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ABSTRACT

Presented are geometric results for a reaction-diffusion equation with nonlo-
cal, inhibitory feedback. The equation corresponds to the limiting equation on‘the
slow manifold for a singularly perturbed activator-inhibitor system. rI"he existence
of solutions and a global attractor is established using standard results of linear and
nonlinear semigroup theory. The bifurcation of equilibria is studied and family of sec-
ondary bifurcations is demonstrated, by means of Lyépunov-Schmidt reduction. The-
existence of an inertial manifold is verified as well as a family of approximate inertial
manifolds. Evidence for the qualitative structure of the global attractor is provided
using approximate inertial manifolds and simulations based on standard numerical

methods.




CHAPTER 1

INTRODUCTION

In this thesis, we investigate the dynamics of the reaction-diffusion equation
1
U = gy + f(u) + fy/o g(z, s)u(s)dz, uz(0,t) =ugz(1,t) =0. (1.1)

This equation corresponds to the flow on the slow manifold for the singularly per-

turbed reaction-diffusion system

Uy = gy + fFu) —w, uy(0,%) = uy(1,8) =0, (1.2)

bwy = Dwgy +yu —w, wg(0,8) = wy(1,t) =0, (1.3)

where § < 1. Equation (1.1) is obtained by formally setting 6 = 0 and using a
Green’s function to solve (1.3) for w as a function of u. Systems such as (1.2)-
(1.3) arise frequently as mathematical models in biology, physiology, morphogenesis
in embryology, and chemical systems to name a few. Many examples can be found in
the books by Murray [22] and Edelstein-Keshet [10]. The nonlinearity f is typically
a cubic or cubic-like func’lcion, and the system is considered an activator-inhibitor
system in that u activates the production of w while w inhibits u. Models of this
type have attracted a great deal of attention since the celebrated work of Turing [30],
who proved that diffusion can have a destabilizing effect resulting in spatial pattern
formation.

In recent years these models have been shown to produce a variety of interesting
phenomena and have been the impetus for many new and exciting mathematical
results. Nishiura [23] and Sakamoto [27] have examined the existence and stability of

large amplitude spatial patterns. The formation and propagation of transition layers
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has been studied by many authors (see [11] and references therein). An interesting
case is the so called “breather solutions ” which are solutions having oscillating layers
([24]). In terms of global dynamics, Hale [15] has demonstrated that as D — oo the
attractor of the system approaches the attractor for the so called “shadow system”,
which is obtained by spatially averaging (1.3). The underlying theme in each of these
results is the use of perturb@tion techniques which exploit the extreme size of a model
parameter, in particular, the cases ¢ < 1, % < 1, and D large have been extensively
examined. As far as we know, this thesis is the first study of the limiting equation
for the case § < 1. Physically this corresponds to an activator-inhibitor system in
which the rates of reaction and diffusion of the inhibitor greatly exceed those of the
activator. The inhibition appearsin the limiting equation (1.1) as nonlocal feedback.

In this work, we conside;,r the particular model where f is the symmetric cubic
polynomial f(u) = u — %?, and v > 0. Our goal is to gain a geometric or qualita-
tive understanding of the global behavior of solﬁtions to (1.1). This equation is a

nonlocally perturbed version of the standard Chafee-Infante problem

Up = 2 Ugg + F(u), uz(0,1) =u.(1,t) =0, (1.4)

for which a great deal is known (see [14] and [16]). As such, we expect the dynamics
of (1.1) to inherit many of the properties of the dynamics for (1.4) when v is suf-
ficiently small, and we will verify this is so. However, when v = O(1) we will see
the dynamics differ considera,bl}.f. In this case, the analysis is significantly compli-
cated by the nonlocal perturbation. Classical results based on maximum principles
and comparison arguments ([28]) do not apply and rigorous mathematical results are
difficult to obtain. Thus, we must rely on approxiniation techniques and numerical
simulations to gain insight.
This thesis is comprised of six chapters, the first being this introduction.

In Chapter 2, we 'prove the existence of local solutions for (1.1) using standard
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results from linear and nonlinear semigroup theory. We show (1.1) has a Lyapunov
function which allows us to obtain a global existence result. We then establish the
existence of a compact, connected, invariant set which attracts all solutions. This
set, called a global attractor, contains much of the information regarding the la;rge
time dynamics. The necessary ingredients for the existence of a global attractor are
compactness and dissipation. Since in general partial differential equations are posed
on metric spaces which are not ‘locally compact, the necessary cofnpactness must come
from the solution operator. We establish the compactness of the solution operator for
(1.1) by the use of embedding theorems much like the standard Sobolev embedding
results ([1]). The concept of dissipation essentially means there is a bounded sef
into which all solutions enter in a finite time and remain. These properties, along
with the existence of a Lyapunov function, allow us to verify (1.1) falls into a special
class of systems known as gradient systems. For gradient systems the attractor has
a relatively simple description: it is the union of the equilibria and their unstable
manifolds. Thus, a characterization of the attractor is complete when all equilibria
and their unstable manifolds are found. The goal of characterizing the attractor
provides the main theme for this thesis and motivates the work of the remaining
chapters.

In Chapter 3,s we search for equilibria of (1.1) by gxamining local bifurcations
from known solutions. This is accomplished using standard techniques of bifurcation
theory for Fredholm operators. Due to the nonlocal perturbation, the bifurcation
diagram differs significantly from that of (1.4), and the bifurcations have a dependence
on both parameters, ¢ and . In particular, we demonstrate the existence of an
interesting family of secondary bifurcations. This is accomplished by means of a
projection method, known as Lyapunov-Schmidt reduction, which allows us to reduce

the equation to a two-dimensional problem in the neighborhood of certain points in
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parameter space. The resulting two-dimensional system is simple and can be easily
analyzed. This result generalizes a previous result obtained by Keener [20].

In Chapter 4, we show the existence of a finite-dimensional manifold contain-
ing the attractor which attracts all solutions of (1.1) at an exponential rate. This
manifold, known as an inertial manifold, is the equivaient of a global center manifold
for an infinite-dimensional system. The restriction of (1.1) to the inertial manifold
yields a finite-dimensional system which exhibits all of the large time dynmamics of
(1.1). Although in general we cannot actually compute the inertial manifold or the
equations on the manifold, the existence of these objects tells us that the dynam-
ics of (1.1) are essentially finite-dimensional. In the case where € is large, however,
we provide proof that the large time dynamics are equivalent to the dynamics of a
simple one-dimensional ordinary differential equation. We also prove the existence _
of a finite-dimensional manifold, known as a steady inertial manifold, which contains
the equilibria for (1.1) and is, in a sense, close to the attractor. The steady inertial
manifold is of low dimension and can be approximated by a sequence of manifolds,
known as approximate inertial manifolds (AIMs), which can be explicitly computed.
These approximations provide us with low-dimensional systems of equations which
allow us to extend the local bifurcation results to larger regions in parameter space
and locate the unstable manifolds of equilibria.

In Chapter 5, we use the results of the preceding chapters and simulations

- based on standard numerical methods to obtain a qualitative picture of subsets of the

attractor in a limited parameter regime. We provide evidence for a global bifurcation
picture and obtain approximations of the orbits which connect the equilibria. From
the numerical evidence we obtain in this chapter, we conjecture the attractor contains
a set of relatively simple two-dimensional structures. |

Finally in Chapter 6, we summarize our results, especially noting the apparent
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differences between the dynamics for (1.1) and (1.4). We also provide directions for

future investigations.




CHAPTER 2

PRELIMINARY RESULTS

Introduction

In this chapter, we gather some preliminary mathematical results for the

reaction-diffusion equation with nonlocal inhibition,

Up = €Ugg +YBu + f(u), u5(0,8) =uy(1,8) =0, : (2.1)

where v > 0. This equation corresponds to the limiting equation as § — 0, with ¢

fixed for the singularly perturbed reaction-diffusion system.,

du

5= EUge + f(u) — W, ug(0,1) = ug(1,t) =0, (2.2)
d .
5_5% = Dwgg +vyu — w, w,(0,t) =w,(1,8) =0. (2.3)
To see this, we note that
Dwgy +yu—w=0 (2.4)
can be solved for w as a function of w , w = —yBu, where B is the nonlocal operator

Bu(z) = f; 9(z,s)u(s)ds with the Green’s function,

_ vDeosh(Z=)cosh(£72)

inh( , 0sz<ssl,
S
9(z, _YDeosh(GeoshlTs) g < s p <1,
smh(ﬁ) ’ T B

First, we introduce some standard concepts from linear functional analysis. Then we

will prove the existence of solutions and a global attractor for equation (2.1).
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Operator Theofy and Function Spaces

In the following, we will lét (-,-)o and || - ||o denote the usual inner-product
and norm on the Hilbert space L2(0,1) and ||| the operator norm on L%(0,1). When
referring to an arbitrary normed space or Hilbert space X, we will (_ienote the norm,
and inner-product by |- ||x, and (-, )x, respectively. By H% we denote the closure of
the cosine functions {cos(nmz)}%, in the Sobolev space H*(0, 1). For k > 1 this is
simply the elements in H*(0,1) which satisfy the homogeneous Neumann boundary
conditions in the classical sense (see [1]). For v > 0, let A D(A) c L?(0,1) —
L*(0,1) be defined by |

D(A) = HY, o (2.5)

Aw= —*u" — yBu, Yu'€ D(A). - - (2.6)
We see that equatién (2.1) can be written as the abstract evolution equation
ug = —Au+ f(u), u(0)=uo. (2.7) |

It follows from standard results (see [7]) that the operator A is closed, densely defined,
positive, and self-adjoint. The spectrum of A consists solely of eigenvalues, which can

easily be seen to be
on =€ (nm)? + n =0,1,..., ‘ (2.8)
with normalized eigenfunctions |
bo(z) =1, én(a)=2cos(nrz), n= 1,'2‘, s

From the spectral theorem (see [9]) it follows that

A U = Z o u ¢n O¢n( ) (29)

n=0
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Thus, A~} is the uniform limit of finite-dimensional operators and hence is compact.
Now for any 8 € R we define 47 by
D(Aﬁ) = {u € I*(0,1): >, 28| (u, gn)o|* < oo}
: n=0

and .

o0

APy =% P (u, pn)odn ().

n=>0 .
Equipped with the graph norm,"|| - [|2s = ||4#(:)|]o, D(A?) becomes a Banach space.
We will need the following embedding result which is proven in [16].

Lemma 2.1 The following embeddings hold:

D(A%) C D(A%), when, 0<fB <o (2.10)
D(A*) c H*0,1), when, % <a. (2.11)
D(A%y c C[0,1], when % < 20 (2.12)

Moreover, the embedding (2.10) is compact when the inequality is strict.

The spaces (D(A), || - ||2), (D(AY2), ]| -]1) and (L*(0,1),]|- |lo) provide us a
convenient setting to analyze the nonlocal reaction-diffusion equation. The following
lemma, gives Poincaré type inequalities for these spaces. Note the stated form of the
eigenvalues of A in equation (2.8) does not guarantee the smallest positive or principle

eigenvalue of A is g¢. In the following, o, will denote the principle eigenvalue.

Lemma 2.2 The following inequalities hold:

Jasliullo < llulls, Vu € D(AY?). (2.13)
Sl < llull,, YueD@). (214)

Proof: Let u € D(AY?), then u = Y32 un¢n and AY?u = T5%; \/0aUnén, hence

o0 o0
lulf = 35 00 2 0 302 =yl
n=0 n=0
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and the first inequality is proved. To establish (2.14), let v € D(A) and Au =

o GnPn- Then u = 377, 22¢y, and
a
full = 3327 < L 50z < -l
n=0 In Op n=0

Definition 2.3 An analytic semigroup on a Banach space X is a family of con-

tinuous linear operators on X, {T(t)}.g, satisfying:
TO)=1I,T®)T(s)=T(t+s) fort,s>0.
2. T(t)u — u ast — 0% for eachu € X.

3. The map t — T(t)u is real analytic on 0'< t < oo for each u € X.

The infinitesimal generator of a semigroup T'(t) is the linear operator L defined

by
1
Lu = lim z(T(t)u — ),

t—0
with domain D(L) consisting of all w € X for which this limit exists. It is standard

notation to write T(t) = e,

The following theorem, which is proven in [25], provides sufficient conditions for L to

be the generator of an analytic semigroup.

Theorem 2.4 Let L be a closed, densely defined, linear operator on a Banach space

X. If there ezist constants § € (0,%), and M > 0 such that
= {/\.E C:larg)| < g-i- 9} U {0} C p(L), (2.15)

were p(L) 1is the resolvent set of L, and
M

e, A+ 0. (2.16)

(AT = L)~ <

Then L is the infinitesimal generator of an analytic semigroup on X.
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An operator which satisfies the hypotheses of the theorem is called a sectorial
_ operator. To see that —A generates an analytic semigroup on L?(0,1), note that
the spectrum of —A consists of real, negative eigenvalues. Thus, (2.15) holds for

any 6 € (0,%). To verify (2.16), consider the spectral representation of the resolvent -

operator,
-1, ('Lb ¢n)0
(AT +A)” Z i
From this we see
17+ 4) o < Z ||;sz1°]| @)

but for all § € (0, %) and A # 0 such that |a7"g)\| <5+,

1. csce(f +0)

Yn.
Mo = N

Therefore,
cse(% +06)
Al

The semigroup e~4? has a simple representation

AT+ A)7H| < AET. )

—At,, — io: e (u, dn)oPn ()
n=0

from which we obtain the uniform decay estimate, |le™#|| < e~7#*, for all £ > 0.
We will need the following standardlresult, which is proven in [25].

Lemma 2.5 Let —A be the infinitesimal generator of an analytic semigroup et on

a Hilbert space H with 0 € p(A). Also, assume ||e"4¥|| < Me™" for some M > 0 and

w € R, where || - || is the operator norm on H . Then:

1. et H — D(A%) for every t >0 and o > 0.
2. For every u € D(A%), A%e~4ty = e~ 4t A%y,

3. For every t > 0 the operator A®%4* is bounded and ||A%e~#|| < Myt~ ",

for some M, > 0.




11

Existence of Solutions and the Global Attractor

To discuss the existence of solutions and a global attractor for equation (2.7)
we need the notion of a nonlinear semigroup, which acts as the solution operator for
(2.7). The results here essentially follow the presentation in [14].

Definition 2.6 Let X be a complete metric space. A family of mappings S(t) : X —

X, t >0, is said to be a C"-semigroup, r > 0, provided :
1. 8(0)=1.
2. S(t+s)=9()S(s), s,t=>0.

3. S(t)u is continuous in ¢t and u together with Frechét derivatives in u through

order v for (t,u) € [0,00) x X.
For completeness we recall the definition of the Frechét derivative.

Definition 2.7 Let X and Y be Banach spaces. The Frechét derivative of an
operator T : X — Y at a point x € X is a continuous linear operator L : X — Y
such that

T(z + h) — T(z) = Lh + R(z, h), (2.19)

where ——J—”RI%?;W — 0 as ||h||x — 0.

To fix our notation, throughout this work we will denote the Frechét derivative with
respect to a variable z of a mapping T' at point z1 by D,T'(21).
In the following definitions, we assume {S(t),t > 0} is a semigroup on a Banach space

X.

Definition 2.8 The w-limit set of a point ug € X and a subset B C X are defined

as

wlug) = () U S(t)uo,

s>0t>s
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w(B) = USWOB,

s>0t>s

where — denotes the closure of the set.
Definition 2.9 A subset B C X is said to be invariant if
- S@#)B=B, V>0

Example 2.10 A point v € X is an equilibrium point for a semigroup S(t) on X if

and only if S(t)u = u for all t > 0. Thus we see equilibria are invariant sets.

Other examples of invariant sets include the stable and unstable manifolds of equi-

libria, whose definition we now provide.

Definition 2.11 The stable manifold, W*(u), and the unstable manifold, W*(u),

of an equilibrium point u for S(t) are defined as
W) ={z € X:S®t)s is defined Vi >0, and S(t)z — u as t— oo},
W) ={z € X :S@¥)z is defined V¢ <0, and S(t)r —u as t— —oo},

Definition 2.12 A set B C X is said to attract a set U C X under S(t) if

dist(S(t)U, B) — 0 as t — oo.

Definition 2.13 An invariant set A is said to be the global attractor for a semi-

group S(t) if A is a mazimal, compact, invariant set which attracts each bounded set

UcX.

If a system has a global attractor, then the w-limit set of each bounded set is
contained in the globall attractor. Therefore, much of the dynamic behavior of the
system is determined by the restriction of the semigroup to the attractor. Although
transient behavior may be important, understanding the ‘dyhamics on the attractor

is a natural place to begin exploring the glob‘a,l dynamics of the evolution equation.
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The notion of dissipation is an important property of a dynamical system
which roughly corresponds to the lack of a conservation law for the system. The

particular form of dissipation we will use, point dissipation, is defined as follows:

Definition 2.14 A semigroup S(t) is said to be point dissipative if there is a

bounded set B C X that attracts each point of X under S(t).

For finite-dimensional systems, point dissipation is sufficient to guarantee the exis-
tence of a global attractor. This is due to the fact that finite-dimensional Banach
spaces are locally compact. Since infinite-dimensional Banach spaces are not locally
compact, we need a degree of compactness from the semigroup itself to obtain the de-
sired results. Many semigroups generated by evolution equations possess a “smooth-

ing” property which is equivalent to the notion of compactness of the operator.

Definition 2.15 The semigroup S(t) is said to be eventually ecompact if for each

bounded set B, there exists a T such that Upsr S(t)B is relatively compact in X.

The following theorem, whose proof can be found in [14], provides sufficient

conditions for the existence of a global attractor for point dissipative systems.

Theorem 2.16 Let S(t) be an eventually compact, point dissipative CT-semigroup

on a complete metric space X such that for each bounded set U € X, the set
{S()u:t>0,uecU}

is bounded. Then there exists a global attractor A. If X is a Banach space, then A

is connected. If, in addition, S(t) is one-to-one on A then S(t)|4 is a C"-group.

Before -proceeding to verify the hypotheses of the above theorem, we need to

show the existence of a semigroup for equation (2.7). Let. f¢: D(A4) — L*(0,1) be
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defined by fé(u)(z) = f(u(z)). By (2.12), given r; > 0 there exists an 73 > 0 so that

for u,v € D(AY?) with ||ul|1, ||v]|]1 < 71 We have |u|, |v] < 7, for all z € [0,1]. Now

1)~ F@IR = [ @) - Fe@)) ds, (220)

— /0 1 l / Z‘()) f’(s)ds] o (2.21)

But there exists a constant ¢ which depends on 75 such that

/UU(x) f'(s)ds

(z) < clu(z) —v(z)], Vz€[0,1]

and therefore by Lemma 2.2,

I+~ FOIR < ¢ [ o(a) ~ (o ds < u = ol

Thus, f¢ is locally Lipschitz continuous. In the following, we will not distinguish
between f as a function on the real numbers and f® as a mapping between function

spaces, rather we will denote both by f. The equation is now locally well posed in

D(AY?).

Lemma 2.17 For initial data, uy € D(AY?), the evolution eguation’ (2.7) has a
unique local solution in C((0,T), D(A))NC([0,T), D(AY?)). Moreover, either T = oo
or |Ju(t)|li — oo ast — T. Also, the mapping t +— %%) € D(AY?) is locally Hélder

continuous on (0,T).

Proof: The proof follows from Theorems 3.3.3, 3.3.4, and 3.5.2 of [16]. | u

To show the solution is globally defined, it suffices to show that solutions

remain bounded in D(AY2) ast — T. To see this, consider the function V : D(AY?) —

v =g+ [ (% - £ e

R defined by
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If u(t) is a local solution on [0, T), then

dxilgu) . <Al/2u’Al/2%>o_ <f(u),‘é_z)o,_ (2.22)
= (M,%)O—(f(u),%)o, | - (.2.23)
_ (Au_— f(u),%)o, (2.24)
= IZE<o. (2.25)

Thus, V is a nonincreasing function of ¢ along local solutions. Now for each & > 0

there exists a Cy so that i;— - % < ks> +Cy, Vs e R Therefore,

1 .
Vi(u) > §|lullf — k|[ull§ — Ck, (2.26)
and by Lemma 2.2,
1 k '
V() + G 2 Sllulf — Sl (227
Op
Choosing k < 22 we have
1 ko
V(u(0)) + Cr > Vi(u(t) + G 2 (5 - U—)‘l‘IUIll >0, te€[0,T), (2.28)
P

and the solution is uniformly bounded on [0,.T). Therefore, by Lemma 2.17, solutions
are defined for all time and the equation generates a nonlinear semigroup S(¢) on
D(AY2).

The function V defined above is known as a Lyapunov function, and for com-

pleteness we provide the following definition.

Definition 2.18 A Lyapunov function for a semigroup S(t) on a metric space X

is a continuous real valued function V : X — R such, that

W)  tim sup - (V(S(t)uo) — V (o)} < 0, Vaio € X,
dt ioo+ 1 | : |
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To show the existence of a global attractor, it remains to verify that S(¢) is
compact aﬁd point dissipative. To verify the compactness of S(t), it suffices to show
that orbits remain bounded in D(A”), for < f < 1. The reiative compactness of
the orbits follows from the compactness of the embedding D(Af) C D(AY?). To
see that solutions of (2.7) are bounded in D(AF), ﬁote that if u(t) is a solution with

%(0) = ug, then
APu(t) = APe Mg+ /Ot APe=A1=9) £ (u(s))ds, (2.29)
= AP A A2, 4 /Ot APe=A0=9) £ (u(s))ds, (2.30)
and by Lemma 2.5,
4Pl < Myt gl + My [ (¢ = )21 (u(s)) o

Since u(t) is bounded in D(AY?) and f : D(AY?) — L*(0, 1) is locally Lipschitz, there

is a constant C depending on ug such that ||f(u(t))|lo < C for all ¢ > 0. Therefore,
¢
HA'B’LL(t)HO S Mﬁ_l/Qtﬁ—l/Ze_UptH’u,oHl + Mﬁo/ (t — s)_ﬁe_"”(t_s)ds,
- 0

which is bounded for all £ > 0. Hence, the nonlinear semigroup is compact.

To verify the semigroup is point dissipative, we need the following result which

can be found in [16].

Lemma 2.19 Let S(t) be a semigroup on a Banach space X. Suppose ug € X
and {S(t)ug,t > 0} lies in a compact set in X, then w(uo) is nonempty, compact,
connected, invariant and dist(S(t)ue,w(up)) — 0 ast — +oo.

Now define E = {u € D(AY?) . VW) O} and let M be the maximal
invariant set of E. The set M will be our candidate for a bounded attracting set. To
see that M is bounded in D(A'Y?), first note that by equation (2.25), v € E if and

only if u is an equilibrium solution. Therefore,

' (u2 — u4> dz.

ullt = (4%, 420 = (u, Au)o = (un F(@))o = |
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But s? — s* < 1, for all s € R and thus |[u||} < ; for all uw € E. By the estimate
of equation (2.27) with & < %, we see that V' is bounded below. Hence, V(S(t)uo)
is a continuous nonincreasing function that is bounded below and therefore I(u) =
limg e V(S(t)uo) exists. If y € wluo), then V(y) = I(uo) and so V(S(t)y) = I(uo) for
all t € R. Thus, y € F and w(w) € M. It follows that M is globally attracting and

the semigroup is point dissipative. We have proven the following theorem:

Theorem 2.20 The nonlocal reaction-diffusion equation has a global attractor A

which is connected in D(AY?).

The semigroup for the evolution equation falls into a special class of systems,

known as gradient systems, for which the flow on the attractor can be described with

some detail.

Definition 2.21 A CT-semigroup S(t) on a Banach space X is said to be a gradient

system if:
1. FEach bounded positive orbit is relatively compact.
2. There is a Lyapunov function V : X — R for S(t) such that,

(a) V is bounded below.
(b) V(u) = o0 as ||u||x — o0.
(c) V(S(t)u) is nonincreasing in t for each u € X.
(d) If u is such that V(S(t)u) =V (u) for all t € R then u is an equilibrium.

Since the semigroup S(t) generated by (2.7) is a gradient system, it is known (see

[14]) the attractor consists of the unstable manifolds of the set E, that is

A= {u e D(AY?) : S(~t)u exists for t>0 and S(-tju—E as 1 —>‘oo} :
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Definition 2.22 An equilibrium ug for a semigroup S(t) is said to be hyperbelic if

the spectrum of D,S(t)ug does not intersect the unit circle centered at zero in C.

For S(¢) this definition is equivalent to the condition that zero is not in the spectrum

of the linear operator £ : D(A) — L?*(0, 1) defined by
Lé=—Ad+ f'(w)d, ¢ € D(A). | (2.31)
If E consists of hyperbolic equilibria then it is necessarily finite and
A= {(W*(¢): ¢ € E}.

Away from bifurcations all equilibria of equation (2.7) are hyperbolic, hence a charac-

terization of the attractor is complete when all of the equilibria and unstable manifolds

are found.
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CHAPTER 3

BIFURCATION RESULTS

Introduction

Due to the gradient structure of the equation (2.1), we know that when the
equilibria are hyperbolic the attractor consists of the equilibria and their unstable
manifolds. Therefore, the characterization of the attractor is complete when the
equilibria and connecting orbits are found. Our equation is a nonlocal perturbation

of the standard Chafee-Infante problem
s = gy + F(u),  a(0,1) = up(L,) =0, (3.1)

for which a great deal is known. In fact, for any value of € a complete description of
the attractor can be given and a summary of results can be found in [14] and [16].
The steady state equation is a planar system which can easily be analyzed and all

equilibria located. Spatially heterogeneous solutions occur as bifurcations from the

1

zero solution at € = e

for n = 1,2,.... For each n, the bifurcation is a pitchfork
which yields & pair of solutions which are na-periodic and continue to large amplitude
patterns having » internal transition layers as ¢ — 0. These solutions are unstable
with the dimension of the unstable manifolds being equal to the number of internal
transition layers. It has been shown that for two equilibria u*, u™ a heteroclinic
connection between them exists if and only if dim (W*(u™)) # dim (W*(u™)) and

the flow proceeds in the direction as to decrease the number of transition layers.

Moreover, if 4~ and u* are hyperbolic equilibria and dim (W*(u™)) > dim (W*(u™)),
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then W*(u~) and W*(ut) intersect transversally. For small values of v we should
expect the structure of the attractor for (2.1) to be similar to that of (3.1). To see

this, note that for e fixed
Flu,e,7) = €u” + f(u) + yBu (3.2)

is a C? map from D(A) x Rinto L*(0,1). It is in fact analytic. If uo is a hyperbolic
equilibria of (3.1) then F(uq,¢,0) = 0, D,F(u,¢,7) is continuous in » and v in a
neighborhood of (ug, 0) and Dy F(ug,€,0) is nonsingular. Therefore, by the implicit
function theorem (see [31]) there is a solution curve (u(7),7) passing through (uo,0)
for v small. This curve is analytic in v and can be written as u(z,v) = uo(z) +
yuy(z, ). Thus, the equilibria perturb smoothly. Now since F is analytic in v, so
is the nonlinear semigroup S(t) (see [16]). Assume uy () and ug (z) are hyperbolic
equilibria of (3.1) and a heteroclinic connection exists between them. Let v™(z,7) =
ug (2) + yuy (z,7) and u(z,7)* = uf(z) + ~uf (z,7) be solutions of (3.2), through
(ug,0) and (uf,0), respectively, Assume also that for all v sufficiently small these
equilibria remain hyperbolic. Then the heteroclinic connection, being the transverse
intersection of the stable and unstable manifolds, perturbs continuously for éll y
sufficiently small. That is, the connection perturbs to a connection between the
equilibria of (2.1).

Unfortunately, when -y is large the nonlocal perturbation B complicates mat-
ters significantly. No longer can we locate the equilibria by phase plane analysis. The
results concerning heteroclinic connections for the Chafee-Infante problem rely on the
strong maximum principle which does not hold for the operator A when > 0. The
goal of this work is to begin a program of chafacterizing the global attractor for the
case where - is not necessarily small. In this chapter, we perform local bifurcation
analysis in order to locate equilibria. As we will see, the global bifurcation picture for

(2.1) promises to be much more interesting than that of the Chafee-Infante problem
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in that it includes-secondary bifurcations.

Bifurcations from Simple Eige,nvalués

The main bifurcation result we will use is a standard theorem of Crandall
and Rabinowitz [6] concerning bifurcations from a simple eigenvalue of Frédholm

operators.
Definition 3.1 Let X andY be Banach spaces. A bounded linear operator L : X —

Y is called Fredholm if the following two conditions hold:
1. The null space of L, N(L), is a ﬁm’t?-dz’mensz’onal subspace of X.
2. The range of L, R(L), is closed and has finite codimension. |
The Fredholm index of L is the integer
ind(L) = dim (N(L)) — codim (R(L)). (3.3)

We will need the following result, whose proof can be found in [31]. The first two
statements of the theorem are known as the Fredholm alternative, which concerns

the existence of solutions of the equation
Lz=y - : (3.4)

for Fredholm operators. Although the result can be stated for operators on Banach

spaces, we will use a version for operators on Hilbert spaces X and Y.
Theorem 3.2 For a Fredholm operator L : X — 'Y the following are true:

1. Ifind(L) = 0 and N(L) = 0 then (3.4) has ezactly one solution for everyy € Y

and LY — X is a bounded linear operator.
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2. Fory €Y, (8.4) has a solution if and only if (y*,y)y = 0 for all y* € N(L*),
where L* : Y — X is the adjoint of L.

3. The adjoint operator L* is also Fredholm and

Gim(N(L7) = codim(R(L)), (3.5)
codim(R(L*)) = dim(N(L)), (3.6)
ind(L*) = —ind(L). (3

4. If K : X — Y s a linear operator that is compact or bounded, then L + K s
Fredholm and
ind(L + K) = ind(L). (3.8)

Example 3.3 It is easy to verify that the second derivative operator 6271%:2—2 : D(A) —
L*(0,1) is a Fredholm operator with zero indez. By the previous theorem, for any a €
C[0,1] and compact operator K : D(A) — L?*(0,1), the operator L : D(A) — L*(0,1)
defined by .

Lu = v’ + a(z)u + Ku, u € D(A), (3.9)

is a zero index Fredholm operator.

The following theorem of Crandall and Rabinowitz, provides sufficient conditions for
bifurcations from known solutions. The proof of this result can be found in [6] and

31].

Theorem 3.4 (Crandall and Rabinowitz) Let X and Y be Hilbert spaces, U an
open neighborhood of (0,0) in X xR and G: U C X x R — Y a function which is

C? at (0,0). Assume also that G(0,c) = 0 for all @ € (—6,6) for some 6 > 0, and
L = D,G(0,0) is a Fredholm operator with index zero. If

dim(N(L)) =1, N(L)= spaﬁ{xq}, and ‘ (3.10)




23
LliEo = Da.Da;G(O, O)IEO ¢ R(L), (311)
then (0,0) is a bifurcation point and there ezists a curve s — (z(s),a(s)) through

(0,0) for |s| sufficiently small so that
G(z(s),a(s)) =0. (3.12)

In a sufficiently small neighborhood of (0,0) every solution is either on the curve or of
the form (0, ). On the curve, z is given by z(s) = szo+sy(s), where (y(s), z0)x = 0.
Moreover, if G is analytic at (0,0) ti;en the curve can be written as an absolutely

convergent power series in s,

z(s) = szo+ y_s'z, (z0,21)x =0, k#0, (3.13)
k=2
as) = s - (3.14)
k=0

Condition (3.10) means zero is a simple eigenvalue of L. The condition (3.11),
known as the transversality condition, says the line L;(/N(L)) and the hyperplane
R(L) intersect transversely at the origin, meaning together they span the range space
Y. This condition guarantees that at the bifurcation point the critical eigenvalue
passes through zero with nonzero speed.

We will use this theorem to find bifurcations from the constant solutions of

the steady state equation
Flu,¢,7) = u" + f(u) + yYBu = 0,u € D(A). ' (3.15)

The restriction of (3.15) to the subspace of constant functions is simply the polynomial

equation

f(u) —yu=0. (3.16)

Real solutions of (3.16) are the only constant solutions of (3.15). When 7 > 1, the only

real solution of (3.16) is the zero solution and as « passes through 1 the zero solution

under goes a pitchfork bifurcation which yields a pair of solutions , my = +/1—7.
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We will look for bifurcations from the constant solutions by fixing one param-
eter while allowing the other to play the role of the bifurcation parameter. First,
consider bifurcations as € is varied. Assume v is fixed and v is a solution of (3.16). It
follows that u is a solution for all e. Now suppose at €g , zero is a simple eigenvalue

of the linear operator £ : D(A) — L?(0,1) given.by
Lo=ed"+ f(W)p+71Bs (3.17)

and let N(£) = span{uo}. From Example 3.3, we see that L is a zero index Fredholm
operator. Now define G : D(A) x R — L?*(0,1) by

Gv, @) = (e + a)*v" + f(u+v) + vB(u +v). (3.18)
Then G is analytic in both variables and

D,G(0,0)¢ = 24" + f'(u)p + vB$ = L, (3.19)
L1 = DaDyG(0,0)¢ = 2604". © (3.20)

The eigenfunctions of £ are {cos(nwz)}52,, and therefore g is a nonzero scalar

multiple of cos(nwz) for some n. From this we see that
Liug = —2€(nm ) uy € N(L), : (3.21)

and the transversality condition holds provided n # 0. When n = 0, u, is a constant

function and Lug = 0 implies
0= [,’U:() = f'(u)uo — YUg, (322)

from which we have f'(u) = v and u = +/15%. However, u = +,/ 1—5'1 is a solution of
(3.2) if and only if y =1 and v =0. In this case, the constant functions are in N(L)
for all values of € and Theorem 3.4 does not apply. This case will be considered later

when we examine secondary bifurcations. Thus, we see under the assumption v # 1,
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a sufficient condition for a bifurcation to occur at ¢ is that £ has a zero eigenvalue
which is simple.
To consider the case where v plays the role of the bifurcation parameter, let
u(7) be a solution curve of (3.15) for -y in some open interval S = (a,b), and € fixed.

Suppose at Yo € S zero is a simple eigenvalue of £ : D(A) — L*(0,1) defined by
Lo =E¢" + f'(u(10)) + 1B (3.23)
Define G : D(A) x S —.L?*(0,1) by
G.(v, o) = €% g f( (0 + @) + v) + (’Yo‘ + a)B(u(7o + a)+v). (3.24?'

| Then
D,G(0,0) = L, ‘ (3.25)

and £, is given by

16 = 7"(w0) 28 g 4 s = { 307 1E0 WL

As in the previous case we see L1N(L) C N(L£) and thus the transversality condition

holds.

Bifurcations from the Zero Solution

The natural place to begin looking for solutions is to search for those which
bifurcate from the zero solution. We have already examined the case of the constant
solutions, mg = #+/T — 7, bifurcating from zero. We will now consider bifurcations
which result in nonconstant solutions. We shall soon see, as in the case for the Chafee-
Infante problem, modal bifurcations from the zero solution occﬁr in a predictable way-
as ¢ is decreased with «v fixed. However, we must also consider the def)endence on the

parameter .
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Modal Bifurcations from the Zero Solution

Let
E={(y,6) eR¥:y>0,e>0} - (3.27)

denote the parameter space for our bifurcation analysis. Linearizing (2.1) about the

zero solution we obtain the eigenvalue problem
Lo=e¢"+d+yBp=pp, ¢'(0)=¢(1)=0, (3.28)

which has solutions

2 2 Y
. S 2
tn, =1 — €°(nr) Dlnr) + 1 (3.29)
¢, = cos(nmz), n=0,1,.... (3.30)

The equations, u, = 0, define a family of curves {M,}32, in parameter space along
which £ has a zero eigenvalue. We will refer to these curves as the primary bifurcation

~ curves. Specifically
M, ={(v,¢) € £ :v= (1 — (enm)*)(D(nm)* + 1)}. (3.31)

The curves My through M; with D = 1 are plotted in Figure 1. For m # n, M, N M,
is nonempty and consists of a single point Cp, given by Cpn = (Ymon» €m,n) Where

_ (D(nr)* + 1)(D(mx)* + 1)

m,mn , . 2
" Dr?(n? +m?) + 1 (3.32)
D
e \/D(mr)2 +D(mm)2+1 (3.33)
On the curve segments
‘ M/ \J Crin (334
n=>0

zero is a simple eigenvalue of £ with N(£) = span{cos(nrz)}. Theorem 3.4 holds
and bifurcations occur as these curves are crossed transversally by varying one of the

two parameters, € or 7.
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Figure I: Primary bifurcation curves for modes 0,1,2 and 3.

At the intersection points, Cmi7l, N(C) = span{cos(nnx), cos(mnx)} and we
cannot use the Crandall-Rabinowitz theorem. As we shall see in a later section, this

condition suggests the existence of secondary bifurcations.

Computation of the Local Solution Branch

From the bifurcation curves (3.31) we see that the zero solution of (3.15) can undergo
a sequence of bifurcations which depends on the path taken in parameter space.
To determine the local structure and stability of the bifurcating solutions, we will
consider crossings of the bifurcation curves as e is varied while fixing 7 in such a
way that we remain away from the intersection points. A similar analysis can be
performed by fixing e and allowing 7 to vary. Consider a bifurcation of the nth mode
which occurs at (7,e0) 6 Mn/ UNLOCm7l. We will obtain the local solutions branch

as a power series in a variable s by assuming u = Et>i skuk, and e = e0- Ek>i
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The O(s) equatioﬁ,
- ul +uy +yBu; =0, (3.35)

has an infinite number of solutions consisting of the space spanned by cos(nnz). We
will take u; = cos(nwz), since without loss of generality we can simply rescale s.

Collecting the O(s?) terms yields the equation,

2. .1

e2ul + uy + yBuy = 26061u] = —2e€e1n’* 1 cos(nr). - (3.36)

By the Fredholm alternative, this equation has a solution if and only if the right-hand
side is orthogonal to cos(nmz), from which we obtain ¢, = 0. With the additional

requirement (ug,u;)o = 0 we have up = 0. The O(s®) equation is -
e2ull + ug + yBus = 2¢e2u; + u3. (3.37)
Expanding the u? term we obtain
. no_po,3 3 : 2,2 L . o ;
2¢p€quy + uy = (Z — 2¢pean’m )cos(nmz) + Zcosx(?fmrx), ‘ (3.38)

and from the solvability condition we find

. S
27 8n2r2ey
Therefore, we have
u = scos(naz) + O(s%), (3.39)
_ 2 3
€= €y — gms + O(S ), (340)

for |s| sufficiently small.
At the bifurcation value €y the zero solution undergoes a pitchfork bifurcation.
This bifurcation yields a pair of solutions mZ such that m; = —m; as depicted in

Figure 2. When 0'< 7 < 1, for each mode there is an € value at which a bifurcation
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Figure 2. Local solution branch.

occurs. For 7 > I, not all modal bifurcations occur by varying e unless 7 is sufficiently
small. In this case, for an nth mode bifurcation to occur with 7 fixed we also need
D(nir)2+ 1 > 7. We note that these bifurcations correspond to the so called Turing

bifurcations of the system (1.2), (1.3). Figure 3 shows numerical computations of

the mT and solutions computed using AUTO [§ with 7 = 0.6 and D = I. To
simplify our analysis, we will take D = | for the remainder of this thesis.
Mode one solution Mode two solution raj

Figure 3: Mode | and 2 solutions. Steepening of transition layers occurs as e -» 0.
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Stability of the Bifurcating Solutions

To determine the stability of the bifurcating solutions, we consider the eigenvalue

_ problem

24" + f(w)p +7Bp=Ap, #(0)=¢/(1)=0. (3.41)

For the constant solutions, v = mi, we have

Ap = —(enm)® +37—2— ——(mr)z 1 ' (3:42)

bn(x) = cos(nrz), n=0,1,...,. (3.43)
For the nonconstant solutions the eigenvalue problem cannot be solved in closed form.
To analyze the stability in this case, let e = eo — s%ey + O(s?), u = su; + O(s®) be the
n*" mode solution curve previously obtained. Following [31], we will look for A and ¢
as a power series in s, that is A = 122, '\, ¢ = 3202, s°¢i.

The O(1) equation is simply the eigenvalue problem
| eodp + do+ ¥Bdo = dogo,  $5(0) = ¢(1) =0, - (344)
which has the 'solutions“ |
Ao = Pk,  Pojk = cos(l%wa:), k=0,1,2,..., (3.45)

where puy is the k™ eigenvalue from (3.29) with e = ¢ and D = 1. For k#n, pux # 0,
and for |s| sufficiently small the stability is determined from the O(1) term. For the
nth eigenvalue we need to determine higher order terms of the expansion.

The O(s) equation is

qusg.l,n -+ ¢1,n + 7B¢1,n - )‘0,n¢l,n = A1,n¢0,7.1- (346)
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By the Fredholm alternative we need the right-hand side of (3.46) orthogonal to ¢ -

Thus, it is clear that we must have A;, = 0 and we will take the solution ¢;, = 0.

The O(s?) equation is
€50 n + bom + VB2 — XNonban = Aan@on + 3uidon + 2€0€28 - (3.47)

Using the solvability condition and the trigonometric identity cos®(nmz) = 1+

cos(2nmz)), we have

3 3 (cos(2nmx)Po.n, Pon)o

s (¢0,n, Po,n)o + 2 e (348)
= —g + 2(nm)%epéz, (3.49)
— —%. (3.50)
Hence, we find for |s| sufficiently small
A = —232 + O(s%), . (8.51)

and this eigenvalue does not contribute to the instability of the solution. Therefore,
we see for |s| sufficiently small the dimension of the unstable manifold, or Morse
index, is determined by the eigenvalues py for k # n. Figure 4 summarizes these

results for the first five modes and we should devote some time to explaining how to

~ interpret this diagram.

The integer in each of the regions gives the Morse index of the bifurcatin»g
solutions which appear as the region is entered by crossing bifurcation curves which
comprise lthe top and right boundaries away from ﬁhe intersection points. When
crossing a top boundary, the solutions are unstable to the modes whose primary
bifurcation curves lie directly above that boundary. The solutions which appear by
crossing the right boundary are unstable to those modes whose primary curves are

directly to the right. We note these results follow from the local analysis and hold

.only in a sufficiently small neighborhood of the bifurcation curves.
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Zero Solution
Stable

Figure 4. Modal bifurcations from zero and their local Morse index.
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n-m-1

n-m

n-m n-m-1

Figure 5. Bifurcation curve intersection point.

Secondary Bifurcations: Lyapunov Schmidt Reduction

As previously mentioned, at the intersection points of the bifurcation curves
the operator C given in (3.28), which corresponds to the linearization about the zero
solution, has a two-dimensional null space. This suggests the existence of secondary
bifurcations. To see why this is so, consider the intersection of the Mn and Mm
bifurcation curves with n > m as shown in Figure 5. As we cross the bifurcation
curves in the path given by A, the mth mode bifurcates with an n- m- 1-dimensional
unstable manifold, followed by the nth mode which has an n-m-dimensional unstable
manifold. Moreover, at the latter bifurcation the nth mode solution is unstable to mth
mode perturbations. When crossing the bifurcation curves along the path indicated by
B, the sequence and relative stability are reversed. This suggests there are secondary
bifurcation curves which emanate from the point Cmjn, the crossing of which results

in an exchange of stability between these two modes.
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To analyze bifurcations that occur near these points we will use the method
known as Lyapunov-Schmidt reduction. Excellent presentations of this method can
be found in [13] and [31]. Let X and Y be Hilbert spaces and G : X x RF a smooth

mapping with G(0,0) = 0. We wish to solve the equation

G(z,0) =0, (3.52)
near (0, Oj. Assume L'= D,G(0,0) is a Fredholm operator with index zero. Then X
and Y have the following splittings;, |

X =N(L)®o M, (3.53)

Y=Se®RL), (3.54)
where M and S are closed subspaces of X and Y, respectively. Let P: X — M and |

Q :Y — R(L) be projection operators associated with these splittings. Then (3.52)

can be written as the equivalent pair of equations
Q4(z,0) =0, (3.55)
(I -Q)G(z,8)=0. . (3.56)
Now define H : N(L) x RF x M — R(L) by
H(@o,6,21) = QG (wo +31,6). (357)
Then |
D, H(0,0,0) = QLP (3.58)

and since QLP is nonsingular, the implicit function theorem allows us to solve (3.57)
for z, as a function of 7o and 8, z; = U(x, §) , in a neighborhood of (0, 0) in N(L)xRF.
Substituting this solution into (3.56) we obtain a finite-dimensional system referred

to as the bifurcation equations:

(I = Q)G (w0 + U(zo,6),6) = 0. (3.59)
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The utility of the method comes from the following theorem whose proof can be found

in [31].

Theorem 3.5 In a sufficiently small neighborhood of (0,0), solutions to (3.52) are

in one-to-one correspondeﬁce with solutions of the system (3.59).

To apply this technique, let Crin = (70, €0) be a point of intersection for the
mt* and nt* mode bifurcation curves and define the local stretched coordinates n and ‘

p in parameter space by

€ : et — s°n, (3.60)

V=" - 5p, (3.61)

where s << 1. Note this change of coordinates moves the point C’m,n; to the origin,
reflects the plane about the negative identity, and stretches the coordinates. For (7,¢€)

near (Yo, €0) (3.15) becomes
€atgg + YoBu + f(u) = .8.277’&” + s*pBu. (3.‘62)-
Now assume an odd power series expaﬁsion of u
U= sug + s3us + O(s%). : : ‘ ‘(3.63v)

Substituting this into (3.62) and equating coefficients of powers of s we find the O(s)

and O(s%) equations are:

O(s):  equg + f.yoBuO‘ +uy =0, (3.64)

O(s%):  Eul +yBuy +uy = ul + pBug +uj. (3.65)
Equation (3.64) has an infinite number of solutions given by

ug = acos(mmz) + beos(nwz), a,be€R (3.66)
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For (3.65), the Fredholm alternative requires the right-hand side to be orthogonal

to span{cos(mmz),cos(nwz)} from which we obtain the leading order bifurcation

equations
~(mt + gm(a,0) =0,
~(na + gn(a,b) =0
where
e =mlbn) +
and \

o
gr(a,d) :/0 udcos(kmz)dz.

Closed form solutions for (3.67)-(3.68) can be found for all thodes,

follows:
° Qase I: If m =0, then
gola,b) = a® + %ab2,
gn(a,b) = i—b‘g’ + 3ab?,
and the solutions are

— Zero solution: (a,b) = (0,0), -

— Pure m-mode: a = +/{;, b=0,

— Pure n-mode: a =0, b=24/5((),

— Mixed modes:

‘Cn - 2(0 _ 2 ’ —
o=y ==, b= E"/%C" — }5gn,
[cn — 2C0 ' 2. /

(3.67)

(3.68)

and are as
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o Case II: If m > 0, then

3. 3
gm(a,b) = Za3 + §ab2,

3 3
gn(a, b) = st + 5&21),

and the solutions are
' — Zero solution: (a,b) = (0,0),
— Pure m-mode: @ = £4/5¢m, b =0,
— Pure n-mode: a =0, b=%4/3(,

— Mixed modes:
2 2
a:ig 2<ﬁ_Cm74b:§ 2€m_<m ’
2 L 2
a = :I:g 2<n - ‘Cm: b= _g 2Cm - C’n'

From these solutions the local bifurcatioﬁ curves and the bifurcation diagrams
can be easily constructed. A caricature of.a set of bifurcation curves in the local
parameter space is depicted in Figure 6. There are two pr'imary curves, one for each
pure mode solution and a set of secondary bifurcation vcurves‘ that bound a sector in
which the mixed mode solutioné exist. The primary curves are given by ¢, =0 and

(» = 0. The secondary bifurcation curves are as follows:
© Secondary bifurcations from the m-mode solution:

— Case I: (> 2 and 3y = ¢

— Qase I 2(, > (m and 26 = Cn
o Secondary bifurcations from the n-mode solution:

_ CaseI: 3(y > (yand 2¢o = G




38

Secondary
Bifurcation
From m-mode

Secondary
Bifurcation
From n-mode

Zero Solution

n-mode

m-mode

Figure 6: Bifurcation curves in local parameter coordinates.

m-mode

n-mode

Hi-Lo Val

trivial solution

\' mixed modes

Figure 7. Bifurcation diagram along path A.
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_ Case Il 2¢, > G and 2Gm = Ca

For the various modes fhe slope of the bifurcation curves differs but each case
gives a qualitatively similar figure. A bifurcation diagram for solutions along the path
A appears in Figure 7. In this diagram the solutions are represented by their “Hi-Lo
Values”, which is the sum of their planar (a,b) components. In the diagram we have

indicated stability of the solutions as equilibria for the system

da
gz— = (ma — gm(a,d), | (3.69)
== Cab — gn(a, b). | (3.70)

For the infinite-dimensional system this translates to stability within the linear sub-
space span{cos(mnz), cos(nrz)}.

Proceeding in parameter space along the path A, we see first the appearance
of the m-mode solutions followed by the pure n-mode solutions. This is then followed
by the appearance of mixed mode solutions which bifurcate from the n-modes. These
mixed modes then coalesce with the m-mode solutions in a bifurcation of the m-
mode branch. The end result is an exchange of stability between the two pure mode
solutions branches. Different bifurcation diagrams can be obtained by proceeding
along different paths in parameter space. An exarﬁple for modes 2 and 3 is presented
in Figures 8 and 9. The bifurcation diagra;m was obtained by fixing p = 0.01 and
varying 7.

We note that Keener [20] has performed a similar analysis of secondary bifur-
cations for reaction-diffusion systems using the method of two timing. The two timing
method, however, only permits the analysis at the intersection points of consecutive

modes. Our work generalizes this result.
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mixed mode 2/

mixed mode |

Figure 8 Bifurcation curves for modes 2 and 3 : primary (solid), secondary (- -).

Figure 9. Bifurcation diagram for modes 2 and 3, p = 0.01 : a and b modes (solid),
mixed modes (- -).
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Bifurcations from the Non-zero Constant Solutions

For the constant solutions, mF = #+/T — 7, the secondary bifurcation curves
can be easily computed. From the previous work we saw that the linearization about

these equilibria yields the eigenvalues

g
#n:—(enﬁ)z—m_Z_f'?fY, n:0717 (371)

Solving pr, = 0 for € as a function of y we obtain the family of bifurcation curves

1 | (3y—2)(nm)2+2y -2
nm (nm)? +1

Curves for the first three modes are plotted in Figure 10. One can see that for a

judicious choice of € and 7, p, is a simple zero eigenvalue and hence a bifurcation

occurs by fixing one parameter and allowing the other to vary. The bifurcations are

pitchforks and the local solution branches are given by

u=mF+s cos\(rmrx) + O(s?), (3.73)

e=¢c+es’+0(s%), >0, (3.74)
or

uw = mg + scos(nmz) + O(s?), ' (3.75)

€= Y + ’)’282 + 0(33), v < 0, (376)

for |s| sufficiently small. The stability can be analyzed as was done for bifurcations
from zero. Moreover, the crossings of these curves suggests possible secondary bifur-

cations. We will, however, not pursue this investigation at this time.
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n=

Figure 10: Constant solution bifurcation curves.
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CHAPTER 4

INERTIAL MANIFOLDS

Introduction

It is well known that many dissipative infinite-dimensional systems seem to
display finite-dimensional behavior. For such‘systems the attractor is embedded in
a finite-dimensional invariant manifold which attracts all solutions at an exponential .
rate. These manifolds are known as inertial manifolds. If a system possesses an
inertial manifold then the longr time dynamics are essentially determined by a finite-
dimensional system known as the inertial form.

One of the earliest results concerning inertial manifolds for reaction-diffusion
systems appears in a paper by Conway, Hoff and Smoller [5]. Their result provides
rigorous justification for the “lumped parameter assumption”, which states that if
the rate of diffusion greatly exceeds the overall reaction rate then the dynamics are
essentially determined by the reaction kinetics. Reéentl‘y, results for inertial manifolds
of genéral evolution equations have been proven. Several references include [12], [29]
and [4].

Consider the evolution equation
ug + Au = f(u) (4.1)

on a Hilbert Spaée H, where A is a positive self-adjoint operator. The major hypoth-
esis for the existence of an inertial manifold is the existence of a sufficiently large

gap in the spectrum of A relative to the Lipschitz constant for the nonlinearity f.
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For reaction-diffusion systems this translates into the statement that higher eigen-
modes are smoothed by diffusion at a rate which is faster than the overall reaction
rate, meaning the higher modes are reaction limited. In proving the existence of an
inertial manifold, we look for the manifold as a graph of a function over a finite-
dimensional subspace of the Hilbért space H. Specifically, letting P be the projection
onto the span of the first N eigenfunctions of A and = I — P, we construct the
manifold as the éraph of a function ® : PH QH. If u is a solution to the evolution
equation on the inertial manifold then v = p + ®(p) where p € PH satisfies the

finite-dimensional system,

% + Ap = Pf(p+ (p)), (42)

known as the inertial form. Since every solution to the evolution equation approachés
a solution of (4.2) exponentially fast, the large time dynamics of the system are
essentially finite-dimensional and determined by (4.2).

Although the existence of an inertial manifold may be rather easy to verify, it
is not often the' case that the mapping ® can be explicitly found. Therefore, it must
be approximated. This leads us to the notion of an approximate inertial manifold. To
be precise, an approximate .inertial manifold is a finite-dimensional manifold which

attracts solutions to a within a thin neighborhood of itself. Approximate inertial
manifolds may exist even when the existence of a true inertial mé,nifold is not known.

Tn this chapter we will verify the existence of both an inertial manifold for (2.7),
and a family of approximate inertial manifolds. The approximate inertial manifolds
will provide us with finite-dimensional systems of equations which we will use to

obtain qualitative approximations of the attractor.

Existence of an Inertial Manifold

The existence of an inertial manifold can been proven by several methods.
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Temam [29] provides an existence theorem for a general claés of evolution equation
when the nonlinearity f is only Lipschitz continuous. Although the theorem allows
for a general class of nonlinearities, the spectral gap condition is somewhat restrictive
and does not apply to many differential operators, and the result is a manifold which
is only Lipschitz continuous. Chow and Lu [4] have proven an existence theorem with
a spectral gap condition which is much less restrictive and even allows for operators
which are only sectorial. Their theorem requires the nonlineari;cy to be C* and globally
Lipschitz, and the resulting manifold has the same smoothness. This may seem to
be restrictive, however, for many equations which are dissipative and possess some
smoothing , the nonlinearity can be modified to satisfy the hypotheses. The existence
result of Chow and Lu is summarized in the following theorem.

Theorem 4.1 Let A be a sectorial operator on a Hilbert space H, 0 < oo < 1, and
f € CY{D(A®),H) a globally Lipschitz continuous function such that the evolution

equation

ug + Au = f(u), u{0)=wuo € D(A%) (4.3)
generates a C* semigroup on D(A®). Assume p,n are positive constants so that
o(A) =Xy UX, where

S1={A€o(4): Re < p—n},

Yo ={N€c(A): ReX > p+n}.

Let P be the projection onto to the span of the eiéenfunctz’ons associated with 31,
Q = I — P and Ay, Ay the restriction of A to the spaces PH and QH respectz'vely.‘
Also, assume there exist constants My, My and N, such that the following estimates
hold: |

|le=™4P|| < Mye~ M8 vt <0,

lle= 421 Q|| < Mae W, vt >0,
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e Qllpgasy < Nat™2e 0+ [y, V2> 0.

If the spectral gap condition,

M1+M2 2—«
+
i l-—«

Lip(f) Nen*™t| <1

holds, then the evolution equation has an inertial manifold which is the graph of C*

map ®: PH — QH.

Proof: See [4]. o

The hypotheses of the theorem are relatively simple to check, however, (2.7)
must be slightly modified since f is not globally Lipschitz. It can be shown for v > 0
the unit ball in C[0,1] is an absorbing set. That is, all solutions enter this ball in
finite time. Let 8 be a C* function such that 6(s) =1if 0 < s < 1 and d(s) = 0 if

s > 2. Define F': R— R by
F(s) = 0(s*)f(s)-
Then F is C* and there exist constants Cp and Cw such that
|F(s)] < Cfr, VseR, ‘ (4.4)
IF'(s)| < Cm, VYsER | (4.5)

Therefore, considered as a mapping, F' : D(4Y?) — L*(0,1), F is C', globally
bourided and globally Lipschitz with

|F(u)|jo < Cr, Yu € D(AY?), (4.6)
IF'()llo < Cp, Yu € D(AM?), @
IF(w) = F@)llo < Crllu—vllo; Yu,v € DAY, (48)

By Lemma 2.2

Orllu=elos 3_:” —vlls = Lip(F)|lu — vl (@9)
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Therefore, F' satisfies the hypothesis of the theorem. Moreover, F' restricted to the

absorbing set is f . Thus, in the aBsorbing set (2.7) agrees with the modified equation
us + Au = F(u). = (4.10)

The unit ball in C[0, 1] is an absorbing ball for the‘modiﬁecll equation hence the large
time behavior of the equations is the same. The following lemma, proven in [16], will

provide us the necessary estimates on the semigroup e 4.

Lemma 4.2 Let A be a sectorial operator, 1 be a finite collection of eigenvalues of
A, ¥y = 0o(A) — X1 and let By and E; be the the associated eigenspaces. Let A; and

Ay denote the restriction of A to By and E,, respectively.
1. If ReY) < a then |le™1t|| < Me™® for ¢t <0,
2. IfReSy > B, then fort > 0, |le=*|| < Me™%, and ||Ae=#!|| < Mi~le P,

Taking 51 = {00,...,0n5}, p = DI and n = ZHEZN the estimates on
e~ hold and the spectral gap condition of Theorem 4.1 is satisfied by taking N

sufficiently large. We have verified the following result:

Theorem 4.3 The nonlocal r@action-diﬁusion equation (4.10) possesses an inertial

manifold which is the graph of a C* mapping ® : PH — QH.

Like center manifolds for finite-dimensional systems-, inertial manifolds are
not necess_arily unique. The theorem only guarantees the existence and provides
extremely poor'es‘timates'of a minimal dimension. We would expect there exists a
well defined inertial manifold having dimension close to that of the attractor. In
fact, it has been shown for some scalar reaction-diffusion equations that there is an
inertial manifold havin'g the same dimension as the attractor énd the manifold can be
explicitly constructed [18]. This result, however, requires a priori knowledge of the

structure of the attractor which we do not have for (4.10).
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The following result, which is in the spirit of [5], tells us that when ¢ is large
the attractor and inertial manifold of (4.10) are very simple and we can obtain an

explicit representation.

Theorem 4.4 For e sufficiently large, the solution u(t) of (4.10) satisfies

fu(t) = a(®llo < Cre™" | (411)

where Cy and o are positive cqnsiants and u(t) satisfies

| ‘;_? = —yi+ F(@) + O(e™), a(0) = /01 u(0)dz (4.12)

Proof: Let @(t) = [, u(z,t)dz. Then % satisfies

‘2—? = i+ F@)+ [ ' (F(u) — F(3)) da. o 413)
Therefore
1 d =112 _. ' 1/2 —=\|12 - ~
sgle—ull = —||AY? (w — B[ + (u — @, F(v) — F(@))o

+ (/Olu - ﬂdm) (/01 F(u) - F(@m) ,

~olu—allg + [|u - o[ |F(u) — F(2)lo,

A

< (=& +Cm)llu—alls,

where & is the principle eigenvalue of A restricted to the subspace of functions having

zero mean. Choosing ¢ sufficiently large that —7 + Cr < 0, we have
llw — all§ < ||w(0) — a(0)|[fe* 7+, (4.14)

This estimate along with the Lipschitz continuity of F' shows that 4 satisfies

Z—? = —yi+ F(@) + 0(e™"). (4.15)

O

In this parameter regime the attractor and inertial manifold are identical and are in
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fact one-dimensional. The large time behavior of solutions is essentially determined

by the ordinary differential equation

du

E‘t—Zf(u)—’Yu-

Approximate Inertial Manifolds

The existence proof for the inertial manifold discussed in the previous section
does not provide insight into a practical approach for approximating the manifold.
Moreover, as we previously mentioned, the theorem yields a manifold of rather large‘
dimension. For example, if ¥ = 1 and € = 0.5, then Theorem 4.4 applies and the
inertial manifold is one-dimensional. However, to satisfy the spectral gap condition of
Theorem 4_1.1 we need N > 49. Thus, we see the manifold éonstrucfed in the existence
theorem does not provide a reasonable computational tool.

In this section, we prove the existence of a low-dimensional manifold which
contains the equilibria and attracts all solutions to a neighborhood of itself. This
manifold, which is referred to as a steady inertial manifold, is relatively straightfor-
ward to approximate, and estimates of its dimension are easily obtained. Approxi-
mations of the manifold will provide us with approximate inertial forms which can
be computationally implemented. Our approach follows the method outlined in [19]
aﬁd numerically examined in [26]. However, due to our modified function F', we are
able to define the manifold used in our work in L?(0, 1), rather than in D(AY?) as is
done in [19] and [26]. The result is a manifold of smaller dimension. -

Let P be the projection onto span{do,...,én-1}, and @ = I — P. Define
A = maz{oo,01,...,0n-1} and A = min{on,OnN+1,---}. Let B be a closed ball

centered at zero in QL%(0,1) of radius greater than 92, For p € PL?*(0,1) define
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B~ Q~(0,1) by
% ) = A-:QF(p + 9). (4.16)

By (4.4) and (4.5), F considered as a function from L2(0,1) to 1/(0,1) is Lipschitz
continuous with Lipschitz constant Cfl- Therefore, the mapping Tp is well defined
and is as smooth as the function F. In this case it is at least C1. To analyze this
mapping , we will need the following lemma:

Lemma 4.5 Let P, Q, A and A be as previously defined. Then for all @£ R the

following inequalities hold:

< A|l*pllg, VPEPD(Af)ynPD (AW), (4.17)
|[Af+i/2g|lg > Al||Afgllg, Vge QD(Af) n PDfAT+"). (4.18)
Proof: Letp € PD(AT), thenp = and Af+i/2p = GHN"Pn(An(M).
Therefore
HIAC+HVapHy = ¢ <A ,, fPl = AllAMI= (4.19)
n=0 Ti=O

and (4.17) is true. To see (4.18), let g E QD(Af), then g = En=NQnM*) and

Af+1/2g = En=N vn+I1f2Qnm*)- Therefore

MfrAI'gllg= Z ~'9» >AZ ~9: = A|Af,|g. (4.20)
n=N n=N

We are now ready to prove the following theorem.

Theorem 4.6 IfN is sufficiently large that CF>< A, then there is an N -dimensional
manifold M s which is the graph of a C1 mapping : PL2(0,1) —QL2(C6l) and

contains the equilibria for (4-10).

Proof: From Lemma 4.5 we have

ITpWIllo = IIA-1QFtp + NI, < rtp A 1W< (4.21)
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and therefore, Tp: S —S for all p GPL2(0,1). Now for qgi,g2 E S,

Impen - rp(@fo = [|[A-1Q(F(p+9A)-F(p + 92)lo, (4.22)

< Iki —2H (4-23)

and for N sufficiently large, Tpis a contraction on S which isuniform in p. Therefore,
by the uniform contraction mapping theorem (see [3]), for each p GPL2(0,1), Tp has
a unique fixed point q(p) GS. Moreover, the map 5s:PL2(0,1) —S which takes p
to the corresponding fixed point, is C1land the graph of 5Adefines an TV-dimensional

manifold, Afs, over PT2(0,1). Now let u be an equilibrium solution of (4.10). Then

u —p + g where

Ap = PF(p +0), (4.24)

Ag = QF(p + 9g). (4.25)

But g = A-1QF”*p Fq) = Tp(q), meaning q is the unique fixed point of Tp and
g = $¥s(p). Hence, Afs contains the equilibria for (4.10). [ |

Dimension of At5 7=025 7=05 7=075 7=1 7=15 7=2
N e> e > e> e > e > e >
0.4476  0.4449 0.4423 0.4439 0.4344 0.4289
0.2247  0.2243  0.2240 0.2236 0.2229 0.2223
0.1499 0.1498 0.1497 0.1496 0.1494 0.1492
0.1125 0.1125 0.1124 01124 0.1123 0.1122
0.0901 0.0900 0.0899 0.0899 0.8989 0.08985

a b~ owopnNn -

Table I: Dimension estimates for Afsin L2(0,1).

Although we cannot explicitly compute this manifold, we can easily obtain es-
timates of its dimension and it can be approximated by a sequence of manifolds which

can be computed. Dimensional estimates for Afs based on the contraction condition,
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A > Cp, using the value Cm = 2 are listed in Table 1. To obtain approximations of
the function ®°, define
Bo(p) =0, Vpe PL*0,1), (4.26)

and

Bpy1(p) = Tp(®4(p)), Vpe PL*(0,1), k=0,1,2,.... (4.27)

We will show these functions converge to ®° and provide error estimates. First note

that

' C
1®1(p)|lo = [|ATQF (p)]0 < TF

[12%+1(p) — R (P)lo < E'fl‘l@l(p) — O@)llo = E*|2:(@)Ilo,  (4.28)

S0

, _C . _
1 @x41(p) — Px(P)llo < :kTF , (4.29)

and the sequence {®;(p)} is Cauchy. Let ¢ be the limit. Since T}, is continuous
klingo Tp(®x(p)) = T(2) - (4.30)

and
7 = T,(Q)- ) (4.31)

Therefore, ®(p) — ®°(p) and the convergence is uniform in p. Now, since

PO -00) =Y B -np) 43

we have the uniform error estimate

18°() — B(p no<zk~”||q>l<p>no_—zfo—ﬁ (4.33)
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The steady inertial manifold, M?, corresponds to a quasi-steady state assump-
tion on the higher modes. That is, if u = p+ ¢ is a solution of the evolution equation

with

i+ Ap = PF(p+q), (4.34)

¢+ Ag = QF(p+9), (4.35)
then under the assumption g; = 0 we obtain the equations restricted to M?
p; = —Ap + PF(p + ®°(p)). (4.36)
Using functions @, we define nonlinear spectral Galerkin schemes
p; = —Ap + PF(p + @(p)), (4.37)

for the evolution equation. The case k = 0 is the standard Galerkin spectral method,
for k > 1 we have a Galerkin spectral method with nonlinear correction. Marion [21],
has derived the case &k = 1 for scalar reaction-diffusion equations from purely heuristic
arguments. At equilibria (4.36) is exact and using (4.37) seems to be a reasonable
approach for approximating equilibria and their ’bifurcations. However, the use of
it to approximate the dynamic behavior of (4.10) near the attractor needs further
justification. We will consider only the cases £ = 0 and k = 1 which we will use in
later results. We will refer to these systems as AIM-0 and AIM-1 respectively.

Let u = p + ¢ be a solution to (4.10) on the attractor. Then for AIM-0 we

have

[|o(p) — allo = llgllo- (4.38)

For AIM-1 note that

Ad(p) —Ag=QF(p) —QF(p+9) +a (4.39)
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and therefore

|A®1(p) — Agllo < [IQF(p) — QF (p+ 9)llo + lla!lo, (4.40) |

< Cpllallo +llgtllo- (4.41)
Thus by Lemma 4.5 we have
o)~ allo < Ellallo+ llade (442
We now need to obtain estirflates of ||q]|o and ||g¢llo-

Lemma 4.7 Let w = p + ¢ be a solution of the evolution equation (4.10) where

p € PH and ¢ € QH, and let § > 0. Then there ezxists a t* > 0 depending on u(0)

and § such that for all t > t*

Ci+6 Ci+

lg®I < == and la@Il < —5— (4.43)
Proof: Multiplying
@+ Ag=QF(p+q) ‘ (4.44)
by Aq and integrating yields
1d, ,
5 all +llAdllo = (Ag, F(p + 9))os (4.45)
| < |lAdglloll P+ )llo, (4.46)
< ||Agl|oCF, (4.47)
< Zlldgl+5C% (4.45)
Therefore,
& alf + Aally < G, )
and

d ‘ |
—lalli + Alldll < Cr. (4.50)
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Thus by integrating we have

H2«12<11?(0)17e-A + X (| - e~A> (4'51)
So for t* sufficiently large we have the second inequality. The first inequality follows
from Lemma 4.5. ]
To obtain an estimate of ||gt(t)||0Owe will need the following uniform Gronwall lemma

whose proof can be found in [29].

Lemma 4.8 Let g, h and y be positive locally integrable functions on some interval
(t0, @) which satisfy
J~<Q+hi t>to (4.52)

rt-\-r rt+ rt

It g(s)ds <ai, J h(s)ds<a2 J  y(s)ds <a3 t>t0,  (453)

where oi, 2,03 and r are positive constants. Then
y(t+r) < + @ eai, t>to (4.54)

Lemma 4.9 There exists a constant k2 such that for each rj > Othere exists a T so

thatfor allt > T

Cf k2 +
IktWIg < P (4.55)

Proof: Recall from Chapter 2 that for any kx > \ the ball Pjt1(O) C D(AxI) is

absorbing. Now multiplying

ut+Au —F(u)
by Au and integrating we have
2AIM i + 117ullo — (An, F(u))o, (4.56)
< CjrllAnllo, (4.57)

< -y- + -||An]lo, (4.58)
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and thus
d ,
=l +114ull} < G,

which upon integrating yields
2 2 i 2 2 |
e+ I — @I+ [ |1 ulf3ds < rC}.

Hence,

i ) 2
[ Il4ullfds < rC + (@I,
and for ¢ sufficiently large
t+r
[ llAuliids < rCh + .
t
Therefore,
t+r 9 t+r ‘ 9 ‘ ' 5
[ lidds < [ IF@IE + 20 )lloll Aullo + 1| Aulds.

Now from the Cauchy-Schwartz inequality we have

1/2

t-+r - t+r H
/t | Au|lods < (7‘/ | ||Au||gds> <A\/r(rC% + k%)
. ¢
and thus

t+r .
/t llugl[Bds < 7C%+20p\/r(rC + k2) +7C% + K,

< 4TC%+2CF]\’}-1\/F+ k% ‘

Now differentiating

ug + Au = F(u),

with respect to ¢, multiplying by w; and integrating we have

1d

EE““tH% + e[} = (F'(uw)ue, we)o,
1d '

EE”WH% + oplfuells < Omlludlls,

d.
Zllul g+ < 2(Cr = op)llusllg + 6.

(4.59)

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)-

(4.68).

© (4.69)

w0y
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By the uniform Gronwall lemma it follows that
IM t +r)]lo < (4C| + (4.71)

for t sufficiently large and $> Oarbitrary. Fix r such that the right-hand side is

minimized then set
fe = mm{(4C* + + "Srlez--U- (4.72)

Differentiating
gt+ Ag = QF(u) 4.73)

with respect to t and multiplying by gt and integrating we have

27 KtIS+ Ikt — (F'{u)ut,qt)o, (4-74)
4F'W%lI»l%llo, (4.75)
(4.76)
(4.77)
S0 now
(4.78)

and integrating from t* to t we have

A (4.79)
A2 1

Thus for 7> Othere exists a T depending on 77and T(O) such that for f > T sufficiently
large we have
CV&2 + v
kwiis < A2 ) (4.80)
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From these estimates we see the solutions for AIM-0 are within an O(4) neigh-
borhood of the attractor for A large, while the AIM-1 solutions are contained within

an (9(%) neighborhood. The quasi-steady state assumption seems to be reasonable

provided A is large.
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CHAPTER 5

APPROXIMATION OF THE ATTRACTOR

Introduction

In this chapter, we provide numerical evidence for a characterization of a subset
of the global attractor. Our ma,in tools will be the approximate inertial manifolds
of the previous chapter and simulations based on standard numerical methods. The
approximate inertial manifolds provide us with low-dimensional approximations which
will allow us to extend the local bifurcation phenomena to: a larger region in parameter
* space and obtain a qualitative picture of the orbits which connect the equilibria. As
in previous work, let {0,}52, denote the eigenvalues of A which ére given by (2.8).

We will focus our efforts on the region of parameter space,
U={(r,) eR:0,>1, n>1}U{(1,6) €eR:02>2, 0<y<vy} (51)

where vy, = %gﬁ%}%ﬁ is the intersection point of the mode-one bifurcation curve,
M, and the curve Ty = {(7,€) : 03 = 2}. The first subset of the union in (5.1) is
the region in which no modal bifurcations from zero occur. In the second subset,
the steady approximate inertial manifold , M?, is two-dimensional and given as the
graph of a mapping, ®°, over span{l, cos(mz)}. We suspect that in this parameter

regime the attractor is also at most two-dimensional. We will use the AIM-0 and

AIM-1 approximate inertial forms

duO ! s

20— —oouo+ [ 10+ B 7)), (52)
d _

T = —owu+ [ 0+ B, 67)cos(n2)ds, (53)
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k=0,1, where p = ug + ujcos(wz), and

By =0, (5.4)
3

3 2
1% cos(2mwx) — ﬂcos(37r:n). (5.5)
. 4o3

Bi(pe,7) = ATQf(0) = —5 -

Our strategy will be to characterize the attractor for these systems, then provide
independent numerical evidence for a qualitatively similar structure in the attractor

for (2.7).

Bifurcation Results

In Chapter 3, we saw that the intersection points of the primary bifurcation
curves gave rise to secondary bifurcations. Using the method of Lyapunov—Schmidt
Reduction we found that for parameter values sufficiently close to an intersection
point the equilibria are contained in a finite-dimensional manifold which is the graph
of a function W. This is only a local result and provides no information concerning
bifurcations far from the intersection points. However, for parameter values in U,
the steady state equations on M? provide us with an extension to all of U of the
Lyapunov-Schmidt bifurcation equations obtained at the intersection point, Co1, of
the M, and M; curves. The objective of this section is to provide evidence that the
bifurcation structure obtained by the local analysis extends to the region U.

We have already seen that the secondary bifurcation curve for the constant

solutions, which will be denoted by Iy, does extend globally and is given by

1 [(8y—2)m2+2y—2
== <1 5.6
€ W\[ ] , 1< (5.6)

An explicit representation for the curve of secondary bifurcations from the mode-
one solutions, which we will denote by I';, cannot be obtained. We conjecture that

it does continue globally in U by the following reasoning. Consider the mode-one
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bifurcation occuring for € ﬁxe(i and v > 1. At the bifurcation, the mode-one solution
is stable. Now the solution depends continuously on 7 , and for v << 1 it is unstable.
Therefore, a change of stability occurs as <y is decreased which is indicative of a
bifurcation. Moreover, this holds for ¢ values away from the point Cp; and thus the
phenomena does not appear to be strictly local.

To approximate the curve I'; and obtai‘ﬁ a picture of the global bifurcation
structure in U, we will use the approkimate inertial manifolds and the software pack-

age AUTO [8]. The AIM-0 equations are

g ot + up — uf — o Uo1; (5.7)
d 3
% = —0oqu; + U — Zu? — 3udu;. (5.8)

. All equilibria for this system can be found in closed form and the mode-one solutions

are given by

3

(ug,uy) = (0, + é(1 — crl)) : (5.9)

The eigenvalues for linearization about the solutions (5.9) are

A = —ap— 1+ 2071, (5.10)

Ay = 2(0y — 1), (5.11)

The second eigenvalue, )y, is negative whenever the mode-one solution exists and is
not critical. The first eigenvalue corresponds to stability with respect to constant
perturbations, and a bifurcation occurs when this eigenvalue passes through zero.

Solving A; = 0 for e defines the secondary bifurcation curve

1 [1—y+m2(l+7)
= 12
‘ \/§7r\/ w2+ 1 (5:12)

which approximates I'y.
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The AIM-1 equations consist of higher order corrections to the AIM-0 system:

du 3
d—to = —OgUg + Uy — ’ng — 511,0’11,% + Co(UO,’U,l), (513)
du ' 3 y
_dt_l = —01U1 + U — Z’U,? - 3u3u1 + Cl(’ll,o, ’Lbl), (514)
where
27udud 3 Ququt
C =01 ¢ L 5.15
o0, 1) 803 (32U§ + 160203> totiy + 80, ( )
Cu(uto, 1) = Jufuf  27ufuf  ujug 27ulug  3ui  3u] (5.16)
170: 207, 802 80,03 64os0} 1603 320%.
The mode-one solutions are the nonzero real solutions of the equation
3 5, 3ud  3uf
— - = — = 5.17

which is obtained by setting uo = 0 and 2% = 0 in (5.14). Consider the polynomial

3 32? 32°
r(z)zl—al——z+—z °

- —. d
4" " 1603 320% (5.18)

which is obtained from (5.17) by factoring out the zero solution and letting z = u?.
Solutions to r(z) = 0 can be explicitly computed using the cubic formula. It is easy
to check that 7 is a nonincreasing function and has at most one real root, z;, which
* is nonnegative when oy < 1 and negative when o;.> 1. The mode-one solutions are
exactly u; = /7 for o3 < 1.

The eigenvalues for the linearization of the AIM-1 system about a mode-one

solution (0,u1) are

3 3ub 9u’ Oyl
N = — 1— g2 - 21 L A 5.19
! g0+ 1= 2u1 3202 160903 80y ( )
2 4 -6
dy = oy 41— L 1o 2l (5.20)

4 1605 3207

As in the case for AIM-0, a secondary bifurcation of the mode-one branch occurs as

)\; passes through zero and hence the bifurcation curve is obtained by solving A\; =0
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UJ 0.26

Figure 11: Mode-one secondary bifurcation points: AUTO (0), AIM-O AIM-1
(solid), Fs ( - -).

for e as a function of 7. To compute this curve, we substituted a mode-one solution
of (5.17) into (5.19), and solved the equation Ai = 0 using Newton’s method over a
range of 7 values.

A comparison of the approximate bifurcation curves obtained by these systems
with the curve computed using the software package AUTO, is presented in Figure
11. Recall, Fsis the curve given by a2= 2 which is the lower boundary for U. From
the figure we see that as 7 -> I, the bifurcation curves converge at the point Cop. We
expect this to be the case since in a neighborhood of this point, the local analysis of
Chapter 3 applies and the mode-one solutions are well approximated by +ricos(-Kx)
for some 7< 1. Thus we expect the AIM-O and AIM-1systems to be rather accurate
near this point. Proceeding away from the point in a direction of decreasing 7 or e
these approximations become less accurate. We expect the nonlinear correction terms
of AIM-1 system to provide an improvement over the AIM-O system, and from the
figure we see that it does in the sense that it is closer to the curve computed using

AUTO.



Figure 12: Mode-one residual errors at bifurcation points : AIM-O AIM-1 (-).

To obtain an additional quantitative comparison between AIM-O and AIM-1
systems, we computed a residual error of the mode-one solutions at their bifurcation

points ( Figure 12). For an approximate solution ua we defined the residual as
Residual = H2U"'+ f(ua) + JBuaWo. (5.21)

The results show that for 7 sufficiently large, AIM-1 is consistently an order of mag-
nitude more accurate than AIM-O in this measure of error. An additional deficiency
of AIM-O can be seen in Figure 11. Secondary bifurcations occur in the case 7 = 0,
which we know do not exist for the Chafee-Infante equation. This demonstrates a
limitation of this system and caution must be used when making any inferences from
it.

Computing the Jacobian of the vector fields of the AIM-O and AIM-1 systems

at the zero solution yields in both cases

I-CTO 0
0 I-CT1

(5.22)
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Thus, these systems capture the primary bifurcation curves My and M exactly. By
a similar computation, we find that the curve I'g of bifurcations from the constant
solutions mi = im is also exactl}.f computed by these systems. From the
analysis of Chapter 4, the AIM-0 error at equilibria is bounded by %, while for

AIM-1 the error is bounded by CrCr  Gince A is strictly increasing in y, + — 0 as
A g A

v — oo. Thus in the parameter regime

{(v,eeU:7>1}

these systems should provide reasonable approximations of the nonlocal equation
(2.7).
Figure 13 is a caricature of the bifurcation curves in I/ and Figure 124 shows a
typical set of bifurcation diagrams for AIM-0 and AIM-1. The bifurcation structure
for these systems is qualitatively similar to the results of the local analysis of Chapter
3. .Consider the path A in U/ as depicted in Figure 13 obtained by fixing ¢ and
allowing v to vary. The zero solution is initially stable until the A, curve is crossed
and the mode-one solutions appear. The constant solutions then appear, followed by
mixed mode solutions which bifurcate from the constant solutions when I'y is crossed.
The mixed modes then coalesce with the mode-one solutions at the I'; crossing. The
result is an exchange of stability between the mode-one and constant solutions. Using
AUTO we were able to duplicate these results and a comparison (Figures 15 and 16)
indicates that the AIM systems do a reasonable job of qualitatively capturing the
secondary bifurcations.
Figure 17 shows the four mixed mode solutions computed by AUTO on the
secondary bifurcation curves of Figure 16. To fix our notation for the remainder of
this thesis we will denote the mixed mode solutions as m{¥), k = 1,...,4, where the

superscript indicates the quadrant of the uo — u; plane containing the corresponding

AIM approximation.
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Figure 13: Bifurcation curves in the region U.

AIM-O AIM-1

Figure 14: 7-Bifurcation diagrams on path A for e = 0.28. constant solutions (solid),
mode-one (- -), mixed modes
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AIM-O AIM-1

°2

AUTO

Figure 15: 7-Bifurcation diagrams for e = 0.28: constant solutions (solid), mode-one
(- -), mixed modes
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Hi-Lo Val

AUTO

02w

Figure 16: 7-Bifurcation diagrams for e = 0.23: constant solutions (solid), mode-one
(- -), mixed modes (-.-).
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Figure 17: Mixed mode solutions computed by AUTO: e= 0.23, 0.2 < 7 < 0.87.

The results we’ve obtained here seem to indicate that the bifurcation picture

we see from the local analysis, is in fact a global phenomena in the region U.

Approximation of the Connecting Orbits

The location of equilibria is only one step in forming a description of the at-
tractor for the evolution equation (2.7). Since equation (2.7) generates a semigroup
which is a gradient system, the attractor consists of the equilibria and their unstable
manifolds. When the equilibria are hyperbolic, that is away from any bifurcations,
they are isolated and their unstable manifolds form connecting orbits. In this section,

we will locate and approximate the orbits which form the connections between the
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Figure 18: Regions in parameter space.

solutions found in the previous results. The region U can be further divided into sub-
regions by the bifurcation curves as depicted in Figure 18. In each of these subregions
the attractor is expected to be qualitatively distinct from the adjacent regions.

We will first search for the heteroclinic connections using the two-dimensional
approximate inertial manifolds. The inertial forms are planar systems for which
we can easily analyze the dynamics. Once we find these connections, we will then
numerically verify that similar connections exists for the evolution equation (2.1)

using a numerical shooting method based on a standard finite difference scheme.

Dynamics of the Inertial Forms

The dynamics of the inertial forms is easy to analyze in the phase-plane and in Figure
19 we have representative depiction of the direction field, equilibria and connecting
orbits for AIM-1 in each of the subregions. These results were obtained using the
Matlab routine pplane.m [17]. The qualitative behavior for the AIM-O system is

identical. In the region R1, the zero solution is the global attractor for the system.
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Figure 19: Attractors for AIM-1
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Passing from R; to R, zero becomes unstable as the constant mode solutions bifurcate
from zero. The bifurcating constant solutions are stable and there is.a heteroclinic
connection from zero to each of these solutions.

Passing from R; to Rs the mode-one solutions bifurcate from zero and are
stable in all of Rs. The one-dimensional unstable manifold of the zero solution forms
a heteroclinic connection to these solutions. In R, the equilibria consist of zero, the
nonzero constant solutions and the mode-one solutions. In this region, the constant
solutions are unstable and are connected to the mode-one solutions. Passing through
Rs to Rg the nature of the secondary bifurcations becomes very apparent. The mixed
mode solutions, which exist in Rs, block the heteroclinic connection between ph‘e
constant mode and mode-one solutions. In passing from R4 to Rg through Rs the
end result is an exchange of stability between the nonzero constant and mode-one
solutions by a reversal of the heteroclinic connections between them. Figure 20 shows
the attractor in Rs near the secondary bifurcations and an intermediate point.

In Rg the only stable solutions are the nonzero constant solutions and the
attractor is qualitatively similar to the attractor for the Chafee-Infante system.

In the following, we will provide numerical evidence that the attractor for (2.7),

contains at least the structure we have found in the inertial forms.
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Numerical Computation of Connecting Orbits

Consider two equilibria u_ and u, of (2.7). A heteroclinic connection from u_ to w4

exists if there is a solution to the problem

us = —Au + f(u), (5.23) -

u(—00) =u_, u(+00)= Uy (5.24)

To approximate a connection we consider the problem on a finite but large time

T]7

interval [—2,%

u = —Au+ f(u), (5.25) -

u (—%) =u_, u (g—) =Us. (5.26)-

This can be considered as a functional boundary value problem in ¢ and methods
have been developed [2] for numerically solving this problem in general. For our case,
since the unstable ménifolds of the equilibria have dimension at most two, and we
suspect the connections to be one-dimensional, we will make use of a much simpler

shooting method. Rescaling time we have

up = T(—Au + f(u)), (5.27)

w(0) =u_, u(l)=u4. (5.28)

Now suppose W (u_) = span{vy,vs}. For initial data we will use a small perturba-

tion from u_ on W, (u-)
u(0) = u_ + nlcos(A)v1 + sin(f)v], 7 <K 1. (5.29)

Defining
70) = 5llu(e,1) - uslf 6

we wish to find 6 for which J(8) = 0. To do this we will use Newton iterations
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J (6n)

Opy1 =0, — , 5.31
+1 70, (5.31)
where the derivative of J is given by
1 ’ -
76 = [ (@0,1) = us)y(1)ds (5.32)

with y being the solution to the linearized problem

ys = T(—Ay + f'(w(0,1))y), (5.33)

y(0) = n[—sin(8)v: + cos(8)va)}. , (5.34)

In the cases where Wji (u-) = span{vi} is one-dimensional, we can approximate the
connection by simply solving the initial value problem with u(0) = u_+ 77?)1, n << 1,
until [7(0) is sufficiently small.

To implement this method, we spatiélly discretize equations (5.27), (5.28),
(5.33) and (5.34) using a standard finite difference scheme. To discretize the operator
A, let M be the stf'mdard centered difference approximation of the second derivative
with homogeneous Neumann boundary conditions and I the identity matrix. Then

we approximate ‘A by ‘
A=éM +y(M -I)™. : (5.35)
Now letting U = (U1, Us, . . ., Up)T, and ¥ = (¥4, Y5, ..., ¥;,)T we have

dt

== T(AU + F(0)), | | (5.36)
7(0) = U_ + nlcos(8)V; + sin(8)Va), | (5.37)
I _1(a7 + DF@Y). 6w
Y(0) = n[—sinte)ﬁ + cés(e)vz], (539)

where

FO)= U -U3U, = U;,...,Un — U2, (5.40)
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DF(U) is the Jacobian matrix of F(), and U_, U,, Vi and V, are the discrete ap-
proximations of the equilibria dnd the unstable eigenfunctions. The Newton iterations

are then performed using the discrete functions

76) = (0(,0) - T (@0,0) - T2, (5.41)
76) = (0,0) - T P() (5.42)

until the value of J(8) is below a prescribed tolerance.

In our computations we used a uniform spatial grid of 100 points. The discrete
equilibria U_ and ﬁ+ were found by solving the steady state equation
AU + F(U) =0, | (5.43)
via Newton’s method using the the AIM-0 solutions as an initial guess. Newton
iterations were performed until [|AU + F(0)}leo < 107'0. When the eigenvectors
corresponding to the local unstable manifolds of U_ could not be found in closed
form, they were numerically computed from the Jacobian matrix Dﬁ((j_) using the
Matlab routine eig.m. The semi-discrete system was numerically integrated using the
Matlab routine odel5s.m which is a variable order method for stiff systems. In all
cases the perturbation amplitude was take to be n = 0.001 and the equations were
integrated until J < 107°.
The evolution equation possess a symmetry, knowledge of which reduces the

amount computation we will need to do. Define
H,qq = spanf{cos((2n + 1)7z),n=0,1,...}
and
H,yen = span{cos(2nmz),n =0,1,...}.

If w is a solution of (2.7), then u = u, + U, Where u, € H,qq, and ue € Heyey solve

du,
dt

= —Aug + f(uo) - 3’“’0”27 (544)
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due .
, (Z = —Au, + f(ue) — 3uul. (5.45)

But f : Hogq — Hodq , f : Heven — Heveny o2 € Hoaa, and ueu? € Heyen. Therefore,
these spaces are invariant for (2.7). Moreover, if © = u, + u, is a solution then so
are —u, —Ue + U, and u, — u,. Because of this symmetty we need only verify the
connections for approximate inertial forms which are in the closed first quadrant of

the plane.

Regions R; and R,

In these two regions o, > 0 for n > 0 and no non-constant bifurcations from the zero
solution occur. By Lemma, 4.4, we know that when o; > 2 the large time dynamics

are determined by the differential equation

du

i + f(uw). ' (5.46)

Moreover, the attractor for (5.46) is the attractor for (2.7). This result, however,

does not hold in all of regions R; and Ry. To see that the zero solution is the global

attractor in Ry, let u be a solution. Multiplying (2.7) by v and integratirig we have

1d, 2 _ ‘

sl = —(Au,u>+<f<u),ul>o, (5.47)
= —llullf + lully - [ wtde, (5.43)
< (1= oyl (5.49)

Since o, > 1, ||u||§ — 0 at £ — oo.

In R, the attractor for (5.46) is as depicted in Figure 21. It is not clear that
this is the global attractor for (2.7). The invariant manifold of constant solutions
is, however, locally normally attr‘acting. To see this, let u be a solution of (5.46).

Conéider the linear variational equation of (2.7) with respect to a perturbation v,
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Figure 21: Attractor for Rs.

with [ vdz = 0, which is given by

vy =—Av+ flw)v. | (5:50) |

Multiplying this equation by v and integrating we have

1d 9 _ ! ‘ 2 ‘
szl = —(Avv)o+ @G (5.51)
| = ol 2+ |[v]13 — 3(u(®)*llv]l5, (5.52)

< (1= ap)lllf - 3(u@))|lvllg (5.53)

We see that since o3 > 1, v decays to zero in L?(0,1). So the attractor for (5.46)
is at least a local attractor for the evolution equation. Since the space of constant
functions is invariant for (2.7), these connections exist in all of parameter space where

v < 1.

Region R

In region Rs the mode-one solutions have bifurcated from zero aﬁd the zero solution
has a one-dimensional unstable manifold with W,(0) = span{cos(rz)}. We nu-
merically Computed the connection from zero to the _mode.—one solution m{ and the
results are presen’éed in Figure 22. By the iﬁvariance of Hogd we have W*(0) C H odd-
No additional bifurcations from zero occur in this region. Moreover, the mode-one
solutions seems to remain stable. Figure 23 "depi'cts the equilibria and connections
in R; for which we have numerical support. It is not clear that this is the global

attractor but we can conclude that the attractor for (2.7) is contained in H.yen- To
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Figure 22: R3 Connection from zero to ca =125 e= 025
m +
1
A
0 n
v
# m

Figure 23: Equilibria and connections for r s.
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see this, consider the equation (5.45) for the even solution components. Multiplying

this équa,tion by u. and integrating we have

1d

5%”“&”3 = _(Aue"l': 'u'e)O + (f(ue)a ue)O - ‘(371’2’ ug)O’ (554‘)
= —fuell? + lluell} — (uls ud)o — (3ug, u5)o, (5.55)
< (1= o)lluelly — (ul, ud)o — (3ug, ugo. (5.56)

where o, is the principle eigenvalue of A restricted t0 Heyen- Since g, > 1, we see
that ||ue||2 decays to zero. Using an argument similar to that used for i, one can

show that the manifold connecting zero to m7 is locally normally attracting.

Region R,

In region R4 the mode-one solutions appear to be stable, the zero solution is unsta-
ble with W, (0) = span{l,cos(rz)}, and the constant solutions are unstable with
Wi (m¥) = span{cos(rz)}. Figure 24 shows the numerical computation of the con-
nection from zero to the mode-one solution, my . In Figure 25 we have the connection
from the constant solution, mg = /T — 7, to m{. The equilibria and connections for

this region appear to be as depicted in Figure 26.

Region Rj

This region occurs ‘after the secondary bifurcation from the constant solutions but
prior to the secondary bifurcation of the mode-one branch. The bifurcation from
the constant solutions yields four solutions mgk),k = 1,...,4, each having a one-
dimensional urstable manifold. In this region, the mode-one solutions seem to be “
stable. The connection from zero to mj was computed and the results appear in
Figure 27. The mixed mode solution m{", and the eigenfunction corresponding to

W, (m{®), was computed by the method we previously described. These solutions_
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Figure 24: R4 connection from zero to Td : a = 0.95, e = 0.25.

Figure 25: r 4 connection from to ca = 0095 ¢= 025
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Figure 26: Equilibria and connections for R4.

Figure 27. /Z5 connection from zero to m 1 : a = 0.65, e = 0.25.



83

Principle eigenfunction

Figure 28: Mixed mode solution and its principle eigenfunction: a = .65, e =
0.25.
appear in Figure 28. Using these results we computed the connections from to

the mode-one solution and the constant solution m”, which appear in Figures 29
and 30, respectively.

To compute the connection from zero to we used the shooting method
with Newton iterations. This required a significant amount of trial and refinement
to obtain satisfactory results. For parameter values near the secondary bifurcation
curves FO and F1we were unable to satisfactorily compute the connections. In these
cases, the connection seems to be nearly tangent to the connections from zero to
the stable solutions which we can see from Figure 20. For values away from the
bifurcations the method works rather well. Using a course grid of 25 points and an
initial angle approximated from the AIM-1 connection, we performed computations
and adjusted the final time, T, until we seemed to obtain convergence of the Newton
iterations. Using the computed value of 6, and the time T, we then computed the
connection for the system on the 100 point grid. The final connection is shown in

Figure 31.
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Figure 29: Connection from tomf :a—0.65 e= 0.25.

This connection was computed with T = 62, = 0.001, 6 ~ 1.2346, and the
final value of J(O) = 7.667. x 10-7. To compute the connection from zero to
we used the shooting method with Newton iterations. This required a significant
amount of trial and refinement to obtain satisfactory results. For parameter values
near the secondary bifurcation curves Fo and Fi we were unable to satisfactorily
compute the connections. In these cases, the connection seems to be nearly tangent
to the connections from zero to the stable solutions which we can see from Figure 20.
For values away from the bifurcations the method works rather well. Using a course
grid of 25 points and an initial angle approximated from the AIM-1 connection, we
performed computations and adjusted the final time, T, until we seemed to obtain
convergence of the Newton iterations. Using the computed value of 0, and the time
T, we then computed the connection for the system on the 100 point grid. The
final connection is shown in Figure 31. This connection was computed with T = 62,
71= 0.001, O w 1.2346, and the final value of J(O) = 7.667. x 10"7.

These results provide numerical justification for the connections as depicted



Figure 30: Connection from to sa = 065 e= 0.25.

Figure 31: Connection from zero to m”: a = 0.65, ¢ = 0.25.
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Figure 32: Equilibria and connections for .R5.

in Figure 32. We need to eliminate connections other than those shown. By the
definition of the Lyapunov function V we know that the unstable manifold of an
equilibria (p forms a connection to another equilibria ~ only if VA) > V”). From

the properties of the Lyapunov function V we know

V{m£) = V(THq), (5.57)
V(Hif) = V (mi), (5.58)
v(m[j)) = V(m[K)), j.k =1,..A. (5.59)

The only possible connections not shown in the figure would be from the solutions
méi) to mo and mf. Such a connection might exist for example from to m”
and rrii. However since dimWu = | and we have established the connection to
mf and mj there can be no others. Similar results hold for the remaining solutions.

Therefore, for the known solutions the connections are as depicted in the figure.



87

Region R&

In this region the attractor seems to contain the structure of the attractor for the

Chafee-Infante problem which is depicted in Figure 33.

Figure 33: Equilibria and connections for E®6.

In summary, we have presented evidence for the subsets of the attractor which

qualitatively appear as in Figure 34.
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Figure 34: Summary of equilibria and connections in U.
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CHAPTER 6

- CONCLUDING REMARKS

In this thesis, we have analyzed _the nonlocally perturbed reaction-diffusion
equation (1.1) and have provided evidence for the qualitative structure of a limited
portion of the global attractor. Also, it was shown the addition of a nonlocal pertur-
bation to the Chafee-Infante problem (1.4) can significantly alter the dynami'cs. For
(1.4), all eqﬁilibria have a single dominant mode and there are no secondary bifurca-
tions. The addition of nonlocal feedback allows a mixing of the dominant modes and
such mixed mode solutions appear via secondary bifurcations. These secondary bi-
furcations can result in an exchange of stability between two solutions by the reversal

of an orbit which connects them. This phenomenon is an interesting departure from
the dynamics of (1.4). Unlike the Chafee-Infante problem, the number of internal
transition layers of an equilibrium for (1.1) does not determine its Morse index and
the direction of flow on connecting orbits is not exclusively in the direction which
reduces the numbér of transition layers. Flow can proceed in a direction as to create
a transition layer. Also, the spatially heterogeneous solutions can be stable, which is
never the case for (1.4).

The global bifurcation diagram for (1.1) is clearly more complicated than that
of the Chafee-Infante problem. From the bifurcation curves of Figure 4, and knowl-
edge of the dynamics of the small v case, the following conjecturé seems probable:
Conjecture 6.1 Let u be an n-mode equilibrium solution of (1.1), with v < 1 suffi-
ciently small that dimW"(u) = n. Then there ezists a sequence 11 <72 < ... < Tn

-depending on € so that for € fized each (v, €) , k=1,...,n ,is @ bifurcation point.
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Moreover, in passing through the final point (v, €) in the direction of increasing y
the solution becomes stable. As~y continues to increase the solution branch eventually

coalesces with the trivial solution branch.

The current work merely begins the task of characterizing the global dynamics
of the nonlocal equation. We have provided, at best, only numerical evidence for
subsets of the attractor. A complete characterization promises to be a very challenging
undertaking. These results, however, provide a firm starting point for more in-depth
exploration, and the possibilities for continued research appear to be abundant.

One possible direction is to provide rigorous proof of the results of Chapter
5. Even in the limited parameter regime we have considered this promises to be
difficult. The inability to make use of classical results such as maximum principles
and comparison arguments significantly complicates the problem.

Continuing the numerical characterization into larger regions of parameter .
space also seems to be a challenging undertaking. This requires approximations of
increasingly higher dimension to capture the‘ dynamic behavibr and the bifurcation
structure has the potential to become rather complex.

Finally, it is still not known whether the heteroclinic connections we have found

for the nonlocal equation perturb to connections for the system

% = EUgs + (1) —w,  uz(0,8) = us(1,) = 0 (6.1)
6% = Wge + YU — W, w,,(O,t) :‘ wx(17t) = 0. (6'2)

The geometric singular perturbation theory for infinite-dimensional equations is still
in its infancy and there are presently very few results. A natural continuation of
the analysis we have completed here seems to be the numerical verification that the

connections do indeed perturb.
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