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IX

A BSTR A CT

Presented are geometric results for a reaction-diffusion equation with nonlo­

cal, inhibitory feedback. The equation corresponds to the limiting equation on the 

slow manifold for a singularly perturbed activator-inhibitor system. The existence 

of solutions and a global attractor is established using standard results of linear and 

nonlinear semigroup theory. The bifurcation of equilibria is studied and family of sec­

ondary bifurcations is demonstrated, by means of Lyapunov-Schmidt reduction. The - 

existence of an inertial manifold is verified as well as a family of approximate inertial 

manifolds. Evidence for the qualitative structure of the global .attractor is provided 

using approximate inertial manifolds and simulations based on standard numerical 

methods.
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C H A P T E R  I

IN TR O D U C TIO N

In this thesis, we investigate the dynamics of the reaction-diffusion equation

This equation corresponds to the flow on the slow manifold for the singularly per­

turbed reaction-diffusion system

where 5 <  I. Equation (1.1) is obtained by formally setting 5 =  0 and using a 

Green’s function to solve (1.3) for w as a function of u. Systems such as (1.2)- 

(1.3) arise frequently as mathematical models in biology, physiology, morphogenesis 

in embryology, and chemical systems to name a few. Many examples can be found in 

the books by Murray [22] and Edelstein-Keshet [10]. The nonlinearity /  is typically 

a cubic or cubic-like function, and the system is considered an activator-inhibitor 

system in that u activates the production of w while w inhibits u. Models of this 

type have attracted a great deal of attention since the celebrated work of Turing [30], 

who proved that diffusion can have a destabilizing effect resulting in spatial pattern 

formation.

In recent years these models have been.shown to produce a variety of interesting 

phenomena and have been the impetus for many new and exciting mathematical 

results. Nishiura [23] and Sakamoto [27] have examined the existence and stability of 

large amplitude spatial patterns. The formation and propagation of transition layers

«%(0,t) =  %s(l,t) =  0. (1.1)

ut = e2uxx +  f(u )  -  w, ux(0, t) =  ux(l, t) =  0, 

Swt =  Dwxx + j u - w ,  wx(0, t) -  wx(l, t) — 0,

(1 .2)

(1.3)
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has been studied by many authors (see [11] and references therein). An interesting 

case is the so called “breather solutions ” which are solutions having oscillating layers 

([24]). In terms of global dynamics, Hale [15] has demonstrated that as Z) —> oo the 

attractor of the system approaches the attractor for the so called “shadow system”, 

which is obtained by spatially averaging (1.3). The underlying theme in each of these 

results is the use of perturbation techniques which exploit the extreme size of a model 

parameter, in particular, the cases e <  I, |  <  I, and D large have been extensively 

examined. As far as we know, this thesis is the first study of the limiting equation 

for the case 6 <  I. Physically this corresponds to an activator-inhibitor system in 

which the rates of reaction and diffusion of the inhibitor greatly exceed those of the 

activator. The inhibition appears in the limiting equation (1.1) as nonlocal feedback.

In this work, we consider the particular model where f  is the symmetric cubic 

polynomial f(u )  =  u -  u3, and 7 > 0. Our goal is to gain a geometric or qualita­

tive understanding of the global behavior of solutions to (1.1). This equation is a 

nonlocally perturbed version of the standard Chafee-Infante problem

ut = e2uxx +  f(u), ux(Q, t) = ux(l,t)  = Oj (1.4)

for which a great deal is known (see .[14] and [16]). As such, we expect the dynamics 

of (1.1) to inherit many of the properties of the dynamics for (1.4) when 7 is suf­

ficiently small, and we will verify this is so. However, when 7  =  O(I) we will see 

the dynamics differ considerably. In this case, the analysis is significantly compli­

cated by the nonlocal perturbation. Classical results based on maximum principles 

and comparison arguments ([28]) do not apply and rigorous mathematical results are 

difficult to obtain. Thus, we must rely on approximation techniques and numerical 

simulations to gain insight.

This thesis is comprised of six chapters, the first being this introduction.

In Chapter 2, we prove the existence of local solutions for (1.1) using standard
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results from linear and nonlinear semigroup theory. We show (1.1) has a Lyapunov 

function which allows us to obtain a global existence result. We then establish the 

existence of a compact, connected, invariant set which attracts all solutions. This 

set, called a global attractor, contains much of the information regarding the large 

time dynamics. The necessary ingredients for the existence of a global attractor are 

compactness and dissipation. Since in general partial differential equations are posed 

on metric spaces which are not locally compact, the necessary compactness must come 

from the solution operator. We establish the compactness of the solution operator for 

(1.1) by the use of embedding theorems much like the standard Sobolev embedding 

results ([I]). The concept of dissipation essentially means there is a bounded set 

into which all solutions enter in a finite time and remain. These properties, along 

with the existence of a Lyapunov function, allow us to verify (1.1) falls into a special 

class of systems known as gradient systems. For gradient systems the attractor has 

a relatively simple description: it is the union of the equilibria and their unstable, 

manifolds. Thus, a characterization of the attractor is complete when all equilibria 

and their unstable manifolds are found. The goal of characterizing the attractor 

provides the main theme for this thesis and motivates the work of the remaining 

chapters.

In Chapter 3,s we search for equilibria of (1.1) by examining local bifurcations 

from known solutions. This is accomplished using standard techniques of bifurcation 

theory for Fredholm operators. Due to the nonlocal perturbation, the bifurcation 

diagram differs significantly from that of (1.4), and the bifurcations have a dependence 

on both parameters, e and 7. In particular, we demonstrate the existence of an 

interesting family of secondary bifurcations. This is accomplished by means of a 

projection method, known as Lyapunov-Schmidt reduction, which allows us to reduce 

the equation to a two-dimensional problem in the neighborhood of certain points in
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parameter space. The resulting two-dimensional system is simple and can be easily 

analyzed. This result generalizes a previous result obtained by Keener [20].

In Chapter 4, we show the existence of a finite-dimensional manifold contain­

ing the attractor which attracts all solutions of (1.1) at an exponential rate. This 

manifold, known as an inertial manifold, is the equivalent of a global center manifold 

for an infinite-dimensional system. The restriction of (1.1) to the inertial manifold 

yields a finite-dimensional system which exhibits all of the large time dynamics of 

(1.1). Although in general we cannot actually compute the inertial manifold or the 

equations on the manifold, the existence of these objects tells us that the dynam­

ics of (1.1) are essentially finite-dimensional. In the case where e is large, however, 

we provide proof that the large time dynamics are equivalent to the dynamics of a 

simple one-dimensional ordinary differential equation. We also prove the existence 

of a finite-dimensional manifold, known as a steady inertial manifold, which contains 

the equilibria for (1.1) and is, in a sense, close to the attractor. The steady inertial 

manifold is of low dimension and can be approximated by a sequence of manifolds, 

known as approximate inertial manifolds (AIMs), which can be explicitly computed. 

These approximations provide us with low-dimensional systems of equations which 

allow us to extend the local bifurcation results to larger regions in parameter space 

and locate the unstable manifolds of equilibria.

In Chapter 5, we use the results' of the preceding chapters and simulations 

based on standard numerical methods to obtain a qualitative picture of subsets of the 

attractor in a limited parameter regime. We provide evidence for a global bifurcation 

picture and obtain approximations of the orbits which connect the equilibria. From 

the numerical evidence we obtain in this chapter, we conjecture the attractor contains 

a set of relatively simple two-dimensional structures.

Finally in Chapter 6, we summarize our results, especially noting the apparent
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differences between the dynamics for (1.1) and (1.4). We also provide directions for 

future investigations.
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C H A P T E R  2

PRELIM INARY. RESULTS

Introduction

In this chapter, we gather some preliminary mathematical results for the 

reaction-diffusion equation with nonlocal inhibition,

ut =  e2uxx +  ^B u + f(u), ux(0,t) =  ux(l,t)  = 0, (2,1)

where 7 > 0. This equation corresponds to the limiting equation as <5 —> 0, with e 

fixed for the singularly perturbed reaction-diffusion system,

— = e2uxx +  f(u )  -  w, ' u*(0, t) = ux(l, t) = 0, (2.2)

6 ^  = Dwxx+ -JU -w, wx(0,t) = wx(l,t)  = 0. (2.3)

To see this, we note that

Dwxx +  7% -  w =  0 (2.4)

can be solved for w as a function o iu  , w = -^yBu, where B  is the nonlocal operator 

Bu(x) =  J01 g(x,.s)u(s)ds with the Green’s function,

p(%, s)

\ /Dcosh(^g)cosh(^=)
Sinh(^5)

VDcosh(ZjJy)Coshi-̂ =)
, ainhI-JB)

0 < 2: < s < I, 

0 < s < 2: < I.

First, we introduce some standard concepts from linear functional analysis. Then we 

will prove the existence of solutions and a global attractor for equation (2.1).
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O perator Theory and Function Spaces

In the following, we will let (•,-)o and ]| ■ ||0 denote.the usual inner-product 

and norm on the Hilbert space L2(0,1) and |] • |,| the operator norm on L2(0,1). When 

referring to an arbitrary normed space or Hilbert space X , we will denote the norm, 

and inner-product by || • ||x, and (•, -)%, respectively. By we denote the closure of 

the cosine functions {cos(n7rx)}^_0 in the Sobolev space H k(0,1). For A: > I this is 

simply the elements in H k(0,1) which satisfy the homogeneous Neumann boundary 

conditions in the classical sense (see [I]). For 7 > 0, let A : D(A) C L2(0,1) —> 

L2 (0,1) be defined by

We see that equation (2.1) can be written as the abstract evolution equation

It follows from standard results (see [7]) that the operator A  is closed, densely defined, 

positive, and self-adjoint. The spectrum of A consists solely of eigenvalues, which can 

easily be seen to be

D(A) =  ' .

A u -  —e2n" — ^fBu, Vu 6 D(A).

(2.5)

(2.6)

ut =  -A u  +  /(u ), u(0) =  u0. (2.7)

(2.8)

with normalized eigenfunctions

(j)fi(x) =  I, 4>n(x) = \/2cos(n'Kx), n =  I, 2 ,----

From the spectral theorem (see [9]) it follows that

OO
A U — 'y \ (Tn (u, 0n)o^,n( '̂)-

n—0
(2.9)
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Thus, A-1 is the uniform limit of finite-dimensional operators and hence is compact. 

Now for any /? G R we define Az3 by

f 00
D [Ap) = I u e  L2 (0,1) : 5  ^  K^, ^ )o |2 < 00

I n=0

and .
OO

A 13U  =  y  ] a ^ ( u ,  (fin)OcP n (K s) • 
n=0

Equipped with the graph norm, || • ||2/3 =  ||A^(-)||o, D(A^) becomes a Banach space. 

We will need the following embedding result which is proven in [16].

Lem m a 2.1 The following embeddings hold:

D(A") C D(A^), when, 0 < /3 < a. (2A0)

D(A ^)C 7 ^ (0 ,1), when, 3 < Q,. (2.11)

D (A ")cC [0 ,l] , when 3 < 2a. (2-12)

Moreover, the embedding (2.10) is compact when the inequality is strict.

The spaces (D(A), || • ||2), (ll(A 1/2), || • ||i) and (L2(0,1), || • ||0) provide us a 

convenient setting to analyze the nonlocal reaction-diffusion equation. The following 

lemma gives Poincare type inequalities for these spaces. Note the stated form of the 

eigenvalues of A in equation (2.8) does not guarantee the smallest positive or principle 

eigenvalue of A is cr0. In the following, ap will denote the principle eigenvalue.

Lem m a 2.2 The following inequalities hold:

V^IM Io < !kill, G D (A ^ ). (2.13)

Vdplhlli < !Nb, 'due D(A). (2.14)

Proof: Let u G D(A}^‘2), then u — 53n=o ^ncPn &nd Af ̂  u = XV=O VcKnr̂ ncPni hence

CO PO

I h l l l  =  5 3  — a P 5 3  u n  =  crP l h I I o j
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and the first inequality is proved. To establish (2.14), let u G D(A) and Au =  

aUtPn- Then u =  23n=o ^ ant^

D efinition 2.3 An analytic  sem igroup on a Banach space X  is a family of con­

tinuous linear operators on X , {T(t)}t>0, satisfying:

D T(O) =  7, T(t)T(s) =  T(Z + s) /or Z, s > 0.

2. T(t)u  —> n as Z O+ for each u E X .

3. The map t —» T{t)u is real analytic on 0'< t < oo for each u E X.

The infinitesim al generator of a semigroup T(Z) is the linear operator L defined

with domain D(L) consisting of all u E X  for which this limit exists. It is standard 

notation to write T (ft) = eLt.

The following theorem, which is proven in [25], provides sufficient conditions for L to 

be the generator of an analytic semigroup.

Theorem  2.4 Let L be a closed, densely defined, linear operator on a Banach space 

X. If there exist constants 9 E (0, | ) ,  and M  > 0 such that

□

by

(2A5)

were p(L) is the resolvent set of L, and

I l ( A Z - I ) - 1 I l s A  V A e E ,  A f O . (2.16)

Then L is the infinitesimal generator of an analytic semigroup on X .
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An operator which satisfies the hypotheses of the theorem is called a sectorial 

operator. To see that - A  generates an analytic semigroup on L2(0,1), note that 

the spectrum of —A  consists of real, negative eigenvalues. Thus, (2.15) holds for 

any 0 6 (0, f). To verify (2.16), consider the spectral representation of the resolvent - 

operator,

n = 0  A  c r Ti

Prom this we see

||(A/ +  A) 1WlIo < 53 I K  W o l
O |A +  crn|

but for all 0 G (0, | )  and A ^  0 such that InryAJ < |  +  0,

I  ̂+  Gn I
< £ A i ± h ,  v .

(2.17)

Therefore,

II(A/ +  ^ ) - l H < K K ’ A e E ' (2'18)
The semigroup e~At has a simple representation

e Atu =  5 3 e 17ntK  W o W z)
, n=0

from which we obtain the uniform decay estimate, ||e-At|| < e-crp*, for all t > 0. 

We will need the following standard result, which is proven in [25].

Lem m a 2.5 Let —A be the infinitesimal generator of an analytic semigroup e~At on 

a Hilbert space H with 0 G p(A). Also, assume \ \e~At\\ < Me~wt for some M  > 0 and 

in G R, where || • || is the operator norm on H  Then:

I. e~At : H  i—> D(Aa) for every t > 0 and a > 0.

2. For every u G D(Aa), A ae Atu =  e AtA au.

3. For every t > 0 the operator Aae~At is bounded and ||Aae-A*|| < MaD aC ^ t,

for some M01 > 0. . •
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E xistence o f Solutions and the Global A ttractor

To discuss the existence of solutions and a global attractor for equation (2.7) 

we need the notion of a nonlinear semigroup, which acts as the solution operator for 

(2.7). The results here essentially follow the presentation in [14].

D efinition 2.6 Let X  be a complete metric space. A family of mappings S(t) : X  —» 

X , t > t ) ,  is said to be a Cfr-Semigroup, r  > 0, provided :

T Sf(O) =  T

2. S(t + s) = S(t)S(s), s ,t  > 0.

3. S{t)u is continuous in t and u together with Frechet derivatives in u through 

order r for (t, u) G [0, oo) x X.

For completeness we recall the definition of the Frechet derivative.

D efinition 2.7 Let X  and Y  be Banach spaces. The Frechet derivative of an 

operator T  : X  —> Y  at a point x £ X  is a continuous linear operator L : X  ^  Y  

such that

T(% +  b )-T (% ) =  TA+  #(%,&),, (2.19)

where -» 0 os \ \h\\x  -»■ 0.

To fix our notation, throughout this work we will denote the Frechet derivative with 

respect to a variable z of a mapping T  at point X1 by DxT(xi).

In the following definitions, we assume > 0} is a semigroup on a Banach space

X .

D efinition 2.8 The iv-limit set of a point Uq £ X  and a subset B c X  are defined

to{u0) =  n  U  3(t)u0,
s>0 t>s

as
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w(B) =  D U  S(t)B,
s>0t>s

u;/iere denotes the closure of the set.

D efinition 2.9 A sw&setf B C  X  is said to be invariant if

=  B, Vt > 0.

Exam ple 2.10 A point u e X  is an equilibrium point for a semigroup S(t) on X  if 

and only if S (i)u = u for all t> 0 .  Thus we see equilibria are invariant sets.

Other examples of invariant sets include the stable and unstable manifolds of equi­

libria, whose definition we now provide.

D efinition 2.11 The stab le  manifold, W s(u), and the unstab le  manifold, W u(y), 

of an equilibrium point u for S(t) are defined as

W s(u) = {x e X  : S(t)x is defined  Vt > 0, and S(t)x  —> u as t -> oo},

W u(u) = {x e  X  \ S(t)x is defined Vt < 0, and S(t)x  —> u as t -> -oo}.

D efinition 2.12 A set B C  X  is said to a ttra c t a set U C X  under S(t) if 

dist(S(t)U, S) —s- 0 as t —> oo.

D efinition 2.13 An invariant set A  is said to be the global a ttra c to r  for a semi­

group S(t) if A  is a maximal, compact, invariant set which attracts each bounded set

[TciY.

If a system has a global attractor, then the cn-limit set of each bounded set is 

contained in the global attractor. Therefore, much of the dynamic behavior of the 

system is determined by the restriction of the semigroup to the attractor. Although 

transient behavior may be important, understanding the dynamics on the attractor 

is a natural place to begin exploring the global dynamics of the evolution equation.
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The notion of dissipation is an important property of a dynamical system 

which roughly corresponds to the lack of a conservation law for the system. The 

particular form of dissipation we will use, point dissipation, is defined as follows:

D efinition 2.14 A semigroup S(t) is said to be point dissipative if there is a 

bounded set B C  X  that attracts each point of X  under S(t).

For finite-dimensional systems, point dissipation is sufficient to guarantee the exis­

tence of a global attractor. This is due to the fact that finite-dimensional Banach 

spaces are locally compact. Since infinite-dimensional Banach spaces are not locally 

compact, we need a degree of compactness from the semigroup itself to obtain the de­

sired results. Many semigroups generated by evolution equations possess a. “smooth­

ing” property which is equivalent to the notion of compactness of the operator.

D efinition 2.15 The semigroup S(t) is said to be eventually com pact if for each 

bounded set B , there exists a T  such that U t> T  S{t)B is relatively compact in X .

The following theorem, whose proof can be found in [14], provides sufficient 

conditions for the existence of a global attractor for point dissipative systems.

Theorem  2.16 Let S(t) be an eventually compact, point dissipative Cr-semigroup 

on a complete metric space X  such that for each bounded set U £ X , the set

{S(t)u : t > 0,u E U}

is bounded. Then there exists a global attractor A. I f X  is a Banach space, then A  

is connected. If, in addition, S(t) is one-to-one on A  then SfIt)]a is a Cr-group.

Before proceeding to verify the hypotheses of the above theorem, we need to 

show the existence of a semigroup for equation (2.7). Let f e : D(A) —> L2(0,1) be
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defined by f e(u)(x) =  f(u(x)). By (2.12), given ri > O there exists an r2 > O so that 

for u,v  e D{A1/2) with |M|i,  |M|i < T1 we have |%|, |y| < r 2 for all x G [0,1]. Now

/■if ru(x)

=  L  L  f ' (s)ds

(2.20)

(2.21)

But there exists a constant c which depends on r 2 such that

Jv(x)
< c\u(x) — v(x)\, \fx E [0,1]

and therefore by Lemma 2.2,

IirW -  / eWIIo < C2 /  [u(x) -  v {x )f dx < ^rW u-VW 21.
JO Up

Thus, f e is locally Lipschitz continuous. In the following, we will not distinguish 

between /  as a function on the real numbers and f e as a mapping between function 

spaces, rather we will denote both by / .  The equation is now locally well posed in

D (A ^ ).

Lem m a 2.17 For initial data, U0 G D (A1/2), the evolution equation' (2.7) has a 

unique localsolution in C((0, T), D(A)) HCfQO, T), D(A1Za)). Moreover, eitherT =  oo 

or ||ti(£)||i —> oo a s t ^ T .  Also, the mapping t i-> G D (A1I2j) is locally Holder 

continuous on (0,T).

Proof: The proof follows from Theorems 3.3.3, 3.3.4, and 3.5.2 of [16]. □

To show the solution is globally defined, it suffices to show that solutions 

remain bounded in D (A1/2) as i ^  T. To see this, consider the function V : D(A1Iz)

M defined by
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If u(t) is a local solution on [0, T), then

dV(u)
dt ( ^ S 0 --  <2-22)

^ - / W , f ) o, (2.24)

- I l f l l S  < 0 .  (2.25)

Thus, I/ is a nonincreasing function of t along local solutions. Now for each A: > 0 

there exists a C& so that y  — x  <  Vs E E. Therefore,

I l M l S - ^ l M l S - C i , (2.26)

and by Lemma 2.2,

V(u) + Ck > - \\u \\ l----- |Mli-  (2.27)
Z Up

Choosing k < we have

V(u(0)) + Ck > V(u(t)) + Ck > ( - ---- -)|]u ||i > 0, t G [0,T), (2.28)z ap

and the solution is uniformly bounded on [0,.T). Therefore, by Lemma 2.17, solutions 

are defined for all time and the equation generates a nonlinear semigroup S(t) on 

D (A ^2).

The function V  defined above is known as a Lyapunov function, and for com­

pleteness we provide the following definition.

D efinition 2.18 A Lyapunov function for a semigroup S(t) on a metric space X  

is a continuous real valued function V  : X  —> R such that

dV(uo) _  JiinsuP I  {V(S(t)u0) — y(%o)} < 0, V1U0 G X.
dt t—>o+ t
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To show the existence of a global attractor, it remains to verify that S(t) is 

compact and point dissipative. To verify the compactness of S(t), it suffices to show 

that orbits remain bounded in D(Ap), for § < /? < I. The relative compactness of 

the orbits follows from the compactness of the embedding D(Ap) C D (A1/2). To 

see that solutions of (2.7) are bounded in D(Ap), note that if u(t) is a solution with 

u(0) =  iio, then

(2.29)

=  ^ - ^ e - ^ A ^ z i o + r ^ e - ^ - 'V ( z i ( g ) ) ^ ,  (2.30)

and by Lemma 2.5,

||A ^(t)||o  < +  Mp^ ( t  -

Since u(t) is bounded in D (A1/2) and /  : D (A1/2) -» L2(0,1) is locally Lipschitz, there 

is a constant C depending on Uq such that ||/(«(i))||o < C for all t > 0. Therefore,

||^zi(t)||o < Mp_i/2^-^e-^*||zio||i +  M^C^ ( t  -

which is bounded for all t > 0. Hence, the nonlinear semigroup is compact.

To verify the semigroup is point dissipative, we need the following result which 

can be found in [16].

Lem m a 2.19 Let S(t) be a semigroup on a Banach space X . Suppose Uq E X  

and {S(t)u0,t  > 0} lies in a compact set in X , then u(u0) is nonempty, compact, 

connected, invariant and dist(S(t)u0,uj(uo)) —> 0 as t +oo.

Now define S  =  |zi € D (Al/2) : dv ŝJAuI =  oj and let M  be the maximal 

invariant set of E. The set M  will be our candidate for a bounded attracting set. To 

see that M  is bounded in D(A1/2), first note that by equation (2.25), u E E \i and 

only if u is an equilibrium solution. Therefore,

IIzaII2 =  (All2u, A1/2za)0 =  (u, Au)Q. =  (u, f  (u))0 = (u2 -  za4) dx.
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But s2 -  s4 < I, for all s G R and thus ||-n||2 < |  for all u G E. By the estimate 

of equation (2.27) with k < , we see that V  is bounded below. Hence, V(S(t)u0)

is a continuous nonincreasing function that is bounded below and therefore l(uo) = 

Iim*-,oo V (S(t)u0) exists. If y G then V(y) =  l{uQ) and so V(S{t)y) =  1{uq) for

all t ER. Thus, y E E  and u(u0) G M .  It follows that M  is globally attracting and 

the semigroup is point dissipative. We have proven the following theorem:

T heorem  2.20 The nonlocal reaction-diffusion equation has a global attractor A  

which is connected in D (A1/2)'.

The semigroup for the evolution equation falls into a special class of systems, 

known as gradient systems, for which the flow on the attractor can be described with 

some detail.

D efinition 2.21 A Cr-Semigroup S(t) on a Banach space X  is said to be a gradient 

system if:

1. Each bounded positive orbit is relatively compact.

2. There is a Lyapunov function V ; X  —> R for S(t) such that,

(a) V  is bounded below.

(b) V(Ti) —» oo as IIiiIU —> oo.

(c) V(S(t)u) is nonincreasing in t for each u E X .

(d) I fu  is such that V(S(t)u) — V(u) for all t G R then u is an equilibrium.

Since the semigroup S(t) generated by (2.7) is a gradient system, it is known (see 

[14]) the attractor consists of the unstable manifolds of the set E, that is

A =  [u E D (A 1̂ 2) : S (—t)u exists for  f > O and S (—f)u  —> E  as t —> ooj
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D efinition 2.22 An equilibrium U0 for a semigroup S(t) is said to be hyperbolic if 

the spectrum of DuS(t)u0 does not intersect the unit circle centered at zero in C.

For S(t) this definition is equivalent to the condition that zero is not in the spectrum 

of the linear operator C : D(A) —» L2 (0,1) defined by

C f  =  - A f  +  f ( u 0)(f), f  e D(A). (2.31)

If E  consists of hyperbolic equilibria then it is necessarily finite and

A =  U { m #  : ^ GD) .

Away from bifurcations all equilibria of equation (2.7) are hyperbolic, hence a charac­

terization of the attractor is complete when all of the equilibria and unstable manifolds

are found.
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C H A P T E R  3

BIFUR CA TIO N  RESULTS

Introduction

Due to the gradient structure of the equation (2.1), we know that when the 

equilibria are hyperbolic the attractor consists of the equilibria and their unstable 

manifolds. Therefore, the characterization of the attractor is complete when the 

equilibria and connecting orbits are found. Our equation is a nonlocal perturbation 

of the standard Chafee-Infante problem

ut =  e2uxx +  f(u ), ux(0,t) = ux(l,t)  = 0, (3.1)

for which a great deal is known. In fact, for any value of e a complete description of 

the attractor can be given and a summary of results can be found in [14] and [16]. 

The steady state equation is a planar system which can easily be analyzed and all 

equilibria located. Spatially heterogeneous solutions occur as bifurcations from the 

zero solution at e =  T r, for n = 1,2, . . . .  For each n, the bifurcation is a pitchfork 

which yields a pair of solutions which are rwr-periodic and continue to large amplitude 

patterns having n internal transition layers as e —> 0. These solutions are unstable 

with the dimension of the unstable manifolds being equal to the number of internal 

transition layers. It has been shown that for two equilibria u+, u~ a heteroclinic 

connection between them exists if and only if dim (W u(u~)) /  dim (W u(u+)) and 

the flow proceeds in the direction as to decrease the number of transition layers. 

Moreover, if u~ and u+ are hyperbolic equilibria and dim (W u(u~)) > dim (Wu(u+)),



20

then W u{u~) and W s{u+) intersect transversally. For small values of 7 we should 

expect the structure of the attractor for (2.1) to be similar to that of (3.1). To see 

this, note that for e fixed

Jr(u, e, 7) =  eV ' +  f{u) +  ^jBu (3.2)

is a C2 map from D(A) x R into L2(0,1). It is in fact analytic. If is a hyperbolic 

equilibria of (3.1) then 0) =  0, DuB {u, 6,7) is continuous in u and 7 in a

neighborhood of (%o,0) and D„D(rt0, e, 0) is nonsingular. Therefore, by the implicit 

function theorem (see [31]) there is a solution curve («(7), 7) passing through (u0,0) 

for 7 small. This curve is analytic in 7 and can be written as %(%, 7) = Uq(x) + 

7%i(cr,7). Thus, the equilibria perturb smoothly. Now since T  is analytic in 7, so 

is the nonlinear semigroup 5(t) (see [16]). Assume Uq (x) and Uq (x) are hyperbolic 

equilibria of (3.1) and a heteroclinic connection exists between them. Let it- (a;, 7) =  

Uq (x) +  7% ( z , 7) and ^(3,7)+ =  u$(x) + be solutions of (3.2), through

(%o,0) and ( ^ , 0 ) ,  respectively, Assume also that for all 7 sufficiently small these 

equilibria remain hyperbolic. Then the heteroclinic connection, being the transverse 

intersection of the stable and unstable manifolds, perturbs continuously for all 7 

sufficiently small. That is, the connection perturbs to a connection between the 

equilibria of (2.1).

Unfortunately, when 7 is large the nonlocal perturbation 7B complicates mat­

ters significantly. No longer can we locate the equilibria by phase plane analysis. The 

results concerning hetero clinic connections for the Chafee-Infante problem rely on the 

strong maximum principle which does not hold for the operator A when 7 > 0. The 

goal of this work is to begin a program of characterizing the global attractor for the 

case where 7 is not necessarily small. In this chapter, we perform local bifurcation 

analysis in order to locate equilibria. As we will see, the global bifurcation picture for 

(2.1) promises to be much more interesting than that of the Chafee-Infante problem
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in that it includes secondary bifurcations.

Bifurcations from Sim ple Eigenvalues

The main bifurcation result we will use is a standard theorem of Crandall 

and Rabinowitz [6] concerning bifurcations from a simple eigenvalue of Fredholm 

operators.

D efinition 3.1 Let X  and Y  be Banach spaces. A bounded linear operator L : X —> 

Y  is called Fredholm  if the following two conditions hold:

1. The null space of L, N(L), is a finite-dimensional subspace of X .

2. The range of L, R(L), is closed and has finite codimension.

The F redholm  index of L is the integer

ind(L) =  dim (N(L)) — codim (R (L )). (3.3)

We will need the following result, whose proof can be found in [31]. The first two 

statements of the theorem are known as the Fredholm alternative, which concerns 

the existence of solutions of the equation

Lx = y (3.4)

for Fredholm operators. Although the result can be stated for operators on Banach 

spaces, we will use a version for operators on Hilbert spaces X  and Y.

T heorem  3.2 For a Fredholm operator L : X  - ^ Y  the following are true:

I. Ifind(L) = O and N(L) -  O then (34) has exactly one solution for every y Y  

and L~l ':Y  X  is a bounded linear operator. ■
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2. For y E Y , (34) has a solution if and only if {y*,y)y =■ O for all y* E N{L*), 

where L* : Y  X  is the adjoint of L.

3. The adjoint operator L* is also Fredholm and

dim(N(L*)) — codim{R{Lj), (3.5)

codim{R{L*)) =  dim{N{L)), (3 6)

ind(L*) =  —ind{L).. (3-7)

f .  I f K  : X  —> Y  is a linear operator that is compact or bounded, then L + K  is 

Fredholm and

+  AT) =  (3.8)

Exam ple 3.3 It is easy to verify that the second derivative operator e2^  : D {A) -V 

L2(0,1) is a Fredholm operator with zero index. By the previous theorem, for any a E

C[0,1] and compact operator K  : D{A) —> L2(0,1), the operator L  : D(A) --+L2(0,1)

defined by

Lu =  e2u"' +  a{x)u +  Ku, u £ D(A), (3.9)

is a zero index Fredholm operator.

The following theorem of Crandall and Rabinowitz, provides sufficient conditions for 

bifurcations from known solutions. The proof of this result can be found in [6] and

[31].

Theorem  3.4 (C randall and Rabinow itz) Let X  and Y  be Hilbert spaces, U an 

open neighborhood of (0,0) in X  x R  and G : U c X x R ^ > Y  a function which is 

C2 at (0,0). Assume also that G(0, a) — 0 for all a  E {—8,6) for some 8 > 0, and 

L = DxG(0, 0) is a Fredholm operator with index zero. If

dim{N{L)) =  I, AT(L) =  span{xo), and (3.10)



23

&i%o =  0)zo ^ #(2;), (3.11)

then (0,0) is a bifurcation point and there exists a curve s n- (x(s), a;(s)) through 

(0,0) for |s| sufficiently small so that

G(x(s), a(s)) =  0. (3.12)

In a sufficiently small neighborhood of (0, 0) every solution is either on the curve or of 

the form (0, a). On the curve, x is given by x(s) = sx0 + sy(s), where (y(s), x0)x  =  0. 

Moreover, if G is analytic at (0, 0) then the curve can be written as an absolutely 

convergent power series in s,
OO

x(s) =  S X 0 +  Y j  (%o,Xk)x -  o, k ^ o ,  (3.13)
k=2

oo
Qi(s) =  Y j  SkQik- ■ (3.14)

Z s = O

Condition (3.10) means zero is a simple eigenvalue of L. The condition (3.11), 

known as the transversality condition, says the line Za (IV(L)) and the hyperplane 

R(L) intersect transversely at the origin, meaning together they span the range space 

Y. This condition guarantees that at the bifurcation point the critical eigenvalue 

passes through zero with nonzero speed.

We will use this theorem to find bifurcations from the constant solutions of 

the steady state equation

T(u, e, 7) =  e2u" + f (u) + ^B u = 0,u e D(A). (3.15)

The restriction of (3.15) to the subspace of constant functions is simply the polynomial 

equation

f (u)  — 7« =  0. (3.16)

Real solutions of (3.16) are the only constant solutions of (3.15). When 7 > I, the only 

real solution of (3.16) is the zero solution and as 7 passes through I the zero solution 

under goes a pitchfork bifurcation which yields a pair of solutions , to* =  T \/ l  -  7 .
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We will look for bifurcations from the constant solutions by fixing one param­

eter while allowing the other to play the role of the bifurcation parameter. First, 

consider bifurcations as e is varied. Assume 7 is fixed and u is a solution of (3.16). It 

follows that u is a solution for all e. Now suppose at eo , zero is a simple eigenvalue 

of the linear operator C : D(A) —» L2(0,1) given.by

C(j> = e lf i '+ f(u)cl) + 7B4> (3.17)

and let N(C) =  span{uQ}. From Example 3.3, we see that £  is a zero index Fredholm 

operator. Now define G : D(A) x R —» L2(0,1) by

G(v, a) =  (e0 +  a)2v" +  f (u  +  u) + ^B (u  +  v). (3.18)

Then G is analytic in both variables and

A jG(C), 0)0 =  el<f>" +  f(u)(j) + 7B0 =  £0, (3.19)

£ i0  =  D^AG(O,O)0 =  2eo0". (3.20)

The eigenfunctions of £  are {cos(n7ra;)}^L0, and therefore Uq is a nonzero scalar 

multiple of cos(mrx) for some n. From this we see that

Ciu0 =  -2e0 (TiTr)2Ii0 G N(C), (3.21)

and the transversality condition holds provided n ^ O .  When n =  0, is a constant 

function and C uq  = 0 implies

0 =  Cu0 =  f'(u)uo — 7%0: (3.22)

from which we have f'(u ) =  7 and u =  However, u =  is a solution of

(3.2) if and only if 7 =  I and U  = O. In this case, the constant functions are in N(C) 

for all values of e and Theorem 3.4 does not apply. This case will be considered later 

when we examine secondary bifurcations. Thus, we see under the assumption 7 /  I,
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a sufficient condition for a bifurcation to occur at eo is that C has a zero eigenvalue 

which is simple.

To consider the case where 7 plays the role of the bifurcation parameter, let 

«(7) be a solution curve of (3.15) for 7 in some open interval S  — (a, b), and e fixed. 

Suppose at 70 6 S' zero is a simple eigenvalue of £  : D(A) —> L2(0 ,1) defined by

£</> =  eV ' + f ( u ('lo))<P +  IoB <f>- (3.23)

Define (2 : D(A) x S-+_T2(0,1) by

G(v, a) =  e2uw +  /(^(70 +  Oi) +  u) +  (70 +  q;)D(w(7o +  a) +  u). ' (3.24)

Then

D*G(0,0) =  £, (3.25)

and Ci is given by

(3.26)

As in the previous case we see C1N(C) C N(C) and thus the transversality condition 

holds.

Bifurcations from th e Zero Solution

The natural place to begin looking for solutions is to search for those which 

bifurcate from the zero solution, We have already examined the case of the constant 

solutions, m f = ± y /l -  7, bifurcating from zero. We will now consider bifurcations 

which result in nonconstant solutions. We shall soon see, as in the case for the Chafee- 

Infante problem, modal bifurcations from the zero solution occur in a predictable way 

as e is decreased with 7 fixed. However, we must also consider the dependence on the 

parameter 7.
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Modal Bifurcations from the Zero Solution

Let

g =  { ( 7 , e ) e ^ : 7 > 0 , 6 > 0 }  (3.27)

denote the parameter space for our bifurcation analysis. Linearizing (2.1) about the 

zero solution we obtain the eigenvalue problem

C(j) = e2(j)" + (/) + JBcj) = ii(f>, ^'(O) =  0'(1) =  0, (3.28)

which has solutions

/rn =  I -  C2(UTr)2 -  D. ^ y  + 1> 

4>n =  cos(mrx), n =  0,, I, —

(3.29)

(3.30)

The equations, /rn =  0, define a family of curves {Mn}“=0 in parameter space along 

which C has a zero eigenvalue. We will refer to these curves as the primary bifurcation 

curves. Specifically

Mn = {(7, e) G 5 : 7 =  (I -  (emr)2)(£>(n7r)2 +  !)}• (3 31)

The curves M0 through M3 with D =  I are plotted in Figure I. For m ^  n, Mn C]Mm 

is nonempty and consists of a single point Cmtn given by Crritn =  ('JmtnyCmtn) where

rImtU
(D(Utt)2 +  l)(D(rmr)2 +  I) 

Dir2 (n2 +  m2) ■+ I

cm,n D(mr)2 +  D(ruTr)2 +  I

(3.32)

(3.33)

On the curve segments
OO

Jkfn/ LJ (3.34)
n=0

zero is a simple eigenvalue of C with N(C) =  span{cos(ror:z;)}. Theorem 3.4 holds 

and bifurcations occur as these curves are crossed transversally by varying one of the 

two parameters, c or 7.
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Figure I: Primary bifurcation curves for modes 0 ,1 ,2  and 3.

At the intersection points, Cmi7l, N(C) = span{cos(nnx), cos(mnx)} and we 

cannot use the Crandall-Rabinowitz theorem. As we shall see in a later section, this 

condition suggests the existence of secondary bifurcations.

Computation of the Local Solution Branch

From the bifurcation curves (3.31) we see that the zero solution of (3.15) can undergo 

a sequence of bifurcations which depends on the path taken in parameter space. 

To determine the local structure and stability of the bifurcating solutions, we will 

consider crossings of the bifurcation curves as e is varied while fixing 7 in such a 

way that we remain away from the intersection points. A similar analysis can be 

performed by fixing e and allowing 7 to vary. Consider a bifurcation of the nth mode 

which occurs at (7, e0) 6 Mn/  U^L0 Cmi7l. We will obtain the local solutions branch 

as a power series in a variable s by assuming u = E t> i skuk, and e =  e0 -  Ek>i
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The O(s) equation,

• . GqiÛ  -\- u-y jT rJBui =  0, (3.35)

has an infinite number of solutions consisting of the space spanned by Cos(U-Kx). We 

will take U 1 = cos(mrx), since without loss of generality we can simply rescale s. 

Collecting the 0 (s 2) terms yields the equation,

EQ-Itz2' + u2 + JB u2 =  2eoei it" =  -2e0 Ein2TT Cos(TtTnc) (3.36)

By the Fredholm alternative, this equation has a solution if and only if the right-hand 

side is orthogonal to c o s ( u k x ) ,  from which we obtain E1 = 0. With the additional 

requirement (ttg, w)o =  0 we have u2 =  0. The 0 (s 3) equation is

GqTtg +  Ttg +  j B u S —  2eQ62u ' l  +  Ttg. (3,37)

Expanding the Ttg term we obtain

3 I2E0G2it" + Ttg =  ( -  -  2eoc2n2K2)cos(mrx) + -cos(3nirx),

and from the solvability condition we find

3 'I

(3.38)

62 = 8 U2TT2Co

Therefore, we have

u = s Cos(TtTnr) +  0 (s 3),

G-Gq-
3 I Y  +  0(g3),

(3.39)

(3.40)
8  Ti2TT2 E0

for |s| sufficiently small.

At the bifurcation value E0 the zero solution undergoes a pitchfork bifurcation. 

This bifurcation yields a pair of solutions to± such that m~ =  -m +  as depicted in 

Figure 2. When 0 < 7 < I, for each mode there is an e value at which a bifurcation
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S

Figure 2: Local solution branch.

occurs. For 7 > I, not all modal bifurcations occur by varying e unless 7 is sufficiently 

small. In this case, for an nth mode bifurcation to occur with 7 fixed we also need 

D(nir)2 + I > 7. We note that these bifurcations correspond to the so called Turing 

bifurcations of the system (1.2), (1.3). Figure 3 shows numerical computations of 

the mT and solutions computed using AUTO [8] with 7 =  0.6 and D = I. To 

simplify our analysis, we will take D =  I for the remainder of this thesis.

Mode one solution Mode two solution raj

Figure 3: Mode I and 2 solutions. Steepening of transition layers occurs as e -» 0.
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Stability of the Bifurcating Solutions

To determine the stability of the bifurcating solutions, we consider the eigenvalue 

problem

e24>'! +  f(u)<j> +  7 5 0  =  \(f), (f>'(0) = f t  (I) — 0. (3-41)

For the constant solutions, u = m^, we have

Ara =  -(ew r)2 +  87 -  2 -  +  ̂> (3.42)

(^) — cos(mrx), Ti =  0,1 , . . . , .  (3.43)

For the nonconstant solutions the eigenvalue problem cannot be solved in closed form. 

To analyze the stability in this case, let e =  eo — s262 + 0 (s3), u =  sui +  0 (s s) be the 

nth mode solution curve previously obtained. Following [31], we will look for A and </> 

as a power series in s, that is A =  s'A*, 0 =  sVi-

The 0(1) equation is simply the eigenvalue problem

+ lB ^o  =  Ao</>o, ^o(O) =  ^o(I) =  0, (3.44)

which has the solutions

Ao,fc — /ifc, ^olA: — Cos(JvTtx) 1 A; — 0 ,1, 2 , . . . ,  (3.45)

where is the kth eigenvalue from (3.29) with e =  e0 and D = I. For k 'J n , /Ik J  0, 

and for |sj sufficiently small the stability is determined from the 0(1) term. For the 

nth eigenvalue we need to determine higher order terms of the expansion.

The O(s) equation is

e I f i l n  +. K n  +  7 % ,n  “  A0,rVl,n =  K n K n - (3.46)
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By the Fredholm alternative we need the right-hand side of (3.46) orthogonal to r/>o,n- 
Thus, it is clear that we must have Aijn =  0 and we will take the solution ^ ij7l =  0. 

The D(s2) equation is

e0̂ 2,ra +  h , n  +  lB ( j )2 ,n  ~  A o,n^2,n =  M ,n4>0,n  + 3%̂ o,M +  2e0£ 2^dj71- (3.47)

Using the solvability condition and the trigonometric identity cos2(rara;) 

cos(2mra;)), we have

 ̂ 3 3 (cog(2M7ra;)̂ o,n, ô,»)o , ^
V  = " a " * ----- ( M i O i ----- + 2(” )<’<”

3
=  —-  +  2(n7r)2eo£2,

3
T

K1 +

(3.48)

(3.49)

(3.50)

Hence, we find for |s| sufficiently small

An =  - ^  +  0(g3), . .(3-51)

and this eigenvalue does not contribute to the instability of the solution. Therefore, 

we see for \s\ sufficiently small the dimension of the unstable manifold, or Morse 

index, is determined by the eigenvalues ^  for k /  n. Figure 4 summarizes these 

results for the first five modes and we should devote some time to explaining how to 

interpret this diagram.

The integer in each of the regions gives the Morse index of the bifurcating 

solutions which appear as the region is entered by crossing bifurcation curves which 

comprise the top and right boundaries away from the intersection points. When 

crossing a top boundary, the solutions are unstable to the modes whose primary 

bifurcation curves lie directly above that boundary. The solutions which appear by 

crossing the right boundary are unstable to those modes whose primary curves are 

directly to the right. We note these results follow from the local analysis and hold 

•only in a sufficiently small neighborhood of the bifurcation curves.
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e

Zero Solution 
Stable

Figure 4: Modal bifurcations from zero and their local Morse index.
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n-m-1

n-m

n-m n-m-1

Figure 5: Bifurcation curve intersection point.

Secondary Bifurcations: Lyapunov Schmidt R eduction

As previously mentioned, at the intersection points of the bifurcation curves 

the operator C given in (3.28), which corresponds to the linearization about the zero 

solution, has a two-dimensional null space. This suggests the existence of secondary 

bifurcations. To see why this is so, consider the intersection of the Mn and Mm 

bifurcation curves with n > m as shown in Figure 5. As we cross the bifurcation 

curves in the path given by A, the m th mode bifurcates with an n -  m -  1-dimensional 

unstable manifold, followed by the nth mode which has an n-m-dimensional unstable 

manifold. Moreover, at the latter bifurcation the nth mode solution is unstable to mth 

mode perturbations. When crossing the bifurcation curves along the path indicated by 

B, the sequence and relative stability are reversed. This suggests there are secondary 

bifurcation curves which emanate from the point Cmjn, the crossing of which results 

in an exchange of stability between these two modes.
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To analyze bifurcations that occur near these points we will use the method 

known as Lyapunov-Schmidt reduction. Excellent presentations of this method can 

be found in [13] and [31]. Let X  and Y  be Hilbert spaces and £ : X  x Rfc a smooth 

mapping with G(0, 0) =  0. We wish to solve the equation

Q(x, 6) =  0, (3.52)

near (0,0). Assume L = -Dâ (O1O)Ts a Fredholm operator with index zero. Then X  

and Y  have the following splittings,

X =  JV(D) 8) JkT, (3.53)

y  =  JS(JO), (3.54)

where M  and S  are closed subspaces of X  and Y, respectively. Let P : X  ^  M  and 

Q : y  —» R(L) be projection operators associated with these splittings. Then (3.52) 

can be written as the equivalent pair of equations

. QG(%,9) =  0, (3.55)

(T -  Q)G(%, 9) =  0. . (3.56)

Now define Ti : N(L) x Rfe x M —> R(L) by

R (x 0, 9, X 1) = QQ(x0 +  aq,, 9). (3.57)

Then

D^Ti(O1O1O) =  Q D f (3.58)

and since QLP  is nonsingular, the implicit function theorem allows us to solve (3.57) 

for Xi as a function of Xq and 9, Xi =  T(zo, 0), in a neighborhood of (0,0) in JV(D) x R .̂ 

Substituting this solution into (3.56) we obtain a finite-dimensional system referred 

to as the bifurcation equations:

( I  -  Q ) G ( x 0 +  # (% o , Q), 0 ) =  0. (3.59)
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The utility of the method comes from the following theorem whose proof can be found 

in [31].

Theorem 3.5 In a sufficiently small neighborhood of (0,0), solutions to (3.52) are 

in one-to-one correspondence with solutions of the system (3.59).

To apply this technique, let Cm,n =  (70, e0) be a point of intersection for the 

mth and nth mode bifurcation curves and define the local stretched coordinates r/ and 

p in parameter space by

=  (3 60)

7 =  7o ^  s2jO, (3.61)

where s << I. Note this change of coordinates moves the point Cm,n, to the origin, 

reflects the plane about the negative identity, and stretches the coordinates. For (7, e) 

near (70, e0) (3.15) becomes

C2qUxx +  'J0Bu +  f(u ) = s2r]uxx + s2pBu. (3.62) ■

Now assume an odd power series expansion of u

u = suo + S3Ui + 0 ( s 5). (3.63)

Substituting this into (3.62) and equating coefficients of powers of s we find the 0(s)  

and 0 (s 3) equations are:

O(s) : eluQ + PoBu0 +  -U0 =  0, (3.64)

0 (s 3) : Go1Uy1' +  qoBiii +  1U1 =  puQ + pBu0 +  1Uq. (3.65)

Equation (3.64) has an infinite number of solutions given by

U 0 — a cos(mTrx) +  b cos(nTrx), a , b  e R . (3.66)
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For (3.65), the Fredholm alternative requires the right-hand side to be orthogonal 

to span{cos(mi\’x ) , cos(mrx)}- from which we obtain the leading order bifurcation 

equations

-Cmd + gm(a,b) = 0, • (3.67).

-Cnd +  gn{d, b) =  0 (3.68)

where

Ck =  r](kir) 2 +
(Zctt) 2 +  1 ’

and

gk(d, b) =  J  u\cos{k'Kx)dx.

Closed form solutions for (3.67)-(3.68) can be found for all modes, and are as 

follows:

o Case I: If m =  0, then
3

g0(d,b) = a3 + -ab2, 

gn(d, b) =  -63 +  3ah2,

and the solutions are

-  Zero solution: (a, b) =  (0,0), ■

-  Pure m-mode: a — ±VCo> 5 =  0,

-  Pure n-mode: a =  0, b =  ± y  |(Cn),

-  Mixed modes:

a =   ̂=  YgV —

a =  g ^0, b = —— V^SCo — IB^n-
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o Case II: If m > 0, then

9m(a> b) =  +  2
3 3

9n{ai b) =  —b + —a b,

and the solutions are

— Zero solution: (a, b) = (0,0),

Pure m-mode: a =  Ay §Cm, b =  0,

Pure n-mode: a =  0, b =  |Cn,

Mixed modes:

O’ — A — -SjcIQn Cm; b — g '\/2Cm Cn;

O =  d= —̂ 2Cn — Cm; b =  g\/2Cm Cn ■

From these solutions the local bifurcation curves and the bifurcation diagrams 

can be easily constructed. A caricature of.a set of bifurcation curves in the local 

parameter space is depicted in Figure 6. There are two primary curves, one for each 

pure mode solution and a set of secondary bifurcation curves that bound a sector in 

which the mixed mode solutions exist. The primary curves are given by Cm =  0 and 

Cn =  0. The secondary bifurcation curves are as follows:

o Secondary bifurcations from the m-mode solution:

— Case I: Cn ^  2Co and 3Co =  Cn

— Case II: 2Cn A Cm 2Cm =  Cn

o Secondary bifurcations from the n-mode solution:

— Case I: 3Co -h Cn and 2Co =  Cn
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Secondary
Bifurcation 
From m-mode

Secondary 
Bifurcation 
From n-mode

Zero Solution
n-mode

m-mode

Figure 6: Bifurcation curves in local parameter coordinates.

m-mode

n-mode

trivial solution

\  mixed modes

Figure 7: Bifurcation diagram along path A.
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— Case II: 2 > Cm 2Cm — Cn

For the various modes the slope of the bifurcation curves differs but each case 

gives a qualitatively similar figure. A bifurcation diagram for solutions along the path 

A appears in Figure 7. In this diagram the solutions are represented by their “Hi-Lo 

Values”, which is the sum of their planar (a, b) components. In the diagram we have 

indicated stability of the solutions as equilibria for the system

— Cm̂  — g-mifii b), (3.69)

-^  = Cnb — gn{o-,b). (3.70)

For the infinite-dimensional system this translates to stability within the linear sub­

space span{cos(m7ra:), cos(7i7rx)}.

Proceeding in parameter space along the path A, we see first the appearance 

of the m-mode solutions followed by the pure n-mode solutions. This is then followed 

by the appearance of mixed mode solutions which bifurcate from the n-modes. These 

mixed modes then coalesce with the m-mode solutions in a bifurcation of the m- 

mode branch. The end result is an exchange of stability between the two pure mode 

solutions branches. Different bifurcation diagrams can be obtained by proceeding 

along different paths in parameter space. An example for modes 2 and 3 is presented 

in Figures 8 and 9. The bifurcation diagram was obtained by fixing p =  0.01 and 

varying rj.

We note that Keener [20] has performed a similar analysis of secondary bifur­

cations for reaction-diffusion systems using the method of two timing. The two timing 

method, however, only permits the analysis at the intersection points of consecutive 

modes. Our work generalizes this result.
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mixed mode 2 /

mixed mode I

- I  ---------------- 1---------------- 1---------------- '--------------- 1—
- 0.05 - 0.04 - 0.03 - 0.02 - 0.01

Figure 8: Bifurcation curves for modes 2 and 3 : primary (solid), secondary (- -).

- 0.02

- 0.04

- 0.06

- 0.08

Figure 9: Bifurcation diagram for modes 2 and 3, p = 0.01 : a and b modes (solid), 
mixed modes (- -).
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B ifurcations from the N on-zero Constant Solutions

For the constant solutions, =  ± y /\ -  7, the secondary bifurcation curves 

can be easily computed. From the previous work we saw that the linearization about 

these equilibria yields the eigenvalues

— — (emr)" 7
D(nir)2 + 1

— 2 d- 3q, ?7- — 0,1, . . . . (3.71)

Solving /Jin = O for e as a function of 7 we obtain the family of bifurcation curves

I ' (87 — 2)(mr)2 +  27 — 2 
mv \  (utt)2 + I (3.72)

Curves for the first three modes are plotted in Figure 10. One can see that for a 

judicious choice of e and 7, /Jn is a simple zero eigenvalue and hence a bifurcation 

occurs by fixing one parameter and allowing the other to vary. The bifurcations are 

pitchforks and the local solution branches are given by

u = TUq + scos(nirx) + 0 (s2), (3.73)

e =  eo +  62s2 +  0 ( s 3), €2 > 0, (3.74)

or

u =  +  s Cos(Twnr) + 0 (s2), (3.75)

e =  70 +  72s2 +  C>(s3), 72 < 0, (3.76)

for |s| sufficiently small. The stability can be analyzed as was done for bifurcations 

from zero. Moreover, the crossings of these curves suggests possible secondary bifur­

cations. We will, however, not pursue this investigation at this time.
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n =  I

n — 2

n = 3

Figure 10: Constant solution bifurcation curves.
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C H A P T E R  4

INERTIAL M ANIFOLDS

Introduction

It is well known that many dissipative infinite-dimensional systems seem, to 

display finite-dimensional behavior. For such systems the attractor is embedded in -I

a finite-dimensional invariant manifold which attracts all solutions at an exponential.
;

rate. These manifolds are known as inertial manifolds. If a system possesses an

inertial manifold then the long time dynamics are essentially determined by a finite- ;

dimensional system known as the inertial form.

One of the earliest results concerning inertial manifolds for reaction-diffusion 

systems appears in a paper by Conway, Hoff and Smoller [5]. Their result provides ;

rigorous justification for the “lumped parameter assumption”, which states that if 

the rate of diffusion greatly exceeds the overall reaction rate then the dynamics are 

essentially determined by the reaction kinetics. Recently, results for inertial manifolds - 

of general evolution equations have been proven. Several references include [12], [29] 

and [4].

Consider the evolution equation '

ut + Au = f(u )  (4.1) I

on a Hilbert space H, where A is a positive self-adjoint operator. The major hypoth- 

esis for the existence of an inertial manifold is the existence of a sufficiently large 

gap in the spectrum of A  relative to the Lipschitz constant for the nonlinearity f .
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For reaction-diffusion systems this translates into the statement that higher eigen- 

modes are smoothed by diffusion at a rate which is faster than the overall reaction 

rate, meaning the higher modes are reaction limited. In proving the existence of an 

inertial manifold, we look for the manifold as a graph of a function over a finite­

dimensional subspace of the Hilbert space H. Specifically, letting P  be the projection 

onto the span of the first N  eigenfunctions of A  and Q = I  — P, we construct the 

manifold as the graph of a function $  : P H  i—» QH. If % is a solution to the evolution 

equation on the inertial manifold then u =  p +  $(p) where p € P H  satisfies the 

finite-dimensional system, ■

^  +  Ap =  PjF(p 4- $(p)), (4.2)

known as the inertial form. Since every solution to the evolution equation approaches 

a solution of (4.2) exponentially fast, the large time dynamics of the system are 

essentially finite-dimensional arid determined by (4.2).

Although the existence of an inertial manifold may be rather easy to verify, it 

is not often the case that the mapping $  can be explicitly found. Therefore, it must 

be approximated. This leads us to the notion of an approximate inertial manifold. To 

be precise, an approximate inertial manifold is a finite-dimensional manifold which 

attracts solutions to a within a thin neighborhood of itself. Approximate inertial 

manifolds may exist even when the existence of a true inertial manifold is not known.

In this chapter we will verify the existence of both an inertial manifold for (2.7), 

and a family of approximate inertial manifolds. The approximate inertial manifolds 

will provide us with finite-dimensional systems of equations which we will use to 

obtain qualitative approximations of the attractor.

E xistence of an Inertial M anifold

The existence of an inertial manifold can been proven by several methods.
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Temam [29] provides an existence theorem for a general class of evolution equation 

when the nonlinearity /  is only Lipschitz continuous. Although the theorem allows 

for a general class of nonlinearities, the spectral gap condition is somewhat restrictive 

and does not apply to many differential operators, and the result is a manifold which 

is only Lipschitz continuous. Chow and Lu [4] have proven an existence theorem with 

a spectral gap condition which is much less restrictive and even allows for operators 

which are only sectorial. Their theorem requires the nonlinearity to be C1 and globally 

Lipschitz, and the resulting manifold has the same smoothness. This may seem to 

be restrictive, however, for many equations which are dissipative and possess some 

smoothing , the nonlinearity can be modified to satisfy the hypotheses. The existence 

result of Chow and Lu is summarized in the following theorem.

Theorem  4.1 Let A be a sectorial operator on a Hilbert space H , 0 < a < I, and 

f  6 C1(D(A01)jH) a globally Lipschitz continuous function such that the evolution 

equation

ut + Au =  f(u ), ii(0) — U0 E D(Aa) (4,3)

generates a C1 semigroup on D(Aa). Assume p, p are positive constants so that 

a(A) =  S i U E2 where

51 — {A E cr(A) : ReX — 77} ,

52 — {A G O-(A) : ReX > p + v} ■

Let P  be the projection onto to the span of the eigenfunctions associated with Si, 

Q = I - R  and Al, A2 the restriction of A to the spaces P H  and QH respectively. 

Also, assume there exist constants Mi, M2 and N01 such that the following estimates 

hold:

||e- AlhP]| < M ie -^ )* , Vt < 0,

||e”A2tQ|| < M2M0̂ t , Vt > 0,
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IItrywOsIIiKA.) < % r » ^ W | | s | k ,  vt > o.

I f the spectra l gap condition,

Lip(f)
M1 + M2 , 2 -  Qjv^ o -I

+ < I
rj I — a

holds, then the evolution equation has an inertial manifold which is the graph of C1 

map $  : P H  —> QH.

Proof: See [4].

The hypotheses of the theorem are relatively simple to check, however, (2.7) 

must be slightly modified since /  is not globally Lipschitz. It can be shown for 7 > O 

the unit ball in C[0,1] is an absorbing set. That is, all solutions enter this ball in 

finite time. Let 0 be a C°° function such that 0(s) =  I if O < s < I and 0{s) =  O if

s > 2. Define F  : R —> R by

F(s) =

Then F  is C 1 and there exist constants Cp and Cp1 such that

IP(S)I < Cp,. Vs G R, (4-4)

|P '(s)I < Cp1, Vs G R. (4.5)

Therefore, considered as a mapping, F  : D(A1P) —> L2(O1I), F  is C1, globally 

bounded and globally Lipschitz with

IIFMIIo < Cr, VwGD(A1P), (4.6)

||F'M ||o < Cr', Vw G D(AV2), (4.7)

I |F(w) -  F M  I |o < Cr-1 |w -u | |0i VwjUGD(A1P). ■ (4.8)

C r ' — l̂lo < -%=||% -  V||i = Lip{F)\\u -  w||i. . (4.9)

By Lemma 2.2
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Therefore, F  satisfies the hypothesis of the theorem. Moreover, F  restricted to the 

absorbing set is /  . Thus, in the absorbing set (2.7) agrees with the modified equation

ut +  Au — F(u). (4.10)

The unit ball in C[0,1] is an absorbing ball for the modified equation hence the large 

time behavior of the equations is the same. The following lemma, proven in [16], will 

provide us the necessary estimates on the semigroup e~M.

Lemma 4.2 Let A be a sectorial operator, Ei be a finite collection of eigenvalues of 

A, E2 =  Cr(A) -  Ei and let Ei and E2 be the the associated eigenspaces. Let Ai and

A2 denote the restriction of A to Ei and E2, respectively.

1. IfR eE i < a then \ \e-Alt\ \ < Me~at for t < 0,

2. ^ J k E 2 > /3, > 0, < M e '# , oW ||A2e - ^ | |  <

Taking E1 =  {cr0, • . . ,  Tv}, V = (TN+°N+1 and rj = the estimates on

e~At hold and the spectral gap condition of Theorem 4.1 is satisfied by taking N  

sufficiently large. We have verified the following result:

Theorem 4.3 The nonlocal reaction-diffusion equation (4-10) possesses an inertial 

manifold which is the graph of a C1 mapping $  : P H  —> Q H .

Like center manifolds for finite-dimensional systems, inertial manifolds are 

not necessarily unique. The theorem only guarantees the existence and provides 

extremely poor estimates of a minimal dimension. We would expect there exists a 

well defined inertial manifold having dimension close to that of the attractor. In 

fact, it has been shown for some scalar reaction-diffusion equations that there is an 

inertial manifold having the same dimension as the attractor and the manifold can be 

explicitly constructed [18]. This result, however, requires a priori knowledge of the 

structure of the attractor which We do not have for (4.10).
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The following result, which is in the spirit of [5], tells us that when e is large 

the attractor and inertial manifold of (4.10) are very simple and we can obtain an 

explicit representation.

T heorem  4.4 For e sufficiently large, the solution u(t) of (4-10) satisfies

H f ) - O(Z)Ik < Qe-"* (4-11)

where Ci and a are positive constants and u(t) satisfies

—  =  - #  +  +  0(e-'*), a(0) =  %(0)d% (4.12)
dt Jo

Proof: Let u(t) =  J01 u(x, t)dx. Then u satisfies

^  (P M  -  P M ) d%. . (4.13)

Therefore

~ H « - f i | |§  =  -HAV^k -  5)||2 +  („ -  u,F(u)  -  F(«))0

+ ( J  u — Udxj I F(u) — Fiujdxxj ,

< —d-\\u — iUlHo + Hh — u||o||-FM — -F1(O)Ho,

< (—d + Cpi)\\u — iZ||o,

where a is the principle eigenvalue of A  restricted to the subspace of functions having 

zero mean. Choosing e sufficiently large that —d + Cp1 < 0, we have

-  %|.|g < ||%(0) -  %(0)||ge%-*+W (4.14)

This estimate along with the Lipschitz continuity of P  shows that u satisfies

^  =  - #  +  P M  +  O M -  (4-15)

In this parameter regime the attractor and inertial manifold are identical and are in
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fact one-dimensional. The large time behavior of solutions is essentially determined 

by the ordinary differential equation

du . .
Tt =  / ( u ) "

A pproxim ate Inertial M anifolds

The existence proof for the inertial manifold discussed in the previous section 

does not provide insight into a practical approach for approximating the manifold. 

Moreover, as we previously mentioned, the theorem yields a manifold of rather large 

dimension. For example, if 7 =  I and e =  0.5, then Theorem 4.4 applies and the 

inertial manifold is one-dimensional. However, to satisfy the spectral gap condition of 

Theorem 4.1 we need N  > 49. Thus, we see the manifold constructed in the existence 

theorem does not provide a reasonable computational tool.

In this section, we prove the existence of a low-dimensional manifold which 

contains the equilibria and attracts all solutions to a neighborhood of itself. This 

manifold, which is referred to as a steady inertial manifold, is relatively straightfor­

ward to approximate, and estimates of its dimension are easily obtained. Approxi­

mations of the manifold will provide us with approximate inertial forms which can 

be computationally implemented. Onr approach follows the method outlined in [19] 

and numerically examined in [26]. However, due to our modified function F , we are 

able to define the manifold used in our work in L2(0,1), rather than in D{All2) as is 

done in [19] and [26]. The result is a manifold of smaller dimension.

Let P  be the projection onto spa.n{^o, • • ■, and Q = I - P .  Define

A =  max{ao, Oq,. . . ,  crw-i} and A =  ■ • •}• Let H be a closed ball

centered at zero in QL2(O1I) of radius greater than For p G PL 2(0,1) define
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B ^  Q ^ ( 0 ,1) by

% )  =  A -:Q F(p +  g). (4.16)

By (4.4) and (4.5), F  considered as a function from L2(0,1) to 1 /(0 ,1) is Lipschitz 

continuous with Lipschitz constant C f1- Therefore, the mapping Tp is well defined 

and is as smooth as the function F. In this case it is at least C 1. To analyze this 

mapping , we will need the following lemma:

Lem m a 4.5 Let P, Q, A and A be as previously defined. Then for all (3 £ R the 

following inequalities hold:

< A ||^p ||g , Vp E PD(Af) n  P D ( A W ) ,  (4.17)

||Af+i/2g||g > A||Afg||g, Vg e QD(Af) n  P D fA f+ ^). (4.18)

Proof: Let p € PD(Af), then p =  and Af+i/2p =  (;f+^"Pn(An(^).

Therefore

IlAO+Vap Hg = g  < A „ f Pl  = AIIAMl=. (4.19)
n = 0  Ti=O

and (4.17) is true. To see (4.18), let q E QD(Af), then q =  En=NQnM*) and 

A f + 1/ 2g =  E n = N  V n + l f 2 Q n M * ) -  Therefore

M f^ / 'g ||g  =  Z  ^ ' 9 »  > A Z  ^ 9 :  =  A||Af„||g. (4.20)
n = N n = N

We are now ready to prove the following theorem.

T heorem  4.6 I fN  is sufficiently large that CF> < A, then there is an N -dimensional 

manifold M s which is the graph of a C 1 mapping : PL 2(0 ,1) —> QL2(O5I) and 

contains the equilibria for (4-10).

Proof: From Lemma 4.5 we have

IlTpWllo = IIA-1QFtp + ,)!!, < r t p ^ 110 < (4.21)
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and therefore, Tp : S —> S for all p G P L 2(0 ,1). Now for qi,q2 E S,

| |T p ( 9 l ) - r p(92)||o =  ||A -1Q(F(p + 9l) - F ( p  +  92))||o, ( 4 .2 2 )

< Iki — 92 Ho, (4-23)

and for N  sufficiently large, Tp is a contraction on S which is uniform in p. Therefore,

by the uniform contraction mapping theorem (see [3]), for each p G P L 2(0,1), Tp has 

a unique fixed point q(p) G S. Moreover, the map 5>s : P L2(0 ,1) —> S which takes p 

to the corresponding fixed point, is C1 and the graph of 5>A defines an TV-dimensional 

manifold, Afs, over PT 2(0 ,1). Now let u be an equilibrium solution of (4.10). Then 

u — p + q where

Ap = PF(p + q), ( 4 .2 4 )

A g  =  Q F ( p  +  g ) .  ( 4 .2 5 )

But q = A -1QF^p F q ) = Tp(q), meaning q is the unique fixed point of Tp and 

q = <f>s(p). Hence, Afs contains the equilibria for (4.10). ■

Dimension of A t5 7 =  0.25 7 = 0.5 7 = 0.75 7 = 1 7 =  1.5 7 = 2
N e > e > e > e > e > e >
I 0.4476 0.4449 0.4423 0.4439 0.4344 0.4289
2 0.2247 0.2243 0.2240 0.2236 0.2229 0.2223
3 0.1499 0.1498 0.1497 0.1496 0.1494 0.1492
4 0.1125 0.1125 0.1124 0.1124 0.1123 0.1122
5 0.0901 0.0900 0.0899 0.0899 0.8989 0.08985

Table I: Dimension estimates for Afs in L2(0 ,1).

Although we cannot explicitly compute this manifold, we can easily obtain es­

timates of its dimension and it can be approximated by a sequence of manifolds which 

can be computed. Dimensional estimates for Afs based on the contraction condition,



52

A > C f ,  using the value CF> =  2 are listed in Table I. To obtain approximations of 

the function <1>S, define

GoW =  0, Vp E Pi/2(0,1), (4.26)

and

*A+i(p) =  Vp E f ^ ( 0 , 1), & =  0 ,1,2,-. .  - (4 27)

We will show these functions converge to and provide error estimates. First note 

that

I I ^ i ( P ) I I o  =  I I A - 1Q i 71( P ) I I o  <

Let H =  Then

||$ fe+i(p) -  $ fc(p)||o < Hfc||$i(p) -  $ 0(p)||o =  Sfc||$ i(p )||0, (4.28)

so

jj^fc+i(p) -  ^(P)Ho < (4.29)

and the sequence {^ (p )}  is Cauchy. Let q be the limit. Since Tp is continuous

lim ^ ($t(p )) =  % )  (4.30)
k —>OQ

and

q = Tp(q). ■ (4.31)

Therefore, $ fe(p) —> $ '(p) and the convergence is uniform in p. Now, since

OO
$'(p) -  $jb(p) = E  [^A)+i(p) -  $:k(p)] • ■ (4.32)

n= k

we have the uniform error estimate

00 - fcCfR.
1 1 $ »  -  W l l o  < E  3"ll*il»llo < _  5)' (4.33)
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The steady inertial manifold, M s, corresponds to a quasi-steady state assump­

tion on the higher modes. That is, if u =  p +  g is a solution of the evolution equation 

with

Pt + Ap = PF(p + q), (4.34)

qt + Ag = QF(p + q), (4.35)

then under the assumption qt = 0 we obtain the equations restricted to M s

p, =  -A p +  PF(p +  $'(p)). (4.36)

Using functions we define nonlinear spectral Galerkin schemes

p* =  -A p +  PF(p 4- 3>t(p)), (4.37)

for the evolution equation. The case k = 0 is the standard Galerkin spectral method, 

for & > I we have a Galerkin spectral method with nonlinear correction. Marion [21], 

has derived the case & =  I for scalar reaction-diffusion equations from purely heuristic 

arguments. At equilibria (4.36) is exact and using (4.37) seems to be a reasonable 

approach for approximating equilibria and their bifurcations. However, the use of 

it to approximate the dynamic behavior of (4.10) near the attractor needs further 

justification. We will consider only the cases k = 0 and k — I which we will use in 

later results. We will refer to these systems as AIM-O and AIM-1 respectively.

Let u — p A q be a solution to (4.10) on the attractor. Then for AIM-O we

have

■ | | $ o ( p )  -  ? H o  =  I M I o -  ( 4 - 3 8 )

For AIM-1 note that

A$i(p) — Ag =  Q F ( p )  — Q F  { p  A  q )  A  q t (4.39)
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||A$i(p) -  Agile < \\QF(p) -  QF(p + q)\\0 + \\qt\\o, 

< CfHgllo +  ||%||o-

(4.40)

(4.41)

Thus by Lemma 4.5 we have

11 ̂ i Cp) -  g||o < -^-Ikllo +  ^lktllo- 

We now need to obtain estimates of ||g||o and ||gt||o-

(4-42)

Lem m a 4.7 Let u = p + q be a solution of the evolution equation (4-10) where 

p  G P H  and q G QH,„ and let 6 > 0. Then there exists a i* > Q depending on u(0) 

and 8 such that for all t > t*

W l l g <
Cp +  5

, and IkCOIIi <
C p  +  8
~ 1 T -

Proof: Multiplying

by Aq and integrating yields

qt + Aq — QF(p +  q)

Therefore,

and

d_
dt

^ lk l l i  + A|kllr ^  c l

(4.43)

(4.44)

=  (Ag, F ( p  +  q))o, (4.45)

<  ||Ag||o||F(p + g )|k  . (4.46)

< IIAgIIoCF, (4.47)

< gllAgllo + 2^ ' (4.48)

+ l|Ag||o < C p , (4.49)

(4.50)
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Thus by integrating we have

l l?« l l?<l l? (0)ll?e-A‘ + X ( l - e~A'>' (4'51)

So for t* sufficiently large we have the second inequality. The first inequality follows 

from Lemma 4.5. ■

To obtain an estimate of ||gt(t)||0 we will need the following uniform Gronwall lemma 

whose proof can be found in [29].

Lem m a 4.8 Let g, h and y be positive locally integrable functions on some interval 

(t0, oo) which satisfy

~j~ < QU + hi t > to (4.52)
rt-\-r rt+r r t+r

Jt g(s)ds < ai, J  h(s)ds < a2, J y(s)ds < a3, t > t0, (4.53)

where oi, U2, 03 and r are positive constants. Then

y(t + r) < + Q2̂  eai, t > to- (4.54)

Lem m a 4.9 There exists a constant k2 such that for each rj > O 

that for all t > T

IktWIIg <
C  f  k 2 +  p

there exists a T  so 

(4.55)

Proof: Recall from Chapter 2 that for any k x > \  the ball Pjt1(O) C D (Axl'1) is

absorbing. Now multiplying

ut + Au — F(u)

by Au and integrating we have

2 ^ I M I i + II^u IIo — (An, F(u))o, (4.56)

< CjrIIAnIIo, (4.57)

< -y- + -||An||o, (4.58)
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and thus

which upon integrating yields

H i ;  +  Il^ iig  < ^ ,

||ii(i + r)||i — IIia(̂ )IIi + ||Ari||ods < rCp.

Hence,

Jt + 11 Aullods < +  ||M(t)||

and for t sufficiently large

Ĵ  ' IIAuIIods < rCp +  kl-

Therefore,

Ji IKHods < Ji | | f  (u)||o +  2||F(u)||o||Au||o +  ||Au||ods.

Now from the Cauchy-Schwartz inequality we have

J  + \\Au\\ods < (r J  11Aullgdsj < y/r(rCj.+'kQ

and thus

Ji ||ut||gds < rCp +  2Cf\J^{rCp + fc?) + TCp +  ,

<  A v C p  T  2 C p k i - \ / r  +  k^.

Now differentiating

ut + Au = F(u),

with respect to t, multiplying by ut and integrating we have

2 Î il Io + ̂ INI§ — Cfll^Hq,
d  I :Il îllo+ < 2(Cpi — (Tp)IKHo + 5-

(4.59)

(4.60)

(4.61)

(4.62)

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)

(4.68) .

(4.69)

(4.70)
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By the uniform Gronwall lemma it follows that

I M t  + r)||o < (4C | + (4.71)

for t sufficiently large and <5 > O arbitrary. Fix r such that the right-hand side is 

minimized then set

fe =  mm{(4C* + +  ^ S r le 2c--U-
r

Differentiating

gt + Ag =  QF(u)

(4.72)

(4.73)

with respect to t and multiplying by qt and integrating we have

So now

2 ^ Ik tIlS +  Iktlli — (F'{u)ut ,qt)o, (4-74)

< l|F'W%ll»ll%llo, (4.75)

(4.76)

(4.77)

(4.78)

and integrating from t* to t we have

A2 1
- A ( t - r ) \ (4.79)

Thus for 77 > O there exists a T  depending on 77 and Tt(O) such that for f > T sufficiently 

large we have

IktWIIS <
(C%&2 + v)

A2
(4.80)

■



58

From these estimates we see the solutions for AIM-O are within an neigh­

borhood of the attractor for A large, while the AIM-1 solutions are contained within 

an O(Ji)  neighborhood. The quasi-steady state assumption seems to be reasonable 

provided A is large.
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CHAPTER 5

A PPR O X IM A TIO N  OF THE ATTRACTO R

Introduction

In this chapter, we provide numerical evidence for a characterization of a subset 

of the global attractor. Our main tools will be the approximate inertial manifolds 

of the previous chapter and simulations based on standard numerical methods. The 

approximate inertial manifolds provide us with low-dimensional approximations which 

will allow us to extend the local bifurcation phenomena to. a larger region in parameter 

space and obtain a qualitative picture of the orbits which connect the equilibria. As 

in previous work, let {an}^=0 denote the eigenvalues of A  which are given by (2.8). 

We will focus our efforts on the region of parameter space,

ZY =  {(% e) € : ^  > I, m > 1} U {(?, e) € : (rg > 2, O < f  (5.1)

where = f  is t]ie intersection point of the mode-one bifurcation curve,

Mi, and the curve Fs =  {(7 , e) : a2 = 2}. The first subset of the union in (5.1) is 

the region in which no modal bifurcations from zero occur. In the second subset, 

the steady approximate inertial manifold , A i s, is two-dimensional and given as the 

graph of a mapping, over span{l, cos(Trx)}. We suspect that in this parameter 

regime the attractor is also at most two-dimensional. We will use the AIM-O and 

AIM-1 approximate inertial forms

= -vouo + [  fiP + e, 7))d%, (5.2)
dt Jo

=  -(Ji-Ui + f  f(p  + § sk(p, e, ^))cos(Trx)dx, (5.3)
dt Jo
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k = 0,1, where p =  U0 +  Ui Cos(ttx), and

Our strategy will be to characterize the attractor for these systems, then provide 

independent numerical evidence for a qualitatively similar structure in the attractor 

for (2.7).

In Chapter 3, we saw that the intersection points of the primary bifurcation 

curves gave rise to secondary bifurcations. Using the method of Lyapunov-Schmidt 

Reduction we found that for parameter values sufficiently close to an intersection 

point the equilibria are contained in a finite-dimensional manifold which is the graph 

of a function W. This is only a local result and provides no information concerning 

bifurcations far from the intersection points. However, for parameter values in LI, 

the steady state equations on M s provide us with an extension to all of U of the 

Lyapunov-Schmidt bifurcation equations obtained at the intersection point, C0ji, of 

the M0 and Mi curves. The objective of this section is to provide evidence that the 

bifurcation structure obtained by the local analysis extends to the region U.

We have already seen that the secondary bifurcation curve for the constant 

solutions, which will be denoted by T0, does extend globally and is given by

An explicit representation for the curve of secondary bifurcations from the mode- 

one solutions, which we will denote by T1, cannot be obtained. We conjecture that 

it does continue globally in U by the following reasoning. Consider the mode-one

Bifurcation R esults

(5.6)
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bifurcation occuring for e fixed and 7  > I. At the bifurcation, the mode-one solution 

is stable. Now the solution depends continuously on 7  , and for 7  <<  I it is unstable. 

Therefore, a change of stability occurs as 7  is decreased which is indicative of a 

bifurcation. Moreover, this holds for e values away from the point C0,1 and thus the 

phenomena does not appear to be strictly local.

To approximate the curve T1 and obtain a picture of the global bifurcation 

structure in ZV, we will use the approximate inertial manifolds and the software pack­

age AUTO [8]. The AIM-O equations are

du0 , 3 - 3  2
-j-j- =  —CToUo +  Uq -  U0 — —UqUi ,

dU!
—— — —(JizUi T  Ui ■ SzUqzUi -

(5.7)

(5-8)
dt 4

All equilibria for this system can be found in closed form and the mode-one solutions 

are given by

(M0jzUi) =  ( 0, ±^J- ( I  -  <Ti)j . (5.9)

The eigenvalues for linearization about the solutions (5.9) are

Ai — -CT0 — I T  2<Ji, 

Ag =  2(ui — I).

(5.10)

(5.11)

The second eigenvalue, Ag, is negative whenever the mode-one solution exists and is 

not critical. The first eigenvalue corresponds to stability with respect to constant 

perturbations, and a bifurcation occurs when this eigenvalue passes through zero. 

Solving Ai =  0 for e defines the secondary bifurcation curve

I  / l  -  7  +  7T2 ( 1  +  7 )

VTttV TT2 +  I
(5.12)

which approximates Ti .
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The AIM-1 equations consist of higher order corrections to the AIM-O system:

— ^ =  —aoUQ +  Uo — Uq — —Uouf +  Cq Ûq, Ui ),
at 2

=  —CTiUi +  Ui — -Ui  — 3UqUi + Cl (uq, lU l ) ,

(5.13)

(5.14)

where

C0(uo,ui) =

Ci (Uq,Ui ) =

8(7̂  
9%1%Q

32<T2 + 16(72(73
27%g%§ 9«i«o + 27uWo +

6 ,

’“’“ 1 + " f c T :
3%̂

2(72 Serf 8(72(73 ^  6 4 (73(72 ' 16(73  32(7̂ .

The mode-one solutions are the nonzero real solutions of the equation

(5.15)

(5.16)

UlUi -\- Ui — -U 1 +
3 , 3u\ 3u\

=  0, (5.17)
4 1 ' 16(73  32(73

which is obtained by setting M0 =  0 and =  0 in (5.14). Consider the polynomial

3z3I 3 3 frW  =  ! - ^ - ^ +  — 32(72'
(5.18)

which is obtained from (5.17) by factoring out the zero solution and letting z =  u\. 

Solutions to r(z) =  0 can be explicitly computed using the cubic formula. It is easy 

to check that r  is a nonincreasing function and has at most one real root, Zi, which 

is nonnegative when <7i < I and negative when oq > I. The mode-one solutions are 

exactly Ui — ± a/ zi for (7% < I.

The eigenvalues for the linearization of the AIM-1 system about a mode-one 

solution (0,u,i) are

, , 3 % 3%?
A1 - - O - O  +  ! -

, „ , , 15«}A2 =  -O 1 +  ! - -  +  - - ^ -

9%?
Idcr2CT3 8(72 ’
2lu\

(5.19)

(5.20)

As in the case for AIM-0, a secondary bifurcation of the mode-one branch occurs as 

Ai passes through zero and hence the bifurcation curve is obtained by solving Ai =  0
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UJ 0.26

Figure 11: Mode-one secondary bifurcation points: AUTO (o), AIM-O AIM-1 
(solid), Fs ( - -).

for e as a function of 7. To compute this curve, we substituted a mode-one solution 

of (5.17) into (5.19), and solved the equation Ai =  0 using Newton’s method over a 

range of 7 values.

A comparison of the approximate bifurcation curves obtained by these systems 

with the curve computed using the software package AUTO, is presented in Figure 

11. Recall, Fs is the curve given by cr2 =  2 which is the lower boundary for U. From 

the figure we see that as 7 -> I, the bifurcation curves converge at the point Cop. We 

expect this to be the case since in a neighborhood of this point, the local analysis of 

Chapter 3 applies and the mode-one solutions are well approximated by ±ricos(-Kx) 

for some 77 <  I. Thus we expect the AIM-O and AIM-1 systems to be rather accurate 

near this point. Proceeding away from the point in a direction of decreasing 7 or e 

these approximations become less accurate. We expect the nonlinear correction terms 

of AIM-1 system to provide an improvement over the AIM-O system, and from the 

figure we see that it does in the sense that it is closer to the curve computed using

AUTO.
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Figure 12: Mode-one residual errors at bifurcation points : AIM-O AIM-1 (-).

To obtain an additional quantitative comparison between AIM-O and AIM-1 

systems, we computed a residual error of the mode-one solutions at their bifurcation 

points ( Figure 12). For an approximate solution ua we defined the residual as

Residual = He2U" + f ( u a) +  JBuaW00. (5.21)

The results show that for 7 sufficiently large, AIM-1 is consistently an order of mag­

nitude more accurate than AIM-O in this measure of error. An additional deficiency 

of AIM-O can be seen in Figure 11. Secondary bifurcations occur in the case 7 = 0, 

which we know do not exist for the Chafee-Infante equation. This demonstrates a 

limitation of this system and caution must be used when making any inferences from 

it.

Computing the Jacobian of the vector fields of the AIM-O and AIM-1 systems 

at the zero solution yields in both cases

I - C T 0 0 

0  I - C T 1
(5.22)
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Thus, these systems capture the primary bifurcation curves Md and M l exactly. By 

a similar computation, we find that the curve T0 of bifurcations from the constant 

solutions — 7 is also exactly computed by these systems. From the

analysis of Chapter 4, the AIM-O error at equilibria is bounded by pf, while for 

AIM-1 the error is bounded by Since A is strictly increasing in 7, ^ 0 as

7 —> 00. Thus in the parameter regime

{ ( 7 ,  e )  E  % : 7  »  1 }

these systems should provide reasonable approximations of the nonlocal equation

(2 7)-
Figure 13 is a caricature of the bifurcation curves in U and Figure 14 shows a 

typical set of bifurcation diagrams for AIM-O and AIM-1. The bifurcation structure 

for these systems is qualitatively similar to the results of the local analysis of Chapter

3. Consider the path A in ZY as depicted in Figure 13 obtained by fixing e and 

allowing 7 to vary. The zero solution is initially stable until the M i curve is crossed 

and the mode-one solutions appear. The constant solutions then appear, followed by 

mixed mode solutions which bifurcate from the constant solutions when F0 is crossed. 

The mixed modes then coalesce with the mode-one solutions at the Fi crossing. The 

result is an exchange of stability between the mode-one and constant solutions. Using 

AUTO we were able to duplicate these results and a comparison (Figures 15 and 16) 

indicates that the AIM systems do a reasonable job of qualitatively capturing the 

secondary bifurcations.

Figure 17 shows the four mixed mode solutions computed by AUTO on the 

secondary bifurcation curves of Figure 16. To fix our notation for the remainder of 

this thesis we will denote the mixed mode solutions as m f \  fc =  I , . . . ,  4, where the 

superscript indicates the quadrant of the Uq — iq plane containing the corresponding 

AIM approximation.
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Figure 13: Bifurcation curves in the region U. 

AIM-O AIM-1

Figure 14: 7-Bifurcation diagrams on path A for e = 0.28: constant solutions (solid), 
mode-one (- -), mixed modes
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AIM-O AIM-1

° 2

AUTO

Figure 15: 7-Bifurcation diagrams for e =  0.28: constant solutions (solid), mode-one 
(- -), mixed modes



H
i-L

o 
V

al

68

AUTO

- 0.2  ■

Figure 16: 7-Bifurcation diagrams for e = 0.23: constant solutions (solid), mode-one 
(- -), mixed modes (-.-).
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Figure 17: Mixed mode solutions computed by AUTO: e =  0.23, 0.2 < 7 < 0.87.

The results we’ve obtained here seem to indicate that the bifurcation picture 

we see from the local analysis, is in fact a global phenomena in the region U.

Approxim ation of the Connecting Orbits

The location of equilibria is only one step in forming a description of the at­

tractor for the evolution equation (2.7). Since equation (2.7) generates a semigroup 

which is a gradient system, the attractor consists of the equilibria and their unstable 

manifolds. When the equilibria are hyperbolic, that is away from any bifurcations, 

they are isolated and their unstable manifolds form connecting orbits. In this section, 

we will locate and approximate the orbits which form the connections between the
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Figure 18: Regions in parameter space.

solutions found in the previous results. The region U can be further divided into sub- 

regions by the bifurcation curves as depicted in Figure 18. In each of these subregions 

the attractor is expected to be qualitatively distinct from the adjacent regions.

We will first search for the heteroclinic connections using the two-dimensional 

approximate inertial manifolds. The inertial forms are planar systems for which 

we can easily analyze the dynamics. Once we find these connections, we will then 

numerically verify that similar connections exists for the evolution equation (2.1) 

using a numerical shooting method based on a standard finite difference scheme.

Dynam ics of the  Inertia l Forms

The dynamics of the inertial forms is easy to analyze in the phase-plane and in Figure 

19 we have representative depiction of the direction field, equilibria and connecting 

orbits for AIM-1 in each of the subregions. These results were obtained using the 

Matlab routine pplane.m [17]. The qualitative behavior for the AIM-O system is 

identical. In the region R 1, the zero solution is the global attractor for the system.
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Passing from R\  to R 2 zero becomes unstable as the constant mode solutions bifurcate 

from zero. The bifurcating constant solutions are stable and there is a heteroclinic 

connection from zero to each of these solutions.

Passing from Ri  to E3 the mode-one solutions bifurcate from zero and are 

stable in all of E 3. The one-dimensional unstable manifold of the zero solution forms 

a heteroclinic connection to these solutions. In E4 the equilibria consist of zero, the 

nonzero constant solutions and the mode-one solutions. In this region, the constant 

solutions are unstable and are connected to the mode-one solutions. Passing through 

E 5 to E 6 the nature of the secondary bifurcations becomes very apparent. The mixed 

mode solutions, which exist in E 5, block the heteroclinic connection between the 

constant mode and mode-one solutions. In passing from E4 to E 6 through E 5 the 

end result is an exchange of stability between the nonzero constant and mode-one 

solutions by a reversal of the heteroclinic connections between them. Figure 20 shows 

the attractor in E 5 near the secondary bifurcations and an intermediate point.

In E 6 the only stable solutions are the nonzero constant solutions and the 

attractor is qualitatively similar to the attractor for the Chafee-Infante system.

In the following, we will provide numerical evidence that the attractor for (2.7), 

contains at least the structure we have found in the inertial forms.
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Figure 20: Attractors for AIM-1 passing through R 5
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Numerical Computation of Connecting Orbits

Consider two equilibria ii_ and u+ of (2.7). A heteroclinic connection from U- to u+ 

exists if there is a solution to the problem

ut — - A u  +  /(ri), (5.23)

u(—oo) — U-, u(+oo) — u+. (5.24)

To approximate a connection we consider the problem on a finite but large time 

interval [—f ,  f],

ut = - A u  + f(u),  ' (5.25)

u  = u ->, u  (^ ) = 'u +- (5-26)

This can be considered as a functional boundary value problem in t and methods 

have been developed [2] for numerically solving this problem in general. For our case, 

since the unstable manifolds of the equilibria have dimension at most two, and we 

suspect the connections to be one-dimensional, we will make use of a much simpler 

shooting method. Rescaling time we have

ut =  T ( —Au +  f(u)), (5.27)

u(0) = u-,  Ii(I)=U.+. (5.28)

Now suppose Wi0C{uJ) =  spcm^Vi, ug). For initial data we will use a small perturba­

tion from on W™0C{uJ)

u,(0) =  ti_ +  rj[cos(9)vi + sin(9)v2\, <  I- (5.29)

Defining

~ u+\\h (5.30)

we wish to find 9 for which (9) =  0. To do this we will use Newton iterations
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(5.31)

where the derivative of J  is given by

J \Q )  -  Jo (u{6,1) -  u+)y(l)dx (5.32)

with y being the solution to the linearized problem

Vt — T ( —Ay +  f'{u{9,t))y)i 

2/(0) =  r}[—sin(6)vi +  cos(0)y2]-

(5.33)

(5.34)

In the cases where Wtboc(VlJ) =  span{vi} is one-dimensional, we can approximate the 

connection by simply solving the initial value problem with %(0) =  u_ +Tyy1, y «  I, 

until J(O) is sufficiently small.

To implement this method, we spatially discretize equations (5.27), (5.28), 

(5.33) and (5.34) using a standard finite difference scheme. To discretize the operator 

A, let M  be the standard centered difference approximation of the second derivative 

with homogeneous Neumann boundary conditions and I  the identity matrix. Then 

we approximate A by

A = e2M  + j ( M  - I ) - 1. (5.35)

Now letting U = (Uu U2, , Um)T, and Y  =  (Yu Y2,..  . ,Ym)T we have

-^- =  T(Ai7 +  F(i7)),

U(O) =  U - +  rj[cos(9)Vi +  sin(9)V2],

^  =  T (A f +  DF(IZ)F),

(5.36)

(5.37)

(5.38)

(5.39)F(O) =  ri[-sin(9)V1 T cos(9)V2\,

where

F(U) =  (Ui — u l , U2- U l , .. .,Um -  UIot , (5.40)



DF(U) is the Jacobian matrix of F(U), and U-, U+, V1 and V2 are the discrete ap­

proximations of the equilibria and the unstable eigenfunctions. The Newton iterations 

are then performed using the discrete functions

J (6) =  -  U+)T(U(1, 9) -  U+),, (5-41)

=  (5.42)

until the value of J (6) is below a prescribed tolerance.

In our computations we used a uniform spatial grid of 100 points. The discrete 

equilibria U- and U+ were found by solving the steady state equation

AU + F(U) = 0, (5.43)

via Newton’s method using the the AIM-O solutions as an initial guess. Newton 

iterations were performed until ||A?7 +  F(U)W00 — IO-10- When the eigenvectors 

corresponding to the local unstable manifolds of U- could not be found in closed 

form, they were numerically computed from the Jacobian matrix DF(U-) using the 

Matlab routine eig.m. The semi-discrete system was numerically integrated using the 

Matlab routine odelSs.m which is a variable order method for stiff systems. In all 

cases the perturbation amplitude was take to be 77 =  0.001 and the equations were 

integrated until J  < IO-5.

The evolution equation possess a symmetry, knowledge of which reduces the 

amount computation we will need to do. Define

Hodd =  span{cos((2n +  l)7rrc),n =  0 ,1 ,...}

and

Heven =  span{cos(2n'nx), rt =  0 ,1 ,...}.

If u is a solution of (2.7), then u — U0 +  ue, where U0 E Hodd, and ue E Heven solve
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duP= - A u e +  f ( u e) -  Zu'Buj0' (5.45)

But /  : Hodd —̂ H01Jj1Jj , /  : Heven > Heven, u0ue G HotJcJ, and ueu0 G Heven. Therefore, 

these spaces are invariant for (2.7). Moreover, Si u = ue +  is a solution then so 

are - u ,  - u e + u0, and ue -  u0. Because of this symmetry we need only verify the 

connections for approximate inertial forms which are in the closed first quadrant of 

the plane.

R egion s .Ri and R2

In these two regions crn > 0 for n > 0 and no non-constant bifurcations from the zero 

solution occur. By Lemma 4.4, we know that when cq > 2 the large time dynamics 

are determined by the differential equation

(5.46)

Moreover, the attractor for (5.46) is the attractor for (2.7). This result, however, 

does not hold in all of regions R x and R 2- To see that the zero solution is the global 

attractor in R x, let % be a solution. Multiplying (2.7) by u and integrating we have

—  IMIS =  - (A u ,u )  + (f{u),u)0,

= -\\u\\l + IMIo -  J0 Ui dx,

— (I — cr̂ ) I Iu I Io-

(5.47)

(5.48)

(5.49)

Since av > I, IMIo -> 0 at t -> 00.

In R 2 the attractor for (5.46) is as depicted in Figure 21. It is not clear that 

this is the global attractor for (2.7). The invariant manifold of constant solutions 

is, however, locally normally attracting. To see this, let u be a solution of (5.46). 

Consider the linear variational equation of (2.7) with respect to a perturbation v,



Figure 21: Attractor for R 2.

(5.50)

(5.51)

(5.52)

(5.53)

We see that since Cri > I , u decays to zero in L2(0,1). So the attractor for (5.46) 

is at least a local attractor for the evolution equation. Since the space of constant 

functions is invariant for (2.7), these connections exist in all of parameter space where 

7 < I.

Region L3

In region R 3 the mode-one solutions have bifurcated from zero and the zero solution 

has a one-dimensional unstable manifold with W^c(O) =  spcm{cos(7r:r)}. We nu­

merically computed the connection from zero to the mode-one solution rrii and the 

results are presented in Figure 22. By the invariance of Hodd we have Wu(O) C Hodd. 

No additional bifurcations from zero occur in this region. Moreover, the mode-one 

solutions seems to remain stable. Figure 23 depicts the equilibria and connections 

in R 3 for which we have numerical support. It is not clear that this is the global 

attractor but we can conclude that the attractor for (2.7) is contained in Heven. To

with J01 vdx =  0, which is given by

vt =  - A v  +  f(u(t))v.

Multiplying this equation by v and integrating we have

- I H I g  =  - ( A v ,v ) 0 + f(u(t))\\v\\l,

= HMIi  +  IMIo_  3(u,(t))2|H|o, 

< (I -U1)Im Id- S(WM)2IMIo-
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Figure 22: R3 Connection from zero to : a = 1.25, e =  0.25.

m +
1

A

0 "

v

# m 1

Figure 23: Equilibria and connections for R 3 .
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see this, consider the equation (5.45) for the even solution components. Multiplying 

this equation by ue and integrating we have

—-IIrieIIo =  —(A.ue+, ue)o +  ( / (ue), ue)o — (3rie, it0)o> (5-54)

=  —\\ue\\l +\\ue\\l — (UliU2e)O — (Su2e, ul)o, (5.55)

< (I -  (Tg)IKIIg- ( ^ , ^ ) o - ( 3 ^ ,^ )o . (5.56)

where ae is the principle eigenvalue of A restricted to Heven. Since cre > I, we see 

that IKIIg decays to zero. Using an argument similar to that used for R2 one can 

show that the manifold connecting zero to m± is locally normally attracting.

Region

In region R4 the mode-one solutions appear to be stable, the zero solution is unsta­

ble with Wiuoc(O) =  span{l, cos(ttx)},  and the constant solutions are, unstable with 

W uoc(mo) = span{cos(TVx)}. Figure 24 shows the numerical computation of the con­

nection from zero to the mode-one solution, m+. In Figure 25 we have the connection 

from the constant solution, tuq =  y 'l — 7, to m f . The equilibria and connections for 

this region appear to be as depicted in Figure 26.

Region R5

This region occurs after the secondary bifurcation from the constant solutions but 

prior to the secondary bifurcation of the mode-one branch. The bifurcation from 

the constant solutions yields four solutions m f \ k  — I , . . . , 4, each having a one­

dimensional unstable manifold. In this region, the mode-one solutions seem to be 

stable. The connection from zero to mj" was computed and the results appear in 

Figure 27. The mixed mode solution and the eigenfunction corresponding to 

W uoc(Tn̂ p), was computed by the method we previously described. These solutions
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Figure 24: R 4 connection from zero to Tn4 : a = 0.95, e =  0.25.

Figure 25: R 4 connection from to : a  =  0.95, e =  0.25.
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Figure 26: Equilibria and connections for R4.

Figure 27: /Z5 connection from zero to m l  : a  =  0.65, e =  0.25.
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Principle eigenfunction

- 0.02

- 0.04

- 0 .06

- 0.12

- 0 .14

- 0 .1 6

Figure 28: Mixed mode solution and its principle eigenfunction: a =  .65, e = 
0.25.

appear in Figure 28. Using these results we computed the connections from to 

the mode-one solution and the constant solution m^,  which appear in Figures 29 

and 30, respectively.

To compute the connection from zero to we used the shooting method 

with Newton iterations. This required a significant amount of trial and refinement 

to obtain satisfactory results. For parameter values near the secondary bifurcation 

curves F0 and F1 we were unable to satisfactorily compute the connections. In these 

cases, the connection seems to be nearly tangent to the connections from zero to 

the stable solutions which we can see from Figure 20. For values away from the 

bifurcations the method works rather well. Using a course grid of 25 points and an 

initial angle approximated from the AIM-1 connection, we performed computations 

and adjusted the final time, T, until we seemed to obtain convergence of the Newton 

iterations. Using the computed value of 6, and the time T, we then computed the 

connection for the system on the 100 point grid. The final connection is shown in 

Figure 31.
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Figure 29: Connection from to m f  : a. — 0.65, e =  0.25.

This connection was computed with T = 62, rj = 0.001, 6 ~  1.2346, and the 

final value of J(O) =  7.667. x IO-7. To compute the connection from zero to 

we used the shooting method with Newton iterations. This required a significant 

amount of trial and refinement to obtain satisfactory results. For parameter values 

near the secondary bifurcation curves Fo and Fi we were unable to satisfactorily 

compute the connections. In these cases, the connection seems to be nearly tangent 

to the connections from zero to the stable solutions which we can see from Figure 20. 

For values away from the bifurcations the method works rather well. Using a course 

grid of 25 points and an initial angle approximated from the AIM-1 connection, we 

performed computations and adjusted the final time, T, until we seemed to obtain 

convergence of the Newton iterations. Using the computed value of 0, and the time 

T, we then computed the connection for the system on the 100 point grid. The 

final connection is shown in Figure 31. This connection was computed with T = 62, 

7] =  0.001, 0 w 1.2346, and the final value of J(O) = 7.667. x 10"7.

These results provide numerical justification for the connections as depicted



Figure 30: Connection from to : a =  0.65, e =  0.25.

Figure 31: Connection from zero to m ^ : a  =  0.65, e =  0.25.
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Figure 32: Equilibria and connections for .R5.

in Figure 32. We need to eliminate connections other than those shown. By the 

definition of the Lyapunov function V  we know that the unstable manifold of an 

equilibria (p forms a connection to another equilibria ^  only if V ^ )  > V ^ ) .  From 

the properties of the Lyapunov function V  we know

V{m£) = V(THq), (5.57)

V(Hif) = V (mi), (5.58)

V(m[j)) =  V(m[k)), j , k  = 1 , . .A . (5.59)

The only possible connections not shown in the figure would be from the solutions 

m(sfc) to mo and m f .  Such a connection might exist for example from to m^ 

and rrii. However since dimWu = I and we have established the connection to

m f  and m j there can be no others. Similar results hold for the remaining solutions. 

Therefore, for the known solutions the connections are as depicted in the figure.



87

Region R&

In this region the attractor seems to contain the structure of the attractor for the 

Chafee-Infante problem which is depicted in Figure 33.

Figure 33: Equilibria and connections for E6.

In summary, we have presented evidence for the subsets of the attractor which

qualitatively appear as in Figure 34.
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Figure 34: Summary of equilibria and connections in U.
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C H A P T E R  6

. CO NCLUDING  REM ARK S

In this thesis, we have analyzed the nonlocally perturbed reaction-diffusion 

equation (1.1) and have provided evidence for the qualitative structure of a limited 

portion of the global attractor. Also, it was shown the addition of a nonlocal pertur­

bation to the Chafee-Infante problem (1.4) can significantly alter the dynamics. For 

(1.4), all equilibria have a single dominant mode and there are no secondary bifurca­

tions. The addition of nonlocal feedback allows a mixing of the dominant modes and 

such mixed mode solutions appear via secondary bifurcations. These secondary bi­

furcations can result in an exchange of stability between two solutions by the reversal 

. of an orbit which connects them. This phenomenon is an interesting departure from 

the dynamics of (1.4). Unlike the Chafee-Infante problem, the number of internal 

transition layers of an equilibrium for (1.1) does not determine its Morse index and 

the direction of flow on connecting orbits is not exclusively in the direction which 

reduces the number of transition layers. Flow can proceed in a direction as to create 

a transition layer. Also, the spatially heterogeneous solutions can be stable, which is 

never the case for (1.4).

The global bifurcation diagram for (1.1) is clearly more complicated than that 

of the Chafee-Infante problem. From the bifurcation curves of Figure 4, and knowl­

edge of the dynamics of the small 7 case, the following conjecture seems probable: 

C onjecture 6.1 Let u be an n-mode equilibrium solution of (1.1), with 7 <  I suffi­

ciently small that dimW u(u) = n. Then there exists a sequence 71 < 72 < • • ■ < 7n 
depending on e so that for e fixed each (7%, e) , k — I , . . .  ,n  ,is a bifurcation point.
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Moreover, m ZAe /ZnaZ pomZ ( ^ ,  e) ZR ZAe ArecZZoR o/ ZRcreosZRp ^

the solution becomes stable. As 7 continues to increase the solution branch eventually 

coalesces with the trivial solution branch.

The current work merely begins the task of characterizing the global dynamics 

of the nonlocal equation. We have provided, at best, only numerical evidence for 

subsets of the attractor. A complete characterization promises to be a very challenging 

undertaking. These results, however, provide a firm starting point for more in-depth 

exploration, and the possibilities for continued research appear to be abundant.

One possible direction is to provide rigorous proof of the results of Chapter 

5. Even in the limited parameter regime we have considered this promises to be 

difficult. The inability to make use of classical results such as maximum principles 

and comparison arguments significantly complicates the problem.

Continuing the numerical characterization into larger regions of parameter 

space also seems to be a challenging undertaking. This requires approximations of 

increasingly higher dimension to capture the dynamic behavior and the bifurcation 

structure has the potential to become rather complex.

Finally, it is still not known whether the heteroclinic connections we have found 

for the nonlocal equation perturb to connections for the system

The geometric singular perturbation theory for infinite-dimensional equations is still 

in its infancy and there are presently very few results. A natural continuation of 

the analysis we have completed here seems to be the numerical verification that the 

connections do indeed perturb.

(6 .1)

8—  — wxx-\-rfu — w, wx(0,t) — wx(l, i) — 0.
dt

(6.2)
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