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Abstract:
In this thesis we have obtained a solution of the partial differential equations governing the flow of
electricity in a transmission line of finite length l (miles) with constant parameters ( L henries/mile, R
ohms/mile, C farads/mile, G mhos/mile). This solution satisfies preassigned boundary conditions at the
sending and receiving end.

The analytic expression for the voltage drop e(x,t), x miles from the sending end and t seconds after the
line has been energized, is given in the form of an infinite series. This series is found by applying the
superposition theorem to two elementary solutions of the transmission line equation which satisfy unit
boundary conditions. The current i(x,t) is determined from e(x,t) by the use of standard methods and is
also expressed as an infinite series.

No attempt has been made to use the results obtained for numerical calculations.
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5
ABSitERkGT

In this thesis v/e have obtained ■ a soluti on of the'.' " 
partial differential equations governing the flow of•eleo- 
trioity in a transmission line of finite leiagth I (miles-) 
with constant parameters ( i. henries/mile, B' ohms/mile,/ :'
0 farhds/milei) mho's/mi Ie) a ' This' so lot Ioh safisfids 'pfe*'
assigned boundary conditions - at the ‘ sending, and receiving 
end, ' ; '

The analytic expression for the voltage drop e(xy.t)> 
x miles from the sending 'end and t seconds after the line 
has been enefgiisedi, is given in the form"of an infinite " 
series. This, series' is found'by applying the superposition 
theorem to two elementary solutions of the'transmission ■' • 
line equation which satisfy unit boundary Oonditiohs. ■ The ■ 
current i(x, t) is determined from e(x, t) by the use of ' , 
Standard ,methods and is also expressed .-as an infinite /: ■ 
series, ■ '■ ‘ ' , : ' •; /" ' '

ITo' attempt has been made to use the. results obtained 
for numerical oalcuiationsv • • ' '' ■
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4
IBTRpDUOTIOB

Tbe baaid squatiana for t W  trabdelsaloa line a#&:'

(1.1)
(1.2)

^ H =  Bi + l||

#832,.' <4 '•"• % Qq 4> '0'Beat'
\

wbere e(x>t )  s-nl a®e the v o lta g e  and cunnent;respect■ ■ 1 ’ > "I- .■- j V-''' -.
t i r e Iy I t b l  r a r ia b le  ^  {m ilea ),.»•, ,.iaeaeured f-roia .-&&<& e,ending'

lb  n ee tm eted  t e  tb% In teW a l tbe T r i a b l e .

t (seconds) W  % #  I W  ^  and
G) aire eoneidered e d n e tm t tbW W bont ,tbe problem*

• I 'i , * * m I * ' * * . ■ */ V 1 * • j I

, , %  , e ^ t l W  ( I t l )  /w itb  yeap.&ot, to, -'i...■'•' , ' ; • J,/' ’ , j ' - ■
% abd ,(1 .2 )  m tb  rsmpmt to  .t^. v e  . 0 # / e lim in a te .I ( ^ t )  ;,

and obtain 1 '. ■ .

(2) ' afe 1§jl - KGte,'+ (HG + I £ ) ~ f  !£?:

We. eball' eolr# e%Tmt.i6nu(@) mden tb# ,WiWaBy..
clitions , , ■ - ■ -
(Set A) . . ,. '

e(o^t) ss Ê v Sin wt. •
G( Zat ) 9 E^sin (wt



t-ejf* we shall prescribe the sending and receiving end 1
v o l t a g e s This will enable us to determine the performs
ance of the line for a given sending; ,end voltage* .such
that the receiving end voltage is EL, sin (wt+ou)
Futhermorej, we assume the .line to be energized at t=0>
iv e»$ for all Values of t £0 the line Is dead» , This
yields the two initial conditions 1 I

' , ■ ■ ' ■ . 
e(Xj,0) =sj Oj .

■ M l t a 0- °' ' ,

We shall first'solve two subsidiary problems.
Ii FrOblem I . ' ,

We Shall Obtain a solution of (3) satisfying the . 
boundary conditions

(Set B) U(0,t) =j Ea,,sin wt,
n(z ,t) = o.

This solution will be of the form

(S) TJ(Xjt) =j F(O) U(SCjt) + / F f(T) #(x,t-f) dr s.

Where F(t) E wz sin Wt and u(Xj t) is a solution of. (a) 
satisfying the Conditions ' - - 1



S
(8et U(0flt) * I,; 

U(Zyt) = 0, 
u(x,0) = 0,

■ '

au
tFO'= O 'V

; ; ;f ,1 V' '
-B^1Uation',($)' .ie,.o-oSrpt̂ â  'tU' &.i' t&e

ti.on theorem',.. ■ . r ; . .
2l Problem.11» , . . . .. ..'4\ - ' .
. • ■ We: shall obtain a solution of, (2.) - satisfying the. '' f \ ! . ‘ ‘ 4 ' f Z1 v , 'r •
boundary Conditions •

(Set D) • ' ; V(Ojt) - o> •.
- . V(Zyt1) 3S5B^sin (Wt.t a ),

This solution will he of a form identical with equation 
(3) where F( t). - sin (wt + cx.) and u(xyt) is replaced ̂ 
hy a solution^. v'(%>t)8 of (2) which satisfies the con- . '■
ditions
(3et B) T(O jt) a. O j

Tf(Z,t) - .1, 
v(x,0) = Oj

SIt=O3 .0*



Upon adding U(x, t) and wS 'optain
(4) e(x,t) ^ U(%:,t) + V(x,t), '
a solution of (S) satisfying the conditions of (Set A). 

Substitution of equation (4)'into (1.8) yields ■
» « G-e + ^ '̂ ('Xf t) Ij

Wiaence,. upon partial_integration with respect to x,

(5) I(Xf t) s / cP(Xjtt) dx f(t) =s g(Xft) + f(t) b

,The arbitrary function f(t) is determined by making use' 
Of the preassigned initial Oonditions and substitution 1 
of (4) and (5) into (Iil) which reduces to

l|! f Hf(t) = Oi

i ;

2. SOlBTlW OF $ - -
In order to simplify calculations we rewrite (2) as

(B)
ax* , f aadt2 ■b Ou = Of

Ttiaere a=3, «10^ b - **(S3' f IB)f• and b 36 tiiHG6 -We assume 
u(Xft) - Uy(X) + U^(Xft) where U z(x) shall satisfy thd 
boundary conditions 
(7) U y(O) 4 If



8
Wf(I) = Qi.

Theti, by virtue of, the conditions Of (Set Q.)# Ujg(Xjt) 
must be determined according to, the ',Conditions

(8> h^(x,0) = -U/(x), ;

Ua(Z,t) - , Oi

ot rJĴO 0,

Upon substitution of u(xjt) info (6) we have two 
differential equations to solve:

(9.1)

(9,8) # 3 ^ +  o*g * O '

The general solution of (9.1) is
vLfix) == A coshyW X. t B sitihi®7 x.

r n t  * otiV ^ 6,

■a?a* -i tMj

By Applying the boundary conditions (?) we obtain the 
■particular solution

(10) U,(x) s- Sinhz^r (Z ̂ x)
SiniiywZ



$ .  ■ . .

' . ■

• To solve equation (9*8) we assume’ " - ", . 'j ' ’
Uj(Xft) = <P(x) #(t) »

A  i ' . '

Upon substitution (9,2) becomes

(11) 'I # .  »■ ii<P clx& | < ^ r  ♦ *S')' W  -
in Wbieii tbs variables ate' sepanatb'd-o' Henee

Z ' f . 1 1 ,
U s iiO •' *«*? -•», •

(12,2) . <«>*)*

where m is'an arbitrary constant to be 'determined later,' ' , ' ' I
The general solution Cf' (IS, l) is . 

f (x) - A cos mL + 3 'sin mx*

imposing' the boundary conditions (B)$■ we find that any 
one of the %  (x) == sin m^x$ Whdre ;h W- l#;3de' • •■-;
will be a particular solution^ The functions tPft(W)- are

' % . • , f * , , ' I ' , I , - V -  I-' f ' I

the eigen functions associated with the Sdt '$£ eigen 
values Et - f n »" I3 S> ••'=>;»/ - -

T o solve (12„3) we first determine the roots of -; 
the characteristic equation

S1 -6 ±i/6z-4ciCc--mz)t .



. :
¥0 ties1 ■ tiiBi ( W  &'$&)*)> &:* ■ tlie-
insmt ZX =». I?* 4'a0:/*,;Wam‘8 =?; ( M  I t r f 4lf!^r 'wil^ be :
#*getiY@ %; M )  ..4®G5.; Wo$ %, .’■ ir■• ' % - *1 C*1 ~ ~ - ' * - t• ,>'1 •
Cl,, Ii>', a M  GiH i  $8 'tM3?0,4'lways, âslwtd' '&/. ' ■’-
positive intege^y ■&<,/.,. su&h that this;1.inSquaIity holds _ ■

- \ X  ’

for all n ̂  Zi0 . Wg- ■ shall assume • throughout that n is
-,j v. 11> -■■■. . V 1 ,.,^ll -i Y  »(; » - ’ ^ ? ‘ , '• * ■ * ' Y ’*-1 ,v

restricted 'to these ■ valtites ip ,.order' W^bMMh--Sblhtidns'

C-OPtaining sing and cosine terms,* Otherwise,, it can - .’ 
be shown that ho Soiutiohs' exist satisfying conditions

(a). /  -
Putting ZX Sl *4.(lofxZ we obtain as a general, so it. 

ut i on of (12 6,2;,) .,

(1@); .̂ u (t) •== sin %, t * A” COs '^t)d"’2<*i
%; . ' ' - '■ : ■ '■ VTherefore ; . , ;

't
Û ĝ (x,t) = e*55 (Al SinT^t + cos 9^t) sin jT 3 >

(14) uA(x>.t) e 2« ̂ (  A^sin ĉ t + Avetis’7^t)siniZf3 6

All summations used in this thesis, will be from n - n. 
td n =S1OO t Te determine Aitn and ^  we recall that



Af - the ,-ik# h'oefflq-h''/'
, , _ , iIekts .in • a 'Fourier, series iWe,; obtain :.'̂-;;'i'. v i ̂ -!; •, ■■•’.... •">. .•..',

and ' : - > .

ĵn * 2 a X, ^n

n  ̂  n® ̂

If we define

and

‘ • ‘i *

'ta“ 4 -

. - '"%: ̂  ao8 &% ̂ n'* '̂. ■■ _ . '' '
then the solution of (Q) .will "be • . ■. •■ ' ■ ; ■

(15) *( =,t)a ^ X g  Bj,
AppiyjLng t W  enpefpo^^tioh tWr#'. t)̂ ' TdbuSKpar-' ^
F(t) * F^/eih .^ ̂ il'AhWn
Putting . ; . , .



22

q ̂  v
we find, after coneiderabie sWplification̂

(16) l/CV/J s E»nsi»wt X) + ujE - M e ZOL ̂ p J + q *'

$ [ $ * *  l(p»CoSu/t * Jsiln wt^cosT*i’n^*'~ ujS3H SfMWf

cos6„ t cos W  cosShJ -  st>  (2^  - X 1C) +

COS<%t - O ] J e

3a 80WTIQG OF BR&BEEK II
file s0l1a.ficm of problem 1"I proceeds along the sane ,

lines as problem I, We obtain ,'

(17) v*> - >■ ■
and

(18)
_b*

V2 (x, t) = e - Sinô t t A^o es^t) Sin^y2i,:

where



Zniri *1).
W F  + W zIPr' >.

a*’d •v ■< ,K I
' ..I:

s s p r *
TkeBdfoze

(19) r(x,t) * e'»"£sflSo s ( X t ^ Sin-Sfaii . ' .

Bjr means- of the superposition theorem we find V(^t) to
%*

^  V
(so) V M  = ' * % $ $ ' I 'f

. p  At r^  ^ r V a'[efel + ? *„(«(■+«)] %  :
AiW^ •» uiq cos-K%) cos 5,- uip„cosiKsin(ajf*«■)J — COStftt 7
I ^ C O H - 5-> Us, - X^; +^cosa 

Cos Ĉ f-- S„) -«vA 5/-,«tos(:y-5)? I + ,
S . J  V

' £ » > *  e *« %) sk >f



- ' ' ;
4-« , - -

The. expression for the voltage e(x,t) i# obtained, tiy 
adding XT(Xjt) (16) and F(x,t) (20)/ • 1 • ' ,

Hdtiding that Spsie df t%& terms contain the. damping factor
I A  ' •• I » «, I < ' —  ■ I * * • ». r • -I » „ J ,-Si

h 3a i tre, shall separate the expression for e(h/t) into the 
steady state part,. es(x#t)», and the transient part; 
e*(x?t) $ i

, The steady state part* e s(;x*:; 'ie;.#p.Wd to ib&.

+ah& ~ . (-I)**'E** S/* Qh "f- ELt Sih fa + &A)
* H)’14' ôs ©„+ EmstCosfa+ &*) J

. r / ad^_ JgQC *»siy)&b +UJareas Sn j6_ €. -  ?2
h y SinSri — u)foH cos <§*, ^  &*+laP/o*

'{-!)*Z yiX
+ **?*■

/ sin fat+Hh) sin -^p-

where:

and the transient part, e^(x*t), is



-il V  (Ti)yxZytTf g,r, xrrx r 
(SS) etO<,t) = e *a 2_ Vtn1+ S<" T - L-gf IS-'**

CoS(^-Sh) ~ + Cj*-' (Cfncosoc + 9 StfioQcoSVt + (A)zJz

cos Ĉ e- +^hCoO
TEZEr* /8

C o s C ^  ̂ dCo) - Sn) j

WHere

t a n  A  Coc)=_________^  Cgft eogoc^  ̂  )_______  .11 ^ Cfon COSd -f ̂ 5^CC) + 6V PoSOC - fa & itlo C ) '

tmn. & (6) = .
To obtain i(x>t) we substitute e(x>t) es(xj, t) *, ;

e .(x?t) into equation (X02) and integrate, the resulting 
expression partially with respect, to .%« This yields* 
after Simplif£eatiOn>

(83) tCK.t)- si^hksi{£r"»c6si" «**“'c=«-,o *osh-ma-*)- 

E w2Dp- s<«fuft +oc) 4 u)Ccos(wt+cc)J teshi/ffG'*

M/Vl)2 , .„2

[G-s//?(uj& + gn) +  OfC C.OS Cut+ £„)] Cos —



16

i .  ' '

cos 04t- sn) Cwos ̂ 9̂ 5 Coscc -t-uJ&ji
"IPir11T

cos +a,C-O- Jn)] +  f m< -J-sT T ^J  205 oM f ar(joa&4Qcti/of+y*) '■

c o s W + ^ - w ]  +  c o s f i  {

CosSn Ij1fl0t sifI C ^ - 4 )  + [Cf!,==S«  + 9 Sl>J «) OoS«+

5< /? C^ti ̂ d(o) -<5̂ ) J 4- f Ct).

©al ftmotion f( t) is deterained- "by sdbstittit'i.gb of- 
e(X5Ib) and i(x»t) into Equations (1.1). Upon inspection, 
we note that f(t) will he of the form

-/ft
f(t) = B# ^ t

Senoh the steady state part of the current i(x>t) is of 
the form



I Si) +<A)Q.zosujt)

CQShVffisrG-X) - EmJfiainaJt'+*) + cuCcos (*&+ eijJceshi/ffirX-
'' ■ : ' : 

l[h\z~ M Z ' V l M nZ I / e l + E ^ + Z W ^ ' E M ^ c o s * ’
^Vfey -h^ 2>5ZNn8rraT/ ■■ fa* + ?*

[GstM Ccyd-+ )  -#• cosCuJt + en)J cos ^ p 5- s
S* BI80U88IQB OF BS8t%T8 AEB &GEOI&8IOBS -

The expressions for the toltage and current distri-
' . ' = ' \  ' ' ' ' '' ....................... ./

hut ion along a transmission line, commonly found 'in.-fê tv
%ook@#a3?6' 1̂ ,'' , ''
(25) E(x) = E s CdShVyrI7% » IsZ0 sinhy^? x,

l(x) ™: Ig c OshyfrS7 x *- EsY0 sinhyf? xfl .. , • • 
where s== jwi,, y = G + jwG* Z9 =^T  ̂ and Y0 = ^ 7«

When x=Z i then -
Ew =* E- CoshVyi7Z ^ Is Z0 sInhyfi7Z #
Iw = Is COShVyi7Z - E5Y0 sinhyyzY .•... '

If we let Eh = Sc and Ir # Is Ifwe assume that
the. amplitude of the voltage and current waves at the . 
hWdilng 'ah# "^eeeiYihg' end6 are'eoih^$V':th^n;,

• (CoshVyi7Z - I)Es - IsZ0 sinhVfz7/. = Of 
(COShVyFrZ * 1)IS * I 5Y0 SinhvFF7Z = o»



-18' ' - -
in order that thegS equations he' cohsietent w# .must
have

eoMhy^Z A I
-Y0 'sinhŷ i7/

-z@ MrihyfI^
cpshy^aV. ̂  I '=» '0 "

'-V

.'.v.
•

1Ehidv̂ iire’p the Pphditioh ohBhVys7?■ 1$ which W  A- ,6054
. . . . 1 ' I  '. - . ' , L > - . . I

I ' ' ' \ • ,

dition upon the- Irhh parameters R» Gp Lv and G as well ; 
as _ the length of' the line. Putting -

Whehee ' ■
•/jT 4 Heos 9 t IHsin 

we obtain ' '
OOShyyi7Z ̂  e osh( Z He os9) eos {Z MsinE) . v 

. + isinh(Z HeostP )sin(7 Msinf)
. .. **' I : * .  .........................' ■ ....., V  .

Equating real and imaginary parts we find that the two ;

equations ■ / •
orqshlzm eos*) ##$2%

\ "Vi 1 ,sinht?.W -WBf) ■ sih ̂ ;2E ■
must be satisfied siinultaneously. This' leads to- the two

equations
IH dosf 4 0* • . • 
?H SiticP 4' Itiffef



19' - - -v . ......:
.................  % : - ■ - .......

One .,a## gf yalmea "whi'Q# - woiiM' %h&e6 9 # # , W b
is 9 =f >■ H S .SM , 11 =» IvS^S,-: - - ;'f '•

/
Since

M  =■ [ (Cta # • WaQa ) (B2 -f- wfLa.) 3? >

■■ i';.
‘ -V: 
• , /

ill; :ll$ ihat W  #  #" testdWa *%&':'t -.....
poBaitkle ^ai*# of- % - Gi SLp and G v  -# ;tb63ej!o*6 c-mpi## 
that although it is th63#M*a,l%y BoaalhlO t6 Oohatruqti

. , i  . - l < 1 > . ■ . > . .  » » » ’« : /  s  ̂ ’ '* _

a transmisoi.on line f or which. the input Oqnals the dut̂ ,
. , , . I , , , , - " , - -r ' f . «■ I.............. * ' •'- f • , ' V 1 ' '' ' ‘ '

Put sueh' B1 construction m y  a©t he feasible from thf y' ; 
practical point of ViW-X1 SttthemorO it is; seen that, 
under this -asswihtlohi^ th# 'Sihhtiona i(^s) ,ap' not lend .;
themalv# - # #  rOadlV to. hUme#<^l/h#oulatloh8^: . "'y; -'% 

If we ihspeot .the ateeAy a # a , r t  eg(%t.).' hf the;,:
r-qltâ e) we oh#ihe& aW

m  es(«,t) = +

E^si»*ts i n A T M 1* ^  X  A^tr3-

fc* + £■*„ + ZCrO^'E^zCoS*.
A s + ?

&
sin (nut+e„j sin -y5-

we notice that it is of the form , .
es(3£»t) ^ A0(x)sin(wt-i-90(x)) +jT&%(■&)Bin(Wt^Pfcix) }>



Aobd.
... ' - . '.-' :'. y.. '-9

-$•

Futlie m o  re • . ; ■

A kO,) = ̂ y f l f + el]*+$r‘ Sl>

Cf + £ £  + Ce ice7
yO^8 + J

.•;• ■

and
• ! i  . ■ .',

tan^k( 5t) * tan . t B̂ ,sin{.i>C ) /
' /
n *.Ug>v n0, *■ I, •« <,

which is independent of fs»'
Henee the steady, state part es(2c, b) is expressed as 
■ _ es.(x> t) = EwiCx) sin(wt 9(x)) ' '

where the W p iitude^; •>;. .and ■ ■ the;, 'phasd an'gi'%. 1 -'
depend up<m x only .and, futhemdre, ‘ ; ■ : . '

BJo;)' s|n(tt.t F^Sih'-Wts.-
Bw( Z ) sin{wt + (P(/ )) = B ^ s in(wt +Ot)., ; .'

Hotd;. also that the: frequency of this steady state voltage 
is - equal to the frequency of the input voltage; This. ,



was to be expeotea ab x?e asSranedy,the line parameters
i; ■ ’ ‘

a6%9ta#t a & o a d . ' - # e \  . / c: ' T'
Upon Inspection of the transient part of the volt

age
/

. i'

i
(82) etCX,<r) = e  Y M f U W  Si” ^ i e T s f yi [st̂ cc

COS C Y q t -6„) -T y ^ - y - r  [ fa toSO L lrC fS ttl Gl) (LpS <X +OU2J

Cos CrT̂ t + A  Co) - €„ ) J j
we see" it to be of th'e fom' •

kjt
Ogcf y% (% ) s in  (o t̂ ^ tIfn )', •

It is apparent that et(xyt) has a variable frequency- 
depending upon Yi and the line parameters, and a phase 
angle. a#pea^&at/ap6#;o W  indepen̂ isht of The y- 
hmplithd$" Of ‘t W  iWat1O;- Iei periodic:’in' x; w.ith ■ twb'-'nbdes- • -
at the @e#iAg Ohd -of/the. lihê f - Thex.y -' ',
equation's (6$) #- doWh&y. haOd <ih. trepsmmioh- ,Ilhe': 
o u W ^ o h e r ' y W d - s t a t e  'the\eWeht' :.
and voltage o#y« Thle Wroduoee ̂ o rgr'ea# e r w  
exoept foip & short; time Wodletiy. after thh :ilhe has "



: 1 If" OUr results: ate. to, be used for 'numerical calcu-:. 
la'tions tw- 'ihgW and d'esit^d 'ouipUt' vo.itag'es 'are 'to ’ :1':

be assumed; then equations (21), (22), (25)* and (24.)
, - . ...  ' "j‘ ...... : ’ ' v ’

will,giro"the,transient:and•steady state distribution'
Of -Ourrent' and. folf age along the line^ •’ ' ■' • v ‘

We conjecture that in many.instances a fair approx^ 
xmatioh to - the exact raises- Of, the 'steudy state part . 
6»(x» t) ,will. be obtained by neglecting the infinite ■' ;•

-W  -K ' ' « '>r i-  ̂ >" ‘ , > ' , ’ '  ' I -  I' f ' I ' , , «

seriesi"ire4^' it will; suffice 'to'calouiote'. ,
, b, s i t ) ; 4 q ( ,_'Sih(Wt )"»' „ .

add. simithrlf io-r tM',steady states^art of thb". dUrr’eht̂,.. -
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