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Abstract: We study the problem of estimating a functional or a parameter
in the context where outcome is subject to nonignorable missingness. We
completely avoid modeling the regression relation between outcome and co-
variates, while allowing the propensity to be modeled by a semiparametric
relation where the dependence on covariates is unknown and unspecified.
This unknown function in the semiparametric propensity model is not di-
rectly estimable from the observed data and is the fundamental challenge
in the estimation of the parameter of interest. By carefully analyzing the
semiparametric structure of the model, we discover that the estimation of
the parameter in the propensity model as well as the functional estima-
tion can be carried out without estimating this unknown function. This
phenomenon is especially interesting and extremely helpful in our context,
because it overcomes the very obstacle that this unknown function cannot
be directly estimated from the observed data. The property of the proposed
estimator is established rigorously through theoretical derivations, and sup-
ported by simulations and a data application.
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1. Introduction
1.1. Modeling Strategies for Nonignorable Missing Data

Handling missing data is an inevitable issue in many empirical studies, espe-
cially when the data are directly collected from human beings or strongly linked
to the subjects’ behaviors. Broadly speaking, there are two types of missing
data depending on the structure of the missing data propensity, which is the
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probability that a variable is missing. The missing data is called missing at
random or ignorable [15] if the propensity of missing data depends only on the
observed values. In applications, however, the propensity is usually nonignor-
able in the sense that its distribution not only depends on observed data but
also unobserved ones. Nonignorable missing data are prevalent in surveys in
social sciences as well as in patient reported outcomes in biomedical studies
[4, 12, 5, 10]. Hence, it is imperative that we closely study estimation under this
setting and discuss the difficulties encountered.

In this paper, we use Y to denote an univariate outcome variable and X
to denote a p-dimensional covariate. We consider the situation that X is fully
observed but Y is subject to nonignorable missingness. We encode R as the
indicator of observing Y, in that R = 1 if Y is observed and R = 0 otherwise.
The missing data setting involves two models of interest, the missing outcome
propensity model 7(y,x) and the conditional probability distribution function
of the outcome given the covariates fy|x(y,x). The propensity model is defined
as

m(y,x) = pr(R=1]y,%),

and under the nonignorable missing data setting it depends on Y but does not
necessarily depend on all variables in X. In addition to hampering the modeling
of m(y,x), the incompleteness of Y also causes challenges in the modeling of
fylx(y, x). Consider an application where the outcome Y is the pain score of a
patient suffering from arthritis or the depression score of a breast cancer patient,
then the corresponding scientific interest is to estimate some unknown quanti-
ties about the marginal distribution of ¥ such as E(Y). In these situations,
it is not advisable to impose assumptions on fy|x(y, x), because an incorrect
assumption on fy|x(y,x) will easily jeopardize the estimation of E(Y') if one
computes it through E(Y) = E{E(Y | X)}. On the other hand, [21] showed that
a model with nonignorable missing outcome data is not identifiable without any
assumptions on either fyx(y,X) or the propensity model m(y,x). Therefore, in
order to enable model identifiability it is sensible to impose some assumptions
on 7(y,x) and allow fy|x(y,X) to be free of assumptions. The key question is:
what assumptions are appropriate for a propensity model m(y,x) for nonignor-
able missing outcome data?

1.2. A Semiparametric Propensity Model

A simplistic approach is to impose a fully parametric assumption on the propen-
sity model, such as logistic regression, as in [7, 22, 20, 2, 28, 18]. However, it
is difficult to verify any model on 7(y,x) under nonignorable missingness, and
hence is desirable to have a model assumption that is as weak as possible. To this
end, [8] considered the following exponential tilting model for the propensity:

logit m(y,x) = h(y, B) + 9(x), (1.1)

which is semiparametric with a parametric component h(y, 3), where h(0, 3) =
0 and B is an unknown d-dimensional parameter, and a nonparametric compo-
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nent which is an unknown function of the covariates g(x). The parameter [3,
characterizing the dependence of the propensity on the outcome Y, indicates
how severe the nonignorability is. In contrast to a fully parametric model, the
nonparametric component g(x) provides certain flexibility to protect against
possible model misspecification. However, 8 and g(x) in model (1.1) are not
identifiable, as shown in Example 1 in [23]. Thus, [8] assumed that 8 is either
known or can be estimated using some external data. While model (1.1) is a
great improvement over a parametric model for the propensity, the requirement
of a known S severely limits its application.

[23] modified model (1.1) and showed that the parameter 3 can be consis-
tently estimated if one can find some part of X, say, Z, that is not involved in
the propensity model; that is, if X = (UT, ZT)T and

logit 7(y, x) = logit 7(y,u, B, 9) = k(y, B) + g(u), (1.2)

where the dimensions of U and Z are g and p— g, respectively. The variable Z is
termed non-response instrument or shadow variable in the nonignorable miss-
ing data literature. [23] provides extensive discussions on the choice of shadow
variable in practice. Note that, while [23] simply wrote h(y, 3) = By, all of their
methods are applicable to the more general function h(y,3). While the mod-
ification by [23] leads to consistent estimation of 3, their estimation method
involves first estimating g(u). Similarly, [27] proposed a variety of estimation
procedures under the same setting.

This introduces some challenges, because although g(u) per se does not have
missing data, its estimation is not stand-alone and involves modeling of miss-
ing data or estimation of other unknown components. [23] and [27] adopted
the profiling approach, and estimated g(u, 3) via the standard kernel estima-
tion for every fixed value of 3. Since g(u, 3) has to be repeatedly estimated
in the algorithm, the procedure becomes computationally expensive. Unfortu-
nately, this approach brings tremendous complexity for end-users and it limits
the applicability of the semiparametric propensity model to wider practice.

There has been other related work in the field such as [16] and [17] who
followed the idea of pattern-mixture factorization [14] and proposed a semi-
parametric propensity model for nonignorable missing data. Their model de-
composition relies on a parametric odds ratio function that quantifies the dif-
ference between the distribution models for the observed data and the miss-
ing data, and two other nonparametric components: fy zu, r=1(y,%,u) and
pr(R = 1| y = 0,u). Note that, logit pr(R = 1 | y = 0,u) equals the com-
ponent g(u) in our setting. In Section 4 of [16], the authors proposed a broad
class of estimators that require the correct assessment of g(u). This is a crit-

ical drawback of their work since g(u) cannot be directly estimated from the
observed data.

1.3. Our Contributions

In this paper, we adopt the model in (1.2) and propose a completely novel
estimation framework which consistently estimates the unknown quantities of
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interest, without estimating or modeling the nonparametric component g(u). In
other words, our method is robust to the misspecification of g(u). This robust-
ness of our method eliminates the need of estimating g(u), in turn addressing
the limitations of the papers discussed above.

We first consider the estimation of 3. Through extensive and careful deriva-
tions, we discover that our framework allows the consistent estimation of 8
without estimating g(u). We then extend our framework to the estimation of 6
that satisfies F{{(X,Y,0)} = 0 for a given function {(-). We show that, once
3 can be consistently estimated without estimating g(u), # can also be consis-
tently estimated without estimating g(u). Note that, 8, which could be FE(Y) or
median of Y, is the quantity of interest in most applications, but here we treat
/3 as a quantity of interest as well because its estimation is crucial for estimating
6. In other words, 3 is of interest due to its supporting role.

Our proposed method uses semiparametric techniques [1, 26] to estimate the
parameter 3. The nonparametric component g(u) is regarded as a nuisance in a
semiparametric model, and its effect to estimating 3 and @ is projected to an or-
thogonal direction via the semiparametric treatment. Our estimation procedure
only needs a working model of g(u) for the implementation, and this working
model does not have to contain the true g(u). Importantly, we find out that
such a robustness does not inherit from the standard robustness in the tradi-
tional semiparametric literature, where often the orthogonal projection itself is
sufficient to guarantee the robustness. Instead, our robustness is a consequence
of the specific modeling structure of the propensity and the unique way in which
we construct the estimating equations.

Last but not least, we point out that model (1.2) can be naturally extended
to

logit m(y,x) = logit m(y,u, B, 9) = h(y,u, B) + g(u), (1.3)
where h(0,u; 8) = 0, and, for any 3; # 35, the function h(y, u; 8;)—h(y, u; B;)

is not a function of y alone. This generalization permits the interaction between
Y and U, such as h(y, u, B) = (Bo+B1u1+S2uz)y. Our paper mainly presents the
results for model (1.2). We show that, by rigorously characterizing the geometric
structure of the model (1.2), one can completely avoid modeling or estimating
g(u). This type of robustness can be naturally extended to model (1.3), but we
will omit a detailed discussion in this paper.

The remainder of the paper is structured as follows. In Section 2, we briefly
introduce all of our results on model identifiability. We then present the geomet-
ric structure of the model in Section 3, including the detailed description of the
nuisance tangent space A, its complement, and the efficient score for estimating
. In Section 4, we construct the proposed estimator of 3, and provide its the-
oretical properties. We then extend our results to the estimation and inference
for € in Section 5. The simulation studies are reported in Section 6, followed
by a data application in Section 7. The paper is concluded with a discussion
in Section 8, where we summarize more nuanced differences from some related
work in this field, such as [23], [27], [16], [17], [18] and [29]. All the technical

details are contained in the Supplement.
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2. Model Identifiability

Throughout this paper, we denote the marginal density function by f.(-) such
as fx(x) and the conditional density function by f..(-,-) such as fyx(y, x) and
frix, r=1(y,x). We consider N independent and identically distributed samples
from the joint distribution of (X, R, RY'). We adopt the model in (1.2) for the
propensity m(y,u, 3, g), and introduce

wx)=pr(R=1[x) = Jﬂ(y,u,ﬁ,g)fY|x(y,K)dy

[E{=~'(Y,u,B8,9) | x,1}] ",

where we write E(- | ,R = 1) as E(- | -,1) for notational simplicity. Note
that, w(-) also depends on 3 and g, but we write it as w(x) for simplicity.
We emphasize that in our context w(x) # m(y,u,3,g) because of the non-
ignorable missingness, since m(y,u, 3, g) depends on y and u but not on z,
whereas w(x) depends on u and z but not on y. However, we can show that

ﬂ(y: u, )81 g)fY|X(y1 X) = L‘J(X) fY|X,R=1(y: X)'
We write the likelihood function from one single observation, fx g ry (X, 7, 1Y),

. fY|X1R=1(y:X) '
Ix( ){anx,,R:l(t,x)/w(t uaﬁsg)ﬁ}

) {1 - SfY|X,R=1(t:X;/W(t: u, 319)5&}14'

This is a semiparametric model indexed by one d-dimensional parameter 3 and
three nonparametric functions fx(x), fy|x,r=1(y,X) and g(u). Unfortunately,
as pointed out in [23] and the references therein, without imposing further as-
sumptions, (2.1) is not fully identifiable in the sense that two different sets of
unknown components can result in the same likelihood function.

Next, we study conditions under which the model (2.1) is identifiable. One
approach is to impose the completeness condition on fyx, r=1(y,X). The com-
pleteness condition has been widely used in a variety of research topics to ensure
the model identifiability, such as measurement error, instrumental variable and
nonignorable missing data; see, e.g., [19, 3, 6, 16, 29, 13]. For nonignorable miss-
ing data, [16] showed that one can identify a nonparametric odds ratio function
by solving a type-I Fredholm equation, even though the estimation does need a
parametric odds ratio function. In addition, it is even possible to identify some
functionals of the population, e.g., the outcome mean, without identifying the
whole distribution of the population [13]. In our context, we present the model
identifiability result in Lemma 1 by assuming the completeness condition on
fyx,r=1(y,X). The proof of Lemma 1 is in Section 1 of the Supplementary
Material [25].

Lemma 1. Assume that for any function x(y,u) with finite mean, E{x(Y,U) |
X,R = 1} = 0 implies k(y,u) = 0 almost everywhere. Then, all unknown
components 3, g(u), fyx,r=1(y,X) and fx(x) in (2.1) are identifiable.

(2.1)
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Now we elaborate the result in Lemma 1, and compare it with some existing
literature. It has been well documented, e.g., Theorem 4.3.1 in [9], that the com-
pleteness condition is satisfied if fy|x r—1 (y,X) is an exponential family with full
rank. Hence, commonly-seen regression models, such as the linear regression for
continuous Y and the logistic regression for binary Y, satisfy this condition. In a
special situation when both Y and Z are discrete with finite support {y1,...,ys}
and {Zy,...,Z}, the condition of Lemma 1 implicitly requires L > S, i.e., the
support of the nonresponse instrument is no smaller than that of the outcome.
Different from [29], the model fy|x p—1(y,X) in our context is free of missing
data, hence the completeness condition can be adequately assessed in empirical
studies.

The identifiability result presented in [23] is different yet related to what
has been discussed above. [23] did not work on the likelihood function (2.1)
directly. Instead, they aimed to find enough estimating equations to estimate /3.
Once the estimating equations can be identified, the parameter 3 is estimable
and hence identifiable. Similarly, to create enough estimating equations, [23]
required L > d, i.e., the support of the nonresponse instrument Z is greater
than the dimension of the unknown parameter 3.

We would like to point out that, the identifiability conditions presented in
Lemma 1 are sufficient, but not necessary. It is possible to develop a slightly
different set of conditions under which all the components in the model (2.1)
are also identifiable. For example, the result of Theorem 3.1 in [18] may be
generalized here under the model (2.1). It is certainly worthwhile to explore the
nuanced differences among various identifiability conditions per se; however, we
choose to focus on one and then move forward to presenting the estimation
results below.

3. Space Decomposition and Efficient Score for Estimating 3

As discussed earlier, the likelihood function in (2.1) is a semiparametric model.
We regard 3 as the parameter of interest and fx(-), fy|x,r=1(-),9(-) as nui-
sance components. For semiparametric models, the influence functions of reg-
ular and asymptotically linear estimators, lying in the Hilbert space H of all
d-dimensional zero-mean measurable functions of the observed data with finite
variance, provide a way of constructing robust and efficient estimators for 3.
According to the theory of semiparametrics [1, 26], influence functions belong
to the linear space orthogonal to the nuisance tangent space A, denoted as A+
throughout. Here, the nuisance tangent space A is defined as the mean squared
closure of nuisance tangent spaces associated with all parametric submodels,
and the inner product of H is defined as (hy,hy) = E(hThy). Next, we derive
the following result, regarding the mutually orthogonal decomposition of the
Hilbert space H, which is crucial for devising the proposed estimator.

Proposition 1. The mutually orthogonal decomposition of the space H is

H = MOADAsDA, where
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Ay = Ja(x) E]Rd-E{a( )}=0] and
As = [a(u){r—w(x)} : Va(u) e RY|
are the nuisance tangent spaces with respect to fx(x) and g(u) respectively,

* E{b(Y,x) |x} E[E{b(Y,x)|x}|u,1]\
M= - - weo) (AP - PR )
b(y,x) € RY, E{b(Y,x) | x,1} = 0},

is the residual space of projecting Ay onto As; i.e., A5 =TI(Ay | AS), where

is the nuisance tangent space with respect to fle,R=1(y., x), and

A" = (go(){1l —rn (Y, u,8,9)} : B[{1 —w ' (X)}go(X) | u,1] = 0). (3.1)

Here, the notation @ stands for the direct sum of two spaces that are orthogonal
to each other.

The detailed proof of Proposition 1 is in Section 2 of the Supplementary
Material [25]. The space At in (3.1) contains all the influence functions for
estimating 3. Because of its complexity, an arbitrarily chosen element in A+
does not lead to a feasible estimator of 3, unfortunately. Next, we derive the
efficient score S for [, defined as the residual of the score vector Sg after
projecting it on to the nuisance tangent space A. We expect that Seg may
provide us more guidance on constructing estimators for 3.

Proposition 2. Under model (2.1), the efficient score for estimating 3 is

Sei(x,1,1y) = c(xX)[1—-r{l+ e 9(W—h(y.8) }], where

a(w)E{e "Y' | x,1} — E{e ""Phy(Y, B) | x,1}

c(x) E{enVP) | x,1} + e YW E{e-20(V-A) | x,1}

w o E[EE 000 X B X /a0 1]
a(u) =
E ([B{e "Y' | X,1}]2/d(X) | u,1) ’

and

dx) = E{e"¥P)|x 1} +e9WE{ A | x 1}

The proof of Proposition 2 is in Section 3 of the Supplementary Material
[25]. The efficient score Seg(X,7,7y) is an unique element in A‘. Solving an
estimating equation formed by the sample average of the efficient score leads to
the efficient estimator of 3. To do so, one would need to evaluate the conditional
expectations of various functions of Z given U,R = 1, i.e., E(- | u,1), the
conditional expectations of various functions of Y given X, R = 1, ie., E(- |
X, 1), and to estimate g(u).
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Since X is fully observed, the conditional expectations of functions of Z given
U, R =1 is a standard full data estimation problem and we consider this fea-
sible. For example, we could use results based on exploration of the relation
between Z and U, either known or parametrically modeled, or even employ-
ing standard nonparametric regression techniques if necessary. Similarly, the
conditional expectations of functions of ¥ given X, R = 1 is also a full data es-
timation problem and well studied. Both these estimations can be done via the
existing parametric, nonparametric or semiparametric modeling and estimation
procedures.

In contrast, the estimation of g(u) is not a full data problem and is hence
far from conventional. As noted before, in [16], the authors also derived the effi-
cient score under their model factorization. Recognizing the difficulty of directly
estimating g(u), in their Section 4.2 on inverse probability weighted estima-
tion, they proposed estimators where a correctly specified parametric model for
pr(R =1|y = 0,u) = expit{g(u)} is mandatory. This is a severe drawback and
taints the true robustness. In contrast, the methods we propose for estimating
3 and 0 in Sections 4 and 5 respectively, do not need to estimate g(u) or specify
a parametric model on g(u). Instead, our proposal only needs a working model
on g(u), which could be arbitrarily misspecified.

4. Proposed Method for 8

In investigating the estimation of 8, we make an important discovery, that the
difficult task of estimating g(u) can be completely avoided. We have the freedom
of adopting a working model, say, g*(u), in the efficient score, and this still leads
to a consistent estimator of 3. The discovery is a surprise to us as well because
the original model (2.1) does not promise such a feature.

In our analysis, we find that this property benefits from the structure of
the propensity model, specifically the logistic propensity form and the additive
form inside the logistic link function. It bears the resemblance to the case-control
study, where the retrospective sampling feature can be ignored without hamper-
ing the covariate effect estimation. We point out that this nice feature does not
inherit from the standard robustness in semiparametric literature such as [29].
Semiparametric methods can sometimes be robust to misspecification of the
nuisance parameters but it is not always promised. When the robustness holds,
it often happens due to model convexity [1] and is readily verifiable. However,
the robustness discovered here is a result of the specific form of the propensity
in combination with the semiparametric treatment and it does not reveal itself
without further investigation. For example, if we had replaced the logit link with
probit link, the robustness will not hold. This kind of link function dependent
robustness property has not been seen before as far as we are aware. In addition,
because logit and probit models are the most often used link functions for binary
data, and it has been shown that in practice the logit and probit models behave
similarly up to a constant scaling, this discovery means that we can indeed use
this robustness to our advantage without giving up much in terms of flexibility
of modeling.
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We write this important discovery as Theorem 1 below, and provide its proof
in Section 4 of the Supplementary Material [25]. The key idea of the proof is
that, the construction of a(u) actually ensures a certain adaptivity to d*(x)
hence to g*(u) so that S¥g(x,r,7y) has conditional mean zero given u.

Theorem 1. Define

Sk:(x,7,1y) = c*X)[L—r{l+e T WRWAY] where (4.1)
a*(uw) E{e ") | x,1} — E{e "YAhy(Y, ) | x,1}

*

() E{e0P | x,1] + e FWE{c 2P x,1]

. E [ B{e "0 Pl (Y, B) | X, 1E{e"™P | X, 1}/d*(X) | u,1]
a*(u) = E ([BE{e"(") | X, 1}]?/d*(X) | u,1) ’
d*(x) = BE{e P |x,1} + e B 2P | x 1},

and g*(u) is an arbitrary working model of g(u). Then, we have
E{Si(X,R,RY)} = 0.

Using Theorem 1, to obtain a consistent estimator of 8, we can actually
bypass estimating g(u) completely. Instead, we can adopt an arbitrary working
function g*(u), and construct an estimating equation 3 | S¥(xy, 74, Tiy:) = 0,
ie.,

=

S ()[1 = ra{1 + e 9" (@)=h@.)}] = 0, (4.2)

i=1

to solve for 3, where at any u, x,

A% () E{e ™) | x;, 1} — B{e "V Phy(Y; B) | xi, 1)

c*(x) = ~—— —
E{e h’(yﬁ) |X§)1} —|— [ g (uI)E{e 2h’(y~ﬁ) |X§) ]_}
B[ B{e Pl (Y, B) | X, 1}B{e~ P | X, 1}/d*(X) | u,1]
a*(u) = —— — , and
B ([Be0P) | X,1}]2/d*(X) | u, 1)
d*(x) = E{eVP)|x,1} + e 9 WEE YA | x 1).

In the above construction, we use E(- | x,1) and E(- | u,1) to denote an
estimator of the corresponding conditional expectations. Note that these are all
standard operations based on fully observed data, hence in practice one can
use any traditional parametric or nonparametric methods or various machine
learning methods. In this paper, we study three options which lead to three
different estimators:

1. Estimator a*, which satisfies (4.2) where E(- | x,1) and E(- | u,1) are
known. Although ,8* is infeasible in practice, it is included here for com-
parison purposes.
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2. Estimator B*, which satisfies (4.2) where E(- | x,1) and E(- | u,1) are
estimated parametrically, where the parameters are collected as a.

3. Estimator B*, which satisfies (4.2) where E(- | x,1) and E(- | u,1) are
estimated via nonparametric kernel regression. More details of estimator

~ %

3 is contained in Section 5 of the Supplementary Material [25].

4.1. Theoretical Properties

For estimators ,@* and B*, we have the following results with their proofs in
Sections 6 and 7 of the Supplementary Material [25] respectively.

Theorem 2. Estimator ,@* satisfies

N
NW(E?* -B) = N—Y2 ﬁi’m(xi, Ti,TiYi, B, 9%) + op(1),

i=1
where

0S¥:(X, R, RY, B)
oB*

-1
¢'1,6(X: T 7'%13:9*) = [E{ }] S:ﬁ'(xa T, T'y:ﬁ)u

and ,@* satisfies Nlﬂ(,a* —B) — N(0, Al_ﬂlBlﬁAféT) in distribution when
N — w0, where

Alﬁ =

p (SR R}
op" ’
Bis = E{Siu(Xi R RY, 8%}

Theorem 3. Estimator ,é* satisfies

N

Nlm(é* -B) = N2 ﬁi’zﬁ(xi, Ti,Tili, B,97) + op(1),
i=1
where
2S*.(X, R, RY, -1
bop(x, 1,1y, B,9%) = — [E {w}]

x [Sgr(x,7, 7y, B)

0S¥(X, R,RY, B, )
+p{ Ban b réa(x.y.0) |,

and ,é* satisfies lez(,é* —B) — N(0, Az_ﬂlBgﬁAz_éT) in distribution when
N — w0, where

aS: X—i:-R’iuR’i}/iutB
A = E{ s BT )}’
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BQ,B = E([ :ﬁ(xipRiniE:B)
Sta(Xi, Ri, RY o
+E{a eﬂ’( 3 :R’A 1}870)}R§¢Q(Xh}/’:10)] )'

oaT

Here ¢, (x,y, ) is the influence function associated with & in the full data
parametric estimation of the conditional expectations.

For both ,@* and ;é*, we see that they are v/ N-consistent with a loss of
efficiency, due to the use of a working model g*(u) when compared to the

semiparametric efficiency bound which is given by AElBgAng where

Ay = E {aseﬁ(xg,Rfr, R.Y;, ) } |
oB

By = E[{seﬂ(xi,ﬂi,ﬂm,ﬁ)}‘m].

~ %
To present the theoretical property of 8 , we need the following regularity
conditions.

C1 The univariate kernel function K (u) is symmetric, has order m, has smooth
mth derivative and is supported on [—1, 1]. The multivariate kernel func-
tion K(u) is the product of the univariate kernel function of each com-
ponent, i.e. for a g¢- di_mensional vector u, the multivariate kernel function
can be written as K(u) = 1 K(u;). Here, with a slight abuse of no-
tation, we use the notation KJ for both univariate and multivariate kernel
functions. Similar assumptions hold for a p-dimensional vector X as well.

C2 The functions fy|x r-1(y,X), fx(x) and 7(y,u, 8, g) have mth smooth
derivatives with respect to x.

C3 The bandwidth h satisfies NY2h™ — 0 and NY2hP — o0 as N — o0.

Theorem 4. Under the regularity conditions C1, C2 and C3, the estimator B*
satisfies

Nlm(é* -B) = N—Y2 quﬁ(Xi: Ti,TiYi, B, 9%) + op(1),
i=1
where
dS*.(X, R, RY,
quﬁ(X: Ty, :Bag*) = - [E {W}] {Seff(x r, Ty, :8)

+rk(x,y,8,9%)},

and ;é* satisfies Nlﬂ(,a* —B) — N(0,AZ lBgﬁAsﬂ ) in distribution when
N — w0, where

Azg = E { aseff(x%;\gﬁ; RY;, 18) } :
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Bss = E [{S:H(XthRz‘Yh B) + Rik(X;, Ys, B:g*)}®2] .
Here

k(xh Yis }8) g*)
fe90) — e 0"} (w) B0 | x4, 1) — Be= "l Vi, B) | x4, 1)

d*(x;)
X [QE{e_h(Y‘) | x;,1} — e w)

E{e Y0 | x;, 1}{e P + e_g*(“‘)e_z"‘(y‘)}
- d*(x;) '

The proof of Theorem 4 is given in Section 8 of the Supplementary Material
[25]. We see that even when the conditional expectations are nonparametrically
estimated and a working model for g*(u) is used, the resulting estimator is
+/N-consistent, albeit, with a loss of efficiency.

Under the special situation that g*(u) = g(u), S¥;(xs, i, riyi, B) becomes
the true efficient score Seg (X, 74, Ti¥%i, 3). This leads to

E{0S¥;(xi, i, iy, B, o:)/é‘aT} =0

and the function k(x;,y;, 3, g*) also vanishes. Consequently, the corresponding

estimators ,é, E and E all achieve the semiparametric efficiency bound and are
all efficient estimators.

Corollary 1. When g*(u) = g(u), the corresponding estimators B, B and B
are identical to the first order. In addition, they are all efficient and reach the
semiparametric efficiency bound.

Our main message in Theorems 2, 3, 4 is that the difficult task of estimating
g(u) can be avoided due to a very unusual robustness property discovered in
Theorem 1. When we use a working model g* that is not the same as g, the
various parametric or nonparametric estimation procedures of the conditional
means bring an efficiency loss but are consistent. However, Corollary 1 further
reveals an interesting fact that, this efficiency loss disappears if the working
model g*(u) happens to be identical to g. This phenomenon is a direct conse-
quence of the fact that S¥; is no longer an element in A* unless g* = g. In
practice, one can fit very flexible logistic regression model and use the resulting
coeflicients as a starting point for g¥. We emphasize here that this result is dif-
ferent from that in [29]. The estimator proposed in [29], even if the truth of the
nuisance function is known, still cannot achieve the semiparametric efficiency

bound. One can check their Remarks 1 and 2 for details.

5. Proposed Method for 6

Once B is estimated without the need of estimating g(u), we move forward to
propose estimators for # which also do not require the estimation of g(u). Similar
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to Theorem 1 from Section 4, this nice feature for @ is also a benefit from the

structure of the propensity score model. Since the estimators proposed in this

section are not built upon the efficient influence function, this property for @

also does not inherit from the standard robustness in semiparametric literature.
To estimate @, we make use of the relation

E{¢(X,Y,0)} = E{¢(X,Y,0) | R=1}pr(R=1)+E{¢(X,Y,6) | R=0}pr(R=0).

Since it is based on fully observed data, F{¢{(X,Y,0) | R = 1}pr(R =
can be estimated by N=1 '~ . ;¢ (X4, yi, 0). Further, E{¢(X,Y,8) | R = 0} =
SE{C(X,Y,6) | R = 0,x} fx|r(x,0)dx and
E{C(Xu Y: 9)(’”_1 — 1) | X, 1}
E{(==t=1) | x,1}
E[{(x,Y,0) exp{—h(Y, B)} | x,1]
Elexp{—h(Y,8)} | x,1]
Hence E{((X,Y,0) | R = 0)pr(R = 0) can be estimated by

¥y ELG(xi. Y, ) exp{=h(Y, B)} | x:,1]
Elexp{—h(Y, 8*")} | xi,1]

E{{(x,Y,0) | R=0,x}

¥

where 8% is a generic notation for an estimator of 8. Summarizing the above
analysis, we propose to estimate 8 by solving

0= E{¢(X.,Y,0)}

- (et -

i=1

B[¢(x1. Y, 0) exp{—h(Y. B*")} | x:, 1]) _
Elexp{~h(Y,8*")} | x:, 1]
(5.1

Importantly, (5.1) does not involve the unknown function g(u), hence it shares
the same robust property as the estimation for 8. The two expectations in (5.1)
are both complete data conditional expectations, hence can be assessed similarly
as it:n Section 4. Also, any estimator of 3 obtained in Section 4 can be used as
‘Bes )

We simply denote the estimator from solving (5.1) as 6. In a special case, if
the interest is in estimating E{¢(X,Y)}, then (5.1) can be simplified to

E{¢(X,Y)}

N

= N! (rg-C(Xg,yi) +(1—r)

i=1

E[{(x:, Y) exp{~h(Y, 8*)} | x,, 1]) ,
Blexp{~h(Y,3*")} | x;,1]
(52)

5.1. Theoretical Properties

The theoretical property of E{¢(X,Y)} is relatively simple to obtain given the
results in Theorems 2, 3, and 4, as we summarize below.
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Lemma 2. When N — 0, the estimator given in (5.2) satisfies

NYECXY)} =BG N = N2 (i, oo i, B, 6%) + 0p(1),
where
l]f)c(K, rry, B,g*) = ré(x,y)+(1—r) E[{(x,Y)exp{—h(Y, B)} | x,1]

Elexp{—h(Y, 8)} | x,1]
—E{{(X,Y)}

0 E[C(X,Y)exp{—h(Y,B)} | X,1]
& (5 T AT )
xg(x, 1,7y, B,9%) + ka(x, 7,1y, B).

Here, ka(x,7,17y,3) = 0 when the conditional expectations are known as in
Theorem 2,

ka(X, 7Y, 18) - E ( 0 E[C(X: Y) exp{—h(Y, 18)} | X:‘ 1: Ct])

oa™  Elexp{-h(Y,B)} | X,1,a]
N
xN~V2 - ga(x,1,1y)
i=1
when the conditional expectations are parametrically estimated as in Theorem
3, and

r{1 - E(R | x)} exp{—h(y, B)}
Elexp{—-h(Y,8)} | x, 1] E(R | x)

E[C(X,Y) exp{—h(Y, B)} | x,1]
(eoon - RS )
when the conditional expectations are nonparametrically estimated as in The-
orem 4. Further, NYV2[E{{(X,Y)} — E{{(X,Y)}] — N(0,V,), where V, =
E{p¢(X, R, RY, B, g*)®?}.

ka(x) T) Ty) IB) =

Consequently, for @, we have
Theorem 5. When N — o0, 6 satisfies

N
Nliz(a —-6) = _Ae_lN_lfz ¢C(X¢,Ti, ri¥i, B, %) + op(1),

i=1
therefore,
~ _ 4T
NY2(0 - 6) - N(0,A;' VA, ),
where ¢ (Xi, i, Tiyi, B, g*), V¢ are given in Lemma 2, and
Ag = 0E{¢(X4,Y;,0)}/06".

The proofs of Lemma 2 and Theorem 5 are given in the Sections 9 and 10 of
the Supplementary Material [25] respectively.
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6. Simulation Studies

We conduct some simulation studies to examine the finite-sample performance of
our proposed estimators as well as their comparison with some existing methods
in the literature. We first present the simulation results for the estimators of 8
and then for the estimators of 6.

6.1. Estimators of 3

We first compare the performance of the three proposed estimators of 3. We
consider a discrete shadow variable Z with two categories such that pr(Z =
—1)=pr(Z =1)=0.5. Given Z = z, U ~ N(z,1). Given Z = 2z, U = u and
R=1,Y ~ N{(u— 2)2,1}. The propensity model is defined as =(y,u, 3, g) =
expit{h(y, 8) + g(u)} with h(y) = —By and g(u) = —a; —agu where (8, a1,az2) =
(—0.2,0.4,—0.3). This is similar to a simulation setting from [23] and we modify
it to have the ability to evaluate the case where the conditional expectations
are known. oy

We implement the estimator 3 where all the conditional expectations are

~ %
replaced with their truth, the estimator 3 where the conditional expectations
are evaluated parametrically with the conditional densities estimated using the

maximum likelihood method, and the estimator E* where the conditional expec-
tations are estimated via nonparametric kernel regression. In order to satisfy the
conditions C1, C2 and C3 for the 1-dimensional U which leads to p = 1 (since
the 1-dimensional Z is discrete) and m = 2, we use a Gaussian kernel with
bandwidth 1.5N~/3, We consider two different situations for g*(u) that it is
correctly specified with g(u) = —0.4+0.3u and misspecified with g*(u) = —0.4u,
for three sample sizes N = 200, 500, 1000.

Based on 1000 simulation replicates, Table 1 summarizes the estimation bias,
the Monte Carlo standard deviation, the estimated standard error, and the 95%
coverage probability. From Table 1, it is clear that all the estimators have very
small estimation bias, no matter the working model g*(u) is correct or not. In
all scenarios, the estimated standard errors calculated through the asymptotic
theory are fairly close to the Monte Carlo standard deviations. Compared to
the situation with the correct model of g(u), although not drastic at all, the
misspecified situation has a little bit efficiency loss, which matches with the
theoretical properties of these estimators presented in Section 4.1. The coverage
probability, in almost all scenarios, is quite close to the nominal level 95%. The

only exception is the estimator E*, where it is slightly under-covered but gets
better when the sample size increases. The potential reason is the relatively more
restrictive requirement on the sample size for nonparametric kernel estimation.
Overall the results presented in Table 1 are in accordance to that found in our
theoretical derivations. They are convincing in that the proposed estimators of
3 with an arbitrarily misspecified working model g*(u) are still consistent and
asymptotically normally distributed.
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TABLE 1
Estimation bias (Bias), standard deviation (SD), estimated standard error (SE) and 95%
coverage probability (CVP) of the proposed estimators of 3. All values have been multiplied

by 100.
g% (u) N Estimator Bias SD SE CVP
Correct 200 B —0.00 18.23 1649 949
g(u) = —0.4+ 0.3u B —0.01 18.16 16.31 94.9
B —-3.96 1661 1525 934
500 B —0.25 1041 0.72 935
B —-0.25 1039 0.73 934
B —1.20 9.89 929 043
1000 B -0.23 6.94 6.80 95.7
B -0.23 693 6.8 959
B —069 671 654 0958
Incorrect 200 B* —0.88 19.11 16.72 933
g% (u) = —0.4u B —0.79 18.96 16.53 934
B —4.40 17.20 1434 904
500 B* —0.16 11.03 10.27 943
B* —0.10 10.94 10.14 94.0
5% —~1.40 10.36 850  90.7
1000 p* —0.24 745 722 949
B* —0.20 743 712 943
B* —0.80 690 595 914

6.2. Estimators of 6 = E(Y)

To compare the proposed estimators with the method in [23], we focus on the
estimation of the outcome mean, i.e., # = E(Y). From Section 5, the proposed
estimators 6%, 6* or #* estimate E(Y) as

N

N1 (it (1 — o B =AY, B} [ X0 1]
- VT Elexp{—h(Y, B} | x,1] )’

i=1

where 8% = E*, ;é* or E*, respectively. Besides the method in [23], we also
compare with the oracle estimator Zi\;l yi/N, which assumes no missing data,
and the naive estimator Y, r5y;/ Y\, 74, which is the complete-case estimator
that uses only the fully observed data.

We consider two simulation settings. In the first setting, the data genera-
tion is largely identical to that in Section 6.1 except that we use a quadratic
form of the nonparametric component g(u) = —a; — agu? where (8,a1,a3) =
(—0.1,0.2,—0.3). When we implement the estimator 3%, we use the Gaussian
kernel with bandwidth 1.5N—1/3, as in Section 6.1. We consider the misspec-
ified model g*(u) = —0.4u in our implementations. Based on 1000 simulation
replicates, we report the estimation bias, the Monte Carlo standard deviation,
the mean squared error, the estimated standard error based on 200 bootstrap
samples, and the 95% coverage probability in Table 2.


https://puq��0.4u
https://p�0.1,0.2,�0.3q

972 S. Shetty et al.

TABLE 2
Estimation bias (Bias), standard deviation (SD), mean squared error (MSE), estimated
standard error (SE) and 95% coverage probability (CVP) of the proposed estimators of
8 = E(Y), with one-dimensional U. All values have been multiplied by 100.

g% (u) N Estimator Bias SD MSE SE CVP
Correct 200 Oracle 0.57 1232 1232 12.22 94.7
g(u) = —0.2 + 0.3u2 Naive 23.46 17.41 2921 17.14 746
SW —5.70 14.89 15.94
5 —0.14 13.63 13.62 15.69 97.3
] —0.17 14.03 14.02 15.87 97.3
] —2.74 15.74 1597 16.61 95.8
500 Oracle 0.63 7.56 7.58 777 95.5
Naive 2384 11.09 26.29 10.93 41.6
SW —6.14 9.44 11.26
5 0.46 8.20 8.21 8.45 95.9
] 0.48 8.49 8.50 8.70 95.7
] —0.73 9.64 9.66 9.80 95.5
1000 Oracle 0.29 5.59 5.60 5.49 94.3
Naive 23.60 7.82 2486 7.72 12.0
SW —6.28 6.59 9.10
5 0.15 5.87 5.87 5.88 94.9
] 0.16 6.05 6.05 6.05 95.1
] —0.44 6.83 6.84 6.82 94.9
Incorrect 200 Oracle 057 12.32 12.32 12.22 94.4
g* [u} = —0.4u Naive 2346 1741 29.21 17.11 74.0
SW —5.70 14.89 15.94
@* 0.31 14.66 14.67 18.22 97.6
g* 0.09 1447 1446 17.48 97.8
o* —4.35 15.97 16.54 16.62 95.0
500 Oracle 0.63 7.56 7.58 7.80 95.6
Naive 2384 11.09 26.29 10.95 41.8
SW —6.14 9.44 11.26
@* 0.64 7.97 7.99 8.52 95.9
g* 0.64 8.24 8.26 8.59 96.1
g% —1.70 9.78 9.92 9.90 95.6
1000 Oracle 0.29 5.59 5.60 5.49 94.2
Naive 23.60 7.82 2486 7.72 12.2
SW —6.28 6.59 9.10
@* 0.24 5.71 5.71 5.73 94.6
g* 0.23 5.88 5.88 5.90 94.8
g% —1.10 6.86 6.95 6.88 94.4

The second setting concerns a two-dimensional U. Specifically, we consider
variable Z with two categories such that pr(Z = 1) = pr(Z = 2) = 0.5. We
generate U1|Z = z ~ N(z,1) and U3|Z = z ~ N(z,1). Also, given Z = z,
U = (uj,up) and R = 1, Y ~ N{(us — 2)2 + (u2 — 2)?,1}. The propensity
model is defined as w(y,u, 83, g) = expit{h(y, 3) + g(u)} with h(y) = —By and
g(u) = —ay — agu? — azu? where (3, a1,a2,a3) = (—0.1,0.8,—0.2,—-0.2). When
we implement the estimator g*, we use a fourth order Tri-weight kernel with

bandwidth 1.0N 6 when estimating E* and we use a second order Gaussian


https://g�puq��0.4u

Robust estimation for nonignorable missing data 973

TABLE 3
Estimation bias (Bias), standard deviation (SD), mean squared error (MSE), estimated
standard error (SE) and 95% coverage probability (CVP) of the proposed estimators of
8 = E(Y), with two-dimensional U. All values have been multiplied by 100.

g% (u) N Estimator Bias SD MSE SE CVP
Correct 200 Oracle —1.89 15.22 15.32 15.64 95.2
g(u) = —0.8 + 0.2u2 Naive 25.37 19.87 32.22 20.87 779
+0.2u% SW —11.00 20.71 23.44
5 —1.63 16.21 16.20 16.82 94.7
] —2.11 16.70 16.82 17.28 94.4
] —5.44 17.00 17.84 18.09 95.6
500 Oracle —2.09 9.85 10.07 9.96 94.6
Naive 2482 1263 27.85 13.29 55.8
SW —8.60 13.88 16.32
g —-1.72 1041 10.54 10.61 94.8
] —2.20 10.71 10,93 10.92 95.1
g —4.14 10.74 11.51 11.18 94.7
1000 Oracle —1.59 6.91 7.09 7.06 94.6
Naive 25.65 9.16 27.23 9.42 225
SW —6.38 8.72 10.80
g —1.22 7.33 7.43 7.48 95.2
] —1.65 7.55 7.73 7.70 94.7
5 —2.50 7.72 8.11 7.81 94.3
Incorrect 200 Oracle —1.82 15.27 15.37 15.66 95.5
g* [u} = —0.4u1 — 0.6uz Naive 25.44 20.02 32.36 20.88 78.4
SW —11.00 20.71 23.44
@* —2.33 1569 15.85 16.43 94.4
g* —2.56 16.27 16.46 16.65 94.0
g% —5.48 17.36 18,19 18.24 94.6
500 Oracle —2.10 9.84 10.05 9.95 94.4
Naive 2484 1259 2785 13.28 55.8
SW —8.60 13.88 16.32
@* —2.13 1043 10.64 10.60 93.8
g* —2.46 1069 1096 10.79 93.4
g% —4.22 1063 11.43 11.25 94.2
1000 Oracle —1.61 6.91 7.09 7.03 94.3
Naive 25.63 9.16 27.21 9.40 21.9
SW —6.38 8.72 10.80
@* —1.35 T.48 7.59 7.43 94.5
g* —1.69 7.65 7.83 7.59 93.9
g% —2.44 7.69 B.07 7.83 94.7

kernel with bandwidth 1.0N~'/3 for the E(Y) estimation. The bandwidth for

E* estimation is modified in order to satisfy the conditions C1, C2 and C3 for
the 2-dimensional U which leads to p = 2 (since the 1-dimensional Z is discrete)
and m = 4. We consider the misspecified model g*(u) = —0.4u; — 0.6ug in our
experiments. The corresponding results are summarized in Table 3.

The results in Tables 2 and 3 deliver the following information. Firstly, the
naive method has very large bias and unreliable coverage probability, hence
should not be used in practice. Similar to Section 6.1, the three proposed meth-
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ods all perform well in terms of small bias, close Monte Carlo standard deviation
and estimated standard error, as well as close to nominal coverage probability.
Relatively, the nonparametric estimator §* has slightly larger bias, but the bias
quickly vanishes when the sample size increases. In terms of estimation effi-
ciency, the proposed estimators possess very close, albeit slightly larger, Monte
Carlo standard deviation and estimated standard error compared to the oracle
estimator, especially when the model g(u) is correct and the sample size is large.

The comparison to the method in [23] is also obvious. With a one-dimensional
U, although all the standard deviations are close, the proposed estimators have a
smaller bias hence a smaller MSE. With a two-dimensional U, the bias, standard
deviation and the MSE are all much smaller than the method in [23]. One may
notice that we do not report the estimated standard error and the coverage
probability results for the method in [23]. This concerns the computation time.
For the two-dimensional U case, our method with sample size 200 only takes less
than a minute to finish 1000 simulation replicates whereas the method in [23]
takes about 25 minutes. When the sample size increases to 1000, our method
takes about 10 minutes but the method in [23] would need about 16 hours,
not even to mention that the standard error estimation needs 200 bootstrap
samples. The computational complexity of the method in [23] comes from the
fact that their kernel estimation has to be conducted for every value of £ in
every iteration. Due to the facts that our goal of the paper is not to replicate
the results in [23] and that the superior performance of our proposed methods
is already very apparent without comparing the estimated standard error, we
decide not to report the standard error estimates of the method in [23].

7. Data Application

In this section, we analyze a data set from the Korean Labor & Income Panel
Study with its details at https://www.kli.re.kr/klips_eng/index.do. This
data set contains N = 2506 regular wage earners, and the scientific interest is
to estimate the mean of the monthly income in the year of 2006 (outcome Y'),
which has around 35% missing values. The fully observed covariates X in this
data set include: monthly income in 2005 (continuous), gender (discrete with
two categories: male, female), age (discrete with three categories: less than 35,
between 35 and 51, greater than 51), education (discrete with two categories: up
to high school and beyond high school). This data set was analyzed in [28] and
[23] where the former simply assumed a parametric logistic regression model for
the propensity.

According to [23], the missingness of the 2006 income will definitely depend
on the 2006 income itself as well as the 2005 income. Further, it is reasonable
to assume that, given 2005 income and 2006 income, the missingness does not
depend on some or all of gender, age and education. We follow the strategy in
[23] to consider different instruments Z in our analysis.

Regarding the working model of g(u), we first fit a simple logistic regression
between R and U, where U is the 2005 income, then use its logit as the working
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model. That is,
g*(u) = 0.67 + 0.69u. (7.1)

For a comparison, we also arbitrarily pick another working model
g*(u) = 0.3+ 0.1u. (7.2)

We implement the proposed estimator 6* presented in Section 5. The estima-
tion results as well as the corresponding estimated standard errors based on 200
bootstrap samples are summarized in Table 4. Table 4 also outlines the results
from the naive method (Zi\;l T/ Zf\;l r;), the parametric method proposed
in [28] and [23].

From Table 4, the naive method, which does not take into account the nonig-
norable missingness, clearly over-estimates the monthly income in 2006, there-
fore the naive method is severely biased. The parametric method proposed in
[28] can largely alleviate the estimation bias, but it seems sensitive to the choice
of the instrument, i.e., the model misspecification. Additionally, the estimated
standard errors from this method is much larger than the methods that as-
sume the semiparametric propensity. One potential reason is that the paramet-
ric propensity is very fragile to the misspecified g(u). In general, [23] and the
proposed estimator 6* give very similar results to both parameter estimation
and standard error estimation. Interestingly, 6* always estimates the monthly
income in 2006 just slightly larger than the method in [23].

TABLE 4
Estimates of monthly income in 2006 (standard error estimates in parentheses) from the
Korean Labor & Income Panel Study data set.

Instrument z Naive  Parametric Method in [23] 6% with (7.1) 6% with (7.2)
all 183.0(2.6)  186.0 (2.4) 1886 (2.6) 1874 (2.4)
age,education 185.4(3.0)  186.0 (2.4) 188.4 (2.7)  187.4 (2.4)
age,gender 183.1(3.8)  186.3 (2.4) 188.9 (2.6)  187.8 (2.5)
education,gender 205.7(2.8) 183.2(4.5)  185.4 (2.1) 188.1 (2.6)  186.8 (2.6)
age 196.2(6.3)  186.4 (2.3) 180.7 (2.9)  188.2 (2.5)
education 188.2(5.9)  185.1 (2.2) 180.5 (2.8)  187.4 (2.8)
gender 186.1(5.5)  185.5 (2.3) 187.6 (2.5)  185.7 (2.5)

8. Discussion

In this paper, we propose a novel estimation procedure for the parameter 3 in
the semiparametric propensity model for nonignorable missing data, as well as
for a general functional 8. In this model, there are three nonparametric nuisance
components: fy|x r=1(y;X), fx(x) and g(u), where the first two do not involve
any missing data so their estimates are stand-alone and can be flexible, whereas
the estimation of g(u) is generally not straightforward.

We treat it as a semiparametric model and characterize its geometric struc-
ture. This geometric representation is useful because it will enable us to identify
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influence functions of regular and asymptotically linear estimators, which, in
turn, will motivate various estimating equations for the parameter of interest.
We derive the efficient score Seg for estimating 3. Instead of directly employing
this efficient score, we exploit different forms of S¢¢ with a working model g*(u)
bearing in mind that the estimation of g(u) is cumbersome. Fortunately, our
paper shows that, this “working” efficient score function S} remains to be mean
zero, for reasons pertaining to the logistic propensity form and its additive form
inside the link function. This allows us to use a simpler, albeit possibly incor-
rect, model for g(u) to form estimating equations whose solution will still yield
consistent estimators of 3. We also find out that the similar spirit applies to the
estimation of 8 as well. In other words, our estimation procedure does not need
the estimation of g(u) at all. It is exciting that, compared to other methods in
the literature, our proposal would potentially bring tremendous convenience for
end-users, and greatly broaden the applicability of this semiparametric propen-
sity model for real applications. This is the key innovation of our work.

Analyzing nonignorable missing data has been a challenging but active re-
search area over the years. Most recently, [11] adopted a different semiparametric
propensity model through an unspecified function of ¥ and a parametric form
of U. This modeling difference leads to completely different statistical treat-
ments from us. Also, [13] developed some very interesting results in that mean
functionals can still be identified and estimated even without fully identifying
the whole data distribution.

To conclude our paper, we think it imperative to clearly summarize and
contrast some nuanced differences of our work with some relevant literature.

8.1. Comparison with [23] and [27]

The model (1.2) was proposed in [23]. Their main idea of estimation is to con-
struct sufficient estimating equations for 8. Their estimating equations are based
on

Elw(Z){R/x(Y,u,8,9) =1} |u] = 0,1 =1,..., L,

where w;(z) is an arbitrary function of z. If Z is discrete with the number of
categories L satisfying L = d + 1, the authors simply advocated using w;(z) =
I(z = l); while when Z is continuous, the authors suggested replacing them by
some moment functions. Inserting the form of n(Y, u, 3, g), one obtains that

exp{—g(w)} E[wi(Z)Rexp{—h(Y, B)} | u] = E{wi(Z)(1 - R) | u}.

Further, to estimate exp{—g(u)}, the authors simply chose w;(z) as a constant
and then adopted the profiling technique, i.e., for each fixed 3, they estimated

exp{—3(u, 8)} by

T (1= r)K(u—w)

= , (8.1)
2i=1 Ti exp{—h(yi, B)} Ki(u — ;)

exp{—g(u,B)} =
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where K is a kernel function and ¢ is a bandwidth. In other words, the authors
estimated the nonparametric component g(u) via the kernel estimation. In their
method, this step of estimating g(u) is important and inevitable.

Motivated by enhancing the estimation efficiency, [27] also studied the same
model (1.2) and proposed a variety of estimators for both 3 and 8 via maximum
likelihood or calibration. In [27], the authors also relied on the above relation
(8.1) for iteratively estimating and updating the nonparametric component g(u).

Given that g(u) is not at the center of scientific interest, in this paper, we
explore the possibility of avoiding estimating it. The key message of our paper is,
it is feasible to achieve this goal by carefully characterizing the semiparametric
structure of the model.

The other key feature of our work, compared to [23] and [27], is that we
rigorously investigated the semiparametric structure of the model (1.2) and
derived the efficient score function Seg in Proposition 2 for estimating 3. Though
our proposed estimators in this paper were not directly implemented according
to Segr, Corollary 1 showed that, if g(u) were known, our proposed estimators
achieve the semiparametric efficiency bound, the best possible efficiency among
all regular asymptotically linear estimators. To the contrary, neither [23] nor
[27] theoretically studied the estimation efficiency of 8. In [27], though their
methods are numerically more efficient than that in [23], there is no theoretical
support provided. In addition, building on the theoretical investigations in this
paper, [24] also derived the efficient score for estimating the functional 6. There
is an interesting tradeoff between efficiency and robustness in estimating 8, and
readers of interest in this topic are encouraged to refer to [24] directly.

8.2. Comparison with [16] and [17]

The work of [16] and [17] followed the pattern-mixture factorization idea, and
their model decomposition rests on the odds ratio function

pr(R=0|y,u)pr(R=1|y=0,u)

OR(y,u) =
W W) = S ® =1y Wpr(E=0]y=0,u)

with OR(y = 0,u) = 1, and two other nonparametric components:
fyzju,r=1(y,2,u) and pr(R = 1 | y = 0,u). This set of decomposition is
equivalent to what we consider in this paper with

pr(R = 1| y,u) = expit{—log OR(y,u) + g(u)}

where g(u) = logit{pr(R = 1 | y = 0,u)}. It is worthwhile to mention that,
the model identifiability result in Section 3 of [16] does not need a paramet-
ric OR(y, u), provided that it can be identified by solving a type-I Fredholm
equation. Nevertheless, all other parts that follow, their Sections 4-6, all need a
parametric OR(y, u), which is essentially the same as the model (1.3). Especially,
in the numerical part of [16], their Section 5, they assumed OR(y,u) = OR(y),
which is actually the same as the model (1.2) of this paper.
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Similar to [23], the difficulty in the estimation of [16] and [17] is how to
estimate pr(R = 1 | y = 0,u): out of the two other nonparametric components
frziu,r=1(y,2,u) and pr(R = 1 | y = 0,u), fyzju,r=1(y,Z,u) can be fitted
and estimated using the observed data whereas pr(R = 1 | y = 0,u) cannot.
The doubly robust estimation presented in [16] and [17], especially the inverse
probability weighted estimation, imposed a correctly specified parametric model
of pr(R = 1 | y = 0,u). To the contrary, the main goal of our paper is to
propose estimators that can avoid estimating this nuisance component. This is
the fundamental difference of our work with [16] and [17].

It is also helpful to clarify that the semiparametric efficiency theory in Section
6 of [16] did not exist in an earlier version of their paper. In our paper, the
derivation of efficient influence function relies on the correct characterization of
the nuisance tangent space and its complement. The process of our derivation is
different and independent to Section 6 of [16]. More importantly, although the
efficient influence function was derived in [16], their estimation strategy does
not rely on it at all. The doubly robust estimator presented in Section 4 of [16]
needs a user-specified function, and it is NOT semiparametrically efficient even
if both fyzju,r=1(y,2,u) and pr(R = 1| y = 0,u) are correctly specified. One
can check equations (13) and (14) in [16] for more details.

8.3. Comparison with [18] and [29]

In the literature, there exist other relevant papers that relied on different mod-
eling assumptions than this work.

Instead of considering the semiparametric mechanism, [18] studied the effi-
cient estimation based on a purely parametric mechanism m(y, u). The efficient
score for estimating 3 based on the parametric m(y, u), presented in Lemma 4.1
of [18], can be regarded as a special case of Proposition 2 presented in Section 3
of this paper, though the derivation of Proposition 2 is quite more involved
because of the nonparametric component g(u). More importantly, using the
efficient score in [18], which has a much simpler form, one can immediately pro-
pose adaptive and efficient estimators for 3, that were presented in Section 5 of
[18].

Further, instead of modeling the mechanism either parametrically or semi-
parametrically, [29] did not impose any assumption on 7(y, u) while as a price
for this, they adopted a purely parametric model on the regression relation
frx(y, X). They studied the estimation and inference of the regression parame-
ter. Their approach is suitable for understanding the regression relation between
Y and X. Here, our regression relation between Y and X is totally unspecified,
and we impose the weakest possible assumption which only specifies the de-
pendence of the propensity score model on the outcome while allowing all other
models completely unspecified. The scientific goal here is to estimate the param-
eter O that satisfies E{{(X,Y,0)} = 0, instead of any regression parameters.

Technically, there exist some intrinsic difference, in terms of efficiency, of the
estimators proposed in these two papers. The estimator proposed in [29], even
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if the truth of the nuisance function is known, still cannot achieve the semipara-
metric efficiency bound. One can check their Remarks 1 and 2 for details. In this
paper, Corollary 1 shows that, if the corresponding true nuisance is available,
our proposed estimators are all efficient and reach the semiparametric efficiency
bound.

Further, the robustness property established here is not due to the same
reason as in [29]. In fact, the robustness property here is directly linked to the
structure of the propensity score model and is a unique property.

Finally, the framework of [29] is simpler, where the ultimate goal is to estimate
the parameter in fy|x (y,X) which can be achieved by directly working on its
efficient score. The framework of this paper is two-step. Our ultimate goal is to
estimate a functional 6 that satisfies E{((X,Y,8)} = 0, but we need to first
derive the efficient score of 3, the parameter in the propensity score model. Our
proposed estimators can avoid estimating the unknown function g(u)—this nice
feature refers to not only estimating 3 but also estimating the functional of
interest 6.
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