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ABSTRACT

Scalar-tensor theories of gravity have been among the most popular and well-
studied alternatives to Einstein’s General Relativity. These theories of gravity contain
an extra scalar degree of freedom that allows them to rectify some of the limitations of
General Relativity but also fail some of the cornerstone tests of gravity that General
Relativity passes with flying colors. Because of these conflicting features, it becomes
necessary to investigate if scalar-tensor theories can pass current tests of gravity
while still allowing for possible deviations from General Relativity in regimes that are
not as highly constrained. In this thesis, we present the first self-consistent study of
scalar-tensor theories in which we study the effects and constraints from Solar System
observations, cosmological evolution of the universe, and the precise timing of binary
pulsar systems. We constrain the free parameters of a certain class of massless-
scalar-tensor theories first through cosmology and Solar System tests, in which we
investigate the consistency between cosmological evolution scenarios and current Solar
System observations. We then study strong field tests involving binary pulsar systems
and investigate the various constraints that can be placed from measurements of the
Keplerian and post-Keplerian parameters that determine the orbits.
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INTRODUCTION

Gravitational waves observations from the LIGO and Virgo collaborations [1–

6] and the precise timing of binary pulsars (PSRs) [7–11] allow us to put General

Relativity (GR) through the most strenuous tests in the most extreme gravitational

environments [12, 13]. With more neutron star (NS) merger events, we will be able

to tightly constrain the equation of state (EOS) and other properties of neutron

stars (NS) [14,15], hopefully resolving any degeneracies between these properties and

gravitational theories. Furthermore, as radio astronomers continue to monitor binary

pulsars systems, the errors in the timing model parameters will continue to decrease

and help place tighter constraints on modified theories of gravity. General Relativity

has been shown to be consistent with all of these observations and provides us with

one of the best theories to understand gravitational physics [16]. Nonetheless, in

order to compare GR’s success to other theories and investigate how these future

observations will help us further test gravity, we first must understand the precise

details of how observable predictions are modified in different theories.

There are a few reasons to consider theories of gravity other than GR [12,17,18].

From an observational standpoint, the late time expansion of the universe [19, 20],

rotation curves of galaxies [21,22], and other cosmological observations [23] suggest a

need for modifications to GR to accurately account for such effects. General Relativity

alone does not have adequately address such problems unless one ad hoc adds

additional fields or exotic matter, suggesting that alternatives to GR could address

these issues in a more consistent manner. From a theoretical point of view, GR’s

lack of compatibility with quantum field theory [24] has lead to many extensions that
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include string theory [25] and other higher-dimensional variations [26–28]. Therefore,

it is important to study theories other than GR in an attempt to address the issues

discussed above. Some of the most natural, yet simple, extensions to GR are scalar-

tensor theories (STTs) [29–31] in which gravity is mediated by the metric tensor

appearing in GR, as well as a long range scalar field that is non-minimally coupled.

These theories are a well-motivated extension to GR because they are both well

posed [32] and can naturally arise from the low energy limit of higher-dimensional

theories [25], thus potentially addressing the issues with quantum field theory and

cosmology.

While there have been many STTs proposed over the years, including a select

few that have gained considerable attention in the literature, we restrict our focus to

massless mono-scalar-tensor theories in which only a single scalar field is introduced.

A particular STT is defined by a choice of conformal coupling that determines how the

scalar field couples to matter, and thus also quantifies the level at which these theories

violate the strong equivalence principle (SEP). This particular class of theories was

first introduced by Jordan [33, 34], Fierz [35], Brans [36], and Dicke (JFBD) and

consists of a scalar field, denoted by ϕ, that couples directly to matter through a

constant, i.e. the coupling to matter takes the form α(ϕ) = α0 in which α0 becomes

the free parameter of the theory. These theories were later extended by Damour and

Esposito-Farése (DEF) [37–40] to include higher order terms in the action, leading to

a coupling of the form α(ϕ) = α0 + β0ϕ, with β0 entering as another free parameter,

that in turn leads to more complicated interaction between matter and the scalar

field. A more recent extension of these theories was introduced by Mends and Ortiz

(MO) [41] in which the conformal coupling was constructed to replicate the effects

of having a more fundamental action containing higher-order couplings between the

scalar field and the curvature tensor [42–45]. In this work we focus our attention to



3

studying the effects of DEF and MO theory and the various constraints that can be

placed on these theories through observations.

Scalar-tensor theories of the DEF type predict a multitude of strong field

effects [37, 38], even when the theory parameters have been chosen to satisfy

Solar System constraints. One of the most interesting consequences of the non-

linear coupling of DEF theory is that NSs can experience a phenomenon known as

spontaneous scalarization. If the parameters of the theory are part of a particular

region of parameter space then NSs can develop what is known as a scalar charge

and lead to excitations of the scalar field above it’s cosmologically [40] determined

background value. This excitation of the scalar field is due to a tachyonic-like

instability that occurs inside the NS once the the compactness of the star reaches

some critical threshold. Scalarization leads to violations of the SEP and thus predicts

modifications to observables in astrophysical systems containing NSs. In principle,

one can map the parameters of the theory to these observable quantities, and once

these quantities are measured constraints can then be placed on the theory.

Spontaneous scalarization occurs either in isolated NSs [12,38,46–48] or NSs that

are in widely separated binary systems, like those of binary pulsars [39, 42, 49–51].

However, for tight binary systems, like NS mergers that would be observed by ground-

based gravitational-wave detectors, there are two other types of scalarization that

can occur, referred to as dynamical and induced scalarization [52,53]. Similar to how

spontaneous scalarization occurs once the gravitational binding energy of an isolated

NS reaches a critical value, dynamical scalarization occurs once the binding energy of

the orbit becomes large enough to excite the instability in the scalar field. Induced

scalarization, on the other hand, occurs when a NS in a binary system becomes

scalarized under the influence of the companion star’s scalar field. This typically

would occur once one of the stars underwent spontaneous scalarization, whose scalar
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field would subsequently trigger the scalar field instability in it’s companion. These

phenomena directly affect the motion of the binary and thus leave an observable

imprint on gravitational waves that are emitted from the system [52,53].

At the level of the Solar System, GR has been shown to be consistent with

all current observations. Thus, any theory that predicts modifications to GR must

do so in a manner that is not in conflict with these observations. Solar System

tests thus provide some of the tightest constraints on STTs because of the manner

in which they modify the motion of bodies in a gravitational field. In particular,

the perihelion shift of Mercury and the time delay of light measured by the Cassini

spacecraft have verified the predictions of GR to high precision and thus places

tight constraints on any modifications that are introduced at the Solar System

level. These type of observations place extremely tight constraints on the STTs

of JFBD because this theory produces direct modifications to the parameterized-

post Newtonian parameters that quantify modifications to GR in the weak field,

quasi-stationary regime. DEF theory, on the other hand, can avoid these types of

constraints because modifications at the Solar System level can be suppressed due to

the presence of the non-linear terms in the conformal coupling.

Although theories of the DEF variety predict modifications to GR in the

generation of gravitational waves, there exists major theoretical problem when one

self-consistently considers the cosmological implications of this type of scalar field:

for choices of the free parameter β0 that allow for scalarization, the cosmological

evolution of the scalar field generically leads to local scalar field values today that

are in violation of Solar-System constraints [40, 54, 55]. This means one must self-

consistently choose theory parameters that allows Solar System constraints to be

satisfied after the cosmological evolution of the scalar field. The equation of motion for

the scalar field in cosmological contexts resembles that of a damped oscillator, whose
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potential is a function of the conformal coupling and the cosmological model [40,55].

The DEF choice of the conformal coupling with β0 < 0, which makes the potential

unbounded from below, leading to a cosmological runaway attractor solution for the

scalar field [54]. The only way to avoid this runaway behavior in these STTs is to

choose β > 0, as shown by Damour and Nordtvedt [40, 55], but this is precisely the

region of coupling parameter space that does not allow for any type of spontaneous

scalarization.

Because Solar System tests do not probe the non-linear interactions of these

theories to a sufficient level, it is difficult to place tight constrains on the higher

order parameters of the theory. This means one must look to strong field systems,

like those discussed above, that have the ability to probe such effects. To date,

however, binary pulsar systems consistently place the tightest constraints on STTs.

This is due to the fact that STTs introduce modifications directly to the timing model

that is used to fit the observed times-of-arrival (TAO) of the pulses from pulsars.

The timing model allows one to link the observed TOA at the observatory to the

time of emission of the pulse, incorporating all relativistic effects and time delays

up to first post-Newtonian order. Thus, the timing model allows us to accurately

predict when the next pulse should arrive, providing a model that can be fit to the

observed data and thus modification to the timing model predict modifications to the

predicted TOAs. Binary pulsars can be timed so precisely that these measurements

can accurately distinguish between GR and other theories of gravity. Typically, the

tightest constraints come from the detection of gravitational radiation emitted from

these systems from the observed orbital period decay that occurs as energy is removed

from the system. General Relativity predicts quadrupolar radiation while STTs also

predict dipole radiation that enter at lower post-Newtonian order, and thus is the

dominant effect. However, the observed loss of energy from the system is consistent



6

with GR, thus placing constraints on the dipolar radiation of STTs and in turn

constraints on the theory.

Typically, when one attempts to constrain STTs, authors focus on solar system

tests, cosmological tests, or binary pulsar tests. However, there has not been a

self consistent study the incorporates all of these tests simultaneously. The goal of

this study is to self-consistently investigate these constraints and determine which

values of the coupling parameters are valid in all three scenarios. This part of our

study involves understanding the cosmological evolution of the scalar field and how

this affects current Solar System observations as well as those at the time of Big-

Bang-Nucleosynthesis. Once we have determined which regions of parameter space

are consistent will current weak-field observations we can consistently investigate the

the strong-field modifications that these theories predict. The following paragraphs

provide a summary of our work towards this end and gives an outline for the rest of

this thesis.

In chapter 1 we investigate whether DEF theory can be modified such that the

cosmological evolution leads to scalar field values that satisfy Solar System constraints

and allow for spontaneous scalarization in NS systems. Thus, we generalize the

conformal coupling to a higher-order polynomial in the scalar field, while keeping β0 <

0. However, we find that even with a generalized conformal coupling, it is impossible

to construct a theory that passes both Big-Bang nucleosynthesis (BBN) and Solar

System constraints, while simultaneously allowing for scalarization in isolated/binary

neutron stars. This is a result of the fact that the tachyonic instability that leads to

spontaneous scalarization is no longer present once these modifications are made to

the coupling function.

Our cosmological studies follow closely those performed in Refs. [40, 56, 57]

where we make use of BBN constraints to set the initial conditions of the scalar
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field. Reference [56] performed a thorough investigation of DEF theory and how the

BBN constraints on the speed-up factor affect the present day value of the scalar

field after considering the entire cosmological evolution of the scalar field. These

authors study the effects of mass thresholds as the universe is cooling and how this

affects the evolution of the scalar field due to different species freezing out at different

temperatures. While our study does not go into this in depth, we investigate different

forms of the the conformal coupling and employ very similar techniques as those

appearing in Ref. [40].

The initial conditions we use for the scalar field assume that BBN occurs in the

radiation dominated era and that all species freeze out at the same time, providing a

simpler scenario to consider when placing initial conditions. The BBN constraints we

make use of come directly form the analyses in Refs. [58], which are summarized in [59]

and references therein, and arise from the constraints on the gravitational constant

placed from observations. This is ultimately achieved by translating bounds on the

relativistic degrees of freedom that are inferred from BBN calculations, light element

abundances, and Cosmic Microwave Background anisotropies [58,59] to bounds on the

gravitational constant. These constraints, however, do not take into account issues

with the synthesis of primordial Lithium [60], particularly that Lithium is typical

overproduced by a factor of 3̃ in these models, and thus may need to be improved

upon in the future. In fact, it was shown in Ref. [56] that STTs leave the abundance

of Lithium unaffected after BBN. Despite the uncertainty in these models and their

predictions, we make use of these BBN constraints for our calculations as the general

results will be qualitatively similar.

In chapter 2 we perform a similar study to the one in chapter 1 but in the

context of both DEF and MO theory, with the goal of determining the valid regions

of parameter space after cosmological evolution and the behavior of the scalar charges
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in these regions of parameter space. Rather than modifying the conformal coupling

we simply enforce β0 > 0 for these theories and find that Solar System tests are passed

only in a very small subset of the coupling parameter space. Thus, even though the

conformal potential is bounded from below here, it is still not guaranteed that Solar

System tests are generically passed and is in fact sensitive to the initial conditions at

the time of BBN. While NSs do not undergo spontaneous scalarization in this regime,

it is possible for neutron stars to scalarize, but only once the coupling parameter is

carefully selected under the restrictions above.

After thoroughly investigating the consequences of multiple STTs in the context

of Solar System tests and cosmological evolution, we now consider the constraints

that binary pulsars can place on these theories. Scalar-tensor theories will generically

produce modifications to the timing model used when timing binary pulsars. These

modifications require one to have knowledge of the various types of scalar charges that

NSs will acquire in the presence of an external scalar field. Thus, in chapter 3 we

calculate the scalar charges in DEF and MO theory for a large region of parameter

space using 11 realistic equations of state (EOSs). While our cosmological study

omits β0 < 0, these constraints can avoided by fine tuning the present day value

of the asymptotic value of the scalar field. Moreover, for completeness we study

these theories in the entire parameter space and allow the our previous cosmological

study to place constraints after the fact. We study these scalar charges and explore

analytic scaling relations that allow us to predict their value in a substantial region of

parameter space without costly numerical computations. These results allow for the

quick evaluation of the scalar charges, which has applications for gravitational wave

tests of scalar-tensor theories and binary pulsar experiments.

In chapter 4 we investigate binary pulsar constraints on STTs. As mentioned,

one must make use of a timing model that predicts when a pulse will arrive at the
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observatory. Fitting this model to the data allows one to extract information about

the pulsar’s orbit and thus allow one to test the predictions made by a theory of

gravity. We calculate the constraints that can be placed on STTs by saturating the

current 1σ bounds on single post-Keplerian parameters, as well as employing Bayesian

methods through Markov-Chain-Monte-Carlo simulations to explore the constraints

that can be achieved when one considers all measured parameters simultaneously.

Our results demonstrate that both methods are able to place similar constraints and

that they are both indeed dominated by the measurements of the orbital period decay.

The Bayesian approach, however, allows one to simultaneously explore the posterior

distributions of not only the theory parameters but of the masses as well. Lastly, we

conclude by summarizing our work and explaining some of the implications of our

results.

An overview of the main results of our study can be found in Fig. 0.1. The

top panel of Fig. 0.1 illustrates the constraints that can be placed on the {α0, β0}

parameter space over large ranges of β0. The red hatched region labeled “Unbounded

Potentials” corresponds to functional forms of the scalar field coupling that inevitably

lead to runaway scalar field solutions and are thus excluded by Solar System

observations unless on wishes to fine tune the background value of the scalar field.

The blue hatched region corresponds to constraints that are discussed in chapter 2

of this work, with the main conclusion being that many values of β0 in this region

of parameter space can be ruled out from Solar System observations unless, again,

one wishes to carefully tune the initial conditions of the scalar field. The curves

labeled γPPN and βPPN correspond to the weak field constraints that can be placed

from observations made in the Solar System, and we see that only a relatively small

region of parameter space, in white between β0 = 0 and β . 17, is consistent with all

observations currently available. The bottom panel of Fig. 0.1 shows a smaller region
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of parameter space and also illustrates the constraints that binary pulsars can place.

One finds that J1738+0333 has the ability to place even tighter constraints on the

parameter space than the other tests we study here. Therefore, the solid white region

appearing in Fig. 0.1 is the only region of parameter space found to be completely

consist with all observations and does not require any fine tuning of the theories.

−100 −75 −50 −25 0 25 50 75 100
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Figure 0.1: An overview of the constraints that can be placed on STTs after
considering all effects studied in this work. This figure corresponds to MO theory
but similar exclusion plots exists for DEF theory.
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Abstract

Certain scalar-tensor theories of gravity that generalize Jordan-Fierz-Brans-
Dicke theory are known to predict nontrivial phenomenology for neutron stars. In
these theories, first proposed by Damour and Esposito-Farèse, the scalar field has
a standard kinetic term, and couples conformally to the matter fields. The weak
equivalence principle is therefore satisfied, but scalar effects may arise in strong-field
regimes, e.g. allowing for violations of the strong equivalence principle in neutron
stars (“spontaneous scalarization”) or in sufficiently tight binary neutron-star systems
(“dynamical/induced scalarization”). The original scalar-tensor theory proposed by
Damour and Esposito-Farèse is in tension with Solar System constraints (for couplings
that lead to scalarization), if one accounts for cosmological evolution of the scalar field
and no mass term is included in the action. We here extend the conformal coupling
of that theory, in order to ascertain if, in this way, Solar System tests can be passed,
while retaining a non-trivial phenomenology for neutron stars. We find that even with
this generalized conformal coupling, it is impossible to construct a theory that passes
both Big-Bang nucleosynthesis and Solar System constraints, while simultaneously
allowing for scalarization in isolated/binary neutron stars.

1.1 Introduction

The emission of gravitational waves by binary systems of compact objects is a key

prediction of General Relativity (GR) and other relativistic gravitational theories [12,

13]. Their existence has been established indirectly (through their backreaction on

the orbital motion) by timing the period of pulsar binaries [8, 10], and directly by

Advanced LIGO [1,2] through the observation of the coalescence of black-hole binaries.

Gravitational waves also allow for exquisite tests of gravitation in extreme gravity

regimes [12,13], since the binaries of compact objects that most copiously emit them

involve strong and dynamical gravitational fields, and highly relativistic velocities.

Therefore, these tests are qualitatively different than Solar System experiments [16],

which probe gravity in the quasi-stationary, weak-field regime.

One of the most natural extensions of GR is the scalar-tensor theory class [29–31].
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This class is defined (in the so-called Einstein frame) through the inclusion in the

Einstein-Hilbert action of a scalar field ϕ with a canonical kinetic term, a potential

and a (conformal) coupling to matter. Different members of this class are defined

by the choice of potential and conformal coupling. For example, when the potential

is chosen to be zero or to be a canonical mass potential, one obtains the so-called

massless or massive scalar-tensor theory subclass. When, in addition, one chooses

the logarithm of the conformal coupling to be linear in the scalar field, one obtains

massless or massive Jordan-Fierz-Brans-Dicke (JFBD) scalar-tensor theory [33–36],

while when one allows for a quadratic scalar field term (whose magnitude is controlled

by a constant β), one obtains massless or massive Damour-Esposito-Farèse (DEF)

scalar-tensor theory [37,38].

Scalar-tensor theories are a natural choice of study because they arise in the

low-energy limit of more fundamental quantum gravitational theories. For example,

scalar-tensor theories arise in heterotic string theory upon 4-dimensional compact-

ification [25], in higher-dimensional theories, such as Kaluza-Klein models [26] and

braneworld models [27, 28], and in effective field theories of inflation [23]. Typically,

these theories predict a multitude of scalar fields (not just one), with couplings that

include the ones we focus on here, but also encompass more complicated functions of

the curvature tensor.

Different scalar-tensor theories have been constrained to different degrees with

different observations. JFBD theory predicts a modification to the Shapiro time delay

of photons propagating on a curved background, which the Cassini probe has verified

to be consistent with GR [61]; such an observation places a very stringent constraint

on this theory [61, 62]. The coupling constants of DEF theory, on the other hand,

can be tuned so that the theory reproduces exactly GR at first post-Newtonian (PN)
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order1, thus evading this constraint, while still allowing for modifications to GR in

more “extreme” gravity regimes. In particular, nonlinear interactions in this theory

can lead to the sudden activation of the scalar field in spacetimes containing neutron

stars (NSs), isolated or in binaries.

This sudden activation, usually referred to as scalarization, is an intrinsically

nonlinear process that would be a smoking-gun deviation from Einstein’s theory.

Physically, this occurs when the gravitational binding energy in a matter configuration

(e.g. a star) exceeds a certain threshold, which then amplifies the scalar inside

matter, even if the asymptotic value of the field at spatial infinity is exponentially

small. This phenomenon has been classified into spontaneous, dynamical and induced

scalarization, depending on the specific systems involved. Spontaneous scalarization

occurs in isolated and dense compact stars, e.g. neutron stars, when the compactness

of the star exceeds a critical value [37, 38, 42, 64]. Induced scalarization occurs

in a neutron-star binary, when one of the stars is exposed to the scalar field of

its (already scalarized) companion [52, 53, 65, 66]. Dynamical scalarization also

occurs in neutron-star binaries (even ones involving stars that do not spontaneously

scalarize in isolation), when the binary’s binding energy exceeds a certain critical

value [52,53,65,66].

The activation of the scalar field typically produces large deviations from GR

in the generation of gravitational waves by NS binaries. The dominant deviation

is typically due to the consequent activation of scalar dipolar radiation, which

increases the rate at which NSs in binaries spiral into each other. Binary pulsar

observations, however, do not see such an increase [7], which then leads to constraints

on scalarization. In more detail, binary pulsar observations exclude the presence of

1The PN approximation is one in which the field equations are expanded in small velocities and
weak fields [63]. A term of NPN order is proportional to (v/c)2N with respect to its leading-order
(controlling) factor.
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spontaneous scalarization in a given (observed) pulsar mass range, which results in

tight constraints on DEF theory [7]. Similarly, if the gravitational waves emitted

by neutron-star binaries are detected by ground-based interferometers, they may

constrain dynamical and induced scalarization [54]2.

Although DEF theory is a nice playground to explore modifications to GR in the

generation of gravitational waves, its massless version at least has a major theoretical

problem: for choices of the coupling constant β that allow for scalarization, the cosmo-

logical evolution of the scalar field generically leads to local scalar field values today

that grossly violate Solar System constraints [40, 54, 55]. Indeed, the cosmological

equation of motion for the scalar field resembles that of a damped oscillator, whose

potential is a function of the conformal coupling and the cosmology [40,55]. The DEF

choice of the conformal coupling with β < 0 makes the potential unbounded from

below, leading to a cosmological runaway attractor solution for the scalar field [54].

The only way to avoid this runaway behavior in massless DEF theory is to choose

β > 0, as shown by Damour and Nordtvedt [40, 55], but this is precisely the region

of coupling parameter space that does not allow for any type of sudden scalarization

(unless β is very large, i.e. β & 100 [41]).

In this paper, we investigate whether massless DEF theory can be modified

such that the cosmological evolution produces local scalar field values that both

pass Solar System tests and which allow for scalarization in NS systems. For this

purpose, we generalize the conformal coupling to include higher-order terms in the

scalar field, while keeping β < 0 in the quadratic scalar field term. Based on the

phenomenological oscillator picture discussed above, we must construct a conformal

coupling such that the oscillator potential contains a global minimum, allowing the

2These gravitational tests may also be complemented by corresponding ones in the electromag-
netic band [67], if an electromagnetic counterpart is detected.
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field to settle there at late times. By choosing the higher-order terms such that this

is guaranteed, this modified massless DEF theory can pass Solar System constraints

upon cosmological evolution, while also (potentially) allowing the scalar field to have

a non-trivial solution inside NSs3.

We begin by considering the simple case of a cubic polynomial for the coupling:

α(ϕ) = β ϕ+ δ ϕ3 with β < 0 and δ > 0. This conformal coupling leads to a quartic

oscillator potential (a “Mexican hat” potential) that contains two global minima and

one local maximum. We use Big-Bang Nucleosynthesis (BBN) observations to restrict

the values of the scalar field upon exiting the radiation era into two initial data sets.

We then evolve each set and show that the modified theory evolves in such a way

as to pass Solar System tests today provided (β, δ) are in the colored regions shown

in Fig. 1.1, with the different colors corresponding to the different initial data sets.

We note that, while not visible in the figure, the region near δ = 0 is excluded, since

then the conformal coupling potential is quadratic and concave down, so there is no

minima. (Indeed, for δ = 0 one recovers the original DEF theory.) We conclude

this exploration by generalizing our argument to a wider class of polynomial coupling

functions, showing in particular that conformal couplings that lead to unbounded

oscillator potentials [i.e. those where the highest power of ϕ is odd, corresponding to

even powers in α(ϕ)] will generically always produce cosmological runaway solutions

that violate Solar System constraints.

With that study in hand, we then investigate whether modified massless DEF

theory (with coupling constants that allow the theory to pass Solar System constraints

upon cosmological evolution) also leads to spontaneous scalarization in NSs. We

numerically construct NS solutions in the modified theory, with non-vanishing

3An alternative approach we did not pursue in this paper is to allow the scalar field to be
massive [68].
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Figure 1.1: Regions of parameter space where modified DEF theory passes Solar
System constraints, with blank space being regions that fail and yellow/magenta
regions corresponding to different initial conditions at the beginning of matter
domination. The region near δ = 0 coinciding with DEF theory, while not visible, is
ruled out for generic (i.e. not finely tuned) initial conditions during inflation.

asymptotic (at spatial infinity) values of the scalar field (ϕ∞), as predicted by our

cosmological evolutions at the present time. We find that spontaneous scalarization

is not present in NSs in the modified theory. We have checked that if we artificially

choose ϕ∞ = 0, thus neglecting the cosmological evolution of the scalar field, then

spontaneous scalarization is present.

As mentioned earlier, binary pulsar observations map the orbital motion of a

binary system with at least one neutron star present. If a scalar field is present

(i.e. if the scalar charge is non-zero), then the orbital motion will be different than

that predicted in GR, the dominant effect being the activation of dipole radiation.

Since the observed orbital motion is consistent with the predictions of GR, this

places a constraint on the activation of the scalar field. In turn, this allows one
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to place constraints on the β parameter of standard DEF theory, where scalar charge

is predicted. In modified DEF theory, however, we find that there is no charge in

the first place, and thus, no modifications to the binary’s orbital motion would be

present. Therefore, binary pulsars cannot constrain any parameters that show up in

modified DEF theory because no strong-field effects are present.

The rest of this paper will provide the details of the calculation described above.

Section 1.2 introduces the basics of scalar-tensor theories and the constraints Solar

System tests place on them. Section 1.3 covers the cosmological evolution of the

scalar field in these theories and how we can constrain the δ parameter we introduce

by using Solar System constraints. Section 1.4 discusses spontaneous scalarization in

NSs and the results we arrive at using the allowed values of (β, δ) found in Sec. 1.3.

Finally, Section 1.5 concludes by summarizing our results and discussing future work.

In the remainder of this paper, we use units in which c = 1. We also follow

the conventions of [69], where Greek letters in index lists stand for spacetime indices.

Other conventions and notation will be defined throughout the paper as they are

introduced.

1.2 The Basics of Scalar-Tensor Theories

This section presents the class of theories we investigate in detail and establishes

notation, following mostly [55]. The scalar-tensor theory class we consider in this

paper can be defined by the action S J = S J,g+S J, mat[χ, gµν ], where the gravitational

part is

S J,g =

∫
d4x

√−g
2κ

[
φR− ω(φ)

φ
∂µφ∂

µφ

]
, (1.1)
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with g and R being the determinant and the Ricci scalar associated with the Jordan-

frame metric gµν , ω(φ) is a kinetic coupling function for the massless scalar field φ,

and κ = 8πG, with G the (bare) gravitational coupling constant. The matter action

S J, mat[χ, gµν ] is a functional of the matter fields χ, which couple directly and only to

the metric tensor gµν . The latter implies that these scalar-tensor theories are metric

theories of gravity.

One can rewrite the above action in a form reminiscent of the Einstein-Hilbert

action through a conformal transformation. Let us then consider gµν = A(ϕ)2g∗µν ,

where we will refer to the conformal metric g∗µν as the Einstein-frame metric. With

an appropriate choice of the conformal coupling A and by suitably defining the new

scalar field ϕ, the action becomes

S E =

∫
d4x

√−g∗
2κ

[R∗ − 2gµν∗ ∂µϕ∂νϕ]

+ S E, mat[χ,A
2(ϕ)g∗µν ], (1.2)

where g∗ and R∗ are the determinant and the Ricci scalar associated with the Einstein

metric g∗µν . In more detail, the transformation between the Jordan and Einstein

frames is given by

A2(ϕ) = φ−1 , (1.3)

and

α(ϕ)2 ≡
(
d lnA(ϕ)

dϕ

)2

= [3 + 2ω(φ)]−1 , (1.4)

the latter providing implicitly the relation between φ and ϕ. For later convenience

we define α = ∂Vα/∂ϕ such that

Vα = lnA(ϕ) , (1.5)
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which plays the role of a conformal coupling potential in which the scalar field evolves

cosmologically. Different choices of ω(φ), or equivalently, different choices of A(ϕ)

define different members of this massless scalar-tensor class of theories.

Variation of the Einstein-frame action yields the Einstein-frame field equations

R∗µν = κ

(
T ∗µν −

1

2
g∗µνT

∗
)
, (1.6)

�∗ϕ = −κ
2
α(ϕ)T mat,∗ , (1.7)

where �∗ is the Einstein-frame covariant wave operator, and T mat,∗ is the trace of

the Einstein-frame matter stress-energy tensor T mat,∗
µν . The latter is defined through

T mat,∗
µν ≡ 2√−g

δS E, mat[χ,A
2(ϕ)g∗µν ]

δg∗µν
, (1.8)

and is therefore related to the Jordan-frame stress-energy tensor via T µνmat,∗ = A6T µνmat.

The field equations also depend on the total stress-energy tensor, which is simply the

sum of the matter and scalar field stress-energy tensors, namely

T ∗µν = T mat,∗
µν + Tϕ,∗µν , (1.9)

where

κTϕ,∗µν = 2 (∂µϕ) (∂νϕ)− g∗µν (∂σϕ) (∂σϕ) . (1.10)

Our study (both cosmological and in NSs) adopts a perfect fluid representation of

matter in the Jordan frame. In the Einstein frame, we would like to write

T µνmat,∗ = (ρ∗ + p∗)u
µ
∗u

ν
∗ + p∗g

µν
∗ , (1.11)
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where ρ∗ is the density, p∗ is the pressure, and uµ∗ is the fluid four-velocity in the

Einstein frame. Using the normalization of the four-velocity (g∗µνu
µ
∗u

ν
∗ = −1 =

gµνu
µuν) one finds the relation uµ∗ = Auµ between Jordan- and Einstein-frame

velocities. This result, combined with T µν∗ = A6T µν , leads one directly to the relations

ρ∗ = A4ρ and p∗ = A4p between Jordan- and Einstein-frame quantities.

Different choices of A(ϕ) lead to different functionals α(ϕ), which in turn define

different types of scalar-tensor theories. For example, one of the most well-known

scalar-tensor theories is JFBD gravity [34–36], in which the conformal coupling takes

the form A BD(ϕ) = exp(α BDϕ), such that ω BD(φ) = const, and thus α BD(ϕ) =

const = [1/(3 + 2ω BD)]1/2. Another example is DEF gravity [37], defined by the

conformal coupling A DEF(ϕ) = exp(β DEFϕ
2/2), such that α DEF(ϕ) = β DEFϕ, with

β DEF a constant4. This theory has attracted considerable attention in recent years,

since it has been shown to lead to the excitation of a scalar field near sources with

strong gravity [38, 52–54, 65, 66] when β DEF < 0, without exciting the scalar in the

Solar System.

The functions A(ϕ) and α(ϕ) play a critical role in tests of scalar-tensor theories,

because they define the local value of Newton’s gravitational constant GN (entering,

for example, Newton’s Second Law)

GN = G[A2 (1 + α2)]ϕ0 , (1.12)

with ϕ0 denoting the value of the scalar field today,and the values of the parameters

of the parameterized post-Newtonian (ppN) framework [71, 72]. For example, the

4 Technically, the theory introduced by DEF also includes a ϕ-independent term in α, just like in
Brans-Dicke theory. However, that term can be set to zero without loss of generality, if one allows
the scalar field ϕ to take asymptotically non-zero values far away from a system, c.f. discussion
in [52,70].
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γ PPN parameter, a measure of how much spatial curvature is produced by a unit rest

mass [16, 73], is given in (massless) scalar-tensor theories by

γ PPN − 1 = − 2α2

1 + α2

∣∣∣∣
ϕ0

, (1.13)

where the above expression is to be evaluated at today’s value of ϕ; similar expressions

hold for the other ppN parameters. All ppN parameters have been very well-

constrained by Solar System experiments, and in particular, the most stringent

constraint on γ PPN, |γ PPN − 1| < 2.3 × 10−5 [16], was placed through a verification

of the Shapiro time delay of signals from the Cassini spacecraft [61].

1.3 Cosmological Evolution and Solar-System Constraints

In order to determine today’s value of α(ϕ0), we must first understand its

cosmological evolution. Consider then the Einstein-frame field equations with a

spatially flat Friedmann-Roberston-Walker (FRW) metric with the Einstein-frame

scale factor a∗:

3H2
∗ = κρ∗ + ϕ̇2 , (1.14)

−3
ä∗
a∗

=
κ

2
ρ∗ (1 + 3λ) + 2ϕ̇2 , (1.15)

ϕ̈+ 3H∗ϕ̇ = −κ
2
αρ∗(1− 3λ) , (1.16)

where H∗ = ȧ∗/a∗ is the Einstein-frame Hubble parameter, the overhead dots stand

for derivatives with respect to the Einstein-frame coordinate time t∗, p∗ and ρ∗ are

the total pressure and density (in the Einstein frame) of all the components of the

Universe (matter, radiation, dark energy, inflation, etc) and λ = p∗/ρ∗ is the usual

cosmological equation of state (EoS) parameter. The Einstein-frame variables can
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be related to the Jordan-frame ones via the conformal transformation gµν = A2g∗µν

to give the relations dt = Adt∗ and a = Aa∗. Note that we assume that the energy

density and pressure of ϕ are always negligible with respect to those of the other

cosmological components, i.e. ϕ should not be interpreted as the inflaton or dark

energy. In the matter epoch λ ≈ 0, in the radiation epoch λ ≈ 1/3, and λ ≈ −1

during inflation or after the onset of dark energy domination. By introducing a new

time coordinate dτ ≡ H∗dt∗, the scalar field satisfies the following evolution equation:

2

3− ϕ′2ϕ
′′ + (1− λ)ϕ′ = −(1− 3λ)α(ϕ) (1.17)

where primes denote differentiation with respect to τ .

To gain a better understanding of how τ varies over timescales we are familiar

with, let us look at two cases: the time elapsed since the end of the radiation era until

today and the time since the birth of GR (1915) until today. A difference in time ∆τ

corresponds to

∆τ = ln(a∗f/a
∗
i ) = ln

(
1 + Zi
1 + Zf

)
+ (Vα,i − Vα,f ) , (1.18)

where Zi and Zf are the initial and final redshifts of a photon traveling a look-

back time ∆t corresponding to ∆τ . As we will explain later, the terms involving

the conformal coupling potential are typically negligible, which allows the analysis

to remain independent of the choice of scalar-tensor theory. Therefore, the redshift

corresponding to the end of radiation domination is ∼ 3600 ΛCDM model, thus, the

τ -time that has passed since then is ∆τ ≈ 8.2. From the lookback time, the redshift

since 1915 is 7×10−9, and thus ∆τ ≈ 7×10−9. Thus, ∆τ ∼ 10−1 actually corresponds

to a significant amount of look-back time, t ∼ 109 years from today.

Whether scalar-tensor theories satisfy Solar System constraints today depends
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on the functional form of α(ϕ) and on the cosmological evolution of the scalar field.

The latter resembles the evolution of an oscillator with the velocity-dependent mass

2/(3 − ϕ′2), the friction-like term (1 − λ)ϕ′, and the forcing term proportional to

α(ϕ). In DEF theory, Damour and Nordtvedt have shown that during the matter-

dominated era, ϕ is driven exponentially to zero when β DEF > 0, such that γ PPN

approaches unity at late times [40, 55]. However, Ref. [54] (see also Refs. [40, 55])

has shown that when β DEF < 0 the opposite occurs: ϕ has a linear run-away

attractor solution that approaches a limiting velocity ϕ′ =
√

3. Such an evolution

forces γ PPN − 1 in Eq. (1.13) to approach −2 at late times in the matter era, a

value clearly in conflict with Solar System experiments. However, it is precisely

when β DEF < 0 that strong-field, nonlinear effects become important inside NSs and

allow for spontaneous/dynamical/induced scalarization, which in turn could lead to

clear signatures of deviations from GR in astrophysical observations. Thus, DEF

theory is already ruled out by Solar System observations in the β DEF range of interest

(β DEF < 0) [40, 54,55].

In this paper, we want to investigate whether one can relax the assumption

of quadratic conformal coupling such that scalarization continues to occur, yet the

theory passes Solar System constraints. Let us then begin by noting that the forcing

term in Eq. (1.17) can be written as the gradient of a potential, namely the one given

in Eq. 1.5. In the particle analogy described above, the scalar field starts its evolution

in this potential with some initial velocity and position. One then expects that over

time this particle will settle to a minimum, if one exists, provided the scalar does

not reach the limiting velocity ϕ′ ≈
√

3, which effaces the effect of the potential and

leads to a run-away attractor solution. Finding a conformal coupling that allows the

modified DEF theory to pass Solar System constraints then reduces to finding the

appropriate choice of the conformal coupling potential Vα (one, in particular, that
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has a global minimum).

A word of caution, however, is due before proceeding. The above discussion

depends somewhat on the choice of initial conditions for the evolution of the scalar

field. Even with a conformal coupling potential that possesses a global minimum,

not all initial conditions will lead to scalar field values today that pass Solar System

constraints. This is simply because some initial conditions can be so close to the run-

away attractor solution that they cannot escape its attraction. We will show below,

however, that it is possible to construct a general class of DEF-like theories that can

evade Solar System constraints after cosmological evolution for a large set of initial

conditions, provided the conformal coupling is chosen appropriately.

1.3.1 Inflation and Radiation

During inflation (λ = −1), Eq. (1.17) becomes

1

3− ϕ′2ϕ
′′ + ϕ′ = −2α(ϕ) , (1.19)

which still describes a damped oscillator with a forcing term. In order to study the

evolution of the scalar during this era, one needs to prescribe initial conditions at

the beginning of inflation. Since the latter are unknown, we will follow Damour and

Nordtvedt [40, 55] and take a qualitative approach. Regardless of what the initial

conditions are, there are only three possible outcomes upon leaving inflation:

1. the scalar can reach its terminal velocity ϕ′ =
√

3, and therefore get caught by

the attractor solution found in [54],

2. the scalar can end up near (but not necessarily at) a minimum of the potential,

3. the scalar can be in an intermediate solution (e.g. it may still be rolling down

the potential).
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The first possibility leads to theories that never pass Solar System tests today

because, once the attractor solution is reached, all subsequent evolution remains on

the attractor, regardless of λ or α(ϕ). The third outcome is possible in principle,

but we find that it requires fine-tuning of the initial conditions, because the friction

term efficiently damps any evolution far from the attractor in a short timescale. The

second possibility is then the only that remains, and we thus adopt it henceforth to

study how the scalar evolves into other cosmological eras.

Let us now consider the evolution of the scalar during the radiation-dominated

era (λ ≈ 1/3). In this era, the forcing term is suppressed, and Eq. (1.17) becomes

2

3− ϕ′2ϕ
′′ +

2

3
ϕ′ = 0 , (1.20)

which notice is completely independent of the conformal coupling. Damour and

Nordtvedt showed [40, 55] that, during the radiation era, the scalar field evolves

according to

ϕ(τ) = ϕr −
√

3 ln
[
Ke−τ + (1 +K2e−2τ )1/2

]
, (1.21)

with

K =
ϕ′i
√

3√
1− ϕ′2i /3

, (1.22)

where ϕr is a constant and ϕ′i is the particle’s velocity upon leaving inflation. As long

as the latter does not approach the limiting value of
√

3 of the run-away attractor

solution (to prevent K from approaching infinity), then Eq. (1.21) tells us that the

velocity at the end of radiation domination will be damped away. This can be seen

by considering the amount of τ -time that elapses during the radiation-dominated

era: the τ -time between the end of the radiation-dominated era (0.75 eV, Z ≈ 3600)

and the electroweak (EW) phase transition (100 GeV, Z ≈ 1015), the QCD phase
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transition (150 MeV, Z ≈ 1012), or electron/positron pair (e−e+) annihilation (500

keV, Z ≈ 109) is τEW = 25.6, τQCD = 19.1, and τe−e+ = 13.4 respectively [from

Eq. (1.18)]. Even the shortest of these τ -times is long enough to allow the scalar

velocity to become exponentially damped by the end of the radiation era.

The evolution in the radiation era also determines the end position of the scalar

in the conformal coupling potential at the beginning of the matter-domination era.

Let us investigate this by considering the constraint on the gravitational constant from

BBN, which took place at temperatures between 10 and 0.1 MeV in the radiation era.

The speed-up factor ξ BBN := H/HGR quantifies deviations of the expansion rate from

the GR prediction, caused by changes to the (standard) gravitational constant. Here,

H2 = (8π/3)GA2
RρR is the observed expansion rate in scalar-tensor theory, where

ρR and AR are the Jordan-frame energy density and the conformal coupling during

the radiation era [this can be derived from Eq. (1.14) with ϕ̇ = 0]. On the other

hand, H2
GR = (8π/3)GNρR is the expansion rate predicted by GR, where GN is the

(standard) gravitational constant we measure today given in Eq. (1.12). The speed-up

factor then becomes

ξ BBN =

(
H

HGR

)
=

(
GA2

R

GN

)1/2

=
1√

1 + α2
0

AR
A0

, (1.23)

where the R and 0 subscripts represent values at the end of the radiation era and

the present values, respectively. Current tests relating the speed-up factor to the

abundance of Helium [59] tell us that

|1− ξ BBN| ≤
1

8
, (1.24)

and Solar System tests limit α2
0 to be . 10−5. This leads to ξ BBN ∼ AR/A0, which
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through Eq. (1.24) leads to a constraint on AR given by

∣∣∣∣1− AR
A0

∣∣∣∣ ≤ 1

8
. (1.25)

The largest deviations from the predictions of GR will be achieved by saturating this

constraint, such that AR/A0 = 7/8 or AR/A0 = 9/8. Thus, using Eq. (1.5), we arrive

at the requirement

Vα,0 + ln(7/8) ≤ Vα,R ≤ Vα,0 + ln(9/8) . (1.26)

In what follows, we will use these BBN-compatibility condition to determine the

initial conditions for the evolution of the scalar field at the beginning of the matter-

dominated era.

1.3.2 Matter and Dark Energy Domination

Let us now solve for the evolution of the scalar field during the matter-dominated

era (λ = 0), during which Eq. (1.17) reduces to

2

3− ϕ′2ϕ
′′ + ϕ′ = −α(ϕ) . (1.27)

Let us consider a generic scalar-tensor theory defined by

α(ϕ) =
∞∑
n=1

anϕ
n = βϕ+ γ ϕ2 + δ ϕ3 + . . . , (1.28)

where we have neglected the n = 0 term associated with JFBD gravity (c.f. footnote

4). For consistency with standard DEF theory, we define a1 = β, and for later

convenience, we define a2 = γ and a3 = δ. As we will show later, the γ term leads

to a modified DEF theory that typically violates Solar System constraints, so let us
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ignore it for now. We then focus first on modified DEF theories defined by

α(ϕ) = β ϕ+ δ ϕ3 , (1.29)

Vα(ϕ) =
β

2
ϕ2 +

δ

4
ϕ4 , (1.30)

where we will take β < 0 and δ > 0. (We will consider α(ϕ) with higher order ϕ terms

later.) One recognizes that the conformal coupling potential presents a “Mexican-hat”

shape, with negative curvature near the origin and two global minima that prevent

the scalar from running off to infinity. For appropriate initial conditions and values of

δ, one expects the scalar field to execute damped oscillatory motion about the global

minima, without ever reaching the terminal velocity and the attractor solution, and

eventually settling down near one of the minima by today.

1.3.2.1 Initial Conditions Before solving Eq. (1.27) we must first quantitatively

determine the initial conditions for the scalar field evolution at the beginning of the

matter era. To find these, we first determine where the scalar field could be today

in the conformal coupling potential if the theory is to pass Solar System constraints,

and then use the BBN constraint condition to determine where the field had to be at

the beginning of the matter era. With our choice of α(ϕ) in Eq. (1.29) and noting

the α(ϕ)2-dependence in Eq. (1.13), it is then clear that there are six possible values

of ϕ today that saturate the Cassini bound 1− γ PPN ≤ 2.3× 10−5. These six values

of ϕ are indicated by purple dashes in Fig. 1.2 near the extrema of the potential.

The next step requires that we apply the BBN constraint derived in Eq. (1.26)

to map these possible values of ϕ today to possible initial values of the scalar field at

the beginning of the matter era. Equation (1.26) tells us that, at the very most, the

scalar field can sit no more than ln(7/8) below or ln(9/8) above where it sits in the
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Figure 1.2: Schematic diagram of the conformal coupling potential, where we used
β = −4.5 and δ = 10. Purple dashes represent boundaries of the regions consistent
with ppN constraints (determined by Eq. (1.13)). Horizontal dashed lines (as well
as the squares and triangles marking their intersections with the potential) are a
representation of BBN constraints on the speed-up factor and determine the regions in
the potential consistent with nucleosynthesis at the end of the radiation era. Because
of the symmetry of the potential, we shade in the squares/triangles on the right
to indicate that one only needs to consider these initial conditions without loss of
generality. ϕR1 and ϕR2 indicate the points we investigate in this paper.

conformal coupling potential today; this is indicated by the blue and red horizontal

dashed lines in Fig. 1.2. In particular, the red dashed lines correspond to applying the

BBN constraint to values of Vα,0 that lie near zero, while the blue dashed lines were

used for those that lie near the minimum of the potential. Figure 1.2 clearly shows

that there are 10 possible initial conditions for the scalar field at the beginning of

matter domination that can potentially lead to scalar field configurations that satisfy

Solar System constraints today.

Not all of these initial conditions are physically well-motivated based on the
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previous arguments we presented. We have previously argued that inflation leaves the

scalar field near the minimum of the potential and the radiation era effectively keeps

it there, since the scalar velocity is damped away completely. The initial positions

lying near V (ϕ) = 0 (red squares) in Fig. 1.2 are inconsistent with these physical

arguments, since they do not lie near the minimum, and thus, they will be neglected

in what follows. We now only need to consider initial positions near the minimum of

the potential (blue triangles), and because of the symmetry of the potential we need

only consider one of the two sets; the evolution of the scalar field that starts at the

solid blue triangles will be identical to that which starts at the empty blue triangles,

and thus, leads to the same conclusions.

The initial positions labeled ϕR1 and ϕR2 in Fig. 1.2 with initial velocity ϕ′ = 0

at the end of the radiation era are the initial states of the scalar field we aim to

investigate. Typically, one need to consider both, but for a sufficiently large δ (relative

to β) only ϕR2 exists. This is because when δ � β, the conformal coupling potential

becomes very shallow and the top blue line can be above the extremum at Vα(ϕ) = 0,

leading only to ϕR2 (the other initial condition ϕR1 becomes imaginary).

1.3.2.2 Cosmological Evolution The evolution of the scalar field during matter

domination, as given in Eq. (1.27), is that of a damped oscillator. Provided the

attractor solution is not reached, i.e. provided ϕ′ does not reach its limiting value of
√

3, then the scalar will exhibit damped oscillatory motion in the potential. For Solar

System tests to be passed, then, one needs α(ϕ0) to be small enough after a time τ0

has elapsed from the beginning of the matter-dominated era.

Let us begin by calculating what this τ0 must be. Recalling that dτ = H∗dt∗,

one has that τ = ln a∗+ const. If we set τ to zero at the end of the radiation era and



33

recall that a = A(ϕ)a∗ and Vα = lnA(ϕ), today corresponds to

τ0 = ln a∗,0 − ln a∗,R = ln(1 + ZR) + (Vα,R − Vα,0) , (1.31)

where ZR ≈ 3600 is the redshift of the end of the radiation era. For an evolution that

satisfies Solar System constraints, the particle must settle toward a minimum of Vα,

which means the last term above will always be a positive number. The most stringent

constraints on these theories arise when we neglect this last term and demand that

Solar System constraints be satisfied at least by τ0 = ln(1 +ZR) ≈ 8.2. The inclusion

of the last term would make τ0 larger, which would then allow the scalar field more

time to settle near the minimum of Vα, thus leading to weaker restrictions on δ.

One would then think that if the scalar is such as to pass Solar System tests

after evolving by τ0 ≈ 8.2, then such tests would also be passed for all later times,

but this is not necessarily the case. The reason is that the scalar exhibits oscillatory

motion, and thus, it is possible that ϕ is crossing the minimum right at τ0. This is

evident in Fig. 1.3, which shows the evolution of 1 − γ PPN as a function of τ for a

set of (β, δ). At the beginning of the evolution Solar System constraints are clearly

not satisfied since the slope of the potential, i.e. α(ϕ), is too large. Observe the

oscillations about the minima of the potential signaled by the dips, which represent

times at which α(ϕ) = 0. Observe also that at τ = 8.2 Solar System constraints

are satisfied by both initial conditions ϕR1 and ϕR2, but after evolving to later times

(e.g. to τ ≈ 8.3) they are not. Notice, however, that although the τ difference during

which tests are not passed seems small (∆τ ≈ 10−1), this is a very long time interval

∆t.

With no a priori knowledge of which initial condition the radiation era leaves the

scalar in, we must consider theories for which the evolution of the scalar field with both
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Figure 1.3: |1 − γ PPN| using both initial conditions (red solid for ϕR1 and black
dashed for ϕR2) with β = −4.5 and δ = 36. The horizontal yellow dashed line
marks the Cassini bound placed on these theories today, while the vertical line at
τ0 = ln(3600) ≈ 8.2 corresponds to the present time. Observe that although the
Solar System constraint is passed for both initial conditions at τ0, it is not a little
τ -time later.

initial conditions of the previous section leads to passing Solar System constraints.

From an analysis of how each of the initial conditions evolves and demanding that

|1 − γ PPN| ≤ 2.3 × 10−5 for τ ≥ 8.2, stringent upper bounds can be placed on the

(β, δ) coupling parameter space, as shown in Fig. 1.4. The green regions represent

the values of (β, δ) where the cosmological evolution of the scalar field leads to scalar-

field values that satisfy the current Cassini bound today and for all future times. Red

regions in Fig. 1.4 represent the values of (β, δ) that satisfy the Cassini bound today

but fail to do so in the future. Empty regions (white) correspond to all other values

of (β, δ), i.e. those that do not satisfy the Cassini bound today and are thus ruled out.

The black line running through the plot designates the separation between regions
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of parameters space where both ϕR1 and ϕR2 exist (below the line) and those where

only ϕR2 does (above the line). When considering values of (β, δ) below the line one

must consider the intersection (see Fig. 1.1) of the two regions as being valid theories

such that regardless of the initial condition (ϕR1 or ϕR2) of matter domination, the

theory remains consistent with Solar System tests.

0

100

200

-10 -8 -6 -4 -2 0

δ

β

Figure 1.4: Left: (β, δ) parameter space for evolution with initial position ϕR1, the
red region corresponding to points that satisfy the Cassini bound today but not for
all future times, and the green to points that satisfy it today and all times in the
future. The black line through the middle marks the boundary of the regions where
ϕR1 exists (below) and does not exist (above). Right: (β, δ) parameter space for
evolution with initial position ϕR2 with red/green regions having the same meaning
as in the left panel. For reference we also include the black line to link the left and
right panels.

For the regions in parameter space where Solar System tests are passed today but

not in the future (red regions) we can determine a time scale at which the cosmological

evolution will becomes inconsistent with future observations. Figure 1.5 shows a

cumulative distribution of how long after today it takes these points in parameter

space to violate Solar System tests. We find that 67% of them fail by a time ∆τ = 0.19

has passed and 95% failed after ∆τ = 0.34. In terms of coordinate time measured

in years, i.e. on a human scale, however, these are enormous timescales on the

order of 109 years which are in the very distant future. This means that requiring
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that all future Solar System tests be passed (green regions in Fig. 1.4) may be too

conservative, and one may instead only require that tests be passed at least today

(the union of green and red regions in Fig. 1.4). The region of parameter space which

allows Solar System tests to be passed, at least today, is shown in Fig. 1.1 for both

initial conditions.
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Figure 1.5: A cumulative distribution of the points in the (β, δ) parameter space
that eventually break Solar System tests as a function of how long into the future
this occurs. After ∆τ = 0.19 has passed we find that 67% of all cases now violate
Solar System tests and 95% of all cases will fail by ∆τ = 0.34.

The analysis presented above, however, neglects the fact that for sufficiently

small δ (and in particular, in the limit as δ → 0), Solar System constraints will not

be passed, as the theory reduces to the original DEF theory with β < 0. This is

because as δ becomes very small (relative to β), the potential becomes deeper and

steeper, and it is thus easier for the scalar field to reach the attractor solution during

inflation, which we know violates Solar System constraints. Of course, this solution
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is not reached if the initial conditions for the scalar field are highly fine-tuned close

to the minimum of the potential. However, the level of fine-tuning required grows

as δ decreases, making it more and more unlikely that random initial conditions at

inflation would lead to a scalar field that satisfies Solar System constraints today. To

avoid this fine-tuning problem, we set a minimum value for δ by requiring that none

of the initial conditions on ϕ that fall between the zero crossings of the potential Vα

(i.e. |ϕ| =
√
−2β/δ) lead to the attractor solution5. For the range of β we considered,

this places a lower-bound on δ of roughly unity, i.e. δ & 1.

1.3.2.3 Dark Energy Domination To determine the complete evolution of the

scalar field one must also consider the dark energy dominated era that follows the

matter-dominated one. In this case, the evolution of the scalar field is the same

as during inflation [the scalar field evolves as given in Eq. (1.19)], and it will thus

continue to be damped to the minimum of the potential. We neglect this era in

our study because its effects only become significant for redshifts Z . 1, which

corresponds to a small ∆τ . 0.7. Because the dynamics of the solutions we find

occurs on much larger time scales and because the matter era damps the solutions as

well, we expect our conclusions to hold, at least qualitatively, even in the presence of

a dark energy dominated era.

1.3.3 General Coupling Potentials

We can now use the insights gained from the previous section to understand

the evolution of the scalar field in theories with more generic conformal coupling

5Note that because the Planck mass is factored out in the action of Eq. (1.2), ϕ is dimensionless,
and |ϕ| of order unity (as is the case here) corresponds to Planck-scale excitations of ϕ. These are
“natural” initial conditions at the beginning of inflation, hence our requirement on δ ensures that the
scalar field is unlikely to be trapped in a runaway solution during inflation, i.e. outcome 1 discussed
in Sec. 1.3.1 can never take place.
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potentials. The key idea to remember about the potential in Eq. (1.30) is that it

possessed global minima that the scalar could eventually settle to, i.e. the potential

was bounded from below. Because of this feature, the scalar field could damp toward

one of these minima and settle down so as to pass Solar System constraints. This

idea can be extended to other polynomial forms of Vα and α(ϕ).

Let us first consider Eq. (1.28) with the highest power in ϕ even, such that the

highest power in Vα is odd. Such a potential is not bounded from below at either

ϕ → +∞ or ϕ → −∞, and thus, it will eventually diverge to negative infinity.6

The BBN constraint in Eq. (1.26) still holds for all potentials, and will therefore

determine the particle’s initial position at the end of the radiation-dominated era.

This constraint will always lead to at least one initial condition in the unbounded

regime of the potential, leaving the scalar field no choice but to run away toward the

attractor solution, rapidly violating Solar System constraints. Therefore, without a

priori knowledge of the initial conditions at inflation or some argument that eliminates

the initial condition that unavoidably leads to an attractor solution, all potentials of

this form are immediately ruled out by requiring that initial conditions not be fine-

tuned.

A similar argument also applies to coupling potentials whose highest power is

even but with a negative coefficient. These potentials have two regions that approach

−∞, and thus, they will result in run-away solutions for the scalar field. By the same

initial condition argument discussed above, these theories will not generically pass

Solar System tests after cosmological evolution.

The probability that the scalar will find its way to the unbounded part the

6A potential unbounded from below would also be expected to lead to quantum mechanical
instabilities as it allows no ground state. This forces unbounded potentials, such as the one considered
in footnote 18 of Ref. [42], to be extremely fine tuned and therefore require a very specific set of
initial conditions to pass Solar System tests.
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potential only increases with the inclusion of multiple scalar fields. Of course, the

scalar field might evolve in these potentials and never reach these regions, for some

initial conditions. However, the only way to guarantee that this does not occur for

generic initial conditions is to demand that the potential be bounded from below, and

this is the simplest and safest assumption to make.

Moreover, all of our discussion in Sec. 1.3.1 and 1.3.2.2 can be extended to

all other polynomial potentials whose highest power is even and has a positive

coefficient. These potentials are qualitatively similar to the the quartic one we have

considered thus far, in the sense that there exists a global minimum for the scalar

field to settle near. Locally, near the minima, these potentials look nearly identical

to the one we have considered here and thus one would expect qualitatively similar

results. Considering these higher order potential, however, comes at the cost of adding

more degrees of freedom and coefficients to constrain, unnecessarily complicating the

problem even further.

1.4 Neutron Stars and Scalarization

In this section, we discuss the basics of scalarization and under what conditions

it can occur. Note that we focus on spontaneous scalarization in isolated NSs,

because one expects theories where the latter is not possible to not allow for

dynamical/induced scalarization in binaries [52,53]. In more detail, we first consider

NSs in the original DEF theory. We then extend these calculations to the modified

DEF theory with the cubic conformal coupling function presented in the previous

section to show that scalarization cannot occur. We conclude by extending our

arguments to more generic potentials.
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1.4.1 DEF Theory

For a spherically symmetric, non-rotating star, we can write the Einstein-frame

line element as

ds2
∗ = −eν(r∗)dt2∗ +

dr2
∗

1− 2µ(r∗)/r∗
+ r2

∗dΩ2
∗ , (1.32)

where µ and ν are functions of r∗ and are determined from the field equations. The

Jordan-frame line element is then given by ds2 = A2ds2
∗ such that dr = Adr∗ in the

equations that follow. The matter inside old and cold NSs can be described through

a perfect fluid stress-energy tensor given in Eq. (1.11).

Using the line element above in Eqs. (1.6-1.7) and applying the stress-energy

conservation condition in the Jordan frame, ∇µT
µν = 0, we arrive at the set of

first-order differential equations [38]

µ′ = 4πGr2
∗A

4(ϕ)ρ+
1

2
r∗(r∗ − 2µ)ψ2 ,

ν ′ = r∗ψ
2 +

1

r∗(r∗ − 2µ)

[
2µ+ 8πGr3

∗A
4(ϕ)ρ

]
,

ϕ′ = ψ ,

ψ′ =
4πGA4(ϕ)

(r∗ − 2µ)
[α(ϕ)(ρ− 3p) + r∗ψ(ρ− p)]

−2ψ
(1− µ/r∗)
(r∗ − 2µ)

,

p′ = −(ρ+ p) (ν ′/2 + α(ϕ)ψ) . (1.33)

Note that the density and pressure in these equations are the Jordan-frame ones. To

close the system of equations, we use a simple polytropic EoS in the Jordan frame:

p = K ρ̄Γ , (1.34)

ρ = ρ̄+
p

Γ− 1
, (1.35)
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with ρ̄ the Jordan-frame baryonic density, and with Γ = 2 and K = 123G3M2
�

following Ref. [53, 74]. The choice of EoS affects the mass and radius of the NS, as

well as the exact compactness at which spontaneous scalarization occurs. However,

within the set of realistic neutron-star EoSs, the particular equation-of-state choice

made does not affect whether scalarization exists in the first place or not.
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Figure 1.6: Left: Scalar charge as a function of baryonic mass in DEF theory [α(ϕ) =
βϕ] with various values of β. For simplicity, we choose ϕ∞ = 0, since this quantity
is constrained to be close to zero by Solar System experiments. Observe that the
scalar charge activates spontaneously when the mass exceeds a certain critical value,
which depends on β. Right: Mass-radius curves in DEF theory with Jordan-frame
quantities m̄ and R, the same choices of β, and ϕ∞ = 0. The GR curve is shown in
black, and one can see that the more negative β becomes, the greater the deviation
from GR.

We numerically solve the system of equations described above for a set of stars

parameterized by their central density. In particular, we use Mathematica’s default

integrator, which uses an LSODA approach, switching between a non-stiff Adams

method and a stiff Gear backward differentiation formula method [75]. Inside the

star, the pressure is given as a function of the density via the polytropic EoS of

Eqs. (1.34)–(1.35), while outside the pressure and density vanish. The boundary of

the interior and exterior region, i.e. the radius of the star, is defined by where the

pressure vanishes. Our code integrates from the center of the star to an effective
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spatial infinity, thus fully determining the metric and the scalar field in the entire

spacetime. Near spatial infinity, the scalar field decays as

ϕ ≈ ϕ∞ +
ω

r∗
. (1.36)

The quantity ϕ∞ is the asymptotic (at spatial infinity) value of the scalar field (which

we fix to a specified value as a boundary condition), while ω is related to the scalar

charge of the star α sc via [38]

α sc =
ω

Gm∗
, (1.37)

where m∗ is the Einstein-frame ADM mass of the star; notice that we add a subscript

sc to the scalar charge to distinguish it from the conformal coupling α in Eq. (1.4).

We find ω, and thus α sc, by extracting the 1/r part of the scalar field by fitting its

exterior solution from our numerical calculations.

Figure 1.6 shows the results of our numerical calculations for DEF theory, which

reproduce old results from the literature [37, 38]. (We assume here ϕ∞ = 0.) One

can see that the scalar charge “spontaneously” turns on at a critical baryonic mass

m̄crit. One can also see in Fig. 1.6 that for m̄ > m̄crit there are two branches of

solutions, one with α sc 6= 0 and one with α sc = 0. This second branch is unstable to

perturbations, i.e. those solutions will either collapse or evolve to the stable branch.

The more negative β becomes, the larger the maximum scalar charge. These results

are quantitatively dependent on the EoS used and for our choice, scalarization occurs

only when β . −4.4.

Let us now provide a physical explanation for why spontaneous scalarization

occurs, following the arguments in [38]. Consider then the evolution equation of the

scalar field in the weak-gravity static limit, such that � → δij∇i∇j. Let us further

consider a constant density star (with negligible pressure, following the weak-field
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assumption), such that −4πGT ∗ → 4πGρ∗ = 3GmR−3 = 3CR−2, with C = Gm/R

the compactness and R the stellar radius. This leaves us with the simple equation

∇2ϕ = sign(β)K2ϕ , (1.38)

where K2 = 3 C |β| R−2 when r∗ < R and K = 0 when r∗ > R. The solution must

be regular at the center, ϕ(0) = ϕc = finite and ϕ′(0) = 0, and must be continuous

and differentiable at the surface r∗ = R. When β < 0, these conditions lead to the

interior solution7

ϕ =
ϕ∞

cos(KR)

sin(Kr∗)

Kr∗
. (1.39)

One can see that when KR = π/2, the scalar field can be amplified inside the star,

even when ϕ∞ ≈ 0. This is how spontaneous scalarization occurs in DEF-like theories.

When β > 0, however, the solution can be obtained by replacing sin and cos with sinh

and cosh respectively in Eq. (1.39). In this case, one typically finds a de-amplification

of the scalar field inside the star which suppresses any deviations from GR.

A similar argument holds when β > 0 if one considers a NS whose trace of the

stress-energy tensor, i.e. T = −ρ + 3p, is positive such that the overall sign on the

right-hand side of Eq. (1.38) is still negative. This will lead to the same instability

in the star and give a solution similar to Eq. (1.39), in which case the scalar field

becomes amplified in the regions where p > ρ/3. Indeed, it has been shown that for

β very large, i.e. β & 100 [41], scalarization can occur in standard DEF theory for

certain NS equations of state; note that we here restrict attention to the β < 0 case.

7Technically, the regularity conditions at the center lead to the interior solution ϕint =
ϕc sin(Kr∗)/(Kr∗), while the exterior solution is ϕext = ϕ∞ + ω/r∗. The matching conditions
at the surface, ϕint(r∗ = R) = ϕext(r∗ = R) and ϕ′int(r∗ = R) = ϕ′ext(r∗ = R), relate the central
value of the field to its asymptotic value at spatial infinity ϕc = ω/ cos(KR).
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Figure 1.7: Left: Scalar charge as a function of baryonic mass in modified DEF
theory [α(ϕ) = βϕ + δ ϕ3] with β = −6 and various values of δ. We again choose
ϕ∞ = 0 to see the effect that the δ term has on the previous DEF theory results.
We see again that the scalar charge activates spontaneously when the mass exceeds
a certain critical value, and a larger value of δ causes the charge to become smaller.
Right: Mass-radius curves in modified DEF theory with Jordan-frame quantities m̄
and R, β = −6, and the same choices of δ. With the black curve representing GR
again, we see that the deviations away from GR are maximized when δ = 0 (i.e. when
the theory reduces to DEF theory), while larger values of δ decrease any deviations
from GR.

1.4.2 Modified DEF Theory

To study NSs in modified DEF theory we must numerically solve the equations

of the previous section but with α(ϕ) defined as in Eq. (1.29). As a first pass, we will

continue to assume that ϕ∞ = 0 to gain insight on how the inclusion of the δ term

affects the results of the previous subsection. The left panel of Fig. 1.7 compares the

scalar charge present for several orders of magnitude in δ. We see that spontaneous

scalarization still occurs and it even “turns on/off” at the same values of m̄ as in

the (δ = 0) DEF theory case. The δ independence of m̄ in this case makes sense

because ϕ∞ = 0 and therefore the field is sitting in the region of the potential that is

dominated by the DEF-like β term. One can see that adding the δ term suppresses

the scalar charge of the star and drives the solution to that of GR in the limit δ →∞.
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These results are also evident in the right panel of Fig. 1.7 where mass-radius relations

are plotted for a large range of δ for fixed β. The largest deviations from GR occurs

when δ = 0 (i.e. DEF theory) and again it is clear that as δ → ∞ the NS solutions

reduce to those found in GR.

One can go even further and extract the maximum value of the scalar charge as

a function of δ to explore a much broader region of parameter space, comparable to

that in Fig. 1.1. In Fig. 1.8 we plot this quantity for different choices of fixed β . We

find a clear monotonic decrease in the maximum scalar charge as δ increases. Also,

not surprisingly, as β becomes more negative the (maximum) scalar charge increases,

since the curvature of the potential becomes more negative and the potential has a

steeper slope, thus allowing the field to become more amplified as a result.
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Figure 1.8: Maximum scalar charge as a function of δ for multiple values of β in
modified DEF theory. Observe a uniform monotonic decrease as δ become large for
a significant range of negative values of β.

We are now in a position to link the results from cosmological evolution and



46

Solar System tests to NSs and scalarization. So far, we have assumed ϕ∞ = 0 in

our NS solutions, but there is a problem with this assumption when we connect to

our previous results in Fig. 1.4: ϕ∞ does not vanish upon cosmological evolution,

but rather it is near the minimum of the conformal potential if it is to satisfy Solar

System constraints today. Thus, choosing ϕ∞ = 0 a priori when building NS solutions

(corresponding to the field sitting near the local maximum in Fig. 1.2) is completely

inconsistent with Solar System observations. Instead, we must set ϕ∞ ∼ ϕmin such

that it is near the global minima.

Before proceeding numerically, let us take a step back and qualitatively explain

what should happen when ϕ∞ ∼ ϕmin. The negative curvature of the potential in DEF

theory (Vα = βϕ2/2) leads to scalarization because the scalar field has the ability to

roll in the potential. The same is true in modified DEF theory (Vα = βϕ2/2+ δ ϕ4/4)

when ϕ∞ = 0, because the field sits near the local maximum of the potential and

can roll when influenced by matter, which explains our previous numerical results on

scalarization. However, if we now set the asymptotic value of the field to be near the

minimum of the potential, such that Solar System tests are passed, the field now sits

in a region of the potential where the curvature is positive. In regions of local positive

curvature we would expect physics to reduce to the case of DEF theory with β > 0, in

which case no scalarization occurs because the scalar field can no longer roll. As we

will show, our numerical results are consistent with this qualitative idea. We stress

that to determine if spontaneous scalarization occurs, the exact numerical value of

ϕmin is not an important factor, provided that ϕ∞ ≈ ϕmin such that the scalar field

sits near the minimum of the potential.

Allowing the asymptotic value of the scalar field to be exactly at the minimum

gives zero scalar charge and all mass-radius curves reduce exactly to GR. This is

what one expects, but it may not be the most complete conclusion to make. The
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Figure 1.9: Scalar charge as a function of baryonic mass in modified DEF theory
with β = −4.5 and δ = 100. We plot the charge when ϕ∞ = 0 and when ϕ∞ lies near
(but not exactly at) the minimum of the conformal potential (such that it saturates
current Solar System bounds). In the second case (denoted by ϕ∞ 6= 0) we see a
scalar charge that is always present but never reaches a value greater than 10−3. This
shows that there is no “spontaneous” activation of the scalar field in the ϕ∞ 6= 0 case.

Cassini bound requires that the scalar field sit near the minimum of the potential,

corresponding to the region between the purple dashes in Fig. 1.2. The best chance

of allowing for scalarization occurs when one saturates this bound and sets ϕ∞ to

coincide with one of these dashes near the minimum, giving the scalar field a very

small region to roll in. Again, however, we find that spontaneous scalarization does

not occur and that all mass-radius curves reduce approximately to that of GR. There

does exist a small scalar charge in this case (just like in DEF theory with β > 0 or in

JFBD theory), see Fig. 1.9, but exactly like in those cases (i) the charge is very small

(on the order of 10−4) and (ii) the charge does not turn on/off suddenly, as one would

expect in spontaneous scalarization, but rather it is always present for all masses.
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This behavior is shown in Fig. 1.9, which shows the scalar charge as a function

of the baryonic mass for two different choices of ϕ∞. In one case, the asymptotic

value of the scalar charge ϕ∞ is chosen to be near the minimum of the conformal

potential, saturating Solar System constraints (i.e. ϕ is set equal to one of the

dashes near the minimum in Fig. 1.2). In the other case, ϕ∞ = 0, which allows

for spontaneous scalarization, but as discussed earlier, is not consistent with the

predictions of the cosmological evolution of the field at the present time. These

results prove that if modified DEF theory is to remain consistent with Solar System

tests after cosmological evolution, then the spontaneous scalarization of NSs is not a

phenomenon that can occur.

Does this inconsistency between scalarization and Solar System tests persist for

other forms of the conformal coupling potential? Previously we have argued that the

only way Solar System tests can be passed (without a mass term in the scalar field

action) is if the potential contains a minimum, preferably a global one to prevent

the scalar field from diverging (see Sec. 1.3.3). Regardless of the exact form of the

potential, however, one must require the the scalar field be near the minimum today

in order to pass Solar System tests. This requirement then reduces the problem to

a local analysis of the potential near the minimum, where the curvature is positive,

thus making the analysis for NSs qualitatively similar to that of the potential that

we have studied above. Thus, because the scalar field must sit near the minimum of

the conformal potential today, the results of this section generalize to any polynomial

coupling potential that passes Solar System tests upon cosmological evolution.

1.5 Conclusion

In this paper, we studied scalar-tensor theories of gravity and their cosmological

evolution to determine whether such theories are able to pass Solar System tests today
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while still allowing for scalarization. As expected [40,54,55], the theory proposed by

Damour and Esposito-Farèse does not pass these tests when β < 0, precisely the

values of β that lead to spontaneous scalarization in strongly self-gravitating systems

like NSs. This is because when β < 0, an attractor basin arises leading to a run-away

scalar field solution that violates Solar System constraints today.

We have studied a generic modification to DEF theory by considering a

conformal coupling function composed of a higher-order polynomial in the scalar

field, such that the associated coupling potential is bounded from below. We show

that this modification allows the theory to pass Solar System tests today upon

cosmological evolution for a wide range of initial conditions. Any potential that

is not bounded from below allows the scalar field to reach a runaway attractor

solution (at least for some initial conditions), and thus, can never pass Solar System

tests for generic initial conditions. Potentials that are bounded from below and

pass Solar System constraints, however, do not allow for spontaneous scalarization.

This is because cosmological evolution drives the scalar field to the minimum of the

conformal potential, thus eliminating the ability of the field to roll when solving for

NS configurations.

The results of this paper suggest that if one wishes to construct scalar-

tensor theories that can simultaneously pass Solar System constraints and allow for

spontaneous scalarization, then modifications to the conformal coupling of this form

are not enough. One possibility is to consider the addition of a mass for the scalar

field. Indeed, Ref. [68] has already shown that massive DEF theory still allows for

spontaneous scalarization for a very light scalar (masses between 10−15 and 10−9 eV).

Such massive scalar tensor theories could potentially pass Solar System constraints

upon cosmological evolution, an investigation that is currently ongoing. Another

possibility is to consider other, non-polynomial, functional forms for the coupling
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potential, such as that studied recently in [41]. Indeed, the latter reference has

recently claimed that such a potential allows for spontaneous scalarization. Whether

this model also passes Solar System constraints will also be analyzed in a forthcoming

publication.
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Abstract

Scalar-tensor theories of gravity modify General Relativity by introducing a
scalar field that couples non-minimally to the metric tensor, while satisfying the
weak-equivalence principle. These theories are interesting because they have the
potential to simultaneously suppress modifications to Einstein’s theory on Solar
System scales, while introducing large deviations in the strong field of neutron stars.
Scalar-tensor theories can be classified through the choice of conformal factor, a
scalar that regulates the coupling between matter and the metric in the Einstein
frame. The class defined by a Gaussian conformal factor with negative exponent
has been studied the most because it leads to spontaneous scalarization (i.e. the
sudden activation of the scalar field in neutron stars), which consequently leads to
large deviations from General Relativity in the strong field. This class, however, has
recently been shown to be in conflict with Solar System observations when accounting
for the cosmological evolution of the scalar field. We here study whether this remains
the case when the exponent of the conformal factor is positive, as well as in another
class of theories defined by a hyperbolic conformal factor.We find that in both of
these scalar-tensor theories, Solar System tests are passed only in a very small subset
of coupling parameter space, for a large set of initial conditions compatible with
Big Bang Nucleosynthesis. However, while we find that it is possible for neutron
stars to scalarize, one must carefully select the coupling parameter to do so, and
even then, the scalar charge is typically two orders of magnitude smaller than in the
negative exponent case.Our study suggests that future work on scalar-tensor gravity,
for example in the context of tests of General Relativity with gravitational waves from
neutron star binaries, should be carried out within the positive coupling parameter
class.

2.1 Introduction

General Relativity (GR) has been shown to be consistent with all current

observations, including those in the Solar System (SS) [16,61], with binary pulsars [7],

and recently with gravitational waves through the merging of two black holes detected

by advanced LIGO [1, 76]. Scalar-tensor theories (STTs) of gravity are among

the most natural extensions to GR [29–31] because they are both well-posed [32]

and well-motivated from string theory [25, 77], quantum field theory [24], and

cosmology [17, 23, 78, 79]. These theories have seen a recent revival given that they
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can lead to large deviations from GR in strong-field scenarios, making them a natural

theory choice to test GR with gravitational wave observations.

STTs modify GR by introducing a scalar field that couples to the metric non-

minimally, thus forcing matter to respond both to the metric tensor and to the scalar

field. The easiest way to see this is to (conformally) transform the metric tensor into

the Einstein frame, in which the action looks identical to the Einstein-Hilbert one,

but with the matter sector responding to the product of the conformally-transformed

metric and the conformal factor. Therefore, STTs can be classified by the specific

functional form of the conformal factor. One of the most studied classes is that

originally proposed by Damour and Esposito-Farèse (DEF) [37, 38], in which the

conformal factor is a Gaussian in the Einstein-frame scalar field with an exponent

proportional to a coupling constant β, i.e. A(ϕ) = exp(βϕ2/2). Another class that has

recently captured some attention is that in which the conformal factor is proportional

to a certain power of a hyperbolic cosine with argument proportional to the product

of the Einstein-frame scalar field and a constant β, i.e. A(ϕ)3β = cosh(
√

3βϕ) [41,44,

45,80]. In this paper, we will study both classes, referring to the former as exponential

and the latter as hyperbolic.

Perhaps one of the most interesting consequences of STTs is that neutron stars

(NSs) can undergo what is known as scalarization [37, 38], in which the scalar field

is amplified above its background value inside the NS. Three types of scalarization

processes have been discovered, which can be classified by the physical process that

causes the activation of the scalar field. For isolated NSs, spontaneous scalarization

occurs once a critical density is reached inside the star [37, 38, 42, 64]. In binary

systems, NSs can undergo either dynamical or induced scalarization [52, 53, 65, 66].

The former occurs when the binding energy of the orbit reaches a critical value,

causing the violent activation of the scalar field, while the latter occurs when one
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Figure 2.1: Maximum value of scalar charge αsc inside stable NSs as a function of the
coupling parameter β in hyperbolic STTs with 5 different EoSs. In the background,
blue (red) regions correspond to values of β that are consistent (inconsistent) with
Solar System observations after cosmological evolution. Observe that the green
regions become thinner and more sparse as β increases. The bounds shown here
are the most stringent ones one can place with initial conditions that deviate from
GR as much as possible by saturating BBN constraints.

member of the binary is already scalarized and it induces a scalar charge in its

companion. Until recently, scalarization was thought to only occur in the exponential

class of STTs if β < 0, because then a certain scalar instability can occur for most

equations of state (EoSs). But recently, a non-vanishing scalar charge has also been

shown to occur inside NSs when β > 0 in both exponential and hyperbolic STTs with

certain EoSs [41, 80, 81]. In these cases, however, the activation of the scalar charge

(for example, as a function of ADM mass) is not nearly as sudden as in the β < 0

case and the maximum scalar charge is typically significantly smaller.

STTs have also been popular because of the belief that they can be made to

pass Solar System constraints by appropriately choosing the asymptotic value of the

scalar field, but recently this belief was proven to be incorrect [40, 54, 55, 82]. Solar

System observations place a very strict constraint on exponential STTs because the

asymptotic value of the scalar field in the Solar System cannot be chosen freely, but
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rather it must be chosen consistently with the field’s prior cosmological evolution.

The cosmological evolution of the universe forces the scalar field to grow rapidly

with redshift when β < 0 (for all but very fine-tuned initial conditions), leading to

clear violations of Solar System tests today, most notably in the consistency of the

Shapiro time delay and the perihelion shift of Mercury with the GR predictions [61].

A previous study [82] attempted to remedy this problem by modifying the form of the

exponential conformal factor by adding a term of higher order in the Einstein frame

scalar field. While this was enough to ensure Solar System tests are passed today, it

reduced the scalar charge in NSs by orders of magnitude.

Theory SS tests? αsc,max Stable NS?

β < 0 exp. × O(10−1) X

β > 0 exp. X O(10−3) ×

β < 0 hyp. × O(10−1) X

β > 0 hyp. X O(10−3) X

Table 2.1: A summary of the various properties of two classes of STTs. The columns
correspond to the following: Do they pass Solar System tests after cosmological
evolution? What is the typical magnitude of the maximum scalar charge they can
support inside NSs? Do they allow for stable and scalarized NS solutions?

Given all of this, it is then natural to explore exponential and hyperbolic

STTs with β > 0 in more detail to determine if Solar System constraints can be

placed, and if so, the degree to which NSs continue to scalarize within the allowed

region of parameter space. We first study Solar System constraints by exploring

the cosmological behavior of STTs from the time of Big-Bang Nucleosynthesis

(BBN) until today. For any particular value of β and any particular set of initial

conditions consistent with BBN constraints, the value of the scalar field today will
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either be consistent with Solar System observations or it will violate them, therefore

determining if that value of β is part of the viable region of parameter space for those

initial conditions. There are two distinct sets of initial conditions that we consider in

detail.

1. BBN constraints on the scalar-field initial conditions are saturated such

that deviations from GR are at a maximum.

Figure 2.1 shows the β (blue) regions that allow hyperbolic STTs to pass Solar System

tests when choosing initial conditions that saturate BBN constraints. For all viable

initial conditions (including those that saturate BBN constraints), hyperbolic STTs

pass Solar System tests when 0 < β . 17, while exponential STTs pass when 0 < β .

24 (not shown in the figure). Moreover, there are special values of the initial conditions

for which both theories pass Solar System tests above these critical β values, which are

shown as thin green regions in Fig. 2.1. This is because the cosmological evolution of

the scalar field has damped oscillations with redshift, thus allowing for the possibility

that today the field happens to be in a state in which Solar System tests are passed,

although this may not be the case in the future.

2. BBN constraints on the scalar-field initial conditions are relaxed such

that deviations from GR are not at a maximum.

The constraints reported above can be relaxed by fine-tuning the initial conditions at

the time of BBN. Cosmological observations and the theory nucleosynthesis require

that the scalar field at the time of BBN be in a small region near the minimum of an

effective potential. Saturating current constraints on the speed-up factor, quantifying

deviations of the gravitational constant G from GR at the time of BBN, put the scalar

as far away from the minimum as possible. In principle, however, one can relax this
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assumption and place the scalar closer to the minimum, making it easier for the

theory to satisfy current Solar System constraints. A random distribution of viable

initial conditions relaxes the bounds reported above to 0 < β . 34 and 0 < β . 25 in

the exponential and hyperbolic cases respectively. Larger values of β would typically

require fine-tuning of initial conditions for Solar System tests to be passed. It is

worth noting that if these assumption are completely relaxed such that there are no

deviation from GR at the time of BBN, then one cannot place any constraints on

the value of β because the cosmological evolution of the universe will be completely

consistent with GR.

With this at hand, we then explore whether spontaneous scalarization still occurs

in exponential and hyperbolic STTs within the viable β regimes of parameter space.

In the exponential STT case, scalarized NSs have already been shown to be unstable

to gravitational collapse for such values of β [41]. In the hyperbolic case, however,

scalarized NSs can be stable for certain EoSs, but the scalar charge is typically two

orders of magnitude smaller than typical charges in the β < 0 exponential STT case.

Figure 2.1 plots the maximum scalar charge for stable NSs in hyperbolic STTs for a

large range of β using different EoSs. None of the EoSs that we consider here give

stable scalarized NS solutions for β . 17, but they do allow for stable scalarized

stars when β & 20. Moreover, there exist (small) periodic regions of viable parameter

space that allow for scalarized NSs (green regions that have non-zero scalar charge

in them), although these separate and become thinner as β increases. These general

conclusions are summarized in Table 2.1. The results in Table 2.1 only holds for

massless STTs and the addition of a potential term for the scalar field could allow

the theories to completely avoid any constraints we place here.

Our results are directly relevant to studies that constrain deviations from GR in
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the strong field, for example with gravitational waves. Most of the latter have so far

focused on the massless exponential class of STTs with β < 0, but these have already

been shown to be incompatible with Solar System observations [54,82]. We will here

show that the massless exponential class of STTs with β > 0 does pass Solar System

tests for a range of β, but these theories have already been shown to disallow for

stable scalarized NSs [41]. We will also show that the hyperbolic class of STTs with

β > 0 also passes Solar System tests for a range of β, and these theories do allow for

stable scalarized stars [41] making them much more appropriate for gravitational wave

studies. Our results, however, also indicate that the amount of scalar charge in such

theories is drastically smaller than what is obtained in the massless exponential case

with β < 0. This raises the question of whether such small charges can be constrained

in practice with second-generation ground-based gravitational wave detectors. A more

detailed analysis is required to address this last question.

The rest of this paper will address the points above in more detail. We first lay

out our notation and the background of STTs in Sec. 2.2. We next go into details

of the cosmological evolution of the scalar field in both theories in Sec. 2.3 and place

constraints on β from Solar System observations. Section 2.4 addresses NS solutions

in detail, first for β < 0 to build a foundation and then for β > 0. Finally, we end

with our conclusions in Sec. 2.5 and discuss the implications of our results. We adopt

units in which c = 1 but restore cgs units in our discussion of NSs when appropriate.

2.2 The Basics of Scalar-Tensor Theories

In this section we present the details of the class of theories we investigate and

establish notation, following mostly the presentation in [82]. The STTs we consider in

this paper can be defined by the action S J = S J,g + S J, mat, where the gravitational
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part is given by

S J,g =

∫
d4x

√−g
2κ

[
φR− ω(φ)

φ
∂µφ ∂

µφ

]
, (2.1)

and where g and R are the determinant and Ricci scalar associated with the Jordan-

frame metric gµν , ω(φ) is a coupling function for the scalar field φ, and κ = 8πG with

G the bare gravitational constant. The matter action S J, mat[χ, gµν ] is a functional of

the matter fields χ, which couple directly to the Jordan frame metric gµν , meaning

that STTs of this form are metric theories of gravity.

One can take the action in Eq. (2.1) and write it in a form resembling the

Einstein-Hilbert action in GR through a conformal transformation gµν = A2(ϕ)g∗µν

where we refer to g∗µν as the Einstein-frame metric. By choosing the conformal factor

A(ϕ) such that

A2(ϕ) = φ−1 , (2.2)

and providing an explicit relationship between ϕ and φ via

α2(ϕ) =

(
d lnA(ϕ)

dϕ

)2

=
1

3 + 2ω(φ)
, (2.3)

the Einstein-frame action becomes

S E =

∫
d4x

√−g∗
2κ

[
R∗ − 2gµν∗ ∂µϕ∂νϕ

]
+ S E, mat

[
χ,A2(ϕ)g∗µν

]
,

(2.4)

where g∗ and R∗ are the determinant and Ricci scalar associated with the Einstein-

frame metric g∗µν . Notice that the matter degrees of freedom χ now couple to the

product of the conformal factor A(ϕ) and the Einstein-frame metric. For later

convenience, we define a conformal coupling potential via α = ∂Vα/∂ϕ, such that
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Vα(ϕ) = lnA(ϕ) , (2.5)

and note that the curvature of this potential is then given by

β(ϕ) =
∂2Vα
∂ϕ2

=
∂α(ϕ)

∂ϕ
. (2.6)

The potential in Eq. (2.5) will later play the role of an effective potential that the

scalar field evolves in cosmologically. For the rest of this paper we will strictly refer

to A(ϕ) as the conformal factor, α(ϕ) as the (conformal) coupling, and Vα(ϕ) as the

(conformal) coupling potential.

Variation of the Einstein-frame action yields the field equations

R∗µν = κ

(
T ∗µν −

1

2
g∗µνT

∗
)
, (2.7)

2∗ϕ = −κ
2
α(ϕ)T mat,∗ , (2.8)

where 2∗ is the Einstein-frame covariant wave operator and T mat,∗ is the trace of the

Einstein-frame matter stress-energy tensor defined by

T mat,∗
µν ≡ 2√−g∗

δS E, mat

[
χ,A2(ϕ)g∗µν ]

δgµν∗
. (2.9)

One can see that the Einstein-frame stress-energy tensor is related to the Jordan-frame

one via T µνmat,∗ = A6T µνmat by applying the conformal transformation to Eq. (2.9). The

field equations also depend on the total stress-energy tensor, which is the sum of the

matter and scalar field stress-energy tensors

T ∗µν = T mat,∗
µν + Tϕ,∗µν , (2.10)
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where

κTϕ,∗µν = 2(∂µϕ)(∂νϕ)− g∗µν(∂σϕ)(∂σϕ) . (2.11)

Our entire study, both cosmologically and for NSs, adopts a perfect fluid

representation of the matter in the Jordan frame. However, this is also true in the

Einstein frame since they are related through a conformal transformation, and thus

we use

T mat,∗
µν = (ε∗ + p∗)u

∗
µu
∗
ν + p∗g

∗
µν , (2.12)

where ε∗ is the energy density of the fluid, p∗ is the pressure, and u∗ is the 4-velocity,

all in the Einstein frame. Normalization of the 4-velocity g∗µνu
µ
∗u

ν
∗ = −1 = gµνu

µuν

leads to the relationship uµ∗ = Auµ. Using this result in conjunction with T µν∗ = A6T µν

allows one to derive the direct relations ε∗ = A4ε and p∗ = A4p between the Einstein

and Jordan frame density and pressure.

The choice of A(ϕ), or consequently α(ϕ), defines a particular theory and

therefore plays a critical role in testing that theory with observations. Specifically,

these functions determine the local value of Newton’s gravitational constant [30]

GN = G
[
A2 (1 + α2)

]
ϕ0
, (2.13)

where ϕ0 is the value of the scalar field today determined cosmologically. They also

determine the local value of the parameterized post-Newtonian (PPN) parameters [71,

72]. The γ PPN parameter, which measures the spatial curvature due to a unit rest

mass [16, 73], is given in massless STTs by

|1− γ PPN|ϕ0 =
2α2

0

1 + α2
0

, (2.14)

where α0 is the conformal coupling evaluated at the present day value of the scalar
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field ϕ0. There exist another such expression for the β PPN parameter which is given

by

|1− β PPN|ϕ0 =
1

2

β0α
2
0

(1 + α2
0)2

, (2.15)

where β0 = ∂α/∂ϕ|ϕ0 . In GR γ PPN = β PPN = 1, and the constraints |1 − γ PPN| .

2.3× 10−5 and |1− β PPN| . 8× 10−5 [16], from the verification of the Shapiro time

delay by the Cassini spacecraft and the perihelion shift of Mercury respectively [73],

provide the weak field constraints on the theories we consider in this paper.

2.3 Cosmological Evolution and Solar-System Constraints

To determine if a particular theory is consistent with Solar System tests, we must

first understand the cosmological evolution of the scalar field. We here review the

cosmological evolution equations originally presented in Refs. [40, 55] and continue

to establish notation, following again mostly the presentation in [82]. We adopt a

spatially flat Friedmann-Roberston-Walker (FRW) metric in the Einstein-frame

ds2
∗ = −dt2∗ + a2

∗(dr
2
∗ + r2dΩ2

∗) , (2.16)

where a∗ is the Einstein-frame scale factor. The Einstein-frame field equations then

become

3H2
∗ = κε∗ + ϕ̇2 , (2.17)

−3
ä∗
a∗

=
κ

2
ε∗ (1 + 3λ) + 2ϕ̇2 , (2.18)

ϕ̈+ 3H∗ϕ̇ = −κ
2
αε∗(1− 3λ) , (2.19)
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where overhead dots stand for derivatives with respect to Einstein-frame coordinate

time t∗, H∗ = ȧ∗/a∗ is the Einstein-frame Hubble parameter, ε∗ and p∗ are the

energy density and pressure of all components of the universe (matter, radiation,

dark energy), and λ = p∗/ε∗ is the usual cosmological EoS parameter. The Einstein-

frame variables can be transformed to Jordan-frame variables via the conformal

transformation mentioned earlier: gµν = A2(ϕ)g∗µν which yields dt = A(ϕ)dt∗ and

a = A(ϕ)a∗. Following Ref. [82], we assume that any pressure and energy density

associated with ϕ will be negligible compared to other energy components of the

universe.

Equations (2.17)–(2.19) do not lend themselves to a simple analytic solution for

the evolution of the scalar field ϕ. However, by defining a new time coordinate dτ =

H∗dt∗, one can decouple the evolution equations. Under this time transformation one

finds that the time derivatives become

ϕ̇ = H∗ϕ
′ , (2.20)

ϕ̈ = H2
∗ϕ
′′ + Ḣ∗ϕ

′ , (2.21)

ä

a
= Ḣ∗ +H2

∗ , (2.22)

where primes denote derivative with respect to τ . Using these redefinitions,

Eqs. (2.17)–(2.19) can be simplified into a single equation for the evolution of the

scalar field

2

3− ϕ′2ϕ
′′ε∗ + ε∗(1− λ)ϕ′ = −α(ϕ)ε∗(1− 3λ) . (2.23)

It is important to note here that if one wishes to consider more than a single

component universe, ε∗ must not be divided out of the equation. In general, each

term containing ε∗ and λ will be a sum over all components of the universe, and
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therefore, ε∗ cannot simply be removed from the equation.

To have a complete description of Eq. (2.23) one must understand its evolution

in τ . From conservation of energy in the Jordan-frame one finds

d(εa3) = −p(ε)d(a3) , (2.24)

which, using λ = p/ε, can be written as

ε = a−3(1+λ)ε0 , (2.25)

where ε0 is the value of the Jordan-frame energy density measured today (i.e. when

a = 1). To transform Eq. (2.25) to the Einstein frame we make use of the fact that

dτ = H∗dt∗ to write a∗ = eτ and then use a = A(ϕ)a∗ to write

a = A(ϕ)eτ . (2.26)

We can then use ε∗ = A4ε in combination with Eq. (2.26) to write the Einstein-frame

energy density as

ε∗ = ε0e
−3(1+λ)τA1−3λ . (2.27)

If we divide Eq. (2.23) by the critical density εcrit and use the result of Eq. (2.27) the

scalar field evolution equation becomes

2ϕ′′

3− ϕ′2C1(ϕ, τ) + ϕ′C2(ϕ, τ) = −α(ϕ)C3(ϕ, τ) , (2.28)
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where we have defined

C1(ϕ, τ) =
∑
i

Ωi,0 e
−3(1+λi)τ A(1−3λi) , (2.29)

C2(ϕ, τ) =
∑
i

Ωi,0(1− λi) e−3(1+λi)τ A(1−3λi) , (2.30)

C3(ϕ, τ) =
∑
i

Ωi,0(1− 3λi) e
−3(1+λi)τ A(1−3λi) , (2.31)

where Ωi,0 = εi,0/εcrit is the standard density parameter as seen today for the ith

energy component.

The evolution described in Eq. (2.28) is reminiscent of a damped oscillator.

Assuming the density functions C1, C2, and C3 only contain a single energy component

for simplicity, it becomes apparent that there is a velocity dependent mass appearing

in front of the second derivative, a damping term proportional to the velocity, and

on the right-hand side of the equations there is a potential gradient influencing the

overall evolution of the scalar field, as first pointed out in [40,55]. Even if the density

functions are not constant in τ or ϕ, the damped oscillator picture still holds, as we

will show numerically later in this section, and it will thus provide a useful analogy

to extract a physical understanding from our numerical calculations.

2.3.1 Two Scalar-Tensor models

Thus far we have remained model independent and have not made any

assumptions about the form of α(ϕ). In this section we define the two STTs that we

study in this paper. The first model we consider is the standard DEF theory, defined
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by

A(ϕ) = e
1
2
βϕ2

, (2.32)

Vα(ϕ) =
1

2
βϕ2 , (2.33)

α(ϕ) = βϕ , (2.34)

β(ϕ) = β , (2.35)

which we will refer to as the exponential model. The other model we consider is that

introduced by Mendes [41,80], defined by

A(ϕ) =
[
cosh(

√
3βϕ)

] 1
3β

, (2.36)

Vα(ϕ) =
1

3β
ln
[
cosh(

√
3βϕ)

]
, (2.37)

α(ϕ) =
tanh(

√
3βϕ)√

3
, (2.38)

β(ϕ) = β sech2(
√

3βϕ) , (2.39)

which we will refer to as the hyperbolic model. Notice that β enters both models as

a free parameter that will quantify the degree of departure from GR (with β = 0

reducing the theory to GR). The conformal factor here is motivated as an analytic

approximation to the conformal factor one would find if the action also included terms

proportional to R ϕ2 in the Einstein frame [41,44,45,80], motivated by quantum field

theory considerations [24].

In the context of an oscillator, Vα is the potential that sources the scalar field

evolution through its gradient α(ϕ). In the case of exponential STTs, this is simply

a parabola, cf. the left panel of Fig. 2.2, and therefore the scalar field evolves

analogously to a damped harmonic oscillator in τ . In the case of hyperbolic coupling,
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Figure 2.2: Schematic diagrams for both the conformal coupling potential Vα (left)
and the conformal coupling α(ϕ) (right). The exponential STT is represented by
solid red curves and the hyperbolic theory by dashed blue curves. The horizontal
gray lines at ±1/

√
3 in the right panel correspond to the limiting values of α(ϕ) in

the hyperbolic theory. These figures were constructed with β = 5, but the qualitative
features remain the same for all positive values of β.

however, that potential is no longer a simple parabola and while we expect the

evolution of the scalar field to still be oscillatory, it should be quantitatively different

than in the exponential STT case. The key difference between the potentials in these

theories lies in their behavior away from their minima (ϕ = 0). In the exponential

case, the gradient of the potential grows linearly as we increase ϕ (or β for that

matter) where for hyperbolic coupling the gradient becomes constant; both behaviors

can be seen in the right panel of Fig. 2.2. The behavior of these potentials away from

their minima plays a key role in the behavior of the scalar field, both in cosmology

and in NSs, as we will show in the following sections.

2.3.2 BBN Constraints and Initial Conditions

To determine the evolution of the scalar field one must first determine a set

of initial conditions that it must obey at some point in the past. The natural first

choice is to determine initial conditions at the very beginning of the universe, or at
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the very least at the end of inflation. However, there is substantial uncertainty in

the true physics of the early universe, and thus, any constraints would be subject to

this uncertainty. Following the work in [82], we will use the observational constraints

from Big-Bang-Nucleosynthesis (BBN) to determine the behavior of the scalar field

at matter-radiation equality (Z ∼ 3600), which we will use as our “initial” point in

time for our numerical integrations.

Consider an era in which the universe is radiation dominated, as was the case

in the early universe after inflation, when a ∼ 10−5. In this case we can neglect

the energy density contributions from matter and dark energy and write Eqs. (2.28)–

(2.31) as simply

2

3− ϕ′2ϕ
′′ +

2

3
ϕ′ = 0 , (2.40)

where we have divided out the common energy density terms. Notice that the coupling

function α(ϕ) does not appear in this equation, meaning that the scalar field evolution

during a purely radiation dominated universe will always be the same, regardless of

the coupling function of the theory. Equation (2.40) has a solution of the form

(following the notation in Refs. [40,55])

ϕ(τ) = ϕr −
√

3 ln
[
Ke−τ + (1 +K2e−2τ )1/2

]
, (2.41)

where

K =
ϕ′i
√

3√
1− ϕ′2i /3

, (2.42)

with ϕr a constant and ϕ′i the scalar velocity upon exiting inflation. The only

necessary assumption that we must make here is that the scalar velocity not be very

close to its limiting value of
√

3. This assumption is valid because if the scalar velocity

ever does reach
√

3 then all dynamics of the evolution are removed, which can be seen



70

from Eq. (2.28). When ϕ′ =
√

3 the only solution to Eq. (2.28) is one in which the

field grows linearly in time, which certainly violates Solar System constraints today

since the right-hand side of Eq. (2.14) would asymptote to two. Thus, we can conclude

that ϕ′ <
√

3 for all times in the past and from Eq. (2.41) we can conclude that ϕ′(τ)

is exponentially damped to zero during the radiation domination era.

To constrain the initial value of the scalar field we use BBN constraints on

the gravitational constant. The speed-up factor ξ BBN := H/HGR quantifies any

differences between the actual Hubble parameter H and the the Hubble parameter

predicted by GR, HGR; these differences are caused by deviations from the standard

gravitational constant. The observed Hubble parameter can be derived from

Eq. (2.17) with ϕ̇ = 0 (as we have just argued to be true immediately after the

radiation era), and is given by H = (8π/3)GA2
RεR where εR and AR are the Jordan-

frame energy density and conformal factor, respectively, evaluated at the time of

BBN. The expansion rate predicted in GR takes the form H2
GR = (8π/3)GNεR, with

GN given in Eq. (2.13) with α0 = 0. The speed-up factor then becomes

ξ BBN =

(
H

HGR

)
=

(
GA2

R

GN

)1/2

=
1√

1 + α2
0

AR

A0

, (2.43)

where the R and 0 subscripts indicate values at the end of the radiation era (or at

the time of BBN more specifically) and today respectively.

Observational bounds on the abundances of Helium place constraints on the

expansion rate of the universe [56,57,59], which then implies that

|1− ξ BBN| ≤
1

8
, (2.44)

which is a one σ constraint. On the other hand, Solar System tests restrict α2
0 ∼

10−5 which means that to a good approximation we can neglect its contributions in
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Eq. (2.43) and write ξ BBN ∼ AR/A0. A constraint on AR can be placed through

Eq. (2.44), giving ∣∣∣∣1− AR

A0

∣∣∣∣ ≤ 1

8
. (2.45)

Saturating this constraint gives AR/A0 = 7/8 or AR/A0 = 9/8.

From here the particle analogy can be used to understand what exactly this

constraint tells us. Relating the constraint on the conformal factor A to the conformal

coupling potential Vα via Eq. (2.5) one finds

Vα,0 + ln(7/8) ≤ Vα,R ≤ Vα,0 + ln(9/8) . (2.46)

This tells us that the scalar field can, at most, be ln(9/8) higher in the potential than

where it is today or ln(7/8) lower. However, both conformal potentials we consider

here, Eqs. (2.33) and (2.37), have a global minimum which the scalar field must be

near to today in order to satisfy the Cassini bound. Such a condition means the

the scalar field cannot be lower in the potential than it is today and therefore only

Vα,R ≤ ln(9/8) is a valid constraint (because Vα,0 ≈ 0). For our calculations we will

use

Vα,R = ζ ln(9/8) , (2.47)

where ζ is a parameter that ranges from 0 to 1 and will scale the BBN constraint to

allow us to sample the full range of possible initial conditions.

Now we must apply the BBN constraint in Eq. (2.47) to the conformal coupling

potentials we consider in this paper. By equating Eq. (2.33) and Eq. (2.47) we find
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the initial conditions for the exponential STT to be

ϕR, DEF =

√
2

β
ζ ln

(
9

8

)
, (2.48)

ϕ′R, DEF = 0 . (2.49)

Likewise, in the hyperbolic case we have

ϕR, hyp =
1√
3β

cosh-1

[(
9

8

)3βζ
]
, (2.50)

ϕ′R, hyp = 0 . (2.51)

The constraints on the conformal factor from BBN also provide information on

how far in the past BBN occurred in τ -time. Consider the definition dτ = H∗dt∗ and

integrate it to get τ = ln a∗. Transformation back to the Jordan-frame scale factor

via a = A(ϕ)a∗ gives

τ = ln

(
1

1 + Z

)
− ln(A) , (2.52)

where Z is the Jordan-frame redshift related to the Jordan-frame scale factor through

a = 1/(1 + Z). Because we set a = 1 today, the value of τ today must be zero, i.e.

τ0 = 0 . Finding the difference in τ -time between now and when BBN occurred is

simply τ0 − τR, or

τR = ln

(
1

1 + ZR

)
− ζ ln

(
AR

A0

)
, (2.53)

where we have made use of the fact that the redshift today is zero. Notice that the

ratio AR/A0 is the same ratio that is constrained from BBN, and thus AR/A0 ≤ 9/8,

which is valid for all values of β. Therefore, using ZR = 3600 and ζ = 1, one finds that

BBN occurred at most τ = τR ∼ −8.306. The value of τR determined in Eq. (2.53)

with ZR = 3600 and a given ζ will mark the initial time of our numerical calculations.
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2.3.3 Exponential Theory

We study the cosmological evolution of the scalar field in detail and place bounds

on β. We start by considering the ζ = 1 case, i.e. saturating the BBN constraints on

the speed-up factor, to understand the nature of the evolution for 1 < β < 1000. From

there, we relax this assumption on ζ and allow 0 < ζ < 1, and we use these results

to place bounds on β by avoiding fine-tuning scenarios. In order to avoid confusion,

we point out that, in general, Solar System constraints on γ PPN and β PPN place

relatively independent constraints on the value of β. For completeness, we present

both results but in the end our conclusions will be based off of the PPN parameter

that places the tightest constraints on β; in every case that we study, we find that

β PPN consistently places the tightest constraints.1

2.3.3.1 Scalar-Field Evolution We solve Eq. (2.28) numerically from the end of

the radiation dominated era (Z ∼ 3600) to the present day. Describing the energy

density of the universe as a piecewise function in τ -time would only require one to

consider a single energy component of the universe at a time and thus only keep

a single term in Eqs. (2.29)–(2.31)(this leads to a rather simple analytic solution

for the scalar field [40, 54, 55, 82]). Treating the energy densities in this manner,

however, forces sharp transitions between different cosmological eras (i.e. from matter

domination to dark energy domination). To avoid any sharp transition and ensure a

smooth evolution, we simply consider all energy components of the universe for all

time and evolve the full form of Eqs. (2.28)–(2.31) numerically.

The left panel of Fig. 2.3 shows the evolution of 1 − γ PPN in the exponential

1Technically, constraints on ĠN/GN , as appearing in Eq. (2.13), can also constrain these theories
because the oscillating scalar field induces an oscillating value of GN . However, we find that these
constraints are insignificant when compared to γ PPN and β PPN in the range of parameter space
that we explore.
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theory for the entire integration time and three different values of β > 0. A general
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Figure 2.3: Left: 1 − γ PPN evaluated during the evolution of the scalar field, with
ζ = 1 here, to show that an increase in β makes it harder to satisfy the Cassini bound
today at τ0 = 0. The dips here physically go to zero but due to finite numerical
precision this is not reflected here. Right: 1 − γ PPN (red) and 1 − β PPN (blue)
evaluated today at τ0 = 0 for a range of β.

feature of the evolution regardless of β is that there are oscillations inside of a decaying

envelope, which should not come as a surprise. The scalar field starts at some height

in the potential and oscillates about the minimum. Because there is a damping term

in the evolution equation, the amplitude of the oscillations must decrease in time. The

dips in this plot, which go to zero, are points when the scalar field passes through the

minimum of the potential, i.e. when α(ϕ) = 0, and the peaks correspond to turning

points in the evolution where ϕ′ instantaneously vanishes.

There are a few features of note that are present for different values of β. As β

increases, the period of oscillations about the minimum becomes smaller and therefore

the motion is more rapid. This is primarily due the steepness of the corresponding

potential, i.e. when β is large the potential is steep and narrow, allowing the velocity to

be large. This accounts for two features of the evolution: 1) the period of oscillation is

shorter and 2) the damping is weaker so the decay is slower in τ -time. The first point
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above is obvious: starting from a higher point in the potential means there is more

“potential energy”, which converts to “kinetic energy”, leading to a faster velocity

and therefore faster oscillations, but the second point may seem counterintuitive.

Recalling Eq. (2.28), as ϕ′ becomes larger the term 3−ϕ′2 becomes smaller, meaning

that the damping term proportional to ϕ′ alone holds less significance during the

evolution. This velocity-dependent mass term is what is responsible for the decreased

damping at the beginning of the evolution as β increases.

A final feature of the evolution worth noting is the different decay rates that

occur in the left panel of Fig. 2.3 (most apparent for β = 100). One would expect

to see different decay rates for different intervals of τ during the evolution because

damping is determined by the value of C2 in Eq. (2.30). As time passes, the dominant

energy density of the universe also changes, which causes C2 to be dominated by that

energy and results in a distinct decay rate. Before τ = −6 the effects of both radiation

and matter are important, until about τ = −1 matter seems to completely dominate

the damping, and for τ & −0.5 the effect of dark energy becomes dominant causing

the fastest decay. Although we do not show it explicitly, similar conclusions can be

drawn from the behavior of β PPN throughout the evolution of the scalar field.

The right panel of Fig. 2.3 shows the value of |1 − γ PPN| (red) and |1 − β PPN|

(blue) today for a subset of β that we considered. As one may expect from the

previous results, as β becomes larger the damping becomes weaker and as a result

the field may not settle to the minimum of the potential by today. There are, however,

periodic values of β that do allow for Solar System tests to be passed even when β is

large. These values of β lead to an evolution where the scalar field just happens to

be passing by the minimum of the potential today and thus the Solar System bounds

are satisfied. However, as time continues to progress the scalar field will leave the

minimum of the potential in the future and may eventually fail to satisfy Solar System
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constraints. Such an outcome becomes unavoidable for β & 30.

The apparent linear β dependence of (1 − γ PPN)ϕ0 can be explained by an

approximate analytic solution to Eq. (2.28). For simplicity, consider an era that is

dominated by matter and assume ϕ′ �
√

3 such that the scalar-field evolution can

be approximated by

2

3
ϕ′′ + ϕ′ = −βϕ , (2.54)

which is a classical damped harmonic oscillator. With the initial conditions in

Eqs. (2.48)-(2.49), with ζ = 1, the solution becomes

ϕ(τ) = ϕR e
−T (τ)

[
cos(B T (τ)) +

sin(B T (τ))

B

]
(2.55)

where T (τ) = 3(τ + τR)/4, B =
√

(8/3)β − 1, and τR = −8.306. Note that this

solution is valid only for the under-damped case such that β > 3/8, which is precisely

the region of parameter space we are interested in. For a more detailed discussion of

the critically- and over-damped cases see Ref. [55]. Because α2 = β2ϕ2 is small today

(it is of the same order as 1− γ PPN in most cases) we can approximate Eq. (2.14) as

1− γ PPN = 2α2 = 2β2ϕ2 . (2.56)

Evaluating ϕ in Eq. (2.55) today and averaging over the small oscillations to extract

the secular terms, one finds

(1− γ PPN)ϕ0 ∝ β2ϕ2
R ∝ β , (2.57)

using Eq. (2.48) for ϕR. In other words, the overall growth of 1−γ PPN today is linear

in β, as we see in the right panel of Fig. 2.3. Likewise, 1−β PPN has an extra factor of
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β in the numerator, making it quadratic, and thus grows even faster than 1− γ PPN,

leading to a stronger violation of Solar System constraints for large β.
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Figure 2.4: Left: Value of β crit, as defined in the text, for every value of ζ which
corresponds to the the entire range of possible initial scalar positions at the time of
BBN. Right: The total fraction out of all β values sampled (1 < β < 1000) that
allow Solar System tests to be passed at τ = 0, as a function of the initial conditions
determined by ζ. The general trend of the top right panel tells us that this fraction
would continue to decrease as we increase the upper bound of our sample size.

2.3.3.2 Constraints on β We now turn our attention to placing quantitative

constraints on β from the results of our numerical calculations. Because of the

oscillatory nature of the scalar field, there are different types of constraints that

can be placed, which differ in their generality:

• β crit, where all β < β crit pass Solar System at the present time but not

necessarily at all future times,

• β fail, where all β < β fail pass Solar System tests at the present time, and

generically also at all future times (this is the method used in Ref. [82]),

• β all fail, where all β > β all fail will generically fail Solar System tests either today

or at some future time.
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In general, one finds that β all fail > β crit > β fail and all of these possibilities lead to

constraints that are consistent with each other, but for completeness we present all

of them in our analysis. Furthermore, we will show below that these constraints are

relatively insensitive to the value of ζ, i.e. the initial conditions chosen at the time of

BBN, provided that they are not finely tuned to be close to ζ = 0 (ϕ = 0).

The discussion in the previous section specifically applied to the ζ = 1 case only,

so now we will focus on the consequences of allowing 0 < ζ < 1. For every set of

initial conditions determined by ζ in Eqs. (2.48)-(2.51) there exists a critical value of

β, denoted by β crit, for which all β < β crit lead to a value of ϕ0 that is consistent

with Solar System observations. In general, there is a β crit associated with each PPN

parameter, corresponding to the intersections of the constraints (red/blue horizontal

lines) and corresponding curves (red/blue curves) in the right panel of Fig. 2.3. The

smaller of these two will be the value of β crit reported in this paper, since it places

the tightest constraint. For ζ = 1, one can see from the right panel of Fig. 2.3 that

β crit = 24, corresponding to the black point where the blue horizontal line intersects

the curve for |1 − β PPN|. The left panel of Fig. 2.4 shows the behavior2 of β crit for

all values of ζ, associated with both γ PPN and β PPN. Small values of ζ lead to large

values of β crit, such that β crit →∞ in the limit that ζ → 0 for both PPN parameters.

This should indeed be the case because when ζ → 0 the scalar field is sitting at the

minimum of the potential at the time of BBN. If the field is at the minimum in the

past, with no velocity, then it will certainly be at the minimum today, and thus it will

satisfy Solar System tests with ease. Our results show that regardless of the value

of ζ, current constraints on β PPN place the tightest constraints on the value of β crit.

The values of β fail and β all fail are determined in a similar fashion and have a very

2The step-like nature of β crit is related to the oscillatory behavior of the scalar field shown in
Fig. 2.3, and it is not an artifact of numerical resolution.
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similar dependence on ζ as β crit does. We list all of these values in Table 2.2.

Ultimately we want to place bounds on values of β and use those in our NS

calculations, but considering ζ ∼ 0 does not restrict β at all according to the

arguments presented above. We therefore restrict our calculations to ζ > 0.05 as

a way of avoiding a large amount of fine-tuning; the choice of 0.05 as the lower

bound is because in a randomly selected sample of ζ there is only a 5% chance that

ζ < 0.05 would be selected. In another effort to avoid a finely tuned bound, we take

a random distribution of ζ and select the median of the resulting distribution of β crit

to represent a measure of the “most probable” value of β crit, denoted by βcrit,med, if ζ

were chosen randomly. We find that in the exponential theory this median value is

βcrit,med ∼ 34.

The quantities β crit and βcrit,med still do not necessarily tell the entire story of

which values of β should be considered feasible because, as Fig. 2.3 shows, there is

a (small) subset of β > β crit (or β > βcrit,med in the case of more finely-tuned initial

conditions) that do indeed pass Solar System tests today. To quantify this, we define

F =
# of β that pass Solar System tests

# of β sampled
(2.58)

and present these results as a function of ζ in the right panel of Fig. 2.4. The scalar F

depends on the sampling of β and ζ, and thus, on their prior probability distribution.

We here assume that all β and ζ are equally likely and choose flat distributions for

their sampling, which is equivalent to discretizing the β and ζ spaces linearly; we

are not aware of any theoretical argument to prefer any particular value of these

couplings over others3. As a reminder, ζ = 1 corresponds to the solutions displayed

3If a theoretical mechanism is devised in the future that suggests, for example, that ζ must be
close to zero at the time of BBN, then the scalar F can be recalculated and the conclusions found
here revised.



80

in Fig. 2.3 where β crit ∼ 24, as determined by constraints on β PPN, and in this case

F is only slightly over 8%. We point out that for this calculation we sample both

β and ζ linearly. This means that there is roughly an 8% chance that a randomly

selected value of β between 1 and 1000 will allow Solar System tests to be passed.

Interestingly, F changes very slowly with ζ, such that even for very small values of

ζ, i.e. for ζ > 0.05, F is still . 25%.

The above results may seem to indicate that there is a decent number of possible

values of β above the critical or the median one for which Solar System tests are

passed, provided that we sample larger values of β, but this conclusion would be

premature. We have here greatly narrowed the scope of our study by only focusing

on β < 1000, but in principle, β could take on any value between zero and infinity.

Considering values of β > 1000, say up to β = 106 for definiteness, would lead to

two consequences: (i) the # of β that pass Solar System tests would increase slightly,

and (ii) the # of β sampled would increase dramatically. Because of these effects,

the relative fraction F would decreases significantly leaving a very small probability

of passing Solar System tests without a very fine-tuned choice of β.

Let us wrap up this subsection by summarizing the main results we have

obtained, all of which can be inferred from Fig. 2.3 and Fig. 2.4. For the ζ = 1 case,

we see that for all β . β crit ∼ 24 the scalar field will evolve such that Solar System

tests are passed today. For β & β crit ∼ 24 the solutions for which Solar System tests

are passed is periodic in nature, but in general they do not pass Solar System tests.

Moreover, the ones that do pass Solar System tests today do not generically do so

in the future. In fact, all β & 29 that happen to pass Solar System tests today will

eventually fail them in the future. The monotonic growths seen in the right panel

of Fig. 2.3 imply that this trend will continue as β increases and there will never be

a turnover such that larger ranges of β will generally pass Solar System tests. Such
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Figure 2.5: Same as Fig. 2.3 and 2.4 but for the hyperbolic class of STTs.

conclusions turn out to be valid for all values of ζ > 0. A summary of these results

can be found in Table 2.2.

2.3.4 Hyperbolic Theory

We now repeat the analysis described above but using the hyperbolic theory

instead of the exponential one. The numerical results for the evolution of the scalar

field are displayed in Fig. 2.5. There are several similar features in the scalar field

evolution to what we found in the exponential case, as well as a few features exclusive

to hyperbolic coupling that we discuss below.

The upper panels of Fig. 2.5 show the evolution of the scalar field for ζ = 1.

As β increases, there is a distinct increase in the frequency of oscillation about the
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minimum of the potential. In the exponential theory, this was attributed to the fact

that the potential became steeper with increasing β, generating steeper gradients and

therefore larger accelerations. The potential gradient α(ϕ) in the hyperbolic theory

exponentially asymptotes to a value of 1/
√

3 for large values of βϕ, cf. Fig. 2.2. This

behavior limits the maximum value of 1− γ PPN via Eq. (2.14), and also restricts the

coupling between the scalar field and matter, effectively placing an upper limit on

the sourcing term of the oscillator. As a result, the scalar field does not gain as much

velocity as quickly here, and therefore, it spends more time away from the minimum

of the potential initially, leading to minimal amounts of oscillatory motion and the

saturation of 1 − γ PPN occurring in Fig. 2.5 at early times. Again, while we do not

show the time evolution of 1 − β PPN, its behavior is similar and ultimately leads to

identical qualitative conclusions.

Once enough time has passed and the scalar field has been damped enough

to remain near the minimum of the potential, it finally begins to behave as in the

exponential theory, but this has a significant effect on whether or not Solar System

tests are passed today. Because α(ϕ) remains at its limiting value for a substantial

amount of time, which is evident for example when β > 10, the friction terms do not

have a significant effect until later in the evolution, making it harder for the field to

decay to a small enough value in order for either PPN parameter to be consistent

with Solar System constraints. This is made clear in the top, right panel of Fig. 2.5

where we see that β crit ∼ 17, a value smaller than that found in the exponential case.

We also see that it becomes even more difficult to pass Solar System tests for large

β, i.e. the regions falling below the Solar System bounds become smaller the larger

β becomes. We also find that all β & 19 that allow Solar System tests to be passed

today will ultimately fail to do so at some point in the future, if Solar System tests

continue to show that the constraints on PPN parameters are time-independent.
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Similar to the analysis in the previous section we can study what effect the initial

conditions, parameterized via ζ, have on the scalar-field evolution, with the bottom

panels of Fig. 2.5 showing β crit and F as functions of ζ. The overall behavior of β crit

is similar to that in the exponential theory but it is always significantly lower. Just

like we did previously, we can quantify a median value of β crit corresponding to the

median of the distribution appearing in the bottom, left panel of Fig. 2.5 and we find

that βcrit,med ∼ 25 for the hyperbolic theory. The fraction F is also smaller and is

only around half of what it is in the exponential theory. As we argued before, this

fraction will only decrease with an increased sample size of β, and to avoid fine-tuning

scenarios one should try to avoid considering value of β larger than β crit that satisfy

Solar System tests today because they just happen to have α(ϕ) = 0 today. Table 2.2

contains a summary of all bounds on β from these calculations.

2.3.5 Constraints on β: Summary

Let us now briefly summarize our conclusions regarding the bounds we can place

on β given Solar System observations and their implications. First, recall that we

focused on the range 1 < β < 1000 and 0 < ζ < 1, and that ζ close enough to zero,

e.g. ζ < 0.05, corresponds to a finely tuned choice of initial conditions, i.e. choosing

ϕ ∼ 0 at the time of BBN. Table 2.2 shows representative values of the bounds

on β from the three choices discussed at the beginning of Sec. 2.3.3, for both PPN

parameters in both the exponential and hyperbolic theories. Notice that in every

case displayed, the bounds placed from β PPN are all tighter than the ones placed by

γ PPN. This is consistent with the structure of the PPN constraints because β PPN

takes the curvature of the conformal potential into account, while γ PPN does not.

For any β & 10 the curvature of the potential becomes significant near the minimum

of the potential, in turn causing larger present day values of |1 − β PPN| which are
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Exponential Hyperbolic

(1− γ PPN)ϕ0
(1− β PPN)ϕ0

(1− γ PPN)ϕ0
(1− β PPN)ϕ0

ζ = 0.05

β crit 722 104 395 91

β fail 722 103 394 91

β all fail 811 113 431 100

F 93% 25% 69% 21%

ζ = 1

β crit 42 24 17 17

β fail 41 24 17 17

β all fail 60 29 25 19

F 25% 8% 10% 4%

Median

Values

β crit 76 34 38 25

β all fail 99 40 49 27

β crit = 50
ζ < 0.843 ζ < 0.229 ζ < 0.393 ζ < 0.162

ϕR < 0.063 ϕR < 0.032 ϕR < 0.088 ϕR < 0.041

β crit = 100
ζ < 0.376 ζ < 0.051 ζ < 0.196 ζ < 0.043

ϕR < 0.029 ϕR < 0.011 ϕR < 0.044 ϕR < 0.013

Table 2.2: Bounds on β using different initial conditions (determined by ζ) and both
PPN parameters (γ PPN and β PPN) in both the exponential and hyperbolic theories.
The parameters β crit, β fail, β all fail, and F are those defined in the text. The first row
shows data for lowest value of ζ we consider, i.e. ζ = 0.05. The second row shows
the data for saturating BBN constraints (ζ = 1). We present the median values of
certain parameters in the third row, given by the definitions defined in the text. The
last two rows illustrate the amount of fine tuning of ζ, or alternatively ϕR, that would
be necessary to force β crit to either 50 or 100.

inconsistent with Solar System observations. We therefore focus explicitly on the

bounds placed by β PPN.

Let us first focus on the ζ = 1 portion of Table 2.2 and recall the definitions

of β crit, β fail, and β all fail presented in Section 2.3.3. For both theories, β crit, β fail,

and β all fail all place nearly identical upper bounds on β. Furthermore, F is 8% and

4% for the exponential and hyperbolic theory respectively. Such small values of F

suggest that it is extremely hard to randomly select a value of β > β crit that will be

consistent with Solar System constraints, and in fact this value only becomes smaller
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by considering values of β > 1000. This suggest that one would have to very precisely

select a β > β crit if one wants to remain consistent with Solar System observations,

leading to a fine-tuning problem. Therefore, in order to naturally avoid this, one

should only consider β < {β crit, β fail, β all fail}, all of which are ∼ 20 in both theories.

Let us now discuss the fine-tuning issue in a bit more detail, by focusing on the

rest of Table 2.2. First, notice that considering ζ = 0.05 brings the upper bounds on

β up to ∼ 100 and F up to ∼ 25% for both theories. While this increases the viable

range of β, one should remember that forcing ζ to be small is equivalent to forcing

ϕ → 0 at the time of BBN, resulting in a carefully selected set of initial conditions.

To avoid this fine tuning issue, we calculated the median value of the distribution of

β crit and β all fail, which represent the β’s that would be likely to pass Solar System

tests if ζ were chosen randomly (these are located in the rows label “Median Values”

in Table. 2.2). Ultimately, we see that this type of analysis only slightly relaxes the

bounds on β relative to what is found when ζ = 1, meaning that for a large subset

of 0 < ζ < 1 the bounds on β are around ∼ 40 and ∼ 25 for the exponential and

hyperbolic theory respectively.

Lastly, let us quantify the amount of fine-tuning that would be needed in order to

raise β crit to a region containing non-zero scalar charge in Fig. 2.1. This information is

shown in the bottom two rows of Table 2.2, but let us here only focus on the hyperbolic

theory since we only find stable NSs with non-zero scalar charge there. In order to

raise β crit to 50 (100), ζ would have to be smaller than 0.162 (0.043). To achieve this

one needs to demand that the scalar field be close to the minimum of the conformal

potential and therefore be very similar to GR on cosmological scales. While allowing

STTs to reduce to GR (ζ ∼ 0) on these scales would allow Solar System tests to be

passed it is effectively a set of measure zero. For the reasons above, we conclude that

the most natural way to evade Solar System constraints today is to consider bounds
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on β corresponding to ζ = 1, and we note that only under a carefully selected set on

initial conditions at BBN and β is it possible to pass Solar System tests otherwise.

2.4 Neutron Stars and Scalarization

In this section we describe NSs in STTs and introduce the basics of scalarization.

To reiterate the argument made in Ref. [82], we only study isolated NSs here because

theories that do not allow for spontaneous scalarization are also not likely to allow for

dynamical/induced scalarization. We first present the equations of structure and then

describe the piecewise polytropic EoSs we use to model realistic tabulated EoSs [83].

Finally, once the framework for the numerics has been laid out we present results for

NSs in the exponential theory and the hyperbolic theory, first for β < 0 and then for

β > 0.

For our study, we focus explicitly on isolated, static, and spherically symmetric

spacetimes, which in general can be described by the Einstein-frame line element

ds2
∗ = −eν(r∗)dt2∗ +

dr2
∗

1− 2µ(r∗)/r∗
+ r2

∗dΩ2
∗ , (2.59)

where ν and µ are only functions of the Einstein-frame coordinate radius r∗ and dΩ2
∗ is

the line element on the two-sphere. To a good approximation, the matter inside cold

NSs can be represented as a perfect fluid and therefore we use the form of the matter

stress-energy tensor given in Eq. (2.12). Applying conservation of stress energy in the

Jordan frame, ∇νT
µν = 0, along with the line element and perfect fluid assumptions

above yield a set of first order differential equations governing the structure of the
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NSs [37,38]

µ′ = 4πGr2
∗A

4(ϕ)ε+
1

2
r∗(r∗ − 2µ)ψ2 , (2.60)

ν ′ = r∗ψ
2 +

1

r∗(r∗ − 2µ)

[
2µ+ 8πGr3

∗A
4(ϕ)p

]
, (2.61)

ϕ′ = ψ , (2.62)

ψ′ =
4πGrA4(ϕ)

(r∗ − 2µ)

[
α(ϕ)(ε− 3p) + r∗ψ(ε− p)

]
(2.63)

−2ψ
(1− µ/r∗)
(r∗ − 2µ)

,

p′ = −(ε+ p) (ν ′/2 + α(ϕ)ψ) , (2.64)

where primes denote derivatives with respect to r∗, and all occurrences of p and ε are

explicitly in the Jordan frame. 4

EoS log(p1) Γ1 Γ2 Γ3 ρ crit/ρ0 βmin βmax α sc,max

ENG 34.437 3.514 3.130 3.168 4.544 19.1 26.7 ∼ 1.4×10−3

MPA1 34.495 3.446 3.572 2.887 3.683 19.3 27.2 ∼ 1.4×10−3

MS1 34.858 3.224 3.033 1.325 3.067 35.6 46.3 ∼ 2.7×10−4

MS1b 34.855 3.456 3.011 1.425 3.092 35.8 48.3 ∼ 2.4×10−4

SLy 34.384 3.005 2.988 2.851 5.349 30.0 39.3 ∼ 4.2×10−4

Table 2.3: Parameters of the piecewise polytropes {log(p1), Γ1, Γ2, Γ3} from Ref. [83]
for the 5 EoSs we use for NS calculations and the values of (βmin, βmax, α sc,max) found
here. For clarity, all ρ > ρ crit allow T mat > 0 in the core, βmin is the lowest value
of β allowing for stable scalarized solutions, βmax is where the maximal stable scalar
charge occurs, and α sc,max is the maximal scalar charge, corresponding to the peak
values of the curves in Fig. 2.1.

To close the system of equations we need to prescribe an EoS. We use the

piecewise polytropic EoSs studied in Ref. [83] in which the authors developed a four

4There is a missing factor of r∗ in the Eq. (2.63) equivalent appearing in Reference [82].
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parameter polytopic model that accurately approximates 34 tabulated EoSs. Let us

briefly discuss this parameterization of the EoS. In each baryonic density region inside

the star ρi−1 < ρ < ρi the pressure is given by the standard polytropic form

p = Kiρ
Γi , (2.65)

where Γi is the adiabatic index of the fluid in that region and Ki is the polytropic

constant chosen to ensure continuity at the boundary between density regions. The

energy density ε appearing in the structure equations is then found by integrating the

first law of thermodynamics

d
ε

ρ
= −p d1

ρ
, (2.66)

to find

ε = ρ+
p

Γ− 1
. (2.67)

We adopt a low-density crust region described by a degenerate relativistic gas

with adiabatic constant Γ0 = 4/3 and match it to a polytrope with adiabatic index

Γ1. The polytropic constant K0 for this crust region is determined by forcing the

crust to match the SLy EoS at a baryonic density of ρ0 = 2.7 × 1014 g/cm3. A

different choice of a fixed crust EoS only affects the physical quantities of the system

by a few percent. More importantly, scalarization will only occur in the dense regions

of the star, which are unaffected by the choice of crust used, so the simple choice

we make here will suffice for our study. The boundary between the crust and the

next polytropic region will therefore depend on the value of Γ1. At a fixed baryonic

density of ρ1 = 1014.7 g/cm3 and pressure p1 = p(ρ1) the EoS is matched to another

polytrope with adiabatic index Γ2 and constant K2. Another boundary is set at

ρ2 = 1015 g/cm3 where the EoS is matched yet again to another polytrope with index
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Γ3 and constant K3. The set of parameters {log(p1), Γ1, Γ2, Γ3} determines the best

fit to tabulated EoSs and were determined in Ref. [83], which we refer the reader

to for a more detailed description. Following Ref. [80] we restrict the scope of our

investigation to EoSs that allow for a maximum gravitational mass of more than two

solar masses and do not violate causality. These constraints leave us with 5 EoSs,

whose parameters are listed in Table 2.3 for convenience.
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Figure 2.6: Left: Baryonic mass of the NS as a function of central baryonic density.
Deviations from GR occur above some critical density which depends on β. A more
negative β leads to larger deviations from GR, but notice that the exponential theory
has more of an effect than the hyperbolic theory does. Right: Scalar charge as a
function of the total baryonic mass. The “spontaneous” activation of the scalar field
occurs at a particular mass, while the dependence on β appears to be independent of
the theory. Again we see that the exponential theory causes a larger activation of the
scalar field than the hyperbolic theory. The circles in both panels correspond to the
solutions that have maximum scalar charge and the crosses indicate the maximum
mass solutions, which also mark an instability in these branches of solutions [64,84].

We numerically solve the system of equations above parameterized by central

density ρc and coupling constant β. Following the methods employed in Ref. [82]

we use Mathematica’s default integrator which makes use of an LSODA approach

(a variant of the Livermore Solver for Ordinary Differential Equations) [75]. Inside

the star the pressure is governed by the piecewise polytropic EoS, while the pressure
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vanishes outside the star with the boundary where the pressure vanishes marking

the surface of the star. We integrate the equations from the center of the star to an

effective infinity that is far from the surface of the star, which allows us to determine

the metric and the scalar field in the entire spacetime. Far from the star, the scalar

field behaves as

ϕ = ϕ∞ +
ω

r∗
+O

(
1

r2
∗

)
, (2.68)

where ϕ∞ is the asymptotic value of the scalar field determined from cosmology (which

we fix to a small value and enforce as a boundary condition) and ω is a constant that

is proportional to the scalar charge. We define the scalar charge via

αsc =
ω

Gm∗
, (2.69)

where m∗ is the Einstein-frame ADM mass of the star and the subscript “sc” is used to

distinguish the scalar charge from the conformal coupling α(ϕ). Physically, the scalar

charge is a measure of the effective coupling between the scalar field and the star,

with a larger value meaning stronger coupling. The scalar charge is then determined

by ω which we find by extracting the 1/r piece of the external solution of the scalar

field.

2.4.1 β < 0: Standard Spontaneous Scalarization

Choosing a sufficiently negative value of β (. −4 for most EoS) leads to an

instability in the star that causes an activation of the scalar field above its background

cosmologically-determined value, a process known as spontaneous scalarization [37,

38,42]. In the context of cosmology, however, all massless STTs with β < 0 generically

lead to drastic disagreement with Solar System observations [54, 82], at least for the

subset of symmetric, monotonically increasing coupling potentials that we consider
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here. Thus, the NS solutions presented in this section should be strictly seen as a

stepping stone towards giving a better understanding of what will be presented for

the β > 0 cases.

Figure 2.6 shows the results of our numerical calculations using both exponential

and hyperbolic couplings for β = −6 and β = −5.5 as examples. For these

calculations we employ the ENG piecewise polytropic EoS with parameters given

in Table 2.3, but it should be noted that the qualitative behavior seen here is general

among all EoS that we consider. At low densities, only the GR solution exists and

the scalar field remains at its background value. There exists a critical density at

which the scalar field begins to “turn on” and produces sudden deviations from GR

as can be seen in the left panel of Fig. 2.6. The critical density at which this happens

depends on the EoS and the value of β, but as we stated earlier, it is a generic feature

among all EoS considered here. Larger central densities eventually lead back to the

GR solution and a trivial scalar field profile, just as in the low density case.

A more negative value of β, which in these theories explicitly means a stronger

coupling to matter, leads to larger deviations from GR and therefore larger values

of scalar charge α sc (cf. the right panel of Fig. 2.6). This is consistent with the

idea that scalar charge is the effective coupling between the star and the scalar field.

Notice, however, that the exponential theory predicts larger deviations from GR than

the hyperbolic theory does (i.e. the charge is roughly three times larger), regardless

of what value of β we choose. This can be understood by looking at the first term

in square bracket in Eq. (2.63), or more explicitly the fact that ψ′ ∝ α(ϕ), which

provides a type of feedback loop. In the exponential theory, large values of ϕ produce

large values of α(ϕ) relative to the hyperbolic theory, which is obvious from the right

panel of Fig. 2.2. Larger values of α(ϕ) thus lead to a larger positive feedback into

ψ′ and so on, explaining why the exponential theory leads to larger activation of the
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scalar field for given values of central density.

It is useful to provide an analytic explanation behind this spontaneous activation

of the scalar field. In both theories, α(ϕ) = βϕ+O(ϕ2) for small values of βϕ, which

must be true due to the arguments presented in Sec. ??. Following arguments and

notation presented in Refs. [38, 82], consider then the evolution of the scalar field in

a weakly gravitating, spherically symmetric system such that 2 → δij∇i∇j → ∇2
r ,

where∇2
r is the radial part of the Laplacian in spherical coordinates. For simplicity we

will assume T ∗mat is constant and while weakly gravitating systems would be expected

to have T ∗mat < 0 we allow it to remain arbitrary in the interest of generality. These

assumptions reduce the field equation for the scalar field to

∇2
rϕ = −K2ϕ sign(βT ∗mat) , (2.70)

where K2 = (κ/2)|βT ∗mat| for r∗ < R and must vanish outside the star. The solution

to this must still obey the physical boundary conditions of the scalar field, i.e. ϕ(0) =

ϕc and ϕ′(0) = 0 to ensure regularity at the center and the solution must be continuous

and differentiable at the surface r∗ = R. When the product βT ∗mat is positive the

solution becomes

ϕ =
ϕ∞

cos(KR)

sin(Kr)

Kr
. (2.71)

Even when ϕ∞ ≈ 0, which we emphasize is the case here, a nontrivial scalar-field

solution can arise when KR ≈ π/2. This type of “resonance” between the scalar field

and matter explains why spontaneous scalarization occurs in DEF-like theories and

why there exist deviations from GR in Fig. 2.6. However, when βT ∗mat is negative

the scalar field is exponentially suppressed to its background value, which can be

seen by replacing the trig functions in Eq. (2.71) with their corresponding hyperbolic

counterparts. It is then reasonable to expect that only certain ranges of density,
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which ultimately controls T ∗mat, will lead to an activation of the scalar field for any

given β, and why for relatively small and large central densities we only see the GR

solution in Fig. 2.6.

We here focused explicitly on the the sign of βT ∗mat rather than just β for a

reason. Indeed, for the weakly gravitating system used in the example above T ∗mat < 0

and the sign in Eq. (2.71) would be completely determined by the sign of β. However,

cosmological constraints force β > 0, so unless T ∗mat were also positive one would not

expect scalarization to occur. This was studied recently in Refs [41, 80, 81] and will

be the focus of the next section.

2.4.2 β > 0: Go Big or Go Home

Studying NSs in STTs with β > 0 is important because this is the region of

parameter space that is consistent with Solar System constraints upon cosmological

evolution of the scalar field. Luckily, NSs are extremely dense and there can exist

regions near the core where T ∗mat is indeed positive, allowing for possible scalarized

branches of solutions. Reference [41], however, demonstrated that NSs that scalarize

in the exponential theory lead to gravitational collapse. We will start our discussion

by summarizing the results presented in Refs. [41,81] and then present the results of

our numerical study of NSs in the hyperbolic theory with β > 0.

2.4.2.1 Gravitational Collapse in Exponential Theory The instability of the

exponential theory can be understood through a linear stability analysis of Eq. (2.8).

By allowing ϕ = ϕ0 + δϕ and keeping terms up to first order one finds

�∗ δϕ = −κ
2
β0T

∗
mat δϕ , (2.72)
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where β0 = (∂α/∂ϕ)ϕ0 is like the curvature of the coupling potential5, and the box

operator and the stress-energy tensor are those of GR. Reference [41] performed a

numerical search for solutions to Eq. (2.72) of the form δϕ = eΩtf(r) with a spherically

symmetric background, a perfect fluid stress-energy tensor, and a polytropic EoS (in

general, the location of the instability regions will depend on the EoS used). The

results of this search are presented in Fig. 2 of Ref. [41] and we provide a rough

schematic drawing of those results in Fig. 2.7.6 The results of the stability analysis

are independent of the theory being studied and only depend on the value of β0

defined above.

The red/blue regions in Fig. 2.7 correspond to regions that are unstable to scalar

field perturbations, which could lead to a non-trivial scalar-field profile inside the star.

White regions, on the other hand, are regions in the parameter space where only the

GR solution is present and no excitations of the scalar field would be expected inside

the star. We mark a line at β = −6 to clearly show that as central density increases

the instability arises but then as density continues to rise the instability eventually

turns off. The turn on/off of the instability in the β < 0 regime is consistent with the

results we previously presented in Fig. 2.6 for both theories. Recall that the instability

is related to the sign of (βT ∗mat) as we argued in the previous section. For small ρc

and β < 0 the sign of (βT ∗mat) is positive, causing the amplification of the scalar field

inside the star. As ρc grows larger eventually T ∗mat becomes positive, causing (βT ∗mat)

to become negative, ultimately suppressing the scalar field rather than amplifying it,

which is why the instability eventually vanishes as ρc increases.

In the β > 0 region of the parameter space the behavior of the instability is

5Notice that Eq. (2.72) encompasses a large class of STTs, not just the exponential model. This
analysis applies to STTs whose coupling functions α(ϕ) can be approximated by βϕ+O(ϕ2).

6Figure 2.7 is indeed a quantitatively replication of the results formally presented in Ref. [41].
We adjusted the regions to match those of the ENG EoS studied here. We only present this figure
here for completeness and to act as a visual aid to explain the behavior of the scalar instability.
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Figure 2.7: A rough schematic representation of the instability regions from linear
stability analysis carried out in Ref. [41]. Red/Blue regions are unstable to scalar-
field perturbations and the black region corresponds to solutions that are unstable to
gravitational collapse. The horizontal line marks the density above which T ∗mat > 0 at
the center of the NS. We mark a vertical line at β = −6 (corresponding to an example
scenario we used in Fig. 2.6) to help demonstrate the behavior of the instability.

slightly different. The instability to scalar perturbations no longer vanishes for larger

values of ρc, meaning that once the central density becomes large enough, i.e. in

the blue regions of Fig. 2.7, the instability will be present inside the star. The

work in Refs. [41, 81] showed that the final fate of scalarized NSs existing in the

β > 0 region of Fig. 2.7 in the exponential theory was always gravitational collapse.

Our understanding of these results is that NSs can exist in the exponential theory

with β > 0, provided that they live outside of the blue region of Fig. 2.7 and are

identical to the trivial GR solutions. However, since these NSs would be identical to

NSs in GR in these regions of parameter space no scalarized solutions would exist

in nature. Because NSs in the exponential theory that could undergo scalarization
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would ultimately collapse to black holes we focus our attention to the study of NSs

in the hyperbolic theory.

2.4.2.2 Scalarization in the Hyperbolic Theory Following the numerical proce-

dure explained at the beginning of the section, we calculate NS solutions in all 5

EoSs given in Table 2.3 for 0 ≤ β . 450 and β = 1000. While we do not analyze

the dynamical stability of the static solutions we find, we define stability based on a

turning point criterion in a sequence of equilibrium configuration described in detail

in Refs. [64,84]. In short, every solution to the left of the maximum mass in a mass-

density plot, like that in Fig. 2.8, would be considered stable and every solution to

the right would be unstable. Figure 2.8 shows our numerical solutions using the ENG

EoS for a small subset of β, with the top panel demonstrating stronger deviations

from GR for larger values of β. There are three key features of note in these solutions:

1. there exist values of β that have no stable branch of solutions,

2. there appears to be an asymptotic branch of solution for large values of β,

3. there will exist a maximum mass and stable scalar charge α sc,max for each β.

Let us investigate the first point above. From our turning point definition of

stability, any solution existing on a branch to the right of the maximum will be

unstable to gravitational collapse. Because small values of β do not lead to deviations

from GR until after the maximum mass is reached, it stands to reason that there exists

a βmin such that only values of β > βmin allow for stable scalarized NS solutions in

the hyperbolic theory. For example, in the top panel of Fig. 2.8 the β = 10 curve

clearly does not have stable solutions different from GR. In other words, sufficiently

small values of β only lead to deviations from GR when the ρc is large and in the

black region of Fig. 2.7 and would undergo gravitational collapse. When β = 40 there
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exists a clear set of solutions different from GR that would indeed be stable up to the

turning point, which we indicate with a circle in the figure for clarity. The values of

βmin are listed in Table 2.3 for all EoSs studied.

There also appears to be an asymptotic branch of solutions in the limit β →∞,

a qualitative feature occurring in each EoS studied. Starting from β = 0, increasing β

initially induces dramatic changes in the corresponding branch of solutions; however,

for β & 40 for the ENG EoS, the relative change between solution branches changes

only slightly even when β is increased by an order of magnitude. This idea can be

explained by again referring back to the structure of α(ϕ) in Fig. 2.2. As β →∞ we

find that α(ϕ) → 1/
√

3 exponentially. Therefore, as long as ϕ does not identically

vanish everywhere, the coupling to matter is saturated, and thus, there will exist a

branch of solution representing this maximal coupling case, which we see in Fig. 2.8

as β increases. This is a feature absent in the exponential theory because α(ϕ) is

linear in β and therefore it has no asymptotic limit, meaning that the scalar field’s

coupling to matter can never be saturated.

Stability arguments [64, 84] indicate that there exists a maximum mass, and

therefore a maximum stable scalar charge, on each branch of solutions determined

by β. However, the bottom panel of Fig. 2.8 indicates that the scalar charge grows

monotonically as the central density increases. Using the turning point criterion

allows us to extract the most massive stable solution and hence the corresponding

scalar charge of that solution. The points marked in Fig. 2.8 correspond to identical

solutions in each panel and for β & 40 we see that the maximum stable scalar

charge on each solution branch decreases with increasing β. There actually exists

a βmax where α sc,max(β) peaks, which is evident in Fig 2.1 and whose values appear

in Table 2.3.

Figure 2.1 shows the maximum stable scalar charge as a function of β for all EoSs
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Figure 2.8: Top: Baryonic mass as a function of central baryonic density for a
wide range of β. There exists an asymptotic solution as β → ∞ (as β increases the
branches only experience small changes from one to the next). Solid points indicate
the maximum mass that is stable and the solid red line connects all maximum mass
solutions for all β. Bottom: The scalar charge as a function of the central baryonic
density for the same set of β’s as in the top panel. Solid points here correspond to the
same solutions at the solid points in the top panel, with the solid red curve showing
how these values change as a function of β. Even though the scalar charge grows
monotonically there exists a maximum value that it can take for stable NS solutions.
For large β, increasing β continues to decrease the maximum stable scalar charge,
though it does not cause the charge to vanish.



99

in Table 2.3. There is a general trend that EoSs that allow for larger compactness

have large values of scalar charge. This complements the results presented in Ref. [80]

where the author demonstrated a relation between the compactness and the onset of

scalarization for the same set of EoSs. We can also roughly quantify how rapid the

scalar field “turns on” 7 by measuring the slope of the charge in the bottom panel

of Fig. 2.8 near the maximum stable solutions, i.e. the ones marked with points.

Figure 2.9 shows the value of this slope, which we denote α′sc,max = ∂α sc,max/∂ρc, as a

function of β. For small β there is no change in the charge because, as we previously

stated, there are no stable scalarized solutions below βmin. As one may expect from

Fig. 2.8 there is a clear monotonic decrease in α′sc,max as we increase β. A decreasing

α′sc,max means that the scalar field grows much more gradually with central pressure

as β becomes larger.

To understand why the maximum scalar charge decreases for large β we must

return to the field equations, particularly Eq. (2.63) which we rewrite for convenience

as

ψ′ =
4πGrA4(ϕ)

(r∗ − 2µ)

[
α(ϕ)(ε− 3p) + r∗ψ(ε− p)

]
−2ψ

(1− µ/r∗)
(r∗ − 2µ)

.

This equation describes the curvature of the scalar field profile, with the first term

in square brackets identified with (−α(ϕ)T ∗mat). This term will explicitly be negative

near the center of the NS because T ∗mat > 0. Increasing β increases the value of α(ϕ),

even though only slightly when β is large. This term then contributes to a more

negative value of curvature, which causes the scalar field to decay faster inside the

7This activation, or “turn on”, is not dynamical. We are simply referring to how rapid the charge
increases as ρc increases.
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Figure 2.9: Rate of change of the scalar charge evaluated at the maximum mass
solutions (solutions identified by points in Fig. 2.8) as a function of β for the ENG
EoS. There are no values for β . 19 because there are no stable solutions with scalar
charge, c.f. the discussion in the text. Notice that the “rapidity” of the increase
of scalar charge monotonically decreases with increasing β. The apparent kink near
β = 25 is a result of numerical error due to the fact that we only have limited precision
and must interpolate between different solution branches.

star as β increases. Numerically, we find that the NS solutions appearing in Fig. 2.1

have nearly identical central scalar field values for β > 100. Because the scalar field

decays faster inside the star there will exist a smaller value of ω from Eq. (2.68) upon

matching boundary conditions at the surface and therefore a smaller scalar charge.

2.5 Conclusion

Our calculations show that theories with an exponential conformal factor (iden-

tical to the ones first studied by Damour and Esposito-Farèse [37, 38]) and theories

with a hyperbolic conformal factor (motivated from quantum field theory [24,44,80])
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always pass Solar System constraints provided that β . β crit = 24 and β . β crit = 17

respectively for all initial conditions consistent with BBN constraints. By considering

a random distribution of initial conditions below the BBN constraint, these bounds

can be relaxed to β crit ∼ 34 and β crit ∼ 25 respectively. These results tell us that

Solar System constraints place a rather tight bound on the β parameter if one wishes

to avoid fine-tuning the initial conditions at the time of BBN.

Recent work has suggested that scalarization is still possible in STTs with β > 0

if the star becomes dense enough such that the trace of the matter stress-energy tensor

becomes positive inside the star, which is only possible for certain EoSs [41, 80, 81].

However, neutron stars in STTs with an exponential conformal factor have recently

been shown to undergo gravitational collapse when β > 0 [41]; therefore, only NSs

with T mat = −ρ + 3p < 0 would exist in this theory and these would not scalarize.

After verifying the results in these recent studies, we constructed NSs in a theory with

hyperbolic coupling and β > 0 for β regions consistent with Solar System observations.

Our results show that there exists a minimum value of β, denoted βmin in Table 2.3, for

which there exist stable scalarized NS solutions that are distinct from GR. However,

in every EoS that we considered, all of these values of βmin were larger than the upper

bound on β placed with Solar System observations when one saturates BBN initial

conditions.

The fact that β crit < βmin for many EoSs does not mean that no scalarized NSs

can exist. Indeed, one can choose more finely-tuned initial conditions at the time of

BBN, thus making β crit slightly larger. The larger one wishes to make β crit, the more

one will need to fine-tune the initial conditions. Eventually, such a large fine-tuning of

initial conditions would have to be justified through a theoretical physics mechanism

that currently does not exist. Alternatively, one can pick a value of β > β crit such

that Solar System constraints are satisfied today but fail in the future. In this case,
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the likelihood of the existence of stable, scalarized NSs becomes smaller the larger

β is above β crit, as the bands of allowed β thin out and become more sparse as β

increases.

The results presented here and in Ref. [82] may beg the question of whether

or not it is possible to engineer a conformal factor in massless STTs that generally

passes Solar System tests and, furthermore, leads to scalarization in neutron stars.

Solar System tests demand that, at least locally, the conformal coupling potential

have positive curvature, i.e. β(ϕ) > 0 in general, and therefore one must have an

EoS that allows T mat > 0 in order to have scalarized neutron stars. It seems that

having β(ϕ) > 0 and T mat > 0 only allows for a scalar charge of O(10−3), where as

in the β(ϕ) < 0 case the charge is of O(10−1). Therefore, these consistency between

Solar System observations and the cosmological evolution of the scalar field may

limit the maximum size of the scalar charge that can occur in NSs for a large class of

massless STTs. A promising avenue for future research would be the study of massive

STTs [68, 85] in this context or to perform an analysis like the one in this paper on

tensor-multiscalar theories.

If consistency between the bounds from Solar System tests and scalarized NSs

were achieved, then NSs in these theories would have a different mass and radius

than that predicted in GR and only deviate from GR after a critical density (or

compactness) is achieved such that the trace of the stress-energy tensor is positive. A

direct observation of such a system, perhaps with NASA’s NICER telescope [86,87],

in conjunction with gravitational wave observation of such systems, may allow further

constraints to be placed on STTs. Both observations would be necessary in order to

break degeneracies between the mass-radius relation, the tidal deformabilities and

our ignorance of the equation of state through approximately universal relations [88–

91]. Such studies would provide useful information on what the actual form of the
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conformal factor may be. We have seen that some models, like the exponential one,

do not allow for scalarized NSs, while others, like the hyperbolic one, do. Therefore,

any observation of neutron stars that could shed some light on the functional form of

the conformal factor would be valuable.

Similarly, it would also be interesting to investigate dynamical and induced

scalarization in hyperbolic STTs with β > 0 with an eye out for gravitational

wave tests with ground-based instruments [92–94]. Given the results obtained in

the spontaneous scalarization case, we expect the scalar charge to be dynamically

generated in binaries, but its magnitude to be significantly smaller than in the

exponential β < 0 case. The latter case, however, is already ruled out by Solar

System observations, while we showed here that hyperbolic STTs with β > 0 can

still be consistent. Studying scalarization in these theories would allow us to predict

the signatures that would imprint on the gravitational waves emitted in neutron star

binaries. Presumably, the activation of the scalar field will induce dipole radiation,

which in turn will speed up the inspiral of the binary, leaving a signature on the

gravitational waves emitted. If so, gravitational wave observations with advanced

LIGO could place the first meaningful constraints on such theories in the context of

NSs.
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Abstract

The timing of binary pulsars allows us to place some of the tightest constraints
on modified theories of gravity. Perhaps some of the most interesting and well-
motivated extensions to General Relativity are scalar-tensor theories, in which gravity
is mediated by the metric tensor and a scalar field. These theories predict large
deviations from General Relativity in the presence of neutron stars through a
phenomenon known as scalarization. Neutron stars in scalar-tensor theories develop
scalar charges, which directly enter the timing model for binary pulsars. In this paper,
we calculate and tabulate these scalar charges in two popular, massless scalar tensor
theories for a collection of neutron star equations of state that are compatible with
constraints placed by the recent, gravitational wave observations of a binary neutron
star coalescence. We then study these scalar charges and explore analytic scaling
relations that allow us to predict their value in a large region of parameter space.
Our results allow for the quick evaluation of the scalar charge in a large region of
scalar-tensor theory parameter space, which has applications for gravitational wave
tests of scalar-tensor theories, as well as binary pulsar experiments.

3.1 Introduction

Gravitational waves observations from aLIGO [1–6] and the high precision

timing of binary pulsars [7–10] has allow us to test Einstein’s theory of General

Relativity (GR) in the most extreme environments [12,13]. With more NS-NS merger

events, we will be able to tightly constrain the equation of state (EOS) and other

properties of neutron stars (NS) [14,15]. Furthermore, as radio astronomers continue

to monitor binary pulsars systems, the errors in the timing model parameters will

continue to decrease and help place tighter constraints on modified theories of gravity.

Nonetheless, in order to investigate how these future observations will help us further

test gravity, we first must understand the precise details of how observable predictions

are modified.

A popular class of theories in the literature are scalar-tensor theories (STT) of

gravity, in which gravity is not only mediated by the metric tensor but also by a long-
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range scalar field that is non-minimally coupled. Each theory in this class is defined

by the choice of conformal coupling function, which mediates the degree of violation of

the strong equivalence principle (SEP). Such theories were first studied by Jordan [33,

34], Fierz [35], Brans [36], and Dicke (JFBD) as the most natural alternatives to GR,

and were later extended By Damour and Esposito-Farése (DEF) [37, 38] to include

higher order effects. A more recent extension of these theories was introduced by

Mendes and Ortiz [41] (MO), which introduce a conformal coupling that replicates

the behavior of including higher order scalar-field terms in the action [42–45].

Solar system observations, like that of the perihelion shift of Mercury and of the

Shapiro time delay, are able to place tight bounds on the parameters of STTs [16,61].

However, these are only measurements in the weak field regime where the gravitational

potential is small. STTs are able to satisfy weak field constraints and still produce

strong field deviations from GR through a phenomenon known as scalarization [37,

38, 52, 53]. Thus, one needs observations that probe the strong field, regions where

non-linear effects like scalarization occur, in order to place tight constraints on STTs.

While gravitational waves observations of binary NS coalescences with aLIGO and

other detectors will be able to accomplish this regularly in the future, binary pulsar

experiments are already able to probe and constrain STTs in the strong field to

extremely high precision. By modeling the time of arrival (TOA) of pulses emitted

from pulsar systems [39,95,96], one can take the observed data and place constraints

on the underlying theory of gravity governing the motion of the binary. For this

reason, binary pulsars are currently one of the best available testbeds for gravity.

To perform any test, however, one must first know precisely how observables

are modified in STTs, and this depends on the so-called scalar charges, i.e. scalar

quantities that determine how strongly a scalar field is sourced by an isolated neutron

star. For example, the scalar charges enter directly into the parameterized-post-
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Keplerian (PPK) parameters used in testing STTs [39, 42, 50, 70, 97] with binary

pulsars. To find these scalar charges, one must numerically obtain NS solutions in

STTs, subject to certain physical boundary conditions at the core of the star and at

spatial infinity. This numerical process is, at first sight, simple, yet in practice it need

not be, mainly for the following two reasons.

First, some of these charges can be numerically challenging to compute. The

dominant scalar charge can indeed be read out easily from the leading 1/r piece

of the scalar field at spatial infinity, given any numerical solution. Other scalar

charges, however, depend on derivatives of the dominant charge with respect to the

gravitational mass of the neutron star. During scalarization, the dominant scalar

charge can change quite abruptly with respect to the asymptotic value of the scalar

field, holding the baryonic mass of the star constant. This, in turn, leads to large

spikes in the derivatives, which can be difficult to resolve if one is not careful.

Second, tests of STTs requires knowledge of the scalar charges everywhere in

parameter space, and this can be computationally costly. Markov-Chain Monte-Carlo

(MCMC) methods that explore the posterior probability distribution of parameters

requires the evaluation of the likelihood function hundreds of thousands to millions of

times. Every evaluation requires the scalar charges, and if these have to be numerically

computed every time the likelihood is needed, the MCMC exploration becomes

computationally prohibitive. Clearly then, the MCMC exploration of parameter space

in STTs would greatly benefit from a “bank” of calculated scalar charges.

In this paper, we study, calculate, tabulate, and analytically explore the three

main scalar charges (αA, βA, and kA [42]) that enter the PPK parameters of binary

pulsar observations. We carry out this calculation both in the STT proposed by

Damour-Esposito-Farése [37,38] and the one studied by Mendes-Ortiz [41] (hereafter

referred to DEF theory and MO theory respectively). We explore a very large region
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of the parameter space spanned by the two coupling constants of these theories, using

11 different equations of state that are all consistent with neutron stars heavier than

2M�, including a few that are also consistent with the recent gravitational wave

observation of a neutron star coalescence [6].

Our main result is the construction of an accurate bank of scalar charges in

these two theories that can now be used used in Bayesian model selection and

parameter estimation studies of tests of STTs with binary pulsar observations. This

bank is constructed both through direct numerical calculations, as well as through

the exploration of certain analytic scaling relations. We determine the regime of

parameter space in which the latter hold, and when they do, we use them to greatly

accelerate the calculation of scalar charges in these regions of parameter space. The

end result is a numerically accurate and dense bank of scalar charges that can be

interpolated if necessary to provide charges everywhere in parameter space.

The remainder of this paper presents the details of the calculation summarized

above. Section 3.2.1 covers the basics of STTs along with observational constraints

and includes a discussion of the scalar charges. Section 3.3 describes how NSs behave

in STTs and begins to set up our numerical scheme to solve for the scalar charges.

Section 3.4 details the calculations behind the scalar charges and what numerical

techniques are needed to accurately explore the parameter space. Section 3.5 provides

a detailed description of our publicly available data files, along with instructions

for how to use them and what their limitations are. Section 3.6 concludes with a

discussion of future work.

3.2 Scalar-Tensor Theories

In this section, we introduce the basics of the class of STTs that we consider and

establish the notation to be used in the rest of the paper. For completeness we present
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this class of theories from first principles using an action and provide a summary of

the calculations needed to reach the field equations; we refer the reader to [73] for

further details. We then describe the two STTs we study in this paper and present

the current constraints on these theories. We conclude this section with a discussion

of scalarization and the definition of scalar charges in these theories.

3.2.1 Background and field equations

In general, the massless STTs that we consider can be described in the Jordan

frame by an action of the form S̃ = S̃g + S̃ mat, with the gravitational part taking the

form

S̃g =

∫
d4x

c

√−g̃
4κ

[
φR̃− ω(φ)

φ
∂µφ∂

µφ

]
, (3.1)

where g̃ and R̃ are the determinant and Ricci scalar of the metric g̃µν respectively,

φ is a scalar field, ω(φ) is a coupling function of the scalar field, and κ = 4πG/c4

with G the bare gravitational constant. The matter part of the action, S̃ mat[χ, g̃
µν ],

is a functional of the matter fields χ that couple directly to the Jordan-frame

metric. Therefore, the STTs we study in this paper are metric theories, and as such,

laboratory clocks and rods measure time intervals and distances associated with g̃µν .

While STTs can be completely described using the Jordan-frame action above,

it is far more convenient to perform a conformal transformation that puts the action

in a form reminiscent of the Einstein-Hilbert action. Let us then consider the

transformation g̃µν = A(ϕ)gµν , where gµν is the Einstein-frame metric1, so that the

action becomes

S =

∫
d4x

c

√−g
4κ

[R− 2gµν∂µϕ∂νϕ] + S mat

[
χ,A2(ϕ)gµν

]
, (3.2)

1From this point on, we use an overhead tilde to represent quantities that are specifically in the
Jordan frame. Quantities without overhead tildes should be assumed to be in the Einstein frame.
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where g and R are the now the determinant and Ricci scalar associated with the

Einstein-frame metric gµν . Notice that the matter fields now couple to A2(ϕ)gµν , and

therefore, matter no longer falls along geodesics of the metric gµν , but rather it is now

also influenced by the scalar field ϕ.

The conformal transformation that takes Eq. (3.1) into Eq. (3.2) requires the

conformal factor

A(ϕ) = φ−1 , (3.3)

which then leads to a direct relation between ϕ and φ, given explicitly as

α(ϕ)2 =

(
d lnA(ϕ)

dϕ

)2

=
1

3 + 2ω(φ)
. (3.4)

One can think of α(ϕ) as the gradient of some “conformal potential” [40, 55, 82, 98],

defined by Vα ≡ lnA(ϕ), and one can denote the “curvature” of this potential as

β(ϕ) = dα/dϕ. The conformal potential is a simple way to understand and visualize

the coupling between matter and the scalar field, which will be directly quantified

by its slope and curvature in the field equations. Clearly then, the choice of A(ϕ),

or any of the above quantities for that matter, defines a particular member of this

general class of STTs, which is ultimately a choice of exactly how the scalar field

affects matter.

The variation of the Einstein-frame action with respect to the dynamical fields,

gµν and ϕ, yields the field equations

Rµν = 2∂µϕ∂νϕ+ 2η

(
T mat
µν − 1

2
gµνT

mat

)
, (3.5)

2ϕ = −κα(ϕ)T mat , (3.6)
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where the Einstein frame stress-energy tensor is defined by

T mat
µν ≡ 2c√−g

(
δS mat

δgµν

)
, (3.7)

and T mat ≡ gµνT
mat
µν is its trace. The stress-energy tensor in the Einstein frame

can be related to its Jordan-frame counterpart via the relation T mat
µν = A2(ϕ)T̃ mat

µν

by applying the conformal transformation to Eq. (3.7). Assuming a perfect fluid

description of the stress-energy tensor [see e.g. Eq. (3.30) below] allows one to derive

the relations ε = A4ε̃ and p = A4p̃ between the energy density and pressure of the

fluid in the different frames.

3.2.2 Scalar-tensor models

Scalar-tensor theories of the form described in the previous subsection allow for

deviations from GR because of the new coupling that exists between matter and the

scalar field. The particular choice of the conformal factor A(ϕ), and likewise the

formal coupling α(ϕ), defines the theory and plays a crucial role in understanding

the observable modifications a theory predicts. The first model we consider is DEF

theory and it is defined by

A(ϕ) = eβ0ϕ
2/2 , (3.8)

Vα(ϕ) =
1

2
β0ϕ

2 , (3.9)

α(ϕ) = β0ϕ , (3.10)

β(ϕ) = β0 , (3.11)

where β0 is a free coupling parameter. Aside from the JFBD theory in which A(ϕ) =

eα0ϕ , this is the simplest massless STT one can consider. One notices that the

conformal potential is exactly a parabola whose curvature is precisely determined by



113

the free parameter β0.

The other model we consider, which has gained attention in the past few years,

is MO theory and it is defined by

A(ϕ) =
[
cosh

(√
3 β0ϕ

)]1/(3β0)

, (3.12)

Vα(ϕ) =
1

3β0

ln
[
cosh

(√
3 β0ϕ

)]
, (3.13)

α(ϕ) =
tanh

(√
3 β0ϕ

)
√

3
, (3.14)

β(ϕ) = β0 sech2
(√

3 β0ϕ
)
, (3.15)

where again β0 is a free coupling parameter. The MO theory was introduced as

an analytic approximation to a more fundamental theory that includes quadratic

terms of the scalar field coupled to curvature in the action [24, 41–43, 45]. This

theory is functionally equivalent to DEF theory in the limit that ϕ → 0, but it has

strictly different behavior when the combination β0ϕ 6= 0. Therefore, these theories

have distinctly different properties, and therefore, modify observables in different

ways [41,98].

3.2.3 Solar System Constraints

In principle, observations we make, whether they be in the solar system [16,61]

or of binary pulsar systems [8,10,70], constrain the free parameters of the theory. Let

us then consider how observables are modified in STTs. As an example, let us first

consider the local value of Newton’s gravitational constant. This quantity is given by

GN = G
[
A2
∞
(
1 + α2

∞
)]

. (3.16)



114

whereG is the bare gravitational constant appearing in the action, and an∞ subscript

denotes quantities evaluated at ϕ = ϕ∞, e.g. A∞ = A(ϕ∞). The correction to

the gravitational constant causes bodies to accelerate differently depending on the

magnitude of scalar field, the parameters of the theory, and the bodies’ composition

through violations of the strong-equivalence principle.

The choice of coupling parameter also determines the local value of the

parameterized post-Newtonian (PPN) parameters [30, 71, 72]. Scalar-tensor theories

are a class of fully conservative theories and therefore only pose modifications to the

γ PPN and β PPN parameters [16,73]. The former is given by

|1− γ PPN| =
2α2
∞

1 + α2
∞
, (3.17)

while the latter is given by

|1− β PPN| =
β∞α2

∞
2 (1 + α2

∞)2 , (3.18)

where as before α∞ = α(ϕ∞) and β∞ = β(ϕ∞). The γ PPN parameter is a measure

of the spatial curvature induced by a unit rest mass, while the β PPN parameter is a

measure of the amount of non-linearity in the superposition law for gravity. The γ PPN

parameter has been measured from the Shapiro time delay observed by the Cassini

spacecraft [16, 61], and it is constrained to |1− γ PPN| . 2.3 × 10−5. The β PPN

parameter is measured from observations of the perihelion shift of Mercury [16], and

it is constrained to |1− β PPN| . 8× 10−5.

The notation we have used above is slightly different from what is found in the

literature so let us clarify this here. Typically, instead of using α∞ and β∞, some

papers that studied DEF theory used a different set of parameters {α0, β0}. This is
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because if one modifies Eq. (3.10) in DEF theory to

α(ϕ) = α0 + β0ϕ , (3.19)

and sets ϕ∞ = 0, then α(ϕ∞) = α0 and β(ϕ∞) = β0, and all observables can be

entirely parameterized by the set {α0, β0}. This parameterization is identical to

our description of DEF theory appearing in Eq. (3.8), provided that one enforces

ϕ∞ = α0/β0 [70], which is the choice we make in this paper. When considering MO

theory, however, α(ϕ∞) 6= α0 = ϕ∞β0 and β(ϕ∞) 6= β0, as one can easily see from

Eqs. (3.12)-(3.15).

In this paper, we want both theories to share the same free parameters {α0, β0}

and, therefore, the quantities that enter the PPN parameters, {α∞, β∞}, are different

functions of {α0, β0} in the two theories. These functions are

α DEF
∞ = α0 , (3.20)

β DEF
∞ = β0 , (3.21)

in DEF theory, and

α MO
∞ = tanh

(√
3α0

)
/
√

3 , (3.22)

β MO
∞ = β0 sech2

(√
3α0

)
. (3.23)

in MO theory. These choices have the advantage of reducing (α∞, β∞) to the known

relations of DEF theory, while properly generalizing them to MO theory.
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3.2.4 Scalarization and binary pulsar constraints

Solar system observations have the ability to place tight constraints on STTs

through weak field observations [16]. STTs, however, are able to satisfy these

constraints and still deviate substantially from GR inside and near NSs [37,38,52,53].

The strong field deviations are caused by a phenomenon known as scalarization, in

which the scalar field can grow rapidly towards order unity inside NSs even when the

asymptotic value, that which is constrained by Solar System observations, approaches

zero.

The key behind this rapid growth is the existence of an instability in the

field equations when a star reaches a sufficiently large compactness. The onset of

this instability is analogous to spontaneous magnetization in ferromagnets [42]. To

understand this, consider the external scalar field far from a neutron star, labeled A,

ϕ = ϕ∞ + GωA/r + O(1/r2), where ωA is a type of “charge” that is energetically

conjugate to the external scalar field,

ωA = −∂mA

∂ϕ∞
, (3.24)

with mA the total gravitational mass of the NS. When one considers a sequence of

neutron stars of masses mA, ωA can become suddenly non-zero at a critical value of

the mass or compactness of the star. This sudden activation of the scalar field is what

is referred to as spontaneous scalarization. When a NS is scalarized, ωA 6= 0 and the

scalar field is excited above its background value, leading to local gravitational effects

that will generically be different than those in GR.

For binary pulsar tests, it is convenient to introduce certain quantities that enter

the PPK parameters of the binary pulsar timing model. We call these parameters
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scalar charges in this paper, the first of which is defined by

αA = − ωA
mA

=
∂ lnmA

∂ϕ∞

∣∣∣∣
m̄A

, (3.25)

which plays the role of an effective coupling between the scalar field and the Ath NS

in the binary. The baryonic mass must be held constant because this signifies that we

are considering the same NS, i.e. the baryonic mass of a NS will not change due to

fluctuations of ϕ∞. This quantity is the strong field counterpart of the α∞ parameter

introduced in the previous section. Similarly, there is a strong field counterpart to

the β∞ parameter of the previous section, namely

βA =
∂αA
∂ϕ∞

∣∣∣∣
m̄A

, (3.26)

which encodes higher order effects associated with the exchange of multiple scalar

particles between the binary components. Lastly, there is one more charge that enters

the PPK parameters, namely

kA =
∂ ln IA
∂ϕ∞

∣∣∣∣
m̄A

, (3.27)

where IA is the moment of inertia of the NS. Similarly to how αA was an effective

coupling between the mass of the NS and the scalar field, this quantity acts as a

coupling between the field and the star’s spin angular momentum, and it describes

how the NS’s inertia reacts to the presence of an external scalar field. All of these

scalar charges must be calculated while holding the baryonic mass of the star constant,

as they measure the “sensitivity” of a star to the external scalar field. The main goal

of this work is to calculate these scalar charges and make them publicly available. As

such, we will provide the details of these calculations later in §3.4 after we introduce



118

the relevant framework needed to understand NSs in STTs.

3.3 Compact Stars in Scalar-Tensor Gravity

In this section we discuss how compact stars behave in STTs and introduce some

of the basics of scalarization from an analytic perspective. We focus our attention

on isolated, slowly-rotating stars because the binary pulsar systems that we wish

to provide scalar charges for are widely separated. We begin with a discussion of

the interior spacetime of slowly-rotating compact stars and then discuss the exterior

spacetime and how one connects it to the interior. Following the discussion of the field

equations, we discuss the different types of equations of state one can use and conclude

with an analytic discussion of scalarization in the different regions of parameter space.

Before we begin, however, let us discuss how we will describe compact stars

in STTs. We focus on a stationary, axisymmetric spacetime, which allows for a

description of a star that is slowly rotating. Following closely the work of [42], we

make the metric ansatz proposed by Hartle [99]

ds2 = gσδ dx
σdxδ = −eν(ρ)c2dt2 + eλ(ρ)dρ2 + ρ2dθ2

+ ρ2 sin2 θ (dφ+ [ω(ρ, θ)− Ω] dt)2 , (3.28)

in which one only keeps terms to first order in the star’s angular velocity Ω = uφ/ut,

where uµ is the fluid’s four velocity. In this ansatz, the metric functions (ν, λ) are

zeroth-order in rotation and functions of the radial coordinate ρ only, while the metric

function ω is first-order in rotation and depends both on ρ and the polar angle θ. For

practical and physical convenience, we also redefine the grr component of the metric
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through the interior mass function µ(ρ) defined via

eλ(ρ) =

(
1− 2µ(ρ)

ρ

)−1

. (3.29)

Moreover, we model the NS matter with a perfect fluid stress-energy tensor given by

Tµν = (ε+ p)uµuν + pgµν , (3.30)

where ε is the fluid’s energy density and p is the pressure, both in the Jordan frame.

3.3.1 Interior Spacetime

The scalar-tensor field equations with this metric ansatz are similar to those in

GR. At zeroth-order in rotation, the field equations for the diagonal components of the

metric are identical to those in the spherical case, which have already been studied

in detail in the literature [42]. At first order in rotation, one finds a second-order

equation for the ω metric function, which can be converted into an ordinary, second-

order differential equation in ρ through a Legendre decomposition in θ [42]. Such a

decomposition reveals that only the ` = 1 mode in the Legendre decomposition has
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support. In particular, the field equations can be written in the first-order form [42]

µ′ = κρ2A4(ϕ)ε̃+
1

2
ρ(ρ− 2µ)ψ2 , (3.31a)

ν ′ = 2κ
ρ2A4(ϕ)p̃

ρ− 2µ
+ ρψ2 +

2µ

ρ(ρ− 2µ
, (3.31b)

ϕ′ = ψ , (3.31c)

ψ′ = κ
ρA4(ϕ)

ρ− 2µ
[α(ϕ)(ε̃− 3p̃) + ρψ(ε̃− p̃)]

− 2(ρ− µ)

ρ(ρ− 2µ)
ψ , (3.31d)

p̃′ = −(ε̃+ p̃)

[
ν ′

2
+ α(ϕ)ψ

]
, (3.31e)

m̄′ = 4πGρ̃A3(ϕ)
ρ2√

1− 2µ/ρ
, (3.31f)

ω′ = $ , (3.31g)

$′ = κ
ρ2

ρ− 2µ
A4(ϕ)(ε̃+ p̃)

(
ϕ+

4ω

ρ

)
+

(
ρψ2 − 4

ρ

)
$ , (3.31h)

where primes denote derivatives with respect to the radial coordinate ρ. Notice that

we have also included an equation for the enclosed baryonic mass of the star m̄(ρ),

which gives the total baryonic mass through m̄A = m̄(R) =
∫
ρ̃ ut
√−g̃ d3x, where R

marks the surface of the star, where by definition the pressure vanishes. In Eq. (3.31)

we have explicitly used the Jordan-frame fluid variables ε̃, ρ̃, and p̃ since these are the

physical quantities that are measured by observations and appear in the EOSs that

are discussed below.

From a numerical standpoint these equations pose a problem near the center of

the star at ρ = 0 since the equations diverge there. The proper way to deal with this
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is to expand the equations about ρ = 0 and start the numerical integration at some

arbitrary small distance away from the center, say ρmin. Expanding Eqs. (3.31) and

evaluating at ρmin gives the boundary conditions

µ(ρmin) = 0 , (3.32a)

ν(ρmin) = 0 , (3.32b)

ϕ(ρmin) = ϕc , (3.32c)

ψ(ρmin) =
(ρmin

3

)
ηA4(ϕc)α(ϕc) [ε̃c − 3p̃c] , (3.32d)

ρ̃(ρmin) = ρ̃c , (3.32e)

m̄(ρmin) = 0 , (3.32f)

ω(ρmin) = 1 , (3.32g)

$(ρmin) =

(
4

5
ρmin

)
ηA4(ϕc)α(ϕc) [ε̃c − 3p̃c] , (3.32h)

where ε̃c = ε̃(ρ̃c) and p̃c = p̃(ρ̃c) are the central values of the Jordan-frame energy

density and pressure respectively and are defined by the EOS. The values of ϕc and

ρ̃c are chosen independently and define a particular solution to the field equations.

Equations (3.31) and (3.32) allow one to integrate the field equations from ρ = ρmin

to any arbitrary radius, even outside the star as the field equations describe the entire

spacetime. A more computationally efficient method, however, is to use an analytic

solution in vacuum that is valid in the exterior of the star, and then, match it to the

interior solution at ρ = R, as we describe in the next section.

3.3.2 Exterior spacetime

The exterior solution to the field equations [Eqs.(3.31)] were found by Just in

the late 1950s [100]. In the coordinates introduced by Just, the exterior metric takes
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the form

ds2 = −eνc2dt2 + e−ν
[
dr2 + (r2 − ar)(dθ2 + sin2 θ dφ2)

]
, (3.33)

where one has

eν(r) =
(

1− a

r

)b/a
, (3.34)

while the scalar field takes the form

ϕ(r) = ϕ0 +
d

a
ln
(

1− a

r

)
, (3.35)

where a, b, and d are integration constants and are constrained by the relation a2−b2 =

4d2. The integration constants can all be expressed in terms of the gravitational mass

of the star mA and some effective coupling constant αA, which in this context plays

the role of the scalar charge in Eq. (3.25). These relations take the form

b = 2
G

c2
mA , (3.36a)

a

b
=
√

1 + αA , (3.36b)

d

b
=

1

2
αA . (3.36c)

The coordinates used in the Just spacetime above are not the same as those

used in the Hartle ansatz of the interior metric. Comparing the two line elements,

one finds that

ρ = r
(

1− a

r

)a−b
2a

, (3.37a)
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eλ(ρ) =
(

1− a

r

)(
1− a+ b

2r

)−2

. (3.37b)

Given these relations, we can now read off the total gravitational mass of the star mA

from the 1/ρ behavior of gtt, or gρρ, and the star’s z-component of the total angular

momentum JA from the 1/ρ2 portion of gtφ. We can recast the later in terms of the

1/ρ3 behavior of ω as

ω = Ω− G

c2

2JA
ρ3

+O
(
ρ−4
)
, (3.38)

in which case the moment of inertia follows as

IA =
JA
Ω

. (3.39)

By directly integrating the equation for ω(ρ) and inserting Eqs. (3.37) into

Eqs. (3.31), we arrive at a set of relations that are valid at the stellar surface [42]
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(with a subscript s denoting values at the surface of the star), namely

R ≡ ρs , (3.40a)

ν ′s ≡ Rψ2
s +

2µs
R(R− 2µs)

, (3.40b)

αA ≡ 2ψs
ν ′s

, (3.40c)

Q1 ≡
√

1 + α2
A , (3.40d)

Q2 ≡
√

1− 2µs/R , (3.40e)

ν̂s ≡ − 2

Q1

tanh-1
(

Q1

1 + 2/(Rν ′s)

)
, (3.40f)

ϕ0 ≡ ϕs −
1

2
αAν̂s , (3.40g)

G

c2
mA ≡ 1

2
ν ′sR

2Q2 exp

(
1

2
ν̂s

)
, (3.40h)

G

c2
JA ≡ 1

6
$sR

4Q2 exp

(
−1

2
ν̂s

)
, (3.40i)

Ω ≡ ωs −
c2

G2

3JA
4m3

A(3− α2
A)

{
e2ν̂s − 1 +

4GmA

Rc2
eν̂s

×
[

2GmA

Rc2
+ eν̂s/2 cosh

(
1

2
Q1ν̂s

)]}
, (3.40j)

These set of relations allow us to extract important observables at ρ =∞ by simply

knowing their appropriate values at the surface of the star.

3.3.3 Equations of State

The description of the problem is not complete without first knowing how the

fluid properties {ρ̃, p̃, ε̃} depend on one another. This is accomplished by an EOS

and it allows us to close the system of equations. In this subection we describe the

three types of EOSs considered in this paper in detail.
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3.3.3.1 Polytropes The most simple EOS to consider for NSs is a polytropic

equation of state in which the the pressure and baryonic density are related through

a power law, i.e.

p̃ = Kρ̃0

(
ρ̃

ρ̃0

)Γ

, (3.41)

where K is the polytropic constant and Γ is the adiabatic index of the fluid. A

particular choice for K and Γ define the EOS as well as some macroscopic properties

of the NS, such as the maximum mass and compactness. In [42], a polytropic EOS

was used in the calculation of the “gravitational form factors” (what we call the

scalar charges in this paper) and therefore we will use the same polytropic EOS here

to validate our computational algorithm. In particular, we will choose

Γ = 2.34 , K = 0.0195 , (3.42)

with a fiducial baryonic mass density ρ̃0 = 1.66× 1014 g cm−3, to make comparisons

to the results in that paper, which we present later in Fig. 3.3.

The baryonic mass density only appears in the integral for calculating the

baryonic mass of the star, and therefore, we need another relation relating pressure

and baryonic density to the total energy density. The first law of thermodynamics

provides such a relation:

ε̃ = ρ̃+
p̃

Γ− 1
. (3.43)

Equations (3.42) and (3.43) can now be inserted directly into Eqs. (3.31) to provide

a complete description of the interior of the NS.

While polytopes are very simple analytic EOSs that facilitate quick numerical

calculations, they are an oversimplification of the true microphysics occurring inside

the NS. Polytropes assume the same functional dependence between pressure and
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density throughout the entire star and do not account for any real differences that

exist in different density regimes. Due to this reason, we only use polytopes as a proof

of concept for the existence of scalarization and to make valid comparison between

our results and those presented in Ref. [42] to ensure numerical consistency.

3.3.3.2 Tabulated Equations of state A complete description of the microphysics

occurring inside NSs requires the full modeling of N -body quantum systems at

extremely high pressures and densities. The calculations required to solve for these

relations is very expensive and not practical on the fly for every density and pressure

inside a NS. Moreover, because NS type densities cannot be observed in laboratories

on Earth there is uncertainty on what physics is actually taking place at these

densities. There have been numerous models proposed to describe matter at supra-

nuclear densities and they have been tabulated such that one can interpolate them

as needed.

For the purpose of this paper, we consider a wide range of tabulated EOSs that

produce NSs with masses that are consistent with observations, most notably that of

a near 2M� pulsar in J0348+0432. We consider 11 different tabulated EOS [101] that

satisfy this constraint: AP3-4 [102], ENG [103], H4 [104], MPA1 [105], MS0 [106],

MS2 [106], PAL1 [107], SLy4 [108] 2 , and WFF1-2 [109]. All but one (H4) of

these EOSs contain plain nuclear matter and do not contain any form of strange

matter. Because these EOS arise from numerical calculations that include true

microphysics (or at least various justified approximations) we consider these to be

the most physically relevant of the EOSs that we consider and are the ones we use

for our main results. More importantly, however, many of these EOSs are consistent

with aLIGO’s constraints placed from the observation of coalescing NSs [14].

2The SLy4 EOS we use here is commonly denoted as simply SLy in the literature.
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3.3.3.3 Piecewise Polytropes A useful compromise between the simple poly-

tropic and tabulated EOSs is a piecewise polytropic model that stitches together

multiple polytropes in different density regions inside the NS. In particular, we

consider the piecewise polytropic EOSs studied in Ref. [83] in which the authors

developed a parameterized model that can accurately capture the feature of tabulated

EOS. Of the 34 EOSs that the authors fit their model to, 8 of them overlap with the set

of tabulated EOSs that we consider in this paper3. While these approximations have

been used extensively in the literature for their convenience, we later investigate how

these approximations affect the scalar charges that are developed in NSs. Hence, let

us briefly discuss these EOSs, referring to Ref. [83] for a more detailed and complete

description.

Similarly to the standard polytropic EOS, the various regions inside of the NS

are described by a polytrope of the form

p̃ = Ki ρ̃
Γi , (3.44)

where now Γi is the adiabatic index for the ith region of the NS and Ki is the polytopic

constant chosen to ensure continuity at the boundaries between regions. Similarly to

the single polytrope case, the first law of thermodynamics in Eq. (3.43) is used to

find the energy density in each region

ε̃i = (1 + ai)ρ̃i +
1

Γi − 1
Kiρ̃

Γi
i , (3.45)

3One might notice that, aside from the PAL1 EOS that is explicitly not contained in Ref. [83],
there are 10 EOSs listed in the previous section that correspond to the EOSs that were fit in this
paper. The data we received from Norbert Wex came from the original work by Lattimer and
Prakash [101] and in fact the EOSs labeled MS0 and MS2 are different from those of the same
name appearing in Ref. [83]. There appears to be a mismatch in nomenclature that we feel is worth
pointing out.
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where

ai =
ε̃(ρ̃i−1)

ρ̃i−1

− 1− Ki

Γi − 1
ρ̃Γi−1
i−1 , (3.46)

is an integration constant that must be present in order to ensure that all fluid variable

are continuous across the boundaries between regions. For the single polytrope case,

the requirement that ε̃/ρ̃ = 1 in the limit that ρ̃ → 0 forces a = 0 and thus reduces

Eq. (3.45) to Eq. (3.43).

We adopt a low-density EOS for the crust of the NS that is identical to the one

presented in Table II of Ref. [83] where the SLy (SLy4 as appearing in this paper)

is independently fit for ρ̃ . 1012 g/cm3. The boundary between the crust and high-

density EOS is then determined by the intersection of the respective polytropes and

is ultimately determined by the value of Γ1. Then, at a fixed baryonic density of

ρ̃ = 1014.7 g/cm3 and best fit pressure p̃1 = p̃(ρ̃i) the first region is matched to a

second region with adiabatic index of Γ2 and polytropic constant K2. Another match

is then performed at another boundary ρ̃ = 1015 g/cm3 to an even higher density

region with constants Γ3 and K3. The complete set of parameters {log(p̃), Γ1, Γ2, Γ3}

represents the best fit values found in Table III of Ref. [83]. For our purposes, we

focus exclusively on the approximations of AP3 and SLy4 to compare scalar charges

between tabulated and piecewise polytropic EOSs.

3.4 Calculating the Scalar Charges

Now that we have a full description of the problem at hand, we solve the

equations numerically to obtain the relevant scalar charges appearing in Eqs (3.25)-

(3.27). We begin this section with an analytic description of the scalar charges,

and then proceed with a description of our numerical methods for solving the field

equations and extracting the various scalar charges. We then recap, but in more
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detail, the different regions of parameter space that we are concerned with and discuss

their importance. We first present a comparison between some of our results and

those originally found in Ref. [42], and then discuss our full results in each region of

parameter space.

3.4.1 Analytic investigation of scalarization

The phenomenon of scalarization has been well studied in the literature over the

past decades, particularly in the context of spontaneous scalarization occurring when

β0 . −4.3. However, it is useful to review what happens outside of this regime as well

since there are still non-linear effects coming into play, particularly when β0 & −3.5.

In this subsection we review the analytics that help guide our calculations in the

different regions of parameter space.

Scalarization can be understood from an analytic standpoint when one makes a

few simple approximations. In both theories we consider here, the conformal coupling

takes the form α(ϕ) = β0ϕ+O(ϕ2) in the limit that β0ϕ is relatively small compared

to unity. Let us now consider the field equation for the scalar field in Eq. (3.6), but

instead of considering the full nonlinear equation, we make a weak field approximation

such that 2→ δij∇i∇j → ∇2
r with the last term being the radial portion of the flat

space Laplacian in spherical coordinates. We assume that T mat is constant since we

are considering weakly gravitating systems. As mentioned in [38], we do not expect

the trace of the stress-energy tensor to be negative for weakly gravitating systems,

but it is fruitful to leave its sign general and consider the full breadth of parameter

space with the same analytics.

The assumptions made thus far allow one to write the equation of motion for

the scalar field as

∇2
rϕ = −C2ϕ sign(β0 T mat) , (3.47)
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where we have introduced the constant C2 = κ|β0 T mat| for r < R, which vanishes

when r > R. The field equation is still subject to the same boundary conditions as

before, and thus, ϕ(r = 0) = ϕc and ϕ′(r = 0) = 0 to ensure regularity at the center

and to ensure the scalar field is continuous and differentiable at the surface.
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Figure 3.1: A breakdown of the parameter space we explore. Each colored region,
labeled also by Roman numeral, has a different numerical grid associated with it
that is explain in detail throughout the text. The numbered points appearing
here represent points in parameter we use to estimate the error in our numerical
calculations, the details of which can be found in Appendix 3.A.

Now we must solve Eq. (3.47) inside and outside the star, subject to the boundary

conditions above. The exterior solution takes the form

ϕ = ϕ∞ +
GωA
r

+O
(

1

r2

)
, (3.48)

where ϕ∞ and ωA are integration constants. There are two interesting scenarios that

can occur within the star, namely when the product β0 T mat is positive and when it
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is negative. In the positive case, the interior solution for the scalar field takes the

form

ϕ(r < R) =
ϕ∞

cos (CR)

sin (C r)

C r
. (3.49)

The asymptotic value of the scalar field at infinity ϕ∞ can be chosen to be arbitrarily

small, but even in the case of ϕ∞ → 0, the central value of the scalar field can still be

non-zero if cos(CR)→ 0 at the same rate. While this is an over-simplified description

of the problem, one in which we essentially are assuming a constant density inside the

star and ignoring non-linear effects, it does demonstrate that there can be non-trivial

scalar field solutions even when one forces the asymptotic value of the scalar field to

vanish.

In the situation where the product β0 T mat is negative, there exists an opposite

effect inside the star: any deviations from GR are exponentially suppressed. The

negative case leads to an interior solutions of the form

ϕ(r < R) =
ϕ∞

cosh (CR)

sinh (C r)

C r
, (3.50)

in which case any non-vanishing value of ϕ∞ is suppressed even further by cosh (CR).

The suppression mechanism drives the STT solution to GR inside the star when

β0 T mat < 0.

In this linear ϕ regime, the quantity GωA appearing in Eq. (3.48) can be

expressed as

GωA = −ϕ∞
(
R− tan(CR)

C

)
, (3.51)

in the case of β0 T mat > 0 and with the tangent exchanged for a hyperbolic tangent

when β0 T mat < 0. Recalling from Sec. 3.2 that αA = −ωA/mA and that ϕ∞ = α0/β0
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one finds that αA ∝ f(β0,mA)α0
4, as long as one can neglect non-linear interactions of

the scalar field. While many of the most interesting effects of STTs, like spontaneous

scalarization, occur in the most non-linear regions of parameter space, this simple

relations provides valuable insight into the types of solutions one would expect in

other regions of parameter space.

3.4.2 A classification of parameter space

Let us now use the analytic insight described above to guide us in our numerical

exploration of the {α0, β0} parameter space shown in Fig. 3.1. We will break our

investigation into six distinct regions in parameter space, each of them having distinct

features that need to be handled differently when solving for the scalar charges

numerically. In all of these regions we must set up some numerical grid in α0, β0, and

mA, and these grids are precisely how each of these regions differ from one another.

We discuss the various regions in Fig, 3.1 in detail below, relying on the analytic

insight above and our numerical results, and in the next subsections we will present

the numerical techniques used in each region and our results.

There exist three regions, I–III (brown, red, and orange respectively) in Fig. 3.1

in which spontaneous scalarization occurs, i.e. when β0 ≤ −4.3. In all of these

regions there exists a phase transition in the scalar field, with the sharpness of the

transition being determined by the value of α0 (lower values leading to more steep

transitions). Due to the varying level of steepness in the phase transitions and the

numerical limitations of taking derivatives, we have broken this region of β0 into 3

distinct subregions in which we use different numerical techniques to most efficiently

4Technically, this relation should read αA ∝ f(β0,mA)α∞ as the scalar charge should always
reduce to its weak field counter part α∞ in the absence of strongly self-gravitating matter. However,
these relations are already derived under weak field assumptions and in both theories α∞ h α0 in
this regime.
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explore the parameter space. In short, region I in Fig. 3.1 contains the sharpest

transitions, and therefore requires a finer numerical grid in mA to resolve the relevant

features of interest. Region II contains less sharp transitions and it can be accurately

explored with less grid points. Regions I and II both contain the same grid spacing in

log10(α0) and β0, but a different spacing in mA. Lastly, region III contains the same

grid spacing in mA and β0 as region II, but it contains more grid points in α0 to allow

us to accurately calculate the numerical derivatives necessary for the scalar charges.

Region V (cyan) in Fig. 3.1 is where the non-linearity of the scalar field can

effectively be neglected and hence the scalar charge turns out to scale as in Eq. (3.51).

When we solve the full set of field equations we make no approximations, but the

resulting scalar charges do indeed follow the scaling relation αA ∝ f(β0,mA)α0. Thus,

in region V we solve for a single set of solutions at a single value of α0, lying on the

black dashed lines in Fig. 3.1 at α0 = 10−3 for β0 > −3.5 and α0 = 10−4 for β0 < −3.5,

and we use the scaling relation to populate the entire region. We numerically verify

in Sec. 3.A.2 that these scaling relations are indeed accurate when compared to the

full numerical exploration of this region of parameter space. This scalable region does

not cover the entire parameter space where spontaneous scalarization does not occur.

We have found numerically that the scaling does not hold when β0 < −3.5 and when

α0 ∈ (10−4, 10−2), which is why we have isolated this part of parameter space to

region IV. In this region, we investigate the solutions as if we expected spontaneous

scalarization.

For region VI in Fig. 3.1 we find that the scaling relations previously discussed no

longer exist because of how large α0 can become. The lack of quasi-analytic solutions

here should not come as a surprise because this region has such large values of α0

that STT modifications can be easily constrained with solar system observations. For

completeness, however, we still investigate this region extensively as some parts of
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this parameter space are actually useful when placing binary pulsar constraints5. We

have also removed a portion, region VII in gray, from the parameter space because

we are not able to calculate NS solutions here. This has been noted in the literature

before when considering DEF theory [41, 98], but in those papers, the authors only

investigate small values of α0 and focused on values of β0 considerably larger than

what we consider here. Nonetheless, we find results very similar in this gray region of

parameter space for both DEF and MO theory and it becomes impossible to extract

any useful information from our numerical calculations. Therefore, since binary pulsar

typically do not probe this region and Solar System tests have already ruled it out,

we are justified in neglecting it.

The final point to discuss regarding the parameter space is the vertical dashed

line and numbered points appearing in Fig. 3.1. The black vertical dashed line at β0 =

−6 marks a set of special solutions we have calculated to compare our results to those

original found in Ref. [42]. While we do not explore this region of parameter space

in depth it provides a useful comparison to validate our code and make comparisons

between known results in DEF theory and new results in MO. Details about the

numbered points in Fig. 3.1 can be found in Table 3.3 and they represent a set of

points we use to investigate the error in our numerical results. The details of this

error analysis can be found in Sec. 3.A.

3.4.3 Numerical methodology

We parameterize our NS solutions by a choice of {ρ̃c, α0, β0} which ultimately

determines the star’s gravitational mass mA, baryonic mass m̄A, and the asymptotic

5In Ref. [7], for example, there exists a region near β0 ∼ −2 in which constraints on scalar dipole
radiation fail to constrain STTs better than Cassini and other weak field tests. This “horn” appearing
in the binary pulsar constraints occurs for NS-WD binaries in which the quantity (αNS −αWD)2 ∼
(αNS − α0)2 vanishes, which tends to happen near β0 ∼ −2.
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value of the scalar field ϕ∞ = α0/β0. We take the approach of solving Eqs. (3.31)

starting from the center of the NS, using Eqs. (3.32) to start our numerical integration

away from the singularity at ρ = ρmin. We follow the methods employed in Refs. [82,

98] and use Mathematica’s default ODE solver6 to integrate the equations to the

surface of the NS where we then use Eqs. (3.40) to extract values at spatial infinity.

In order to begin the integrations, however, we must make a choice of ρ̃c and ϕc

as these are the two independent parameters appearing in the boundary conditions.

It is near impossible to guess the correct value of ϕc that correspond to a given

ϕ∞ = α0/β0 to within a small tolerance. Therefore, we use a Newton-Raphson

shooting method to converge onto the correct value of ϕc. In particular, we solve the

equations again with a new central value of the scalar field ϕc,n+1 = ϕc,n+∆ϕc, which

gives a slightly different value of ϕ∞. The difference of the extracted values of ϕ∞

allow us to construct a simple difference equation

ϕc,n+1 = ϕc,n −∆ϕc
ϕ∞,n − α0/β0

ϕ∞,n+1 − ϕ∞,n
, (3.52)

where n is the iteration number. The equation above allows us to predict a new value

of ϕc that gives a value of ϕ∞ that is closer to the desired result, and we iterate

this process until the resulting value of ϕ∞ is equivalent to α0/β0 to within some

numerical tolerance. At the subsequent point in ρ̃c we use the previous value of ϕc

as the starting point for the shooting, which typically allows convergence to within

numerical tolerance in about 2-3 iterations.

The method described above provides NS solutions corresponding to a single

combination of {ρ̃c, α0, β0} for any choice of theory and EOS. It is convenient that

6The default method used is LSODA which is a variant of the original LSODE (Livermore Solver
for Ordinary Differential Equations) approach to solving a wide class of differential equations.
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the scalar charge αA can be extracted directly from the boundary conditions at the

surface. The quantities βA and kA, however, must be calculated by taking derivatives

across multiple solutions while keeping the baryonic mass constant. The most

accurate way to take these derivatives would involve parameterizing the NS solutions

by {m̄A, α0, β0} instead and shooting in both ρ̃c and ϕc. Such an approach would allow

one to construct multiple NS solutions with identical values of m̄A and varying values

of ϕ∞, corresponding to different values of α0, which is required for the derivatives

needed to calculate βA and kA. While this approach works extremely well, it is

very computationally expensive since one must now shoot in two dimensions multiple

times just to calculate the scalar charges for a single combination of {m̄A, α0, β0}. To

completely populate the parameter space of interest one must compute the charges

for roughly 105 combinations of {m̄A, α0, β0} just for a single EOS and theory choice.

This quickly becomes cumbersome from a computational standpoint so we decided

to take a different approach.

Our computational method is as follows. We continue to parameterize the NS

solutions with {ρ̃c, α0, β0}, but rather than focusing on a single value of m̄A, we

calculate an entire mass-radius (MR) curve of solutions, corresponding to a set of

{ρ̃c,i}, for a large discrete set of {α0, β0} values. This approach allows us to then

interpolate the scalar charge αA as a function of the baryonic mass, thus generating

curves like those in Fig. 3.2. Because we have a finely discretized grid in m̄A, we can

interpolate between points and extract αA(m̄A) for any value of baryonic mass, and

we can do the same for every curve we calculate. Therefore, we can compute numerical

derivatives of the scalar charge (or any other quantity) at any value of baryonic mass

in a computationally efficient way. While this method is prone to more numerical

error than the previous one, it allows us to sample the entire parameter space very

finely and it can be carried out orders of magnitude faster. A discussion of the errors
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associated with our methods is presented in Sec. 3.A.2

Method -4 -3 -2 -1 0 1 2 3 4

central — — 1/12 -2/3 0 2/3 -1/12 — —

forward — — — — -25/4 4 -3 4/3 -1/4

backward 1/4 -4/3 3 -4 25/4 — — — —

Table 3.1: The finite difference coefficients found in Eqs. (3.53)-(3.55). For every
method (central, forward, or backward) the columns denote the value of the coefficient
for the corresponding subscripts found in Eqs. (3.53)-(3.55) .

Let us now discuss the way we take numerical derivatives. We choose to

use a fourth-order accurate finite difference scheme to calculate the derivatives in

Eqs. (3.26)-(3.27). For reasons discussed below, we have to use central, forward, and

backward finite difference schemes in order to most effectively utilize our numerical

grid, and they take the forms

(
dF

dϕ0

)
c

=
c-2F-2 + c-1F-1 + c0F0 + c+1F+1 + c+2F+2

∆ϕ0

, (3.53)(
dF

dϕ0

)
f

=
f0F0 + f+1F+1 + f+2F+2 + f+3F+3 + f+4F+4

∆ϕ0

, (3.54)(
dF

dϕ0

)
b

=
b-4F-4 + b-3F-3 + b-2F-2 + b-1F-1 + b0F0

∆ϕ0

, (3.55)

where F±n = F (ϕ0 ± n∆ϕ0), and ci, fi, and bi are the corresponding finite difference

coefficients for central, forward, and backward derivatives respectively found in

Table 3.1.

Let us now briefly discuss the numerical grid in parameter space. Each region

of parameter space in Fig. 3.1 uses a different numerical grid in {mA, α0, β0}. The

spacing in α0 is determined by the level of accuracy we want when using the various

finite difference schemes for the derivatives. Since ∆ϕ ∝ ∆α0 we need to choose

our spacing such that ∆α0 between consecutive solutions branches is not too large.
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Finally, the β0 grid is determined strictly by the presence of spontaneous scalarization.

Therefore, if β < −4.3, the grid spacing is ∆β0 = 0.02 and otherwise it is ∆β0 = 0.1.

The details of the grids in each subspace are presented in the next subsection.
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Figure 3.2: As example of the numerical grid we use and the resulting solutions
for mA for DEF theory and AP3 EOS with β0 = −5.0 and α0 = 10−5. Starting
counter-clockwise from the top-left: αA(ρ̃c), αA(mA), log10 IA(mA), and mA(ρ̃c). The
orange points marked 1–4 represent the same NS solution on each of the panels and
the solid black curves appearing in each panel represents the GR solution. The green
regions represent the lowest resolution, followed by the blue region, and with th red
regions being most dense, as described in detail in the text. The vertical dashed
lines represent the critical values of central density at which point spontaneously
scalarization “turns on” and “turns off”.

The spacing in mA in each region is determined by the presence of any sharp

features that may appear in the solutions, such as spontaneous scalarization. The
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green regions appearing in the left panels of Fig. 3.2 represent the lowest resolution

portions of our grid, in which we have a grid point every 0.1ρ0; we call this value

∆ρGRc since it is dense enough to accurately reproduce a MR curve in GR. Spontaneous

scalarization turns “on” and “off” in the red regions in Fig. 3.2, and in order to capture

the phase transition effectively, we increase our resolution to ∆ρPTc = ∆ρGRc /800,

where PT stands for phase transition7. The blue region in Fig. 3.2 between the phase

transitions is where there are no sharp features, but where we still want increased

resolution since non-linear effects do come into play; in these regions, we use a grid

spacing ∆ρscalc = ∆ρGRc /20 where scal stands for scalarization. Figure 3.2 illustrates

the density of grid points in these different regions by the number of orange circles

appearing along each curve. We limit our solutions to values of ρ̃c that give a 0.5M�

NS in GR and the ρ̃c that predicts the maximum mass NS in GR, for each EOS we

consider. As in the (α0, β0) grid spacing case, the details of the ρ̃c grid are presented

in the next subsection.

3.4.4 Numerical results

3.4.4.1 Code Verification: the β0 = −6.0 case With a basic idea of our numerical

grid and numerical methods for solving NS solutions in hand, let us present a

comparison between our results and the ones found in [42]. In that study, the authors

used the polytropic equation of state described in Sec. 3.3.3.1 and they show results

for the β0 = −6 and |ϕ∞| = 2.4 × 10−3 (or α0 = 1.44 × 10−2 in our framework)

case, which corresponds to point 1 in Fig. 3.1. In addition to using the polytropic

EOS of [42], we will also show here results for the tabulated and piecewise polytropic

7We only increase this resolution by a factor of 800 when we consider α0 ≤ 10−4 and β0 < −4.3.
When α0 > 10−4, we find that we do not need to sample as many points to fully capture the
features of the phase transition, hence we allow ∆ρPT

c = ∆ρGR
c /200. In regions where spontaneous

scalarization does not occur, i.e. β > −4.3, there is no phase transition and we simply use ∆ρc =
∆ρGR

c /20 everywhere.
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versions of AP3 for both the DEF and MO STTs.
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Figure 3.3: The different scalar charges αA, βA, and kA, appearing in the first,
second, and third column respectively, as function of the gravitational mass of the
NS for β0 = −6 and α0 = 1.44×10−2. The top row was obtained using the polytropic
equation of state in Sec. 3.3.3.1, with black curves corresponding to DEF theory and
red curves to MO theory. The bottom row was obtained using the tabulated AP3
EOS (black and red) and its piecewise polytropic approximant (orange and blue)
where black and orange curves are for DEF theory and red and blue for MO theory.

Let us first take a look at the top row of Fig. 3.3. Comparing our result to those

in [42], we see that the black curves, those for DEF theory, are in great agreement8.

The red curves in Fig. 3.3 are the results for the MO theory and we see that in every

case the magnitude of the charge is less than those of DEF theory and that they also

do not reach very high masses. This feature is general for MO theory, i.e. this feature

is not a result of a special choice of α0 and β0. The reasoning behind this is that the

curvature of the conformal potential appearing in Eq. (3.13) is not as large as that of

8Noticed that we have used gravitational mass instead of baryonic mass on the horizontal axis.
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DEF theory, and therefore, the excitation of the scalar field is never as strong once

the instability occurs. The curves for βA and kA formally diverge at higher masses, a

phenomenon due to the fact that these are derivatives of quantities that “turn over”

on themselves, e.g. in the right panels Fig. 3.2 one can see that the slope in αA and

log10 IA become infinite at some point as the mass increases.

The bottom row in Fig. 3.3 shows the same scalar charges but for realistic

equations of state, namely AP3 here, and its piecewise polytropic approximate. The

maximum values of αA are very weakly affected by the EOS in both theories. There

is, however, a strong dependence on the EOS when it comes to the location of the

critical mass, m crit, at which spontaneous scalarization occurs, and the maximum

mass above which stable NSs do not exist. The other scalar charges, βA and kA,

are quite different between the different EOSs and theories. The phase transition is

now less sharp, and therefore, the magnitude of βA is smaller than in the polytropic

case. Moreover, it happens to be the case here that in MO theory there is no formal

divergence in βA at large masses. Finally, the “negative spike” in kA that usually

occurs is greatly suppressed for realistic EOSs.

The piecewise polytropic EOS leads to scalar charges that are very similar to

those found with a tabulated EOS. Aside from a very slight shift in the masses,

the structure and magnitude of the scalar charges are nearly identical. The small

differences are likely due to the fact that polytropes are just too simple to accurately

capture the different physics that occurs at different densities inside NSs, which can

over/under exaggerate features we find in the scalar charges. Using the piecewise

polytropes, however, can speed up numerical calculations immensely since they are

analytic. A more detailed investigation of the differences between tabulated and

piecewise polytrope results can be found in Sec. 3.A.3
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3.4.4.2 Spontaneous scalarization: β0 ≤ −4.3 As is well-known in the literature,

spontaneous scalarization occurs in STTs when β < −4.3 regardless of the EOS. As

demonstrated in the previous section, there exists a m crit at which a phase transition

of the scalar field occurs, but the precise value of this mass, however, depends on the

theory, the EOS, and the value of β0. These dependencies require that we determine

what this critical mass is, and to place a finer grid in ρ̃c centered near this location

to ensure we capture the details of the phase transition with enough accuracy and

precision to calculate the scalar charges at these points, cf. Fig. 3.2. Spontaneous

scalarization occurs in regions I–III (brown, red, and orange) of Fig. 3.1, each of which

has a slightly different grid that we discuss in detail next.

Region I (Brown):

This region has the finest grid in ρ̃c because the phase transition is most sharp

here, and near the transition we decrease our spacing in ρ̃c by a factor of 800 relative to

∆ρGRc , as mentioned earlier. This level of resolution requires around 600 NS solutions

in total for each value of α0 and β0. In this region, we use α ∈ {1.2, 1.1, · · · , 0.2} ×

10mag where mag ∈ {−4, −5}, and a spacing in β0 of ∆β0 = 0.02. Spacing α0 in this

manner gives a spacing in ϕ of ∆ϕ = 10mag−1/β0 ∼ 2 × 10mag for this range of β0.

Since our finite difference schemes are all fourth-order accurate, our spacing in α0 is

small enough to confidently calculate the needed derivatives9. This particular spacing

allows us to use the central finite difference scheme for mantissa of α0 from 1.0 to 0.4,

the forward finite difference scheme for 0.2 and 0.3, and the backward scheme for 1.2

and 1.1. Since we need to calculate 1.2, 1.1, 0.3, and 0.2 for using the central finite

difference scheme, we automatically get the derivatives at these extra points for free

9Going to smaller values of α0 is difficult because we can never let it change signs when calculating
the derivatives. This means that ∆α0 must always be smaller than α0, and it is computationally
expensive to calculate solutions with enough accuracy and precision for ∆α0 . 10−6.



143

just by changing the finite differencing.

Region II (Red):

In this region, we are able to use only a factor of 200 more points near the

transition regions, i.e. ∆ρGRc /200. We use the same grid in β0 here as in region

I above, i.e. ∆β0 = 0.02. Our grid in α0 is set up in a similar way as well, i.e.

α ∈ {1.2, 1.1, · · · , 0.2}× 10mag where mag ∈ {−2, −3}, and are both set up to make

efficient use of the finite differences introduced above. As one can see in Fig. 3.3 for

example, the phase transitions are not as sharp in this region as they are in region

I (see Fig. 3.2), and this allows us to confidently under-sample mA relative to these

smaller values of α0.

Region III (Orange):

In this region, the spacing in α0 is finer than what we used before. Overall, we

adopt a similar scheme as before, but we now require a finer grid centered around the

main values of α0 we are interested in. Here we use α0 ∈ {1.0, 0.9, · · · , 0.2} × 10mag

with mag ∈ {0, −1} as the main grid points, and around each of these grid points

we choose the set α0 ∈ {+2,+1,−1,−2} × 10mag−3 to give us the other necessary

points needed for the finite differences. These choices roughly enforce the same level

of accuracy in our results when compared to the grids used for smaller values of α0.

Region IV (Blue):

This region of Fig. 3.1 extends to larger values of β0 than where spontaneous

scalarization occurs, but there are still non-linear effects here that come into play and

prevent us from using the quasi-analytic relations. In this region, we only sample in

intervals of ∆β0 = 0.1, but we must sample α0 on a grid like that used in region I.

Thus, region IV is essentially a transition region between spontaneous scalarization
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and the rest of parameter space, and thus it requires special consideration.

Scalar Charges:

Some representative results for the various scalar charges in MO theory can be

found in Fig. 3.4, for multiple values of α0 and β0 described in the caption. The first

three rows in Fig. 3.4 show the behavior of the scalar charges for −5 ≤ β0 ≤ −4.0,

ranging from most red to most blue respectively, and three orders of magnitude in

α0. Notice that as α0 decreases, the growth of αA becomes more rapid as the phase

transition of the scalar field becomes more sudden. As a result of this, the peaks in

βA and kA increase in magnitude and decrease in width because higher order effects

become more localized in mA. One also notices that the location of m crit, the mass

at which spontaneous scalarization turns “on”, moves towards larger masses as β0

become less negative, as one would expect [42].

The maximum value of βA at m crit decreases as we decrease |β0|, while the max

values of the kA tends to increase. A possible explanation for this is related to the

location of m crit. For the situations where m crit is larger, the NSs at this mass have

a larger moment of inertia, and therefor, it is possible the the NS’s inertia is more

sensitive to the external scalar field, and hence the increase in kA. This reasoning

also explains why the right peaks of kA are larger than the left peaks10. We have

determined numerically that the max values βA,max and kA,max follow simple linear

relations in log10 space for α0 and a fixed β0. The coefficient of these relations remain

10The appearance of this second peaks is somewhat unique to MO theory for this range of β0. As
one can see in Fig. 3.3, βA and kA diverge for high masses in DEF theory but not in MO. For more
negative values of β0, however, MO theory also exhibits such divergences for large masses.
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Figure 3.4: The behavior of the scalar charges as one changes α0 and β0. Here we have
used MO theory with AP3 EOS. The first three rows correspond to constant values of
α0 (show on the right) for −5.0 ≤ β0 ≤ −4.0 , ranging in color from most red to most
blue respectively. The bottom row corresponds to β0 = −5 and −5 ≤ log10 α0 ≤ −2,
with colors from red to blue respectively. The shaded regions represent the smooth
transitions in the solutions from one curve to the next and they continue to follow
these trends as one continues to change the parameters α0 and β0.

EOS and theory dependent, but they take the general form

log10 βA,max = B0(β0) +B1(β0) log10 α0 , (3.56)

log10 kA,max = K0(β0) +K1(β0) log10 α0 , (3.57)
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where B0, B1, K0, and K1 are coefficients that depend on the value of β0. It is

worth pointing out that B1 and K1 are always negative for all values of β0 that we

consider, and there is no reason to think that this would be different for more negative

values of β0. This means that βA,max and kA,max always increase(decrease) with

decreasing(increasing) α0 as one might expect. Moreover, for our data we find that

B1 is always less than 2, and is typically less than unity. This is important because

the combination α2
0βA appears directly in the PPK parameter ω̇ for binary pulsars

with a companion white dwarf. While is it hard to numerically investigate regions of

parameter space with α0 < 10−5, these linear relations tell us that the combination

α2
0βA will always decrease with decreasing α0 and have negligible effect on the PPK

parameters. These relations only hold for α0 < 10−2 but they provide a convenient

way to estimate the maximum value of the scalar charges without numerically solving

the field equations.

The bottom row of Fig. 3.4 shows the behavior of the charges for a constant

β0 = −5, but multiple orders of magnitude in α0, red corresponding to the smallest

values and blue to the largest. As one may expect, the overall magnitude of αA

is determined by the values of β0, while its growth rate near the critical mass is

determined by α0 and is correlated directly with the magnitude of βA. A similar

statement can be made for kA in that α0 determines how sudden the growth of the

scalar field is, and therefore, it leads to larger values of kA near the critical mass at

which these transitions occur.

3.4.4.3 No Spontaneous Scalarization: β0 > −4.3

Region V (Cyan):

This region of parameter space is perhaps the simplest and easiest to explore

numerically. As mentioned in Sec. 3.4.1, as long as α0 is not too large, there exist
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scaling relations that we can use to calculate the scalar charges. Reiterating what we

explained in that section, in this region of parameter space we can assume the scalar

charge αA takes the form

αA = α0f(β0,mA) , (3.58)

which then allows us to derive simple relations for the other scalar charges. Taking

the derivative of this scalar charge, and applying the chain rule to the definition of

βA, we find

βA =
∂αA
∂α0

(
∂ϕ∞
∂α0

)−1

= β0 f(β0,mA) =
αA
ϕ∞

. (3.59)

Equation (3.59) tells us that, for any value of β0, βA(mA) is the same for all values of

α0 . 10−2. Moreover, this equation also tells us that βA is always directly proportional

to αA, meaning that we technically do not even need to take any derivatives to

determine it.

We can find a similar relation to that in Eq. (3.58) for the inertial charge kA,

but the derivation is slightly more complicated. Starting with Eqs. (3.40i)-(3.40j)

and assuming weak fields everywhere such that eν̂ ∼ 1 one finds that the moment of

inertia becomes

I =
J

Ω
≈ Gm2R(3− α2

A)

3c2
, (3.60)

where we have also neglected terms of order (Gm/Rc2)2. Using this in the definition

for kA in Eq. (3.27) we find

kA ≈ αA

(
2 +

m

R

∂R

∂m
− 2

3
βA

)
, (3.61)

where we have made use of the definitions of the other scalar charges αA and βA.
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Then, making use of Eqs. (3.58)-(3.59) we find that

kA = α0 g(β0,mA) , (3.62)

where g is a function independent of α0.
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Figure 3.5: An example of the scaling relations described in the text for MO theory
and AP3 EOS. The scalar charges αA and kA do indeed scale directly with α0 and βA
behaves independent of the value of α0.

The scaling relations we have introduced make the exploration of this region in

β0 almost trivial. We simply calculate the three scalar charges for points in parameter
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space lying on the horizontal dashed lines of Fig. 3.1 (at α0 = 10−4 and α0 = 10−3),

and then, we rescale the results to find the charges for any other point in region

V, holding β0 constant. For the solutions we do calculate directly, we use a grid

in β0 given by ∆β0 = 0.01 and a grid in ρ̃c given by ∆ρGRc /20. Because there are

no sharp features in the scalar charges in this region of parameter space, we sample

considerably less central densities when compared to when spontaneous scalarization

occurs.

Region VI (Yellow):

This region presents the same numerical difficulties as region III, expect that

there is a lack of spontaneous scalarization in region VI. We use the same grids in β0

and α0 as those used in region III, and the same grid in ρ̃c as that used in region V.

Note, however, the the gray region in Fig. 3.1 cuts out a significant portion of region

VI. As we mentioned earlier, this is because we cannot find stable NS solutions in the

gray region, and we must thus omit them from our analysis since they are extremely

unlikely to affect binary pulsars constraints.

Scalar Charges:

Some representative results of the scalar charges in region V are shown in Fig. 3.5.

In this figure, we hold mA constant and plot the scalar charges as a function of β0

spanning the entire region for β0 ≥ −3.5. Each curve in Fig. 3.5 represents a different

value of α0 and it becomes clear that log10 αA and log10 kA scale directly with log10 α0,

showing that the relations in Eqs. (3.58) and (3.62) are indeed accurate. Moreover,

the value of βA shown in the middle panel of Fig. 3.5 shows no dependence on α0,

verifying that Eq. 3.59 holds.
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3.5 Using the data file

Now that we have discussed how we calculate the charges and presented some of

the results, let us discuss how one can use the end product of this analysis: the data

generated for all the scalar charges. This section explains how the master data file is

generated, what its properties and limitations are and

3.5.1 The generation of the master data file

We first set up our numerical grid according to Sec. 3.4 and subsections therein.

From each NS solution we extract the boundary conditions in Eqs. (3.40) and

save them to file for post-processing. The previous step requires the bulk of the

computational time, as we need to calculate on the order of 105 different NS solutions

(1 for each combination of {ρ̃c, α0, β0}) for each combination of theory (DEF or MO)

and EOS in Sec. 3.3.3.2.

With the full set of data in hand for a theory-EOS combination, we now process

it to extract the scalar charges. As we mentioned in Sec. 3.4, we interpolate the raw

data in order to extract information from more masses than we actually sampled. To

do this interpolation, however, we need to proceed with caution when dealing with

NS that spontaneous scalarize, like those in Fig. 3.3. One notices that αA “turns

over” on itself for large masses. While this feature is not present for every set of NSs

that undergoes spontaneous scalarization, it does present a problem for interpolation

since the function is multi-valued. To avoid this issue, we remove any data past the

point when the slope of αA becomes infinite and simply interpolate the data up until

this point.

For some EOSs in DEF theory, specifically AP4, ENG, WFF1, and WFF2, αA

becomes double valued at masses that are less than 2.1M�. This is not a real issue,
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but the method we described above does not work for these EOSs, since we want

to require that our data at least go up to 2M�, and preferably 2.1M�. Therefore,

rather than removing the data past the “turn over” point, we remove only the points

that lie on the unstable branch of solutions, i.e. the ones that coincidentally make

αA double valued (cf. the dashed points in the top left panel of Fig. 3.3). This is

possible because, at least when spontaneous scalarization occurs, there is always NS

solutions that reach maximum masses that are at least as large as the maximum mass

in GR11. With the unstable points of the solution removed we simply continue with

the interpolation as described in the previous paragraph.

In total we must interpolate 4 separate functions to give us the data we need

for constructing the data files, which are {mA(m̄A), m̄A(mA), αA(m̄A), log IA(m̄A)}.

We need αA and log IA as function of the baryonic mass for each ϕ∞ in order to

take the relevant derivatives in Eqs. (3.25)-(3.27) and we need {mA(m̄A), m̄A(mA)}

in order to freely switch back and forth between baryonic and gravitational mass12.

For the two masses, we interpolate them with a simple linear method to remove

any possible artifacts that arise from the interpolation itself. For αA we implement

different interpolation schemes depending on if spontaneous scalarization occurs. If

spontaneous scalarization is absent, we simply use a cubic spline on αA and this does

great since the curves are smooth and generally free of any numerical anomalies. If

spontaneous scalarization is present, however, then we use a cubic spline on log10 αA

as this helps us better handle the rapid growth of the scalar field, especially when

11This can be seen from a mass-density curve like that in Fig 3.2, in which case the scalarized
branch of solutions “departs” from the GR curve and eventually “return” for larger values of ρ̃c.
Therefore, even if the scalarized branch does not produce a NS with mass greater than the maximum
mass in GR, the GR branch will.

12The gravitational mass is the one appearing in parameterized-post-Keplerian parameters that
get constrained from binary pulsar experiments. Therefore, we need the baryonic mass to take the
appropriate derivatives for the scalar charges, and the gravitational mass to link our results to binary
pulsar experiments.
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αA βA kA m̄A mA α0 log10 α0 β0

0.444979 0.270288 0.931259 1.16903 1.000 1. 0. -5.00

0.444787 0.270318 0.931345 1.17155 1.002 1. 0. -5.00

0.444595 0.270350 0.931432 1.17408 1.004 1. 0. -5.00

...
...

...
...

... 1. 0. -5.00

0.331799 0.410289 1.101105 2.67262 2.100 1. 0. -5.00

0.440000 0.314515 0.925646 1.15792 1.000 0.9 -0.045757 -5.00

0.439811 0.314451 0.925772 1.16041 1.002 0.9 -0.045757 -5.00

...
...

...
...

...
...

... -5.00

0.120843
10.909670

4.323983 2.50472 2.100 0.000002 -5.69897 -5.00

0.444997 0.270390 0.931196 1.16931 1.000 1. 0. -4.98

...
...

...
...

...
...

...
...

...
...

...
...

...
...

...
...

0.0000004 1.062219 -0.000001 2.50430 2.100 0.000002 -5.69897 5.00

Table 3.2: An example of the layout of the data file for MO theory and AP3 EOS.
For a given value of β0 we tabulated the data for every value of α0, of which for every
value of α0 we tabulate data for all values of mA using the grid described in the text.
This pattern repeats for all values of −5 ≤ β0 ≤ +5 that we sampled. The definitions
of the quantities in the columns is described in the text.

α0 < 10−4. We find that the errors, discussed in Sec. 3.A.1, are significantly smaller

when we interpolate log10 αA instead of just αA. Lastly, we interpolate log IA with a

cubic spline as well, and while this may introduce some error for low masses, it better

suites the data for larger masses, c.f Sec. 3.A.1 for a discussion.

What follows after the interpolation of the raw data is the calculation of the

scalar charges βA and kA according to Eq. (3.26) and Eq. (3.27) respectively, making

use of the various finite difference schemes in Eqs. (3.53)-(3.55). At this point we

are able to produce the data we have shown in our figures thus far, and we have

the ability to sample our results as finely as we need to in mA in order to produce

the most accurate results. However, when producing the master data files for each

theory-EOS combination we do not have the luxury of over sampling in mA otherwise
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each individual data file would be far too large in size. Therefore, we decided to

sample in the region 1M� < mA < 2.1M�13, with a spacing ∆mA = 0.002M�, since

this is a generous mass range in which we expect to observe pulsars.

3.5.2 Properties of the master data file

The data files we have generated contain nine columns of data and they have the

structure that appears in Table 3.2. The first three columns of the data correspond to

the scalar charges αA, βA, and kA respectively. The fourth and fifth columns contain

the values for baryonic mass and gravitational mass respectively, the latter of which

falls on the grid described in the previous paragraph. Columns six and seven contain

α0 and log10 α0, of which the former lay on the grid described in section Sec. 3.4.4.2.

Column eight contains the value of β0, which ranges from −5 ≤ β0 ≤ +5 and lies on

a grid with spacing ∆β0 = 0.02 for β0 < −4.3 and ∆β0 = 0.1 for β0 > −4.3. The

ninth column in the master data file contains a flag that is either 0 or 1 and has no

relevant purpose for actually using the data.

The files we have generated can be used in a variety of fields where scalar charges

appear, not just binary pulsar experiments, although this is the primary target of this

work. The data can be accessed though a git repository [?] and is structured on a

uniform grid such that one can either use the data as is, or interpolate it if desired.

For interpolation purposes, we have also included three separate files containing the

grid points in {mA, α0, β0} that we used and are labeled appropriately in the git

repository. We have included both a Python and Mathematica script that is capable

of reading in the data, setting up the numerical grid, and interpolating the data using

SciPy’s RegularGridInterpolator function for Python and Mathematica’s native

13This is higher than the maximum mass that some of the EOS, SLy4 (2.03M�) and H4 (2.04M�),
are able to produce for GR. In these cases we only sample up to a maximum gravitational mass of
2M�.
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Interpolation function, both of which make use of a linear order method for three-

dimensional data.

Recall that for the gray region of parameter space in Fig. 3.1 we were not able

to find NS solutions that were of any use. As we have mentioned earlier, excluding

this data from our investigation is not necessarily a shortcoming since these regions

of parameter space are so heavily constrained by solar system observations and they

are generally excluded from any analysis. However, for the sake of enforcing that

all data lie on a uniform grid and can therefore be interpolated with ease, we found

it beneficial to include this region of parameter space in our data. To do this, we

artificially give values to the three scalar charges as a sort of place holder in the

data. Since these regions of parameter space are generally excluded by observations

we have given the scalar charges all an unphysical value of 105. We chose this value

more out of convenience in an effort to force, say, an MCMC to avoid these points in

parameter space because NSs do not exist and therefore the charges technically do

not exist either.

3.5.3 Comparison to full data

One questions we need to concern ourselves with is whether or not the data in

these files accurately reproduces the raw data from which they came since we have

had to, in some cases, undersample the data in mA. Here we discuss how the data

recovers the results presented in Sec. 3.4, which were produced with full numerical

data. The points in parameter space we consider here lie on our numerical grid and

therefore should show great agreement with the full data, provided we sampled the

charges finely enough in mA. A more detailed discussion of the limitations of our

data can be found in Appendix 3.B where we point out some known issues.

Figure 3.6 shows a comparison between some of the full data found in Fig. 3.4,
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Figure 3.6: Comparison between the charges from our data files (dotted red) to
the full raw data used to make the files (black) for points 2-5 in Table 3.3. There is
excellent recovery for the full data, even in this extremely non-linear part of parameter
space, suggesting that we have indeed sampled the solutions fine enough in mA.

i.e. points labeled 2-5 in Table 3.3, and the data file for MO theory and AP3 EOS.

As one can see, there is remarkable consistency between the two data sets, even in

the most non-linear regions of parameter space, e.g. β0 = −5 and α0 = 10−5. In fact,

the only real error that is noticeable is in βA for these parameters, and only near the

sharpest part of the peak does the data files deviate from the full data.

Even deviations as large as 10% should not have a significant effect on binary

pulsar constraints, and the reason is threefold. First, the peaks in βA are extremely

isolated in mA and there may not be a pulsar with that particular mass. Second,
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even if this value of mA were important, the value of βA is still so large that it would

be immediately ruled out. Third, this error only occurs in the regions of parameter

space that are already tightly constrained [7,42,82,98]. The astute reader may point

out that the location of the peaks in βA depend on the EOS and β0, which would

make it quite possible for an observed pulsar to lie on one of these peaks at some

points in the {α0, β0} plane. While this is true, our second point above still holds

and, in fact, the differences between the tabulated and full data tends to decrease as

β0 becomes less negative and α0 becomes larger.

3.6 Conclusion

We have extended the original work in Ref. [42] and calculated the scalar charges

{αA, βA, kA} for a large region of the {α0, β0} parameter space, for gravitational

masses 1m� ≤ mA ≤ 2.1M�, with 11 physical equations of state, in two distinct

scalar tensor theories (that of Damour-Esposito-Farése and Mendes-Ortiz). We have

presented the numerical schemes we implemented to complete these calculations and

presented our results. Our goal was to calculate the scalar charges and tabulate them

so that they could be of use in the future, particularly in the application of binary

pulsar tests of gravity. We have investigated both the error of our numerical solutions,

as well as the ability of certain scaling relations to reproduce full numerical results.

Through this paper, the data is made fully available to the community.

Future work that utilizes this data include tests of STTs with binary pulsars and

gravitational waves. In particular, this data makes it possible to perform a Bayesian

analysis on the PPK parameters of binary pulsar system. Such analysis would require

the use of an MCMC in which case one would need knowledge of the scalar charges in

order to compute the likelihood. Instead of calculating the scalar charges on the fly,

which we have demonstrated to extremely computationally expensive, one can make
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use of the data file provided in this paper to significantly speed up these likelihood

evaluations. We intend to perform such an investigation in future work.

LIGO and VIRGO will inevitably detect more NS mergers in the future, some

of which are likely to be NS-BH systems. Such systems are ideal for testing STTs

because BHs do not develop scalar charges in these theories and therefore the emission

of dipolar GWs would be maximized in these scenarios. The data provided in this

paper would again be necessary for one to perform a Bayesian analysis of the data

through MCMC simulations. Furthermore, if one wishes to study the constraints the

future GW detectors can place on STTs, high resolution calculations of the scalar

charges would be a crucial for such an analysis.
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3.A Error Analysis of Results

Here we attempt to quantify the numerical error in our results. We start with

an investigation of the error associated with our grid spacing in ρ̃c and show that we

can trust our results to within 1% in the worst of cases for the regions of parameter

space that we have explored. We then look into how reliable the scaling relations are
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and how much error we introduce by using these rather than populating the entire

parameter space fully numerically. We then finish with a discussion of the effects of

using piecewise polytrope versus their tabulated counterparts. For our analysis, we

focus on the numbered points appearing in Fig. 3.1, which we have detailed below

in Table 3.3. For each of the analyses we perform, we investigate the error at these

points in parameter space in detail in an attempt to quantify our errors across the

entire parameter space.

# β0 α0 αA(ρ̃c) βA(ρ̃c) kA(ρ̃c)

1 -6 1.44×10−2 — — —

2 -5 10−5 10−2 100 100

3 -5 10−4 10−2 100 10−1

4 -5 10−3 10−3 10−2 10−2

5 -5 10−2 10−3 10−3 10−3

6 -5 10−1 10−3 10−1 10−1

7 -5 10−0 10−3 10−1 10−1

8 -3 10−3 10−6 10−5 10−2

9 -3 10−1 10−5 10−2 10−2

10 3 10−3 10−6 10−5 10−1

11 3 10−1 10−5 10−2 10−1

12 -4 10−4 10−5 10−4 100

13 -4 10−3 10−5 10−4 10−2

14 -4 10−2 10−5 10−5 10−3

Table 3.3: Numbered points appearing in Fig. 3.1 and there associated relative
errors as determined by Eq. (3.63). The columns with ρ̃c in parentheses are the errors
determined in Sec. 3.A.1. Recall that Eq. (3.63) actually yields the percent error in
the solutions, therefore 100 actually represents a 1% error, which is the highest error
we find from our results.
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3.A.1 Grid in central density

In order to obtain the most accurate and precise results from our numerical

calculations one would have to use an infinitely dense grid in central density ρ̃c such

that interpolating between points in Fig. 3.2 leaves no room for error. However, this

is not computationally feasible, and thus, by reducing the number of points in this

grid we introduce numerical error that is not associated with our methods of solving

the field equations. The grid we have used in the end, for each individual region of

parameter space, was chosen to achieve sufficient confidence in our results for the

amount of computation time needed for the calculations. While we are confident in

the grids we have chosen, there is still numerical error associated with our choices

and we quantify those here.

In order to assess our errors we decided to double the number of points in our

central density grid and calculate the relative errors between these solutions and the

ones we have calculated using our original grids, which we have done for every point

in parameter space detailed in Table 3.3. While we analyzed each of these points

in detail, we only discuss the results for the points with the worst errors and give

explanation for why the errors arise. For concreteness, to calculate relative percent

error for any of the scalar charges, denoted by “χ” here, we use

∆rel χ(α0, β0,mA)

100
=

∣∣∣∣χ2(mA)− χ1(mA)

χ2(mA)

∣∣∣∣
α0,β0

, (3.63)

where χ2 is the solution with twice as many grid points as χ1. We evaluate this for

all values of mA for the specific combination of α0 and β0 and quote the largest values

of relative error in the columns of Table 3.3 with ρ̃c in parentheses.

Figure 3.7 shows a representative sample of our errors, including points labeled

2, 8, 10, and 13 as they show special features worth discussing. The first row in
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Figure 3.7: The percent error in the scalar charges αA, βA, and kA for points labeled
2, 8, 10, and 13 in Table 3.3. These results are for MO theory and using AP3 for the
EOS.

Fig. 3.7, showing the errors in the charges for point 2 in Table 3.3, represents what

we consider to be one of the most error prone regions of parameter space. Spontaneous

scalarization occurs here, and since α0 is so small the phase transition in the scalar

field is extremely sharp. However, our results for αA are good to withing 0.01%,

with some of the worst error appearing exactly when the phase transition occurs

(∼ 1.3M�). The errors in βA are slightly worse as one might expect since a numerical
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derivative is involved, but surprisingly enough the largest error is not associated with

the phase transition. The spike in the error at ∼ 1.4M� is related to a mishap in

the interpolation of the finer grid data, and while this does not happen often, our

solutions are sometimes prone to this type of error in this part of parameter space.

The error in kA may seem alarming at first for low masses, but this only occurs

because kA ∼ 0 here and even tiny numerical noise in the results can generate a large

relative error in the solution. This error is not a consequence of our numerical grid,

but rather is an error associated with a the fact that numerical integration has finite

precision and how we interpolate our results. For comparison we have also included

the absolute error for kA plotted by a dashed red line in Fig. 3.7. An obvious downfall

here might be that we should have used a finer grid for the low masses, which would

have most certainly increases the accuracy of our interpolations somewhat. The other

issue, however, could be the method of interpolation we used. As described in Sec. 3.5,

when calculating kA we must interpolate log IA(m̄A) for multiple values of α0 in order

to calculate derivatives, and we use a cubic spline to do so. Using a cubic spline

on potentially noisy data like this is a good way to introduce extra error, which is

what we are seeing here. However, switching to a linear order interpolation method

significantly increases our errors for larger masses, precisely in the more interesting

regions of parameter space where pulsar masses tend to lie. For this reason, we

sacrifice precision on the lower end of masses in order to increase it elsewhere for

more relevant masses.

The second, third, and fourth rows of Fig. 3.7 tell a different story than the first.

For all these points in parameter space we find great agreement between solutions

and therefore very small relative error. As expected, error in αA are extremely small

and this is due to the fact that there is no spontaneous scalarization and it is easy to

extract αA from the NS solutions. The errors in βA are slightly worse than those of
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αA but still show exceptional agreement. As we saw with the with point 1, the errors

in kA tend to be much worse than those of the other scalar charges.

3.A.2 Analytic Scaling

One of the greatest properties about the cyan region of parameter space in

Fig. 3.1 is that we can make use of the scaling relations presented in Sec. 3.4.4.3 to

significantly reduce the number of NS solutions needed to explore this region. There is,

however, some error associated with these scaling relations since we are, effectively,

ignoring some of the non-linearities that appear in the field equations. While we

expect these relations to hold in the small α0 regime, we need to show numerically

that this is indeed the case. To investigate this particular kind of error we have

decided to explore the cyan region of parameter space with the same numerical grid

for the blue region, described in Sec. 3.4.4.2, but only for AP3 and SLy4 EOS to get

a sense of the error.

To make use of the scaling relations, we simply calculate all the scalar charges

on the dashed horizontal lines in Fig. 3.1 and use Eq. (3.58) to find the function

f(β0,mA). Once we have found f(β0,mA), then αA can be solved for all other α0 <

10−2 by substituting f and the new α0 back into Eq. (3.58). Since we have already

calculated the actual, unscaled scalar charges for the AP3 and SLy4 EOSs can can

compare the scaled versions to the full numerically solved ones.

Figure 3.8 shows some of the results from our error analysis for β0 = ±3, where

the scaling relations are expected to hold. We see that the relations have the most

error for solutions with α0 = 10−2 (blue curves) but are never more than 1%. For all

values of α0 < 10−2 the error continues to decrease and would presumably go to zero

in the limit that α0 → 0 if we had infinite precision in our numerics. In general, we

find errors of the same order of magnitude as the ones presented in Fig. 3.8 across



163

αA

10−3

10−1 α0 = 10
−2

α0 = 10
−4

α0 = 10
−5

βA kA

β
0

=
−

3

1 2

mA/M�

10−3

10−1

1 2

mA/M�

1 2

mA/M�

β
0

=
3

Figure 3.8: The percent error in the scalar charges αA, βA, and kA for points labeled 8
10 in Table 3.3 when comparing scaled charges to their fully numerical counterparts.
Blue curves correspond to α0 = 10−2, red to α0 = 10−4, and black to α0 = 10−5.
These results are for MO theory and using AP3 for the EOS. The results for DEF
theory and AP3 looked nearly identical but the errors are overall slightly smaller.

the entire cyan region of parameter in Fig. 3.1, with the errors being slightly larger in

MO theory than in DEF theory. One notices that the errors for αA and βA look very

similar, and they should be this way according to Eq. (3.59) since βA is a derivative

of αA. The inertial charge kA also has a similar structure to the other charges but

is polluted with more numerical noise, which is extremely evident for β0 = +3. The

distinct difference in the function form of the errors between β0 = −3 and β0 = +3

can be attributed to the fact that the effects of the non-linearities in the scalar field

are more prominent for negative values of β0.
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3.A.3 Piecewise Polytropes

The piecewise polytropic approximation to tabulated EOSs in Ref. [83] allows

one to considerable speed up numerical calculations involving NSs because of their

analytic nature. The data files we provide were all generated using the full tabulated

data, but for others who wish to perform future calculation, it would be nice to have an

idea how these approximations affect the final results. In Fig. 3.3 we briefly compared

how charges calculated using the piecewise polytropes compare to those calculated

with the full tabulated EOS, and one can see that aside from slight apparent shifts

in the masses, the curves seem nearly identical. We have verified, using the points in

Table 3.3 as a representative sample, that this is indeed consistent across the entire

parameter space. The similarity between the charges should not come as a surprise

considering how well the piecewise polytropes match the actual data, c.f Table III in

Ref. [83]. For all of the equations of state we consider here, the residuals in Ref. [83]

for both the mass and moment of inertia of the NSs are less than 2%, which are the

two most important quantities when calculating the scalar charges. Having such small

deviations between tabulated and approximated EOSs leads to very small deviations

when calculating αA, βA, and kA from Eqs. (3.25)-(3.27).

3.B Limitations of Data Files

We have discovered a few limitations of the data we have provide and these are

discussed in this appendix. We should point out, however, that these complications

arise when one wishes to interpolate the data files we have generated, in order to

determine that charges for points that do not lie on our numerical grid. As far as we

are able to tell, the data files are able to reproduce the full numerical data used to

make the files to great level of accuracy (see Sec. 3.5) for all points that lie on our
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grid.

Figure 3.9 shows how the interpolation of the data behaves for points that lie

on (solid) and off (dashed) numerical grid we have established for α0 and β0. One

notices that the solid curves appear as expected, according to the results presented in

Figs. 3.3 and 3.4; αA experiences a smooth rapid growth while βA and kA have peaks

near m crit for which spontaneous scalarization turns “on” and “off”. However, the

dashed curves, which lie off the numerical grid, have somewhat significantly different

features. The curves for αA appear to be good, but one notices that the dashed curves

develop slight instantaneous “discontinuities” in the slope during the growth of the

scalar field. As a result of this apparent discontinuities, βA develops a double peak

near the critical mass at which the phase transition occurs. Likewise, a very similar

feature develops in kA in which the single peak that is present in the solid curves

turns into two peaks that are not as large in magnitude.

The issue we are seeing in Fig. 3.9 is a direct consequence of the nature of

the scalar charges, particularly the presence of the phase transition, and trying to

interpolate them. Consider βA for example, in which case we expect the magnitude

of the peak at the critical mass to decrease as β0 becomes less negative, cf. the plots

of βA in Fig. 3.4. We also expect the critical mass to shift to higher masses as we

allow β0 to become less negative. Therefore, there are multiple features changing in

the solutions with the variation of just a single parameter, in this case β0. Because of

this dependence, the linear interpolator has issues when it tries to interpolate between

these peaks because the algorithm considers changes in β0 and mA at the same time,

which physically are in effect co-dependent on each other in a non-linear way. As

it might be expected, it is hard to interpolate any function with extremely sharp

features like we have here and taking the log of the data does not seem to improve

anything in this situation.
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Figure 3.9: Comparison between the charges for points that lie on our {α0, β0}
numerical grid (solid lines) and points the we have to interpolate to find (dashed
lines). Similar to Fig 3.4, we use a constant value of α0 = 10−5 and −5.0 ≤ β0 ≤
−4.4, ranging in color from most red to most blue respectively. One notices that the
interpolated point acquire a double peaked feature, the details of which are described
in the text.

The features described thus far are most prominent in the α0 ≤ 10−5 case since

the peaks are the most narrow here. However, this artifact of the interpolation does

arise for other values of α0 when spontaneous scalarization, but since the effects are

less localized, i.e. the phase transition is more smooth for larger values of α0, the

discrepancy is less severe. Once out of the regime of spontaneous scalarization these
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artifacts no longer appear to be present and the interpolation of the data does an

excellent job of giving us information between our grid points.
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Abstract

Binary pulsars provide some of the tightest current constraints on modified
theories of gravity and these constraints will only get tighter as radio astronomers
continue timing these systems. These binary pulsars are particularly good at
constraining scalar-tensor theories in which gravity is mediated by a scalar field in
addition to the metric tensor. Scalar-tensor theories can predict large deviations
from General Relativity due to the fact that they allow for violation of the strong-
equivalence principle through a phenomenon known as scalarization. This effect
appears directly in the timing model for binary pulsars, and as such, it can be tightly
constrained through precise timing. In this paper, we investigate these constraints for
two scalar-tensor theories and a large set of realistic equations of state. We calculate
the constraints that can be placed by saturating the current 1σ bounds on single
post-Keplerian parameters, as well as employing Bayesian methods through Markov-
Chain-Monte-Carlo simulations to explore the constraints that can be achieved when
one considers all measured parameters simultaneously. Our results demonstrate that
both methods are able to place similar constraints and that they are both indeed
dominated by the measurements of the orbital period decay. The Bayesian approach,
however, allows one to simultaneously explore the posterior distributions of not only
the theory parameters but of the masses as well.

4.1 Introduction

General Relativity (GR) has been the most successful theory of gravity over

the last century, passing all current tests with great success. Our ability to test

gravitational theories is becoming even stronger [13,110] with the recent observations

of gravitational waves (GW) [1, 5, 6] and the continued monitoring of binary pulsars

(PSRs) [7, 8, 111]. As more neutron star (NS) systems are discovered through

gravitational wave observations we will be able to pin down the nuclear equation

of state (EOS) and other NS properties [14,15]. Such observations can help break the

degeneracy that arise between EOS effects and those introduced by modified theories

of gravity.

Even with the success of GR, there are many theoretical reasons to consider



171

modified theories. Some of the most well-motivated modified theories are scalar-

tensor theories (STTs) of gravity, in which gravity is mediated by the metric tensor

and a dynamical scalar field. These theories are defined by a choice of conformal

coupling function that dictates the manner in which the scalar field couples to matter,

and ultimately the level at which the strong-equivalence principle (SEP) is violated.

Originally proposed by Jordan [33, 34], Fierz [35], Brans [36], and Dicke (JFBD) as

some of the most natural alternatives to GR, STTs were later extended by Damour

and Esposito-Farése (DEF) to include higher order terms in the conformal coupling, as

well as multiple scalar fields [37]. Recently, a slight variation on this theory, proposed

by Mendes and Ortiz (MO) [41], has gained some attention as it arises from more

fundamental considerations.

While Solar System observations have the ability to tightly constrain STTs, these

weak field constraints do not always translate to tight restrictions in the strong field

regime. In particular, STTs give rise to a phenomenon in NSs known as scalarization

in which the scalar field can become excited far above its background (weak field)

value. Neutron stars in STTs can acquire a so-called scalar charge which quantifies the

1/r behavior of the scalar field in a far field expansion from the NS. Such modifications

to NS spacetimes directly affect observables, particularly those that can be probed

with binary PSR observations. The scalar charges that NSs can develop appear

directly in the timing model that is used to predict when we should observe pulses

from binary PSRs. Astronomers are able to time PSRs so precisely that even slight

deviations from the GR predictions are highly constrained, thus providing some of

the best constraints on STTs.

Typically, constraints on STTs are placed through the observed rate of decay of

the orbital period of the binary. STTs predict dipolar gravitational radiation, which

enters at lower post Newtonian (PN) order relative to the typical quadrupole radiation
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predicted by GR, and thus, speeds up the orbital decay rate. Since observations

seem to suggest the absence of this extra dipole effect, STTs can be constrained

from the observation of the orbital decay rate with precision that can exceed that

of Solar System observations. However, STTs predict that all post-Keplerian (PK)

parameters [39] are modified from the GR prediction. Thus, observations of post-

Keplerian parameters other than the orbital period decay can in principle be combined

to allow for even tighter constraints.

In this paper we investigate the type of constraints that can be placed on STTs,

particularly the theories proposed by DEF and MO, by using multiple post-Keplerian

parameters, as well as multiple PSR systems. We use a combination of PSR-white-

dwarf systems and PSR-NS systems with a wide range of PSR masses to explore

the effects of scalarization and place constraints in a self-consistent manner. We also

explore the effects of the NS EOS and how it affects the strength of such constraints.

Such studies are carried out with Bayesian methods through Markov-Chain-Monte-

Carlo simulations that explore the full parameter space and determine which values

of the STT parameters are most consistent with observations. This approach allows

us to accurately take into account any correlations between observed post-Keplerian

parameters and ensures that the constraints we place are self-consistent.

Using the data for scalar charges provided in [112], we are able to reproduce the

constraints that are typically placed on STTs through just the orbital period decay.

We show that the EOS has relatively little impact on these types of parameters and

does not change the relative strength of any constraints placed from different PSRs.

We find that other post-Keplerian parameters, like the rate of periastron advance,

are, in some case, able to place tighter constraints on STTs for PSR-NS systems.

When we take a Bayesian approach to place constraints we find very similar results.

We start with a description of STTs and the timing model in Sec. 4.2 in
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order to lay down the foundation for the rest of the paper. Here we discuss the

current constraints on STTs from Solar System observations, as well as the details of

the various post-Keplerian parameters appearing in the timing model. In Sec. 4.3

we investigate the various constrains that can be placed on STTs, first through

the standard method that is employed in the literature, and then through MCMC

methods in §4.4. We then conclude in Sec. 4.5 with a discussion of our results and

future work. Throughout this paper, we follow the conventions of [69].

4.2 Timing binary PSRs in STTs

In this section we will introduce the basics of STTs and the post-Keplerian

parameters that appear in the timing model. We will discuss the particular theories

we consider in this paper and the current constraints that Solar System observations

place on these theories. We give a brief discussion of the scalar charges and how they

are calculated, and discuss their importance for timing binary PSRs. For completeness

we provide a summary of the timing model and present the various post-Keplerian

parameters in the context of STTs.

4.2.1 Scalar-tensor theories

In this paper we will focus explicitly on massless STTs in which there exists a

single scalar field non-minimally coupled to the metric tensor gµν . These theories can

be derived from an action in the so called Einstein frame given by [37,38,42]

S =

∫
d4x

c

√−g
4κ

[R− 2gµν∂µϕ∂νϕ] + S mat

[
χ,A2(ϕ)gµν

]
, (4.1)

where g and R are the determinant and Ricci scalar associated with the metric gµν ,

κ = 4πG/c4, χ are any matter fields, and A(ϕ) is a conformal factor that determines
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how the scalar field ϕ couples to matter.

The field equations resulting from variation of action above with respect to gµν

and ϕ are given by

Rµν = 2∂µϕ∂νϕ+ 2η

(
T mat
µν − 1

2
gµνT

mat

)
, (4.2)

2ϕ = −κα(ϕ)T mat , (4.3)

where the stress-energy tensor is defined by

T mat
µν ≡ 2c√−g

(
δSm
δgµν

)
, (4.4)

and T mat ≡ gµνT
mat
µν is its trace.

In addition to the A(ϕ) function that appears in the action, it is also convenient

to introduce a couple of additional quantities. Let us then define

α(ϕ) =
∂ lnA(ϕ)

∂ϕ
, (4.5)

which we designate the conformal coupling, as it appears directly in the equa-

tions of motion for the scalar field. Another quantity that appears directly in

the parameterized-post-Newtonian (PPN) and parameterized-post-Keplerian (PPK)

formalisms is the derivative of this quantity, namely,

β(ϕ) =
∂α(ϕ)

∂ϕ
, (4.6)

and quantifies the non-linear behavior of A(ϕ).

A particular STTs is defined by one’s choice of the conformal factor A(ϕ), or

likewise α(ϕ), and will ultimately determine how the scalar field reacts to the presence
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of matter, or likewise the gravitational potential generated by such matter. In this

paper, we consider two models that exhibit similar behavior when ϕ� 1 but allows for

much different behavior elsewhere. The first model we consider is DEF theory [37,38],

which is defined by

A(ϕ) = eβ0ϕ
2/2 , (4.7)

α(ϕ) = β0ϕ , (4.8)

β(ϕ) = β0 , (4.9)

where β0 enters directly as a free parameter. The other model we consider is MO

theory [41], which is defined by

A(ϕ) =
[
cosh

(√
3 β0ϕ

)]1/(3β0)

, (4.10)

α(ϕ) =
tanh

(√
3 β0ϕ

)
√

3
, (4.11)

β(ϕ) = β0 sech2
(√

3 β0ϕ
)
, (4.12)

where, again, β0 enters directly as a free parameter.

Both theories are subject to a boundary condition at spatial infinity such that the

scalar field has a cosmologically determined background value ϕ∞. This quantity then

becomes another free parameter of these theories and must be chosen to satisfy weak-

field constraints, like those from Solar System observations. However, we choose the

parameterization ϕ∞ = α0/β0 and let α0 become our second free parameter appearing

in both theories. A more detailed description of this parameterization of STTs can be

found in Refs. [70, 112]. It is worth pointing out, however, the this parameterization



176

enforces certain relations when one inserts ϕ∞ into Eqs. (4.8)-(4.9), namely

α DEF
∞ = α(ϕ∞) = α0 , (4.13)

β DEF
∞ = β(ϕ∞) = β0 , (4.14)

in DEF theory, and when using Eqs. (4.11)-(4.12)

α MO
∞ = tanh

(√
3α0

)
/
√

3 , (4.15)

β MO
∞ = β0 sech2

(√
3α0

)
, (4.16)

in MO theory.

The quantities in Eqs. (4.13)-(4.16) appear directly in the weak field predictions

made by these theories. The choice of parameters (α0, β0) will determine the local

value of the gravitational constant via the relation

GN = G
[
A2
∞
(
1 + α2

∞
)]

, (4.17)

as well as the PPN parameters γ PPN and β PPN [16, 73]. The former is given by

γ̄ = |1− γ PPN| =
2α2
∞

1 + α2
∞
, (4.18)

while the latter is given by

β̄ = |1− β PPN| =
|β∞|α2

∞
2 (1 + α2

∞)2 , (4.19)

The γ PPN parameter is a measure of the spatial curvature induced by a unit rest

mass and has been measured from the Shapiro time delay observed by the Cassini
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spacecraft [16,61], being constrained to |1− γ PPN| . 2.3×10−5. The β PPN parameter

is a measure of the amount of non-linearity in the superposition law for gravity,

and it is constrained from observations of the perihelion shift of Mercury [16] to be

|1− β PPN| . 8 × 10−5. From these relations we infer constraints on α∞ and β∞,

namely

α2
∞ .

γ̄

2− γ̄ , (4.20)

from Eq. (4.18), and

α2
∞(β0) .

|β∞|
β̄
− 1− 1

4β̄

√
|β∞|(|β∞| − 8β̄) , (4.21)

from Eq. (4.19), which only places tighter constraints for |β∞| & 14.

4.2.2 Scalarization of neutron stars

While STTs can be constrained rather tightly from Solar System observations

they are still able to produce significant deviations from GR near strongly self-

gravitating matter like NSs. These strong field effects are a result of a well-studied

phenomenon known as scalarization [37, 38, 42] . When the coupling parameter β0

is sufficiently negative (. −4.3) the scalar field can grow rapidly inside the NS even

when the cosmologically determined background value of the field approaches zero.

This is precisely how STTs satisfy Solar System constraints but produce observable

deviations from GR in the strong field regime.

The effects of scalarization can be quantified by quantities known as scalar

charges and they enter directly into the timing model presented in the next section.

There are three scalar charges that appear, the first of which is defined via

αA =
∂ lnmA

∂ϕ∞

∣∣∣∣
m̄A

, (4.22)
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for the Ath NS of a system and where the derivative must be taken with the baryonic

mass held constant. This scalar charge measures the “sensitivity” of the NS’s mass to

variations in the background scalar field, and thus, it represents an effective coupling

between the NS and the scalar field. This quantity is the strong field counterpart to

the weak field parameter α∞. The second relevant scalar charge is the strong field

equivalent to β∞, and thus, it is a derivative of Eq. (4.22), i.e.

βA =
∂αA
∂ϕ∞

∣∣∣∣
m̄A

, (4.23)

where again the baryonic mass must be held constant. This scalar charge encodes

non-linear interactions between the binary component. The final scalar charge of

interest is linked to the NS’s moment of inertia IA, and it is defined as

kA =
∂ ln IA
∂ϕ∞

∣∣∣∣
m̄A

, (4.24)

with the baryonic mass once more held fixed. Similar to the relations between αA

and the NS’s mass, kA quantifies the sensitivity of the NS’s moment of inertia to the

scalar field. This quantity becomes most relevant when a NS is in a binary system

with another NS. As the NSs orbit one another, they will move through each other’s

gravitational potential, effectively altering the local value of the scalar field. The NS’s

moment of inertia will then fluctuate throughout the orbit and produce an additional

time delay that is measurable in principle.

Calculating these scalar charges is not very difficult but can be numerically

expensive over large regions of the (α0, β0) parameter space. For the Bayesian

methods used in this paper, it would be nearly impossible to compute these quantities

as often as they would be needed for millions of likelihood calculations. However, these

quantities have recently been calculated over a large region of parameter space and
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for a wide range of EOS [112], consistent with the PSR mass in J0348+0432 and the

recent constraints placed from LIGO and VIRGO [14]. In this paper, we make use of

this data in order to avoid solving for the scalar charges on the fly during our MCMC

simulations.

4.2.3 Timing model in STTs

In order to use binary PSRs to place constraints on a gravitational theory, one

must work out how that theory predicts modifications to the motion of a binary

system. Therefore, one must develop a timing formula that captures the relativistic

effects of the theory by relating the observed time of arrival (TOA) of the pulse to the

time the pulse was emitted. Blandford and Teukolsky (BT) [113] originally developed

such a formula to explain the, then recent, discovery by Hulse and Taylor of the the

first binary PSR B1913+16 [114]. Later, Damour and Deruelle (DD) developed a full

1PN description of the two-body problem in a way that allowed for a parameterized

description of the timing model, encapsulating all relativistic effects in GR. This

model was then extended by Damour and Taylor [39] in a phenomenological manner

such that the DD model could be used generically to constrain any conservative

theory of gravity. The parameters of the Damour-Taylor model are the two masses

(mA and mB) of the binary, the standard Keplerian orbital parameters {Pb, n =

2π/Pb, T0, ω0, e0, x0} (orbital period, orbital frequency, time of periastron passage,

location of periastron, eccentricity, and projected semi-major axis), and a set of post-

Keplerian parameters. In this section we will review the timing formula of DD and

present the relevant post-Keplerian parameters of Damour and Taylor in the context

of scalar-tensor theories.
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The timing model is traditionally (BT and DD) written as

Dτa = Te + ∆R + ∆E + ∆S +O(c−4) , (4.25)

where τa is the infinite frequency barycenter arrival time, Te is the proper time of

emission, and D is a Doppler factor accounting for center of mass motion between

the binary and the Solar System barycenter. Using τa here means that one must

have accurately accounted for the time delays associated with dispersion from the

interstellar medium and corrections that transform this barycenter arrival time to

the time kept at the observatory on Earth’s surface [115, 116]. The Doppler factor

D is an inconsequential constant that can be transformed out of the timing formula

through a redefinition of units, and restored later if needed [39]. The last three terms

in Eq. (4.25) account for all other time delays occurring between the binary and the

Solar System barycenter. The Römer delay ∆R is simply the classical light travel

across the binary and depends on the PSR’s position in its orbit. The magnitude of

this time delay is determined by the projected semi-major axis along the line of sight.

The Einstein delay ∆E arises from relating coordinate time of emission to the

proper time of emission, and thus, it depends on the metric component g00. This time

delay takes the form

∆E = γ sinu , (4.26)

where γ is a post-Keplerian parameter and u is an eccentric anomaly like variable

that is the function of Te found by solving

u− e sinu = n

[
(Te − T0)− Ṗb

2pb
(Te − T0)2

]
. (4.27)

with Ṗb being another post-Keplerian parameter describing the change in orbital
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period, which we will discuss later. The coefficient γ is determined when one accounts

for the gravitational redshift of the companion and the second-order Doppler shift

from the PSR’s motion in the line element, using Kepler’s equations to integrate.

There is also an additional effect described by the Einstein delay that is related

to violation of the SEP. Theories that violate the SEP will allow the PSR’s moment

of inertia to change throughout the orbit as it moves through the gravitational

potential of the companion. This means that the PSR’s rotational frequency will

vary throughout its orbit in order to conserve angular momentum. Such effects add

another time delay to the timing formula and are directly proportional to sinu, and

therefore, they are included in the definition of γ [39, 73].

The final time delay appearing in Eq. (4.25) is the Shapiro delay ∆S resulting

from the fact that light must travel in the curved background of the binary. This

term can be thought of as the first relativistic correction to ∆R and is most easily

measured when one observes the binary edge on. The magnitude of the Shapiro delay

is denoted by a post-Keplerian parameter r and is labeled the “range” of the Shapiro

delay. Another post-Keplerian parameter, s ≡ sin ι, representing the “shape” of the

Shapiro delay, and enters here to characterize how this time delay is effected by the

orbit’s inclination relative to the line of sight.

While Eq. (4.25) captures the delays associated with the pulse traveling in the

curved spacetime between the PSR and the Solar System barycenter, it does not

account for any secular variations in the Keplerian parameters of the binary. Thus,

in principle, one must also account for three other post-Keplerian parameters, i.e. ẋ,
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ė, and ω̇, via

x = x0 + ẋ(Te − T0) , (4.28)

e = e0 + ė(Te − T0) , (4.29)

ω = ω0 + ω̇(Te − T0) , (4.30)

and insert these back into the timing formula of Eq. (4.25). In practice, however, the

rate of periastron advance ω̇ is usually the only one of these parameters that can be

measured consistently and its theoretical value can be determined by the methods

in [39,95].

Thus far, we have worked in a theory independent framework and we have

parameterized the various time delays with a set of measurable post-Keplerian

parameters {ω̇, γ, r, s}. In GR, these four parameters take on simple forms that

are a function of the two masses and the Keplerian parameters. In other theories

of gravity, however, one must determine their functional form using the formalism

in [39]. Thus, in the context of STTs [37, 39, 70, 97], the post-Keplerian parameters

that are typically measured are given by

γ =
e

n

XB

1 + αAαB

(
GABMn

c3

)2/3

[XB(1 + αAαB) + 1 + αBkA] , (4.31)

ω̇ =
3n

1− e2

(
GABMn

c3

)2/3 [
1− αAαB/3
1 + αAαB

− XAβBα
2
A +XBβAα

2
B

6(1 + αAαB)2

]
, (4.32)

r =
G(1 + α∞αB)mB

c3
, (4.33)

s =
na sin ι

cXB

(
GABMn

c3

)−1/3

, (4.34)

in which we have made use of the notation in [39], where M is the total mass and

XA,B = mA,B/M . One will notice that the scalar charge (αA, βA, kA) described earlier
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appear directly in these definitions.

The effects we have incorporated thus far do not capture radiative effects such

as gravitational wave emission. The orbital period derivative, Ṗb, accounts for these

radiative effects, along with others, and in general has the contributions [39]

Ṗb = Ṗ Acc

b + Ṗ Shk

b + Ṗ Ṁ
b + Ṗ T

b + Ṗ Ġ
b + Ṗ int

b . (4.35)

The quantity Ṗ Acc
b is due to the relative acceleration between the binary and the Solar

System barycenter along the line of sight. The quantity Ṗ Shk
b is the so-called Shklovskii

effect and is due to centrifugal acceleration between the two binary components. The

quantity Ṗ Ṁ
b accounts for mass loss of the system, and finally Ṗ T

b accounts for any

tidal effects. The term Ṗ Ġ
b accounts for a possibly varying gravitational constant

which generally happens on cosmological time scales, if for example the scalar field

evolves in a cosmological potential and influences the gravitational constant.

The intrinsic orbital period derivative, Ṗ int
b , is of most interest for constraining

STTs and can be found directly from the orbital energy that is lost due to gravitational

radiation. In the context of STTs, Ṗ int
b has the following contributions

Ṗ int
b = Ṗϕ,mon

b + Ṗϕ,dip
b + Ṗϕ,quad

b + Ṗ g,quad
b . (4.36)

Each of these pieces can be calculated from a multipole expansion of the energy fluxes
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for the scalar field and the metric, which yield [37]

Ṗϕ,mon

b = − 3πXAXB

1 + αAαB

(
GABMn

c3

)5/3
e2(1 + e2/4)

(1− e2)7/2
(4.37)

×
[

5

3
(αA + αB)− 2

3
(αAXA + αBXB) +

βAαB + βBαA
1 + αAαB

]2

, (4.38)

Ṗϕ,dip
b = − 2πXAXB

1 + αAαB

(
GABMn

c3

)
(1 + e2/2

(1− e2)7/2
(αA − αB)2 , (4.39)

Ṗϕ,quad
b = − 32πXAXB

5(1 + αAαB)

(
GABMn

c3

)5/3

×(1− e2)−7/2

(
1 +

73

24
e2 +

37

96
e4

)
[XBαA +XAαB] , (4.40)

Ṗ g,quad
b = − 192πXAXB

5(1 + αAαB)

(
GABMn

c3

)5/3

(1− e2)−7/2

(
1 +

73

24
e2 +

37

96
e4

)
.(4.41)

In GR only the quadrupolar term survives, but in STTs, both monopole and dipole

radiation exist as well, the latter entering at -1 PN order relative to the GR

term. In practice, the dipolar contribution from the scalar field will dominate the

energy loss, followed by the quadrupolar terms. Thus, we will neglect the monopole

contribution and the higher PN order contributions to the dipolar radiation in our

calculations. The set of parameters {Ṗb, γ, ω̇, r, s} will be referred to as the post-

Keplerian parameters from now on and will be the main set of parameters we use to

constrain STTs.

4.2.4 Systems Considered

Typically, PSR-WD systems provide the tightest constraints on STTs due to

the predicted dipolar contribution to Ṗb, which has the largest effect when the binary

components have very different scalar charges (as is the case with PSR-WD systems).

However, one of the goals of this paper is to investigate how other post-Keplerian

parameters affect the (α0, β0) parameter space. Therefore, we are also particularly
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interested in PSR-NS systems that have multiple post-Keplerian parameters measured

to high precision. While the dipolar radiation is generally suppressed in such systems,

ω̇ and γ can become very large (and therefore inconsistent with observations) due to

the presence of the scalar charges βA,B and κA, which can take values ∼ 102 and even

∼ 103 in some cases [112].

The set of PSRs in [94] satisfy our first criteria for PSR-WD systems with

mass measurements. These PSRs include J1738+0333 [7,117], J2222-0137 [118,119],

J1012+5307 [120], and J1909-3744 [121]1. In one way or another, there have been

measurements of Ṗb, the companion mass mB, and the mass ratio q ≡ mA/mB,

thus allowing us to pin down the masses of the system. In the case of J1738+0333

and J1012+5307, there have been independent mass measurements from optical

observations of the white dwarf companions, and thus, there are no correlations

between any of the parameters. For J2222-0137 and J1909-3744, there exist

measurements of the Shapiro parameters r and s, which provide the extra information

needed to pin down the masses. These systems also contain a diverse set of PSR

masses that allow us to probe the (α0, β0) parameter space of STTs over a wide

range of masses in which strong field effects like scalarization behave differently.

In terms of PSR-NS systems, we study J0737-3039A [111,122] and B1913+16 [9],

as these PSRs have been precisely timed and there exists measurements of multiple

post-Keplerian parameters. Table 4.1 summarizes the Keplerian and post-Keplerian

parameters associated with each of these PSRs. For B1913+16 there are measure-

ments of all 5 post-Keplerian parameters introduced in Sec. 4.2.3. J0737-3039A is

part of a double PSR system, and there are measurements of all 5 post-Keplerian as

well. But here there is also an independent measurement of the mass ratio from the

1We exclude J0348+0432 due to the large mass (∼ 2M�) of the PSR in this system. The scalar
charges in [112] only go up to 2.1M� (2M� for some EOS), and thus, this makes it difficult for our
MCMC runs to adequately explore the neighboring parameter space for a 2M� NS
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orbital velocities of the two PSRs, providing a total of 6 parameters that can be used

to place constraints.

J1738+0333 J1012+5307 J2222-0137 J1909-3744

Pb (d) 0.3547907398724(13) 0.60467271355(3) 2.44576469(13) 1.533449474406(13)

x (s) 0.343429130(17) 0.5818172(2) 10.8480239(6) 1.89799118

e 3.5(1.1)× 10−7 1.2(3)× 10−6 0.000380967(30) 1.14(10)× 10−7

mA (M�) 1.47(7)* 1.64(22)* 1.76(6)* 1.47(3)*

mB (M�) 0.181(8) 0.16(2) 1.293(25)* 0.208(2)

q ≡ mA/mB 8.1(2) 10.5(5) — —

Ṗ int
b (fs s−1) -25.9(3.2) -15(15) -60(90) —

ω̇ (deg yr−1) — — 0.1033(29) —

s ≡ sinι — — 0.99559 0.99771

r (T�) — — 1.293(25) —

J0737-3039A B1913+16 B1534+12

Pb (d) 0.10225156248(5) 0.322997448918(3) 0.420737298879(2)

x (s) 1.415032(1) 2.341776(2) 3.7294636(6)

e 0.0877775(9) 0.61713404(4) 0.27367752(7)

mA (M�) 1.3381(7)* 1.438(1)* 1.3330(2)*

mB (M�) 1.2489(7)* 1.390(1)* 1.3455(2)*

q ≡ mA/mB 1.0714(11) — —

Ṗ int
b (fs s−1) -1252(17) -2398(4) —

ω̇ (deg yr−1 16.89947(68) 4.226585(4) 1.7557950(19)

γ (ms) 0.3856(26) 4.307(4) 2.0708(5)

s ≡ sinι 0.99974(39) 0.68(10) 0.97772

r (µs) 6.21(33) 9.6(3.5) 6.6(2)

Table 4.1: The Keplerian and post-Keplerian parameters measured for the systems
we consider in this paper. Values with and asterisks are derived quantities assuming
GR as the underlying theory. The values in parentheses represent the 1σ errors
associated with each quantity. Note that the Shaprio parameter r is measured in
units of T� = GM�/c3 = 4.925490947µs for J2222-0137.
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4.3 Constraints on STTs from binary PSRs: 1σ Constraints

In this section we will focus on placing constraints on the STT parameters α0

and β0 by saturating the bounds on individual post-Keplerian parameters. As we have

mentioned, some of the tightest constraints on STTs come from the lack of observed

dipolar radiation in binary PSRs. In principle, if one has measured the orbital decay

rate to be Ṗb,obs up to some uncertainty δṖb and found that it is consistent with

the GR prediction, then Eq. (4.36) can be used to place constraints on the scalar

charges αA,B, and therefore, the theory parameters (α0, β0). The connection between

αA,B and the theory parameters, however, is dependent on the equation of state

used to calculate the scalar charges. These constraints, therefore, must assume a

particular EOS, and then be repeated for all possible choices. We investigate how

these constraints behave when using a large number of EOSs, and how they can be

improved when using measurements of other post-Keplerian parameters, considering

both DEF and MO theories.

4.3.1 Constraints from Ṗ int
b

To place constraints using measurements of Ṗb, we evaluate Eq. (4.36) for the

entire region of parameter space investigated in [112], i.e. −5.5 . log10(α0) . 0 and

−5 . β0 . 5. While the masses are measured to a finite precision, we evaluate the

dipole term at the best fit value of the masses for the moment, and returning to

this point later. Then, by determining if these predicted values of Ṗ int
b lie with the

range Ṗb,obs ± δṖb we can determine if that point in parameter space is consistent or

inconsistent with observations.

Figure 4.1 shows such constraints for multiple PSR systems that have accurate

measurements of Ṗb for both DEF theory (left panel) and MO theory (right panel)



188

−5 −4 −3 −2 −1 0 1 2 3 4 5
β0

0

-1

-2

-3

-4

log10(α0)

J1738+0333

J0348+0432

J1141-6545

B1913+16

J0737-3039A

Cassini

−5 −4 −3 −2 −1 0 1 2 3 4 5
β0

0

-1

-2

-3

-4

log10(α0)

J1738+0333

J0348+0432

J1141-6545

B1913+16

J0737-3039A

Cassini

Figure 4.1: Constraints on (α0, β0) from a variety of binary PSRs on DEF theory
(left) and MO theory (right) with the AP3 EOS [102]. The left panel confirms the
results in [7] and the right panel places the first stringent constraints with binary
PSRs on MO theory. Observe that the constraints on DEF and MO theory are
comparable. The horns appearing near β0 = −2, however, are more pronounced
in MO theory, because these theories are very different in this region of parameter
space. The shaded gray regions are still allowed by current PSR and Solar System
(Cassini [61]) observations.
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Figure 4.2: Same as Fig. 4.1 but using only PSR J1738+0333 and varying over 11
different EOSs [94, 112]. While the EOSs tend to shift the curves horizontally, the
relative strength of all the constraints are consistent with one another.

with the AP3 EOS [102]. Let us first focus on the constraints on DEF theory. These

constraints confirm the results first presented in [7]. The only difference between those

results and the ones found here arises because the scalar charges have been here



189

calculated much more finely in (α0, β0) space, allowing us to resolve the structure

of the “horn” constraints more accurately. These horns arise because there are

certain values of α0 and β0 for which the dipole term is significantly suppressed,

thus preventing any constraint.

The constraints presented on the right panel of Fig. 4.1 on MO theory are new.

Observe that the strength of the constraints in the two theories is roughly the same.

This is mostly because these theories are nearly identical to each other in the limit

ϕ� 1, and therefore, they only differ substantially from each other when β0 is very

negative and/or α0 & 0.01. Indeed, we see that the main difference between the

constraints on the different theories is the “horns” that appear in Fig. 4.1 for large

values of α0 and β0 < 0.
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Figure 4.3: One sigma constraints on (α0, β0) from multiple post-Keplerian
parameters using B1913+16 (left) and J0737-3039 (right) and the AP3 EOS [102].
For both of these PSRs, the constraints placed from γ and ω̇ are tighter than the one
placed from Ṗb in certain regions, with ω̇ consistently placing the tightest constraints
over the entire parameter space. The shaded gray regions are those permitted by all
current constraints, while the red regions are those that have been excluded upon
including other post-Keplerian parameters.

The EOS affects the magnitude of the scalar charges, and thus, the mass at

which spontaneous scalarization occurs, and the constraints that can be obtained
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from observations of Ṗb. Let us then repeat the analysis presented above, but this

time using 11 different EOSs, namely the ones previously studied in Refs. [94, 112]:

AP3-4 [102], ENG [103], H4 [104], MPA1 [105], MS0 [106], MS2 [106], PAL1 [107],

SLy4 [108], and WFF1-2 [109]. Figure 4.2 illustrates the effect that the EOS has on the

constraints placed by J1738+0333. As one can see, the EOS simply shifts the location

of the horns left and right. This is because different EOS predict different masses at

which scalarization kicks in, modifying the values of (α0, β0) at which the dipole term

is suppressed. Aside from this modification, the variation of the EOS does not affect

the overall strength of the constraints much, especially in regions where spontaneous

scalarization does not occur, confirming previous results from [7, 94]. Although one

ought to marginalize over our ignorance of the EOS, as we will discuss in the next

section, the above analysis suggests that the constraints placed on DEF theory in the

past [7] are robust to this ignorance.

4.3.2 Constraints from other Post-Keplerian parameters

For most systems, measurements of Ṗb place the tightest constraints on STTs

since the dipolar contribution to Eq. (4.36) enters at -1 PN order relative to the

quadrupole terms, and is therefore dominant. However, for double NS systems, the

other post-Keplerian parameters can be significantly affected by the scalar charges,

even though the dipolar contribution to Eq. (4.36) can be negligible. Thus, using

the same methods used above for Ṗ int
b , we here investigate the constraints that can

be placed from other post-Keplerian parameters in these double NS systems. More

precisely, for any one post-Keplerian parameter diobs measured with 1σ accuracy δdi,

we calculate the values of (α0, β0) for which the predicted value of dith lies inside

diobs ± δdi.

Figure 4.3 shows the relative strength of the constraints on (α0, β0) from
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B1913+16 and J0737-3039 using the post-Keplerian parameters Ṗb, ω̇, and γ. In

both cases, the observations of ω̇ place significantly tighter constraints on STTs than

measurements of Ṗb, especially for β0 < 0. This may come as a surprise but it can

be understood by the functional form of ω̇. The equation for ω̇ contains the higher-

order scalar charge βA, which can take on significantly large values when β0 < 0.

Typically, however, these effects are suppressed by a factor of α2
0 for PSR-WD systems,

which is enough to make these effects completely negligible [112]. However, when the

companion is another NS, α2
B can be of order unity, making these contributions large

and lead to confrontation with observations as we are seeing in Fig. 4.3.

These constrains, particularly the ones places by ω̇, are very sensitive to the

masses used in Eq. (4.32), especially when the error is small. Consider B1913+16 in

GR, for instance, in which ω̇ has been measured to very high precision. The current

measurements of ω̇ are so precise that the total mass of the binary in GR can be

determined to one part in 106. However, the individual masses cannot be constrained

this well from the other parameters, which means that one is not well-justified in

using the best-fit masses into the equations to place the above constraints. Moreover,

these plots should not be taken as a hard upper limit on (α0, β0), but rather more as

a guideline of what constraints could be placed.

There are two ways to address these types of constraints in a more consistent

manner and that are not prone to issues described above. One such way is to perform

an analysis similar to the one in Ref. [51] in which one calculates the theoretical values

of the post-Keplerian parameters and their errors for every combination of α0 and β0.

Then, that point in parameter space is only excluded if there does not exist a pair

of masses (mA, mB) that lies in the intersection of these curves. Another method,

however, involves using an MCMC to investigate these constraints and it not limited

to only exploring the 1σ constraints of this section. Thus, in the next section, when
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we use Bayesian methods to investigate these constraints in a more informative and

self-consistent manner.

4.4 Bayesian inference

Thus far we have considered the tightest possible 1σ constraints that can be

placed on STTs using individual PSRs. However, we have not investigated how

these constraints are affected by possible covariances between the post-Keplerian

parameters, or by marginalizing over our ignorance on the EOS. Thus, in this section

we will employ Bayesian methods through MCMC simulations to address these short

comings.

4.4.1 Basics of Bayesian Inference

In Bayesian statistics, given a data set dn and some hypothesis H (playing the

role of the theory in this case), the posterior distribution on the parameters of the

hypothesis are determined by Bayes’ theorem

P (~λ|dn, H) =
P (~λ|H)P (dn|~λ,H)

P (dn|H)
, (4.42)

where P (~λ|H) is the prior probability density of the parameters P (dn|~λ,H) is the

likelihood of the data given the model H and parameters ~λ, and P (dn|H, I) is the

model evidence that plays the role of a normalization factor here. Therefore, if one has

the priors and the likelihood, then in principle the posterior distribution of ~λ can be

calculated. In order to explore these posterior distributions efficiently, we use MCMC

simulations for each data set dn, corresponding to the independent observations of

each PSR.

For our purposes, ~λ = {ξi,mA, mB, log10(α0), β0}, and we enforce uniform priors
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for all parameters. The discrete parameter ξi represents a given EOS and can take

integer values from 0 to 10, with 0 corresponding to AP3 and 10 to WFF2 (ordered

alphabetically). For the masses, the priors ranges are 0.01M� < m < 1.44M� if the

mass corresponds to a WD and 1M� < m < 2M� if the mass corresponds to a NS2.

The STTs parameters have the prior ranges −5.5 < log10 α0 < −1 and −5 < β0 < 5.

The priors we have chosen are primarily constrained by the information we have

available about the scalar charges today. Despite being able to, we do not allow

log10 α0 to reach 0, nor do we allow the NS mass to exceed 2M�. We restrict log10 α0

simply because we find that our MCMC chains never explore these regions (as one

might expect given the results of Sec. 4.3.1. We restrict the masses of the NSs to

be less than 2M� because not all of the EOS we consider can achieve masses much

larger than this.

For our logarithmic likelihood we use a multivariate Gaussian distribution given

by

lnL(~λ) = −1

2
[dith(

~λ)− din]C−1
ij [djth(

~λ)− djn] , (4.43)

where din are the post-Keplerian parameters of the nth data set (or nth PSR),

dith(
~λ) are the theoretical prediction for the same post-Keplerian parameters given

the parameters ~λ, and C−1
ij is the inverse of the correlation matrix associated with the

data set dn. This likelihood has a maximum when the theoretical post-Keplerian

parameters are precisely equal to their observed values and adequately handles

the covariances that exist between the observed post-Keplerian parameters. The

likelihood contains the theoretical predictions of the post-Keplerian parameters dith,

given in Eqs. (4.31)-(4.34) and Eqs. (4.36)-(4.41), which in turn all depend explicitly

2We have restricted our investigation to this range of NS masses because it becomes numerically
complicated to deal with the scalar charges above this range. For our study, however, this does not
limit our investigation because we do not include PSR systems with large NS masses and indeed
these priors do not affect our final results.
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on the scalar charges (αA,B, βA,B, kA). For any WD companions, the charges reduce

to αB = α∞ and βA = αA/ϕ∞ = β∞ since WD are weakly self gravitating. For NSs

on the other hand, the scalar charges are functions of the NS mass, α0, and β0 and

must be solved numerically. To avoid this last step, we linearly interpolate the data

from [112] for the scalar charges, allowing the quick computation of the likelihood

over the entire prior range of the parameters.

We start our MCMC chains near the binary masses predicted by GR, with EOS

AP3, log10 α0 = −2, β0 = −2. While we start the chains near the expected peaks

of the posterior distributions, the chain are allowed to explore the entire prior range,

and we find that, after a burn-in phase, the chains always find these peaks regardless

of where we start them. The parameter space is then explored through a proposal

distribution that is equivalent to a random draw from a Gaussian distribution, with

a variance that is different for each of the parameters. The variances are chosen to

ensure decent acceptance ratios and autocorrelation lengths, and in practice they are

different for each PSR..

Proposed jumps are accepted or rejected based on the Metropolis-Hastings

algorithm. The Metropolis ratio for symmetric proposal distributions is just the

ratio of the posterior distributions, namely

r =
P (~λnew|H) P (dn|~λnew, H)

P (~λold|H) P (dn|~λold, H)
, (4.44)

where we used Bayes theorem from Eq. (4.42) to rewrite this ratio in terms of the

priors and likelihoods. The acceptance probability is then defined via a(~λold, ~λnew) =

min(1, r), which determines whether or not the proposed set of parameters is accepted

by the chain or not. This is accomplished by drawing a random number u between 0

and 1 and comparing it to the acceptance probability, i.e. if a ≥ u the jump is made,
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Figure 4.4: Corner plot with the marginalized posteriors distributions for
(mA, mB, log10 α0, β0) from MCMC simulations using observations of post-Keplerian
parameters from J1738+0333 for DEF theory.

and otherwise it is not. If the proposed jump leads to a larger likelihood, the jump is

always accepted, but even if the new likelihood is smaller, there is still a chance that

the proposal will be accepted. We repeat this process millions of time for each PSR

to ensure convergence and good exploration of the posterior distributions.
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The result of an MCMC is the joint posterior distribution on all parameters ~λ.

To obtain information about a single parameter, say β0, we marginalize, or integrate,

over all other parameters ~θ, for instance

P (β0|dn, H) =

∫
P (~λ|dn, H)d~θ . (4.45)

In practice, this is equivalent to creating a histogram of the likelihood evaluations

over the parameter that is being marginalized.

4.4.2 Bayesian Results

Figure 4.4 shows the marginalized posteriors on the parameters (mA, mB, log10 α0, β0)

for J1738+0333. The marginalized posteriors on ξi for the EOS is uniform, meaning

that the MCMC showed no preference toward any particular EOS and thus we do not

show it because it is uninformative. We recover mass distributions that are consistent

with observations and the predictions of GR. The posteriors on α0 and β0 behave as

one would expect. Lower values of α0 (towards GR) are preferred and the posteriors

on β0 have a nearly identical form as the constraints placed by Ṗb in the previous

section. The latter makes sense since we are not enforcing Solar System priors on the

parameters, and thus, the MCMC spends more time exploring regions that are less

constrained, i.e. near β0 = −2.

The joint posterior on α0 and β0 are presented in Fig. 4.5, where we also include

an overlay of the constraints placed from the previous section. This figure is really a

heat plot of the posterior distribution, with brighter (darker) colors representing low

(high) posterior probabilities. Therefore, the dark regions are unconstrained by our

Bayesian analysis, while the bright regions are excluded. We see great consistency

between the Bayesian constraints and the constraints from the previous subsection.

Thus far we have only discussed results involving single PSRs with associated
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Figure 4.5: Marginalized posteriors distributions for (log10 α0, β0) from MCMC
simulations of the post-Keplerian parameters extracted from J1738+0333, using DEF
theory (left) and MO theory (right), with the AP3 EOS. We overlay the constraints
found in Sec. 4.3.1 in red for comparison. One can see that the MCMCs predict
marginalized posteriors that are consistent with the 1σ constraints.

data dn, so let us now combine the constraints from multiple observations in two

different ways. The first involves constructing a new log likelihood that contains

information from all of the PSRs we consider. This is equivalent to simply adding

the log likelihoods (multiplying the actual likelihoods) associated with each individual

PSR and running a new MCMC with a new parameter vector given by ~λtotal =

{∑nmA,n,
∑

n mB,n, ξi , α0, β0} where n stands for the nth binary system. One would

then marginalize the likelihood over all parameters that are not (α0, β0) to find the

new joint posterior. This is quite possible but it requires us to effectively recompute

the posteriors we have already found.

Another way to combine information is to carefully “stack” the joint posteriors

on the parameters ~σ = (ξi, α0, β0) that we have already calculated3. In this case

the total posterior distribution is just the product of the individual posteriors. To do

3It is impossible to stack posteriors on single parameters simply because the operations of
integration and multiplication do not commute. Thus, we are only able to stack marginalized
posteriors if we have marginalized over parameters that are not shared in different observations, like
the masses in this case.
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this we start with Bayes theorem in Eq. (4.42) with total data D from N systems,

and we note that the priors are identical with the likelihood following the relation

P (D|~σ)

P (D|H)
=

N∏
n=1

P (dn|~σ,H)

P (dn|H)
=

N∏
n=1

P (~σ|dn, H)

P (~σ|H)
, (4.46)

Putting this information back into Bayes theorem for the total posterior we find the

relation

P (~σ|D,H) = P (dn|~σ,H)1−N
N∏
n=1

P (~σ|dn, H) . (4.47)

Therefore, we are able to take the individual joint posteriors on ~σ that we have already

calculated and multiply them in this manner to find the total posterior we would have

found had we done a new MCMC simulation with all PSRs included.
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Figure 4.6: Same as Fig. 4.5 but stacked over information from PSRs J1738+0333,
J2222+0137, J1012+5307, J1909-3744, and B1913+16, in DEF theory using the AP3
EOS. Again, we overlay the constraints found in Sec. 4.3.1 for J1737+0333 in red for
comparison. Since J1737+0333 places the tightest constraints in Sec. 4.3.1 it makes
sense that the stacked posterior is consistent with these constraints.

Figure 4.6 shows the total joint posterior on (α0, β0), marginalized over the EOS,
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after combining the posteriors from the PSRs J1738+0333, J2222-0137, J1909-3744,

J1012+5307, and B1913+16 via Eq. (4.47). The overall effect of this “stacking” of

the posteriors does not produce a significant effect but it does visibly reduce the

probability of the larger values of α0 near β0 ∼ −2. This results makes sense when

compared to results found in Sec. 4.3.1. Each PSR tends to place different constraints

in this region of parameter space, and the Bayesian methods we have employed here

allow us to take these multiple constraints into consideration simultaneously.

Rather than assuming flat priors for the STTs parameters we can enforce

constraints that have been placed from other tests, like Solar System tests, through

different priors. The Solar System constraint on the post-Keplerian parameters

appear in Eqs. (4.18)-(4.21), and numerically, these constraints turn into α∞ ≤

0.003391. As we have pointed out in Sec. 4.2, this constraint on α∞ technically

translates to different constraints on α0 in each theory. However, for practical

purposes the constraints on α0 are identical in both DEF and MO theory because of

the small magnitude of α∞.

The effect of more stringent priors is to tighten the posteriors on all parameters.

These priors effectively remove the posterior distributions on α0 larger than 0.003391

that we have presented thus far and therefore reduce the parameter space that the

MCMC explores. This results in tighter posteriors for the masses of the systems, as

well as more stringent constraints on (α0, β0) as shown in Fig. 4.7.

4.5 Conclusion

We have investigated the constraints that binary PSRs can place on the

parameters α0 and β0 that appear in scalar-tensor theories, particular in DEF theory

and in MO theory. We show for the first time in MO theory the type of constraints

that one can place on STTs using observed orbital period decay Ṗb. Then, using
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Figure 4.7: Same as Fig. 4.6 but where we have enforced Solar System constraints
on α0 through priors.

other post-Keplerian parameter we demonstrate that for certain systems, like double

NS systems, even tighter constraints can be place on the (α0, β0) parameter space

of STTs. We find consistency with these results when we use Bayesian methods to

investigate the posterior distributions of the parameters and find that the dominant

effects the dictate the overall constraints is indeed Ṗb.

This work has been one of the first attempts to apply an MCMC to explore

the constraints on STT parameter space from binary PSRs, and therefore, it should

be considered a first step towards a more in depth Bayesian study. For example,

we have only used the quoted values of the post-Keplerian parameters, along with

the correlations, to construct our likelihood functions and explore the posterior

distributions of α0 and β0. Such a method introduces systematic errors because

we are not able to incorporate covariances between the normal Keplerian parameters,

even though these parameters are measured to extremely high precision. Our analysis

also potentially suffers from having a limited number of data points, i.e. the post-
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Keplerian parameters here.

A more complete study, and one we hope to perform in the future, would

involve using more sophisticated MCMC techniques like parallel tempering, to allow

us to explore potentially multi-modal posteriors, or like those implemented in the

emcee hammer package available for Python. Moreover, one could argue that the

most correct way to analyze the PSR data is to incorporate the TOAs directly into

the likelihood and allow an MCMC to perform the fits for the Keplarian and post-

Keplerian parameters, essentially performing the computations that timing packages

like TEMPO and TEMPO2 handle. This would allow one to easily fit the TOAs

given any gravitational theory, like GR and STTs, that have a well developed timing

formula. The benefit of handling the TOA directly is that it removes any systematics

and inconsistencies that arise in our study, i.e. trying to analyze data that has already

been processed. This is quite a large endeavor, however, and would take years of work

from multiple groups to accomplish.
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CONCLUSION

With more detections of gravitational waves becoming a reality and the

continued timing of millisecond pulsars in binary systems, more high sensitivity tests

of gravity will become available in the near future. Thus it is important to determine

the predictions made by theories of gravity other than GR such that one can place

constraints on these theories once these observations become available. In this work I

have focused my investigation on the study of scalar-tensor theories of gravity and the

various predictions they make in both the weak- and strong-field regimes. This work

represents the first comprehensive studies of scalar-tensor theories in the regimes of

cosmology, Solar System observations, and binary pulsars in which constraints are

placed on these theories in a self-consistent manner across these three, very different,

physical systems.

In chapters 1 and 2 we study the effects that the cosmological evolution of

the scalar field has on current observational constraints that can be placed from

Solar System observations. We modified the conformal coupling of these theories

to include higher order terms to determine whether or not this change corrected

the inconsistencies between the cosmological evolution of the scalar field and the

Solar System. We found that one can indeed achieve this by modifying the coupling

function, however, these modifications suppress the effects of scalarization that occur

in neutron stars. We then studied the cosmological evolution of the scalar field in

regions of parameter space that were thought to be consistent with Solar System

observations. We found, however, that only a small subset of this parameter space

is actually consistent with such observations and that one must carefully select

valid initial conditions for the scalar field in order to increase the volume of this

parameter space subset. Moreover, the effects of scalarization are suppressed here
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as well, demonstrating the one can only consistently satisfy Solar System constraints

if one only allows for regions of parameter space that do not permit spontaneous

scalarization.

In chapters 3 and 4 we address strong field tests of gravity involving binary pulsar

systems. In order to place constraints from binary pulsar observations we first needed

an accurate description of the motion of the pulsar that is predicted by scalar-tensor

theories, which is described by the timing model of Damour and Deruelle. In order

to make use of this in the context of scalar-tensor theories we needed high-resolution

calculations of the so-called scalar charges that appear directly in the timing model.

We perform these exact calculations in chapter 3 over a large region of parameter

space that can be explored with binary pulsar observations. Moreover, we find and

investigate certain scaling relations that these scalar charges obey in some regions

of parameter space that greatly accelerate their calculation. The data generated in

this work for these scalar charges is a necessity for future strong-fields test of gravity

involving scalar tensor theories.

With these scalar charges in hand we are able to place constraints on scalar-

tensor theories using binary pulsar data in chapter 4. We determine constraints that

can be placed on two popular scalar tensor theories by saturating 1σ bounds on

measured post-Keplerian parameters , using the data above. Moreover, for the first

time we investigate the effects of realistic equations of state on these constraints,

determining that they do not change any relative features. The results suggest,

however, that one should investigate these effects more carefully, and thus we employ

Bayesian methods through Markov-Chain-Monte-Carlo simulations to explore the

posterior distributions of the scalar-tensor theory parameters. Our results show

consistency between these methods and one previously used by radio astronomers

but suggests the need for future investigations using our methods in order to reduce
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potential errors in our calculations.
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Phys. Théor., Vol. 43, No. 1, p. 107 - 132, vol. 43, pp. 107–132, 1985.



212

[96] T. Damour and N. Deruelle, “General relativistic celestial mechanics of binary
systems. II. The post-Newtonian timing formula.,” Ann. Inst. Henri Poincaré
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