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Abstract:

Since the solution of an nth order differential equation can be reduced to the solution of a system of
first order differential equations, we shall concern ourselves only with the solution of the latter. In our
discussion we shall consider the basic conditions needed to assure a solution by Picard’s Method, a
short description of the method, determination of the error inherent in the method, extensions of the
method within the region of convergence, procedures to minimize errors, and an illustration of its
application.

Parallelling Picard's Method, we shall analyze the method of Taylor's series. In similar manner the
difference methods are presented, pointing out in particular that, although these methods are more
accurate than the analytic methods such as Picard's and Taylor's, they are step-by-step numerical
approximations and, unless the results are fitted into an expression such as Newton's formula, they
cannot produce a solution in analytic form.

An analytic discussion follows, outlining recommended procedures to be followed in the solution of
first order differential equations, emphasizing the need for careful preliminary analysis of error terms,
spacings, and the inherent characteristics of each method in order to lead most efficiently to desired
results.

As an illustration of the problems encountered and the accuracy obtained by each method, an example
is presented and results compared.
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3
ABSTRACT

Since the solution of an nth order differential eouation can be
reduced to the solution of a system of first order differential equations,
we shall concern ourselves only with the solution of the latter. In our
discussion we shall consider the basic conditions needed to assure a
solution by Picard’s Method, a short, description of the method, determination
of the error inherent in the method, extensions of the method within the
region of convergence, procedures to minimize errors, and an illustration
of its application.

Parallelling Picard's Method, we shall analyze the method of Taylor's
series. In similar manner the difference methods are presented, pointing
out in particular that, although these methods are more accurate than the
analytic methods such as Picard's and Taylor's, they are step-by-step
numerical approximations and, unless the results are fitted into an ex-
pression such as Newton's formula, they cannot produce a solution in ana-
lytic form.

An analytic discussion follows, outlining recommended procedures to
be followed in the solution of first order differential equations, em
phasizing the need for careful preliminary analysis of error terms, spacings,
and the inherent characteristics of each method in order to lead most
efficiently to desired results.

As an illustration of the problems encountered and the accuracy
obtained by each method, an example is presented and results compared.
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I . INTRODUCTION

Given an nth order differential eouation of the fora

y(n)(x) = f(x,y,y», ,,.y(*~1))

subject to initial conditions y(xQ) - y0, y'(x0) a LLyrwwan )y -
yo(n-1). Qy introduction of parameters yi, Tg,....y ~, the equation

can be reduced to the system

y' -y Wt =y YA =Tym, . yn2)
each of which is a differential equation of first order.

For example, the second order differential equation

y" s f(x,y.,y")

with initial conditions y(xQ _ yQ y'(x0) - y«, by the substitution

y' (X) Z p(x), reduces to the system

P1Cx) - f(x,y,p)

y'(x) s p(x)
Thus, our basic problem is the solution of first order differential

equations of the fora

y'(x) - f(x.y)

with initial condition y(x0) e y0. Di our discussion we shall consider
the basic conditions needed to assure a solution by each method presented,

a short description of each method, an analysis of the accuracy obtained,
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and an analytic comparison of the various methods. Finally, as an

illustration of the application of each method, a problem is presented.
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1. PICARD'S METHOD

1# Existence of solution. The existence and uniqueness of a solution

y(x) of the differential equation

a) y =

with initial condition F(X0) = JO are guaranteed if the following three
basic assumptions are satisfied:

(a) f(x,y) is singlevalued in a region R of the xy-plane which in-
cludes the point (X0tJO).

(b) f(x,y) is continuous in R, hence
) Jfexy) 1 M

for all (x,y) in R.
(c) f(x,y) satisfies a Lipschitz condition for any two points (x>y”")

and (x,y2) in R:

where Kis a constant dependent on f(x,y) but independent of (x,y”) and

(X,y2).

We define the sequence of functions:

(a) y -

We will show that for x within a certain interval this sequence has a



;
limit as n -» o, which satisfies (I).

From (4) it follows:
5) 1y,00 ->j = \Ef(*,y.)dK I \ 6 IV Zx-X6l
Hence if we choose a constants small enough, then

© bAXj 1y.W-yj <M«

defines a new region R* about (X0JyO) which will be contained in R.

By induction we then obtain from (4)

|7 | et Fat (W Vet N S
so that yn(x) will ronain in R* for jx - X0J*lo(.

To prove lira yn(x) r y(x) for all x in |x - XOI , observe that

(3) I pEy | Rvix ifaly,W-Wdx
I"KMh-Xotdx =

Similarly
) iy")- AN AN
Since:
do) | -ydi |y .+ -y N+ +Iy,W-y.[

we evidently have

(U) lI()él{jo-l\]il MKAMNT rI*



Consequently, the sequence

(12) Y, (X) » yo4 ~ (ykM J

converges as n -* oo, and Its convergence is uniform for all x in

x - X0~ since it is majorized by the exponential series. Thus we have

(13) Jjm™, =y Q)
and y(x) clearly is a solution of (1) over the interval k - Xjz< with

y(x0) - y0. The uniqueness of y(x) is proved by standard methods.

2. Error determination. Let us assume the exact solution of y’ -

f(x,y) is y(x) and let yk(x) = T(x) be an approximate solution obtained
by K applications (steps) of Picard's Method. Both y(x) and Y(x) satisfy

the initial conditions y(xQ - yQ I(X0) - y0O» however,

(14) Ym) 4-Afx.Ycv;)

where A(Xx,Y(x)) is the error term, introduced by the fact that Y(x) is

an approximate solution.

Let us apply Picard’s method of successive approximations to the

difference y(x) - Y(x). Then
(15) Y, [f(x,ye)-fay.)-Afayo)dd* - -JMAfayQdy
Since A(x,Y) is bounded in B, la(x,Y)] 4N, we obtain

6 1y~ - YOI ~£/A(y,y.)ldx < /4 |x-v»l



Similarly

(17) | yjf) -y (o )1 Y)falA(YIY)lJddy
N Jl*[kly,(*>-Y I + IMo.YnJfa

and

(is) I W-YTf*) (< KtV —teeee f o (X-Xgj

Taking limits we find

(19) \61- Ly oy ot - LI |y,,f»)-Y<K)|< boetopre

where €1s the error in the k-th approximation yk (x) - Y(x). Therefore,
if we wish to determine the "maximum error"* due to k applications of
Picard's Method over an interval [x - X0JXoc, we must first find an upper
bound N for A(x,y) in R*, and then solve (19) for € for the interval in
question. The value of N, of course, depends upon k, the number of steps
used in determining yk(x) from (4).

If we wish to obtain an approximate solution of a certain accuracy,
we can decrease N by increasing k, or, more easily, reduce the interval

Jx-X 0J to the extent necessary.

3. Example. The following will illustrate Picard's Method of

*The term "maximum error" is used here and thereafter in the sense of an
upper bound for the error.
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successive approximations.

Consider the equation

(20) y'-y+Xx

which we propose to solve under the initial condition y(0) - 0, Clearly,

f(x»7) ~y+x satisfies conditions (a), (b), and (c¢) in the entire xy-
plane.

Let us take a region RQz,-2,1,—+) j then K —3 is the maximum value

of f(x,y) in R. From (6) it follows that x must be restricted to the
interval |x/ -1/3 in order that y remain within R* Thus the new region
R* is defined as R* [I1/3, -1/3,1,-1j.

Solving the equations (4) successively, we obtain

whence, by taking limits we find
(22) ylt) - Jj)” y.(*3 = ZF' -X

This is the exact solution of (20) satisfying y(0) = 0.

For the error approximation after two steps (k = 2) we calculate
(23)
and

(24) X)L = (-£[< M
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Then, since K= |[fy(x,y)] - | in R (and R¥*), we find

(25) \e[6 N -70.00/13

Thus, the maximum error obtained in this case is | 0.00163 while

the actual error in (23) is only - 0.00005.

4, Extensions of the method within R*. |If we wish to evaluate

y(x) at several points within the interval of convergence, two methods are

available:
(a) Using yk(x), the k-th approximation to y(x), determine its
numerical value for x*, Xg .... with consequent increase in error due

to increase in fx - xO0]|.
(b) Determine a new yk(x), using the approximate value 7k(”~) as

ini«ial rendition. Here we incorporate an error due to approximate initial

value, but reduce the error due to the method, as /x - XjJ is less than
IX - xol e

The effect of an error *in the initial condition can be determined
as follows: let y(x) be the exact solution of (1) with y(xQ - yQand let
Y(x) be the exact solution of (1) which satisfies the initial condition
Y(xo0) ZY0+*. 07 applying Picard’s successive approximations to the
difference y(x) - I(x) we obtain, as in (18),

20 ly)-Y.w I lel Kk
k-0

whence, by taking limits.



K/V-Vo

e | A

*A_
(27) Iyyrx).. Yc*A HI_>eG

Therefore, the maximum error due to use of approximate Initial condition
is directly proportional to 6, the error in the initial condition.

Summarizing, we see that by extending Picard's Method over two
intervals, we have accumulated three errors:
(a) An error 6” due to the first application of Picard’s Method with

k steps and given (correct) initial condition:

(28) 16,(SM 1CkIr * 1

(b) An error”™ due to second application of Picard's Method with

k steps and approximate initial condition:

(c) An error 6" due to approximate initial condition in step (b)

above:

(30) K U 1€, ]eK's-<'"l < K *W

This error incorporates the error described in (a).

Hence, combining these errors, we obtain for an interval of length 2h:

Ca) KUKUKK A/dk4Me**

5. Optional procedures to minimize errors in extensions of data.
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In view of the above error approximations we have two principal methods
of procedure for the calculation of y(x) at several points within R*:

(a) The continued use of the initial approximation y%(x) over R*.
The consequent need for greater accuracy in yk(x) eventually will
necessitate more steps in the calculation of further values in order to
reduce the effect of a larger exponent in (19) or (28). We can reduce the
value of N, but after m steps, the reduction in Nis not appreciable; on
the contrary, the effect of an increase in Jx - X0l greatly outweighs any
further refinements of N.

(b) The extension by new approximations y%(x) with initial conditions
obtained from y%¢(x). In this case, the exponent in (19) or (28) can be
made to remain constant by use of equal spacing and Nc can be made very
small by increasing the number of steps in each approximation, but these
refinements in order to be effective must outweigh the additional errors
(30) due to approximate initial conditions. Anatural limitation of this
extension is the error we decide to accept. However, an advantage to this
procedure accrues in that we are no longer limited in our extensions to
the bounds of R*, but may proceed to the bounds of R.

In a given problem, we must therefore weigh the work involved by
either method of procedure with consequent accuracy in order to determine
the best approach. It can be shown that a "most accurate” or"best possible™
method exists for each problem, where combinations of ipacings and re-

applications of the method could be developed in order to extend the

data over the greatest possible interval within a previously designated
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maximum error.

6. Illustration. In order to illustrate the two methods of

procedure discussed above, we propose to calculate y(0,2) if

(20)

and y(0) - 0.

Using the first method, we directly obtain

(32)

whence y2(0.2) = 0.02133.

Using the second method, we have to calculate first ygfO.l) - 0.00517

whence, after substitution into (20) and subsequent integration, we find

(33) (0.1)~ 0.01/3?
The maximum error in (32) is found to be - 0.00163, the maximum
error in (33) is - 0.00199. Hence, the maximum error due to two applications

is slightly larger than that due to one application; however, the exact
value of y(0.2) is 0.02138, demonstrating that by both methods far greater

tolerances have been allowed than needed.
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I11. METHOD OF TAYLOR'S SERIES

l. Introduction. The method of approximation by Taylor’s Series
is based on Taylor's series expansion of a solution y(x) of (1) about
x z x0, and results in approximate solution satisfying the initial con-
dition y(x0) s yQ Sufficient conditions which permit use of the method
are (a) singlevaluedness of f(x,y) in R and (b) existence of all deri-
vatives of f(x,y) in R.

From Taylor's theorem we obtain

(34) jlfx; =y (Vo) + y'ftyCx-x*; A %

where the derivatives of are calculated according to (1) and

is the remainder term.

0< A</

2. Error estimates. The maximum error incurred by using only the
first nfl terms in (34) can be determined from the maximum value of Rfi
over the interval considered.

The error due to approximate initial conditions is calculated in the
same manner as for Picard’s Method.

As an illustration let us again consider the equation

(20) t
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with initial condition y(0) - 0. \We have

06) . R JIV ;= |
y = vyl

y <ti0--yw --y J ddd00) = /

Thus we obtain from (34)

B7) Y (X) 57 I7 e
and y(O.l) - 0.00517. Similarly,
38) J 10i) - o-/on7>JCO0-O 'of'?,..y*(°-0 " z/orin 44 -

whence

39) Yy (*) d00S"7+0.10M(X-0OJ) m~y (x-0-0 JJotr'1"x-0.J-.

and y(0.2) - 0.02139.

Tocalculate the error in (37) we observe that y(*v)(x)<1.5
over the interval O”x”.0.1. Hence the maximum error in (37) is less
than +0.00001.

The maximum error in (39) is found by adding the error due to the
approximate value of y(O.l) to the error due to the use of four terms of
Taylor’s series in (39). This maximum error turns out to be £0.000035,
and is thus slightly larger than the error that would have been obtained

by calculating y(0.2) directly from (37).

3. Modified method of Taylor’s series. In the standard method of

approximation by Taylor’s series, we obtain a series for y(x), which is
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evaluated at x - x». This value y(x*) - is used as initial value in

determining y(xg) by reapplication of the method:

or, in general:

(u) JZM ™y (X)) J
Afao

Thus, we can approximate the values y”», y2, ....ymwithin the interval
of convergence in R. This process, however, requires evaluation of n
derivatives for each application of the method, an operation which is
sometimes quite complicated.

As an approximation to the standard procedure, a possible alternative
is to differentiate

> W (x-x,/
(42) J(X )=JIn~ (X)) frf
Ao

successively and calculate the derivatives y~x”), y"(xg), ...y*n”(x2)

from the resulting expressions. Then another approximation can be set up

(43) yo; " kJ t(X) o’ tj

which may be treated similarly to obtain y(x*) and y'(x"), y#(x"),

...y (n)(x3). Proceeding this way, we can approximate y(xX”),...y(x").
To illustrate the difference between the two methods of attack, let

us again consider the equation

(20)
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Above we found y(0.2) ~0.02139 If y(0) - 0. Here we use as approximation

(37).

which we differentiate to obtain

y'0-0” o. /osrly
y% (J r t./osrt?
J tw(0J) VI. (OS’

y tufQdy - U
y* (Ot —/

Then from (43) we find

46) y(*) -O-OosrO +0./0srr?( x-—~0*() +

whence y(0.2) = 0.02139, which is exactly the value calculated before.
Clearly, the second method of procedure is to be preferred if the

calculation of the successive derivatives becomes extremely difficult.
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IV. DIFFERENCE METHODS

1. Introduction. |In the difference methods we are primarily concern-
ed with step-by-step approximations of the numerical values of y(x) of
(1) without deriving an analytic expression for y(x). Although the pre-
viously described methods are suitable for calculation of approximate
values of y(x) within the interval of convergence, greater accuracy is
usually obtained by the difference methods. We shall consider two, the
Adams Method and the Runge-Kutta Method, together with their allied diff-
erence formulae (Simpson's Rule, Milne's Rule, etc.).

For the derivation of the difference methods a sufficient condition
is that f(x,y) be of class On in R. For actual calculations it is only
necessary to have tabulated data.

Th". difference methods are extremely useful when great difficulty is
involved in carrying out the required operations in Picard's Method or in
the method of Taylor's series. The principal disadvantage to the Adams
Method is that several values of (x,y) must be known in order to secure
accurate extrapolations or interpolations. To overcome this disadvantage,
it is necessary to employ other methods as "starter" methods and then to
correct these approximations by difference formulae. Once sufficient data
are available, the difference methods generally furnish more accurate
approximations over a larger interval. On the other hand, Runge-Kutta
Method requires only one initial condition, but the necessary calculations
are somewhat more involved.

2. Adams Method. In the derivation of the Adams Method we approximate
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y(x) in (1) at the point (Xn”tv Zn4h) by two or more terms of a Taylor's

series about (X Z")

(47) (X) t-AT(X 1

Denoting y (~ +h) by Tfi4l, T(Xfi) by yfi, y*(Xfi) by fn, rtc.,

we obtain for the first two terms
(W) JU -x s A/;

or

49 [/, = »

which represents the avera, e slope from yn to Zn?i*

Similarly, we obtain for the first three terms of the Taylor's series

(so) )1 -y, s A/.f 47,

Here - y"(%”") which can be further expressed as

the average rate of change of slope fran yn«x to Yn. The numerator is
defined as the "first backward difference™ or Vfn,

Using this nomemclature, we obtain the formula of first differences:
(52) YU -y, = Al, +J-A J
Similarly we obtain the formula of fourth differences:

(53) X ,, -X s AMANi Ay, v X A 9%
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This method requires knowledge of the values of n+l points, where

n is the order of differences desired.
In similar manner we can derive the four basic formulae leading to

the standard difference formulae, as indicated below:

(54) y.+,

(55) > y>W ft, -1 v» ~

(56) Yy*-I = ft* A Ti? A A A +/wo

(57) =/>-3 +Mf~£vA - "f ~Nvb -/~vo AN

Errors attributed to the use of the difference formulae can be approx-
imated by the first neglected term. The error approximation will be parti-
cularly accurate if the difference term immediately preceding the first
neglected term has zero coefficient. Even without knowledge of the diff-
erence term used for the error approximation, we can closely estimate the
error by evaluation of the corresponding derivative of y at Xn. Correctness
of this estimate is based on the relationship between differences and
derivatives when the spacing h is small. It can be shown that the nth
derivative evaluated at a point is the limit of the quotient of the nth
difference of the function by the nth power of h when h tends to zero.*

Examination of (54) through (57) reveals that

(a) (54) alone is the "backward difference"” formula as derived from

*Cours d'Analyse Infinitesimale. 6h. J. de la Valle Pouissin
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Adams Method. Using fourth differences only, the error approximation
if (475/1440)h V~Afn or (475/1440) h~y~(x”). Equation (54) may also be

written
(M) >, => V1<ArA +l v 7 1z2x-3

where second differences are used, the error being the third difference
converted to derivative form as described above. This formula is used

in one-step extrapolation from yn to yn+].
(b) adding (54) to (55) produces:
(59) 7»'«» = X-# 3

Absence of the first difference leads to the reasonably accurate "pre-

dictor" formula:

(6) 2VA t 3 Oy

Another useful extrapolation formula can be derived from (59) by using

only third order differences:

(61) +£-(7-Zfh, ~c -3 1>1

(c) Adding (54), (55), (56), and (57), we obtain

(62) A g -Y # P% Y

from which we derive Milne's Rule:

(°3) jtf/ =mjt-3 T~ (zf» -Xv Y2 Cj y ~d
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(d) Simpson’s Rule results from the addition of (55) and (56)

+X

producing:
(65) —X't  eC/h y

Absence of third differences makes Simpson’s Rule an accurate corrector
of previously obtained approximations. It can also be used as an inter-
polation formula for fn_».

(e) Adding (56) and (57), we obtain

(66) =% ., vI [-/»f 3 ANl< t mlyyrj o-/,-1

which can be used as a corrector.
(f) Adding the corresponding difference formula for Fn+2 to (54),

we obtain

(67) = ("if, -i°L * /'V "N

which can be used as a two-step predictor. It is particularly useful

if the value of the fourth derivative is small.

We may determine the maximum error due to reapplication of difference

formulae by use of methods previously described. Since, in these formulae,

we combine several previously determined values of y in order to extrapolate

further values of y, this has a "bridging" effect and thereby reduces the
actual error considerably.

To illustrate Adams Method, we again consider the equation
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(20) J tzy

with initial conditions y(0) * 0 and y~(O.l) - 0.00517. Using (52),
we obtain y(0.2) = 0.02095, with an error of - 0.00046.

Using two steps of Picard’s approximation we obtained y(0.2) %
0.02133, which is considerably more accurate.

Starting with correct values for three points, we may approximate
the fourth by (61). We obtain y(0.3) s 0.04981, with an error of
- 0.00004. The accuracy is considerably greater than that obtained by
use of first difference formula (52).

Extrapolating by Milne’s Rule (63) to y(0.4) by use of the above
data, we obtain y(0.4) s 0.09181, with an error of - 0.000004, plus
error due to error in one initial value. |[If we use correct initial
values, we obtain y(0.4) = 0.09182, not an appreciable improvement.
The correct value is 0.09182.

If we use values of y(0.l), y(0.2), and y(0.3) obtained by two
steps of Picard’s Method, the approximate value of y(0.4) by Milne's Rule
is 0.09173, whereas by Picard's Method it is only 0.0906?. This serves

to emphasize the greater accuracy of the difference formulae.
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4* MIKe-Kutta Method, The Runge-Kutta Method, based on Taylor's
series, but requiring no evaluation of derivatives, has the advantage
oi requiring only one set of initial values for (x,y) in addition to (I).
Furthermore, in the absence of an analytic expression for y'(x), solutions
may be obtained by use of tabulated data.

Formulae employed in the method are:

(a) Second order accuracy:

+
+
(@

68) JU -=xX -4 (F(>»1/»)+

(b) Third order accuracy:

(69) hyrekloo N

Ve al)
i A A

(c) Fourth order accuragqgr:
(70) 7Th< ' T« + £ (AL+2 A |

A= AA(XMyh)
L= AfCx"MiAly. +AA)
A:'AffXV\‘ﬂ'y, yn+'iA/)
b ATty A
Errors due to the method are normally computed by use of a comparison

test: let the error associated with using a procedure of nth order accuracy

k times with spacing h be expressed in the form K khn4l. it may be assumed

that the correct result is obtained by adding this error to the calculated

result,. Further, assuming that Kis not strongly dependent on the other
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variables, we can compare this error with that obtained by doubling
the sprcine h over the interval in question, *
Si  Kkhnt [/
<71)
2
If we subtract the ordinate (jr 2), obtained by double spacing,

from that obtained by single spacing (y )
@) f-f-" Kkhntl(*-1)

which is (Sn-1) times the error in Therefore, we can approxi-

mate the error in yW by

/m y 0,-y ~
(73) 6i = ~T |/
and add thla error to to obtain a corrected value.

Errors due to reapplication of the method are evaluated In the
same manner as for other methods.

To illustrate the Hunge-Kutta Method, let us again consider

(20) y'fty + *

with initial condition y(0) - O.

Using third order accuracy, we obtain

(74) y (0.f) - ~ (o.0i+o0.0//) == 0.00trty

The correct value is y(0.1) * 0.00517* Similarly,
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75) y (0.i) ™ QOx/Vo (QOT-YO)

The error is found to be €(0.2) <0.000005. Likewise,

(76) (0.0v97?sr)
y (0.9)= 0.09191 (0.091%7-)

where <£(0.4) < 0.000005.
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V. ANALYSIS OF METHODS

Given a differential equation of first order with initial condition
M(X0) - yO» the first problem is to determine the region R* in which we
can expect to find a solution. Examination of f(x,y) to determine its
Integrability and differentiability will disclose the feasibility of
applying either Picard's Method or the Method of Taylor's series. Should
f(x,y) be of a type difficult to integrate or differentiate, we may turn
immediately to the Runge-Kutta Method either comoletely or long enough
for evaluation of sufficient approximations of yCx”) in order to make
possible application of difference formulae.

If we decide to apply Picard's Method or to construct a Taylor's series,
the accuracy desired in the last extrapolation will determine the number
of applications of the method, each involving a certain number of steps.
If more than one application is required, the spacing must be determined.
Here, we must reach a compromise between large spacing with fairly rapid,
but more inaccurate results, and very small spacing with slower, more
accurate results if the errors due to approximated initial conditions do
not completely offset the advantages of small spacings.

In the event we are unable to secure the accuracy desired, we must
abandon these methods either completely or after enough approximations
(within accuracy limits) to apply difference formulae.

For each reapplication of Picard's or Taylor's methods, we may select

a new Kin the Lipschitz condition to be satisfied by f(x,y), thereby
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decreasing the maximum error estimate for all Intervals except possibly
those In which Kis near its upper bound over the entire region.

Once we have determined two or more points (x,y) beyond (x0>y0),
we can begin to apply the difference formulae with proper order accuracy,
such as (58) with its relatively high accuracy, (59) and (67) which possess
fair accuracy with additional advantage of serving as two step predictors.

With a total of four points (x,y) including (x0,y0), we may apply
Milne's Rule with its high degree of accuracy as a one-step predictor,
followed by Simpson's Rule as a corrector. This procedure is carried out to
the final point (x,y) if the desired accuracy is attainable.

Should the desired accuracy at (%t»y%) not be realized by the diff-
erence formulae, it will become necessary to apply the Rimge-Kutta Method.
Here we must determine the largest spacing consistent with the desired
accuracy. After each step of the method, we will determine the error term
as previously described, adding this to the approximated values, and con-
tinuing to the next point.

If an analytic expression is desired to approximate the solution
between (x0,yo0) and (x* yn)> this may be obtained by use of Newton's

interpolation formula:

(77)  y(*) c a0+ a, GeXnd 4 av( X J-* .

In general, careful preliminary analysis of error terms, spacings,
and the inherent characteristics of each method will lead most efficiently

to results within the desired degree of accuracy.
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V1. COVMPARISON OF METHODS BY ILLUSTRATIVE PROBLEM

Let ua consider the first order non-linear differential equation
(78) \f

with initial condition y(0) = 0. We wish to determine y(0.4) and y(0.8)
correct to three decimal places.

In our preliminary analysis we see that f(x,y) = (y + x)2 is continuous
throughout the xy-plane, therefore we may select any R about (0,0). To
secure a minimum error by analytic methods, we select an R* with a small
M which will contain at least one of the desired points, or we shall be
faced with more involved methods of successive approximations.

Selection of a least upper bound for f(x,y) containing y(0.4) results
in a region R*(0.5,-0.5,0.5,-0.5) in which M =1 and K= 2. This will

produce an error approximation at y(0.4)
(79) eM ; 4 f

By minimizing N through use of several steps of Picard’s Method we can
theoretically obtain the desired accuracy. In proceeding to y(0.8) we
must use two or more overlapping regions beyond R*, in each of which we
evaluate a new K.

By Picard’s Method the following results are obtained:



31
Since R* does not contain y(0.8), we establish a new R** containing

R* and, using Picard’s Method, we obtain for y(0.8).

(Bi) y,(0'1) - 0.noiy
% /f.f) - 0. xxT-i-9

The error in this case is extremely difficult to evaluate, but it
can be seen that - y(0»8).

Exact values for y(0.4) and y(0.8) are 0.02279 and 0.22964, respect-
ively.

Since the maximum error for y~(0.4) is too large to meet the require-
ments and further steps in the method are quite involved, we continue
the method only to tabulate data for comparison purposes.

Using the formulae

we obtain results as shown in Table I.
By use of y*(x) in (82), we extend our data from y(0.4) to y(0.8)
by a reapplication of Picard’s Method obtaining
(TZs.ir) 1t3xi

moo

Ji CatS) = o. XUitG
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TABLE |

COMPARISONS OF VALUES BY PICARD'S METHOD

X n 22 y3 y

0.0 o) O o) o)

0.1 0.00033 0.00033 0.00033  0.00033
0.2 0026? 00271 00271 00271
0.3 00900 00932 00933 00933
0.4 02133 02279 02279 02279
0.5 04167 04596 04629 04626
0.6 07200 08281 08401 08414
0.7 11423 13805 14177 14229

0.8 17067 22529 22769 22964
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By the method of Taylor's series we derive

(84) \]A; =y 'gf"l' 7

Whereby, using the first three terms

jy @) m<202-277 If1<- OCON?

By using four terns.

Since the latter error is very close to maximum tolerance, we proceed to

y(0.8) by direct calculation from (84) only for comparative purposes.
(37)

and, again for comparative purposes, we apply an extension of the method

over a new interval about y(0.4), with the results that:

from which it can be seen that aoparently reapplication of the method
leads to more accurate results since the true value of y(0.8) is

0.22964,
For the purpose of comparison we obtain, by use of the modified

method of Taylor's series (four terms).

(89) -0.0:%/71
y(o-t) n
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Since the analytic methods do not yield the desired results without
considerable difficulty, we proceed to the difference methods. First,
by Milne's (63), using the data from Picard's Method for y(O.l), y(0.2),

y(0.3), we obtain (see Table I1)»

(90) J(O-V) = /e 0.000a?

y(0.r)- 0.0V6f?f / €7 0.000/0
The error added to €'~ produces an error | 60.000IB. Continuing:
91) y(e>ty - ooriqt} / Gl 0.000/f Z6 a 00034

y(o. = lefl 6 a 000zj- leJI s aooot/

Vihereby we are exceeding the error tolerance. To complete our data,
(92)

Inasmuch as the desired accuracy was not obtained by Milne's Rule,
we proceed to the Runge-Kutta Method.

In solving the problem by the Runge-Kutta Method, we have several
options:

(a) Approach y(0.4) and y(0.8) by spacing of 0.4, checking y(O.B)
by a double spacing 0.8.

(b) Approach y(0.4) and y(0.8) by spacing of 0.2, checking with
double spacing 0.4.

(c) Approach y(0.4) and y(0.8) by spacing of 0.1, checking with

double spacing 0.2.



0.0

0.1

0.2

0.3

0.4

0.5
0.6
0.7

0.8

0.0
00033
00271
00934
02272
04618
08396
14197

22895

DIFFERENCE TABLE — MILNELS RULE

f(x.y)

0.0
01007
04109
09569
17869

29833
46786

70896

1.05885

TABLE 11

Af(x,y)

0.01007

03102
05460
08300
11964

16953
24110

34989

A 2fUy)

0.02095

02358
02840
03634
04989
07157

10879

A 3i(x,7)

0.00263

00482

00796

01355

02163

03722

A 4r(x,y)

0.00219
00314
00559
00813

01554
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(d) Combinations of the above.

By the first method we obtain, for third order accuracy,
(93) 07t
and for fourth order accuracy,
(94) J/CO YJ =0 02.2-7/
Solving for y(O.B) from y(0.4),
(95) y(0.9%) 0.22QS-V
Checking results by obtaining y(0.8) In one steps

96) y(0 $)™ 0.2.0Y7?

which gives an error of 0.00165, which when added to (95), gives y(0.8)

a corrected value of 0.23125.
Since we have not secured the desired accuracy, we proceed to the

second method (b). Determination of y(0.2) from y(0) yields:
97) yCo.zj =0.002-7/

Similarly, we obtain y(0.4) from y(0.2)s

(98) yCo'tf-O.0ZZ-rcp

Then, in order to correct our results, we use the value of y(0.4) in (90),

which indicates an error of less than 0.0(XX)I.
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Proceeding in a similar manner, V€ obtain

99) J (0.() ooM'r
jyao& —~ 3293

and calculating y(0.8) from y(0.4) as in (95), we obtain an error

less than 0.00001, whereby our final corrected value for y(0.8) is

0.22968.
This method obviously gives the desired accuracy.

In order to compare the accuracy obtained by option (c), we list

the following data:

(100) y (°-0-0.00033 y (0S) - 00963/
y (0-X)-Oo0*?/ y (0-6) -O-Oir9/5~
y (0. 3) =p 0093V y (0.?23 ZOSV 33/
y (0-*/) - 0.0Xxx"0 y(o-5s)- 0-32.f63

As a more compact comparison of the results obtained, Table 111

has been prepared.

In conclusion, it is desired to point out that by variations of
the above described methods, as outlined in Section V, we can also

obtain similar results with the desired accuracy.



TABLE 111

COMPARISON OF RESULTS

Picard’s Taylor’s Modified* Milne’s Runge-Kutta
True y y3(x) (4 terms) (4 terms) hs0.4 h=0.2 h=0.1
0.00033  0.00033 0.00033 0.00033
00271 00271 00271 0.00271 00271
00933 00933 00933 . 00934
02279 02279 02279 0.02279 0.02279 02271 02279 02280
04626 04629 04626 04618 04631
08414 08401 08407 08396 08415 08415
14229 14177 14194 14197 14231
0.22916* 0.22952*
0.22964 0.22769 0.22820 0.22852 0.22895 0.23125 0.22968 0.22968

*By two applications.
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V I1. CONCLUSION

In this paper we have confined ourselves to the basic applications
of the analytic and difference methods of numerical approximation. How
ever, many of the side”aspects of these methods which were not considered
herein should furnish ample material for a further more thorough discussion.
Other subjects for further investigation are:

(a) Analysis of "type" equations, with the possibility of develop-
ing methods of attack most favorably suited to each. This might easily
take the form of a compendium similar to the Differentialglelchungen,
Losungsmethoden und Losungen by E. Kamke.

(b) Analysis of errors inherent to each method, with the possibility
of further reducing the maximum error by more precise analysis of the in-
fluencing factors. This would lead to greater extensions of data within

predesignated tolerances.
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