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ABSTRACT

Optical imaging systems often experience significant performance degradation in
turbulent or scattering environments such as fog or dust. To address these challenges,
coherent range-selective imaging techniques inspired by frequency-modulated continuous-
wave (FMCW) lidar have been developed. These approaches enable holographic imaging of
closely spaced objects while suppressing backscatter from objects outside the system’s range
resolution by reconstructing only those located at specific, tunable ranges.

Traditionally, range-selective digital holography has been demonstrated only in off-
axis geometries, which limit spatial resolution. This work advances the field through the
development of a novel on-axis temporal heterodyne technique that achieves range selectivity
without compromising spatial resolution. Experimental results are shown at distances of
a few meters, although the method is applicable to longer distances. A corresponding
mathematical framework was established to analyze range-selective temporal heterodyne
digital holography, which operates by coherently integrating over multiple FMCW chirps
to reconstruct a hologram. The developed theoretical formulation is broadly applicable to
other holographic systems that employ multi-chirp integration.

To enhance outdoor range-selective digital holographic operation, where object motion,
vibration, and atmospheric turbulence present major challenges, two additional techniques
were developed. First, long-range holographic capability was achieved by combining a
scanning lidar system with a telescope-based digital holography platform, enabling imaging
at distances exceeding one kilometer. Second, a stabilization subassembly was implemented
to mitigate turbulence and motion-induced phase distortions. This system successfully
demonstrated coherent holographic imaging of strongly vibrating objects that exhibited
displacement greater than 18 optical wavelengths during an integration at 90 meters, thereby
confirming the system’s ability to maintain coherence and support reliable outdoor imaging
under adverse conditions.
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INTRODUCTION

Optical Imaging Systems in Adverse Conditions

Optical imaging systems face significant challenges when operating under adverse

conditions such as turbulence, scattering media, or fog. These factors distort and attenuate

optical signals, degrading image quality. Long-range active imaging systems face even greater

challenges, as weak return signals must traverse fluctuating and scattering media.

Developing imaging techniques that remain effective under such degraded and dynamic

conditions is increasingly critical, given society’s growing reliance on optical systems for

safety and autonomous decision-making. Such applications include autonomous vehicles nav-

igating complex environments, maritime and aerial platforms operating through turbulence

or fog, and long-range remote sensing and surveillance [1–5]. In all cases, robust imaging

under adverse and time-varying conditions is essential for reliable operation.

Traditional intensity-based ranging approaches, such as time-of-flight cameras or gated

imaging, can provide depth information but are fundamentally limited in sensitivity and

in their ability to recover the phase of the optical field. Coherent ranging techniques,

such as frequency-modulated continuous-wave (FMCW) lidar, overcome these limitations.

By mixing the received field with a strong local oscillator, coherent detection enables

phase-sensitive measurements and coherent gain, significantly improving the signal-to-

noise ratio while preserving both range and phase information. These properties make

coherent detection a promising pathway for extending reliable optical imaging into adverse

environments and for long ranges.

While coherent lidar provides robust range information, it reconstructs a scene as a

collection of discrete points, since scanning is used to sample the object scene. The transverse
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resolution is largely determined by the beam scanning technique, which is susceptible to

pointing errors, including wobble. Furthermore, the delay between the transmitted and

returned beam directions (beam lag) limit the achievable scanning speeds.

In contrast, digital holography captures the full amplitude and phase of the optical field,

producing a continuous, phase-resolved image of the scene with all transverse points captured

simultaneously and without the issues associated with scanning beams. Conventional digital

holography, however, reconstructs all objects within the depth of field, which can introduce

unwanted contributions from scatterers or surfaces outside the region of interest. This

limitation motivates the development of holographic techniques that combine the full-

field phase sensitivity of holography with range selectivity, while also addressing stability

challenges caused by object motion and environmental factors such as turbulence.

This thesis explores novel on-axis digital holography techniques developed in a

laboratory setting to enable range-selective holographic imaging. In addition, lidar-enabled

stabilization techniques are developed and demonstrated for outdoor operation, compensat-

ing for object motion to achieve stable range-selective digital holographic reconstructions.

Together, these developments extend the capabilities of coherent optical imaging systems for

operation in adverse and dynamically varying environments, including scenarios affected by

turbulence and other phase-distorting phenomena.

Imaging Through Extreme Environments

Range-resolved imaging in challenging environments, such as over long distances,

through turbulent or scattering media, or of vibrating and moving objects, remains

a significant technical problem. Various approaches have been developed to address

these difficulties, including time-of flight detectors, lidar-based scanning techniques, and

holographic methods that rely heavily on post-processing. While these methods can partially

correct distortions, strongly turbulent or scattering media severely attenuate reflected signals
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and limit coherent integration times, limiting the fidelity of reconstructed images.

Time-of-flight (ToF) systems, which can measure both intensity and pixel-wise distance

to objects, offer rapid three-dimensional reconstructions of scenes. However, they are highly

susceptible to backscatter, which degrades accuracy and contrast and they do not record

the optical field of the object. Modifications such as time-gating have improved imaging

through fog, but ToF detectors remain constrained to short ranges of only a few meters

before aliasing, insufficient for most real-world long-range applications [6].

These limitations have motivated the development of lidar-based imaging systems,

including point-cloud methods and synthetic aperture or aperture-synthesis techniques [7–

10]. While laser illumination extends imaging range, it introduces challenges such as speckle,

which can reduce image quality. Techniques such as digital shearing interferometry have

shown some success in mitigating speckle effects, but environmental perturbations and phase

distortions still limit reliable performance in outdoor conditions [11–13].

Environmental instabilities, including atmospheric turbulence and mechanical vibra-

tion, introduce time-varying phase distortions that degrade coherent imaging. While

turbulence has been extensively studied, vibration-induced phase fluctuations remain a

critical challenge for stable holographic imaging, especially in field conditions.

Turbulence degrades coherent imaging primarily through wavefront phase distortions,

including piston shifts (uniform phase changes across the aperture), and amplitude fluctu-

ations. Phase distortions blur the reconstructed image and reduce spatial coherence, while

amplitude fluctuations cause scintillation and signal washout [13–15].

A variety of strategies have been explored to address turbulence-related distortions in

digital holograms [16]. These include phase correction approaches such as Zernike polynomial

fitting and Bayesian algorithms, which have shown success in improved image contrast in

laboratory tests [17–20]. Other methods employ multi-plane or spectral diversity, including

wavelength-scanning holography and multi-plane iterative reconstruction (MIR), to improve
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robustness against phase distortions. More recently, machine-learning approaches have

been introduced, with coherent plug-and-play (CPnP) frameworks and neural-network-based

reconstructions demonstrating promising results for turbulence mitigation and coherent

image recovery [21–26]. However, all these phase-correction techniques rely on high signal-

to-noise ratio (SNR) captures of the coherent object field, and piston phase shifts caused

by atmospheric turbulence and object vibrations are a major limitation for obtaining high-

SNR coherent images, particularly at long ranges. This thesis addresses long range coherent

imaging through turbulent media, enabling capture of phase fronts that can be operated on

by the above distortion compensating techniques.

Despite these advances, most demonstrations remain confined to short ranges and

controlled laboratory environments. Few techniques simultaneously address the requirements

of long-range operation, full-field phase reconstruction, range selectivity, and robustness to

vibration-induced phase instabilities. This persistent gap motivates the work presented in

this thesis, which develops a technique to stabilize range-selective digital holograms recorded

under realistic outdoor conditions from time-dependent phase shifts causes by movement or

piston phase shifts.

FMCW Lidar and Range Selective Holographic Imaging

Coherent lidar techniques provide both phase and amplitude information, making them

important tools for imaging in challenging conditions, due in part to the benefits of coherent

gain. Among these, frequency-modulated continuous wave (FMCW) lidar has emerged as an

effective ranging technique. By transmitting and receiving linearly chirped optical signals,

FMCW lidar encodes distance information as a beat frequency between the received signal

and a local oscillator. This allows for fine range resolution to be achieved without the need

for ultrafast detector bandwidths, in contrast to a pulsed lidar with similar specifications

[27]. One advantage that FMCW lidar has over pulsed lidar systems is the achievable range
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resolution. This is demonstrated by Roos et al., who achieved linear chirp bandwidths of up

to 5 THz, resulting in a range resolution of approximately 30 micrometers [28].

FMCW lidar systems have been used extensively to compute 3D point clouds, where

a scanning beam is used to sweep across the observed scene and distance calculations are

performed at each stop. While effective at mapping, point-cloud images only provide distance

information at the scanned locations, not a full-field wavefront reconstruction of the object

scene. Additionally, scanning systems are limited by both the achievable spatial resolution

and pointing instability (wobble) of the scanning mechanism, as well as by the lag between

the transmitted and return beams, which restrict scan speed. This occurs because the

receiver may no longer be aligned with the transmitted beam when the return signal arrives,

impacting the coupling efficiency. While continuous-wave (CW) digital holography records

both the amplitude and phase of the object field, it lacks range information so reconstructions

include all objects within the depth of field of the imaging system.

By combining FMCW modulation with digital holographic recording techniques, the

complex optical field can be reconstructed, yielding holographic imaging of an object scene

with intrinsic range information, which represents a powerful advancement to coherent

imaging systems.

Linear FMCW signals have been integrated into digital holography to perform range

profiling in two distinct ways. The first approach, often referred to as FMCW digital

holography, employs long broadband chirps in combination with high speed detectors,

enabling multiple short integrations during each chirp. Post-processing the recorded frames

using a Fourier transform across the temporal dimension allows the reconstruction of pixel

wise range profiles [29–32]. More complicated configurations have allowed for the polarization

analysis of a object, as well as the implementation of wavelength multiplexing techniques to

perform spatial profiles of metallic blocks [33, 34]. On the microscale, in a similar manner,

Crouch et al. demonstrated synthetic aperture ladar using an ultrabroadband (> 3 THz)
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linear chirp to capture topographical images of a coin [35].

The other technique, known as range-selective digital holography (RSDH), enables

objects at tunable distances within the range resolution of the FCMW chirp to be

reconstructed. This is performed by frequency shifting the reference beam by an amount set

by the object distance, and has been demonstrated in an off-axis recording geometry which

has allowed for the distinction of closely spaced objects that are within the depth of field of

the imaging system [36, 37].

Stabilized RSDH, capable of compensating for phase shifts caused by object vibrations

and uniform piston phase variations, while suppressing light from unwanted object ranges,

will greatly enhance all previously discussed techniques. Furthermore, stabilization tech-

niques will enables digital holography to function in practical real-world conditions outside

of the laboratory setting.

Imaging Vibrating Objects with Coherent Systems

One limitation to digital holography is its extreme sensitivity to the vibrations of

the object being captured. Since holography is an interferometric imaging technique,

if the object’s displacement along the optical axis approaches half the wavelength of

the illuminating light within the camera’s exposure time, the interference fringes in the

digital hologram become blurred, effectively reducing their visibility to zero. Additionally,

atmospheric turbulence can further disturb this phase relationship, leading to degraded

reconstructions that worsen over longer distances due to piston phase fluctuations. This

sensitivity is especially problematic for phase-shifting holographic techniques, which require

phase stability across four separate integrations to successfully reconstruct a hologram.

Coherent imaging systems struggle to accurately capture images of vibrating objects

due to the rapid phase fluctuations introduced by motion, which can distort the reconstructed

image and reduce clarity. One approach to mitigate this issue is to use shorter exposure times,
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minimizing movement during a single integration [38]. However, in outdoor applications

where longer exposure times are necessary due to limited return light, this solution becomes

less practical. Modulating the phase of the local oscillator beam can enhance the detection

of both low and high vibration amplitudes which has been previously demonstrated by

reflecting the local oscillator beam off a mirror mounted on the vibrating object of interest

[39–41]. Unfortunately, this is impractical in real-world applications. Methods for focusing

the illumination signal onto the object to use as a reference have also been explored, which

has led to shearing interferometry approaches where the spatial displacement between the

reference and object beams are used to detect small changes [42, 43].

A stabilization technique where the lidar beat frequency is used to modulate the

holographic system to correct for an unknown vibration has recently been achieved in an

off-axis image plane holographic recording geometry [44]. This experiment was conducted in

a laboratory setting at a maximum range of only a meter with a depth of field of less than

a centimeter. While this technique has only been demonstrated in controlled environments,

it is anticipated that similar approaches could be beneficial for coherent imaging over long

distances or through turbulent conditions in outdoor settings, as well as applicable to other

recording geometries.

Despite these table-top successes, several challenges remain, including the realization

of on-axis range-selective holographic geometries using more exotic modulation schemes, the

development of long-range outdoor capabilities that can correct for vibration and turbulence,

and the characterization of multi-chirp integration. Addressing these issues is central to the

work presented in this thesis.

Objectives and Overview

The objective of this thesis is to develop novel range-selective digital holography

(RSDH) techniques and to advance both the methodology and practical implementation
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of outdoor range-selective holographic imaging. The research is organized along two

main directions. The first direction explores on-axis, range-selective digital holography

in laboratory environments, including experimental demonstrations and the development

of the underlying theory for temporal-heterodyne range-selective imaging. Additionally,

theoretical models for multi-chirp integration are developed, which are essential for phase-

shifting techniques that require multiple integrations. On-axis geometries are particularly

advantageous for holographic recordings due to their simplified configuration and improved

spatial resolution.

The second direction focuses on long-range outdoor holographic imaging. A dual

lidar and range-selective digital holographic system is constructed for outdoor operation

at distances over a kilometer, with demonstrated operation up to a quarter of a kilometer.

In addition, a lidar-enabled stabilization method is developed that preserves holographic

fidelity under vibration, enabling coherent imaging of vibrating objects in realistic outdoor

conditions. The novel contributions of this thesis are:

• Demonstration of on-axis temporal heterodyne range-selective digital holography using

time-of-flight detectors.

• Theoretical and experimental analysis of detuning outcomes in multi-chirp temporal

heterodyne range-selective holography, with implications for other range-selective

holographic methods that integrate over multiple chirps.

• Design and construction of a long-range outdoor dual-lidar and holography platform

capable of operation at distances over a kilometer, with demonstrations at 90 meters.

• Demonstration of lidar-enabled stabilization of digital holography, achieving coherent

imaging at 90 meters under vibrations exceeding 18 optical wavelengths within a single

integration period.
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Outline of the Document

This thesis is organized into eight main chapters. Chapter 2 provides the necessary

background, introducing the physical principles that form the foundation of this work. Topics

include coherent lidar, optical modulation, holographic imaging, range-selective holography,

and time-of-flight detectors. Chapter 3 presents a published manuscript on temporal-

heterodyne on-axis range-selective digital holography, a novel holographic technique that

leverages time-of-flight detectors to perform phase shifting. Chapter 4 contains an additional

publication examining the effects of detuning in temporal heterodyne range-selective digital

holography when integration occurs over multiple frequency chirps. These results have

broader implications for range-selective holography methods beyond temporal heterodyning

which rely on integrating the hologram over multiple chirps. Chapter 5 details the design and

construction of an outdoor, long-range lidar and range-selective digital holography system

capable of operating in both modalities. Chapter 6 introduces a manuscript prepared for

submission that demonstrates how the lidar system can stabilize digital holograms under

adverse conditions, such as vibration, which would normally preclude coherent imaging.

Chapter 7 presents supplementary material not included in the manuscripts. This includes

vibrometry results showing how the lidar system can reconstruct audio signals from vibrating

objects, as well as demonstrations of Doppler point cloud reconstruction, providing velocity-

resolved imaging. Finally, Chapter 8 summarizes the key contributions of this work and

outlines directions for future research.
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BACKGROUND

In this section, a concise overview of the essential background topics required to

understand the completed work will be provided. Key methods and concepts will be

introduced, including lidar, frequency-modulated continuous-wave signals, digital holography

and its various recording geometries, hologram reconstruction, range-selective digital

holography, and Time-of-Flight detectors. This is done to ensure a comprehensive foundation

for understanding the published work that is included in the following chapters.

Lidar

Lidar (Light Detection and Ranging) is a remote sensing technique that measures the

distance to objects by illuminating an object and detecting the reflected signal. The time

delay between the transmit field (TX) and return field (RX), combined with the known speed

of light c, allows precise measurement of object range. In addition to range, lidar can provide

information on object reflectivity, polarization, velocity and, when scanning is applied, 3D

spatial profiles known as point cloud images.

Lidar techniques are generally classified into two main categories. The first is pulsed

lidar, which encodes information in short, amplitude-modulated light pulses. The second is

Frequency-Modulated Continuous-Wave (FMCW) Lidar, which uses continuous illumination

from a frequency-modulated laser source to extract range information. Each approach has

distinct advantages, as well as relative disadvantages, and is widely employed across a variety

of applications.

An additional distinction can be made between incoherent and coherent detection

schemes. Incoherent lidar directly measures the intensity of the returned optical field,

providing information on range and reflectivity. Coherent lidar, by contrast, mixes the return

signal with a local oscillator (LO) in a heterodyne or homodyne receiver. This enables
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measurement of both amplitude and phase, allowing for higher sensitivity and improved

rejection of background noise. The majority of FMCW lidar systems rely on coherent

detection, whereas pulsed lidar is commonly implemented using either coherent or incoherent

detection schemes.

Pulsed Lidar

Pulsed lidar systems generate short, discrete light pulses ("flashes"), which are used to

illuminate an object. Some of the light is reflected off of the object back to the detector. The

round-trip time of each pulse (from transmission to detection) is measured at the detector

to determine the object distance using the speed of light. The range to the object is then

calculated using

R =
c τR
2

, (1)

where c is the speed of light in air and τR is the time delay between the transmitted and

received signals [45]. One consequence of shortening the pulse duration is improved range

resolution, but this comes at the cost of higher peak power requirements and the need for

faster detectors. The range resolution can be expressed as a function of the pulse width τp

as

∆Rres =
c τp
2

. (2)

Figure 1 illustrates the working principle by showing the transmit and time-delayed return

optical signals. The time between TX pulses is the pulse repetition interval τPRI.

Pulsed lidar is widely used in applications such as three-dimensional imaging and time-

of-flight cameras because of its simplicity, but its sensitivity and resolution are generally

lower than those achievable with coherent detection methods like FMCW lidar. Moreover,
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Figure 1: Pulsed lidar system cartoon. The transmitted signals are shown in red while the
time-delayed returns are shown in blue.

pulsed lidar systems require higher-bandwidth detectors than coherent systems to accurately

capture the short-duration pulsed signals and achieve comparable resolution, which can

complicate design and increase cost.

Frequency Modulated Continuous Wave Lidar

Frequency-Modulated Continuous-Wave Lidar is a coherent ranging technique that

uses the frequency modulation of a laser to perform high-resolution distance measurements,

typically through linear frequency sweeps, also known as "chirps". In a coherent FMCW

lidar system the TX signal is split into two paths forming a TX and LO signal. The LO

is mixed with the received RX field scattered from the object, producing a beat frequency

proportional to the object’s range. Measuring this beat frequency enables precise range

calculation, with range resolution inversely proportional to the chirp bandwidth, rather than

the pulse duration. This technology is widely used in applications requiring precise distance

measurements, such as in autonomous vehicles sensors and advanced surveying and mapping

systems. While more complex modulation schemes exist, in this document, any reference
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to FMCW lidar or FMCW digital holography will specifically pertain to linear frequency-

modulated signals (chirps) and not to more complicated waveforms that also use frequency

modulation techniques.

For FMCW lidar, both the LO and TX beams are modulated with a linear chirp that is

applied before the laser is split into the two channels. The chirp is characterized by a chirp

rate, κ, which is defined as

κ =
Bc

τc
, (3)

where Bc is the chirp bandwidth and τc is the chirp duration. The optical fields for both the

LO and the RX signal, where the RX is a time-delayed copy of the TX signal delayed by τR,

can be expressed as

ELO(t) = ALOe
i(2πfLt+πκt2+ϕLO) (4)

ERX(t, τR) = ARXe
i(2πfL(t−τR)+πκ(t−τR)2+ϕRX) (5)

where ALO and ARX are the amplitudes of the LO and RX field, ϕLO and ϕRX are the initial

phases of the LO and RX field, and fL is the laser frequency. The intensity of the two

interfering waves, as observed through a photodetector with bandwidth BWdet, is given by:
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I(t, τR) =
〈∣∣ELO(t) + ERX(t, τR)

∣∣2〉
1

BWdet

=
〈
|ELO(t)|2 + |ERX(t, τR)|2 + ELO(t)E

∗
RX(t, τR) + ERX(t, τR)E

∗
LO(t)

〉
1

BWdet

= A2
LO + A2

RX + 2ALOARX cos
(
2πκτR t + 2πfLτR − πκτ 2R + ϕLO − ϕRX

)
= A2

LO + A2
RX + 2ALOARX cos

(
2πfb t + ϕb

)
,

(6)

The interference between the LO and RX signals produce a beat frequency, fb, which is

proportional to the object distance by,

fb =
2κR

c
= κτR (7)

where R is the distance to the object and c is the speed of light. The phase of the beat

frequency, ϕb, is defined as ϕb = (2πfLτR − πκτ 2R + ϕLO − ϕRX) [46, 47]. Higher frequency

phase terms are suppressed because of the finite bandwidth of the detector. The distance to

the object can then be calculated from the beat frequency using the following equation,

R =
fbc

2κ
. (8)

In FMCW lidar, balanced photodetection is commonly employed to improve sensitivity

and suppress common-mode noise [48]. In this case, the optical signals from the LO and

RX channels are combined in a beam splitter, producing two paths in which the beat

signals are 180◦ out of phase. The two paths are directed onto two photodiodes, generating

photocurrents that contain the same beat frequency but interference terms of opposite phase.

Subtracting these photocurrents cancels the large DC components that do not carry range

information while preserving the relative phase, thereby enabling more accurate measurement
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of the beat signal. Mathematically, the photocurrents at the two diodes can be expressed as:

i1(t) ∝ |ELO(t) + ERX(t)|2 = A2
LO + A2

RX + 2ALOARX cos(2πfbt + ϕb) (9)

i2(t) ∝ |ELO(t)− ERX(t)|2 = A2
LO + A2

RX − 2ALOARX cos(2πfbt + ϕb) (10)

Subtracting the two currents yields the balanced output:

idiff(t) = i1(t)− i2(t) = 4ALOARX cos(2πfbt + ϕb) (11)

Notice that the large DC terms A2
LO +A2

RX cancel exactly, leaving only the interference

term at the beat frequency fb, which encodes the object range along with the phase difference

between the LO and RX channels. If multiple returns are present, and provided that ARX ≪

ALO for all objects, the differential detector output idiff(t) consists of the sum of sinusoidal

components, each with a beat frequency corresponding to the range of a particular object.

After the signal is detected on the photodetector, it is digitized using an analogue-to-

digital converter (ADC), which enables post-processing of the signal on a computer to recover

the frequency spectrum using algorithms such as the FFT. A more thorough discussion of

post processing techniques will be discussed in chapter 5.

A schematic of a simplified FMCW lidar system is shown in Figure 2. The laser source

is first modulated with a linear chirp and is then split into both the LO and TX paths. The

TX signal passes through an optical circulator (a type of optical directional coupler) and is

emitted into free space to illuminate the object. The reflected RX field is collected back into



16

the transmit port of the circulator and directed to the detector, where it mixes with the LO

signal, preferably with a coherent balanced detector as described above. Post-processing of

the recorded time-domain signal yields a frequency spectrum, where the beat frequency will

be proportional to the object distance.

Lidar Schamatic

Laser 
Detector + 

Digitizer

Object

TX

LO

RX
Optical Modulation

TX

RX

Fourier 
Transform Frequency

∝ Range

Figure 2: Basic FMCW Lidar Schematic. A laser source is linearly chirped and split into a
TX and LO path. The RX signal is mixed with the LO on a coherent balanced
photodetector (assumed incorporated into "detector"), and the resulting beat signal is
digitized. A Fast Fourier Transform (FFT) is applied in post-processing to extract the beat
frequency, which is used to determine the object distance. This figure is not to scale and is
for illustrating purposes only.

Figure 3 illustrates the chirped LO and RX signals delayed from one another by τR using

a positive chirp rate (κ > 0). Also shown is the windowed time-domain beat signal resulting

from their overlap, as detected by a photodetector, and the corresponding frequency-domain

representation obtained by applying a Fast Fourier Transform to the windowed data.

It should be noted that the previously introduced range equations for both pulsed

and FMCW lidar assume a constant and known speed of light. However, during long-

range operations, variations in the air’s refractive index caused by turbulence, temperature

fluctuations, humidity, and other factors can degrade the ranging accuracy of both

techniques. Extensive research has been conducted to account for these refractive index

changes [49–51].
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Figure 3: The top plot depicts Interference between the LO and RX FMCW chirps with a
chirp bandwidth Bc, chirp duration τc, and round-trip delay τR. The center plot shows
temporal windowing of the resulting time-domain beat signal. The bottom plot presents
the frequency-domain representation, computed as the Fourier transform of the windowed
signal. The gaps between the noisy sinusoidal signals in the Time-Domain Beat Signal plot
are caused by the beat being outside of the detector bandwidth.
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Range Resolution

Range resolution is a critical parameter in FMCW lidar systems as it determines the

ability to distinguish between two closely spaced objects. It is defined as the minimum radial

distance, ∆Rres, at which two targets can still be resolved as distinct objects by the system.

The range resolution is given by

∆Rres =
c

2Bc

, (12)

where c is the speed of light and Bc is the chirp bandwidth. A larger chirp bandwidth leads

to a finer range resolution, allowing the system to distinguish objects that are more closely

spaced. Notably, the range resolution is inversely proportional to the chirp bandwidth and

is independent of chirp duration. Figure 4 illustrates how the system’s ability to resolve two

objects depends on their separation relative to ∆Rres. When two objects are separated by

exactly ∆Rres, the peak of one object’s response coincides with the first null of the other.

At this separation, the objects are just resolvable according to the Rayleigh criterion. For

smaller separations, they can no longer be distinguished. The responses in both the range

and frequency domains follow a sinc2 pattern, which is due to the rectangular time-domain

window imposed by the integration period. This sinc2 profile arises from taking the squared

magnitude of the Fourier transform of the rectangular time-domain window defined by the

integration time τint, which is often equal to or shorter than the chirp duration τc. Note that

amplitude modulating the chirp can implement different windowing functions, resulting in

corresponding changes to the range response.

Two objects can only be resolved when their separation is greater than or equal to ∆Rres.

However, several practical factors can degrade the effective range resolution of an FMCW

lidar system. These include laser phase noise, chirp nonlinearity, and laser decoherence

(particularly when the round-trip path length approaches or exceeds the laser’s coherence
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Figure 4: Resolution limit for a chirp bandwidth of 1 GHz, corresponding to a range
resolution of ∆Rres ≈ 0.15 m. Two objects with approximately zero separation (top left).
Two objects that are separated in distance by less than the range resolution of the system
(top right). Two objects spaced exactly ∆Rres, meeting the Rayleigh resolution criterion
(bottom left). Two objects separated by more than ∆Rres, clearly resolved as distinct
peaks (bottom right).
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length). Such impairments can cause object responses to broaden or shift in the frequency

domain, reducing the system’s ability to distinguish closely spaced objects.

Optical Frequency Modulation

To enable FMCW lidar, the laser source must be modulated with a highly repeatable

controlled frequency chirp. One effective method to achieve optical frequency modulation

is through the use of electro-optical modulators (EOMs). These devices exploit the electro-

optic effect, where the refractive index of a material changes in response to an applied electric

field. This change in refractive index modifies the optical path length, allowing controlled

modulation of the light’s phase and, by extension, its instantaneous frequency. In a typical

setup, the laser beam travels through an EOM before being split into the LO and TX beams.

The EOM consists of a crystal with a high electro-optic coefficient, such as lithium niobate

(LiNbO3). When a time-varying voltage is applied across the crystal, it induces a periodic

change in the refractive index, resulting in a frequency modulation of the passing laser beam

[52].

EOMs are commonly implemented as either electro-optic phase modulators (EOPMs)

or electro-optic intensity modulators (EOIMs). An EOPM uses a single RF input to directly

change the optical phase of the light as it passes through the crystal. An EOIM is based

on a Mach-Zehnder interferometer in which the RF drive signal changes the phase in one or

both arms to control the output intensity through interference, and an additional DC bias

sets the relative phase between the two arms. An illustration of both an EOPM and EOIM

is shown in Figure 5.

Mathematically, this frequency modulation can be illustrated using the simpler case of

an EOPM by considering a laser beam entering the modulator, described as:

E(t) = AeiωLt (13)
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Figure 5: Electro-optic phase modulator (top) and electro-optic intensity modulator
(bottom). The entire structure represents the electro-optic crystal. The red lines represent
the input and output optical waveguides. The active region indicates where the RF drive
voltage is applied. The intensity modulator forms a Mach–Zehnder interferometer, in
which an additional bias voltage controls the relative phase between the two arms.
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where A is the amplitude of the laser and ωL is the angular frequency of the optical carrier.

If a chirped voltage is applied to the EOM with modulation index β, and chirp rate κ, a

time-dependent phase will be imparted to the optical field. The modulated beam can be

expressed as,

Emod(t) = AeiωLteiβ sin(2π(fot+
1
2
κt2)) (14)

where fo is the initial frequency of the chirp. To analyze the frequency content of this

modulated signal, the Jacobi-Anger expansion is applied:

eiβ sin θ =
∞∑

n=−∞

Jn(β)e
inθ (15)

Using this identity, the modulated optical field can be rewritten as:

Emod(t) = AeiωLt

∞∑
n=−∞

Jn(β)e
in(2π(fot+

1
2
κt2)) (16)

This representation reveals that the modulated signal can be expressed as a sum of time-

varying spectral components, whose amplitudes are governed by Bessel functions of the first

kind, Jn(β), with integer order n ∈ Z, and whose frequencies evolve according to the chirped

phase term. Unlike the case of sinusoidal modulation, these components do not form evenly

spaced sidebands in the frequency domain since higher order sidebands will have a larger

frequency bandwidth than the original RF chirp modulation. A cartoon of this principle is

shown in Figure 6.

The role of the Bessel functions can be most intuitively understood by examining the

power spectrum of Equation 14 for two sinusoidal signals (when κ = 0) at frequencies

f1 = 2400 Hz and f2 = 369 Hz. Figure 7 illustrates how the Bessel functions of the first

kind determine the relative amplitudes of the resulting sidebands for three different values
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Figure 6: Sidebands of a chirped signal where fL is the laser frequency (carrier), f0 is the
starting frequency of the chirp, and f1 is the end frequency of the chirp.

of the modulation index β. While this example is presented at audio frequencies for ease

of simulation, the same principles hold at optical frequencies (albeit harder to simulate on

a computer). This example illustrates sinusoidal modulation for simplicity, but the Jacobi-

Anger expansion remains valid for chirped modulation. In this case, however, the spectral

amplitudes are not determined directly by Bessel functions, since the energy is distributed

continuously across the chirp bandwidth.

EOMs are characterized by their half-wave voltage, Vπ, which is the voltage required

to induce a π-radian phase shift on the incoming optical signal. The modulation index β is

related to the applied peak-to-peak voltage VPP and Vπ through the following expression:

β =
πVPP

2Vπ

. (17)

Higher-order sidebands, although occasionally useful because of the increased band-
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Figure 7: Simulation illustrating the output of an electro-optic modulator modeled as the
phase-modulated signal ei2πf1teiβ sin(2πf2t) for three different modulation indices β. The left
column shows the spectrum while the right column displays the corresponding Bessel
functions of the first kind, which predict the amplitudes of the generated sidebands. The
zeroth through third order Bessel functions are plotted to demonstrate how sideband
amplitudes vary with modulation depth.
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width, are often undesirable in optical modulation because they correspond to unwanted

frequency components that reduce the optical power concentrated in the desired harmonic,

potentially degrading signal quality. To control the spectral content, the modulation depth

(or modulation index) is commonly chosen to maximize the first-order Bessel function

coefficient J1(β), while minimizing contributions from the carrier and higher-order sidebands.

To further suppress unwanted components, various types of electro-optic modulator

configurations have been developed. These include intensity modulators based on Mach-

Zehnder interferometers, which enable suppression of the optical carrier by destructive

interference between the two interferometer arms. This is typically achieved by applying

a DC bias voltage that introduces a π-phase shift between the arms, nullifying the zeroth-

order outputs.

In push-pull intensity modulators, equal and opposite voltages are applied to the two

arms of a Mach-Zehnder interferometer, producing a differential phase shift that modulates

the output intensity. The shape of the transfer function depends on the bias voltage,

which determines whether even or odd harmonics are suppressed. This allows the user to

control the harmonic content of the optical signal by simply adjusting the bias voltage.

Single sideband modulation techniques that also achieve carrier suppression have been

demonstrated, although their implementation is more complex [53, 54]. Additionally, optical

filtering is often employed to isolate a single sideband and further improve spectral purity.

Figure 8 shows simulation results illustrating the impact of varying both the modulation

index and the bias voltage on the spectral output of a Mach-Zehnder intensity modulator.

By changing these parameters, the figure shows how the harmonic content and sidebands

change, and how modulation depth and bias voltage affect the optical spectrum.

Figure 9 presents optical and electrical spectra illustrating the effects of modulation

on a real laser source. The unmodulated laser spectrum shows a single sharp peak at the

center wavelength, representing the continuous-wave source. When the laser is driven by the
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Figure 8: Simulated spectrograms of the baseband optical field output from a
Mach-Zehnder intensity modulator under varying modulation index
β ∈ {0.39, 1.84, 3.05}V and DC bias voltages Vb ∈ {0, 1, 2}V. Modulation depth values
were chosen to show maximum power in the first and second sidebands. The modulator has
a half-wave voltage of Vπ = 2V. The RF drive is a linearly chirped sinusoid starting at
1MHz with a bandwidth of 2MHz and chirp duration of τc = 500µs. Each subplot shows
the spectrogram of the modulated baseband field shifted down to DC. At Vb = 0V, the
modulator’s cosine transfer function is symmetric, producing predominantly even
harmonics whereas when Vb = Vπ, the response is antisymmetric, yielding mostly odd
harmonics. At intermediate bias voltages, both even and odd sidebands are present.
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chirped RF signal, multiple sidebands appear symmetrically around the carrier frequency

in the optical spectrum, visible on the optical spectrum analyzer (OSA) trace. These

sidebands correspond to the frequency components generated by the modulation process.

The accompanying RF spectrum of the chirp signal demonstrates the broadband nature

of the modulation waveform, which directly influences the spacing and amplitude of the

optical sidebands. The combined optical and electrical spectra highlight how the modulation

waveform shapes the optical signal’s spectral content.
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Figure 9: RF chirp spectrum measured by the an RF spectrum analyzer (RFSA), showing
a 1.8 GHz bandwidth chirp from approximately 6 to 7.8 GHz (Top Left). Optical spectrum
of the unmodulated continuous-wave 1550 nm laser source, displaying a single narrow peak
at the carrier wavelength (Top Right). Optical spectrum of the laser under modulation
with an electro-optical intensity modulator, exhibiting multiple sidebands symmetrically
spaced around the carrier frequency (Bottom Left). Optical spectrum of the modulated
laser with carrier suppression achieved by biasing the EOM, showing reduced carrier power
and enhanced sideband visibility, highlighting the importance of biasing for effective optical
carrier suppression (Bottom Right).
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Range-Doppler Ambiguity

In FMCW lidar, when a target is in motion, the recorded beat frequency, fb, includes

contributions from both the range and radial velocity of the target. Specifically, for a positive

chirp (κ > 0) the total beat frequency can be expressed as:

fb = fR + fD =
2κR

c
+

2vD
λ

(18)

Here, fR is the range-dependent frequency component, fD is the Doppler shift due to target

motion, κ is the chirp rate of the transmitted signal, R is the target distance, vD is the target’s

instantaneous radial velocity, c is the speed of light, and λ is the optical wavelength. In this

example, the object is moving towards the detector (positive shift). A positive Doppler

frequency represents a "blue shift" of the received signal (increase in the frequency) and

indicates motion towards the lidar system while a negative Doppler frequency represents a

"red shift" of the received signal (decrease in frequency), which corresponds to motion away

from the lidar system.

A critical consequence of this relationship is the Range-Doppler ambiguity, where

different combinations of range and velocity can result in the same beat frequency. For

example, an increase in range can be offset by a corresponding change in radial velocity such

that fb remains constant. Without further processing, it becomes impossible to uniquely

determine the object’s range and velocity from a single measurement.

To resolve this ambiguity, three common techniques are used. Each method separates

the range and Doppler components of the beat frequency using different modulation or

detection strategies.

Single sideband Up-down chirps

The first approach is to alternate between up-chirps and down-chirps using single-

sideband (SSB) modulation. Because Doppler shifts affect up-chirps and down-chirps in
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opposite ways, comparing the beat frequencies between both presents an effective way to

separate fD from fR [55]. During an up-chirp, a positive Doppler frequency shift causes the

return signal to be shifted upward in frequency, reducing the total range-dependent beat

frequency. Conversely, during a down-chirp, the Doppler shift increases the beat frequency.

Using precise timing across chirps, the difference between the up-chirp and down-chirp beats
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Figure 10: Illustration of how single-sideband up-chirps and down-chirps consecutively can
be used to separate the doppler frequency shift from the range-dependent component.

can be compared to determine both fD and fR. This is achieved with the following equations

where f+
b is the beat between the up-chirps with κ > 0 and f−

b is the beat between the down-

chirps with κ < 0.

fR =
f−
b + f+

b

2
(19)
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fD =
f−
b − f+

b

2
(20)

This method, while conceptually straightforward, requires comparing the current beat

signal with the past beat signal so changes in object velocity from one chirp to the next

will reduce the accuracy of the reconstruction. Additionally, the beat frequencies from

the up-and down-chirps have opposite signs, with one effectively appearing as a “negative”

frequency depending on the chosen interference convention (LO-RX or RX-LO). However,

since the signal is digitized and its spectrum is symmetric, this sign difference doesn’t cause

problems in analysis.

Double sideband AOFS

The second method utilizes double-sideband modulation in conjunction with an acousto-

optic frequency shifter (AOFS). In this setup, either the transmitted (TX) or local oscillator

(LO) beams are frequency-shifted by a fixed amount fAOFS, such that fAOFS ≫ fb. The

optical modulator inherently creates upper and lower sidebands, and the beat frequencies

after detection appear as symmetric sidebands around fAOFS if there is no object velocity.

For a moving object each sideband will be shifted in the same direction. This technique

is particularly useful because Doppler can be recorded over a single chirp when using both

the positive and negative optical sidebands. An illustration of this technique is shown in

Figure 11 for an object moving towards the detector.

In this case, the frequency components are separated as,

fR =
f−
b − f+

b

2
(21)
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Figure 11: Illustration of double-sideband modulation interference, where the LO and
TX/RX are shifted from one another by fAOFS.

fD =
f+
b + f−

b − 2fAOFS

2
(22)

where f+
b and f−

b are the beats between the upper and lower sidebands of each field.

Double sideband IQ detection

The third technique also exploits double-sideband modulation, but instead of frequency

shifting one of the optical signals with an AOFS, it relies on IQ detection. For this method a

90-degree optical hybrid is used to split the interference between the LO and RX signals into

in-phase (I) and quadrature (Q) components, which are detected on separate photodiodes

[56, 57].

The I and Q signals are then combined in post-processing to form a complex-valued

time-domain signal:
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x(t) = I(t) + iQ(t).

This representation captures both the amplitude and phase evolution of the signal,

allowing for unambiguous separation of positive and negative frequency components resulting

in a spectrum of x(t) with frequency peaks at f+
b = −fR+fD and f−

b = fR+fD. The range-

dependent beat and doppler frequency are then separated and calculated as,

fR =
f−
b − f+

b

2
(23)

fD =
f+
b + f−

b

2
(24)

Without IQ detection, the detected spectrum would show peaks at ±f+
B and ±f−

B ,

which overlap and create ambiguity between the positive and negative components. IQ

detection removes the mirror terms, preserving only one positive and one negative frequency

component that can be algebraically separated into range and Doppler. This represents an

important distinction from the first example, which did not depend on the sign of the beat

frequency (negative or positive) because it relied on a symmetric real-valued spectrum.

This technique requires more complex optical hardware (e.g., optical hybrids and

balanced photodetection), but offers a powerful way to resolve the range-Doppler ambiguity

in coherent detection systems. It does so without the need of slowing down the measurement

to be over two different chirps (as is the case for method one), and without using AOFS,

which have limited bandwidth (as is the case in method two).
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Figure 12: Double-sideband modulation interference without shifting the LO or TX with
an AOFS. IQ detection is used to remove the undesired frequency components.

Velocity Resolution

The velocity resolution ∆v of an FMCW lidar system is determined by the ability

to resolve small Doppler-induced frequency shifts in the received signal. For a carrier

frequency fL and an observation duration τ , the minimum resolvable Doppler frequency

shift is approximately 1/τ , which corresponds to a velocity resolution

∆v =
λ

2τ
=

c

2τfL
, (25)

where c is the speed of light and λ is the optical wavelength. Typically, τ is equal to the chirp

duration, but it can also be set by the processing window used in digital signal analysis.
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Digital Holography

Digital holography is an advanced coherent imaging technique that enables the

reconstruction of holograms through digital post-processing [58]. In this approach, the

electromagnetic field from an object (RX), whose phase is initially unknown, interferes with

a well-defined reference LO field, producing an interference pattern. The recorded intensity

at the detector can then be post-processed to recover both the amplitude and phase of

the object field [59]. This ability to retrieve the full complex optical field represents a key

advantage over conventional photography, which captures only intensity.

The following sections introduce the field propagation, the mathematical framework of

digital holography, the different recording planes, and discusses the recording geometries used

for hologram acquisition. The subsequent chapter will demonstrate how FMCW signals can

be combined with digital holography to achieve range-selective digital holographic recordings,

forming a central contribution of this thesis.

Propagation of Optical Fields (Fresnel and Fraunhofer Approximations)

Before introducing digital holography, the focus of this thesis, it is first necessary to

consider how optical fields propagate through free space, as this determines the nature of

the wavefront at the detector plane. Since digital holography aims to recover not only the

intensity but also the full complex field of the object, a clear understanding of propagation

is fundamental for establishing how the recorded hologram is reconstructed to recover the

object field.

At the detector plane, the received optical field from some object may appear either

as a scaled image of the object, produced by an imaging system, or as the result of free-

space propagation of the object field over a distance z [60–62]. Consequently, its structure

depends on the object itself, the properties of the imaging system, and the effects of free-
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space diffraction. Field propagation can be expressed using the Fresnel diffraction integral,

given by

U(x2, y2, z) =
eikz

iλz

∫∫ ∞

−∞
U(x1, y1)e

ik
2z ((x1−x2)2+(y1−y2)2)dx1 dy1 (26)

or expanded to,

U(x2, y2, z) =
eikz

iλz
e

ik
2z

(x2
2+y22)

∫∫ ∞

−∞
U(x1, y1)e

ik
2z

(x2
1+y21)e−

ik
z
(x1x2+y1y2)dx1 dy1. (27)

Here, U(x1, y1) is the complex amplitude at the input (object) plane, U(x2, y2, z) is the

complex amplitude at the output (detector) plane, k = 2π/λ is the wave number, λ is the

wavelength of light, and z is the propagation distance. The coordinate system is shown in

Figure 13, where (x1, y1) are the input-plane coordinates and (x2, y2) are the output plane

coordinates. An annotated form of Eq. 27 indicates the contribution of each term to the

propagated field

U(x2, y2, z) =
eikz

iλz︸︷︷︸
A

e
ik
2z

(x2
2+y22)︸ ︷︷ ︸

B

×
∫∫ ∞

−∞
U(x1, y1) e

ik
2z

(x2
1+y21)︸ ︷︷ ︸

C

e−
ik
z
(x1x2+y1y2)︸ ︷︷ ︸

D

dx1 dy1.

(28)

Here, A is an amplitude scaling term, B is a quadratic phase term at the output plane, C

is a quadratic phase term at the input plane, and D is Fourier-like kernel. Expressing the

Fresnel integral in this form emphasizes its structure as a scaled Fourier transform:

UFresnel(x2, y2, z) =
eikz

iλz
e
ik
2z

(x2
2+y22) F

{
U(x1, y1) e

ik
2z

(x2
1+y21)

}
(fx, fy), (29)
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Figure 13: Fresnel Propagation Coordinates.

where the spatial frequencies are defined as

fx =
x2

λz
, fy =

y2
λz

.

Here, the propagated field is expressed as the product of an amplitude scaling factor,

a quadratic phase term at the output plane, and the Fourier transform of the input field

multiplied by a quadratic phase term at the input plane. Figure 14 shows simulated intensity

patterns of an Air Force target after Fresnel propagation, illustrating how the field evolves

with distance and can appear very different from the original object. For sufficiently large

propagation distances, z ≫ W 2/λ where W is the characteristic size of the object (or size of

diffracting aperture), the quadratic phase term inside the Fourier transform becomes nearly

planar and can be neglected, leading to the Fraunhofer approximation, denoted UFraunhofer.
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Figure 14: Fresnel Propagation of an Air Force Target digitally. The intensity is plotted at
propagation distances of z = 0.33, 0.66, 1 meters.

In this regime, the propagated field reduces to a scaled Fourier transform of the input field,

multiplied by a global quadratic phase factor.

UFraunhofer(x2, y2, z) =
eikz

iλz
e
ik
2z

(x2
2+y22) F{U(x1, y1)} (fx, fy), (30)

It is worth noting that the Fresnel integral in Eq. 27 can also be expressed as a

convolution. Defining the impulse response

H(x, y, z) =
eikz

iλz
exp

(
ik

2z
(x2 + y2)

)
, (31)
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the propagated field can be written compactly as a two-dimensional convolution:

U(x2, y2, z) = U(x1, y1, 0) ∗H(x2, y2, z). (32)

In conclusion, the propagation of an optical field can be approximated using the Fresnel

diffraction integral, which under suitable conditions reduces to a scaled Fourier transform

of the object field (the Fraunhofer approximation) or a scaled Fourier transform of the

object field multiplied by an additional phase factor (the Fresnel approximation). These

formulations describe how the object wavefront evolves during free-space propagation and

thereby establish the foundation for digital holography, in which reconstruction frequently

involves inverting this process to recover the object field from the recorded hologram.

Mathematical Framework of Digital Holography

We begin by considering interference between the RX object field and the LO field,

both modeled as plane waves. These optical fields overlap at the detector, arriving with a

small angular offset θ, which corresponds to distinct wavevectors k⃗RX and k⃗LO. This angular

separation introduces a spatial carrier frequency into the interference pattern, which is shown

in Figure 15, determined by the difference vector

∆k⃗ = k⃗RX − k⃗LO. (33)

At the detector plane, with position vector r⃗ = (x, y), this wavevector mismatch

produces oscillatory terms of the form ei∆k⃗·r⃗. These terms manifest as interference fringes
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Figure 15: Interference between the LO and RX fields.

oriented perpendicular to ∆k⃗, with fringe spacing (or fringe period) given by

Λ =
2π

|∆k⃗|
=

λ

sin θ
. (34)

To describe this mathematically, we express the RX and LO fields in complex phasor notation

as

ERX(x, y, t) = ERX(x, y) e
iωLt eik⃗RX·r⃗, (35)

ELO(x, y, t) = ELO eiωLt eik⃗LO·r⃗. (36)

where ERX(x, y) and ELO are the complex phasors (encoding amplitude and phase) of the

object and LO fields, respectively, and ωL = 2πfL is the optical angular carrier frequency.

The LO field is generally assumed to be spatially uniform across the detector. If both fields



41

share the same polarization, the detector measures the time-averaged intensity

I(x, y) ∝
〈 ∣∣ERX(x, y, t) + ELO(x, y, t)

∣∣2 〉
1

BWdet

. (37)

Expanding Eq. 37, we obtain

I(x, y) ∝ |ERX(x, y)|2︸ ︷︷ ︸
IRX(x,y)

+ |ELO|2︸ ︷︷ ︸
ILO

+ ERX(x, y)E
∗
LOe

i∆k⃗·r⃗︸ ︷︷ ︸
image

+E∗
RX(x, y)ELOe

−i∆k⃗·r⃗︸ ︷︷ ︸
conjugate image

.

(38)

Here, the first two terms represent the individual field intensities of the object and LO, while

the last two are the interference cross-terms that encode the complex amplitude and phase

information of the object into a real-valued intensity pattern. In digital holography, these

cross-terms give rise to the reconstructed image and its conjugate (or "twin") image during

the reconstruction process.

Holographic Recording Planes

In digital holography, two primary planes are used to record holograms: the image

plane and the pupil plane (Fourier plane), which are distinguished by the form of the RX

field at the detector.

Image-Plane In an image plane recording geometry, the propagated field is projected

onto the detector by a lens or imaging optics system. When the detector is positioned at

the image-plane of the lens, the received field, ERX(x, y), closely resembles a scaled replica

of the object field before propagation, with magnification determined by the optics. This

configuration effectively compensates for Fresnel or Fraunhofer propagation effects, so that

recording in this plane produces an image-plane hologram.
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Pupil-Plane The second recording plane is the pupil-plane (sometimes referred to as

the Fourier-plane), where the ERX(x, y) field at the detector is the object field after Fresnel

or Fraunhofer propagation to the detector. In this plane, the RX field generally does not

resemble the original object and must be further processed to reconstruct a hologram of the

object.

Thus, depending on the recording plane, the received field at the detector may either

resemble a scaled image of the object (image plane) or a diffracted version of the object field

(pupil plane). This distinction, shown in Figure 16, is crucial in digital holography, as it

determines the reconstruction steps required to retrieve the object field.

Recording Geometries

To reconstruct a digital hologram, it is necessary to isolate the object field ERX(x, y)

from both the DC intensity terms, IRX(x, y) and ILO, as well as from the conjugate (twin)

image term in Eq. 38. Although the conjugate term contains the same information as the

image, and can, in principle, be used for reconstruction, its spatial overlap with the image

term and the DC components introduces artifacts that degrade the reconstruction quality,

and in some cases can prevent recovery altogether.

To achieve sufficient separations of terms, two holographic recording geometries are

commonly used. The first is spatial-heterodyne (off-axis) digital holography, and the second

is on-axis (Gabor) holography, which employs phase-shifting techniques to resolve the object

field. Both recording geometries can be used to reconstruct image plane or pupil plane

holograms, provided that the appropriate post-processing steps are performed to isolate

the desired cross-term and reconstruct the complex object field. In practice, the choice of

geometry depends on experimental constraints, including the available reference beam angle

and detector resolution.

The following section will introduce the required post-processing steps for each geometry
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Figure 16: Schematic of both image plane and pupil plane holographic recordings for when
the LO and RX beams are angled relative to one another (∆k⃗ ̸= 0).
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when recording both image plane and pupil plane holograms starting from the results of

Eq. 38.

Spatial-Heterodyne Digital Holography

Spatial-Heterodyne (or off-axis) digital holography, first introduced by Leith and

Upatnieks [63, 64], exploits a deliberate angular tilt of the LO beam relative to the RX

beam, as described in the preceding mathematical discussion, to separate the various terms

in the hologram. According to the Fourier shift theorem, a linear phase ramp in the detector

plane produces a spatial frequency shift in Fourier space. As a result, the image-related

cross-term is shifted by the spatial carrier, while the conjugate (twin) image cross-term,

with an opposite-sign exponential phase factor, is shifted in the opposite direction. The

magnitude of the spatial frequency shift in the recorded interference pattern is determined

by the angle between the LO and RX beams, as given by Equation 34. To avoid aliasing,

the detector must satisfy the Nyquist sampling criterion, which requires at least two pixels

per fringe period, i.e.,

Λ ≥ 2w, (39)

where w is the detector pixel pitch. Substituting the expression for Λ into this inequality

yields

sin θ ≤ λ

2w
. (40)

Thus, the maximum allowable off-axis angle is

θmax = arcsin
(

λ

2w

)
. (41)

To illustrate how this spatial carrier enables separation of terms in the Fourier domain, we

take the two-dimensional Fourier transform of Eq. 38:
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F{I(x, y)} = F{|ERX|2} + F{|ELO|2}︸ ︷︷ ︸
DC terms at (kx,ky)=(0,0)

+ F{ERXE
∗
LO} ∗ δ(kx − ∆kx, ky − ∆ky)︸ ︷︷ ︸

image term centered at (+∆kx,+∆ky)

+ F{E∗
RXELO} ∗ δ(kx + ∆kx, ky + ∆ky)︸ ︷︷ ︸

conjugate term centered at (−∆kx,−∆ky)

.

(42)

Here, the low-spatial-frequency DC terms remain centered at the origin of the Fourier

domain, while the two cross terms are shifted to opposite locations determined by ∆k⃗.

This separation enables spatial filtering to isolate the desired image term and suppress the

unwanted contributions.

Spatial-Heterodyne: Image-plane To exploit this principle for when the RX field is an

image of the object, a 2D spatial Fourier transform is performed digitally to the recorded

intensity during post-processing, separating the hologram into distinct components due to

the spatial carrier shifts introduced by the angular tilt of the LO. Taking the inverse 2D

Fourier transform of a masked region of Fourier space, containing only the desired cross-

term, reconstructs a complex object field proportional to the object assuming the LO is

uniform. Mathematically, the steps are summarized here for the image field and intensity

where the mask is performed in the Fourier domain:

ERX(x, y)IP ∝ F−1{Mask(fx, fy) · F{I(x, y)}} (43)

IRX(x, y)IP ∝
∣∣F−1{Mask(fx, fy) · F{I(x, y)}}

∣∣2 (44)
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Figure 17 shows the results of an off-axis image plane digital holography simulation in which

a section of an Air Force target is used as the object. The object field interferes at a small

angle with a LO field, producing an intensity pattern that is recorded by the detector. The

recorded intensity is then processed to reconstruct the object field, which provides both

amplitude and phase information about the target.
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Figure 17: Simulation results for an off-axis recording geometry. Image of the object (top
left). Intensity of the complex LO (top right). Recorded intensity calculated from the
interference between the object and LO (center left). 2D FFT of the recorded intensity
showing how the DC terms are separated from both the image terms and conjugate image
terms in the Fourier domain (center right). Masking of image terms (bottom left).
Hologram intensity obtained by taking the squared magnitude of the inverse 2D Fourier
transform of the masked image (bottom right).
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Spatial-Heterodyne: Pupil-plane When the RX field is the object field after propaga-

tion, the reconstruction is slightly different than the image plane example. In this case, the

RX field at the detector is related to the field at the object by Eq. 29 or Eq. 30, depending

on what assumptions are being made about the propagation distance (Fresnel or Fraunhofer

approximations). Annotated versions of both equations are included here to clarify the

distinction between phase terms.

UFresnel(x2, y2, z) =
eikz

iλz
e

ik
2z

(x2
2+y22)︸ ︷︷ ︸

eiϕP (x,y)

F
{
U(x1, y1) e

ik
2z

(x2
1+y21)︸ ︷︷ ︸

e
iϕF (x,y)

}
(45)

UFraunhofer(x2, y2, z) =
eikz

iλz
e

ik
2z

(x2
2+y22)︸ ︷︷ ︸

eiϕP (x,y)

F{U(x1, y1)} (46)

To reconstruct the holographic field of the object, the recorded intensity I(x, y),

containing the propagated RX field, is multiplied by a quadratic phase correction, eiϕP (x,y),

selected to cancel the curvature due to propagation. If the Fresnel approximation is

applicable, an additional phase correction is required to cancel the Fresnel phase from the

source plane eiϕF (x,y). The RX field is therefor given as

ERX(x, y)PP(Fresnel) ∝ Mask(x, y) · e−iϕF (x,y) · F−1
{
e−iϕP (x,y) · I(x, y)

}
(47)

when using Fresnel Propagation and

ERX(x, y)PP(Fraunhofer) ∝ Mask(x, y) · F−1
{
e−iϕP (x,y) · I(x, y)

}
(48)

when using the simplified Fraunhofer approximation, ignoring the amplitude scaling term.

The mask is used to filter out components of the conjugate image and DC terms. The
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intensity of the object is calculated as

IRX(x, y)PP ∝ Mask(x, y) ·
∣∣F−1

{
e−iϕP (x,y) · I(x, y)

}∣∣2 (49)

for both propagation methods as constant phase terms will be removed when taking the

magnitude square of the field. Figure 18 shows simulation results constructing an off-axis

hologram in the pupil plane.
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Figure 18: Simulation results for a pupil-plane off-axis recording geometry. Target object
(top left). intensity of propagated object field (top right). Intensity of the LO (middle left).
Recorded intensity of the interference of both fields (middle right). Quadratic phase
correction applied (bottom left). Reconstructed target intensity (bottom right).
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On-Axis Phase-shifting Digital Holography

On-axis holograms, originally proposed by Dennis Gabor the inventor of the hologram,

involve the direct alignment of the LO and RX beams such that they overlap directly on the

recording medium with no angular separation, sharing the same optical axis [65]. In this

configuration, the beams are not angled relative to each other, which makes the geometry

straightforward and simple to implement. However, it also leads to the well known twin

image problem, where the real and conjugate images overlap, complicating the reconstruction

process.

To overcome this limitation, phase-shifting holography techniques have been developed,

which rely on recording multiple (typically four) holograms of the same scene while

introducing controlled phase shifts in the LO field between captures. Post-processing of

the recorded phase shifted intensity measurements suppress the unwanted conjugate and

zero-order terms. While phase-shifting can also be applied to off-axis holograms, its main

advantage is that no angular separation between the LO and RX fields is required, allowing

for clean on-axis reconstruction of the complex object field without relying on a spatial

carrier [66].

An important advantage to an on-axis geometry is that the reconstructed image utilizes

the full resolution of the detector array, unlike off-axis spatial-heterodyne holography where

masking in the Fourier domain typically limits the effective resolution to about one quarter of

the detector. However, phase-shifting holography does have its own drawbacks. For starters,

it is generally much slower, since multiple exposures of the object are required. Additionally,

the requirement of several acquisitions for a single reconstruction increases sensitivity to

motion or vibration, as holographic stability must be maintained over a longer period of

time.

The reconstruction process for an on-axis digital hologram using phase-shifting

techniques is summarized here for the fundamental four-step method. In this approach,
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four holograms are sequentially recorded while introducing controlled phase shifts in the LO

field. For the nth hologram, the LO phase is shifted by Φn = nπ
2

, with n = 0, 1, 2, 3. At

each step, the intensity is measured, and the process is repeated until all four phase-shifted

holograms are recorded. Assuming that the LO and RX are co-propagating along the same

optical axis (∆k⃗ = 0), and again ignoring the rapid temporal factor ei2πfLt because of finite

detector bandwidth, the recorded intensity for the nth hologram is

In(x, y) =
〈∣∣ERX(x, y, t) + ELO(x, y, t)e

−iΦn
∣∣〉2

t
(50)

which can similarly be expanded to

In(x, y) ∝ IRX(x, y) + ILO(x, y) + ERX(x, y)E
∗
LO(x, y)e

iΦn + E∗
RX(x, y)ELO(x, y)e

−iΦn (51)

The resulting four intensity recordings can be expressed as

I0(x, y) = IRX(x, y) + ILO(x, y) +
(
ERX(x, y)E

∗
LO(x, y) + c.c.

)
, (52)

Iπ
2
(x, y) = IRX(x, y) + ILO(x, y) + i

(
ERX(x, y)E

∗
LO(x, y)− c.c.

)
, (53)

Iπ(x, y) = IRX(x, y) + ILO(x, y)−
(
ERX(x, y)E

∗
LO(x, y) + c.c.

)
, (54)

I3π
2
(x, y) = IRX(x, y) + ILO(x, y)− i

(
ERX(x, y)E

∗
LO(x, y)− c.c.

)
. (55)

Next, by appropriately combining the recorded intensities in post-processing, the desired

cross-term containing the object field can be isolated. This is achieved by multiplying the

difference Iπ
2
(x, y) − I 3π

2
(x, y) by the imaginary unit i and adding it to I0(x, y) − Iπ(x, y),

which yields

4ERX(x, y)E
∗
LO(x, y) = (I0(x, y)− Iπ(x, y)) + i(Iπ

2
(x, y)− I 3π

2
(x, y)). (56)
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If the LO field is closely approximated as a uniform plane wave, its spatial dependencies will

factor out, resulting in a reconstructed field, Erecon(x, y), that is directly proportional to the

unknown object field.

Erecon(x, y) = 4ERX(x, y)E
∗
LO(x, y) ∝ ERX(x, y) (57)

Phase-Shifting: Image-plane If the four intensities were recorded in an image-plane

configuration, the reconstruction field is simply a scaled version of the field at the object

ERX(x, y)IP ∝ Erecon(x, y) (58)

and the intensity is similarly,

IRX(x, y)IP ∝ |Erecon(x, y)|2 (59)

Notice that explicit spatial filtering in the Fourier domain is not required, since the separation

of terms is achieved numerically through phase shifting, which functions analogously to IQ

detection. Example phase-shifted intensities for the same Air Force target as before with an

on-axis LO are shown in Figure 19. The intensity of the reconstructed field is also included.

Although the reconstructed intensity closely approximates the original object, the process

relies on interferometric reconstruction. Without the LO, no image could be recovered.
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Target

Figure 19: Simulation results for on-axis image-plane digital holography. Recorded
intensities with known phase shifts of the LO (top left, top right, middle left, and middle
right). Original object (bottom left). Reconstructed intensity (bottom right).
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Phase-Shifting: Pupil-plane When the four intensity images are recorded in a lensless

system with the RX field being the propagated field from the object, the field is computed,

depending on the propagation assumptions as,

ERX(x, y)IP(Fresnel) ∝ e−iϕF (x,y) · F−1
{
e−iϕB(x,y) · I(x, y)

}
(60)

when using Fresnel Propagation or

ERX(x, y)IP(Fraunhofer) ∝ F−1
{
e−iϕB(x,y) · I(x, y)

}
(61)

when using the simplified Fraunhofer approximation, ignoring the amplitude scaling term.

The intensity for the pupil-plane recording is then computed as

IRX(x, y)PP ∝
∣∣F−1

{
e−iϕB(x,y) · I(x, y)

}∣∣2 (62)

Simulated results are shown in Fig. 20 where the object was numerically propagated. No

masking is required to separate terms since the conjugate and DC terms were removed from

phase shifting.
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Target

Figure 20: Simulation results for on-axis pupil-plane digital holography. Recorded
intensities with known phase shifts of the LO (top left, top right, middle left, and middle
right). Original object (bottom left). Reconstructed object intensity (bottom right).
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Range Selective Digital Holography

While digital holography provides three-dimensional information through the phase

of the recorded wavefront, light from all object distances is captured simultaneously on

the detector, which can lead to blurring in the reconstructed image. To overcome this

limitation and obtain large-scale distance information rather than only phase-based depth

(which requires unwrapping), FMCW signals have been combined with digital holographic

recording techniques. This enables the reconstruction of distance profiles using two distinct

approaches. The first approach, often referred to as FMCW digital holography, employs

broadband chirps and high-speed detectors that record multiple frames at high frame rates

over a single chirp period [67–70]. A Fourier transform performed across frames for each pixel

yields a pixel-wise distance profile, since each pixel records an oscillating intensity whose beat

frequency is proportional to the object range. The second approach, known as range-selective

digital holography (RSDH), enables the recording and reconstruction of holograms at tunable

distances, with range resolution determined by the chirp bandwidth [36, 71, 72]. This method

relies on much shorter chirp durations and can even be performed within a single integration

period. RSDH achieves range selectivity by introducing an additional frequency shift to the

LO, which acts as a tuning parameter that allows manual selection of the desired recording

distance.

RSDH has been demonstrated for both image-plane and pupil-plane holograms in an

off-axis spatial heterodyne digital holographic geometry, as well as image-plane and pupil-

plane holograms in an on-axis recording geometry using temporal-heterodyning [36, 71, 72].

The latter is one of the accomplishments of this thesis, and will be discussed in further detail

in a following chapters.

RSDH is achieved in a very similar manner to FMCW lidar with a delayed LO. First, a

laser source is modulated with a linear chirp and is then split into an LO and TX beam that
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illuminates the object. The LO field is shifted by an additional frequency offset fs, which

acts as the tuning knob selecting the distance at which to image. The received RX signal

from the object is mixed with the frequency shifted LO on a detector, which records the

interference intensity. The round-trip delay τR between the two chirped fields produces a

beat frequency at the detector proportional to the object distance. This can be demonstrated

by starting from the expressions for the LO and RX fields introduced in Equations 36 and 35.

The modulated fields are then given as,

ELO(x, y, t) = ELO ei(2π(fL−fs) t+πκt2) eik⃗LO·r⃗, (63)

and

ERX(x, y, t) = ERX(x, y) e
i(2πfL(t−τR)+πκ(t−τR)2) eik⃗RX·r⃗. (64)

The intensity can be calculated as,

I(x, y) ∝ |ERX(x, y)|2 + |ELO|2

+ ERX(x, y)E
∗
LOe

i2π(fs−fR)t ei∆k⃗·r⃗

+ E∗
RX(x, y)ELOe

−i2π(fs−fR)t e−i∆k⃗·r⃗,

(65)

Here, the cross terms are shown temporally modulated by an amount set by the difference

between fs and fR. In FMCW lidar, this beat frequency is desirable because it is used to

calculate range. In RSDH, however, the beat is undesirable because a temporally modulated

hologram at the range-dependent beat frequency, fR, will wash out during integration. To

counter this, the LO frequency shift fs is set by the desired object range to image. The

applied frequency shift, fs, is defined as,

fs =
2κRs

c
, (66)
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which produces a stable hologram for objects located at range Rs. An object at some other

range R will instead produce a range-dependent beat frequency of

fs − fR =
2κ(Rs −R)

c
. (67)

By adjusting the LO frequency shift, the selected range Rs can be tuned. A stable hologram

recordings can be made for an object at distance R when the residual frequency difference

satisfies

|fs − fR| <
1

τint
(68)

where τint is the integration time of the detector. If τint = τc, this expression can be rewritten

as |R − Rs| < ∆R. If A schematic showing how RSDH is performed is shown in Figure 21

for two different objects at range R1 and R2.

The advantage of range-selective imaging is that light from objects outside the system’s

range resolution around the selected distance integrates to zero, suppressing unwanted object

contributions. In RSDH with an off-axis recording geometry and a CCD detector, the

frequency shift, fs, must be set close to the range dependent beat, fR, for an object at

range R. This will bring the hologram’s temporal modulation to DC, allowing it to be

integrated on the detector, as shown on the left image of Figure 22.

In temporal heterodyne RSDH (TH RSDH), implemented with a Time-of-Flight camera

(ToF), the LO frequency shift is again chosen to cancel the range dependent beat, fR, for the

object at range R. However, in this case, the residual hologram modulation frequency must

match the ToF camera’s internal modulation frequency, rather than DC. This requirement

arises because ToF cameras rely on lock-in detection, where the recorded signal is mixed

with the camera’s internal reference frequency. This is shown in the right image of Figure

22. An introduction to ToF-based detection, including published work on TH RSDH from
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Figure 21: Range-selective imaging schematic. Shifting fs allows for the construction of
holograms at different distances where the range resolution ∆Rres is the range window.
This is shown for three cases where no hologram is formed (fs ̸= fR1 ̸= fR2), a hologram of
the object at R1 is formed (fs ≈ fR1 ̸= fR2), and a hologram of the object at R2 is formed
(fs ≈ fR2 ̸= fR1).
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this thesis, will be revisited in detail after first considering the role of depth of field in digital

holography.
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Figure 22: Frequency shifts for RSDH. RSDH in a traditional off-axis recording geometry
(left). RSDH using an on-axis Temporal Heterodyne recording geometry (Right).

Depth of Field

In digital holography, the concept of depth of field (DOF) plays a central role in

determining how well objects at different distances can be resolved. Because digital

holography inherently records information from the entire three-dimensional scene, light from

all object depths contributes to the recorded interference pattern. It is therefore important

to verify that the range selectivity achieved by RSDH is significantly finer than conventional

defocus effects, in which only one plane appears sharp but includes all other frames as

blurred. Without this verification, one cannot confirm that RSDH improves the ability to

distinguish between different objects in the object scene beyond what simple focusing or

defocusing techniques can achieve.
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The depth of field (DOF) of an imaging system defines the spatial region around the

focal plane within which objects appear acceptably ‘in focus’. For a holographic system, the

diffraction-limited depth of field is given by

DOF = 2λ
(
R

D

)2

(69)

where R is the object distance, λ is the wavelength, and D is the diameter of the entrance

pupil. Objects located outside of this range around the focal range will begin to blur [73].

In many practical cases, the diffraction-limited criteria is overly restrictive. Instead, a

non-diffraction-limited depth of field (DOFNDL), based on geometric optics, can be used. If

δ denotes the maximum feature size (tolerable blur), then the DOFNDL can be calculated

from ray-tracing [74] as,

DOFNDL = 2δ
(
R

D

)
. (70)

While the optical depth of field is determined purely by aperture and wavelength, in a digital

implementation the effective DOF is also influenced by the detector pixel size, which sets a

practical limit on resolvable blur, hence the motivation for a DOFNDL.

The necessary feature of RSDH is that it can distinguish between multiple objects that

would all fall within the DOFNDL of the optical system. In this case, the limiting factor to

distinguish objects is the range resolution of the system, which is inversely proportional to

the chirp bandwidth. An illustration of the Depth of Field for a single lens imaging system

is shown in Figure. 23.
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Figure 23: DOFNDL of a single lens imaging system. With a fixed pixel size, varying the
aperture diameter is the primary factor controlling DOFNDL.
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Time of Flight Detectors

The final background topic to cover is Time-of-Flight (ToF) detectors, a class of sensors

in which each pixel acts as a photonic mixer, correlating incoming modulated light with

a locally generated reference signal. These detectors operate by illuminating a scene with

temporally modulated light and measuring the phase delay of the reflected signal to estimate

object distance on a pixel-by-pixel basis.

There are two primary methods for ToF sensing: pulsed illumination and continuous-

wave (CW) modulation. In the pulsed illumination approach, a short-duration light pulse is

emitted toward the scene. The reflected light is detected at each pixel using two time gates

that are offset in phase. By comparing the charge collected in each gate, the system can

estimate the time delay of the return pulse and compute the distance to the object.

In the continuous-wave method, the light source is modulated using a sinusoidal or

square-wave waveform, and the reflected signal is demodulated at each pixel by mixing it

with a reference signal of the same frequency. Four correlation signals are captured at phase

offsets of the reference LO of 0◦, 90◦, 180◦, and 270◦, which are denoted as A, B, C, and D.

These signals represent the results of mixing the modulated reflected optical signal with the

in-pixel local oscillator and then integrating over a set period [75]. The advantage of ToF

detectors from intensity only detectors is that ToF detectors measure both the intensity and

pixel wise distance of objects in an object scene. This is achieved by computing the phase

angle of the return signal from the four phase shifted measurements. Owing to this unique

capability, ToF detectors were investigated extensively in this thesis and formed the basis of

several resulting publications, which will be discussed in the following chapters. A schematic

showing a typically ToF detector is shown in Figure 24.

The phase angle is computed from the four recordings using the four-quadrant inverse
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Figure 24: Schematic of the modulation and demodulation process in a time-of-flight
camera. The emitted signal is modulated at a known frequency, and is also used mixed
phase shifts of the returned signal are used to compute both intensity and distance for each
pixel.

tangent function:

Φ(x, y) = atan2
(
B(x, y)−D(x, y)

A(x, y)− C(x, y)

)
(71)

The atan2 function resolves the quadrant ambiguity of arctan, producing a unique angle in

the range −π to π. Once the phase angle is computed for all pixels, the pixel wise distance

can then be calculated using:

R(x, y) =
c

4πfc
Φ(x, y) (72)

where c is the speed of light and fc is the modulation frequency of the illumination, which

is synchronized with the reference oscillator in the sensor. The end result is an intensity

image, similar to the imaged produced by a conventional camera, alongside a depth map that

provides pixel-wise distance measurements based on the phase angle of the return signal. An

example of both types of images is shown in Figure 25.

ToF enabled real-time three-dimensional imaging is widely used in applications such as

gesture recognition, robotics, 3D mapping, and autonomous navigation. One limitation of

ToF systems is the ambiguity distance damb, which arises because the measured phase wraps
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RangeIntensitySentis M100 TOF Cameras

LED Illumination

Figure 25: Images of Sentis M100 ToF detectors (left). Example intensity and range maps
of two different objects (right). The range is mapped from red being close to blue being far.

around every 2π. This means that distances greater than

damb =
c

2fmod
(73)

will produce aliased or ambiguous results. Commercially available ToF detectors are typically

constrained to modulation frequencies between 10 and 100 MHz, resulting in an unambiguous

measurement range of approximately 1.5 to 15 meters. They also feature significantly fewer

pixels than conventional CCD or CMOS sensors, which substantially limits spatial resolution

[76–78]. Even the most advanced devices available as of 2025 remain restricted, offering

maximum resolutions of only 640 x 480 pixels and maximum ranges of less than 10 meters

[79].

Figure 26 illustrates how A, B, C and D are recorded for a single pixel. In this

simulation, a noisy sinusoidal return signal is delayed by 37◦ from a square reference LO

signal. Four recordings are performed with phase shifts of the reference LO of 0◦, 90◦, 180◦,

and 270◦. The shaded region in each of the figures represents the recorded signal from charge

accumulation integrated over the same integration time for each measurement.
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Figure 26: Simulated illustration of the four reference signals with phase shifts of 0◦, 90◦,
180◦, and 270◦ used to sample the reflected Time-of-Flight signal. Each subplot depicts the
corresponding reference waveform, the measured reflected signal, and their point-wise
product, which represents the correlation needed for phase demodulation. The distinct
phase shifts enable separation of in-phase and quadrature components, forming the
foundation for accurate phase recovery in TOF systems.
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After the four images are recorded by integrating the return signal with the phase shifted

reference LOs, which is usually done in quick succession with four different integrations, the

difference between the in phase a quadrature signals is computed to construct I and Q signals.

This process for a single pixel is illustrated in Figure 27.

Figure 27: Presentation of the demodulated in-phase (I) and quadrature (Q) components
derived by subtracting the mixed signals corresponding to opposing phase shifts (A - C and
B - D, respectively). The shaded areas indicate the individual mixed signals contributing
to each component. These I and Q values constitute the orthogonal components of the
complex baseband signal used for computing pixel wise distance.

The phase angle for the return signal shown in Figure 27 are presented in Figure 28 as

a vector on the unit circle for a single pixel.

Phase reconstruction accuracy is strongly influenced by the shape of the reference and

return waveforms. In Figure 26, the reference signal is a square wave while the return signal

is a noisy sinusoid. This mismatch introduces error in the recovered phase. A square wave

contains not only the fundamental frequency but also higher-order harmonics, which can

corrupt the demodulation process by contributing unwanted frequency components to the

mixing result. In contrast, using a sinusoidal reference signal ensures that both the emitted

and mixed signals share a single frequency component, resulting in more accurate phase
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Figure 28: Phasor representation of the demodulated TOF signal, plotting the normalized
I-Q vector on the complex unit circle. The vector’s angle corresponds directly to the
measured phase shift of the reflected signal, which relates to the time delay and thus the
distance to the object. The magnitude provides insight into signal quality and strength.
This visualization offers an intuitive understanding of TOF phase demodulation in the
complex plane, facilitating interpretation of the measurement’s precision.
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estimation. However, in practice, results are often sufficiently accurate even when only one

of the signals, either the reference or the return, is sinusoidal.

Many commercial ToF cameras, such as the Sentis M100, use square waves for

modulation and demodulation because of their practical advantages. Square waves are easier

to generate using digital logic, require less complex hardware, and allow efficient control of

optical emitters by fully switching them on and off. In CMOS-based TOF sensors, square-

wave modulation aligns well with the underlying pixel circuitry, which typically uses gated

photodiodes or switched integrators. Although this introduces some phase error, the error

is often within acceptable limits for the sensor’s intended resolution and operating range.

Figure 29 shows simulated phase angle reconstruction using both sinusoidal LO and transmit

signals, with no added noise, resulting in significantly lower phase error.
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Figure 29: Simulated illustration of the four reference signals with phase shifts of 0◦, 90◦,
180◦, and 270◦ used to sample the reflected Time-of-Flight signal. Both the LO and RX
signals are sinusoidal with no added noise. Under these conditions, the phase angle
reconstruction is more accurate than when using a square-wave LO due to the absence of
harmonic distortion.
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RANGE SELECTIVE PHASE-SHIFTING FREQUENCY-MODULATED DIGITAL

HOLOGRAPHY WITH TEMPORAL-HETERODYNING

Manuscript Introduction

Time-of-flight detectors, which are capable of recording four phase-shifted images in

rapid succession, present an attractive platform for implementing on-axis range-selective

holographic techniques. This advantage arises, in part, from the detector’s ability to perform

phase shifting automatically and at high speeds, significantly simplifying the experimental

setup. Range-selective holographic results were demonstrated in a tabletop laboratory

environment and are presented in the following publication.
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Abstract: We demonstrate that a time of flight (TOF) camera can be used to perform temporal-8

heterodyne range-selective frequency modulated continuous wave digital holography (TH FMCW9

DH). The modulated arrayed detection of a TOF camera allows efficient integration of holograms10

at a selected range with range resolutions significantly less than the optical system’s depth of11

field. TH FMCW DH also allows for on-axis geometries to be achieved, where background light12

not at the internal modulation frequency of the camera is filtered out. Range selective TH FMCW13

DH imaging was achieved for both image holograms (IH) and Fresnel holograms (FH) using14

on-axis DH geometries. A 2.39 GHz FMCW chirp bandwidth resulted in a DH range resolution15

of 6.3 cm.16

© 2025 Optica Publishing Group17

1. Introduction18

Digital holographic (DH) imaging is a coherent imaging technique that allows for the collection of19

both intensity and phase information of light scattered off an object by a narrow-band continuous20

wave (CW) coherent light source [1]. The light scattered from the object is mixed with an21

optical reference field on a detector array, producing an interference pattern, which is digitally22

recorded. In off-axis holography, also called spatial heterodyne holography, an angular offset is23

introduced between the reference beam and the object beam and the object amplitude and phase24

information is recorded as a real-valued modulated spatial wave. Post processing the digitally25

recorded interference pattern enables reconstruction of the amplitude and phase of the optical26

field. Three-dimensional (3D) images of the object(s) can be realized, but with limited field of27

view. In on-axis holography, where images are generally constructed through phase shifting28

holography, the reference beam and the object beam have the same optical axis at the detector29

array. The object amplitude and phase information are obtained by making four holograms, with30

different phase shifts of the reference field, and post processing the resultant holograms [2]. This31

on-axis DH geometry has the advantage that the reconstructed image can be recorded from the32

whole detector array, rather than a fraction (roughly one-quarter) of the detector resolution as is33

the case with off-axis DH.34

DH recorded with traditional detector arrays have three main disadvantages. First, the recorded35

hologram contains scattered light from all object ranges. Post processing the recorded hologram36

enables the focusing of objects at a selected range, but all objects within the depth of field (DOF)37

of the selected range will appear in focus, while all other objects will be out of focus (blurred) [3].38

All objects within the DOF will be imaged on top of each other and are indistinguishable. The39

range resolution of a 3D reconstruction of a scene is thus limited by the DOF. Second, light40

from objects not within the DOF of the selected range are still recorded and contribute to a41

blurred background in the reconstruction. Though blurred, this background can have significant42

spatial structure. If the objects outside the DOF are strong scatterers, the spatial structure of the43

blurred background can have the effect of obscuring the image of the object(s) at the selected44



range. Third, scattering of ambient light into the detector array can create a temporally constant45

background, which may have spatial components that reduce the contrast of holographic image.46

The alternative method for DH recording is to use a temporally modulated detector array.47

Temporally modulated detector arrays are commonly used in incoherent time-of-flight cameras.48

Each pixel of the TOF detector array is a photonic mixing device (PMD) with gated integration. A49

TOF camera has previously been used to demonstrate phase-shifting on-axis temporal heterodyne50

(TH) DH [4]. In on-axis TH DH, a frequency shift, 𝑓𝑠 , is introduced in the CW reference beam51

equal to the modulation frequency, 𝑓𝑐, of the PMD, as illustrated in Fig. 1 (left), causing the52

interference pattern at the detector to be temporally modulated at the PMD frequency. Only53

light modulated at the PMD frequency will integrate constructively and be recorded, other than54

the unmodulated (DC) background. The complex field of the object light field is obtained by55

recording four holograms where the phase of the reference beam is shifted by 0, 90, 180, and56

270 degrees with respect to the PMD modulation as illustrated in Fig. 2. Post-processing of the57

recorded holograms reconstructs the amplitude and phase of the object field. The advantage of58

this type of detector is that whole frames can be captured with relatively high frame rates without59

the need of cropping images to remove unwanted DC and conjugate terms. However, TH DH has60

the same blurred background and limited range resolution as traditional CW DH.61
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Fig. 1. CW temporal heterodyne digital holography (left), Frequency modulated
continuous wave digital holography (center), and Temporal heterodyne frequency
modulated digital holography (right)

Frequency modulated continuous wave (FMCW) DH produces range selective coherent62

imaging by using a broadband frequency chirped coherent light source for both the illumination63

beam and reference beam [5]. Due to the time delay between the scattered object field and the64

reference field at the detector array, the interference pattern is temporally modulated at a beat65

frequency proportional to the time delay. By frequency shifting the reference beam by an amount66

equal to the beat frequency associated with a selected range, the interference pattern from objects67

at the selected range will be temporally stable, allowing holograms of objects at the selected68

range to be recorded much like in traditional DH. The interference patterns associated with69

objects not at the selected range will have different range-dependent beat frequencies. When70

these interference patterns are temporally integrated on the detector array, their contribution71

to the recorded hologram will average toward zero. Thus, FMCW DH removes the spatial72

background from objects outside the DOF. The range resolution of FMCW DH, which is inversely73

proportional to the chirp bandwidth, can be significantly less than the optical system’s DOF. This74

allows objects within the DOF of the DH system to be distinguished by their range. By scanning75

through different shifts of the reference frequency, 3D profiles can be created with much finer76



Fig. 2. Graphical depiction of the incident intensity being mixed with the four phase
shifted references of the internal camera frequency. The camera’s internal reference
frequency is depicted as square wave where as the reflected signal from the targets is
approximated as sinusoidal.

range resolutions than traditional DH [5].77

In this paper, the technique of TH FMCW DH is introduced and demonstrated. Phase-shifting78

TH FMCW DH combines FMCW DH and TH DH to produce a range-selective on-axis temporally79

modulated DH image. On-axis TH FMCW DH allows the whole pixel array to be used to image80

the hologram, as well as providing the desirable range selectivity that has been demonstrated in81

spatial heterodyne FMCW DH. The heterodyne detection has the advantage of reducing not only82

ambient DC background interference, but spurious spatial background from scatterers or objects83

not at the selected range when obscurers or scatterers are present at other ranges.84

2. THEORY85

2.1. Depth of Field for Digital Holography86

Digital interferometric DH imaging for both Fresnel holograms and image holograms is well87

established [1]. For both geometries, the focal range can be adjusted in post-processing. The88

diffraction-limited depth of field (DOF) is defined as the axial distance an object can be outside89

of the selected focal range and still produce a focused diffraction-limited image. The diffraction90

limited DOF is given by 𝐷𝑂𝐹 = 2𝜆( 𝑅𝐷 )2, where 𝜆 is the optical wavelength, R is the object91

range, and D is the diameter of the entrance pupil [3]. Objects located outside of the DOF around92



the focal range will start to blur, however non-diffraction-limited features of an object will not93

appear to blur until the object is far outside the DOF. For a non-diffraction-limited features of94

size, 𝛿, the depth of field can be calculated using ray tracing as, 𝐷𝑂𝐹𝑁𝐷𝐿 = 2𝛿𝑅/𝐷.95

2.2. Range Resolution of FMCW DH96

The equations for the range resolution of FMCW DH are similar to those of FMCW lidar [6].97

In FMCW lidar and FMCW DH, a linear frequency chirp is characterized by the chirp rate98

𝜅 = 𝐵/𝜏𝑐, where B is the bandwidth of the chirp in frequency and 𝜏𝑐 is the duration of the chirp.99

The reflected light from an object is delayed from the reference field by 𝜏𝑅 = 2𝑅/𝑐, where R is100

the object range. The interference of the object and reference fields on the detector produces a101

beat frequency given by 𝑓𝑅 = 2𝜅𝑅/𝑐. In practice, the distance to an object is calculated from102

the measured beat frequency, 𝑓𝑚𝑒𝑎𝑠, as 𝑅 = 𝑓𝑚𝑒𝑎𝑠𝑐/(2𝜅). The range resolution is given by103

Δ𝑅 = 𝑐/(2𝐵), where c is the speed of light and 𝐵 is the bandwidth of the chirp and assuming104

that the frequency resolution is governed by the chirp duration. The linewidth of the light source105

and non-linearities in the chirp can broaden the beat note and deteriorate the range resolution.106

FMCW chirp bandwidths in the THz range have been demonstrated with linearization better than107

170 kHz, which has allowed range resolutions of 31 um at the 1.5-meter range [7] [8] [9]. The108

major difference between FMCW LIDAR and FMCW DH is detector bandwidths. In FMCW109

lidar, the detector bandwidth limits the resolvable beat frequency. In FMCW DH, the detector110

bandwidth limits the integration time of the detector array, thus the frame rates are in the few111

tens of Hz range. To remedy this the frequency of the reference is shifted by 𝑓𝑠 to cancel the112

range dependent beat frequency, bringing the resultant beat frequency for objects at the selected113

range to DC (within the reciprocal of the integration time of the detector), as illustrated in Fig. 1114

(center). By scanning the frequency shift of the reference, 3D images of an object or scene can115

be created with the fine range resolution of c/2B, while background scattered light from other116

object planes are significantly reduced.117

2.3. TH FMCW DH Theory118

In TH FMCW DH, the shift of the reference local oscillator (LO), 𝑓𝑠 + 𝑓𝑐, is chosen such that the119

beat frequency between the local oscillator and that of the light returning from the target is equal120

to the TOF camera’s modulation frequency, 𝑓𝑐. This only occurs at a single target range, 𝑅𝑠.121

Targets at other distances will have different range dependent beats, which will wash out during122

integration. However, by scanning through different values of 𝑓𝑠 , targets at different distances are123

imaged. This allows 3D profiles of the target to be created. In Fig. 1 (right), 𝜅 is shown to be124

positive, requiring a down shift of the LO. For negative 𝜅, the LO would require an up shift. All125

of the work presented in this paper was done with a repeated up-ramp chirp, sometimes referred126

to as a sawtooth chirp.127

One way to achieve the frequency shift between the LO and transmit beams is to introduce128

an acousto-optic modulator (AOM) in each beam path with separate driving frequencies. The129

optical fields for the LO beam and target return arm beam can be written as,130

𝐸𝑙𝑜 (𝑥, 𝑦, 𝑡) =
𝐴𝑙𝑜 (𝑥, 𝑦) cos(2𝜋( 𝑓𝐿 + 𝑓𝑜 − 𝑓𝑠 − 𝑓𝑐)𝑡 + 𝜋𝜅(𝑡 − 𝑇𝑛)2 + 𝜙𝑙𝑜 (𝑥, 𝑦)) (1)

131

𝐸𝑡𝑎𝑟 (𝑥, 𝑦, 𝑡) =
𝐴𝑡𝑎𝑟 (𝑥, 𝑦) cos(2𝜋( 𝑓𝐿 + 𝑓𝑜) (𝑡 − 𝜏𝑅)+

𝜋𝜅(𝑡 − 𝑇𝑛 − 𝜏𝑅)2 + 𝜙𝑡𝑎𝑟 (𝑥, 𝑦)) (2)



where 𝑓𝐿 is the laser frequency, 𝑓𝑜 is the RF center frequency of the AOM, and 𝑇𝑛 is the start132

time of the 𝑛𝑡ℎ phase measurement as shown in Fig. 3. 𝐴𝑙𝑜 (𝑥, 𝑦) and 𝐴𝑡𝑎𝑟 (𝑥, 𝑦) are defined as the133

spatial amplitudes and 𝜙𝑙𝑜 (𝑥, 𝑦) and 𝜙𝑡𝑎𝑟 (𝑥, 𝑦) are the spatial phases of the LO field and target134

return fields after propagation to the camera, respectively. 𝜏𝑅 = 2𝑅/𝑐 is the range dependent135

time delay. The frequency shift 𝑓𝑠, is defined as 𝑓𝑠 = 2𝜅𝑅𝑠

𝑐 , which is tuned to constructively136

produce a hologram at the selected range, 𝑅𝑠 . The intensity incident on the detector will be the137

interference of the LO field and return target field. Ignoring constant factors,138

𝐼𝑛 (𝑥, 𝑦, 𝑡) ∝
〈 |𝐸𝑙𝑜 (𝑥, 𝑦, 𝑡) + 𝐸𝑡𝑎𝑟 (𝑥, 𝑦, 𝑡) |2

〉
1
𝑓𝐿

(3)

The terms oscillating as the sum of the laser frequencies will average towards zero over the139

camera’s integration time, yielding a recorded intensity on the camera given by,140

𝐼𝑛 (𝑥, 𝑦, 𝑡) = 𝐴2
𝑙𝑜 + 𝐴𝑡𝑎𝑟 (𝑥, 𝑦)2

+ 𝐴𝑙𝑜𝐴𝑡𝑎𝑟 (𝑥, 𝑦) cos(2𝜋( 𝑓𝑐 + 𝑓𝑠 − 𝑓𝑅)𝑡 + 𝜙𝑛 (𝑥, 𝑦)) (4)

where 𝑓𝑅 is the range dependent beat frequency proportional to the target distance and 𝜙𝑛 (𝑥, 𝑦)141

is now the sum of all phase terms for the 𝑛𝑡ℎ quadrature measurement (𝜙𝑛 (𝑥, 𝑦) = 𝜙𝑡𝑎𝑟 (𝑥, 𝑦) −142

𝜙𝑙𝑜 (𝑥, 𝑦) − 2𝜋( 𝑓𝐿 + 𝑓𝑜)𝜏𝑅 + 𝜋𝜅𝜏2
𝑅 + 2𝜋 𝑓𝑅𝑇𝑛). 𝐴𝑙𝑜 (𝑥, 𝑦) is assumed to be constant.143
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Fig. 3. Timings of the four quadrature measurements.

The holographic image can be recorded with phase-shifting TH techniques as illustrated in Fig.144

2. Four successive quadrature measurements are recorded by adjusting the phase of the camera’s145

internal modulation as Φ𝑛 = 𝑛𝜋/2, where n = 0, 1, 2, 3. The four-quadrature measurements do146

not all occur at the same time and are instead each separated by 𝜏𝑖𝑛𝑡 + 𝜏𝑑 , the integration time of147

the camera with an additional fixed delay. The starting time for the 𝑛𝑡ℎ integration is given as,148

𝑇𝑛 = 𝑛𝑇 for n = 0, 1, 2, 3, where 𝑇 = 𝜏𝑖𝑛𝑡 + 𝜏𝑑 . For all results shown, 𝜏𝑑 was equal to 2 ms and149

𝜏𝑖𝑛𝑡 was equal to 1 ms. An illustration of the timing between quadrature recordings is shown in150

Fig. 3. Though the camera’s integration is square wave modulated (as illustrated in Fig. 2, the151

analysis is done assuming that the camera integration is sinusoidal, with no loss in functionality.152

The resulting signal for the nth phase shift, 𝑆𝑛 (𝑥, 𝑦), is given as,153

𝑆𝑛 (𝑥, 𝑦) =
∫ 𝑇𝑛+𝜏𝑖𝑛𝑡

𝑇𝑛

𝐼𝑛 (𝑥, 𝑦, 𝑡) cos(2𝜋 𝑓𝑐𝑡 +Φ𝑛)𝑑𝑡 (5)

where the intensity incident on the detector is mixed with a phase shifted reference and154

integrated over 𝜏𝑖𝑛𝑡 , the integration time of the camera, which is equal to the chirp duration.155

The resulting integrations are added in phase and quadrature and the difference is taken to156

cancel the DC components of the intensity. The complex representation of the reconstructed157

signal is then calculated as,158



𝐸𝑟𝑒𝑐𝑜𝑛 (𝑥, 𝑦) = (𝑆0 (𝑥, 𝑦) − 𝑆2 (𝑥, 𝑦)) + 𝑖(𝑆1 (𝑥, 𝑦) − 𝑆3 (𝑥, 𝑦)) (6)

For this reconstructed signal to be maximized and produce a stable hologram several conditions159

must be met. The first is that the hologram must be within the bandwidth of the detector, or160

| 𝑓𝑠 − 𝑓𝑅 | < 1/𝜏𝑖𝑛𝑡 . If outside this limit the hologram will wash out during integration. The161

second condition is that | 𝑓𝑠 − 𝑓𝑅 | ≤ 1/2𝑇 which arises from the fact that 𝑓𝑠𝑇 must be an integer162

value in order to prevent phase discontinuities.163

For an image hologram, an image of the target is achieved by taking the magnitude square of164

𝐸𝑟𝑒𝑐𝑜𝑛 (𝑥, 𝑦) in post processing. The intensity,165

𝐼𝑟𝑒𝑐𝑜𝑛 (𝑥, 𝑦)𝐼𝐻 = |𝐸𝑟𝑒𝑐𝑜𝑛 (𝑥, 𝑦) |2 (7)

is plotted for the image hologram figures in this paper, ignoring amplitude conversion factors.166

For a Fresnel hologram, the target field at the detector can be described by the Fresnel167

propagation of the original field at the object. The target field, 𝐸𝑡𝑎𝑟 (𝑥, 𝑦, 𝑡), will be approximated168

by the 2D Fourier transform of the field at the target, multiplied by both an amplitude and169

quadratic phase term [10]. In order to undo the effects of Fresnel propagation, returning to the170

desired field at the target, 𝐸𝑟𝑒𝑐𝑜𝑛 (𝑥, 𝑦) is first multiplied by a quadratic phase focusing term,171

𝑒𝑖𝜙 𝑓 (𝑥,𝑦) . This is done in order to remove the parabolic phase terms from both the LO and target172

field which were acquired from propagation. This phase correction takes the form,173

𝑒𝑖𝜙 𝑓 (𝑥,𝑦) = 𝑒
−𝑖 𝑘2 (𝑥2+𝑦2 ) ( 1

𝑧𝑡𝑎𝑟
− 1

𝑧𝑙𝑜 ) (8)

where 𝑧𝑙𝑜 and 𝑧𝑡𝑎𝑟 are the distances from the local oscillator and target to the camera, and k is174

the wave number. Finally, to fully undo the effects of Fresnel propagation a 2D inverse Fourier175

transformed is performed and the magnitude square is taken. The images plotted for Fresnel176

holograms are of 𝐼𝑟𝑒𝑐𝑜𝑛 (𝑥, 𝑦)𝐹𝐻 , where177

𝐼𝑟𝑒𝑐𝑜𝑛 (𝑥, 𝑦)𝐹𝐻 = |F −1{𝑒𝑖𝜙 𝑓 (𝑥,𝑦)𝐸𝑟𝑒𝑐𝑜𝑛 (𝑥, 𝑦)}|2 (9)

This is consistent with other holographic image processing techniques [1]. A flow diagram178

illustrating the methods of data acquisition and hologram processing is shown in Fig. 4.179

The introduction of TH FMCW DH removes much of the unwanted light from targets not at the180

desired distance in question since only light from targets within the range resolution of the chirp181

will be temporally stable over the camera’s integration time. Holograms from targets outside of182

this distance will integrate towards zero since their beat frequency will not constructively mix183

with the internal modulation frequency of the camera. Although the amount of light incident on184

the TOF detector is not changing between CW or FMCW techniques, light from outside of the185

range resolution of the chirp will only contribute to low temporal frequencies which are naturally186

filtered by the TOF’s IQ detection.187

3. Experimental Procedure and Results188

3.1. Experimental Setup189

A diagram of the experimental setup is shown in Fig. 5. The TOF camera used was a Sentis M100,190

which has a 160 pixel by 120-pixel detector array. The PMD in the TOF camera is sensitive191

from 650 to 1200 nm [11]. The laser source used in the experiments was a New Focus 793 nm192

vortex diode laser. A double sideband electro-optical phase modulator was used to implement193

the FMCW chirp. This was driven by a digitally produced chirp sent though a home-made194

multiplication chain to increase the bandwidth to 2.39 GHz. A 1 ms duration up-chirp was used195

that varied from 11.91 to 14.3 GHz. This provided a range resolution of approximately 6.3 cm,196

much finer than the 𝐷𝑂𝐹𝑁𝐷𝐿 = 26 cm that was calculated for a feature size of 1.5 mm at a197



Fig. 4. Flow diagram demonstrating the methods of hologram acquisition for both
image and Fresnel holograms. First, the desired target range is selected by adjusting 𝑓𝑠 .
Second, the four phase shifted signals are recorded as illustrated in Fig. 3 and equation
5. Third, 𝐸𝑟𝑒𝑐𝑜𝑛 (𝑥, 𝑦) is constructed from equation 6. An image hologram is realized
by using equation 7 to plot the intensity from the reconstructed field and is shown in
the top right figure. For a Fresnel hologram a phase correction is first applied given by
equation 8 and a 2D inverse Fourier Transform is performed digitally before taking
the magnitude square to form an image. This is shown in equation 9 and is illustrated
in the bottom right figure. The images of 𝑆0 (𝑥, 𝑦) through 𝑆3 (𝑥, 𝑦) are shown for the
image hologram (Top Figure). The images of 𝑆0 (𝑥, 𝑦) through 𝑆3 (𝑥, 𝑦) for the Fresnel
hologram are not shown (bottom figure). Different targets were used for each recording
geometry.

distance between the two targets (R = 87.5 cm). The chirped optical source was amplified by a198

Toptica BoosTA to increase the optical power. The beam was split with a nonpolarizing beam199

splitter to create the two arms of our system. The LO arm was frequency shifted with an AOM200

at 230 MHz. To drive the target arm AOM the electronic internal modulation frequency of the201

camera (20 MHz) was mixed with a separate 230 MHz RF signal to create a modulated 250 MHz202

signal. Both signal generators used to generate the two different 230 MHz signals were synced203

together with a 10 MHz reference to maintain frequency and phase stability. This preserved the204

relative phases between both AOMs and the camera. When the system is run in CW (without a205

chirp), the beat note between the two arms is equal to the internal modulation frequency of the206

camera (20 MHz). When both paths are modulated by an FMCW chirp, the beat note between207

the arms is shifted away from 20 MHz by 𝑓𝑠, proportional to the distance to the desired target208

range. By adjusting the frequency of one of the signal generators, the resultant beat note for209

a selected range can be shifted to 20 MHz where an image is TH recorded. The camera was210

operated with the factory lens removed. All images for a given geometry were recorded with the211

same optical and RF powers. A consistent integration time of 1 ms was used in all figures, which212

matched the chirp duration. Target locations did not change between the different holographic213

recording geometries, but target size did. Smaller targets were used for Fresnel holograms in214

order to maintain a similar relative hologram size on the detector. This was needed because of215

the difference in field of view (FOV) between the two techniques. In the experiment the LO216

AOM frequency was a constant and the target AOM frequency varied. Although the analysis is217

done as if the LO was shifted, since the results are the same.218

The two targets being imaged were created by attaching retro-reflective tape to glass plates.219

The first target was attached with a triangle and placed 0.95 m in front of the detector. Using the220

previously introduced equation for target range the theoretical beat note for an object at this range221

is calculated as 𝑓𝑅1 = 2𝜅𝑅1/𝑐 = 15150 Hz and was determined experimentally by maximizing222

the image strength as 𝑓𝑅1 = 15130 Hz . To compare results at different distances, the second223

target, attached with a star fashioned in the same manner, was placed between the camera and first224

target. The star target was measured to be 0.815 m in front of the camera. The AOM frequency225
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Fig. 5. A schematic of the range selective digital holographic experiment. Direct image
of the targets used (Top Right). The lens is used to image the targets onto the TOF
sensor array for image holograms. The lens is removed from the system when recording
Fresnel holograms.

shift for the star target was calculated to be 𝑓𝑅2 = 12990 Hz and experimentally determined to be226

𝑓𝑅2 = 12970 Hz, within the measured error of the target’s range. For all images shown in this227

paper, the star target is the closer of the two with respect to the camera.228

The phase correcting term used for all Fresnel hologram results in Fig. 6 was constructed229

from equation 8 using an LO distance of 𝑧𝑙𝑜 = 16.5 cm and a target distance of 𝑧𝑡𝑎𝑟 = 87.5 cm,230

approximately halfway between each target.231

3.2. Results232

Both targets were recorded at the same time and their positions were not changed or altered233

during the experiment. The separation of 13.5 cm was within the theoretical 𝐷𝑂𝐹𝑁𝐷𝐿 of 26234

cm for the target’s feature size of a few millimeters. For image holograms, a lens was placed235

in between the camera and targets and was adjusted to image a spot halfway between the two236

targets. This was done such that any blurring caused by not being at focus was symmetric237

between the two targets. Optical power, including that used in both the LO reference arm and the238

illumination arm was constant for all measurements between each geometry. The target beam239

size was adjusted between geometries in order to illuminate the different sized targets. All images240

shown in Fig. 6 are the result of 50 averaged shots. The top row depicts the Fresnel hologram241

and image hologram results for a CW system when there is no FMCW chirp. Both targets are242

visible in this case and there is no depth information. The center left image depicts Fresnel243

hologram TH FMCW imaging system for when 𝑓𝑠 is adjusted to be approximately equal to 𝑓𝑅1.244

The center right image similarly shows the TH FMCW system when 𝑓𝑠 ≈ 𝑓𝑅1, this time for an245

image hologram. The bottom left image shows the TH FMCW system, for a Fresnel hologram,246

when 𝑓𝑠 ≈ 𝑓𝑅2. Similarly, the bottom right image depicts 𝑓𝑠 ≈ 𝑓𝑅2 for an image hologram.247
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Fig. 6. CW Fresnel hologram recording (top left), CW image hologram recording
(top right), TH FMCW Fresnel hologram recording of star target (middle left), TH
FMCW image hologram of star target (middle right) ,TH FMCW Fresnel hologram
of triangle target (bottom left), TH FMCW image hologram of triangle target (bottom
right). Dimensions for each image are 160 X 120 pixels. Images are plotted in a log10
scale to illustrate contrast.

3.3. Extinction Measurements248

To quantify the range selective properties of the TH FMCW DH system, extinction percentages249

for both targets were calculated for each geometry. The extinction percentage is a measure of250

how well an unselected target that is within the depth of field is filtered out by the range selective251

imaging. To illustrate the calculation method, Fig. 7 shows the method for calculating the252

average intensities for the star target for image hologram recordings. Fig. 7 shows TH FMCW253

recordings when the star target is selected (left) by setting 𝑓𝑠 ≈ 𝑓𝑅1 and unselected (right) by254

setting 𝑓𝑠 ≈ 𝑓𝑅2, when the triangle target is selected. 𝐼𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑 and 𝐼𝑢𝑛𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑 were calculated by255

averaging over 50 recordings for each case. 𝐼𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑 is the mean pixel value of the target at Rs,256

which was calculated by taking the sum of the pixel values in a polygon that roughly matched the257

observed target (but avoided edge effects) and dividing by the number of pixels in the polygon.258

The polygon for the star target is shown in Fig. 7. Any constant background in 𝐼𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑 and259

𝐼𝑢𝑛𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑 was removed by subtracting the mean pixel value computed in an area outside of both260

targets. A similar process was done for the image holograms of the triangle target and for the261

Fresnel holograms of both targets. The extinction percentage of a target is defined as,262

Extinction Percentage =
𝐼𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑 − 𝐼𝑢𝑛𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑

𝐼𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑
∗ 100 (10)



If a target is visible and of equal intensity in the selected and unselected cases, similar to the263

CW TH DH when the two targets are within the depth of field, the extinction percentage would264

be close to 0%. Complete extinction would be 100%. The results of the extinction calculations265

can be seen in table 1. The table shows that for both near (star) and far (triangle) targets that are266

within the depth of field of the optical system, the range selectivity of FMCW TH DH was able267

to effectively extinguish unselected targets.268

Fig. 7. Method for computing average intensities for TH FMCW recordings of the
star target (Image hologram). The mean pixel values 𝐼𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑 and 𝐼𝑢𝑛𝑠𝑒𝑙𝑒𝑐𝑡𝑒𝑑 were
computed by averaging the pixel values inside the polygon outlined by the white star
when 𝑓𝑠 was shifted to select the range of the star target (left) and shifted to select the
triangle target (right), respectively. Images are plotted in a linear scale.

TH FMCW (star) TH FMCW (Triangle)

Image Holograms 97.6 % 96.3%

Fresnel Holograms 97.2% 98.6%

Table 1. Extinction percentages for recorded image holograms and Fresnel holograms
for the star and triangle targets. The percentage represents how much of the target was
removed in holograms when the target was not at the selected range.

4. Conclusion269

In this paper we proposed and demonstrated a proof of concept of TH FMCW DH using a270

TOF camera. This technique differed from previous FMCW DH techniques by shifting the271

hologram away from DC to a beat frequency equal to the internal modulation frequency of the272

TOF camera. We demonstrate that TH FMCW DH allows for range selective imaging with range273

resolution less than the 𝐷𝑂𝐹𝑁𝐷𝐿 of the system. The demonstrated extinction percentages show274

the significant improvement in range selective imaging of TH FMCW DH over CW techniques.275

Further experiments are needed to quantify the advantages of TH FMCW DH in reducing276

interference from ambient and DC backgrounds and spurious spatial backgrounds from scatterers277

and blurred objects far away from the selected range.278
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FREQUENCY DETUNING ANALYSIS IN MULTI-CHIRP RANGE-SELECTIVE

DIGITAL HOLOGRAPHY WITH TEMPORAL HETERODYNING

Manuscript Introduction

After demonstrating range-selective digital holography with temporal-heterodyning

where fs is chosen to be approximately equal to fR, a natural next step is to explore the

system’s behavior when fs ̸= fR. Specifically, it is of interest to investigate how integrating

over multiple chirps influences range resolution and detuning characteristics. Holograms were

recorded across a range of frequency shifts for fs, and a quantitative holographic signal-

strength metric was developed to assess the quality of the reconstructions. In addition,

target positions were systematically varied, and data were acquired using two closely spaced

targets positioned within the system’s range resolution limit, which is determined by the

chirp bandwidth. This was done to evaluate potential improvements in range resolution and

the system’s ability to resolve and distinguish multiple targets. A mathematical framework

was also developed to explain the observed behavior. These results are not unique to

temporally heterodyne systems, but are applicable to any holographic system that integrates

over multiple chirps. This work resulted in the following publication:
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Abstract: Range-selective digital holography (RSDH) is an advanced imaging technique8

that combines digital holography with the range-selective capabilities of frequency-modulated9

continuous-wave (FMCW) chirped lidar. Temporal heterodyne FMCW range-selective digital10

holography (TH FMCW RSDH) further extends this method by incorporating phase-shifting11

techniques to enable on-axis holographic imaging. In standard implementations, maximum12

hologram strength is achieved when the local oscillator (LO) frequency shift is set by the target13

distance, assuming that the hologram integration and chirp duration are aligned. However, in14

systems where hologram integration spans multiple chirps, this alignment is no longer guaranteed,15

and the optimal LO frequency shift may deviate from the nominal value. This work develops a16

theoretical framework to analyze the effects of LO detuning on range resolution and hologram17

strength in TH FMCW RSDH under multi-chirp integration. The model is experimentally18

validated using a time-of-flight (ToF) camera to perform phase-shifting and integration. Our19

results demonstrate that maximum hologram strength can occur at LO frequency shifts that differ20

from the nominal range-dependent value. These findings provide valuable insights for optimizing21

the performance of both TH and non-TH FMCW RSDH systems in scenarios where hologram22

integration spans multiple chirps.23

1. Introduction24

1.1. Digital Holography25

Digital holography is a coherent imaging technique that enables the reconstruction of both the26

amplitude and phase of an optical field scattered from an object. This is achieved by interfering the27

scattered field with a coherent reference beam, known as the local oscillator (LO), at a sensor array,28

where the resulting intensity pattern is recorded as a digital hologram. Post-processing of the29

recorded hologram enables reconstruction of both the amplitude and phase of the object field [1].30

Hologram reconstruction can be performed using either off-axis or on-axis recording geometries.31

In off-axis digital holography, the LO and scattered fields interfere at an angle, introducing a32

spatial carrier frequency that shifts the image components in the Fourier domain [1, 2]. This33

spatial separation enables filtering to isolate the desired image while suppressing the conjugate34

image and low-spatial-frequency terms. In contrast, on-axis holography relies on phase-shifting35

techniques, in which multiple intensity patterns are recorded with known phase shifts applied to36

the LO field, allowing complete reconstruction of the complex object field [3].37

Each geometry has inherent trade-offs. Off-axis digital holography enables single-shot38

acquisition, making it well-suited for real-time or dynamic measurements, but typically sacrifices39

spatial resolution due to the need to separate overlapping terms in the Fourier domain. On-axis40

holography, while requiring multiple frames and being more sensitive to environmental instability,41

can achieve higher spatial resolution and more precise phase recovery, making it preferable for42

applications prioritizing accuracy over speed [4, 5]. Additionally, the simpler beam combining43

geometry of on-axis holography is more compact and robust than the off-axis geometry. The44

choice between these recording geometries depends on system-level performance requirements45



such as temporal resolution, spatial fidelity, and robustness to motion.46

1.2. Temporal-Heterodyne Digital Holography47

Temporal-Heterodyne Digital Holography (TH DH) is an on-axis holographic technique that48

uses a sensor array in which each pixel functions as a photonic mixing device (PMD) with49

gated integration. This approach has been demonstrated using time-of-flight (ToF) cameras,50

where four phase-shifted recordings are captured at different times with temporal phase shifts51

of the modulation frequency of the sensor array [6, 7]. The object field is reconstructed from52

these four intensity recordings, each corresponding to a different phase shift of the LO field,53

following standard phase-shifting holography techniques. TH DH can be implemented using either54

Continuous-Wave illumination (TH CW DH) or made range-selective using Frequency-Modulated55

Continuous-Wave (FMCW) signals.56

1.3. Range-Selective Digital Holography57

FMCW signals have been widely applied in digital holography, particularly in range and58

surface profiling. One prominent approach employs long broadband chirps in conjunction with59

high-speed detectors, enabling multiple short integration windows during each chirp. This60

technique, often referred to as FMCW digital holography, has been demonstrated in various61

configurations, including single-wavelength scanning systems [8], multi-wavelength setups [9],62

and configurations incorporating polarized LO fields [10]. In these methods, a slow broadband63

linear chirp is used to modulate both arms of the holographic system, with a high-speed camera64

capturing sequential images. Post-processing using a Fourier transform across the temporal65

dimension of the recorded frames enables the reconstruction of pixel-wise range profiles [11–13].66

Other FMCW-based methods have employed aperture synthesis for surface profiling [14]. In67

contrast, lidar-derived digital holography achieves depth-resolved holographic images from68

pulsed lidar 3D point clouds, without relying on FMCW techniques [15].69

The second application is FMCW Range-Selective Digital Holography (FMCW RSDH), a70

technique that enables objects to be selectively imaged and holograms recorded at specific,71

adjustable distances [7,16,17]. This is achieved by introducing a frequency shift to the LO, which72

functions as a tuning mechanism. This method allows for the isolation and capture of distinct73

objects within the system’s non-diffraction-limited depth of field (𝐷𝑂𝐹𝑁𝐷𝐿). The 𝐷𝑂𝐹𝑁𝐷𝐿 is74

the range over which objects are imaged in focus at the sensor array [16]. The 𝐷𝑂𝐹𝑁𝐷𝐿 for an75

object feature size 𝛿 can be computed from ray tracing as 𝐷𝑂𝐹𝑁𝐷𝐿 = 2𝛿𝑅/𝐷 where R is the76

object range and D the diameter of the entrance pupil. FMCW RSDH has been demonstrated77

in off-axis geometries for Fresnel-plane (FP) holograms and in on-axis geometries for both78

image-plane (IP) and FP holograms using temporal heterodyning [7, 16]. In FMCW RSDH,79

illumination of a target at range R by a transmit field (TX) results in a time-delayed return field80

(RX), whose range-dependent frequency shift is given by81

𝑓𝑅 = 2𝜅𝑅/𝑐 (1)
where 𝜅 is the chirp rate of the linear FMCW modulation defined as 𝜅 = 𝐵/𝜏𝑐, 𝐵 is the chirp82

bandwidth, 𝜏𝑐 is the chirp duration, and c is the speed of light.83

In FMCW RSDH with a single-sided chirped laser with a positive chirp rate, the LO is shifted84

down by 𝑓𝑠 to cancel the range-dependent frequency shift of the RX field at a selected range, 𝑅𝑠 ,85

as shown in Fig. 1 (left). When 𝑓𝑠 ≈ 𝑓𝑅, the hologram for the object at distance R will beat at a86

frequency 𝑓𝑏 = | 𝑓𝑠 − 𝑓𝑅 | ≈ 0, and become temporally stable, allowing for constructive integration87

on a sensor array. For Temporal-Heterodyne (TH) FMCW RSDH, the TX field is shifted up by88

𝑓𝑐 and the LO is shifted down by 𝑓𝑠 which causes the hologram to be temporally modulated at a89

frequency 𝑓𝑏 = 𝑓𝑐 + 𝑓𝑠 − 𝑓𝑅. When 𝑓𝑠 ≈ 𝑓𝑅, the resulting beat frequency is approximately equal90

to the modulation frequency, 𝑓𝑐, of the photonic mixing device (PMD) detector, as shown in Fig.91



1 (right). To prevent the hologram from washing out during integration, the difference between92

𝑓𝑠 and 𝑓𝑅 must be within the bandwidth of sensor array, expressed as | 𝑓𝑠 − 𝑓𝑅 | < 1/𝜏𝑖𝑛𝑡 , where93

𝜏𝑖𝑛𝑡 is the sensor’s integration time, ideally matched to the overlap time between the LO chirp94

and its delayed replica in the RX path. It should be noted that all frequency shifts are relative,95

so the way in which shifts are applied to the LO and TX beams is a matter of convention. In96

practice, for both FMCW lidar and FMCW RSDH, the integration time should be less than or97

equal to the duration of the chirp (𝜏𝑖𝑛𝑡 ≤ 𝜏𝑐).98
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Fig. 1. Frequency vs time plot of the interfering fields for FMCW RSDH (left), and TH
FMCW RSDH (right). In FMCW RSDH the LO is shifted down by 𝑓𝑠 to cancel the
range-dependent beat. For TH FMCW RSDH, the LO is shifted down by 𝑓𝑠 and the
TX is shifted up by 𝑓𝑐 , resulting in a total shift of 𝑓𝑠 + 𝑓𝑐 .

The range resolution of FMCW RSDH and FMCW lidar is limited by the chirp bandwidth,99

given by 𝑐/2𝐵, where c denotes the speed of light and B is the chirp bandwidth [18]. High100

chirp rates are desired because they increase the frequency shift of 𝑓𝑅 for a given target distance,101

helping to reduce the impact of low-frequency noise on the final corrected hologram that could102

arise from unwanted reflections in the optical system or objects at very close distances. However,103

practical system constraints introduce a trade-off between achieving high range resolution and104

maintaining long integration times needed to improve signal-to-noise ratio (SNR). While this105

balance motivates the use of multi-chirp integration techniques, it is important to note that106

in some real-time or dynamic imaging scenarios, minimizing acquisition time to reduce the107

impacts of movement or vibration may take precedence over maximizing SNR. Unfortunately,108

commercially available visible and SWIR cameras, while having integration options down to109

the microsecond range, often have frame rates well below 1 kHz, resulting in low duty cycle110

operation when utilizing short integration times.111

Multi-chirp integration is particularly attractive for TH FMCW RSDH, where four measure-112

ments are required to construct a single holographic image. By recording each quadrature113

measurement over a separate chirp, as illustrated in Fig. 2, the system can maintain high114

chirp rates without sacrificing integration time. However, this approach introduces complex115

interference effects during hologram reconstruction, caused by phase differences between the LO116

and RX fields in each quadrature measurement. These misalignments are not limited exclusively117

to cases where the LO frequency shift 𝑓𝑠 deviates from the range-dependent frequency shift 𝑓𝑅,118

but can also arise from target-dependent phase delays and timing offsets. These phase differences119



lead to inconsistencies between quadratures, which introduces interference artifacts and intensity120

modulation in the reconstructed hologram as a function of both 𝑓𝑠 and the object range. Previous121

work in continuous-wave systems has examined similar quadrature errors in interferometers [19]122

as well as phase-shifting errors in digital holography [20]. To date, the effects of such detuning123

for RSDH systems have received little attention despite their potential to affect hologram strength124

and range resolution.125

In this paper, we develop a theoretical framework to analyze detuning outcomes in TH FMCW126

RSDH when 𝑓𝑠 ≠ 𝑓𝑅. We experimentally demonstrate that the optimal LO frequency shift127

for achieving the maximum holographic strength may unexpectedly differ from the predicted128

range-dependent value. The results also apply to non-TH FMCW RSDH systems that employ129

integration over multiple chirps (versus a single chirp) in order to increase the beat frequency130

away from low-frequency interference or when the chirp generator has issues with long chirps.131

The results of this paper are thus essential for optimizing both non-TH and TH FMCW RSDH132

systems that perform integration over multiple chirps.133

2. Theory134

The procedure for generating a temporal heterodyne range-selective digital hologram has been135

previously demonstrated [7], but a concise summary of the key steps is provided here for reference.136

First, the target object range is selected. Next, the predicted range-dependent frequency shift ( 𝑓𝑅)137

is calculated based on the chirp parameters and the object range using Eq. (1). The LO is then138

shifted down in frequency by an amount 𝑓𝑠 ≈ 𝑓𝑅, which sets the hologram’s beat frequency 𝑓𝑏 to139

be approximately equal to 𝑓𝑐. Four intensity measurements are captured in rapid succession with140

phase shifts of the internal RF modulation of the ToF camera, enabling phase-shifting holography.141

This paper focuses exclusively on TH FMCW RSDH, since single-shot off-axis FMCW RSDH142

and FMCW lidar share the same range resolution and exhibit expected detuning behavior when143

integration occurs over a single chirp. However, the results presented here generalize to other144

FMCW RSDH systems that integrate holograms over multiple chirps.145

Although Fig. 1 shows modulation of the LO and TX fields using a single-sideband up chirp146

with 𝜅 > 0, both FMCW RSDH and TH FMCW RSDH can be implemented just as easily with147

down chirps (𝜅 < 0) with equivalent performance. In this case, the LO frequency must be148

upshifted by 𝑓𝑠 (rather than downshifted) to ensure that the interference terms beat at 𝑓𝑏 ≈ 0 for149

FMCW RSDH or at 𝑓𝑏 ≈ 𝑓𝑐 for TH FMCW RSDH when the TX field includes an additional150

upshift by 𝑓𝑐.151

Double-sideband systems, in which both the upper and lower sidebands are present, offer152

greater flexibility in selecting the LO frequency shift. In such systems, an LO upshift of 𝑓𝑠153

results in the correct beat between the lower sidebands of the RX and LO fields, while downshifts154

of 𝑓𝑠 yields the correct beat between the upper sidebands. The direction of the LO frequency155

shift should be carefully considered if interference between a specific sideband is significant.156

However, if this is not a concern, the only requirement is that | 𝑓𝑠 | ≈ 𝑓𝑅. The theoretical analysis157

in this paper assumes single-sideband up chirps for both the LO and TX, but the results apply158

equally to systems using single-sideband down chirps with the appropriate frequency shifts, or to159

double-sideband configurations, provided that unwanted beat frequencies, particularly those not160

near 𝑓𝑐, are filtered out by the detector’s limited bandwidth during integration.161

The optical fields of the LO and RX beams in a TH FMCW RSDH system, corresponding162

to Fig. 1 and assuming single-sideband chirps with 𝜅 > 0, where 𝑓𝑐 and 𝑓𝑠 are positive, can be163

written as follows:164

𝐸LO (𝑥, 𝑦, 𝑡, 𝑇𝑛) = 𝐴LO (𝑥, 𝑦) cos(2𝜋( 𝑓𝐿 + 𝑓0 − 𝑓𝑠)𝑡 + 𝜋𝜅(𝑡 − 𝑇𝑛)2 + 𝜙LO (𝑥, 𝑦)) (2)



𝐸RX (𝑥, 𝑦, 𝑡, 𝜏𝑅, 𝑇𝑛) = 𝐴RX (𝑥, 𝑦) cos(2𝜋( 𝑓𝐿 + 𝑓0+ 𝑓𝑐) (𝑡−𝜏𝑅) +𝜋𝜅(𝑡−𝑇𝑛−𝜏𝑅)2+𝜙RX (𝑥, 𝑦)) (3)

where 𝑓𝐿 is the laser frequency, 𝑓0 − 𝑓𝑠 is the RF drive frequency of the LO acousto-optical165

frequency shifter (AOFS), 𝑓0 + 𝑓𝑐 is the RF drive frequency of the TX AOFS, 𝑓0 is the nominal166

RF operating frequency of the two AOFS, 𝑓𝑐 is the internal modulation frequency of the PMD167

sensor array, and 𝑇𝑛 is the start time of the 𝑛𝑡ℎ phase measurement defined as 𝑇𝑛 = 𝑛𝑇 for 𝑛 = 0,168

1, 2, 3, where 𝑇 = 𝜏𝑑 + 𝜏𝑖𝑛𝑡 , and 𝜏𝑑 is the delay between integrations, as shown in Fig 2. The169

spatial amplitudes and phases for the LO and RX fields are defined as 𝐴LO (𝑥, 𝑦), 𝐴RX (𝑥, 𝑦), and170

𝜙LO (𝑥, 𝑦) and 𝜙RX (𝑥, 𝑦), respectively. The intensity incident on the detectors will be equal to171

the interference between the LO and RX fields, which can be calculated as:172

𝐼𝑛 (𝑥, 𝑦, 𝑡, 𝜏𝑅, 𝑇𝑛) ∝
〈��𝐸LO (𝑥, 𝑦, 𝑡, 𝑇𝑛) + 𝐸RX (𝑥, 𝑦, 𝑡, 𝜏𝑅, 𝑇𝑛)

��2〉 1
𝐵𝑊𝑑𝑒𝑡

(4)

for the 𝑛th phase measurement, where ⟨·⟩ 1
𝐵𝑊𝑑𝑒𝑡

represents the filter for high-frequency beating by173

the detector, or174

𝐼𝑛 (𝑥, 𝑦, 𝑡, 𝜏𝑅, 𝑇𝑛) ∝ |𝐴LO (𝑥, 𝑦) |2 + |𝐴RX (𝑥, 𝑦) |2
+ 𝐴LO (𝑥, 𝑦)𝐴RX (𝑥, 𝑦) cos(2𝜋( 𝑓𝑐 + 𝑓𝑠 − 𝑓𝑅)𝑡 + 𝜙𝑛 (𝑥, 𝑦, 𝜏𝑅, 𝑇𝑛)) (5)

where 𝑓𝑅 is the range-dependent frequency shift defined in Eq. (1) and 𝜙𝑛 (𝑥, 𝑦, 𝜏𝑅, 𝑇𝑛) is the175

phase term for the 𝑛th quadrature given as 𝜙𝑛 (𝑥, 𝑦, 𝜏𝑅, 𝑇𝑛) = 𝜙RX (𝑥, 𝑦) −𝜙LO (𝑥, 𝑦) −2𝜋( 𝑓𝐿 + 𝑓0+176

𝑓𝑐)𝜏𝑅 + 𝜋𝜅𝜏2
𝑅 + 2𝜋 𝑓𝑅𝑇𝑛. The phase results from the difference between the interfering fields in177

Eq. 2 and Eq. 3, after filtering out high-frequency components due to limited detector bandwidth.178

The intensity incident on the sensor array is then integrated on the PMD pixels of the ToF camera,179

which have internal modulation frequency 𝑓𝑐. Four images are captured in quick succession180

with phase shifts of the camera’s modulation frequency of Φ𝑛 = 𝑛𝜋
2 for the 𝑛th measurement181

to reconstruct the hologram using phase-shifting techniques. A diagram showing both the LO182

and RX chirp timings, the beat frequency between the interfering chirps when 𝑓𝑠 ≈ 𝑓𝑅, and the183

integration timing of the ToF camera is shown in Fig. 2. The signal recorded by the ToF sensor184

array, 𝑆𝑛 (𝑥, 𝑦), at coordinates (x,y) is the incident intensity for the 𝑛th measurement, mixed with185

an internal RF signal at the detector’s modulation frequency with distinct phase shifts. After186

integrating over 𝜏𝑖𝑛𝑡 , the four recorded signals (for 𝑛 = 0, 1, 2, 3) are given by:187

𝑆𝑛 (𝑥, 𝑦) =
∫ 𝑇𝑛+𝜏𝑖𝑛𝑡

𝑇𝑛

𝐼𝑛 (𝑥, 𝑦, 𝑡, 𝜏𝑅, 𝑇𝑛) cos(2𝜋 𝑓𝑐𝑡 +Φ𝑛)𝑑𝑡 (6)

Finally, the four recordings are used to reconstruct the object field using phase-shifting188

holographic principles, assuming a uniform LO field.189

𝐸recon (𝑥, 𝑦) = 𝑆0 (𝑥, 𝑦) − 𝑆2 (𝑥, 𝑦) + 𝑖(𝑆1 (𝑥, 𝑦) − 𝑆3 (𝑥, 𝑦)) (7)

If configured in an image-plane recording geometry, where the object is imaged onto the sensor190

array with a lens, the reconstructed image of the object is calculated as the magnitude square of191

the reconstructed field.192

𝐼recon (𝑥, 𝑦)IP = |𝐸recon (𝑥, 𝑦) |2 (8)

When recording Fresnel holograms, the reconstructed field at the detector will be approximated by193

Fresnel propagation of the original field at the object [2]. In order to undo this, a quadratic phase194

correction is applied, and a 2-dimensional (2D) inverse Fourier transform (IFFT) is performed195

digitally in post-processing. The phase correction term is of the form196
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𝑒−𝑖𝜙𝑐 (𝑥,𝑦) = 𝑒
−𝑖 𝜋 𝑓𝐿

𝑐 (𝑥2+𝑦2 ) ( 1
𝑧obj

− 1
𝑧LO

) (9)

where 𝑧obj and 𝑧LO are the distances from the LO and object’s effective point source locations to197

the detector [1]. The phase correction is necessary to eliminate parabolic phase terms introduced198

by Fresnel propagation, while the inverse Fourier transform (IFFT) effectively reverses the199

propagation, neglecting constant-amplitude scaling factors. The reconstructed image for Fresnel200

holograms is calculated as201

𝐼recon (𝑥, 𝑦)FP = |F −1{𝑒−𝑖𝜙𝑐 (𝑥,𝑦) 𝐸̃recon (𝑥, 𝑦)}|2 (10)

where 𝐸̃recon (𝑥, 𝑦) ∝ F {𝐸recon (𝑥, 𝑦)}, and F and F −1 denote the 2D Fourier and inverse Fourier202

transforms, respectively, with amplitude scaling factors from Fresnel propagation ignored [1].203

Changing the sign of the quadratic phase correction will reconstruct the conjugate image.204

For an IP system, the wrapped phase map is obtained from the reconstructed complex field:205

𝜙𝑤 (𝑥, 𝑦) = arg
(
𝐸recon (𝑥, 𝑦)

)
, 𝜙𝑤 ∈ (−𝜋, 𝜋] . (11)

Phase-unwrapping algorithms can then be used to recover a continuous phase profile. For FP206

holograms, the phase is computed in the same manner following the appropriate post-processing207

steps.208

2.1. Detuning209

When the object range is unknown, FMCW RSDH is performed by scanning through a series of210

LO frequency shifts, 𝑓𝑠, and recording holograms at each step. In most cases, no hologram is211

reconstructed because 𝑓𝑠 ≠ 𝑓𝑅 results in a temporally modulated hologram that is outside the212

bandwidth of the detector. In an off-axis image-plane FMCW RSDH system, when integrating213

over a single chirp, it has been shown that the image strength is maximized when 𝑓𝑠 = 𝑓𝑅, while214

detuning by an added frequency shift away from 𝑓𝑅 results in a sinc pattern for the field and a215

sinc2 profile in the intensity [16]. This behavior arises from the detector’s finite integration time,216

which effectively acts as a rectangular temporal window.217



In contrast, the four recordings that comprise a single holographic image for TH FMCW218

RSDH are observed to interfere with one another when each is integrated over a separate chirp.219

As a result, the detuning behavior becomes more complex: the maximum hologram strength may220

occur at a frequency shift 𝑓𝑠 that does not precisely match the range-dependent frequency shift221

𝑓𝑅, and the resulting detuning pattern can be asymmetric. This phenomenon is analyzed in detail222

using a theoretical model, which is validated by experimental results presented in Section 4. The223

predicted intensity detuning profile for an image-plane hologram with uniform spatial amplitude224

is derived in Appendix A and is given as a function of 𝑓𝑠 and 𝑓𝑅 by:225

𝐼recon ( 𝑓𝑠 , 𝑓𝑅)IP ∝ sinc2 (( 𝑓𝑠 − 𝑓𝑅)𝜏𝑖𝑛𝑡 ) cos2 (2𝜋 𝑓𝑠𝑇) (12)

When recording Fresnel-plane holograms, the detuning behavior differs from that observed in226

image-plane reconstructions and depends on whether the image or conjugate image is being227

reconstructed. Assuming uniform spatial amplitudes, the theoretical intensity detuning profile228

for a Fresnel-plane hologram image and conjugate image can be expressed as functions of 𝑓𝑠 and229

𝑓𝑅. These expressions are derived in Appendix B and given by:230

𝐼recon ( 𝑓𝑠 , 𝑓𝑅)FP(Image) ∝ sinc2 (( 𝑓𝑠 − 𝑓𝑅)𝜏𝑖𝑛𝑡 ) cos2 (2𝜋 𝑓𝑠𝑇) cos2 (𝜋 𝑓𝑠𝑇) (13)

when using a quadratic phase correction with a negative-valued exponential, or231

𝐼recon ( 𝑓𝑠 , 𝑓𝑅)FP(Conjugate) ∝ sinc2 (( 𝑓𝑠 − 𝑓𝑅)𝜏𝑖𝑛𝑡 ) cos2 (2𝜋 𝑓𝑠𝑇) sin2 (𝜋 𝑓𝑠𝑇) (14)

when using a phase correction with a positive value exponential to reconstruct the conjugate232

image. Eq. (12) was used to fit all data recorded in an IP configuration, while Eq. (13) and Eq.233

(14) were used to fit all FP data. Here, sinc(𝑥) ≡ sin(𝜋𝑥 )
𝜋𝑥 .234

3. Experimental Procedure235

An arbitrary waveform generator (AWG) was used to create a repeating linear up-chirp with236

a 2 GHz bandwidth and a duration of 1 ms. An output trigger from the AWG (Tektronix237

AWG70002A) was used to trigger the ToF camera (Sentis M100), which features a 160 x 120238

pixel detector array and operates at wavelengths from 650 to 1200 nm [21]. For all results239

presented, the delay between quadrature recordings was fixed at 𝜏𝑑 = 2 ms. A 793-nm diode240

laser (New Focus 6017 Vortex) was modulated with the linear chirp using a double-sideband241

electro-optical phase modulator (EOM) from EOSPACE. The modulated beam was then amplified242

with a laser amplifier (Toptica BoosTA) to increase optical power, before being split into the LO243

and TX paths. The LO arm was frequency shifted by 𝑓0 using an AOFS (Crystal Technology244

Inc./G&H 3200) driven by a signal generator (HP E4433B). An additional offset frequency 𝑓𝑠 was245

introduced by adjusting the signal generator, allowing control over the heterodyne beat frequency.246

The transmit path was frequency-shifted with a similar AOFS that was driven by the sum of the247

internal modulation frequency of the camera, 𝑓𝑐, and a second signal generator (TPI 1001-A)248

operating at a constant frequency of 𝑓0. Both signal generators were phase-locked using a 10249

MHz reference frequency to maintain phase stability. A schematic of the holographic experiment250

is shown in Fig. 3. The objects were constructed using retroreflective tape attached to glass plates251

and positioned in front of the camera at a starting distance of 65.0 cm. A frequency scan was252

performed by varying the additional LO frequency shift 𝑓𝑠 around the expected range-dependent253

shift 𝑓𝑅, which was calculated using Eq. 1 based on the current target distance and adjusted to254

account for differences in path length. The double-sideband EOM allowed the LO to be shifted255

up or down by 𝑓𝑠, depending on whether interference with the lower or upper sideband was256

desired. When | 𝑓𝑠 | ≈ 𝑓𝑅, the system was tuned to reconstruct a range-selective holographic257

image of the object at distance R.258



TH FMCW RSDH images were recorded at frequency shifts 𝑓𝑠, ranging from 8 to 12 kHz259

in 10 Hz increments, using an integration time of 1 ms. These values were chosen to span the260

expected range-dependent beat frequencies for the various target distances, after accounting for261

path length differences between the TX and the LO. After each scan, the object was repositioned262

5 mm farther from the camera and the frequency scan was repeated. This process was carried out263

at distances of 65.0 to 75.0 cm. The same procedure was repeated to acquire FP holograms using264

the same object positions.265

For comparison, TH CW DH recordings (i.e., without chirp modulation) were performed at a266

fixed object distance for IP and FP configurations. In this case, 𝑓𝑠 was scanned from –2 kHz to 2267

kHz in 10 Hz steps and repeated for integration times of 1 ms, 2 ms, and 3 ms. To streamline the268

data collection process, the camera recordings and the signal generator frequency shifts were269

automated, allowing the capture of 10 frames at each 10 Hz frequency step without manual270

intervention.271

For IP recordings, a lens was used to form an image of the object directly onto the detector.272

In contrast, for FP recordings, the lens was removed and appropriate digital post-processing273

steps were applied to reconstruct the hologram. Although the objects in both configurations274

were positioned at the same physical location, their sizes differed. A smaller object was used in275

the FP configuration to ensure a comparable relative hologram size on the detector across both276

geometries. This adjustment accounts for differences in the field of view (FOV) between the IP277

and FP setups.278
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Fig. 3. Schematic of the holographic recording setup. An AWG was used to generate a
2 GHz chirp, providing a range resolution of Δ𝑅 = 7.5 cm.

3.1. Hologram Strength Metric279

To quantify the hologram strength as a function of the added frequency shift 𝑓𝑠 , we define a simple280

image domain strength metric. This metric computes the difference between the average pixel281

intensity in a region of interest (ROI) where the hologram is expected to appear and subtracts the282

average pixel intensity value of a background region, where no holographic signal is expected.283

This process is illustrated in Fig. 4. For all results presented in this paper, 10 frames were284

acquired and incoherently averaged at each frequency step prior to computing the strength metric285

for a given object distance. The strength metric is given by:286

Strength Metric = mean(Region of Interest) − mean(Background Region) (15)



The ROI and background region were selected to contain approximately the same number of287

pixels.288

= Region of Interest

= Background Region

Hologram Strength Metric Calculation

Fig. 4. Hologram strength metric calculated from the average of 10 shots. The red
triangle indicates the ROI where the average pixel value was computed for the hologram,
while the light blue area denotes the region used for background pixel value computation.
The region of interest was reduced in size compared to the hologram to minimize
potential edge effects. The hologram is plotted in a linear scale. The ROI differed
between recording geometries due to the use of different targets.

3.2. Fits289

Least-squares fitting was used to compare the experimental strength metrics with the developed290

detuning patterns. For IP data, Eq. (12) was applied, while FP data was fit using either Eq. (13)291

or Eq. (14), depending on whether the image or the conjugate image was reconstructed. To more292

accurately reflect experimental conditions, the theoretical detuning curves were convolved with a293

Lorentzian function to account for the system’s finite frequency resolution and phase noise.294

4. Experimental Results295

4.1. TH CW DH Results296

Data was collected using a TH CW DH setup without FMCW chirp modulation, with integration297

times of 1 ms, 2 ms, and 3 ms. This configuration was used to evaluate the theoretical predictions298

under the condition 𝑓𝑅 = 0. As shown in Fig. 5, the experimental results closely match the299

theoretical model for all three integration times and for both IP and FP recording geometries,300

with each data point representing the average of 10 measurements per frequency step, and error301

bars indicating the standard deviation of the computed strength metric between shots. The results302

show a characteristic sinc2 envelope whose width is inversely proportional to the integration time,303

with a full-width half-maximum (FWHM) of approximately 1/𝜏𝑖𝑛𝑡 . In contrast, the narrower304

frequency features have an FWHM proportional to 1/4𝑇 , where 4𝑇 represents the total duration305

required to acquire all four phase-shifted images.306

An alternative method to calculate the detuning pattern for images recorded in a FP configuration307

(when 𝑓𝑅 = 0) is to take the Fourier transform of the temporal integration window shown in308

Fig. 2, since the frequency resolution is determined by the shape and duration of the integration309

period.310



TH CW DH Hologram Strength vs Frequency Shift
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Fig. 5. TH CW DH hologram strength as a function of frequency shift, 𝑓𝑠 . IP results are
shown in the left column for integration times of 1, 2, and 3 ms. FP results are shown
in the right column for the same integration times. All holograms peak at the expected
value of 𝑓𝑠 = 0. The normalized hologram strength is computed using an average of 10
shots and Eq. (15). The frequency plots were then fit to theory and normalized.

4.2. TH FMCW RSDH Results311

When modulated with the linear chirp, the center value of the sinc2 envelope shifts towards the312

expected value of 𝑓𝑅 for a object distance R, in accordance to theory. Interestingly, there are313

locations where the detuning pattern is asymmetric and the maximum hologram strength does314

not occur at the expected value of 𝑓𝑅, which is in the center of the sinc2 envelope. The test was315

conducted with a 1 ms integration time per quadrature recording that matched the chirp duration.316

Objects were imaged over a 10 cm range, but only the results from three object positions are317

shown due to the cyclical nature of the data. Fig. 6 shows the detuning results for an object318

at 65.0, 66.0, and 67.0 cm with a positional uncertainty of ±0.15 cm which corresponds to a319

round-trip uncertainty of ±0.30 cm. The expected range-dependent frequency shift for a 1.0320

cm displacement is approximately 133 Hz. The accuracy of the chirp rate was confirmed by321

comparing the range-dependent beats obtained from each fit at different target distances with the322

expected values. The calculated chirp rate matched the programmed value within the uncertainty323

of the object distances. The experimental data in Fig. 6 represent the average of 10 measurements324

for each frequency step. The error bars are computed by taking the standard deviation of the325

computed strength metric between shots. The range-dependent beat frequencies for the three IP326

object distances were calculated from the fit parameters as 10.005 ± 0.010 kHz, 10.101 ± 0.013327

kHz, and 10.229 ± 0.016 kHz. The corresponding displacements, calculated from the difference328

between adjacent frequencies using Eq. 1, were 0.72±0.12 cm and 0.96±0.15 cm. Similarly, FP329

frequencies were calculated as 9.970± 0.098 kHz, 10.080± 0.078 kHz, and 10.201± 0.078 kHz,330

corresponding to displacements of 0.83 ± 0.94 cm and 0.91 ± 0.83 cm. The range-dependent331

beats calculated from the fits are shown as vertical dotted lines in Fig. 6. The beats show332

how the reconstructed hologram strength can be at a null even when 𝑓𝑠 = 𝑓𝑅. The measured333

displacements fell within the uncertainty of the target positions in all trials. The notably higher334

uncertainty in the FP fit parameters compared to the IP parameters is likely due to the significantly335

lower signal strength in the FP measurements, which results from the smaller aperture size of336

the ToF detector compared to the larger focusing lens used in the IP geometry. Additionally, the337

slight discrepancy between the IP and FP beat frequencies is attributed to the different targets338



used in each recording geometry.339

TH FMCW RSDH Hologram Strength vs Frequency Shift

Frequency Shift (fs) in kHz

N
or

m
al

iz
ed

 H
ol

og
ra

m
 S

tre
ng

th
9 9.5 10 10.5 11

0

0.2

0.4

0.6

0.8

1
Image Plane: 65.0 cm

Best Fit
Recorded Data

9 9.5 10 10.5 11
0

0.2

0.4

0.6

0.8

1
Pupil Plane: 65.0 cm

Best Fit
Recorded Data

9 9.5 10 10.5 11
0

0.2

0.4

0.6

0.8

1
Image Plane: 66.0 cm

Best Fit
Recorded Data

9 9.5 10 10.5 11
0

0.2

0.4

0.6

0.8

1
Image Plane: 66.0 cm

Best Fit
Recorded Data

9 9.5 10 10.5 11
0

0.2

0.4

0.6

0.8

1
Image Plane: 67.0 cm

Best Fit
Recorded Data

9 9.5 10 10.5 11
0

0.2

0.4

0.6

0.8

1
Image Plane: 67.0 cm

Best Fit
Recorded Data

Fig. 6. Detuning patterns for TH FMCW RSDH. The left column displays results for a
single object placed at distances of 65.0 cm, 66.0 cm, and 67.0 cm, recorded using an
IP geometry. The right column shows the same object distances, but for FP holograms.
The dotted vertical line in each plot indicates the value of 𝑓𝑅 calculated from the fit.
The peak hologram strength often occurs when 𝑓𝑠 ≠ 𝑓𝑅 .

4.3. Two objects within the range resolution of the system340

An additional experiment was performed in which two objects, spaced within the system’s range341

resolution, were imaged to investigate whether resolution improvements could be achieved by342

leveraging the higher-frequency grating terms. The two objects were positioned approximately343

5 mm apart, which was chosen because if the higher frequency grating shifted with range, it344

would form a null for one of the objects and a peak for the other. However, consistent with the345

developed theory, the zeros of the detuning patterns occur at the same frequency shift for both346

objects. Only the sinc2 envelope moves as a function of range.347
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Fig. 7. Detuning plots for two objects within the range resolution of the system in an
image-plane configuration. The triangle target was located closer to the detector than
the star target. The objects were separated by approximately 5 mm.



4.4. Conjugate Image348

For Fresnel-plane holograms, the conjugate image can be computed in one of two ways. First, the349

conjugate of Eq. (7) can be taken by reversing the sign of the imaginary components, as shown350

in Eq. (16):351

𝐸∗
recon (𝑥, 𝑦) = 𝑆0 (𝑥, 𝑦) − 𝑆2 (𝑥, 𝑦) − 𝑖(𝑆1 (𝑥, 𝑦) − 𝑆3 (𝑥, 𝑦)) (16)

Alternatively, the sign of the quadratic phase correction can be reversed in Eq. (9). Fig.352

8 illustrates the detuning results for the same target after applying different quadratic phase353

corrections to the TH FMCW RSDH Fresnel-plane data. The results show how the holographic354

strength metric is maximized for the image data at a frequency null of the conjugate image, and355

vice versa. This indicates that the image and the conjugate image will reach maximum strength356

at different frequency shifts of 𝑓𝑠 for the same object. Phase maps of the image and its conjugate357

reveal a speckled target, where coherent scattering produces strong interference patterns in the358

phase data. These patterns cause the wrapped phase to vary rapidly and appear nearly random,359

which in turn complicates phase unwrapping.360
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Fig. 8. Fresnel-plane TH FMCW RSDH hologram strength as a function of 𝑓𝑠 for
a single target. Detuning scans using the phase correction defined in Eq. (9) (Top
Left). Detuning scans of the same data but processed with the conjugate of Eq. (9)
(Bottom left). Eq. (13) was used to fit the image data while Eq. (14) was used to fit the
conjugate data. The center column shows holograms at the maximum and minimum
(first null) strength for both image and conjugate image processing. The hologram
figures are the incoherent average of 10 shots and are plotted in the same linear scale.
The right column shows the phase of the reconstructed field from a single frame for
both the image and conjugate image.

5. Conclusion361

In conclusion, we have developed a mathematical framework for the range resolution and362

detuning patterns of TH FMCW RSDH and TH CW DH. Theoretical predictions were found363

to be consistent with the experimental results for both IP and FP recording geometries. Our364

analysis reveals the presence of a high-frequency grating pattern that defines the FWHM of the365

central peak as 1/4𝑇 . However, since this pattern is independent of 𝑓𝑅, the narrower peak does366



not contribute to improved object selectivity, which is determined by the chirp bandwidth and367

the sinc2 envelope.368

The analysis also informs the design of multi-chirp RSDH systems for improved SNR and369

signal recovery by adjusting 𝑓𝑠 near 𝑓𝑅, aligned with the closest peak in the detuning profiles370

rather than 𝑓𝑅 exactly. The maximum hologram strength occurs at discrete frequency shifts given371

by 𝑓𝑠 = 𝑚/(2𝑇) for IP recordings, 𝑓𝑠 = 𝑚/𝑇 for FP image recordings, and 𝑓𝑠 = (2𝑚 + 1)/(2𝑇)372

for FP conjugate image recordings, where 𝑚 ∈ Z, with the additional practical constraint that373

| 𝑓𝑠 − 𝑓𝑅 | must be within the detector bandwidth. This strategy also applies to FMCW RSDH374

systems that integrate multiple chirps without temporal heterodyning. In general, the framework375

provides practical guidance for selecting the optimal LO frequency shift to maximize holographic376

reconstruction and improve signal recovery in multi-chirp holographic systems.377
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A. Image-plane Detuning Formulation387

Starting with Eq. (6), we introduce a substitution defined as388

𝑡′ = 𝑡 −
(
𝑇𝑛 + 𝜏𝑖𝑛𝑡

2

)
⇒ 𝑡 = 𝑡′ + 𝑇𝑛 + 𝜏𝑖𝑛𝑡

2
(17)

This change in variable centers the integral around 𝑡′ = 0, simplifying the integration process.389

The amplitude of the LO field is also assumed to be uniform.390

𝑆𝑛 (𝑥, 𝑦) = 𝐴LO𝐴RX (𝑥, 𝑦)
∫ 𝜏𝑖𝑛𝑡

2

− 𝜏𝑖𝑛𝑡
2

cos(2𝜋( 𝑓𝑐 + 𝑓𝑠 − 𝑓𝑅) (𝑡′ + 𝑇𝑛 + 𝜏𝑖𝑛𝑡
2

) + 𝜙𝑛 (𝑥, 𝑦, 𝜏𝑅, 𝑇𝑛))

∗ cos(2𝜋 𝑓𝑐 (𝑡′ + 𝑇𝑛 + 𝜏𝑖𝑛𝑡
2

) +Φ𝑛)𝑑𝑡′ (18)

The integrand can be simplified and combined into a single term using the cosine identity391

cos(𝐴) cos(𝐵) = 1
2 [cos(𝐴 − 𝐵) + cos(𝐴 + 𝐵)] where only the difference frequency will be392

considered because of bandwidth limitations of the detector. After filtering out bandwidth-limited393

terms,394

𝑆𝑛 (𝑥, 𝑦) = 𝐴LO𝐴RX (𝑥, 𝑦)
2

∫ 𝜏𝑖𝑛𝑡
2

− 𝜏𝑖𝑛𝑡
2

cos(2𝜋( 𝑓𝑠 − 𝑓𝑅)𝑡′ + 2𝜋( 𝑓𝑠 − 𝑓𝑅) (𝑇𝑛 + 𝜏𝑖𝑛𝑡
2

)

+ 𝜙𝑛 (𝑥, 𝑦, 𝜏𝑅, 𝑇𝑛) −Φ𝑛)𝑑𝑡′ (19)

Substituting 𝜙𝑛 (𝑥, 𝑦, 𝜏𝑅, 𝑇𝑛) back in,395

𝑆𝑛 (𝑥, 𝑦) = 𝐴LO𝐴RX (𝑥, 𝑦)
2

∫ 𝜏𝑖𝑛𝑡
2

− 𝜏𝑖𝑛𝑡
2

cos(2𝜋( 𝑓𝑠 − 𝑓𝑅)𝑡′ + 2𝜋 𝑓𝑠𝑇𝑛 + 𝜋( 𝑓𝑠 − 𝑓𝑅)𝜏𝑖𝑛𝑡 + 𝜋𝜅𝜏2
𝑅

− 2𝜋( 𝑓𝐿 + 𝑓0 + 𝑓𝑐)𝜏𝑅 + 𝜙RX (𝑥, 𝑦) − 𝜙LO (𝑥, 𝑦) −Φ𝑛)𝑑𝑡′ (20)

The integrand can be separated into its dependent and independent components using an additional396

cosine identity cos(𝐴 + 𝐵) = cos(𝐴) cos(𝐵) − sin(𝐴) sin(𝐵). Once again, the odd terms are397

ignored since they will integrate to zero.398

𝑆𝑛 (𝑥, 𝑦) = 𝐴LO𝐴RX (𝑥, 𝑦)
2

∫ 𝜏𝑖𝑛𝑡
2

− 𝜏𝑖𝑛𝑡
2

cos(2𝜋( 𝑓𝑠 − 𝑓𝑅))𝑡′ cos(2𝜋 𝑓𝑠𝑇𝑛 + 𝜋( 𝑓𝑠 − 𝑓𝑅)𝜏𝑖𝑛𝑡

+ 𝜋𝜅𝜏2
𝑅 − 2𝜋( 𝑓𝐿 + 𝑓0 + 𝑓𝑐)𝜏𝑅 + 𝜙RX (𝑥, 𝑦) − 𝜙LO (𝑥, 𝑦) −Φ𝑛)𝑑𝑡′ (21)

The signal strength for the 𝑛𝑡ℎ recordings can be calculated as,399

𝑆𝑛 (𝑥, 𝑦) = 𝐴LO𝐴RX (𝑥, 𝑦)
2

[
sinc (( 𝑓𝑠 − 𝑓𝑅)𝜏𝑖𝑛𝑡 ) cos(2𝜋 𝑓𝑠𝑇𝑛 + 2𝜋( 𝑓𝑠 − 𝑓𝑅)𝜏𝑖𝑛𝑡

2

+ 𝜋𝜅𝜏2
𝑅 − 2𝜋( 𝑓𝐿 + 𝑓0 + 𝑓𝑐)𝜏𝑅 + 𝜙RX (𝑥, 𝑦) − 𝜙LO (𝑥, 𝑦) −Φ𝑛)

]
(22)

Next, letting 𝜙𝑥𝑦 = 𝜋𝜅𝜏2
𝑅 − 2𝜋( 𝑓𝐿 + 𝑓0 + 𝑓𝑐)𝜏𝑅 + 𝜙RX (𝑥, 𝑦) − 𝜙LO (𝑥, 𝑦), and evaluating Eq. (22)400

for n = 0, 1, 2, 3 results in the following four recorded signals.401



𝑆0 (𝑥, 𝑦) = 𝐴LO𝐴RX (𝑥, 𝑦)
2

[
sinc(( 𝑓𝑠 − 𝑓𝑅)𝜏int) cos

(
2𝜋( 𝑓𝑠 − 𝑓𝑅)𝜏int

2
+ 𝜙𝑥𝑦

)]
(23)

𝑆1 (𝑥, 𝑦) = 𝐴LO𝐴RX (𝑥, 𝑦)
2

[
sinc(( 𝑓𝑠 − 𝑓𝑅)𝜏int) sin

(
2𝜋( 𝑓𝑠 − 𝑓𝑅)𝜏int

2
+ 2𝜋 𝑓𝑠𝑇1 + 𝜙𝑥𝑦

)]
(24)

𝑆2 (𝑥, 𝑦) = −𝐴LO𝐴RX (𝑥, 𝑦)
2

[
sinc(( 𝑓𝑠 − 𝑓𝑅)𝜏int) cos

(
2𝜋( 𝑓𝑠 − 𝑓𝑅)𝜏int

2
+ 2𝜋 𝑓𝑠𝑇2 + 𝜙𝑥𝑦

)]
(25)

𝑆3 (𝑥, 𝑦) = −𝐴LO𝐴RX (𝑥, 𝑦)
2

[
sinc(( 𝑓𝑠 − 𝑓𝑅)𝜏int) sin

(
2𝜋( 𝑓𝑠 − 𝑓𝑅)𝜏int

2
+ 2𝜋 𝑓𝑠𝑇3 + 𝜙𝑥𝑦

)]
(26)

𝑆0 (𝑥, 𝑦) and 𝑆2 (𝑥, 𝑦) are combined using the identity402

cos(𝐴) + cos(𝐵) = 2 cos
(
𝐴 − 𝐵

2

)
cos

(
𝐴 + 𝐵

2

)
(27)

resulting in403

𝑆0 (𝑥, 𝑦) − 𝑆2 (𝑥, 𝑦) = 𝐴LO𝐴RX (𝑥, 𝑦)
[
sinc (( 𝑓𝑠 − 𝑓𝑅)𝜏𝑖𝑛𝑡 )

]
∗ [

cos(2𝜋 𝑓𝑠𝑇)
]

cos(2𝜋 𝑓𝑠𝑇 + 2𝜋( 𝑓𝑠 − 𝑓𝑅)𝜏𝑖𝑛𝑡
2

+ 𝜙𝑥𝑦) (28)

The difference between 𝑆1 (𝑥, 𝑦) and 𝑆3 (𝑥, 𝑦) can be calculated similarly from the identity,404

sin(𝐴) + sin(𝐵) = 2 cos
(
𝐴 − 𝐵

2

)
sin

(
𝐴 + 𝐵

2

)
(29)

resulting in,405

𝑆1 (𝑥, 𝑦) − 𝑆3 (𝑥, 𝑦) = 𝐴LO𝐴RX (𝑥, 𝑦)
[
sinc (( 𝑓𝑠 − 𝑓𝑅)𝜏𝑖𝑛𝑡 )

]
∗ [

cos(2𝜋 𝑓𝑠𝑇)
]

sin
(
4𝜋 𝑓𝑠𝑇 + 2𝜋( 𝑓𝑠 − 𝑓𝑅)𝜏𝑖𝑛𝑡

2
+ 𝜙𝑥𝑦

)
(30)

Finally, an expression for 𝐸𝑟𝑒𝑐𝑜𝑛 (𝑥, 𝑦) can be computed by combining both of these equations406

and multiplying 𝑆1 (𝑥, 𝑦) − 𝑆3 (𝑥, 𝑦) by 𝑖 as shown in equation 7.407

𝐸recon (𝑥, 𝑦) = 𝐴LO𝐴RX (𝑥, 𝑦)
[
sinc (( 𝑓𝑠 − 𝑓𝑅)𝜏𝑖𝑛𝑡 )

] [
cos(2𝜋 𝑓𝑠𝑇)

]
∗ [

cos(2𝜋 𝑓𝑠𝑇 + 2𝜋( 𝑓𝑠 − 𝑓𝑅)𝜏𝑖𝑛𝑡
2

+ 𝜙𝑥𝑦) + 𝑖 sin(4𝜋 𝑓𝑠𝑇 + 2𝜋( 𝑓𝑠 − 𝑓𝑅)𝜏𝑖𝑛𝑡
2

+ 𝜙𝑥𝑦)
]

(31)

Since the predominant factor of 𝜙𝑥𝑦 will be the spatial phase variations of the speckled object,408

an expression for the hologram strength as a function of only 𝑓𝑠 and 𝑓𝑅 can be calculated by409

averaging over 𝜙𝑥𝑦 which represents an average hologram strength over many pixels which410

have uniform amplitude for both 𝐴LO and 𝐴RX (𝑥, 𝑦). The magnitude squared of Eq. (31) when411

averaged over 𝜙𝑥𝑦 , ignoring the amplitude conversion factors, is given as412

𝐼recon ( 𝑓𝑠 , 𝑓𝑅)IP =
〈|𝐸𝑟𝑒𝑐𝑜𝑛 (𝑥, 𝑦) |2

〉
𝜙𝑥𝑦

∝ sinc2 (( 𝑓𝑠 − 𝑓𝑅)𝜏𝑖𝑛𝑡 ) cos2 (2𝜋 𝑓𝑠𝑇) (32)



B. Fresnel-plane Detuning Formulation413

When recording Fresnel holograms, the reconstructed field at the detector is approximated by414

Fresnel propagation of the original field at the object to the detector plane [2]. To get back to an415

approximation of the reconstructed field at the object, ignoring the amplitude scaling factors, a416

phase correction is applied, and a 2D IFFT is performed digitally. The phase correction applied417

is given by Eq. (9) and is selected to correct for propagation, as well as curvature differences418

between the LO field and propagated field wave fronts. The sign of the phase correction will419

cause either the image or the conjugate image to become prominent, while blurring the other.420

Consider a modified version of Eq. (31) recorded in a Fresnel-plane geometry such that421

𝐸̃recon (𝑥, 𝑦) is reconstructed.422

𝐸̃recon (𝑥, 𝑦) = 𝐴LO𝐴RX (𝑥, 𝑦)
[
sinc (( 𝑓𝑠 − 𝑓𝑅)𝜏𝑖𝑛𝑡 )

] [
cos(2𝜋 𝑓𝑠𝑇)

]
∗ [

cos(2𝜋 𝑓𝑠𝑇 + 2𝜋( 𝑓𝑠 − 𝑓𝑅)𝜏𝑖𝑛𝑡
2

+ 𝜙𝑥𝑦) + 𝑖 sin(4𝜋 𝑓𝑠𝑇 + 2𝜋( 𝑓𝑠 − 𝑓𝑅)𝜏𝑖𝑛𝑡
2

+ 𝜙𝑥𝑦)
]

(33)

Starting with Eq. (33), and letting 𝐶 = 𝐴LO𝐴RX (𝑥, 𝑦)
[
sinc (( 𝑓𝑠 − 𝑓𝑅)𝜏𝑖𝑛𝑡 )

] [
cos(2𝜋 𝑓𝑠𝑇)

]
and423

defining the new variables, 𝜉 = 2𝜋 𝑓𝑠𝑇 + 2𝜋 ( 𝑓𝑠− 𝑓𝑅 )𝜏𝑖𝑛𝑡
2 +𝜙𝑥𝑦 and 𝛾 = 4𝜋 𝑓𝑠𝑇 + 2𝜋 ( 𝑓𝑠− 𝑓𝑅 )𝜏𝑖𝑛𝑡

2 +𝜙𝑥𝑦 ,424

allows for the following simplification since 𝜉 = 𝛾 + 2𝜋 𝑓𝑠𝑇 .425

𝐸̃recon (𝑥, 𝑦) = 𝐶 (cos(𝜉) + 𝑖 sin(𝛾)) = 𝐶

2

(
𝑒−𝑖 𝜉 + 𝑒𝑖 𝜉 + 𝑒𝑖 ( 𝜉+2𝜋 𝑓𝑠𝑇 ) − 𝑒−𝑖 ( 𝜉+2𝜋 𝑓𝑠𝑇 )

)
(34)

=
𝐶

2

(
𝑒−𝑖 𝜉 + 𝑒𝑖 𝜉 + 𝑒𝑖 𝜉 𝑒𝑖2𝜋 𝑓𝑠𝑇 − 𝑒−𝑖 𝜉 𝑒−𝑖2𝜋 𝑓𝑠𝑇

)
(35)

=
𝐶

2

(
𝑒𝑖 𝜉

[
1 + 𝑒𝑖2𝜋 𝑓𝑠𝑇

] + 𝑒−𝑖 𝜉
[
1 − 𝑒−𝑖2𝜋 𝑓𝑠𝑇

] )
(36)

=
𝐶

2

(
𝑒𝑖 𝜉 𝑒

𝑖2𝜋 𝑓𝑠𝑇
2

(
𝑒

−𝑖2𝜋 𝑓𝑠𝑇
2 + 𝑒

𝑖2𝜋 𝑓𝑠𝑇
2

)
+ 𝑒−𝑖 𝜉 𝑒

−𝑖2𝜋 𝑓𝑠𝑇
2

(
𝑒

𝑖2𝜋 𝑓𝑠𝑇
2 − 𝑒

−𝑖2𝜋 𝑓𝑠𝑇
2

))
(37)

= 𝐶

(
cos

(
2𝜋 𝑓𝑠𝑇

2

)
𝑒𝑖𝜙𝑥𝑦 𝑒𝑖𝜙 𝑓𝑠 + 𝑖 sin

(
2𝜋 𝑓𝑠𝑇

2

)
𝑒−𝑖𝜙𝑥𝑦 𝑒−𝑖𝜙 𝑓𝑠

)
(38)

where 𝑒𝑖𝜙 𝑓𝑠 = 𝑒
𝑖
(

2𝜋 𝑓𝑠𝑇
2 + 2𝜋 ( 𝑓𝑠− 𝑓𝑅 )

2 +2𝜋 𝑓𝑠𝑇
)

is a temporal phase with no x-y dependency. Referencing426

Eq. (10), an expression for the intensity can be be computed by applying the quadratic phase427

correction and applying a spatial inverse 2D Fourier transform. Once again, assuming uniform428

amplitude for both 𝐴LO and 𝐴RX (𝑥, 𝑦), the Fourier transform will only act upon the spatial429

phase terms (in both the quadratic phase correction as well as the phase curvature term from430

propagation). The following expression can then be obtained for the intensity,431

𝐼recon ( 𝑓𝑠 , 𝑓𝑅)FP =

〈���F −1 {𝑒−𝑖𝜙𝑐 (𝑥,𝑦) 𝐸̃recon (𝑥, 𝑦)
}���2

〉
𝜙𝑥𝑦

∝
〈����𝐶

(
cos

(
2𝜋 𝑓𝑠𝑇

2

)
𝑒𝑖 (𝜙𝑥𝑦−𝜙𝑐 (𝑥,𝑦)+𝜙 𝑓𝑠 ) + 𝑖 sin

(
2𝜋 𝑓𝑠𝑇

2

)
𝑒−𝑖 (𝜙𝑥𝑦+𝜙𝑐 (𝑥,𝑦)−𝜙 𝑓𝑠 )

)����
2
〉
𝜙𝑥𝑦

(39)

When the phase correction, 𝑒−𝑖𝜙𝑐 (𝑥,𝑦) , is correctly adjusted to be opposite to the curvature of432

𝑒𝑖𝜙𝑥𝑦 , the phase factor in the cosine term simplifies to a constant (i.e., becomes independent of433



𝜙𝑥𝑦), so it remains after averaging the random spatial phase variations. In contrast, the sine term434

retains an (x,y) dependent phase term, which fluctuates randomly and averages out. As a result,435

the cosine term dominates, while the sine term is suppressed.436

If instead the phase correction is applied with the opposite sign, i.e. 𝑒𝑖𝜙𝑐 (𝑥,𝑦) , then the sine437

term becomes independent of 𝜙𝑥𝑦 and survives the averaging, while the cosine term is averaged438

out, which results in the sine term dominating the reconstruction. Therefore, the sign of the phase439

correction determines whether the image or the conjugate image term survives after averaging.440

The resulting detuning behavior corresponds to Eq. (40) (image reconstruction in which the441

cosine survives) or Eq. (41) (conjugate image where the sine survives), depending on the phase442

correction used.443

𝐼recon ( 𝑓𝑠 , 𝑓𝑅)FP(Image) ∝ sinc2 (( 𝑓𝑠 − 𝑓𝑅)𝜏𝑖𝑛𝑡 ) cos2 (2𝜋 𝑓𝑠𝑇) cos2 (𝜋 𝑓𝑠𝑇) (40)

𝐼recon ( 𝑓𝑠 , 𝑓𝑅)FP(Conjugate) ∝ sinc2 (( 𝑓𝑠 − 𝑓𝑅)𝜏𝑖𝑛𝑡 ) cos2 (2𝜋 𝑓𝑠𝑇) sin2 (𝜋 𝑓𝑠𝑇) (41)
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Additional Material

Additional material relating to the detuning analysis of multi-chirp integration which

was not included in the publications is discussed in the following section. Key results from the

publication are summarized to emphasize the contributions to the field. Figure 30 illustrates

the timing of the four quadrature recordings used in temporal-heterodyne digital holography

with a ToF detector.
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Figure 30: Timing diagram of the four recordings required for temporal-heterodyne RSDH.

It was found that the maximum hologram strength in image-plane recording geometries

occurs at discrete frequency shifts given by

fs =
m

2T
, (74)

while in pupil-plane geometries the maxima appear at

fs =
m

T
(image), fs =

2m + 1
2T

(conjugate image), (75)
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with m ∈ Z. An additional constraint is that the detuning |fs − fR| must remain within the

detector bandwidth. Figure 31 illustrates these results, showing the peak frequencies as red

dots, the high-frequency terms in blue, and the sinc2 envelope in orange for both image-plane

and pupil-plane temporal heterodyne digital holographic recording for a hypothetical target

with range-dependent beat of fR = 3900 Hz. The final detuning profile is the product of the

high-frequency grating with the sinc2 envelope.

Simulation Results

While the detuning profiles in the publication were derived analytically, the same

results can be reproduced by numerically simulating the integrated signal and averaging

over multiple pixels:

Sn(fs) =
1

Npix

∑
pixels

∫ Tn+τint

Tn

In(t, τR, Tn) cos(2πfct + Φn) dt (76)

Here,

In(t, τR, Tn) = cos
(
2π(fc + fs − fR)t + ϕn(τR, Tn)

)
(77)

represents the local intensity at a single pixel, with a random phase ϕn(τR, Tn). The

modulation phase is Φn = nπ
2

for n = 0, 1, 2, 3. Averaging over pixels recovers the expected

analytical detuning profile.

Image-Plane Simulation Results The integrated signal in Eq. 76 can be computed for

multiple pixels, each with a random phase ϕn(τR, Tn). While the single-pixel signal fluctuates

due to the random phase, averaging over multiple pixels reproduces the smooth detuning

profile predicted analytically. Figure 32 shows the evolution of the simulated spectrum as

the number of pixels included in the average is increased, illustrating convergence to the

expected analytical envelope.
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Figure 31: Individual components that make up the detuning profiles for image-plane,
pupil-plane image, and pupil-plane conjugate image temporal-heterodyne RSDH (top left,
middle left, and bottom left). The observed detuning profiles for the subsequent geometries
which are the product of all components (top right, middle right, and bottom right).
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Figure 32 shows the evolution of the simulated spectrum as the number of averaged

pixels is increased. Each subplot corresponds to a different number of pixels, illustrating how

the random phase contributions are progressively averaged out. This demonstrates that the

image-plane simulation reproduces the analytical detuning profiles once sufficient averaging

over independent pixel phases is performed.
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Figure 32: Image-plane simulation results showing the effect of averaging over increasing
numbers of pixels. The top subplot corresponds to a single pixel (highly fluctuating), and
subsequent subplots show averages over more pixels, with the bottom subplot
demonstrating convergence to the analytical detuning profile.

Pupil-Plane Simulation Results In pupil-plane reconstruction, either the image or the

conjugate image is brought into focus while the other remains blurred. If we are only
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interested in the detuning pattern for the image that is brought into focus via the quadratic

phase correction and inverse Fourier transform (which undoes the effects of propagation),

the blurred conjugate can be ignored. Because only one of the two images is reconstructed

at a time, the negative-frequency component of a real cosine is physically irrelevant in

this geometry. Conversely, if the conjugate image were reconstructed instead, the positive-

frequency component would be irrelevant. This justifies modeling the pupil-plane integrand

using only the positive-frequency analytic signal, as shown in Eq. 76.

The pupil-plane integral can therefore be expressed as

Sn(fs) =
1

Npix

∑
pixels

∫ Tn+τint

Tn

ei
(
2π(fc+fs−fR)t+ϕn(τR,Tn)

)
dt, (78)

where ϕn(τR, Tn) represents the random phase at a single pixel. Since the negative-

frequency component of a real cosine corresponds to the conjugate image, which is not

reconstructed, integrating the positive-frequency analytic signal is sufficient to reproduce

the expected detuning profile. Consequently, averaging over multiple pixels is actually

unnecessary in this geometry.

Figure 33 illustrates this point by showing that the detuning pattern computed from

a single pupil-plane pixel already matches the analytical detuning envelope, demonstrating

that the pupil-plane measurement directly captures the coherent field response.

If, instead, the detuning pattern for the conjugate image were to be simulated, this

could be achieved by changing the sign of the integrand to select the negative-frequency

components corresponding to the conjugate image.
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Figure 33: Pupil-plane image simulation result showing the simulation results for a single
pixel. The complex exponential representation produces the expected detuning profile
without averaging, in contrast to the image-plane simulation.
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CONSTRUCTION OF DUAL FMCW LIDAR AND RANGE SELECTIVE DIGITAL

HOLOGRAPHIC SYSTEM

A second project was undertaken to develop a combined scanning FMCW lidar and

RSDH system. The primary objective was to generate lidar point cloud images and RSDH

recordings at distances of up to several hundred meters. The lidar and RSDH subsystems

were designed to function either independently, or in an integrated configuration, in which the

lidar system detected vibrations of the object and modulated the DH LO with a proportional

signal, thereby stabilizing the holograms for long-range measurements.

The following chapter introduces the key components of the system including the

chirp generation module, the scanning lidar subassembly, the range-selective holography

subassembly, and the stabilization module. Finally, the overall operation of the integrated

system is discussed.

Chirp Generation

Chirp generation for FMCW lidar and RSDH is a nontrivial task that requires balancing

several key design parameters. Three of the most critical parameters are the chirp duration

(including its ability to be externally triggered), the chirp bandwidth, and, for RSDH, its

tunability.

For scanning FMCW lidar systems, short chirp durations on the order of tens of

microseconds are advantageous because they enable rapid data acquisition across many

scan points. However, shorter chirps reduce the amount of return signal reaching the

detector, creating an inherent trade-off between fast scanning and sufficient signal strength.

For RSDH, longer chirps enable longer integration times, thereby improving the SNR in

holographic reconstructions.

The second major factor is chirp bandwidth. As discussed in the background section,
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the range resolution of an FMCW lidar and RSDH system is inversely proportional to the

chirp bandwidth. While larger bandwidths improve range resolution, they are also more

difficult and costly to implement. The third factor is tunability, which enables RSDH to

image objects at variable distances.

The design goal of this work was to construct a tunable chirp generation system in which

both chirp duration and bandwidth could be adjusted while maintaining external triggering

capability. To achieve this, a Euvis DSM-309 chirping module was employed [80]. While

this module is easily triggered and allows adjustable chirp durations and bandwidths, its

native bandwidth is limited. To overcome this constraint, a custom frequency multiplication

and amplification chain was developed, extending the effective bandwidth to approximately

1.8 GHz. This corresponds to a range resolution of around 8.3 cm, which is sufficient for a

scanning FMCW lidar system. The Euvis module also supports chirp durations from tens

of microseconds to several milliseconds, making it well-suited for flexible operation. The

output of the Euvis signal is shown in Figure 34 when outputting a 40 microseconds chirp

that spans from 450 MHz to 900 MHz.
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Figure 34: Time-domain trigger signal and output chirp from the Euvis (left). Spectrogram
of the Euvis chirp in a dB scale (right).
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To enable RSDH, frequency shifts must be applied to the DH LO to cancel the range

dependent beat for some object distance. Traditionally, this has been achieved by modulating

the laser source and splitting it into the TX and LO fields, which are frequency shifted relative

to each other using two separate AOFS. The LO tuning frequency is implemented by shifting

one of the AOFS relative to the other.

While effective for short to medium range operations, AOFS have limited bandwidth,

which imposes a maximum range-window restriction on the RSDH systems. To overcome

this limitation and achieve long-range imaging capabilities at distances up to a kilometer,

a novel chirp generation and shifting technique was developed to produce two RF outputs

with a controllable frequency offset between channels. In our implementation, one arm of

the chirp generator modulates the laser beam used for both the lidar and the RSDH transmit

path, while the second arm modulates the digital holography LO path. Tunability of the

DH LO chirp is essential, as it enables cancellation of the range-dependent beat frequency

and thus allows RSDH operation, as described in the background section. This functionality

was realized through a custom frequency multiplication and amplification chain.

A schematic of the system is presented in Figure 35 showing the Euvis chirp generator,

the two TPI signal generators that are used to implement frequency shifts between the output

chirps, and the various RF components (amplifiers and filters).

The resulting system is a dual-output RF chirp generator that can be externally

triggered, configured with adjustable chirp durations, and tuned to provide an adjustable

frequency offset between its two arms. The output of a single arm as a function of the TPI

signal generator frequency is shown in Figure 36. Here, the chirp is shifted by 4-times the

TPI shift (because of the frequency multipliers) allowing for shifts between the two arms of

over 500 MHz, far exceeding the capabilities of AOFS based systems.

The two output RF chirps from the chirp generator are shown in Figure 37 illustrating

how they can be shifted relative to one another by changing the relative frequency between
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Figure 35: Schematic of the chirp multiplication and amplification chain. Output A is used
to modulate the lidar TX/LO and DH TX arm while output B is used to modulate the DH
LO optical signal.
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the two input signal generators. Unlike other techniques of RSDH which use AOFS, the

chirps are frequency shifted from one another in RF before optical modulation.
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Figure 37: The two output channels of the chirp generator are shifted from one another by
changing the relative input frquencies between fA and fB.

Scanning Lidar System

A scanning lidar system was constructed by using one of the RF outputs from the

chirp generator to modulate a 1550 nm RIO laser with a push-pull electro optical intensity

modulator. The laser was split into TX and LO paths using an optical splitter, and the TX

path was subsequently amplified with an erbium-doped fiber amplifier (EDFA) to increase

the optical power to 100 mW. It was then launched into free space using a custom beam

expander [81] and a fast-scanning mirror (FSM) which could be controlled by a computer.

The FSM allowed for fine tune beam steering with angular resolution of < 2µrad [82].

The RX signal reflected from the object couples back into the transmit optics and

travels in the opposite direction through an optical circulator, where it combines with the
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LO at a Kylia 90-degree optical hybrid.The hybrid splits the optical signal into differential

I and differential Q optical signals that are detected on two differential photodetectors. The

output of the photodetectors was then recorded on two channels of an analogue to digital

converter (ADC) resulting in a signal that could be stored for post processing on a computer.

Figure 38
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Figure 38: Schematic of the constructed FMCW lidar system (top). Lidar free space optics
and fast scanning mirror (bottom).

To create 3D point cloud images of a object scene, a scan pattern is first sent to the FSM,

specifying the desired number of scan locations, their x and y coordinates, and the dwell

time at each location. At each mirror position, the FSM pauses and simultaneously trigger

the Euvis chirp generator to produce a chirp and the analog-to-digital converter to record

the output of the balanced photodetectors. This process is repeated for a programmable

number of mirror positions (up to 180,000), with a single chirp generated at each step and

both I and Q data saved for each position.
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The measurement data is collected into the complex-valued matrix

X =



x1,1 x1,2 · · · x1,M

x2,1 x2,2 · · · x2,M

...
... . . . ...

xN,1 xN,2 · · · xN,M


∈ CN×M

Here, N is the number of mirror positions (equal to the number of chirps) and M is the

number of samples recorded at each position, determined by the ADC sampling rate and

the integration time. Each row of X corresponds to a single mirror position and contains

complex entires, represented as xn,m = In,m + iQn,m, where In,m and Qn,m are the in-phase

and quadrature components, respectively. This N×M data set is then processed to generate

spectra for each mirror location.

To process each spectrum, each row of the measurement matrix X, denoted by

xn =

[
xn,1 xn,2 · · · xn,M

]
∈ C1×M , n = 1, . . . , N (79)

is first multiplied element-wise by a window function w ∈ R1×M (e.g., Hann). The windowed

row is then zero-padded (if L > M) and transformed by an L-point FFT:

XFFT[n, i] = FFTL

(
xn ⊙w

)
i
, n = 1, . . . , N, i = 1, . . . , L, (80)

where ⊙ denotes element-wise multiplication. The FFT can be optionally centered so that

the zero frequency appears in the middle of the spectrum. For even L, this can be written

as

Xshifted[n, i] = XFFT

[
n, (i + L/2) mod L

]
, n = 1, . . . , N, i = 1, . . . , L, (81)

which is equivalent to using fftshift in MATLAB or Python (keeping in mind that
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MATLAB and Python use different indexing conventions).

The magnitude of each FFT value is then computed to obtain the amplitude:

A[n, i] = |Xshifted[n, i]|. (82)

A background, B ∈ R1×L, can be subtracted from each row to remove fiber tip reflections

and system-inherent spectrum components. Values below a threshold τ are set to zero to

suppress small fluctuations and remove unwanted signals:

Athresh[n, i] =


A[n, i]−B[i], if A[n, i]−B[i] ≥ τ

0, otherwise
, n = 1, . . . , N, i = 1, . . . , L. (83)

Finally, the background-corrected amplitude is converted to power in dB units:

P̂dB[n, i] = 10 log10
(
Athresh[n, i]

2
)
. (84)

Each row of the matrix P̂dB[n, i] represents the two-sided frequency-domain spectrum of the

received signal for the n-th mirror position. Figure 39 plots the cropped upper sideband of

10 log10(A[n, i]2) for 10 random n values before background subtraction and thresholding,

along with a similarly cropped example background 10 log10(B[i]2).

To convert the FFT spectrum to physical range, the frequency corresponding to bin i

is

fR[i] =
(
i− L

2
− 1

)
fs
L
, i = 1, . . . , L, (85)

where fs is the ADC sampling rate and L is the FFT length. Each FFT bin corresponds to

a frequency increment of
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Figure 39: Upper sideband of the amplitude spectrum, 10 log10(A[n, i]2), for 10 randomly
selected mirror positions n before background subtraction and thresholding. The example
background spectrum, 10 log10(B[i]2), is also shown for reference.

∆f =
fs
L
. (86)

For a stationary object, this beat frequency is proportional to the round-trip time delay ∆t[i]

via the chirp rate k (Hz/s):

fR[i] = k∆t[i]. (87)

The corresponding range R[i] is then

R[i] =
c∆t[i]

2
=

c |fR[i]|
2k

, (88)

where c is the speed of light. Each FFT bin i can be mapped to a specific range R[i], allowing

the frequency spectrum for each mirror position n to be converted to a range profile. For

stationary objects, the positive and negative beats will be exactly mirrored around zero
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frequency. This simplifies the computation because only one sideband is required to map

frequencies to distance (positive sideband) if the objects are stationary.

The spectrum matrix, now expressed as a function of mirror position n and range R[n, i],

can be directly associated with the scanning pattern programmed for the FSM positions. By

combining the range information with the corresponding angular positions of the mirror,

a three-dimensional point cloud of the scene can be reconstructed. This mapping allows

each range measurement to be placed in 3D space according to its mirror angle, providing

a complete spatial representation of the object, even if multiple object ranges are above

the threshold for a single mirror position. Shifting the range so that it starts at the last

system reflection (the fiber tip) is common practice, ensuring that zero range corresponds

to the fiber tip and is not affected by path-length differences elsewhere in the system. A

reconstructed point cloud from 120,000 mirror positions using a zig-zag scanning pattern is

shown in Figure 40. The acquisition used a dwell time of 45µs, a chirp duration of 40µs, and

a chirp bandwidth of 1.8GHz. This figure illustrates the 3D nature of the data by showing

the front, top, and side profiles of a reconstructed scene.
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Figure 40: 3D lidar point cloud of the scanned object scene, shown from the front (top),
top (middle), and side (bottom) views. The units are in meters.
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Range-Selective Digital Holographic System

In order to perform digital holographic recordings at long range, a digital holographic

free-space optics (FSO) subsystem was developed with three primary goals. First, the FSO

were designed to illuminate the object of interest with a DH TX beam allowing for the beam

size to be adjusted. For long range DH operation, it is important that the DH TX beam be

aligned with the receive optical axis to avoid the need for active beam steering. Second, the

FSO system needed to capture a sufficient amount of the return DH RX signal. Third, the

system must perform digital holography by recording the interference between the DH RX

signal and the angled DH LO signal.

Digital holography at range is inherently challenging, particularly because the received

signal power decreases rapidly with distance, making detection more difficult at hundreds of

meters. To maximize collection efficiency, a 6-inch Ritchey-Chrétien telescope was used as

the imaging apparatus, imaging the object onto a detector. A schematic of the developed

free-space optics system is shown in Figure 41.

DH Transmit

DH LO

Detector

DH FSO Subsystem:

RX

TX

Figure 41: Cartoon of the Digital holography transmit system, the imaging system, and
the holographic recording geometry.
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After a lidar scan is performed and processed, the telescope, which is mounted on a

gimbal, is aimed at a subsection of the point cloud scene or specific object of interest. The

DH TX beam, generated by splitting the lidar TX beam and amplifying it with an additional

EDFA, was expanded to flood-illuminate the object, enabling holographic recording across

the entire telescope field of view. The TX signal was launched from a mirror located in the

“blind” spot created by the telescope’s secondary mirror, allowing the TX beam to remain co-

aligned with the optical axis. The corresponding DH RX signal was imaged onto a detector,

forming a scaled image of the object. The optical DH RX signal was mixed with an angled

DH LO forming an off-axis image-plane hologram at the detector plane. When the optical

signals are modulated with a linear chirp, the interference between the DH LO, which is

modulated from output B of the chirp generator, mixes with a time delayed RX signal which

is modulated from output A, forming a temporally modulated interference pattern. Shifting

the frequency of one of the output chirps relative to the other provides a means to scan

over object distances to construct range-selective digital holograms. The means in which the

output RF chirps are shifted from one another is shown in Figure 37. The range-dependent

beat frequency of the interference will be given by Equation 67, as outlined in the background

section.

Selecting the correct frequency shift can be expedited by measuring the object range

with the lidar system and appropriately shifting the DH LO by an amount set by the object

range, after accounting for path length differences between the lidar system and DH system,

the most prominent of which is the extra fiber delay in the DH TX EDFA. This allows range-

selective digital holograms to be recorded much quicker than in cases where the object range

is unknown or estimated and manually scanning through frequency shift values is required

before the the beat is within the detectors bandwidth and the object appears.

The process for recording a range-selective digital hologram is summarized here. First

an object is selected. Next, the lidar system is used to calculate the precise range to
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the object. The required frequency shift is estimated using Equation 67 remembering to

compensate for the path length difference between the lidar and DH system (which is a

calibration constant). Based on the lidar’s range-dependent beat for the object, the RF

chirp that modulates the RSDH LO is frequency-shifted relative to the chirp modulating

the DH TX beam by one-fourth of the estimated range-dependent beat, accounting for

the frequency multiplication that occurs within the chirp generation system. Finally, fine

tuning of the added frequency can help increase signal strength. It is important to note that

frequency shifts are relative and shifting the DH LO is only conventional since shifting the

transmit will also produce the necessary relative shifts between paths.

Figure 42 shows a single-shot RSDH taken from a distance of 90 meters.
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Figure 42: RSDH of a speaker with retroreflective tape taken at 90 meters. Raw intensity
captured by detector (top left). 2D FFT of the recorded intensity (top right). Masking of
the hologram (bottom left). Reconstructed hologram (bottom right).
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Holographic Stabilization System

Holographic recordings are highly susceptible to object vibration, movement, or

fluctuations in the index of refraction caused by turbulence. These effects change the phase

between the RX and LO beams, causing the interference patterns that form the hologram to

wash out during integration, leaving reconstruction severely diminished or, in severe cases,

completely impossible. To remedy this for object vibration as well as atmospheric phase

degradation an FMCW lidar-enabled stabilization module was constructed with the goal

of modulating the DH LO optical signal with an error signal that was proportional to the

instantaneous phase difference between the lidar RX and LO which would sufficiently capture

both object movement and atmospheric phase changes caused by turbulence. To accomplish

this, a novel technique was developed that relied of phase-frequency detectors.

Phase-frequency detectors (PFD) are circuits that are often used in PID controllers

and phase-locked loops to create an error signal proportional to the phase and frequency

difference between two RF input signals applied to the reference (R) and variable (V) ports

[83]. The PFD used in the constructed stabilization system is an HMC439 which is a digital

PFD. While internal designs are often proprietary, digital PFD chips generally employ flip-

flop logic to detect both the phase and frequency difference [84]. While the chip takes

two inputs, it also produces two complementary outputs, NU (up output complement) and

ND (down output complement), which are designed to feed a differential loop filter. The

loop filter integrates and smooths the pulsed input signals and outputs a continuous control

voltage, VPFD(t), which is proportional to the instantaneous phase difference between the

two input signals. Because the signal is derived from the differential of NU and ND, VPFD(t)

is positive when the reference leads the variable input and negative when the variable leads

the reference.

Figure 43 illustrates the RF output of an HMC439 digital phase-frequency detector



128

for two inputs of slightly different frequency after a differential loop filter. In this case, a

sawtooth pattern is observed since the instantaneous phase difference between the two inputs

will accumulate linearly from 0 to 2π until the signals realign, at which point the pattern

resets. The sign of the signal is dependent on the direction of phase accumulation and the

repetition rate is given by the frequency difference of the two inputs.
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PFD Output: R = 70.00 MHz: V = 70.01 MHz

1
10	𝑘𝐻𝑧

Figure 43: Phase-frequency detector output voltage when input R is less than inout V by
10 kHz (left) and when input R is greater than input V by 10 kHz (right).

If the two inputs are set equal to each other in frequency, the output is a constant

voltage where the amplitude is proportional to the initial phase difference. Applying

frequency modulation to one channel, emulating what happens to a lidar beat frequency

when recording a vibrating object, causes the output to now be sinusoidal similar to the

frequency modulation. However, the phase will reset after each 2π and the number of phase

"resets" will be given by the frequency deviation ∆f . Figure 44 illustrates the PFD output

when both inputs are the same frequency but one is frequency modulated by fmod = 1 kHz

with a frequency deviation of ∆f = 10 kHz. As shown in the figure, a wrapped output

voltage is produced for each phase difference between the two signals, ranging from 0 to 2π.

To confirm this behavior, we can estimate the maximum phase deviation directly from
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Figure 44: Phase-frequency detector output voltage when input R is equal in frequency to
V but V is frequency modulated at 1 kHz with 10 kHz deviation.

the modulation parameters. The peak phase swing is given by

∆ϕmax =
2∆f

fmod
=

2 · 10,000
1,000

= 20 rad. (89)

Expressed in cycles, this corresponds to

∆ϕmax

2π
=

20

2π
≈ 3.18 cycles. (90)

Thus, over one modulation period (1000µs), the phase difference sweeps through approxi-

mately 3.2 cycles modulo-2π, but returns to zero at the end of the interval which is consistent

with the behavior shown in Figure 44.

One challenge with using a lidar beat signals as one input into the stabilization system

is their strong susceptibility to speckle effects, where small variations in the beam position

or surface roughness can cause large fluctuations in the return signal amplitude. To mitigate

this, an automatic gain control (AGC) amplifier is employed to stabilize the signal level

prior to processing. The AGC minimizes the impact of return-signal amplitude variations

by dynamically adjusting the gain, ensuring that a consistent signal amplitude is presented
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to the PFD input.

Next, let us consider this process by analyzing both the lidar and RSDH signals for

vibrating objects. To achieve stabilization, it must be shown that the output of the PFD

can be used to modulate the RSDH LO to compensate for object movement or vibration.

First the lidar signal and PFD will be analyzed, followed by the RSDH fields for vibrating

objects.

Lidar Beat for Vibrating Object

The lidar beat signal (as the output voltage of a photodetector) for a stationary object

is given as

Vb(t) ∝ cos
(
φb(t)

)
, φb(t) = 2πκτRt + 2πfLτR − πκτ 2R, (91)

with round-trip delay

τR =
2R0

c
. (92)

If the object is moving, the round-trip delay is now a function of time given as

τR(t) =
2
(
R0 + ∆R(t)

)
c

, (93)

where ∆R(t) is the time-dependent displacement. Here we consider ∆R(t) with magnitudes

up to one half the range resolution so that the deviation from R0 does not put the object of

interest into a new range bin. This is then substituted into the phase φb(t):

φb(t) = 2πκt
2
(
R0 + ∆R(t)

)
c

+ 2πfL
2
(
R0 + ∆R(t)

)
c

− πκ
4

c2

(
R2

0 + 2R0∆R(t) + ∆R(t)2
)

=
4π

c

(
κtR0 + fLR0

)
− 4πκR2

0

c2
+

4π

c

(
κt + fL

)
∆R(t)− 8πκR0

c2
∆R(t)− 4πκ

c2
∆R(t)2.

(94)
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Output of the Phase - Frequency Detector

The lidar beat signal Vb(t) forms the variable (V) input into the PFD. The other input

is a reference cosine from a signal generator at frequency fLO, and phase ϕLO:

VLO(t) ∝ cos
(
φLO(t)

)
, φLO(t) = 2πfLOt + ϕLO. (95)

The PFD output is proportional (up to a constant scaling factor) to the instantaneous phase

difference between its two inputs,

ϕPFD(t) = φb(t)− φLO(t). (96)

Substituting the expression for φb(t) gives

ϕPFD(t) = −2πfLO t + φb(t)− ϕLO (97)

Phase of RSDH

Next, we consider the RX and LO fields in range-selective digital holography when the

object is undergoing vibration. The corresponding optical fields can be expressed as:

ELO(x, y, t) = ALO(x, y) cos
(
2π(fL − fs)t + πκt2 + ϕLO(x, y)

)
, (98)

and

ERX(x, y, t) = ARX(x, y) cos
(
2πfL (t− τ̃R(t)) + πκ (t− τ̃R(t))

2 + ϕRX(x, y)
)
. (99)
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The amplitudes are given as ALO(x, y) and ARX(x, y) while the phases are ϕLO(x, y) and

ϕRX(x, y) for the LO and RX signals. The phase of the difference term retained by the

detector is given as

ϕRSDH(x, y, t) = 2πfst−2πfLτ̃R(t)−2πκt ̃τR(t)+πκ ̃τR(t)2+(ϕRX(x, y)− ϕLO(x, y)) . (100)

Next, τ̃R(t) =
2R0

c
+
2∆R0

c
+
2∆R(t)

c
is substituted in. Here, ∆R0 is the change in path

length between the lidar system (with delay τR(t)) and RSDH system caused by additional

fiber delay etc. The phase is then given as

ϕRSDH(x, y, t) = 2π(fs − f∆R0)t− φb(t) + φ∆R0(t) + (ϕRX(x, y)− ϕLO(x, y)) , (101)

where f∆R0 =
2κ∆R0

c
. The term dependent on the path length differences between the systems

is φ∆R0(t) = −4πfL∆R0

c
+ 4πκ(∆R0)2

c2
+ 8πκR0∆R0

c2
+ 8πκ∆R0∆R(t)

c2
.

Phase of Stabilized RSDH

If the RSDH LO field is modulated by subtracting ϕPFD(t), the phase of the

corresponding stabilized RSDH is given as,

ϕStabilized RSDH(x, y, t) = 2π((fs−f∆R0−fLO)t+ϕc+
8πκ∆R0

c2
∆R(t)+(ϕRX(x, y)− ϕLO(x, y)) ,

(102)

where ϕc is a constant phase defined as ϕc = −ϕLO − 4πfL∆R0

c
+ 4πκ(∆R0)2

c2
+ 8πκR0∆R0

c2
. This

results in a temporally stable hologram of a vibrating object as long as (fs−f∆R0−fLO) = 0,

and the term 8πκR0∆R0

c2
is negligible. To determine the limits on object velocity for which
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this additional term can be neglected, we take the time derivative to compute the velocity.

Adopting the washout criterion |ϕStabilized RSDH(t)| = 1 radian and solving for the critical

velocity gives

|v|crit =
c2

8πκ∆R0τint
, (103)

which can be neglected, as it does not produce significant errors until velocities reach

approximately 100 km s−1 for ∆R0 = 20m, and τint = 200 µs.

Ultimately, the maximum object velocity that can be stabilized will depend upon the

bandwidth of the PFD and the system filters. For a system bandwidth of BWPFD = 10 MHz

and a wavelength of λ = 1550 nm, the maximum measurable target velocity is given by the

Doppler relation:

|v|max =
BWPFD λ

2
≈ 7.75 m/s. (104)

Integration of Lidar and stabilized Holographic Systems

In practice, to form an FMCW-lidar stabilized digital hologram, an object of interest is

first chosen, and the gimbal is used to align the telescopic imaging system. The lidar system

is then aimed at the oscillating object with the FSMs, where data is processed, providing an

object range estimate fR0 . The DH LO is then shifted my an amount fs which will form a

range-selective hologram at the computed object distance, after accounting for path length

differences between the lidar the DH system. The lidar beat signal is also sent into the

stabilization module where it is amplified with an automatic gain control to remove power

oscillation before forming one input into the PFD. The second input is a tone from a signal

generator at frequency fLO chosen such that (fs − f∆R0 − fLO) = 0.

Combining the FMCW lidar system with the RSDH system and the stabilization module

enables the recording of digital holograms of vibrating objects. A schematic of the integrated
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system is shown in Figure 45. In this configuration, the lidar system measures object

vibrations as range-dependent beat frequency shifts. This information is then fed to the

phase-frequency detector which creates an output voltage signal that is proportional to the

instantaneous phase error and is used to modulate the DH LO beam, thereby compensating

for phase shifts caused by motion.

Vibrating Object
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DH TX

Lidar TX/RX
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Figure 45: Schematic of the combined FMCW lidar and RSDH system when performing
stabilized RSDH of a vibrating speaker.

A close up of the free-space optics for both the lidar and RSDH system is shown in

Figure 46.
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Figure 46: Illustration of the combined FMCW lidar and RSDH system.
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FMCW LIDAR STABILIZED RANGE SELECTIVE DIGITAL HOLOGRAPHY FOR

IMAGING VIBRATING OBJECTS

Manuscript Introduction

The primary objective of the dual FMCW lidar and range-selective imaging system is to

provide wide field-of-view lidar scans of an object scene, enabling the identification of objects

of interest and subsequent holographic recording using a gimbal-mounted digital holographic

imaging system. Once the gimbal is correctly positioned, range-selective holograms of the

chosen object can be recorded by shifting the DH LO frequency by an amount set by the

object range. When the object is moving or vibrating, axial displacements approaching λ/2

during the integration time causes the hologram to wash out. To address this limitation, the

stabilization subassembly is introduced.

In this approach, the lidar beam is directed at the object of interest by steering the

fast-scanning mirrors. The lidar system detects object vibrations as changes in the range-

dependent beat frequency and the stabilization system uses this information to modulate

the digital holographic LO by an amount proportional to the phase differences induced by

the motion.

The result is an FMCW lidar-enabled stabilization system capable of preserving range-

selective holographic images of vibrating objects. We demonstrate this capability by

presenting stabilization results for objects mounted on a subwoofer speaker at distances

of 95 meters where axial displacements exceeded 18 wavelengths during integration. The

results are presented in the following manuscript which is being prepared for publication.

Contribution of Authors and Co-Authors

Manuscript in following chapter
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FMCW Lidar-Enabled Stabilization for1

Range-Selective Digital Holographic Imaging of2

Vibrating Objects3
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Abstract: Range-Selective Digital Holography (RSDH) is a coherent imaging technique8

that enables the reconstruction of digital holograms at tunable distances while suppressing the9

contributions from objects at other ranges. This selectivity is achieved by combining digital10

holography with Frequency-Modulated Continuous-Wave (FMCW) signals commonly found11

in lidar to produce a temporally modulated interference pattern. By tuning the local-oscillator12

(LO) frequency according to the object distance, a temporally stable hologram is formed at the13

desired range, which can then be recorded on a sensor array. The resulting range resolution14

can be substantially finer than the non–di!raction-limited depth of field. However, holographic15

systems are inherently sensitive to object motion and vibration, which introduce phase variations16

that can degrade the quality of the hologram. In particular, radial motion exceeding half the17

optical wavelength during the sensor integration time can induce phase shifts that lead to signal18

washout, requiring the use of short integration times that degrade the image signal-to-noise ratio19

(SNR). We demonstrate an FMCW-lidar-enabled stabilization system that preserves high-fidelity20

holographic reconstructions outdoors at distances up to 90 meters, with long integration times21

and significantly higher SNR, even when the object displacement exceeds 18 optical wavelengths22

during integration. The developed RSDH architecture enables a theoretical holographic imaging23

range window of multiple kilometers while providing stabilization over a similarly broad range24

of object distances.25

1. Introduction26

1.1. Digital Holography27

Digital holography is a coherent imaging technique that reconstructs the complex optical field of28

an object through digital post-processing. In a typical holographic setup, the optical source is29

divided into two paths: one forms the transmit field (TX) that illuminates the object, while the30

other serves as a local oscillator (LO) reference for coherent detection. The reflected return field31

(RX) from the object interferes with the LO field at the sensor, producing an intensity pattern32

recorded on a sensor array. Digital post-processing of the recorded intensity enables retrieval of33

both the amplitude and phase of the target field.34

Digital holograms can be recorded in an o!-axis geometry, where a small angle between35

the LO and RX fields shifts the interference terms in the spatial frequency domain for easier36

separation, or in an on-axis configuration, where multiple recordings with known phase shifts of37

the LO are used to isolate the desired signal components [1, 2].38

1.2. FMCW Lidar39

Frequency Modulated Continuous-Wave (FMCW) lidar is a coherent lidar technique where a40

laser source is modulated with a linear frequency sweep in time (an optical chirp) and is divided41

into a LO and TX beam. The transmitted light reflects from the target and returns as the RX field,42

which interferes with the LO to produce a beat frequency recorded by a photodetector.43



Motion of the object along the lidar line of sight produces a time-varying range, expressed44

as 𝐿(𝑀) = 𝐿0 + ω𝐿(𝑀), where 𝐿0 denotes the nominal line-of-sight distance to the object, and45

ω𝐿(𝑀) represents its time-dependent displacement. This motion introduces a corresponding46

time-dependent round-trip propagation delay between the LO and RX optical fields, given by47

𝑁𝐿 (𝑀) = 2(𝐿0 + ω𝐿(𝑀))
𝑂

, (1)

with 𝑂 being the speed of light. Eq. 1 assumes that changes in object range during the round-trip48

can be ignored. The conditions on ω𝐿(𝑀) will be discussed below.49

The photodetector output voltage for a moving or vibrating target can be written as50

𝑃𝑀 (𝑀) → cos (𝑄𝑀 (𝑀)) , (2)

where51

𝑄𝑀 (𝑀) = 2𝑅

( [
2𝑆𝐿0𝑀

𝑂

]
+

[
2𝐿0
𝑇

↑ 2𝑆𝐿2
0

𝑂2

]

+
[
2𝑆ω𝐿(𝑀)𝑀

𝑂
+ 2ω𝐿(𝑀)

𝑇
↑ 4𝑆𝐿0ω𝐿(𝑀)

𝑂2 ↑ 2𝑆ω𝐿(𝑀)2

𝑂2

] )
. (3)

The first bracketed term is the range-dependent beat frequency at range 𝐿0, the second bracketed52

term is the static phase contribution from the nominal range 𝐿0, and the third bracketed term53

represents the time-dependent motion-induced phase. Here, 𝑆 = 𝑈/𝑁𝑁 is the chirp rate (in Hz/s),54

𝑈 is the chirp bandwidth, 𝑁𝑁 is the chirp duration, 𝑇 = 𝑂/ 𝑉𝑂 is the wavelength of the optical55

carrier, and 𝑉𝑂 is the carrier frequency.56

The time derivative of the total phase in Eq. (3) defines the instantaneous beat frequency57

observed at the photodetector. This beat frequency contains contributions from both the nominal58

range 𝐿0 and the target’s motion. The instantaneous beat frequency can be approximated as59

𝑉𝑀 ↓ 𝑉𝐿0 +
2𝑆ω𝐿(𝑀)

𝑂
+ 2𝑊(𝑀)

𝑇
, (4)

where 𝑉𝐿0 = 2𝑃𝐿0
𝑁 denotes the range-dependent beat frequency corresponding to the nominal60

range 𝐿0, and 𝑊(𝑀) = 𝑄 ω𝐿 (𝑅 )
𝑄𝑅 is the radial velocity of the object. The first two terms represent the61

range-dependent beat frequency determined by the FMCW chirp, while the third term corresponds62

to the Doppler shift arising from the object motion. This simplification neglects higher-order63

chirp–motion coupling e!ects proportional to (2𝑆𝑀/𝑂)𝑊(𝑀), which are typically small for short64

chirp durations and moderate object speeds (100 m/s, for 𝑈 = 3 GHz and 𝑁𝑁 = 1 ms).65

The range resolution of an FMCW lidar system is ω𝐿𝑆𝑇𝑈 = 𝑂/2𝑈. The velocity resolution of66

an FMCW lidar system is determined by the optical wavelength and the duration over which the67

signal is coherently integrated. In most cases, this corresponds to the duration of the chirp 𝑁𝑁 and68

the velocity resolution can be expressed as69

ω𝑊 =
𝑂

2𝑁𝑉𝑊𝑅 𝑉𝑂
, (5)

where 𝑁𝑉𝑊𝑅 is the coherent integration time [3, 4].70

1.3. Range-Selective Digital Holography71

Range-selective digital holography (RSDH) integrates digital holography with the principles72

of FMCW lidar by employing chirped optical waveforms for both the TX and LO beams,73



enabling holograms to be reconstructed at user-selected distances [5–7]. Similar to FMCW lidar,74

interference between the LO and RX fields produces a beat frequency 𝑉𝐿0 for a stationary object75

at range 𝐿0. Normally, this is undesired since a temporally modulated hologram would wash out76

during integration. However, if the LO field is frequency-shifted by an amount 𝑉𝑈 to compensate77

for the range-dependent beat 𝑉𝐿0 , such that | 𝑉𝑀 | = | 𝑉𝑈 ↑ 𝑉𝐿0 | ↔ 1/𝑁𝑉𝑊𝑅 , the interference pattern78

for a stationary object at range 𝐿0 becomes su"ciently stable to allow coherent integration on79

a sensor array. In contrast, holograms from objects at other distances, outside of the system’s80

range resolution, are temporally modulated and average out during integration. Holograms of81

objects that are moving with constant velocity 𝑊0 at range 𝐿0 can also be coherently integrated if82

| 𝑉𝑈 ↑ ( 𝑉𝐿0 + 2𝑊0/𝑇) | < 1/𝑁𝑉𝑊𝑅 [8]. The range resolution for both FMCW lidar and FMCW RSDH83

systems has been shown to be equivalent [5, 7]. The procedure of shifting the LO to cancel the84

range-dependent beat for a stationary object is shown in Figure 1. Here, the LO field is shown85

to be shifted downward by 𝑉𝑈 to cancel the range-dependent beat 𝑉𝐿0 . It should be noted that86

the frequencies are relative, and shifting the LO (versus shifting the TX) is purely a matter of87

convention.88
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Fig. 1. Conceptual illustration of range-selective digital holography. Under the
assumption of a stationary object, if the applied frequency shift 𝑉𝑈 equals the range-
dependent beat frequency 𝑉𝐿0, the resulting hologram will no longer be temporally
modulated ( 𝑉𝑀 = 0).

1.4. Holography of Moving or Vibrating Objects89

Holography has been extensively employed to detect and analyze the vibrations of objects,90

including stabilizing or correcting the reconstructed image quality in the presence of motion. A91

well-studied challenge in this domain is the compensation of motion-induced phase fluctuations,92

which can significantly degrade holographic reconstructions.93

Early approaches addressed random object motion by attaching mirrors to the object and94

reflecting the reference beam o! these mirrors to appropriately phase-modulate the local oscillator95

field [9–11]. A foundational contribution came from Powell and Stetson, who introduced the96

method of time-average holography [12]. In their technique, a hologram is recorded while97

the object undergoes harmonic vibration, and upon reconstruction, fringe patterns emerge that98

correspond to the vibration amplitudes across the surface, revealing the object’s vibrational modes99

through interference e!ects. Building on this, later studies combined time-average holography100

with vibrating or modulated LO fields to extract not only amplitude but also relative phase101

information of vibrating points [13, 14].102

Heterodyne holography techniques, where each path can be frequency shifted using an acousto-103



optical frequency shifter (AOFS), have allowed object vibrations at specific tunable frequencies104

to be canceled, allowing constructive integration of vibrating objects [15]. More recently, an105

FMCW lidar-based RSDH stabilization system was demonstrated in a controlled laboratory106

setting with object distances of only a few meters and a limited field of view (FOV) of less than a107

few centimeters [8]. This technique relied on isolating and filtering the beat frequency from a108

lidar system and using it to directly modulate an AOFS in the DH LO path to compensate for109

object-induced Doppler shifts.110

We have developed an alternative approach to a combined FMCW lidar and RSDH system111

that can stabilize digital holograms for coherent integration at demonstrated distances of up to 90112

meters in outdoor conditions. This is achieved even when object motion exceeds multiple optical113

wavelengths during a single integration period by using an FMCW lidar-enabled stabilization114

system based on phase-frequency detectors (PFD). Phase stabilization is achieved by directly115

measuring the instantaneous phase of the lidar beat signal and applying a compensating modulation116

to the RSDH LO. Our novel technique also avoids the use of AOFS, whose limited bandwidth117

restricts the range window of RSDH. Instead, the developed chirp generation system produces118

two RF chirps that can be frequency-shifted relative to each other by 𝑉𝑈. This allows the119

RSDH LO chirp to be o!set by up to 480 MHz from the TX chirp before optical modulation,120

significantly increasing the maximum range window over which RSDH images can be recorded121

to a hypothetical imaging range window of multiple kilometers.122

2. Theory123

2.1. Range-Selective Holographic Interference Signals from a Vibrating Target124

To account for additional static path di!erences between the lidar and RSDH beams, such as125

fiber length or system o!sets, we define an additional round-trip delay126

𝑁𝐿 (𝑀) = 𝑁𝐿 (𝑀) + 2ω𝐿0
𝑂

, (6)

where 2ω𝐿0 represents the e!ective static round-trip o!set. For a moving or vibrating object, the127

optical fields for the RSDH LO and RX beams are written as follows.128

𝑋LO (𝑌, 𝑍, 𝑀) = 𝑎LO (𝑌, 𝑍) cos
(
2𝑅( 𝑉𝑂 ↑ 𝑉𝑈)𝑀 + 𝑅𝑆𝑀2 + 𝑄LO (𝑌, 𝑍)

)
, (7)

𝑋RX (𝑌, 𝑍, 𝑀) = 𝑎RX (𝑌, 𝑍) cos
(
2𝑅 𝑉𝑂

(
𝑀 ↑ 𝑁𝐿 (𝑀)

) + 𝑅𝑆
(
𝑀 ↑ 𝑁𝐿 (𝑀)

)2 + 𝑄RX (𝑌, 𝑍)
)
. (8)

where 𝑉𝑈 is the frequency shift used for nominal range selection, 𝑎LO (𝑌, 𝑍) and 𝑎RX (𝑌, 𝑍) and129

𝑄LO (𝑌, 𝑍) and 𝑄RX (𝑌, 𝑍) are the spatial amplitudes and phases of the RSDH LO and RX fields.130

The intensity recorded at the sensor array results from interference between the two fields and131

is given as:132

𝑏 (𝑌, 𝑍, 𝑀) → |𝑎LO (𝑌, 𝑍) |2 + |𝑎RX (𝑌, 𝑍) |2 + 𝑎LO (𝑌, 𝑍)𝑎RX (𝑌, 𝑍) cos (𝑄RSDH (𝑀) + ω𝑄(𝑌, 𝑍)) , (9)

where133

𝑄RSDH (𝑀) = 2𝑅
(
𝑉𝑈 ↑ 𝑉ω𝐿0

)
𝑀 ↑ 𝑄𝑀 (𝑀) + 𝑄ω𝐿0 (𝑀), (10)

and ω𝑄(𝑌, 𝑍) = 𝑄RX (𝑌, 𝑍) ↑ 𝑄LO (𝑌, 𝑍), and 𝑄ω𝐿0 (𝑀) = ↑ 4𝑋ω𝐿0
𝑌 + 4𝑋𝑃 (ω𝐿0 )2

𝑁2 + 8𝑋𝑃𝐿0ω𝐿0
𝑁2 +134

8𝑋𝑃ω𝐿0ω𝐿 (𝑅 )
𝑁2 . The range-dependent beat contribution from the additional path length is defined135

as 𝑉ω𝐿0 =
2𝑃 (ω𝐿0 )

𝑁 .136

A temporally stable range-selective hologram is obtained for an object at distance 𝐿0 if the137

RSDH LO frequency shift 𝑉𝑈 is tuned such that | 𝑉𝑈 ↑ 𝑉𝐿0 ↑ 𝑉ω𝐿0 | ↗ 1/𝑁int, where 𝑁int is the138



sensor integration time. To preserve coherence over the integration, the time-dependent phase139

contributions must remain ↔ 2𝑅, corresponding to a radial displacement much smaller than 𝑇/2140

for one-way propagation or 𝑇 for a round-trip.141

However, rapid phase fluctuations on the order of 𝑅 or less can still reduce fringe contrast142

and degrade the reconstructed hologram. Active compensation of the time-dependent phase is143

therefore essential, particularly when the object displacement spans multiple wavelengths during144

the integration period. In such cases, destructive interference between temporally varying fringes145

leads to fringe washout and severe image degradation.146

2.2. FMCW Lidar Enabled Stabilization147

To mitigate the time-dependent phase in the RX field of the digital holographic system, we148

implement a stabilization scheme in which the RSDH LO field is phase-modulated to compensate149

for the motion-induced phase shifts in the RSDH RX field. This modulation e!ectively cancels the150

object-induced, time-varying phases in Eq. 9, thereby preserving optical coherence throughout151

the integration period.152

The compensating phase is derived from an FMCW lidar subsystem that shares the same153

RF chirp as the digital holography system. Interference between the lidar LO and RX beams154

produces an optical beat signal that is detected by a photodetector, producing an output voltage155

given by Eq. 2. The photodetector output is then mixed with a signal at frequency 𝑉MIX and156

initial phase 𝑄MIX from a signal generator. After filtering to suppress the di!erence-frequency157

component and amplification, the resulting waveform serves as an input to a phase-frequency158

detector and is given by159

𝑃RX (𝑀) → cos (2𝑅 𝑉MIX𝑀 + 𝑄𝑀 (𝑀) + 𝑄MIX) . (11)

A second RF signal, generated at a tunable frequency 𝑉LO, provides the other PFD input:160

𝑃LO (𝑀) → cos (2𝑅 𝑉LO𝑀 + 𝑄LO) , (12)

where 𝑄LO is the initial phase of the signal generator. Up-mixing is required because it shifts the161

object-dependent beat frequencies from multiple ranges into the optimal frequency band for the162

PFD input, ensuring peak performance.163

The output voltage of the PFD after filtering is proportional to the instantaneous phase164

di!erence between the two inputs. In an open-loop configuration, the output of the stabilization165

system is given as166

𝑃PFD (𝑀) → 𝑄PFD (𝑀) = 2𝑅( 𝑉MIX ↑ 𝑉LO)𝑀 + 𝑄𝑀 (𝑀) + 𝑄MIX ↑ 𝑄LO. (13)

This error signal drives an electro-optical phase modulator that modulates the RSDH LO in167

Eq. 7, subtracting the phase of the PDF output (𝑄PFD (𝑀)) from the RSDH LO. Finally, the phase168

of the stabilized RSDH is calculated as the sum of the phases between the RSDH signal given in169

Eq. 10 and the output of the PFD in Eq. 13 given as170

𝑄Stabilized RSDH = 𝑄RSDH (𝑀)+𝑄PFD (𝑀) = 2𝑅
(
𝑉𝑈+ 𝑉MIX↑ 𝑉LO↑ 𝑉ω𝐿0

)
𝑀+𝑄𝑁+ 8𝑅𝑆ω𝐿0

𝑂2 ω𝐿(𝑀), (14)

where 𝑄𝑁 is a constant phase defined as 𝑄𝑁 = 𝑄MIX ↑ 𝑄LO ↑ 4𝑋 𝑍𝐿ω𝐿0
𝑁 + 4𝑋𝑃 (ω𝐿0 )2

𝑁2 + 8𝑋𝑃𝐿0ω𝐿0
𝑁2 .171

The constant phase terms are inconsequential, since only time-varying phase fluctuations172

a!ect the holographic coherence and lead to hologram degradation. If the frequencies are chosen173

such that ( 𝑉𝑈 + 𝑉MIX ↑ 𝑉LO ↑ 𝑉ω𝐿0 ) = 0, the phase contribution of the remaining term due to174

path length di!erences becomes negligible unless ω𝐿0 is extremely large (many hundreds of175



kilometers) or the velocity of the object is significant (km/s scale). This stability limit is obtained176

by di!erentiating Eq. 14 and finding the velocity that yields a one radian phase accumulation177

over the integration time:178

|𝑊crit | = 𝑂2

8𝑅𝑆ω𝐿0𝑁int
, (15)

which represents the critical maximum target velocity before path length di!erences introduce179

a one-radian phase shift between the lidar and RSDH systems. Substituting the experimental180

parameters (ω𝐿0 ↓ 20 m) yields a critical velocity of approximately 100 km/s, indicating that181

the path length di!erence between the lidar and RSDH system is negligible. Also not that182

although Eq. 15 defines a theoretical velocity limit based on the phase-stability condition, the183

more practical constraint arises from the PFD input bandwidth and the dynamics of the loop filter.184

Although PFDs with gigahertz input bandwidths are commercially available, their performance185

is ultimately limited by the rate at which they can process successive 2𝑅 phase wraps through the186

loop filter without distortion or loss of modulation depth. Consequently, the maximum velocity187

of the object corresponds to the maximum rate of 2𝑅 phase wraps that the PFD and filter chain188

can resolve. This operational limit defines an e!ective bandwidth and thus the highest velocity189

for which stable reconstruction is maintained:190

|𝑊crit | = 𝑇

2
BWPFD, (16)

where BWPFD denotes the maximum resolvable phase-wrapping rate of the PFD and filter chain.191

The latency of the PFD detection and modulation of the RSDH LO (defined as 𝑁PFD), also comes192

into play, by introducing an acceleration limit on the object as |𝑐𝑁𝑆𝑉𝑅 | = 𝑇/(2𝑁𝑉𝑊𝑅𝑁PFD).193

Finally, in the above theory, the time-of-flight back from the object was ignored in our194

expression for ω𝐿(𝑀). This time di!erence would introduce phase shifts that would be common195

to the lidar and RSDH return signals, and therefore be canceled by the stabilization, as least to196

first order.197

In summary, when the object is stationary,𝑃PFD (𝑀) produces a constant output voltage, resulting198

in a fixed bias on the electro-optic phase modulator (EOPM) in the digital holography LO path.199

For a sinusoidally vibrating object, the PFD output varies sinusoidally (modulo 2𝑅) and is200

proportional to the time-dependent phase of the RSDH RX field. By phase-modulating the201

RSDH LO with a signal proportional to this measured phase variation, the time-dependent phase202

𝑄𝑀 (𝑀) in the holographic interference term (Eq. 10) is e!ectively canceled, thereby stabilizing the203

interference fringes. As a result, the system preserves coherence over long integration periods,204

even when the object displacement during integration spans many optical wavelengths. Even205

under complex or non-linear motion (e.g., oscillatory vibrations or acceleration), the PFD output206

continues to provide an accurate representation of the time-varying phase.207

3. Experimental Procedure208

We constructed a combined scanning FMCW lidar and RSDH imaging system using a 6-inch209

Ritchey-Chrétien telescope mounted on a motorized gimbal [16]. A fast steering mirror (FSM) is210

used to steer the lidar beam (Optics in Motion OIM 3300). A schematic illustrating the integration211

of the FMCW lidar, the RSDH system, and the stabilization subsystem is shown in Fig. 2.212

The optical source is a narrow-linewidth 1550 nm RIO diode laser (< 15 kHz), which is split213

into two main optical paths. One path is used exclusively for the digital holography LO, while214

the other serves as the shared source for the lidar TX, lidar LO, and DH TX beams. Each path is215

independently modulated with a 1.8 GHz linear frequency chirp using separate electro-optical216

intensity modulators (EOIMs), creating double-sideband optical signals, resulting in a lidar and217

RSDH range resolution of ω𝐿𝑆𝑇𝑈 ↓ 8.3 cm.218
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Fig. 2. Scanning FMCW Lidar and RSDH subsystems. The object is a subwoofer
speaker with retroreflective tape attached to form a spatial pattern. The speaker is
placed 90 meters away from the lidar and RSDH system.

The chirp waveforms that drive the EOIMs (Optilab Intensity Modulators) are generated using219

a Euvis DDS309 direct digital synthesizer (DDS), whose output is split into two RF lines and220

frequency-multiplied to increase the chirp bandwidth before driving the EOIMs. The RF output221

of the dual RF chirp generator that modulated the DH LO can be frequency-shifted relative to222

the other output. This configuration allows the frequency shift 𝑉𝑈 to be easily implemented for223

RSDH. Because this method directly frequency-shifts the RF chirp rather than using AOFS, the224

system supports frequency o!sets between RF chirps of up to 480 MHz, significantly exceeding225

what is typically achievable with AOFS. This extended tuning capability enables range-selective226

holographic reconstructions over a much larger range window, exceeding one kilometer in the227

current system.228

3.1. Target Construction229

A 12-inch diameter subwoofer loudspeaker (Klipsch R-12SWI) was used as the target because230

of its ability to produce controlled repeatable vibrations at known frequencies and amplitudes.231

The speaker also had the advantage that the center portion of the cone (orange section in the232

bottom-right image of Figure 2) was rigid and mostly moved in unison. Holograms were recorded233

while the speaker was powered o! (stationary) and while the speaker was driven with a 101 Hz234

sine wave. The subwoofer amplitude was kept constant between all vibrational experiments. To235

enhance optical visibility and ensure strong return signals in both the digital holography and236

FMCW lidar channels, retroreflective tape was applied to the speaker surface, providing spatial237

features visible in the DH reconstructions.238

The target was positioned outdoors at a distance of 90 meters from the combined lidar and239

RSDH system and tested under full daylight conditions. An image of the target is shown in240

Figure 2.241

3.2. Data Acquisition and Integration242

To evaluate stabilization performance, holographic recordings were taken under three conditions.243

This included continuous-wave (CW) holograms where the FMCW modulation was disabled244

both with and without target vibration, range-selective digital holograms with and without245

target vibration, and finally range-selective digital holograms of the vibrating target with the246

stabilization system enabled.247

Holograms are captured using a LUCID InGaAs camera (Atlas IP67) with a resolution of248



1280 x 1024 pixels. The chirp source and analog to digital converter (ADC) are triggered249

simultaneously, providing continuous lidar data over the approximately one-second experiment250

recording. The camera is externally triggered at 10 Hz and phase-locked to the chirp generation,251

ensuring that each integration period aligned with the start of a chirp. This also maintained252

temporal synchronization between the camera integrations and the lidar time-domain signal.253

Digital holograms are recorded in an o!-axis configuration with the DH LO angled onto the254

sensor array. Hologram processing involved computing a 2-dimensional Fourier transform of255

the recorded intensity, spatial filtering in the Fourier domain with a mask, and taking an inverse256

Fourier transform of the masked data to reconstruct the hologram. The same mask was used257

for all holographic data. The integration time for each camera frame was set to 200 𝑑s for both258

CW and RSDH recordings, matching the duration of the chirp used for RSDH. The FMCW lidar259

beam was optically focused near the edge of the speaker to minimize camera saturation while260

remaining close enough to the center to capture the dominant surface vibrations. All optical261

signal power levels, including the transmit beams, were kept constant throughout the di!erent262

RSDH recordings.263

The lidar optical beat signal is split into in-phase (I) and quadrature (Q) components using an264

optical hybrid (Kylia 90↘ hybrid) and detected on two balanced photodetectors (WeiserLabs).265

These analog I and Q signals were recorded simultaneously on two input channels of the ADC266

card (Vitrek GaGe). This configuration allows the range-Doppler ambiguity to be resolved and267

enables the Doppler frequency to be directly extracted from the lidar data [17–19]. During268

stabilized RSDH operation, the output from one of the photodetectors is split o! and used as269

the input to the custom-built stabilization system. The phase is detected using an HMC439270

phase-frequency detector in combination with a custom loop filter and associated circuitry, as271

shown in Figure 3. A one-time amplitude adjustment is made so that the peak-to-peak amplitude272

of the PFD output, 𝑃PFD (𝑀), matched twice the 𝑊𝑋 value of the EOPM in the RSDH LO path273

before being used to drive the modulator.274
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Fig. 3. Schematic the constructed stabilization system. The three inputs are 𝑃𝑀 (𝑀),
obtained from the photodetector measuring the lidar system’s beat frequency, and
𝑃MIX (𝑀) and 𝑃LO (𝑀), which are tones generated from a signal generator. The output
signal 𝑃PFD (𝑀) is proportional to the time-varying phase of the RSDH RX field.

Because both the camera and the Gage ADC are triggered in parallel, each recorded frame275

is aligned in time with a corresponding segment of the lidar Doppler signal. This enabled276

precise temporal correlation between the recorded holograms and the instantaneous motion of277

the vibrating target.278

The speaker was driven at 101 Hz when vibrating, while the camera was triggered at 10 Hz.279

This ensured that each frame captured the target in a di!erent phase of its vibration and when 10280

frames are captured over 1 second, the system samples the full range of the vibration in equal281

steps. The amplitude of the vibration was kept constant between measurements.282



4. Results283

4.1. Quantifying Target Displacement284

The speaker’s velocity during each holographic recording is computed from the Doppler frequency285

shifts measured in the lidar data. The instantaneous radial velocity is obtained from the Doppler286

frequency 𝑉𝑎 (𝑀) using287

𝑊(𝑀) = 𝑉𝑎 (𝑀)𝑇
2

. (17)

In practice, the data are discrete because a single Doppler frequency is computed for each288

lidar chirp. By concatenating these values over time, a velocity profile of the speaker can be289

obtained and compared to the frame time stamps. The displacement during each frame can then290

be estimated by multiplying the object velocity by the sensor array’s integration time (assuming291

that the velocity remains approximately constant over the integration time). Figure 4 shows the292

Doppler velocity of the speaker when vibrating. A maximum velocity of 0.145 ± 0.004 m/s293

was recorded, corresponding to a maximum displacement of approximately 18.7𝑇 during the294

200 𝑑s integration time, assuming negligible frame-to-frame timing jitter in the 10 Hz camera295

acquisitions.296
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Fig. 4. Measured target Doppler velocity (blue line) and an illustrative example of
the speaker displacement during the integration times (red dots) from the lidar system.
This example assumes that the first frame is recorded at 𝑀 = 0, with 10 frames recorded
per second, each corresponding to a di!erent phase of the speaker vibration.

4.2. Continuous-Wave Digital Holograms of Stationary and Vibrating Targets297

To establish a baseline, CW holograms were recorded with FMCW modulation disabled. Figure 5298

shows single frame reconstructions of the hologram intensity while the speaker was turned o!299

and when vibrating at 101 Hz. The stationary target produces a clear holographic reconstruction300

of the object in every frame, whereas the motion of the vibrating target washes out the hologram.301

The bright spot in both figures is the lidar beam, which is used to monitor the vibration, and is also302

used for the stabilization system. These results highlight the sensitivity of coherent holographic303

imaging to radial target motion, as multiple wavelength displacement washed out the holographic304

reconstruction. The maximum displacement of the target during any single integration could be305

as large as 18.7𝑇, depending on where in the vibration cycle the integration occurred.306

4.3. Range-Selective Digital Holograms of Stationary and Vibrating Targets307

Next, RSDH recordings were performed with FMCW modulation enabled and the stabilization308

system disabled. This was achieved by measuring the target’s range-dependent beat frequency309

𝑉𝐿0 using the lidar system. The RSDH LO was then shifted by an amount 𝑉𝑈 to cancel the310

range dependent beat for the target distance, 𝐿0, after compensating for constant path length311
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Fig. 5. Reconstructed CW hologram of the speaker when stationary (left) and vibrating
(right). Target vibration causes the hologram to wash out during reconstruction. The
bright disc near the center left of both images corresponds to the lidar beam. The scale
is in dB, normalized to the strongest return in the left image.

di!erences between the lidar and holography system, ω𝐿0. The constant path-length di!erence312

serves as a one-time calibration constant for the system. Once correctly shifted, holograms313

originating from the distance of the speaker will remain temporally stable, whereas return light314

from objects at ranges outside the chirp range resolution (ω𝐿𝑆𝑇𝑈) around 𝐿0 will average to zero.315

RSDH recordings were taken again with the speaker turned o! (stationary) and when vibrating316

at 101 Hz. Figure 6 shows ten consecutively recorded range-selective digital holograms of the317

stationary target (labeled A1-A10) and ten consecutively recorded range-selective holograms of318

the vibrating target (labeled B1-B10).319

4.4. Stabilized Range-Selective Digital Holograms of Vibrating Targets320

Finally, RSDH holograms of the vibrating speaker were recorded with the stabilization system321

active. This was carried out by adjusting the frequency of 𝑉MIX so that 𝑉MIX = 𝑉LO ↑ 𝑉𝐿0 , and322

applying the scaled output voltage of the stabilization system 𝑃PFD (𝑀) to the electro-optical phase323

modulator in the RSDH LO path. If the modulation voltage is not correctly scaled, even a324

small percentage error introduces a phase error each cycle. Over many cycles, these errors can325

accumulate into a phase shift that washes out the hologram, making accurate calibration essential.326

Figure 6 shows ten consecutive frames to illustrate the e!ect of real-time phase compensation327

(labeled C1-C10). The hologram of the speaker reappears in all frames, despite vibration over the328

full amplitudes and velocity excursions of the speaker. This demonstrates that the stabilization329

system e!ectively compensates for time-dependent phase shifts caused by motion, enabling330

coherent integration even for target displacements that span many optical wavelengths.331

However, stabilization of a vibrating hologram does not result in the same holographic strength332

as when the object is stationary. This is likely due to small calibration errors in the EOPM drive333

voltage, as well as system ine"ciencies such as energy in undesired sidebands of the EOPM, or334

even a loss of modulation depth in the output modulo 2𝑅 signal from the PFD.335

5. Conclusion336

We have demonstrated a novel stabilization technique for RSDH in which a phase-frequency337

detector measures the time-dependent phase of an FMCW lidar signal from an object of interest338

and modulates the RSDH LO phase to compensate for these phase variations in the RSDH return339

light. By extracting the phase of the lidar beat signal and applying a corresponding modulation340
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Fig. 6. Ten consecutive RSDH images of the non-vibrating speaker labeled A1-A10
(top). Ten consecutive RSDH images of the vibrating speaker labeled B1-B10 (center).
Stabilized RSDH images of the vibrating speaker labeled C1-C10 (bottom). The
intensity of the holograms is plotted in a dB scale which is normalized to the range-
selective results for the stationary object.



to the RSDH LO, the system e!ectively corrects vibration-induced phase shifts during coherent341

integration that would otherwise degrade or blur the reconstructed hologram.342

Using this approach, we have successfully imaged vibrating objects with radial displacements343

exceeding 18 optical wavelengths within a single camera integration period. Unlike previous344

methods that rely on AOFS, this implementation supports LO frequency shifts up to 480 MHz,345

extending the operational range window of our stabilized RSDH system potentially beyond a346

kilometer, assuming the optical powers are significantly increased. In addition, the e!ective347

stabilization range window, which is centered on a selected target range, is limited by the348

bandwidth of the PFD and supporting circuitry. Future work could explore techniques to track349

𝑉𝐿0 and automatically set 𝑉𝑈 and 𝑉MIX so the system can stabilize targets as they move over the350

full RSDH range window.351
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ADDITIONAL MATERIAL

This chapter presents additional experimental and analytical work conducted that

supports or extends the main findings, but was not included in the core chapters or related

publications. This included FMCW lidar vibrometry techniques, lidar point clouds, and

Doppler point clouds. While not all components were published, they provide valuable

context and serve as a foundation for potential future work.

FMCW Lidar Vibrometry

As demonstrated earlier in this thesis, the stabilization system was constructed using

an FMCW lidar subassembly to measure the vibrations of a target and stabilize the local

oscillator in the digital holography system. A natural question that arises is: beyond

stabilization, what standalone information about object motion or vibration can be extracted

from the FMCW lidar data alone?

One of the advantages of the integrated FMCW lidar and range-selective digital

holography system is that each subsystem can be operated independently. In this section, we

focus on the vibrometry capabilities of the FMCW lidar alone, without the use of holography.

In the FMCW lidar system, Doppler information is obtained by passing the interference

signal through a 90-degree optical hybrid to produce in-phase (I) and quadrature (Q)

components. These are then used to construct a complex-valued time-domain signal, as

described in the background section. A key question addressed here is whether vibrational

signatures can be extracted from this complex signal when it is recorded continuously over

many chirps. Additionally, if the vibration frequency changes over time, can this system

resolve those changes?

To evaluate the vibrometry performance, a loudspeaker was placed approximately 90

meters from the lidar system and driven to emit constant tonal vibrations at fixed frequencies.
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The lidar’s IQ time-domain signal was recorded continuously, and the data were segmented

in time to analyze the Doppler shift in each segment. For each segment, the instantaneous

velocity was computed from the Doppler frequency using:

vD(t) =
fD(t)λ

2
. (105)

Although the velocity is shown here as a continuous function, in practice it is obtained

from discrete Doppler frequency values. These estimates are generated by processing

successive time windows across the IQ data. Because the sampling rate is much higher

than the vibrational frequencies, the discrete velocity series is well approximated as

continuous. The temporal resolution, ∆t, of the resulting velocity trace was determined by

the chosen window (segment) length. To estimate the target’s displacement, the Doppler-

derived velocity signal can either be numerically integrated over time, or approximated by

multiplying each velocity sample by the duration of its corresponding time segment. An

example of the time domain segmented data and the subsequent Doppler velocity computed

over each chunk is shown in Figure 47. In this example, the time domain data is segmented

into 30 chunks, shown in different colors, where each chunk is the beat signal between a single

chirp. Only the real part of the complex time domain signal (I only) is shown in the plots.

To illustrate the principle, only a short time period is shown to demonstrate the procedure.

In practice, many seconds of data can be recorded and processed to determine the doppler

frequency or position as a function of time over this longer duration.

Finally, to extract the vibrational frequency content, a Fourier Transform is applied

to the time-domain position signal. Figure 48 shows the velocity and frequency spectra for

a speaker vibrating at 101 Hz. The segment size used in this analysis was approximately

equal to the duration of a single chirp, providing high temporal resolution while preserving
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Figure 47: Segmented time-domain data where each segment is shown as a different color
and is the recorded beat signal over a single chirp (top). Doppler velocity computed for
each segment (bottom). The doppler frequency color is computed from the matching time
domain data. Only the real part of the time-domain spectrum is plotted.
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spectral accuracy.
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Figure 48: Doppler frequency vs time for 101 Hz speaker (top). Frequency spectrum of the
target vibrations (bottom).

The results from the single-tone experiment demonstrate that the dominant vibrational

frequency of the speaker can be accurately reconstructed using only the Doppler data

from the FMCW lidar. This confirms the system’s ability to extract precise vibrational

information from a distant target.
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A natural extension of this test is to explore how the system performs under more

complex, time-varying vibrational inputs. Specifically, can a signal composed of multiple

frequencies such as a musical recording be reconstructed from the lidar data?

To investigate this, a second experiment was conducted in which the speaker played

a song containing dynamic frequency content over time. The same processing pipeline

was applied where IQ data were recorded, segmented, and processed to extract velocity

and position. The results of this experiment are presented in the following figures and

demonstrate the system’s potential for remote acoustic sensing and even coarse audio

recovery. Playing the position data as an audio signal reconstructs the original song, opening

up the possibility for long range FMCW lidar enabled listening devices, which can be made

range selective.
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Figure 49: Doppler frequency vs time (top) and position vs time (bottom) of the speaker
data when playing a song.
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Lidar Point Clouds with Doppler Information

As outlined in a previous section, the hybrid FMCW-lidar and digital holographic

system can be operated using only the lidar capabilities to create 3D point cloud images of

targets at distances up to a quarter of a kilometer. This can be extended to provide not only

the positional information of the target scene but also the Doppler shifts of moving objects.

In order to achieve this, the Doppler frequency shift must be computed from the double-

sided spectrum matrix P̂dB[n, i], where each row represents the two-sided frequency-domain

spectrum of the received signal for the nth mirror position. Because the Doppler frequency of

a moving object affects the positive and negative frequency sidebands differently in IQ data,

the Doppler velocity can be extracted by comparing these two sidebands. This separation

enables the range-dependent beat frequency (which determines range) to be distinguished

from the Doppler frequency shift (which determines velocity). For each mirror position, the

positive and negative frequency peaks are paired, with their average providing the Doppler

estimate and their difference yielding the range-dependent beat. Only pairs with Doppler

differences below a doppler threshold are retained which simplified processing. Although true

correlation between the positive and negative frequencies can be used to measure Doppler

frequency shifts, it requires processing the full frequency spectrum which is computationally

intensive and significantly slower than peak-based matching.

Figure 50 presents a 3D point cloud of two people standing in front of a vehicle, with

trees in the background. The same data, processed to extract doppler frequency information,

is shown below. In this representation, motion relative to the lidar is indicated by color. Red

indicates a redshift of the return signal, which corresponds to motion away from the sensor,

while blue indicates a blueshift corresponding to motion toward the system. In the figure,

the two people are spinning in opposite directions, which is not apparent from the lidar point

cloud but becomes obvious in the Doppler point cloud.
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Figure 50: 3D lidar point cloud depicting two people, a vehicle, and trees (top). The same
data processed for Doppler information (bottom) shows the two people rotating in opposite
directions, while the vehicle and trees remain stationary. The color bars indicate signal
strength (top) and object velocity (bottom), with red and blue chosen to represent red and
blue shifts, respectively.
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CONCLUSION

This thesis investigated advance range-selective digital holography techniques. A key

result is the demonstration of a novel on-axis RSDH method that used TH RSDH, and the

development of a theoretical model of the detuning effects inherent to RSDH systems when

integration occurs over multiple chirps. A second key achievement was the construction of a

combined FMCW lidar and RSDH imaging system designed for operations at distances over

a kilometer. This system was used to demonstrate, for the first time, stabilized RSDH in

outdoor conditions when imaging vibrating objects that move multiple wavelengths during

integration.

Research Problem and Objectives

Coherent imaging systems are uniquely capable of producing range-selective, high-

resolution 3D reconstructions by exploiting interference between a reference beam and

the light scattered from an object. However, conventional off-axis range-selective digital

holography suffers from reduced spatial resolution and inefficient sensor usage. This is

because the off-axis geometry necessitates spatial filtering in the frequency domain to

separate the hologram from background signals. This inefficiency is especially problematic

when using high-speed imaging arrays, which benefit from maximizing the use of available

pixels. To address this, the research pursued the development of an on-axis technique that

leverages temporal heterodyning, allowing for range selectivity without sacrificing spatial

resolution.

Additionally, holography is particularly sensitive to object motion, vibration, or phase

changes caused by turbulence. These issues are especially pronounced in outdoor imaging,

where such disturbances are more prevalent. Consequently, a novel stabilization system,

specifically designed for long-range applications, was developed to mitigate these effects and
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enable coherent imaging in dynamic environments.

Key Findings and Contributions

This thesis presents several key findings that advance the field of digital holography,

particularly in the context of range-selective imaging. The work not only demonstrates new

experimental capabilities but also introduces theoretical models and practical techniques

that extend the application of holography beyond traditional static or laboratory settings

and into outdoor environments. Three key findings have been achieved in this thesis.

• Temporal Heterodyne On-Axis Holography: A novel method for range-selective

digital holography was developed and demonstrated using temporal heterodyning in an

on-axis configuration. This approach enables high frame rates and maximizes sensor

bandwidth utilization by avoiding the spatial frequency shifting inherent in off-axis

systems and the necessary masking. This represents a significant contribution to the

field by demonstrating more efficient and compact holographic imaging techniques.

The findings have been presented and published in a peer-reviewed journal [71, 85].

• Detuning Behavior in Multi-Chirp Systems: The thesis provides a theoret-

ical and experimental investigation into the effects of local oscillator detuning in

holographic systems that integrate over multiple chirped signals. A mathematical

framework was developed for temporal-heterodyne RSDH to characterize how detuning

influences signal fidelity and range selectivity. These insights are valuable for designing

robust holographic systems that operate under imperfect synchronization or when

integration occurs over multiple chirps. These results are also applicable to other

range-selective holographic techniques that integrate over multiple chirps and has been

published in a peer-reviewed journal [86].
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• FMCW Lidar-Enabled Stabilization for Range-Selective Holographic Imag-

ing: A combined scanning lidar and RSDH system was constructed which included

a lidar-enabled phase stabilization system to enable coherent holographic imaging of

vibrating objects in outdoor environments. This work demonstrates, for the first time,

that range-resolved phase stabilization is feasible over long distances (demonstrated

up to 95 meters), opening the door to practical field deployment of digital holography

for dynamic scenes. This contribution is particularly impactful by demonstrating

coherent imaging systems can still operate in conditions of objects vibration and air

turbulence, which would normally prove unfeasible. The results have been compiled

into a manuscript which is pending submission.

Together, these findings advance both the theoretical and applied frontiers of digital

holography. The methods and models developed in this thesis extend the capabilities of

coherent imaging, making it more viable for real-world, long-range, and vibration-prone

scenarios.

Implications, Limitations, and Future Work

On-axis holographic systems are easier to align than off-axis systems, use simpler

geometries, and most importantly, don’t require spatial filtering which reduces the effective

resolution. The demonstration of a novel on-axis range selective holographic system

which uses temporal-heterodyning is significant because it introduces an easy to align and

manufacture range-selective holographic method.

While on-axis holography improves sensor efficiency, it remains more sensitive to object

motion due to the additional recordings required for a single reconstruction. ToF detectors

generally have much lower pixel counts than CCD sensor arrays, and as ToF arrays scale to

higher pixel counts, designers increasingly adopt advanced modulation and demodulation
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schemes to manage pixel-to-pixel crosstalk and maintain depth accuracy. These more

complex schemes are designed, in part, to limit crosstalk between detectors, but they also

complicate the adoption of such cameras for holographic applications. Additionally, while

many commercially available ToF detectors use silicon-based sensors, high-pixel-count arrays

at longer, more eye-safe wavelengths (e.g., > 1 µm or 1550 nm) remain less prevalent.

While the demonstrated lidar-enabled stabilization technique extends the applicability

of digital holography to moving or vibrating objects which are more realistic in outdoor

uncontrolled settings, the stabilization system is inherently point-based, as it stabilizes the

holography system based on motion at a single spot on the object. For large or non-rigid

objects exhibiting non-uniform motion, this approach can introduce errors, since the lidar

beam cannot measure the velocity of the entire object. Portions of the object moving or

vibrating outside the lidar spot may experience uncorrected phase shifts, resulting in residual

image blur or decoherence.

Future research in stabilized RSDH may focus on addressing current limitations through

a multi-faceted approach. One potential direction is combining point-based stabilization with

advanced post-processing techniques designed to minimize residual phase errors across the

object. Alternatively, multi-point stabilization systems could be explored, where multiple

lidar beams are used to assess the vibration as well as rotation of the object at different

locations.

Tangentially, the lidar-derived vibrometry techniques developed here could potentially

be integrated into 3D point-cloud systems, enabling the measurement of vibrational

signatures alongside spatial geometry.

In summary, this thesis contributes both theoretical and practical advancements to the

field of digital holography, particularly in enabling high-resolution, range-selective imaging

under motion. It sets the groundwork for broader use of coherent imaging technologies

outside laboratory environments, pushing the boundary of what is possible in remote sensing
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and 3D imaging.
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This appendix presents figures for all experimental setups used in this work, along with
a list of the key components employed in each system.

Temporal-Heterodyne Holographic System

Temporal-Heterodyne RSDH System

TX Field

LO Field

Figure 51: Range-Selective Temporal Heterodyne Digital Holography System.

Table 1: Key components used in the Temporal-Heterodyne RSDH System.

Component Description / Model
Laser 793 nm Vortex Diode, 19mW output
Electro-optical Phase Modulator EOspace Phase Modulator
Free-space Amplifier Boosta 2W Optical Amplifier
Acousto-optical Frequency Shifters Crystal Technologies AOMs
Time-of-flight Camera Sentis M100 ToF Detector
Signal Generators (LO) Hewlett Packer (E4432B)
Signal Generator (RX) TPI Synthesizer (TPI-1001-A)

Combined Lidar and RSDH imaging System
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Chirp Source

Power Supply

Optical Components

Internal Components

Figure 52: Internal components of the combined lidar and RSDH system.

Table 2: Key components used in the Chirped-RSDH System.

Component Description / Model
Laser 1550 nm RIO Diode Laser
Chirp Source Euvis 309 DSM Chirp Board
Signal Generator (Lidar) TPI Synthesizer (TPI-1001-A)
Signal Generator (RSDH LO) Hewlett Packer (E4432B)
Electro-optical Modulators Optilab Phase Modulator and Optilab Intensity Modulator
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FMCW Lidar and RSDH Tower 

Free space optics

Lidar and RSDH Tower

Figure 53: Lidar and RSDH tower.
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