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Abstract:
The subject of this thesis is 'the study of both linear and nonlinear sampled-data systems with a
minimum-time performance measure.

The content of the thesis may be divided into three sections: First, time-optimal control schemes for
systems having input saturation are reviewed, and it is shown that for practical systems, there is
generally a substantial cost advantage gained by relaxing the minimumtime requirement. Methods of
measuring the amount of ”suboptimality" of such systems are then proposed. Several practical
suboptimal strategies are analyzed and compared, and the analysis indicates a simple method of
improving one of these strategies. It is also shown that these methods may be used to measure the
sensitivity to parameter variations of systems which are designed to be either time-optimal or
time-suboptimal. The proposed method of analysis is also used to show that several control systems
which are claimed by their designers to be time-optimal are actually time-suboptimal. Second, a
relationship called the time-loss hypothesis is indicated between the minimum times for continuous and
sampled-data systems constrained by input signal saturation. This hypothesis states that for controllable
systems containing plants having n real poles and no numerator dynamics, the minimum time required
by a sampled-data controller is no greater than . tf + nT where tf is the time required by a continuous
controller. The hypothesis is proven for first-order systems and several special cases of second-order
systems, and evidence is presented for the validity of the relationship for other cases. Third, the theory
of deadbeat response of linear systems is extended to parabolic inputs with minimum squared error
restrictions on the step and ramp responses. It is found that minimizing only the sum of the squared
ramp errors (subject to the parabolic deadbeat restrictions) also minimizes the maximum ramp error.

No such relationship exists if the sum of the squared step errors is minimized. Design methods are
presented for digital controllers which provide trade-offs between the number of sample periods to
deadbeat response to a parabolic input and either 1) minimum sum of squared ramp errors, 2) minimum
sum of squared step errors, or 3) minimum-maximum step error.
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ABSTRACT

The subject of this thesis is’'the study of both linear and non-
linear sampled-data systems with a minimun-time performance measure,

‘The content of the thesis may be divided into three sections:
First, time-optimal control schemes for systems having input saturation
are reviewed,and it is shown that for practical systems, there is gen-
erally a substantial cost advantage gained by relaxing the minimume
time requirement., Methods of measuring the amount of "suboptimality"
of such systems are then proposed. Several practical suboptimal stra-
tegies are analyzed and compared, and the analysis indicates a simple
method of improving one of these strategies. It is also shown that
these methods may be used to measure the sensitivity to parameter var-
iations of systems which are designed to be either time-optimal ox
time~suboptimal, The proposed method of analysis is also used to show

- that several control systems which are claimed by their designers to be
time-optimal are actually time-suboptimal. Second, a relationship
called the time-loss hypothesis is indicated between the minimum times

" for continuous and sampled-data systems constrained by input signal
saturation. = This hypothesis states that for controllable systems con-
taining plants having n real poles and no numerator dynamics, the min-
imum time required by a sampled-data controller is no greater than.

t,. + nT where t, is the time required by a continuous controller. The
hypothesis is proven for first-order systems and several ispecial cases
of second-order systems, and evidenee is presented for the wvalidity of
the relationship for other cases., Third, the theory of deadbeat response
of linear systems is extended to parabolic inputs with minimum squared
error restrictions on the step and ramp responses, It is found that
minimizing only the sum of the squared ramp errors (subject to the
parabolic deadbeat restrictions) also minimizes the maximum ramp.error.

. No such relationship exists if the sum of the squared step errors is

' minimized. Design methods are presented for digital controllers which

provide trade-offs between the number of sample periods to deadbeat
response to a parabolic -input and either 1) minimum sum of squared ramp
errors, 2) minimum sum of squared step errors, or 3) minimum-maximum
step error. : ' :




CHAPTER 1
AN ANALYSIS SCHEME FOR SUBOPTIMAL, MINIMUM~TIME,

SAMPLED-DATA SYSTEMS




1.1 INTRODUCTION ;

‘As the title'sugéests, the principal purpose of thié“ohapter is
to pfOpose and illustrate a method of measuring the amount of "sub--
optimality" for sampled;data syétems which use more than the minimum
time necessary to reach a zero-error condi@ion.

Sections 1.3 thfough 1.7 are centered on ohis problom in reiation
to a ‘regulator system; that is, a zero input system, the_funcoion of
which is to keep'its output.at a resﬁ'state despito any unoanted system

" disturbances. In Section 1,8, it is shown.hqw the vérioug,conoépts
which aYe introduced can be extended to systems having inépts; that is,
positioning or tracking systems,\ o ¢l

Section 1.2 contains a brief history of the time-optimum problem,
for both continuous and sampled;systems. In Section 1.3,;§uboptimal
systems<afe defined; their advantages and their utility are considered.

' Sectlonal L contalns a brief descriptlon of the time-optlmal strategy
proposed by Desoer and'Wing [8 9, 10] because many of thelr 1deas
are used throughout this chapter and: the nexts In Sectlonxl 59 methods
of analyzing suboptimal systemsrand measuring the amount,of:suboptlmal-'
- ity are proposed, and in Section»loé,fexamples are givenfﬁpﬁillﬁstrate -
these methods, In'Sectionxl.?,'it is. pointed out that a,éystém which
is desiéned to be time-optiﬁai will always in practice belouboptimél
due to plaﬁt parameter variaoions.- The mothods of anoiy$;$;for.subop-
timal syoﬁems.are tﬂen used for sensitiﬁity‘anolysis ofla‘éuboptiﬁél ,
system and a system designed tonbo'ﬂime-opﬁimal, BRI

i s
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In Section 1.9, an analysis is given on two systems [39, 26 which are
claimed as time-optimum by their dégignerso‘- These systems are showm
‘lf,o actually be suboptimal, thus clarifying some confusion which has
| existed in the literature on this maftero
| State space methods and phase~plane models [39, 237 are used

extensively throughout this chaptef.

1.2 A BRIEF HISTORY OF MTNIMUM-TIME. PROBLEMS

. The classic minimum~time problem is that of finding the contfol
. signal which will reduce the error of a l:mear system without numerator
dynamics (no plant zeroes) to zero in the min:'unmn poss:.blell,time if the
control signal is limited by a magn:x.tude constraint (F:.gux;'e 1.1). The

(RN

system equation is
%(t) = A x(t) + Bu(t) , -L<u<L - (1

where x and B are n-dimensional vectors, A is ann by n co_nstan’c matrix,
u(t) is a scalar, and L is a constant, - The problem is known by a vvara
iety of names, such as the time-optimal control problem, the bang-bang
problem, on-off servo problem, egb cetera, If the ideal output in
| Figure 1.1 is zero, tirxe s.ysiiem lS called a regulator.’ The following
histofy of the problem is not intended to be corhplete, bl;llt. only to
indicate the principal. developments. ' o o

The first paper publ:n.shed on this problem was by IicDonald [27]

' in 1950, I_Ie was concerned with’ m:n.n:.m:.z:.ng the .transien'b of a second~"




L
order system. MecDonald's arguments were heuristic, as were those of
Hopkin [15] in 1951, when heiﬁsed'phése—plane analysis 6n;a servdmotor(‘
subject to saturation and found thét the control éignal must always be

at the saturation level for time-dptimal control. He also found ﬁhat‘

“the phase plane may be divided into two equal sections by a "switch

curve." The time-optimal control for states lying on one side of this
curve is positive saturation, while on the ofher siﬁe, i@ requires
negative saturation. Bushaw t6] in 1952, attacked the probiem more
rigorously, and showed that some of McDonald's and Hopkin's intuitive
arguments do not hold for a plant with complex conjugate poles, In
1953, Ta Salle [22] proved that the best (in the minimal-time sense)
bang-bang system, i.e. a‘system whose input is always at a plus or-

minus saturation level, is the optimum of all systems subject to the

same saturation limits. In 1954, Bogner and Kazda [5] found that for

éystems with feal poles, resulfs indicate tha@ as the order of the
servomechanism increases by one, so does the number of switchings.

in 1956, Bellman, Glicksbérg and Gfoéé, (2] gave é general treatment
of the minimum-time regulator problem. Possibly the gréatest advance
concerning this problem was made by Pontryagin [34] who introduced

the maximum principle in 1957, The use of this principle made clear
that the tlme-optlmal control for an n'th~order plant having real
poles con31sts of a 51gnal alwavs at the saturatlon level, but having
no more than n-1 changes of sigh (switchings). If the plant has com=

plex conjugate poles, the control signal is élways at the saturation
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level, but there is no limit on the number of sign changes. Although
the maximum principle is an impﬁrtant'aid in determining the form of
the conﬂrol, it does not eliminate the problem of implementing the
controller, which becomes qgite complex, particularly for high-order
;systems.' ) o o ST

With the advent of the electronic digital computer, minimum-time
control of systems by use of discretelcontréllers (i.e, sampled-data
controliers) began to be investigated. The most common sampled-data
system may be represented by a sampler followed by a zero-order hold.
circuit which in turn is followed by the plant as in Figure 1.2,
There isino loss in generality if* the.'system is normalized to give
saturation limits of plus one and minus one [8], The output of the
zero~-order hold circuit is constant throughout the sampligg period (T),
and is equal to the value of the inbut to the sampler at the previous
- sampling,instant. This system is saidlto be pulsenamplitudé-modnlated
(PAM)O' Another common system islcalleh pulse-width modulated (PWM).
In this'case t@e inﬁut to fhe plant is always at a saturation level,
but the length of the pulse wvaries, depending upon the magnitude of
the control signal at the previous sampling instant, e

In 11957p the PAM, sampled-détq, bOundedninput, minimun-time prob-
lem was investigated independently by Kalman [177] and Krasovskii [19,
207], The difference eéuaﬁioﬁ is,in this case, . g
: . “ I l . i ’ i, . ‘ o
x[(k + 1)T] = A x(kT) +i3u(kT),:_- -'-L:<u<L:' o (1.2) .

i
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Jyith the dimensions the same as in (1.1). Krasovskii's method, which
is essenfiallly a variational approach, is summarized by Zadeh [a4]
who notes that the method, although conceptually simple, is computae-
tionally difficult.” Kalman suggested the division of the state space
into regions which are determined by the minimum possible mmber of
sample periods required to reach the: origin. It follows Fhat if a
control strategy, during each sample, period, moves the sté.;be of the
system from the region which is k sample peric;ds from thé orig:in to
the region which .is lé-l sample periods from the origin, 'blfx'el strategy
is time<optimal.’ Kalman's work was éxtended by Desoer and Wing in a
series of papers [8, 9, 10]. In thehfirst [8] they analyzed a system
having the plant 1/s(s+a) with "a" greater than zero and proposed a
special ' computer to implement af;i optimal strategy. They also ﬁoted
that for almost all initial states the optimal strategy is ‘not unique.
A brief 'smrimary of this pa.pér is given in Section 1.4. 'im"reference
[9:] they gave an optimal controller for the plant 1/ iﬁl(;s?a)\i) where
the )\i are real, distinet, and nonpositive, while in reference (10]
they showed that the real and distinét restrictions are nob necessary.
In 1962, Zadeh and Whalen [447] noted:that the 'prbblem can be solved
by 1;.se of linear prograrmnf;.ng teqhhiqmgs. Torng [38] in 1964 detailed:
the linear programming formulation of. the problem, and, sﬁ.nce the
time~optimal control sequence is, inigenél~a£l., not unique, he added an
additional eriterion (minimum fuel) which mist be satisfi}ed, thus en-

abling a unique choice of the minimumwtime ;c‘bnt,z"ol_' sequeﬂqé, In 1962,
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Ho [14] made ah.initial guess of the optimal control and then used an
iterative approach to "zero in" on an optimal control sequence. Tou
and Vadhanaphuti [41, 39] proposed an optimal position controller which
essentially uses the difference between the desired and actual positions
‘as the'input to the saturating amplifier., However, this system is
shown to really be suboptimal in Section 1.9. Meksawan and Murphy [26]
used a modification of Tou's approach, and their system is also shown
to be suboptimal in Section 1.9. Tou [40, 39] also solved the minimum-
time regulator problém by treating the forcing functions at the sampling
instants as variables in the state equations, and inereasing the number
of sampling periods until an optimal seqﬁence within the saturation
limits can be found, Tﬁis approach is basically linear programming,
although Tou uses other terminology. ' In reference [39] Tou indicates
that for an n'th-order system,‘if tﬁé minimal number of saﬁple periods
. required is n +‘q, thé first q driving signals may be sef at the satur-
ation limit, This is shown to be untrue in Section 1.9, ' Neustadb (297
claims to have solved the problem if:the forcing function ds allowed
%o be an f-dimensional vector.‘fThat]ig, in (1,2), u(XT) is an r vector
and B is an n by »r matrix. He also allows A and B to be ‘time varying.
His approach is similar‘té Krasovskii'ls El9,'20:]° X

The important factor to be-noted;abdut all of the dbove time-
optimal strategies is that they are all, to various degress, unsuitable
' for on-line .control; Tﬂe'inadequaciés are discussed by Eaton [12],

Koopeke [18], and Martens and Semmelhack.[25]. In goneral, a1l of the
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" methods either require e:_ctexisive com‘putation times or the permanent

. storage' of switching surfaces,‘ which may require excessi\fe_ menory
space. ‘Eaton [12] designad a special-purpo e on-line computer for the
Jjob, but it is rega.rded as too expensive by Martens and Semmelhack

"r [25] Koepcke s on=line approach requlres storage of pre-acomputed
tables whose size depends upon the max:u.mum possible numbel(r ‘of ‘sample
periods required to reach the origin ,of the s,t.at.e‘ space, Thus; if a
large segment of _the state space i_s to be included, the storage requj_.red
may become excessive., Martens and Sermelhack [25] proposed a subeiotimal
approach which will be anslyzedrin Section 1.6, - ‘
. ‘i‘h"e. PWM minimum time problem has been studied principally by

Polak [32] who used an approach ‘somewhat similar to Kalman's [17],

i !

1.3 SUB-OPTIMAL SYSTEMS

F:Lrst, a definition of a 31;1bop’c.:'|..;nal minmmnatlme system is in
order., A subopt:mal mlnmum—tlﬁle sys]’cem is simply one in wh:Lch at
leas’c. one of all the possible im.tlal states of the system takes longer
than the m:.nimum possible time to reach the des:Lred flnal state,

From this definition it :umnedlately becomes evident that it is
practically i.xnpossmble to constr'ucu a tme-optimal system, because any
parame’c.er var:.ation in the tlme-opt:unal controller, or in the plant
for which the controller was des:n.gn‘ed mJ_l in general, cause some :
1nit1a1 s’c,ate to “Lake longer than mlmmum time’ to reach the desired

final sta.te. (Henceforth such an ina.tial state Wlll be referred to as

subopfc:imal.) Since plant parameter identificat,iqn always involves
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approximations anyway, 1t is obvious that it would be wmwise to design
such a minimnm«timo system in which it is extremely important that the
" minimum time be used in all cases,

Another practical consideration is coS'l;,° "It is intuitively
fevident that a suboptimal controller should be less expensiue than an
.opﬁimal controller,’ In Section 1.6, it is shown that the suboptimal
regulators.uhioh are discussed are much simpler, hence much cheaper
“than any of the optimél systems discussed.in‘Section 1.2,

.If:tradenoffs are to be made between system: cost and systom.sub;
optimality, it is necessary to have some wai oflmeasuriug the subop-
timality of a .system, and generally,:'it woula also be important to
know the worst-case time, that is the longest amount of time that can
’ possibly occur between any initial and final state. For exa.mpleg
" Martens and Semmelhack [25] propose a subOpulmal strategy "which is
on oceasion suboptimal during saturated -inputs buu optimal for all
linear operation." The vagueuess of,this statement leoves-much_to

be desired,

1. D“‘SOER AND WING'S TIME-OPTTMAL STRATEGY

Since various aspects of Desoer and Wing s work [8 9, 10] will
be used throughout this dissertation, some of their results w111 be
brlefly outllned. The secondporder regulator systen w111 be studied
and, in part:.cular° the plant 1/s(s+a) £el.

The dlfferential equation corresponding to this system is




(1.3)

A
c*. .
A
-3

G(t) +a &(t) = u(t) , 0

where T is the sample period, u(t) i§lconstant.between sampling
instants, and u(t) is bounded befween plus and minus 6ne;(§aturation
limits). If the inifial conditions are expressed aé'c(OSJéﬁd c(0),
the solution to (1.3)'at t équal# T may be written in the.state

equation format as

1

' ‘ -aT . . -aT _
()] 1 l—'l;?--— c(0) e +al-l
. . a® [ *
= ' + - w(0) . . (AW
: ‘ ' LaT ' Lo
e(T) o 2T le(o) oo

It simpllfies mattors somewhat to put equation (1 4) 1nto Ganonical
form by‘u51ng the linear, normalized eigenvector transformatlon

| Nk
@i o el few] o
R |1 B L@
vo(t) - L= a/a] Latd) | L
which results in tﬁg difference equation fof the general iﬁterv;l

between KT and (k41)T, as follows:

]
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Yl[(k-a-l)’l‘] o3t o Y (KT) | (1-e"aT)(1+aa)%/a?’I
= : * u(kT)
v[(es1)T]] |0 1 | Ly, (kr) -T/a ] (1.6)

~or, more concisely,
YLGer)T] = oy(k) + duem) (1.7)

where the © and d identities are obvious., Desoer and Wing then define

g | ;
N * L .
-ekaT(l - e"aT)(1+a3)"'/aa .
= =0 d = (1.8)
T/a '

:SeVeral fk vectors are 1llustrated in Figurell,B for "a" equals T

equals one. (These values will be used in the running example.)

Two other definitions are now made; Rl is defined as the set of
initial states that can be brought to equilibrium in N sample periods
or less, while‘RN is the set of all initial states that can be _
brought’fo the origin in N sample periods and no less; Tt is evi&ept
that RN.ﬁa& be obtaiﬁea by deleting f%om R} all those states belong-.
ing to éﬁ;l;“Desder and Wing then prové that'gﬁ is the closed set

whose boundary is the convex polygon hN which has the following 2N
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vertices:

OPz = rl + rz - r3 cee = I‘N
OPN = 1‘1 <+ 1‘2 + r3 see °F rN
OP 4 = -1y + 15 + X3 eee + Ty (1,9)

OP-N

—I‘l—rz—r3 LN ] "‘rN

Figure 1.4 illustrates R{, R} and Ré along with Ry, R, and R3°

Tt is apparent that if #.strategy can be found that, during each
sample period, transfers the state of the systém from RN to RN;l’ the
strategy is time-optimal. Desoer and Wing show that such a strategy
.implies that the following equation is satisfied.
Ry = ur  — 6-1R 2 (1.10)

i B N1 , .

The ‘implication of *(1,10) is that if ¥(0) is in Ry, there is a u with
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1
Re1e

This in turn implies that v(1) will be in Ry_ge At the beginning of

magnitude less than or equal to one such that y(0) = ur; is in 6°

each sample period, the system state can be called y(0) so that the

1
R

are found by adding i'rl to the boundary of RN in all irward direce-

above . relations can be used repetitively. The boundaries of ©~
. .

tions, G"lR3 is shown in Figure 1.5. Thus if any v(0) state is in
Ry and some percentage (ml) of r, may be added to this state to bring
it into e-lRN;l' the sﬁrategy is optimal., Several facts are now evi-

" dent, First of all, the inner boundary of e"lRN; is inconsequential,

1

since iti:can not be reached from Ry, Secondly, if v(0) ision the outer
boundary ‘of Rys there is a uniqué strategy which will place 'y(1) in

R Thirdly, if y(0) is in Ry but not on its outer boundary, there

N-1°
ars an infinite number of-time-optihal,strategiésev

Desoer and Wing's optimal stfategy is as followé. D£aw a curve,
lcalled the critical curfe, by-éddihg + Ty, in an irmward direction, to
one outer édgé of the R, regions, as shown in Figure 1.4, The series
" of outer edges is called the polygon;l;éurve, ahd.is also shown in
Figure 1.4, The critical curve is tﬁug coﬁpqsed of the rzw,rB,'ru,.
oo Vectors placed "tail to head" with all having fhe same, sign. The
strategy ié.to compute my such that y(0) - mlfi is a point,.on the
'criticél'§urve; If the caléulated value of my is greater,than or
equal to one, }gt—mi equal oﬁe. IfAthe-Calculated value of my is less

than or eQﬁal to mirus one, let Wy equal minus one, If the calcwlated

value of'm1 is between minus one dnd plus one, use this value. Desoer
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and Wing show a method of implementing this strategy in reference [8].

1.5 A MEASURE OF SUBOPTIMALITY

Despite the cost advantage of suboptimal controllers, very little
" has been done to provide a.measure of suboptimality. However, in 1964,

Polak [33] proposed the following figure of merit for suboptimal systems,

m o= J  e(x) p(x) av | ‘ S (1.11)
x<X :
where x is any initial state of the system, X is a bounded region of
the state space, dV is an elementlof ;olume of tﬂg state-épace, p(x)dv
is the probébility that x lies in’dV, and c(x) is some cpst functio;,
This general idea will be applied to ﬁhe minimnm~time.problem in this
section and methods of evaluating~q(x) and my will be p?ropo,éed°
The assumption will first bé made: that the'sef of all possible
‘initial states is boundsd, This is axrealistic assumption, and should
cause no practical problems., It is also assumed that the probability
of an iniﬁiél state lying in a certain volume of the state space 1is
- governed by a prob#bility distribution-functiqn which can be determined.
If the system is a‘reéﬁlator, and.soméihing is lknown abou£ the input
noise statisticé, the desired probaﬁility‘distribution can:be found
by a simulation, In some cases, this;distribution can be :found analyti-
" cally. For example, if the input noise has a gaussian distribution

such that the saturation effects :can be taken ihtp account, the multi-




variate probability distribution ‘function for the output qeh be written
expllcltly [7] Now consider:a fracking system. Supposelthe controller
A controls a rocket launcher which 'is in an integrated flrlng system.
The state of the system as it is commanded to leave one target and
oegin tracking another would be strongly correlated to the structure
~of the iﬁtegrated fire control system, which could then be used fo
help determlne the probability distribution of 1n1t131 states,
Throughout the remainder of thls chapter, the problem will be
dlscussed in terms of a second-order system. However, the' various
1deas can be extended to hlgherhorderﬁsystems with the uswal accompany-
ing oomplexify. On the oﬁher haﬁd, it is a common practicq ito use
damieenﬁipole synthesis foxr oontfoller design [16] and this aoproxlma-'
tion would, in many cases be adequatehfof suboptimal system;enelysisq'
Oncs the suboptimal strategy is defined, and the initial state is
sPecifida, the number of sample periods required to reachi:the origin
froﬁ this ‘state is.d.etermined° -%he tine-optimal number oﬂiéample per-
iods is glso known, since'N is_the minimum boéslble mmbex of periods
requiredifor an initial state in}RN, and tﬁe RN boundérieﬁ are known,
In‘genergl, the regione of the etéte space containing initjal states
requiring more than the minimum nnmber]of sample'geriode will be-grouped
into regions whose boundaries areadetermlned by the subopﬁimal strategy.
The probability of the: 1nit1al state f31ling into this "subpptlnal area"
4, 1s, of course, f P dA, where piis the probabllity dlstrihutlon of

initial states. One obv1ous costwfactor which could be used|to welght
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the suboptimality measure is the difference between the i ndmun possible

numbef of sample periods required, and the mmber of sample periods
required by the strategy being used. This gives; essentially, the
"averageh nmmber of extra éample perlods required by a typical initial
state, Examples of this ﬁeasuremont for various strategies will be '
. giveﬁ in Section 1.6, |

The problem with the above "exact! measure of suboptimality is
that, although the traaectory from the initial state to the orlgln is
| theoretlcally known, the tra01ng of this traaectory may become quite _

'tedlous in pract;ce. This becomes ev1dent even for a relatively simple

example considered in Section 1.6. Thus, to enable a quicker comparison . -

.of suboptimal str#tegies, a "roughef" suboptimality‘measufe is often
desiréble; The basic idea behind the.approﬁimate measure of suoopti~
mality which is proposéd herein is that of considering esach RN region
separately, and treating each state transition as a random pfocess.

As was pointed out above, the process is actually determlnlotlc once
the 1n1t1al state is known, if the controlllnc action is not dlsrupted
by hoise, Howevor. it is reasonable to assume that 1f the controller
is forcing the state of the system 1nto Rl’ ‘the probablllty of the Rk

state being suboptimal is strongly related to the percentage of subop-

timal states in Rk.' The proposed approximate suboptimélityﬁmeasure is .

M=22<1+1_1c)n1' L ; (1.12)
. <3 . . . h
k.=11 : ] : . ; .
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wherelk'is the index associsted ﬁitthl rsgions, and J is relased to
the outer bound of possible initial states; i.e., Rj’ pl' is the

| percentage of states in R1 whlch will be transferred by the control
strategy to R;. It will be shown in Section 1.6, that pki‘cap be
'measured relatively easily by using a slight extension of Desoer and
Wing's Work‘[8]. (1+1~Xk) is a Weightiﬁg factor correspohding to
~ the mumber of sample‘periods lost-at each Rk” For example, if the

strategy transfers the state from Rl to Rl the strategy:is optimal,

-’
i equals k~1, and the weightlng factor is zero. qimilaﬁLy, if the .
new Suate is also in Rl' one sample period is lost and the welghtlng

factor is one, If the strategy forces the state to R1+1, ‘the weight-

ing factor is two.

It is reasonable to consider the probability of tlme loss separately

. for each R1 reglon, since any 1n1t1a1 state in RN must pass through

R RN-Z’ 000 Rl durlng its traasctory. However, a close correlatlon

N~1?
between M and the average neasure of time loss should not be expected
. (particularly if j is large) because of the broad assumption made, bn

the other hand, equation (1.12} is a useful tool for comparing several

suboptinal strategies for the same system with the same sef of possible

initial states.
In the preceding analysis, the control strstsgy is sssentially
considered as's Markov-pfocess, since each new state is c?nsidered to

bs a probabnllstlc function of the present state, Mafkov probability

tran31t10n~matr1x notation [36] will be occasionally used in the
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, éxamples in Section 1.6,

1.6 SOME EXAMPLES OF MEASUREMENT OF SUBOPTIMALITY

Example 1.6.1

Several authors [39, 26, 25] have proposed strategies for second-

order systems by which the forcing function is always at its maximum

maenitude except for the final two sample periéds; (Oﬁce the state

is in R,, operation is 1ihear. and the optimal controlling actions

are relatively easy to determine.). In the first examples the plants
1/s(s+l) and 1/s(s¥0,5) will be analyzed, and it will be aséumed that |
the initial staté occurs in.Ré. Thus, only R3 can contain'suboptimal_
staﬁeé. It will also be assumsd ﬁhat the foréing funcﬁiqn for states
in'R3 is thé."bettef“ of the two saturation levels, plus-%pg or minus.
one, This is an important considerétion. sincé; if the "ﬁétterﬁ foreing
.funct?on is used, the.staﬁe can do no wbrsg thén remain-ianB, whila‘if

the other level is chosen, the state could be driven into some Rk with

-k greater than three. This will be explained in more détéil in a later -

example. I£ will also be'assuméd throughoub this seétibﬁ_that the.

probability distribution of initiai_state is uniform. The ;sample period )

is one second.

Now consider Figuréﬂi.6. .The shﬁdéd areas contain aii ﬁossiﬁlé
suboptimal initia;'states.' It can be eésilyishown that a-plﬁs or minus
one forcing funqti&ﬁ‘appliea to any state in the shaded areas ﬁil;,

require one additiéﬁal'sample period in its trajectory to thé'Origin.
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The shaded region represents 19.3% the area of 33, and 16.5% of Ré.

(These, and most other area measurements in this chapter were made in an

[
]

analogue‘manner, with the associated inaccuracies,) . Thus;{the "oxact"
measurement of suboptimality is O, 165, while from (1. 12), M equals 0.193.
. Similarly, Figure 1,7 shows that for 1/s(s + 0.5), the exact measure is
’0.309 while M equals 0.371. It!must be noted that the initial states
‘which are considered in the second example do not include the -same region

of the étate space as in the fifet eiample.

Example 1.602
_ Inithls examples, a system governed by a different subontlnal stra-
tegy [251 is studied. A brief descrlptlon of the strateé;’;s appropriate,

The orlélnal strategy was employed on a stochastic input/g§;tem, but its

;'4 (O

modlflcatlon to a regulator is stralghtforward The plant l/s(sil) w1ll
be considered, along with a one-second sample period. From (1 6), the

I
state eguation is

P . . higd - b
TY1<k+1)J [;368 0 [yl(k)} 800"

‘ . |+ u(k) . (1.13)
lyz(kﬁl) 0o 1 :

Yz(k)_l "'l, __i
or

Y(k+1) ey(k) + d u(l) : (1.314)

" By appl&jng this relation again,
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v(k+2) = 63v(k) + 0du(k) + dulk+1) - | (1.15)

The basic principle of the strategy is to assume that the origin can

always be reached in two sample periods.’ Thgs ideal wvalues ﬁ(k) and

a(l+l) of u(k) and u(ie+l) can bs caleulated from (1.15). This gives

a(k) <239y, (k) + 1.58 (1.) '
0] [ ot

Al =239y, (1) - 0.583y,(k)
Of course, for states external to'Ré, oither U(k) or u(le+L) or both
will be beyond the saturation level. In these cases, the followiﬁg

,

rule is employed.

sgh[ﬁ(k)] if w(k) >1
u(k) =[ﬁ(k) if Ja(k)) <1 and | 50e1) | <1 (1.17)

{sgn[a(la-l)] if [8(k)] <1 and [4Qll)] > 1

A new.set of control signals are computed duriné each sample périod. T
| Reference will‘be made to Figure 1.8 in the following_discussiont
It will first be.assumed‘that all possible initial states occur in Ré.‘
An analysis will show that it is advantageous to modify the strategy,

after which another analysis will be made;

Several facts are quite evident: 1) The strategy is always optimal
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within Ré, since Ré is the linear region. 2) Because of 'synlrne’é,xzj,'

only the region Y1 < 0 need be considéred.f (Any reésonable strategy

for this type of ‘problem will in general be syrametrig,-) .3_) Inspection

of equation (1.17) and Figure 1.8 indicates that the strategy is optimal

in the third (and first) quadrant.
A slight extension of equaﬁion (1.10) can be used to measure how
many sample periods are "lost" by' the various suboptimai regions in

the fourth quadrant, It can be shown that if .

RN - url = 0 Rp : . ' : . (1918)
the state of the system will be driven from Ry to R. Since the 0"'R_

areas are known throughout fhe state plane, the next sequéntial R
reglons can eas:;l_'!.y‘ be deﬁennined froﬁ' the lpfesent regi&n and th:e' stra-
tegy b_einé employed.

Thus, for‘the running example, Figure 1.8 shows tl;le new E_?LK i-egions
_whibh are entered by the suboptimél states in R3. Thus ‘8.27% of the
possible initial statesh in RB’ azte férced to remaiﬁ_.in R}"‘ 13'.9%.3.1'@
forced into Ry, ?1.0.35% are :f:‘orcéd‘int'.o RE; and 2.64%~are"forced into
Ré. t is apparenﬁf‘ that an exact analysis of thi; strategy woﬁld.be
quitel ted:ic;us-.‘ prever, it ig"easy to'appiy (1.]_.2) to gj,.vé;:an approx-

imate measure of M equal to 0.77?._,

Example 1.6.3 ‘

Tt will now be .showm that the strategy"of Example 1.6.3 may be
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easily modified to give a smaller amount of suboptimality. The modi-

fied strategy is

(A0k) 4f 1800 | < 1 and |R0e1) | < 1
u'(k‘) = { sgn[u(l)] if [8(k)| >1 and ]ﬁ(k)]> [9Qe1) | (1.19)

\sgn[80e1) ] if [9(e1) | > 1 and [0(etd) | > |81 |

It can be shown that ﬁhis strategy is oétimal in Ré and in tﬁe
first and third quadfants. t can alao be shown that, external to
R}, the strategy implies that u(k) equals + 1 if Yl(k) is pOulLIVB
"and u(k) equals - 1 if yl(k) is negatlve. Figure 1.9 ;hows the
subopfimal region in Ré, An important factor is that each'suboptimgl
state is Lorced to remain in R3 rathef than some states belng
forced to "hlgher" Ry regions. Thus, alfhough 34,044 of the states
in Rj are.éuboptimal (as compared with 35.2% for the urmodified stra-
tegy), M is equal to 0.344 (as compafed with 0,776 of the preceding
example). | | '

A further analysis will now be made, using the modified strategy,

but assuming that 1n1t1al states may occur anywhere in Ré The subop-

timal reglons are shown in Flnurc l 99 and M is found to-be 0. 637

A probablllty uranaltlon matrix may be written for 1n1t1a1 states as
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[ P00 Py Poz Po3 Pou I o5ﬁi }F 1 0 o o o0 0
P10p11P12P13P14p15§ '1 6 -0 0o 0 0
o | P20 P21 Pop Pa3 Pay Ppy f _ 6 1 0 0o 0o o
P3o P31 P3z P33 Pyy p35§ 10 0 .656 3 0 0
Puo Pi Pup Pu3 Puiy Piys i ; o o o .BL4 186 ©

| Psp Psy Pisp Pog Pay pSSj o 0o o o0 .83 .107

(1.20)

where the element in the i'th row and j'th columh indicates the

provability of a transition from Ri to Rk’

Txample 1,6.4

The next example will be a brief analysis of the resuiﬁing sSub-
optimal strategy if Desoer and Wing's cr¢01ca1 curve is 51mp11f1ed |
but their strategy is still used. _The reason for choosing such a
system 1s that in continuous systems, switching curves and surfaces
have been similarly simplified (13] inlorder to gain cost advantages,
The correct criticél curve will be used within Ré, since, in this
linear area, there is a unique choice of optiﬁal'controlling aétioné,

In the exampls, oncé again the plant is 1/s(s+1) and the sample
period is one second. It is assumed that all initial states occur
within R%. The subabtimal switching ocurve is shown in Figure 1,10,
Although the section of the curve external to Rg was chosen rather

arbitrarily, 1t would ccrtalnly be f9351ble to plck this. portlon of
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the curve with the objective of minimizing the suboptimélity measure.

Figure 1.10 shows the suboptimal regions. ‘The probébilitj transition

matrix is
1 0o o o o o]
1 0 .0 0 0 0
o 12 o 0 0 0 :
P= . ) (1.21)
0 0 0 .963 .037 0O
0 0 0 0 1 0]

M is found to ednal 0.141 in this case. Note that this measure is
smaller than for the modified Martens and Seﬁmelhack“stratagy previously
: discussed."On the other hand, the ﬁodified Martens and Sémmelhack-

strategy is easier to implement,

6ne final word will be said about all of'ﬁhe examples of this
section,’ In éach‘case; the outer béundary of possible initial states
was the outer boundary of some Ry rggion.‘ This was done to keep ‘the
-examples as clear as possiblea' of coﬁrse the subootimality'measureé
whlch were proposed could be used for any area of the state plane, and

.would depend upon the area whlch was chosen,

1.7 SENSTTIVITY ANALYSTS

The c¢lassical purpose of gensitivity analysis [4,.33] has been
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to measure the change in the traﬁsmiséion characteristic?réf a sysﬁem_
per ghange in some plant_parameéér. 'Sincé the study ofiégéfmal control
systemslhas gained importance, some attention has been giyeﬂ to rede-
fining fhe sensitivity function with respect to the perfopmgnce measure -
being o%timized [11, 37]; however, sénsitivity associaté?ﬁgith the
minimunetine problem has not been studied in a general‘fréméwork.. In’
this se%tion, a sensitivity analysislwill.be made on a m;nimumptime |

system, and on a suboptimal minirum-time system. o

Th; suboptimality measures;intrqduced in this chaptgp,éan be

applied to the sensitivity analyéis'éf minimum-time system%f because
i

parametér variations will cause the minimum-time stratngﬂé& be sub~
optimalnin practice, Of course, systems which are suboptgm;i initially
can be §ﬁmilar1y studied. 1In eitherrcase, one important:#actor must be
consideied: if any of the paraﬁétersfgsed in the minimnm{ﬁime design'
are disgurbed.,it.will generallyﬁtakq«an infinitely long;tiﬁe to reduce
the.staép of the system to the origim so that it remains;there when the
controliing action is removed. @hus;;to mgke the minimumjtime sensi-
tivity measure meaningful, the ﬁérgeﬁfmust be considered;%éébe some
finite region about the,origin,'ﬁathe# than the origin itgéff. In the
examples given in this secﬁion,'thelﬁinite region will be hosen to be
R}, 1In addition to being convenient ‘for the calculation%i,}:.!' it is reason-
able to:.choose this region becauée,lﬁqr SGCOnd;qrdér_planﬁﬁw it 4is the
only reéion of the state space in whi?h'the contrpl actiégﬁis linear,:
and perﬁéps a more conventional iinear”controller could ﬁqjépplied in

this reéion, along with a more cpnven?ionél sensitivity analysis.

it

¢ -
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Once again, the system to be analyzed for the sake of illuétration
contains the plant 1/s(s+l) and uses a sample period of one  second.

The first strategy to be considered is Desoer and Wing's optimal strax .

tegy. The parameter variation is assumed to occur in the gain of the
saturating amplifier, and the variation is £§ about the nominal value
of one where the positive éris always assumed to be very gmall. Only
the Yy < 0 region will be studied, since the YL > 0 area is symmetric
to it. Tt will be assumed that all initial states occur within Ré,

First consider +6. In this case the gain is slightly larger than

that used in the optimal design. Since the strategy is always to drive
for the critical curve, the only suboétimal region in R3 is immediately
to the left of ﬁhe critical curve, as is shown in Figure 1l.ll. The ry
vector starting from any state occuring in this region will extend past
the ceritical curve and out of 6'1R2 by an amount &, There is also a
very small suboptimal region in the iower right-hand corner of R3 which
is negligible in comparison to the area previously considered.

.It appears that similar suboptimal regions are located immediately
to_the left of the eritical curve -in R4 and R5. prever, a 'closer
analysis shows that this is not the case. First consider the possibil-
ity of over&riviﬂg the critical curve in Ran Suppose thé strategy is
appligd io a state in the parallelogram immediately to the left of the
eritical curve. If Q(k).is-in this regién, for the nominal gain, a

force between minus one and zero will place y(k+1) on the polygonal

curve in R3' However, considering the. +§ variations, equatioh (1.13)
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gives

[ Ge1)]  [.368v (k) = .894(1+8)u]

o = | R O<u<l (1.22)
[Yz(k-xrl)J L v (1) + (146 )u |

The next force must be + 1 (nominally), since y(k+l) is to the right
of the eritiecal curve. Thus,
vy (iev2) | 2368y, (1) - .894(1+8)u ] 368 + .89A(1+5),

: (1.23)
Vo (k2 |

I
]
| v,00 + Qedda - (143)

Note that the & variation is advantageous in this case, since it tends
to force y(ki+2) closer to R,. BEquation (1.23) shows that Yl(k+2) is
.8945(1-.368u) above its nominal value, while'yz(k+2) is §(1-u) to the

left of its nominal value. The nominal value of yz(k+2)-is-on the

boundary of R,. The question is whether or not the actual yz(k+2) is

internal to RZ? Note that the slope of Tho which bounds‘R2 in this
vicinity is ~6.61, If the slope of the line connecting the nominal and
actual values of y(k+2) is more negative than -6;61; v(k+2) is in R,

and y(k) was not a suboptimal state. Thus,

. 8943 (1-.368u) , -
5(1cu) <-6.61 (1.24)

wnich gives




28

u> 91 ~ : (1.25)

Thus, there is a parallelogram in Rb of “Wwridth" .09, which will cause
an extra sample period to be taken, This set of states is shown in
Figure 1.11. |

Now consider the possibility of starting in R5 immediafely to the
left of the critical curve, and thus immediately losing a sample psriod.
An analysis similar to the above; shows that thers is no ragign in R5
for which this can occur., In other ﬁords, the'"overdrivg" chrects .
itself in this case,

In addition to the suboptimal regions, there are narrow regions
of "width" external to each Rk-whose states are gctually'improvéd by
the + & variation., However, these areas aré relatively small and will

be neglected in the calculation of M.

| .Thus, considering only the .suboptimal regions which are indépendent

of the magnitude of the 4 & variation, the probability transition matrix

may be written as

[ Poo Por Poz Po3 Pox Pos]
P10 P11 P2 P13 Py ﬁj%
Ppo Ppy Pop Poy Poy Ppsi

P = - U (1.26)
0 .68L .319 O 0o .

0
i'o 0 0 .98 .012 O
{o o o0 o 1 0 i
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where the first three rows are not considered. M is found to be 0.331.
Gain variations of -& produce suboptimal regions to the right of
the critical curve in RB' R4 and R.5 (Figure 1.11). The transition

matrix is

r. - : .
Poo Po1 Poz Poz Pou Pos-
P10 Pr1 P12 Pi3 Puy P

Poo Pp1 Ppz Po3 Poy Pog

P= .
lo 0 .68 .319 0 0

(1.27)

O 0 - 0 .82 .128 0

RY) 0 0 0 .857 .1)4'3 J

and M\equals 0.59. In addition, there is a narrow suboptiﬁal strip
Jjust insidé each Rk region whosse area is proportional to & and will
be neglécted; '

_The most interesting result of the above study is that the sensi-
tivity involves a large constant term which is independent of &, Of
course, this 1s only true of the strategy being used, and not in
general,

The sensitivitf'of the system could bs similarly measured with
respect to variations in the time constant of fhe plant which is élso
one in this éaée, These variations wiil,'in turn, cause-yafiafions
in 51’ and the resulting suboptimal effects can be found. !

A cursory analysis will now be made of the sensitivity to gain
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variations of the modified Martens and Semmelhack suboptimal'strategy;
Consider a + élchange in gain, In this case the nominal suboptimal
states are increased abput their inner perimeter by a strip whose area
is directly proportional to 8. Corresponding to -~ 6, the nominal sub-
optimal states afe decreased by a similar étrip about their inner per-
imeter. IHowever, thers is an additional suboptimal strip about the
inside of the outer boundary of ﬁhe Rk regions, | |

Thus, in this case, the éensitivity is a linear function of 3§,
in contrast with the previpus example which involved a large constant

plus a linear function of &,

1.8 SYSTEMS WITH TINPUTS

Test inpubts used to study system charactgristics usually include
inputs of the form tk, where k is a positive integer or zero. The
most commonly used are steps, ramps and parabolas. It is easy to.
show that a seéond;ogder_system can not track a parabolic (or highér)
input since the forcing function will eventually have to be greater
than the saturation Limit on the input. Kalman [16] points out that |

to track a ramp.with Zero steadyhstéte error, the second-order -plant

must be a double iﬁtegrator,. Similarily, a plant'with one integrator

can track a step with zero steady-state error. However, if the steady5.

state error need not be zero, it can be easily shown that, -the system of
Figure 1.12 (one integrator) can be made to track a ramp whose slope

is less than or equal to L/a. %imilarly, the system of Figure 1.13
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(no integrators) will track a step whose magnitude is less than-L/ab.
In this section, it will be shown how the R1 regions can be described,
and Desoer and Wing's optimal strateﬂy applied Lo the plant 1/s5(s+a)
for step and ramp inputs.

The differential equation for this plant is given by (1.3). How-
ever, since the c¢(t) state variable is nct being driven to zero, but
is.réquired to follow the input r(t), it is convenient to use as the

state v?riable the difference bstween the two, ‘Thus,

o(t) = =(t) - o(t) - | : - i (1.28)‘
Combining (1.28) with (1.3) gives

() + a é(t) = »(t) f a v(£) - u(t) ' (1.29)
If rtt) is a stép initiated‘at t =‘O, (1,2?).reduces to .-

5(8) ¥ 2 8(6) = - u(®) Ceso0 | i (1.30)
If r(t) is a ramp with slope X initiated at t = 0, (1.29) weduces to
e(t) + a é(t} = a ﬁ - u(t)‘ ';.' £-> 0 _ ' - (;,3i$

A cémparison betyeen (1.30) and (1.3) makes clear that the R regions




32
corrésponding to each.of the equatioﬁs are iden£ical.‘ Tﬁis will Be-
further clarified in the next section when the system is analyzed for.
a step input, On the other hand, a éomparison,between (1.31) and (l.j)
shows thaﬁ, for a ramp inpubt, the location of the Rk reégions depends
upon tbe siope. Fﬁgures'l¢14 and l;;5 show Rl and R2 fgr-slopes of |
0.2 and 0.5, Although the- Desoer and Wing strategy could be easily
applied to this system for variéus step inpﬁts; the application to
ramp inputs would be relatlvely difficullt due to the shlftlng of the
.crltlcal curve which Would be requlred. Thus, even though it is
possible t§ track the rgm? with a nonzero sﬁeadyustate error, there

are added difficulties in the implementation of such a systen.

1.9 COUNTFR EXAMPLES TO TWO. ”TLME—OPLIMAL” SYSTREMS

' Consider the system of equatlon (1.30) Wlth figh equal to 0,25
and a sample period of one second. Flaure 1.16 shows tne-Rk reglons
if the transformatlon of equatlon (1 5) is applled to e and e._ Also,
assume a step 1nput of magnltude R equals 2.5, Assumlnv that che |
system is 1n1t1a11y at rest the 1n1t1a1 erroru are e(O ) equals 2.5°
and s(0* ) equals O, This corresPOnds to Yl(O) equals 0 and yz(O)
eqpals -2 5. Insnectlon of TFigure 1 16 shows that this 1n1t1a1 staue
1165 in Ru, thus 1nvolv1ng a minimm time of four sanolé‘éérlods. |
One p0551ble optlmal conbrol sequence is 1, 0.1, O. ?7, -O 73&

" Meksawan and Murphy [26] derive equations (1.32) and;(1,33)'for

the first two signals of an opltimal control sequence.
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a‘R

(0) = .
b K T(1 - =2T) (1.32)
and
(1) = T (1.33)

K T(2T - 1)

For this example, these equations give a u(0) equal to 2.83 and u(T)
equal to -2.2, Meksawan and Murphy say that if both of these control
signals exceed the saturation values in magnitude (& 1), it has been

found from experience that the time-optimal control requires that the

first two control signals applied must be at the saturation level with

the same sign as the step input. Hence, according to their strategy,
u(0) equals u(T) equals + 1.
Equations (1.28, 1.30, 1.5 and 1.6) can be used to f£ind v(1) and

v(2).

(1.34)

?

(o] [-3.651 [y (2D [-6.47]
(D) L Les0]

Thus, y(T) is in R3' but y(2T) is also in R3° Thus u(T) equal to + 1
is not an optimal input function. TFigure 1,17 shows that v(T) lies in
& region which is suboptimal to 21l inputs at the saturation level.

It is not difficult teo find other examples of plant-inpul:combinations
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for which the stréteg& of driving at'thé saturation level  during the
first two sample periods is suboptimal. | ‘
Toﬁ's.épproach [39] is to alwaysAdrivé the s&stem Wifh e(kt). If

e(kT) is greater than the saturation level, he says to use: the clésar:'
saturation ievel, For the system described above, e(0) is 2:5; Thus
u(0) equals 1 which,'in.ﬁurn,'results in ¢(T) equal . to 0;464. Thué
e(T) equais 2,036 and u(T) eqnals 1. But thé previous exgmplé shows.
tﬁat\an initial sequénce of + 1, .+ 1 is suboptimal: hence, Tou's
strategy is subopfimal. | |

- The! reason that neither stratégy worked in this case was simply
that the: trajectory entergd a region external to R2 whereja;s;turatéd |
input eotld not be employed in an optimal manner. Now congider the
.plant 1/s(s+1)_whose Rk regions are'shéwn in Figure 1.7 a&oﬁé Qith the
R3 region.for which saturated inpuﬁs'can not be optimal, :;Now suppose
any step input is applied while tﬁe sysfem is in ﬁhé restjs&ate. é(O).
is.zero which means that Yi(O) is. also zero. However, the maximum
magnitude t§ which ¢ (and thus &) can be‘driveﬁ'is ihl, Thus the
maximum po§sible value which Y, can attain igli 1.414, Figure 1.6
shows,. however, that the minimum—magnitude reached by the=r§gioh which
is suboptimal for saturated inputs is.apprOXimaﬁely + 10.. {Thus the
problem encountered by the plant 1/s(s+0.25) can not occup: for the
planﬁ 1/s(s+l), which is the.planﬁ usuaily'employea for‘eXgmples.of
time~-optimal strategies, and, iﬁ.particular, is used in bqthﬁMéksawan

and Murphy'!s and Tou's examples, ‘|
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1.10 CONCLUSIONS

In this chapter a brief history was given of the minimum~time
control problem. It was then shown that, in practice, it may be much'
loss costly to use a suboptimal system. A method was then proposed to
give 'g.n exact measure of how close a system is to being optimal. Since -
this exact measurement :'Ls‘ usu‘ally: quite tedious to evaluate, an approx-
imate measure was also proposed. éeveral examples of measuring the
subéptimality of practical étrategie_s wére given, and it was shown that

the insight provided by the analysis of one of the strategies indicated

a simple manner of improving it. It 'was then shown how the su‘bOp’c;i_mali"t;y
measures could be applied to measure the sensitivity of a1f§ystem to
plant variations. .

At this point, it is informative to make a -comparison.betwe‘en
the Desoer and E\Iiﬁg optimal s;’crategy' and the modified Martens and -
Sermelhack suboptimal strategy. .;It was shovm in Section 1.7 that the
Desoer and Wing strategy is much more sensitive to paraméter variations
than the modified Martens and Semmelk;-ack strategy. Moreov:,ér, for -
negative variations in the _plant,gain,:: the "fixed" suboptimal regions
for the optimal ,étrategy are cc;mparable to those for the |suboptimal
strategy. Thus, the "rough' neasure ;{ndicatés that there,is little
reason to choose one S£ra£egy 6ver the. other. ' If the amounb of time~
loss is eritical, a rnuch more exa.ct- é,nalysis mﬁst be ma&eu “From a

cost viewpoint, the suboptimal sbraﬁegy is much easier tq&j;.mplemerit.

However; this factor could become irrelevant if the available computing
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device is large enough to genorate the optimal strategy.
Finally, counter examples were givén for two stratégies which
had been claimed as optimal by their designers,'and it was shown that
the analysis methods used gave added insight into the reasons for the

suboptimality of these systems.
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Figure 1.9. Suboptimal regions generated by application of 'the modified
Martens and Semmelhack suboptimal strategy (see Example 1.56.3.).
The plant is characterized by 1/s(s+l) and the sample period
is one second.
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CHAPTIR 2
SOMC RELATIONS BETWEETN THE DISCRETE AND THE

CONTINUQUS MINIMUM-TIME PROBLEMS




2,1 THNTRODUCTION

It is well known that if the input to a linear system is constrain-
ed by a magnitude bound, and it is de31red that the state of the system
be altered, the minimum-time control s1gnal is of the bang-bang type.
-It follows‘that, if this control siénal is additionally'consfrained
so that it can change sign only at fixed intervals as in‘thé sampled-
data case, the time required to make the same change in system states
will be at least as 1ong as the bang-bang mlnlmal time, and in general,
will be longer. |

It 4s 1ntu1t1ve that as the sample period approaches zero, the
minimum time w111 decrease to that ofsthe contlnuous-tlme pontroller;
This 1ntu1tlon has been verlfled'for & spe01al:case by Dasqd? and
Wing [8] and in general by Neustadt [29],- It would cértaiﬁly be of
value ifa general relétionship could rbe found between the Mcontinuous
‘minimum-time" and the "éiscrete ﬁinimum—ﬁimeﬁ.: For examplé, the ad-:
vantagessof diserete control (such as several systems belng-controlled
by oné tmne-shared digital combuter) would seem even more ~inviting if
it were Known that the time lost by the sampling process was known to
be within a small, detenninablé'bound:

Thus, the major effort of thls chaptor will be to Justifly the

following t1me—loss hjboth951s

Consider a linear, second—oxder Pant with real eigemwalues, no

N

numerator dynamics, and a nagnitude-limited input, If thqgstate of

this system can be driven from-any inigial étate to the origin in a
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minimum time of t seconds by a bang-bang controller, and if the plant

is controllable in the sampled-data sense [10], this plant can be dri-

ven from the same initial state to the origin by a pulse-amplitude-

modulated (PAM) controller with a fixed sample period T in no more than

tf + 2T seconds.

Desoer and Wing's definition ElO] of sampled—data controllablllty
is that such a system is "controllable" if all possible states of the
system can be forced to the origin by s realizable forcing function,
With magnitude-~limited control actions, Desoef and'Wisg's definition
implies that ths systém's plant contains no poles #n the ‘right half

" of ths 5 plane, Howevef, even if thetplsnt does have one' or more poles
‘with positive real parts, there is a bounded region coptaimihg states
Which can be force& to the origihg' Theiﬁheorems presented; in this
chapter will Ee proven for cases of both right- and left-half-plane
poles, thus implyiné the veracity of ihe time-loss hypothssis for such
bounded "controllabie” regions, .

The argunents used will be such that the above time-losgs hypothe-
:515 is also credible for an n'thworder system, that is, the introduc-
tion of sampling can increase the minimum time to the or;gmn by a max~
irram of :nT seconds.‘ The general : conulnuous system to be,con51dered is
shown - in- Figure 2. 1 whlle the general sampled-data sysbem ‘is in ngure
2.2, Desoer and Wing [8] Show that there is mno loss of gspsrallty if
K and A in‘these‘figures‘are both'normaiized to one, sincg-this merely

"alters the time scale. This norgalizdtion will be used thzdughout the
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chapter.

In Section 2.2, it is proven that, for a first—oraer;linear system;
the introduction of sampling can increase the ”bang-bang!minimum:time".
by a maximum of T seconds.” In Secfidn 2.3,'several tﬁéoreMs are de-
rived relafing the minimal isochrones of a secondw-order system té the
Rk regibhsl for the same system. These theorems are shoyn to have some
intrinsic value, and are also uséd to Justify the time-loss hypothesis.
The hypothesis is also proven for several sﬁecial cases, .In Section -
2.4, a éystem with complex conjugate eigenvalues is étudigd; ana it
is shown why the above time-loss hypothesis is not true for-this case,
In Sectlon 2.5, cons1derat10n isxgiven to the p0551ble applicatlon of

the time-loss hypothes1s to bulse-W1dth—modulated systems..

2.2 FIRST-ORDER SYSTEMS .

Suppose that a system is governed by the equation
Eg=ac+u , Jul<l R . (2.1)

where 1n1t1a11y c(O) = ¢p, and at the flnal time tf, c(t ) = 0,
,lI
Flrst consider the continuous case, The bang-bang principle
' gives that the minimum-time control does not change sign; 'Fpr one

set of initial states, the optimal control is plus one for all 't in

“the intérval [o, tf]. The solution to equation (2.1) is

1. The heanings of this terminology are given in Section 1.4,




5k

o(t) = 0(0)e®t 4 7T gt e alr) ar T ea

Now assume that

ta=kl+ 0T , O0Ogo<1 ' o (2.3)
where T is the sample period for the sampled-data controller to be
~ considered later in this section and k is a positive integer or zero.

Thus, for u =41,

. " (k‘s‘j@)T :
e(t.) = 0 = oo (0T | alks0)T i 3T g )
£ 0 J

Solving this equation in terms of the initial state 2y gives

" a(k+8)T : :
Co = e a = A | (2.5)

No& consider the discrete time case, and suppose thaﬁuq control
signal of plus one is abplied from t equals zero to t = kT seconds,
and somefcontrol level U is applied from kT to (k+1)T seconds such

P ,
that at the end of (k+1)T secondg, ¢ equals zero. If it can be shown

is less than one for this interval, the im-

that the magnitude of Uy

plication is that the discrete system will never take mone~than T

seconds longer to regulate than does the continuous system. The so-
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lution for the discrete case is

- ' , kT (le+1)T ,
oty =0=c 2T ea(k"l)T [fe™®ar+ [ we™® av]
' ' C KT :

0 k
(2.6)

. This equation can be solved for Uy o and ¢y can be replaCédwby the =

right—hand member of equation (2,5) since the initial states are.

assumed to be identical. This gives, after simplification,

e(l;e)aT éaT -
Ve = aT : . : (2.7)
L-e o . -

Equatidn (2.7) will be broken down inmto three cases.

Case 1: a <0,

' )
This implies that

1-e*t>0 . , . (2.8)

' for all values of T, Similarly,
e(l—@)aT - GaT > 0 . - o (2'9>

for a1l values of T,. This implies that

” >.0 . : (2.10)
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Also,

0 < e(1.e)aT <

This means that the nﬁmerator of equatioh (2,7) is always less than

‘the dehominafor. Thus

0<u <1 : (2.12)

Case 2: a > 0,

o

aT

1 - <o ' (2.13)

, x; . N ‘ I
e(l-e)gT - egT -
: X

Thus, both numerator and denominator of eduation (2.7) are negative

‘e

and

w, >0 W ~ | | “"‘(2,155 )
Also,

Ietl'e)éﬁ:>~l._ - ' (2.#6)

1 | (2.11)

<o ) (2.14) -
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Therefore the mumerator of (2,7) is less negative than the denominator.:
Thus, |
0<u <1 " - | - (2.17)

Case 3: a = 0,
Take the limit of equation (2.7) as "a" approaches zero. This .

gives

<

"where, of course, ¢ is between zérc and one. -
It is obvious that an initial choice of minus one for the optimal
control would give similar results. This concludes the proof of the

time-loss. hypothesis for first-order systems;'

2.3 SECOND-ORDER SYSTEM WITH REAT, EIGENVALUES

The time-loss hypéthesis will be‘justifiéd_by relating the Rk‘
regiénsﬁof the discrete-~time syste@ %p the kT-minimﬁm ispghfoné§'of:
‘the céntinubus system? A t~ﬁinimum isochfone is thg‘locué Sf all -
points in étate spéce from-which the origin can be reached in & min-
Irnum time of t seconds. Iﬂ the;}emaihder of this chapter{.the wordﬁf
minimum:will:often be émittédé ;é ali isooﬁranes‘will beiéééumed 56

- be of minimum time. In Section 2.3.1, several theorems. regarding -
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the isochrones, Rk regions and the switching. curve will be stated and
proven for a plant having one pole at the origin in the s plane; that
is, for the plant 1/s(s+a), with "a" nonzero. lThe time-loss hypothe-
sis will then be proven for the speéial case, eaTgreaﬁer than two.
"In Sectioh 2.3;2, the theorems wiil'be extended to the case of two
nonzero pdles which are real and distinct; that is, for the plant
1/(s+kl)(§szy, the time-loss hypothesis will be proven for MT g
e*2T both greater than two, 1In Section 2,3.3, the speciél case of a’
double integrator will be considerea, and the time-loss hypothesis wiil‘

be proven for the special case when the sampling period is less than

one second,

2.3.1 ONE EIGENVALUE AT ZERO

_ Suppose that for values of t between 0 and T, the.system is

governed by the differential equation
é(t) +ae(t)=u , Ju <l , (2.19)

" which is the same as équation (1.3). As in Chapter 1, a chahge of
variables will be made, so that the working state equation is (1.6).
The resulting T)es as -defined in Chapter 1, will be repeated here for

convenience,

-ekaT(l-e—aT)(1+a2)%/a3
) (2.20)
“T/a
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The following theorem$ may be more easily vﬁsualized by éénsi&er—
ing Figure 2.3, which-portrays a finite regién of the state space con-
taining the switch curve, kT isochrones and Rk régions for equation
(1.6), with "a" equal to plus one. Similar curves are disﬁlayed in
Figure 2.4 for the‘plant 1/s(s-1), i.e. for Mal equals.minus one.
Also shown in ﬁigure 2.4 are the boundaries of the controllable région
for this plant. Igjthis case, ail states for which [ylj < Z2are .

controliable.

" THEOREM 1l: The sloﬁe of the switch curve at kT seconds from
X i ’
the origin is ~(1+a2)‘eakxo'
PROOF: Because the polygonal curve” approaches the switch curve

.as T approaqﬁes 2610 [8], and because: the e vector (Z.ZO)ﬂforms the

polygonal curve at tO = kT, the g§lope:of the switch éurvéymay be found

by holding KT fixed at tb, and then taking the limit of thétsldpe.of '

the »

' vector as T approaches ze¥o. Ehué, letting Y1 denctg the upper

element of Ty and Yo the lower element gives

dyy | avy ,
E§—l = "Lim 5;—1 = 1lim slope of rki
2|, . Y05 20 . T0 Ity
0 G
ul rl'; .
wa2YE(7_am®hy o :
- n =200
T-~0

: L o4 Lk
- (1+a2)2eato = - (1+a2)%e%kT . (2.21)

i
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THEOREM 2: The kT isochrone passes through all the vertices of

B

>

PROOF; Neustadt [29] proves that for a linear n'th-order autono-
~mou§ sampled=-data s&stem,with réal distinct eigenvalues, the time-opti-
mal control sequence consists of n or fewer alternating "blocks" of
.+ 1's and - 1's, which may be cohﬁected by,pulse; haviﬂg values between 
minus one and plus one., However, as is evident from thé method of cone
' structiﬁh of the Rk regions, the control sequence'necessary‘to_drive |
- a state at an Rk vertex to the origin consists only of the élternéting
blocks of plus and minus ons, with‘no intermediate pulses. For example,
fér a'secondporder system, the optimal control'sequenée for-the two.

Rl #ertiges are +1 and -i. Similarly. for R,, they are +1, +1; +l; -1
.-l, -1; and -1, +1., For the six vertices of RB, they are +1, +;, +1;
+1, +1, -1; +1, -1, -1; -1, -1, -1; -1, -1, +1; and -1, +1, +1. Thus,
the sampled-data controi‘sequence for the Rk vértiées ié identical ®to
the bang-bang control of the minimum—time continuous coﬁtréllero This,

in turn, implies that each-vertex of Rk lies on the kT minimum isochrone.

THEOREM 3: The outer boundary of R approachés the kT isochrone .

if T is allowed té;approach zero while kT remains fixed.

PROOF: - This is an immediale consequence of Theorem 2, Because

kT is held fixéd, the ry vectors which form Rk become smaller and

more numerous, until, in the limit, each point on the Rk boundarylis




a veriex,

'THEOREM 4: The slope of the switch curve is equél to the slope

" of one sids of the isochrone at their intersection.

PROCF: One side of the Rk region intersecting the switch curve
at kT seconds from the origin is bounded by Tpe The corresponding
section of the polygonal curve is also bounded by T o ‘Theorem 4 thus

follows from Theorem 3 and the proof of Theorem 1.

THEOREM 5: All of the isochrones for a system have sides with
an identical slope at corners. 'This corner slope is equal to the slope

of ry as T approaches zero.

PROOF: This follows directly from Theorem 3 and from the faqt

-that one side of each Ycorner'! of an Rk regioh bégins with Ty . For

L
the running example, this slope is -(1+a®)%,

. THEOREM 6: Let the corner of-the kT isochrone correspond to the

hen the slope of the kT isochrone

—3

zeroth vertex of the Rk region.

ol

at 'R 's i'th vertex is -e°~(1+a®)?; where the i'th vertex is counted

counter-cloclwise from the zeroth wertex if "a" is. positive, and clock-’

wise if Ya' is negative.

PROOF: The proof may best be illustrated by considering the
limiting case of the first vertex as T approaches zero, The slope .of

the continuous isochrone at that point caﬁ be found by finding the
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slopg of r, as T‘approaches zero whils holding kT equal to onél To
clarify this, consider the running example, whére T equals one, "a'
equals one, and k équals three., Thus the slope of the three—séaond
isochrone is being found at the point of its interseétion with the
firs@ vertex of Rs. Table 2.1 gives the slopes of the e vécﬁors‘in;
tersecting this point as T decreases. The last entry in the_table'ig

found by use of equation (2.20), as follows:

. " o A -
_eakT(l - e—aT)(l+a2)2 _ -eld‘(l - e"r)22 (2.22)

slope of Y = R 7
from which
' —el(l - e-T)Z%
slope of isochrone at first vertex = 1lim W
T~»2 - ,
=~ 2% & = ~3.85 (2,23)

The generalization from the first vertex to the i'th vertex is quite
apparent. Note that the final vertex always corresponds to "i equals
k" in Theorem 6. This, in turn, corresponds to the slope of the

"~ switch curve, as is indicated by Theorems 1 and 4.

THEOREM 7 : The slope of one side of the KT isochrone at its

corner has a value between the slope values of the adjoining Rk and

Rk+1 sides.

PROOF: Consider two cases: "a! positive, and "a" negative.
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Figure 2.3 depicts a system with "a' positive, while Figure 2,4

depicts the state space for a system with negative 'a'l,

Case 1: Positive "a,
First it is shown that the slope of the kT isochrone is less

negative than the slope of rk 41 which forms the adjoining side of

Rk+l’ That is,

-aT ’ .
(1+a3)2 gl - a 2 e(k’i‘l)a’l‘ < _<l+ag)%_‘ekaT ' (2.24) .
which gives

>1 | (2.25)

The 1eft side of (2. ?5) may be wrlttcn in series form as 1 + E% +
3 : :

£-) + +ee » Which is obviously greaber than one,
Next it is shown that the slope of the kT isochrone is more

negative than the slope of ¥ which forms the adjoining side of Rk.

aT

That is

~(1+a?)® Q...:a%'i?_l _elFaT_>-(1+a2)%f okeT - - (2.26)
or

.1_e“"*Tj<l | o | (2.27)
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. -}aT ) ) -
(1-oe }/aT has no eritical points, ;At aT qquals zero, its value is
+ 1, As aT becomes greater than zero, the function is monotonically

decreasing, approaching zero in the limit,

Case 2: Negative "a',
This case is proven by simply replécing "al' by winus "a" in (2.25)

and (2,27) and also reversing the direction of the inequalities.

The preceding théorems (and'their,generalizations, which are
" given.in Section 2.3;2)-w111 be ‘used._to' justify the time-loss hypothesis.
Howevef: they also have a.certain amount_of intrinsic value, éince
they.shed some light on isochrone coﬁfigurations and their-relation to
the switch curve and the Rk regions, . In addition, Theoreﬁs 2, 3, and'6'.
provide é handy methodlof sketéhﬁhg an isochrone to any desired deéree
of accuéacy. It is much easier to approximate the kT isochrone with
the Rk ;ggion #nd the proper sloge réiationships than it islto find
and use an exact analytic expres;ion.for the isochrone.

Two other theorems which will be néeded .are proven by Athans and
Falb [l]\ Simply steted,. they are 1):the minimum isochrones are con-
vex; Z)Z%he'minimum isochrones increa§e their "distance" :firom the -
origin in a "smooth" manner with increasing time. P

The general justification ofAtﬂe time-loss hypothesis proceeds
as follows for the second-order case., . Figure 2,3 will be.used for
réfbreﬁc;;':Fifst;'make the ‘asswiption that any kT isochrone does not
é;ténd'into reéion'Rk+éa'.(Fbr e;;mpié; in Figure 2.3, tﬁeﬁtwd-second
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isochrone touches, but does not enter Ru.)'-Note tha£ any poin£ in tﬁé
. state.space Wexternal to the KT isochrone takes more than kT se&onds
to rea;hlthe origin if contfolled By a continuous controller, ‘However; '
| those points within R'k+2.can reach the origi# in (k + 2)T seconds o
‘less, by discrete control. Thus, if the original state location is
in R‘k+2 but:external to the kT isochrone, the hypothesis' is proven.
wa.consider the states between the KT and (k-1)T isochrones, Iheée
~ states all take more than (k=-1)T seconds t§ reach the origin By contin-
" uwous time control. This region is all within R‘k+l; thaﬁyis, less than -
(ké}32/§econds are required by the discrete controller. Hence the |
time-loss hypothesis still holds.,_Since'the same arguments may be made
;about the (k-1)T isoéhrone, the hypothesis is proven, subject to the
validity of the initial assumption in this paragraph, .

The pfincibal argument for the valiaity oflthis assumption is
Theorem 7. Tt is 65vious that the corners of the kT isochrone will
‘alwéys touch Rk+2' The geometry of the isochrone in this vieinity
thus seems to. be the most éritical. However, Theorem 7 gives that the
kT isochrone at its corners will aiways be sloping'away from the outer
boundaryfof Bk+l (which is also the innerlbouﬁdafy of Rk;z). For points
on tﬁé’kT isochrone away from the corﬁersv Theorem 2 strongly indicates
that they wiil be."drawn away From" Rk%i'. Ano£her'factor is.that the
magnitude of‘T éhould not matier in any general ﬁrpof of the ﬁimenloss
hypothe#is>sincé:varying T doesntt really alterlthe various geoﬁetri-

callshépes in the state space, only their scale., Inspection of the

3
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construction of the Rk reglions for higher»order systems (see Figureé
10, il! 12 and 13 in.Desoer and Wing E9j) indicates that similar ar-
guments can bé used to justify the extendgd time-loss hypéthesis for
those systems, | n

The verbal gstatements of the pr?ceding proof will now be examined
in detailjfor the running example of this'section; The approach is to
divide tﬁe lower side of the kT isochrone into segments, and to show
that each segment does.not intersect R oo The isochrone segments afe
foymed by moving away from each R, vertex b& half the vy, diséance (1/a)
tb-the next‘Rk vertex. To put it another way,’start at a éorner of
fhe isochrone and mark off a new éegment each time a horizontal dis;
tance of T/a is reached. Now consider those segments proceeding out
of the Rk vertices to the rigbt. Iﬁ is easily seén from é slight gen-
eralizatign of Theorem 7, and from the convéxity property of isochrones,
fhat the slope of the isochrone seément is 'such that it moves away from
the R, Segment directly'beldﬁ it. Thus, these segments will never
intersect. Now consider the isochroﬁe‘ségments going to the left of
thé Rk vertices, In this case a linear appréximation of:the isochrone
segﬁent will-be used to show noniptersectiqn.- The i'th jertex of~Rk .

will be assigned a reference value of zero. -Thus,

Yl.(kT isbchfone'ségment to left of i'th vertex) } aeai(l+a3)%(-§)
- | (2.28)

fofii ; 0, i, 2, ;,. y k=L, and it must be shown that this value is




67

greater than the value of the Rkﬁl boundary segment directly below
(see Figure 2,3).  Thus, ' ' - ' '

Yy (kT isochrone segment to left of i'th Qertex) > Yl(rk)'° Yl(ri) - o
(2.29) -

where a is the portion of Yi(ri) which is directly belowlﬁhe’iSOéhrone

segment., Thus;
. . _
R _2\F .
p o® (1+a2)%,§ > -okaT(y _ =27y (1&2 L

. s a2y2
(l+p) elaT(l.f e-aT) gl.i }

,0<p<l. (2,30
or
| ai kaT | . iaT 1. T, | :
-pe~<[oe ~=(1+pe ](“‘EEF’"'> . . (2.31)

In the worst case, k equals'i + 1. Thus,

m

L. : _ _-aT . .
-p < elaT [ eaT - (1 + P)](l""g_%—'"> : (2.32)

Again, for the worst case, let ? equél one on the right-hand side of

the inequality while p equals zero on the left-hand side. Thus ~
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. - -aT '
0 < o®T(e3 L 2)d=g— S (2.33)

Note that e T ig always positive; (1 - e“aT)/aT is also positive if
"al is greater than zero. Thus, to satisfy inequélity (2.33), 2T
must'be greéter than two, This meaﬁs that the hypothesis is proven
for products of aT greater than .693; Howeve;, it aoes not mean_that
the time—losslhypothesis is invalid for other values of aT, only tha@

the approximations made in the above development are ﬁot accurate

enough,

2,3.2 DISTINCT, NONZERO BIGENVALUES

The plant of interest is 1/(s-xl)(o-x ), where nelther Xl nor
Xz are zero, and they have different values between plus and minus

one, The corresponding state equation is

. ‘ Ty
wo] [Phvol [S553T |
R u(0) " C(2.34)

R P 1 - 2T J
@ 80| i—————J; ol

i

The eigenvectors have not been normalized in this case. The fk'vec-

tor is found to be
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T MT gy

. MOy - Ag) .

' T = . ' (2.35)
R |

e

Theoxrems 2, 3, 4 and 5, and their proofs, hold for the above system, -
‘Theorem 1 may be derived to give the slope of the switch curve at to -
as .

g%t' =. __90‘-.2")\1)1"0 =-‘e<)\2~>\'1)kT. ' - (2.36)

0

" Similarly, Theorem 6 may.be modifiéd to show that'the slopa of the kT
isochrone at the ifth wvertex of Rﬁ is ~ e(ké‘xl?i.__The i1th vertex is
- counted clockwise if Kl is less than 12. The‘etafémept of Theorem 7
still holds, but, because of iﬁs iﬁportances'it.will'be proven for this
case, it is necessary to prove either the uppér:or loﬁer geé.of ine-
qualities iﬁ-(Z.Bé). |

slope of r, s slope .of kT isochrone s slope of =

(‘lflr: (2-37>

In this case,
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oy Ye=MKT, T - S .MkD . wAgTy
kz(lz Xl)e (e™1721) < QCXZ‘Xl)kT < kz(kz-kl)e (1-e )

L (2.38)

which reduces to

Ay | sk -MT) ;
~Se— 51 S ' |
M) T T e - (2.39)

It can be assumed without any loss in generality that A? is greater

than ;. The proof is broken down into three cases. 0
_ . - - . far

Case 1: Both eigenvalues positive.

The right side of (2.39) can be written as

(1 - e-le)/le

@ - 2Nt | )

which is greater than one since the function (1-e™)/x is monotonically

decreasing.

Also, the left side of (2.39) may. be written as

5= Kk-l

1 Tk/kl v : '
le=1 : '

© k-1l 1 ' ' A -
by xg‘* k! : ’ C (2.41)
k=1 ' . -
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which is obviously less than one,

Case 2: Both eigehvalues negative.,
 Tor this case, change the sign of Ki’ and .'=1.ssume.>\.:,L is positive;

(2.39) may thus be written éé '

eI NS WL L] | |
(2- e"‘ZT) R (e*21) (2.2)
M 1 ) G2

which is really the same as Case 1.

Case 3::‘12 positive, kl negative.

Change the‘sign on A, and assume Xllis positive, (2.39) may be -

. written
("2 s CREEIN. o
C2SY; V. (17220 a1 L (2.83)

The statements following 1nequa11ty (2.25) show that (e ‘ —lj/k T is
greater than. one, while thoss follow1ng 1nequality (2 27) show that
(1~ oM T )/h T is less than one. Thus, the upper set of inequality
1 signs holds in (2. 43) R

‘Thls concludes tne prd@f 6f Theorem 7 for'two.nonzérq, distinet
eigehﬁaiues. If the 91genﬁa1ues are not distiﬁct, a simiiér proéf

can be developed.
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' The time-loss hypothesis is easy %o prove-for the special case
of both klI and XzT less than -;692; In this case, each:bf the r
components in equation (2 35) doubles as k is incremented by one. As
Figure 2, 5 illustrates, the kT 1sochrone to the right of the R1 Vo=
"tices will always be sloping away from the segment of R1 A directly
below it. Thls is an immediate consequence of Theorems 2, 6 and 7.
. Ongé again, it mg;t be emphasized that the proof of the hypothesis for
this séeeial case does not indicate that the hypothésis~féiislf§r othef

cases -~ for exémple, ses Figure 2.6 which illustrates the state space

for the plant 1/(s+1)(s-1).

2.3.3. DOUBLE INTEGRATOR

Here the plant is 1/s®. The state equation is

: [c(T)] [1 " T c(d)'i R} ‘
[ | o ! + | u(0) - o
c(T)l lo  1llécoy 1T | B (2.44)
and the.rk vector is

. [<1¢.%>T ]

T = % .
N R (2.45)

JAE! pflﬁhe theorems previously developed, or variations 6ftthem, hold
for.this system.. In particularf.therSlope'of the kT isochrone at the

i'th vertex of R can be shown to be -i, This leads to‘arproof (sim=~
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ilar to that in Section 2.3.1) of the hypotn651s for another Special
case, The inequality (corresponding to (2.29)) which must be satiSw_

fied is

PiT > o (k-$)T2 + (1+p)(1- )13,

i'_o 1 29 ooop].{‘“l O<p$1

(2.46)
Ones again, for the ‘worst case,_let X = itl. Thus,
-pi < [1 - p(i-H)] T
A< (Eaiaed) T
P
(T = 1) < (-115 + %) T (2.57)

which is satisfied for all i and p if T is less than or equal to one,

2,1t COMPLEX CONJUGATE EIGENVALUBS

In this section it w111 be shown that bhe tlmemloas hypothesms
is not true for a plant Wlth complex conjugate polesa The 51mplest
plant of this type, the Harmonic osclllator, w1ll be analyzed 'The
transfer function is 1/(52+w2), and in partlcular, W will be set equal
to one in the runnlng example, ”he diLLerennla1~quation for this -

system is
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oA

S(t) + o(t) = u(t) , -l<ut)<l - L (2.48)

It will be advantageous to summdrize iniéially certaih properties
of the contlnuous-time optlmal control for the plant l/(sa+1) This
materlal is covered in detall by Aﬁhans and Falb [17.

The first factor of intorest is that the time-optlmal control is . -
pleceW1se constant, and must switch between the values plus one and |
minus one. Thls is also a property of the plants with real’ polss, B
which Wére considered'earlier. The'SQcond factor of interést is that
there is no upper bound on the number of switchings of’tﬁe time~optimal
~control. A third property is tnat the tmme-optlmal control can remain
conétant for no more than n/w seconds., Propertles two and three stand
in marked conktrast to fhe seéondworder system with real eigenvalues
‘ Whose t1me-optimal control has, at most, one switchmng, but has no limit
on the time spent at elther signal level. |

The switch curve for this system:ls also qﬁite diffarent ffom
the real eigen-\}'alue-systam° It:is formed by a series oquémicirclss
" centered along ‘the e(t) axié, as is indicétéd in Fiaufe R Somé
typlcal opuxmal tragectorles are. als¢ illustrated Nétefthat-only-.'
the two semicircles closest to the origin forn port1on§ of optimal
- trajectories. - o T ) ST
w&thin the eiféleiwitﬁ fadius Z/W'abéut the'origiﬂ,nthe_minimmu

© isochrones are composed of two circular arcs, (This ci ircle is, itself,
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the mr/w isochrone.) " These arcs meet sﬁi"corners",:thus resembling
the isochrones previously discussed, E#iernal to this circle however,
the isochrones are formed by four_cirgplar ares aﬁd are diﬁfsrentiable
everywhere, i.e; they do not have-corﬁsrs.',An additional:?foperty is .‘
exhibited by the im/w isochrones, where 1 is a positive integer: in
this case; the isochrones are circles aboututhe origin of ra&ius 2i,
With this background it becomes falrly evident that the timew
loss hypothesms discussed preV1ously ¢or real eigenvalue sﬁstems should
_not be expected to hold for the harmonic 0501llator, or for‘any systenm
haV1ng similar time-~optimal controls'll +.0, those with comnlex congugate'
eigenvalues, The reasoning behind this is as follows° Aszthe initial .
state of :the system is moved farther from the origin, thercsntinuous |
minimum-time control will require more switchings, with thsyiennth of
time betwésn switchings being i‘:Lxed° lHowever, the sampled+data con- -
tfoller can only allow switchings. to oecur at the sampling jnstants,
'Since the sample pefisd'wirl not, . in general, be the saﬁe as bhe time -

. between continuous-time switchings, it.is reasonable thapgiés more -
.'switshings occﬁr9 it is less likely tﬁ;t“the discrete minimun time will
be cIOSe!ts the continuous minimum time; ”._ ' | dod |
Definite counter examples tq‘thafﬁypothesis are illus&:sted.ig |
Figure 2.8, in which the 1, 2, 3 and 4;second'isochrones“é%a|drawﬁ~
.a;ong wigh Rl“ Bé; ﬁa, RM and pant of;R5 for a sample peri@d‘of one

second. -iThe rk_vector.in this case is:
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-46 cos k + 842 sin k]

¢ -4 sin k m_;842 cos kJ | ' (2,495

The sampled-data minimum—tlme control sequences for the R1 vertices

are also 1lsted with + 1ndlcat1ng a plus one signal, and - 1nd1cat1ng
-a minus one 51cna1 Note that the fivst counter examples 'decur near
those vertices of Ru at which the control sequences -4 and e AT
optimal. The_areas external to Rb but internal to the thiee-second
isochrone contain states which teke five seconds to reach the origin
with discrete control and less tﬁan three seconds to reach the origin
with eonsinuous control. Thus, for a second-order system,'%he time-
optimal dlscrete controller takes mors than two seconds longer than

the time—optimal continuous coﬁtreller for certaln 1n1t1ai states. An
important point to be con51dered 5s that the R# vertices mentioned above
do not lie on the four-second isochrons. This is, of course, in contrast
Wiﬁﬁ rea;-eigenvalue systems, in .which;all Rk vertices lie-on the kT‘
isochroﬁes,A Note that the verticses of;Rl, R2 shd R3’ have mo mere.
than one switching and never correspend to control sequenged: staying
'.plus oneuor minus one for more then ﬁ'seconds; Thus they,bdrre3pond

to continuous optlmal control sequences. On the other hanﬁﬂ’the ;+++
and - vertlces of Ru have the same,sign for four secondg) and are

thus suboptimal in the continuous‘senseo It is apparent tnaﬁ as k -

increases. fewer of the Rk vertmces will 11@ on the mlnlmum MSochrones,
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In fact, for k larger than six (and T equal to one second):none of the
Rk vertices lie on the kT isochrones, but gradually "shrink away" from
them. This indicates that perhaps a relationship exists between con-
tlnuousloptxmal tlme, the nmmbsr of sw1tch1nas, and the d1screte optimal

'tlme for a system with no restrlctlons in the eigenvalues,

2.5 PULSE-WIDTH-MODULATED SYSTEMS

. Poaak [(32] approaches minimun-tine contrel of second-odder pulse-
widthmmodulated sampled—data‘sﬁs%ems from the samo generéi“point of
view as Desoer and Wing. The thlng of 1nterest here is that tne state
space is divided into R, regions Whlch have the same 51gn1f1cance as -
in the amplitude-nodulation case. o ; tﬁ:

Ba51ca11y, the method of constructlon of the Rk reglons is as

I

follows. First, the switch curvo for the continuous-time- controller
is d1v1ded into segments Whose-eods correspond to speoiflc i nimun
times from the origin. Each of ﬁhese‘tlmes must be an 1ﬁﬂegral mul-
tiple of the sample period. By is the section of the switich curve
(on each side of the origin) between minimin times zero and . The
outer boundany of R2 is traced by the,2T point of the swltch curve
as the seamenﬁ of the switch curwe fcon T to 2T is "slidﬂ,sround the
perimeter~of Rl Slmilarly, R1 is formed by sliding the section of
the switch curve between (k=1)T and kE around the perlmehem\of R1 1

Flgure 2.9 shows ssveral Rk reglons and kT 1sochrones for e doublen

1ntegrator plant, Note that, for the: region of the stata|space which
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is shoﬁn; the time-loss hypothesis stated in Section 2.11h61ds° Of.
course. no general conclusions con be drawn, but one. 1mportant factor
is evident. as in the PAM case, the most critlcel areas of the state
space are in the regions where R1 touches Rl+l°' However9 it is obvious
that the kT isochrone lies between Ri and R1+1 in these-regions. Thls
follows 1mmediate1y from Theorem %, which gives that one side of each
isochrone is tangent to the SWlbch curve, and from the symmetry of the
switch curve about the origin. ‘In other words, if the kT-lsochrone is
"convexﬁ at its tangent point to the switch curve, the cfltlcal Fk+l
'boﬁnoary is "concave" at tﬁat point° - This relationship is, of course,
similar to Theorem 7, which was ‘the principal argument fdfﬁjustifying
the tnmenloss hypothe51s for the PAM controller. Of couirss, for first-
order systems, the contlnuous mlhxmum time is identical #ith the PWM

mlnlmumﬂtlme.

2 6 CONCLUSIONS

In thls chapter, a tlme-loss hypothe51s was proposed whlch related
the mlnlmum control time for a real elgenvalue system w1th a continuous-

. time controller to the minimom control time for the same system with a

'dlscrete-tlme controller.. The hypothe51s was 1nvest1gated in detail
' g T
for PAM control of firste and’ second~order systems. resulting in a proof
SERE
of the hypothe51s for flrst-order systems and certain special cases of

secohd-order systems. “In addition,-substantial evidence 1s presented

supportlnﬁ the hypoth651s for any controlleble second-order system with

real.e;genvalues. In the process, seven theorems are stated and proe

i R [
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ven which relate the gwitch curve, minimmu isochrones, and Rk region's.,'
A system with complex conjugate eigenvalues is also studied to pro-
vide mrbher insight into the contin;uous vorsus discretqi,c'ontroller
rolationships. Finally, a brief inbroduction to minimumetime Pl
.control is :given, and the feasibility of extending the hypothesis to
Pl systems is indicated. |

’Th'e need for future research in this area is evident. The in-
forma‘c,ionl presented in this chap‘cezé- in&icates the possibility of a
significant relationship between the m:u.mmum control. times taken by
a continuogs controller and a PAM or;'PWI controller, and,iz‘ﬂf would

certainly be an important result if such a relationship :éould be

proven in general,
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Sampled-data minimum-time system.
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Slopes of the three-second isochrone are also shown
(see Section 2.3.2).
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1/(s=1)(s+l) and a one-second sample period. Also,
minimum isochrones for one, two and three seconds

are shown.
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second. The vertices are labeled with their proper minimum-
time control sequence., Also shown are the minimum isochrones

for one, two, three and four seconds (see Section 2.4),
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Table 2.1. Data illustrating = method of finding the slope of.the
thres~second isochrone at the first vertex of'R3 (seo
Theorem 6). .

slope of ' ' slope of

adjoining adjoining adjoining adjoining .

T By 'S e I ekl o Tkl
‘ 1 - RB ' ry -2.43 . ) ~6.61
0.5, R = r, -3.03 vy ~4.98
: , e
.0.25 R12 _ r), ~3.40 r5 L. 36
. . ) . P . _ P .
0.125 . RZLI' r8 "39-02 . _1"9 . -‘-{wj’;lo
0 R v =3a85 4 - . #3385




CHAPTER 3
DEADBEAT RESPONSE TO PARABOLIC INPUTS WITH MINIMUM-SQUARED-ERROR.

RESTRICTIONS ON RAMP AND S‘I‘EP‘I'NP'UPS ,'
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3.1 INTRODUCTION

It is well known [35, 217 that a digital controller (D(z), Figure

3.1) can be aesigned for any physically realizable plant (G(s), Figure
-3.1) éuch that, for certain prototype inputs,_the output will follow
the input exactly after some ﬁinimum number of sample periocds; that is,
the system has'a deadbeat response. As in continuous control theory,

the prototype inputs are usually chosen to be of the form tk

» Kk = O?
-1, 2; i.e. step, ramp, or parabolic. It is known that a minimum-time
controller designed for a certain input such as 1) parabolic, or 2)
ramp, will also provide a deadbegt response for a lower order input
such as 1) ramp or step, or 2) step, but the 6vershopt re;ulting from
the lower order input is usually much greater thap can be tolerated in
practice. In 1956, Bertram [3] considersad the case of step respéhse
to a deadbeat.system designed for a ramp input. He modified the digi~
tal congroller-design such that the sum I of the sampled'step«response

errors squared was minimized at the cost of a specified increase in

response -time, whers

o . .
I= 2 [e(kt) (3.1)
le=0 o .
In 3965 and 1967, Bertram's work was eiﬁended by Plierre,
Lorchirachoonkul., and Ross [309 31j, Two significant results which
they obtained are; 1) the overshoot obtained by Bertram's approach is

shown to be the minimum possible under the assumed deadbeat response
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constraints; 2) a limit on the performance of such a systeﬁ is
(n=1)B > 100 ' L (3.2)

where B is the percenﬁage of overshoot resulting from a éteplinput,
and n is the number of sampling periods used for deadbeat'response to
a ramp input.

In 1967, Lorchiréchoénkul [247] extended this work to account for
a pure time delay in ﬁhe'system. He éhows that the 1imit on the per-

formance of such a system is . : N

- (n-m)B > 100m S R : . (3.3)

‘where B and n are defined as before, and

o
+
=
N

n < '];3-‘-# 2 ) - (3.4)

where D is the length of the' pure time delay, T is the length of the
sample period, and m is an integer,

In this chapter, the above mentioned works are extended to para-

bolic inputs. The theory of z-transforms E35, 21] is used throughout

the chapter. It is assumed that the plant transfer functidn, G(z),
contains no poles or zeros outside the unit circle of the z plane.

Intersample ripple, caused by ?ossible‘Zeros within the unit circle,




92
is not considered. The performance measure in this case is stipula-

ted here' as’

I= % [eo (K] + hle (k1) TR ' (3.5) -
s T S .

k=0 . , ‘ :

where e (k’l‘) is the unit step error at the k'th samplinrr ih‘xstant

i’
® (k’l‘) is the un:.‘l‘.. ramp error at the k“c,h sampllng 1nstant and h is

N

a welghting factor. In Sec‘t:Lon 3.2, equations are derived to determlne
the coefficients of the closed-loop transfer function that yields a
‘minimum of I in (3.5) but subjectuto eatisfying deadbeat cg_zl?:}ijc;‘eria,

The equ'ations are solved for the special cases where n = 4;A%5I,and 6,
with h =0, 1 and «, and various step and . Tamp responses a.r'e. Iplot“oed
and compefred In Section 3.3, the equatlons are solved for;,n. goneral

as h becomes arbitrarily large; i.e. o'nly'the sum of the ramp errors

squared is minimized, For this use, the performance limiti)ist

s. ) * A
T
‘, max lerl-?/?f:é ) C 1 (3.6)
¢ Pt

\
is shown fbo hold, and this maximum< error is shown to be J.ee ‘than that

achievable by any other system (ofd the form in Figure 3.1)},1;::3.{‘1:}1 the.

. N
t

same deadbeat constraints. In Sec:l:.ion'.ﬁ 4, the equations &f: Section
3.2 are sglved for n general with & Q;, i,0. only the utep error
squared is minimized. It is found thath the step response e::d,qlblus both .

an overshoot and an undershoot, with the maximunm value of the overshoot
Al
1ot
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being (n-1)/(n-2) and that of the undershoot being 1/(n-2), However,
contrary to previbus results, these maximum efrors are nét‘the minimum
possible., A linear programming method is gi&en to calculate the clo#ed—
loop transfer-function coefficients while mini@izing the'maximﬁm step 

error, and the step and ramp responses are plotted for n = 4, 5 and 6.

3.2 DERTVATION OF THE GENERAL SET OF TWQUATIONS
Sincé the error for a ramp or step input to a'syéteﬁ designed for
deadbeat response to a parabolic input is zero at the k'th sampling

instant for k = n, where nT is the deadbeat response time, the per-

1
e

formance measure can be written as

n-l1 - - : & s
I= % [e (X + nle (k)P - (3.7)
s o . , :
k=0 | i .
For the system of Figure 3.1 to have a deadbeat respbnse,‘it is well-
known that the closed-loop transfer fﬁnctioﬁ 1(z) of a physically

_realizable system must be of the form C

M(z) = blz"l + 6272 4 cee &b 370 N ' .. (3.8)
wherse the bi's are constants. Tt is equally well-known that for the

system to exhibit deadbeat response to a parabolic input, L ~ M(z)

must be of the fomm : : NN

v o e

1-m(z) = (1 - Z-l)?(l + alz”l + a1




ol
The right-hand member of equation (3.8) can be substituted for M(z) in

equation (3.9), and the coefficients of like powers of z can be equated

to yield the following relationships.

3-8y

7
i

by =-3+3a - a,

,b3 = 1 -~3a1 + 3a2 - a3

B =ay 4= 38 ot 3a g - ey o | . (3.10)
bn—3 =86 Ban-E % 38~ *n-3

bn_2 = ah~5 - Ban-h -+ Ban_3

bn = an—3

The ramp error at the sampling instants, er(kT) = rr(kT) -‘cr(kT), can
be found by noting that Cr(z) = R_f(z)ﬁ‘fl(z)v where Cr(z) is the z-trans-’
forn of ér(t) and Rf(z) is the z-transform of rr(t). M(z) is given by

(3.8) and Rr(Z) equals TZ-l/(l —‘Z"l)z, The step error is found sim-




95
ilarly, except that R-S(z) equals 1/(1 - z-l), Thus, the step and ramp

errors are found to be

k es(kT) er;(k’I‘)
0 1 . -0
1 1-b T
2 1-b - b, TL2-b ]
3 1 =Dy ~ b, ~by TL3-0b,- 2b, ]
L 1-b) =b,=by=by T[4 - by = 2b, = 3b; 1.
(3.11)
k 1=by =Dy eee =By TLk-b - 2oy o wee =(k=1)by ]

By use of (3.11), the performance measure (3.7) can be written as

" nel
— 2 Jo 2 . X . ; 2
I=1+ X [1_bl-pz....bk] ; th[k-bk_l-Zo 2...—(k~2)b2f(3~1)bl]

=1 k= .
(3.12)
Equations (3.10) can be used to write the performance measure in terms

of the a,'s. This yields, after simplification,

n-3 o
1= % (a-2a .+

2 2, - 2, .2 o
oot )® + :.hT <ak ak-—l)t Al 4an—3an-l#”‘.""

k-2 .
, (3.13)

2 2 2
(5+h.T )an__3 +,hT +.1
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where a, = 1, a, = O for negative i, and n > 4.
0 i = =
The equatidns resulting in the ak's which minimize I in equation

(3.13) may be found by the classical approach. Thus,

2L _ 2 L 2
sa = 2(a ..z) + hT 2(31-1) - P(a -Za +1) - hT 2(a 1
+ z<a3..2a2+al) =0
2T _ ' ' ‘ .
53§ = 2(a2-2a1+l) + hTQZ(a?aal) - M(a3-2§2+a1) - hf32(a3-a2
+ 2(a1-2a34a2) =,O
%3 = 2(ag-fagta)) + hT%2(azma,) - LL(a&-Za a,) = hI 2(a4-a )
+ 2(35-2au¢§3> =0
° ' ‘-‘ . . ) . ) (3'114’)
2T - .
525 5 f 2<an-4723 _stey, 6) + hT Z(a 4-3 ) - M(a -3 -Zah_4+an_5)
- hTQZ(an_B-an“@) - Zan_q - Man_B =0
21 _ m2
aan_3 = 2(an_3-2an_4¢an_5) f hl 2(an 3% ) la, ol

+ 2(5m1%)a, g =0

Equations (3.14) may be simplified to give,
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o
it

(6'+ 2>;)a1 + (-IJ»..x)az + AB I 'z,,

o
it

'(-huk)al + (6420 )a, + (-4_x)33 + a4'+ 1

- O
i

a + (-M-X)az + (6+2l)a3 + (-4—k)a4 +a5
. . . | T (3as)
O=a (+ (-4~X)an_5 + (6+2k)an-@ + (-ﬁ-}\)an_3
0 = 3, 5 + (-4“l)an-4 + (6+2K)an_3
where X squals hT%, ‘ b
Because of computational difficulties, thé éﬁove éet of eqﬁations .
will not be solved for the ai's as functions of'both n and Ao Instead,
they.are solved for n = 4, 5 and 6, with \ as a parameter, Various
responses will then be plotted for A = 0, 1 and o, Since X_;-hTz; the
implication is that the sample period, T, is held fixed, while h = 0,
l/T2 and:”. In Section 3.3, the gi‘s are calculated for a general n
if only the ramp error is considered in the performance me@éu}e, while
" in Section 3.4, the ai's are found'with.only the step error considered.
Table 3.1 gives the a;'s for n = 4? 5 and 6. The bi‘s‘are cal- |
culatéd.ffom eqpationl(B.lo) and are also listed. Figure 3.2 shows the.’
step response for n-=_5, with X = 0, 1,and o, and Figure 3;3igives ths
: correspon&ing ramp responseol (Figures 1.2 throuéh 1.10 depict various.

responses: at the sampling instants; The data points are conﬁeeted.by
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straight line seéments_ for clarity.) Since'the respoxl’xses. are quite ..
similar for A = 0 and e, and the reéponse_fdr A= lﬂgenerélly lies in
between,.only the parameter values A\ = 0 and A = © are considered in
subsequent plots, Figure 3.2 evidenées the fact that a smaller.maximum '
;tep overshoot fesults if the step errér squafed is minimizéd rather
than thg ramp efror squared. This is not surprising in vieW’of pre-
viously published results.[30, 31]. However, it should be noted that
an undershoot also occurs which is smaller if the ramp error squared

is minimized. Another somewhat sufprising résﬁlt'is that the transient
response for N = 0 is really not much different'qughtitatively than
for A =, For example, the'peréent step overshoot is iO@%Iif A=0
and 133% if A = e, while the percent undershoot is 50% if;'t)e:"";: 0 and
33% if X =, Similarly, ﬁhe maxjmum~percent.ram§ error ﬁafﬁO% with
A =0 and 33% if A = oo, Figures 3.4 and 3.5 give the stééqgnd ramﬁ
responsés.for n= 4 and‘h ; 6.. Theée shotr that as n is inareésed,.thé
‘peak transient errors decrease."Thisiwill.be examined in more detail

in the next two sections.

3.3 GENERAL SOLUTION WITH‘MiNlﬁéM RAMP~ £RROR~ SQUARED PERFO&&ANGE
MEASURE - | |
The set of equations for a ﬁinimﬁm ramp-error;squared'éfiteria
can easiiy be foﬁnd By lettingtk becorie arbitrarily largeHih equations

(3.15). - This gives
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o
i
g

O =_ Zan_Lp - an-3 - 8

n-3 Sty

n-5
0 = 2a

These equations may be solved simnltaheously'to give .

_ h=k-2 e
& = Thed ’ ‘

il

1, 2, coe n"'3 ) .. (3'17) '

It will now be proven that these ak's result in the minimum of

the maximum ramp response error. Equations (3.10) and (3.11) indicate

~ that the error in the ramp response at the kfth sampling instant is

o = (g = 2 )T o ASksn | - 928)

-

Substitution of (3.17) into (3.18) gives
= - = ; , 1<k<n ' (3.19)

Now suppose any el is varied by -8, when & is any positivel number,

f o T
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Then
o ( Bkl nde v, L - .
o= (% =0- )l=(-355-81 . (3.20)

which is larger in magnitude than any previous error., - Now let any

a4 be varied by +8 where § is any positive number. Thep"

= ( n-k-2 n-k-1
1 = n-2 = n=2 -

;a)T-.:(_,;i:-z--z;)T | (3.21)

which is also larger in magnitude than any previous error; i.e.,

max lerflza-ﬁ-_T:g . ' L | - (3.22)
Thus, any set of al's other than those given by the minimum ramp-error-
-squared eriterion will result in a larger error magnitudenat some

. »sampllng instant. It should be p01nted out that thls proof dlffers
somewhat from that used by Plerre, ot‘al [30 31] They use orly the'
“b equations® in thelr proof that the step overshoot is mlnzmlzed
when the closed~loop transfer function fulfills a minimumqstep-error- .
squared eriterion éusject to satisfying the deadbeat constraint a£

t =nT, & 'generalization of their stated result is that the step - "
overshoot for the mlnlmum.step-error-squared criterion is less than

that for any system (of the type in Flgure 3.1) whlch glve$1a ramp

response passing through’ nT at t = nT.,




| I )

' !

Tt follows from Figure 3.1 that

" blz"l-t-b?z"z-é...—a-bnz'_n _ :
2(2)6(a) —r‘r‘% T  Gu)
. l-(blz_ +b227 +...+bnz' ) ~

Using equations (3.10) and (3.17), the b, 's are found to be

b - . 2n-13
N )
Nl
b2 =% n2
b, = O 2<k<nl - (3.24) -
LA |
n-l - n-2 a
1 A
,bn - N2 '

Thus, the equation for the digital controller is found tciﬁe

: | -‘i -2 —n+i -l . .
D(z) = 1 - (2n-3)z2" = (n-1)z2" "=z 7 | RV )
Z Go(2) (ne2)-[(2n3)2~ = (0-1)5 %z My ™8] .25

It is also of interest to determine what the step-and'ramp re~ -

' . sponses will be'if the number of samples.to parabolic deadbeat is

allowed.to become arbltrarlly 1arge. “hls can be done by taklng :

1inm b1 in equations (3.24) and using the result in equatlons (3. 11)

n-=¢o

Thus,
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L]

.NU‘I_P‘
]
N

1 o (3.26)

k>2

o
~
o
o
<

This gives a stef) error of -1 (100% overshoot) and the unavoidable i

" ramp error of T at k=l, wh:’lJ.e both ‘responses have zero error for

k >1, (see Figure 3.6).

3.4 GENERAL SOLUTION WITH MINIMUM STEP-ERROR-;SQUARED PERFORMANCE
| MEASURE | |
The set of equations for a minimum step~error-squared criteria
can be found by setting A equal to zero in equations (3.15), This ’

gives

b= 631 -4&2 + a
-1 = -ll'al + 69.2 - ba. .+ ay,
0= & ‘-’-Laz +6a3 -l}au’ +'» a5. :

. e I (3.27)
0=" 8, o= Llran_é + 6an_5 - 4am4 + 43
0= a_g - L&an_5 + 6an_4 - lban_B
0 = an_5 - uan_u L 6an_3
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After some tedious manipulations, this set of algebraic equations

can be solved to give

Ie+1) (n=le=1) (n-k= '
ak = 1 nn:ll nfzk 2 ’ k = l) 2, 000 9 n“3 (3028)
Equations (3.10) ean now be solved to.give

b1=2f1

Ibk::-(-;i:y?r—l:-éj . 1<k<n ' (3.29)

n Nl

ﬁote that, in this case, as n*«b..bi equals 1, while bk equals b for
k > 1. This implies (éqnations (3.11)) that the step response error
is zero after thé k=0 éampling insﬁant. 6n the other hand.-ﬁhe ramp
response has a constant error of T for all k >0 (sée Figure 3.6),

Once again, the corresponding digital compensatbr may be deter-.

mined.,
D(Z) = .
1 (ne2) (143 )2 (Lez™ ) 6(2=% 2" )42 (0-2)2 " P (1 ™)
6, (2) (1=1) (0=2) (1oL )= (1=2) (n43) 2™ (1mz T )46 (2™ 2mz ™ P)m2 (2 )z~ (12 D).

(3.30)

Note the increased‘complexiﬁy (more memory elements) of this controller,
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It might be guessed that minimization of the sum of the Step
errors squared would als& minimize the maximum step oversﬁoot, as it
does with a deadbeat ramp constraint. However, this is noé the case,
This is best demonstrated by a simple coﬁnter exampie. Let n = L,
From equatién {3.27), a; is found to be 2/3. This, in'ﬁﬁrn, éives
step errors of ei = <4/3, oy = -1/3, and oy = 2/3°' Now suppose a, has

" . the value 1., The resulting errors are e, = -1, e, = -l, and e, = 1,

1 3
which have a smaller maximum'error magnitude (lell = 1) than for the
previous case (lell = 4/3), It can be shown by reasoning equivaient. ‘
to that used.to derive equation (3.22), that a = 1 indeed minimizes
the maximum step error. Similarly, the ai's and bi's which minﬁnize j‘
the maximun steﬁ errors for n= 5 and n = 6 can be calculated, and
are listed in Table 3.2. The corresponding step and ramp respoﬁses
are plotted in Figures 3.7 and 3.8, A comparison of the step and
ramﬁ responses for the three different performance measuréslis made
in Fiéures 3.9 and 3.i0 for n = Se

" As n becomes large, it becomes.quite tedious to caleculate the

'ai's for the "min—max" pérformance.measuie‘discﬁsseq abové.- For large
n, linear programming}techniques [42] are quite useful., In this prob-
lem the performance measure to be minimized i# max leil ,.ifé 1, 2, |
eoe » Dwl, which is nonlinear. However, it may be linéariéed by ine

troducing an'auxiliary variable g such that
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g e = 0 .
_ . (3.31)
g-eia‘O i=1, 2, .., nal :
t
© This implies that
g?'eil -, i=19 2’ --.,.n"l' (3’32)

which in turn implies that minimizing g minimizes the max:xmum value
of e, | for i =1, 2, ..., n-1,
i o , .
As an example, the ‘standard linear programming equations will be
set up for the case n = 4, 1 |
The error eqﬁa‘bioné in terms of' the ai's are-
is
i 2 . - A . L
~2a, + 1 : - ’ (3.33)
. 63 = al .

b Combining equations (3.31) and (3.33) gives

~ i ot
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C(3.34)

g+2a1-l>
g+ a2
g~ a; 20
Since a, is unrestricted in sign, the relationship
ey =a -a o L (3.35)

- is introduced, with a, > 0 and a_ >0, Also,:the inequality constraints 3

" may be replaced bj equality constraints if slack variables;*xi >0,

are introduced. Thus, the final set of constraint eduatighs is

g + a+- a_-xl::Z.

-+ a - a_ +x, =2

(3.36) -

g+2a+- 23._.-}{4:-]'.
g+ a .- a_ =~ Xy = 0

 and the performance measure to be maximized is
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‘P=o-g | ' (3.37)

The problem is now in standard linear programming form.

3.5 CONCLUSION

In this chapter, the.works By Bertram [3] and b& Pierfe,
Lorchirachoonkul, and Ross [30, 31] are extend;d t§ prototype inputs
- of the parabolic fype. 4The coefficients of the closed-loop transfer
function of a system which is designed to give deadbeat response to
a parabolic input are determined by minimizing eithér thé'sum of the ,
sduare of the errors at .the sampling instants for a step input, or é
ramp input, or a weighted combination of the tﬁo. |

In Section 3.2, it is showﬁ-thag the step and ramp résponses for
the various performance measures mentioned above are quite similar,
quantitativel&, for the special casesnof 4, 5 or 6 samplewﬁeriods to
deadbeat. 'In Section 3.3, only the ramp error is consida%g&lip the
performance measure, ané a maximim error performance limiﬁﬁis deri&ed.
In Seetion 3.4, only the step error is considered: a formuka: for cél-
culating the maximum stepongrshoot'and undershoot is dermived in terms
of the‘number of sample periods to dg&dbeat, but, in this:ecase, it is
shovm that these are not the minimum possible under the deadbeat.con- .
gtraint, A aifferent performance criterion; ihat of minimizing the.-
maxjmumgabsoluté vélue of step fésPQnae gpr§r, is‘introdugeé; ahd a

. linear programming scheme to determine, the coefficients qf%bhe closed~
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loop transfer function which satisfy this criterion is presentéd. . I
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Figure'" 3.1.  Closed-loop system with digital controller,
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Table 3.1le Transfer Function Coefficients for Squared Error
Performance Measure with n = 4, 5 and 6.

n ai b:L
4 . 2 | b, = XX 5
LA o L =T
_ =6 -3
P =T
b _=b - A
37 6+ 2\
b _4 4
4= TN

' _ 2\%413)420 22435040
5 8 = SEihe | INTHLEA+20
A3 60 _ =nP15).10

= Seoamd 2T heeem

- = gk-lo '
3 7 3N°+L6A+20
_ =A"= 5\-10
by = 3x2+1gx+zo

iy
It

A‘b

b = Aot 6A10
5 = 3N7+16A+20
4 _ 302426024710460 b, = DZENEHI39090
= IASH300+70A+50 1 7 IaS4300% 70M+50
o = 2ASHELACHB\HE b o = A2- 2002l 5\~1
2. InSH300 47050 2 = ﬁx3+3ox2+7ox+5o
54 8\ E421020 b = - 5\2-200-15
83 = TAS¥30M"+70A+50 3 = "X O530)7470N+50
| ‘ ‘ R S 1) W T

By = TR 307 P70 50

_ =M. AP15n-15
5 7 LXS4+30\°+70A+50
b, = Aok 8\ %2120
6 = T®+3007¥70A+50

b
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Table 3.2. Transfer Function Coefficients for }ﬁnixniziﬂg the
Maximum Step Error with n = 4, 5 and 6,
-n a, b.
_ i i
b ay = 1 bl = 2
b2 = -0
pr = 1
5 a =5/ : by = 7/4
a, = 3/4 s : . bé = 0
by = - 1/2
b4 = - l
.b5 = 3/’4’ .
6 a = 10/7 _ by = 11/7
Cas= 9/7  by= 0
a3= LP/? ‘ 'b3 = - 0 |
‘ , b)_,, = 5/7
by = = 3/7

by = Lj7
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SUMMARY AND SUGGESTED FUTURE RESEARCH '
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4.1 SUMMARY OF ESSENTTAL.VALUES OF THE THESIS RESEARCH

Time-optlmal control and subopt1ma1 control of sampled-data

" systems constrained by a saturation nonlinearity are examined in this .

thesis. Also, the response of linear sample-data systems to various
ﬁrototype inputs is investigated.

In Chapter 1, a brief review of the ﬂime—optimal control schemes
: bresented in the literature is given. It is then shown that it can
be advaetageous te relax the minimum time requirement somewhat, in or-
der to reduce the complexiﬁy and cost of the controller. An analysis
method is then presented to measure the amount of "subOptimaiity" for

such a controller. A practical suboptimal system‘is then:enalyzed,

and the analysis indicates a simple method of reducing the suboptimale

ity of the system, Two systems whlch are clalmed as tlmeuoptlmal by
| their designers are also analyzed, and found to actually be suboptlmal.
In additlon, it is shown that the analysis method is useful for com-
puting the sensitivity to plant parameter wvariations for both optlmal
and suboptimal systems. |
A hypothe31s relating the minimum tzmes of sampled_data and con-

tinuous systems is presented in Chapter 2., This tlme-loss hypothes1s _

is proven for first-order pulse-amplltude-modulated and pulse-w1dth- .

nodulated systems, and for several . speclal cases of second-order sys-"T.

tems, In addition, evidence is presented which indicates the general -

validity of the hypothe51s for systems with real eigenvalues,

The theory of deadbeat response of llnear sampled-data systems
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iis'extended to apply te parabelic,inputs with minimum-équared—errer
constraints oﬂ the step and ramp responses, It is found fhat if onlf
the sum ef the ramp errors squared is miﬁiﬁizeq, the maxﬁﬁumw?amp error .
is also minimized° Onlthe other hand, minimizing the sumkef the step»
errors squared does not minimize the maximum step error. However, a -
linear programming method to calculate the mumerator and denominator.
" coefficients of theldigital controller which causes minimizafion of

the maximum step error is presented,

| b, 2 ASPECTS MERITING ADDITIONAL, STUDY

Since the materlal presented concernlng measurement of subopti-

_mﬁllty is meant to be a practical design guide, a worthy research ef-
fort could be directed at the extension of this material to syetems
' ﬁith myltiﬁle nonlinearities. In particular, Nagete; Kodama, and
KXumagai [28] derive Rk regions, similar to those described inlthis
‘paper, for systems with more than one bounded state variable? It ap=-
peare that the suboptiMaliﬁy of such systems‘could be anal&zed by
methods similar to those presented in Chapter 1, ‘ |

~ The importance of further research in the area 1nvest1gated in
Chapter 2, is evident, Althoggh the truth of the tiqe-loes hypothesie
of Chapter 2 is fairly evident, a worthy research offort could be de-
voted to the general proof of this hypothe51s and to generallzatlons ‘
of 1t for n'th—order systems with elther real or complex elgenwalues
and elther real or‘eomplex eigenvalues and either PAM_or_PWM control,

Since, in practieal appliéations,\e steady staﬁe errerfexactlz '
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"equal to zoro is not necessary; a useful extension of the material
presented in Chaptexr 3'would Be an investigation of possiﬁie cost
advantages of a controller which only requirés the respdnée of a

system to be within some small neighborhood of deadbeat.
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