(LND(  I f  J )  ) = 0 

65 S S ( L O C A T E d f J )  ) = 0
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R R C l 54 I ) = 0 
DO 9 5  K = I , N -  I 
DO 80  I  =K + I , N 
DO 70 J = I  , N
XM= SCLOCAT E C I ,  K)  ) / S<L OC AT E( K , K ) )
RRC LN DC I ,  J> > = RCLNDCI ,  J> ) -RCLNDCK,  J )  )*XM 
SSCLOCAT E C I , J ) ) = SCLOCATEC I ,  J ) ) -  SCLOCATECK,J ) ) *XM 

70 CONTINUE
80 SSC LOCATE C I , K > >  = 0

DO 9 5  I  = I , N  
DO 9 5 J = I ,  I
SCLOCAT E C l , J ) >  = SSCL OCATEC I ,  J ) )  .

95  RCLNDC I ,  J )  ) = RRCLNDC I ,  J )  )
DO 100 1 = 1 , N 
DO 100 J = I ,  I

100 R C L N D C I , J )  I = RCLNDC I ,  J ) ) /
I SQRTCABSC SCLOCATEC I ,  I ) ) ) )

I FCNDD.NE.  I ) GO TO 116  
DO 116 I  = I , N 
DO 116 J= I , N
I FC RCLNDC I ,  J )  ) . E Q . 0 .  ) GO . TO 116  
WRI TEC I 0 8 , I I 5 ) 1 , J , RCLNDC I , J ) )

115 FORMATC 21 3 ,  2X ,  E.  3)
116 CONTINUE  

KK = 0
DO I 30 1 = 2 , NY 
DO 120 J= I , M - I

I 20 XX TC KK + J ) =XXTCKK + J ) / X T C I >
I 30 K K= K K+ M- I

DO 160 1 = 1 , N 
YTC I > = 0 .
X B=0
XNTC I > = 0 .
DO I 40 J= I , N
XNTC I ) = XNTC I  )+RCLNDC I ,  J )  ) *NTC J )
XB=XB+ RCLN DC I ,  J )  )

I 40 YTC I ) = YTC I )+RCLNDC I ,  J )  ) * X X T C J )
WRITEC5 , I 5 0 )  YTC I ) , XNTC I ) , XB 

I 50 FORMATC 3 F 2 6 .  8 )
160 CONTINUE  

REWIND 5 
. REWIND 14  

RETURN 
END
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FUNCTION PRBFC DA, DB, FR)
PRBF= I o 0
I FC DA* D B * F R . EQ. 0  * 0 )  RETURN 
I  FC F R . L T * 1 . 0 )  P R B F = . Si RETURN 
A=DA 
B= DB 
F= FR
AA=2 . 0 / ( 9 . 0 * A )
B B = 2 . 0 / ( 9 . 0 * B >
Z l  = C( 1 . 0 - B B ) * F * * 0 . 3 3 3 3 3 3 - I . 0 + AA) / S O R T C B B * F * * 0 . 666  6 6 7 *

AA )
Z = A B S C Z l )
I  FC B . L T .  4 .  ) Z = Z * (  I . 0 + 0 . 0 8 * Z * * 4 / B * * 3 )
PRB F= 0 .  5/C I . 0 + Z*C . 1 9 6 8 5 4 + Z * C  . I I 5 1 9 4 + Z * (  . 0 0 0 3 4 4 + Z *  . 0 1 9 

5 2 7 ) ) ) ) * *  4
I F C Z l  . L T . 0 . 0 )  PRBF= I . 0 - P R B F  
RETURN 
END 

C 
C 
C

SUBROUTINE I  VALC SB, RX,  D , N , N P ,  VAR,KY,  ! SAVE,  S T D , N O  
DOUBLE PRECI SI ON RX, STD

I DIMENSION STDC I ) ,  X X I C 3 6 5 )  ,  I  SA VEC I ) , RXC I ) , BC I ) , DC I )
„ N D F = N - I

X Z = 0 .  ’
DO 20 I = I , N P  
DO 20 J = I ,  I
X= RXCL OCATEC J ,  I ) ) / ST D C I  SAVEC J + K Y ) ) /STDC I SA VEC I +K Y ) ) / .

NDF
X X I CLOCATECJ , I > )=X  

20 CONTINUE
DO 25  I = I , N P  . .
DO 25  J= I , NP

25  XZ = XZ + XX I  CLOCATEC J ,  I  ) ) *  DC I  ) * D (  J )
I F C N C . E Q . 7 . O R . N C . E Q . 8 . O R . N C . E Q . 4)  GO TO 30
XZ=XZ+!

30 VAR= CS B * * 2 ) * X Z
RETURN 
END
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SUBROUTINE RPROB ( I D T ,  T S , N , K )
PROGRAM TO F I ND P -V A L U E < L . E.  ) FOR STANDARDIZED RESIDUAL

DOUBLE PRECISION S, S S , Z , Z 2 ,  C 
PRECI SI ON = 0 . 0 0 1  
MAXTERM = 500  
WRITE ( 6 , 2 )  I D T

2. FORMA T ( / •  FOR ' ,  I  4,  * TH T - R E S I  DUAL, ' )
T=TS
I F ( N - K . L E . 2 )  GO TO 8 
I F  ( N . G T.  1 0 0 )  GO TO 8 
Z = SQRT( T*  T / ( N -K ) )
I F  ( Z . G E .  I . 0 )  GO TO 8

F I ND  CONSTANT '
C=I  . 0
H = ( N - K ) / 2 . 0  
I H= H + 0 • I 
I H 4= H - 0 . 4  
I I =  I H -  I
I  F ( I I . L E . 0 )  GO TO 22  
DO 21 I =  I ,  I I

21 C=C*  ( H - I ) / ( H - I - 0 . 5 )
22 I F  ( I H . E Q . I H 4 )  C = C * 0 . 5

I F  ( I H . N E . I H 4 )  C = C / 3 . 1 4 1 5 9 3  
R E R R 0 R 2 = ( P R E C I S I O N / ( 2 . 0 * C * N ) ) * * 2

EVALUATING THE INTEGRAL 
S=Z
Z 2 = Z * Z
E = ( N - K - 3 . 0 )  / 2 . 0  
I = I

10 Z = - Z * E * Z 2 / I  
S S = Z / ( 2 * 1 + 1 )
S=S+SS  
1 = 1 + 1 
E= E-  I e 0
I F  ( S S . G T . 0 . 0 )  GO TO 10 
ERR0R2= SS*SS
I F ( I  .G T . MAXTERM ) GO TO 8
IF. ( ERR0R2 .GT.  RERR0R2)  GO TO 10
ALPHA=N * ( 0 . 5 - S * 0 * 2 . 0
I F  ( ALPHA. G T . 0 , 3 )  GO TO 5
I F  ( ALPHA. L E .  0 . 0 )  GO TO 8
WRITE ( 6 , 1 1 )  ALPHA; RETURN
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I I FORMAK ’ 2-TAILED ALPHAC UPPPER BOUND) = %F5.3)5 WRITE C 6» 4) J RETURN4 FORMAT< ' UPPER BOUND ON PROBABILITY EXCEEDS 0.30» ') . 8 WRITE C 6,7); RETURN7 FORMATC' PROBABILITY CANNOT BE EVALUATED.')100 CONTINUE END

SUBROUTINE I READC I EN D, K,  L ,  N,  I  F5»M» X,  J ,  U )
INTEGER U
DIMENSION I  F5C I ) ,MC I >»XC I >

C GI VES  I EN D= 2 TO SIGNAL !EODJ CALL WITH I  END= 3 I S  TO D
uMp c a r d s ;
C K = NO. OF CLASS. VAR. J L = NO. OF REAL V A R . J M CK) & X C L )

ARE CLASS &
C REAL I NPUT ARRAYS; N GIVES OBSERVATION COUNT J I F5 I S

FORMAT 
C

I F  C I END. EQ. 3 )  GO TO 3
I F  C C K * L  ) . G T .  0 ) READC U» I F5» END=2)  C M C I  ) ,  I =  I ,  K )» C X C I  ) ,  

I = 1 , L ) ; R E T U R N
I F  C K . G T . 0 )  READC U» I F5» END=2)  CM C I  ) ,  I  = I ,  K ) J RETURN 
I F  C L . G T . 0 )  R EADC U» I  F5» EN D= 2 ) C X C I ) » I  = I ,  L ) J RETURN

2 I  EN D= 2J I F C J . E Q . 0 )  RETURN 
REWIND UJ RETURN

3 WRI TEC 1 08 ,  4 )  N
4 FORMATC Z 0 R E AD- IN  TERMINATED ON C A R D - - ' , 1 7 )
5 READC U» 6» EN D= 2 )

GO TO 5
6 FORMATC * ' )

END
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SUBROUTINE IN TERC KP> RX ,  B, SB, NE,XBAR,  I  SAVE# S T D , K Y , N # I C
# I P

1 , N C , M , N P , Z , Z P # ! M E T H O D # Y H A T l # VARIANCE#NR#NQQ)
DOUBLE PRECI SI ON RX# B# S TD , X BAR
DIMENSION XBARC I ) , RXC I )#BC I )# I  SAVEC I ) , ST D C  I )
DIMENSION XC -  H : I 2 ) # N T C I 2 ) # XHATC I 2 ) #  AC I 2 # I 2 ) ,XCUMC I 2 )  

I , Y L L C 1 2 ) # YULC1 2 ) # VARYC0 : I I )# YHATC 0!  I I ) ,  DC I 4 4 )  ,  UC I I )
2 # ICC I ) , EC I 4 4 ) , COVC I 4 4 ) , IPC I )

X C 0 ) = 0
YBAR=XBARCISAVECKY) )
NQP= 0
GO TO C 20# 40# I 4 0 , 2 4 0 #  300# 300# 310# 3 1 0 ) # N C

USING P E R I O D I C  TOTALS ONLY------METHOD 2 - 1

20 N E = N - I  -NP
DO 25 I  = I # I 44  

25 DC I  ) =0
DO 38 I R = I  # NR 
READC 10 ,  3 6 )  YA# NTCM)

36 . FORMATCI I / #  T 2 7 , F 5 . 0 #  T 2 0 # 1 2 )
YHATl  = BCNP+ I )
DCNP+I ) = I .
DO 37 I  = I , N P  
DC I  > = CNTCM) > * * I

37 YHATl  = YHATI + BC I  >*DC I  >
CALL I VAL C SB# RX# D# N# NP+ I # VAR# KY# I  SAVE# STD# N C)
I X = I C C D  
I Y = I P C  I )
CALL CINTCYHAT1# YA#Z# VAR# 0# IX# I R ,  IY#ZP#NQQ )
I C C D  = I X  
I P C D  = I Y

38 CONTINUE
YDI  F = Y H A T l - Y A
WRITEC 1 0 8 ,  3 9 )  YHATl  # YA# Y D I F

39 FORMATC ' 0 *  ,  3F1 5 .  2 )
RETURN

TT



C
C USING SUBPERI  ODI C OBSERVATIONS SEPARATELY------- METHOD 2 -
2C
40 N E = N - I - M ^ N P

DO I 30 I R = 1 , N R
READC1 0 , 1 0 )  CXC I ) , < AC I , J > » J = l ,  1 2 ) , NTC I ) , XCUMC I ) , 1 = 1 , 1

2)
10 FORMATC F5 .  0 ,  I 21 I ,  2X,  1 2 ,  5X,  F 5 . 0 )

YACT = 0 
DO 50 1 = 1 , M 
XHATCI ) = B C M * N P + 1 )

49 YACT= YACT+X C I  )
50 CONTINUE  

VA= 0
DO 80  I  I =  I , M 
DO 55 I =  I ,  I 44 

55 DC I  ) = 0
DO 60 J= I , N P
XHATC 11 ) = XHATC 11 ) + BC C 11 -  I ) * N P + J >*NTC I  I  ) * * J  
D C C I I - I ) * N P + J ) = N T C I I ) * * J  

60 CONTINUE
DCM*NP+ I ) = I .
KPP=M* N P + I

65 CALL I VAL C S B, RX, D, N,  KPP,  VAR, KY,  I  SAVE,  STD,  N O  
I Y  = IPC I  1 + 12 )
I X = I C C  I 1 + 12)
VA=VA+VAR
CALL Cl NTCX HA TC I I ) , X C I I  ) , Z ,  VAR, I I ,  I X ,  I R ,  I Y , Z P ,  NQP ) 
ICC 11 + I 2 ) =  I X 
I P C I I + l 2 ) = I Y  

80 CONTINUE
. VAR = VAZM 

YHATC 0 ) = 0  
DO 90  1 = 1 , M

90 YHATC 0 )  = YHATC0)  + XHATC I )
DO I 10 I =  I , M- I 
YHATC I ) = 0  
DO 100 J= I ,  I

I 00 YHATC D  = YHATC I  >+XC J>
DO I 10 J = I + I , M

110 YHATC D  = YHATC I  ) +XHATC J )
DO I 20 1 1 = 0 , M- I 

I 20 V A R Y C I I ) = C M - I I ) * V A R

125
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DO I 30 1 = 0 , M - I 
I X = I C C I - H  )
I Y = I P C I + ! )
CALL C l N TC YHATC I  >,  YACT,  Z» VARYC I  ) ,  I ,  I X ,  I  R,  I  Y,  ZP,NQQ ) 
ICC I + D = I X  
I P C 1 + 1 ) = I Y  

130 CONTINUE
DO I 38 1 = 0 ,  I I 
YDI  F=YHAtC D - Y A C T
WRITEC 1 0 8 ,  I 37 ) I ,  YHATC I  ) ,  YACT,  YDI  F

137 FORMATC 1 3 ,  3F1 5.  2 )
138 CONTINUE  

RETURN
C
C USING ALL SUBPERIODIC OBSERVATIONS SIMULTANEOUSLY------M
ETHOD 2 - 3  
C
I 40 N E = N - I - N P - M + !

DO 2 30 IR=  I ,  N R
READC10,  I 0 )  CXC I ) , C AC I ,  J ) , J= I ,  I 2 ) , NTC I ) , X CUM C I ) , I =  I , I

2 )
YACT= 0
DO I 42 1 = 1 , M 

I 42 YACT=YACT +XC I )
I 45 DO I 90  I 1 = 1 , M

XHATC I I  >=BCNP + M)
I FC I  I . E Q . M) GO TO I 50 
X H A T C I I  ) = X H A T C I I )  + B C I D  

I 50 DO I 60 K= I , N P
I 60 XHATC I I ) = XHATC 1 1 ) + BCM- I +K >* N T C 1 1 >* * K  

DO 170 I =  1,M*M  
170 DC I  ) = 0

DC NP+M ) = I •
D C I D = I .
DO 180 K= I , N P  

180 DCM- 1+K )=NTC 11 ) * * K  
KKP=N P+M
CALL IVAL C SB, RX,  D, N,  KKP,  VARYC 11 > , K Y ,  I  SAVE,  STD,  N O  
I X=  I CC1 1 + 1 2 )
I Y = I P C 1 1 + 1 2 )
CALL C I N TC X H A T C I I ) , XC 1 1 ) ,  Z ,  VARYCI I )

I , I I , I X , I R , I Y , Z P , NQP )
I C C I I + 1 2 ) = I X  
IPC 11 + I 2 )  = IY  

190 CONTINUE
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I  F( I R . G T .  I )  GO TO 195  
DO 191 1 1 = 1 , M*M
E ( I I ) = D  

191 D ( I I ) = D
DO 1 94  1 1= I , M - I 
DO 1 9 4  J = I  I + I , M 
D ( I I ) = I .
E ( J ) = I .
DO 193  K= I , N P  
D ( M - 1 + K ) = N T ( 1 1 ) * * K

193 . E ( M - 1 +K ) = N T (  J ) * * K
D( NP+M ) = I .
E (N P + M) = I .
CALL COVAR( SB, RX, D, E , N , N P + M ,  CO,KY,

I ! S A V E , S T D )
C O V ( L O C A T E ( I I , J ) ) = CO 
D( I I ) = D

1 94  E ( J ) = D
195 CONTINUE

DO 23D I J = D , M - I  
YHA T ( I J )=D  
DO 2DD I = I J +  I , M

2D D YHAT(I J )  = YHAT(I J )  + XHAT(I )
DO 2 1 D I = D , I J

2 1 D Y H A T ( I J )  = YHAT( I J )  + X ( I )
VAR=D
DO 22D I I  = I J + I , M -

22D VAR = VAR+ VARY( I I )
I  F( I J . G E .  ( M - I  ) > GO TO 228  
DO 2 2 5  I I  = I J + I , M- I 
DO 2 2 5  IK=  1 1 + I # M

225  V A R = V A R + 2 * C 0 V ( L 0 C A T E ( 1 1,  I K ) >
228 CONTINUE

I X = I C d J + ! )
I Y = I P d J + I )
CALL C I N T ( Y H A T d J ) ,  Y A C T , Z ,  VAR, I  J ,  I X ,  I R ,  I Y ,ZP, NQ' Q ) 
I P ( I J + I ) = I Y  
I C ( I J + 1 > = I X  

23D CONTINUE
DO 2 3 5  I  = D, I I 
YDI  F= YHAT( D - Y A C T
WRI TE ( I D8,  1 3 7 )  I ,  YH A T ( I ) , Y A C T , Y DI F 

235 CONTINUE  
RETURN
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C
C USING CUMULATIVE OBSERVATIONS SEPARATELY------METHOD 2 - 4
C
240 I J =  !METHOD 

I X  = 0 
I  Y = 0 
NE=N-NP  
DO 2 8 0  I R = U N R
READC1 0 , 1 0 )  ( X C I ) , ( A ( I , J ) , J = 1 ,  I 2 ) ,  NTC I ) ,  XCUMC I ) , 1 = 1 , 1

2)
YACT=0  
DO 2 46  1 = 1 , M

246  YACT = YACT + XC I )
Y= BC NP+ 2 )  + BC I ) *XCUM C U )
DO 2 50  1 = 2 ,  NP+ I

250 Y=Y + BCI ) * C N T C I J ) ) * * C  I  -  I )
DO 260  1 = 1 ,  144  

260  DC I ) = 0
DC I ) =XCUMC I J )
DC NP+ 2 )  = I •
DO 270 I =  I , N P  

270  DC I  + D = N T C I J ) * * !
KPP=N P+ 2
CALL I  VALC SB, RX, D, N , KP P ,  VAR,KY,  I SAVE, STD,  N O  
VAR = VAR+ C M - I J ) / I J * C S B * * 2 )
YHATl =Y
CALL C I NTCY,  YACT,  Z,  VAR, I J ,  I X ,  I R ,  I  Y , Z P , N Q Q )

280 CONTINUE
YDI  F= Y HAT l -Y ACT
WRITEC 1 0 8 ,  1 3 7 )  I  J ,  YHATl  ,  YACT,  YDI  F 
RETURN 

C 
C
300 CONTINUE  

RETURN
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C .
C USING P E R I O D I C  FRACTIONS SIMUL TAN EOUSL Y - - -METHODS 3 - 2

& 3 - 3  
C
310 N E = N - I - N P

YBARI = YHATI 
D ( I ) = I

' I  F ( N C .  EQ.7 ) GO TO 315  
Y A= 0
READC I A , 3 1 3 )  C X ( I ) * I = - 1 1 * 0 )

31 3 FORM A T ( 4 7 / ,  I 2< / *  F 5 . 0 )  >
DO 3 1 4  I = - I  1 , 0  

3 1 4  YA= YA+X ( I  )
YAC=YA

31 5 DO 3 30  I  R= I , NR 
YA=YAC
I F( I R . N E .  I ) NQQ=0
READC 1 0 * 1 0 )  CXC I ) *  C AC I *  J ) *  J= I * I 2 ) * NTC I ) *  XCUMC I ) , I =  I , I

2)
YACT=0 .
DO 31 6 I = 1 , M  

31 6 YACT=YACt+X C I )
DO 330  I J =  I , I  I 
YA=YA+ X C I J ) - X ( I J - 12)
U ( I J ) = B ( N P + I )
DO 3 20  K= I , N P  
DCK) = I J * * K

320 UC I  J )  = UC I J )  + D C K ) * B ( K )
D ( N P + I ) = I
Y H A T ( I J ) = X C U M ( I J ) Z U ( I J )
I F ( N C . E Q . 8 )  YHA T ( I J )  = YA Z U ( U )
SSB= SB* Y BAR I Z U ( I J )
KPP = NP+ I
CALL I  VAL(SSB*  RX* D, N , KP P ,  VAR,KY,  I SAVE* STD* N O  
VAR= VAR+ ( M - I J ) *  VARIANCE 
VAR1=VARIAN CE 
K J = I J
I F( NC.  EQi* 8 ) KJ = M
VAR= VAR + K J *  VAR I Z ( U (  I J > * U (  U )  ) + I J *  VARl -  2ZU ( I J ) *  I J *  VARI 
I X = I C ( I J )
I Y = I P ( I J )
CALL C I N T ( Y H A T (  I J ) *  YACT*Z*  VAR, I  J ,  I X ,  I R *  I Y * Z P * N Q Q )

• I
V
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I C ( I J )  = IX  
I P ( I J ) = I Y  
S d e v =SQRT(VAR)
Y L = Y A C T - Y H A T ( I J ) + Z * S D E V  
Y l J = Y HA T d J  ) + Z *  S DEV-YACT  
Y D I F = Y H A T ( I J ) - Y A C T
WRI T E( I 0 8  ̂ 3 2 5 )  I J , Y H A T (  I J )> YACT,  YDI  F> YL> YU» SDEV 

325  F O R M A T ( I 3 ,  6 F 1 3 .  2)
330 CONTINUE  

RETURN 
END 

C 
C- 
C

SUBROUTINE C I N T ( Y H A T 1 ,  Y , Z , V A R ,  I K , I C ,  I R ,  I Y , Z P , N Q Q  
SDEV=SQR T ( A B S ( V A R ) )
Y L = Y H A T l - Z * S D E V  
YU=YHAT I + Z * SDEV
I F( YL . L T .  Y.  A N D . Y U . G T . Y )  I C = I C + !

40 Y L = Y * ( I . - Z R )
Y U = Y * ( I . +ZP)
I  F( Y L . L T .  YHAT1.  AND.YU. GT. YHAT1  ) I  Y= I  Y + I i RETURN
RETURN
END .

C
C SUBROUTINE TO CALCULATE COVARIANCES
C

SUBROUTINE COVAR( SB, RX, D, E , N , N P ,  COV,KY,  ! SAVE,  STD)  
DOUBLE PRECI SI ON RX, STD
DIMENSION S T D ( I ) , X X I ( 3 6 5 )  ,  I S A V E ( I ) ,  RX( I ) ,  B(I )

I , D ( I ) , E ( I )
N D F = N - I  
XZ = 0
DO 20 I =  I , N P  
DO 20 J= I , I
X = R X ( L O C A T E ( J , I ) ) / S T D ( I S A V E ( J + K Y ) > /

I S T D ( I S A V E ( I + K Y ) ) / N DF 
20 X X I  (LOCATE!  J , I )  ) = X 

DO 25  I =  I , N P  
DO 25  J= I , N P

25 X Z= X Z + X X I ( L O C A T E ! J , I ) ) * D ( I ) * E ( J >
C 0 V = ( S B * * 2 ) * X Z
RETURN
END
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SUBROUTINE RES ( N,  K,  K Y,  1 1 , M, I  PARl 4* NRES» I  SA VE> XBAR, STD 
,  B,X, RX> SR)

DOUBLE PRECI SI ON X BAR, STD,  B> RX
DIMENSION ISAVEC I ) , X B A R < I ) ,  S T D ( I >, .B( I ) , X ( I ) , R X ( I ) 
N S E = I f I F  C N R E S . E Q . l )  NSE=0

. REWIND 8 f  ZN = 0 . 0 f Z D = 0 . 0 f  L = I  SAVEC 11 ) f  WRITE C 6,  I ) NSEfTM 
AX=0 . 0

1 0 FORMA TC 1 RESIDUALS A R E - - ' / '  OBS. Y VALUE Y ESTI
MATE’ ,

14X,  ' R E S I D U A L ' , NC 3 X , ' S . E . - R E S I D U A L ' ,  3X,  ' T - RES I DUA L
' ) )

2 FORMATC T 2 ,  I 4,  5G I 3 .  4)
3 FORMAT C' 0 DURBIN WATSON' , 8 X , F 9 . 5 )

DO I 0 NN= I , N
READ CS) CXCI ) ,  I =  I ,  M)
I  D=0f  S E = 0 . 0 f Y E = 0 . 0 f  I  F C I PA R l  4*  E Q . 0 )  YE=XBARCL)  ■
DO I I 1 = 1 , K 
L I = I S A V E C K Y + ! )
I F  C I P A R l  4 .  EQ. 0 )  X C L D  = X C L D - X B A R C L D  
I  F CNRES. EQ. I )  GO TO 11 
I F  C l . E Q . I ) GO TO 12 
DO I 3 J= I , I - I  
LJ= I SAVECKY+J)

13 S E = S E + C X C L J > * X C L I > * R X C I D + J ) / S T D C L J ) / S T D C L D ) * 2 . 0  
12 I  D=I  D+I

SE=SE+C C X C L D / S T D C L D  ) * * 2 ) * R X C  I D )
11 YE=YE+BC D t X C L D f  R E = X C D - Y E f  SE= SE ZC N - I )

I F  C N R E S . E Q . l )  WRITE C 6 ,  2 )  NN,  X CL ) ,  YE,  REf G .
O TO 14

I F  C I P A R l  4.  EQ. 0 )  SE= SE+C 1 . 0  ZN )
SE= SP* SQRTC I . 0 - SE)  f T=REZSEf WRITE C 6,  2 )  NN ,  X CL ) ,  YE,  RE,

SE,  T
I F  CABSC T)  . GT . TM A X )  TMAX= ABSC T)  f IDT=NN  

I 4 I  F CNN. EQ. I ) REl=RE
ZN= ZN+ C C R E - R E D t C R E - R E l  ) ) f  Z D = Z D+RE* RE 

10 REl =RE
ZN=ZNZZDf  WRITEC 6,  3)  ZN
I F  CNRES.NE.  I )  CALL RPROB C I  DT, TM AX,  N,  K )
RETURN
END
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SUBROUTINE CSGEN (NC> S IGM A,XW ,K ,  I SEED, NP, N ,  M , B, NCH,NR,
BO) ' . ■

T H I S  PROGRAM GENERATES DATA FOR COMPARISON OF 
REGRESSION ESTIMATES  

C
DIMENSION BC 0 : 2 4 ) ,  CC 0 : 2 4 ) ,  AC 1 2 ) ,  BOC 0 : 2 4 )
INTEGER UL
REAL MEAN,MEANl , M I N , M A X  
XO=XW 
I  CT=0
DO 15 1 = 1 , M - I  

15 A ( I ) = B  
MN=M*N 
KK = 0
DO 31 I J = I , N  
I  FCNCHe EQ. I ) KK = 0 
DO 30 1 1 = 1 , M 
MEAN = BC 0 )
KK=KK+I 
DO 20 J= I , N P  
K = N P + 11

20 MEAn =MEAN + BCJ ) * C K K * * J >
MEAN I =MEAN+BCK)
A C I D  = I
N Q = 0 ; I R = I
GO TO C 2 1 , 2 2 ) , NC

21 M I n =MEANI  - X Q *  SI  GMA 
MAX=MEAN I + X Q * S I GMA
Y=RNORMC I  SEED, MEAN I ,  SIGMA,  M I N ,  M AX)
GO TO 26

22  LL=MEANl -XW  
UL=MEAN I +XW
Y=UNFRMCLL, UL, I  SEED)

26  CONTINUE
WRITEC I 2 , 2 8 )  Y , C ACK I ) , K I = I , I 2 ) , 1 1 , KK 

28 FORMATC 1 5 , 1 2 1 1 , 2 1 2 )
30 AC I I ) = 0
31 I  FCiNCH. EQ. 2 )  ICT=Gf  GO TO 32

KKl=KK
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V

g e n e r a t i o n of data for c u r r e n t p e r i o d
32 I FCNCH. N E . 2 >  GO TO 65

I CT= I CT+ I i I R=NR
I F ( I C T . G E . N )  N C H = I i  GO TO 65___
OUTPUT ' TYPE T I F N O  CHANGE IN TREND"
I NPUT ND
I FC ND. EQ.  I ) GO TO 50 

35 OUTPUT " INPUT DEGREE FOR TREND"
I NPUT NP .
OUTPUT ’ I NPUT ALPHA FOR 1 = 0 , NP"
DO 40 1 = 0 , NP 
I NPUT X 

40 C ( I ) = X
50 OUTPUT "TYPE I I F  NO CHANGE IN EFFECTS’

INPUT ND
I  FCND.EQ.  I ) GO TO 63
OUTPUT " I N P UT  EFFECTS FOR SUBPERIODS I THRU M - 1 
DO 60 I = I , M - I  
INPUT X 
J= I+NP  

60 C ( J )  = X
J=NP+M 
C ( J ) = 0  
GO TO 70

63 DO 6 4 I = I ,M -  I
64 C ( I >= BCI + N P )

GO TO 70
65 DO 90 I R= I , NR  

NKK = KKl
DO 66 1 = 0 , 2 4

66 CC I )= BOC I )
70 DO 90 I I =  I ,M

X = C ( 0 )
DO 80  J= I , N P

8 0  X=X+ C( J ) * ( I I * * J )
K = N P + 11
X=X+ C( K )
A ( I I ) = I
GO TO ( 8 1 , 8 2 ) , NC

81 MI N = X- X Q * S I GM A  
MAX=X + XQ#SI GMA
Y=RNORM ( I  SEED,  X ,  S I  GMA, M I N ,  MAX )
GO TO 86
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8 2  LL=X-XW
LU=X+XW
Y=UNFRMCLL,L U , ! SEED)

8 6  CONTINUE  
I N N = I 4 
NKK=NKK+!
I F C N C K . E Q . 2 )  INN= I 2
WRITEC I N N , 8 7 )  Y , C AC I K ) , I K = I , I 2 ) , 1 1 , NKK

87 FORMATC 15 ,  I 21 I ,  2 1 2 )
90 AC 1 1 ) = 0

I F C NC H. EQ. 2 )  MEAN = X i K K I = N K K i  GO TO 32  
OUTPUT ISEED  
REWIND 12 
REWIND 14
CALL CSCONVC I 4,  10 ,  0 )
REWIND 14  
I OUT=S
CALL CSCONVC I 2 ,  I OUT ,  I )
REWIND 5 
REWIND I 4 
REWIND 10 .
REWIND 12 
RETURN 
END

UNIFORM RANDOM NUMBER ON INTERVAL 0 , 1

SUBROUTINE MYRAN C I Y ,  Y FL )
I Y = I Y * 6  5539
I FC I Y . L E .  0 )  I Y = I Y + 1 + 2 1  47 4 83 6 47  
Y F L = I Y * .  4 65 6 61  3 E - 09 
RETURN \ \
END

UNIFORM RANDOM NUMBER ON INTERVAL FROM A TO B

FUNCTION UNFRMCLL,LU,  IY>
A=LL  
B=LU
CALL MYRANC I Y , RNUM)
UN FRM = A+ C B - A ) *RNUM 
RETURN 
EN D
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SUBROUTINE CORRECI E N D , M , N , I P , X B A R ,  STD,  R,  D)
DOUBLE PRECI SI ON XBARC I >„ STDC I ) ,  RC I ) ,  C 
DIMENSION DC I )
I J = 0
I F  CN.GT.  I ) GO TO 10 
DO I ,  I  = I * M
XBARC D  = DCI ) ;  STDC I )  = 0 .
DO D J = D I  
I J = I J + I

I RC I J ) = 0 . 0 5  RETURN 
10 I F  C I  END.NE.  I ) GO TO 20 

DO I D I  = D M
D C D  = D C D - X B A R C 1 ) 5 STDC I )= DC I ) + 5TDCI )
DO I D J = D I  
I J = I J + I

I I R C I J )  = R C I J )  + DCI ) *DC J )5 RETURN
20 I F  C I EN D. EO. 4)  WRITE C 6,  3 1 )  I P , C D I  = D M )

I F  C I END.EQ.  5)  WRITE C 6 ,  3 2 )  C D  I = D M )
31 F O R M A T C / / / / / / '  CORRELATION MATRIX I S - -  ' /N C 90  C SI  I 2 / )  ) , 

C I 0 I I 2 ) )
32 FORM ATC ' VARI AN C E - COVARI AN CE MATRIS I S -  -  V C  T 2 ,  1 1 0 , 9  11

2) )
DO 21 I = D M
XBARC D  = C STDC I ) / N ) + X BARC I  )
DO 21 J= I , I  
I J = I J +  I
RC I J )  = C RC I J ) - S T D C  D * S T D C . J )  / N )  / C N - I  )
I F  C I END.EQ.  6 )  RC I J )  = RC I J )  + XBARC I  ) *XBARC J > * N / C N -  I )

21 CONTINUE;  11 = 0 
DO 22 I  = D M
I S = I  I + I ; I I = I  I  +I , -  STDCI ) =DSQRTC D A B S C R C I I ) ) )
DO 23 J= I , I
I J =  I S + J - I 5 C=STDC I ) +STDCJ)
I F  C C I E N D . N E .  5)  , AND. C C . G T . 0 )  ) RC I J ) = R C I J ) / C  

23  CONTINUE
I F  C C I E N D . EQ .  4)  . OR. C I  END. EQ. 5 )  ) WRITE C 6,  3 3 )  D I P , CRC 

J ) ,  J= I S ,  I D
33 FORMATCT 2 , 1 3 ,  NC9 0 C TB,SG I 2 . 4 / ) ) , CT5 ,  I 0 Gl 2 . 4 )  )

I F C M. G T • 1 0 )  WRITE C 6,  33 )
22 CONTINUE

01 F C C I E N D . E Q .  4 ) . O R . C I E N D . E Q . 5 ) )  '
I WRI TE C 6,  4 0 )  C DXBARC I ) ,  STDC I ) ,  I = I , M )

40 FORMATC/TB,  ' MEAN' , 6X,  ’ S TD . DE V.  ' / C I  4 , 2 G1 2 . 4 ) )
RETURN
END : .



SUBROUTINE P R I N T ( N , K , K Y ,  I PAR,  !SAVE,  ! HEAD,  R, RX , ST D,  T
,  I A )

DOUBLE PRECI SI ON R> RX> STD
DIMEN SI  ON !PARC I ) , I  SAVEX I )» IHEADC 2 0 ) »  R( I ) , RXC I ) , STDC I 

) , TC I ) » I A C 8 )
D F = N - U  I  F C IPARC I 6)  . E Q . 0 )  GO TO 20
WRITE C 6 ,  I ) IHEAD» IAJ J= I J I  F C IPARC I 4 )  .EGU I ) J = 0
N V=K + KYJ WRITEC 6» 2 )  J» IPARC 1 2 ) ,  CI SAVECL ) ,  L= I »KY)
DO 11 I = U N V  
DO 12 J = U I

I 2 TC J )  = RC LOCATECI  SAVEC J ) ,  I  SAVEC I  ) > ) *STDC I SA VECJ)  ) *STDC I. 
SAVEC I ) ) *  DF

I F  C l .  EQ • KY + I ) WRITEC 6, 4)  I  PARC I 2 ) ,  C I  SA VECL ) ,  L= I ,  N V)  
I F  CKY+K.G T.  IPARC I 2 )  ) WRITE C 6,  I )

I I WRITE C 6 , 3 )  I  SAVEC I ) , I P A R C 1 2 ) , CTCL) , L= I , I >
20 I F  C I PARC1 7 ) . E Q . 0 )  GO TO 30

WRITE C 6,  I ) IHEADJ WRITEC 6,  5 )  I  PARC I 2 )  ,  C I  SA VECL + KY ) » L =
U K )

DO 21 I = U K  
DO 22  J = U  I

22  TC J ) = RX CL OCATEC J , I ) ) / STDCI  SAVECJ + K Y ) ) / S TDC I  SAVEC I + K Y ) 
) / D F

I F  CK.GT.  IPARC 12)  ) WRITE C 6,  I )
21 WRITE C 6 ,  3)  I S A V E C I + K Y ) ,  IPARC 1 2 ) ,  C T C L ) , L = 1 , I  )
30 I F  CI P A R C 2 0 ) . E Q . 0 )  RETURN

WRITE C 6 ,  I )  IHEADJ WRI TEC 6 ,  6 )  IPARC 1 2 ) ,  C I  SA VECL+KY ) ,  L =
U K )

DO 31 I = U K  
DO 32 J = U  I

32 TCJ )  = RXCLOCA T E C J , I ) ) /DSQRTCRX CL OCATECJ , J ) ) * RX CL OCATEC 
U I ) ) )

I F  CK. GT.  IPARC I 2 )  ) WRITE C 6 ,  I )
31 WRITE C6 , 3 )  I S A V E C I + K Y ) ,  I P A R C 1 2 ) ,  CTCL) , L = U D J  RETURN

1 FvORMATC 2 0 A 4 ,  T U  l H l  / 8 A 4 / / ) ,
2 FORMATC ' Y ' ' Y MATRIX ' , N C 1- - I N  FORM OF DEVIATI ON FROM 

MEANS- -  ' ) /
I NC 9 0 C SI I 2 / ) ) , C I 01 I 2 )  )

3 FORMATC T 2 , 1 3 ,  N C 90 C T5» SG I 2. 4 / )  ) ,  C TB, I 0 Gl 2 .  4 )  )
4 FORM ATC /  * X ' ' Y  AND X ' ' X  MATRI CES V N  C 9 0 C SI I 2 / )  )» C I 0 1 I 2

) )
5 FORMA TC • INVERSE OF X ' 'X V N  C 90 C SI  I 2 / )  ) ,  C I 01 I 2)  )
6 0 FORMATC ' INVERSE O F X 11X IN CORRELATION FORM V

I NC90C SI  1 2 / ) ) , C1 0 1 1 2 ) )
END

136
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SUBROUTINE TRAN ( I E N D , K T , K V , I T , C C , D , E ) ,
DIMENSION I T ( 5,  I ) , CCC I ) , DC I ) , E ( I )
DO 9 7 , N =  I , KT . .
M=ITC l , N ) i  I = I T C 2 ,  N ) ;  J = I T C  3 , N ) i K = I T C  4,  N ) ; L= I  TC 5, .N) ; C=C

CC N )
91 I F  C C I . G T . K V )  . OR.  C J . G T . K V )  .-OR. CK. GT . KV)  ) I  EN D= 35 RETUR 

N
GO TO C I ,  2 ,  3,  4,  5,  6,  7 , 8 ,  9 ,  I 0 ,  I I ,  I 2 ,  I 3,  I 4 ,  I 5,  I 6,  I 7,  I S ,  I

9 ) , M
GO - TO 97

1 DC I ) = AL OG C DC J )  ) 5 G0  TO 99
2 DC D  = SINC D C J ) ) ;  GO TO 99
3 DC D  = COSC D C J ) ) ;  GO TO 99
4 DC D  = EXPC DC J )  ) ; G 0  TO 99
5 DC D  = ATANC DC J )  ) ; G 0  TO 99
6 DC D  = DC J ) * C ;  GO TO 99
7 DC D = D C  J ) * * C ; G O  TO 99
8 DC D  = DC J ) * D C K ) ; G O  TO 99
9 DC D  = DC J ) / D C K ) ;  GO TO 99  

10 DC I ) = D C J ) / C ; GO TO 99
I I DC D  = DC J )  + DCK);GO TO 99
12 DC I y = DCJ ) - DC K> ; GO TO 99
13 DCI ) = DC J ) + C ; GO TO 99
14 DC D  = CZDC J ) ; G O  TO 99
15 DC D= AL O G  10C DC J )  ) ; GO TO 99
16 D C I ) = DC J ) ; GO TO 99
17 DC D  = DC J )  + ECK);  GO TO 99
18 DC D = A S I N C  DC J )  ) ;  GO TO 99
19 I F  C DC I )  . L E. C ) I  END= 2;  RETURN 
99 L = L - I

I F  C L . G T . 0 )  1 = 1 + 1 TC 2 ,  N-  I ) ;  J = J + I TC 3 ,  N-  I ) ,'K = K + I TC 4,  N-  I )
; g o  t o  9 i

97 c o n t i n u e ; r e t u r n  
END
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INTEGER FUNCTION LNDC I ,  J>
I  FC < I - J  ) . L T .  0 )  LND= I 5415 RETURN
L N D = J + ( I * I - I ) / 2 5  RETURN
END

INTEGER FUNCTION SUBC I ,  J )
C TO CALCULATE THE SUBSCRIPT OF ELEMENT A C I » J )  FOR A SY
MMETRIC
C MATRIX STORED COLUMN BY COLUMN (UPPER TRIANGLE ONLY)
IN A ONE
C DIMENSIONAL ARRAY

SUB=I + ( J # J - J ) / 2  
RETURN 
END



MAWTiw. —  ,^1uwvBwrrv

3 1 762 10011224

UJ f o .y Shl3 Shaffer, Charles E 
cop.2 Estimation of

cumulative totals

DATE ISSUED TO


