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ABSTRACT

The recent detections of gravitational waves from merging black holes by
advanced LIGO provide the first tests of General Relativity that probe the non-linear
and dynamical nature of gravity. For General Relativity to be properly tested, though,
many more observations are necessary. This lack of tests, coupled with several reasons
General Relativity may not be the correct description of nature, motivates the study
of modified theories of gravity. This dissertation presents the results of four studies on
two well-motivated modified gravity theories in the class known as quadratic gravity:
dynamical Chern-Simons gravity and Einstein-dilaton-Gauss-Bonnet gravity.

First, I study the stability of quadratic gravity to linear perturbations. If the
theory shows instabilities, black holes may not be realized in Nature, and the theory
would lack physical motivation. I perform a linear stability analysis, concentrating on
dynamical Chern-Simons gravity and Einstein-dilaton-Gauss-Bonnet gravity, and find
that these two theories are stable to linear perturbations far from the gravitational
source.

Exact analytic solutions for rotating black holes in Einstein-dilaton-Gauss-
Bonnet gravity are lacking, and most solutions are either numerical or approximate. I
expand on previous work and find a new approximate rotating black hole solution to
quadratic order in the spin angular momentum. The properties of this new solution
are then studied.

Many modified gravity theories lack exact solutions for rotating black holes and
the approximate nature of those solutions may introduce systematic error in any
attempts to constrain those theories using black hole observations. I determine the
systematic error introduced by using an approximate black hole solution in General
Relativity in the context of continuum spectrum and black hole shadow observations.
I find that for small enough values of the spin angular momentum, the systematic
error introduced is negligible compared to current sources of observational error.

Finally, I study if it is possible to place better-than-current constraints on
dynamical Chern-Simons gravity and Einstein-dilaton-Gauss-Bonnet gravity using
black hole continuum spectrum observations. I find that while dynamical Chern-
Simons gravity cannot be better constrained, with next generation telescopes it may
be possible to place better constraints on Einstein-dilaton-Gauss-Bonnet gravity.
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INTRODUCTION

“A hole is nothing, and if it is black we can’t even see it. Ought we to get excited

over an invisible nothing?

“Yes – if that black hole represents the most extreme state of matter possible, if

it represents the possible end of the universe, if it represents the possible beginning

of the universe, if it represents new physical laws and new methods for circumventing

what had previously been considered absolute limitations.”

–Isaac Asimov, The Collapsing Universe: The Story of Black Holes (1973)

1.1 Preamble

In 1784, well before Einstein’s seminal 1915 paper Die Feldgleichungen der

Gravitation (The Field Equations of Gravitation) [1], John Michell proposed the

existence of what he called “dark stars”: stars with a large enough gravitational pull

to prevent light from escaping. During this time period light was believed to be made

up of “corpuscles” (small particles) that had a finite velocity. If a star was massive

enough to have an escape velocity larger than the velocity of light, no light would

be able to escape from the surface of the star and it would appear dark. Michell

suggested that these objects could in principle be observed through the motions of a

companion star, if such a system existed. While the details underlying the idea are

incorrect, it is undeniable that the general notion of Michell’s dark stars are what we

today term black holes (BH) and that Michell was indeed correct in how we might

detect and study them.
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The story of BHs in General Relativity (GR) begins soon after Einstein’s noted

paper, but Einstein’s work is a necessary starting point. Einstein’s theory of GR

states that the three spatial dimensions and the time dimension form a “spacetime

continuum” that is dynamically determined by distributions of energy (this of course

includes rest-mass energy). Einstein described the interaction between energy and

spacetime through a set of coupled non-linear partial differential equations that are

now called the Einstein field equations. Within GR, gravity is an effect of spacetime

being curved by energy and makes predictions that are different from Newtonian

gravity. For example, in his original work Einstein showed that GR could explain the

perihelion precession of Mercury, i.e. the rotation of an elliptical orbit such that the

furthest point in the orbit is not in the same position on sequential orbits, which was

a long-standing problem as it could not be explained with Newton’s equations alone.

Just a few months after Einstein’s paper, Karl Schwarzschild provided the first

exact solution to the Einstein field equations, describing the gravitational field of

a non-rotating spherical mass [2]. The properties of Schwarzschild’s solution were

studied in depth over the next few decades, in particular the two singularities that

appear in the solutions: a point singularity at the origin and a surface singularity

at what is now called the Schwarzschild radius. In 1924, work by Arthur Eddington

showed the latter singularity was an unphysical coordinate singularity [3], although

this fact wasn’t recognized until 1933 by Georges Lemâıtre [4]. The identification

of the Schwarzschild surface as an event horizon, a surface within which no causal

influences can cross to the outside world, was done by David Finkelstein in 1958 [5].

In the following decade an explosion of progress in the study of these extreme objects

occurred, which included Roy Kerr finding the exact solution for a rotating BH [6]

and the actual coining of the term “black hole”.
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The first strong evidence for the existence of BHs came in 1971 with the discovery

of Cygnus X-1 [7]. Today, there are over two dozen known and candidate stellar

mass (∼ 1− ∼ 103 solar masses) BHs [8] and it is commonly accepted that nearly

every galaxy contains a supermassive (& 105 solar masses) BH at its center [9].

Most stellar mass black holes are believed to be the remnants of the most massive

stars after they have succumbed to gravitational collapse. The remaining stellar

mass BHs likely originate from the gravitational collapse of neutron stars due to

collision with or accretion from a companion, though some models also predict the

formation of such black holes due to density perturbations of the medium in the

early universe [10]. While the formation of supermassive BHs is still debated, it is

commonly accepted that they grow through the accretion of matter and mergers with

other BHs. Supermassive BHs are the most massive objects in the universe, some

reaching masses on the order of 1010 solar masses, and are at the centers of active

galactic nuclei, the most luminous persistent sources of electromagnetic radiation in

the universe.

The extreme nature of BHs, as conveyed in the quote at the beginning of this

chapter, makes them prime resources for understanding the fundamental physics

of the universe. The study of BHs spans a large portion of the physics space,

from the mathematical studies of the properties of BH solutions to the design and

implementation of new telescopes and detectors, and from the search for a theory of

quantum gravity to the modeling of orbits. As such, it is unreasonable to cover all

aspects of BHs in this dissertation, or in any single body of work for that matter.

With that in mind, the rest of this Introduction will focus on the aspects relevant to

the work presented in subsequent chapters.

The remainder of this Introduction will briefly discuss the background necessary

for understanding the later chapters. First, I summarize the different BH EM
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observations and go into more detail on the observations studied in my work. The next

section gives a very brief introduction to modified gravity theories and summarizes

QG and why it is an interesting theory to study. Connecting the two prior areas of

study, a brief summary of tests of GR is given, focusing on the tests relevant to this

work. I close the Introduction with an overview of the remaining chapters.

1.2 Black Hole Electromagnetic Observations

Since BHs are electromagnetically invisible, EM observations attempt to

indirectly study BHs through their influence on matter and radiation. Generally,

this matter and radiation is in the form of an accretion disk and the radiation

produced from the disk. Accretion disks are disk shaped structures of gas and dust

commonly found in orbit around young stars, neutron stars, and black holes [11].

Angular momentum in the disk is transported outwards, through a mechanism that

is still debated, leading to gas and dust accreting, or falling, onto the surface or

through the event horizon of the massive central object. While the gas is still

within the disk, gravitational and viscous forces heat the gas, which in turn radiates

electromagnetically. During quiescent states, accretion disk radiation is dominated

by the thermal component with contributions from inverse Compton scattering and

possibly synchrotron emission [12]. These disks can also flare, which can alter the

spectrum significantly for brief or long periods of time [13,14]. Much about accretion

disks is still not understood, but they can in principle be used to observe and study

BHs.

The formation of accretion disks around stellar mass BHs is fairly well

understood. The majority of massive stars are found in binary systems [15]. Some

of these systems evolve to become a binary containing a massive star and a BH. If

the orbital separation of the system is small enough and the star is no more massive
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than a few solar masses, the star can overflow its Roche lobe, the region around the

star within which gas is gravitationally bound to the star. When the star overflows

its Roche lobe gas will flow from the star towards the BH. For more massive stars

the gas is transferred to the BH through the stellar wind of the star [16]. Through

conservation of angular momentum the gas does not fall directly towards the BH and

instead enters into an orbit around the BH. The orbiting gas builds up over time and

eventually forms a structure large enough to be considered an accretion disk. This

process is not static for binaries with a lower mass star, in fact turning on and off over

time, as the star and the orbit will evolve over time. The evolution of the accretion

disk formation process as well as the structure of the accretion disk itself is thought to

lead to flaring activity and other variation in the electromagnetic emission in stellar

mass black hole accretion disks [17, 18].

As all known supermassive BHs are at the centers of galaxies, there is a large

source of dust and gas available for an accretion disk to form. Accretion disks around

supermassive BHs can, in principle, be described with the same physics as those found

around stellar mass BHs [11]. The significant differences in scale, though, lead to

differences in how the accretion disk and BH can be studied. Accretion disks around

supermassive BHs evolve on timescales longer than these objects have been observed

due to the significant scale difference between stellar mass and supermassive BHs [16].

This means all current observations of supermassive BH accretion disks have only

seen each disk in one stage of its evolution, which allows us to study each individual

stage in much more detail than possible with stellar mass BH accretion disks. Some

supermassive BH accretion disks can also be extremely luminous, e.g. active galactic

nuclei are centers of galaxies that exceed the luminosity of the rest of the galaxy in at

least some portion of the EM spectrum and are thought to result from the interaction

of the central supermassive BH and the accretion disk around it [19]. The higher
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luminosity allows one to observe structure in accretion disks not easily seen in those

around stellar mass black holes, such as coronae, electron clouds that enshroud the

disk and are much hotter than the rest of the accretion disk [16].

Before moving on to the BH EM observations themselves, it is important

to understand the processes behind which the gas in accretion disks is heated

and radiates electromagnetically. Gas particles within the disk on average follow

approximately Keplerian orbits around the BH. This means that particles at smaller

radii have larger angular velocities, and the disk can be thought of as radial layers

of rotating rings that have increasing angular velocity as radius decreases. Any

system with material moving at different angular velocities at different radii is said to

have differential rotation. Due to the thermal and turbulent motion of the particles

there is interaction between these differentially rotating layers, which in turn leads to

viscous torques between the layers. This viscous torque transfers angular momentum

outwards, but also heats up the inner layers [20]. The thermal radiation from the hot

gas dominates the radiation from an accretion disk during quiescent states, but there

are contributions from Compton scattering and possibly synchrotron emission, if the

disk has a significant magnetic field [12]. If the disk has a hot corona, there may also

be spectral lines in the emission caused by reflection of photons from the corona off

of the colder, non-ionized parts of the disk [16].

There are a number of different BH EM observations, some better understood

than others (see [16] for a review). The BH continuum spectrum is simply the

thermal spectrum produced by an accretion disk around a BH. The Kα iron line

is the most prominent line seen in BH accretion disks and is produced when a hot

corona illuminates the colder accretion disk. Quasi-periodic oscillations are commonly

found in the flux of stellar mass BHs, but there is no consensus on the mechanism

behind these oscillations. Similarly, the mechanism behind BH jets is not completely
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understood, but the more popular models have the spin angular momentum of the

BH playing an important role. The BH shadow is a dark region on an image of an

illuminated BH caused by the fact that any light entering the event horizon of a BH

cannot escape. The shadow, more so than any other BH EM observation, is the least

influenced by the properties of the accretion disk and is almost solely dependent on

the properties of the BH.

This work focuses on continuum spectrum observations and black hole shadow

observations as these are the best understood and the least contaminated by the

properties of the accretion disk. The continuum spectrum is dominated by the

innermost part of the accretion disk, as this is the region that is hottest and, in turn,

most luminous. There is a fair amount of evidence that the innermost part of the disk

can be reasonably approximated to be the innermost stable circular orbit (ISCO) of

the BH [16, 21–26], which is only dependent on the properties of the BH. Even with

this evidence there is still a fair amount of uncertainty in the correct accretion disk

model [27]. Of prime importance for the continuum spectrum is the uncertainty in the

location of the innermost radius of the disk. Some accretion disk models, simulations,

and observations have an inner radius that is not at the ISCO [28–32]. If the inner

edge is not at the ISCO, the location of the inner edge becomes an extra parameter

in the continuum spectrum observation that will be degenerate with the properties of

the BH. This degeneracy is currently treated as a systematic error in BH parameter

extraction from continuum spectrum observations, although the magnitude of the

error is not well known [8]. The BH shadow, ideally, is an observation that depends

purely on the properties of the BH. In reality, a shadow observation can be imperfect

and/or obscured due to the accretion disk. This issue can be dealt with through

image reconstruction techniques or by removing the regions of the BH shadow image

that are obscured by the disk [33].
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Black hole continuum spectrum observations up to this point in time have been

primarily used to determine the spin angular momentum of stellar mass BHs. The

peak of the thermal spectrum is determined by the ISCO radius, and since the ISCO

depends on the mass and spin of the BH so does the spectrum peak. For example,

a smaller mass BH has a smaller ISCO radius and particles orbiting near the ISCO

radius will have a higher temperature due to viscous heating. For stellar mass BHs

this peak is in the soft X-Ray band at around 2-3 keV, while supermassive BHs, since

they are much more massive and have a wider range of masses, peak roughly within

an order of magnitude or two of the optical band (∼1 eV) [16]. Continuum spectrum

observations are very difficult in the case of supermassive BHs because gas and dust

more readily scatters and absorbs light in and around the optical band than light

in the X-Ray band. Thus, most work with the BH continuum spectrum focuses on

stellar mass BHs.

Continuum spectrum observations of stellar mass BHs are made using X-Ray

telescopes such as the Rossi X-Ray Timing Explorer, the Chandra X-Ray Observatory,

XMM-Newton, and NuSTAR. With these observations the spins of roughly 10 BHs

have been estimated to date [8, 16]. To make these estimates the observed spectra,

usually composed of on the order of 10 data points across the relevant frequency

range, are fit with continuum spectrum models. The continuum spectrum depends

on the BH mass and spin as well as the inclination angle, i.e. the angle between the

line of sight and the spin angular momentum of the BH with the assumption that the

angular momentum of the accretion disk is in the same direction or opposite to that

of the BH. In fitting the data there is some degeneracy between these parameters,

but the BH mass and inclination angle can be determined through observations and

modeling of the orbit of the binary. The remaining uncertainty in the estimated spins

comes from observational error, i.e. statistical error (e.g. finite accuracy of telescopes),
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instrumental error (e.g. inaccuracies in calibration of telescopes), and environmental

error (e.g. scattering and absorption by gas and dust), and systematic error due to the

lack of knowledge of the correct model for the accretion disks. Using next generation

telescopes, such as eXTP [34] and a Hitomi successor [35], the observational error

is expected to improve by at least an order of magnitude. With this improvement

and better accretion disk models, it may be possible to use continuum spectrum

observations to not only determine the properties of many more BHs much more

accurately, but to also test GR and place constraints on modified gravity theories.

While the continuum spectrum observation is more suited for studying stellar

mass BHs, observations of the BH shadow are more suited for studying supermassive

BHs. This is due to the size of the shadow, which is only slightly larger than the

size of the BH event horizon. The radius of the event horizon of a stellar mass BH

is on the order of 10 km, while for a supermassive BH the event horizon can have

a radius ranging from 105 to 1010 km. The closest stellar mass BH known is V616

Monocerotis [36] at a distance of about 3000 light-years away. Observing the shadow

of V616 Mono is equivalent to observing a single bacteria cell on the moon. On the

other hand, the closest supermassive BH is Sagittarius A*, the supermassive BH at

the center of our galaxy, at a distance of about 26,000 light-years and a mass of about

4× 106 solar masses [37]. Observing its shadow would be like observing a grapefruit

on the moon, and while this feat is still a difficult undertaking it is certainly much

more attainable than attempting to observe the shadows of stellar mass BHs. Two

other prime candidates for BH shadow observations are the supermassive BHs at

the centers of the galaxies M87 [38] and NGC 1600 [39]. Both of these BHs are more

distant than Sagittarius A*, but their masses are proportionately larger, making their

shadows roughly as difficult to observe.
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The first observations of a BH shadow are expected to come out of the 2017

observing run of The Event Horizon Telescope (EHT) [40]. EHT is a worldwide

collaboration that includes ten different telescopes around the world using the very-

long-baseline interferometry (VLBI) observation method to achieve an observing

resolution of about 10 µas or smaller (roughly equivalent to a golf ball on the moon).

The telescopes that form the collaboration are radio telescopes that observe in the

millimeter and submillimeter wavelengths. Most of the telescopes are large single

aperture telescopes (10 m in diameter or more), such as the Large Millimetre Telescope

(LMT), but a few are arrays of equivalent or smaller telescopes, such as the Atacama

Large Millimeter/submillimeter Array (ALMA). EHT currently makes observations

at the 1.3 mm wavelength, which reduces scattering by gas and dust and allows for the

high angular resolution. VLBI is an interferometry method commonly used in radio

astronomy that allows for telescopes at locations around the world to be treated as a

single large telescope with a diameter equal to the maximum separation between the

individual telescopes [41]. EHT has been making observations for close to a decade,

but the observing run this year, after upgrades made to several of the telescopes and

more telescopes joining the collaboration, has reached a resolution high enough to

produce an image of the shadow. The primary observing targets are Sagittarius A*

and the M87 supermassive BH. With observations of the shadow of these BHs, EHT

should be able to determine their properties and possibly test GR as well.

1.3 Modified Gravity Theories

Einstein’s theory of General Relativity has stood up to scrutiny for over a

century, so one may reasonably ask why so much time and effort is spent on studying

possible modifications to GR or even completely new theories of gravity. The primary

reason for such studies is that there is no reason to prefer GR over other theories
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that also reproduce current observations [42]. All theories of gravity answer two

questions: “How does matter move in the presence of a gravitational field?” and

“How is the gravitational field generated in the presence of matter?”. In Newtonian

dynamics, the first question is answered by Newton’s Second Law and the second

question is answered by Poisson’s equation. In GR, the former is answered through

the equivalence principle, which, simply stated, is the principle that one cannot tell

the difference between a reference frame at rest and one freely-falling in a gravitational

field. The equivalence principle encodes Lorentz invariance as well as the generally

accepted belief that there is no preferred position or reference frame in the universe.

The equivalence principle is discussed in more detail later on in this section. The latter

question is answered in GR through Einstein’s field equations. While Einstein’s field

equations are an elegant solution to the problem of gravity, there is no fundamental

reason why they should be preferred over any other set of equations that describe

gravity.

A second compelling reason for studying other theories of gravity is that we

know GR breaks down in the limit of very strong gravitational fields [42]. GR

is a classical theory, in that it does not incorporate the fundamental principles of

quantum mechanics, and when treated as a complete theory it leads to predictions of

singularities in two important scenarios. In the first, gravitational collapse of gas and

dust, as seen at the end of the lives of massive stars when the fusion processes in the

cores can no longer produce enough energy to counteract gravitational forces, ends

in the formation of a black hole with a singularity at its center [43]. In the second

scenario, the Friedmann equations [44], which describe a homogenous and isotropic

universe in the context of GR, when evolved backwards in time lead to a singularity

at the beginning of time, known as the Big Bang. These singularities are unphysical,

and since they occur in scenarios that are of prime importance for understanding



12

the universe, they are the central focus of many studies in GR and other theories of

gravity. Many modified gravity theories are motivated by attempts to resolve these

issues, as well as other open questions in physics (e.g. the nature of dark energy and

dark matter), or are approximations of more fundamental theories, such as string

theory [45,46].

Since modified gravity theories are developed for a wide range of reasons, one

can expect there to be a wide range of modified gravity theories. In general, these

theories can be categorized by which fundamental aspects of GR they violate [47].

For example, in variable G theories Newton’s gravitational constant is promoted to a

function of the spacetime [48]. This in turn means the laws of gravity are dependent

on spacetime position, which violates the equivalence principle. There are a number

of variable G theories and, in fact, the earliest attempts at modifying GR involved a

modification of the gravitational constant [49]. Another class of theories that is well

studied are massive graviton theories, i.e. theories that predict a massive force carrier

for gravity as opposed to a massless one as assumed in GR [50]. Since gravitons

are massive in these theories the gravitational interaction would propagate at smaller

than light speed. This implies that in massive graviton theories there would be a

delay (possibly detectable) between EM and gravitational signals that are emitted

simultaneously at some source. There are many more theories that modify GR and

each of them are interesting in their own right, but they are far too numerous to

discuss in detail within this dissertation.

In this work I will focus on a particular class of modified gravity theories called

quadratic gravity, and more specifically two theories within the class: dynamical

Chern-Simons (dCS) gravity and Einstein-dilaton-Gauss-Bonnet (EdGB) gravity.

Quadratic gravity theories modify GR by introducing a dynamical scalar field that

couples to curvature squared terms. DCS gravity and EdGB gravity, in particular,
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introduce a scalar field that couples to a curvature invariant, i.e. a scalar that is

a measure of the curvature of spacetime and does not depend on the choice of

coordinates. The invariants in dCS gravity and EdGB gravity are also topological

invariants, i.e. they do not change under homeomorphisms, transformations that

preserve the topological properties of a manifold (a space that locally resembles

Euclidean space), such as whether the boundary conditions of the manifold are

periodic or the number of holes in the manifold. The scalar field in dCS gravity couples

to the Pontryagin invariant, while in EdGB gravity the scalar field couples to the

Gauss-Bonnet invariant. The Pontryagin invariant is related to the first Pontryagin

number and the Gauss-Bonnet invariant is related to the Euler characteristic [51],

where the former is a way to describe how a manifold loops back on itself and the latter

is a way to describe the shape and structure of a manifold. The motivation for such

modifications to GR comes from similar terms that appear in low-energy expansions of

more fundamental theories such as string theory [52,53], theories of inflation [54], and

loop quantum gravity [55, 56]. Since QG comes from low-energy expansions it must

be treated as an effective field theory, i.e. only valid up to some cut-off energy [57,58].

If not treated as effective, instabilities will be generated dynamically [59], rendering

the theory ill-posed.

EdGB gravity and dCS gravity both violate the strong equivalence principle

(SEP) spontaneously [48], i.e. the violation appears in the solutions of the theories

and not at the level of the action describing the theories. The equivalence principle,

described in simple terms at the beginning of this section, comes in three forms with

an increasing strength in the claims made. The weak equivalence principle (WEP),

also known as the Galilean equivalence principle, states that the mass of an object is

proportional to its weight. Another way to state the WEP is that the trajectory of

a freely falling test body, i.e. one not influenced by other forces and small enough to
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not be affected by tidal gravitational forces (caused by varying gravitational forces

across a body), is independent of the internal structure and composition of the body.

The Einstein equivalence principle (EEP) combines the WEP and the statement that

within a freely falling laboratory any local (i.e. not dependent on or influenced by

anything external to the laboratory and small enough to not be affected by tidal

forces) non-gravitational experiment is independent of the velocity (local Lorentz

invariance (LLI)) and position (local position invariance (LPI)) of the laboratory.

The EEP is the equivalence principle referred to at the beginning of this section and

is central to modern gravitational theory, since one can make a strong argument that

gravity is caused by curved spacetime if the EEP is valid (see [60] for a discussion

on the subject). Both the WEP and the EEP are fairly well tested on scales present

in the solar system [60], the WEP more so as tests of local velocity and position

invariance are more difficult.

The SEP extends the claims of the WEP and the EEP. Under the SEP,

the WEP applies to both test bodies and self-gravitating bodies, i.e. bodies that

are held together by internal gravitational forces rather than any other internal

forces. The SEP further adds to the EEP by also applying LLI and LPI to

gravitational experiments. Since the SEP distinguishes itself from the WEP and the

EEP by including self-gravitating bodies and gravitational experiments it becomes

sequentially more difficult to test. This difficulty arises because it is more difficult

to perform experiments on self-gravitating bodies (like the moon) than on small test

bodies and gravitational experiments require high precision instruments due to the

small relative strength of gravity as compared to the EM and nuclear forces. With

that difficulty in mind, tests on the solar system scale have been performed [60], as

well as some tests in regimes of higher gravitational field and spacetime curvature

than found in the solar system [47,61–64].
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In EdGB gravity and dCS gravity, self-gravitating bodies, such as neutron stars

and BHs, induce a scalar field that depends on the composition and internal structure

of the bodies (in dCS gravity these bodies must be rotating to induce a scalar field).

Test bodies will, in principle, also induce a scalar field, but the scalar field will be

negligible because the gravitational curvature created by the test body, which sources

the scalar field, will be very small. In a system with at least two self-gravitating

bodies in orbit the scalar fields of the bodies will interact, in a similar manner to the

magnetic dipole-dipole interaction [65,66]. From this interaction arises a scalar force,

which influences the motion of bodies. Thus, in EdGb gravity and dCS gravity, the

composition and internal structure of freely falling self-gravitating bodies (through

the induced scalar field) affect the motion of the bodies, in turn violating the SEP.

As well as violating the SEP, dCS gravity spontaneously violates parity

invariance. Parity invariance can be thought of as a lack of preference for a right-

handed or left-handed coordinate system, i.e. physics is the same regardless of which

coordinate system is used. A theory that obeys parity invariance is said to have

even-parity, while one that does not has odd-parity. The odd-parity structure of dCS

gravity means that any modifications arise only if there is a directional preference,

e.g. Schwarzschild is a solution in dCS gravity as it is spherically symmetric, but the

Kerr BH metric is not as it is axially symmetric with a preferred direction in the form

of the spin angular momentum. Parity invariance in gravity is very difficult to test

as it requires a system that causes a gravitational effect with a directional preference

that is of comparable strength with the even-parity gravitational effects of the system.

Spinning BHs, particularly rapidly spinning BHs, are well suited for these tests as

the gravitational effects of the spin are in principle observable near the BH [16,42].
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1.4 Tests of General Relativity

In some sense, tests of GR have been going on since the famous observation of

gravitational light deflection by Arthur Eddington in the 1919 solar eclipse. Since

then the motivation behind tests of GR has not changed: to determine whether GR

is the correct description for gravity. The focus of these tests, though, has shifted

from observations on gravitational curvature and strength scales common in the solar

system to scales common near compact objects, like neutron stars and BHs. Tests

within the solar system and using observations of widely separated neutron stars

have consistently reconfirmed that GR is correct on those scales, but tests on scales

near extreme objects have only begun very recently. The first tests in the extreme

gravity regime, i.e. the regime where the non-linear and dynamical nature of gravity

becomes important, were provided by advanced LIGO (aLIGO) [47, 67]. On two

separate occasions in 2016, the LIGO Scientific Collaboration and Virgo Collaboration

announced the detection of gravitational waves, i.e. oscillations in the curvature of

spacetime, produced by binary black hole mergers [68, 69]. Over the next decade or

so, aLIGO will be joined by other gravitational wave detectors, such as advanced

VIRGO [70], KAGRA [71] and pulsar timing arrays [72], as well as EM detectors

that observe neutron stars and BHs, such as NICER [73] and EHT [40]. All of these

devices will help test General Relativity in a regime of gravity that has just begun to

be explored.

There are a number of different types of modified gravity theories with a plethora

of modifications and violations of GR, so one expects there to be a proportionate

amount of possible tests of GR [42, 60]. Observations of the orbital evolution of

binary pulsars probe the effect of gravity on the orbital dynamics of compact objects,

and have already been used to test GR [74]. Gravitational wave signals are modified
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in different ways depending on the type of departure from GR [75]. As discussed

previously, EM radiation originating from accretion disks near BHs is influenced by

the properties of the BH. If these properties include an effect due to a modified gravity

theory, that is something that can in principle be measured. Some modified theories

of gravity can alter the evolution of the early universe [76], which may be observable

in the cosmic microwave background, i.e. the oldest EM radiation from when the

universe first became transparent to light, and in the structure of the universe today.

As both the BH continuum spectrum and BH shadow are strongly dependent

on the spacetime describing the BH, they make for excellent observations to use for

testing GR. As discussed previously, the continuum spectrum is dominated by the

location of the ISCO, which is dependent on the properties of the BH. Modified

gravity theories can also alter the location of the ISCO from that expected in GR

and, in turn, change the observed spectrum [42]. Modifications to GR can also have

an effect on the redshift of light caused by the BH, which will also have an impact

on the spectrum. In GR, BH shadows have a shape that is determined by the spin of

the BH and the inclination angle (BH mass simply scales the size of the shadow). A

modified gravity theory can modify the shape of the BH shadow if BHs in the theory

are not described with the Kerr metric. With observations at high enough resolutions,

the shape of the shadow can be measured and used to test GR and constrain modified

gravity theories [16].

As with all tests of GR, and all observations in general, some complications arise

in placing constraints on modified theories of gravity due to sources of error in the

continuum spectrum and BH shadow observations. Accretion disks are still not well

understood, and while the continuum spectrum observation is strongly dependent on

the properties of the BH, there is still some influence from the properties of the disk.

Systematic error is introduced due to our imperfect knowledge of the correct model
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for accretion disks, which limits the ability of using the continuum spectrum to test

GR. The BH shadow is ideally free of any influence from the disk, but in reality the

variability of the disk can muddy the image of the shadow. Flaring structures and

non-uniformity in luminosity of the disk can distort the shape of the shadow and limit

its usefulness in studying the BH. Techniques have been developed and will be used

to combat these issues [77], but their effectiveness waits to be seen.

1.5 Summary of This Work

Prior to studying a theory in the context of testing GR with BH EM

observations it is important to show that BH solutions within the theory are stable

to perturbations, otherwise they would not be realized in Nature. Until 2013, linear

perturbation analyses had only been carried out in dCS gravity in the context of

gravitational waves [78, 79] and Schwarzschild BHs [80–83]. The study performed in

Chapter 2 expands on this previous work by performing a linear stability analysis of

QG of all perturbation modes on generic backgrounds, concentrating on dCS gravity

and EdGB gravity. In particular, the results show that non-rotating and rotating BH

solutions in these theories are stable to linear perturbations far from the BH.

In the universe there is a tendency for objects to rotate, which is a consequence

of nothing in the universe being perfectly spherically symmetric. This is no less

true for BHs and one expects BHs to have some spin angular momentum. Thus, to

study BHs it is necessary to have a metric that includes spin. In GR, the solution

for an axially symmetric, rotating BH is known as the Kerr metric, as opposed to

the spherically symmetric Schwarzschild metric. In QG theories it is not obvious

how to find exact analytic solutions, and so most BH solutions that have been found

to this point are either numerical or approximate. The approximate nature of the

latter solutions is two-fold: a small-coupling approximation, as these theories must
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be treated as effective, and a slow-rotation approximation, which is only necessary

in practice to be able to attain a solution. Due to its parity-violating nature, dCS

gravity has the Schwarzschild BH as a solution [84], while EdGB gravity does not

and instead has a modified solution found in [85]. BH solutions to linear-order-in-spin

were found for dCS gravity and EdGB gravity in [86] and a quadratic-order-in-spin

solution was found for dCS gravity in [57]. Chapter 3 uses the same method outlined

in [57] to find a quadratic-order-in-spin solution in EdGB gravity and studies the

properties of the new solution.

When beginning work on testing GR with the continuum spectrum and BH

shadow, the question arose of how to deal with the approximate nature of the BH

solutions in dCS gravity and EdGB gravity. One has to ask whether the approximate

solutions would introduce systematic uncertainty in any attempts to place constraints

on these theories. In an attempt to answer this, Chapter 4 presents a study on

the uncertainty introduced in extracting physical parameters from EM observations

when using an approximate BH solution in GR. The results, while only applicable to

approximate solutions in GR or any theory that has the Kerr solution, does suggest

that approximate solutions in modified theories of gravity do not introduce significant

systematic error.

The penultimate work of this dissertation is presented in Chapter 5, and aims to

determine whether or not it is possible to use BH continuum spectrum observations

to place constraints on dCS gravity and EdGB gravity and test GR. The continuum

spectrum is calculated for rotating BHs in dCS gravity and EdGB gravity, and

compared against the spectrum for a Kerr BH in GR. The results show that while

current X-Ray telescopes do not have the sensitivity to place better-than-current

constraints on either theory, next generation telescopes may be able to place better

constraints on EdGB gravity using continuum spectrum observations of BHs at masses
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smaller than about 8 solar masses. Better constraints cannot be placed on dCS

gravity, even with next generation telescopes, primarily because the non-rotating

part of the BH solution is not modified from GR.

In the Conclusion, I will summarize the results detailed throughout this

dissertation, discuss the implications of said results, and point to possible future

avenues of research.

Throughout, the following conventions are used: the metric signature (−,+,+,+)

is used; Latin letters in index lists stand for spacetime indices; parenthesis and

brackets in index lists stand for symmetrization and antisymmetrization, respectively,

i.e. A(ab) = (Aab + Aba)/2 and A[ab] = (Aab − Aba)/2; we use geometric units with

G = c = 1 (e.g. 1M� becomes 1.477 km by multiplying by G/c2 or 4.93 × 10−6 s

by multiplying by G/c3), except where otherwise noted. Note that the notation and

formatting of the original published/submitted works has been slightly modified in

an attempt to remain consistent throughout this dissertation.
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Abstract

We study the linear stability of dynamical, quadratic gravity, focusing on two
particular subclasses (the even parity sector, exemplified by Einstein-dilaton-Gauss-
Bonnet gravity, and the odd parity sector, exemplified by dynamical Chern-Simons
gravity) in the high-frequency, geometric optics approximation. This analysis is
carried out by studying gravitational and scalar modes propagating on spherically-
symmetric and axially-symmetric, vacuum solutions of the theory and finding the
associated dispersion relations. These relations are solved in two separate cases (the
scalar regime and the gravitational wave regime, defined by requiring the ratio of the
amplitude of the perturbations to be much greater or smaller than unity) and found
in both cases to not lead to exponential growth of the propagating modes, suggesting
linearly stability. The modes are found to propagate at subluminal and superluminal
speeds, depending on the propagating modes’ direction relative to the background
geometry, just as in dynamical Chern-Simons gravity.

2.1 Introduction

Ever since its conception in 1915, Einstein’s theory of General Relativity (GR)

has held up to numerous experimental tests stretching across a wide range of areas.

These tests include Solar System observations, such as the perihelion precession of

Mercury, as well as binary pulsar observations, such as the orbit period decay of

the Hulse-Taylor pulsar [60, 87]. In the next couple of decades, these tests and

observations will be extended by data from next-generation gravitational wave (GW)

detectors [75,81,88–106] (for a recent review of GR tests with ground-based detectors,

see [45]). These observations will extend into the strong-field regime of gravity, where

the gravitational field is non-linear and dynamical, precisely where tests are currently

lacking.

Strong-field tests of gravity have implications to a large range of areas in physics

and astrophysics. For example, modified gravity theories that attempt to quantize

gravity usually break gravitational parity invariance [52, 53, 55, 56]. Gravitational
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parity breaking modifies the geometry of spinning black holes (BHs) [57, 107] and

the propagation of GWs in these backgrounds [79, 92, 94, 100, 106]. Constraining

such a departure from the Kerr geometry of GR in the strong-field regime will place

constraints on the coupling constants of such theories. These constraints are expected

to be orders of magnitude stronger than those one can achieve with Solar System

observations.

A recently studied class of modified theories is quadratic gravity (QG) [85]. This

class departs from GR by adding a dynamical field coupled to all possible curvature

squared terms to the Einstein-Hilbert action. The motivation for these modifications

comes from similar terms appearing in string theory in a low-energy expansion after

compactifying to four-dimensions [52,53], effective field theories of inflation [54], and

loop quantum gravity coupled to fermions [55,56]. Since QG derives as a low-energy

expansion of more fundamental theories, it should be viewed as an effective field

theory, valid up to a cut-off energy scale above which cubic and higher-order curvature

invariants cannot be neglected [57,58]. If one does not treat the theory as effective and

exceeds the cutoff, ghosts and other instabilities will be non-linearly generated [59],

rendering the theory ill-posed.

Two of the more popular QG theories are dynamical Chern-Simons (dCS)

gravity [108] and Einstein-dilaton-Gauss-Bonnet (EdGB) gravity. In the former, the

field couples to the Pontryagin invariant, while in the later it couples to the Gauss-

Bonnet invariant. Because of this, dCS gravity is a parity-violating theory, and thus,

non-spinning BHs are not modified because they are parity-even. Spinning BHs, of

course, are not parity-even and do acquire corrections [57, 107, 109]. BHs in generic

QG are different from those in GR already at the non-spinning level [85], and of

course also at the spinning level [86].
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For these QG theories to be physically appealing, the BH solutions described

above must be stable to perturbations. An instability would imply that BHs generated

in gravitational collapse would actually not be realized in Nature, if the instability

timescale is short enough. QG is obviously linearly stable on a flat background, as

higher-order derivatives only arise due to the excitation of the scalar field, which is

in turn sourced by the Riemann tensor. A more meaningful test is the study of linear

perturbations about solutions to QG that have non-trivial curvature. Such a test was

performed on dCS gravity on a Schwarzschild background in [80–83]. Similar studies

were carried out in the context of gravitational radiation in [78,79], but a systematic

study of all perturbation modes on generic backgrounds was lacking until now.

In this paper, following the classic work of Isaacson’s [110], we perform a linear

stability analysis on QG in the high-frequency, geometric optics approximation. We

concentrate on two particular subclasses of this theory: the even parity sector,

exemplified by EdGB gravity, and the odd parity sector, exemplified by dCS gravity.

We use the high-frequency, geometric optics approximation because to study how

perturbative modes or waves propagate on a given background spacetime, the

wavelength of the modes has to be much shorter than the curvature length of the

background. If this is not the case, the separation of background and wave is ill-

defined [110]. This approximation is sometimes called WKB and is in fact used in

many fields, including electromagnetism, quantum mechanics, plasma physics and

hydrodynamics.

We here derive general dispersion relations valid for an arbitrary background

in modified quadratic gravity, focusing on the even and odd parity sectors. We

evaluate these relations on non-spinning [85] and spinning [86] BH backgrounds that

are solutions in these theories. In the odd parity case, we extend the results of [82]

by considering spinning BH backgrounds. We consider two particular perturbative
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regimes: a scalar-dominated and a GW-dominated regime, depending on whether the

amplitude of the scalar perturbation is much larger or smaller than the amplitude of

the GW perturbation. Our results show that these QG theories are linearly stable in

both regimes and for both spherically symmetric and axially symmetric backgrounds

in the far field (at distances much farther than the GW wavelength). The speed of

coupled gravitational/scalar modes, in the regime where the scalar field perturbation

dominates the metric perturbation, is different from that of light, subluminal and

superluminal modes, just as in dCS gravity. We argue that this is a generic feature

of these theories.

The remainder of this paper presents the mathematical details that back up

these results. Section 2.2 gives a brief summary of QG, including the modified field

equations. Section 2.3 outlines the linear stability analysis that is performed and

computes the perturbed field equations. Section 2.4 finds the dispersion relations

needed to analyze the stability of waves within QG and outlines how we study these

dispersion relations for a set of examples. Section 2.5 studies the solution of the

dispersion relations for non-spinning [85] and spinning [86] BH spacetimes. Section 2.6

concludes by summarizing the results, discussing the implications of said results, and

pointing to future possible research.

We will here use the following conventions: we use the metric signature

(−,+,+,+); Latin letters in index lists stand for spacetime indices; parenthesis and

brackets in index lists stand for symmetrization and antisymmetrization, respectively,

i.e. A(ab) = (Aab + Aba)/2 and A[ab] = (Aab − Aba)/2; we use geometric units with

G = c = 1.
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2.2 Quadratic Gravity

QG can be described by an action containing all possible quadratic, algebraic

curvature scalars with running (i.e. non-constant) couplings [85]

S ≡
∫
d4x
√
−g
{
κR + α1f1(ϑ)R2 + α2f2(ϑ)RabR

ab + α3f3(ϑ)RabcdR
abcd

+α4f4(ϑ)Rabcd
∗Rabcd − β

2
[∇aϑ∇aϑ+ 2V (ϑ)] + Lmat

}
. (2.1)

Here, g stands for the determinant of the metric gab. R, Rab, Rabcd, and ∗Rabcd are

the Ricci scalar, Ricci tensor, and the Riemann tensor and its dual, respectively, with

the latter defined as

∗Ra
bcd =

1

2
ε ef
cd Ra

bef , (2.2)

and εabcd the Levi-Civita tensor. The quantity Lmat is the external matter Lagrangian,

ϑ is a field, fi(ϑ) are functionals of this field, (αi, β) are coupling constants, and

κ = 1/(16π). We assume that all quadratic terms are coupled to the same field.

All other quadratic curvature terms are linearly dependent, such as the Weyl tensor

squared. Terms proportional to derivatives of the curvature can be integrated by

parts to obtain the action shown above.

QG contains some well-studied specific theories. For example, (α1, α2, α3, α4) =

(αEdGB,−4αEdGB, αEdGB, 0) and (f1, f2, f3, f4) = (eϑ, eϑ, eϑ, 0) correspond to EdGB

gravity, where αEdGB is the EdGB coupling constant and ϑ is the dilaton. Another

example is (α1, α2, α3, α4) = (0, 0, 0, αdCS/4) and (f1, f2, f3, f4) = (0, 0, 0, ϑ), which

corresponds to dCS gravity, where αdCS is the dCS coupling parameter and ϑ is the

dCS (axion-like) field. EdGB gravity is constrained most strongly by low-mass X-ray

binary observations,
√
|αEdGB| < 1.9× 105cm [111], which is six orders of magnitude

stronger than Solar System bounds [112]. The proposed bound on EdGB with future
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GW observations is discussed in [79, 111], where the authors show that space-borne

GW interferometers, such as eLISA [113] and DECIGO [114], should be able to place

stronger constraint than the bound mentioned above. On the other hand, dCS theory

is most strongly constrained from Solar System [115] and table-top experiments [57],√
|αdCS| < 1013 cm, while again future GW observations will allow much stronger

constraints [106].

In dynamical QG fi(ϑ) is some function of the dynamical scalar field ϑ, with

potential V (ϑ). We assume ϑ is at the minimum of the potential and thus Taylor

expand fi(ϑ) = fi(0) + f ′i(0)ϑ+O(ϑ2) about small perturbations from the minimum

(assumed here to be at zero), where fi(0) and f ′i(0) are constants. The ϑ-independent

terms, proportional to fi(0), lead to a theory with a minimally coupled field, where

the latter does not interact with the curvature invariants. In the dCS and the EdGB

cases, these invariants are topological, and the fi(0) terms do not modify the field

equations. Since we will here concentrate on these theories, the fi(0) are irrelevant

and will be neglected. Instead, we concentrate on on the f ′i(0) terms, which can be

modeled by letting fi(ϑ) = ciϑ. Reabsorbing the constants ci = f ′i(0) into αi, such

that αifi(ϑ)→ αiϑ, the field equations are then [79,85]

Gab +
α1

κ
H(ϑ)
ab +

α2

κ
I(ϑ)
ab +

α3

κ
J (ϑ)
ab +

α4

κ
K(ϑ)
ab =

1

2κ

(
Tmat
ab + T

(ϑ)
ab

)
, (2.3)

where

T
(ϑ)
ab = β

[
∇aϑ∇bϑ−

1

2
gab (∇cϑ∇cϑ− 2V (ϑ))

]
(2.4)
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is the scalar field stress-energy tensor and

H(ϑ)
ab ≡− 4∇(aϑ∇b)R− 2R∇(a∇b)ϑ+ gab (2R∇c∇cϑ+ 4∇cϑ∇cR)

+ ϑ

[
2RabR− 2∇a∇bR−

1

2
gab
(
R2 − 4�R

)]
, (2.5)

I(ϑ)
ab ≡−∇(aϑ∇b)R− 2∇cϑ

(
∇(aRb)c −∇cRab

)
+Rab∇c∇cϑ− 2Rc(a∇c∇b)ϑ

+ gab
(
∇cϑ∇cR +Rcd∇c∇dϑ

)
+ ϑ

[
2RcdRacbd −∇a∇bR +�Rab +

1

2
gab
(
�R−RcdR

cd
)]
, (2.6)

J (ϑ)
ab ≡− 8∇cϑ

(
∇(aRb)c −∇cRab

)
+ 4Racbd∇c∇dϑ

− ϑ
[
2
(
RabR− 4RcdRacbd +∇a∇bR− 2�Rab

)
− 1

2
gab
(
R2 − 4RcdR

cd
)]
,

(2.7)

K(ϑ)
ab ≡ 4∇cϑε d

c e(a∇eRb)d + 4∇d∇cϑ
∗R c d

(a b) . (2.8)

Variation of the action with respect to ϑ yields the scalar field equations

β�ϑ− βdV
dϑ

= −α1R
2 − α2RabR

ab − α3RabcdR
abcd − α4Rabcd

∗Rabcd. (2.9)

2.3 Linear Stability Analysis

We study the modified field equations in perturbation theory, decomposing the

full, spacetime metric into

gab = ḡab + ξ′gMab + εhGR

ab + εξ′hQG

ab +O(ε2, ξ′2) (2.10)
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and the full scalar field into

ϑ = ξ′1/2ϑ̄+ εξ′1/2δϑ+O(ε2, ξ′). (2.11)

ḡab is a stationary GR solution, gMab is a stationary, QG modification to this solution,

and hGR
ab and hQG

ab are GR and QG perturbations away from these (background)

solutions ḡab + ξ′gMab . ϑ̄ is a stationary solution to the unperturbed field equations

and δϑ is a small perturbation away from this background field. The book-keeping

parameters ε and ξ′ denote the order of the perturbation and QG effect respectively.

In particular, the latter denotes the order in the coupling parameter ξ ≡ α2
i /(βκ),

which appears frequently in QG theories.

All quantities computed in this paper will depend on gab and ϑ, such as the

Riemann tensor, and thus, they can be also decomposed into

A =
∑
n,m

εnξ′m/2A(n,m), (2.12)

where A(n,m) is assumed independent of ε and ξ′. With this decomposition, ḡab,

gMab , h
GR
ab , hQG

ab , ϑ̄ and δϑ can be written as g(0,0), g(0,2), g(1,0), g(1,2), ϑ(0,1) and ϑ(1,1),

respectively. For conventional reasons and ease of reading, however, we will continue

to decompose the metric and the scalar field as in Eqs. 2.10 and 2.11. Henceforth, we

work to leading order in ε and ξ′.

We consider a background metric ḡab + ξ′gMab that is a vacuum solution to the

modified field equations to leading order in ξ′. A trivial example of such a solution

is the Minkowski spacetime (in this case, the ξ′ perturbation vanishes), while more

complicated ones are the BH spacetimes found in [85] and [86]. In this paper, we will

work with a generic background metric ḡab + ξ′gMab and only later specialize to these
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BH solutions. The solutions have been shown to actually represent slowly-rotating

BHs and not naked singularities in [85,116].

We seek plane-wave solutions to the perturbed metric and scalar field of the

form

hab = Aab(t, x
j)eiφ(t,xk)/εφ , (2.13)

δϑ = B(t, xj)eiφ(t,xk)/εφ . (2.14)

We further impose the geometric optics approximation, where we require that the

phase φ varies much faster than the amplitudes (Aab, B). This is enforced by requiring

that the geometric optics, order-counting parameter εφ be much smaller than unity.

With the above ansatz, we are also restricting this analysis to steady-state solutions,

hence the scalar field and metric perturbation have the same phase.

The modified field equations and equation of motion for the scalar field can now

be expanded trivariately in ε << 1, ξ′ << 1, and εφ << 1. The dominant term in

the expansion will be O(ε, ξ′, ε−2
φ ). We will discard all higher order terms, and thus,

our analysis will not be valid in the non-linear regime ξ′ ∼ 1 by construction.

2.3.1 Perturbed Scalar Field Equations

The only non-vanishing contribution to the expansion of the left-hand side of

the scalar field evolution equation [Eq. 2.9] to O(ε, ξ′) is

(�ϑ)(1,1) =�̄δϑ− habGR∇̄a∇̄bϑ̄−
1

2
ḡab[ḡcd(∂ah

GR

bd + ∂bh
GR

da − ∂dhGR

ab )

− hcdGR(∂aḡbd + ∂bḡda − ∂dḡab)]∂cϑ̄

=�̄δϑ+O(ε−1
φ ). (2.15)
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∇̄a and �̄ denote the covariant derivative and D’Almbertian operator associated with

ḡab, respectively. We are only keeping leading-order terms in εφ and so only terms

proportional to second derivatives of a perturbation are kept in the last equality.

The right-hand side of Eq. 2.9 depends on the Riemann tensor which, when

expanded about a given background, is given by [117]

Rabc
d = R̄abc

d − 2∇̄[a|C
d
b]c + 2Ce

c[a|C
d
b]e. (2.16)

R̄abc
d is the Riemann tensor associated with ḡab. A similar definition applies to R̄ab

and R̄. The tensor field Cc
ab is defined as

Cc
ab =

1

2
gcd(∇̄agbd + ∇̄bgad − ∇̄dgab). (2.17)

Using Eq. 2.16, the only non-vanishing contribution to the expansion of the

right-hand side of Eq. 2.9 to O(ε, ξ′0) depends on

(RabcdR
abcd)(1,0) = 4R̄abcd∇̄a∇̄ch

GR

bd +O(ε−1
φ ), (2.18)

(Rabcd
∗Rabcd)(1,0) = 2R̄abcdε̄

cdef∇̄a∇̄eh
b
f,GR +O(ε−1

φ ), (2.19)

(RabR
ab)(1,0) = 0, (2.20)

(R2)(1,0) = 0 . (2.21)
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We are only considering vacuum solutions, so the background Ricci tensor R̄ab and

scalar R̄ both vanish. Thus, there is no perturbation to the Ricci tensor and scalar

squared to the order considered.

Using Eqs. 2.15, 2.18, 2.19, 2.20, and 2.21 in Eq. 2.9, we find the perturbed

scalar field equations to leading order in the geometric optics approximation

β�̄δϑ = −2R̄abcd

(
2α3∇̄a∇̄chbdGR + α4ε̄

cdef∇̄a∇̄eh
b
f,GR

)
. (2.22)

Let us now separate the even and odd-sectors of QG theories. That is, we now

specialize to the even-parity subclass of theories with (α3, α4) = (α3, 0) and the odd-

parity subclass of theories with (α3, α4) = (0, α4). Defining the four-dimensional

wave-vector ka = (∂aφ)/εφ, and noting that ∂dh
GR
ab = hGR

ab kd to leading order in εφ, the

perturbed scalar field equations are then

(δϑ3)kak
a = −4R̄abcdhGR

bd kakc, (2.23)

(δϑ4)kak
a = −2R̄abcdε̄

cdefhbf,GRk
ake, (2.24)

where we have rescaled the background scalar field and its perturbation via

ϑ̄A =
αA
β
ϑ̄A, (2.25)

δϑA =
αA
β
δϑA , (2.26)

with A = 3 or 4. Equation 2.24 matches the perturbed scalar field equation for dCS

modified gravity found in [82], while Eq. 2.23 is new. The main difference between

these two equations is in the appearance of the Levi-Civita tensor associated with
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the background GR metric in the right-hand side (source) of Eq. 2.24. This shows

clearly that dCS gravity excites modifications to the spectrum of perturbations only

for parity-odd backgrounds.

2.3.2 Perturbed Gravitational Field Equations

Let us first analyze the right-hand side of Eq. 2.3. Recall we are only considering

vacuum solutions and so Tmat
ab vanishes. The scalar field stress-energy tensor T

(ϑ)
ab only

depends on first derivatives of the scalar field. Thus, T
(ϑ)
ab goes as ε−1

φ to lowest order

in εφ. The left-hand side of Eq. 2.3 has terms that depend on the second derivatives of

the scalar field, which go as ε−2
φ . Only keeping lowest-order terms in εφ, the right-hand

side of Eq. 2.3 is then zero.

Before analyzing the left-hand side of Eq. 2.3, let us first make some simpli-

fications. As before, the background Ricci scalar and tensor vanish, since we are

only considering vacuum solutions. The O(1, 0) Ricci scalar and tensor also vanish,

because they are proportional to �̄hGR
ab , which vanishes because hGR

ab must satisfied

the O(1, 0) perturbed (Einstein) field equations without a source.

With these simplifications, the perturbed field equations are

κ

4

(
ḡcdR̃acbd + gcdM R̃acbd

)
=− α3

[
R̃acbd∇̄c∇̄dϑ̄+ R̄acbd∇̄c∇̄d (δϑ)

]
− α4

[
∗R̃(a|c|b)d∇̄d∇̄cϑ̄+ ∗R̄ c d

(a b) ∇̄d∇̄c (δϑ)
]
, (2.27)
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where R̃abcd = R
(1,0)
abcd + ξ′R

(1,2)
abcd . The perturbed Riemann and its dual, as well as the

contraction of the GR background metric with the perturbed Riemann, are

R̃acbd =
(
h̃[c|dk|a]kb − h̃[c|bk|a]kd

)
, (2.28)

∗R̃(a|c|b)d =
1

2
ε̄ ef

(a|d

(
h̃cek|b)kf − h̃|b)ekckf

)
, (2.29)

ḡcdR̃acbd =
1

2
h̃abkck

c. (2.30)

As with the perturbed Riemann, h̃ab = h
(1,0)
ab + ξ′h

(1,2)
ab .

Let us now specialize the analysis by again separating the even-parity and odd-

parity sectors of QG. We thus use the expansions for the scalar field in Eqs. 2.25

and 2.26 and the following rescaling the modified and perturbed metric:

gMA
ab = ξAg

MA
ab , (2.31)

h̃Aab = h
A(1,0)
ab + ξ′Ah

A(1,2)
ab , (2.32)

where A = 3 or 4. The even- and odd-parity perturbed field equations, those

proportional to only α3 and α4, are then

h̃3
abkck

c =− 8ξ3R̄acbd (δϑ3) kckd − 8ξ3R̃
3
acbd∇̄c∇̄dϑ̄3 − 2ξ3g

cd
M3
R̃3
acbd, (2.33)

h̃4
abkck

c =− 8ξ4
∗R̄(a|c|b)d (δϑ4) kckd − 8ξ4

∗R̃4
(a|c|b)d∇̄c∇̄dϑ̄4 − 2ξ4g

cd
M4
R̃4
acbd , (2.34)

where R̃A
acbd denotes the perturbed Riemann proportional to h̃Acd, with A = 3 or 4.
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2.4 Dispersion Relations

We now combine the perturbed scalar and gravitational field equations to obtain

dispersion relations in both the even- (EdGB) and odd-parity (dCS) sectors of QG.

To achieve this goal, one needs to first replace hGR
ab in Eqs. 2.23 and 2.24 with h̃ab.

This is justified because the difference between hGR
ab and h̃ab is of O(ξ′), and thus,

it does not affect the final result to the working order. Using the perturbed field

equations, together with Eqs. 2.33 and 2.34, we find the dispersion relations

(kak
a)2 =32ξ3R̄

abcdR̄bedfkakck
ekf +

32ξ3

(δϑ3)
R̄abcdR̃3

bedfkakc∇̄e∇̄f ϑ̄3

+
8ξ3

(δϑ3)
R̄abcdR̃3

bedfkakcg
ef
M3
, (2.35)

in the even-parity sector and

(kak
a)2 =16ξ4ε̄

cdef R̄ b
a cd
∗R̄(b|g|f)hk

akek
gkh +

16ξ4

(δϑ4)
ε̄cdef R̄ b

a cd
∗R̃4

(b|g|f)hk
ake∇̄g∇̄hϑ̄4

+
4ξ4

(δϑ4)
ε̄cdef R̄ b

a cdR̃
4
bgfhk

akeg
gh
M4
. (2.36)

in the odd-parity sector. We immediately notice that these relations are not quite

dispersion relations because the right-hand side depend on the perturbations. In a

slight abuse of nomenclature, however, we will continue to refer to them as dispersion

relations [118].

We can simplify these relations by rewriting the GR background Riemann tensor

in terms of the GR background Weyl tensor C̄abcd, since the GR background considered

is vacuum. Let us then define the tensors W̄ab and S̄ab in analogy with the electric
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and magnetic parts of the background Weyl tensor

W̄ac = C̄abcdk
bkd, (2.37)

S̄ac = ∗C̄abcdk
bkd =

1

2
ε ef
cd C̄abefk

bkd. (2.38)

Note that a further contraction of S̄ac or W̄ac with ka or kc vanishes due to symmetry.

The dispersion relations in terms of these tensors become

(kak
a)2 =32ξ3(W̄ ab)(W̄ab) + 32ξ3

(W̄ ab)

(δϑ3)
R̃3
acbd∇̄c∇̄dϑ̄3

+ 8ξ3
(W̄ ab)

(δϑ3)
gcdM3

R̃3
acbd, (2.39)

in the even-parity sector and

(kak
a)2 =32ξ4(S̄ab)(S̄ab) + 32ξ4

(S̄ab)

(δϑ4)
∗R̃4

acbd∇̄c∇̄dϑ̄4

+ 8ξ4
(S̄ab)

(δϑ4)
gcdM4

R̃4
acbd, (2.40)

in the odd-parity sector. Note that when ξ3 and ξ4 vanish, the dispersion relations

are both null, returning the GR result as expected.

The dispersion relations in Eqs. 2.39 and 2.40 depend on the amplitude of the

incident scalar and gravitational wave. Therefore, in order to make analytic progress,

we will define two different perturbative regimes: one in which the magnitude of the

scalar perturbation dominates over the magnitude of the metric perturbation (the

scalar regime), and another one in which the opposite is true (the GW regime). To

achieve this, let us treat the perturbation to the metric as a GW, and decompose it
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into + and × polarizations:

Aab ≡ A+e
+
ab + A×e

×
ab ≡ A+,×e

+,×
ab . (2.41)

which clearly only affects the magnitude of the perturbation. In what follows, we

define and study each of these perturbative regimes in more detail.

Physically, whether a perturbed black hole will be in scalar or GW regime

depends on the particular type of perturbation considered. For example, consider

the case where the perturbations are generated from the quasi-circular inspiral of

two black holes into each other (that are far away from the background black hole

that is being perturbed). In this case, [79] computed the far-zone perturbations

both in the even and odd parity sectors of quadratic gravity. They found that

Beven ∼ (M/DL)v12, while Bodd ∼ (M/D)v4
12χ, where M is the total mass of the

binary, DL is the luminosity distance from the binary’s center of mass to the field

point (in this case, the location of the background black hole), v12 is the magnitude

of the orbital velocity of the binary and χ is the dimensionless magnitude of the spin

angular momenta of either black hole binary component.

To determine which regime dominates, these scalar amplitudes are to be

compared with the amplitude of the GR gravitational wave metric perturbation,

which is simply A+,× ∼ (M/D)v2
12. We then see that, in this example, Beven � A+,×

(scalar regime) but Bodd � A+,× (GW regime), because during the inspiral v12 � 1.

Of course, this is just an example, since in general, the magnitude of A+,× and B will

depend on the particular system considered (e.g. during a supernovae, B and A+,×

will have a different scaling). Thus, to determine whether one is in one regime or the

other, the particular scenario that is producing the perturbation must be carefully

analyzed.
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2.4.1 Scalar Regime

Let us define the scalar regime as that in which the amplitude of the scalar field

perturbation is much larger than the amplitude of the metric perturbation, i.e.

B � A+,× . (2.42)

In this limit the second and third terms in each dispersion relation is dominated

by the first term giving the following dispersion relation:

(kak
a)2 = 32ξA(S̄ab)(S̄ab) , (2.43)

where A = 3 or 4. This relation has been obtained using the identity SabS
ab =

WabW
ab, which is only valid to leading order in ξ′ (see Appendix A for a full

discussion). Notice that this relation is the same for both parity-sectors (with the

obvious change of coupling constant). Notice also that, in the scalar-regime, the

perturbations disappear from the right-hand side, and thus, Eq. 2.43 is actually a

true dispersion relation.

In the dCS case, the general dispersion relation of Eq. 2.40 reduces to that of

Eq. 2.43 with A = 4 when the GR background is spherically symmetric. This is

because in that case the background scalar field vanishes ϑ̄4 = 0, since the source to

the scalar evolution equation also vanishes. This then implies that the dCS correction

to the GR background metric also vanishes gM4
cd = 0, since there is no scalar field to

source a modification. One then sees that the second and third lines of Eq. 2.40

vanish identically, reducing to Eq. 2.40. This agrees with the findings of [82].
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Already at this stage, we can make some interesting observations about

the modified dispersion relations in the scalar regime. For any Petrov type D

spacetime [119],

S̄ac = ∗C̄abcdk
bkd = λkakc , (2.44)

for some constant λ, assuming ka is a principal null direction of the Weyl tensor.

It follows then that S̄abS̄
ab = λ2(kak

a)2 = O(ξ′2) for such spacetimes, because

kak
a = O(ξ′), since hGR

ab satisfies the linearized Einstein equations. Thus, the

modified dispersion relation in Eq. 2.43 reduces to the GR expression. In particular,

background GR spacetimes that represent BHs, such as the Schwarzschild and Kerr

metrics, are Petrov type D with principal null directions in the radial direction.

Therefore, it follows that for radial modes propagating in such BH backgrounds,

QG leads to the same dispersion relation as GR [118].

A trivial generalization of the above result is that the modified dispersion

relations reduce to the GR one for any Petrov type N spacetime with waves

propagating along the null directions of the Weyl tensor. This follows from the fact

that for such spacetimes, C̄abcdk
c = 0 [119].

2.4.2 GW Regime

Let us define the GW regime as that in which the amplitude of the metric

perturbation is much larger than the amplitude of the scalar field perturbation, i.e.

B � A+,× (2.45)
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In this limit the second and third terms in the dispersion relations dominate, and one

finds

(kak
a)2 = 16ξ3

A3
+,×

B3

W̄ abe+,×
ab kckd∇̄c∇̄dϑ̄3 + 4ξ3

A3
+,×

B3

W̄ abe+,×
ab kckdg

cd
M3
, (2.46)

in the even-parity sector and

(kak
a)2 = 16ξ4

A4
+,×

B4

S̄abε̄ ef
ad e+,×

be kckf∇̄c∇̄dϑ̄4 + 4ξ4

A4
+,×

B4

S̄abe+,×
ab kckdg

cd
M4
, (2.47)

in the odd-parity sector. The 3 and 4 indices on A+,× and B denote that they are

the amplitude or wave tensor associated with h3 and ϑ3, or h4 and ϑ4, respectively.

2.5 Propagation Speed in BH Backgrounds

The dispersion relations we found in the previous section can be solved to find

the speed of propagating modes in a specific background that is a solution to QG. To

do so we parameterize the four wave-vector as

ka ≡ [Ω, k1, k2, k3] (2.48)

and solve Eq. 2.43 or Eqs. 2.46 and 2.47 for Ω.

2.5.1 Scalar Regime

The dispersion relations in the scalar regime only depend on the GR background

so the Schwarzschild and Kerr metrics can be used for non-spinning and spinning BHs,

respectively. Moreover, recall that the dispersion relations are the same for the even-

(EdGB) and odd-parity (dCS) sectors of QG, with the obvious change of coupling

constant.
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2.5.1.1 Non-spinning BH background Let us first concentrate on a Schwarzschild

background in Schwarzschild coordinates (t, r, θ, φ). Keeping only the lowest-order in

ξ′ correction, one finds

ΩQG,χ0 = ΩSchw

[
1± 12M3

r3
ζ

1/2
A

(
1− k2

1

ΩSchw
2f 2

)]
. (2.49)

Here ζA = ξA/M
4, M is the physical BH mass defined in terms of the “bare” mass

M0 as M = M0 [1 + (49/80) ζA], f = 1− 2M/r, and the GR dispersion result is

ΩSchw = ± 1

f

√
k2

1 + fr2k2
2 + fr2 sin2(θ)k2

3. (2.50)

Notice that there are four independent solutions because the dispersion relations in

Eqs. 2.39 and 2.40 are quartic polynomials in Ω. This matches the result found in [82]

for dCS gravity, as expected. Interestingly, we find the same exact GW speed for the

EdGB case, modulo the coupling constant. This stems from the identity in Appendix

A.

Note when dealing with an ingoing or outgoing spherical wavefront (k2,3 = 0),

there is no QG correction. This is because the QG modification to the propagation

speed is proportional to the difference (Ω2
Schw − k2

1), which identically vanishes when

k2,3 = 0. Therefore, in the far zone limit (a distance much farther than the GW

wavelength), where any GW observations would be made and all waves approach a

spherical wavefront, the four distinct solution of Eq. 2.49 degenerate into the GR

prediction exactly. Thus, distinguishing a GR BH from a QG BH based on wave

speed would be impossible.

2.5.1.2 Spinning BH Let us now concentrate on a Kerr background, expanded

to O(χ2) with χ ≡ a/m, where a is the Kerr spin parameter and m is the physical
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BH mass. Keeping only the lowest-order in ξ′ correction, one finds

Ω = ΩQG,χ0 + χ ΩQG,χ1 + χ2 ΩQG,χ2, (2.51)

where ΩQG,χ0 is the solution in the non-spinning case, already given in Eq. 2.49. ΩQG,χ1

and ΩQG,χ2 are O(χ) and O(χ2) corrections, respectively, which are given by

ΩQG,χ1 = ΩKerr,χ1

[
1− 12M2

r2
ζ

1/2
A

]
, (2.52)

ΩQG,χ2 = ΩKerr,χ2 + ζ
1/2
A Ω∆, χ2, (2.53)

where

ΩKerr,χ1 =± 2M2k3 sin2(θ)

rf
, (2.54)

ΩKerr,χ2 =± M2

2r2f 2 (ΩSchwf)

[
ΩSchw

2f 2 cos2(θ)

(
1− 4M

r

)
− k2

1 + k2
3r

2f sin4(θ)

]
,

(2.55)

Ω∆, χ2 =± 6M5

r5f 2 (ΩSchwf)

[(
1− k2

1

ΩSchw
2f 2

)
(2.56)

×
(
k2

1 − k2
3r

2f sin4(θ)− 2D∓ΩSchw
2f 2 cos2(θ)

)
+E

(
2ΩSchw

2f 2 sin2(θ) + 4k2
3r

2f sin2(θ)
)]
, (2.57)

D− = M
r

, D+ = (1− M
r

), E = −1 for the D− case and E = +1 for the D+ case. Here

(t, r, θ, φ) are standard Boyer-Lindquist coordinates. The result in GR is

ΩGR = ΩSchw + χ ΩKerr,χ1 + χ2 ΩKerr,χ2. (2.58)
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We can once again analyze this solution in the far field limit, where waves are

essentially radial (k2,3 = 0). As in the non-spinning BH background case, the QG

correction that is χ-independent identically vanishes, as also does the linear-in-χ

correction. However, at O(χ2) the QG modification does not vanish. The correction

is

Ω∆, χ2(k2,3 = 0) = ∓12

(
M

r

)5

k1 sin2(θ) +O
(
M6

r6

)
, (2.59)

and

ΩKerr,χ2(k2,3 = 0) = ∓1

2

(
M

r

)2

k1 sin2(θ) +O
(
M3

r3

)
. (2.60)

Notice again that the four independent solutions of Eq. 2.51 degenerate into two

independent solution in the far-field limit. Notice also that the QG correction decays

much faster with distance from the BH, and, in turn, will be a much weaker effect

in the far zone compared to the GR term. Thus, even in the spinning BH case,

the effect produced by QG on the wave speed would be essentially impossible to

distinguish from the GR prediction.

2.5.2 GW Regime

For simplicity we only analyze radial waves (k2,3 = 0) in the far-zone regime. In

this regime, the polarization tensor is simple [120]. The background scalar field and

QG modification to the metric are given in [85] and [86] for the non-spinning and

spinning cases, respectively. In this case, however, recall that the dispersion relations

are different for the even- and odd-parity sectors of QG.

2.5.2.1 Non-spinning BH Let us first consider the odd-parity (dCS) case. For

non-spinning backgrounds, the background scalar field is zero, and thus, the

background QG modification also vanishes. As before, then, the QG modification

to the dispersion relation vanishes in the far-zone and we have Ω = ΩGR = ±k1.
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In the even-parity (EdGB) case, however, the background scalar-field does not

vanish. However, expanding the solution in the far-zone we still find that it reduces to

the GR solution Ω = ΩGR = ±k1. This is because the source term to the modifications

of the dispersion relation scale with a high power of 1/r, even higher than in the

scalar regime. Thus, just as in the latter, radial waves propagating in the far-zone

are indistinguishable from the GR prediction.

2.5.2.2 Spinning BH For spinning BH backgrounds, both the odd-parity dCS

and the even-parity EdGB background scalar fields are non-vanishing, thus sourcing

a QG correction to the background metric. However, when expanding the solution in

the far-zone, the speed of the propagating modes reduces exactly to the GR prediction

Ω = ΩGR = ±k1, to leading order in M/r and irrespective of whether one considers a

plus or a cross-polarized wave.

We can see this phenomenon clearly in the O(χ2) term of the solution to the

dispersion relation. Such a correction enters first at O(M2/r2), and thus, to leading

order in M/r it must be discarded. Notice that this is true regardless of whether

one considers the even- or odd-parity dispersion relations. We thus conclude that

the speed of propagating modes in QG is the same when considering spinning and

non-spinning BH backgrounds, and in both cases identical to the GR prediction in

the far-field.

2.6 Conclusion

In this paper, we have studied the linear stability to high-frequency perturbations

of certain background solutions in the far-zone. We focused on perturbations of

non-spinning [85] and spinning [86] BHs, expanding on previous work by including

spinning BH backgrounds. We started by considering generic QG theories, but soon
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after specialized to even-parity and odd-parity subclasses of QG theories. We derived

dispersion relations in these two subclasses and solved them in two special regimes:

the scalar-dominated and GW-dominated regimes, defined by whether the amplitude

of the scalar to the GW perturbations is much larger or smaller than unity. In all

cases, we find that the speed of propagating modes is not equal to that of light, but

rather faster or slower, depending on the direction of incidence. These GR corrections,

however, are too weak to be measurable by Earth-bound detectors due to its rapid

radial fall off.

Our work extends all previous work on metric and scalar perturbations in dCS

gravity. In addition to the work in [82], Motohashi and Suyama [83] have performed

a perturbation analysis of this theory assuming a spherically symmetric background

spacetime and using a spherical harmonic decomposition. They found that all modes

propagate at the speed of light if the background scalar field vanishes. If one takes

the high-frequency limit of their analysis, their wave ansatz corresponds to a spherical

wavefront, and our result automatically reduce to theirs (and also those of [82]). It

would be interesting to extend the analysis of [83] to see if any ghost mode exists in

QG assuming a spherically symmetric background.

We have omitted a full analysis of the dispersion relations in the GW regime,

Eqs. 2.46 and 2.47, on the backgrounds that we studied. The dispersion relations are

directly dependent on the amplitudes of the metric and scalar field perturbations. Due

to this dependence, it is not obvious whether the scalar and GWs will be generically

stable. The analysis we carried out in the far field, however, suggests there are no

imaginary terms in the solution and so the waves should be stable, but it is possible

that taking this limit suppresses imaginary terms.

Our stability analysis was performed only to linear order in ε and εφ. Instabilities,

if they exist, commonly are found at higher than linear order in the perturbation.
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Another possible extension would be to perform a stability analysis to second or even

higher order in ε and εφ. However, going to higher order in ξ′ would not be possible,

without including terms of higher order in the curvature in the quadratic action.
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Abstract

We derive a stationary and axisymmetric black hole solution in Einstein-Dilaton-
Gauss-Bonnet gravity to quadratic order in the ratio of the spin angular momentum
to the black hole mass squared. This solution introduces new corrections to previously
found nonspinning and linear-in-spin solutions. The location of the event horizon and
the ergosphere are modified, as well as the quadrupole moment. The new solution is
of Petrov type I, although lower order in spin solutions are of Petrov type D. There
are no closed timelike curves or spacetime regions that violate causality outside of
the event horizon in the new solution. We calculate the modifications to the binding
energy, Kepler’s third law, and properties of the innermost stable circular orbit. These
modifications are important for determining how the electromagnetic properties of
accretion disks around supermassive black holes are changed from those expected in
general relativity.

3.1 Introduction

The mass of Sagittarius A* (Sgr A*), the supermassive black hole in the center

of the Milky Way galaxy, is known to about 10% uncertainty [122, 123]. Due to

past technological limitations, mass was the only property that could be inferred

from the observation of the orbital motion of nearby stars. The next generation of

upgrades to telescopes used in very long baseline interferometers will allow for the

determination of other important properties, such as the location of the event horizon

and the innermost stable circular orbit (ISCO) from observations of the black hole

(BH) shadow and accretion disk, respectively [124–135]. One other property that we

wish to infer is whether Sgr A* satisfies the so-called Kerr hypothesis, i.e. that the

massive compact objects at the center of galaxies are Kerr BHs. The Kerr metric

is the external spacetime of a vacuum, stationary, and axisymmetric BH in general

relativity (GR) [136–141]. Modified theories of gravity that may or may not satisfy

the Kerr hypothesis, and thus, observations of Sgr A* allow us to test them.
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A modified gravity theory that does not satisfy the Kerr hypothesis is Einstein-

dilaton-Gauss-Bonnet (EdGB) gravity. EdGB modifies the Einstein-Hilbert action

through a dynamical scalar field coupled to the Gauss-Bonnet invariant. BHs in

EdGB are not described by the Schwarzschild or Kerr metric, and thus, this theory

violates the Kerr hypothesis. Instead, BHs acquire corrections that modify important

properties, such as the location of the event horizon and the ISCO, relative to the

Kerr expectation. EdGB is a well-motivated theory, for example arising from a four-

dimensional compactification and low-energy expansion of heterotic string theory,

wherein the scalar field is the dilaton [48,142]. In this context, EdGB should be viewed

as an effective field theory valid up to a cutoff energy scale above which higher order

operators cannot be neglected. If the theory is not treated as effective, instabilities

can be nonlinearly generated [59], which would render the theory ill posed.

Numerical solutions for rapidly rotating BHs in EdGB gravity have been found

in [143–146], but did not treat EdGB as an effective field theory. Early analytic BH

solutions in theories motivated by string theory were found and studied in [147–150].

More recently, analytic BH solutions in EdGB gravity were found in [85, 86]. Our

work focuses on purely analytic solutions. Reference [85] found an exact, stationary

and spherically symmetric solution that represents nonspinning BHs. Reference [86]

found an approximate, stationary and axisymmetric solution that represents a slowly

rotating BH to leading order in the ratio of the spin angular momentum to the

BH mass squared. In both cases, the EdGB metrics differed from the Kerr one by

modifying certain key properties of BH spacetimes, such as the location of the event

horizon and ergosphere. Nonetheless, both solutions were found to be of Petrov type

D, just as the Kerr metric.

In this paper, we find an approximate, slowly rotating BH solution in EdGB

gravity to quadratic order in the ratio of the spin angular momentum to the BH
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mass squared. To derive this solution, we use a new BH perturbation theory

method [151, 152], first employed in [57] in the context of modified gravity theories.

We treat the second-order-in-spin correction to the EdGB metric as a perturbation

away from the leading-order-in-spin one of [86]. The perturbation then satisfies a

system of differential equations that we decouple through a tensor spherical harmonic

decomposition. We finally verify the solution by reinserting it into the field equation

and using symbolic manipulation software. Both here and in [85, 86], we work in

a small-coupling approximation, i.e. we assume the EdGB modifications to GR are

small and controlled by a dimensionless coupling constant. Such an approximation

is consistent with the fact that EdGB is an effective theory, derived from a leading

order truncation in the couplings of a more fundamental theory. Thus, its action and

associated field equations are only valid to leading order in the coupling.

We then use this solution to study properties of the spacetime. First, we

establish that the new solution truly represents a black hole, i.e. that it contains

a singularity that is hidden inside an event horizon, and we compute the shift in

the location of the event horizon and the ergosphere. Such a study was not possible

with the linear-in-spin solution of [86], since it requires quadratic-in-spin corrections

to the metric. Second, we show that no closed timelike curves exist and that the

signature of the metric does not flip outside of the event horizon. This helps justify

the perturbative construction of the solution, as small GR deformations should not

lead to large modifications in the causal structure of spacetime. Third, we find

that the quadratic-order-in-spin corrections force the new solution to be of Petrov

type I. This is in contrast to black hole solutions in GR and the nonspinning and

linear-in-spin black hole solutions in [85] and [86], all of which are of Petrov type

D. Knowledge of the Petrov type may aid in the construction of analytic black hole

solutions that are rapidly spinning. Finally, we study the behavior of test particles in
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orbit around the new EdGB black hole, by obtaining corrections to the orbital binding

energy, the angular momentum, the orbital frequency, and the ISCO frequency, and

we compute the deformation to the quadrupole moment of the spacetime. All of this

could aid in constraining EdGB observationally in the future with electromagnetic [42]

or gravitational wave observations [48].

The remainder of this paper presents the details pertaining to these results.

Section 3.2 gives a brief summary of EDGB gravity. Section 3.3 first describes the

approximation scheme used to find BH solutions and then describes the solutions

found in [85] and [86] and the new solution found in this paper. Section 3.4 studies

the basic properties of the new solution, such as the location of the event horizon

and ergosphere. Section 3.5 discusses the properties associated with particles in orbit

around the BH, such as the ISCO and curves of zero velocity. Section 3.6 concludes

by summarizing the results, discussing the observational implications, and proposing

possible future research.

Throughout we use the following conventions: the metric signature (−,+,+,+);

latin letters in index lists stand for spacetime indices; parentheses and brackets in

index lists for symmetrization and antisymmetrization, respectively, i.e. A(ab) =

(Aab − Aba)/2 and A[ab] = (Aab − Aba)/2; geometric units with G = c = 1.

3.2 EDGB Gravity

This theory is defined by the action

S ≡
∫
d4x
√
−g
{
κR + αeϑ

[
R2 − 4RabR

ab +RabcdR
abcd
]

−β
2

[∇aϑ∇aϑ+ 2V (ϑ)] + Lmat

}
. (3.1)
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Here, g stands for the determinant of the metric gab. R, Rab, and Rabcd are the Ricci

scalar, Ricci tensor, and the Riemann tensor. Lmat is the external matter Lagrangian.

ϑ is a field and V (ϑ) is an additional potential. (α, β) are coupling constants, and

κ = 1/(16π). For convenience, we define a dimensionless parameter

ζ =
α2

κβM4
, (3.2)

where M is the typical mass of the system.

We assume ϑ is small, otherwise eϑ becomes large which effectively rescales

the coupling constant α to large values and the theory will no longer be effective.

Moreover, a large value of eϑ would lead to a large modification to GR, which has been

ruled out by weak-field tests. Assuming small ϑ, we Taylor expand eϑ = 1+ϑ+O(ϑ2)

and note the ϑ-independent terms are irrelevant, ie. they lead to a theory identical to

GR because the Gauss-Bonnet invariant is a topological invariant. The field equations

are then

Gab +
α

κ
D(ϑ)
ab =

1

2κ

(
Tmat

ab + T
(ϑ)
ab

)
, (3.3)

where

T
(ϑ)
ab = β

[
∇aϑ∇bϑ−

1

2
gab (∇cϑ∇cϑ− 2V (ϑ))

]
(3.4)

is the scalar field stress-energy tensor and

D(ϑ)
ab ≡ −2R∇a∇bϑ+ 2 (gabR− 2Rab)∇c∇cϑ

+ 8Rc(a∇c∇b)ϑ− 4gabR
cd∇c∇dϑ

+ 4Racbd∇c∇dϑ. (3.5)
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Notice that the field equations remain of second-order. Variation of the action with

respect to ϑ yields the scalar field equation

β�ϑ− βdV
dϑ

= −α
(
R2 − 4RabR

ab +RabcdR
abcd
)
. (3.6)

Before proceeding, we must make a choice for the potential V (ϑ). If we chose a

nonzero potential, usually a mass for the scalar field would be generated, rendering

the field short ranged. But EDGB has a shift symmetry (ϑ→ ϑ+const) and theories

with such a symmetry do not allow mass terms, rendering the field long ranged.

Henceforth, we choose V (ϑ) = 0.

3.3 Rotating Black Hole Solutions

We use two approximation schemes as set out in [57] to obtain a slowly rotating

BH solution in EdGB gravity at quadratic order in spin. To find the second-order-

in-spin solution we use the non-spinning and linear in spin solutions found by [85]

and [86], respectively.

3.3.1 Approximation schemes

Following [107], we consider stationary and axisymmetric BH solutions in EdGB

gravity with small coupling (ζ � 1) and slow rotation (χ� 1). Throughout M is the

mass of the BH, a ≡ J/M where J is the magnitude of the spin angular momentum of

the BH, so that χ ≡ a/M is dimensionless. The small-coupling approximation treats

EdGB modifications as small perturbations to the GR solution.

In the small-coupling approximation, we can expand the full metric as

gab = g
(0)
ab + α′2g

(2)
ab +O(α′4), (3.7)
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where α′ is a bookkeeping parameter that labels the order of the small-coupling

approximation, with g
(n)
ab ∝ αn. In the above equation, g

(0)
ab is the full Kerr metric,

while g
(2)
ab is a deformation of the GR metric to leading order in α′. Notice, therefore,

that in the GR limit (α → 0 or ζ → 0), the full metric reduces exactly to the Kerr

metric.

We will here work in Boyer-Lindquist-like coordinates (t, r, θ, φ), so that we can

work with the Kerr metric in the form

ds2
K =−

(
1− 2Mr

Σ

)
dt2 − 4Mar sin2 θ

Σ
dtdφ+

Σ

∆
dr2

+ Σdθ2 +

(
r2 + a2 +

2Ma2r sin2 θ

Σ

)
sin2 θdφ2, (3.8)

with ∆ ≡ r2 − 2Mr + a2 and Σ ≡ r2 + a2 cos2 θ.

In the slow-rotation approximation, one can reexpand the ζ-expanded metric of

Eq. 3.7. The Kerr metric, for example, can be expanded in the familiar form

g
(0)
ab =g

(0,0)
ab + χ′g

(1,0)
ab + χ′2g

(2,0)
ab +O(χ′3), (3.9)

where χ′ is another bookkeeping parameter that labels the order of the slow-rotation

approximation. The quantity g
(0,0)
ab is here the Schwarzschild metric, while g

(1,0)
ab and

g
(2,0)
ab are χ′ perturbations. In this paper, we will expand the GR deformation g

(2)
ab in

the slow-rotation approximation as follows

α′2g
(2)
ab = α′2g

(0,2)
ab + χ′α′2g

(1,2)
ab + χ′2α′2g

(2,2)
ab +O(α′2χ′3), (3.10)

where note that g
(i,j)
ab ∝ χiαj. Such an expansion is justified from the previous work

in [85,86]. Even though we find the GR deformation g
(2)
ab in a slow-rotation expansion,
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the Kerr metric part of the full metric can be kept in full χ′-unexpanded form when

working on astrophysical applications.

We will also expand the scalar field as follows

ϑ = α′
[
ϑ(0,1) + χ′ϑ(1,1) + χ′2ϑ(2,1)

]
+O(α′χ′3). (3.11)

Note that the leading-order term is proportional to α, as must be the case from

Eq. 2.9. There is no O(α′2) term and we have neglected terms of O(α′3) as they do

not affect the metric perturbation at O(α′2).

3.3.2 BH solutions to O(α′2χ0) and O(α′2χ′)

Yunes and Stein found that to O(α′2χ′0) [85]

ϑ(0,1) =
α

β

2

Mr

(
1 +

M

r
+

4

3

M2

r2

)
(3.12)

and the only nonvanishing terms in g
(0,2)
ab is

g
(0,2)
tt =− ζ

3

M3

r3

[
1 +

26M

r
+

66

5

M2

r2
+

96

5

M3

r3
− 80M4

r4

]
, (3.13)

g(0,2)
rr =− ζ

f 2

M2

r2

[
1 +

M

r
+

52

3

M2

r2
+

2M3

r3
+

16

5

M4

r4
− 368

3

M5

r5

]
, (3.14)

where f = 1 − 2M
r

and ζ = α2

βκM4 , with M the BH mass. This mass is the physical

mass, ie. that which an observer at infinity would measure for example by observing

the motion of stars in orbit around this BH.
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Pani et al. found that at O(α′2χ′) the scalar field has no correction [86]. The

only nonvanishing term in g
(1,2)
ab is

g
(1,2)
tφ =

3

5
ζMχ

M3 sin2 θ

r3

[
1 +

140

9

M

r
+

10M2

r2
+

16M3

r3
− 400

9

M4

r4

]
. (3.15)

3.3.3 BH solutions at O(α′2χ′2)

3.3.3.1 Scalar field The right-hand side of Eq. 2.9 is proportional to α and thus,

the Gauss-Bonnet invariant need only be expanded toO(α′0). Thus, we can substitute

the Kerr solution and expand in powers of χ′, noting the first two terms, R2 and

RabR
ab, vanish and we are left with the Kretchmann scalar

RabcdR
abcd =

48M2

r6
− 1008χ2M4 cos2 θ

r8
+O(χ′4). (3.16)

The Gauss-Bonnet invariant is a parity even quantity, and as such, it can only depend

on even powers of χ′. Thus, ϑ(n,1) = 0 for all odd n.

Expanding �ϑ to O(α′χ′2) and solving Eq. 2.9 we find

ϑ(2,1) = − αχ2

2βMr

[
1 +

M

r
+

4

5

M2

r2
+

2

5

M3

r3
+

28

5

M2 cos2 θ

r2

(
1 +

3M

r
+

48

7

M2

r2

)]
.

(3.17)

Our result matches that found in [86].

3.3.3.2 Metric tensor We can rewrite the expansion of the metric in Eq. 3.10

as gab = g
(0,0)
ab + hab where hab is a metric perturbation away from the Schwarzschild

solution. Let us further expand hab as

hab = χ′g
(1,0)
ab + χ′2g

(2,0)
ab + α′2g

(0,2)
ab + χ′α′2g

(1,2)
ab + χ′2α′2g

(2,2)
ab . (3.18)
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The Einstein tensor can then be expanded as

Gab = G
[0]
ab +G

[1]
ab +G

[2]
ab +G

[3]
ab +O(h4), (3.19)

where the superscript in square brackets counts the power of hab that appears in each

expression. The Schwarzschild metric satisfies the vacuum Einstein equations, and so

the first term G
[0]
ab vanishes.

We can split the O(α′2χ′2) part of the Einstein tensor into two terms

G
(2,2)
ab = G

[1]
ab

(
g

(2,2)
ab

)
+G

[2]
ab

(
g

(1,0)
ab , g

(2,0)
ab , g

(0,2)
ab , g

(1,2)
ab

)
+G

[3]
ab

(
g

(1,0)
ab , g

(0,2)
ab

)
, (3.20)

where the first term depends on the unknown g
(2,2)
ab and the second term depends on

the known g
(1,0)
ab and g

(1,2)
ab only. At O(α′2χ′2) the field equations can then be rewritten

as

G
[1]
ab

(
g

(2,2)
ab

)
= S

(2,2)
ab , (3.21)

where the source term is simply

S
(2,2)
ab ≡−G[2]

ab

(
g

(1,0)
ab , g

(2,0)
ab , g

(0,2)
ab , g

(1,2)
ab

)
−G[3]

ab

(
g

(1,0)
ab , g

(0,2)
ab

)
− 4

[α
κ
Racbd∇c∇dϑ

](2,2)

+
1

2κ
T

(ϑ) (2,2)
ab . (3.22)

In this form, the field equations resemble the equations of BH perturbation

theory [151, 152]. We can interpret G
[1]
ab

(
g

(2,2)
ab

)
as the linear part of the Einstein

tensor built from an unknown perturbation g
(2,2)
ab in a Schwarzschild background g

(0,0)
ab .

Since the source term S
(2,2)
ab can be computed exactly, we can use Schwarzschild BH

perturbation theory tools to solve for g
(2,2)
ab .



60

As outlined in [151, 152], we decompose the metric perturbation g
(2,2)
ab and the

source term S
(2,2)
ab in tensor spherical harmonics. We need only consider the even-

parity sector of the metric perturbation, as terms of O(α′2χ′2) are obviously parity

even. The even-parity sector only contains seven independent metric components.

We only consider stationary and axisymmetric solutions, which further reduces the

independent components to five as well as allowing us to focus only on the m = 0

mode in the decomposition. We are left with two gauge degrees of freedom, which we

fix by using the Zerilli gauge [153]. These conditions leave three independent degrees

of freedom, which are used to parametrize the metric perturbation as

g
(2,2)
ab =

∑
`

[
f(r)H0`0(r)a

`0(0)
ab +

1

f(r)
H2`0(r)a`0ab +

√
2K`0(r)g`0ab

]
. (3.23)

and the source term

S
(2,2)
ab =

∑
`

[
A

(0)
`0 (r)a

`0(0)
ab + A`0(r)a`0ab +B`0(r)b`0ab +G

(2)
`0 (r)g`0ab + F`0(r)f `0ab

]
, (3.24)

where f(r) = 1 − 2M/r is the Schwarzschild factor and [a
`0(0)
ab , a`0ab, b

`0
ab, g

`0
ab, g

`0
ab] are

tensor spherical harmonics defined in Appendix B. The radial functions A
(0)
`0 (r),

A`0(r), B`0(r), G
(s)
`0 (r), and F`0(r) can be obtained by decomposing the source S

(2,2)
ab

in tensor spherical harmonics, and they are presented explicitly in Appendix B, being

non-vanishing only for ` = 0 and ` = 2.

The metric, radial functions [H0`0, H2`0, K`0] are to be determined by solving

the expanded modified field equations [Eq. 3.21]. The decomposition turns these

equations into a system of coupled ordinary differential equations [151,152]:

−A(0)
`0 =f 2d

2K`0

dr2
+

1

r
f

(
3− 5M

r

)
dK`0

dr
− 1

r
f 2dH

`0
2

dr
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− 1

r2
f
(
H`0

2 −K`0

)
− `(`+ 1)

2r2
f
(
H`0

2 +K`0

)
, (3.25)

−A`0 =− r −M
r2f

dK`0

dr
+

1

r

dH`0
0

dr
+

1

r2f

(
H`0

2 −K`0

)
+
`(`+ 1)

2r2f

(
K`0 −H`0

0

)
, (3.26)

rf√
`(`+ 1)/2

B`0 =f
d

dr

(
H`0

0 −K`0

)
+

2M

r2
H`0

0 +
1

r

(
1− M

r

)(
H`0

2 −H`0
0

)
, (3.27)

√
2G

(s)
`0 =f

d2K`0

dr2
+

2

r

(
1− M

r

)
dK`0

dr
− f d

2H`0
0

dr2
− 1

r

(
1− M

r

)
dH`0

2

dr

− r +M

r2

dH0`0

dr
+
`(`+ 1)

2r2

(
H`0

0 −H`0
2

)
, (3.28)

H`0
0 −H`0

2

2
=

r2F`0√
`(`+ 1)(`− 1)(`+ 2)/2

. (3.29)

In Eqs. 3.25, 3.26, and 3.28, ` can take the values 0 or 2, but in Eqs. 3.27 and 3.29 `

can only equal 2.

There is one remaining gauge freedom in the ` = 0 mode, which we will use to

further simplify Eqs. 3.25-3.29. After imposing stationarity and axisymmetry, there

are three independent variables associated with the ` = 0 mode. One of these leads to

a redefinition of the spherical areal radius. We set K00 = 0 to eliminate this variable.

To solve the system of differential equations in Eqs. 3.25-3.29 we start by solving

Eq. 3.25 for H200. Equations 3.26 and 3.28 can then be solved for H000. With

H000 and H200, the ` = 2 functions can be found, H0`0, H2`0, and K`0. The full

solution is presented in Appendix B. Each function is a sum of a homogeneous and

inhomogeneous piece, with the former containing integration constants. We choose
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these constants by requiring (1) that the metric be asymptotically flat at spatial

infinity, and (2) that the mass and (magnitude of the) spin angular momentum

associated with the new solution is given by M and Ma, as measured by an observer

at spatial infinity.

The metric at O(α′2χ′2) is then

g
(2,2)
tt =− 4463

2625
ζχ2M

3

r3

[(
1 +

M

r
+

27479

31241

M2

r2
− 2275145

187446

M3

r3
− 2030855

93723

M4

r4

−99975

4463

M5

r5
+

1128850

13389

M6

r6
+

194600

4463

M7

r7
− 210000

4463

M8

r8

)(
3 cos2 θ − 1

)
− 875

8926

(
1 +

14M

r
+

52

5

M2

r2
+

1214

15

M3

r3
+

68M4

r4
+

724

5

M5

r5

−11264

15

M6

r6
+

160

3

M7

r7

)]
, (3.30)

g(2,2)
rr =− ζ χ

2

f 3

M3

r3

[
4463

2625

(
1− 5338

4463

M

r
− 59503

31241

M2

r2
− 7433843

187446

M3

r3
+

13462040

93723

M4

r4

−7072405

31241

M5

r5
+

9896300

13389

M6

r6
− 28857700

13389

M7

r7
+

13188000

4463

M8

r8

−7140000

4463

M9

r9

)(
3 cos2 θ − 1

)
− r

2M

(
1− M

r
+

10M2

r2
− 12M3

r3
+

218

3

M4

r4

+
128

3

M5

r5
− 724

15

M6

r6
− 22664

15

M7

r7
+

25312

15

M8

r8
+

1600

3

M9

r9

)]
, (3.31)

g
(2,2)
θθ =− 4463

2625
ζχ2M

3

r3

(
1 +

10370

4463

M

r
+

266911

62482

M2

r2
+

63365

13389

M3

r3
− 309275

31241

M4

r4

−81350

4463

M5

r5
− 443800

13389

M6

r6
+

210000

4463

M7

r7

)
r2
(
3 cos2 θ − 1

)
, (3.32)

g
(2,2)
φφ =g

(2,2)
θθ sin2 θ. (3.33)
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where all other metric components are zero. We have checked explicitly that

this solution satisfies the field equations (Eq. 2.3) to O(α′2χ′2) using symbolic

manipulation software.

3.3.3.3 Accuracy of the approximate solution The approximate solution we

derived in the previous subsections is valid only when ζ � 1, where recall that ζ

is proportional to the coupling constants of EdGB theory. For this reason, it should

be clear that as ζ → 0, then EdGB theory reduces to GR, and the approximate

black hole solution derived in the paper reduces identically to the Kerr metric. To

be precise, when ζ → 0, then the O(χ0) GR deformations in Eqs. 3.13 and 3.14

vanish, the O(χ) deformation in Eq. 3.15 vanishes and the new, O(χ2) deformations

in Eqs. 3.30-3.33 vanish, reducing the metric in Eq. 3.7 to the Kerr metric. Recall

also that an expansion in ζ � 1 is valid because EdGB theory must be treated as an

effective theory, as explained in the Introduction.

The approximate solution here derived is also clearly only valid when χ � 1,

but how large a value of χ can the solution tolerate without incurring an error larger

than some tolerance τ? The only precise way to find this maximum value would

be to compare the O(χ2)-accurate metric to a numerical, exact solution, like those

of [143–146]. Lacking those numerical solutions, all we can do is estimate the error

from the next terms expected in the χ� 1 series. From the structure of the solution,

we have here neglected terms of O(χ3) in the (t, φ) component of the metric and

O(χ4) in the diagonal components of the metric. More precisely, the terms neglected

in the approximate solution should be of the form χ3f(r)S(θ) and χ4g(r)T (θ). From

the study of black holes in dynamical Chern-Simons gravity [111], we expect f(r)T (θ)

and g(r)S(θ) to be of order unity on the horizon and at the equator, where they will

acquire their largest numerical values. Given this, requiring that the neglected terms
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be smaller than some threshold τ , one expects the approximate solution to be valid

up to roughly

χ . τ 1/3 , and χ . τ 1/4 (3.34)

for the (t, φ) and diagonal components of the metric, respectively. For concreteness,

if one picks τ = 10%, then a/M . 0.46 and a/M . 0.56 respectively.

We can carry out such an accuracy analysis explicitly in the case of the scalar

field. This is because one can systematically solve Eq. 2.9 order by order in χ, to find

higher-order-in-χ corrections, which we present in Appendix C. The error in ϑ due to

not including terms of O(χ4) and higher is then largest at the event horizon, where

it reduces to

ϑ(4,1) + ϑ(6,1) + ϑ(8,1) = −α
β

(
9

40
χ4 +

91

384
χ6 +

25

112
χ8

)
. (3.35)

As expected, notice that the leading-order error in χ is of the form predicted above,

i.e. a term of order unity (9/40 in this case) times χ4. We can evaluate Eq. 3.35 as a

function of χ to find the value of the spin at which the error equals some tolerance

τ . Doing so, and setting β = α for this estimate, we find

χ .
23/451/4

31/2
τ 1/4

[
1− 455

1296

51/2

21/2
τ 1/2 +O(τ)

]
, (3.36)

where we expanded in the small tolerance parameter τ � 1. If we set τ = 10%, we

then find χ . 0.67, which is consistent with the estimate presented above.
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3.4 Properties of the Solution

3.4.1 Singularity, horizon, and ergosphere

The spacetime solution we have found has a true singularity at r = 0. We

determined this by calculating the Kretchmann invariant RabcdR
abcd:

RabcdR
abcd =48

M2

r6

(
1− 21a2 cos2 θ

r2

)
− 32ζ

M3

r7

(
1 +

1

2

M

r
+

72M2

r2
+

7M3

r3
+

64

5

M4

r4

−840M5

r5

)
− 428448

875
ζ
M4

r8
χ2

(
1 +

104315

80334

M

r
+

593165

281169

M2

r2
− 6239885

160668

M3

r3

−3108445

80334

M4

r4
− 5959775

80334

M5

r5
+

22532275

40167

M6

r6
+

97300

4463

M7

r7
− 105000

4463

M8

r8

)
×
(
3 cos2 θ − 1

)
+ 16ζ

M3

r7
χ2

(
1 +

1

2

M

r
+

122

3

M2

r2
+

19

3

M3

r3
+

2453

3

M4

r4

+
272

3

M5

r5
+

3338

15

M6

r6
− 255056

15

M7

r7
+

80M8

r8

)
. (3.37)

Note that this quantity clearly diverges only at r = 0 in these coordinates.

This metric also possesses an event horizon, i.e. a null surface generated by null

geodesic generators. Since the normal to the surface nµ must itself be null, event

horizons must satisfy the horizon equation [116]

gµν∂µF∂νF = 0 , (3.38)

where F (xα) is a level surface function such that nµ = ∂µF . Using that the spacetime

is stationary, axisymmetric, and reflection symmetric about the poles and the equator,

the level surfaces can only depend on radius. Without loss of generality, we then let

F (xα) = r − rH, where F = 0 defines the horizon location. This then forces Eq. 3.38

into grr = 0, which is nothing but gttgφφ − g2
tφ = 0 [154]. Solving this equation, we
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find

rH = rH,K −
49

40
ζM − 277

960
ζMχ2 , (3.39)

with rH,K = M + (M2− a2)1/2 the Kerr result. Our results agree to O(χ0) with those

of Yunes and Stein [85]. Notice that the O(χ2) corrections act to further shrink the

event horizon relative to its Kerr analogue.

The location of the ergosphere can be found by solving gtt = 0 for r. We find

rergo = rergo,K −
49

40
ζM − 277

960
ζMχ2

(
1− 850

277
sin2 θ

)
, (3.40)

with the ergosphere in Kerr given by rergo,K = M + (M2 + a2 cos2 θ)1/2. Notice that

this time the O(χ2) term does not have a definite sign, but can either act to shrink

or enlarge the ergosphere, depending on the latitude angle θ.

Note that our choice of homogeneous integration constants in computing the

metric depends on how we choose to define the mass M and the reduced spin angular

momentum a. We choose to define these quantities as measured by an observer at

infinity, which leads to the metric presented in Sec. 3.3.3.2. The angular velocity and

area of the event horizon become modified with these definitions

ΩH ≡ −
gtt
gtφ

∣∣∣
r=rH

= ΩH,K

(
1 +

21

20
ζ

)
, (3.41)

AH ≡ 2π

∫ π

0

√
gθθgφφ|r=rHdθ = AH,K

[
1− 49

40
ζ

(
1 +

19

98
χ2

)]
, (3.42)

where ΩH,K = a/
(
r2

H,K + a2
)

and AH,K = 4π(r2
H,K+a2) are the horizon’s angular velocity

and area for the Kerr metric.
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3.4.2 Lorentz signature

If the Lorentzian signature of the metric is not preserved outside the horizon,

our perturbative construction is not well justified. We show here that the signature is

preserved for a small coupling constant. We denote the determinant of the new metric

as g and the determinant of the Kerr metric as gK ≡ −r2 sin2 θ (r2 + a2 cos2 θ)+O(χ′3).

The determinant of the metric is then given by

g

gK

=1 +
M2

r2
χ2 cos2 θ − ζM

2

r2

(
1 +

8

3

M

r
+

14M2

r2
+

128

5

M3

r3
+

48M4

r4

)
+

1

2
ζ
M2

r2
χ2

(
1 +

8284

875

M

r
+

13546

525

M2

r2
+

874372

18375

M3

r3
− 1422

175

M4

r4
+

26234

147

M5

r5

−1120M8

r8

)
− 8926

875
ζ
M3

r3
χ2

(
1 +

19865

8926

M

r
+

323804

93723

M2

r2
− 106915

8926

M3

r3

−103475

31241

M4

r4
− 205425

4463

M5

r5
+

618800

4463

M6

r6
− 735000

4463

M7

r7

)
cos2 θ. (3.43)

The correction terms fall off rapidly as r →∞, so it is important to look at the

signature of g/gK at the horizon rH

g

gK

= 1 +
1

4
χ2 cos2 θ − 361

120
ζ

[
1− 731411

7075600
χ2

(
1− 1420033

731411
cos2 θ

)]
. (3.44)

Notice that the term in square brackets is always positive, so the ζ correction is

always negative, which could be a problem for a sufficiently large value of the coupling

constant. The correction is at a maximum when χ = 0, which means the signature

flip does not take place as long as ζ . 0.33. The strongest current constraints on

EdGB come from low-mass x-ray binary observations,
√
|α| < 1.9 × 105cm [111].

Setting β = 1 and using a very low-mass BH with M = 5M�, this constraint implies

ζ . 0.2. We then see that current constraints already exclude the region of parameter

space in which a Lorentz signature flip could occur. Of course, if the BH mass is small
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enough, then ζ will become larger, as it scales with m−4, but then the small-coupling

approximation would break down.

3.4.3 Closed timelike curves

Closed timelike curves, if they exist, can be found by solving for the region where

gφφ < 0. The explicit form of gφφ was already presented in Eq. 3.33, where we see

that the corrections fall off rapidly as r−3 relative to the Kerr value of this metric

component. Thus, the corrections are largest at the horizon rH, where

gφφ = 4M2 sin2 θ

{
1− 1

4
χ2 cos2 θ − 49

40
ζ

[
1− 102673

180075
χ2

(
1− 2041527

821384
cos2 θ

)]}
.

(3.45)

The sign of the correction terms depend on the spin, but for small spin the χ0 term

dominates and the correction is always negative. In this case, we see that ζ > 0.8 for

gφφ to vanish. As already argued, such values of ζ are excluded by current constraint

for realistic BH masses, and thus, closed timelike curves do not occur.

3.4.4 Multipolar structure

Following Thorne [155], the multipole moment can be read off by transforming

the metric to asymptotically Cartesian and mass-centered (ACMC) coordinates.

In these coordinates the multipole moments are defined in a spacetime region

asymptotically far from the source. To find the quadrupole moment, the coordinate

transformation to ACMC must be done such that gtt and gij at O(r−2) do not contain

any angular dependence. In these coordinates, gtt for a stationary and axisymmetric

spacetime can be written as

gtt = −1 +
2M

r
+

√
3

2

1

r3

[
Q20Y

20 + (` = 0 pole)
]

+O(
1

r4
). (3.46)
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Y 20 is the (`,m) = (2, 0) spherical harmonic and Q20 is the (m = 0) quadrupole

moment.

The correction in the new metric is at O(α′2χ′2), so it is not affected by the

coordinate transformation. The quadrupole moment in the new solution is then

Q20 = Q20,K

(
1 +

4463

2625
ζ

)
, (3.47)

where Q20,K is the Kerr quadrupole moment.

3.4.5 Petrov type

Generic spacetimes can be classified into Petrov types by finding the number of

distinct principal null directions (PNDs) ka of the Weyl tensor Cabcd [119,156], where

ka must satisfy

kbkck[eCa]bc[dkf ] = 0. (3.48)

This is the same as finding the number of distinct PNDs la that make one of the Weyl

scalars Ψ0 = 0, which simplifies to finding the number of distinct roots for b in [119]

Ψ0 + 4bΨ1 + 6b2Ψ2 + 4b3Ψ3 + b4Ψ4 = 0. (3.49)

The Ψ’s are five complex Weyl scalars in an arbitrary tetrad with the restriction that

Ψ4 6= 0.

The spacetime is said to be algebraically special if Eq. 3.49 has at least one

degenerate root, and the following relation holds:

I3 = 27J2. (3.50)
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The quadratic and cubic Weyl quantities I and J are defined by [119]

I ≡ 1

2
C̃abcdC̃

abcd = 3Ψ2
2 − 4Ψ1Ψ3 + Ψ4Ψ0, (3.51)

J ≡ −1

6
C̃abcdC̃

cd
ef C̃

efab = −Ψ3
2 + 2Ψ1Ψ3Ψ2 + Ψ0Ψ4Ψ2 −Ψ4Ψ2

1 −Ψ0Ψ2
3, (3.52)

where

C̃abcd ≡
1

4

(
Cabcd +

i

2
εabefC

ef
cd

)
. (3.53)

The spacetime is of Petrov type I if Eq. 3.50 does not hold. The Kerr BH is known

to be of Petrov type D. For a spacetime to be type D Eq. 3.50 must hold along with

the following conditions:

K =0, (3.54)

N − 9L2 =0, (3.55)

where K, L, and N are

K ≡ Ψ1Ψ2
4 − 3Ψ4Ψ3Ψ2 + 2Ψ3

3, (3.56)

L ≡ Ψ2Ψ4 −Ψ2
3, (3.57)

N ≡ Ψ2
4I − 3L2 = Ψ3

4Ψ0 − 4Ψ2
4Ψ1Ψ3 + 6Ψ4Ψ2Ψ2

3 − 3Ψ4
3. (3.58)
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One can find a null tetrad for the no-rotating BH solution in EdGB such that

Ψ2 is the only nonvanishing Newman-Penrose scalar. Equations 3.50, 3.54, and 3.55

are then trivially satisfied. Thus, the nonspinning solution found in [85] is of Petrov

Type D.

For the slowly rotating BH solution in EdGB gravity to linear order in spin [86],

we first find a principal null tetrad that is a deformation away from the Kerr principal

null tetrad. We then find that Eqs. 3.51, 3.54, and 3.55 are all satisfied to O(α′4χ′2).

Thus, we find the slowly rotating solution to O(α′2χ′) is also of Petrov Type D. 1

For the new BH solution at O(α′2χ′2) the story is different. We first find a

principal null tetrad by adding O(α′2χ′2) deformations to the null tetrad found in the

O(α′2χ′) case. We then find that Eq. 3.51 is not satisfied to O(α′4χ′4). Thus, the

new metric found in this paper is of Petrov Type I, and breaks symmetries that the

O(α′2χ′) metric had. This suggests that the exact BH solution should be of Petrov

type I.

3.5 Properties of Test-Particle Orbits

3.5.1 Conserved quantities

The metric found here is stationary and axisymmetric, and thus, it possess a

timelike and an azimuthal Killing vector, which imply the existence of two conserved

quantities: the energy and the (z component of the) angular momentum. The

definitions of E and Lz lead to

ṫ =
Egφφ + Lzgtφ
g2
tφ − gttgφφ

, (3.59)

1For a discussion of the order in the perturbation used to compute the Petrov Type see [57].
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φ̇ =− Egtφ + Lzgtt
g2
tφ − gttgφφ

, (3.60)

where the overhead dot represents a derivative with respect to the affine parameter.

Substituting the above equations into uaua = −1, where ua is the particle’s four-

velocity, we find

grrṙ
2 + gθθθ̇

2 = Veff(r, θ;E,Lz), (3.61)

where the effective potential is

Veff ≡
E2gφφ + 2ELzgtφ + L2

zgtt
g2
tφ − gttgφφ

− 1. (3.62)

For simplicity, we restrict our attention to equatorial, circular orbits. E and Lz

can then be obtained from V eff = 0 and ∂Veff/∂r = 0 in the form

E =EK + δE, (3.63)

Lz =Lz,K + δLz. (3.64)

EK and Lz,K are the energy and z component of the orbital angular momentum for

the Kerr spacetime given by [157]

EK ≡
r3/2 − 2Mr1/2 + aM1/2

r3/4 (r3/2 − 3Mr1/2 + 2aM1/2)
1/2
, (3.65)

Lz,K ≡
M1/2

(
r2 − 2aM1/2r1/2 + a2

)
r3/4 (r3/2 − 3Mr1/2 + 2aM1/2)

1/2
, (3.66)
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where φ is defined to be positive in the direction of prograde orbits. This implies

negative a corresponds to retrograde orbits. The corrections from EdGB are

δE ≡− 1

12
ζ

M3

r3/2 (r − 3M)3/2

(
1 +

54M

r
+

198

5

M2

r2
+
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5

M3
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− 2384

5

M4
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+

480M5

r5
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+
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(
1 +

492
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M
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M2
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M3
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M4
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+
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M5
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)
+

205821

441000
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(r − 3M)7/2

(
1 +

29926

9801

M

r
− 2584229

68607

M2

r2
− 317782

68607

M3

r3

+
14792212

205821

M4

r4
+

207551

6237

M5

r5
+

5757700

9801

M6

r6
− 257772890

205821

M7

r7
+

4064600

9801

M8

r8

−6499000

3267

M9

r9
+

4715200

1089

M10

r10
− 280000

121

M11

r11

)
, (3.67)

δLz ≡−
1

4
ζ

M5/2

(r − 3M)3/2

(
1 +

100

3

M

r
− 30M2

r2
+

16

5

M3

r3
− 752

3

M4

r4
+

320M5

r5

)
+

30

20
ζχ

M4

r1/2 (r − 3M)5/2

(
1 +

31

2

M

r
− 47

3

M2

r2
+
M3

r3
− 126M4

r4
+

1976

15

M5

r5

+
80M6

r6

)
+

617463

441000
ζχ2 r2M5/2

(r − 3M)7/2

(
1− 86288

29403

M

r
− 2144627

205821

M2

r2
+

924068

68607

M3

r3

+
27006916

617463

M4

r4
− 18616907

205821

M5

r5
+

49732516

205821

M6

r6
− 427757690

617463

M7

r7

+
197940200

205821

M8

r8
− 12547000

9801

M9

r9
+

4715200

3267

M10

r10
− 280000

363

M11

r11

)
. (3.68)

Expanding E and Lz in powers of M/r, the leading-order corrections to the binding

energy Eb ≡ E − 1 and Lz are

Eb =Eb,K

[
1 +

1

6
ζ
M2

r2

(
1− 9801

1750
χ2

)]
, (3.69)

Lz =Lz,K

[
1− 1

4
ζ
M2

r2

(
1− 9801

1750
χ2

)]
. (3.70)
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Note that the corrections are of 2PN order [proportional to (M/r)2] relative to the

leading-order Kerr terms for the energy and angular momentum respectively. These

results agree with those of [85] to leading order in χ.

3.5.2 Kepler’s third law

The correction to Kepler’s third law for a circular orbit can be found by

calculating the orbital angular frequency of a test-particle ω ≡ Lz/r
2,

ω2 = ω2
K

[
1− 1

2
ζ
M2

r2

(
1− 9801

1750
χ2

)]
, (3.71)

where ω2
K ≡M

(
r3/2 + aM1/2

)−2
[157].

The expressions above for E, Lz, and ω are not gauge invariant. We can obtain

gauge invariant relations between E and ω by expanding Eqs. 3.69 and 3.71 to 2PN

order and eliminating M/r. The result is

ω(E) =
2
√

2

M
|Eb|3/2

{
1 +

9

4
|Eb|+ 8

√
2χ|Eb|3/2

+
891

32

[
1 +

64

297
χ2 − 32

891
ζ

(
1− 9801

1750
χ2

)]
|Eb|2

}
+O

[
|Eb|4

]
, (3.72)

and its inverse

E(ω) =1− 1

2
(Mω)2/3 +

3

8
(Mω)4/3 − 4

3
χ(Mω)5/3

+
27

16

[
1 +

8

27
χ2 − 4

81
ζ

(
1− 9801

1750
χ2

)]
(Mω)2 +O

[
(Mω)7/3

]
. (3.73)

This agrees with the standard PN E-ω relation to O(α′0χ′0) [158].
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3.5.3 ISCO

Let us now derive the location of the ISCO in this new spacetime. We do so by

substituting Eqs. 3.63 and 3.64 into Eq. 3.62, and then solving ∂2V eff/∂r2 = 0 for r.

The result is

rISCO = rISCO,K −
16297

9720
ζM

(
1 +

205982
√

6

440019
χ− 1167369773

9702418950
χ2

)
, (3.74)

where the Kerr ISCO radius is given by [157]

rISCO,K ≡M
{

3 + Z2 − [(3− Z1) (3 + Z1 + 2Z2)]1/2
}

(3.75)

with

Z1 ≡1 +
(
1− χ2

)1/3
[
(1 + χ)1/3 + (1− χ)1/3

]
, (3.76)

Z2 ≡
(
3χ2 + Z2

1

)1/2
. (3.77)

The EdGB correction at O(χ′0) agrees with that found in [85]. Note that the radial

location of the ISCO is not gauge invariant. For a gauge invariant quantity, we

compute the angular orbital frequency at ISCO, ωISCO:

ωISCO = ωISCO,K −
13571

√
3

3149280
ζ

1

M

(
1 +

129655
√

6

122139
χ+

2740701487

897721650
χ2

)
, (3.78)

where ωISCO,K = M1/2
(
r

3/2
ISCO,K + χM3/2

)−1

.
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Figure 3.1: Curves of zero velocity (Veff = 0) for the Kerr (top) and EdGB (bottom)
metric with ζ = 0.1. The red shaded regions show the allowed bound-orbit regions
(Veff ≥ 0) with E = 0.95, Lz = 3M , and χ = 0.3. The left panels corresponds to the
region outside the horizon, while the right ones show the region inside the horizon.
The thick black lines at r/M = 1.955 (top) and r/M = 1.832 (bottom) correspond
to the location of the horizon for this example.

3.5.4 Curves of zero velocity

Last, we will consider curves of zero velocity (CZVs) [159,160] in the r-θ plane.

These curves are where Veff = 0 and since the left-hand side of Eq. 3.62 is always

positive, bound orbits are allowed only if Veff ≥ 0. Figure 3.1 shows the CZVs for the

Kerr and the new solution. Red shaded regions are where Veff ≥ 0 and the thick black

lines correspond to the location of the event horizon for the particular case considered
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in the figures. To draw these figures, we expand the metric gab in the spin parameter

a and then calculate Veff.

For both the GR and EdGB case there is one allowed bound-orbit region clearly

visible in the region outside of the event horizon. For the region inside the horizon,

there is one allowed orbit region in GR, but there are five in the EdGB case. While

the regions outside the horizon look similar in GR and EdGB, there are differences

not easily visible due to the scale of the figures.The orbits in this outer region are,

in principle, distinguishable with gravitational wave observations, as shown in [161]

and [162]. The inner regions are drastically different, which is expected as the field

is strongest within the horizon and the EdGB corrections modify the strong field

regime. However, since these inner regions are within the horizon they cannot be

probed with any observations.

3.6 Conclusion

We found a stationary, axisymmetric BH solution in EdGB gravity in the small-

coupling and slow-rotation approximations at linear order in the coupling constant

and quadratic order in the spin. The technique used, based on BH perturbation

theory, involved decomposing the metric perturbation and source terms in tensor

spherical harmonics, which reduced the field equations to a set of coupled, ordinary

differential equations. We found new corrections to the metric at quadratic order

in spin. We then studied a plethora of properties of this metric, proving that (i)

it possesses a curvature singularity inside an event horizon, (ii) the location of the

event horizon, ergosphere, horizon area and horizon’s angular velocity are all modified

relative to the Kerr analogue and (iii) that test-particle orbits in this spacetime are

different than those in Kerr due to corrections in the orbital binding energy, angular

momentum and effective potential.
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As the method used is not specialized to quadratic order in spin and linear order

in the coupling constant, an obvious extension of this work is to find solutions to

higher order in spin and/or higher order in the coupling constant. In the case of

EdGB, however, as it is a linear-order truncation in the coupling constant of a more

fundamental theory, any solution is only valid to linear order in the coupling constant.

An interesting and nontrivial property of the new solution is that it is of Petrov

type I. This is especially interesting because to zeroth and linear order in spin the

solution remains of Petrov type D, and because the Kerr metric is of Petrov type

D to all orders in spin. This suggests that the full, exact solution must also be of

Petrov type I. Petrov type I spacetimes do not possess a second-order Killing tensor

or a Carter-like constant. This implies that geodesic motion may by chaotic once

corrections of O(α′2χ′2) are included. Future work could study whether geodesics in

this new metric are chaotic, specifically if there exist chaotic orbits outside of the

event horizon.

The new metric solution as well as its properties are important in determining

the properties of electromagnetic radiation from accretion disks around a BH.

Observations of the electromagnetic radiation near observable BHs, such as Sgr A*,

can be a powerful way to test GR [42]. An avenue of study would be to determine

how observables, such as BH shadows [163] and strong lensing [164], are modified if

the BH is described by the new solution found in this paper. Of course, the metric

derived here would be appropriate for such tests if and only if the black hole observed

has a sufficiently small spin, roughly J2/M4 . 0.5. For other, more rapidly rotating

black holes, either numerical solutions would have to be used or a higher-order-in-spin

approximate solution would have to be derived.
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Abstract

Future electromagnetic observations of black holes may allow us to test General
Relativity in the strong-field regime. Such tests, however, require knowledge of
rotating black hole solutions in modified gravity theories, a class of which does not
admit the Kerr metric as a solution. Several rotating black hole solutions in modified
theories have only been found in the slow-rotation approximation (i.e. assuming the
spin angular momentum is much smaller than the mass squared). We here investigate
whether the systematic error due to the approximate nature of these black hole metrics
is small enough relative to the observational error to allow their use in electromagnetic
observations to constrain deviations from General Relativity. We address this by
considering whether electromagnetic observables constructed from a slow-rotation
approximation to the Kerr metric can fit observables constructed from the full Kerr
metric with systematic errors smaller than current observational errors. We focus
on black hole shadow and continuum spectrum observations, as these are the least
influenced by accretion disk physics, with current observational errors of about 10%.
We find that the fractional systematic error introduced by using a second-order,
slowly rotating Kerr metric is at most 2% for shadows created by black holes with
dimensionless spins χ ≤ 0.6. We also find that the systematic error introduced by
using the slowly rotating Kerr metric as an exact metric when constructing continuum
spectrum observables is negligible for black holes with dimensionless spins of χ . 0.9.
Our results suggest that the modified gravity solutions found in the slow-rotation
approximation may be used to constrain realistic deviations from General Relativity
with continuum spectrum and black hole shadow observations.

4.1 Introduction

In the next five to ten years, current and new, ground and space-based telescopes

will provide unprecedented electromagnetic observations of black holes (BHs). The

Event Horizon Telescope (EHT) is already taking images of the BH shadow of

Sagittarius A* and the supermassive BH at the center of M87, placing some bounds

on each BH’s angular momentum, as well as providing evidence of their event

horizons [131–135, 165–169]. As more telescopes are added to the EHT, the quality

of images of the shadows will only improve. Past telescopes, such as the Rossi X-

ray Timing Explorer (RXTE), and current telescopes, such as the Chandra X-ray
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Observatory, XMM-Newton, and NuSTAR, have observed continuum spectra and

Kα iron line emissions from the accretion disk of stellar mass and supermassive BHs,

allowing for estimates of the angular momenta of a few dozen BHs [8]. ASTRO-H,

launching this year, will provide significantly more accurate estimates of BH angular

momenta, possibly doubling the current number of estimates and improving on past

estimates over the next decade [170].

Electromagnetic observations of BHs are of paramount importance to learning

about BH and accretion disk physics, but also, they can be excellent tools in

experimental relativity. These observations can tell us about the mass and spin

angular momenta of BHs, as well as about accretion disk properties, such as the

temperature, accretion rate, short and long term evolution of the disk, and the

presence and strength of magnetic fields [11,171]. These electromagnetic observations,

however, can also be used, at least in principle, to test General Relativity (GR) in

the strong-field regime [16,37,42], i.e. where the gravitational interaction is non-linear

and the spacetime curvature is large.

The astrophysical information in these electromagnetic observations is teased

from the noise through modeling of the expected signal and its fitting to the data. In

the BH shadow case, one observes the shadow cast by the BH on its accretion disk.

This shadow can be modeled through null-ray tracing on the BH spacetime. In the

continuum spectrum case, one observes X-ray radiation emitted by the disk around

the BH. This spectrum can be modeled as a black body with the disk described by

the Novikov-Thorne [12] approach for geometrically-thin and optically-thick disks.

With models for the observables at hand, one then fits the parameters of the model

to the data, exploring the likelihood surface, for example, through Markov-Chain

Monte-Carlo techniques.
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Such electromagnetic observations depend on the properties of the BH spacetime.

BH shadows are sensitive to the location of the photon sphere, the surface inside

which photon orbits are unstable [172]. In principle, the image is contaminated by

accretion flow, but this can be removed without a model through image processing

methods, such as gradient detection [77]. Continuum spectra in thin disks are sensitive

to emission near the inner edge of the disk, which can be well approximated by

the innermost stable circular orbit (ISCO) [16]. In principle, there is radiation also

originating inside the ISCO, but this has been shown to be subdominant [21–26].

Electromagnetic observations of BHs could then allow us, at least in principle,

to determine whether BH spacetimes are truly described by the Kerr metric. The

Kerr hypothesis states that all isolated, stationary and axisymmetric astrophysical

(uncharged) BHs are described by the Kerr metric, and therefore are completely

determined by two parameters, their mass M and (the magnitude of) their spin

angular momentum | ~J | [136–141]. The Kerr metric is the external spacetime of a

Ricci-flat, stationary, and axisymmetric (uncharged) BH, which is a solution to the

Einstein equations in vacuum, but it can also be a solution in certain modified gravity

theories [173]. Some modified theories of gravity, however, do not satisfy the Kerr

hypothesis, and thus, electromagnetic observations of BHs could allow us to place

constraints on these.

Rotating BH solutions in modified gravity theories, unfortunately, are not easy to

find. Although some numerical solutions valid for arbitrary rotation are known [143,

174, 175], most BH solutions are obtained in the slow-rotation approximation [57,

86,107,109,176–183] (e.g. in dynamical Chern-Simons (dCS) gravity [57,84,107–109,

184–187]). This approximation assumes the BH spin angular momentum J is much

smaller than its mass squared M2, and thus, one expands the field equations in the

ratio | ~J |/M2. Lacking an exact solution in these theories that is valid for all spin
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magnitudes, the regime of validity of these metrics is not clear. Thus, it is not clear

either whether the approximate nature of these spacetimes has a significant impact

on electromagnetic observables. Some observations may be less sensitive to the slow-

rotation approximation than others, and whether this sensitivity matters ultimately

depends on the accuracy of the observations.

The goal of this paper is to determine whether such approximate, slowly rotating

BH solutions in modified gravity theories can be used to construct electromagnetic

observables with which to test these theories. As a first step toward answering this

question we investigate how well electromagnetic observables constructed from the

slow-rotation approximation to the Kerr metric can fit observables constructed with

the full Kerr solution. We specifically study BH shadow and continuum spectrum

observations of BHs because they are strongly dependent on the background metric

and weakly dependent on the properties of the accretion disk.

Whether the slow-rotation approximation can be used in tests of GR will

depend on whether the errors introduced by this approximation are larger than

other statistical, instrumental, environmental and systematic errors inherent in

electromagnetic observations. Statistical error arises due to the finite accuracy and

length of observation of telescopes, as well as due to covariances in the model

parameters [16]. Instrumental error is rooted, for example, in inaccuracies in the

calibration of the telescopes, while environmental error is sourced, for example, by

atmospheric events. The combination of statistical, instrumental and environmental

error will be referred to here as observational error, and it affects the accuracy

to which BH properties can be estimated by roughly 10% [8, 77]. Astrophysical

systematic error is sourced by our imperfect knowledge of the astrophysical model

for the electromagnetic observable. Since accretion disks can be quite complicated

and there are a number of models for them, there is still great uncertainty over which
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model(s) best describes observations [11,171]. The impact of this uncertainty on the

estimated model parameters is not quantitively known, and thus, we will not take it

into account when comparing the slow-rotation systematic error to the observational

error1.

We show that the slowly rotating approximation of the Kerr metric, when

appropriately resummed, is a very accurate representation of the full Kerr metric for

continuum spectrum and BH shadow observations. The continuum spectrum of the

slowly rotating Kerr metric agrees with the spectrum of the full Kerr metric to within

our numerical accuracy with reduced χ2 < 10−6 for BHs with ~J/M2 . 0.9. The BH

shadows agree to within 2%, with reduced χ2 . 10−3 for BHs with ~J/M2 . 0.6. In

both cases, the systematic error introduced by the approximate nature of the slowly

rotating metric is much smaller than the observational error.

We also show that the maximum spin values mentioned above are not determined

by the systematic error exceeding the observational error, but rather by the slowly

rotating spacetime ceasing from being a physically valid metric. In the continuum

spectrum case, curvature singularities appear outside of the BH event horizon when

| ~J |/M2 & 0.9. In the BH shadow case, the photon sphere falls inside of the event

horizon when ~J/M2 & 0.6. These values of spin angular momenta, thus, provide

natural cutoffs above which the approximate slowly rotating metric should no longer

be used.

The remainder of this paper presents the details pertaining to these results.

Section 4.2 presents the Kerr and slowly rotating solutions, as well as the relevant

properties of each. Section 4.3 details how the continuum spectrum is calculated, the

1Astrophysical systematic error should, in principle, be added to observational error, when
comparing to the systematic error introduced by the slow-rotation approximation. Neglecting
astrophysical systematics, thus, yields a conservative bound of the | ~J |/m2 range for which the
slow-rotation approximation is valid.
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methodology of our analysis, and the results. Section 4.4 presents the same for the

BH shadow. Section 4.5 concludes by summarizing our results and discussing the

implications. Throughout, we use the following conventions: the metric signature

(−,+,+,+); Latin letters in index lists stand for spacetime indices; geometric units

with G = c = 1 (e.g. 1M� becomes 1.477 km by multiplying by G/c2 or 4.93× 10−6

s by multiplying by G/c3), except where otherwise noted.

4.2 Rotating BH Solutions

The Kerr metric in Boyer-Lindquist coordinates (t, r, θ, φ) is given by

ds2
K =−

(
1− 2Mr

ΣK

)
dt2 − 4Mar sin2 θ

ΣK

dtdφ+
ΣK

∆K

dr2

+ ΣKdθ
2 +

(
r2 + a2 +

2Ma2r sin2 θ

ΣK

)
sin2 θdφ2, (4.1)

with ∆K ≡ r2 − 2Mr + a2 and ΣK ≡ r2 + a2 cos2 θ. Here M is the mass of the BH

and a ≡ J/M is the Kerr spin parameter, where J := | ~J | is the magnitude of the BH

spin angular momentum.

The slowly rotating approximation to the Kerr metric is found by expanding

the Kerr metric to a given order in the dimensionless spin parameter χ ≡ a/M . To

quadratic order, one finds

ds2
SR =−

(
fS +

2Ma2 cos2 θ

r3

)
dt2 − 4Ma sin2 θ

r
dtdφ

+

[
1

fS

− a2

r2f 2
S

(
1− fS cos2 θ

)]
dr2 +

(
r2 + a2 cos2 θ

)
dθ2

+

[
r2 + a2

(
1 +

2M

r
sin2 θ

)]
sin2 θdφ2 , (4.2)
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where fS = 1 − 2M/r is the Schwarzschild factor. Note that the controlling factor

in this approximation, i.e. the background metric, is nothing but the Schwarzschild

metric in Schwarzschild coordinates. Note also that both the background and its

perturbation diverge at fS = 0, i.e. at the Schwarzschild event horizon due to a

coordinate singularity. Note finally that in the equatorial plane (θ = π/2) the Kerr

metric and the slowly rotating metric only differ in the grr component2.

This paper is concerned with studying whether the approximate slowly rotating

BH solutions of certain modified gravity theories suffice to carry out tests of GR

with electromagnetic observations. This is important because exact BH solutions

valid for any spin are currently not available in many modified theories. To address

this problem we will treat the Kerr metric of Eq. 4.1 as the correct solution of

Nature for rotating BHs and study whether the slowly rotating metric of Eq. 4.2

is sufficiently accurate to model the true electromagnetic observables. That is, we

will use the Kerr metric to create simulated data for electromagnetic observables and

then attempt to extract these observables with a model based on the approximate,

slowly rotating metric. The whole point of this analysis is to determine the range

of spins for which the systematic error we will incur in the extraction of parameters

from this approximate model is smaller than the statistical errors due to observational

uncertainties.

One can enhance the accuracy of the model for electromagnetic observables

constructed with the slowly rotating metric by resumming the latter in spin. An

example of what we mean by resummation in this paper is the replacement r → Σ
1/2
K .

Of course, if one does not know the functional form of the exact solution valid for

all spins (i.e. the Kerr metric in this case), one does not know how to resum the

2Certain rotating BH solutions valid for arbitrary spin in modified theories of gravity, such as
rotating dilaton BHs [188], share the same property.
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approximate solution. Indeed, there are an infinite number of possible resummations

of the slowly rotating metric that generate an infinite number of different resummed

metrics, all of which agree in the far-field regime but potentially disagree close to

the event horizon. Perhaps, the most straightforward resummation one can think of

is to simply treat the slowly rotating metric as exact (i.e. not expanding in χ when

computing observables) and study the consequences of making such a choice. Of

course, the electromagnetic model one will obtain from this resummed treatment of

the slowly rotating metric will still be different from the simulated data constructed

from the Kerr metric, which will thus still introduce a systematic error in the

extraction of parameters.

Resumming the slowly rotating metric is not only done to enhance the accuracy

of the model, but also to simplify the calculation of electromagnetic observables. A

consistent treatment in slow-rotation, where one expands all calculations to second

order in χ, is not straightforward when computing electromagnetic observables

through numerical ray-tracing algorithms. This is simply because once the slowly

rotating metric has been numerically sampled discretely, the null geodesic equations

can no longer be expanded in χ. Henceforth, we treat the slowly rotating metric as

exact when computing the electromagnetic model that we fit to the simulated Kerr

data.

4.2.1 Properties of the BH Metrics

4.2.1.1 Event Horizon The event horizon is defined as a null surface created by

null geodesic generators. The normal to the surface na must itself be null, thus event

horizons must satisfy the horizon equation

gab∂aF∂bF = 0, (4.3)
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where F (xa) is a level surface function that defines the location of the horizon,

where na = ∂aF . Since the spacetime is stationary, axisymmetric, and reflection

symmetric about the poles and the equator, the level surfaces can only depend on

radius. Without loss of generality, we let F (xa) = r − rH, where F = 0 yields the

radial horizon location. Equation 4.3 then becomes grr = 0, and this metric element

in the Kerr and resummed slowly rotating BH spacetimes is given by

grrK =
∆K

ΣK

=
r2 − 2Mr + a2

r2 + a2 cos2 θ
, (4.4)

grrSR =
r3
(
1− 2M

r

)2

r3 − 2Mr2 − a2r sin2 θ − 2Ma2 cos2 θ
. (4.5)

Notice that we do not re-expand grrSR in slow-rotation, since we are treating the slowly

rotating metric as exact. This is the first example we encounter in this paper that

exemplifies the resummation described earlier.

We find the horizon location by solving grr = 0 with the Kerr and the resummed

slowly rotating metric for the horizon radius, which yields

rH,K =M + (M2 − a2)1/2, (4.6)

rH,SR =2M. (4.7)

Notice that the horizon location of the resummed slowly rotating Kerr metric agrees

with that of the Schwarzschild metric, yet it is different from expanding rH,K to

quadratic order in spin.
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4.2.1.2 Conserved Quantities Both the Kerr metric and slowly rotating metric

are stationary and axisymmetric, and thus, each possesses a timelike and an azimuthal

Killing vector, implying the existence of two conserved quantities: the specific energy

E and the z-component of the specific angular momentum Lz. The corresponding

components of the four-momentum are pt = −E and pφ = Lz. From this we find two

of the geodesic equations:

ṫ =
Egφφ + Lzgtφ
g2
tφ − gttgφφ

, (4.8)

φ̇ =− Egtφ + Lzgtt
g2
tφ − gttgφφ

, (4.9)

where the overhead dot represents a derivative with respect to the affine parameter

(proper time for a massive particle).

With these constants of the motion, we can write the motion of test particles

on these backgrounds in first-order form. Substituting Eqs. 4.8 and 4.9 into the

normalization condition uaua = −1, where ua = (ṫ, ṙ, θ̇, φ̇) is the particle’s four-

velocity, we find

grrṙ
2 + gθθθ̇

2 = Veff(r, θ;E,Lz), (4.10)

where the effective potential is

Veff ≡
E2gφφ + 2ELzgtφ + L2

zgtt
g2
tφ − gttgφφ

− 1. (4.11)
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We restrict attention to equatorial, circular orbits of test particles in these

backgrounds. We can then solve Veff = 0 and ∂Veff/∂r = 0 for E and Lz to find

E =− gtt + gtφΩ√
− (gtt + 2gtφΩ + gφφΩ2)

, (4.12)

Lz =
gtφ + gφφΩ√

− (gtt + 2gtφΩ + gφφΩ2)
, (4.13)

where

Ω =
dφ

dt
=
−gtφ,r +

√
(gtφ,r)

2 − gtt,rgφφ,r
gφφ,r

, (4.14)

represents the angular velocity of equatorial circular geodesics, i.e. the angular velocity

of zero angular-momentum observers. Since the Kerr metric and the slowly rotating

metric in the equatorial plane are the same except for the grr component, the energy

and angular momentum are also the same in both spacetimes as neither depends on

grr.

4.2.1.3 ISCO The ISCO plays a very important role in the calculation of the

continuum spectrum of an accretion disk model. This is because any test particle

inside the ISCO plunges, rapidly crossing the event horizon. Many accretion disk

models assume the inner radius of the disk is at the ISCO, an assumption well-

motivated by physical arguments, simulations, and observational evidence [21–25].

We make this same assumption throughout this work.

The ISCO radius can be found by substituting Eqs. (4.12) and (4.13) into

Eq. (4.11), and then solving ∂2Veff/∂r
2 = 0 for r. Note this will be the same in both

Kerr and the slowly rotating spacetime on the equatorial plane because Eqs. (4.11)–
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(4.13) do not depend on grr. The ISCO radius for equatorial geodesics is then

rISCO = M
{

3 + Z2 ∓ [(3− Z1) (3 + Z1 + 2Z2)]1/2
}
, (4.15)

where

Z1 =1 +
(
1− χ2

)1/3
[
(1 + χ)1/3 + (1− χ)1/3

]
, (4.16)

Z2 =
(
3χ2 + Z2

1

)1/2
, (4.17)

and ∓ denotes whether the accretion disk’s angular momentum is in the same (−) or

opposite (+) direction as the BH’s angular momentum.

The ISCO of the resummed slowly rotating Kerr metric can be inside of its

event horizon, since the former can shrink all the way down to M for maximal spins

(χ = 1), while the latter stays at 2M . This is, of course, a problem if one is concerned

with observables that depend sensitively on the location of the ISCO, as is the case

for continuum spectrum observations. However, as we will discuss in the following

section, there is an upper spin limit above which the resummed slowly rotating metric

is no longer valid (essentially due to the metric determinant vanishing); this upper

limit excludes values of spin for which the location of the ISCO is smaller than 2M .

Thus, the fact that the ISCO can un-physically enter the horizon for the resummed

slowly rotating Kerr metric will not be a concern in this paper.

4.2.1.4 Metric Determinant The metric determinant is necessary to calculate

observables in continuum spectrum observations, as we will discuss in Sec. 4.3. The
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metric determinants of the Kerr and the resummed slowly rotating metrics are

gK = −r2, (4.18)

gSR = −r2

(
1− 2M

r
+ a2

r2

)(
1− 2M

r
− a2

r2

)
(
1− 2M

r

)2 , (4.19)

respectively. Notice that if we were to consistently expand gSR to O(χ2), we would

find that it equals gK plus uncontrolled remainders of O(χ4), but again, we do not do

so since we treat the slowly rotating metric as exact.

The metric determinant can be used to define a region of validity for the

resummed slowly rotating metric in the context of the continuum spectrum. This

is because the energy flux goes as 1/
√
−g, as we will discuss in Sec. 4.3, and

thus it diverges when the determinant vanishes. Physically, this is because the

determinant of the metric is tied to the Lorentz signature of spacetime. Requiring

that the determinant be strictly negative everywhere outside the ISCO requires that

χ . 0.8967. Figure 4.1 shows the radial profile of the ratio between the metric

determinants of the slowly rotating and Kerr spacetimes.

With this cutoff there are still values of χ for which the slowly rotating metric

determinant changes sign outside the horizon radius but inside the ISCO. The Lorentz

signature not being preserved outside the horizon suggests the slowly rotating solution

is not well-justified for those values of spin. As we will discuss, though, the continuum

spectrum calculation we use ignores any behavior below the ISCO radius; this is

supported by simulations that take into account emission inside the ISCO radius and

find that the contribution of that emission is below typical observational errors [26].

Thus, continuum spectrum observables in this model should not be affected by the
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Figure 4.1: Ratio between the metric determinant of the slowly rotating spacetime
and the metric determinant of the Kerr spacetime. Vertical lines represent the ISCO
radius. Each line style and color represents a different value of spin as labeled. Note
the ratio deviates significantly from 1 for large spin and very near the ISCO radius.
The points indicate the metric determinant at the ISCO.
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Lorentz signature changing sign outside the horizon, as long as it does not do so

outside the ISCO.

4.2.1.5 Redshift Photons emitted in the strong-field region of a BH are greatly

redshifted when they climb out of the extreme gravitational potential. The redshift

factor is defined by

g ≡ Eo
Ee

=
(pau

a)o
(paua)e

, (4.20)

where pa is the four momentum of a photon traveling from the emitter to the observer,

and uao and uae are the four velocities of the observer and the emitter, respectively.

Both the Kerr and the resummed slowly rotating metrics are independent of the t

and φ coordinates, so the corresponding components of the photon’s four momentum

are conserved

pa = (pt, pr, pθ, pφ) = (−E, pr, pθ, Lz) . (4.21)

Treating the observer as static, ua0 = (1, 0, 0, 0), the numerator of Eq. (4.20) is trivially

(pau
a)o = −E. To calculate the denominator we need to know the four velocity of

the emitter, that is, the orbiting emitting material. For material in a circular orbit

on the equatorial plane, this is given by

uae = ute (1, 0, 0,Ω) , (4.22)

where

ute =
1√

− (gtt + 2gtφΩ + gφφΩ2)
, (4.23)
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to enforce the timelike normalization condition. The denominator of Eq. (4.20) is

now given by (pau
a)e = −Eute + uteΩLz, and the redshift factor is thus

g =

√
− (gtt + 2gtφΩ + gφφΩ2)

1− Ω ξ
, (4.24)

where ξ := Lz/E.

Let us now make some standard assumptions about the observer to simplify the

redshift expression. We first assume the observer is at spatial infinity (r = +∞) at

an inclination angle ι relative to the BH, i.e. ι is the angle between the rotation axis

of the BH and the observer’s line of sight. The celestial coordinates (α, β) of the

observer are defined as the apparent angular distances of the object on the celestial

sphere, measured along the directions perpendicular and parallel to the rotation axis

of the BH when projected onto this sphere, respectively. The celestial coordinates in

terms of the photon momentum can then be written as

α = lim
r→∞

−rp(φ)

p(t)
, (4.25)

β = lim
r→∞

rp(θ)

p(t)
, (4.26)

where p(a) denotes the components of the photon’s four momentum with respect to a

locally non-rotating reference frame [157]. p(a) and pa are related through a coordinate

transformation (e.g. pφ = p(φ)/ sin ι). Using the fact that the BH metrics we work

with are asymptotically flat, α = −ξ/ sin ι. For simplicity, we will neglect light-

bending in the continuum spectrum, and thus α can be related to the coordinates of

the emitting point in the disk via α = r cosφ, where φ = 0 corresponds to the line of

nodes at which the observer’s plane overlaps with the disk. Solving for ξ, one then
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finds ξ = −r cosφ sin ι, and substituting ξ into Eq. (4.24), one finally obtains [189]

g =

√
− (gtt + 2gtφΩ + gφφΩ2)

(1 + rΩ cosφ sin ι)
. (4.27)

4.3 Continuum Spectrum

We model the accretion disk with the Novikov-Thorne approach [12], the

standard general relativistic model for geometrically-thin and optically-thick accretion

disks. This model assumes the disk is in the equatorial plane and the disk particles

move on nearly geodesic circular orbits, i.e. geodesics except for a small radial

momentum. There are three equations that describe the time-averaged radial

structure of the disk, two of which are used for calculating the continuum spectrum,

Ṁ = −2π
√
−gΣ(r)ur = constant, (4.28)

F(r) =
Ṁ

4π
√
−g

f(r), (4.29)

where Ṁ and F are the time-averaged mass accretion rate and radially-dependent

energy flux, respectively. Σ(r) is the surface density, ur is the radial four-velocity

of the disk particles, g is the determinant of the near equatorial-plane metric in

cylindrical coordinates, and the function f(r) is defined by

f(r) =
−∂rΩ

(E − ΩLz)
2

∫ r

rin

(E − ΩLz) (∂r′Lz) dr
′. (4.30)

Here rin is the inner radius of the accretion disk which we choose to be the location

of the ISCO. Note that the energy flux computed with the Kerr metric and the
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resummed slowly rotating metric only differ through the g factor, since E, Lz and Ω

do not differ in these two metrics on the equatorial plane.

One could use Ṁ as a parameter in the continuum spectrum model, but another

commonly used parameter is the Eddington ratio, ` = Lbol/LEdd, i.e. the ratio between

the bolometric and Eddington luminosities, where LEdd = 1.2572×1038 (M/M�) erg/s.

We here use this ratio to write Ṁ in terms of the observable `, which can be re-

expressed as Ṁ/ṀEdd. The accretion rate Ṁ can then be written as

Ṁ = `ṀEdd. (4.31)

We define the radiative efficiency η ≡ LEdd/ṀEdd, the efficiency of conversion between

rest-mass and electromagnetic energy. The energy radiated by a particle falling into

a BH is approximately equal to the binding energy of the ISCO [190], so the radiative

efficiency can also be written as η = 1− E(rISCO). The accretion rate Ṁ is then

Ṁ =
`LEdd

1− E(rISCO)
. (4.32)

We model the radiation emitted by the disk as a black-body, a good assumption

provided the disk is in thermal equilibrium. Using the Stefan-Boltzmann law, we can

relate the radial energy flux to the radial effective temperature of the disk:

T (r) =

(
F(r)

σ

)1/4

, (4.33)

where σ is the Stefan-Boltzmann constant and where, after putting the results

presented above together, the radial energy flux of Eq. 4.29 can be rewritten as

F(r) =
`LEdd

4π
√
−g [1− E(rISCO)]

−∂rΩ
(E − ΩLz)

2

∫ r

rin

(E − ΩLz) (∂r′Lz) dr
′. (4.34)
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The luminosity is then given by [191]3

L(ν) =
8πh

c2
cos ι

∫ rout

rin

∫ 2π

0

ν3
√
−g

e[hν/gkBT (r)] − 1
drdφ, (4.35)

where g is the redshift as found in Eq 4.27, h is the Planck constant, kB is the

Boltzmann constant, ν is the observed frequency, rout is the outer radius of the disk,

and we have restored the speed of light c. As long as the latter satisfies rout �M , the

choice of rout does not significantly impact our ability to compare spectra in different

spacetimes [191].

4.3.1 Method

Let us treat the Kerr metric as the correct, but unknown, description of a BH

and its associated spectrum as our observation, which we shall refer to as the injected

synthetic signal or injection for short. Let us further use the spectrum calculated

with the resummed slowly rotating metric as our model and fit it to the injection. In

both cases, the spectrum is computed from Eq. 4.35, with the integrals numerically

evaluated through Simpson’s rule with step sizes chosen to ensure numerical error is

small. For the energy flux integration, we choose a radial step size of δr = 0.1M ,

with a much smaller step size of δr = 10−4M for r ≤ rISCO + 2.5M , as the energy flux

is very steep near the ISCO radius. For the luminosity integration, we choose step

sizes of δr = M and δφ = 0.1. These choices were made after a lengthy numerical

investigation to guarantee that numerical error is under control.

The parameters of the spectrum model used in this paper are ~λ = (M,χ, ι, `),

namely the BH mass, its dimensionless spin, the inclination angle, and the Eddington

3Strictly speaking, the inclination ι in this equation is the angle between the observer’s line of
sight and the direction perpendicular to the disk. However, if one assumes that the rotation axis of
the BH is normal to the disk, ι is equivalent to the angle between the observer’s line of sight and
the BH spin direction, as introduced in Sec. 4.2.1.5.
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ratio ` respectively. The BHs for which spins have been found using continuum

spectrum observations have fairly well-known masses and inclination angles from

other observations (e.g. modeling of orbits using variability in electromagnetic

emission [24, 192–197]). We thus assume a priori that these parameters are known,

and for simplicity we choose the representative values M = 10M� and ι = π/4; the

BHs for which spins have been measured using continuum spectrum observations

have masses and inclination angles in the range 6.3M� ≤ M ≤ 15.65M� and

0.36 ≤ ι ≤ 1.30, respectively. Moreover, since the Eddington ratio ` is weakly

correlated with the spin χ in the spectrum model, we also assume that it is known

a priori and set it to ` = 0.1. This is a somewhat arbitrary choice that should

have little to no impact on our analysis, but about half of the BHs with estimated

spins from continuum spectrum observations have an estimated ` ≈ 0.1. This then

leaves the spin χ as the only parameter of the spectrum model, for which we choose

a flat prior with range −0.899 ≤ χ ≤ 0.896. The upper bound on this range is

to avoid the divergence of the metric determinant at χ = 0.8967 in the resummed

slowly rotating spacetime. The lower bound is to avoid a super-maximally spinning

BH, i.e. χ − δχ = −0.999 when χ = −0.899 and δχ = 0.1, where δχ is the average

observational error to which spins have been measured.

We fit the model to the injection by minimizing their relative χ2 over all model

parameters. The reduced χ2 is defined as

χ2
red =

χ2

N
=

1

N

N∑
i=1

[
LSR(νi, χ)− LK(νi, χ

∗)

σ (νi)

]2

, (4.36)

where the summation is over N sampling frequencies νi ∈ (1015, 1018) Hz with 10

samples per decade equally spaced logarithmically. This sampling choice corresponds

to that made in the observed spectra of BHs with estimated spins [24,192–197]. The
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function LSR(ν, χ) is the spectrum model, which depends only on the frequency ν

and on the model parameter χ, while the function LK(ν, χ∗) is the injection, which

depends only on the frequency and the injected parameters χ∗. The value of the

model parameter that minimizes the reduced χ2 is the best-fit model parameter. A

more realistic analysis would include all parameters in the vector ~λ in a Markov-Chain

Monte-Carlo exploration of the likelihood surface, but we leave this for future work.

The standard deviation of the distribution, σ, in Eq. 4.36 is modeled via

σ (νi) =
|LK (νi, χ

∗ + δχ)− LK (νi, χ
∗ − δχ) |

2
, (4.37)

where χ∗ is the injected spin of the Kerr spectrum. δχ serves as a means to represent

the observational error in the continuum spectrum, and thus, we choose δχ = 0.1,

which is comparable to or better than the error in all current BH spin measurements

using continuum spectrum observations [8].

4.3.2 Results

We find that the injected spin and best fit spin agree exactly for all the values

of injected spin we explored. In other words, the resummed slowly rotating spectrum

and the Kerr spectrum agree with each other best when χ = χ∗. The left panel of

Fig. 4.2 shows the Kerr and slowly rotating spectra for several values of spin. Observe

that there is no obviously noticeable difference between the spectra in the Kerr and in

the slowly rotating spacetimes. The right panel of Fig. 4.2 shows the minimized χ2
red

as a function of the injected spin. Observe that χ2
red � 1 for all injected spins, which

shows that the resummed slowly rotating model is a very good fit of the Kerr injection.

The spectra at χ = 0 are exactly the same, and as the spin is increased the fits get

worse. The scatter in the χ2
red values is primarily due to the frequency sampling, with
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its range decreasing by about an order of magnitude if the discretization is made

smaller by a factor of 10.
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Figure 4.2: Left: Continuum spectra for the Kerr and slowly rotating spacetimes
for several values of spin. The Kerr spectra are shown with solid lines, while the
slowly rotating spectra are shown with dashed lines. There is no obviously noticeable
difference between the Kerr and slowly rotating spectra. Right: Reduced χ2 as a
function of injected spin as defined in Eq. 4.36. The fits are very good for all values
of spin, but do become worse for larger values of spin, particularly for positive spins.

The slowly rotating spectrum can fit the Kerr spectrum very well because the

two spacetimes are identical in the θ = π/2 plane except for the (r, r) component of

the metrics. As mentioned previously, this component of the metric only impacts the

metric determinant in the continuum spectrum calculation. As shown in Fig. 4.1, the

resummed slowly rotating metric determinant only shows deviations from Kerr that

can be seen by eye when r . 3M and χ & 0.8. Therefore, the fact that the model is an

excellent fit to the injection is simply because the two only differ greatly when spins

are very large and for trajectories very near the ISCO radius. While the accretion

disk near the ISCO radius has the largest impact on the spectrum, the region where

the determinants differ significantly only reaches out to about r = rISCO +M at most;

this is not a large enough region to contribute significantly to the continuum spectrum

observables, relative to the contributions from the rest of the accretion disk.
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4.4 BH Shadow

Let us define the BH shadow as follows. Suppose light rays are emitted at

r = ∞ and propagate toward the BH. If a light ray reaches an observer at r = ∞

after scattering, the direction of the light ray as seen by the observer is not dark. If

a light ray crosses the event horizon of the BH it can never reach the observer. The

light rays that do not reach the observer create a dark region, which we call the BH

shadow. This is, of course, an idealization of a BH shadow; in reality, the photons

that reach the observer originate from an accretion disk around the BH, which makes

the shadow dependent on the properties of the accretion disk, although weakly. The

shape of the boundary of the BH shadow is thus strongly dependent on the evolution

of unstable spherical photon orbits near the BH, and thus, it contains information

about the BH spacetime.

The shadow boundary can be found analytically if the Hamilton-Jacobi equation

is separable for the metric describing the BH, as we show explicitly in D. Separability

is not only a property of the spacetime, but also of the coordinates chosen to

describe this spacetime. For example, the Kerr metric is separable in Boyer-

Lindquist coordinates, but the resummed slowly rotating metric is not. Therefore,

the BH shadow boundary in the resummed slowly rotating spacetime case must be

constructed numerically by solving the null geodesic equations.

The BH shadow boundary cannot be constructed for all values of the spin of the

resummed slowly rotating metric. This is simply because there is a range of spins for

which the shadow boundary is inside the resummed slowly rotating horizon, i.e. the

horizon is at rH,SR = 2M , while the boundary of the shadow can be inside 2M for

some range of spins [see Sec. 4.2.1.1]. To find these values of χ, we study the spins for

which the Kerr metric has spherical photon orbits at r = 2M , following the discussion
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in D. We find that provided χ < 1/
√

2 ≈ 0.707 equatorial photon orbits exist outside

of r = 2M for the Kerr metric. The divergence at r = 2M in the slowly rotating

equations of motion prevents us from doing a similar analysis for the slowly rotating

metric. We thus conservatively choose to investigate resummed slowly rotating BH

shadow models with χ ≤ 0.6.

We parameterize the boundary of the BH shadow in terms of the horizontal

displacement from the center of the image D, the average radius of the sphere 〈R〉,

and the asymmetry parameter A. D, 〈R〉, and A are the three BH shadow boundary

observables we analyze. There are many ways to model the shape of the shadow

(see e.g. [198, 199]) and the conclusions of this work will be similar regardless of the

chosen parameterization. The horizontal displacement D is the shift of the center of

the boundary of the shadow from the center of the BH and it is defined by

D ≡ |αmin − αmax|
2

, (4.38)

where αmin and αmax are the minimum and maximum horizontal coordinates of the

image on the observer’s viewing plane, respectively. The Kerr and the resummed

slowly rotating spacetimes are axially symmetric so there is no vertical displacement

of the image. The average radius 〈R〉 is the average distance of the shadow boundary

from its center and it is defined by

〈R〉 ≡ 1

2π

∫ 2π

0

R(ϑ) dϑ, (4.39)
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where R(ϑ) ≡
[
(α−D)2 + β(α)2

]1/2
and ϑ ≡ tan−1 [β(α)/α]. The asymmetry

parameter is the distortion of the shadow boundary from a circle and it is defined by

A ≡ 2

[
1

2π

∫ 2π

0

(R− 〈R〉)2 dϑ

]1/2

. (4.40)

4.4.1 Method

As with the continuum spectrum, let us treat the Kerr metric as the correct, but

unknown, description of a BH and its associated BH shadow as our observation, which

we shall refer to as the injected synthetic signal or injection for short. Let us further

use the BH shadow boundary calculated with the resummed slowly rotating metric

as our model and fit it to the injection. In both cases, the BH shadow boundary

is computed by first numerically evolving null geodesics with GRay [200], a general

relativistic ray-tracing code, and then parameterizing the boundary of the shadow as

an off-centered deformed sphere [165]. We use GRay because the resummed slowly

rotating metric is not separable, so the Hamilton-Jacobi equation must be solved

numerically.

The parameters of the BH shadow boundary model are ~λ = (M, ι, χ), namely

the BH mass, the inclination angle and the dimensionless spin parameter respectively.

We assume that the BH mass is known a priori from other measurements (e.g. the

mass of Sagittarius A* is known to about 10% uncertainty from observations of stellar

orbits [122,123]); for our analysis, we setM = 1 without loss of generalization, because

the BH mass only modifies the overall size of the shadow boundary without changing

its shape. We further assume that the inclination is also known a priori for simplicity,

and we choose its value in a conservative fashion, as we explain below in Sec. 4.4.2.

These priors, thus, reduce the parameter vector to just ~λ = (χ). The prior range on

χ will be chosen to be 0 ≤ χ ≤ 0.6, since negative values of χ would only reflect the
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shadow across the α axis. The upper bound on the prior range is due to the photon

sphere falling inside of the horizon of the resummed slowly rotating metric.

As in the spectrum case, we fit the model to the injection by minimizing their

relative χ2 over all model parameters. The reduced χ2 in this case is defined as

χ2
red =

χ2

3
=

1

3

3∑
i=1

(
αiSR(χ)− αiK(χ∗)

σi

)2

, (4.41)

where the three BH shadow boundary observables are αi = [D, 〈R〉, A], αiK is the

injection, which depends only on the injected spin χ∗, and αiSR is the model, which

depends only on the model parameter χ. The value of the spin χ that minimizes

the reduced χ2 shall be referred to as the best-fit parameter of the model. A more

realistic analysis would remove the priors on the other parameters and include all

parameters in a Markov-Chain Monte-Carlo exploration of the likelihood surface, but

we leave this for future work.

The standard deviations, σi, in Eq. 4.41 are modeled through

σi =
αiK(χ∗ + δχ)− αiK(χ∗ − δχ)

2
, (4.42)

where χ∗ is the injected spin of the Kerr shadow boundary and δχ represents the

observational error to which this injected spin can be measured in BH shadow

observations. The best BH shadow observations have only placed lower or upper

bounds on spin [132, 201], but future observations should be able to do much

better [202]. For simplicity, and to compare with continuum spectrum observations,

we assume δχ = 0.1 below.
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4.4.2 Results

There are two physical parameters that determine the BH shadow boundary in

the Kerr and the resummed slowly rotating spacetimes, the spin χ and the inclination

angle ι. We here wish to determine a conservative bound, i.e. a bound on how much

the resummed slowly rotating shadow boundary could deviate from the Kerr shadow

boundary at most. To address this, we first fix the spin χ and find the inclination

angle at which the resummed slowly rotating shadow boundary deviates the most

from the Kerr shadow boundary. We then fix the inclination angle to that value and

fit the slowly rotating BH shadow boundary model to the injection as a function of

the model spin. This provides an upper bound on the systematic error associated

with using the slowly rotating metric instead of the Kerr metric when fitting to a BH

shadow observation.

Let us then begin by calculating the Kerr and resummed slowly rotating BH

shadow boundaries at a fixed χ = 0.6, but as a function of inclination angle

ι ∈ (0, π/2). We parameterize the shape of each shadow boundary using the

displacement, the average radius, and the asymmetry parameter, as shown in the left

panel of Fig. 4.3. Observe that the difference in the average radius computed with

the Kerr metric and the resummed slowly rotating is approximately constant, while

the difference in the displacement and asymmetry parameters varies with inclination

angle. Observe also that the maximum difference in the latter two is at ι ≈ π/4.

We confirm that the largest deviation between the shadow boundaries is near

ι = π/4 by calculating the reduced χ2 between the Kerr shadow boundary and

the resummed slowly rotating shadow boundary with χ = 0.6 as a function of the

inclination angle. We choose the standard deviations to be an order of magnitude

smaller than the injected values (σD = 0.1, σ〈R〉 = 0.01, σA = 0.01). The right panel of



109

Fig. 4.3 shows that χ2 is largest at approximately ι = π/4. Therefore, we henceforth

choose ι = π/4 for analyzing the shadow boundaries as a function of spin.
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Figure 4.3: Left: Displacement (black), average radius (red), and asymmetry
parameter (blue) for Kerr (solid) and slowly rotating (dashed) shadows as a function
of inclination angle at a spin of χ = 0.6. Right: χ2

red as a function of inclination
angle for comparing the Kerr and slowly rotating shadow boundaries. Only shadow
boundaries with equal inclination angles are compared. The spin is set at χ = 0.6.
The errors chosen for each parameter are (σD = 0.1, σ〈R〉 = 0.01, σA = 0.01).

Let us now fit a BH shadow model constructed with the resummed slowly

rotating metric to the Kerr BH shadow injection as a function of model parameter

χ with ι fixed at π/4. As in the continuum spectrum case, we find that the injected

and best fit spins agree exactly for all the values of injected spin we explored, i.e. the

resummed slowly rotating BH shadow and the Kerr shadow agree with each other

best when χ = χ∗. Figure 4.4 shows the BH shape observables computed with the

resummed slowly rotating metric and the Kerr metric using ι = π/4 and the same

values of spin. Once again, observe that the resummed slowly rotating shadow with

χ = χ∗ matches the full Kerr shadow shadow quite well; the difference between the

shadow boundaries increases, becoming noticeable by eye only at very high spin.

The left panel of Fig. 4.5 shows the absolute difference between the injected

spin and the best fit spin as a function of injected spin. Observe that the absolute
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difference is at most 0.012 at an injected spin of 0.6, or equivalently the fractional

systematic error on the estimated spin is at most 2%. The right panel of Fig. 4.5 shows

χ2
red as a function of injected spin. Observe that the goodness-of-fit deteriorates with

increasing injected spin, with χ2
red reaching at most about 0.003 at the edge of the prior

range. The χ2
red at low spins is dominated by numerical errors and thus exhibits some

scattering. In conclusion, the best fit spin value deviates more and more from the

injected spin as the latter increases, while the fit deteriorates; however, the fractional

systematic error in the estimated spin is smaller than reasonable estimates of the

observational error expected in BH shadow observations [77].
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Figure 4.5: Left: Absolute difference between the injected spin of the Kerr shadow
boundary and the spin of the best fit slowly rotating shadow boundary as a function
of injected spin. Right: χ2

red as defined in Eq. 4.41. Inclination angle is set at ι = π/4.

4.5 Discussion

We have studied whether the slow-rotation approximation when constructing BH

spacetimes is appropriate for modeling two electromagnetic observables associated

with BH accretion disks: the continuum spectrum and BH shadows. We have

found that this approximation does not introduce a significant systematic error

when fitting resummed slowly rotating models to an exact Kerr injection. In the
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continuum spectrum case, the slowly rotating model can capture the Kerr spectrum

to within our numerical accuracy. In the BH shadow case, the slowly rotating model

incurs a fractional systematic error in the estimation of the spin parameter of 2% at

worst. These systematic errors are smaller than the observational errors (statistical,

astrophysical and instrumental) associated with continuum spectrum and BH shadow

observations [8, 77] for all spins considered for which the slowly rotating metric is

physically valid.

We have also found that the slow-rotation approximation cannot be used to

model BHs with too high a spin. In particular, one should not construct slowly

rotating continuum spectra and BH shadows to model BHs with dimensionless spin

larger than approximately 0.9 and 0.6 respectively. This is because above these values

of spin the approximate spectrum and the shadow are unphysical due to the volume

element vanishing and the photon sphere falling inside of the event horizon of the

slowly rotating metric respectively.

Our results suggest that the continuum spectrum and BH shadow observations

can be analyzed with approximate slowly rotating BH solutions, since this approxima-

tion introduces less systematic error than the observational error of current and future

telescopes. This opens the door to carrying out tests of GR with approximate, slowly

rotating BH solutions in modified gravity theories using electromagnetic observations;

this is important because there is a wide class of modified gravity theories, such as

dCS gravity [57,107,109], for which an exact BH solution valid for all spins is currently

not known.

The conclusions derived here, however, are only valid provided the difference

between slowly rotating BHs and exact BHs in modified theories can be captured by

the difference between the slowly rotating Kerr metric and the Kerr metric. This

assumption could be verified by carrying out a similar study in modified gravity
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theories for which exact rotating BH solutions are known. Analytic and exact rotating

BH solutions have not been found in many modified gravity theories (e.g. dCS

gravity [57, 107, 109]), but there are some for which analytic, exact rotating BH

solutions exist (e.g. massive gravity [203]).

Yet another possible extension is to improve on the accretion disk model used in

the continuum spectrum calculation. The Novikov-Thorne model (and models that

are adapted from it) is the most commonly used framework when fitting for continuum

spectrum observations. However, there are other models that incorporate different

assumptions or different physics [11], such as the advection-dominated accretion flow

(ADAF) model, which could potentially produce a significantly different continuum

spectrum [204]. It is possible that the agreement in the continuum spectrum between

the slowly rotating metric and the Kerr metric disappears in other accretion disk

models and this is worth investigating in the future.

A final extension of our work could be to relax other assumptions we made in

this paper to further verify the conclusions we arrived at. The resummation used

for the slowly rotating metric is the simplest choice possible, but is certainly not

the only one. The effect of light-bending was neglected for the continuum spectrum

calculation and could be incorporated with a ray-tracing algorithm. Values of mass,

inclination angle, Eddington ratio, and outer disk radius were assumed known a

priori for the continuum spectrum and BH shadow. A full multi-dimensional Bayesian

analysis could be performed to see whether covariances introduced by these additional

parameters have an impact on our conclusions.

4.6 Acknowledgments

D.A. and N.Y. acknowledge support from the NSF CAREER Grant PHY-

1250636. K.Y. acknowledges support from JSPS Postdoctoral Fellowships for



114

Research Abroad and NSF grant PHY-1305682. Some calculations used the computer

algebra-systems MAPLE, in combination with the GRTENSORII package [121].



115

BLACK HOLE CONTINUUM SPECTRA AS A TEST OF

GENERAL RELATIVITY: QUADRATIC GRAVITY

Contribution of Authors and Co-Authors

Manuscript in Chapter 5

Author: Dimitry Ayzenberg

Contributions: Conceived and implemented the study design. Wrote first draft of the

manuscript.

Co-Author: Dr. Nicolás Yunes

Contributions: Helped conceive the study design. Provided feedback of analysis and

comments on drafts of the manuscript.



116

Manuscript Information Page

Dimitry Ayzenberg, Nicolás Yunes

Classical and Quantum Gravity

Status of Manuscript:

Prepared for submission to a peer-reviewed journal

x Officially submitted to a peer-reviewed journal

Accepted by a peer-reviewed journal

Published in a peer-reviewed journal

Submitted to the Institute of Physics

Submitted January, 2017



117

Abstract

Observations of the continuum spectrum emitted by accretion disks around
black holes allows us to infer their properties, including possibly whether black holes
are described by the Kerr metric. Some modified gravity theories do not admit
the Kerr metric as a solution, and thus, continuum spectrum observations could
be used to constrain these theories. We here investigate whether current and next
generation X-Ray observations of the black hole continuum spectrum can constrain
such deviations from Einstein’s theory, focusing on two well-motivated modified
quadratic gravity theories: dynamical Chern-Simons gravity and Einstein-dilaton-
Gauss-Bonnet gravity. We do so by determining whether the non-Kerr deviations in
the continuum spectrum introduced by these theories are larger than the observational
error intrinsic to the observations. We find that dynamical Chern-Simons gravity
cannot be constrained better than current bounds with current or next generation
continuum spectrum observations. Einstein-dilaton-Gauss-Bonnet gravity, however,
may be constrained better than current bounds with next generation telescopes, as
long as the systematic error inherent in the accretion disk modeling is decreased below
the predicted observational error.

5.1 Introduction

The recent detections of gravitational waves from binary black hole (BH) mergers

by advanced LIGO (aLIGO) [68,69] have ushered in the era of extreme gravity tests of

General Relativity (GR) [47,67], i.e. probes that sample the non-linear and dynamical

nature of the gravitational interaction. In the coming years, these two observations

will be bolstered by further gravitational wave detections from aLIGO, aVirgo, and

KAGRA [71] and pulsar timing arrays (PTAs) [72]. In the meantime, electromagnetic

(EM) observations of accretion disks around BHs using new X-Ray telescopes and

very long baseline interferometers (VLBIs) [16, 34, 35, 42, 135, 205] will also join the

game. Unlike gravitational wave observations, EM ones do not directly probe the

dynamical sector of the gravitational interaction, but instead, they detect the impact

of a stationary source of strong gravity on radiation that attempts to escape from it.
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These observations include, but are not limited to, the continuum spectrum of BH

accretion disks, the BH “shadow”, and the Kα iron line emitted from BH accretion

disks [135,206–208].

Continuum spectrum observations are of particular interest as the BH accretion

disk spectrum is very sensitive to the properties of the BH spacetime. The continuum

spectrum of thin disks is dominated by radiation originating near the inner radius of

the accretion disk, which can be well approximated by the innermost stable circular

orbit (ISCO) [16], i.e. the last stable orbit an accretion disk (test) particle can be in

before plunging into the BH. The ISCO is independent of the accretion disk properties

and depends only on the properties of the BH spacetime, e.g. the BH mass M and (the

magnitude of) the spin angular momentum | ~J |. Continuum spectrum observations

are thus a useful tool for determining the properties of BHs and have been used to

estimate the angular momentum of several BHs [8].

Black hole continuum spectrum observations could allow us, at least in principle,

to test the Kerr hypothesis, i.e. that all isolated, stationary, and axisymmetric

astrophysical (uncharged) BHs are described by the Kerr metric [136–141], which

is completely determined by only two parameters (the mass and the angular

momentum). The Kerr metric is a solution to the Einstein equations in vacuum, but it

can also be a solution in certain modified gravity theories [173]. In this sense, verifying

the Kerr hypothesis is a null test of General Relativity, but it does not necessarily

rule out all modified gravity models. There are, however, modified theories of gravity

that introduce violations to fundamental pillars of GR, and that, in particular, do

not satisfy the Kerr hypothesis. In these cases, BH continuum spectrum observations

can be used to place constraints on these theories.

Two such modified gravity theories that have also been well-studied are dynam-

ical Chern-Simons (dCS) gravity [108] and Einstein-dilaton-Gauss-Bonnet (EdGB)
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gravity [142]. Both theories modify the Einstein-Hilbert action by introducing a

dynamical scalar field that couples to a curvature invariant, the Pontryagin invariant

in the case of dCS gravity and the Gauss-Bonnet invariant in the case of EdGB

gravity. These theories break parity invariance in the gravitational sector and the

strong equivalence principle, both of which are pillars of Einstein’s theory [60]. Black

holes within these theories have been studied extensively and many numerical and

approximate solutions have been found, although no exact solution is known for BHs

that spin arbitrarily fast [85,86,107,143–150,187]. For the purpose of this work we will

focus on a pair of purely analytic, approximate solutions, one for each theory. Both

solutions are stationary and axisymmetric, and they represent a slowly-rotating BH to

quadratic order in the ratio of spin angular momentum to BH mass squared [57,209].

An overarching goal of our research program is to determine the degree to

which BH continuum spectrum observations can be used to constrain deviations

from GR. A step in this direction and the primary goal of this paper is to consider

constraints on dCS gravity and EdGB gravity. Both theories have been constrained

with observations that are not in the extreme gravity regime [57,111,115], and thus,

they are not very stringent. Given that EM observations are sensitive to strong-field

physics, one could expect that they may lead to much more stringent constraints, if

the modified gravity effects are not overwhelmed by observational error and modeling

systematics. In this paper we will investigate this topic with continuum spectrum

observations using both current and next generation X-Ray telescopes.

Whether continuum spectrum observations can be used to place constraints on

modified gravity will depend on whether the induced deviations in the spectrum are

detectable. As a proxy for detectability, we will here require that at the very least the

modified gravity deviations should be larger than any other systematic, statistical,

instrumental, and environmental error in the observations. Systematic error originates
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from the approximate nature of the models we use to analyze the data, in particular

the approximate nature of BH solutions in modified gravity and of the astrophysical

models for accretion disks. The impact of using approximate, slowly-rotating BH

solutions for continuum spectrum observations was studied recently [210], with results

suggesting that the systematic error introduced is negligible, provided the BH is not

close to maximally rotating. The impact of using approximate accretion disk models

is currently unknown, because of their complexity and the large number of proposed

models. In fact, there is much debate over which model(s) best describes continuum

spectrum observations in GR [11, 171]. This source of systematic error is beyond

the scope of this paper. Statistical, instrumental, and environmental errors will be

collectively referred to as observational errors, and they affect the accuracy to which

BH properties can be estimated by roughly 10% with current X-Ray telescopes [8];

next generation X-Ray telescopes will be able to estimate BH properties to 1% [34,

35,170]

In order to determine whether continuum spectrum observations can be used to

place constraints on modified gravity, we perform a parameter estimation study in

which we treat the continuum spectrum of a Kerr BH as the observation or injection

and the continuum spectrum of a BH in EdGB gravity or dCS gravity as the model we

fit to the injection. The parameters we estimate are the BH mass, the BH spin angular

momentum, and the inclination angle, i.e. the angle between the observer’s line of

sight and the BH’s angular momentum. The parameter estimation study is done by

minimizing the relative χ2 over all parameters. We model the observational error

using errors in the parameters that are representative of current and next generation

continuum spectrum observations. Since the model is different from the observation,

our parameter estimation will result in biased best-fit parameters that will differ

from the true parameters of the signal. Continuum spectrum observations can then
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be used to constrain EdGB and dCS gravity provided the difference between the

biased parameter and the true parameters are larger than the observational errors.

The main results of this paper are that dCS gravity and EdGB gravity cannot be

constrained better than current constraints using continuum spectrum observations

with current X-Ray telescopes. Assuming a signal consistent with GR, the bias in

the recovered BH parameters when analyzing the data with dCS gravity and EdGB

gravity models is much smaller than the observational error with current telescopes.

Using next generation telescopes, on the other hand, it may be possible to place better

than current constraints on EdGB gravity, but not on dCS gravity. With a reduction

in the observational error of an order of magnitude, the bias in parameter extraction

with EdGB gravity models becomes significantly larger than the observational error

for BHs of mass M . 8M�. This is not, however, the case with dCS gravity models,

for which the bias in parameter extraction remains well below the observational error.

This is, in part, because non-spinning BHs are still described by the Schwarzschild

metric in dCS gravity, with modifications only important very close to the BH’s

event horizon and always proportional to the spin. These results are summarized in

Table 5.1.

Current Next Gen.
dCS × ×
EdGB × X

Table 5.1: Table summarizing main results of this paper, i.e. whether observations
of black hole continuum spectra with current and next generation X-Ray telescopes
can be used to place better than current constraints on dynamical Chern-Simons
gravity and Einstein-dilaton-Gauss-Bonnet gravity. A checkmark, X, means better
than current constraints can be placed ∀MBH . 8M�, while a cross, ×, means better
than current constraints cannot be placed.
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As part of this investigation, we also obtain a set of secondary results. We

calculate properties of EdGB and dCS gravity BH solutions that play an important

role in the calculation of the spectrum, such as the conserved energy and angular

momentum, the ISCO radius, and the gravitational redshift. More importantly,

perhaps, we also show that test particles, i.e. particles with extremely weak self-

gravity, follow geodesics in EdGB gravity, developing a proof that is similar to that

employed previously in dCS gravity [94]. This proof allows one to continue to use the

geodesic equation to solve for the motion of accretion disk particles in the background

of a massive BH.

Our work extends previous work on BH electromagnetic observations in EdGB

gravity and dCS gravity by studying the continuum spectrum of solutions in these

theories that have not been studied in the past. Although a similar study had

been carried out in dCS gravity before [211], this was only to linear-order in spin.

DCS modifications that are quadratic in the spin enter the diagonal components

of the metric, which could in principle have a larger effect on electromagnetic

observables. The continuum spectrum in EdGB gravity had not been studied before,

although other electromagnetic observables had been considered, such as the black

hole shadow [212] and quasi-periodic oscillations [213]. Similar results to those in this

work were found in the case of quasi-periodic oscillations, namely that next generation

telescopes should be able to place better than current constraints on EdGB gravity.

Showing that this result holds for multiple types of electromagnetic observations adds

to the scientific case of next generation telescopes.

The remainder of this paper presents the details of the calculations that led us

to the above conclusions. Section 5.2 briefly summarizes the quadratic gravity (QG)

class of modified gravity theories of which dCS gravity and EdGB gravity are a part

and the BH solutions this paper studies. Section 5.3 presents properties of the BH
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solutions that are relevant to the continuum spectrum calculation. Section 5.4 details

the continuum spectrum calculation, our statistical analysis methodology, and the

results obtained. Section 5.5 concludes by summarizing our results and discussing

implications. Throughout, we use the following conventions: the metric signature

(−,+,+,+); Latin letters in index lists stand for spacetime indices; parentheses and

brackets in index lists for symmetrization and antisymmetrization, respectively, i.e.

A(ab) = (Aab−Aba)/2 and A[ab] = (Aab−Aba)/2; geometric units with G = c = 1 (e.g.

1M� becomes 1.477 km by multiplying by G/c2 or 4.93 × 10−6 s by multiplying by

G/c3), except where otherwise noted.

5.2 Quadratic Gravity and BH Solutions

The action that describes the QG class of theories is defined by a modification

to the Einstein-Hilbert action containing all possible quadratic, algebraic curvature

scalars with running (i.e. nonconstant) couplings [85]

S ≡
∫
d4x
√
−g{κR + α1f1(ϑ)R2 + α2f2(ϑ)RabR

ab

+ α3f3(ϑ)RabcdR
abcd + α4f4(ϑ)Rabcd

∗Rabcd

− β

2
[∇aϑ∇aϑ+ 2V (ϑ)] + Lmat}. (5.1)

Here, g stands for the determinant of the metric gab. R, Rab, Rabcd, and ∗Rabcd are

the Ricci scalar, Ricci tensor, and the Riemann tensor and its dual, respectively, with

the latter defined as

∗Ra
bcd =

1

2
ε ef
cd Ra

bef , (5.2)
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and εabcd the Levi-Civita tensor. The quantity Lmat is the external matter Lagrangian,

ϑ is a field, fi(ϑ) are functionals of this field, (αi, β) are coupling constants, and

κ = 1/(16π).

We will focus on two specific theories within QG, EdGB gravity and dCS gravity.

In EdGB gravity, (α1, α2, α3, α4) = (αEdGB,−4αEdGB, αEdGB, 0) and (f1, f2, f3, f4) =

(ϑ, ϑ, ϑ, 0), where αEdGB is the EdGB gravity coupling constant and ϑ is the dilaton1.

In dCS gravity, (α1, α2, α3, α4) = (0, 0, 0, αdCS/4) and (f1, f2, f3, f4) = (0, 0, 0, ϑ),

where αdCS is the dCS gravity coupling parameter and ϑ is the dCS (axion like)

field. The strongest constraint on EdGB gravity comes from low-mass X-Ray binary

observations,
√
|αEdGB| < 1.9× 105cm [111]. The strongest constraint on dCS gravity

comes from Solar System [115] and tabletop experiments [57],
√
|αdCS| < 1013cm.

Let us now consider BH solutions in these theories. In GR, the solution for an

isolated, stationary, axisymmetric, and uncharged BH is the Kerr metric. The line

element associated with this metric in Boyer-Lindquist coordinates (t, r, θ, φ) is given

by

ds2
K =−

(
1− 2Mr

ΣK

)
dt2 − 4Mar sin2 θ

ΣK

dtdφ+
ΣK

∆K

dr2

+ ΣKdθ
2 +

(
r2 + a2 +

2Ma2r sin2 θ

ΣK

)
sin2 θdφ2, (5.3)

1In EdGB gravity, the functionals of the dilaton field are actually given by (f1, f2, f3, f4) =
(eϑ, eϑ, eϑ, 0). For the BH solution we study in this work we assume ϑ is at the minimum of its
potential, V (ϑ), and then Taylor expand about small perturbations from the minimum, fi(ϑ) =
fi(0) + f ′i(0)ϑ + O(ϑ2) where fi(0) and f ′i(0) are constants. The ϑ-independent term leads to a
theory with a minimally coupled field, i.e. the field does not interact with the curvature invariants.
The Guass-Bonnet invariant, RGB = R2 − 4RabR

ab + RabcdR
abcd, is a topological invariant, and

thus, the fi(0) term does not modify the field equations. The fi(0) term is then irrelevant and we
neglect it, instead focusing on the f ′i(0) term, which can be modeled by letting fi(ϑ) = ciϑ. We
reabsorb the constant ci into the coupling parameter αEdGB, and then, the functionals are given by
(f1, f2, f3, f4) = (ϑ, ϑ, ϑ, 0).
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with ∆K ≡ r2 − 2Mr + a2 and ΣK ≡ r2 + a2 cos2 θ. Here M is the mass of the BH

and a ≡ J/M is the Kerr spin parameter, where J := | ~J | is the magnitude of the BH

spin angular momentum.

For EdGB gravity and dCS gravity we will focus on the approximate, stationary,

and axisymmetric solutions that represent slowly-rotating BHs to second order in the

spin [57,209]. These solutions take the form

gQG,χ0

ab = gK

ab + ζ
[
g

[0,1]
ab + χ g

[1,1]
ab + χ2g

[2,1]
ab

]
, (5.4)

where gK
ab is the Kerr metric and g

[x,y]
ab are the metric deformations due to EdGB

gravity or dCS gravity at each order in spin and are given in E for completeness.

Here χ = a/M = ~J/M2 is the dimensionless spin parameter and ζ = 16πα2/M4 is

the dimensionless coupling parameter, where we have set β = 1.

Due to the slow-rotation and small-coupling (ζ << 1) expansions used to find

these BH solutions in EdGB gravity and dCS gravity, they contain spurious features

that would not appear in an exact solution. An example of such a spurious feature

is that these solutions contain a divergence at r = 2M , which is unrelated to any

physical property of the solutions (see e.g. [187]). To eliminate such spurious features

one can perform a resummation, i.e. replace terms in the metric that, if expanded

in small rotation, would produce higher order terms in χ, such as r → Σ
1/2
K . In

principle, there are an infinite number of ways to resum the metric and, since the

exact solution of a rotating BH is not known in EdGB gravity and dCS gravity, it is

unknown which choice of resummation is the correct one to make. For simplicity, our

choice of resummation throughout this work is to treat the slowly-rotating solutions

as exact, i.e. to not expand in χ and ζ when computing observables, recognizing that

the results presented may be different with other choices of resummation when χ is
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sufficiently large. An analysis done in GR comparing the Kerr spectrum to a spectrum

from a slowly-rotating expansion of Kerr suggests this choice of resummation is

accurate up to χ ≈ 0.9 [210].

5.3 Properties of the dCS and EdGB BH Solutions

BH solutions in dCS and EdGB gravity were discussed in detail in [57, 209].

We here discuss the properties of these BHs that are related to continuum spectrum

observations, summarizing results from [57, 209] and presenting new results when

necessary.

5.3.1 Test particle motion

In order to calculate the continuum spectrum of an accretion disk orbiting a

black hole it is first necessary to determine the motion of test particles, i.e. massive

particles with extremely weak self-gravity. In GR, test particles follow geodesics, and

the same was proven to be true in dCS gravity [94]. We here prove that test particles

follow geodesics in EdGB gravity.

We begin from the action of a test particle moving along a worldline xa = za(λ),

where λ parameterizes the trajectory. The action is given by [214]

Smat = −m
∫
γ

dλ

√
−gab(z)

dza

dλ

dzb

dλ
, (5.5)

where m is the mass of the test particle and dza/dλ is the tangent to the worldline γ.

By varying Smat with respect to the metric we can find the contribution to the matter

stress-energy tensor from this test particle. Using that the proper time τ is related to

λ via dτ = dλ
√
−gab(z)dz

a

dλ
dzb

dλ
and that the particle four-velocity ua = dza/dτ obeys
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gabu
aub = −1, the matter stress-energy tensor of the test particle can be written as

T abmat(x
c) = m

∫
dτ√
−g

uaubδ(4)[xc − zc(τ)], (5.6)

where g denotes the metric determinant and δ(4) is the four-dimensional Dirac density

defined by
∫
d4x
√
−g δ(4)(xc) = 1. One can easily show that the divergence of T abmat

is given by

∇bT
ab
mat = m

∫
dτ√
−g

d2za

dτ 2
δ(4)[x− z(τ)]. (5.7)

The field equations of EdGB gravity with V (ϑ) = 0 and β = 1 are given by [209]

Gab + 16παEdGBD(ϑ)
ab − 8πT

(ϑ)
ab = 8πTmat

ab , (5.8)

where

T
(ϑ)
ab = ∇aϑ∇bϑ−

1

2
gab∇cϑ∇cϑ, (5.9)

is the stress-energy tensor of the scalar field and

D(ϑ)
ab ≡ −2R∇a∇bϑ+ 2(gabR− 2Rab)∇c∇cϑ

+ 8Rc(a∇c∇b)ϑ− 4gabR
cd∇c∇dϑ+ 4Racbd∇c∇dϑ. (5.10)

The scalar field equation is given by

�ϑ = −αEdGB

(
R2 − 4RabR

ab +RabcdR
abcd
)

= −αRGB. (5.11)

For test particles to follow geodesics, the divergence of Tmat
ab must vanish, which

means that the divergence of the second and third terms on the left-hand side of

Eq. 5.8 must cancel. Taking the divergence of Eq. 5.8, we then find that test particles
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follow geodesics if

∇bDab = −1

2
(∇aϑ)RGB, (5.12)

where we have used that the divergence of T ab(ϑ) is given by

∇bT
ab
(ϑ) = (∇aϑ)(�ϑ) = −αEdGB(∇aϑ)RGB. (5.13)

Let us then evaluate the left-hand side of Eq. 5.12. Taking the divergence of

Eq. 5.10 we have

∇bDab = 4R∇[a∇b]∇bϑ− 8Rbc∇[a∇c]∇bϑ

− 8Rab∇[b∇c]∇cϑ− 8∇[aRc]b∇b∇cϑ

− 4Rabcd∇d∇c∇bϑ− 4∇dR
abcd∇c∇bϑ. (5.14)

Applying the Bianchi identities and the commutation of covariant derivatives gives

∇bDab = −2RRab∇bϑ+ 4RacRbc∇bϑ

+ 4RcdR
acbd∇bϑ+ 4RacdeRbecd∇bϑ. (5.15)

Using the definition of the Weyl tensor, Wabcd ≡ Rabcd − (ga[cRd]b − gb[cRd]a) +

1/3Rga[cgd]b, we replace the Riemann tensor to get

∇bDab = −1

3
R2∇aϑ+RbcR

bc∇aϑ

− 4W acdeWbcde∇bϑ+ 4W acdeWbdce∇bϑ. (5.16)
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Applying the identities W acdeWbcde = 1/4gabW
cdefWcdef and

W acdeWbdce = 1/8gabW
cdefWcdef gives

∇bDab = (∇aϑ)(−1

3
R2 +RbcR

bc − 1

2
WbcdeW

bcde). (5.17)

Finally, using the definition of the Weyl tensor we find that the divergence of the

stress-energy tensor of the scalar field is given by

∇bDab = −1

2
(∇aϑ)(R2 − 4RbcR

bc +RabcdR
abcd) = −1

2
(∇aϑ)RGB. (5.18)

Thus, Eq. 5.12 is satisfied, proving that test particles must follow geodesics in EdGB

gravity

d2za

dτ 2
= 0. (5.19)

5.3.2 Conserved Quantities

All three BH solutions considered within this work are stationary and axisym-

metric, and thus, each possesses a timelike and an azimuthal Killing vector, which in

turn implies the existence of two conserved quantities: the specific energy E and the

z-component of the specific angular momentum Lz. In the dCS and the EdGB cases,

these Killing vectors are approximate, i.e. they solve the Killing equation to O(ζ, χ2),

so E and Lz are also approximately conserved.

The definitions of E and Lz and the normalization condition for the 4-velocity

uaua = −1 allow us to find the equations of motion for test particles. As discussed

above, such particles follow geodesics of the metric in dCS gravity and EdGB gravity.

From the definition of E and Lz we find

ṫ =
Egφφ + Lzgtφ
g2
tφ − gttgφφ

, φ̇ = −Egtφ + Lzgtt
g2
tφ − gttgφφ

, (5.20)
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where the overhead dot represents a derivative with respect to the affine parameter

(proper time for a massive particle). Substituting Eq. 5.20 into the normalization

condition, we find

grrṙ
2 + gθθθ̇

2 = Veff(r, θ;E,Lz), (5.21)

where we parameterize the four velocity via ua = (ṫ, ṙ, θ̇, φ̇) with overhead dots

representing derivatives with respect to proper time, and where the effective potential

is

Veff ≡
E2gφφ + 2ELzgtφ + L2

zgtt
g2
tφ − gttgφφ

− 1. (5.22)

Restricting attention to equatorial and circular orbits, we can obtain explicit

expressions for the energy and angular momentum as a function of the metric

components. Using the stability and circularity conditions Veff = 0 and ∂Veff/∂r = 0,

and solving for E and Lz, we find

E = − gtt + gtφΩ√
−(gtt + 2gtφΩ + gφφΩ2)

, (5.23)

Lz =
gtφ + gφφΩ√

−(gtt + 2gtφΩ + gφφΩ2)
, (5.24)

where the angular velocity of equatorial circular geodesics is defined via

Ω :=
dφ

dt
=
−gtφ,r +

√
(gtφ,r)2 − gtt,rgφφ,r
gφφ,r

. (5.25)

5.3.3 ISCO

The ISCO is the stable circular orbit that is closest to the BH event horizon.

Any circular orbit inside the ISCO will thus be unstable and any test particle that

finds itself there is expected to rapidly plunge and cross the event horizon. Because
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of this many accretion disk models assume the inner radius of the disk is exactly

at the ISCO. This assumption is motivated by physical arguments, simulations, and

observational evidence [21–25] and it could, in principle be relaxed. We, however,

will retain this assumption throughout this work and leave its relaxation to future

studies.

Since the ISCO is a geometric property of BHs that plays a key role in the

continuum spectrum of accretion disks, let us now calculate its location. The

ISCO radius can be found by substituting Eq. 5.23 into Eq. 5.22, and then solving

∂2Veff/∂r
2 = 0 for r. The ISCO radius for equatiorial geodesics in Kerr is

rISCO = M
{

3 + Z2 ∓ [(3− Z1) (3 + Z1 + 2Z2)]1/2
}
, (5.26)

where

Z1 =1 +
(
1− χ2

)1/3
[
(1 + χ)1/3 + (1− χ)1/3

]
, (5.27)

Z2 =
(
3χ2 + Z2

1

)1/2
, (5.28)

where the ∓ denotes whether the disk’s angular momentum is in the same (−) or the

opposite (+) direction as the BH’s angular momentum.

The ISCO radius in the EdGB and dCS BH solutions when treated as exact

must be solved for numerically as the solutions to ∂2Veff/∂r
2 = 0 are not analytically

tractable. Note that, when the solutions are treated as approximate, the ISCO

radius can be found analytically by expanding in χ and ζ; the difference, however,

is negligible in dCS gravity and at most ∼ 2% in EdGB gravity for the ranges of χ

and ζ that we consider. To remain consistent throughout this work we also compute
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the ISCO radius in Kerr numerically instead of using the above analytic solution,

ensuring that the numerical ISCO agrees with the analytic to within our numerical

error. Figure 5.1 shows the ISCO radius as a function of dimensionless spin χ for

Kerr, the EdGB gravity solution with
√
|αEdGB| = 1.9× 105cm, and the dCS gravity

solution with
√
|αdCS| = 2.33 × 105cm, for a BH with mass M = 5M�. Observe

that the ISCO location in EdGB BHs is significantly different from the ISCO in Kerr

BHs, even in the non-spinning limit, while the deviation in dCS BHs is essentially

negligible even at higher spins.

The amount of deviation in the ISCO radius between the Kerr solution and the

solutions in EdGB gravity and dCS gravity is not an intrinsic property of the BH

solutions. Non-spinning BHs in EdGB gravity are not given by the Schwarzschild

metric, in contrast to non-spinning BHs in dCS gravity. Thus, the ISCO radius in

the EdGB BH solution is different from GR even when χ = 0, while the ISCO radius

in the dCS BH case is the same as in GR. This also means that any modifications

to the ISCO radius in rotating dCS BHs must arise from spin-dependent terms in

the metric, which are subdominant relative to terms independent of spin for slowly-

rotating BHs. The small modification to the ISCO radius in dCS gravity is also due to

our choice of coupling constant. A larger coupling would increase the deviation from

Kerr, but may violate the small-coupling approximation used in finding the solution

studied here.

5.3.4 Gravitational Redshift

The gravitational redshift is a quantity that describes how much the frequency

of photons changes as they travel out of the BH potential. We can define this quantity

via

g ≡ Eo
Ee

=
(pau

a)o
(pbub)e

, (5.29)
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Figure 5.1: ISCO radius as a function of dimensionless spin χ for Kerr (black solid
line), EdGB gravity with

√
|αEdGB| = 1.9× 105cm (red dotted line), and dCS gravity

with
√
|αdCS| = 2.33× 105cm (green dashed-dotted line), for a BH mass M = 5M�.
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where pa is the four-momentum of a photon traveling from the emitting material to

the observer, and uao and uae are the four-velocities of the observer and the emitting

material, respectively.

Let us now detail how to compute this redshift quantity explicitly in terms of

components of the metric tensor by first focusing on the photon’s four-momentum.

The BH solutions we study are stationary and axisymmetric, so they are independent

of the t and φ coordinates. Thus, the corresponding components of the four-

momentum are conserved and we can write

pa = (pt, pr, pθ, pφ) = (−E, pr, pθ, Lz). (5.30)

Let us now focus on the four-velocities of the observer and the emitting material.

If we treat the observer as static, then uao = (1, 0, 0, 0). The four-velocity for material

in a circular orbit on the equatorial plane is simply

uae = ute(1, 0, 0,Ω), (5.31)

where

ute =
1√

−(gtt + 2gtφΩ + gφφΩ2)
(5.32)

to enforce the timelike normalization condition.

With these quantities computed, we can now explicitly solve for the redshift

factor. The numerator of Eq. 5.29 is simply (pau
a)o = −E, while the denominator is

(pau
a)e = −Eute + uteΩLz, yielding the redshift factor

g =

√
−(gtt + 2gtφΩ + gφφΩ2)

1− Ωξ
, (5.33)
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where ξ = Lz/E.

The redshift factor depends on the ratio of the angular momentum and the

energy, which although conserved are not directly measurable. We can recast the

redshift factor, however, in terms of celestial coordinates α and β as follows. First,

we place the observer at spatial infinity (r = +∞) at an inclination angle ι between

the observer’s line of sight and the BH’s angular momentum. We then define (α, β)

as the Cartesian coordinates on the observer’s plane of the sky, as measured from

the observer’s line of sight, i.e. measured in directions perpendicular and parallel to

the rotation axis of the BH when projected onto the observer’s plane of the sky,

respectively. At large spatial distances, and using the fact that the BH metrics are

asymptotically flat, the celestial coordinate α is given by

α = lim
r→∞
−rp

φ

pt
=
−ξ
sin ι

. (5.34)

Neglecting light-bending2, α can also be written as α = r cosφ where φ = 0 is along

the line of nodes, where the disk intersects the observer’s plane of the sky. Then,

solving for ξ one finds ξ = −r cosφ sin ι, and thus the redshift factor can be written

as

g =

√
−(gtt + 2gtφΩ + gφφΩ2)

1 + rΩ cosφ sin ι
. (5.35)

This expression depends only on the metric components, the angle φ and the

material’s angular velocity.

2There is no reason to assume the effect of light-bending is negligible compared to other relativistic
effects, but incorporating its effects would require a general relativistic ray-tracing code and this is
beyond the scope of this work.
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5.4 Continuum Spectrum in dCS and EdGB BHs

We use the Novikov-Thorne accretion disk model [12], the standard general

relativistic model for geometrically-thin and optically-thin accretion disks. The model

assumes the disk is in the equatorial plane of the BH and the disk particles move on

nearly geodesic circular orbits, i.e. geodesics except for a small radial momentum.

With these assumptions, two of the equations that describe the time-averaged radial

structure of the disk and are that are used for calculating the continuum spectrum

are

Ṁ = −2π
√
−gΣ(r)ur = constant, (5.36)

F(r) =
Ṁ

4π
√
−g

f(r), (5.37)

where Ṁ and F are the time-averaged mass accretion rate and radially-dependent

energy flux, respectively. In these equations, Σ(r) is the surface density, ur is the

radial four-velocity of the disk particles, g is the determinant of the metric in the

near equatorial plane in cylindrical coordinates, and the function f(r) is defined by

f(r) =
−∂rΩ

(E − ΩLz)2

∫ r

rin

(E − ΩLz)(∂r′Lz)dr
′. (5.38)

Here rin is the inner radius of the accretion disk, which we choose to be the location

of the ISCO.

The accretion rate Ṁ can be rewritten as Ṁ = Lbol/η, where Lbol is the

bolometric luminosity and η is the radiative efficiency, the efficiency of conversion

between rest-mass and EM energy. The radiative efficiency can be written as
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η = 1 − E(rISCO), by assuming the energy radiated by a particle falling into a BH is

approximately equal to the binding energy of the ISCO [190]. The accretion rate is

then given by

Ṁ =
Lbol

1− E(rISCO)
, (5.39)

and the radial energy flux of Eq. 5.37 can be rewritten as

F(r) =
Lbol

4π
√
−g [1− E(rISCO)]

−∂rΩ
(E − ΩLz)

2

∫ r

rin

(E − ΩLz) (∂r′Lz) dr
′. (5.40)

Assuming the disk is in thermal equilibrium and modeling the radiation emitted

by the disk as a black-body, we can compute its luminosity. This quantity is nothing

but the integral of the spectral radiance given by Planck’s law over the extent of the

disk, namely

L(ν) =
8πh

c2
cos ι

∫ rout

rin

∫ 2π

0

ν3
√
−g

exp [hν/gkBT (r)]− 1
drdφ, (5.41)

where g is the redshift found in Eq. 5.35, h is the Planck constant, kB is the Boltzmann

constant, ν is the observed frequency, rout is the outer radius of the disk, and we have

here restored the speed of light c. The quantity T (r) is the temperature of the disk,

which can be related to the radial energy flux using the Stefan-Boltzmann law

T (r) =

(
F(r)

σ

)1/4

, (5.42)

where σ is the Stefan-Boltzmann constant.

The main observable we will be concerned with is the accretion disk luminosity,

which as we can see depends on the metric in various ways. The luminosity L(ν)

is given by Eq. 5.41, which depends on the metric via the determinant factor in its
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integrand, the ISCO in the limits of integration, and also through the temperature

T (r). The latter is given in terms of the radial energy flux in Eq. 5.42, while the

energy flux is given in Eq. 5.40. This flux clearly depends on the metric through its

associated conserved quantities E and Lz, as well as the angular velocity Ω of test

particles in a circular orbit. It stands to reason, then, that if the metric changes, for

example if modified gravity theories do not allow the Kerr metric as a solution for

BH spacetimes, then the luminosity of its associated accretion disk will also change.

5.4.1 Method

We wish to determine whether better-than-current constraints can be placed on

EdGB gravity and dCS gravity using current and next generation continuum spectrum

observations. Following the same prescription as [210], let us assume that the Kerr

metric is the correct description of a BH spacetime and that the associated spectrum

is our observation. We shall refer to the Kerr spectrum observation as the injected

synthetic signal or injection for short. Further, we use the spectrum calculated with

the EdGB gravity or dCS gravity metrics as our model and fit it to the injection.

When constructing both the injections and the models, the spectrum is

calculated using Eq. 5.41, as explained in the previous subsection. The integrals

are numerically evaluated using Simpson’s rule with step sizes chosen to ensure

numerical error is small. For the energy flux integration, we choose a radial step size

of δr = 0.1M , with a much smaller step size of δr = 10−4M for r ≤ rISCO + 2.5M , as

the energy flux changes rapidly near the ISCO radius. For the luminosity integration,

we choose step sizes of δr = M and δφ = 0.1. A lengthy numerical investigation was

performed to guarantee the numerical error is under control with these choices of step

sizes.
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The parameters of the spectrum model outlined in Sec. 5.4 are ~λ = (M,χ, ι, Fbol),

i.e. the BH mass, its dimensionless spin χ = a/M , the inclination angle, and the

bolometric luminosity, respectively. The latter, Fbol, should in principle be extracted

from observations, but since we wish to focus on the impact of modified BH solutions

rather than the properties of the accretion disk itself, we will fix Lbol = 1.2572× 1036

erg/s. This luminosity is also equal to 10% of the Eddington luminosity, LEdd =

1.2572 × 1038 (M/M�)erg/s for a 1M� object. This leaves the mass m, the spin

χ, and the inclination angle ι as the parameters of the spectrum model, for all of

which we choose a flat prior over the following ranges. For the mass and inclination

angle, we choose ranges that are representative of current BH continuum spectrum

observations: 6M� ≤ M ≤ 19M� and 10◦ ≤ ι ≤ 80◦. The spin range is limited by

the region of validity for the slow-rotating EdGB gravity and dCS gravity solutions.

For EdGB gravity we use the range −0.6 ≤ χ ≤ 0.6 [209] and for dCS gravity we use

the range −0.7 ≤ χ ≤ 0.7 [106].

As we wish to compare the projected constraints we will obtain against current

constraints on EdGB gravity and dCS gravity we fix the coupling constant α in each

model, thus not including it as a parameter of the model. In the case of EdGB gravity

we choose
√
|αEdGB| = 1.9 × 105cm, which saturates the current constraint [111].

For dCS gravity we choose
√
|αdCS| = 2.33 × 105cm, which gives a dimensionless

coupling of ζ = 0.5 for BH mass M = 5M�, the smallest mass, and thus, the largest

dimensionless coupling, used in our analysis. For coupling values larger than this,

the small-coupling approximation used to construct the dCS BH solution would be

violated.
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We estimate parameters in the model by minimizing the relative χ2 over all

parameters. The reduced χ2 is defined as

χ2
red =

χ2

N
=

1

N

N∑
i=1

[
LQG(νi,M, χ, ι)− LK(νi,M

∗, χ∗, ι∗)

σ(νi)

]2

, (5.43)

where the summation is over N sampling frequencies νi ∈ (1015, 1018)Hz wth 10

samples per decade spaced logarithmically. This sampling choice is representative of

that made in the observed spectra of BHs with estimated spins [24,24,192–197]. The

quantity LQG(ν,M, χ, ι) is the spectrum model, which depends on the frequency ν

and the model parameters (M,χ, ι), while LK(ν,M∗, χ∗, ι∗) is the injection, which

depends on the frequency and the injected parameters (M∗, χ∗, ι∗). The values of

model parameters that minimize the reduced χ2 are the best-fit model parameters.

We model the standard deviation of the distribution, σ, via

σ(νi) = σM(νi) + σχ(νi) + σι(νi), (5.44)

where

σM(νi) =
|LK(νi,M

∗ + δm, χ∗, ι∗)− LK(νi,M
∗ − δm, χ∗, ι∗)|

2
, (5.45)

σχ(νi) =
|LK(νi,M

∗, χ∗ + δχ, ι∗)− LK(νi,M
∗, χ∗ − δχ, ι∗)|

2
, (5.46)

σι(νi) =
|LK(νi,M

∗, χ∗, ι∗ + δι)− LK(νi,M
∗, χ∗, ι∗ − δι)|

2
, (5.47)

where M∗, χ∗, and ι∗ are the injected mass, spin, and inclination angle of the

Kerr spectrum, respectively. The quantities δM, δχ, and δι serve as a way
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to represent the observational error in the observations. When considering the

ability of current telescopes to place constraints on modified gravity, we choose

(δM, δχ, δι) = (1M�, 0.1, 1
◦), which is comparable to or better than the error in

current BH mass, spin, and inclination angle measurements for BHs in which the

spins were measured using continuum spectrum observations [8]. When considering

the ability of next generation telescopes to place constraints on modified theories,

we reduce the observational error in the spin parameter by an order of magnitude,

i.e. δχ = 0.01 [34,35,170].

5.4.2 Results

We first wish to determine if better-than-current constraints can be placed

on modified gravity theories with continuum spectrum observations using current

telescopes. To do so we define the weighted deviation ∆A = |A∗ − A|/σA where

A = [M,χ, ι], i.e. the difference between the value of the injected parameter and

the value of the best fit parameter weighted by the error in that parameter. When

∆A > 1, we expect the deviation in the continuum spectrum due to the modified

gravity solution to be in principle detectable, i.e. larger than the observational error,

and the modified theory may be constrained. However, if ∆A < 1 the deviation in

the continuum spectrum is not detectable (not even in principle) and the modified

theory cannot be constrained.

Figure 5.2 shows the weighted deviation for spin as a function of injected mass

when averaged over the injected spin and inclination angle for EdGB gravity with

current telescopes. The weighted deviation for mass and inclination angle, as well as

that for mass as a function of injected spin and inclination angle, are approximately

zero in the entire range explored, so we do not show them here. Although the

weighted deviation is below unity for all parameters, and thus, the deviation due
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to EdGB gravity is not detectable, the spin weighted deviation does increase as the

BH mass decreases. This occurs because the deviation from GR is proportional to the

dimensionless coupling ζ, which goes as 1/M4, thus deviations are larger in smaller

mass BHs.

The weighted deviations for dCS gravity is also approximately zero, but for

the full range of injected masses, spins, and inclination angles we considered. This

means the deviation in the metric due to dCS gravity is not detectable with current

telescopes at all. The deviation is so small in this case because Schwarzschild is

already a solution in dCS gravity, and thus, the non-spinning part of the BH solution

is not modified.

Let us now consider constraints one can place on modified gravity with next

generation X-Ray telescopes. The results for dCS gravity are similar to those for

current telescopes; the weighted deviations for mass, spin, and inclination angle are

all approximately zero for the full range of injected masses, spins, and inclination

angles considered. Thus, even with next generation telescopes, dCS gravity cannot be

better constrained using these observations. In the EdGB case, however, the situation

is slightly different. Figure 5.2 shows the weighted deviation for spin as a function

of injected mass for EdGB gravity; all other weighted deviations remain below unity,

and we thus do not show them here. As the weighted deviation for spin is significantly

above 1 for low BH mass, next generation telescopes may be able to place better-than-

current constraints on the EdGB gravity coupling constant with continuum spectrum

observations of BHs provided M . 8M�. As explained previously, deviations from

GR are larger for smaller mass BHs because the deviations are proportional to 1/M4.
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Figure 5.2: Weighted deviation for spin as a function of injected mass when averaged
over injected spin and inclination angle for EdGB gravity with

√
|αEdGB| = 1.9 ×

105cm, δM = 1M�, and δι = 1◦. To represent current telescopes we use δχ = 0.1
(blue solid line) and to represent next generation telescopes we use δχ = 0.01 (red
dotted line). The black dashed line at a weighted deviation of 1 marks the boundary
between a deviation being detectable (> 1) and not detectable (< 1), i.e. being able
to place a constraint or not place a constraint on a modified theory, respectively.
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5.5 Discussion

We have studied whether it is possible to place better-than-current constraints

on coupling constants in modified gravity theories using BH continuum spectrum

observations with both current and next generation X-Ray telescopes. We focused

on EdGB gravity and dCS gravity, two theories within the broader class of quadratic

gravity theories, as examples of well-motivated modified theories. The BHs were

modeled using approximate solutions in EdGB gravity and dCS gravity that are

quadratic in the angular momentum and linear in the coupling. We have found that

dCS gravity cannot be constrained using continuum spectrum observations, both with

current and next generation telescopes, as the modifications in the spectrum are much

smaller than the sensitivity of the telescopes. In the EdGB gravity case, however,

we find that although current telescopes cannot place better-than-current constraints

on the coupling, next generation telescopes will be able to do so provided the BHs

observed have a sufficiently small mass.

While our results show that the deviation due to EdGB gravity in the spin

parameter extracted from the continuum spectrum is larger than the sensitivity

of next generation telescopes, to actually place constraints on αEdGB a second,

independent measurement of the spin parameter is required to break the degeneracy

between the spin and the modified theory. Possible independent measurements

include the Kα iron line emitted from accretion disks [208] or quasi-periodic

oscillations observed in accretion disks [215]. An interesting extension of our work

would be to determine if a constraint could still be placed on EdGB gravity with

next generation telescopes when a second independent measurement, and the error

associated with it, is taken into account.
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Our analysis assumes the accretion disk and continuum spectrum are well

understood and well modeled, i.e. the systematic error due to our lack of under-

standing of accretion disk physics is negligible. In reality this is currently not the

case as there are numerous accretion disk models, analytic and numerical, that

include different assumptions about the initial conditions and physics involved, and

current observations of accretion disks are not able to distinguish between all the

models [11,216,217]. The systematic error due to accretion disk model uncertainty is

generally estimated to be on the order of the current observational error in continuum

spectrum observations, i.e. ∼ 10% error in the accuracy to which BH properties can

be estimated [8]. Before constraints can be placed on modified gravity theories using

continuum spectrum observations with next generation telescopes, as our analysis

suggests is possible, the systematic error in the model must be brought down to similar

levels as the observational error, i.e. ∼ 1% error in the recovered BH parameters.

The approximate BH solutions in EdGB gravity and dCS gravity we studied in

this work are of quadratic order in the spin angular momentum and linear order in

the dimensionless coupling constant. Repeating the analysis done here with solutions

that include higher orders in spin would allow this work to be extended to BHs

with higher spins, eventually approaching the maximal spin limit. An extension of

this sort that includes higher order in spin effects is particularly important for dCS

gravity as the modifications to GR from dCS gravity are only present for rotating

BHs. For EdGB gravity a solution that is fifth order in the spin and seventh order

in the coupling parameter αEdGB was found in [178], and can be used to extend the

work in this paper. For dCS gravity a higher order solution has not yet been found.

Other extensions of our work could be to relax some of the other assumptions

that were made, in turn further verifying our conclusions. The effect of light-bending

was neglected and could be taken into account with a ray-tracing algorithm. The
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assumption that the inner radius of the accretion disk is at the ISCO is an important

one, but it is not necessarily correct. The Novikov-Thorne model is a simple accretion

disk model and real accretion disks are almost certainly more complex. Other

accretion disk models with varying inner radii could be used to determine whether

our results are independent of accretion disk model.
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CONCLUSION

With current and upcoming instruments reaching sensitivities high enough to

test General Relativity near extreme gravitational objects, it is more important now

than ever to attain a better understanding of modified gravity theories observationally

and theoretically. In this dissertation I have presented four studies that attempted to

contribute to just such an undertaking. These studies focused on two modified gravity

theories within the wider class of theories known as quadratic gravity, dynamical

Chern-Simons gravity and Einstein-dilaton-Gauss-Bonnet gravity, and on black hole

electromagnetic observations as tests of GR.

Chapter 2 presented a linear stability analysis of QG, focusing on dCS gravity

and EdGB gravity. Dispersion relations for linear perturbations within these theories

were calculated and studied in BH backgrounds. The results show that on these

backgrounds these theories are stable far from the BHs. This work was the first

linear stability analysis in QG of all perturbation modes in generic backgrounds.

Since this work new BH solutions have been found in dCS gravity [57] and

EdGB gravity [178, 209] and a similar analysis can be done in those backgrounds.

Furthermore, a full analysis was not done on the derived dispersion relations. The

dispersion relations were found to be dependent on the amplitudes of the metric and

scalar field perturbations. Due to this dependence, it is difficult to determine whether

the scalar and gravitational waves will be generically stable, i.e. linearly stable on all

backgrounds and in all cases, not just the limiting cases studied here. The far-field

analysis that was carried out suggests that the waves should be stable, but it is

possible that in this limit there are suppressed terms that would lead to instabilities.

A more complete analysis that does not take the far-field limit may yield interesting

results. Another extension would be to perform a stability analysis to higher order
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in the perturbation as instabilities can be found at higher than linear order. Such a

study could be carried out analytically or numerically if the mathematics becomes

intractable.

In Chapter 3, a new approximate rotating BH solution up to quadratic order

in spin in EdGB gravity was found. The properties of the new solution were

then calculated and studied, such as the event horizon radius and the energy and

angular momentum of orbiting particles. BH solutions in modified gravity theories

are necessary for studying these theories with observations. Since this work, a new

solution has been found, going to higher order in the spin and the coupling [178].

Current numerical solutions in EdGB gravity do not treat the theory as effective,

so an obvious avenue of research would be to search for a numerical solution in the

effective field theory approach. Recently, a BH solution was found in dCS gravity in

the extremal limit [187], i.e. the maximum spin allowed for a BH. The same method

could be used to find an extremal limit solution in EdGB gravity. Furthermore, one

could perform a resummation of the higher order in spin solution found by [178] using

the extremal limit solution, in principle finding a solution that is valid at all values

of the spin.

Chapter 4 attempted to answer the question of how much systematic error

is introduced into BH EM observations when using an approximate BH solution

as the model. The EM observations of the continuum spectrum and BH shadow

were analyzed and the Kerr solution was compared to a quadratic order in spin

approximation of the Kerr solution. It was found that the systematic error introduced

in these observations is negligible for small enough spins when compared to the current

levels of observational error. As the Kerr solution is not the correct solution for a

rotating BH in many modified gravity theories, this result may not necessarily apply

in those theories. Since exact solutions may not exist in those other theories, one
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cannot compare analytic solutions in the same way, but it may be possible to compare

approximate analytic solutions to numerical solutions. One could also compare low-

order approximate solutions to much higher order approximate ones, using the latter

as a proxy for exact solutions.

Finally, in Chapter 5, the question of whether it is possible to place better-

than-current constraints on dCS gravity and EdGB gravity using the BH continuum

spectrum observation was studied. In the case of dCS gravity, better-than-current

constraints cannot be placed primarily because there are no corrections to the non-

spinning part of the BH solution. This leads to an overall smaller modification to the

continuum spectrum from GR. In the case of EdGB gravity, using next generation

X-Ray telescopes it may be possible to place better-than-current constraints using

continuum spectrum observations of BHs with masses less than about 8 solar masses.

This final work can be expanded upon by using more realistic models for the accretion

disk and continuum spectrum, as the models used here are the simplest models that

incorporate the relavent physics. This study can also be applied to BH shadows, and

has been for a linear-in-spin BH solution in dCS gravity [211] and for a numerical

spinning BH solution in EdGB gravity [218]. New work could study shadows using

the spinning BH solutions used in Chapter 5.
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Here we show that

W̄ acW̄ac = S̄acS̄ac +O(ξ′). (A.1)

Using the definition of W̄ ac and S̄ac in Eq. (2.38) we have

W̄ acW̄ac = C̄abcdC̄
aecfkbkdkekf , (A.2)

S̄acS̄ac =
1

4
εcdefε

chijC̄abef C̄agijkbk
dkgkh. (A.3)

Contracting the Levi-Civita tensors

4S̄acS̄ac = −6δd[hδ
i
eδ
j
f ]C̄agijC̄

abefkbk
dkgkh

= 2C̄abijC̄agijkbk
gkhkh + 2C̄abjhC̄agijkbk

ikgkh + 2C̄abhiC̄agijkbk
jkgkh

= 2C̄abijC̄agijkbk
gkhkh − 4W abWab. (A.4)

Notice that the first term contains the term kaka, which vanishes in GR because of

the O(ε, ξ′0) perturbed Einstein equations. Thus, kaka = 0 + O(ξ′). Therefore, the

first term can be ignored to leading order in ξ′ and we find

W̄ acW̄ac = S̄acS̄ac +O(ξ′). (A.5)
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In this paper, we used the following tensor spherical harmonics to decompose

the metric perturbation and the source term [151,152]

a
`0(0)
ab =



Y`0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0


, (B.1)

a`0ab =



0 0 0 0

0 Y`0 0 0

0 0 0 0

0 0 0 0


, (B.2)

b`0ab =
r√

2`(`+ 1)



0 0 0 0

0 0 ∂
∂θ
Y`0 0

0 ∂
∂θ
Y`0 0 0

0 0 0 0


, (B.3)

g`0ab =
r2

√
2



0 0 0 0

0 0 0 0

0 0 Y`0 0

0 0 0 sin2 θY`0


, (B.4)



176

f `0ab =
r2√

2`(`+ 1)(`− 1)(`+ 2)



0 0 0 0

0 0 0 0

0 0 W`0 0

0 0 0 − sin2 θW`0


, (B.5)

where Y `0 are the m = 0 spherical harmonics and W `0 are given by

W `0 ≡
(
d2

dθ2
− cot θ

d

dθ

)
Y `0. (B.6)

The coefficients of the source after a tensor spherical harmonics decomposition are

A
(0)
00 (r) =− 24

√
πζ
M4

r6

χ2

f 2

(
1− 101

18

M

r
+

25M2

r2
− 877

18

M3

r3
− 1022

15

M4

r4
− 2224

9

M5

r5

+
107786

45

M6

r6
− 53452

15

M7

r7
− 208

45

M8

r8
+

5920

3

M9

r9

)
, (B.7)

A
(0)
20 (r) =− 44

√
5π

15
ζ
M5

r7
χ2

(
1 +

7737

110

M

r
− 4201

55

M2

r2
+

1047

11

M3

r3
− 22086

11

M4

r4

+
194424

55

M5

r5
− 8880

11

M6

r6

)
, (B.8)

A00(r) =− 2
√
πζ
M2

r4

χ2

f 4

(
1− 4M

r
+

16

3

M2

r2
+

40

3

M3

r3
− 236

3

M4

r4
+

482

3

M5

r5
+

13672

15

M6

r6

−6416

3

M7
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− 15288

5

M8
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+
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+
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− 18560M11
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, (B.9)

A20(r) =− 236
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5π

75
ζ
M4
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χ2

f 2
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1 +
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59

M

r
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118
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B20(r) =
92
√

15π

75
ζ
M4

r6

χ2

f

(
1 +

153

46

M

r
− 651

23

M2
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33704
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G
(s)
00 (r) =
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2π

3
ζ
M4
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f
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1− 5
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M

r
+

333

28

M2

r2
+

157

14

M3

r3
− 969

70

M4

r4
− 1807

5

M5

r5

+
2068

5

M6

r6
+

1320

7

M7

r7

)
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G
(s)
20 (r) =

2
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10π

15
ζ
M4

r6
χ2
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1− 15M

r
− 4963

5

M2

r2
− 1164M3

r3

−2910M4
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, (B.13)

F20(r) =− 4
√

15π

15
ζ
M4

r6
χ2
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1 +

8M

r
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809

5

M2

r2
− 358
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+

1386

5

M4

r4

−25888

15

M5
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+

2160M6
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)
. (B.14)

Substituting these source terms into Eqs. (3.25)-(3.29), we obtain a set of ordinary

differential equations for H000, H200, K00, H020, H220, and K20, which we solve to find

H00
0 (r) =

√
π

3
ζ
M3

r3

χ2

f

(
1 +

14M

r
+

52

5

M2

r2
+

1358

15

M3

r3
+

652

3

M4

r4
+

1204

5

M5

r5

−1792

3

M6

r6
− 1120

3

M7

r7

)
, (B.15)
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H00
2 (r) =

√
πζ
M2

r2

χ2

f 2
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1− M

r
+
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r2
− 12M3
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+

218
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3
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)
, (B.16)

K00(r) =0, (B.17)

H20
0 (r) =− 17852

√
5π

13125
ζ
M3
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χ2

f
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1 +

M

r
+

27479

31241
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− 2186945

187446
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− 448285
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M4
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13389
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H20
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f
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K20(r) =− 8926
√

10π

13125
ζ
M3

r3
χ2

(
1 +
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4463

M

r
+

266911

62482

M2
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13389
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r3
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M7

r7

)
. (B.20)

These solutions are then used to reconstruct the metric perturbation, as presented in

the main text.
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HIGH-ORDER SCALAR FIELD
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In this section, we present the scalar field to O(χ8). Let us decompose the

field as in Eq. 3.11, where ϑ(0,1) was already presented in Eq. 3.12 and ϑ(2,1) was

given in Eq. 3.17. Let us further define r̃ = r/M and ϑ̃(m,n) = ϑ(m,n)/(α/β). The

nonvanishing, higher order pieces are then

ϑ̃(4,1) =− 2

35r̄5
− 1

7r̄4
− 3

14r̄3
− 1

4r̄2
− 1

4r̄
+

(
360

7r̄7
+

110

7r̄6
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22

7r̄5

)
cos4(θ)

+

(
4

7r̄6
+

24

35r̄5
+

3

7r̄4
+

1

7r̄3

)
cos2(θ) , (C.1)

ϑ̃(6,1) =− 5
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ϑ̃(8,1) =− 1
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1800

11r̄11
+

342

11r̄10
+

38

11r̄9

)
cos8(θ) +

(
56

55r̄10
+

112

165r̄9
+

7

33r̄8
+

1

33r̄7

)
cos6(θ)

+

(
− 2

11r̄9
− 5

22r̄8
− 45

308r̄7
− 5

88r̄6
− 1

88r̄5

)
cos4(θ)

+

(
1

22r̄8
+

15

154r̄7
+

5

44r̄6
+

1

11r̄5
+

9

176r̄4
+

3

176r̄3

)
cos2(θ) . (C.3)

In deriving these expressions, we have required that the scalar field be asymptotically

flat (at spatial infinity) and regular at the Kerr event horizon.
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The boundary of the BH shadow is described by the separatrix between the

photon geodesics that make it out to spatial infinity and those that fall into the

BH event horizon [172]. The construction of the BH shadow thus requires the

solution to the null-geodesic equations, which can be derived, for example, through

the Hamilton-Jacobi equation. For generic spacetimes, the null geodesic equations

cannot be solved through separation of variables and must thus be treated numerically.

For separable spacetimes, however, like that described by the Kerr metric in Boyer-

Lindquist coordinates, the separatrix between outgoing and ingoing null geodesics

can be found analytically. We here show how this is done in the Kerr spacetime in

Boyer-Lindquist coordinates.

We begin with the Hamilton-Jacobi equation

∂S

∂λ
=

1

2
gab

∂S

∂xa
∂S

∂xb
, (D.1)

where S is the Jacobi action, λ is the affine parameter, and xa are generalized

coordinates. If we assume separability and note that we only care about null geodesics,

the Jacobi action can be written as

S = −Et+ Lzφ+ Sr(r) + Sθ(θ). (D.2)

Inserting this ansatz into Eq. D.1, we find the partial differential equation

2
∂S

∂λ
= 0 = gttE2 − 2gtφELz + gφφL2

z + grr
(
dSr
dr

)2

+ gθθ
(
dSθ
dθ

)2

, (D.3)

which through separation of variables becomes

∆K

(
dSr
dr

)2

=
1

∆K

[
E
(
r2 + a2

)
− aLz

]2 − (Lz − aE)2 −Q, (D.4)
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(
dSθ
dθ

)2

=Q+ cos2 θ

[
a2E2 − L2

z

sin2 θ

]
, (D.5)

where Q is the Carter constant.

The null-geodesic equations for the r(λ) and θ(λ) components of the null

trajectories can be found by noting that dS/dr = pr = grr(dr/dλ) and dS/dθ =

pθ = gθθ(dθ/dλ). The equations are then simply

ΣK

dr

dλ
= ±
√
R, (D.6)

ΣK

dθ

dλ
= ±
√

Θ , (D.7)

where we have defined the two functions

R(r) ≡
[
E
(
r2 + a2

)
− aLz

]2 −∆K

[
Q+ (Lz − aE)2] , (D.8)

Θ(θ) ≡Q+ cos2 θ

[
a2E2 − L2

z

sin2 θ

]
. (D.9)

Unstable spherical photon orbits are defined by the conditions

R =0,
dR
dr

= 0, (D.10)

Θ ≥0. (D.11)
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For simplicity, we define the conserved quantities ξ ≡ Lz/E and η ≡ Q/E2, and solve

for each using Eq. D.8 and Eq. D.10 to find

ξsph =
r2

sph + a2

a
− 2∆Krsph

a (rsph −M)
, (D.12)

ηsph = −
r3

sph

[
rsph (rsph − 3M)2 − 4a2M

]
a2 (rsph −M)2 , (D.13)

where rsph is the constant radius of the unstable spherical orbits. This radius is

constrained by the condition in Eq. D.11, which we can simplify by rewriting Θ in

terms of ξ and η as

Θ

E2
= J − (a sin θ − ξ csc θ)2 , (D.14)

where

J = η + (a− ξ)2 . (D.15)

Therefore, the Θ ≥ 0 condition for unstable spherical orbits implies the necessary

(but not sufficient) condition J ≥ 0. Substituting Eqs. D.12 and D.13 into the above

gives the condition

J =
4r2

sph∆K

(rsph −M)2 ≥ 0 , (D.16)

which reduces simply to ∆K ≥ 0 or rsph ≥M +
√
M2 − a2, which is the Kerr horizon

radius.

The BH shadow boundary is defined as the sky projection of the photon sphere

as observed at spatial infinity. The conserved parameters ξ and η can be related to



185

the celestial coordinates of the observer at infinity via

α = lim
r→∞

−rp(φ)

p(t)
= − ξsph

sin ι
, (D.17)

β = lim
r→∞

rp(θ)

p(t)
=
(
ηsph + a2 cos2 ι− ξ2

sph cot2 ι
)1/2

. (D.18)

The separatrix between ingoing and outgoing photon geodesics, what we call the

boundary of the BH shadow, can then be constructed by plotting (α, β) by varying

rsph from r = M +
√
M2 − a2 to r = 4.5M ; the latter is the photon sphere radius

for a Schwarzschild BH and also the largest radius for which closed photon orbits are

possible for all values of spin.
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BH SOLUTIONS IN EDGB GRAVITY AND DCS GRAVITY
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We here provide the metric modifications to the Kerr solution due to EdGB

gravity and dCS gravity.

In EdGB gravity the only nonvanishing terms are

g
[0,1]
tt =− M3

r4

[
1 +

26M

r
+

66

5

M2

r2
+

96

5

M3

r3
− 80M4

r4

]
, (E.1)

g[0,1]
rr =− M2

r2f 2

[
1 +

M

r
+

52

3

M2

r2
+

2M3

r3
+

16

5

M4

r4
− 368

3

M5

r5

]
, (E.2)

g
[1,1]
tφ =

3

5

M4 sin2 θ

r3

[
1 +

140

9

M

r
+

10M2

r2
+

16M3

r3
− 400

9

M4

r4

]
, (E.3)

g
[2,1]
tt =− 4463

2625

M3

r3

[(
1 +

M

r
+

27479

31241

M2

r2
− 2275145

187446

M3

r3
− 2030855

93723

M4

r4

−99975

4463

M5

r5
+

1128850

13389

M6

r6
+

194600

4463

M7

r7
− 210000

4463

M8

r8

)(
3 cos2 θ − 1

)
− 875

8926

(
1 +

14M

r
+

52

5

M2

r2
+

1214

15

M3

r3
+

68M4

r4
+

724

5

M5

r5
− 11264

15

M6

r6

+
160

3

M7

r7

)]
, (E.4)

g[2,1]
rr =− M3

r3f 3

[
4463

2625

(
1− 5338

4463

M

r
− 59503

31241

M2

r2
− 7433843

187446

M3

r3
+

13462040

93723

M4

r4

−7072405

31241

M5

r5
+

9896300

13389

M6

r6
− 28857700

13389

M7

r7
+

13188000

4463

M8

r8

−7140000

4463

M9

r9

)(
3 cos2 θ − 1

)
− r

2M

(
1− M

r
+

10M2

r2
− 12M3

r3
+

218

3

M4

r4

+
128

3

M5

r5
− 724

15

M6

r6
− 22664

15

M7

r7
+

25312

15

M8

r8
+

1600

3

M9

r9

)]
, (E.5)

g
[2,1]
θθ =− 4463

2625

M3

r

(
1 +

10370

4463

M

r
+

266911

62482

M2

r2
+

63365

13389

M3

r3
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31241

M4

r4



188

−81350

4463

M5

r5
− 443800

13389

M6

r6
+

210000

4463

M7

r7

)(
3 cos2 θ − 1

)
, (E.6)

g
[2,1]
φφ =g

[2,1]
θθ sin2 θ, (E.7)

where f = 1− 2M/r.

In dCS gravity the only nonvanishing terms are

g
[1,1]
tφ =

5

8

M5

r4

(
1 +

12

7

M

r
+

27

10

M2

r2

)
sin2 θ, (E.8)

g
[2,1]
tt =

M3

r3

[
201

1792

(
1 +

M

r
+

4474

4221

M2

r2
− 2060

469

M3

r3
+

1500

469

M4

r4
− 2140

201

M5

r5

+
9256

201

M6

r6
− 5376

67

M7

r7

)(
3 cos2 θ − 1

)
− 5

384

M2

r2

(
1 +

100M

r
+

194M2

r2
+

2220

7

M3

r3
− 1512

5

M4

r4

)]
, (E.9)

g[2,1]
rr =

M3

r3f 2

[
201

1792
f

(
1 +

1459

603

M

r
+

20000

4221

M2

r2
+

51580

1407

M3

r3
− 7580

201

M4

r4

−22492

201

M5

r5
− 40320

67

M6

r6

)(
3 cos2 θ − 1

)
− 25

384

M

r

(
1 +

3M

r
+

322

5

M2

r2
+

198

5

M3

r3
+

6276

175

M4

r4
− 17496

25

M5

r5

)]
,

(E.10)

g
[2,1]
θθ =

201

1792

M3

r

(
1 +

1420

603

M

r
+

18908

4221

M2

r2
+

1480

603

M3

r3
+

22460

1407

M4

r4

+
3848

201

M5

r5
+

5376

67

M6

r6

)(
3 cos2 θ − 1

)
, (E.11)

g
[2,1]
φφ = sin2 θg

[2,1]
θθ . (E.12)
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