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Abstract:

This paper is devoted to the qualitative study of solutions to functional differential equations of the
form (A) x(n)(t) + f(t,x(g(t))) = Q(t) and (B) x(n)(t) + P(t,x(t),x(g(1)),x(t))x(n-1) (t) +
Q(t,x(t),x(g(t)),x(t)) = 0 where x(t) denotes x(t),x(t),. . . ,x(n-1)(t), and f,Q,P, and g are known
functions.

In Chapter II the method of successive approximations is employed to provide an existence and
uniqueness theorem for solutions to (A) when f(t,x(g(t))) = a(t)x(g(t)) and Q(t) = O, subject to normal
initial conditions. Under the suitable restrictions for g(t), the solution can be extended to the infinite
interval (-o0o,+00).

Two comparison theorems are given for solutions to (A) in Chapter III, when f(t,x(g(t))) =
a(t)P(x(g(t))). Here it is shown that if a(t) > 0 and continuous on [t0,+ o) and if there is a real number
0<y <1 such that for any continuous s(t) > ya(t), t >_t0 the equation v(n)(t) + s(t)P(v(t)) = 0 has all its
bounded solutions oscillatory, then all bounded solutions to x(n)(t) + a(t)P(x(g(t))) = Q(t) are also
oscillatory.

In Chapter IV the maintenance of oscillation of solutions is examined for (A) under the effect of a
small forcing term Q(t), while Chapter V is primarily devoted to maintaining oscillatory solutions to
(B) under the effect of a small non linear damping term P(t,x(t),x(g(t)),x(t)).
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ABSTRACT

This paper is devoted to the qualitative study of
solutions to functional differential equations of the form

(8) x(P)(4) + £(t,x(g(t))) = Q(t) and
() x(®)(£) + B(t,x(t),x(g(t)),F(t))x (P 1) (%)

+ Q(t,x(t),x(&(t)),%X(t)) =0

where X(t) ‘denotes x(t),%(t),... x(n"l)(t); and f£,Q,P
and g are known functions.

In Chapter IT the method of successive approximations
is employed to provide an existence and unigueness theorem
for solutions to (A) when f(t,x(g(%t))) = a(t)x(g(t))
and Q(t) = 0, subject to normal initial conditlons. Under
the suitable restrictions for g(t), the solution can be
extended to the infinite interval (- ® ,+ o)

Two comparison theorems are given for solutions to
(A) in Chapter III, when f (t,x(g(t))) = a(t)P(x(g(t))).
Here it is shown that if a t) > 0 and continuous on -
[tgst «) and if there is a real number O £ y < 1 such

that for any continuous s(t) > va(t), t> %, ‘the equation

(n)(t) + s(t)P(v(t)) = O has all its bounded solutions
oscillatory, then all bounded solutions to

(n)(t) + a(t)P(x(g(t))) = Q(t) are also oscillatory.

In Chapter IV the maintenance of oscillation of solu-
tions is examined for (A) under the effect of a small
forcing term Q(t), while Chapter V is primarily devoted
to maintaining oscillatory solutions to (B) under the
effect of a small non linear damping term

P(t,x(t),x(g(t)) >x(t)).




CHAPTER I

INTRODUCTION

A natural way to generalize an ordinary differential
equation is to replace the independent variable by a func-
tion of the ihdependent variable as it appearé in one or
more places in the equation. Such a differential equation
is galled a functional differential equation and.is the
major topic of this. paper. In pafticular, equations of the
form x(®) () + £(t,x(g(t))) = Q(t) or
() (£) + B(t,x(t),x(e(t)),E(t))x (") (t)

+ Q(t,x(t),x(g(t)),x(t)) = 0 will be considered, where X(t)
denotes k(t),kxt),...,x(n_l)(t), and g(t) -is some function
of the independent wvariable t.

In recent years, many papers have been written on
functional differential equations for the special éase when
g(t) ¢ t, and these equations are called "differential
equations with retarded arguments,' or "delay equations.”

A good introductién to this subject is found in El'sgol'ts
[ 2]. Throughout most of this paper, g(t) will be
continuous and tend to « as t o, and arbitrary otherWise,
except in the existence and uniqueness theory.

Only a small amountAéf'worK has been done on functional

differential equations in which g(t)‘is not necessarily
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of the delay type. An existence and ﬁniqueness theorem has
been presented by G.H. Ryder [10] for a solﬁtion to the
equation x(t) = Ax(g(t)) subject to the condition

x(to) = Xy, Where A is an n X n constant matrix, and x(t)

" denotes an n vector. Later, Grefsrud [ 3] generalized

the scalaf case of'the above equation to give an existence
and unlgueness theorem for a solution to the second order
equation X(t) + a(t)x(g(t)) = O subject to the conditions
x(ty)
results are given in Chapter II, in which an existence

= Cq> k(to) = Cy. The proofs and hypotheses for these

and uniqueness theorem 1s given for a solution to
y(n)(t) + A(t)y(h(t)) = O subject to the condition
= C

TALNE? k = 0,1,...,n - 1, in which the proof

O) k+17
follows those of Ryder and Grefsrud for the cases when
n = 1,2 respectively, and is stated here more as a matter
of convenlience and completenéss, than of originality.

It should be mentioned that the above initial value
problem can be translated to“the origin by replacing t

by t + t, and letting

0
x(t) = y(t + to)s a(t) = A(t + t5), g(t) = h(t + tg),

which yields the equation X<n)(t) + a(t)x(g(t)) =0 and

initial conditions x(K)(o) = Cpyqs B =0,1,...,0 -~ 1,
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Another existence theorem has beén presented by R.J.
Oberg [ 9], which is a local existence theorem for the
equation x(t) = £(t,x(t),x(a(t,x(t)))) with x(ty) = x4,
where a solution is guaranteed in some interval about a
fixed point, t, of g(t,x(t)).

In addition to the existence and uniqueness theory,
Grefsrud [ 3 ] has given conditions fof which solutions to
X(n)(t) + f(t,x(g(t))) = O are either oscillatory or tend
monotonically to zero. These results generalize some of
the work done earlier by Bradley [ 1] and Waltman [12];

A differential equation with functional argumenf, g(t),
will be called linear (nonlinear) if the equation is linear
(nonlinear) when g(t) is replaced everywhere by t.

A solution on an interval I to a differential equation
with functional argument, g(t), is a function x(t) which
is defined on TU g[I] and which satisfies the equation
on I.

A solution x(t) of a differential equation will be

called oscillatory if X(t)_is a solution valid for all large

t and has arbitrarily large zeros.




.CHAPTER II

EXTISTENCE- AND UNIQUENESS

In this chapter an existence and uniqueness theorem
th

- of solutions to the n’" order functional differential equaF”

tion
(1) =) (t) + a(t)x(a(t)) = 0
subject to the initial conditions

2y x50y = ¢ k = 0,1,...,n - 1.

k+1°
will be presented. To do this the method of successive

approximations will be applied‘to the equivalent integral

equation

n k-1
C, t . t L_t - S‘)n—l

| K - a(s)x S S
(3) x(t) = L oy f ey a(e)x(e(s) s,

which can be obtained easily from (1) and (2) by integrating
(1) n times successively'from O to t and interchanging the

order of integration. Define

: . n CKtK—l
ot = L T
(%)
t (t - S)n—l
x (t) = Xo(t), - {) (o =17 a(s)x,_;(g(s))ds, m> 1.

Lemma IT.1l. Let g(t) and a(t) be continuous on [-¢,T],

o 2 0 and such that g([Qo,T])(: [~,T].  Then xm(t),‘defined

by (4) is continuous on [-0,T] ‘and




(5) x,(t) = © L
is defined by
"  T ‘ n-
gl(t)‘: -é (%n—-s% !
t n-1
‘ _ (t - 8)
(6) B % (n - 1)
t -
gm(t) = % (%h~_s%)!

PROOF ..

5

1) &, (t), m> 1, where gk(t)

a(s)xy(g(s))ds

n (S)k—l

(8
- a(s) Z) K(K Iy ds

k=1~

a(s)g,_1(g(s))ds, m > 2.

Since a(t) and g(t) are continuous on [-g,T], then

gl(t) is continuous on [-0,T]. Thus, assume gk—l(t> is

continuous on [~o,T].

g1 (et
that gK(t)

Then, since g([-0,T]) C [~0,T],

)) is also continuous on [-0,T]}. By (6) it follows

is continuous on [~0,T], and hence, gm(t) is

continuous on-[~o,T] for alli-m by induction.
To establish (5) we have using (4) and (6)
t _ n-1 ‘
x (8) = %o(8) = [ L=ty als)xo(a(s))as
t n-1 2 o la(s)1*
_ N (t - s8) C Tk
xo(t> .é (m = 17 a(s) L CGERE ds, or

?

= Xo(t) -‘gl(t), te [-0,T].




= Xo(t) -

Now assume

b e - syt

AT ale)x (s(e)) s

{f <?n*_8{?Il a(s) [x,(8(s)) - g1 (g(s)) Jds
| {f (%n‘;s%?]l a(s)%(8(s)) as

[T a(e)e, (a(e))ae

g (t) +&,(t), t e [-0,T].

Z '(_l)kgk(t): m> 1, t e [=0,T].




(
— %o (1) - gy (8) + £§1(~1>K+1€K+1<t)]
m+l
k
= x5(t) + KZ§<“1) g, (%)

Thus, (5) is established by induction. Q.E.D.

The proof of the following theorem establishes the
convergence of the sequence. of approximations defined in
(4) to a unique solution of (1) satisfying‘(E) on [~¢,T],

subject to suitable restrictions on a(t) and g(t).

1

Theorem IT.1l. Let | a(t) | | g(t)|r1£ K for t ¢ [~0,T].

Then under the assumptions of Lemma IT.1, the seduence
{xn(t)} defined by (4) converges uniformiy on [-0,T] to

a unique solution of (1) satisfying (2) provided K < n!

PROOF. Since a(t) and g(t) are continuous on [-0,T],

‘there exists Ky > O for which

n k=1

z Ck[g(‘f:) ]

keq (o= 1)

| a(t) | < Ky on [~0,T].

Thus, from (6)




e, (t) | <

I

I

lgg(t)l <

1\

I

(VAN

8

Now assume

le,(8) | <

| gm+1(t)‘

] . -1
LRI e % Ck[g(S)Jk 3
% (n - 1): | a(s)| k=1 (k- -1)¢ as
ot : n-1 n
|t - s t |
T e (O R B By
In
Kl 5T > where I = max{o,T}.
|t |t - slnfl
% CEERE | a(s) | | gy(s(s)) | ds
K t n-1 ’
T = ]
—fl% {) | (o _Sl|>1 | a(s) | | &(s) |n ds
K T n-1 ‘ K n
1 Ut - s ] 210 1t
ETR AR Ry E e B TR Y
K K
‘ 2
=l EcF Ens
K
?%l‘tlrl(%%)m, m> 1. Then
-t n-1
| -t —
< | A Tae) |l eg(e(e)) | os
K t n
t - 8. ]
<lan” | L Lt =2l Jae) | 18(s) " as
K t n=1
1 Km t - 8
< EE" | EeDT o




Thus, by induction

K,
e, (t) | <%
From (5)
=, (8) 1 <
<

K n K
1 K v 1 ]
< REMLEL Lo ny
K
1l n,K +1
< gl (m)m
n,K.m
™)™
m .
% (t) ]+ ) | (=1)9. () |
0 j=1 J

)’ m+1
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fj Kl n,K.\J
(0 1+ 2 & T

I

K m
1 . n K\J
< Ixg(t) ] + 21 j§l<——m>f’

Thus, {x (t)} converges uniformly to some continuous
function x(f) on [-0,T] provided K < n!

To show x(t) 1s the required solution to (1) satisfying
(2) on [-0,T], write

' t n-1 ‘
(7) Xm-l-l(t) = Xo(t) - fO ('l(:n—-s:{)l a’(S)Xm(g(S))dS:

-0 < f < T,

Since ILim xm(g(t)) = x(g(t)) uniformly on (-o,T],

m — o

then taking the limit of (7) as m - » yields

a(s)x(g(s))ds, and

x(t) = ko(t) = %

x(t) satisfies the integral equation (3). Thus, x(t) is
the required solution to (1) satisfying (2) on [-0,T].

To establish the uniqueness of a solution to (1)
satisfying (2) on [-0,T], suppose v(t) is any other solution

to (1) on [-0,T] which satisfies (2). Then

(n -~ 1)% a(s)v(g(s))ds.
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Since g([~0,T]) C [-0,T], then

| v(t) - Xo(t)l

Also,

| v(t) - Xl(t)l

. L a

<

LT 1o 1 I vis(e)) | as

0
ks

ni s t e [~0,T],

o = maXI.a(S)I | v(g(s))

R S[n—l ' |
bt ale) | | xgle(s))

I
0

- v(g(s)) | as |

'|/\

<ur K

Now suppose

[v(t) = x,(t) |
Then
| v(t) Xm+l(

or

t n-1
| J(Cn—-sl')z | a(s) | |&(s)|"as

a
=1 | [
n. o

lt]n

Q. ’n K
T $arlthgr
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K \m+l
| v(t) - +1(L)| <t ” (70"
Thus, by 1nduct¢on, '

| v(t) - x (8) 1 <21t |t (&))"
Taking the 1limit as m - + o,

| v(t) - x(t) | < 0 if k < n! and hence,

v(t) = x(t) on [-0,T]. Q.E.D.

The following corollary yields an upper bound for the

error in approximating the solution to (1) by the mth suc-

cessive approximation used in the proéf of Theorem II.1.

Corollary. Under the assumptions of Theorem II.1,

if x(t) = Iim x (%) on [-0,T], then

m —- o«

Kl n K)

| x(t) - Xm(t)| <AT - X |t ] , K< n!

PROOF. From (5),

x () = x (t) + Z} l) g, (t) and thus |

[oe)

= X | - k SO a,
x(t) = xg(t) + KZJl( 1)%g, (%), Fh %

‘00

x(t) - x (t) = ) (-1)%g(t), and
k=m+1
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oo}

: | ' \ S K K \k
x(t) - x_(t £ —— |t | B
[x(6) = ()1 < 2 Te(e) | < 2 781 ()
K ym+1
Kl n (nl)
<g v ——x—, or
1 - =
n'
K

1 . K
1x(t) = x (8) | < gr=p!t " (ED" Q.E.D.

The following example illustrates that Theorem II.1

fails in general if [ a(t) | | g(t) |" = n!

Example IT.l. Consider the initial value problem

(8) =™ (e) - ax(Val) =0

K12
. A1
Here, a(t) = -a,a > O, constant, and g(t) = WA2: Then
la(t) | |g(t)|®=n! . Using (3),
n k-1
C,.t t : n-1
k (t = 8) n/m
x(t) = + ax =) ds, or
(t) KZ& (kK - 1)! {) (n -~ 1)° (v/;} >
n k-1
c.t n
k n/mly t
(10) x(t) = k__Zl w=o7T T =(V5) ar

If a solution is required on an interval about the ori-

| P
gin containing the point t, = /=%, then (10) yields

c tk~l

o )
“(t) = L =Tt E o O
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n k~1
Crt -
(11) Z} T%-g—ITT = 0. Thus, a solution is possible only
k=1 ’
if €4,05,...C, are chosen so as to satisfy (11).

The next example shows that uniqueness cannot; in
general, be guaranteed for a solution to (1). Satisfying

(2) if |a(t) | | &(t) [* = n!

Example IT.2. The functions x,(t) = O and

x5(t) = t" are both solutions to x<n>(t) - nlentx(e—t) =0
satistying x(5)(0) = 0, k = 0,1,...,n = 1. Here

a(t) = -nle"t, g(t) = o7F a_,n’d | a(t) | | g(t) |* = n!, while

the remaining hypotheses of Theorem II.1 are satisfied on .

the interval Dg = [-1,e].

Example II.3. Consider.the problem

X(n)(t) - (-l)nnl (t(: Z)iil X(t + l) -5

x(0) ; 1, X(K)(O) = (-1

n 1 ; -
Here, a(t) = - (—1% e (t + 3) g(t) = t Z L, and

- 2
‘ (t + 1)n+1,
on the interval [- %,l],
' ‘ n_ n! |t + 3] n! -t+3
la(t) [1e(t) 7 = SoFL T8+ 1 ST £+ 71!
n! t + 3

= Zo-T e T 1y

T
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<o gy

t +
3]
< n!, since ‘

E%%i1§17'< 1if t> - %, which 1s satisfied on the interval

[~ %,1}. Moreover, the range of g(t) on [- %,1] is

(3,11C [~ 711

Thus, Theorem IT.1 guarantees the existence of a unique
solution to (12), and this solution is x(t) = (t + l)-l.

In fact, x(t) = (t + 1)"l is a solution to (12) on the

interval (=1,+ ).

The previous example indicates that in some cases,
solutions to (1) satisfying (2) can be continued beyond
the given interval [-o,T] for‘which Theorem Ii.l guarantees
a unique solution.  The following theorem shows that when
g(t) behaves properiy, solutions to (1) sétisfjing (2) can

be extended to (- w,+ ).

Theorem IT.2. Let g(t) and a(t) be continuous for all

t, with | a(t) | | g(t) ["< n! for all t. Suppose there
exist positive'monotone non—decreasing sequences {0y} and

{Tj} for which Iim o4 = ILim T. = + . Then if




16

g([—oi,Tj](: [Fci,TJ] for all i and j, (1) possesses a unique
solution satisfying (2) which is valid on (= «,+ ),

PROOF. Fix i and j. By Theorem II.l, let x(t) be the

unique solution to (1) satisfying (2) on [-gi,Tj]. Then

x(t) = Lim x (%), where the x_ (t) are defined as in
m .» o

(Ll') on [_Gj_ JTJ' 1.
Now consider the sequence defined by (4) again on

(=03 47T 541] 88

nog. tk—l
xo(t) =, ) TE—-__iT'_
=1 .
t (t - S>n—l

x (t) = xb(t) - {) (m= 17 a(s)x _q(e(s))ds, m» 1.

Then ILim x (t) = X(t)

L on [=04,475T 5471

But since [-ci,Tj](: [=0547 X(t) = x(t) on

Tyl
[_oiij] by uniqueness, and, therefore, x(t) can be extended

to [-0,

1+1’Tj+1] and thus to (- ®,+ ).




CHAPTER IIT

COMPARTSON THEOREMS

In this chapter two comparison theorems afe'preQ
sented for oscillatory solutions to the differential
équation |
(13) =) (%) + a(e)e(x(a(t) = a(t).

Both theorems generalize a result due to A.G. Kartsatos
(4], who exhibited a COmpafison.thedrem for (13) without
the functional argument g(t).

The function Q(t) in‘(lB) acts as a periodic forcing
term subject to the following condition.

(1) There exists a function R(t) for which rR(M) (£) = q(t)
for all t > t,, and R(tn) = Ay R(tZ) =,;x2, 1o < R(P) < Mo
for all t Z.toﬁ Where {tn} and {t;} are any two sequences

*
for which Iim € = ILim t_ = + o,

It is worth noting that Q(t) = O satisfies (i), with

R(t) = 0 and Ay = Ay = O.

Theorem IIT.l. Suppose Q(t) satisfies (i) and

(ii) a(t) > O and continuous on [t0,+ ), and for any
s(t) > a(t), t > ty, the equation
.(14) V(n)(f) + s(t)f(v(g(t))) = O has all its bounded solu-

tions (respectively, solutions) oscillatory.
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(1ii) f(x): (- ®,+ o) » (- @,+ ) is continuous, increas-
ing in x, and xf(x) > O for x # O.

(iv) Lim g(t) = + .

— 00
Then all bounded solutions (respectively, solutions)

to (13) which are valid for all large t are oscillatory.

PROCF. Two cases will be considered.
éaée 1: Suppose first, all bounded solutions of (14) are
oscillatory. Assume by contradiction that x(t) is & bounded
non-oscillatory solution to (13); i.e., suppose x(t) > O
for t > a> t,. Since g(t).»'+ w, there is some K > 0 such
that ¢ < x(t) < K< +« and 0 ¢ x(g(t)) <.K for all
t>Pp > a for some B.

Consider w(f)‘= x(t) - R(t), which is a solution to
(15) w(®) (£) + a()e[w(a(t)) + R(g(t))] = 0, t > .

Since x(g(t)) = w(g(t)) + R(g(t)) > O for t > B, then

~— N

by (iii), flw(g(t)) + R(g(t))] > 0 and hence
'w(n)(t) = -a(t)f[w(g(t)) + R(g(t))] < 0. Moreover, w(t)
is bounded, = Ay.L W(t) L K+ 2y, £ P

If n is even, then w(t) > O for t» vy, > B, and
R(t) 2_—xé implies x(t) = w(t) + R(t) > w(t) - a,. Since
w(t) > 0, w(t) is increasing and for all t Z_%;;Zryl,
w(t) » w()) so that
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x(t) = w(t) + R(t) > w(t) - 2x, Z_W(%Z) - Ao = w(%;) +4R(%Z)
= x(%Z):>O. Thus, w(t) - A, < O for all tjz_%z.
If n'is odd, then w(t) > O for all f > Vo 2 B and
w(t) is decreasing. . Also, R(t) > -r, and hence,
0 < x(t) =w(t) + R(t) > w(t) - rp, T> vy, If
w(T) - A, < O for some v > vy, then since w(t) is decreas-
ing, w(t) = A, < O for all t> 7. In particular, there is

~ 3

T ~x , ~ % :
some 't > T for which w(t ) - 1, £ O. But w(t, ) -,

~ )

=’W(t;) + R(%Z) = x(%.) > 0, which is a contradiction.
In either case we nowhave w(t) + R(t) > w(t) -21,> O
for large t.
Let v(t) = w(t) - n,. Then v(™) () = wl(®(t) ana (15)
becomes
(D () + a(e)2v(e(t)) +x, + R(a(t))]
= v(M (1) + a(t) f[v(gétizg?;;§]+ Fe®)] £{v(g(t))], or

(16) v(?)(t) + s(t)(v(g(t))) = 0, where

fv(g(t)) +x, + R(g(t))]
s(t) = a(t) gf[v(g(t)§] : > a(t) by (iii)

Since v(t) is a solution to (16), then by hypothesis
v(t) is oscillatory; which contradicts v(t) > 0. Thus,
x(t) must be oscillatory.

The proof is similarif one assumes x(t) < O for large t.




20

Case 2: Suppose now all solutions to (14) are oscillatory.
Let x(t) be a solution to (13), and suppose x(t) is unbounded
and non-oscillatory; e.g., x(t) > 0, x(g(t)) > 0 and
unbounded for t > a > t,. Again, let w(t) = x(t)=-R(t),
which satisfies
(15) wt™) (%) + a(t)£lu(e(t)) + R(g(t))] = 0, t > a.

Since R(t) is bounded and x(t) is unboundéd, then for
t sufficiently large, x(t) = w(t) + R(t) > w(t)~-nr,> 0,
and the result follows as in Case 1. Again, the proof is
similar if one assumes x(t) < 0. Q.E.D. |

The next theorem compares the oscillatory solutions
of (13) with those of a differential equation which has no

functional argument.

Theérem IIT1.2. Suppose Q(t) satisfies (i) and
(ii) a(t) > O and continuous on‘[to,+'é) and there exists
a real number vy, O <-y < 1 such that for any
' g(t) > vya(t), t > ty, the equation
(17) v(n)(t) + s(t)f(v(t)) = O has all its bounded solutions
oscillatory.
(1ii) £(x): (- w,+ ®) > (= w,+ o) is continuous, increas-
ing in x and xf(x) > 0 for x # O.

(iv) “Lim g(t) = + .

t-—>-°0
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Then' if n is even, all bounded solutions x(t) to
(13) valid for large t are oscillatory.
If n is odd, all bounded solutions x(t) to (135 valid

for large t are oscillatory or Lim [x(t) | = 0.

PROOF. Suppose all bounded soluti@ns to (17) are

oscillatory. Assume, by contradiction, that x(t) is a bounded
lnon oscillatory solution to (13); i.e., suppose x(t) > O
for all t > a > t,. Since g(t) - + o, there exists a number
K such that 0 < x(t) < K < +%, and 0 < x(g(t)) < X,
t> B é_a for some B. '

Consider w(t) = x(t) - R(t), which is a solution to
(15) wl®)(t) + a(t)elw(e(t)) + R(g(t))] = 0, t 3 B.
Since x(g(t)) = w(g(t)) + R(g(t)) > 0, then
flw(g(t)) + R(g(t))]> O by (iii) and hence |
w(M) () = —a(t)e[w(g(t)) + R(a(t))] < O, t> B. Moreover,
w(t) is bounded, ~xi < w(t) < K+ Ap> t > P. Proceeding
as in Case 1 for the proof of Theorem III.l, we obtain

w(f) + R(t) > w(t) - A5, > O for large t.
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Let v(t) = w(t) - Ao. Then v(n)(t) = w(n)(t) and
(15) becomes v(n)(t) + a(t)f[v(g(t)) + 22 + R(g(t))]

flv(g(t)) + 2, + R(g(t))]

TV (L) ] flv(t)] or

= (M) (£) + a(t)
(17) v(n)(ﬁ) + s(t)f(v(t)) = O, where

tlv(g(t)) +ry + R(&(t))]

s(t) = a(t IV (E) ]
- a(ey ZE2{aC) - Be(6))]

We now show s(t) > ya(t), for every vy, 0 < v < 1. Since
'W(n)(t) < 0 and w(t) is bounded, then W(t) > 0 if n is even,
and w(t) < O if n is odd. Thus, w(t) is monotone and
bounded and, thereforé,_has a limit as € - + =,

Let Lim w(t) = L. Then Lim w(g(t)) = L.

t - o — 00
If L # Ao, then w(g(t)) + R(g(t)) > w(g(t)) - A, and
f increasing implies

£lu(g(t)) + R(g(t))] flw(s(t)) - 2p]

FIw(t) = xé 2 FTw(t) - agl . 2™
o flw(e(t)) - rp)  £(T-2ap)
T TEW(E) = el TT A,y
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Thus, there exists a number T; such that given vy,
"0y < 1l, for all t> T,

flw(g(t)) = A1
FIw(t) =gl =

men o(¢) = a(6) LELEN LA, sy FIME() <]
2

> va(t).
By hypothesis v(t) is a solution to (17) and is,
there fore, oscillatory, which contradicts v(t) > O for

large t. Thus, x(t) must be-oscillatory.
If L = Ao then n is odd, for if n were even, ‘then
w(t) > Q implies w(t) is increasing and w(t) > Ao. More-

over, w(t) = x(t) - R(t)>X,, and for each term of the

*
sequence {tn} R

* * * * .
W(tn) = X(tn) - R(tn) = X(tn) + Xg > Xg. Since
¥ % R
Lim w(t,) =X, also, then Iim x(t ) = 0, and, therefore,’

n —» o n - o

Lim x(t) = O. The proof is similar if one assumes x(t) < O.
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If all solutions to (17) are oscillatory, then
all unbounded solutions to (13) are also oscillatory

_ if the additional assumptions are made in Theorem IIT.2.
(v) g(t) > t - C for large t, C a positive constant.
(vi) There exist constants B, § > O.such that

f(ix) Z_xﬁf(x) if x> 0 and

£(ax) < AOF(x) if x < 0, A constant.

Theorem IIT.1 and Theorem IIT.2 can be generalized by
replacing Equation (13) with .
(n) : (0=1) 17 = ot
(18) x 7/ (t) + a(t)f[x(g(t)),x(t),x(t),...,x (t)] = Q(t)
and the proofs follow in a similar manner. In Theorem III.1,
for example, (14) would then become

(19) v (£) + s(6)Prv(()),>v(E) +ny + R(E), V(B) + R(t),

2

(™3 ) gy 4 m(P) 4y = o,

However, oscillation theorems for (19) are nowhere as
abundant as those for (1) or (17) .

In order to make use of Theorem III.1l and Theorem III.Z2,
it is necessary to be familiar with oscillétion theorems for

equations of the form (14) and (17). The next theorem is

an oscillation theorem due to G. Grefsrud [ 3] for the equation
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(19) x(n)(t) + £(t,x(g(t))) = O in which (14) is a special

case,’

Theorem I1I.3, Assume the following.

(1) g(t) > t - ¢, for large t, c > 0 and constant,

(ii) f(t,y) continuous on § = [O,+ ®) X (= ®,+ o),

(iii) a(t)e(y) < £(t,y) if y> 0,

b(t)¥(y) > £(t,y) if ¥ < O, |

(iv) a(t) > 0, b(t) > O and locally integrable on [0;+ o),
a(t) Z 0 & b(t) on any subinterval of‘[O,+ ®),

(v) @(y), ¥(y) are non decreasing and yo(y) > O, y¥(y) > O
on (= w,+ o) for y # O,

(vi) There exist constants B, § > O for which
o0y) =23Pe(y), vouy) = Xsw(y), A constant

(vii) , for some o > O,

- 00

® du :
Loy < e gy < e

[ee] -:]_ 00- l
(viii) [ t%7a(t)dt = [ 7T T0(t)dt = + .
0 0
If n is even, every solution x(t) of (19) valid for
large t is oscillatory, while if n is odd, every solution
valid.for large t iseither oscillatory or tends monotoni-

cally to zero together with its first n - 1 derivatives.
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There are a number of oscillation theorems for certain
equations of the form (17), one of which is due to Ryder

and Wend [11].

Example IIT.l. It is a simple matter té show that if
x(t) is any bounded solution valid for larée t to
(20) X(t) + x(t+ sint) =cos t, then x(t) is oscillatory.
Here, a(t) = 1, f(x) = x, Q(t) = cos t, g(t) = t+sint.
If s(t) > v 5 O0< v < 1, then it is well known that all
solutions to the equation x(t) + s(t)x(t) = 0 are oscillatory.
Thus, by Theorem IIT.2, all bounded solutions‘to (205 are

also oscillatory.

Example ITI.2, Consider the equation

(21) =) () + f% [x(e®)7° = sin(2t + 1)

Il

Here, a(t) = o , £(x) = x°, Q(t) = sin(2t + 1),

R(t) = - % sin(2t + 1), and g(t) = e,

Let s(t) > vya(t), 0< vy < 1, and consider the equation

4)

(22) ! (t) + s(t)[v(t)]° = O.
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. (e8] 3 [ee] - l
Since [ t7s(t)dt > [ t Tdt = + o, it follows by a
to T o
0

theorem due to A.G. Kartsatos [ 5], that all solutions to
(22) valid for large t are oscillatory. Again, by Theorem
IIl.2, all bounded solutions valid for large t to (21)

are also oscillatory.




CHAPTER IV.

OSCILLATION UNDER THE EFFECT OF A SMALL FORCING TLRM

The:theorems of this chapter wili be- devoted to suffi-
cient conditions for the maintenance of oscillation of solu-
tions to functional differential equations of the form
(23) x(n)(t) + £(t,x(g(t))) = Q(t), n even, where Q(t)
represents a small forcing term.

The following two lemmas, which can be found in Ryder
and Wend [11], summarize the possible behavior of nonoscil-
latory solutiéns and‘will simplify the proofs of the theorems -

in this chapter and Chapter V.

Lemma IV.1l. Suppose u(t) e CK[a,+ w), u(t) > 0 and

u(K)(t) is monotone on [a,+ «»). Then exactly one of the

following 1is true.

(1) 1in ulB)(t) = o,
tT & o

(11)  im u(E () > 0 and u(t),a(t),...,ul"¥) () tena

't-—>°0

tow as t - + =,

Lemma IV.2. Suppose u(t) e Cn[a,+ ®), u(t) > 0 and

u<n)(t)A§ O on [a,+ ©). Then exactly one of the following

is true.
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(1) (~1)Ku<n-k><t> <0, k=0,l,0..,n = 1,
(II) There exists an odd integer 2i - 1, 1< 21 - 1< n -1
such that (-1)%u(®%)(t) < 0, x = 0,1,...,21 - 1,

Lim ul t) > 0, Lim ul t) > 0, and

(n-21i-1)

‘u(t),ﬁ(t),;..,u (t) tend to » as t - o.

Now consider Equation (23) where the following assump-
tions are made on Q(t) and £(t,x). | |
(1) Q(t) is real valued oﬁ I = [tys+ =) and for some
function R(t) : I =R = (- m,+ o), RV (%) = q(t)

and ILim R(t) = O.

t——>-00

(ii) f(t,x) : I X R—- R and there exist four continuous
funtions

P, (t), Gy(x), i = 1,2 for which Py(t): I » [0+ )
i=1,2;

Gl(x)j> O for x> O3

Go(x%) < 0 for x < 03 and

Pl(t)Gl(X) < £(t,x) if x> 0, while £(t,x) { Py(t)G,(x)
if x < 0.

The next two theorems generalize the results of A.G.

Kartsatos [ 6] to differential equations with the functional

argument g(t).
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Theorem IV.l. Assume (i) and (ii) hold and

(iii) g(t) is continuous.on I = [ty, @) and Lim g(t) =+ =,

t——>°0

(iv) =xf(t,x) > O whenever x # O, on I x R

* 1

(v) [ TR (t)at = + e, 1 = 1,2,
t
0

Then if n is even, every bounded solution x(t) of (23)

valid for large t is either oscillatory or Lim |x(t)| = O.

- 00

PROOF: Let X(t) be a bounded, non—osbillatory solution to
(23) valid for large t; i.e., suppose O < x(t) { M and
hence by (iii) 0 < x(g(t)) < M for all t» ty > b, for
some M. |

Let u(t) = x(t) - R(t). Then since Lim R(t) = O,

t >

u(t) is also bounded for large t. Moreover,
u(n)(t).= X(n)(t) - Q(t) = -f(t,x(g(t))) implies
() ul® (6) + £(t,u(e(t)) + R(g(t))) = O.

We now show that (24) canhot have a bounded solution
u(t) such that u(t) + R(t) > O unless u(t) < 0, which yields
the desired eontradiction, unless X(t).»'O.

It follows from (24) and (iv) that .

W) () = —r(t,u(a(t)) + R(g(1))) = ~T(t,x(a(t))) < O,
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Thus, u(n)(t) < 0, u(t) is bounded and u(t) » O for

large t. By Lemma IV.2, it follows that

(25) (—l)ku<n—k)(t) < 0, k=0,1,...,n - 1, and, therefore,

Lim . G(t) = O.

t—>00

Thus, suppose Lim u(t) =a > 0. Then by (i),
(26) Lim [u(t) + R(t)] = a.

Now consider Gq(u(t) + R(t)). Since G is continuous{

C Lim o Gq(u(t) + R(t)) = Gy(a) and

-

Lim G, (u(g(t)) + R(s(t))) = Gy(a). Thus, choose e€> O,

t - o
but € < Gy(a). Then there exists t, > t, such that
(27) 0 < & = 6,(a) - € < 0 (u(s(t)) + R(&(8))) < &;(a) +e.
| Now consider the eduation
(28) [+°7 21 (1) 11 = e (tiu(a(t)) + R(s(8)))]
+ (0 = 1) (01 )

An integration of (28) from t, to t > t, yields




(29) tn“lu(“"l)(t)

32

n-1 (n-1)

= tg (tgy
t n-1.,. ‘ '
-] s "f(s,u(g(s)) + R(sg(s)))ds
t2 ‘ :
.+ (n - 1) ft Snﬁgu(n—l)(s)dé
t :

Since tn-lu(n"l)(t

(29) yields

(30) Lim [ &

Now integrate
.t :
-t .

2

2

<ty lu(n~l)(té) - f: "7 tap, (s)ds

2

t

Sn—Eu(n-l)(

+@m -1 f

L
) > 0, and ILim [ s

Py(s)ds = + o,
t - 't

(30) by parts to obtain

(s)ds = sn—2u(n~2)(s) |t

to

- (n - 2)ft 77 3u(1=2) (5y4s.

s)ds.
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Again, by (25) t*72u(®2) (4} ¢ 0 ana (31) implies

t
(32) Lim sn"3u(n“2)(s)ds = - o,
T » ‘t2

From the results of (30) and (32), it is easy to

conclude

o +ow, k=2,U,...,0 ~2)
(33) [ Sn—hu(n-k+l)(s)ds _ >
ty . . ~w, k =3,5,...,n ~ 1

Thus, for k =n - 1,

(34) J su(s)ds = - .
t
2
Integrating (34) by parts yilelds
.t e . . . ' :
[ su(s)ds = tu(t) - t u(ty) - u(t) + u(t,),

2
t2

and from (34) we can conclude

Lim [tU(t)

> 00

u(t)] = - .

However, u(t) Z_O'by (25) and, therefore,

Lim [u(t)] = + o which contradicts the fact that u(t) is

- o0

bounded.

T
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Thus, it must be the case that u(t)‘S.O eventually, and,

therefore, u(t) = x(t) - R(t) < O which implies

Iim x(t) ¢ -Lim R(t) = 0. Since x(t) was assumed positive

t - o0 — 0

for large t, it follows that ILim x(t) = 0.

t-——>°0
The proof is similar if one assumes x(t) < O for large

to QcEnDc

Theorem IV.2. Assume (i) and (ii) hold, P. 29, and

(iii) g(t) is continuous on I = [tosteo), g(t) > t -~ C for
' large t, where C is any positive constant,
(iv) =xf(t,x) > O whenever x # O on I X R,

(v) Gi(x), i=1,2 as given in (ii) are increasing and

o0 - 00
S ds ds
+ o + for ever 0
é @Zzgj‘< P f 55157'< © ' ye> 0,

- €

(o0}

(vi) fttn“lpi(t)dt = +w, i=1,2.
0
Then if n is even, every solution x(t) of (23) valid
for large t is either oscillatory or ILim| x(t)| = O. |
. -
PROOF: Let x(t) be any solution of (23) valid for large t.
If x(t) is bounded, the conclusion of the theorem follows from

Theorem IV.1l. Thus, suppose x(t) is non-oscillatory and
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unbounded; e.g., Suppose there exists t, such that x(t) > O,
x(g(t)) > O for all t > by |
Let u(t) = x(t) - R(t). Since R(t) » O, there exists
ty > tq and e > O such that |
u(t) > 0, 0 < u(t) —'e < u(t) + R(t), t> t, and

(35)
u(g(t)) > 0, 0< u(s(t)) - e < u(e(t)) + R(s(t)),

t >ty

Also, u(n)(t) = x(®)(g) - Q(tj = -F(t,x(g(t))), or
0 = ul® (%) + r[tu(e(t)) + R(e(t))]

> ™ (6) + Py (£)6; [u(e(t)) + R(g(t))]
Z_u(n)(t) + Pl(t)Gl(u(g(t)) - €), since G; is increasing.
Thus,
(™) () ¢ - Py (8)6 (u(8(t) - €) < O, for t3 to.
By Lemma IV.2, there are two cases to consider.
Case 1: (—1)Ku(n—K)(t) <0, k=1,2,...,0 - 1.
Here u(t) is non-decreasing, so that by (iii),
u(g(t)) > u(t - C¢), and (35) yields

“u(s(t)) + R(g(t)) > u(e(t)) - e u(t - Cy-e> 0 for

t Z.tg + C. Since Gl is increasing.,
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G, (u(g(t)) + R(g(t))) > Gy(u(t - C) - €)

Now let t Z_t3 Z_tg + C, and let
n-1_(n-1) |
F(t) = Gl%u(ﬁ?— 5 ftg) . Then
) -1 (n) ”._ 1y£2-2, (n-1) (4
B(t) = 1 Gi(&(i Enc) _)e) u ()]
+ tn—lu(n—l)(t) é%'[Gl(u(t x oy =<7!
Lt (t,u(e(6)) + Ba(6)) , (n-2672u (") (o)
= Gy (u(t -~ C) =€) Gy (u(t =€) ~e)
+.tn_lu(n_l)(t) —cid_t [Gl(u(t 1- C) - G)]
. —tn'lPl(t)Gl(u(g(t)) + R(g(t))) . (n- 1)t 2 (2=1). )
< G (a(® = C) - €) G (u(t-70) -e)
+ tn—lugn—l)(t) é% [Gl(u(t EAC) - e)]
Thus,

n - 127201 4y
Gl(u(t - C) - ¢€)

(36) F;(t) < =8B () {

1

e tnhlu(‘n_l)(t) -~ C) - 6)]

)
dt ‘Gl(u(F
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~An integration of (36) from t3 to t» tg yields

t
(37) P(t) < P(t3) = [ o"7TB (s)as
t3-,

b =2, (n-1)

* (o - 1)-Q3 G (u(s = ¢y - ey %
T oae1 (n-1) 1 -

+ .& 57T (S)d[Gl(u(s oy e)]’ where the
3

last integration i1s considcered in the Riemann-Stieltjes

, 1 . . s
‘sense, and. Gl(u(t =)y - <) is a decrea81pg funciion of t.

Moreover, since u(n_l)(t) > 0, the last integral in (37)

is non positive and can be dropped from (37) to yield

T
(38) F(t) < F(tg) - ftB. SR OLL
t n-2 (n-1)
+ (n - 1).& ,Gl?u(su- C)S 2) ds.

3
Since the first integral on the right in (38)

approaches + ©, we obtain

t n-2 (n-1)

(39) tyi%w [F(t) - (n-1) [ 7 Su(s il £°2) 48] = « w.

T T e p——
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For convenience, let

t =2 (n-1)

ds. Then t4(t) = F(t) and

q(t).= ég G (u(s - C) - ¢€)
(H0) Lim [6(t) - (n - 1)a(t)] = - =.

Since tq(t) > O for large t, then (40) implies

lim [q(t)] = + ». That is,

t Sn—2u(n-l)(sly ds = + o
- ¢

(41) tLimooft e G e
T3

1

- An integration of (41) by parts yields

t n-2
(42)-é Gl(u(i TEY =) w1 (g)as

3 .
~ Sn—2u(n—2)(s) t L ot n-3. (n-2)

ST - 0 - e ,(n 2)[03 Gl?u(su_ o £52> ds

t
n-2_(n-

- .&3 s" u(n 2)(S)d[Gl(u(s % oy = e)]

where again, the iast integral on. the right is considered
in the Riemann-~Stieltjes sense and is non negativey, since

u(n'g)(s) < 0.
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Thus, from (42), we have

t Sn—?
<“3X-Q3 & (s = 0)

- 6).u(“'1)(s)ds

| n-i 4 (n-2) /o t =3, (n-2) o
S 35‘ - 2>f G oy

The first term on the right of (43) is evéntually
negative, and from (41), the left side of (43) tends fo
+ o, which implies the last integral on the right of (43)
tends to - w3 1.e.,

t . n-3,(n- 2)(
(b)Y  TLim f Gl( (S - ej—ds = - o,

- 00 3

By induction, observing (41) and (44), we have

P
| w.tn—(m+l)u(n-m)(t ©, m=1,3,5,

(45).Q T, (a(t - 0) - e)) dt = e, m=2,4,6,...,0 = 2
3 : .

]

For m = n - 1,

(46) é Gl(u%ész 0y =) ds = + o , Since u(s) < O,

then U(s) is  non-increasihg, so that u(s) g_ﬁ(s'— C)

and from (46), -




ho

oo u(s) o u(s ~ ¢)
+ --QB G (u(s = 0y = &) < Q3 G (u(s =€) =<y %
= 4; 'G%%VT » whére v=u(t - C) - ¢.

. This last equation is a contradiction to hypothesis
(v).
Case 2: Now suppose there 1s an odd integer 21 - 1,
l¢ei -1 g‘n - 1 for which (-l)Ku(n'K)(t)ig“O,
k=1,2,...,21 - 1, and u<n~21)(t) > O for large t.

Then (45) still holds for m = 21 - 1 and we have

(&) J

Before proceeding any further, we show there exists
a positive constant M such that
| tn_Qlu(n—2;+l>(t) < Mi(t - C) for t sufficiently large.
To do this, consider the Taylor polynomial for'ﬁ(t) on

the interval [t5,t - C]. Since u(t) e "ty ,+ ], there

exists a T, tB <t <%t~ C for which ﬁ(t - C)
' Moo n-2i
L(n-2181) b= C- 1,1

= ﬁ(t3) +'ﬁ(t3)ttf- C-t3] + ... +u 3

(n- 21)!

TP
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By Lemma IV.2, ﬁ(t);d(t),...,u(n_21>(t) are all eventually
non negative, so that

, n=-21i
[t - C - t3]

(50) (b - 0) 3 ul(07BHHL) ()

(n - 21)!
Now for k = 21 - 2, ul® ) (4) ¢ 0 implies
u(n—21+l)(t) is. non increasing as well as non negative so

that (50) becomes
[t - ¢ - 517

Wt - o)y ulMER ) o S o

(t - C - t3]n'21u(n‘21+1>(t) < Ku(t - C) for all t .

Multiplying through by st
[t = C - t3]

. 5 . n-21
tn-21u(n—2i+l)(t) < a(t - ) Kt n—
[t"'C"—tB]. .
. ~21
= U(t - €)K [—ger]™Ch
1 e 3
t

and for t sufficiently large, there exists a positive

constuant M> K for which

1
C+ t
o T |

ln-Zi
i
t i
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(51) 223 (0=23H1) oy e - o).
With the use of (49), (47) can now be written as

o tn~21u(n-2i+1)(t> o0 A(t = Q)

= -653 Gl(u(t ~C) -¢e) = + VGl(u(t -.C) - ¢€)

at

av
=M [ —y = 4+ oo,
t G (%)

where again v(t) = u(t - C) - €, and this last equation is

a contradiction to hypothesis (v). Q.E.D.

Remarks: Theorem IV.1 aﬁd Theorem IV.2 can be generalized
to the case when n is odd, in‘which oné should conclude
that all solutions considered either oscillate or tend
monotonically to zero. |

Also, in additién to the assumptions made in Theorem
IV.2 (Theorem IV.3), if R(t)’is‘assumed oscillatory, then
every bounded solution (every solution) of (23) is
oscillatory. - The proof of this follows by assuming a Solﬁ—
tion x(t) to be eventually positive and afriving at a con-

tradiction by showing x(t) < R(t) for large t.




CHAPTER V
OSCILLATION UNDER THE EFFECT
OF A SMALL NONLINEAR DAMPING

We now consider the functional differential
equation'

(52) = (8) + B(bx(8) x(a(8)) 7 (8))x (D) (1)

+ Q(t,x(t),x(g(t)),i(t)) = 0
where X(t) denotes k(t);i(t),...,x(n—l)(t).

If P = 0, sufficient conditions .are given in [3] for
solutions to (52) to be os cillatory subject to appropriate.
conditions on Q. The object of this chapter is to impose
conditions on the nonlinear damping term P so as to main-
tain oscillatory solutions fo (52).

If one considers the second order linear equation
(53) %(t) + A%(t) + Bx(t) = 0, A, B positive constants,
the oscillation of solutions to (53) is determined by the
size of A és compared to the size of B. A similar approach
could be investigated for the functions P and Q in (52). |
However, the approach here will be to require P to.become

-small in some sense for large t, while the conditions
imposed on Q will be independent of those imposed on P.
In addition, the special case P = O will be included in

the following results.
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The following conditions on P and @ will be considered.
(1) P and Q are continuous functions on

[to,+'W) X Rn+l-+ R, where R = (= ©,+ o), and

xQ(t,x,yqxly..,xn_l) > 0 if x # 0,
(ii) There exist continuous functions k(t) > O,
m(t) > 0 for which -k(t) < P(L,X,¥,Xq,Xpse0:X 1)
< m(t) on [t,,+ «) and for some a » t, and T > tg,
© 1 ‘ t S
[ t77k(t)dt < + o, Lim [ exp[- [ m(u)dulds = + .
a - 0 T ‘
(1ii) a(t)e(x,y) g-Q(t’X’y’Xl""Xn—l) if x> 0 and
d(x,y) > 0 if x> 0, y> O,
Q(t,x,y,xl,...,xn_l) < b(t)¥(x,y) if x < O and
¥ (x,y) < 0if.x< 0, ¥< ‘O':
a(t) , b(t) are non-negative, continuous, and
locally integrable on [to,+‘w), and o(x,v), Y(X,y)
are continuous and non-decreasing in x and y on
R X R.

The following lemma can be found in Kartsatos and

Onose [ 7] for the special case in which g(t) = t.
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Lemma V.1l. In addition to (i), assume that

(a) g(t) is continuous. on [to,+ ®), tLim g(t) = + o,

— o0

(b) there exist continuous functious k(t) > 0, m(t) > 0

for which -k(t) < P ¢ m(t) on [t,, ),

t S
(¢) ILim [ exp[~- [ m(u)dulds = + o for any T > g

Then every nonoscillatory solution x(t) of (52) valid
(n-1)

for large t is such that x(t)x (t) > O and
(0-1) (01 ¢
D) e 12 () el [ k(s)asl v ¢

1

PROOF: Let x(t) be a nonoscillatory solution to (52)
valid for large t; e.g., suppose x(t) > 0, x(g(t)) > O for
all t > t, for some t; > t,. We first show that x(n-l)(t)
is eventually of one sign fpr.all t Z.tl' Thus, suppose

X(n-l)(T) = 0 for some v > tl' Then from (52),

x(n)(w) = =Q(7,x(t),x(&(r)),%x(r) < O, and, therefore,

x(n)(t) < 0 for every zero of x(n-l)(t). Thus, X(n-l>(t)

can have at most one zero on [t1,+ ).

Now suppose x(n"l>(E) < O for some T > Ty

n—l)(

Then x! t) < 0 for all t> t, and hence,
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(53) =M (8) + B(t,x(8) 2 (a(8)%(4))x (") (1)

= -Q(t,x(t),x(g(t)),x(t)) < @
Division of (53) by x(n“l)(t) < O and integrating from
t to t> T yields,

x(0-1) 4

T
27— é;P(s,x(s),x(g(s)),f(s))ds

(54) In

t
> - [ m(s)ds, from which we get
T

‘ t
(t) g.x(n_l)(f)exp[— [ m(s)ds].

t

(55) s

Now integrate (55) from t to t, to obtain
; ' t s
n~2)(t) < X<n_2)(€) + X(n~l)(5)'f exp[~ [ m(u)dulds.

(56) x(
' ‘ t t

By (c), since X(n—l>(%) < 0, then in taking the limit

of x(n~2)(t) in (56), we get Lim X(n—2)(t) = - w,
But this implies Iim x(t) = - @, which contradicts
t—>00

x(t) > 0. Thus, x(n~l)(t)jz_0 on [t,,+ ®).
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To show X(n—l)(t) # 0 on [t,,+ =], suppose

. x(n_l)(f) =0, t> t Then again by (52); x<n)(f) < 0,

1
and, therefore, X(n—l)(t) is strictly decreasing on some
interval containing t, which contradicts X(n_l)(t) > 0.
Thus , x(n_l)(t) > 0, and, therefore, x(t)xfn—l)(t) > 0

on [t1,+ ®).

Now integrate (52) from tl to t, observing first that

x(P)(6) = —p(t,x(t) ,x(e(t)),x(+))x (01 (¢)

- Q(t,x(t),x(g()),E(t)) < k(t)x(P 1) (4], from which

t
+ k(s)x(n-l)(s)ds

Ty

n-1 n-1

(1) () ¢ (71 (5))

By Gronwall's Inequality,
(n-1) (n-1) ¢
x0T ) | X () | expl f K(s)ds], t 1yt
o

The proof is similar if one assumes x(t)'< 0.

Q.E.D.
We are now ready to state a theorem on the properties

of bounded solutions to (52). The following thedrem and

Theorem V.2 generalize"the results of Kartsatos and Onose

(7]
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Theorem V.l. In addition to (i) - (iii), assume

(iv) g(t) is continuous on [tg.+ «) and Lim g(t) = + w.

—>. O

(v) fmtn-la(t)dt = foot“'lb(t)d.t = + .
tg | ty

Then if n is even, every bounded solution of (52)
yaliq,for large t is oscillatory, while if n is odd, every
bounded solution of (52) valid for large t either oscil-
lates or tends monoﬁonically to zero along with its first

n - 2 derivatives.

"PROOF: Suppose x(t) is a bounded nonoscillatory solu-
tion of (52); i.e., suppose x(t) > O and x(g(t)) > O for
all t > tq > ty. Then by Lemma V.1, x<n"1)(t) > 0 and

. t
(57) =P 1) () ¢ x(P D (¢ Yexp J K(s)as)
1

©
< x(n—l)(tl)exp[ J k(s)ds] = N < + o Dby
-t .
1
(i1).
Moreover, by (iv), there is a number t, > t; such that

g(t) > tq for all t3 t,.

Since X(t) is bounded, there are two cases to consider,

according to Lemma IV.2.
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_ L P41 (1)
Case 1: If n is even, then (-1)7 "x‘7/(t)>» O,

i=1,2,...,n - 1 for all t> t Then for i = 1,

K
x(t) > O and hence, for all t> t,» ty, x(%t) > x(ty) > 0
and x(g(t)) > x(t{) > 0. Also, both x(t) and x(g(t)) are
bounded on [t,,+ «). Since &(x(t),x(g(t))) is continuous
on.ﬁé,+-w), there exist constants L, M> O for which

(58) L < o(x(t),x(g(t))) < M for t> t,.

Now multiply (52) by 2L ana integrate, using (57)
and (58) to obtain

t t t

(59) [ ") (s)as = - P (PN (5)as - [ 6™ Tqas
< ftsh—lk(s)Nde
ta
g
- [ s Ta(s)o(x(s),x(e(s)))ds
to
< Ny ftsn-lk(s)ds - L ftsn"la(s)ds,
2 ' 2

Integration of the left side of (59) yilelds




(60)-tn~lx(n—l)(t) - (n - 1) ftsn_gx(n l)(s)ds
2
on-1 (n-1) % one1 b on-1
Lty Tx (tp) + N, [ s "k(s)ds - L [ s Ta(s)ds.
2 t2

With the use of hypotheses (ii) and (v), we may

conclude that

| im s172, (0-1) (y4s = 4 o,
(61) tL_”o ft (s)d F

Another integration by parts from (61) gives

Qan—gx(an)<S>ds _ tne2x(n-2)(t) _ tg—lxgn—E)(tg)
t .
- (n=-2)f sn-3x(n~2)(s)ds.
t, :
2
Since x(n—z)(t) < 0, it follows from (61) that
(62) Lim fts““3x(“f2>(s)as = -,

t-—:»OO 't2

Thus, by induction, observing (61) and (62), we have

+o,.m=1,3,...,n - li

(63) fmtn"<m+l)x(n"m)(t)dt = ?
‘ ts -—w, m=2,4,...,n -2}

it
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In particular, for m = n - 1,
ml
[ x(t)dt = Lim [x(t) - x(t,)] = + «, which contradicts
t t - o
2
the boundedness of x(t).

Thus, for n even, x(t) must be oscillatory.
Case 2: If n is odd, then (1) ™x(3)(ty < 0, 1 =1,2,...,
n -1, for all t > t,. Thus, for i =1, x(t) ¢« O and hence,
x(t) is monotone decreasing and bounded.below by 0. If

Lim x(t) = O, the proof is complete, since Lemmas IV.1,

>

IV.2 yield ILim x(i>(t) =0, 1 =1,2,...,0 = 2,

— 00

Suppose then, ILim x(t) =a > 0. Then

t—>00

Lim x(g(t)) =a > O. As before, since & is continuous,

t-—>°°
there exist constants L, M> O for which
L < @(x(t),x(g(t))) < Mon [ty,+ »), and proceeding as in

Case.l, we obtain

® +o, m=1,3,...,n - 2
(64) [ P (ML) (0mm) oy g o
bty ' - o, m = 2,4,...,n - 1

Then for m = n - 1,
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[ x(t)dt = Lim [x(t) - x(t,)] = - w, which contradicts

t -t__)oo

2
the boundedness of x(t) on [t,,+ ).

Thus, Lim x(t) = O and hence, ILim x(i)(t) = 0,

j_ = Q,l)-c-;n hnd 2.- Q,.EQ:D.

Before investigating SOiutions of (52) Whiéh may mnot
be bounded, a lemma will be given which is very similar to
Theorem IIT.7 in Grefsrud [ 3], and for this reason, the
proof will not be given here. In Grefsrud's theorem, & and V¥
are functions of ome variable, whereas & and ¥ are functions
of two variables here. Conditions will be imposed on ¢
and. ¥ by way of the sécond variable here, whereas similar

conditions were imposed on ¢ and ¥ in Grefsrud's theorem

by way of the single variable.

Lemma, V.2. In addition tb (1) and (iii) assume
(a) &(t) > t - C for large t, C> O constant, and g(t)
is continuous for large tT.
(b) There exist constants E, 5 > O such that
O(x,2Y) 2_x6®(x,y),
¥ (x,\Y) g;xdw(k,y), L constant.
Let x(t) be a non-oscillatory solution to (52) valid

for large t. [If n is odd, assume Lim x(t) # 0].
t - o0 .
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Then there is a.constant‘p‘> 0 such that
Co(x(t),x(g(t))) > no(x(t),x(t)) if x(t) is eventually
positive, v (x(t),x(g(t))) < u¥ (x(t),x(t)) if x(t) is

eventually negative, for t sufficiently large.

With the. use of Lemma V.2, we canh now prove

Theorem V.2. Suppose conditions (i) - (iii) hold and
(a), (b) hold in Lemma V.2, and in addition

(c) For some a > O,

® . n-1 “ n-1
[t a(t)dt = [ tPTTh(b)dt = + .
(0 a

o0 - 0

-du

(@ sty <t L wanay e

Then if n is even, every solution x(t) of (52) valid
for large t is oscillatory, while if n is odd, x(t) is either
bscillaotry‘or tends monotonically to zero along with its

first n - 2 derivatives as t - «.

PROOF: Suppose x(t) is non-oscillatory; i.e., suppose
x(t) > 0, x(g(t)) > O for all t > bt > t, for some t,.
If- x(t) is bounded on [t,, «), the proof follows from Theorem

V.1l. Thus, assume x(t) is unbounded. Now by Lemma V.1l and

(i1),
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(n-1) ©
(t,)exp[ [ k(s)ds]
ty _

(n-1)

(65) 0 < x(®1)(t) ¢ x

(o8]

< x(n—l)(tl)exp[‘& K(S)§S] =N <+ o

1

We will consider two possible cases.
Case 1: (—1)mx<“"m)(t) <0, m=1,2,...,n ~ 1 for all
t Z.tl'
Case 2: There is an odd integer 2i -~ 1, 1 §'2i - 1l<n-1,
for which (-1)mx<n~m><t) < 0, m=1,2,...,2i - 1, while
x(n-2i)(ﬁ) > O and x(t),k(t),...,X(n—gi"l)(t) tend to

© as t - o,

In Case 1, if n is odd, then for m = n - 1, x(t) < O
which contradicts x(t) > O and unbounded.

If n is even in Case 1 or 2, then x(t) > O and hence,
x(t) tends to + ® monotonically. Then there éxistsi;2 >ty

for which x(t) > x(t;) and x(g(t)) > x(ty), t> t, and hence,
(66) @(x(t),x(8(t))) 2 &(x(1),%(t))s t2 b, 3 by

By Lemma V.2, there is a constant uw > O for which

QUt,x () sx(&(t))LE(E)) « . Q(tx(t)x(a(t)),E(t))
(67) =5 2), %)) 2 b iR E K (e (E))]

> na(t).
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Now multiply (52) by tn-l/®(x(t),x(t)) and integrate

from t, to t > t,, using (66) and (67) to obtain

2
. t n-1
(68) | Srpemarey X ()
o
I e Sl WA TCIE{E) (e (e)) )
L O(E(5)5%(8)) A S(X(5)-%(5))
2 2
t " k(=N t |
< f STy 00 ¢ S, 8T me(e)ds
2 2
N t t
< ®(X(t1§,x(tl)) _& ™ lk(s)ds - &;Sn 1a(s)ds.

2 2
By hypotheses (ii) and (c), the righf side of‘(68) tends
to - w. .
Next, integrate the left side of (68) by parts.

t n-1

: (1) () s
R COF oM

t.n--l

(L) ey
SE(E),%(E)) (t) - ¢

1

L gh-1 |
RS CORION
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(=L (n-1) o t n-2_(n-1)
- SR C 7 (2 - Y L SRR
Itsﬁ-lx(n-l)(s)d[ 1 |
t, ®(X(S):X(S))

where the-last integral is considered in the Riemann-

tg—lx(n—l)(t2
Stieltjes sense, and C1 = 6Zx(%2);x(t2)) . Furthermore,

since x(n"l)(t) > 0 and 1/o(x(t),x(t)) is a decreasing
function of t, when x(t) > 0, it follows that

t
.& Sn—lx(n~l)(s)d[®(X(S}’X(S))] g'O, and w- may conclude from
2 M .

68) and (69) that, since X TN(B) o g,
(68) an S 9) that, since S(E(E)S%(E)) > 0, then

Now consider Case 1, in which (-l)mx(n-m)(t) < 0,
m=1,2,...,0 - 1.

Another integration by parts from (70) yields, as in

(69) >
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71 n-2 (n-1) .y N2 (n-2)
o ft2§<x<s>,x<s§>) s = ST T C2
b g3y (n-2) gy
R O O
) ftsn—zx(n-z)(sjd[ 1 :
6 F(X(8),%(8)) "’

where again, the last integral is considered in the Riemann-
Stieltjes sense and is non-negative, since x(n-g)(t) < 0.
From (70), we conclude in (71) that

t Sn~3x(n-2)(g)
o(x(s),x(s))

8 = - x.

(72) Lim [
T > 't2

By induction, observing (70) and (72), for n even

© L n-(m+l) (0-m)

e, m = 1,3,..050 = 1
(73) ft & (x(T),%(T))
2 : '

t) at =

s m=2,4,,..,n-2

In particular, for m = n - 1, (73) yields

m *
- x(t) at = du s e

= = 4+ o, which contradicts
ft2 FTR(T) s %X(T)) ft2 FTu, v 2

hypothesis (d).
Now. suppo se Case 2 applies, so that
(—1)mx(”*m?(t) <0, m=1,2,...,21 - 1, while x(®®) (%) 5 o.
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Then x(t) > O eventually, and (73) still holds for
m =21 - 1, which yields, since 2i ~ 1 is odd,

o (0-2i (n-2i41)

(Tw) [ %

b, FCRCENSR(E)) S At =t

Now, as in the proof of Theorem IV.2, by considering
a Taylor polynomial for k(t) on [tgbt], there is a
positive constant M for which '

(75) x(0=21+1) gy pn-21 CME(E), By b

Using (75) in (74),

o)

Mx(t) du
- dt = M :
.Qgtb(x(t),x(t); -&2<$u,u

= + o, which again contra-

dicts hypothesis (d).
The proof is similar if one assumes x(t)u< 0 and

unbounded. Q,E.D,

We now give another theorem concerning oscillatory
solutions to (52) for the case n = 2, with slightly dif-

ferent conditions on the functions a(t), b(t), ®(x,y), and

Y(x,y). -
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Theorem V.3. Suppose (i) and (iii) hold for n = 2,

and suppose

(a) [ a(t)dt = [ b(t)dt = + o for every a > to-
a a

(b) g(t) is continuous and Lim g(t) = + .
— 00
(c) There exist continuous functions k(t) > 0, m(t) > O
for which -k(t) < P(t,x(t),x(g(t)),x(t)) ¢ m(t),

t Z.to and for some o > t

O}
oo ‘\ t S
[ k(t)dt < + o and Lim [ exp[- [ m{u(dulds = + o

for every t.Z_tO,

If n = 2, then every solution x(t) of (52) valid for

large t© 1s oscillatory.

PROOF: Suppose x(t) is a non-oscillatory -solution to (52);
i.e., suppose x(t) > O and x(g(t)) > 0 for t > t; > t,.

Since g(t) - + o, there is a t, > t; for which g(t) > *t,

for all t> t Also, by Lemma V.1, x(t) > O and

X
. ) T ‘ ] . o .
(76) x(t) < x(ty)exp[ [ k(s)ds] < x(ty)exp[ [ k(s)ds]
£ Tty

=NX < ».




for a
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Thus, x(t) is monotone increasing for t Z_tl and hence,

11 t > ty, we have x(t) > x(t;), and x(g(t)) > x(tq).

Then by (iii),

(77) o(x(t),x(e(t))) 2 @(x(ty),x(tq)).

An integration of (52) from t, to t3 t, yields

t

x(t) = x(ty) - ) P(s,x(8),x(g(s)),%x(s))x(s)ds

2

t
- f Q<S:X(S)»X(g(s)),k(8>)ds
t2

t
i(tz) + .é k(s)x(s)ds
2

IN

t

- [ a(s)®(x(s),x(g(s)))ds
t2

: t ot
< k(tg) + Nx~& k(s)ds - ®(X(t1)’x(tl)){ a(s)ds.
2 ‘ 2

By hypotheses (a) and (c), the first integral on the

right
~ o,

t >t

is finite, while the last term on the right tends to
and hence Lim x(t) = - w, which contradicts %(t) > O,
t—>00

10
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With the use of Lemma V.1l and appropriate conditions
on P, we can extend a theorem due to Ryder and Wend [11]
for the equation (52).
Before stating the theorem, the following lemma is
given, a proof ofiwhich may be found in an article written

by I.T. Kiguradze [ 8 ].

Lemma V.3. If X(t)jk(t),.,.,x(n-l)(t) are absolutely

" continuous and of constant sign on the interval [tgs+ )
and x(t)x<n)(t) < O; then there exisfs an integer £,

0L 2% n~1, which is even if n 1s odd and odd if n is
even, so that

(t - to)n;l

| x(t) | 2 a = I a =)

(T ey ey kL

Theorem V.4. Suppose (i) and (iii) hold and

(a) There is a continuous function'm(t) > 0 on [t,,+ «)
for which 0 < P(t,x,y,xl,...,xn_l) < m(t), and

t S
Lim [ exp[~ [ m(u)dulds = + «, for some f'z_to.




. 6.2
(b) There exist positive constants 1, M, N and conSﬁants

B, v, 0< B,y < 1 for which
o(x,0y) 2 WPo(x.y), ¥ > 0,

¥(x,y) < MYY(%,7), ¥ < 0, A 2 Ay > O, and

ert(ml)ﬁa(t)dt - fmtm_'l)'yb(ﬁ)d-’C =ty

(c) g(f} i_t -~ C for large £, C a positive constant, and
g(t) continuous on [t,,+ =).
Let x(t) be a solution to (52) valid for large t.
Then if n is even, x(t) is oséillatory,‘while if n is odd,
x(t) is oscillatory or tends to zero with its first n - 1

derivatives.

]

PROOF: Suppose x(t) is a non-oscillatory solution of (52).
Assume x(t) > O and x(t - C) > 0 for all t> t;. By Lemma

V.1, x(n"l)(t) > 0, t> ty, and by (a), Equation (52) yields

(78) () () = -px(MD () - @ ¢ -0 ¢ ~a(t)o(x(t),x(a(t))) < O.
Thus, x(t) > 0 and x(n)(t) < 0., '
Suppose n is even. Then by Lemma IV.2, x(t) > 0,
so x(t) is non-decreasing. Also, x(n)(t) < 0, so x(n';)(t)
is positive and non-increasing on [tl;+ ®). Thué; by Lemma

V.3,




(79) (%) 3 x(277%) » at?he(n1)

2
where A = 2% /(n - 1)!

Since X(t)' is non-decreasing, t ~ C > tl - C implies
x(t - €)/x(ty - C) > 1 and for any Ao > 0,
o |

xE =y ¥(t - 0C) =

kx(t - Q) > Ags B> t,. Thus,
1 ; .

O(x(t),x(g(t))) > (x(t),x(t - C)) =o(x(t),kx(t - C)/k),
> MKB(X(t - C) ]BCID(X(t),l/l{)

> wf [x(t - ) Po(x(t),1/k), by

the monotonicity of ® and x(t). Now, let
p

B'= Mk ®(x(ty), 1/k). Then from (78),

(80) (™) () + Ba(t)L(t - ©) < 0 for t> t

5
Also, from (78), (80) becomes
(81) x=(™ 4y + BPa(t)t - c7( DB (0D) k)P (o,
t > t, + C. | |

Now divide by [x(n"l)(t) ]B and integrate from

t3 = t2 + C to t, to obtain

(B2) (e g

- - P 1 a(s)(s - c)(n-1)P S Ras
L, DT at + BA. ft3 (s)( c) O [—7—1—5—)}( “‘1,(8)] d

< O,
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Since X(n-l)(t) is non-increasing, then

Xx(n"lgis; ¢) 1, and hence,
(n~l)(
X t) t
(83>.f(n_1) Qg + AP [ (s - C)(n_l)ﬁa(s)ds < 0.
X (t3) u ty ' g
Now if s> t, + C, then s - C» tgri:-@- and (83)
~ 2
becomes
(n-1) (n-1)p
X t) t t C
84 du | gy 2 s(n~1)5a s)ds < O.
(84) fx(n'l>(t3) N j%n—_l'yg ft3 (s)ds £
x(n-l)(t) au 0 4u

'"B—)O<b<°°, and

But 0 > —_ >
‘&(n-l)(tB)uﬁ'~ b u

the latter integral is finite if B < 1. Thus, as

t > 4+ o, (84) yields a contradiction to the hypothesis
b (n-1)p |

Lim [ s a(s)ds = + ». Thus, x(t) is oscillatory

t — 00

if n is even.

The case in which x(t), x(t - C) are negative, t> t,

is handled in a similar manner and yields a contradiction
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to [+ Vp(t)at = + w.

Now'suppose n is odd, and suppose x(t) does not

approach zero. Then | X(n'l)(t)l is still non-increasing

and
% I = x(t - 1-n
| x(t) | ,"'J“L‘x@l-nt)‘ ) |
. thg rnl=n
Z'tigftz { X(Ql*nt) B 1= |

_x(t) '} A | X(n-l)(t)] tl’l-l} tS> t

x (2T 0e) = 27

> inf {
t> t2

Thus, | x(t) | Z'Bltn-11 x(n'l)(t)| for constant B,
and the preceding part of the proof for n even yields a

contradiction to the existence of a non-oscillatory solu-~

tion of (52).
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