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Abstract:
The subject of this thesis is 'the study of both linear and nonlinear sampled-data systems with a
minimum-time performance measure.

The content of the thesis may be divided into three sections: First, time-optimal control schemes for
systems having input saturation are reviewed, and it is shown that for practical systems, there is
generally a substantial cost advantage gained by relaxing the minimumtime requirement. Methods of
measuring the amount of ”suboptimality" of such systems are then proposed. Several practical
suboptimal strategies are analyzed and compared, and the analysis indicates a simple method of
improving one of these strategies. It is also shown that these methods may be used to measure the
sensitivity to parameter variations of systems which are designed to be either time-optimal or
time-suboptimal. The proposed method of analysis is also used to show that several control systems
which are claimed by their designers to be time-optimal are actually time-suboptimal. Second, a
relationship called the time-loss hypothesis is indicated between the minimum times for continuous and
sampled-data systems constrained by input signal saturation. This hypothesis states that for controllable
systems containing plants having n real poles and no numerator dynamics, the minimum time required
by a sampled-data controller is no greater than . tf + nT where tf is the time required by a continuous
controller. The hypothesis is proven for first-order systems and several special cases of second-order
systems, and evidence is presented for the validity of the relationship for other cases. Third, the theory
of deadbeat response of linear systems is extended to parabolic inputs with minimum squared error
restrictions on the step and ramp responses. It is found that minimizing only the sum of the squared
ramp errors (subject to the parabolic deadbeat restrictions) also minimizes the maximum ramp error.

No such relationship exists if the sum of the squared step errors is minimized. Design methods are
presented for digital controllers which provide trade-offs between the number of sample periods to
deadbeat response to a parabolic input and either 1) minimum sum of squared ramp errors, 2) minimum
sum of squared step errors, or 3) minimum-maximum step error. 
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ABSTRACT
I

The subject of this thesis is'the study of both linear and non­
linear sampled-data systems with a minimum-time performance measure.

The content of the thesis may be divided into three sections:
First, time-optimal control schemes for systems having input saturation 
are reviewed, and it is shown that for practical systems, there is gen­
erally a substantial cost advantage gained by relaxing the minimum­
time requirement. Methods of measuring the amount of ”suboptimality" 
of such systems are then proposed. Several practical suboptimal stra­
tegies are analyzed and compared, and the analysis indicates a simple 
method of improving one of these strategies. It is also shown that 
these methods may be used to measure the sensitivity to parameter var­
iations of systems which are designed to be either time-optimal or 
time-suboptimal. The proposed method of analysis is also used to show 
that several control systems which are claimed by their designers to be 
time-optimal are actually time-suboptimal. Second, a relationship 
called the time-loss hypothesis is indicated between the minimum times 
for continuous and sampled-data systems constrained by input signal 
saturation,' This hypothesis states that for controllable - systems con­
taining plants having n real poles and no numerator dynamics, the min­
imum time required by a sampled-data controller is no greater than . 
t^ + nT where t^ is the time required by a continuous controller. The 
hypothesis is proven for first-order.systems and several special cases 
of second-order systems„ and evidence is presented for the validity of 
the relationship for other cases. Third, the theory of deadbeat response 
of linear systems is extended to■parabolic inputs with minimum squared 
error restrictions on the step and ramp responses. It is found that 
minimizing only the sum of the squared ramp errors (subject to the 
parabolic deadbeat restrictions) also-minimizes the maximum ramp.error.
No such relationship exists if the sum of the squared step errors is 
minimized. Design methods are presented for digital controllers which 
provide trade-offs between the number of sample periods to deadbeat 
response to a parabolic input and either I) minimum sum of squared ramp 
errors, 2) minimum sum of squared step errors, or 3) minimum-maximum 
step error.
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AW ANALYSIS SCHEME FOR SUBOPTIMAL, MIMIMUM-TIME, 
SAMPLED-DATA SYSTEMS
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•1.1 INTRODUCTION . ..

As the title suggests, the principal purpose of this''chapter is 
to propose and illustrate a method of measuring the amount of "sub- 
optimality" for sampled-data systems which use more than the minimum 
time necessary to reach a zero-error condition.

Sections 1.3 through 1.7 are centered on this problem in relation 
to a regulator system; that is, a zero input system, the function of 
which is to keep its output at a rest state despite any unwanted system 
disturbances. In Section 1.8, it is shown how the various., concepts 
which are introduced can be extended to systems having inputs; that is, 
positioning or tracking systems.; ;• i . ■

Section 1.2 contains a brief history of the time-optimum problem, 
for both continuous and sampled ;systems. In Section 1.3, ;s.uboptimal 
systems^are defined; their advantages, and their utility are considered. 

Sectional.4 contains a brief description of the time-optimal strategy
' I ' :■ i

propose^ by Desoer and Wing [8, 9« 10], because many of their ideas 
are used throughout this chapter and:the next. In Section,1.5, methods 
of analyzing suboptimal systems and measuring the amount ,.of; suboptimal­

ity are proposed, and in Section'-1.6, i examples are given,to',illustrate 
these methods. In Section 1.7» it is: pointed out that a,system which 

is designed to be time-optimal will always in practice be |suboptimal 

due to plant parameter variations. The methods of analypip ,for subop­
timal systems are then used for !& sensitivity analysis of a suboptimal 

system and a system designed to he time-optimal. hi!':
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In Section 1.9» an analysis is given on two systems [39, 26] which are 
claimed as time-optimum by their designers.1 These systems are shown 
to actually be suboptimalB thus clarifying some confusion which has 
existed in the literature on this matter.

State space methods and phase-plane models £39» 23] are used 
extensively throughout this chapter.

.1.2 A BRIEF HISTORY OF KENIMUM-TfflE, PROBLEMS

The classic minimum-time problem is that of finding the control
signal which will reduce the error, of a linear system without numerator

i: ’ ''''dynamics (no plant zeroes) to zero in the minimum possible time if the
. V M !

control signal is limited by a magnitude constraint (Figure 1.1). The
' m  M

system equation is

x(t) = A x(t) + B u(t) e -L < u < L (1.1)

where x and B are n-dimensional vectors „ A is an n by n constant matrix 
u(t) is a scalar, and L is a constant. The problem is known by a var­
iety of names, such as the time-optimal control problem, the bang-bang 
problem, on-off servo problem, et cetera. If the ideal ,output in 

Figure 1.1 is zero, the system is called a regulator. The following 
history of the problem is not intended to be complete, but only to

i.

indicate the principal developments.

The first paper published on this problem was by McDonald £27] 
in 19500 He was concerned with minimizing the transient of a second-
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order systeme McDonald’s arguments were heuristic, as were those of 
Hopkin [[15]] in 1951« when he used phase-plane analysis on a servomotor 
subject to saturation and found that the control signal must always be 
at the saturation level for time-optimal control, He also found that 
the phase plane may be divided into two equal' sections by a "switch 
curve," The time-optimal control for states lying on one side of this 
curve is positive saturation, while on the other side, it requires 

negative saturation, Bushaw [6] in 1952, attacked the problem more 
rigorously, and showed that some of McDonald’s and Hopkin’s intuitive 

arguments do not hold for a plant with complex conjugate poles. In 

1953» La Salle [22] proved that the best (in the minimal-time sense) 
bang-bang system, i.e, a system whose input is always at a,plus or 
minus saturation level, is the optimum of all systems subject to the 
same saturation limits. In 1954, Bogner and Kazda [5] found that for 
systems with real poles, results indicate that as the order of the 

servomechanism increases by one, so does the number of switchings.

In 1956'» Bellman, Glicksberg and Gross, [2] gave a general treatment 
of the minimum-time regulator problem. Possibly the greatest advance 
concerning this problem was made by Pontryagin [34] who introduced 

the maximum principle in 1957. The use of this principle made clear 
that the time-optimal control for an n'th-order plant having real 
poles consists of a signal always at the saturation level,, but having 

no more than n-1 changes of sigh (switchings). If the plant has com- . 

plex conjugate poles, the control signal is always at the saturation



level# but there is no limit on the number of sign changes. Although
I

the maximum principle is an important'aid in determining the form of 
the control # it does not eliminate thie problem of implementing the 

controller# -which becomes quite complex# particularly for high-order 
systems, ,

'I

With the advent of the electronic digital computer# minimum-time 
control of systems by use of discrete controllers (i,e, sampled-data 
controllers) began to be investigated. The most common sampled-data 

system may be represented by a sampler followed by a zero-order hold 
circuit which in turn is followed by the plant as in Figure 1,2,
There is no loss in generality if the, system is normalized: ito give
saturation limits of plus one and minus one [8], The output; of the

' !

zero-order hold circuit is constant throughout the sampling period (T)# 
and is equal to the value of the input to the sampler at the previous 
sampling.instant. This system is said to be pulse-amplitude modulated 

(PAH)Another common system is callecL pulse-width modulated (PWM),
In this case the input to the plant is,always at a saturation level, 
but the length of the pulse varies# depending upon the magnitude of 

the control signal at the previous sampling instant, i::;
I .

In 1957» the PAM# sampled-data# bCunded-input, minimum-time prob­
lem was investigated independently by ,Kalman [l?] and Krasoyskii [19, 

20], The difference equation is,Cin this case#
L

x[(k + 1)T] = A x(kT) + B u(kT), . - -L ,< u < L

5

' I t

(1.2)
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^with the dimensions the same as in (lel). KrasovsIcii * s method, which 

is essentially a variational approach, is summarized by Zadeh [44] 
who notes that the method, although conceptually simple, is computa­

tionally difficult, Kalman suggested the division of the state space 
into regions which are determined by the minimum possible number of 
sample periods required to reach the;origin. It follows that if aji
control strategy, during each sample,period, moves the state of the 
system from the region which is k sample periods from the origin to 
the region which is k-1 sample periods from the origin, the strategy 
is time-optimal 01 Kalman's work was Extended by Desoer and I Wing in a 
series of papers [8, 9» 10]„ In' thehfirst [8] they analyzed a system 
having the plant l/s(s+a) with "a" greater than zero and proposed a 
special computer to implement an optimal strategy. They also noted 

that for almost all initial states the optimal strategy is not unique. 
A brief summary of this paper is given in Section 1.4. Iti1 reference

\/) where
the are real, distinct, and nonpositive, while in reference [lO]
they showed that the real and distinct restrictions are not necessary.
In 1962, Zadeh and IVhalen [44] noted[that the problem can be solved
by use of linear programming techniques. Torng [38] in 1964 detailed
the linear programming formulation of the problem, and, since the
time-optimal control sequence is, in[general, not unique,,,he added an

additional ■criterion (minimum fuel) which must be satisfied, thus en- 
■' ' ' ' • • 

abling a unique choice of the minimumTtime control sequenqe. In 1962,

[9] they gave an optimal controller for the plant l/ .tt-. (s^
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Ho made ah initial guess of the optimal control and then used an

iterative approach to "zero in" on an optimal control sequence. Tou 

and Vadhanaphuti [4l, 393 proposed an optimal position controller which 
essentially uses the difference between the desired and actual positions 
as the input to the saturating amplifier. However, this system is 

shown to really be suboptimal in Section 1.9.' Meksawan and Murphy [26] 
used a modification of Ton’s approach, and their system is. also shown 

to be suboptimal in Section 1.9. Tou [40, 39] also solved the minimum- 

time regulator problem by treating the forcing functions at the sampling 
instants as variables in the state equations, and increasing the number 
of sampling periods until an optimal sequence within the■saturation 

limits can be found. This approach is basically linear programming, 

although Tou uses other terminology, iIn reference [39] Toh indicates 
that for an n’th-order system, if the minimal number of sample periods 

required is n + q, the first q driving signals may be set at the satur­
ation limit.' This is shown to be untrue in Section 1.9. : Neustadt [29] 
claims to have solved the problem if;the forcing function is allowed 

to be an r-dimensional vector. iThatlis, in (1,2), u(l<T) is an r vector 
and B is an n by r matrix. He also allows A and B to be time varying, 
His approach is similar to Krasovskii1s [19, 20]. '

The important factor to be noted:about all of the above time- 
optimal strategies is that they are all, to various degrees, unsuitable 

for on-line control. The inadequacies are discussed by Eaton [l2], 

Koepcke [18], and Martens and Semmelhack.[253« In general, all of the



8
methods either require extensive computation times or the permanent 
storage I of switching surfaces e' which may require excessive memory 
space.' ■ Eaton designed a special-purpose on-line computer for the 

job, but it is regarded as too expensive by Martens and Semmelhack
1 C253o Koepcke1S on-line approach requires storage of pre-computed

1 -1
tables whose size depends upon the maximum possible number of sample 

periods required to reach the origin of the state space. Thus, if a 
large segment of the state space is to be included, the storage required 
may became excessive.1 Martens and Semmelhack £25} proposed a suboptImal 
approach which will be analyzed' in Section 1.6.

The. PtTM minimum time problem has been studied principally by 
Polak [32] who used an approach somewhat similar to Kalman1 s [17].

: ■ ■ n I
1.3 SUB-OPTIMAL SYSTEMS

'!First, a definition of a suboptimal minimum-time system is in
: 'i '

order. A suboptdmal minimum-time system is simply one in which at
least one of all the possible initial states of the system takes longer

' :

than the minimum possible time to reach the desired final state.
r * ■

From this definition it immediately becomes evident that it is 
practically impossible to construct a time-optimal system, because any .

! I ■ r
parameter variation in the time-optimal controller, or in the plant

for which the controller was designed will, in general, cause some
■ . ■;initial state to take longer than minimum time to reach the desired 

final state. (Henceforth such an initial state will be referred to as 

suboptimal.) Since plant parameter identification always involves
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approximations anyway, it is obvious that it would be unwise to design 
such a minimum-time system in which it is extremely important that the 
minimum time be used in all cases.

Another practical consideration is cost. It is intuitively 
evident that a suboptimal controller should be less expensive than an 
optimal controller,’ In Section 1,6, it is shown that the suboptimal 

regulators which are discussed are much simpler, hence much cheaper 
than any of the optimal systems discussed in Section I i2,

If trade-offs are to be made between system cost and system sub­
optimality, it is necessary to have some way of measuring the subop­
timality of a system, and generally,; it would also be important to 
Imow the worst-case time, that is the longest amount of time that can 

possibly occur between any initial and final state. For example, 

Martens and Semmelhack [2^] propose a suboptimal strategy "which is 
on occasion suboptimal during saturated inputs but optimal for all 
linear operation." The vagueness of,this statement leaves much to 

be desired,

i I - . .
1.4 DSSOER AND WING'S IMS-OPTIMAL STRATEGY

Since various aspects of Desoer and Wing1 s work [8, 9, 10] will 
be used throughout this dissertation, some of their results will be

' ■ ■ ■ ' ‘ ■ I ■ . ■ . .briefly outlined. The second-order regulator system will be studied
and, in particular, the plant l/s(s+a) [8],

r . ■ ■ I ' ;
The differential,equation corresponding to this system is
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c(t) + a  c(t) = u(t) 0 <  t <  T (1.3)

whera T is the sample period, u(t) is constant between sampling 
instants, and u(t) is bounded between plus and minus one (saturation 
limits). If the initial conditions are expressed as C(O)jiIand c(0), 
the solution to (1,3) at t equals T may be written in th^ i state 
equation format as

c(T)" "I I - e - " S c(0)- j-e -4- aT - I-X a • as

c(T)_

a

0 . . - J . c(0)_

+
T ‘ -aT 1 - 8

u(0) . (1.4)

It simplifies matters somewhat to put equation (1.4) into canonical
^ ■

form by using the linear, normalized eigenvector transformation

+9 0 (l+a*)*/a r o(t)n

y2(t)_

=

_-i -l/a _
I :
Lc(t)_

11

(1.5)

which results in the difference equation for the general interval 
between IcT and (k+l)T, as follows:
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I

V1C(Irt-I)T] > aT o' Y1 CkT) d-o-aT)(l+a3)"/aa
2S +

.Y2C(Irtl)Tl . 0  I . Y2(KT). -T/a
u(kT)

(1.6)

or, more concisely.

Y[(k*l)T] = QyCkT) * d u(kT) (1,7)

Desoer and Wing then define

(1.8)

Several r^ vectors are illustrated in Figure I„3 for "a" equals T 

equals one, (These values will be used in the running example,)
Two other definitions are now made, is defined as the set of 
initial states that can be brought to equilibrium in N sample periods 

or less, while is the set of all initial states that can be
brought to the origin in N sample periods and no less. It is evident

' ' ■ , 'Ithat Rjj may be obtained by deleting fztom R^ all those states belong- . 

ing to RjJj Desoer and Wing then prove that R^ is the closed set 

whose boundary is the convex polygon ry which has the following 2N

where the 0 and d identities are obvious *

r^ = ~0“kd
SkalCl - e~ai')(l+as)2/aa 

T/a
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vertices:

0P1 " rI ” r2 “ r3 ' - rK
0P2 = rI + r2 ■* r3 0** “ rN

0PN = rI + r2 + r3 + ZN

0P_1 = “rx + ^2 + r3 °** + rM
0P.2 = "rI ~ r2 + r3 ^ee + rN

(1.9)

0P-N = "rl “ r2 ” r3 ,ee " rN

Figure 1.4 illustrates R£, and along with and R^.
It is.apparent that if a .strategy can be found that, during each 

sample period, transfers the state of the system from to the 

strategy is time-optimal. Desoer and Wing show that such a strategy 
implies that the following equation is satisfied.

rN " urI = 9 % _ 1 (1.10)

The implication of (1.10) is that if Y(O) is in R1,, there is a u with

i n -
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magnitude less than or equal to one such that y(0) ~ Ur1 is in 0“^R „
This in turn implies that y(l) will be in Rjj At the beginning of 
each sample period, the system state can be called y(0) so that the

■Iabove. relations can be used repetitively. The boundaries .of 0 R^ ̂  

are found by adding dt' r^ to the boundary of in all inward direc- 

tions, 0“ R^ is shovm in Figure 1.5. Thus if any y(0) state is in
and some percentage (m^) of r^ may be added to this state to bring

—Xit into 0” the strategy is optimal. Several facts are now evi­
dent. First of all, the inner boundary of 0~^R^^ is inconsequential„ 
since itkcan not be reached from R^, Secondly, if y(0) is ion the outer 
boundary 'of R^, there is a unique strategy which will place'y(l) in 
R^ Thirdly, if y(0) is in ^  but not on its outer boundary, there 
are an infinite number of time-optimal strategies.

Desoer and Wing’s optimal strategy is as follows. Draw a curve, 

called the critical curve, by adding dfc r^, in an inward direction, to 
one outer edge of the regions, as shown in Figure 1.4. The series
of outer edges is called the polygonal;curve, and is also shown in 

Figure 1.4. The critical curve is thun composed of the r^,.r^» r^, .
... vectors placed "tail to head" with all having the same, ,sign. The 
strategy is to compute m^ such that y(0) - m^r^ is a point,.on the 

critical,curve. If the calculated valpe of m^ is greater,than or 
equal to ,one, let m^ equal one. If the calculated value of m^ is less 
than or equal to minus one, let m^ equal minus one. If the calculated 

value of m^ is between minus one Snd plus one, use this value. Desoer
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and VJing show a method of implementing this strategy in reference [8],

1.5 A MEASURE OF SUBOPTIMALITY
Despite the cost advantage of suboptimal controllers s very little 

has been done to provide a.measure of suboptimality. However, in 1964, 
Polak [331 proposed the following figure of merit for suboptimal systems,

rru = / c(x) p(x) dV ' (l.ll)
xeX

where x is any initial state of the system, X is a bounded region of 
the state space, dV is an element of volume of the state space, p(x)dV 
is the probability that x lies in dV, and c(x) is some cost function.
This general idea will be applied, to the minimum-time problem in this 

section and methods of evaluating' c(x) and m^ will be proposed.

The'assumption will first be made: that the set of all possible 

■initial states is bounded. This is a realistic assumption, and should 

cause no practical problems. It is also assumed that the probability 

of an initial state lying in a certain volume of the state space is 
governed.by a probability distribution function which can be determined.

• I . • -

If the system is a regulator, and something is known about the input 

noise statistics, the desired probability distribution can;be found 
by a simulation. In some cases, this;distribution can be found analyti­

cally, For example, if the input■noise has a gaussian distribution 

such that the saturation effects pan be taken into account, the multi­
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variate probability distribution 'function for the output qan be written
explicitly [?]. Now consider; a tracking systeme Suppose the controller
controls' a rocket launcher which'is in an integrated firing system.
The state of the system as it is commanded to leave one target and
begin tracking another would be strongly correlated to the structure
of the integrated fire control system;,: which could then be used to
help determine the probability distribution of initial states.

Throughout the remainder of this chapter, the problem will be 
■ •discussed in terms of a second-order system. However, the' various 

ideas can be extended to higher-J r d e systems with the usual accompany­
ing complexity. On the other hand, itj is a common practice jto use 
dominanti-pole synthesis for controller, design [l6] and thiis approxima­

tion would, in many cases be adequate pfor suboptimal system janalysis.
L Once the suboptimal strategy is defined, and the initial state is 

specified, the number of sample period's required to reachi ,the origin
. I

from this state is determined. The tline-optimal number of' ,sample per­
iods is also known, since N is the minimum possible numbeaj of periods 
required,,: for an initial state in HR̂ , and the boundaries are known.

In general, the regions of the state space containing initial states
requiring more than the minimum number, of sample periods viill be grouped

i.into regions whose boundaries ara>determined by,the suboptimal strategy. 

The probability of the:initial state falling into this "suboptimal area",

A, is, of course, / p dA, where pi is the probability distribution of
. ■ ■ A ... ' "

initial istates. One obvious costpi factor which could be usddi to weight
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the snboptimality measure is the difference between the minimum possible 
number of sample periods required, and the number of sample periods 
required by the strategy being used. This gives, essentially, the 
"average” number of extra sample periods required by a typical initial 
state, Examples of this measurement for various strategies will be 
given in Section 1.6.

The problem with the above "exact" measure of suboptimality is 
that, although the trajectory from the initial state to the origin is 
theoretically known, the tracing, of this trajectory may become quite 
■tedious in practice. This becomes evident even for a relatively simple 
example considered in Section 1.6. Thus, to enable a quicker comparison 
of suboptimal strategies, a "rougher" suboptimality measure is often 

desirable. The basic idea behind the approximate measure of subopti­

mality which is proposed herein is that of considering each region 
separately, and treating each state transition as a random process.
As was pointed out. above, the process is actually deterministic once 

the initial state is known, if the controlling action is not disrupted . 
by noise. However, it is reasonable to assume1 that if the controller

* I

is forcing the state of the system into the probability ■ of the R̂ . 
state being suboptimal is strongly related to the percentage of subop- 
timal states in R  . ' The proposed approximate suboptimality..measure is .

j
M =  2 2 (i + I - k) P1 - ■ ; (1.12).

Ie=I i
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where k is the index associated with R, regions, and j is related to 
the outer bound of possible initial states; i.e., R_„ p ^  is the 
percentage of states in Rj which will be transferred by the control 
strategy to IL . It will be shown in Section 1.6, that p̂  . can be 
measured relatively easily'by using a slight extension of Desoer and 
Wing’s work [8]. (i + I - k) is a weighting factor corresponding to 

the number of sample periods lost at each For example, if the

strategy transfers the state from to the strategy is optimal,
i equals k-1, and the weighting factor is zero. Similarly, if the 

new state is also in R̂ ., one sample period is lost, and the weighting 
factor is one. If the strategy forces the state to R^_^, the weight­
ing factor is two. '

It is reasonable to consider the probability of time loss separately, 
for each region, since any initial state in must pass through

R-j i» Rjj_2» ••• \  during its trajectory. However, a close correlation 
between M and the average measure of time loss should not be expected 
(particularly if j is large) because of the broad assumption made. On 
the other hand, equation (1.12) is a useful.tool for comparing several 
suboptimal strategies for the same system with the same set of possible 

initial states.
In the preceding analysis, the control strategy is essentially

i .considered as a Markov-process, since each new state is considered to
• •. ■ I'

be a probabilistic function of the present state. Markov probability 

transition-matrix notation [36] will be occasionally used in the
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examples in Section 1.6. -

1.6 SOI# EXAMPLES OF MEASUREMENT OF SUBOPTIMALITY 
Example 1.6.1

Several authors [39» 26, 2_$] have proposed .strategies for second- 
order systems by which the forcing function is always at its maximum 
magnitude except for the final two sample periods* (Once the state 

is in R^, operation is linear, and the optimal controlling actions 
are relatively easy to determine.). In the first examples the plants' 
l/s(s+l) and l/s(s+0»5) will be analyzed, and it will be assumed that 
the initial state occurs in Bi. Thus, only can contain suboptimal 
states. It will also be assumed that the forcing function for states 
in Rj is the ’’better" of the two saturation levels, plus one or minus . 
one. This is an important consideration, since, if the "better" forcing 
.function is used, the state can do no worse than remain in R^6 while if 
the other level is chosen, the state could be driven into some with 
k greater than three. This will be explained in more detail in a later 

example. It will also be assumed throughout this section that the. 
probability distribution of initial state is uniform. The ;sample period 

is one second. : ,
-i'Now consider Figure 1.6. .The shaded areas contain all possible 

suboptimal initial states. It can be easily shown that a ■plus or minus 

one forcing function applied to any state- in the shaded areas will 

require one additional sample period in its trajectory to the origin.
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The shaded region represents 19.3$ the area of R̂ ., and 16.5# of Rj. 

(These, and most other area measurements in this chapter were made in an 
analogue manner, with the associated inaccuracies.) ■ Thus, the "exact" 
measurement of suboptimality is O.I65, while from (1.12), M equals 0.193. 
Similarly, Figure 1.7 shows that for l/s(s -t- 0.5), the exact measure is 
0.309 while M equals 0.371. It!must be noted that the initial states 
which are considered in the second example do not include the same region 
of the state space as in the first example.

Example 1.6.2
< / . I--;:In this example, a system governed by a different suboptimal stra-

r  ' -1 - ' P  Mtegy 1_25J is studied. A brief description of the strategy is appropriate.
M ' . Hp I

The original strategy was employed on a stochastic input■system, but its
■ : . . 1 1

modification to a regulator is straightforward. The plant l/s(s-i-l) will
1 i ; ; "

be considered, along with a one-second sample period. From (1.6), the1 - -
state equation is

Y1 Ck-H)"

Ŷ Urt-l)̂
.368

0

0

I
Y1Ck)"] I.8941

H- I ■ ;u(k)
L Y g W J  L -1 j (1.13)

or

Y(k+l) = Qy(Ic) h- d u(k) (1.14)

By applying this relation again,
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Y(Ioi-E) = O3Y(Ic) -i- Odu(Ic) + du(k-l-l) (1.15)

The basic principle of the strategy is to assume that the origin can 
always be reached in two sample periods.1 Thus ideal values u(k) and 
u(k+l) of u(k) and u(k+l) can be calculated from (1.15). This gives

'S(k)-
u(k+l)

.239Y-L(k) + 1.58Y2 (k) 

-.239Y1(k) - 0.583Y2(k)_
(1.16)

Of course, for states external to , either u(k) or u(k+l:) or both 

■vrijLl be beyond the saturation level. In these cases, the following
t ■ .

rule is employed.

f sgn[u(k)] if u(k) >  I 

u(k) =| u ( k )  if Iu(Ic) ) <  I and j u(k-i-l) | <  I

(sgn[u(k+l)] if |u(k)| < 1  and |u(k-i-l)| >  I

(1.17)

A new set of control signals are computed during each sample period.

Reference will be made to Figure 1.8 in the following, discussion.
It will first be assumed that all possible initial states occur in Rj!,.

. •
An analysis will show that it is advantageous to modify the strategy, 

after which another analysis will be made.

Several facts are quite evident: l) The strategy is always optimal
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within since is the linear region. 2) Because of symmetry, 

only the region <  0 need be considered.: (Any reasonable strategy

for this type of problem will in general be symmetric.) .3) Inspection 

of equation (I.17) and Figure 1.8 indicates that the strategy is optimal 

in the third (and first) quadrant.

A slight extension of equation (I.10) can be used to measure how 

many sample periods are "lost" by' the various suboptimal regions in 

the fourth quadrant. It can be shown that if

R n  - Ur1 = Q-1Rp ' (1.18).

I
the state of the system will be driven from R.iT to R . Since the Q RN p P
areas are known throughout the state plane, the next sequential R 

regions can easily be determined from'the present region and the stra­

tegy being employed.

Thus, for the running example, Figure 1.8 shows the new R  regions 

which are entered by the suboptimal states in R y  Thus 8.27% of the 

possible initial states in R^ are forced to remain .in Ry.. 13.9% are 
forced into R y  10.35% are forced into R y  and 2.64% are forced into 

R y  It is apparent'that an exact analysis of this strategy would be 

quite tedious. However, it is easy to apply (1.12) to givei,an approx­

imate measure of M  equal to 0.777« .

Example 1.6.3

It will now be -shown that the strategy of Example 1.6.3 may be
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easily, modified to give a smaller amount of suboptimality» The modi­

fied strategy is

'u(k) if I u(k) I <  I and | u(k-j-l) | ^  I

u(k) = J sgn[u(k)3 if I u(k) | > 1  and I u(k)|> | u(k-i-l) | (1.19)

^sgn[u(k+l)] if Ju(Ictl) | >  I and Iu(Ictl) | > j u(k) |

It can be shown that this strategy is optimal in R' and in the 

first and third quadrants. It can also be shown.that, external to 

RJ,, the 'strategy implies that u(k) equals t I if Y^(Ic) is positive 

and u(k) equals - I if y^(k) is negative. Figure 1.9 shows the • 

suboptimal region in R*. An important factor is that each suboptimal 

state .is forced to remain in R^, rather than some states being 

forced to "higher” R, regions. Thus, although 3^.4^ of the states 

in are suboptimal (as compared with 35.2$ for the unmodified stra­

tegy) , M  is equal to 0.344 (as compared with 0.776 of the preceding 

example).

A further, analysis will now be made, using the modified strategy, 

but assuming that initial states may occur anywhere in R^. The subop­

timal regions are shown in Figure 1,9» and M  is found to be 0.637.

A probability transition matrix may be written for initial states as
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pOO pOl p02 p03 pOb p05 j r
0 0 0 0 0

pIO lxLl p12 P13 pIU p15 I 11 0 ■ 0 0 0 0

P = P20 P21 p22 P23 P24 p2 5 j : 0 1 0 0 0 0

p30 p3 l  p32 p33 p34 p35 I I 0
I

0 . 656

01O 0

p40 p4l p42 % 3 p44 p45 j S 0 
1

0 0 .8 1 4  .186 0

- p50 P51 p52 p53 p5yt  p55-i I 0 0 0 0 .893 .1 0 7

(1.20)

where the element in the i'th row and j’th column indicates the 

probability of a transition from Ih to

Example 1.6«,4

The next example will be a brief analysis of the resulting sub- 

optimal strategy if Desoer and Wing's critical curve is simplified, 

but their strategy is still used. The reason for choosing such a 

system is that in continuous systems, switching curves and surfaces 

have been similarly simplified [l3] in order to gain cost advantages 

The correct critical curve will be used within PU,, since, in this 

linear area, there is a unique choice of optimal -controlling actions 

In the example, once again the plant is I /s(s-ii) and the sample 

period is one second. It is assumed that all initial states occur 

within RJ.. The suboptimal switching curve is shown in Figure 1.10. 

Although the section of the curve external to Rj, was chosen rather 

arbitrarily, it would certainly be feasible to pick this.portion of
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the curve with the objective of minimizing the suboptimality measure.

Figure 1.10 shows the suboptimal regions. The probability transition
.

matrix is

I 0 0 0 0 0

I 0 0 0 0 0

0 I 0 0 0 0

0 0 ON .104 0 0

0 0 ' 0 .963 .037. 0

0 0 0 0. I 0

(1.21)

M  is found to equal 0.l4l in this case. Note that this measure is 

smaller than for the modified Martens and Semmelhack strategy previously 

discussed. On the other hand, the modified Martens and Semmelhack 

strategy is easier to implement.

One final word will be said about all of the examples of this 

section.1 In each case, the outer boundary of possible initial states 

was the outer boundary of some R, region.' This was done to keep the
i

examples as clear as possible. Of course the suboptimality measures 

which were proposed could be used for any area of the state plane, and 

would depend upon the area which was chosen.

1.7 SENSITIVITY ANALYSIS . , .

The classical purpose of sensitivity analysis [4,- 33] has been
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to measure the change in the transmission characteristics of a system 

per change in some plant parameter. Since the study of optimal control 

systems has gained importance, some attention has been giv;en to rede­

fining the sensitivity function with respect to the performance measure 

being optimized [ll, 3?!; however, sensitivity Sssociatedlwith the

minimum-time problem has not been studied in a general framework. In
■':this section, a sensitivity analysis will be made on a minimum-time
M  i

system, and on a suboptimal minimum-time system. , i .
': . • • : 1

The suboptimality measures introduced in this chapter:, can be

applied to the sensitivity analysis of minimum-time systems ̂  because
' I! • :parameter variations will cause the minimum-time strategy,to be sub- 

optimal in practice. Of course, systems which are suboptimal initially 

can be Similarly studied. In either Case, one important:factor must be 

considered: if any of the parameters !used in the minimum-time design

are disturbed, „it will generally?!take-t an infinitely long time to reduce
' I ' '

the state of the system to the origins so that it remains;there when the
I • ,

controlling action is removed. T h u s t o  make the minimum-time sensi- •
• ■ ■ ' itivity measure meaningful, the target'must be considered;tdnbe some
' ■ '  i '

finite region about the. origin, rather than the origin itself. In the

examples given in this section, the finite region will bp ,Chosen to be
I :R£. In addition to being convenient 'for the calculations:,;:] it is reason­

able to; choose this region because, for second-order.plants^ it is the 

only region of the state space in whitph the control actioni is linear,

and perhaps a more conventional linear controller could b e ]applied in
; " 1 '

this region, along with a more conventional sensitivity analysis.
/ I  -
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Once agairi, the system to be analyzed for the sake of illustration

contains the plant l/s(s+l) and uses a sample period of one,second.

The first strategy to be considered is Desoer and Wing’s optimal stra- .

tegy. The parameter variation is assumed to occur in the gain of the

saturating amplifier, and the variation is ±6 about the nominal value

of one where the positive 6 is always assumed to be very small. Only

the <  O region will be studied, since the >  O area is symmetric

to it. It will be assumed that all initial states occur within R ‘.5
First consider -t-6. In this case the gain is slightly larger than 

that used in the optimal design. Since the strategy is always to drive 

for the critical curve, the only suboptimal region in isi immediately 

to the left of the critical curve, as is shown in Figure I;; 11. The r^ 

vector starting from any state occuring in this region will extend past 

the critical curve and out of by an amount 6. There is also a

very small suboptimal region in the lower right-hand corner of R_ which 

is negligible in comparison to the area previously considered.

It appears that similar suboptimal regions are located immediately 

to the left of the critical curve in and R^. However, a closer 

analysis shows that this is not the case. First consider the possibil­

ity of overdriving the critical curve in R^. Suppose the strategy is 

applied to a state in the parallelogram immediately to the !,.eft of the 

critical curve. If y(k).is in this region, for the nominal gain, a 

force between minus one and zero will place y(k+l) on the polygonal 

curve in R^. However, considering the.*6 variations, equation (1.13)
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gives

[Y1 Ck*!)
Y2 Ck+!)

.368Yn(k) - . 894(1*6 )ul
x  I

Y2(Ic) * (1*6)uj
O < u < I (1.22)

The next force must be * I (nominally), since y(k:*l). is to the right
I . '

of the critical curve. Thus,

Y1 (k+2)'j [.368y1 (k) - .894(1*6)u ] .368 * .894(1*6)"
Y2(k*2)j Y2 (Ic) + (1*5) u - (1*6)

(1 .23)

Note that the 6 variation is advantageous in this case, since it tends 

to force y(k*2) closer to R2. Equation (1.23) shows that y^(k+2) is 

.8946(1-.368u ) above its nominal value, while y2 (k*2) is 6(l-u) to the 

left of its nominal value. The nominal value of y2 (k*2) is on the 

boundary of R2. The question is whether or not the actual y2 (k*2) is 

internal to R2. Note that the slope of r2„ which bounds R2 in this 

vicinity is -6.6l. If the slope of the line connecting the nominal and 

actual values of y(k*2) is more negative than -6.6l, y(k*2) is in R2 , 

and y(k) was not a suboptimal state. Thus,

.8945(1-.368u)
-6(l-u) <  -6.6l (1.24)

which gives
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u >  .91 (1.25)

Thus, there is a parallelogram in of "width" .09, which will cause 

an extra sample period to be taken. This set of states is shown in 

Figure 1.11.

Now consider the possibility of starting in R^ immediately to the 

left of the critical curve, and thus immediately losing a sample period. 

An analysis similar to the above, shows that' there is no region in 

for which this can occur. In other words, the "overdrive" corrects 

itself in this case.

In addition to the suboptim,al regions, there are narrow regions 

of "width" external to each whose states are actually improved by 

the -J- 5 variation. However, these areas are relatively small and will 

be neglected in the calculation of M.

Thus, considering only t h e ■suboptimal regions which are independent 

of the magnitude of the -J- 6 variation, the probability transition matrix 

may be written as

"Poo pOl p02 p03 p04 pO5-
pIO pIl pIR p13 pI^ pI 5

p20 P21 P22 p23 p24 p25'
0 0 . 681 .319 0 0

0 0 0 . 989 .012 0 '.

-0 0 0 0 I 0 .i

(1.26)



where the first three rows are not considered. M  is found to be 0.331
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Gain variations of -5 produce suboptimal regions to the right of 

the critical curve in R^, and (Figure I.11). The transition 

matrix is

IPoo P01 P02 p03 p04 p05
PlO pIl Pl2 pIS pl4 pIS
P20 P21 P22 8Pu p24 p25
0 0 .681 .319 0 0
0 0 0 .872 .128 0
.0 0 0 0 .857 .143

(1.27) .

and M  equals 0.59. In addition, there is a narrow suboptimal strip 
just inside each R̂  region whose area is proportional to 6 and will 

be neglected.
The most interesting result of the above study is that the sensi­

tivity involves a large constant term which is independent of 6. Of 

course, this is only true of the strategy being used, and not in 

general.

The sensitivity of the system could be similarly measured with 

respect to variations in the time constant of the plant which is also 

one in this case. These variations will, in turn, cause■ ,variations 

in r^, and the resulting suboptimal effects' can be found.!

A cursory analysis will now be made of the sensitivity to gain



variations of the modified Martens and Semmelhack suboptimal strategy. 

Consider a -S- 6 change in gain. In this case the nominal suboptimal 

states are increased about their inner perimeter by a strip whose area 

is directly proportional to 6. Corresponding to - 6, the nominal sub­

optimal states are decreased by a similar strip about their inner per­

imeter. However, there is an additional suboptimal strip about the 

inside of the outer boundary of the regions.

Thus, in this case, the sensitivity is a linear function of 6, 

in contrast with the previous example which involved a large constant 

plus a linear function of 6.

1,8 SYSTEMS WITH IMPTJTS

Test inputs used to study system characteristics usually include 

inputs of the form t \  where k is a positive integer or zero. The 

most commonly used are steps, ramps and parabolas. It is easy to . 

show that a second-order system can not track a parabolic (or higher) 

input since the forcing function will eventually have to be greater 

than the saturation limit on the input. ' Kalman [l6l points out that 

to track a ramp with zero steady-state error, the second-order plant 

must be a double integrator. Similarly, a plant with one integrator 

can track a step with zero steady-state error. However, if the steady- 

state error need not be zero, it can be easily shown that, the system of 

Figure 1.12 (one integrator) can be made to track a ramp whose slope 

is less than or equal to L/a, Similarly, the system of Figure 1.13

30



(no integrators) will track a step whose magnitude is less than L/ab. 

In this section, it will be shown how the R .regions can be described,' 

and Desoer and Wing's optimal strategy applied to the plant l/s(s+a) 

for step and ramp inputs.

The differential equation for this plant is given by (1.3). How­

ever, since the c(t) state variable is not being driven to zero, but 

is required to follow the input r(t), it is convenient to use as the 

state variable the difference between the two. Thus,

31

e(t) ss r(t) - c(t) (1.28)

Combining (1.28) with (1.3) gives

e(t) + a e(t) = r(t) 4- a r(t) - u(t) (1.29)

If r(t) is a step initiated at t = 0, (1,29) reduces to

e(t) 4- a e(t) = - u(t) , t >  O (1.30)

if. r(t) is a ramp with slope K initiated at t = 0, (1.29:)' reduces to

e(t) 4- a e(t.) = a K - u(t) t >  0 (1.31)

A comparison between (1.30) and (1.3) makes clear that the R  regions
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corresponding to each of the equations are identical. This will be ■ 

further clarified in the next section when the system is analyzed for 

a step input. On the other hand, a comparison,between (1.31) and (1.3) 

shows that, for a ramp input, the location of the R  regions depends 

upon the slope. Figures 1.14 and 1.15 show and R_ for slopes of 

0.2 and 0.5. Although the-Desoer and Wing strategy could be easily 

applied to this system for various step inputs, the application to 

ramp inputs would be relatively difficult due to the shifting.of the 

critical curve which would be required. Thus, even though it is ■ 

possible to track the ramp with a nonzero steady-state error, there 

are added difficulties in the implementation of such a system.

1.9 COUNTER EXAMPLES TO TWO."TIME-OPTIMAD" SYSTEMS .

Consider the system of equation (1.30) with "a" equal to 0.25 

and a sample period of one second. Figure 1.16 shows the R  regions 

if the transformation of equation.(1.5) is applied to e and e. Also, 

assume a step input of magnitude R equals 2.5. Assuming that the 

system is initially at rest, the initial errors are e(0"i") equals 2.5 

and e(0*) equals 0. This corresponds to Y^(O) equals 0 and Yg(O) 

equals -2.5. Inspection of Figure 1.16 shows that this initial state 

lies in R^, thus involving a.minimum time of. four sample periods.

One possible optimal control sequence is I, 0.1, 0.27, -0:73^.

Eeksawan and Murphy [26] derive equations (1.32) and I(1.33) for 

the.first two signals of an optimal Control sequence.
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u(0) = a R (1.32)
K T(1 - e"aT)

and

u(T) = — a R (1.33)
K T(eaT - I)

For this example» these equations give a u(0) equal to 2.83 and u(T) 

equal to -2.2. Meksawan and Murphy say that if both of these control 

signals exceed the saturation values in magnitude (± l ) „ it has been 

found from experience that the time-optimal control requires that the 

first two control signals applied must be at the saturation level with 

the same sign as the step input. Hence, according to their strategy, 

u(0) equals u(T) equals -5- I.
Equations (1.28, I.30, 1.5 and 1.6) can be used to find y(l) and

y ( 2 ) .

Thus, y(T) is in R_, but y(2T) is also in jFL. Thus u(T) equal to + I 

is not an optimal input function. Figure 1.3.7 shows that,:y(T) lies in 

a region which is suboptima], to all inputs at the saturation level„

It is not difficult to find other examples of plant-input’:combinations

(1.34)
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for which the strategy of driving at the saturation level;during the 

first two sample periods is suboptimal.

Ton’s approach [39] is to always drive the system with e(kT). If 

e(lcT) is greater than the saturation level, he says to use the closer 

saturation level. For the system described above, e(0) is 2.5. Thus 

u(0)'equals I which, in turn, results in c(T) equal.to 0.464. Thus 

e(T) equals 2.036 and u(T) equals I. But the previous example shows 

that an initial sequence of + I,..+ I ,is suboptimal; hence, Tou1S 

strategy is suboptimal.

■ The: reason that neither strategy worked in this case. whs simply 

that the:trajectory entered a region external to where Ja;saturated 

input could not be employed in an optimal manner. Now consider the 

plant l/s(s-KL) whose R  regions are shown in Figure 1.7 along with the 

region for which saturated inputs can not be optimal. IlNow suppose 

any step input is applied while the system is in the rest.'sjtate. e(0) 

is zero which means that Y-^(O) is. also zero. However, the. maximum 

magnitude to which c (and thus e) can be driven is ± I. Thus the 

maximum possible value which can attain is ± 1.4l4. Figure 1.6 

shows,. however, that the minimum magnitude reached by the; region which 

is suboptimal for saturated inputs is approximately I 10., ,Thus the 

problem encountered by the plant l/s(s+0,25) can not occur for the 
plant l/s(s+l), which is the plant usually employed for examples of 

time-optimal strategies, and, in particular, is used in both: 1 Meksawan 
and Murphy1S and Tou1S examples. ■ | .



35

1,10 CONCLUSIONS

In this chapter a brief history was given of the minimum-time 

control problem. It was then shown that» in practice, it may be much 

less costly to use a suboptimal system. A method was then proposed to 

give an exact measure of how close a.system is to being optimal. Since ■ 

this exact measurement is usually quite tedious to evaluate, an approx­

imate measure was also proposed. Several examples of measuring the 

suboptimality of practical strategies were given, and it was shown that 

the insight provided by the analysis of one of the strategies indicated 

a simple manner of improving it. It was then shown how the suboptimality 

measures could be applied to measure the sensitivity of a,;system to 

plant variations, i

At this point, it is informative to make a comparison between 

the Desoer and Wing optimal strategy and the modified Marteiis and ■ 

Semmelhack suboptimal strategy. , ;It was shown in Section 1.7 that the 

Desoer and Wing strategy is much mor e <sensitive to parameter variations 

than the; modified Martens and Semmelhack strategy. Moreover, for ' 

negative, variations in the plant, ,gain,-■ the "fixed" suboptimal regions 

for the optimal strategy are comparable to those for the Isuboptimal
• I

strategy. Thus, the "rough" measure indicates that there,dq little 

reason to choose one strategy over the. other. ' If the amount of time- 

loss is critical, a much more exact analysis must be made;; 1 From a 

cost viewpoint, the suboptimal strategy is much easier t o ! implement. 

However, this factor could become irrelevant if the available computing
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device is large enough to generate the optimal strategy.

Finally, counter examples were given for two strategies which 

had been claimed as optimal by their designers, and it was shown that 

the analysis methods used gave added insight into the reasons for the 

suboptimality of these systems.
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Output

PlantIdeal
saturation

Ideal output
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Figure 1.1. Continuous minimum time system.

Output

I_ _ _ _ _
Ideal PlantHold

circuit saturation

- Y Error

Ideal output

Figure 1.2. Pxilse-amolitude-modulated minimum time system.
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-100

—1^0

• ri ’ r2» r3» an^ Pg vectors for the plant characterised 
by l/s(s+l) and a sample period of one-second (see equa­
tion (1.8)).

Figure 1.3
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critical curve

boundary

_ boundary

upper half of 
polygonal curve

-20

Figure 1.4. Rvf and R’. regions, polygonal curve and critical curve for 
N^: 3. The plant is characterized by l/s(s+l) and the 
sample period is one second (see Section 1.4).



\

: U  :

Rf, boundary

iibit

Figure 1„5. 6-1R^ (crosshatched region) for the plant characterized by
I /s(s+1) and a one-second sample period (see equation (I.10)).
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Figure 1.6. Minimum, suboptirnal regions (crosshatched) in Rl for 
"saturation strategy" operating on the plant charac­
terized by l/s(s+l) and a one-second sample period 
(see Example 1.6.1.).
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\V
■ \  \

u-Jhm

Figure 1.7. Minimum suboptimal regions (crosshatched) in R* for "saturation 
strategy" operating on the plant characterized by l/s(s+0.5) 
and a one-second sample period (see Example 1.6.1.).
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10 ~\

-10 x

to R1

!IllH u

Figure 1.8. Portions of 6 "̂ R1, boundaries and suboptimal areas within Ri 
for Iiartens and Sencnelhack strategy (see Example 1.6.2,).
The plant is characterized by l/s(s+l), and the sample 
period is one-second.
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IX '

_ i f'r

r; I H i i

Figure 1.9. Suboptimal regions generated by application of the modified
Martens and Semmolhack suboptimal strategy (see Example 1.6.3.). 
The plant is characterized by l/s(s+l) and the sample period 
is one second.
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suboptimal
critical
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■M: : I '

Figure 1.10. Suboptiraal regions generated by application of Desoer 
and Ting's optimal strategy with a suboptimal critical 
curve (see Examole 1.6.4.). The plant is character­
ized by l/s(s+l) and the sample period is one second.
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Y.

-120

- -160

-  -200

Figure 1.11. "Fixed" suboptimal regions for Desoer and Wing optimal
strategy duo to plant gain variations. Suboptimal regions 
due to negative variations are indicated by horizontal 
bars, while those due to positive variations are indicated 
by vertical bars. The plant is characterized by l/s(s+l) 
and the sample period is one second (see Section I.?).
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Figure 1.12. Saturating input system having a plant characterized by 
l/s(s+a).

Figure 1.13. Saturating input system having a plant characterized by 
l/(s+a)(s+b).
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Figure 1.14. R£ for ramp input with slope equal to 0.2 applied to 
a plant characterized by l/s(s+a) and a one-second 
sample period.

Figure 1.15. for ramP input with slope equal to 0.5 applied to
a plant characterized by l/s(s+a) and a one-second 
sample period.



Figure 1.16. Region (horizontal bars) within for which + I or - I 
is suboptimal for the plant characterized by l/s(s+0.25) 
and a one-second sample period (see Section 1.9)•



CKAPTfiR 2
SOME RELATIONS SErMfiEN THE DISCRETE AND THE 

CONTINUOUS MIHMUM-TB'JE PROBLEMS
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. 2.1 INTRODUCTION

It is well known that if the input to a linear system is constrain­
ed by a magnitude bound, and it is desired that the state of the system 
be altered, the minimum-time control signal is of the bang-bang type.
•It follows that, if this control signal is additionally constrained 

so that it can change sign only at fixed intervals as in the sampled- 
data case, the time required to make the same change in system states 

will be at least as long as the bang-bang minimal time, and in general, 
will be longer.

It 'is intuitive that as the sample period approaches zero, the 

minimum time will decrease to that ofnthe continuous-timer ptintroller. 
This intuition has been verified for as special case by DelSoe(r and 

Wing. [8]~ and in general by Meustidt [2$]. It would certainly be of 
value if1 a general relationship could rbe found between the ..'Continuous 

minimum-time11 and the "discrete minimum-time". For examplê ,- the ad- ■ 
vantages;<of discrete control (such as ̂ several systems being;!controlled 
by one time-shared digital computer) would seem even more -inviting if 

it were known that the time lost by the sampling process was known to 
be within a small, determinable bound.".

Thus, the major effort of this chapter-will be to - justify the 
following, time-loss hypothesis:

Consider a linear, second-order plant with real eigenvalues, no 
numerator dynamics,, and a magnitude-limited input. If thp, state of 

this system can be driven from any initial state to the origin in a
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minimum time of seconds by a bang-bang controller, and if the plant 
is controllable in the sampled-data sense [lO], this plant can be dri­
ven from the same initial state to the origin by a pulse-amplitude- 
modulated (PAM) controller with a fixed sample period T in no more than 
tf + 2T seconds.

Desoer and Wing’s definition [lO] of sampled-data controllability 

is that such a system is "controllable" if all possible states of the 

system can be forced to the origin by a realizable forcing function. . 
With magnitude-limited control actions, Desoer and Wing’s definition 
implies that the system’s plant contains no poles in the fright half 

of the s plane. However, even if the:plant does have one ,or more poles 
with positive real parts, there is a bounded region containing states 
which can be forced to the origin. The theorems presented.in this 
chapter will be proven for cases of both right- and left-half-plane 
poles, thus implying the veracity of ',the time-loss hypothesis for such 
bounded "controllable" regions.

The arguments used will be such that the above time-loss hypothe­

sis is also credible for an n’th-order system; that is, the ̂ introduc­
tion of sampling can increase the minimum time to the origin by a max­

imum of ;nT seconds. The general continuous system to be ,considered is 
shown'in-Figure 2.1, while the general, sampled-data system-is in Figure 
2.2. Desoer and Wing [8] show that there is no loss of generality if 

K and A in these figures are both normalized to one, sinqe-this merely 

alters the time scale. This normalization will be used throughout the
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chapter.

In Section 2.2, it is proven that, for a first-order;linear system, 

the introduction of sampling can increase the "bang-bang, minimum■time" . 
by a maximum of T seconds. In Section 2.3, several theorems are de­
rived relating the minimal isochrones of a second-order system to the 
R|c regions**" for the same system. These theorems are shown to have some ; 
intrinsic value, and are also used to justify the time-loss hypothesis. 
The hypothesis is also proven for several special cases. In Section ■ 

2.4, a system with complex conjugate eigenvalues is studied, and it 
is shown why the above time-loss hypothesis is not true for this case.

In Section 2.5, consideration is-1Sgivein to the possible application of 
the time-loss hypothesis to pulse-width-modulated systems-. ;

2.2 FIRST-ORDER SYSTEMS •

Suppose that a system is governed by the equation

c = ac -f u , |u I < I (2.1)

i ■
where initially c(0) = Cq , and at the final time tf, c(t„) = 0.

.'| SI
First consider the continuous case„ The bang-bang principle 

gives that the minimum-time control does not change sign. For one 

set of initial states, the optimal control is plus one for all t in 
the interval [0, t^]. The solution to equation (2.1) is

I. The meanings of this terminology are given in Section 1.4.



c(t) = c(0)eat -J- eat e-aiu(v) dr (2.2)
O

Nox-Ir assume that

tf = IcT + 0T , 0 < 0 < I (2.3)

where T is the sample period for the sampled-data' controller to be 

considered later in this section and k is a positive integer or zero. 
Thus, for u = '-J-I,

5^

e(tf) c^ea(k+0)T + ea(IofG)T d T (2.4)

Solving this equation in terms of the initial state Cq gives

e-a(k+0)r _ 1
(2.5)

Now consider the discrete time case, and suppose that-,a control 

signal qf plus one is applied from t equals zero to t = kT seconds, 
and some; control level u^ is applied from IcT to (Iofl)T seconds such 
that at the end of (k-fl)T seconds, c equals zero. If it can be shown 

that the;magnitude of u, is less than one for this interval, the im­

plication is that the discrete system, will never take mope,-than T 

seconds'longer to regulate than does the continuous system. The so-
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lution for the discrete case is

c(t_) = O  = cAea(k+l)T J a(k+l)T r -ar+ e L J e
(Irt-I)T dr + J u _e 
' IcT

-ar

This equation can be solved for u^, and Cq can be replaced bj 
right-hand member of equation (2,5) since the initial states 
assumed to be identical. This gives, after simplification,

uIc =
(l-e)aT .aT © — ©
I - .e&T

Equation (2.7) x-riU be broken down into three cases.

Case I: a < 0,
This implies that

I - eaT- > 0

for all values of T. Similarly,

e(l-e)aT - oaT > 0

for all values of T. . This implies that

u ^ > 0

dr]
(2.6)

• the ■ 

are

(2.7)

(2.8)

(2.9)

(2.10)
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Also,

0 < /I-*)*? < I (2.11)'

This means that the numerator of equation (2.7) is always less than 

the denominator. Thus

0 < < I (2.12)

Case 2: a >  0.

I - e < 0

g(l-6)af _ @aT < Q ■

'Thus,

and

U k  > 0

;< ' 

both numerator and denominator of equation (2.7)

(2.13)

(2.14)

are negative

(2.15)

Also,

ea-9)aT: > i (2.16)
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Therefore the numerator of (2,7) is less negative than the denominator.' 
Thus,

0 < V <:L ' (2.17)"'

Case 3: a =  0.

Take the limit of equation (2.7) as "a" approaches zero. 'This

gives

uk = 6 ■ (2.18)

where, of course, 0 is between zero and one. •

It is obvious that an initial choice of minus one for the optimal 

control would give similar results. This concludes the proof of the 

time-loss hypothesis for first-order systems.

2.3 SECOND-ORDER SYSTEM WITH KEAl EIGENVALUES

The time-loss hypothesis will be justified by relating the R, 

regions of the discrete-time system, tp the kT-minimum is;ochrones of. 

the continuous system. A t-minimum isochrone is the locus of all 

points in state space from which the- origin can be reached in a mln-
i . ' 1. .

imum time of t seconds. In the remainder of this chapter, the word 

minimum will, often be omitted* as all isochrones w ill be assumed to ' 

be of minimum time. In.Section 2.3.1, several theorems, regarding



58
the isochrones, regions and the switching, curve will be stated and 
proven for a plant having one pole at the origin in the s plane; that
is, for the plant l/s(s+a), with "a" nonzero. The time-loss hypothe-

aTsis will then be proven for the special case, e greater than two.
In Section 2,3.2, the theorems m i l  be extended to the case of two 
nonzero poles which are real and distinct; that is, for the plant

double integrator will be considered, and the time-loss hypothesis will 
be proven for the special case when the sampling period is less than 

one second,

2,3.1 ONE EIGENVALUE AT ZERO
Suppose that for values of t between 0 and T, the system is 

governed by the differential equation

which is the same as equation (1.3). As in Chapter I, a change of 
variables will be made, so that the working state equation is (1.6). 
The resulting r̂  , as defined in Chapter I, will be repeated here for 
convenience.

!/(s-t-X^Xs+Xg)» the time-loss hypothesis will be proven for e^" and 
e^"^ both greater than two. In Section 2.3.3, the special case of a

c(t) + ac(t) = u |u| ^ I (2.19)

-ekaT(l-e-aT)(l+a3X 7 a s" 
■ T/a

(2.20)
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The following theorems may be more easily visualized by consider­

ing Figure 2 .3  s which -portrays a finite region of the state space con­

taining the switch curve, kT isochrones and R  regions for equation

(1.6), with "a” equal to plus one. Similar curves are displayed in- 

Figure 2 . 4  for the plant l/s(s-l), i.e. for "a" equals minus one.

Also shown in Figure 2 . 4  are the boundaries of the controllable region 

for this, plant. In this case, all states for which ] | <  */”2 are .

controllable.

THEOREM I: The slope of the switch curve at 1<T seconds from

the origin is -(ls-a3) 2ea^ .  ■

PROOF: Because the polygonal curve approaches the switch curve

as T approaches zero [8l, and because: the r^ vector (2.20),; forms the 

polygonal curve at tg = IcT, the .slope.: of the switch curve -may be found 

by holding IeT fixed at t^, and then taking the limit of the:slope of 

the r^ vector as T approaches zero. Thu s , letting Yq denote the upper 

element of r^ and Yp the lower element gives

dy.
dYe
I

t,
Iim — :
^y t,

= Iim slope of r, j 
. T-v-0 'Cft,

■ (l+a8)2(l-e~aT)' at= Iim 
T--O

- (l+a3) t ato (2.21)
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THEOREM 2: The kT isochrone passes through all the vertices of

fW  ■

PROOF: Neustadt [2$] proves that for a linear n ’th-order autono­

mous sampled-data system -with real distinct eigenvalues, the time-opti­

mal control sequence consists of n or fewer alternating "blocks" of 

+ I 1S and - l ‘s f which may be connected by pulses having values between 

minus one and plus' one. However, as is evident from the method of con­

struction of the Rj regions, the control sequence necessary to drive 

a state at an Rĵ, vertex to the origin consists only of the alternating 

blocks of plus and minus one, with no intermediate pulses. For example, 

for a second-order system, the optimal control sequence for the two 

R^ Vertices are +1 and -I. Similarly, for R^, they are +1, +1; +1, -I; 

-I, -I; and -I, +1. For the six vertices of R^, they are +1, +1, +1;

+1, +1, —Ij +1, *■!, -I; —I, —I, —I J —I, —I, + 1 J and —I, +1, +1. Thus,

the sampled-data control sequence for the R^ vertices is identical to 

the bang-bang control of the minimum-time continuous controller. This, 

in turn, implies that each vertex of R, lies on the IcT minimum isochrone',

THEOREM 3; The outer boundary of approaches the IcT isochrone , 

if. T is allowed to approach zero while IcT remains fixed.

.PROOF:' This is an immediate consequence of Theorem 2. Because 

IeT is held fixed, the r^ vectors which form R^ become smaller and 

more numerous, until, in the limit, each point on the R̂ . boundary is



a vertex.
61-

THEOREM 4: The slope of the switch curve is equal to the slope
of one side of the isochrone at their intersection.

PROOF: One side of the R, region intersecting the switch curve

at IcT seconds from the origin is bounded by r^. The corresponding 
section of the polygonal curve is also bounded by r,. Theorem 4 thus 
follows from Theorem 3 and the proof of Theorem I.

THEOREM 5: All of the isochrones for a system have sides with

an identical slope at corners. This corner slope is equal to the slope 

of r^ as T approaches zero.

PROOF: This follows directly from Theorem 3 and from the fact
that one side of each "corner" of an Rj region begins with r^. For 
the running example, this slope is -(l+a3)2.

'• THEOREM 6: Let the corner of the IcT isochrone'correspond to the .

zeroth vertex of the Rĵ  region. Then the slope of the IcT isochrone
ai I

at'Rj 1 s i ’th vertex is — e (l-i-a3)2* where the i'th vertex is counted 

counter-clockwise from the zeroth vertex if "a" is positive, and clock­

wise if "a" is negative.

PROOF: The proof may best be illustrated by considering the

limiting base of the first vertex as T approaches zero,. The 'slope .of 

the continuous isochrone at that point can be found by finding the
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slope of as T approaches zero while holding IcT equal to one. To 
clarify this, consider the running example, where T equals one, "a" 
equals one, and k equals three. Thus the slope of the three-second 
isochrone is being found at ,the point of its intersection with the 

first vertex of R^. Table 2.1 gives the slopes of the r^ vectors in­

tersecting this point as T decreases. The last entry in the table is 
found by use of equation (2.20), as follows:

SkTz1
slope of rk = — ---^ ' e~aT) (-Vra3)^ _ _e^(l - e~T)2^ 

aT “ “T ■ (2.22)

from which

slope of isochrone at first vertex = Iim
T-=-0i

-B1 Cl - e~T)2^

— 22 e = -3.85 (2.23)

The generalization from the first vertex to the i'th vertex is quite 
apparent. Note that the final vertex always corresponds to "i equals 

k" in Theorem 6. This, in turn, corresponds to the slope of the 
switch curve, as is indicated by Theorems I and 4.

THEOREM -7; The slope of one side of the IcT isochrone at its ' 
corner has a value between the slope values of the adjoining R̂  and

8Ictl sides-

PROOF: Consider two cases; "a" positive, and "a" negative.-
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Figure 2.3 depicts a system, with "a" positive, while Figure 2.4 
depicts the state space for a system with negative "a".

Case I: Positive "a".
First it is shown that the slope of the IcT isochrone is less 

negative than the slope of , which forms the adjoining side of 

Rj That is,

. (1+a3)i  e<k*l)al < _a+aS)*ekaT - (2.24)

which gives

aTe
aT

I > I (2.25)

The left side of (2.25) may be written in series form as I + ^f +
+ ... , which is obviously greater than one.

Next it is shown that the slope of the IcT isochrone is more 

negative than the slope of r^, which forms the adjoining side of R,. 

That is

-(l+a2) ^ IeaT -(1+a2)^ IeaT (2.26)

or

< I (2.2?)



(I » e )/aT has no critical points, At aT equals zero* its value is 
+ I, As aT becomes greater than zero, the function is mdnotonically > 
decreasing, approaching zero in the limit.

Case 2s Negative "a".

This case is proven by simply replacing "a" by minus "a" in (2.25) 
and (2.27) and also reversing the direction of the inequalities.

The preceding theorems (and their generalizations, which are 
given in Section 2.3«2) will be used to justify the time-loss hypothesis. 
However, they also have a certain amount of intrinsic value, since 
they shed some light on isochrone configurations and their relation to 
the switch curve and the Rj regions.; In addition. Theorems 2, 3* and 6 
provide a handy method of sketching an isochrone to any desired degree

I
of accuracy. It is much easier to approximate the IcT isochrone with

'V ' Li :•
the Rjc region and the proper slope relationships than it is to find 

and use an exact analytic expression for the isochrone.
Two other theorems which will be needed.are proven by Athans and 

Falb Ql/]. Simply stated, they are l) ;the minimum isochrones are con­

vex; 2) the minimum isochrones increase their "distance" ,from the 
origin in a "smooth" manner with increasing time. 1 ■ /

The general justification of the time-loss hypothesis, proceeds 

as follows for the second-order case. Figure 2.3 will be,used for 
reference. First, make the assumption that any'kT isochrone does not
: ■ . 'i ■ \ ‘ ' .extend into region « (For example, in Figure 2.3, the. two-second

64



65

isochrone touches, but does not enter R^.) Note that any point in the 
state space "external*1 to the IcT isochrone takes more than IcT seconds 
to reach the origin if controlled by a continuous controller. However, 
those points within can reach the origin in (k + 2)T seconds or
less, by discrete control. Thus, if the original state location is 

in R*^2 but external to the IcT isochrone, the hypothesis1 is proven.
Now consider the states between the IeT and (k-l)T isochrones. These . 

states all take more than (k-l)T seconds to reach the origin by contin­

uous time control. This region is all within R*^^; that, is, less than - 
(k^l)T^seconds are required by the discrete controller. Hence the 
time-loss hypothesis still holds. . Since the same arguments may be made 
about the (k-l)T isochrone, the hypothesis is proven, subject to the 
validity of the initial assumption in this paragraph.

The principal argument for the validity of this assumption is 

Theorem 7» It is obvious that the corners of the kT isochrone will 
always touch R ^ g ’ ^be geometry of the isochrone in this vicinity 
thus seems to. be the most critical. However, Theorem 7 gives that the 

IcT isochrone at its corners will always be sloping away from the outer 
boundary. of R ^ ^  (which is also the inner boundary of . For points
on the kT isochrone away from the corners. Theorem 2 strongly indicates 

that they will be "drawn away from" , " Another factor is,that the 
magnitude of T should not matter in any general proof of the time-loss 
hypothesis since varying T doesn’t really alter the various geometri­

cal shapes in the state space, only their scale. Inspection of the
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construction of the Rj regions for higher-order systems (see Figures 
10, 11, 12 and 13 itt Desoer and Wing [9]) indicates that similar ar­
guments can be used to justify the extended time-loss hypothesis for 
those systems.

The verbal statements of the preceding proof will now be examined 
in detail for the running example of this section. The approach is to 
divide the lower side of the IcT isochrone into segments, and to show 

that each segment does not intersect Rj^g. The isochrone segments are 
formed by moving away from each vertex by half the Y2 distance (T/a) 
to the next vertex. To put it another way, start at a corner of 
the isochrone and mark off a new segment each time a horizontal dis­
tance of T/a is reached. Now consider those segments proceeding out 
of the Rjc vertices to the right. It is easily seen from a slight gen­
eralization of Theorem 7> and from the convexity property of isochrones, 
that the slope of the isochrone segment is such that it moves away from 
the Rjĉ  segment directly below it. Thus, these segments will never 
intersect. Now consider the isochrone segments going to the left of 

the Rj( vertices. In this case a linear approximation of the isochrone 
segment will be used to show nonintersection,■ The i‘th vertex of Rjc 

will be assigned a reference value of zero. Thus,

Y-̂  (kT isochrone segment to left of i’th vertex) > -ea^(l-fa2)^(-^)
(2.28)

for i = 0, I, 2, ... , k-1, and it must - be shown that this value is
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greater than the value of the boundary segment directly below
(see Figure 2,3).• Thus,

(kT isochrone segment to left of i’th vertex) > Y^C^) — Ŷ ('r^) ** a
(2.2?)

where a is the portion of y^(r^) which is directly below the isochrone 
segment. Thus,

p eai (l+aa)* ̂  >  -ekaI(l - B " a T ) i i t p !  +'

' (Up) elaI(l - e-aI) X i t p l

, 0 < p < I

or

-p B a l  <  [  B ltal -  (I + p) elaI ] ( i - ^ ) .  '

In the worst case, k equals i I. Thus,

~aT
-P ea:L < eiaT [ eaT _ (I S- p)](1 ~ -- ) '' (2.32)

Again, for the worst case, let p equal one on the right-hand side of 
the inequality while p equals zero.on the left-hand side. Thus

(2.30)

(2.31)
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O < G14t CeaT - 2)(~ (2.33)

Not© that e is always positive; (I - e“ )/aT is also positive if 
"a" is greater than zero. Thus, to satisfy inequality (2.33)» eaT 
must be greater than two. This means that the hypothesis is proven 

for products of aT greater than .693. However, it does not mean that 
the time-loss hypothesis is invalid for other values of aT, only that 

the approximations made in the above development are not accurate 
enough.

2.3.2 DISTINCT. NONZERO EIGENVALUES
The plant of Interest is !/(S-X^)(S-Xg), where neither X^ nor

Xg are zero, and they have different values between plus and minus 
one. The corresponding state equation is

V1(T)'
sr

O S H=
 O __
I

+

~ (I -  eXlT) - 
X l(Xi-X2)

u(0) (2.34)
Y2(T)_ S ^ t Y 2 ( O ) (I -  eX2T)

The eigenvectors have not been normalized in this case. The r^ vec­
tor is found to be
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rIc =

e-UiT^XlT I ) ,

" xZi

3-kX2T(eX2T- I) 
^2^2 “

(2.35)

Theorems 2, 3, 4 and 5? and their proofs, hold for the above system. ,■ 
Theorem I may be derived to give the slope of the switch curve at tQ 
as

dY2
= -e ̂ 2-^1) tO (2.36)

Similarly, Theorem 6 may be modified to show that the slope of the IcT 
isochrone at the i‘th vertex of R  is - e ^ 2 ”^l)i< The i'th vertex is 

counted clockwise if is less than X2. The statement of Theorem 7 
still holds, but, because of its importance, it will be proven for this 
case. It is necessary to prove either the upper or lower set of ine­
qualities in (2.37).

slope of r, 0 slope . of IcT isochrone 2 slope of r,k+l (2.37)

In this case,
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X2(X2-X1)3^1M (e^-l) § _ a a .Xl)kT $ 'X2CX2-X1 )a^ l kT(l-B-XlT) ■ 
Xl(Xl'"X2)e"X2lCT(eX2T-1) S X1 (X1-X2)S-xS1ct a_e"X2T)

,! (2.38)
which reduces to

\ 2 ( e X l -I) ^  ̂ ^ ̂ (i-e xI1)
X1CqxSt-I) X1(I-S-x St) (2.39)

It can be assumed without any loss in generality that X? is greater 
than X1 . The proof is broken down into three cases.. f , 3.::’

Case I: Both eigenvalues positive. ,1
The right side of (2.39) can be written as

(1 - S-xIt V x1T

(I - e-X2T)/x2T (2.W) .

which is greater than one since the function (l-e-x)/x is monotonically 
decreasing.

Also, the left side of (2.39) may be written as

S X^"1.: T1VkJ ,
Ie=I X

2 Xlc-1 Tk/kJ 
k=l ^ ■

(2.41)
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which is obviously less than one.

Case 2: Both eigenvalues negative.

For this case, change the sign of and assume X. is positive 
(2,39) may thus be written as '

X2(I-Q-xIt) ^ < X2(eXlT-l) ■

X1(I-Q-xSt) > X1(QxSt-I) , (2,42)

which is really the same as Case I.

Case 3: X2 positive» X1 negative.
Change the sign on X1 and assume X1 is positive, (2.39) may be

’ ■ ■ . I !
written

(I-Q-xIt )Zx1T < < (BxIt-I)Zx1T

(OxSt-I)ZX2T > (l-e-X2T)ZX2T (2,43)

The statements following inequality (2.25) show that (eXlT~l)ZX.T is 
greater than, one, while those following inequality (2.27) show that 
(I-Q-H t )ZX1T is. less than one. Thusi9 the upper set of inequality 
signs holds in (2.43).,

This concludes the proof of Theorem 7 for two. nonzero, distinct 

eigenvalues. If the eigenvalues are not distinct, a similar proof 
can be developed.
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The time-loss hypothesis is easy to prove for the special case 
of both X1T and X^T less than -.692. In this case, each'of the r^ 

components in equation (2,35) doubles as Ic is incremented! by one. As 

Figure 2,5 illustrates, the IcT isochrone to the right of the ver­
tices will always be sloping away from the segment of ^ directly 

below it. This is an immediate consequence of Theorems 2, 6 and ?•
Once again, it must be emphasized that the proof of the hypothesis for 
this special case does not indicate that the hypothesis fails for other 
cases —  for example, see Figure 2.6' which illustrates the state space 
for the plant l/(s+l)(s-l).

2.3.3. DOUBLE INTEGRATOR
Here the plant is l/s3. The state equation is

[cCi)!
.O(T)J

I
O

T
I

o(0)
i&(0) (2.44)

and the r^ vector is ....

f(k_i)T*l 
r,. =  I I
1 L -T j (2.45)

All of the theorems previously developed, or variations of them, hold 

for. this system.. In particular,' the slope of the IcT isochrone at the 
i ’th vertex of Rj can be shown to be ~i» This leads to a proof (sim­
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ilar to that in Section 2,2,1) of the hypothesis for another special 
case* The inequality (corresponding to (2,29)) which must be satis­
fied is

piT > - (k~i)T3 * (l-:-p)(i-i-)Ta, ■

i =: 0 o I » 2 s , o e e k-1; 0 < p I ,
, (2.46)

Once again* for the worst case, let k = i+1.- Thus6

p(i-i)] T 

i'+ i) T

i(T - I) .< A  + &) T (2.4?) .
P

which is satisfied for all i and p if T. is less than or equal to one,

2.4 COMPLEX CONJUGATE EIGENVALUES

In this section it will be shown that the time-loss hypothesis 

is not true for a plant with complex conjugate poles,. The simplest 

plant of this type, the harmonic oscillator, will be analysed. The 

transfer function is l/(ss4-ws), and in particular, w will be set equal 

to one in the running example. The differential equation for this ■ 
system is

■Pi < Cl

•i < (I'
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c(t) + c(t) = u(t) , -I < u(t) <  I (2.48)

It will be advantageous to summarize initially certain properties 

of the continuous-time optimal control for the plant l/(1S3H-I)0 This 
material is covered in detail by Athans and Falb [l].

The first factor of interest is that the time-optimal control is .
1

piecewise constant* and must switch between the values plus one and 
minus one. This is also a property of the plants with real poles, 
which were considered earlier. The second factor of interest is that 
there is no upper bound on the number of switchings of the time-optimal 
control, A third property is that the time-optimal control can remain 
constant for no more than rr/w seconds. Properties two apd'ithree stand 

in marked contrast to the second-order system with real eigenvalues 
whose time-optimal control has,,at most, one switching, but has no limit 

on the time spent at either signal level.
The switch curve for this system.: is also quite different from 

the real eigenvalue system. It;is formed by a series of. ,semicircles 
centered along the c(t) axis, as is indicated in Figure Some

typical'optimal trajectories are alsq illustrated, Not©| that only-. 
the two semicircles closest to the origin form portions of; optimal 

trajectories. ' ill ^
Within the circle with radius 2/w about the origin, ■ the minimum 

isochrones are composed of two circular arcs, (This circle is, itself,
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the rr/w isochrone.) These arcs meet at "corners", thus resembling 
the isochrones previously discussed. External to this circle however,
the isochrones are formed by four circular arcs and are differentiable

I : ; ' :
everywhere, i.e, they do not have, corners. An additional property is 
exhibited by the irr/w isochrones, where i is a positive integers in 

this case, the isochrones are circles about the origin of radius 2i.
With this background, it becomes fairly evident that the time- 

loss hypothesis discussed previously for real eigenvalue systems should 

not be expected to hold for the harmonic oscillator, or for", any system 
having similar time-optimal controls; i.e. those with complex conjugate 
eigenvalues. The reasoning behind this is as follows. Asithe initial 

state of’the system is moved farther from the origin, the: continuous 
minimum-time control will require more switchings, with the, length of 
time between switchings being fixed, ,However, the samplecifdata con­

troller can only allow switchings ■ to occur at the sampling , instants. 

Since the sample period will not, in general, be the same ps,the time
between continuous-time switchings, it is reasonable that,, ,as more .

' <
switchings occur, it is less likely that the discrete minimum time will 
be close !to the continuous minimum time. ,|

Definite counter examples tq•the,hypothesis are illustrated in 

Figure 2.8, in which the I, 2, 3 and 4; second isochrones are;.drawn 
along wit,h Rg, R^9 and part of ,;R<- for a sample period .of one 
second. -iThe r̂  vector in this case is:



(2.49)* U — . i
L-»46 sin k - »842 cos k„

The sampled-data minimum-time control sequences for the R  vertices
i: ,

are also listed, with indicating a plus one signal, and - indicating 
a minus one signal. Note that the first counter examples''occur near 
those vertices of at which the control sequences -H-M- and — —  are 
optimal. The areas external to R^ but internal to the three-second 
isochrone contain states which take five seconds to reach' tiie origin 

with discrete control and less than three seconds to reach1 the origin 
with continuous control. Thus, for a second-order system, the time- 

optimal discrete controller takes more than two seconds longer than 
the time4optimal continuous controller for certain initial states. An 

important point to be considered -is that the vertices mentioned' above 
do not lie on the four-second isophrone. This is, of course, in contrast 

xflith real-eigenvalue systems, in -which-, all R, vertices lie -pn the IcT 

isochrones. Note that the vertices of, R^, R^ and Fy, havprno more 
than one-, switching and never correspond to control sequence'??; staying 

plus one:-or minus one for more than rr;seconds. Thus they correspond 

to continuous optimal control sequences. On the other hanjd,!:the -H-H- 
and — - vertices of have the -same ,sign for four seconds, and are 

thus suboptimal in the continuous,sense. It is apparent that as k 

increases:, fewer of the R, -vertices will lie on the minimum! isochrones.
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In fact, for k larger than six (and T equal to one second) none of the. 
R̂ , vertices lie on the IcT isochrones, but gradually "shrink away" from 
them. This indicates that perhaps a relationship exists between con­

tinuous i optimal time, the number of switchings, and the discrete optimal 
time for a system with no restrictions in the eigenvalues.

2.5 PULSE-WIOTH-MODULATfiD SYSTEMS ' '
J I

Polak [32] approaches minimum-time control of second-Ofder pulse-
width-modulated sampled-data systems from the same general'point of

view as Desoer and Wing. The thing of interest here is that the state
space is divided into Rjc regions which have the same significance as

< . - ' I.-
in the amplitude-modulation case.

Basically, the method of construction of the R. regions is as ■ 
i ; . ! ’ - I'

follows. First, the switch curve for the continuous-time controller
is divided into segments whose ends correspond to specific;minimum 
times from the origin. Each of these times must be an ihBeg'ral mul­
tiple of the sample period. R~ is the section of the switch curve 
(on each side of the origin) between minimum times zero and ;T. The .

outer boundary of R9 is traced by the, :2T point of the switch curve
' -' , : '

as the segment of the switch curve frpm T to 2T is " slid'j, ̂ found the
; ■ . ' . . '.i,'perimeter of R^., Similarly, Rjc is formed by sliding the !section of

the switch curve between (k-l)T and IdT around the perimeter! |of Rjc 
Figure 2.9 shows several Rjc regions and kT isochrones for'^' double- 
integrator plant. Note that, for. the: region of the state; 1 space which
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is shown, the time-loss hypothesis stated in Section 2.1'holds. Of 
course, no general conclusions can be drawn, but one. important factor 
is evident: as in the PAM case, the most critical areas of the state
space are in the regions where touches , : However^ it is obvious

' i I - J 1 - . . -
that the kT isochrone lies between and in these 1Pbgions. This
follows immediately from Theorem 4, which gives that one'side of each
isochrone is tangent to the switch curve, and from the symmetry of the 

switch curve about the origin, In other words, if the Ic1T- isochrone is 
11 convex" at its tangent point to the switch curve, the critical 
boundary- is "concave" at that point, < This relationship is:,r: of course, 
similar to Theorem 7, which was the principal argument fo'r ,'justifying 
the time-loss hypothesis for the PAM controller. Of course, for first- 
order systems 9 the continuous mihimum time is identical wjith the PHM
minimum'i time,

2.6 CONCLUSIONS

In this chapter, a time-loss hypothesis was proposed which related 
the minimum control time for a real eigenvalue system with a continuous­

time controller to the minimum control time for the same system with a

discrete-time controller.. The hypothesis was investigated in detail
. 1 . i ■ i 11 (■, ’ .

for PAM control of first- and second-order systems, resulting in a proof
of the hypothesis for first-order systems and certain special cases of

- ■ I I;!';'second-order systems, In addition,■substantial evidence,as presented
supporting the hypothesis for any controllable second-order' system with 

real, eigenvalues. In the process, seven theorems are stated and pro-
I
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von which relate the switch curve, minimum isochrones, and R, regions„ 

A system with complex conjugate eigenvalues is also studied to pro­

vide further insight into the continuous versus discrete* controller 

relationships. Finally, a brief introduction to minimum-time PWM 

.control is given, and the feasibility of extending the hypothesis to 

FWM systems is indicated.

The need for future research in this area is evident. The in­

formation presented in this chapter indicates the possibility of a 

significant relationship between the minimum control times taken by 

a continuous controller and a PAM orfPWM controller, and;it would 

certainly be an important result if such a relationship !could be 

proven in general.
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r(t)=0 +

n state
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inputs

computer

Figure 2.1. Continuous minimum-time system.

*— —

n state
variable
inputs

Figure 2.2. Sampled-data minimum-time system
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upper half of 
switch curve

' i \

IcT = 3
isochrone

Theorem 7

Theorem 6

Figure 2.3 State space foi* plant characterized by I/s(s-t-l) 
and one-second sample period (see equation (1.6))
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-160

—o0 -

x Ri-120

200 -

Figure 2.5. R^t R̂ , R0 and R^ for the plant characterized by 
1/(s+0.693)(c+1) with a one-second sample period. 
Slopes of the three-second isochrone are also shown 
(see Section 2.3.2).
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Figure 2.6. R^1 R2, and R,, for the plant characterized by
l/(s-l)(s+l) and a one-second sample period. Also, 
minimum isochrones for one, two and three seconds 
are shown.
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typicalcurve

• >"

switch
curve

# U -

Figure 2.7. Switch curves and two typical trajectories corresponding 
to the plant characterized by l/(s3+l).
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/

-H-H-,+ _ /

ITnTTiT.:
A  +-

Figure 2.8. R^, R^, R^, and a segment of the boundary of for the
plant characterized by l/(s2+l). The sample period is one 
second. The vertices are labeled with their proper minimum- 
time control sequence. Also shown are the minimum isochronos 
for one, two, three and four seconds (soo Section 2.4).
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"i*"t I I ' - T r t - ^ T  ( ’ »t-i 1 —

switch curve

one-second 
'isochrone

-2

Figure 2.9. R^. Rg and for PVJM control of the plant characterized
by l/s2. The sample period is 0.5 seconds. Also shown 
is the one-second minimum isochrone.
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Table 2.1. Data.illustrating a method of finding the slope of. the 

three-second isochrone at the first vertex of IL (see 
Theorem 6). ^

slope of slope of
adjoining adjoining adjoining adjoining

T . rk' . rk • rk+l : r

I

0.5 ,

0.25

0.125

1S
R,•6
%12

rI . -2.43 . r2 -6.6l

r2 -3.03 r3 . -4.98

r4 -3.40 r5 -4.36

r8 -3.62
K r9 -4.10

rco -3 «85 .1 • 1W i ir 3 .-i850



CHAPTER 3
DEADBEAT RESPONSE.TO PARABOLIC INPUTS WITH MINIMUM-SQUARED-ERROR. 

RESTRICTIONS ON RAMP AND STEP INPUTS '
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3.1 INTRODUCTION

It is well known [35, 21] that a digital controller (D(z), Figure

3.1) can be designed for any physically realizable plant (G(s)„ Figure

3.1) such that, for certain prototype inputs, the output will follow 

the input exactly after some minimum number of sample periods; that is, 

the system has a deadbeat response. As in continuous control theory, 

the prototype inputs are usually chosen to be of the form t \  k = 0,

I, 2; i.e. step, ramp, or parabolic. It is known that a minimum-time 

controller designed for a certain input such as l) parabolic, or 2) 

ramp, will also provide a deadbeat response for a lower order input 

such as l) ramp or step, or 2) step, but the overshoot resulting from 

the lower order input is usually much greater than can be tolerated in 

practice. In 1956, Bertram [3] considered the case of step response 
to a deadbeat system designed for a ramp input. He modified the digi­

tal controller design such that the sum I of the sampled step-response 

errors squared was minimized at the cost of a specified increase in 

response time, where

CO

1 = 2  [e('kT)]2 (3.1)
Ic=O

In 1965 and 196?, Bertram’s work was extended by Pierre, 

Lorchirachoonlcul, and Ross [30, 3l]. Tvro significant results which 

they obtained are: l) the overshoot obtained by Bertram’s approach is 

shown to be the minimum possible under the assumed deadbeat response
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constraints; 2) a limit on the performance of such p system is

(n-l)B £.100 (3.2)

where B is the percentage of overshoot resulting from a step input, 

and n is the number of sampling periods used for deadbeat response to 

a ramp input.

In 1967, Lorchirachoonkul [ 2 4 ] .extended this work to account for 

a pure time delay in the system. He shows that the limit on the per­

formance of such a system is ,<=•'

(n-m)B £• 100m (3.3)

where B and n are defined as before, and

7jT*fl<m<^-fr-2 (3.4)

where D is the length of the- pure time delay, T is the length of the 

sample period, and m is an integer. ,

In this chapter, the above mentioned works are extended to para­

bolic inputs. The theory of z-transforms [35p 21] is used throughout 

the chapter. It is assumed that the plant transfer function, G(z)„ 

contains no poles or zeros outside the unit circle of the z plane. 

Intersample ripple, caused by possible zeros within the unit circle,
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is not considered. The performance measure in this case is stipula­

ted here as

1 = 2  [e (kT)]3 + h[e (kT)]2 (3.5)
b=0 r

where Sg(IcT) is the unit step error at the k'th sampling ijnstant,
'' •''©r(kT) is the unit ramp error at the k'th sampling instant, and h is 

a weighting factor. In Section 3\2t equations are derived" to determine 

the coefficients of the closed-loop transfer function that yields a 

minimum of I in (3.5) but subjectsto satisfying deadbeat Criteria.
,'VThe equations are solved for the special cases where n = 4,. .5 and 6,
. 111;

•with h = 0, I and 00, and various step and,ramp responses are .plotted . 

and compared. In Section 3*3» the equations are solved for'.'n. general 
as h becomes arbitrarily large; i.e. only the sum of the ramp errors 

squared n(s minimized. For this use, the performance limit#,! k t

s .  ̂ a
T

*&= : 0-6)
x - :• it

is shown to hold, and this maximum/ error is shown to be Ieps11 'than that 

achievable by any other system (of1 the ..form in Figure 3.1) ',with the. 

same deadbeat constraints.- In Section pJt, the equations o f  Section

3.2 are solved for.n general with I  = %  "i.e. only the step'error 

squared is minimized. It i s . found thatn the step response esdfiibits both 

an overshoot and an undershoot, with the maximum value of tlie-,overshootI i
I - I
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being (n-l)/(n-2) and that of the undershoot being l/(n-2)„ However, 
contrary to previous results, these maximum errors are not1 the minimum 
possible, A linear programming method is given to calculate the closed- 
loop transfer-function coefficients while minimizing the maximum step ■ 
error, and the step and ramp responses are plotted for n = 4, 5 and 6.

3.2 DERIVATION OF THE GENERAL SET OF EQUATIONS

Since the error for a ramp or step input to a system designed for 
deadbeat response to a parabolic input is zero at the Ic1th sampling 
instant for k n, where nT is the deadbeat response time, the per-i1
foraance measure can be written as

M ;

S [e (IcT)]3 + h[e (IcT)]s 
k=0 S r (3.7)

r i.

For the system of Figure 3*1 to have a deadbeat response, it is well- 
known that the closed-loop transfer function M(z) of a physically 

realizable system must be of the form, ■ i :. ■

M(z) = b^z"1 + b2z"2 t -i-. bns“n  ̂ 1 (3.8)

where the b^'s are constants. It is equally well-known that for the 
system to exhibit deadbeat response to a parabolic input,; I - M(z) 
must be of the form ■ , ,, .

I - M(z) = (I _ -I)3(1 4- a^z-I 4- (3.9)



The right-hand member of equation (3.8) can be substituted for M(a) in 

equation (3.9)» and the coefficients of like powers of z can be equated 
to yield the following relationships.

bI '= 3 -  aI
b^ = -3 + 3 ^  " ap
b^ = I —_ 3&2 3a2 ~ a^

b4 = â  - 3a2 +- 3a-̂ - a/|
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' -;: i

ak-3 " 3ak-2 + 3aIc-I - aIc (3.10)

bn-3 an-6 ~ 3an-5 + 3an-4 ” an-3 
bn_2 = ah_5 - 3an_4 + 3an-3 

bn-l “ an-4 ” 3an-3 

^n = an_3

The ramp error at the sampling instants, e^(kT) = r (lcT.) - 'c (IeT), can 
be found by noting that C^(z) = R (z)M(z)» where C (z) is the z-trans-' 

forrn of c^(t) and R_̂ (z) is the z-transfomi of r^(t). M(z) is given by 

(3.8) and %^(z) equals Tz "*"/(I - z"*̂ ")2. The step error is found sim-
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ilarly, except that Rg(z) equals l/(l - z Thus, the step and ramp
errors are found to be

k CD to 5 e^(kT)

0 i 0
I I - b^ T '
2 1 ” bI - b2

I—
iJ"1ICX2I__
I

£-i

3 ■ 1 " bI ” b2 ™ b3 T [ 3- ~ b2 - 2 ^  ]
4 . 1 " bI ™ b2 ~ b3 ” b4 T [ 4  - b^ - 2bg - 3b^ ].

’l " ‘

•
•

(3.11)

k -L ■■ ”* bg • e * T [ k - bk_;L - 2bk_2 ... -(k-l)b1 ]

By use of (3.11), the performance measure (3.7) can be written as

n-1
I = I + [l-b.]~b2,. .-.bjc32 + h.T2[k-t)^_2-2b^_2. ..-(k-2)bp-(k'"l)b]_]2

(3.12)
Equations (3.10) can be used to write the performance measure in terms 
of the a^’s. This yields, after simplification.

n“32 (a,-2a.
Ic=I K

-i- an_4 "" ^n-3*n-4
(3.13)

(5+hT3)a2' + hT3 + -In-J
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where = I, = O for negative i, and n ^  4.

The equations resulting in the a' *s which minimize I in equation 
(3.13) may be found by the classical approach. Thus,

= 2(ar 2) + hT22(a1-l) _ 4(ag-2a^l) _ hT=2(ag_a^)
4- 2(a^-2a24-a^) = 0

= 2(a2-2a1+l) + hT22(a2-a^) - 4(a^-2a24-â ) - hTa2(a^~a2)
2(â -2â -i-a2) = 0

3J 
3 a, 2(a^-2a24-â ) 4- hTa2(a^—a2) — 4(a^—2a^4-a2) -» hTa2([a^—a^) 

4* 2( a^—2â 4-a^ ) = 0

(3.14)

31
Sa î  = ^ n - r ^ n - S ^ n - S 1 * ~ 4(V s - 2V ^ an-Sj

- M=2(an_3-an_,t) + Z a^ifi - 4 » ^  = 0

31
3an-3 2(an-3~2an-4+an-5-) hT22(an^3-an_4) - 4an-4

+ 2(5+hT2)an . = O  n-J

Equations (3.14) may be simplified to give,
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O — (6 + 2\)a_̂  + (-4-X)a2 + — X — ^

O = (-^-X)&2 ■*■ (6+2X)ag **“ X)a^ + + I
O = **” (— (^+2X)a^ + (—4—X)a^ +a^
#  o  *

. * (3.15)
• ® e

0 “ an-6 + (-4-X)a^_g + (6+2X)an_/+ + (_4.X)a^_^

0 = an-5 + (-^-X)an_^ + (6+2X)an_3

•where X equals M 3. ■ r.

Because of computational difficulties, the above set of equations 
will not be solved for the a_'s as functions of both n and X. Instead, 
they are solved for n = 4, 5 and 6, with X as a parameter. Various 
responses will then be plotted for X = 0, I and <x>. Since X = hTs, the 
implication is that the sample period, T, is held fixed, while h = 6, 

l/T3 and 00. In Section 3*3, the 1 s a,re calculated for a general n 

if only the ramp error is considered in the performance measure, while 
in Section 3.4, the a^'s are found with only the step error considered.

Table 3.1 gives the a^’s for n = 4, 5 and 6. The b^'sare cal­

culated. from equation (3.10) and are also listed. Figure 3«£ shows the 
step response for n■ = 5, with X = 0, I ,and and Figure 3^3; gives the

corresponding ramp response. (Figures 1.2 through 1.10 depict various 

responses: at the sampling instants^ The data points are connected by
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straight line segments for clarity.) Since the responses are quite 

similar for X = O and «•, and the response for X = I generally lies in 
between, only the parameter values X = O and X = 00 are considered in

I
subsequent plots. Figure 3.2 evidences the fact that a smaller maximum 

step overshoot results if the step error squared is minimized rather 
than the ramp error squared. This is. not surprising in view of pre­
viously published results.[30, 3l], However, it should be noted that 

an undershoot also occurs which is smaller if the ramp error squared 
is minimized. Another somewhat surprising result is that the transient 
response for X = 0 is really not much different quantitatively than 

for X = 00. For example, the percent step overshoot is 10©$'if X = O 

and 133$ if X = c®, while the percent undershoot is $0$ ifnXf= 0 and 
33$ if X = °o. Similarly, the maximum ̂ percent ramp error SrSi r5©$ with 
X = O and 33$ if X = °°. Figures 3 A  and 3.5 give the step-and ramp 
responses for n = 4 and n = 6.. These show that as n is increased, the 
peak transient errors decrease. This'.will be examined in more detail 
in the next two sections.

3.3 GENERAL SOLUTION WITH MINIMUM RAMP-ERROR-SQUARED PERFORMANCE 
MEASURE

The set of equations, for a minimum ramp-error-squared criteria
' ' . can easily be found by letting X become arbitrarily large in equations

(3.15). ' This gives
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O = Za1

° =  - an-3 “ an-5

0 = 2aH-S “ an_4

(3.16)

These equations may be solved simultaneously to give I 1

aIc * ' k = I, 2, ... , n-3 (3.17)

. It x-rill now be proven that these a^'s result in the minimum of 

the maximum ramp response error. Equations (3.10) and (3.1l) indicate 
that the error in the ramp response at the k ?th sampling instant is

ek = (aIc-I - ak-2)T' I < k < n (3.18)
i '

Substitution of (3.1?) into (3.18) gives

(3.19)

6 is any positive! number.

®k = " n-2 I < k <! n

Now suppose any a ^  is varied by -5, when
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Then

(3.20)

which is larger in magnitude than any previous error. ■ Now let any 
1 be varied by +6 where 5 is any positive number. Then

which is also larger in magnitude than any previous error; i.e.,

Thus, any set of a^'s other than those given by the minimum;ramp-error-, 

•squared criterion will result in a larger error magnitude?iat some 
sampling instant. It should be pointed out that this proof differs 

somewhat from that used by Pierre", etdal. [30, 3l]. They use only the • 

”b^ equations” in their proof that the step overshoot is minimized 
when the- closed-loop transfer function; fulfills a minimum^step-error- 

squared criterion subject to satisfying the deadbeat constraint at 

t = nT, A generalization of their stated result is that the step 

overshoot for the minimum step-error-squared criterion is less than 
that for any system (of the type in Figure 3,1) which give^,-a ramp 

response passing through'nT at t = nT.i,

6 )T (3.21)

(3.22)
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It follows from Figure 3.1 that

D(Z)Gp(z) = 53^ .
I-Cb1Z-^ b 2Z"2+.. .+bnz~n)

(3.23)

Using equations (3.10) and (3.17), the b^'s are found to be

bI - ■

b2 .= -  a

bIc

o'Il 2 < k < n-1

bn-l = -  a ;

bn n-2 : ‘ I

(3.24)

Thus, the equation for the digital controller is found to'tie

D(Z) = _ 1 _  (2n-3)Z-:L-(n-l)Z-2-Z-n-!'hZ-n '■ ( „)
Gp(z) (n-2)-[(2n-3)B-^-(n-l)z-2-z-^\-z"^]

It is also of interest to determine what the step■and ramp re- ■
sponses will be if the number of samples to parabolic deadbeat is
allowed to become arbitrarily large. .This can be done by taking

Iim b. in equations (3.24) and using the result in equations (3,11). 
n-»<x)

Thus,
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bI
hZ = -1 
bK =  0 k > 2

(3.26)

This gives a stefc error of -I (100^ overshoot) and the unavoidable 

ramp error of T at Ic=Q., while both responses have zero error for 

k  >  I, (see Figure 3.6).

3.4 GENERAL SOLUTION W T H  MINIMUM STEP-ERROR-SQUARED PERFORMANCE 
MEASURE

The set of equations for a minimum step-error-squared criteria 

can be found by setting A equal to zero in equations (3.15). This 

gives

4  a S 4a2 +  a3
-I a - S +  6a2 — 4a^

0 = ' flI - 4a2 +  6a_

+  a,

- 4a, +  a.

(3.27)

0 =

0 =
O a  a

an-7 " ^an-6 + 6an_5 - 4an_/j, + a ^

an-6 - 4an-5 +  6an-4 " 4an-3 

n-5 ” 4an-4 +  ^an-3
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After some tedious manipulations„ this set of algebraic equations 

can be solved to give

ak =
C k+1)(n-k-1)(n-k-2)

(n-l)(n-2) k —  1 1 2, e » e I n-3 (3.28)

Equations (3.10) can now be solved to give

■u -6
k =  (n-l)(n-2)

bn = r r i

I <  k <  n (3.29)

Note that, in this case, as n-»*o, b^ equals I, while b^ equals 0 for 

k >  I. This implies (equations (3.11)) that the step response error 

is zero after the I c = O  sampling instant. On the other hand, the ramp 

response has a constant error of T for all k >  0 (see Figure 3.6).

Once again, the corresponding digital compensator m a y  be deter- . 

mined.

D(z) =

________ (n_2)(n+3)z-l(l_z-l)-6(z-2_z-")+2(n_2)z-*(l_z-")
G (a) (n_l)(n-2)(l_z-l)_(n_2)(n+3)z-l(l-z-l)+6(z-2_z-*)_2(n_2)z-*(l_z-")

. (3.30)

Note the increased complexity (more memory elements) of this controller.
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It might be guessed that minimization of the sum of the step 

errors squared would also minimize the maximum step overshoot, as it 

does with a deadbeat ramp constraint. However, this is not the case. 

This is best demonstrated b y  a simple counter example. Let n =  4.

From equation (3.27), a^ is found to be 2/3. This, in turn, gives 

step errors of e^ =  -4/3, e^ =  -l/3» and e^ =  2/3. Now suppose a^ has 

the value I. The resulting errors are e^ =  -I, e^ =  -I, and e_ = I, 

which have a smaller maximum error magnitude ( |e^| = 1 )  than for the 

previous case ( |e^J =  4/3). It can be shown by reasoning equivalent 

to that used to derive equation (3.22), that a^ =  I indeed minimizes 

the maximum step error. Similarly, the a^*s and b^'s which minimize 

the maximum step errors for n =  5 and n =  6 can be calculated, and 

are listed in Table 3«2° The corresponding step and ramp responses 

are plotted in Figures 3.7 and 3.8. A  comparison of the.step and 

ramp responses for the three different performance measures is made 

in Figures 3.9 and 3.10 for n =  5.
As n becomes large, it becomes quite tedious to calculate the 

a ^ ’s for the "min-max*1 performance, measure discussed above, For large 

n, linear programming techniques [42] are quite useful. In this prob­

lem the performance measure to be minimized is max |e^| , i =  I, 2,

... , n-1, which is nonlinear. However, it m a y  be linearized by in­

troducing an auxiliary variable g such that
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S  +  S i  >  0

e - Si >  0 i =1, 2, n-1

This implies that

(3.3D

S ^  I I » i — I, 2, ..., n—I ■ (3»32)

whioh in turn implies that minimizing g minimizes the maximum value ' 
of I e± I for i = I, 2, n-1. .

\s an example, the standard linear programming equations will be
set upL for the case n = 4. I •

The error equations in terms of the a^'s are

■ ■ i: .

1

eI = aI - 2
©2 = -:2â  + I (3.33)

a3 = V
:

Combining equations (3.31), and (3.33) gives
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g *. B1 ~ 2 ^  0
g - O1 + 2 0
g — 2a^ + I 0

g + 2 ^  - I ^  0

g'+ ' S1 >0
S - &]_ 0

(3.34)

Since is unrestricted in sign, the relationship

aI = a+ - a_ (3.35)

is introduced, trith a+ 0 and a ^  0. Also,' the inequality constraints 
may be.replaced by equality constraints if slack variables, > 0, 
are introduced. Thus, the final set of constraint equations is

g + a+ - a - = 2

-g + a^ - a_ +  Xg =  2

-g + 2a^ - 2a + =' I
g + 2a, - 2 a  - x,, = I (3.36)

g + a+i- a_ - = 0
g - .+ a_ - X6 = 0

and the !performance measure to be maximized is
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p = -s (3.37)

The problem is now in standard, linear programming form.

3.5 CONCLUSION

In this chapter, the works by Bertram [3] and by Pierre, 
Lorchirachoonkul, and Ross [30, 3l] are extended to prototype inputs 

of the parabolic type. The coefficients of the closed-loop transfer 
function of a system which is designed to give deadbeat response to 
a parabolic input are determined by minimizing either the sum of the 

square of the errors at the sampling instants for a step input, or a 

ramp input, or a weighted combination of the two.
In Section 3.2, it is shown that the step and ramp responses for 

the various performance measures mentioned above are quite similar, 

quantitatively, for the special casesnof 4, 5 or 6 sample, periods to 

deadbeat. In Section 3.3» only the ramp error is considered in the 
performance measure, and a maximum error performance Iimifckiis derived. 
In Section 3*4, only the step error is1 considered: a formula: for cal­
culating the maximum step overshoot and undershoot is derived in terms 

of the number of sample periods to deadbeat, but, in this;case„ it is 

shown that these are not the minimum possible under the deadbeat con­
straint. A different performance criterion, that of minimizing the 

maximum absolute value of step response error, is introduced; and a 

linear programming scheme to determine., the coefficients ofvfcjhe closed-
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loop'transfer function which satisfy this criterion is presented.



---D(z)

Figure J.l. Closed-loop system with digital controller.
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Table 3.1» Transfer Function Coefficients for Squared Srror 

Performance Measure with n = 4, 5 and 6.

n ai bi

4

5

6

4 + X 
aI - T + 2 X

b2 = 4 t l
b3 = 4 t a  
b4 = i r i

2Xs4-13X4-20 
aI * 3X*+l6X+20

7Xsh-3 5X+40
~ 3X 4̂-16X4-20

XsH- 6X4-10 
2 - 3X*+l6X+20

-4XS-15X-10 
°2 - 3X^4-16X4-20
b .. . -  5X-10
3 “ 3X 4̂-16X4-20

-Xs- 5X-10
4 “ 3X̂ 4-16X4-20
i XS4- 6X4-10
5 “ 3X 4̂-16X4-20

3Xa+26Xs+71X+60 
aI " 4X̂ 4-30X^4-70X4-50

9X*+64XS+139X490 
I - 4X^+30X^+ 70X4-50

2Xa+17Xs+48X+45 
2 - 4X*+30X^+70X+50

-5Xs-29Xs-45X-15 
0Z - 4Xa430X^470X450

Xa4- 8Xs4-21X4-20 - 5XS-20X-15
a3 ~ 4X*+30X*+70X+50 3 " 4X^4-30X^4-70X4-50

- X3-IOX-I5 
.4 _ 4X̂ 4-30X^4-70X4-50
H -Xa- 7Xa-15\-l^
5 - 4X^+3 OXy+? 0X+50

h - XaH- 8X^21X+20 .
6 4X*+30X*+70X+$0 ■
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Table 3.2. Transfer Function Coefficients for Minimizing the 
Maximum Step Error with n = 4, 5 and 6»

ai bi

4 rHIl bI = 2

b2 = 0

S  = -2
I

5 a1 = 5/4 bI = 7/4

a2 = b2 = 0
-

b3 = - 1/2

\  = - I .

b5 ” 3/4 ,

6 a1= 10/7 .b L = 11/7

aZ= 9/7 b2 = 0
a3= 4/7 b3 . ■ 0

. b4 = - 5/7
= - 3/7

b6 = 4/7



CHAPTER 4 • '

SUMMARY AND SUGGESTED FUTURE RESEARCH
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4.1 SUMMARY OF ESSENTIAL. VALUES OF'THB THESIS RESEARCH

Time-optimal control and suboptimal control of sampled-data 

systems constrained b y  a saturation nonlinearity are examined in this 

thesis. Also, the response of linear sample-data systems to various 

prototype inputs is investigated.

In Chapter I, a brief review of the time-optimal control schemes 
presented in the literature is given. It is then shown that it can 

be advantageous to relax the minimum time requirement somewhat, in or­
der to reduce the complexity and cost of the controller. An analysis 
method is then presented to measure the amount of "suboptimality" for 

such a controller. A practical suboptimal system is then analyzed, 
and the analysis indicates a simple method of reducing the suboptimal­
ity of the system. Two systems which are claimed as time-optimal by 
their designers are also analyzed, and found to actually be suboptimal. 

In addition, it is shown that the analysis method is useful for com­
puting the sensitivity to plant parameter variations for both optimal 

and suboptimal systems.

A hypothesis relating the minimum times of sampled-data and con-
I

tinuous systems is presented in Chapter 2. This time-loss hypothesis 
is proven for first-order pulse-amplitude-modulated and pulse-width- 
modulated systems, and for several,special cases of second-order sys- . 
terns. In addition, evidence is presented which indicates the general 
validity of the hypothesis for systems with real, eigenvalues.

The theory of deadbeat response of linear sampled-data systems



is extended to apply to parabolic inputs with minimum-squared-error 
constraints on the step and ramp responses. It is found that if only 
the sum of the ramp errors squared is minimized, the maximum ramp error

* i ■

is also minimized. On the other hand, minimizing the sum of the step 
errors squared does not minimize the maximum step error. However, a 
linear programming method to calculate the numerator and denominator 
coefficients of the digital controller which causes minimization of 

the maximum step error is presented.

4,2 ASPECTS MERITING ADDITIONAL' STUDY
Since the material presented concerning measurement of subopti- 

maility is meant to be a practical design guide, a worthy research ef­

fort could be directed at the extension of this material to systems 
with multiple norilinearities. In particular, Nagata, Kodama, and 
Kumagai [28] derive regions, similar to those described in this 

paper, for systems with more than one bounded state variable. It ap­

pears that the suboptimality of such systems could be analyzed by 
methods similar to those presented in Chapter I.

The importance of further research in the area investigated in 
Chapter 2, is evident. Although the truth of the time-loss hypothesis 
of Chapter 2 is fairly evident, a worthy research effort could be de­

voted to the general proof of this hypothesis and to generalizations 

of it for n’th-order systems with either real or complex eigenvalues 

and either real or complex eigenvalues and either PAM or FNM control. 
Since, in practical applications, a steady state error exactly
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equal to zero is not necessary, a useful.extension of the material 

presented in Chapter 3 would be an investigation of possible cost 

advantages of a controller which.only requires the response of a 

system to be within some small neighborhood of deadbeat.
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