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A B S T R A C T   

I n t o d a y’s hi g h s c h o ol m at h e m ati cs cl as sr o o ms, i nstr u cti o n is tr a diti o n all y t e a c h er-
c e nt er e d i n n at ur e w h er e st u d e nts ar e si m pl y p as si v e r e ci pi e nts of k n o wl e d g e. R es e ar c h s u g g ests 
t h at f or st u d e nts t o l e ar n, t h e y n e e d t o b e a cti v e p arti ci p a nts i n t h eir o w n l e ar ni n g. T h e d esir e t o  
c h a n g e t h e tr a diti o n all y t a u g ht m at h cl as s t o a st u d e nt -c e nt er e d a p pr o a c h g ui d es t his e d u c ati o n al 
s c h ol ars hi p. It i n v ol v es a n i nt e gr ati o n of a r e vis e d cl as sr o o m r o uti n e a n d o p p ort u niti es t o e n g a g e 
st u d e nts i n a cti v e l e ar ni n g t hr o u g h i n q uir y -b as e d o p p ort u niti es . T his a p pr o a c h  i n v ol v es  usi n g 
t e a c hi n g str at e gi es t h at bri n g st u d e nts i nt o t h e l e ar ni n g, g ui di n g t h e m t o b e c o nstr u ct ors of t h eir 
o w n k n o wl e d g e . Th e  m at eri als a n d r es o ur c es t h at w er e cr e at e d  pr o vi d e s  a w a y f or a cti v e l e ar ni n g 
t o b e p os si bl e i n a s e c o n d ar y  m at h cl as s . 
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C H A P T E R O N E  

I N T R O D U C TI O N A N D  B A C K G R O U N D   

C o nt e xt of t h e St u d y  

B ei n g r e q uir e d t o r e a d a n u n c h os e n a n d u n d esir a bl e t e xt c a n b e diffi c ult.  It c a n b e 

a g o ni zi n g f or a p ers o n t o e n g a g e wit h t h e t e xt; t o tr ul y a bs or b t h e i nf or m ati o n or st or y w h e n t h e 

b o o k d o es n ot pi q u e t h eir i nt er est or c a pt ur e  t h eir att e nti o n. It is n’t t h at o n e  c a n n ot r e a d i n t his 

sit u ati o n ; t h e b o o k j ust d o es n’t i g nit e t h e mi n d . It c a us es  a l a c k of m oti v ati o n a n d i nt er est. N o w 

tr a nsl at e t h at t o t h e t y pi c al m at h cl as sr o o m. L es s o ns ar e pr e di ct a bl e a n d t e a c h er-c e nt er e d. T h e 

t e a c h er gi v es t h e l es s o n t hr o u g h e x a m pl es fr o m a b o o k. St u d e nts writ e w h at t h e t e a c h er s a ys  a n d 

c o m pl et e  g ui d e d pr a cti c e pr o bl e m s  t o g et h er. St u d e nt s t h e n fi nis h t h e r est of t h e pr o bl e ms 

i n d e p e n d e ntl y t o c o n cl u d e t h e cl as s. D a y i n a n d d a y o ut, t his is t h e m at h cl as sr o o m t h at f oll o w s a 

s c h o ol-m a n d at e d c urri c ul u m a n d p a ci n g g ui d e. T h e  n at ur e of t h e c urri c ul u m  r e q uir es st u d e nts t o 

c o m pl et e  t h e l es s o ns a n d p as s t h e t ests. M at h b e c o m es mi n d -n u m bi n g . T his tr a diti o n al, l e ct ur e-

b as e d  r o uti n e is n ot c o m p elli n g  a n d s t u d e nts ar e disi nt er est e d a n d u n m oti v at e d.  

A r e c e nt st u d y b y S c h w art z, B o zi c k, Dili b erti, a n d O hls  ( 2 0 2 5) o n mi d dl e a n d hi g h 

s c h o ol m at h st u d e nts, f o u n d t h at a b o ut 5 0 % of t h es e st u d e nts r e p ort e d l osi n g i nt er est d uri n g t h eir 

m at h l es s o ns a b o ut h alf or m or e  of t h e ti m e t h e y w er e i n cl as s ( S c h w art z et al., 2 0 2 5). T h e st u d y 

als o f o u n d t h at st u d e nts w h o ar e b or e d i n m at h cl as s pr ef er f a c e t o f a c e a cti viti es t h at a p pl y t o 

r e al-w orl d s c e n ari os. A n ot h er fi n di n g of t h eir st u d y r e v e al e d  t h at st u d e nts h a v e n ot f ull y 

r e c o v er e d fr o m t h e l e ar ni n g l os s of t h e C O VI D-1 9 p a n d e mi c. St u d e nts ar e p erf or mi n g w ors e 

t h a n t h e y w er e pr e-p a n d e mi c o n n ati o n al as s es s m e nt s. St u d e nt att e n d a n c e h as als o s uff er e d si n c e 
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t h e n, wit h st u d e nts n o w a bs e nt fr o m s c h o ol at si g nifi c a ntl y hi g h er r at es (S c h w art z et al., 2 0 2 5). 

S o, n ot o nl y ar e t e a c h ers t as k e d wit h m a ki n g u p t his l e ar ni n g l os s, a n d pr o m oti n g p ositi v e 

att e n d a n c e s hifts t o f a mili es a n d st u d e nts, t h e y ar e al s o f a ci n g a n i n cr e as e i n b or e d o m , 

i n att e nti v e n es s, a n d li mit e d f o c us. 

A s st u d e nts r e p ort a l os s of  i nt er est i n t h e m at h cl as sr o o m, m or e a n d m or e s c h o ol distri cts 

h a v e a d o pt e d c urri c ul a  t h at t e a c h ers ar e r e q uir e d t o t e a c h w hi c h c a n cr e at e  dis c o n n e ct e d n es s 

b et w e e n st u d e nts a n d m at h . Tr a diti o n al c urri c ul a h a v e  b e e n pi c k e d a p art f or t h eir 

o v er e m p h asi zi n g of c o m p ut ati o n al pr o c e d ur es, c o nt e nt t h at d o es n ot c o n n e ct t o k n o wl e d g e a n d 

s kills, a n d h o w it r ar el y e n c o ur a ges  e vi d e n c e -b as e d pr a cti c es ( T h e I RI S C e nt er, 2 0 2 6). M or e 

distri cts h a v e m o v e d t o c urri c ul a t h at is ali g n e d wit h t h e C o m m o n C or e St at e St a n d ar ds ( C C S S)  

t o e ns ur e t h at st u d e nts ar e c oll e g e a n d c ar e er r e a d y ( T h e I RI S C e nt er, 2 0 2 6). C C S S -ali g n e d 

c urri c ul a ar e m or e di v ers e i n t er ms of b ei n g i nf or m e d b y i nstr u cti o n al pr a cti c es a n d ar e 

e vi d e n c e -b as e d . It is a ri g or o us a p pr o a c h a n d r e q uir e s st u d e nts t o a p pl y k n o wl e d g e t hr o u g h 

hi g h er -or d er t hi n ki n g s kills  ( T h e I RI S C e nt er, 2 0 2 6). I n m at h e m ati cs, c urri c ul u m is wi d el y 

a c c e pt e d a n d e n c o ur a g e d b e c a us e it is a s u bj e ct t h at i s h e a vil y li n k e d t o t h e t e xt b o o k  ( R e mill ar d, 

2 0 0 5) . H a vi n g hi g h -q u alit y c urri c ul u m i n s c h o ols c a n b e g o o d f or st u d e nts  ( St ei n er, 2 0 2 4). 

H o w e v er,  t h er e ar e n ot a l ot of b uilt-i n a ut h e nti c i n q uir y o p p ort u niti es, l e n di n g t o a h e a v y us e of 

c urri c ul u m m at eri als, s u c h as t h e t e xt b o o k, a n d di git al r es o ur c es w hi c h ar e n ot al w a ys a c c es si bl e 

t o all distri cts. F urt h er m or e, t e a c h ers w h o f e el c o mf ort a bl e s u p pl e m e nti n g r es o ur c es a n d a cti v e 

l e ar ni n g o p p ort u niti es i nt o ot h er s u bj e cts t e n d t o r el y m ostl y o n t h e pr o vi d e d c urri c ul u m f or m at h 

( R e mill ar d, 2 0 0 5). J a ni n e R e mill ar d st at es i n h er e x a mi n ati o n of t e a c h ers ’ us e of m at h e m ati cs 

c urri c ul a t h at t h e r e as o ns t e a c h ers c h o os e t o us e t h e m at h c urri c ul a m or e fr e q u e ntl y ar e t h e vi e w s 
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ar o u n d t h e n at ur e of m at h, h o w it is l e ar n e d, a n d h o w c o mf ort a bl e t e a c h ers ar e wit h t h e s u bj e ct 

i n g e n er al (R e mill ar d, 2 0 0 5).  

Wit h t h e c urri c ul u m als o c o m es p a ci n g g ui d es. It is t h e s c h o ol distri cts’ w a y of k e e pi n g 

t e a c h ers o n p a c e wit h t h e st a n d ar ds t h at ar e t o b e c o v er e d wit hi n t h e gr a d e l e v el t o pr e p ar e 

st u d e nts f or m a n d at e d st at e t esti n g. P a ci n g g ui d es ar e us u all y writt e n b y distri ct i nstr u cti o n al 

c o a c h es wit h g ui d a n c e pr o vi d e d b y c urri c ul u m r e pr e s e nt ati v es ( H e m ml er et al., 2 0 2 3). P a ci n g 

g ui d es d et er mi n e t h e s c o p e a n d s e q u e n c e t h at s h o ul d b e t a u g ht t o pr e p ar e st u d e nts t o m e et 

st a n d ar ds a n d t esti n g e x p e ct ati o ns ( H e m ml er et al., 2 0 2 3). T h e p a ci n g g ui d e di ct at es w h at 

l es s o ns ar e t a u g ht, w h e n, a n d f or h o w l o n g. Alt h o u g h t h e y ar e h el pf ul t o g ui d e t e a c h ers t o r e a c h 

distri ct e x p e ct ati o ns, t h e y us u all y d o n ot l e a v e r o o m f or t e a c h er a ut o n o m y. P a ci n g g ui d es 

t y pi c all y m o v e t hr o u g h a l ot of m at eri al i n s h ort er a m o u nts of ti m e w hi c h l e a d t o fr ustr ati o n i n 

t e a c h ers a n d st u d e nts (H e m ml er et al., 2 0 2 3) . H e m ml er a n d h er as s o ci at es f o u n d t h at t e a c h ers 

f e el “... p a ci n g g ui d es p er p et u at e m y o pi c vi e w s o n a c c e pt a bl e w a ys of t e a c hi n g a n d ti mi n g of 

t o pi c c o v er a g e t h at l e a ds t o ‘ c urri c ul ar pri vil e gi n g’ ” ( H e m ml er et al., 2 0 2 3) . I n ot h er w or ds, 

p a ci n g g ui d es ar e a o n e -si z e-fits-all a p pr o a c h t h at c a n hi n d er a n e q u al a n d f air e d u c ati o n f or all. 

T h e q u esti o n t h e n is t his: d o es a stri ct a d h er e n c e t o c urri c ul u m a n d p a ci n g g ui d es s er v e all 

st u d e nts ?  

T o c o m pl et e t h e pi ct ur e of t o d a y’s m at h cl as sr o o m, o n e m ust l o o k als o t o t h e l e ar n er.  

T hr o u g h t his r es e ar c h, t h e q u esti o n of w h y st u d e nts ar e s o u n m oti v at e d t o l e ar n n o w, m or e t h a n 

e v er, k e pt r es urf a ci n g . P e o pl e ar e m oti v at e d t o l e ar n w h e n t hr e e of t h eir ps y c h ol o gi c al n e e ds ar e 

m et. T h os e n e e ds ar e a ut o n o m y, c o m p et e n c e, a n d r el at e d n es s  (R y a n & D e ci, 2 0 0 0) . Hist ori c all y, 

st u d e nts w e nt t o s c h o ol t o l e ar n. Te a c h ers t a u g ht t h e l es s o n a n d t h e st u d e nts w or k e d t hr o u g h t h e 
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l es s o n. T h er e w as n o t h o u g ht t ow ar ds  st u d e nt-c e nt er e d cl as sr o o ms . A c c or di n g D e ci a n d R y a n 

m oti v ati o n is v al u e d b e c a us e of its c o ns e q u e n c es; m oti v ati o n  pr o d u c es  ( R y a n & D e ci, 2 0 0 0). 

G e n er all y, st u d e nts ar e e xtri nsi c all y m oti v at e d t o d o m at h b y t h e s c h o ol, t h eir p ar e nts, t h eir 

t e a c h ers, a n d t h eir gr a d es. St u d e nts w h o ar e a ut h e nti c all y m oti v at e d t hr o u g h o p p ort u niti es f or 

s elf -dir e cti o n  ar e m or e i nt er est e d, e x cit e d, a n d c o nfi d e nt w hi c h i m pr o v es p erf or m a n c e, 

p ersist e n c e, a n d cr e ati vit y  (R y a n & D e ci, 2 0 0 0). T e a c h ers w h o s u p p ort st u d e nt a ut o n o m y  

t hr o u g h st u d e nt-l e d l e ar ni n g o p p ort u niti es i nst e a d of cr e ati n g a t e a c h er-c e nt er e d l e ar ni n g 

e n vir o n m e nt f a cilit at e t h eir st u d e nts’ i ntri nsi c m oti v ati o n, c uri osit y, a n d e a g er n es s f or c h all e n g e 

(R y a n & D e ci, 2 0 0 0).  

F o c usi n g m ostl y o n i n q uir y -b as e d l e ar ni n g t o f a cilit at e a cti v e l e ar ni n g m a k es a l ot of 

s e ns e i n a hi g h s c h o ol m at h cl as s. St u d e nts n e e d t o b e e x cit e d a b o ut l e ar ni n g m at h f or 

t h e ms el v es t o tr ul y b e m oti v at e d a n d e n g a g e d. Te a c h er-c e nt er e d l es s o ns h a v e b e e n s h o w n t o n ot 

cr e at e e x cit e m e nt a n d i nt er est i n st u d e nts d uri n g m at h cl as s ( S c h w art z et al., 2 0 2 5). T o c arr y t his 

o ut, u n d erst a n di n g t h at c urri c ul u m a n d p a ci n g g ui d es ar e m a n d at e d i n m ost distri cts, a s yst e m of 

i nt e gr ati o n w as d esi g n e d t o pr o vi d e a n a cti v e l e ar ni n g a p pr o a c h. I n q uir y-b as e d l e ar ni n g  is 

d efi n e d as  a st u d e nt -c e nt er e d i nstr u cti o n al pr a cti c e  t h at pri oriti z es q u esti o ni n g, a cti v e 

e x pl or ati o n, a n d pr o bl e m -s ol vi n g. A cti v e l e ar ni n g b o osts e n g a g e m e nt b y e n g a gi n g st u d e nts i n 

dis c us si o ns, c oll a b or ati v e gr o u p w or k, pr o bl e m -s ol vi n g a n d r efl e cti o n. It r e q uir es st u d e nts t o d o 

a n d t hi n k a b o ut t h e pr o bl e ms r at h er t h a n j ust p as si v el y r e c ei vi n g k n o wl e d g e fr o m t h e t e xt b o o k or 

t h e t e a c h er. T h e g o al of t his r es e ar c h w as t o pr o v e t h at a cti v e l e ar ni n g is p os si bl e a n d c a n w or k 

wit h c urri c ul u m i nst e a d of a g ai nst it, or b e m a d e t o f e el li k e a ti m e-c o ns u mi n g  si d e q u est.   
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P ur p os e of St u d y  

T h e p ur p os e of t his E d u c ati o n al S c h ol ars hi p C a pst o n e  is t o e n c o ur a g e a n a cti v e l e ar ni n g 

e n vir o n m e nt i n a s e c o n d ar y  m at h e m ati cs cl as sr o o m  b y i n cl u di n g o p p ort u niti es f or i n q uir y a n d 

e x pl or ati o n . T h e a cti v e l e ar ni n g a p pr o a c h utili z e s  t e a c hi n g str at e gi es s u c h as pr oj e ct-b as e d 

l e ar ni n g a n d i n q uir y-b as e d l e ar ni n g, b ot h of w hi c h pr o vi d e o p p ort u niti es f or st u d e nt a g e n c y a n d  

e n c o ur a g e s  st u d e nts t o b e c o m e a cti v e p arti ci p a nts i n t h e cl as sr o o m . T his a p pr o a c h als o c o n n e c ts 

t o u n d erst a n di n g h o w st u d e nts l e ar n a n d cr e ati n g l e ar ni n g o p p ort u niti es t o s u p p ort di v ers e 

l e ar ni n g st yl es. 

W h e n  t e a c h ers h a v e t o  a d h er e  t o d istri ct m a n d at e d c urri c ul u m a n d p a ci n g g ui d es , t h er e is 

li mit e d r o o m or o p p ort u nit y f or e x pl or ati o n, pr oj e cts, a n d pr a cti c e i n m at h e m ati cs cl as sr o o ms. 

T his l e a ds t o b or e d o m a n d l a c k of i nt er est fr o m t h e st u d e nts  ( H o p ki ns, 2 0 2 4). A s hift is n e e d e d t o 

e ns ur e l e ar ni n g  a n d a ut h e nti c , st u d e nt e n g a g e m e nt i n m at h. O n e w a y t o a c hi e v e t his is t o 

i m pl e m e nt in q uir y -b as e d l e ar ni n g , a n a p pr o a c h t h at is oft e n us e d as a str at e g y f or t e a c hi n g 

s ci e n c e. T yi n g s ci e ntifi c i n q uir y t o m at h e m ati c al r e as o ni n g a cr os s v ari o us l es s o ns h el p s  bri d g e 

t h e g a p b et w e e n t h es e t w o c o nt e nt ar e as. T hr o u g h t hi s i nt er dis ci pli n ar y a p pli c ati o n, st u d e nts a r e 

a bl e t o t hi n k a b o ut m at h i n n e w w a y s  w hi c h f ost er s  e n g a g e m e nt a n d r e al-w orl d a p pr o a c h es  t o 

m at h e m ati cs w hil e als o cr e ati n g a n a cti v e l e ar ni n g e n vir o n m e nt f or  st u d e nts.  

F o c us St at e m e nt  

T h e f o c us of t his pr oj e ct is t o pr es e nt  a r e vis e d cl as sr o o m r o uti n e wit h i n q uir y- a n d 

e x pl or ati o n -b as e d l e ar ni n g o p p ort u niti es  ali g n e d wit h e xisti n g st a n d ar ds  t o pr o m ot e a cti v e 

l e ar ni n g i n a s e c o n d ar y m at h e m ati cs cl as sr o o m. 
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C H A P T E R T W O  

C O N C E P T U A L F R A M E W O R K  

I ntr o d u cti o n 

T h e U nit e d St at es, a c c or di n g t o t h e 2 0 2 2 PI S A ( Pr o gr a m f or I nt er n ati o n al St u d e nt 

A s s es s m e nt) w orl d wi d e st u d y, s c or e d l o w er t h a n t h e ot h er O E C D ( Or g a ni z ati o n f or E c o n o mi c 

C o -o p er ati o n a n d D e v el o p m e nt) c o u ntri es of w hi c h t h er e ar e 3 8 o n st u d e nt p erf or m a n c e i n m at h 

( E d u c ati o n G P S, 2 0 2 6). C o u pl e t his wit h a p as si v e l e ar ni n g e n vir o n m e nt a n d it cr e at es t h e 

‘ p erf e ct st or m’ f or o ur n ati o n’s l o w p erf or m a n c e i n m at h e m ati cs. Wit h st u d e nts’ i n c o nsist e nt 

p erf or m a n c e i n m at h e m ati cs d u e t o m at h a n xi et y, diffi d e n c e, a n d s kill g a ps , t e a c hi n g 

m at h e m ati cs c a n b e a diffi c ult c h all e n g e t o n a vi g at e ( We n & D u b é, 2 0 2 2). A criti c al f a ct or is 

M at h A v oi d a n c e B e h a vi or  ( M A B) w hi c h c a us es st u d e nts t o dis e n g a g e, h a v e a l a c k of m oti v ati o n, 

a n d hi n d ers t h e l e ar ni n g pr o c es s  (We n & D u b é, 2 0 2 2) . It is i m p er ati v e t o fi n d a w a y t o g et 

st u d e nts  e x cit e d a b o ut m at h a n d pr o vi d e e n g a gi n g o p p ort u niti es f or t h e m t o l e ar n. T o g et t o t h e 

b ott o m of st u d e nt  c h all e n g es i n m at h e m ati cs , o n e m ust t a k e a cl os er l o o k  at st u d e nts’ m oti v ati o n, 

c o g niti v e d e v el o p m e nt , a n d l e ar ni n g t hr o u g h i n q uir y a n d pr oj e cts w h er e i nstr u cti o n s hifts t o 

b e c o m e  st u d e nt-f o c us e d.  

C h all e n g es i n S e c o n d ar y M at h Cl as sr o o ms  

T h er e ar e m ulti pl e f a ct ors t h at ar e aff e cti n g st u d e nts ’ a c a d e mi c p ot e nti al i n t o d a y’s 

cl as sr o o ms. T h es e f a ct ors h a v e l e d t o a si g nifi c a nt d e cli n e i n m oti v ati o n, a c a d e mi c p erf or m a n c e, 

a n d p o or attit u d es i n r e g ar ds t o l e ar ni n g m at h  i n s e c o n d ar y i nstit uti o ns ( We n & D u bé , 2 0 2 2). 

O n e l e a di n g f a ct or is t h e af or e m e nti o n e d M at h A v oi d a n c e B e h a vi or ( M A B). M A B is w h e n a n 
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i n di vi d u al e n g a g es i n a v oi d a n c e b e h a vi ors b y t a ki n g l es s m at h-r el at e d cl as s es a n d p urs ui n g 

f e w er S T E M-r el at e d o c c u p ati o ns d u e t o e x p eri e n ci n g m at h a n xi et y or n e g ati v e f e eli n gs i n 

r e g ar ds t o m at h ( C h o e et al., 2 0 1 9). A st u d y of m at h a v oi d a n c e b e h a vi or b y C h o e  et al. ( 2 0 1 9)  s et 

o ut t o pr o v e t h at it is n’t j ust a n i n di vi d u al’s m at h p erf or m a n c e t h at c o ntri b ut es t o a v oi d a n c e b ut 

t h at a n xi et y a b o ut m at h als o c o ntri b ut es t o t his b e h a vi or. T h eir st u d y c o nfir m e d t h at a n xi et y a n d 

p erf or m a n c e pl a y a h u g e p art i n w h y i n di vi d u als a v oi d m at h i n g e n er al. I n t h e cl as sr o o m, t his 

c a n l o o k li k e a bs e nt e eis m (s ki p pi n g cl as s), s h utti n g d o w n (sl e e pi n g or h e a ds d o w n), or r ef us al t o 

c o m pl et e w or k.  T his l e n ds t o t h e t h e or y t h at st u d e nts h a v e p o or attit u d es t o w ar ds m at h d u e t o 

b ot h a n xi et y a n d p erf or m a n c e.  T h e st u d y als o c o nfir ms t h at st u d e nt i n a bilit y is n ot t h e o nl y is s u e 

aff e cti n g st u d e nt o ut c o m es a n d s u g g ests t h at a s hift t o st u d e nt -f o c us e d i nstr u cti o n is a vi a bl e 

s ol uti o n ( C h o e et al., 2 0 1 9). W hil e M A B is a b e h a vi or al f a ct or, t h e c o g niti v e d e v el o p m e nt of t h e 

st u d e nts als o pl a ys a criti c al r ol e.  

Al o n g wit h M A B, st u d e nts ar e r e p ort e d t o l os e i nt er e st i n m at h e m ati cs at hi g h er r at es as 

o p p os e d t o ot h er s u bj e cts  ( S c h w art z et al., 2 0 2 5). I n t h e S c h w art z, B o zi c k, Dili b erti, a n d O hls 

( 2 0 2 5) st u d y, st u d e nts ar e disi nt er est e d i n m at h, st u d e nts’ l e ar ni n g l os s is si g nifi c a nt a n d h as n ot 

f ull y r e c o v er e d p ost C O VI D-1 9, a n d hi g h a bs e nt e eis m is still o n a n u p w ar d tr e n d ( S c h w art z et 

al., 2 0 2 5). W h e n st u d e nts ar e n ot i nt er est e d i n a s u bj e ct, w h e n t h e y h a v e n o b u y -i n, or it is 

diffi c ult, b or e d o m is pr e v al e nt a n d m oti v ati o n s uff er s. St u d e nts w h o ar e n ot i nt er est e d, b or e d,  

a n d mis si n g i m p ort a nt cl as s ti m e us u all y d o n ot p erf or m w ell a c a d e mi c all y, a n d  m at h 

p erf or m a n c e t a k es a hit.  
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Tr a diti o n al I nstr u cti o n vs A cti v e E n g a g e m e nt  

T o f ull y u n d erst a n d t h e s u bj e ct of t his e d u c ati o n al s c h ol ars hi p, o n e m ust u n d erst a n d t h e 

p e d a g o gi c al diff er e n c es  b et w e e n tr a diti o n al n or ms a n d a cti v e l e ar ni n g e x p eri e n c es . Te a c hi n g 

a p pr o a c h es t o m at h e m ati cs c a n si g nifi c a ntl y i m p a ct st u d e nt u n d erst a n di n g a n d a c a d e mi c 

a c hi e v e m e nt ( Isl a m et al., 2 0 2 4). Tr a diti o n al t e a c hi n g pr a cti c es i n v ol v e t e a c h er-c e nt er e d, dir e ct 

i nstr u cti o n wit h littl e r o o m f or st u d e nt-dri v e n  q u esti o ni n g or i n v esti g ati o n. T his cr e at es a p as si v e 

l e ar ni n g e x p eri e n c e w h er e st u d e nts ar e si m pl y r e ci pi e nts of k n o wl e d g e r at h er t h a n a n a cti v e 

c o ntri b ut or t o t h eir o w n l e ar ni n g. St u d e nts i n t his s etti n g l e ar n t hr o u g h l e ct ur es a n d h e a vil y r el y 

o n t e xt b o o ks f or k n o wl e d g e. P e er dis c us si o ns ar e al m ost n o n e xist e nt d u e t o t h e ti m e c o nstr ai nts 

of f oll o wi n g a c urri c ul u m . This cr e at es a l a c k of s p a c e f or “ m at h t al k ” or di al o g u es i n v ol vi n g 

p e er q u esti o ni n g a n d a ns w ers  w hi c h i n t ur n pr o v o k e d e e p er t h o u g ht a n d c o nstr u cti o n of 

k n o wl e d g e.  

Te a c h ers or di n aril y f oll o w a t e a c h er -c e nt er e d a p pr o a c h i n m at h e m ati cs b e c a us e it c a n b e 

e asi er, a n d t h e y p er h a ps f e el s af er f oll o wi n g a s et c urri c ul u m s c o p e a n d s e q u e n c e wit h pr o vi d e d 

st u d e nt pr a cti c e pr o bl e ms.  T his t e a c h er -c e nt er e d a p pr o a c h is t h e n or m i n s e c o n d ar y m at h e m ati cs 

cl as sr o o ms. I n a st u d y c o n d u ct e d b y Eli z a b et h L a k e wit h t h e U C L I nstit ut e of E d u c ati o n i n t h e 

U nit e d Ki n g d o m, s h e f o u n d t h at m at h e m ati cs t e a c h ers ar e w ar y of t a ki n g ris ks w h e n gi vi n g 

i nstr u cti o n i n m at h (L a k e, 2 0 1 9 ). U si n g c urri c ul u m t a k es t h e c o g niti v e l o a d off of t h e t e a c h er a n d 

r e d u c es t h e e v e nt t h at a st u d e nt m a y as k a q u esti o n f or w hi c h t h e t e a c h er d o es n ot h a v e a n 

a ns w er ( L a k e, 2 0 1 9 ). U si n g hi g h-q u alit y c urri c ul u m miti g at es t his c o n c er n , b ut l a c ks i n t e a c h er 

a ut o n o m y a n d li mits o p p ort u niti es f or a cti v e l e ar ni n g.   
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Tr a nsiti o ni n g fr o m a w h oll y p as si v e l e ar ni n g e n vir o n m e nt t o a m or e a cti v e l e ar ni n g 

e n vir o n m e nt is c o m pli c at e d . It r e q uir es a s hift fr o m c o mf ort a bl e t e a c hi n g a n d l e ar ni n g pr a cti c es 

t o a m or e i m m ersi v e, t h o u g ht-pr o v o ki n g l e ar ni n g e x p eri e n c e. T hr o u g h t his tr a nsiti o n , t h e r ol e of 

t h e t e a c h er c h a n g es fr o m dir e cti n g all of t h e d e cisi o n s i n t h e l e ar ni n g pr o c es s t o b ei n g a 

f a cilit at or of l e ar ni n g, g ui di n g st u d e nts as t h e y m a k e d e cisi o ns a n d e x pl or e p os si bl e s ol uti o ns.  

A cti v e l e ar ni n g is a n a p pr o a c h t o t e a c hi n g t h at e n c o m p as s es m ulti pl e t e a c hi n g str at e gi es 

i n w hi c h l e ar n ers ar e e n g a g e d, p ur p os ef ull y p arti ci p ati n g t hr o u g h o ut t h e i nstr u cti o n ( U ni v ersit y 

of Mi n n es ot a, 2 0 2 5). A cti v e l e ar ni n g cl as sr o o ms ar e st u d e nt -l e d i n n atur e. A c c or di n g t o 

N ur b a vli y e v, K a y m a k, a n d S y d y k o v ( 2 0 2 2), a cti v e l e ar ni n g c o nsists of b ut is n ot li mit e d t o 

pr oj e ct -b as e d l e ar ni n g, p e er r e vi e w s, h a n ds -o n a cti viti es, i n q uir y -b as e d l e ar ni n g, a n d t h e 

i nt e gr ati o n of i m m ersi v e t e c h n ol o g y. I n t his str u ct ur e, t h e st u d e nts m o v e fr o m t h e r ol e of a 

p as si v e l e ar n er i nt o t h e r ol e of a n a cti v e l e ar n er.  

Yet, c h all e n g es p ersist. St u d e nts ar e p us h e d o ut of t h eir c o mf ort z o n es w h er e t hi n k -al o u d, 

dis c us si o ns, a n d dis c o v er y ar e o bst a cl es t h at ar e t o u g h t o o v er c o m e. W h e n st u d e nts ar e n ot us e d 

t o p us hi n g t h e ms el v es t hr o u g h t his pr o d u cti v e str u g gl e, e n c o ur a gi n g t h e m t hr o u g h t h e h ar d st uff 

c a n s e e m a l ost c a us e at ti m es. It is a n o p p ositi o n t o c h a n g e. St u d e nts a n d t e a c h ers ali k e ar e 

c h all e n g e d t o b e t hi n k ers a n d c o nstr u ct ors of t h eir o w n k n o wl e d g e v ers us h a vi n g k n o wl e d g e 

h a n d e d t o t h e m a n d h o pi n g f or t h e b est. H o w e v er, t hi s a dj ust m e nt  of t e a c hi n g a n d l e ar ni n g 

s h o ul d  h a p p e n f or l o n g-t er m r et e nti o n a n d p ositi o ni n g st u d e nts t o b e c o m e criti c al t hi n k ers i n a 

w orl d w h er e drill a n d kill is n ot w or ki n g ( Br o w n et al., 2 0 1 4).  

A c c or di n g t o Dr. K ar y n e A n g, w h o h as c o n d u ct e d r e s e ar c h i n t e a c hi n g a n d l e ar ni n g 

d eli v er y, st u di es r e g ar di n g tr a nsiti o ni n g fr o m p as si v e t o a cti v e l e ar ni n g e n vir o n m e nts ar e s c ar c e. 
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T h e i m p a cts of diff er e nt d eli v er y t e c h ni q u es t o i m pr o v e st u d e nt l e ar ni n g ar e y et t o b e e x pl or e d i n 

d e pt h ( A n g et al., 2 0 2 1 ). T hr o u g h h er r es e ar c h, Dr. A n g d esi g n e d a w or ks h o p f or m at t o h el p 

f a cilit at ors a n d p arti ci p a nts tr a nsiti o n fr o m a p as si v e t o a n a cti v e l e ar ni n g m o d el. T his f or m at 

i n cl u d es f o ur pr o p ositi o ns f or as sisti n g t h e tr a nsiti o n. First, Dr. A n g s u g g ests t e a c h ers s h o ul d 

h el p st u d e nts pr e p ar e t o s hift t h eir t hi n ki n g t o w ar ds s elf-m a n a g e m e nt a n d r es p o nsi bilit y. T his 

r e q uir es a m o v e a w a y fr o m b ei n g d e p e n d e nt t o i n d e p e n d e nt t hi n k ers, m u c h li k e a c hil d gr o wi n g 

m or e i n d e p e n d e nt fr o m t h eir p ar e nts as t h e y d e v el o p a n d gr o w. H er s e c o n d pr o p ositi o n c o n v e ys 

t h at st u d e nt e n g a g e m e nt s h o ul d b e fl e xi bl e a n d m ulti di m e nsi o n al. Pr o vi di n g a v ari et y of l e ar ni n g 

a cti viti es s u c h as dis c us si o ns, si m ul ati o ns, mi ni -l es s o ns, vi d e os, pr oj e cts, a n d q ui z z es all o w s 

st u d e nts t o e n g a g e wit h v ari o us f or ms of c o nt e nt w hi c h a p p e als t o t h eir u ni q u e l e ar ni n g st yl es. 

T h e t hir d pr o p ositi o n Dr. A n g pr o vi d es is t e a c hi n g st u d e nts t o c oll a b or at e wit h p e ers. T his h el ps 

st u d e nts b e m oti v at e d t o e n g a g e i n s o ci al l e ar ni n g b y f ost eri n g p e er dis c us si o n, pr a cti c e, 

pr o d u cti o n, a n d i n q uir y. H er f o urt h a n d fi n al pr o p ositi o n is t o pr o vi d e t h e s c aff ol di n g st u d e nts 

r e q uir e t o tr a nsiti o n, w hi c h b e c o m es a  “l e ar ni n g t o l e ar n ” o p p ort u nit y. St u d e nts n e e d s c aff ol di n g 

t o a c c e pt r es p o nsi bilit y, t o a c q uir e k n o wl e d g e, a n d t o c o nstr u ct m e a ni n g a n d u n d erst a n di n g.   

( A n g et al., 2 0 2 1). T o a c hi e v e t his tr a nsiti o n, o n e m u st u n d erst a n d c o g niti v e d e v el o p m e nt, 

di v ers e l e ar ni n g st yl es , a n d w a ys st u d e nts’ pr o gr es s t hr o u g h r e pr es e nt ati o ns of t h eir l e ar ni n g.  

C o g niti v e D e v el o p m e nt a n d R e pr es e nt ati o n i n M at h e m ati cs  

C o g niti v e t h e or y s u g g ests t h at t h e br ai n pr o c es s es, st or es, a n d r etri e v es i nf or m ati o n 

w hi c h  i m pr o v es c o m pr e h e nsi o n, r et e nti o n, a n d pr o bl e m-s ol vi n g s kills  (F e d er, 2 0 2 4) . 

P s y c h ol o gist J e a n Pi a g et d e v el o p e d t his t h e or y , St a g es of C o g niti v e D e v el o p m e nt, i n his w or k 

wit h y o u n g c hil dr e n  a n d f o c us e d o n h o w p e o pl e g ai n k n o wl e d g e ( F e d er, 2 0 2 4). Pi a g et t h e ori z e d 
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t h at c hil dr e n d e v el o p c o g niti v el y b as e d o n as si mil ati o n a n d a c c o m m o d ati o n, a “ l e ar n a n d c h a n g e 

as y o u gr o w ”  a p pr o a c h (M a d a n a g o p al, 2 0 2 0 ). Pi a g et b eli e v e d t h at c o g niti v e d e v el o p m e nt 

pr o gr es s e d t hr o u g h f o ur disti n ct p h as es: s e ns ori m ot or ( o bj e ct p er m a n e n c e), pr e o p er ati o n al 

(s y m b oli c t h o u g ht), c o n cr et e o p er ati o n al ( o p er ati o n al t h o u g ht), a n d f or m al o p er ati o n al ( a bstr a ct 

c o n c e pts). T h es e st a g es ar e a g e -s p e cifi c a n d h a p p e n i n t h e s a m e or d er f or e v er y c hil d. T h e l ast 

st a g e, f or m al o p er ati o n al w h er e c hil dr e n d e v el o p t h e a bilit y t o t hi n k a bstr a ctl y, w as b eli e v e d t o 

h a p p e n at ar o u n d a g e 1 1 a n d b e y o n d  ( M a d a n a g o p al, 2 0 2 0). T his is w h er e a br e a k d o w n i n t h e 

t h e or y o c c urs as n o c hil d is i d e nti c al t o a n ot h er a n d a g e d o es n ot d et er mi n e a bilit y.  St u d e nts at 

a n y a g e n e e d i nt e nti o n all y  d esi g n e d l e ar ni n g e x p eri e n c es t o pr o gr es s fr o m s e ns ori m ot or, o bj e ct 

p er m a n e n c e t o t h e f or m al o p er ati o n al, or a bstr a ct c o n c e pts. T h es e l e ar ni n g e x p eri e n c es s h o ul d b e 

a cti v e i n n at ur e, h el pi n g st u d e nts m o v e fr o m c o n cr et e m at eri als t o a bstr a ct t hi n ki n g.  

T his c o g niti v e mis m at c h i n a g e a n d a bilit y d o es n ot tr a nsf er t o a s e c o n d ar y m at h e m ati cs 

cl as s. M at h is c o m m o nl y  a bstr a ct at t h e hi g h s c h o ol l e v el. I n ot h er w or ds, t h e m at h pr o bl e ms ar e 

us u all y t h e or eti c al, i nt a n gi bl e, a n d c o m pl e x, wit h o ut a n y p h ysi c al c h ar a ct eristi cs. W hil e b ei n g 

t a u g ht hi g h er or d er m at h e m ati cs, st u d e nts sit i n l e ct ur e -b as e d , t e a c h er-c e nt er e d  cl as sr o o ms wit h 

p a p er  a n d p e n cil  as t h e o nl y f or m of e n g a g e m e nt . T h er e ar e v er y littl e o p p ort u niti es f or st u d e nts 

t o a cti v el y e n g a g e wit h diff er e nt m at eri als or m e di a i n m a n y hi g h s c h o ol m at h cl as sr o o ms. A s a 

r ul e, c urri c ul u m is f oll o w e d t o fi d elit y a n d a t e xt b o o k is t h e st u d e nts’ Bi bl e. T h e t e xt b o o k h as 

b e e n s ai d t o b e us e d m or e t h a n i n ot h er c o nt e nt ar e as s u c h as S ci e n c e a n d E n glis h  ( F er g us o n, 

2 0 1 0). T h e s a m e I D o, We D o, Y o u D o s e q u e n c e is t h e n or m i n e v er y l es s o n, e v er y d a y.  T h er e 

ar e g e n er all y  n o i n q uir y o p p ort u niti es a n d p e n cil/ p a p er t as ks, w hi c h ar e a bstr a ct i n n at ur e, r ul e 

t h e d a y. St u d e nts of a n y a g e w h o h a v e n ot m o v e d t hr o u g h c ert ai n st a g es of d e v el o p m e nt will 
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str u g gl e wit h a n a bstr a ct, or s y m b oli c vi e w ( M c L e o d, 2 0 2 4). W h e n st u d e nts r e a c h hi g h s c h o ol, 

a n d t h e y h a v e n ot b e e n a bl e t o pr o gr es s t hr o u g h t h es e st a g es of d e v el o p m e nt s u c c es sf ull y, 

a bstr a ct pr o bl e ms c a n b e a n i ns ur m o u nt a bl e c h all e n g e.  

T o b e a bl e t o u n d erst a n d t h e a bstr a ct n at ur e of Al g e br a 1 f or e x a m pl e , st u d e nts m ust b e 

a bl e t o c o n n e ct t h e diff er e nt r e pr es e nt ati o ns of al g e br ai c e x pr es si o ns a n d e q u ati o ns. A c c or di n g t o 

J er o m e Br u n er’s t h e or y, e x p a n di n g o n a n d sli g htl y diff eri n g fr o m Pi a g et, h e t h e ori z e d t h at 

c hil dr e n c o nstr u ct k n o wl e d g e a n d m e a ni n g t hr o u g h a cti v e e x p eri e n c e (M c L e o d, 2 0 2 4). Br u n er 

b eli e v e d t h at t h er e ar e t hr e e m o d es of r e pr es e nt ati o n: e n a cti v e ( a cti o n -

b as e d/ m a ni p ul ati v e/ c o n cr et e), i c o ni c ( pi ct ori al/r e pr e s e nt ati o n al), a n d s y m b oli c (l a n g u a g e -

b as e d/ a bstr a ct). W h e n st u d e nts of a n y a g e ar e gi v e n n e w l es s o ns or u nits t o l e ar n, Br u n er 

b eli e v e d t h at it is m ost eff e cti v e f or st u d e nts t o pr o gr es s t hr o u g h e a c h of t h es e m o d es 

s e q u e nti all y b ef or e m o vi n g t o t h e n e xt m o d e of r e pr e s e nt ati o n ( M c L e o d, 2 0 2 4). St u d e nts i n 

s e c o n d ar y m at h  cl as s es  ar e r e pr es e nt e d at e a c h of Br u n er’s t hr e e m o d es of r e pr es e nt ati o n wit h 

u n d erst a n di n g a n d a biliti es s c att er e d a cr os s a br o a d r a n g e of d e v el o p m e nt  a n d m at h e m ati c al 

u n d erst a n di n g  ( P a y n e et al., 2 0 2 6). S o m e st u d e nts ar e still at t h e e n a cti v e a n d i c o ni c st a g es w hil e 

ot h ers h a v e h a d t h e o p p ort u niti es t o pr o gr es s t o t h e s y m b oli c m o d e of r e pr es e nt ati o n. Wit h t his 

di v ersit y i n l e ar ni n g a n d c o g niti v e d e v el o p m e nt, a s hift i n t e a c hi n g pr a cti c e is es s e nti al t o b e n efit 

all st u d e nts.  

A n ot h er r e as o n st u d e nts m a y str u g gl e i n m at h t o b e m oti v at e d a n d p erf or m w ell 

a c a d e mi c all y is t h at t h e y ar e n ot e n g a g e d i n m ulti pl e w a ys, t h e c o nt e nt is t y pi c all y gi v e n i n o n e 

f or m at, a n d st u d e nts l a c k t h e o p p ort u nit y t o d e m o nstr at e i n t h eir u ni q u e w a ys w h at t h e y h a v e 

l e ar n e d. T h e U ni v ers al D esi g n f or L e ar ni n g ( U D L) fr a m e w or k  a d dr es s es t his is s u e.  T h e U D L 
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fr a m e w or k w as d esi g n e d t o i m pr o v e t e a c hi n g a n d l e ar ni n g b y i m pl e m e nti n g t hr e e m ai n 

pri n ci pl es i nt o i nstr u cti o n ( C A S T, 2 0 2 4). T h es e pri n ci pl es ar e: 1) m ulti pl e m e a ns of e n g a g e m e nt, 

2) m ulti pl e m e a ns of r e pr es e nt ati o n, a n d 3) m ulti pl e m e a ns of a cti o n a n d e x p r es si o n ( C A S T, 

2 0 2 4). I n t h e m at h cl as sr o o m, st u d e nts s h o ul d h a v e all t hr e e of t h es e pri n ci pl es i n cl u d e d i n 

i nstr u cti o n. T his c a n pr o vi d e st u d e nts wit h disti n ct a n d i n di vi d u ali z e d a p pr o a c h es w hi c h h el p 

t h e m t o b e m oti v at e d t o l e ar n a n d p erf or m b ett er a c a d e mi c all y. T o g et h er, Pi a g et’s C o g niti v e 

D e v el o p m e nt T h e or y , Br u n er’s T h e or y of C o g niti v e D e v el o p m e nt , a n d t h e us e of U D L s u g g est  

t h at l e ar ni n g is c o nstr u ct e d t hr o u g h m ulti pl e m o d es of r e pr es e nt ati o n a n d i n di vi d u al e x p eri e n c e. 

T h is w or k s u p p orts a s hift fr o m a p as si v e, o n e -si z e-fits-all a p pr o a c h t o a n i n di vi d u ali z e d, 

m ulti m o d al, a cti v e l e ar ni n g a p pr o a c h t o i nstr u cti o n i n m at h e m ati cs.  

A cti v e L e ar ni n g as a T h e or eti c al A p pr o a c h t o I nstr u cti o n  

A cti v e l e ar ni n g h as b e e n d es cri b e d as e n g a gi n g, i nt er a cti v e, a n d pr o d u cti v e ( N ur b a vli y e v 

et al., 2 0 2 2). It is a m et h o d of i nstr u cti o n t h at all o w s a n d e n c o ur a g es st u d e nts t o a cti v el y 

p arti ci p at e  i n t h eir l e ar ni n g. It e n c o ur a g es st u d e nts t o d o m or e t h a n j ust i nt er a ct wit h a t e xt b o o k 

a n d m e m ori z e r ul es a n d st e ps f or s ol uti o ns . It is b as e d o n t h e C o nstr u cti vist L e ar ni n g T h e or y 

w hi c h w as d e v el o p e d t hr o u g h t h e w or k s  of  J o h n D e w e y ( 1 9 2 9), J er o m e Br u n er ( 1 9 6 1), L e v 

Vy g ots k y ( 1 9 6 2), J e a n Pi a g et ( 1 9 8 0), Er nst v o n Gl as ersf el d ( 1 9 9 5), a n d ot h ers . C o nstr u cti vis m 

s u g g ests t h at l e ar ni n g is n ot t o j ust b e d eli v er e d b y t e a c h ers, b ut t h at st u d e nts n e e d t o a cti v el y 

c o nstr u ct t h eir o w n k n o wl e d g e  t hr o u g h t h eir o w n e x p eri e n c es ( B a d a & Ol us e g u n, 2 0 1 5). 

N ur b a vli y e v, K a y m a k, a n d S y d y k o v’s st u d y ( 2 0 2 2) i n v esti g at e d t h e eff e ct of t h e a cti v e l e ar ni n g 

t e a c hi n g m et h o d o n st u d e nts’ a c hi e v e m e nt, attit u d e, a n d m oti v ati o n i n m at h e m ati cs wit h 1 0t h 

gr a d e st u d e nts fr o m N ur or d a S c h o ol i n N ur -S ult a n, K a z a k hst a n. W h at t h e y f o u n d w as t h at 
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st u d e nts w h o w er e gi v e n t h e a bilit y t o a cti v el y c o nstr u ct  t h eir o w n k n o wl e d g e t hr o u g h a cti vit y-

b as e d l e ar ni n g n oti c e a bl y i n cr e as e d t h eir a c a d e mi c p erf or m a n c e, wit h sli g ht i m pr o v e m e nts i n 

attit u d e a n d m oti v ati o n ( N ur b a vli y e v et al., 2 0 2 2).  

A l o o k at h o w a cti v e l e ar ni n g h a p p e ns is d es cri b e d i n t h e b o o k M a k e it Sti c k b y Br o w n, 

R o e di g er, & M c D a ni el ( 2 0 1 4). T h e y d es cri b e a pil ot sitti n g i n cl as s d a y i n a n d d a y o ut list e ni n g 

t o l e ct ur es a b o ut t h e pl a n e h e is fl yi n g a n d c o m m o n sit u ati o ns t h at m a y o c c ur w hil e fl yi n g. T h e 

pil ot tri es v er y h ar d t o p a y att e nti o n b ut fi n ds it h ar d t o f o c us o n t h e c o nt e nt b ei n g dis c us s e d, 

e v e n t h o u g h it is c o m pl et el y r el e v a nt i n his lif e. T h e y g o o n t o d es cri b e w h at h a p p e ns w h e n o n e 

d a y, d uri n g a l e ct ur e, t h e i nstr u ct or as ks if a n y o n e h a d e v er h a d a s p e cifi c f u el li g ht c o m e o n 

d uri n g a fli g ht. S o m e o n e r ais e d t h eir h a n d a n d t h e i n str u ct or as k e d t h at pil ot t o t ell t h e cl as s w h at 

h a p p e n e d. All of a s u d d e n, t h e l e ct ur e b e c a m e i nt er e sti n g as a n ot h er pil ot e x pl ai n e d t h eir 

t h o u ghts a n d r e a cti o ns i n a hi g h -ris k sit u ati o n. T his p e er i nt er pr et ati o n of a r e al-lif e sit u ati o n 

h el p e d ot h er pil ots t o b e gi n t hi n ki n g “ w h at if it w as m e ”. Fr o m t h er e t h e pil ot i nstr u cti o n c o urs e 

c h a n g e d t o a mi x of cl as sr o o m a n d si m ul ati o ns w h er e pil ots w er e  a bl e t o a p pl y t h eir k n o wl e d g e 

a n d t hi n k t hr o u g h pr o bl e ms ( Br o w n et al., 2 0 1 4).  T hi s s h o w s h o w st u d e nts, w h e n gi v e n t h e 

o p p ort u nit y, a n d as k e d t h e ri g ht q u esti o ns b e gi n t o t hi n k f or t h e ms el v es a n d c o n n e ct t o t h e 

c o nt e nt i n a m e a ni n gf ul, r e al w a y. H a d t h e pil ots b e e n gi v e n stri ctl y l e ct ur e -b as e d i nstr u cti o n, 

t h e y m a y n ot h a v e b e e n a bl e t o t hi n k criti c all y w h e n a hi g h-ris k sit u ati o n pr es e nt e d its elf. 

I n c or p or ati n g a cti v e l e ar ni n g a d dr es s e d t h e pil ots’ s p e cifi c n e e ds, t h eir diff er e nt l e ar ni n g st yl es, 

a n d pr es e nt e d t h e l e s s o ns i n diff er e nt w a ys t o sti m ul at e t h eir mi n ds a n d f ull y e n g a g e t h e m 

t hr o u g h li v e d e x p eri e n c es. A s i n t h e pil ot’s sit u ati o n w h er e t h e y h a d t o l e ar n b y d oi n g, as ki n g 

q u esti o ns, a n d t hi n ki n g t hr o u g h s ol uti o ns, s o d o m at h e m ati cs st u d e nts. M at h is n’t j ust a s et of 



1 5  
 
r ul es t o m e m ori z e. M at h is a s yst e m of l o gi c t h at m u st b e e x pl or e d, q u esti o n e d, a n d t h o u g ht 

a b o ut t o m a k e it sti c k.  

S a dl y, m at h e m ati cs cl as sr o o ms k e e p t e a c h er -c e nt er e d, l e ct ur e -b as e d pr a cti c es as t h e 

n or m, wit h t h e r ar e i n v esti g ati o n or pr oj e ct as t h e e x c e pti o n. E n g a gi n g i n a cti v e l e ar ni n g b ot h as 

t h e t e a c h er a n d f or t h e st u d e nts c a n b e a p ositi v e a n d m u c h n e e d e d c h a n g e t o a l o w-ris k, 

m o n ot o n o us t e a c h er -c e nt er e d a p pr o a c h. A cti v e l e ar ni n g i ns pir es st u d e nts t o t hi n k a n d e x pl or e 

b e y o n d a s et of pr o bl e ms o n a w or ks h e et. T h er ef or e, usi n g i n q uir y -b as e d str at e gi es r at h er t h a n 

m e m ori z ati o n of f a cts a n d t e xt b o o ks c o ul d pr o vi d e a  m e a ni n gf ul,  a cti v e l e ar ni n g a p pr o a c h t o 

m at h e m ati cs.  

E n g a g e m e nt a n d I n q uir y i n S e c o n d ar y M at h e m ati cs  

A cti v e l e ar ni n g r e q uir es e n g a g e m e nt. E n g a g e m e nt d e cli n es w h e n st u d e nts’ attit u d es 

t o w ar ds m at h is n e g ati v e. S o m e of t h es e attit u d es st e m fr o m l a c k of c o nfi d e n c e i n m at h, 

st u d e nts’ s elf -p er c e pti o ns,  e nj o y m e nt, a n d m at h a n xi et y ( We n & D u b é, 2 0 2 2). St u d e nt 

c o nfi d e n c e a n d s elf -p er c e pti o ns r el at e t o h o w st u d e nts b eli e v e t h e y c a n m a n a g e t h e diffi c ult 

n at ur e of m at h e m ati cs a n d h o w t h e y p er c ei v e t h e ms el v es i n t h e m at h cl as sr o o m ( We n & D u b é, 

2 0 2 2). If a st u d e nt f e els as if t h e y c a n n ot h a n dl e t h e m at h or t h e y vi e w t h e ms el v es as “ n ot g o o d 

at m at h ”, e n g a g e m e nt wit h m at h will b e l o w. If t h e y ar e c o nfi d e nt a n d s e e t h e ms el v es as 

m at h e m ati ci a ns, e n g a g e m e nt is hi g h er. E nj o y m e nt a n d m at h a n xi et y ar e als o f a ct ors t h at aff e ct 

e n g a g e m e nt. St u di es h a v e e x pl or e d t h e c orr el ati o n b et w e e n e nj o y m e nt a n d m at h a c hi e v e m e nt. 

T hr o u g h t h es e st u di es it w as f o u n d t h at e nj o y m e nt i n m at h e m ati cs h as a p ositi v e i nt err el ati o n t o 

m at h a c hi e v e m e nt. O n t h e fli p si d e, a n xi et y t o w ar ds m at h e m ati cs c a n n e g ati v el y af f e ct st u d e nt 

p erf or m a n c e a n d a c hi e v e m e nt ( We n & D u b é, 2 0 2 2). B e c a us e attit u d e aff e cts e n g a g e m e nt 
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dir e ctl y, it is i m p ort a nt t o h el p st u d e nts a d dr es s t h eir c o nfi d e n c e, s elf -p er c e pti o ns, e nj o y m e nt, 

a n d a n xi et y. T his c a n b e d o n e b y a p pl yi n g a cti v e l e ar ni n g as a n a p pr o a c h t o m at h e m ati cs t hr o u g h 

i n q uir y a n d pr oj e ct -b as e d l e ar ni n g.  

I n q uir y-b as e d l e ar ni n g (I B L) is a cti v e l e ar ni n g t h at i s m ulti -f a c et e d ( Er nst et al., 2 0 1 7). 

I B L h el ps st u d e nts d e v el o p criti c al t hi n ki n g a n d pr o bl e m-s ol vi n g s kills. It als o h el ps st u d e nts 

l e ar n h o w t o c oll a b or at e wit h ot h ers t hr o u g h gr o u p w or k, b uil di n g s oci al -e m oti o n al d e v el o p m e nt 

a n d t h e a bilit y of st u d e nts t o a d a pt. T his d e v el o p m e nt i n t hi n ki n g, pr o bl e m -s ol vi n g, 

c oll a b or ati n g, s o ci al -e m oti o n al l e ar ni n g, a n d c o nstr u cti o n of k n o wl e d g e is w h at c a n b uil d 

st u d e nt e n g a g e m e nt i n t h e cl as sr o o m. I B L s u p p orts a m e a ni n gf ul li n k b et w e e n c o nt e nt a n d t h e 

r e al-w orl d  h el pi n g st u d e nts t o u n d erst a n d t h at t h e y will, i n f a ct, us e m at h i n r e al lif e . I B L i n vit es 

st u d e nts t o a cti v el y i n v esti g at e dri vi n g q u esti o ns r at h er t h a n p as si v el y r e c ei vi n g f a cts fr o m t h e 

t e a c h er. I n I B L, t h e t e a c h er is a f a cilit at or of l e ar ni n g a n d t h e st u d e nts ar e t h e dri v ers.  

Or di n aril y, m at h c urri c ul u m h as p a ci n g g ui d es wit h stri ct a d h er e n c e t o c o v eri n g a s et 

a m o u nt of m at eri al wit hi n a s et a m o u nt of ti m e. J e a n -L u c D ori er a n d Fr a n cis c o J a vi er G ar ci a 

c o n d u ct e d a st u d y a n al y zi n g t h e c o nstr ai nts w hi c h c o ul d f a v or or hi n d er t h e i m pl e m e nt ati o n of 

i n q uir y-b as e d m at h e m ati cs a cr os s 1 2 E ur o p e a n c o u ntri es ( D ori er & G ar ci a, 2 0 1 3). T h e y 

d et er mi n e d t h at s o ci et y, s c h o ol, p e d a g o g y, a n d dis ci pli n e (s ci e n c e a n d m at h e m ati cs) pl a y e d 

m aj or r ol es i n t h e s u c c es s or f ail ur e of I B L as a n a p pr o a c h t o t e a c hi n g a n d l e ar ni n g.  T h e y n ot e 

t h at usi n g I B L r e q uir es ti m e as it is st u d e nt-dri v e n a n d s h o ul d all o w f or st u d e nts t o as k q u esti o ns, 

t est r es ults, m a k e mist a k es, a n al y z e err ors, b uil d t h eir o w n u n d erst a n di n g of t h e m at eri al b ei n g 

pr es e nt e d, a n d c o n d u ct s e lf-e v al u ati o ns, or p e er r e vi e w s, o n t h eir i n q uir y pr oj e cts ( D ori er & 

G ar ci a, 2 0 1 3).  
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Alt h o u g h I B L c a n b e c h all e n gi n g t o i m pl e m e nt it h as b e e n s h o w n t o i n cr e as e t h e 

u n d erst a n di n g of m at h e m ati cs i n st u d e nts i n u p p er -di visi o n, pr o of -b as e d m at h e m ati cs, c al c ul us, 

a n d el e m e nt ar y m at h e m ati cs ( Er nst et al., 2 0 1 7). A s st u d e nts w or k t o g et h er i n gr o u ps, l e ar ni n g t o 

m a k e s e ns e of m at h e m ati cs t hr o u g h I B L, t h eir u n d er st a n di n g a n d a bilit y t o pr o bl e m -s ol v e 

e x p a n ds a n d e n g a g e m e nt wit hi n t h e dis ci pli n e i n cr e a s es ( D ori er & G ar ci a, 2 0 1 3).  Fr o m h er e, 

st u d e nts c a n r e all y d el v e d e e pl y i nt o t h e m at h t hr o u g h pr oj e cts w hi c h ar e f o c us e d o n st u d e nt 

i nt er ests a n d r el e v a n c e usi n g t h e i n q uir y s kills t h e y a c q uir e d t hr o u g h st u d e nt-dri v e n 

i n v esti g ati o ns. 

T hr o u g h pr oj e cts, st u d e nts ar e pr o vi d e d t h e o p p ort u nit y t o s ol v e pr o bl e ms i n r e al-w orl d  

c o nt e xts . T his a p pr o a c h pr o vi d es r el e v a n c e w h et h er c ult ur all y or p ers o n all y a n d h el ps st u d e nts 

b uil d c o nfi d e n c e a n d h a v e p ositi v e s elf -p er c e pti o ns. Pr oj e cts, or pr oj e ct -b as e d l e ar ni n g ( P B L), 

h as b e e n ar o u n d si n c e C o nf u ci us a n d Arist otl e w h o w er e a d v o c at es of l e ar ni n g b y d oi n g ( B os s, 

2 0 1 1). I n t h e 1 8 0 0’s, p hil os o p h er J o h n D e w e y c o nti n u e d t his t h o u g ht w h e n h e dis a gr e e d wit h t h e 

vi e w t h at st u d e nts w er e o nl y p as si v el y l e ar ni n g. H e b eli e v e d t h at “ e d u c ati o n is n ot pr e p ar ati o n 

f or lif e; e d u c ati o n is lif e its elf ” ( B os s, 2 0 1 1). D e w e y’s i d e a w as l at er e x p a n d e d o n b y t h e 

p h ysi ci a n M ari a M o nt es s ori a n d t h e d e v el o p m e nt al p s y c h ol o gist J e a n Pi a g et, w h o b ot h  b eli e v e d 

t h at e x p eri e n c es, n ot j ust list e ni n g t o w or ds, is w h at h el ps us t o l e ar n (B os s, 2 0 1 1).  

T h e pr oj e ct -b as e d l e ar ni n g a p pr o a c h w or ks i n all dis ci pli n es a n d hi g hli g hts a cti v e, 

st u d e nt-dir e ct e d l e ar ni n g. Pr oj e cts ar e b as e d o n a dri vi n g q u esti o n t h at r e q uir es i n v esti g ati o n, 

e x pl or ati o n, a ut h e nti cit y, a n d t esti n g of s ol uti o ns ( L a v er di er e, 2 0 2 5). P B L is st u d e nt-c e nt er e d 

b e c a us e t h e f o c us is o n w h at t h e st u d e nts ar e d oi n g a n d c a n l ast f or as l o n g as t h e st u d e nts s h o w 

i nt er est i n t h e s u bj e ct. A n e x a m pl e of P B L s h o ul d b e a pr oj e ct t h at is m e a ni n gf ul a n d p ull fr o m 
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st u d e nts’ p ers o n al li v es c o n n e cti n g c o nt e nt a n d c o nt e xt . F or i nst a n c e, N ati v e A m eri c a n st u d e nts 

a n d/ or t h os e l e ar ni n g a b o ut tri b es c a n st u d y  t h e m at h e m ati cs of bl o o d q u a nt u m, fr a cti o n al a n d 

e x p o n e nti al m at h e m ati cs t h at t h e U nit e d St at es g o v er n m e nt a n d tri b es us e t o c al c ul at e t h e 

p er c ei v e d a m o u nt of “I n di a n bl o o d ” a p ers o n m a y h a v e b as e d o n a n c estr y ( C ars o n et al., 2 0 2 4). 

T his i n q uir y i nt o bl o o d q u a nt u m c a n h el p  st u d e nts u n d erst a n d t h e c o n n e cti o n b et w e e n m at h a n d 

a c urr e nt s o ci al is s u e dir e ctl y r el at e d t o t h e m as tri b al m e m b ers /d es c e n d a nts  a n d s c h o ols 

i m pl e m e nti n g I n di a n E d u c ati o n f or All (I E F A).  

W h e n  l e ar ni n g is c e nt er e d ar o u n d i n q uir y a n d pr oj e cts t h at gr a b st u d e nt i nt er est, st u d e nts 

g ai n a d e e p er u n d erst a n di n g of t h e c o n c e pts b ei n g t a u g ht. U si n g  t h es e a p pr o a c h es, st u d e nts 

c o nstr u ct t h eir o w n k n o wl e d g e t hr o u g h a cti v e i n v esti g ati o ns. I n q uir y a n d pr oj e cts i nsist t h at 

st u d e nts d o a n d t hi n k f or t h e ms el v es, cr e ati n g t h e n e c es s ar y s hift fr o m p as si v e t o a cti v e l e ar ni n g . 

L e ar ni n g t h e n b e c o m es eff e cti v e b e c a us e st u d e nts m ust c o nstr u ct t h e k n o wl e d g e f or t h e ms el v es , 

b e c o mi n g cr e at ors of m e a ni n g t hr o u g h t h eir o w n e x p eri e n c es a n d r efl e cti o n.  
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C H A P T E R T H R E E  

I N S T R U C TI O N A L D E SI G N F O R A C TI V E L E A R NI N G I N 

S E C O N D A R Y M A T H E M A TI C S  

O v er vi e w of I nstr u cti o n al A p pr o a c h  

I nt e gr ati n g t h e a cti v e l e ar ni n g  str at e gi es i nt o a m at h cl as sr o o m c a n b e d e m a n di n g . T his 

s hift r e q uir es t e a c h ers a n d st u d e nts ali k e t o c h a n g e t h eir p er c e pti o ns of t e a c hi n g a n d l e ar ni n g 

m at h e m ati cs fr o m a t e a c h er -c e nt er e d, p as si v e -l e ar ni n g a p pr o a c h, t o a n i nstr u cti o n al d esi g n t h at 

t a k es ti m e a n d pr a cti c e ( A n g et al., 2 0 2 1). H o w e v er, o n c e i m pl e m e nt e d , t his i nstr u cti o n al d esi g n 

h as t h e p ot e nti al t o  p ositi v el y c h a n g e l e ar ni n g  a n d e n g a g e m e nt . 

T h e m o difi e d  i nstr u cti o n al d esi g n pr es e nt e d i n t his c h a pt er i n cl u d es n ot o nl y a p pl yi n g 

i n q uir y, pr oj e cts, a n d a cti v e l e ar ni n g o p p ort u niti es, b ut als o pr o vi d es a w a y f or t e a c h ers t o 

i m pl e m e nt t his d esi g n wit hi n t h eir e xisti n g c urri c ula . I nstr u cti o n al d esi g n str at e gi es t h at ar e 

s e a ml es sl y i nt e gr at e d ar e  n e c es s ar y t o h el p t e a c h ers m e et stri ct distri ct p a ci n g g ui d es ( R e mill ar d, 

2 0 0 5) ( H e m ml er et al., 2 0 2 4).  T o m a k e t h e tr a nsiti o n a littl e bit s m o ot h er, it m a y b e n e c es s ar y f or 

a t e a c h er t o a dj ust t h eir cl as sr o o m r o uti n e/s c h e d ul e. A r e d esi g n e d cl as sr o o m r o uti n e f or a 4 5 -

mi n ut e cl as s p eri o d c a n all o w  t e a c h ers t o i m pl e m e nt t his a p pr o a c h in a c urri c ul u m -g ui d e d 

str u ct ur e. D ail y l es s o ns r e v ol v e ar o u n d t his s c h e d ul e, usi n g l es s o ns fr o m t h e c urri c ul u m a n d 

i n cl u di n g i n q uir y i n v esti g ati o ns t o e n g a g e t h e st u d e nt i n c o nstr u cti n g t h eir o w n k n o wl e d g e of t h e 

c o n c e pt. T h e cl as sr o o m r o uti n e f oll o w s t h e 5 E l es s o n pl a n, wit h o ut h a vi n g t o cr e at e 5 E l es s o n 

pl a ns f or e v er y l es s o n usi n g a n a cti v e l e ar ni n g d esi g n.  S u p p ort f or C o n cr et e, R e pr es e nt ati o n al, 

a n d A bstr a ct ( C R A) as a n i nstr u cti o n al a p pli c ati o n is pr o vi d e d t hr o u g h a p h ysi c al C R A m at wit h 
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i nstr u cti o ns f or its us e a n d i m pl e m e nt ati o n. I n q uir y i n v esti g ati o n c ar ds a n d e xt e nsi o n c ar ds ar e 

a v ail a bl e  t o w or k wit h t h e l es s o n pr es e nt e d i n t h e c urri c ul u m. I n v esti g ati o n c ar ds ar e us e d f or 

i n di vi d u al a n d gr o u p e x pl or ati o ns t o i m pr o v e st u d e nt e n g a g e m e nt a n d u n d erst a n di n g. A s a 

c ul mi n ati n g st u d y of t h e c o n c e pt b ei n g t a u g ht, a pr oj e ct is pr o vi d e d f or st u d e nts t o as k q u esti o ns 

a b o ut a n d e x pl or e wit h a r e al -w orl d a p pli c ati o n. Wit h t his i nstr u cti o n al a p pr o a c h, a cti v e l e ar ni n g 

is f e asi bl e i n t h e s e c o n d ar y m at h e m ati cs cl as sr o o m. 

I nstr u cti o n al S e q u e n c e a n d Str u ct ur e  

D ail y L es s o n Str u ct ur e  

A t y pi c al m at h cl as sr o o m s c h e d ul e c o nsists of a b ell ri n g er, t h e l es s o n, g ui d e d pr a cti c e, 

i n d e p e n d e nt pr a cti c e, a n d a n e xit ti c k et. T his tr a diti o n al r o uti n e is s h o w n i n Ta bl e 1. 

Ta bl e 1. Tr a diti o n al M at h e m ati cs Cl as sr o o m R o uti n e  
D ail y S c h e d ul e ( 4 5 -mi n ut e cl as s p e ri o d)  

B ell Ri n g er ( P r a cti c e of pr e vi o usl y l e ar n e d s kill)  5 mi n ut es  

L es s o n ( Intr o d u cti o n of c o n c e pt b ei n g t a u g ht -I D O) 2 0  mi n ut es  

G ui d e d Pr a cti c e ( C h e c ks f or u n d erst a n di n g -W E D O)  5  m i n ut es 

I n d e p e n d e nt Pr a cti c e ( St u d e nts pr a cti c e n e w c o n c e pt -Y O U D O)  1 0 mi n ut es  

E xit Ti c k et ( F or m ati v e A s s es s m e nt)  5 mi n ut es  

 
A s s h o w n, t his tr a diti o n al r o uti n e is n ot a st u d e nt -c e nt er e d a p pr o a c h gi v e n t h e a m o u nts of 

ti m e st u d e nts ar e b e ari n g t h e c o g niti v e w ei g ht of t h eir o w n l e ar ni n g . A c c or di n g t o t his d esi g n 

st u d e nts ar e a cti v el y e n g a g e d f or a b o ut 2 0 mi n ut es of a 4 5 -mi n ut e cl as s p eri o d. O n e c o ul d ar g u e 

t h at t his d o es n’t r e pr es e nt a cti v e l e ar ni n g w h e n st u d e nts ar e o nl y e n g a g e d wit h t h e t e xt b o o k 
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d uri n g t h e g ui d e d a n d i n d e p e n d e nt pr a cti c e p arts of t h e r o uti n e. M ost of t h e d oi n g is d o n e b y t h e 

t e a c h er a n d t his d esi g n l a c ks st u d e nt a g e n c y. T his s c h e d ul e is t y pi c al i n el e m e nt ar y, mi d dl e, a n d 

hi g h s c h o ol m at h e m ati cs cl as sr o o ms. M ost c urri c ul a cl os el y f oll o w t his d esi g n.  

T his  r e d esi g n e d a cti v e l e ar ni n g r o uti n e  pr o vi d e s  ti m e f or c arr yi n g  o ut pr oj e cts, i n q uir y, 

a n d gr o u p w or k  ( Ta bl e 2 ). T h e r o uti n e als o  pr o vi d e s  a w a y f or m at h e m ati cs t e a c h ers  t o i n cl u d e 

a cti v e l e ar ni n g o p p ort u niti es w hil e still f oll o wi n g t h eir distri ct -m a n d at e d c urri c ul a.  

Ta bl e 2 . R e d esi g n e d  A cti v e L e ar ni n g 4 5 -Mi n ut e Cl a s sr o o m R o uti n e  
D ail y S c h e d ul e  ( 4 5-mi n ut e cl as s p e ri o d)  

B ell Ri n g er ( Pr a cti c e of pr e vi o usl y l e ar n e d s kill)  3 mi n ut es  

H o o k: E n g a g e (I ntr o d u c e t h e q u esti o n/ p h e n o m e n o n)  2 mi n ut es  

I n q uir y/ Pr oj e ct: E x pl or e ( St u d e nts a cti v el y i n v esti g at e t h e t o pi c)  1 0  mi n ut es  

Mi ni -L es s o n: E x pl ai n (I ntr o d u c e t h e c o n c e pt/s kill)  8  mi n ut es  

Gr o u p W or k / Pr oj e ct: E xt e n d ( St u d e nts w or k t o g et h er a p pl yi n g n e w s kill) 1 0  mi n ut es  

I n d e p e n d e nt St u d y: E xt e n d (Pr a cti c e a p pl yi n g k n o wl e d g e t o pr o bl e ms i n 

w or k b o o k ) 
1 0  mi n ut es  

Wr a p -U p: E v al u at e ( F or m ati v e A s s es s m e nt/ Q ui c k C h e c ks)  2 mi n ut es  

 

T his s c h e d ul e is  str u ct ur e d usi n g  t h e 5 E l es s o n pl a n m o d el. T his l es s o n pl a n m o d el w as 

cr e at e d b y R o d g er B y b e e et al., f or t h e Bi ol o gi c al S ci e n c e C urri c ul u m St u d y ( B S C S) i n 1 9 8 7. 

T h e p h as es ar e s et u p i n a w a y as t o s u p p ort a n d h a v e t h e a bilit y t o a p pl y t his m o d el t o u nits 

wit hi n c urri c ul a  ( B y b e e et al., 2 0 0 6). T h e 5 E l es s o n pl a n m o d el c o nsists of fi v e c o m p o n e nts t h at 

e n c o ur a g e a n a cti v e -b as e d l e ar ni n g str u ct ur e. T h e 5 E ’s th at ar e c o v er e d i n t his m o d el ar e e n g a g e, 
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e x pl or e, e x pl ai n, e xt e n d a n d e v al u at e  ( B y b e e et al., 2 0 0 6). T h e 5 E fr a m e w or k is us e d i n t his  

t e a c h er-cr e at e d a cti v e l e ar ni n g cl as sr o o m r o uti n e ( Ta bl e 2) a n d e a c h of t h e 5 E’s ar e r e pr es e nt e d 

as p h as es.   

I n t h e E n g a g e p h as e  t e a c h ers c a n c o m p os e a h o o k t o gr a b st u d e nts’ att e nti o n  w hi c h  is 

d esi g n e d t o e n g a g e  a n d s p ar k i nt er est i n t h e l es s o n.  H o o ks ar e us u all y bri ef a n d m e a nt t o e n g a g e 

t h e l e ar n ers i m m e di at el y. T e a c h ers pr es e nt t h e h o o k w hi c h c o ul d b e a n yt hi n g fr o m “I h a v e a 

m yst er y e n v el o p e h er e f or a n y st u d e nt w h o c a n... ” (i ns ert s o m et hi n g t h at r el at es t o w h at t h e y ar e 

l e ar ni n g a b o ut) t o a d e m o nstr ati o n of a m ar bl e r olli n g d o w n a w o o d e n pl a n e. T h e E x pl or e p h as e  

of t h e r o uti n e all o w s  f or st u d e nts t o e x pl or e t h e p h e n o m e n o n, a pr o bl e m, or a s c e n ari o. A t t his 

ti m e, st u d e nts c a n as k q u esti o ns, n oti c e p att er ns, a n d t est s ol uti o ns. T his pr o m pt s  st u d e nts t o 

t hi n k a b o ut t h e c o n c e pt  t h at will b e  i ntr o d u c e d. Te a c h ers pr o vi d e s u p p ort a n d g ui di n g q u esti o ns.  

D uri n g t h e E x pl ai n p h as e , t h e t e a c h er pr o vi d es  a bri ef mi ni -l es s o n, t o s h e d li g ht o n  c o n c e pts t h at 

b e c a m e a p p ar e nt  d uri n g t h e e x pl or ati o n  a n d t o i ntr o d u c e t h e n e w c o n c e pt . I nstr u cti o n al 

r es o ur c es, s u c h as t h e t e xt b o o k, c a n b e us e d t o s u p p ort t his pr o c es s. I n t h e E xt e n d p h as e, st u d e nts 

a p pl y t h eir u n d erst a n di n g t hr o u g h str u ct ur e d gr o u p w or k, usi n g t e a c h er-d esi g n e d e xt e nsi o ns  t h at 

r ei nf or c e a n d d e e p e n t h e t ar g et e d c o n c e pt. Te a c h ers pr o vi d e s u p p ort d uri n g t his p h as e b y h el pi n g 

st u d e nts c o nstr u ct t h eir o w n k n o wl e d g e t hr o u g h hi g h er -or d er q u esti o ni n g. St u d e nts ar e gi v e n  

ti m e f or i n d e p e n d e nt st u d y; a ti m e w h er e t h e y e n g a g e wit h t h eir t e xtb o o ks or pr a cti c e  t h e n e w 

s kill i n ot h er w a ys. T his ti m e c a n als o b e us e d t o diff er e nti at e a n d s c aff ol d f or st u d e nts w h o n e e d 

e xtr a s u p p ort. Fi n all y, i n t h e E v al u at e p h as e, st u d e nts ar e  pr es e nt e d wit h  a n e xit ti c k et or q ui c k 

c h e c k t o d et er mi n e m ast er y of t h e s kill t h e y l e ar n e d a b o ut. Wit h t his str u ct ur e, it is f e asi bl e t o 

i n cl u d e a cti v e l e ar ni n g t e a c hi n g str at e gi es t h at c a n  fit wit hi n t h e str u ct ur e d c urri c ul u m of a hi g h 
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s c h o ol m at h e m ati cs cl as sr o o m. T his s et r o uti n e all o w s  t h e t e a c h er t o c o nti n u e wit h t h e 

c urri c ul u m  wit h o ut h a vi n g t o o m a n y i n d e p e n d e nt m o d ul es. If n e e d e d, t his r o uti n e c a n c o v er a 

9 0 -mi n ut e bl o c k as pr o vi d e d i n Ta bl e 3.  

Ta bl e 3 . R e d esi g n e d  A cti v e L e ar ni n g 9 0 -Mi n ut e Cl a s sr o o m R o uti n e  
D ail y S c h e d ul e ( 9 0 -mi n ut e cl as s p e ri o d)  

B ell Ri n g er ( Pr a cti c e of pr e vi o usl y l e ar n e d s kill)  5  mi n ut es  

H o o k: E n g a g e (I ntr o d u c e t h e q u esti o n/ p h e n o m e n o n)  5  mi n ut es  

I n q uir y/ Pr oj e ct: E x pl or e ( St u d e nts a cti v el y i n v esti g at e t h e t o pi c)  2 0  mi n ut es  

Mi ni -L es s o n: E x pl ai n (I ntr o d u c e t h e c o n c e pt/s kill)  1 5  mi n ut es  

Gr o u p W or k/ Pr oj e ct: E xt e n d ( St u d e nts w or k t o g et h er a p pl yi n g n e w s kill)  2 0  mi n ut es  

I n d e p e n d e nt St u d y: E xt e n d ( Pr a cti c e a p pl yi n g k n o wl e d g e t o pr o bl e ms i n 

w or k b o o k)  
2 0 mi n ut es  

Wr a p -U p: E v al u at e ( F or m ati v e A s s es s m e nt/ Q ui c k C h e c ks)  5  mi n ut es  

 

Wit hi n s o m e c urri c ul a, s p e cifi c l es s o ns r e q uir e t w o d a ys d e p e n di n g o n t h e c o m pl e xit y of 

t h e c o n c e pt st u d e nts ar e l e ar ni n g. A t w o-d a y r o uti n e is pr o vi d e d f or t his s c e n ari o. T his r o uti n e 

m a y als o c o m e i n h a n d y if t h e t e a c h er f e els t h e n e e d, d u e t o st u d e nt u n d erst a n di n g or m ast er y, t o 

t a k e t w o d a ys t o c o v er a m or e c o m pl e x l es s o n a n d c a n d o s o w hil e f oll o wi n g t h eir distri ct 

c urri c ul u m a n d p a ci n g g ui d es.  
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Ta bl e 4 . R e d esi g n e d  A cti v e L e ar ni n g T w o -D a y Cl as sr o o m R o uti n e  
D a y 1: E n g a g e & E x pl o r e  ( 4 5-mi n ut e cl as s p e ri o d)  

B ell Ri n g er ( Pr a cti c e of pr e vi o usl y l e ar n e d s kill)  3 mi n ut es  

H o o k: E n g a g e (I ntr o d u c e t h e q u esti o n/ p h e n o m e n o n)  7  mi n ut es  

I n q uir y/ Pr oj e ct: E x pl or e ( St u d e nts a cti v el y i n v esti g at e t h e t o pi c)  3 0  mi n ut es  

I niti al Wr a p-u p: E v al u at e ( Q ui c k C h e c k of E x pl or ati o n)  5 mi n ut es  

D a y 2: E x pl ai n & E xt e n d/ A p pl y ( 4 5 -mi n ut e cl as s p e ri o d)   

R e vi e w: ( R e visit fi n di n gs fr o m pr e vi o us d a y’s i n q uir y)  5  mi n ut es  

Mi ni -L es s o n: E x pl ai n (I ntr o d u c e t h e c o n c e pt/s kill)  1 5  mi n ut es  

Gr o u p W or k/ Pr oj e ct: E xt e n d ( St u d e nts w or k t o g et h er a p pl yi n g n e w s kill)  

-A N D/ O R - 

I n d e p e n d e nt St u d y: E xt e n d ( Pr a cti c e a p pl yi n g k n o wl e d g e t o pr o bl e ms i n 

w or k b o o k)  

2 0  mi n ut es  

Wr a p -U p: E v al u at e ( F or m ati v e A s s es s m e nt/ Q ui c k C h e c ks)  5  mi n ut es  

 

I nt e gr ati o n of I nstr u cti o n al C o m p o n e nts  

Utili zi n g t his d ail y l es s o n str u ct ur e  f a cilit at es n e e d e d ti m e t o cr e at e a n a cti v e l e ar ni n g 

e n vir o n m e nt usi n g C R A ( C o n cr et e, R e pr es e nt ati o n al, A bstr a ct) m at eri als a n d str at e gi es, i n q uir y, 

a n d c oll a b or ati o n. T h es e c o m p o n e nts all fit wit hi n t h e r estr u ct ur e d d ail y l es s o n r o uti n e a n d c a n 

b e us e d i n c o nj u n cti o n wit h c urri c ul u m a n d t e xt b o o k s. All of t h e str at e gi es pr o vi d e d i n t his 

fr a m e w or k all o w  st u d e nts t o e n g a g e wit h U D L  ( U ni v ers al D esi g n f or L e ar ni n g) str at e gi es w hi c h 
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i n cl u d e m ulti pl e m e a ns of e n g a g e m e nt a n d re pr es e nt ati o n t o p ortr a y  t h eir u n d erst a n di n g t hr o u g h 

i n q uir y as i n di vi d u als a n d as a gr o u p. 

U si n g C R A e n a bl es st u d e nts t o i nt er a ct wit h m a ni p ul ati v es all o wi n g t h e m t o t h or o u g hl y 

e x pl or e t h e c o n c e pt  b y pr o gr es si n g t hr o u g h c o n cr et e, pi ct ori al (r e pr es e nt ati o n al), a n d a bstr a ct 

str u ct ur es.  T his ti es dir e ctl y t o t h e c o nstr u cti vist t h e or y t h at s u g g ests st u d e nts’ i n di vi d u al 

d e v el o p m e nt is ti e d t o a cti v e e x pl or ati o n ( M cL e o d, 2 0 2 4) . I n q uir y-b as e d l e ar ni n g o p p ort u niti es 

ar e i m pl e m e nt e d t hr o u g h mi ni -i n v esti g ati o n s c e n ari o s  w h er e st u d e nts c a n  e x pl or e pr o bl e m s  i n-

d e pt h a n d tr y t o s ol v e it o n t h eir o w n b ef or e t h e t e a c h er e x pl ai n s  t h e c o n c e pt. Al o n g wit h t h e 

mi ni -i n v esti g ati o ns, gr o u p i n v esti g ati o ns d uri n g t h e  e xt e nsi o n  p h as e e m p o w ers st u d e nts t o w or k 

t o g et h er t o e xt e n d o n t h e k n o wl e d g e t h e y h a v e c o nstr u ct e d. I nt er c h a n gi n g i n q uir y a n d pr oj e cts i n 

t h e e x pl or e a n d e xt e n d p h as es all o w s t h e te a c h er t o  i m pl e m e nt a pr oj e ct-b as e d l e ar ni n g 

o p p ort u nit y at t h e e n d of a  u nit of st u d y  as a c ul mi n ati n g a p pli c ati o n of a c q uir e d s kills a n d 

k n o wl e d g e . A s r efl e ct e d i n t h e a cti v e l e ar ni n g cl as sr o o m r o uti n es, cr e ati n g ti m e e a c h d a y f or 

st u d e nts t o e x pl or e a n d pr a cti c e t h e c o n c e pts t h e y a r e l e ar ni n g all o ws  t e a c h ers t o c o nti n u e t o us e 

t h e c urri c ul u m a n d e n g a g e st u d e nts i n a cti v e, m e a ni n gf ul w a ys . 

C or e I nstr u cti o n al R es o ur c es  

C o n cr et e, R e pr es e nt ati o n al, a n d A bstr a ct Str at e gi es  

U si n g t h e C R A str at e g y i n m at h e m ati cs pr o vi d es m u c h n e e d e d s c aff ol ds f or b uil di n g 

pr o bl e m -s ol vi n g s kills w hi c h st u d e nts c a n us e t o s ol v e r e al -w orl d pr o bl e ms. T his str at e g y c a n b e 

us e d d uri n g t h e E x pl or e or E xt e n d p h as e of t h e 5 E m o d el  a cti v e l e ar ni n g cl as sr o o m r o uti n e  

d e p e n di n g o n st u d e nt n e e ds. T h e C R A  str at e g y b e gi n s  wit h i ntr o d u ci n g a c o n c e pt b y 

r e pr es e nti n g it i n a c o n cr et e f or m t hr o u g h t h e us e of m a ni p ul ati v es a n d m o v e m e nt. St u d e nts us e 



2 6  
 
c o n cr et e o bj e cts t o “ d o ” or m o d el m at h pr o bl e ms. T h es e o bj e cts c a n b e bl o c ks, c ol or e d c hi ps, 

p att er n bl o c ks, fr a cti o n b ars, a n d al g e br a til es. T h e s e c o n d st a g e of C R A is r e pr es e nt ati o n al. T his 

is t h e “s e ei n g ” f or m of C R A w h er e st u d e nts tr a nsf or m t h e c o n cr et e m o d el i nt o a s e mi-c o n cr et e 

m o d el. T his is us u all y r e pr es e nt e d b y pi ct ur es or dr a wi n gs of t h e c o n c e pt b ei n g l e ar n e d. T h e 

fi n al st a g e of C R A is t h e a bstr a ct st a g e. T his is t h e s y m b oli c r e pr es e nt ati o n of t h e c o n c e pt b ei n g 

t a u g ht. I n m at h, st u d e nts m o v e fr om t h e pi ct ori al t o t h e a bstr a ct b y m o d eli n g pr o bl e ms usi n g 

s y m b ols. A n e x a m pl e of t his w o ul d b e t h e o p er ati o n al s y m b ols ( +, -, ×, ÷) c o m m o n i n m at h 

( M et h o ds, 2 0 2 4).  

T o i m pl e m e nt t his str at e g y, t e a c h ers m a y us e s u c h m a ni p ul ati v es s u c h as al g e br a til es a n d 

g e o b o ar ds. T h e us e of al g e br a til es  s h o ul d b e e x pli cit l y m o d el e d t o st u d e nts. Al g e br a til es ar e 

us e d t o c o nstr u ct t h e c o n cr et e r e pr es e nt ati o n of a n al g e br a i c e q u ati o n ( Fi g ur e 1). St u d e nts us e t h e 

til es as a w a y t o p h ysi c all y m a ni p ul at e t h e e q u ati o n t o h el p wit h u n d erst a n di n g ( Fi g ur e 2). 

 
Fi g ur e 1. A n i m a g e of c ol or e d al g e br a til es f or b uil di n g e q u ati o ns  

 
Fi g ur e 2. A p h ot o of al g e br a til es b ei n g us e d t o cr e at e a n d s ol v e e q u ati o ns   
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Al g e br a til es ar e m a d e u p of t hr e e s h a p es: a s m all s q u ar e, a r e ct a n gl e, a n d a l ar g e s q u ar e. 

E a c h s h a p e h as a gr e e n/ bl u e si d e w hi c h ar e p ositi v e a n d a r e d/ y ell o w si d e w hi c h ar e n e g ati v e. 

T h e s m all s q u ar e r e pr es e nts t h e n u m b er o n e. T h e r e ct a n gl e r e pr es e nts t h e v ari a bl e. T h e l ar g e 

s q u ar e r e pr es e nts t h e v ari a bl e s q u ar e d. St u d e nts m at c h t h e til es t o t h e e x pr es si o n or e q u ati o n 

t h e y ar e w or ki n g wit h as s h o w n i n Fi g ur e 2. A k e y c o n c e pt i n usi n g al g e br a til es is t h e z er o p airs 

c o n c e pt. Z er o p airs o c c urs w h e n a p osit i v e til e is p air e d wit h a n e g ati v e til e of t h e s a m e s h a p e 

a n d si z e. T h es e til es c a n c el e a c h ot h er o ut a n d ar e r e m o v e d fr o m t h e w or ks p a c e.  St u d e nts 

m a ni p ul at e t h e til es a c c or di n g t o t h e or d er of o p er ati o ns u ntil t h e y h a v e o nl y o n e v ari a bl e til e o n 

o n e si d e of t h e e q u al si g n a n d w h at e v er is l eft fr o m s ol vi n g o n t h e ot h er si d e of t h e e q u al si g n.  

O n c e st u d e nts h a v e m ast er e d t h e e q u ati o ns at t his l e v el, t h e y m o v e i nt o t h e n e xt st a g e 

w hi c h is pi ct ori al r e pr es e nt ati o n. F or t his st a g e, st u d e nts dr a w pi ct ur es t h at m a y b e si mil ar t o t h e 

til es t h e y us e d d uri n g t h e c o n cr et e p eri o d t o c o nti n u e t o c o nstr u ct t h eir k n o wl e d g e of t h e 

c o n c e pt . St u d e nts m a y als o dr a w t a p e di a gr a ms, d ots, s q u ar es, a n d/ or b al a n c e s q u ar es w hi c h ar e 

a t -s h a p e t h at vis u all y r e pr es e nts t h e e q u al si g n i n al g e br a.  A s st u d e nts’ pr o gr es s t hr o u g h t his 

st a g e, t h e y ar e a bl e t o vis u ali z e t h e m a ni p ul ati v es b e c o m e m or e a bstr a ct i n n at ur e t hr o u g h 

dr a wi n gs a n d fi g ur es w hi c h r e pr es e nt t h e e x pr es si o n or e q u ati o n.  

T h e a bstr a ct st a g e is w h er e t h e st u d e nt h as t h e a bilit y t o s e e or r e a d t h e pr o bl e m a n d 

s ol v e it b y usi n g m at h e m ati c al s y m b ols a n d s yst e ms of e q u ati o ns. Fi g ur e 3  s h o w s a t e a c h er -

cr e at e d  C R A m at w hi c h is si mil ar t o a pl a c e -v al u e m at us e d i n el e m e nt ar y cl as sr o o ms ( A p p e n di x 

A).  T his m at h el ps tr a nsf er t h e c o n cr et e a n d pi ct ori al r e pr es e nt ati o ns t o a n a bstr a ct e q u ati o n b y 

str u ct uri n g all t hr e e st a g es i n t h e s a m e w a y, i n t h e s a m e  pl a c e s o st u d e nts c a n m a k e t h e 

c o n n e cti o ns t h e y n e e d t o b uil d t h eir u n d erst a n di n g. T h e C R A M at c a n b e  us e d t o s u p p ort 
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st u d e nts u n d erst a n di n g of Al g e br a 1 c o n c e pts s u c h a s s ol vi n g e q u ati o ns of li n e ar  a n d n o n -li n e ar 

f u n cti o ns. T h e y als o as sist i n  b uil d i n g u n d erst a n di n g at e a c h st a g e of Br u n er ’s t h e or y of 

c o g niti v e d e v el o p m e nt.  

 
Fi g ur e 3 . A C R A M at st u d e nts us e t o c o nstr u ct t h e c o n cr et e, r e pr es e nt ati o n, a n d a bstr a ct Al g e br a 
e q u ati o n.  

S o m e  st u d e nts n e e d t h e e xtr a s u p p ort t h at C R A pr o vi d es t o h el p t h e m c o nstr u ct t h e 

k n o wl e d g e t h e y n e e d t o pr o gr es s t o t h e a bstr a ct s kill s t y pi c all y f o u n d i n Al g e br a 1. B ei n g a bl e t o 

s ol v e a bstr a ct pr o bl e ms h el p s st u d e nts  d e v el o p str o n g pr o bl e m -s ol vi n g s kills n e e d e d f or pr oj e cts 

a n d i n q uir y . 

I n q uir y-B as e d L e ar ni n g  Tas ks  

I n q uir y-b as e d l e ar ni n g, or I B L, is a k e y c o m p o n e nt f or o bt ai ni n g a n a cti v e l e ar ni n g 

a p pr o a c h. I B L e n c o ur a g es a cti v e i n v esti g ati o n r at h er t h a n si m pl y r e c ei vi n g f a cts a b o ut t h e t o pi c .  

St u d e nts ar e a bl e t o w or k i n d e p e n d e ntl y or i n  gr o u ps t o e x pl or e a p h e n o m e n o n or a pr o bl e m. 

D uri n g t his i n q uir y r o uti n e, st u d e nts as k q u esti o ns, t est r es ults, m a k e mist a k es, a n al y z e err ors, 

a n d b uil d t h eir c o n c e pt u al u n d erst a n di n g.  



2 9  
 

T o i n c or p or at e I B L i nt o c urri c ul u m, t e a c h ers c a n i n p ut t h es e t as ks i nt o t h e E x pl or e a n d 

E xt e n d p h as es  wit h i n t h e d ail y l es s o n r o uti n e (Ta bl e  2 ). T his f a cilit at es s u p pl e m e nt i n g l es s o ns 

wit h i n q uir y o p p ort u niti es . B e c a us e m ost t e a c h ers h a v e c urri c ul u m t h at is distri ct/s c h o ol 

m a n d at e d, t h e y n e e d t o b e a bl e t o still t e a c h fr o m t h e c urri c ul u m a n d us e m at eri als s u c h as 

st u d e nt w or k b o o ks. S o m e c urri c ul a pr o vi d e i n q uir y o p p ort u niti es, b ut t y pi c all y it is di git al a n d 

st u d e nts ar e o nl y a bl e t o e x pl or e wit h di git al gr a p hs. T o pr o vi d e st u d e nts wit h m or e o p p ort u niti es   

t o a cti v el y a n al y z e a n d e v al u at e i nf or m ati o n b y usi n g m or e t h a n j ust t h eir i P a d, t e a c h ers c a n us e 

i n q uir y/s c e n ari o c ar ds f or v ari et y a n d a m or e a cti v e l e ar ni n g e x p eri e n c e.  

I n q uir y c ar ds, or w h at t h e t e a c h er t er m e d I n v esti g ati o n/ E xt e nsi o n C ar ds f or us e i n 

Al g e br a 1, ar e t o ols t h at c a n pr o m pt  t h o u g ht, i g nit e c uri osit y, a n d g ui d e pr o bl e m-s ol vi n g. C a n v a 

w as us e d t o cr e at e t h e c ar ds s h o w n i n Fi g ur e 4  st arti n g wit h a bl a n k c a n v as. T o g e n er at e t h e 

e x a m pl e s  b el o w ( Fi g ur e 4  a n d Fi g ur e 5 ), C h at G P T w as us e d b y t h e t e a c h er t o g ui d e t h e str u ct ur e 

of t h e c ar ds si n c e t h er e is littl e r ef er e n c e f or i n q uir y t o f oll o w wit hi n c urri c ul u m. T hr o u g h 

dis c o urs e wit h  C h at G P T -g e n er at e d t e xt , o n e c a n l e ar n a l ot a b o ut h o w t o str u ct ur e a s oli d I n q uir y 

c ar d. I n q uir y  (I n v esti g ati o n/ E xt e nsi o n) c ar ds s h o ul d e n c o ur a g e st u d e nts t o t hi n k o n t h eir o w n 

a n d s h o ul d c o nt ai n a s c e n ari o, d at a or a vis u al, a n d t hi n ki n g pr o m pts  ( O p e n AI, 2 0 2 6; s e e 

A p p e n di x E f or t h e f ull tr a ns cri pt).  T h e t e a c h er ali g n e d t h e i n v esti g ati o n a n d e xt e nsi o n c ar ds 

wit h t hr e e l es s o ns i n a u nit wit hi n Al g e br a 1 distri ct c urri c ul u m.  
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Fi g ur e 4 . I n v esti g ati o n C ar d 3  (fr o nt a n d b a c k) us e d f or in q uir y -b as e d le ar ni n g  i n Al g e br a 1  

T h e i n v esti g ati o n a n d e xt e nsi o n s c e n ari o c ar ds i n t hi s pr oj e ct c o v er gr a p hi n g li n e ar 

f u n cti o ns, r at e of c h a n g e a n d sl o p e, a n d sl o p e-i nt er c e pt f or m as t a u g ht i n Al g e br a 1. T w o 

i n v esti g ati o n o p p ort u niti es p er l es s o n ar e pr o vi d e d, a s m ost l es s o ns i ntr o d u c e t wo c o n c e pts or 

str at e gi es. T h er e ar e ei g ht i n v esti g ati o n c ar ds  ( A p p e n di x B) i n t ot al c o v eri n g li n e ar a n d n o n-

li n e ar f u n cti o ns t hr o u g h t hr e e diff er e nt l es s o ns. U si n g t h e i n v esti g ati o n c ar ds, s t u d e nts r e a d t h e 

pr o m pt a n d a ns w er t h e q u esti o ns. T h e y c a n as k t h eir o w n q u esti o ns, f or m ul at e r es p o ns es, a n d 

r e pr es e nt t h e m i n m ulti pl e w a ys. T h es e w a ys c o nsist of usi n g p a p er/ p e n cil, w hit e b o ar d/ m ar k er, 

or r e c or d t h eir i n v esti g ati o n b y vi d e o. T e a c h ers s u p p ort t his E x pl or e p h as e b y cir c ul ati n g ar o u n d 

t h e st u d e nts, e n c o ur a gi n g t h o u g ht, a n d s u p p orti n g o ut c o m es.  

E a c h i n v esti g ati o n c ar d is p air e d wit h a n e xt e nsi o n c ar d ( Fi g ur e 6 ). T h e e xt e nsi o n c ar ds 

( A p p e n di x C) ar e us e d f or gr o u p w or k  d uri n g t h e E xt e n d p h as e.  E xt e nsi o n c ar ds  br o a d e n or 

a d v a n c e  t h e c o n c e pt  t h at st u d e nts i n v esti g at e d d uri n g t h e E x pl or e p h as e . E xt e nsi o n c ar ds c a n b e 

o mitt e d if t h er e is n ot e n o u g h cl as s ti m e. T h e y c o ul d b e us e d  as a u ni q u e w a y t o as s es s 

u n d erst a n di n g as a f or m ati v e as s es s m e nt.  
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Fi g ur e 5 . E xt e nsi o n C ar d 3  (fr o nt a n d b a c k of c ar d) u s e d f or in q uir y -b as e d le ar ni n g  i n Al g e br a 1  

P airi n g t h e e xt e nsi o n c ar ds wit h a n i n v esti g ati o n c ar d i n cr e as es ti m e f or e x pl or ati o n of 

t h e s p e cifi c s kill t h e y ar e c o v eri n g. T h es e e xt e nsi o n c ar ds fir m u p w h at st u d e nts l e ar n t hr o u g h 

t h eir o w n i n v esti g ati o ns a n d t hr o u g h t h e l es s o n t h e t e a c h er pr es e nt s  d uri n g t h e E x pl ai n p h as e . 

T h e y ar e m e a nt t o e xt e n d t h e c o n c e pt i n a w a y t h at e n c o ur a g es st u d e nts t o w or k t o g et h er a n d 

a p pl y w h at t h e y h a v e l e ar n e d . A list of m at eri als t h at t h e st u d e nts will n e e d t o c o m pl et e t h e 

e xt e nsi o n is list e d o n t h e b a c k of e a c h c ar d.  W hil e st u d e nts w or k t o g et h er i n gr o u ps t o e xt e n d 

t h eir u n d erst a n di n g a n d a p pl y n e w c o n c e pts, t e a c h er s a ct as f a cilit at ors. Te a c h ers m o v e b et w e e n 

gr o u ps c h all e n gi n g st u d e nt t hi n ki n g a n d e ns uri n g st u d e nts ar e a p pl yi n g t h eir n e wl y g ai n e d 

k n o wl e d g e i n diff er e n t c o nt e xts. 

C oll a b or ati v e L e ar ni n g Str u ct ur es  

St u d e nts w or ki n g t o g et h er i n gr o u ps f ost ers t e a m w or k b y e n c o ur a gi n g l e ar ni n g t hr o u g h 

a cti v e e x pl or ati o n. I n t his s etti n g, st u d e nts h a v e dis c us si o ns, s h ar e k n o wl e d g e, a n d e n g a g e i n 

p e er l e ar ni n g a n d t e a c hi n g. T h e st u d e nts l e ar n t o a p pl y t h eir k n o wl e d g e t o r e al -w orl d pr o bl e ms, 

b uil d d e e p er u n d erst a n di n g t hr o u g h c oll a b or ati v e c o n v ers ati o ns, a n d s h ar e a c c o u nt a bilit y.  
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T his  c oll a b or ati o n  is str u ct ur e d i n s m all gr o u ps of 2 -4. S m all gr o u ps h el p st u d e nts st a y 

f o c us e d o n t h e t as k a n d li mit distr a cti o ns. E a c h p ers o n i n t h e gr o u p is as si g n e d a r ol e: r e c or d er, 

q u esti o n er , pr es e nt er, et c. T h e r e c or d er e ns ur es t h at t h e dis c us si o n a n d w or k ar e r e c or d e d i n 

s o m e w a y w h et h er i n writi n g, t y pi n g, or vi d e o r e c or di n g. T h e r e c or d er, or t hi n k er, c o m m u ni c at es 

t h eir i d e as t o t h e d o ers, or b uil d ers of t h e s ol uti o n. T h e q u esti o n er  is i n c h ar g e of as ki n g 

q u esti o ns s u c h as, “ W h y d o es t h at w or k ? ”, “ C a n y o u e x pl ai n t h at st e p t o all of us a g ai n ? ” or, 

“ W h at d o es t h at n u m b er/l ett er r e pr es e nt ? ”. T h is h el p s t h e gr o u p t o v er b ali z e t h eir m at h e m ati c al 

r e as o ni n g a n d all st u d e nts b e c o m e st a k e h ol d ers i n t h e pr o c es s. T h e pr es e nt er is t h e o n e w h o 

b uil ds t h e s ol uti o n fr o m i n p ut fr o m all m e m b ers of t h e gr o u p as t h e y dis c us s, g ui d e, a n d 

v er b ali z e t h eir m at h e m ati c al pr o c es s. T h e pr es e nt er t h e n pr es e nts t h e gr o u p’s i n v esti g ati o n t o 

a n ot h er gr o u p, t h e t e a c h er, or t o t h e r est of t h e cl as s. A r ot ati o n of r ol es c a n e ns ur e t h at all 

st u d e nts l e ar n t h e m at h a n d b e a bl e t o t hi n k m at h e m ati c all y.  T his t e a c h es t h e m t o b e s u p p orti v e 

a n d u n d erst a n d t h at e v er y o n e is r es p o nsi bl e a n d a c c o u nt a bl e f or t h e w or k of t h e gr o u p  as a n y o n e 

of t h e m c o ul d b e c all e d o n t o e x pl ai n t h eir w or k.  

W h e n i ntr o d u ci n g gr o u p w or k, t h e t e a c h er s ets cl e ar e x p e ct ati o ns f or b e h a vi or, 

r es p o nsi bilit y of w or kl o a ds, t h e d esir e d o ut c o m es ( w or k s a m pl es, et c.), a n d gr o u p a c c o u nt a bilit y. 

T h es e e x p e ct ati o ns m a y n e e d t o b e r e p e at e d oft e n i n t h e b e gi n ni n g, u ntil st u d e n ts ar e a bl e t o s elf -

dir e ct t h e w or k of t h e gr o u p, m e eti n g t h e e x p e ct e d st a n d ar d. A r u bri c  ( A p p e n di x F) is a v ail a bl e 

t o as sist gr o u ps i n m e eti n g t h e e x p e ct ati o ns. T h e r u bri c g ui d es st u d e nts b y h el pi n g t h e m t o st a y 

o n t as k a n d r e a c h t h e d esir e d o ut c o m es.  

T h e c oll a b or ati v e l e ar ni n g str u ct ur e, or gr o u p w or k, s u p p orts l e ar ni n g b y pr o vi di n g a 

s p a c e a n d ti m e f or st u d e nts t o dis c us s t h eir i n v esti g ati o ns, s u g g est p os si bl e s ol uti o ns, b uil d 
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s p e a ki n g a n d list e ni n g s kills, d e v el o p criti c al t hi n ki n g, a n d t h e a bilit y t o j ustif y t h e gr o u p’s 

a ns w ers.  B y m ast eri n g t h es e c oll a b or ati v e l e ar ni n g r o uti n es , st u d e nts d e v el o p a c a d e mi c st a mi n a, 

i nt er p ers o n al s kills, a n d s h ar e d r es p o nsi bilit y  t h at ar e r e q uir e d t o n a vi g at e t h e st u d e nt-dir e ct e d 

i n q uir y of pr oj e ct-b as e d l e ar ni n g . 

E xt e n d e d L e ar ni n g: Pr oj e ct -B as e d A p pli c ati o ns  

Pr oj e ct -b as e d a p pli c ati o ns c a n b e i m pl e m e nt e d d uri n g t h e E x pl or e a n d E xt e n d p h as es of 

t h e d ail y l es s o n str u ct ur e, b ut m a y r e q uir e m or e t h a n t h e ti m e all ott e d f or t h es e t w o p h as es. 

B e c a us e pr oj e ct -b as e d l e ar ni n g ( P B L) c a n t a k e m or e ti m e t h a n a si n gl e cl as s p eri o d, it is 

r e c o m m e n d e d t h at t h e pr oj e ct r e pl a c es t h e d ail y r o uti n e as P B L e n c o m p as s es all p h as es of t h e 5 E 

m o d el.  T his e ns ur es t h e fr a m e w or k is still b ei n g m et, b ut all o w s m or e ti m e i n t h e s c h e d ul e t o 

c o m pl et e t h e pr oj e ct. It is a d vis e d t o us e u p t o t w o t o t hr e e d a ys f or a w ell -r o u n d e d P B L i n w hi c h 

st u d e nts c a n a cti v el y e n g a g e, l e ar n, a n d a p pl y t h e c o n c e pts t h e y h a v e m ast er e d. F or a u nit o n 

li n e ar a n d n o nli n e ar f u n cti o ns, m ulti pl e pr oj e ct-b as e d l e ar ni n g o p p ort u niti es ar e a v ail a bl e f or 

t e a c h ers t o i ntr o d u c e a n d h a v e st u d e nts i n v esti g at e.  

A  pr oj e ct ( P B L)  i n v esti g ati n g sl o p e wit h a l o c al w at ers h e d  is pr o vi d e d i n t his 

i nstr u cti o n al d esi g n ( A p p e n di x D). T h e pr oj e ct is writt e n usi n g  a 5 E l es s o n m o d el . T h e pr oj e ct is 

d esi g n e d t o b e t h e cl osi n g of a u nit f o c us e d o n Li n e ar a n d N o nli n e ar F u n cti o ns , sp e cifi c all y, t h e 

t o pi cs of r at e of c h a n g e a n d sl o p e. T h e c or e i d e a c o v er e d i n t his l es s o n is m e as uri n g h o w o n e 

q u a ntit y c h a n g es rel ati v e t o a n ot h er.  B ef or e b e gi n ni n g t h e pr oj e ct ( p os si bl y t h e d a y b ef or e), t h e 

t e a c h er s h o ul d pr o vi d e a b a c k gr o u n d l es s o n a b o ut w at ers h e ds ( C al v o, 2 0 1 4). T his is i m p ort a nt as 

st u d e nts m a y n ot k n o w w h at a w at ers h e d is a n d w h at it i m p a cts. T his is als o w h er e a cr os s -

c urri c ul ar a p pr o a c h c o n n e cts s ci e n c e t o m at h.  
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At t h e b e gi n ni n g of t h e pr oj e ct, s t u d e nts ar e pr o vi d e d wit h a p h e n o m e n o n a n d a dri vi n g 

q u esti o n. A s st u d e nts e x pl or e, t h e t e a c h er f a cilit at es t h e l e ar ni n g b y pr o vi di n g m at eri als a n d 

o p p ort u niti es f or st u d e nts t o dis c us s a n d r e c or d t h eir o bs er v ati o ns, h el pi n g st u d e nts t o st a y 

f o c us e d a n d e ng a g e d. St u d e nts i nt er a ct wit h t h e p h e n o m e n o n of w at er st a yi n g i n pl a c e or 

r u n ni n g off a n o bj e ct. T h e t e a c h er pr o vi d es t o p o gr a p hi c al m a ps of a l o c al w at ers h e d a n d st u d e nts 

s el e ct t hr e e diff er e nt ar e as of t h e cr e e k t o c al c ul at e t h e sl o p e f or e a c h ar e a  ( Cr e e k C o n n e cti o ns, 

n. d.) .  

T h e t e a c h er t h e n f a cilit at es t h e E x pl ai n p h as e w h er e a w h ol e gr o u p dis c us si o n h el ps t o 

cl e ar u p a n y mis c o n c e pti o ns a b o ut t h e o bs er v e d p h e n o m e n o n a n d t o p o gr a p hi c al m a ps. T h e 

t e a c h er i ntr o d u c es a n y n e w c o n c e pts or i d e as t h at h a v e a n i m p a ct o n t h e pr oj e ct. T he t e a c h er als o 

pr o vi d es g ui di n g q u esti o ns a n d s u g g esti o ns t o h el p st u d e nts t hi n k a b o ut w h et h er t h e w at ers h e d is 

li n e ar or n o nli n e ar, c o n n e cti n g t h e pr oj e ct t o t h e o v er all u nit ( B as s a g e, 2 0 1 9). 

T h e 5 E l es s o n m o d el h a d t h e E xt e n d p h as e aft er t h e E v al u at e p h as e. T his w as a dj ust e d b y 

m o vi n g t h e E xt e n d p h as e t o c o m e b ef or e t h e E v al u at e p h as e. T h e j ustifi c ati o n f or t his is d u e t o 

st u d e nts n e e di n g t o pr o d u c e a pr o d u ct of t h eir l e ar ni n g s o t h e t e a c h er c a n us e t h e pr oj e ct as a 

s u m m ati v e as s es s m e nt f or t h e o v er all u nit. T h e E xt e n d p h as e dir e cts st u d e nts t o cr e at e a 3 D 

m o d el of t h e l o c al w at ers h e d t h e y st u di e d d uri n g t h e E x pl or e a n d E x pl ai n p h as es of t h e pr oj e ct.  

St u d e nts f or m i nt o t h e s a m e gr o u ps t h e y w er e i n d uri n g t h e E x pl or e p h as e. T h e t e a c h er 

pr o vi d es a r u bri c ( A p p e n di x G), m at eri als, p ar a m et er s, a n d d efi niti o ns of r e pr es e nt ati o ns i n t h e 

m o d el. St u d e nts us e t h e r u bri c t o g ui d e t h eir c o nstr u cti o n of t h e 3 D m o d el. St u d e nts tr a c e a n d c ut 

c ar d b o ar d t o r e cr e at e t h e w at ers h e d fr o m t h e m a p as a 3 D r e pr es e nt ati o n. St u d e nts us e l a y ers t o 

s h o w r at e of c h a n g e a n d sl o p e wit hi n t h e w at ers h e d. St u d e nts l a b el t h eir 3 D r e pr es e nt ati o n wit h 
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el e v ati o n m ar k ers, c al c ul at e d sl o p es, a n d ri d g eli n es t o d esi g n at e t h e w at ers h e d b o u n d ar y. T h e 

t e a c h er c h e c k s  t hr o u g h o ut t o e ns ur e st u d e nts ar e f oll o wi n g m e as ur e m e nts a n d c al c ul ati o ns as 

t h e y b uil d. T h e t e a c h er r ot at es t hr o u g h t h e gr o u ps as ki n g g ui di n g q u esti o ns a n d c h all e n gi n g 

d esi g ns  ( Cr e e k C o n n e cti o ns, n. d.) ( B as s a g e, 2 0 1 9). 

W h e n st u d e nts h a v e c o m pl et e d t h eir 3 D m o d els, t e a c h ers us e t h e P B L r u bri c ( A p p e n di x 

G) t o e v al u at e st u d e nts’ gr o u p pr oj e ct. T h e e v al u ati o n as s es s es gr o u p pr o bl e m -s ol vi n g, m at h 

( e q u ati o ns a n d gr a p hs), s p e a ki n g a n d list e ni n g, a n d t h e fi n al pr o d u ct ( 3 D m o d el) . T his a cts as a 

s u m m ati v e as s es s m e nt of t h e c o nt e nt c o v er e d i n t h e li n e ar a n d n o nli n e ar f u n cti o ns u nit.  

I nstr u cti o n al D esi g n R ati o n al e 

T h e r ati o n al e f or t his i nstr u cti o n al d esi g n c o m es fr o m t h e u n d erst a n di n g t h at t h er e  ar e 

m a n y a p pr o a c h es a n d str at e gi es a v ail a bl e t o cr e at e a n a cti v e l e ar ni n g e n vir o n m e nt i n a hi g h 

s c h o ol m at h cl as sr o o m. O n e of t h e str at e gi es f e at ur e d i n J er o m e Br u n er’s t h e or y is t h e us e of 

c o n cr et e, r e pr es e nt ati o n al, a n d a bstr a ct ( C R A) m o d el s us e d i n t e a c hi n g a n d  l e ar ni n g i n 

ki n d er g art e n t hr o u g h 1 2t h gr a d e m at h cl as sr o o ms ( M et h o ds, 2 0 2 4). A c c or di n g t o t h e 

P e n ns yl v a ni a Tr ai ni n g a n d Te c h ni c al A s sist a n c e N et w or k ( M et h o ds, 2 0 2 4), J er o m e Br u n er’s 

t h e or y of l e ar ni n g a n d c o g niti v e d e v el o p m e nt st at es t h at l e ar n ers c o nstr u ct t h eir o w n k n o wl e d g e 

t hr o u g h a cti v e e x p eri e n c es ( M c L e o d, 2 0 2 4). H e b eli e v e d t h at e v er y l e ar n er pr o gr es s es t hr o u g h 

t hr e e st a g es of l e ar ni n g, c o n cr et e, r e pr es e nt ati o n al ( pi ct ori al), a n d a bstr a ct ( C R A). T h e C R A m at 

a n d m a ni p ul ati v es a d dr es s t his pr o gr es si o n wit h a n i n di vi d u al a p pr o a c h , s c aff ol di n g st u d e nts t o 

r e a c h t h e a bstr a ct g o als of Al g e br a 1 c o nt e nt.  

Ot h er  a p pr o a c h es  us e d i n t his i nstr u cti o n al d esi g n is i n q uir y -b as e d l e ar ni n g (I B L) a n d 

pr oj e ct -b as e d l e ar ni n g ( P B L). St u d e nts  w h o ar e gi v e n ti m e t o w or k t hr o u g h i n q uir y a n d pr oj e cts 
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as s o ci at e d wit h t h e r e al w orl d i n cr e as e t h eir u n d erst a n di n g of m at h e m ati cs ( Er nst et al, 2 0 1 7). 

T h e o p p ort u niti es f or I B L a n d P B L pr o vi d e d i n t his d esi g n ar e i nt e gr at e d wit hi n t h e e xisti n g 

s e c o n d ar y m at h e m ati cs cl as sr o o m s yst e m w hi c h us e s c urri c ul u m a n d f oll o w s a p a ci n g g ui d e.  

T hr o u g h pr a cti c e, t h e r estr u ct ur e d d ail y r o uti n e is d e si g n e d t o w or k wit h m ulti pl e 

a p pr o a c h es  ( C R A, I B L, P B L) a n d c urri c ul u m  i n t a n d e m t o m a xi mi z e a cti v e l e ar ni n g. Utili zi n g 

t his fr a m e w or k c a n s er v e as a st arti n g p oi nt  f or st u d e nt e n g a g e m e nt, m oti v ati o n, a n d i m pr o v e d 

a c a d e mi c p erf or m a n c e.  

U si n g T h es e R es o ur c es i n Pr a cti c e  

T o m a n a g e t h e s c h e d ul e s o t h at t h e t e a c h er d o es n ot f all b e hi n d i n c urri c ul u m  or p a ci n g , 

it is i m p ort a nt f or t e a c h ers a n d st u d e nts t o st art sl o w b y l e ar ni n g o n e r o uti n e at a ti m e . Te a c h ers 

m ust s et t h e e x p e ct ati o n of e a c h p h as e of t h e d ail y r o uti n e a n d f oll o w it wit h o p p ort u niti es t o 

pr a cti c e. Wit h pr a cti c e, e a c h r o uti n e h as t h e p ot e nti al t o b e c o m e e asi er a n d fl o w s m o ot hl y . A 

s u g g esti o n w o ul d b e t o us e ti m ers u ntil t h e fl o w of t h e s c h e d ul e b e c o m es n at ur al. It is a n 

a dj ust m e nt a n d m a y  t a k e ti m e t o i m pl e m e nt. It m a y b e h el pf ul t o us e t h e first t w o w e e ks of 

s c h o ol, w h e n s c h e d ul es ar e m or e fl e xi bl e t o pr a cti c e t his r o uti n e. D uri n g t his pr a cti c e p h as e, 

i n q uir y o p p ort u niti es c a n b e f o u n d t hr o u g h a q ui c k AI q u er y usi n g G o o gl e G e mi ni or C h at G P T. 

It is al w a ys i m p ort a nt t o c h e c k AI f or err ors i n c o nt e nt, b ut t his is a q ui c k a n d si m pl e w a y t o 

i m pl e m e nt t as ks f or pr a cti c e p ur p os es. 

Aft er pr a cti ci n g t h e s c h e d ul e r o uti n e, t e a c h ers s h o ul d gi v e d e e p t h o u g ht t o gr o u p 

str u ct ur e. S u g g esti o ns f or t his i n cl u d e t hi n ki n g a b o ut t h e st u d e nts a n d t h eir mi x e d a biliti es. 

Gr o u ps c a n b e str u ct ur e d b as e d o n h et er o g e n e o us ( mi x e d a biliti es) t o s u p p ort l e ar ni n g  st yl es a n d 

m at h a bilit y . T h er e ar e m a n y r e as o ns f or s p e cifi c gr o u pi n g b ut, t e a c h ers s h o ul d e ns ur e t h at e v er y 
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st u d e nt i n t h e gr o u p is c o ntri b uti n g a n d l e ar ni n g. T hi s cr e at es a s p a c e w h er e e v er y st u d e nt is 

r e c o g ni z e d, s u p p ort e d, a n d gi v e n e v er y o p p ort u nit y t o l e ar n. T h e str u ct ur e of gr o u ps is vit al, 

s h o ul d b e m o nit or e d t hr o u g h o ut, a n d c h a n g es m a d e w h e n n e e d e d.  

T o i n c or p or at e a n a cti v e l e ar ni n g cl as sr o o m e n vir o n m e nt, t e a c h ers s h o ul d s e c ur e t h e 

m at eri als n e e d e d b ef or e h a n d. T h e t e a c h er s h o ul d pl a n f or t h e u nit a h e a d of ti m e a n d d et er mi n e 

w h at m a ni p ul ati v es, di git al t o ols, a n d/ or t as k c ar ds will b e utili z e d. A s et of r es o ur c es f or a u nit 

o n li n e ar a n d n o n -li n e ar f u n cti o ns is pr o vi d e d i n t his i nstr u cti o n al d esi g n. H o w e v er, it onl y 

c o v ers o n e u nit a n d is m e a nt t o pr o vi d e a n e x a m pl e of t h e pr oj e ct a n d s o m e r es o ur c es f or 

t e a c h ers t o tr y. B e gi n ni n g a n d c o nti n u i n g a n a cti v e l e ar ni n g -b as e d cl as sr o o m, r e q uir es m or e 

r es o ur c es. T h e t e m pl at e f or t h e I n v esti g ati o n/ E xt e nsi o n c ar ds ar e pr o vi d e d ( A p p e n di c es B & C) 

a n d ar e a bl e t o b e e dit e d f or ot h er l es s o ns. A 5 E P B L e x a m pl e is als o pr o vi d e d i n A p p e n di x D 

a n d c a n b e us e d as a g ui d e f or diff er e nt P B L l es s o ns.  

N o m att er h o w m u c h pr e p a n d pl a n ni n g g o es i nt o l es s o ns, st u d e nts i n v ari a bl y as k 

u n e x p e ct e d q u esti o ns. B ei n g fl e xi bl e is es s e nti al i n t his d esi g n. It is o k a y t o t a k e ti m e a n d 

a c k n o wl e d g e t h es e q u esti o ns as st u d e nts bri n g a diff er e nt s et of l o gi c t o t h e dis c us si o ns. 

K n o wi n g w h e n t o “ cir cl e b a c k ” or r et ur n t o t h e t o pi c at h a n d is k e y t o st a yi n g o n tr a c k.  

A p p e n di c es O v er vi e w  

T h e a p p e n di c es pr o vi d e t h e fr a m e w or k of t h e  a cti v e l e ar ni n g, i n q uir y -b as e d d esi g n 

dis c us s e d i n t his p a p er. A p p e n di x A c o nt ai ns t h e t e a c h er -cr e at e d C R A m at f or i m pl e m e nti n g 

c o n cr et e, r e pr es e nt ati o n al, a n d a bstr a ct s c aff ol di n g t o s u p p ort st u d e nts. A p p e n di x B i n cl u d es t h e 

I n v esti g ati o n c ar ds a n d a li nk f or e diti n g/ c o p yi n g p ur p os es us e d d uri n g t h e E x pl or e p h as e of t h e 

d ail y str u ct ur e f or a n a cti v e l e ar ni n g cl as sr o o m. T h es e ar e us e d f or i n di vi d u al or s m all gr o u p 
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i n q uir y o p p ort u niti es. A p p e n di x C pr o vi d es t h e E xt e nsi o n c ar ds a n d a li n k f or e diti n g/ c o p yi n g 

p ur p os es. T h es e c ar ds ar e us e d d uri n g t h e E xt e n d p h as e of t h e a cti v e l e ar ni n g e n vir o n m e nt d ail y 

str u ct ur e. T h e c ar ds g ui d e gr o u p w or k a n d e xt e n d t h e c o n c e pt st u d e nts l e ar n e d d uri n g t h e 

E x pl or e p h as e. A p p e n di x D  pr o vi d es t h e pr oj e ct -b as e d l e ar ni n g 5 E l es s o n pl a n o n Sl o p es a n d 

Wat ers h e ds. T his l es s o n is t o b e utili z e d as a st a n d -i n f or a f e w d a ys i n t h e d ail y str u ct ur e as it 

c o v ers e a c h s p e cifi c ar e a of t h e str u ct ur e. A p p e n di x E i n cl u d es a li n k t o t h e C h at G P T tr a n s cri pt 

t h at w as us e d t o f a cilit at e t h e d esi g n a n d cr e ati o n of t h e I n v esti g ati o n a n d E xt e nsi o n c ar ds. 

A p p e n di x F c o nt ai ns t h e Gr o u p W or k R u bri c us e d d uri n g t h e E xt e n d p h as e of t h e d ail y str u ct ur e 

t o g ui d e st u d e nts i n pr o d u cti v e gr o u p w or k. A p p e n di x G pr o vi d es t h e P B L R u bri c f or t h e 5 E 

l es s o n pl a n o n Sl o p es a n d Wat ers h e ds a n d is us e d t o g ui d e t h e t e a c h er’s as s es s m e nt of t h e pr oj e ct 

fr o m b e gi n ni n g t o e n d. 
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C H A P T E R F O U R  

V A L U E: R E A S O NI N G A N D R E F L E C TI O N   

I nstr u cti o n al Si g nifi c a n c e 

T h e 5 E/ C R A i nstr u cti o n al d esi g n pr o d u c e d i n t his e d u c ati o n al s c h ol ars hi p is a n a cti v e 

l e ar ni n g m o d el.  R at h er t h a n i ntr o d u ci n g a n a d diti o n al c urri c ul u m, t his i nstr u cti o n al fr a m e w or k 

p art n ers wit h a distri ct m a n d at e d i nstr u cti o n al u nit wit hi n Al g e br a 1.  It a dj usts  t h e pas si v e 

st a n d ar d a n d  h as t h e p ot e nti al t o  m a k e  m at h a p pr o a c h a bl e, f ost eri n g st u d e nt c o n n e cti o n t o t h e 

c o nt e nt. T e a c h ers c a n e n c o ur a g e  s t u d e nts w h o e x hi bit  M at h A v oi d a n c e B e h a vi or ( M A B)  s u c h as 

n e g ati v e s elf -t al k, t o e x pl or e m at h wit hi n t h eir diff eri n g l e ar ni n g a biliti es a n d r e pr es e nt ati o ns. 

T h e us e of C R A str at e gi es  li k e e n g a gi n g wit h  m a ni p ul ati v es a n d dr a wi n gs  miti g at es c o g niti v e 

b arri ers b y pr o vi di n g st u d e nts wit h s c aff ol ds t o h el p t h e m m o v e t o a n a bstr a ct c o n c e pt. I n q uir y-

dri v e n i n v esti g ati o ns s hift st u d e nt l e ar ni n g b y e n g a gi n g wit h a c o n c e pt pri or t o i nstr u cti o n . T his 

pr o vi d e s  a p oi nt of r ef er e n c e f or t h e m, or b a c k gr o u n d k n o wl e d g e, f or t h e c o n c e pt , a cti v ati n g t h e 

f oll o wi n g i nstr u cti o n wit h c o n cr et e i n v esti g ati o ns. T his d esi g n f a cilit at es  c o nfi d e n c e a n d 

a c c o u nt a bilit y f or l e ar ni n g. St u d e nt a g e n c y is f ost er e d as st u d e nts t a k e r es p o nsi bilit y f or t h eir 

pr o gr es s, e x p o u n d o n m at h e m ati c al i d e as, a c q uir e c o g niti v e pr o c es s es, a n d b uil d c oll a b or ati v e 

r el ati o ns hi ps. T his i nstr u cti o n al d esi g n h as t h e c a p a cit y t o  i n cr e ase  e n g a g e m e nt as  it all o ws  

st u d e nts t o: dis c us s wit h t h eir p e ers i n a c oll a b or ati v e w a y, p h ysi c all y m a ni p ul at e d at a i n p uts a n d 

o ut p uts o n a gr a p h, a n d t hi n k a b o ut q u esti o ns a n d a n s w ers as a m e a ns of l e ar ni n g. M A B c a n b e 

r e d u c e d a n d a gr o wt h mi n ds et c a n b e  str e n gt h e n e d  t hr o u g h a cti v e l e ar ni n g. 
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C o n c e pt u al I m pli c ati o ns  

T his i nstr u cti o n al d esi g n e x pli citl y i m pl e m e nts  c o nstr u cti vis m, a t h e or y t h at s u g g ests 

l e ar ni n g h a p p e ns w h e n h u m a ns c o nstr u ct t h eir o w n k n o wl e d g e t hr o u g h e x p eri e n c es ( B a d a & 

Ol us e g u n, 2 0 1 5) . M o d el e d aft er t his t h e or y, t h e i nstr u cti o n al d esi g n pr es e nt e d i n t his pr oj e ct 

br i n gs t h e or y i nt o pr a cti c e b y pr o vi di n g a ut h e nti c, i n q uir y-b as e d l e ar ni n g o p p ort u niti es t h at 

a cti v el y e n g a g e s  st u d e nts . W h e n st u d e nts ar e  a bl e t o m a ni p ul at e a n d dis c us s v ers us sitti n g a n d 

list e ni n g, t h e y u n d ersta n d  t h e c o n c e pt i n a d e e p er w a y. A cti v e l e ar ni n g c a n b e i nt er pr et e d as  

m at h t al k h a p p e ni n g i n v ari o us pl a c es i n t h e cl as s r o o m wit h q u esti o ns, d e b at e, a n d p os si bl e 

a ns w ers.  It c a n t a k e t h e f or m of  m ulti m o d al r e pr es e nt ati o ns s u c h as st u d e nts b uil di n g , dr a wi n g, 

a n d m a ni p ul ati n g gr a p hs t o arri v e at a c o n cl usi o n . Te xt b o o ks b e c o m e a r es o ur c e i nst e a d of t h e 

pri m ar y o bj e cti v e  of t h eir l e ar ni n g e x p eri e n c e. R e ali g ni n g t h e d ail y cl as sr o o m r o uti n e all o w s  f or 

a cti v e l e ar ni n g w hil e k e e pi n g p a c e wit h distri ct c urri c ul u m r e q uir e m e nts. T his r e ali g n m e nt is 

n e c es s ar y t o i n cl u d e r o o m f or st u d e nts t o as k q u esti o ns, m a k e c o n n e cti o ns, i n v esti g at e, a n d 

arri v e at s ol uti o ns. Wit h r e pr es e nt ati o n i n t h e c o n cr et e, r e pr es e nt ati o n al, a bstr a ct ( C R A) str at e g y 

a n d t h e 5 E  l es s o n pl a n m o d el, t o i n q uir y a n d c o n n e cti o n t o r e al-w orl d i n v esti g ati o ns, t his d esi g n  

o p e n s  t h e d o or f or t h e t e a c h er t o b e a f a cilit at or of l e ar ni n g  i n t h eir cl as sr o o ms v ers us b ei n g t h e 

pri m ar y l e a d er . It als o pr o vi d es  a  s p a c e f or st u d e nts t o b uil d  t h eir o w n k n o wl e d g e i nst e a d of j ust 

b ei n g t h e r e c ei v er of k n o wl e d g e.  

T h e fr a m e w or k of t h e d esi g n is d e m o nstr at e d t hr o u g h in v esti g ati o n c ar ds li k e t h e c off e e 

s h o p gift c ar d t as k  ( Fi g ur e 4 ), w hi c h r e q uir es st u d e nt s t o e x pl or e t h e d e cr e asi n g v al u e of a gift 

c ar d as it w as us e d t o p ur c h as e c off e e at a  l o c al c off e e s h o p. R at h er t h a n p as si v el y l e ar ni n g a 

f or m ul a f or sl o p e, st u d e nts e v al u at e t h e i nf or m ati o n a n d r es p o n d t o g ui d e d pr o m pts t h at 
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pr o m ot es c o g niti v e e x p a nsi o n b e y o n d t h e gi v e n d at a . St u d e nts l e ar n t o us e  criti c al t hi n ki n g s kills   

b y e xt e n di n g t h e i n v esti g ati o ns  usi n g s  e xt e nsi o n c ar d s  ( Fi g ur e 5 ). B y m a ni p ul ati n g a D es m os 

gr a p h of x - a n d y -c o or di n at e s, st u d e nts as c ert ai n al g e br ai c e q u ati o ns  b y p att er n r e c o g niti o n a n d 

pr o bl e m s ol vi n g . St u d e nts  c o n n e ct w h at t h e y ar e  l e ar ni n g a b o ut a bstr a ct li n e ar i nt er c e pts t o a 

r e al-w orl d m at h e m ati c al p h e n o m e n o n . T h e pr o gr es si o n b et w e e n t h e i n v esti g ati o ns a n d 

e xt e nsi o ns h el p miti g at e t h e c o g niti v e mis m at c h b et w e e n t h e c o n cr et e a n d a bstr a ct m o d es of 

r e pr es e nt ati o n. 

I m pli c ati o ns f or Cl as sr o o m Pr a cti c e 

T o cr e at e a n a cti v e l e ar ni n g e n vir o n m e nt, t h e t e a c h er s h o ul d pri oriti z e  ti m e t o e x pli citl y 

t e a c h t h e r o uti n e a n d t h e e x p e ct ati o ns of e a c h p h as e of t h e 5 E m o d el. Te a c h ers s h o ul d als o 

e x pli citl y m o d el  e x p e ct ati o ns f or c oll a b or ati v e w or k s u c h as p ositi v e, m e a ni n gf ul c o ntri b uti o ns 

t o dis c us si o ns, a n d gr o u p r es p o nsi biliti es. W hil e t h e pr o vi d e d  m at eri als c o v er a si n gl e t hr e e -

l es s o n u nit, t h e fr a m e w or k s er v es as a bl u e pri nt f or t e a c h ers t o m o d el t h eir o w n i n q uir y 

i n v esti g ati o ns a n d pr oj e cts aft er t h e d esi g n a cr os s ot h er c urri c ul ar u nits . P arts of t h e d esi g n c a n 

b e a p pli e d wit h o ut a n y n e w r es o ur c es, s u c h as t h e 1 0 -mi n ut e mi ni -l es s o n a n d t h e us e of t h e C R A 

M ats. T h e m at eri als  ar e d esi g n e d t o ali g n  wit h Al g e br a 1  c urri c ul u m a n d p a ci n g g ui d e s . 

A cti v e l e ar ni n g fr a m e w or ks utili z e m a ni p ul ati v es or vis u al t o ols, pr o bl e m -s ol vi n g  

a cti viti es , a n d gr o u p c oll a b or ati o n f or  i n v esti g ati v e t as ks (N ur b a vli y e v , et. al. 2 0 2 2). U si n g a n y of 

t h e s u g g est e d str at e gi es (C R A, I B L, P B L ) a n d c oll a b or ati v e w or k c a n b e i n c or p or at e d 

i n d e p e n d e ntl y of e a c h ot h er. T his all o w s t e a c h er a n d st u d e nts t o a d a pt sl o wl y t o n e w r o uti n es. 

T h e i nstr u cti o n al pri n ci pl es pr a cti c e d i n t h e fr a m e w or k i n cl u d e: 1) r e vi e w s vi a f or m ati v e b ell 

ri n g ers a n d e xt e nsi o n t as ks), 2) pr es e nti n g m at eri al  i n t ar g et e d mi ni -l es s o ns, 3) s c aff ol d e d 
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a p pli c ati o n usi n g i n v esti g ati o n c ar ds , 4) c o nti n u o us f or m ati v e as s es s m e nt  d uri n g c oll a b or ati o n 

usi n g r u bri cs a n d 5) s u m m ati v e e v al u ati o n t hr o u g h pr oj e ct -b as e d l e ar ni n g. A cti v e l e ar ni n g 

e n c o ur a g es st u d e nts t o b e c o m e pr o bl e m  s ol v ers a n d criti c al t hi n k ers i n a n d o utsi d e of t h e m at h 

cl as sr o o m b y t e a c hi n g t h e m t o p ers e v er e t hr o u g h c h all e n g es, e n g a g e i n c h all e n gi n g di al o g u e, 

a n d l e ar n t hr o u g h e x p eri e n c es.  

A k e y as s u m pti o n i n t h e d esi g n of t his i nstr u cti o n al r es o ur c e is t h at i n q uir y w or k s  b est 

w h e n st u d e nts ar e pr o vi d e d ti m e t o e x pl or e a c o n c e pt i n di vi d u all y or i n s m all gr o u ps. I n pr a cti c e, 

st u d e nts e x a mi n e  pr o bl e m s , as k q u esti o ns, b uil d m o d els, a n d c o nstr u ct r es p o ns es w hi c h all o w s 

f or st u d e nt a g e n c y a n d i n d e p e n d e n c e. A s ki n g q u esti o ns g ui d es st u d e nts as t h e y t hi n k t hr o u g h a 

p arti c ul ar m at h pr o bl e m. B uil di n g m o d els wit h m a ni p ul ati v es h el ps st u d e nts t o p h ysi c all y 

c o nstr u ct c o g niti v e pr o c es s es . T his s e ns or y ( e n a cti v e) i nt er a cti o n bri d g es t h e g a p fr o m c o n cr et e 

m a ni p ul ati o n t o pi ct ori al (i c o ni c) r e pr es e nt ati o n.  O n c e st u d e nts h a v e s oli difi e d t h eir 

u n d erst a n di n g wit h vis u als li k e c o or di n at e pl a n es a n d d at a t a bl es r e pr es e nt e d wit hi n t h e i n q uir y 

c ar ds, t h e y h a v e t h e s c aff ol di n g r e q uir e d t o m o v e i nt o a bstr a ct (s y m b oli c) r e pr es e nt ati o n a n d 

m a ni p ul ati o n . T his e ntir e pr o c es s c a n b e a c c o m plis h e d b y si m pl y pr o vi di n g st u d e nts wit h ti m e t o 

e n g a g e wit h a n d u n d erst a n d t h e pr o bl e m.  T h e C R A, I B L, a n d P B L str at e gi es ar e i n d e p e n d e nt 

v ari a bl es a n d t h er ef or e c a n b e i m pl e m e nt e d i n d e p e n d e nt of o n e a n ot h er. T his d esi g n pr o vi d es a 

w a y f or t e a c h ers t o sl o wl y m o v e a w a y fr o m t h e p as si v e st a n d ar d of l e ar ni n g wit h o ut i n citi n g 

m aj or disr u pti o ns t o  c urr e nt cl as sr o o m r o uti n es. O n c e n e w r o uti n es ar e s oli dl y i m pl e m e nt e d, 

t e a c h ers m a y c h o os e t o i n cl u d e ot h er str at e gi es t o e n c o ur a g e a n d pr o m ot e a m or e h olisti c a cti v e 

l e ar ni n g e n vir o n m e nt. 
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I m pli c ati o ns f or St u d e nt L e ar ni n g 

W h e n st u d e nts c o nstr u ct t h eir o w n k n o wl e d g e t hr o u g h a cti v e m a ni p ul ati o n of m at eri als 

li k e al g e br a til es a n d e x pl ore  t hr o u g h i n q uir y-b as e d i n v esti g ati o ns/ e xt e nsi o ns, t h e y h a v e t h e 

a bilit y t o tr a nsf or m fr o m a fi x e d mi n ds et t o a gr o wt h mi n ds et. T his t y p e of tr a nsf or m ati o n h as 

t h e p ot e nti al t o m o v e t h e m a w a y fr o m “I’ m b a d at m at h ” t o “I c a n i n v esti g at e m at h a n d l e ar n ”. 

T his m et a m or p h osis ai ms t o f a cilit at e r e d u ci n g M at h A v oi d a n c e B e h a vi or ( M A B), a b e h a vi or 

t h at r es e m bl es dis e n g a g e m e nt , c o g niti v e wit h dr a w al , a n d c hr o ni c a bs e nt e eis m  ( B a d a & 

Ol us e g u n, 2 0 1 5) . 

S t u d e nts c o n c e pt u al u n d erst a n di n g h a s  t h e p ot e nti al t o d e e p e n as t h e y l e ar n t h e w h y a n d 

h o w of m at h . F or e x a m pl e,  t h e i n q uir y c o m p o n e nt of t h e fr a m e w or k f e at ur es a p h ysi c al 

i n v esti g ati o n w h er e s t u d e nts e x pl or e sl o p e b y m e as uri n g t h e ris e a n d r u n  of t h e st air c as es i n a  

g y m. T his  s er v es  as a pri m er  f or st u d e nts t o u n d erst a n d t h e t w o v ari a bl es t h at d et er mi n e t h e sl o p e 

of a li n e a n d h o w t h es e v ari a bl es c h a n g e f or diff er e nt st air c as es  b ef or e c o nfr o nti n g sl o p es of 

li n es o n a c o or di n at e gri d. T hr o u g h t his i n v esti g ati o n, st u d e nts h a v e  t h e o p p ort u nit y t o n oti c e t h at 

t h e st e e p n es s of t h e st air c as e c h a n g es  d e p e n di n g o n h o w hi g h a n d h o w f ar t h e st airs e xt e n d. 

T hr o u g h i n q uir y a n d m ulti pl e r e pr es e nt ati o ns t his a cti v e l e ar ni n g str at e g y  off ers a w a y t o m e et 

s t u d e nts’ i n di vi d u al l e ar ni n g n e e ds . Al o n g wit h m e as uri n g g y m  st airs  ( c o n cr et e), st u d e nts ar e  

gi v e n t h e o p p ort u nit y t o dr a w t h e st airs wit h t h e d et er mi n e d ris e a n d r u n  o n a gr a p h  

(r e pr es e nt ati o n al). St u d e nts c a n  r e pr es e nt t h e ris e a n d r u n  as sl o p e t hr o u g h a n e q u ati o n  ( a bstr a ct) 

b y c o m p uti n g t h e t w o v ari a bl es. T his st u d e nt-c e nt er e d a p pr o a c h as sist s  i n g ui di n g st u d e nts 

t hr o u g h t h e m at h w hi c h r e pl a c es t h e p as si v e, tr a diti o n al, dir e ct i nstr u cti o n t y pi c al i n m at h 

cl as sr o o ms.  
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St u d e nts als o a cti v el y e x pl or e n e w c o n c e pts t hr o u g h c oll a b or ati v e eff orts . St u d e nts as sist 

e a c h ot h er i n m e as uri n g , t al k t hr o u g h h o w t o dr a w t h e gr a p h a c c or di n g t o t h eir m e as ur e m e nts , 

a n d as k  q u esti o ns as t h e y cr e at e t h eir fi n al e q u ati o ns. T h o u g hts a n d i d e as fi n d s u p p ort , or ar e 

c h all e n g e d i n a gr o u p s etti n g . T his c oll a b or ati v e eff ort el a b or at e s  o n t h e c o nt e nt b ei n g st u di e d  as 

st u d e nts s h ar e t h eir o w n k n o wl e d g e of m e as ur e m e nt, t h e i m p ort a n c e of a c c ur a c y, a n d t h e 

m at h e m ati c al o p er ati o ns n e e d e d t o fi n d t h e a ns w er. T hr o u g h t his t y p e of c oll a b or ati o n, st u d e nts 

c a n l e ar n t o a p pl y t h eir k n o wl e d g e i n diff er e nt c o nt e xts, b uil di n g p at h w a ys t o d e e p er 

u n d erst a n di n g.  

Pr of es si o n al R efl e cti o n  

T h e cr e ati o n of t his fr a m e w or k  d e v el o p e d fr o m  a n o bs er v e d i d e ntifi c ati o n of M A B a n d 

e x p os e d a o n e -w a y i nf or m ati o n fr a m e w or k. A  s hift n e e d e d  t o t a k e pl a c e i n i nstr u cti o n t o i mpr o v e 

t e a c hi n g pr a cti c es of s e c o n d ar y m at h e m ati cs  s o t h at st u d e nts h a d a c h a n c e t o l e ar n i n a w a y t h at 

w as m e a ni n gf ul a n d a p pr o pri at e t o t h eir i n di vi d u al n e e ds . T his hi g hli g ht e d t h e n e c es sit y of 

ali g ni n g w h at w as d et er mi n e d b y c o nstr u cti vis m as w a ys st u d e nts l e ar n t o a n i nstr u cti o n al d esi g n 

t h at w or ks wit h w h at t e a c h ers ar e alr e a d y d oi n g. T hi s ali g n m e nt of r o uti n es, Br u n er’s E n a cti v e-

I c o ni c-S y m b oli c fr a m e w or k  ( M cL e o d, 2 0 2 4) , a n d i n q uir y-b as e d i n v esti g ati o ns e ns ur e d t h at t h e 

l es s o n b e c o m es  a bri d g e s u p p ort e d o n all si d es b y st u d e nt e x pl or ati o n . 

T h e dis cr e p a n c y b et w e e n t h e c urri c ul u m a n d st u d e nt s’ c o g niti v e r e a di n es s, a n d ot h er 

f a ct ors, li k e M A B, di d n ot s u p p ort e n g a g e m e nt, i nt er est, a n d m oti v ati o n. M at h r e q uir e d l e ar ni n g 

a n d d oi n g, a n d t h at w as mis si n g i n t h e tr a diti o n al r o uti n e. St u d e nts n e e d e d s o m et hi n g els e, 

s o m et hi n g t h at w or k e d wit h t h e m a n d s u p p ort e d t h eir i n di vi d u al n e e ds. T h at is w h e n a n a cti v e 

l e ar ni n g a p pr o a c h b e c a m e t h e mis si o n. 
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T his i nstr u cti o n al d esi g n pr o m pt e d a  f u n d a m e nt al s hift fr o m a t e a c h er-c e nt er e d, p as si v e 

l e ar ni n g e n vir o n m e nt t o a st u d e nt-c e nt er e d, a cti v e l e ar ni n g e n vir o n m e nt. T his tr a nsiti o n s hift e d 

t h e r ol e of t h e t e a c h er fr o m a si n gl e pr es e nt er of i nf or m ati o n t o a f a cilit at or of i n q uir y . T hr o u g h 

t his f a cilit ati o n, o p p ort u niti es w er e pr o vi d e d f or st u d e nts t o e x pl or e t h e m at h, m a k e mist a k es, 

t al k a b o ut t h e m, dis c us s i d e as a n d s ol uti o ns wit h p e ers, a n d us e v ari o us t o ols t o s u p p ort 

c o g niti v e c o n n e cti o ns. R at h er t h a n p as si v e c o m pli a n c e, t h e cl as sr o o m b e c a m e d y n a mi c wit h 

st u d e nts as t h e pri m ar y k n o wl e d g e c o nstr u ct ors.  T h e d esi g n c h all e n g e d p e d a g o gi c al t h o u g ht i n 

r e g ar ds t o t h e tr a diti o n all y t a u g ht m at h cl as s wit h r ot e m e m ori z ati o n a n d dis c o n n e ct e d pr a cti c e. 

T h e p hil os o p h y of t h e t e a c h er c h a n g e d t hr o u g h t his pr o c es s u n d erst a n di n g t h at r ot e 

m e m ori z ati o n a n d pr a cti ci n g c o n c e pts t h at w er e n ot u n d erst o o d di d v er y littl e f or st u d e nt 

s u c c es s.  

Fr o m t his e n d e a v or, n e w p os si biliti es s urf a c e d . I d e as f or i n q uir y a n d i m pl e m e nt ati o n i nt o 

t h e c urr e nt c urri c ul u m b e y o n d o n e u nit b e c a m e a n o bt ai n a bl e g o al. I n cl u di n g m or e ki n est h eti c 

m o v e m e nt i nt o a n a bstr a ct w orl d br o u g ht a b o ut s oli d i d e as s u c h as t h e st air c as e i n v esti g ati o n 

t h w arti n g t h e p as si v e n at ure of a bstr a ct al g e br ai c m o d els. Ti m e a dj ust m e nts t o t h e 4 5 -mi n ut e 

r o uti n e w er e a dj ust e d t o fit t h e n e e ds of di v ers e cl as sr o o m s etti n gs. F ut ur e v ersi o ns of t his 

fr a m e w or k m ust b e a d a pt a bl e e ns uri n g t h at a cti v e l e ar ni n g b e c o m es t h e st a n d ar d i nst e a d of j ust 

a n i nt er v e nti o n.  

F ut ur e Dir e cti o ns  

W hil e t his fr a m e w or k f o c us e d e x cl usi v el y o n li n e ar f u n cti o ns, f ut ur e d e v el o p m e nt e nt ails 

e x p a n di n g o n t his d esi g n a cr os s 1 0 -1 2 -u nit Al g e br a 1 c urri c ul u m.  N e w i n v esti g ati o n a n d 

e xt e nsi o n c ar ds will  b e cr e at e d t o s u p p ort all u nits i n Al g e br a 1  as w ell as m or e u nit e n di n g 
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pr oj e ct -b as e d l e ar ni n g o p p ort u niti es . T o c o n n e ct a bstr a ct pr o bl e ms a n d r e al -w orl d p h e n o m e n o n 

f urt h er, t h e fr a m e w or k will i n cl u d e pl a c e -b as e d a cti viti es  (fi el d o p p ort u niti es) t o e x pl or e 

m at h e m ati cs i n t h e o utsi d e w orl d. A  s p e cifi c  mi dt er m o p p ort u nit y i n v ol v es a n i n v esti g ati o n of 

I n di g e n o us ti pi (l o d g e) ri n g sit es wit hi n pr airi e r e gi o ns . St u d e nts will g at h er d at a b y m a p pi n g t i pi 

ri n gs t o d et er mi n e t h e n u m b er of c a m ps, st u d y th e g e o m etr y a n d s y m m etr y of t h e c a m p d esi g n , 

a n al y z e r o c ks fr o m a si n gl e ti pi ri n g t o d et er mi n e t h e si z e of t h e l o d g e a n d gr a p h  t o c o m p ar e 

n u m b er a n d v ar yi n g si z es of l o d g es  wit hi n t h e c a m p . 

G oi n g f or w ar d r efi ni n g t h e i n q uir y a n d e xt e nsi o n c ar ds ar e t h e cr u ci al n e xt st e p t o e ns ur e 

t h at t h e m at h e m ati cs f oll o w s t h e ri g or of t h e st a n d ar d e a c h i n v esti g ati o n e x pl or es. T h e c ar ds 

s h o ul d b e r efi n e d as st u d e nt a n d t e a c h er e x pl or ati o n d et er mi n es i n c o nsi st e n ci es, or r e d esi g n t h e m 

f or o pti mi zi n g p erf or m a n c e of t h e t as ks t o str e a mli n e t h e i n q uir y pr o c es s a n d m a xi mi z e t h e ti m e 

all o w e d.  

C o n cl usi o n  

A lt h o u g h tr a diti o n al m o d els of dir e ct i nstr u cti o n h a v e b e e n t h e w a y t o t e a c h s e c o n d ar y 

m at h e m ati cs i n t h e p ast, n e w er r es e ar c h s u g g ests t h at p as si v el y g ai ni n g k n o wl e d g e is n ot 

s ust ai n a bl e f or st u d e nt m oti v ati o n or d e e p c o n c e pt u al u n d erst a n di n g (We n & D u b é, 2 0 2 2 ). 

C o g niti v e t h e or y a n d c o nstr u cti vists h a v e r es e ar c h e d h o w p e o pl e c o nstr u ct k n o wl e d g e  t hr o u g h 

a cti v e e x pl or ati o n ( M c L e o d, 2 0 2 4) . Str at e gi es, d esi g ns, a n d a p pr o a c h es t o a cti v e l e ar ni n g  h a v e 

e xist e d f or s o m e ti m e, a n d still t h er e ar e f ar t o o m a n y t e a c h er-c e nt er e d , p as si v e l e ar ni n g 

cl as sr o o ms l a c ki n g o p p ort u niti es f or e x pl or ati o n a n d all o wi n g st u d e nts t o b e c o nstr u ct ors of t h eir 

o w n k n o wl e d g e. T his c o m es fr o m t h e p us h t o g et t hr o u g h t h e c o nt e nt, m ast er t h e pr a cti c e, a n d 

p as s t h e t est. T his d esi g n s h o w s t h at t h er e c a n b e b ot h e x pl or ati o n a n d c urri c ul u m . E d u c at ors  c a n 
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all o w st u d e nts t o b uil d t h eir o w n u n d erst a n di n g a n d still t e a c h t h e c o nt e nt  t h e y n e e d t o t e a c h. It 

is p os si bl e a n d all st u d e nts d es er v e t h e ri g ht t o d e e pl y e n g a g e wit h m at h. M at h  a v oi d a n c e 

b e h a vi ors ( M A B) c a n b e s u p ers e d e d w h e n  e d u c at ors pr o vi d e s c aff ol d e d i nstr u cti o n al d esi g ns, 

r e c o g ni z e di v ers e c o g niti v e a biliti es, a n d all o w st u d e nts  t o e x pl or e a n d c o n n e ct wit h 

m at h e m ati cs i n w a ys t h at pr o m ot e i nt er est a n d st u d e nt-dri v e n l e ar ni n g . 
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5 E A N D I N Q UI R Y L E S S O N P L A N  

U nit T o pi c: T o p o gr a p hi c M a p pi n g of a W at ers h e d  

  

L es s o n M at h  C o nt e nt: R at e of C h a n g e; Sl o p e a n d Sl o p e -i nt er c e pt  

  

L e n gt h: T w o -T hr e e 4 5 -mi n ut e cl as s p eri o ds  

  

P erf or m a n c e E x p e ct ati o n: D et er mi n e sl o p e p er c e nt a g es of a l o c al cr e e k. U s e a m o d el t o 
ill ustr at e sl o p e (st e e p/fl at) a n d m a p a w at ers h e d b o u n d ar y.  

  

M at eri als N e e d e d:  

T e a c h er: Sli g htl y r o u n d e d pl at e, w at er, c u p; C ar d b o ar d f or tr o u g hs; T o p o gr a p hi c m a ps of l o c al 
w at ers h e d (U S G S W at ers h e d M a ps H o w T o ) (N ati o n al M a p Vi e w er ); C o m p ut er; S m art b o ar d 
or S m art T V; R u bri c  

  

St u d e nt M at eri als: P a p er/ W hit e b o ar d; P e n cil/ Dr y -Er as e M ar k er; C al c ul at or, R ul er; C ar d b o ar d; 
M ar k ers/ P ai nt; Hi g hli g ht ers  

  

B a c k gr o u n d: B a c k gr o u n d I n v esti g ati o n of a W at ers h e d  ( T e x as St at e U ni v ersit y, 2 0 2 6). T his 
b a c k gr o u n d l es s o n m a y b e h el pf ul f or st u d e nts w h o h a v e n ot b e e n e x p os e d t o m a p pi n g. C o nt o ur 
li n es o n a m a p d e pi ct f o ur b asi c sl o p e t y p es: u nif or m g e ntl e, u nif or m st e e p, c o n c a v e, a n d 
c o n v e x. T o p o gr a p hi c I nfl u e n c e ( Sl o p e ) d es cri b es t h e fl o w of w at er fr o m hi g h t o l o w el e v ati o ns. 
B o u n d ari es a n d ri d g es ar e d efi n e d b y hi g h p oi nts ( el e v ati o n). El e v ati o n is t h e v erti c al dist a n c e 
( h ei g ht) of a s p e cifi c p oi nt o n t h e E art h's s urf a c e, s u c h as a m o u nt ai n, cit y, or hi ki n g tr ail, 
m e as ur e d r el ati v e t o a fi x e d r ef er e n c e p oi nt, m ost c o m m o nl y m e a n i n g s e a l e v el . S c al e r el at es t o 
h o w s m all w at ers h e ds c a n e xist wit hi n l ar g er w at ers h e ds. U n d erst a n di n g m a p pi n g b asi cs h el ps 
us i d e ntif y b o u n d ari es a n d u n d erst a n d el e v ati o ns. St e e p n es s d et er mi n es w h et h er w at er will s o a k 
i nt o t h e gr o u n d or c o nti n u e o v er a s urf a c e.  

 A w at ers h e d is a n ar e a of l a n d w h er e all t h e w at er — w h et h er fr o m r ai n, s n o w m elt, or s pri n gs —  
dr ai ns i nt o a c o m m o n w at er b o d y, s u c h as a ri v er, l a k e, or o c e a n. W at ers h e ds v ar y i n si z e, fr o m 
s m all dr ai n a g e b asi ns f or l o c al str e a ms t o m as si v e s y st e ms li k e t h e C ol u m bi a Ri v er B asi n, 
w hi c h c o v ers m ulti pl e st at es. T h e b o u n d ari es of a w at ers h e d ar e d efi n e d b y n at ur al l a n d 
f or m ati o ns, s u c h as m o u nt ai ns a n d hills, w hi c h dir e ct t h e fl o w of w at er  ( D e p art m e nt of 
E c ol o g y, 2 0 2 6).  
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/Users/rebeccak/Downloads/3InvestigatingWatersheds.pdf
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 E n g a g e  
            O p e ni n g:  T his l es s o n is d esi g n e d t o b e t h e cl o si n g  of a u nit f o c us e d o n Li n e ar a n d 
N o nli n e ar F u n cti o ns . S p e cifi c all y, t h e t o pi cs of r at e of c h a n g e  a n d sl o p e. T h e c or e i d e a c o v er e d 
i n t his l es s o n is M e as uri n g H o w O n e Q u a ntit y C h a n g es R el ati v e t o A n ot h er . A s st u d e nts e nt er 
cl as s, t h e t e a c h er will pr es e nt t w o p h ot os, o n e of a st e e p m o u nt ai n a n d o n e of a fl at pl ai n t o 
st u d e nts f or t h e a n c h ori n g p h e n o m e n o n of t h e u nit. St u d e nts will n ot b e t ol d w h at  t h e pi ct ur es 
r e pr es e nt. T e a c h er N ot e: T h e t w o p h ot os s h o ul d b e f o u n d pri or t o t e a c hi n g t h e l es s o n a n d s h o ul d 
b e of ar e as n e ar t o w h er e t h e st u d e nts r esi d e. T his c o n n e cts t h e l es s o n t o pl a c e.  T e a c h ers s h o ul d 
eli cit st u d e nt e x p eri e n c es wit h t h e f oll o wi n g q u esti o ns ( 5 mi n ut es).  

1.  If y o u h a d t o cli m b 5 0 0 f e et, w o ul d y o u r at h er d o it o v er a dist a n c e of 1, 0 0 0  f e et or 5, 0 0 0 
f e et?  W h y ?  

Dri vi n g Q u esti o n: H o w d o es t h e r at e of c h a n g e  i n el e v ati o n d et er mi n e w h er e o ur l o c al w at er 
fl o ws ? 

            A s y o u ar e h a vi n g t his c o n v ers ati o n o n t h e p h e n o m e n o n, pl a c e y o ur pl at e o n a t a bl e a n d 
us e a c u p t o p o ur w at er o n t h e pl at e. T h e w at er will p o ol at t h e b ott o m of t h e pl at e. T h e n, ti p t h e 
pl at e a n d us e t h e c u p t o p o ur m or e w at er o n t h e pl at e. T h e w at er r u ns off t h e pl at e. T ur n t h e pl at e 
o v er t o w h er e it is u psi d e d o w n. U s e t h e c u p t o p o ur w at er o nt o t h e pl at e. T h e w at er will r u n 
d o w n t h e c o n v e x si d es of t h e pl at e. R e p e at t h e e ntir e pr o c es s a c o u pl e of ti m es. Fi n all y, p o ur 
w at er o nt o t h e c o n c a v e si d e of t h e pl at e a n d ti p t h e pl at e at v ar yi n g d e gr e es. T h e w at er wi ll p o ur 
o ut of t h e pl at e at diff er e nt r at es of s p e e d. T ell st u d e nts t o r e c or d o bs er v ati o ns a b o ut t h e 
p h e n o m e n a i n t h eir n ot e b o o ks usi n g all fi v e s e ns es ( 5 mi n ut es).  

            P ot e nti al O bs er v ati o ns: Pl at e o n a t a bl e. W at er is p o uri n g i nt o t h e pl at e. It s o u n ds li k e a 
w at erf all. W at er is g at h eri n g at t h e b ott o m of t h e pl at e. Pl at e is t ur n e d u psi d e d o w n. W at er is 
p o ur e d o n t h e pl at e. W at er r u ns off t h e pl at e. Pl at e is n o w t ur n e d ri g ht si d e u p. W at er is p o uri n g 
i nt o t h e pl at e. Pl at e is ti p pi n g sl o wl y, a n d t h e w at er i s f alli n g off of t h e pl at e. It s o u n ds li k e r ai n. 
Pl at e is ti p pi n g m or e a n d t h e w at er is f alli n g off f ast er. Pl at e is al m ost v erti c al a n d all t h e w at er 
h as p o ur e d off.  

            E x pl a n ati o n of P h e n o m e n o n: W h e n w at er is p o ur e d i nt o t h e pl at e, it g at h ers at t h e 
b ott o m. T h e pl at e is i n its c o n c a v e f or m, all o wi n g t h e w at er t o p o ol at t h e b ott o m of t h e pl at e. 
W h e n t h e pl at e is t ur n e d o v er, it is i n its c o n v e x st at e. W h e n t h e w at er is p o ur e d o nt o t h e pl at e i n 
t his st at e, t h e w at er d o es n ot g at h er a n d r u ns off t h e si d es. W h e n w at er is p o ur e d b a c k i nt o t h e 
pl at e i n its c o n c a v e f or m, a n d t h e n t h e pl at e is ti p p e d sli g htl y, t h e w at er r u ns off sl o wl y. A s t h e 
pl at e ti ps m or e a n d m or e, m or e w at er p o urs off at a f ast er r at e. W h e n t h e pl at e is v erti c al, all t h e 
w at er p o urs off t h e pl at e a n d w at er is n o l o n g er o n t h e pl at e.  

E x pl o r e  
            D e bri ef wit h st u d e nts o n t h e r es ults of t h e Pl at e a n d W at er  P h e n o m e n o n. C o ns e ns us 
o bs er v ati o ns s h o ul d i n cl u d e: W h e n t h e pl at e is fl at a n d c o n c a v e, t h e w at er st a ys o n t h e pl at e. 
W h e n t h e pl at e is c o n v e x or ti p p e d at diff er e nt d e gr e es, w at er r u ns off t h e pl at e  ( 5 mi n ut es). 
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            R e visit t h e q u esti o n:  H o w d o es t h e r at e of c h a n g e  i n el e v ati o n d et er mi n e w h er e o ur l o c al 
w at er fl o ws ?  At t his p oi nt, m ost st u d e nts will r es p o n d wit h dis c us si o ns a b o ut t h e pl at e ti p pi n g 
a n d w at er r u n ni n g off of t h e pl at e . St u d e nts will dr a w o n t h eir p ast e x p eri e n c es wit h t h e fl o w of 
w at er. T h e y m a y bri n g u p w at erf alls, l a k es, ri v ers, r ai n, et c. B ef or e st u d e nts i n v esti g at e as k 
t h e m: At w h at a n gl e or sl o p e d o es t h e w at er st o p p o oli n g a n d st art m o vi n g ?  

            L et st u d e nts i n v esti g at e h o w w at er fl o w s.  Di vi d e st u d e nts i nt o 5  l a b gr o u ps. E a c h gr o u p 
will n e e d a pl at e, a c ar d b o ar d tr o u g h, w at er, a n d a w a y t o r e c or d t h eir o bs er v ati o ns.  H a v e gr o u p s 
e x p eri m e nt wit h p o uri n g w at er o n t h e pl at e a n d t h e n o n t h e tr o u g h . T e a c h er N ot e: H a v e t h e 
st u d e nts p erf or m t h e e x p eri m e nt o v er s m all pl asti c bi ns s o t h at t h e w or ks p a c e r e m ai ns s af e a n d 
cl e ar of w at er.  H a v e st u d e nts r e c or d t h eir o bs er v ati o ns of t h e fl o w of w at er i n t h eir m at h  
n ot e b o o ks. P r o m pt t h e m s p e cifi c all y t o d es cri b e t h e r el ati o ns hi p b et w e e n t h e st e e p n es s of t h e 
tr o u g h a n d t h e s p e e d of t h e w at er. St u d e nts s h o ul d s e e t h at t h e s p e e d of t h e w at er d e p e n ds o n t h e 
st e e p n es s of t h e pl at e or tr o u g h. P r o vi d e st u d e nts wit h U S G S t o p o gr a p hi c m a ps of a l o c al cr e e k. 
St u d e nts s el e ct t hr e e disti n ct s e g m e nts of t h e cr e e k  ( 1 5 mi n ut es). 

•  S e g m e nt A:  Hi g h el e v ati o n/ m o u nt ai ns  
•  S e g m e nt B:  F o ot hills  
•  S e g m e nt C:  Fl at pl ai ns  

E x pl ai n  
            Aft er st u d e nts m a d e o bs er v ati o ns a n d r e c or d e d q u esti o ns a b o ut t h e W at er Fl o w 
P h e n o m e n o n i n t h eir M at h  N ot e b o o ks, a n d usi n g t h eir p ers o n al m a p  i n v esti g ati o ns as a g ui d e, 
h a v e st u d e nts w hit e b o ar d w h y  t h e y t hi n k a hi g h er r at e of c h a n g e ( m  > 1) r es ult i n f ast er w at er 
v el o cit y. I ntr o d u c e t h e f or m ul a f or fi n di n g r at e of c h a n g e . T h e c h a n g es i n y  ( d e p e n d e nt v ari a bl e) 
ar e di vi d e d b y t h e c h a n g es i n x  (i n d e p e n d e nt v ari a bl e). 

 

( W h er e y  is t h e el e v ati o n, a n d x  is t h e h ori z o nt al dist a n c e) 

F or m ul a: El e v ati o n A –  El e v ati o n B/ Dist a n c e A –  Dist a n c e B  

St u d e nts us e t h e m a ps s c al e a n d c o nt o ur i nt er v als t o c al c ul at e t h e sl o p e ( m ) f or e a c h cr e e k 
s e g m e nt t h at t h e y c h os e pr e vi o usl y.  

 

T ell st u d e nts t o r e pr es e nt t h e fl o w of w at er b y dr a wi n g a w at ers h e d. All o w st u d e nts t o d o a q ui c k 
g all er y w al k o n c e t h eir b o ar ds ar e d o n e t o s e e ot h er gr o u ps’ w or k. H a v e st u d e nts t a k e a pi ct ur e 
of t h eir gr o u p’s w hit e b o ar d a n d s u b mit it t o y o ur L e ar ni n g M a n a g e m e nt Sit e w h e n d o n e ( 1 0 -1 5 
mi n ut es).  

            Cl osi n g:   W h e n d o n e w hit e b o ar di n g, d is c us s t h e fl o w of w at er i n b ot h t h e o p e ni n g 
p h e n o m e n o n ( t h e w at er a n d pl at e) a n d t h eir e x p eri m e nt. H a v e a c o n cl u di n g dis c us si o n o n h o w 
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t h e cr e e k f oll o w s w h at h a p p e n e d i n t h e p h e n o m e n o n, f oll o wi n g t h e c o nt o urs of t h e l a n d a n d 
c h a n gi n g v el o cit y as t h e el e v ati o n d e cr e as e d b y v ar yi n g sl o p es. Als o dis c us s li n e ar vs. n o nli n e ar. 
A s k st u d e nts t o l o o k at t h e cr e e k as a w h ol e. A s k: Is t h e sl o p e c o nst a nt ? I ntr o d u c e t h e i d e a t h at 
r e al-w orl d l a n ds c a p es ar e r ar el y p erf e ctl y li n e ar, b ut w e us e " a v er a g e r at e of c h a n g e " t o m o d el 
t h e m ( 5 mi n). 

E xt e n d  
            ( T his p h as e h as b e e n m o v e d t o b ef or e t h e E v al u at e p h as e, as t his p art of t h e l es s o n s h o ul d 
b e i n cl u d e d b ef or e e v al u ati n g st u d e nt u n d erst a n di n g.)  

            I n this l es s o n , st u d e nts will b uil d a 3 D R at e of C h a n g e M o d el. St u d e nts will c o nstr u ct 
t h eir m o d els usi n g eit h er c ar d b o ar d or cl a y d e p e n di n g o n w h at t h e t e a c h er h as a v ail a bl e. T his 
c o nstr u cti o n will b e d o n e i n l a y ers. E a c h l a y er of c ar d b o ar d r e pr es e nts a s p e cifi c st e p i n 
el e v ati o n.  

 T e a c h er R ol e: Pr o vi d e a st a n d ar d c ar d b o ar d t hi c k n es s ( e. g., 1/ 8 i n.)  a n d d efi n e w h at t h e 
“ris e ” ( y ) will r e pr es e nt i n r e al-w orl d f e et ( e. g., o n e l a y er = 4 0ft el e v ati o n). B ef or e st u d e nts gl u e 
pi e c es t o g et h er, c h e c k t h eir “r u n ” ( x ). E ns ur e t h e y ar e s p a ci n g t h e l a y ers a c c or di n g t o t h eir m a p 
m e as ur e m e nts. R ot at e t hr o u g h t h e gr o u ps a n d as k, if y o ur sl o p e c al c ul ati o n w as st e e p er h er e, 
s h o ul d t h es e c ar d b o ar d e d g es b e cl os er t o g et h er or f urt h er a p art ?  

 St u d e nt R ol e: St u d e nts tr a c e t h e c o nt o ur li n es fr o m t h eir t o p o gr a p hi c m a p o nt o c ar d b o ar d 
s h e ets. E a c h c o nt o ur li n e b e c o m es a l a y er. St u d e nts st a c k t h e l a y ers t o r e pr es e nt t h e c h a n g e i n 
el e v ati o n. E a c h l a y er a d d e d is a c o nst a nt v erti c al “ris e ” ( y ) ( c o n v ers ati o ns m a y er u pt a b o ut li n e ar 
vs n o nli n e ar). St u d e nts m ust e ns ur e t h at t h e h ori z o nt al dist a n c e b et w e e n t h e e d g es of t h e 
c ar d b o ar d l a y ers m at c h es t h e m a p’s s c al e. St u d e nts l a b el e a c h c ar d b o ar d l a y er wit h its el e v ati o n 
a n d t h e c al c ul at e d sl o p e of t h at s p e cifi c l a y er. T his e ns ur es t h e m at h is visi bl e o n t h e fi n al 
pr o d u ct.  

1.  St e e p Sl o p e ( m > 1 ): C ar d b o ar d e d g es ar e n e arl y o n t o p of e a c h ot h er. 
2.  G e ntl e Sl o p e ( m ≈  0): C ar d b o ar d e d g es ar e s pr e a d f ar a p art.  

St u d e nts i d e ntif y t h e hi g h est p oi nts w h er e t h e “ris e ” ( y) st o ps g oi n g u p a n d b e gi ns g oi n g d o w n 
(t h e p e a k or “ z er o sl o p e ” p oi nt), w h er e t h e r at e of c h a n g e g o es fr o m p ositi v e t o n e g ati v e. 
St u d e nts m ar k t his ri d g eli n e wit h a d esi g n at e d c ol or t o s h o w t h e w at er s h e d b o u n d ar y.  

 

E v al u at e  
            B ef or e st u d e nts b e gi n t h e e xt e nsi o n a n d c o m m e n c e b uil di n g t h eir 3 D m o d els of a 
w at ers h e d, t h e y will b e gi v e n a c o p y of t h e r u bri c pr o vi d e d i n A p p e n di x G  t o h el p g ui d e t h eir 
w or k. D uri n g t his l es s o n, t h e t e a c h er will visit gr o u p s ar o u n d t h e r o o m w hil e st u d e nts ar e 
dis c us si n g. T h e t e a c h er s h o ul d b e as ki n g pr o bi n g q u esti o ns t o k e e p st u d e nts o n t as k a n d 
c h all e n g e t h e m t o a p pl y c o n c e pts as w ell as m at h  v o c a b ul ar y l e ar n e d i n pr e vi o us l es s o ns. T o 
pr o m ot e cr os st al k, t h e t e a c h er s h o ul d r e dir e ct s o m e q u esti o ns dir e ct e d t o t h e i nstr u ct or t o a n ot h er 
m e m b er i n t h e l a b gr o u p s o t h at t h e y s h ar e k n o wl e d g e wit h o n e a n ot h er.  E a c h 3 D m o d el a n d 
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gr o u p d y n a mi cs will b e gr a d e d usi n g t h e r u bri c ( A p p e n di x G ). T his is t h e c ul mi n ati n g 
s u m m ati v e as s es s m e nt f or t his u nit o n li n e ar a n d n o nli n e ar f u n cti o ns, wit h a n e m p h asis o n r at e of 
c h a n g e a n d sl o p e.  
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Li n k t o Fil e: C h at G P T Tr a ns cri pt f or I n q uir y C ar d Dis c us si o n  
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Li nk t o Fil e: C h at G P T Tr a ns cri pt for I n q ui ry C ar d Dis c ussi o n 

https://docs.google.com/document/d/1VW8aBvDCKUjjcCfpk7NB5Lv0LLmY4LiqqS3JLq05YPs/edit?usp=sharing
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R u b ri c - G r o u p W o r k 

nk eri o n 

fo lry - S o lvi n g 

M at h: Eq u a ti o ns, G r a p hs, e t c. 

S p e a ki n g a n d Li s t e ni n g 

E m e r gi n g 

- Th e gr o u p i d e n ti he s t h e m a in q u es ti o n 

or probl e m t o b e s o lved 

- T h e gr o u p li s ts at le a s t o ne po s s ibl e 

a p pr o a c h or s o lu ti o n 

- T h e gr o u p i n cl u d es at l e a s t on e r elev ant 

e q ua ti o n o r c a lc ula ti o n i n th eir w or k 

- Th e gr o u p pr e s e n ts a b a si c gr ap h or 

t a bl e r el at e d t o t h e pr o blem 

- T h e gr o u p pre s e n ts t h eir sol uti o n t o th e 

cl a s s or t e a ch er 

- A t lea s t o n e gr ou p memb er s p e a k s 
d u rin g t h e pr e se n t a ti on 

Pr o g r e s si n g 

- T h e gr ou p i d entifi e s the m ai n q ue s ti o n 

or pr o b lem t o be s ol v e d 

- T h e gr ou p l is t s a t l e a s t tw o po s s ibl e 

a p pr oac h es or sol uti o n s 

- T h e gr ou p expl ai n s th e r eas o ni n g 

b e h in d their ch o s en a ppr oa c h 

- T h e gr ou p d oc u m ent s st ep s t ake n t o 

i n v e s ti g at e the pro bl e m 

- T h e gr ou p in cl u d e s mul ti ple r el e v a nt 

eq u a ti on s or c al c ul a ti on s 

- T h e gr ou p pr e sen ts a gr a p h or ta ble 

t h a t ac c u r at el y r e pr e sen ts d a t a or 
rel a ti o ns hi p s 

- T h e gr ou p expl ai n s h o w t h e m a t h 

s u pp or ts their s o lu ti o n 

- T h e gr ou p pr esen ts th eir s ol u ti on t o t h e 

cl a s s or t e a c h e r 

- M ul ti p le gr o u p m e m b e r s c o n tri b ut e t o 

t h e p r es e n t a ti o n 

- T h e gr ou p r e s po n d s t o at lea st o n e 

q u e sti o n or c o m ment fr o m pe er s o r 

t e a c h er 

E x c elli ng 

- The gr o u p i d e n ti fies t h e m a in q u e s ti on 

or pro bl e m t o b e s o lved 

- T he gr o u p li s ts m ul ti pl e p o ssi ble 

a p pr o a ch e s or s ol u ti on s 

- T he gr o u p e x p la in s t h e r e a s oni ng 

behi n d t h e ir c h os e n a p p r o ac h 

- The gr o u p d o c u m e n ts st e p s ta ke n t o 

i nves ti g a t e th e pr obl em 

- The gr o u p e val u a t es th e eff e c ti v e nes s 

of th eir s ol u ti on a n d c o n si d ers 

al t ern a ti v e s tr a t egi e s 

- The gr o u p j u s tifi e s th eir final a n s w er 
w ith e vi de n c e fr o m t h eir in v e s ti g a ti o n 

- T he gr o u p i n clu d e s m u lti pl e rel e va n t 

e q uati o n s o r c a lculati o n s, s h o wi n g al l 

s t ep s 

- The gr o u p pr e s e n t s a gr a p h or t a bl e 
tha t a c cura t ely r e pr e s e n t s d a t a or 

r ela ti o n s hi p s, wi th clear lab el s an d u n its 

- T he gr o u p e x p la in s h ow th e m a th 

s u p p o rts t h ei r s ol u ti o n 

- Th e gr o u p u se s m a the mati c al r eas o ni n g 

to ju s tif y t h eir a ns w e r a n d c o n nec t s t h eir 

m at h w or k t o r e al - w orl d i mpli c a tio n s or 

a p pli ca ti o n s 

- T he gr o u p pr e s e n t s t h eir sol uti o n to th e 

clas s o r t e a ch er, wi th a ll m e m ber s 

p arti ci pa ti n g 

- T he gr o u p r e sp on d s tho u gh tfull y t o 

q ue s ti o ns or c om m en t s fr o m peer s or 

t e a c h er, pr o vi di n g e vi d enc e or 

clasi fi c a ti on 

- T he gr o u p a s k s q u e sti o n s or s e e ks 

f e e d b a ck fr o m ot h e rs t o i m pr o v e t h e ir 
wo rk 

- T he gr o u p d em o n s tr a t es a c ti v e 

l iste ni n g by r ef er e n ci ng i d eas or 

s u ggesti o n s fr o m p e er s d ur in g t h ei r 

pr e s e n t ati o n or d isc us si on 
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R u b ri c - P B L C o nk a b o r ati o n 

foit ryi o n 

vi h: Eq 

E m hs, n g 

- c.r k i kiifh Th t h e m gr n p he m o r in es 

- P or prob t i lved gr at l e a st li p ts ne n po 

ib p pr c h 

- lur k ti gr at l e cl es r e l on t e q u a elev o n, 

anl ua lc ula, th or a p h Th pr t ap t o bl blem o gr t 

- M a pre eil w so I s uti d th t h e m cl n pr ch e m 

- lea k i gr ou memb rin e t h at g se m e m b e on 

p ou ci p entifi e d i n the ue s s ti n lem. g . be ou e s. 

tw po ib o di p s, oac esi or so ari e uti 

- P ou e c t i exp th at l e a st o eas i n st a n c e of gr ni 

m e in the s ch en pp i oa s 

- our k i oc en a c ep ake et e d 3 0 m ti thet a d d pro 

bl m ai n outi o n o r mu b ti m 

- ple t i n el eq s a on si c e on n ou o n of sen ts ta 

- ble k i senifh ts t re ns n p ou exp or pp n 

- Pr ts e thei i lul u d ti ou esen a st ts e pr th s on ti o n o r 

a p p le es 

- Pr ou e po d lea c r st r st men pe t h e c h ng n s The u ti n 

fies a p in h 

- on k i or pro bl lvedi he e of ts d e ss ble t pr ch ti e 

on ut he 

- la k in on ng a t l e beh t os r ac e The n t e q u a ts ta, 

c ke nves a ti o n, th gr a p h r el ob em t o The va o es t 

- M a th a nes w of i s th ti on ers e ern n p eg e m 

- P r The e ct tifl u d th final p ith de ti ti w he clu h 

lt re s va u uati 

- lculati k s, al ep c o The pr u gr or tha h cura ely pr o n 

a n d ela b e hi 

- th k i clea lab an itsi he e t lat gr in ow m b e th 

th rts se p at e d the mati eas u s s ni n to . ju n g ti e s, 

a u di ei o di p ns ne eiri or or mp tio 

- Pr or e ca i hel u d e s pr eir a st so in s uti n to th g clas 

m e m ch s th ll ber i pa s 

- Pr he e sp i onl u d tho gh u m e n tful ue ti ns o u p om s 

en peer pr en clas fi h on s i he s st. g , q u e s ck 

rs pr ir o n s, wo f e e d b rk he 

- gr k i em es iste nii by e of gr o u p m er s ngt e ni eas 

a n d i or o ggesti in n g pr e d ati k 

- isc k i us on e s a compl et ed 3 0 model that ad dresses 

t h e mai n questi o n o r pr o b lem 

- Product i n clude s a basi c e xpla n ati o n of the solutio n 

- P roduct i n clude s suppor ting e vi de n ce l e g.. da ta, 

calc ul a ti on s, r e sear ch) for the sol u tio n 

- P roduct i n clude s a j usti fi c at ion fo r the solutio n 

- Wa rk i denti fi e s the m ai n p roblem or questi o n 

- Proje ct i ncl u d e s at lea st ore pr opo sed soluti o n o r 

a p pr oa ch 

- Proje c t d e scri b es r easoning b e hi nd t h e c h ose n sol u tion 

cr appr oach 

- Wa rk i ncl u d es evi d enc e of consi de ring alt er na tiv e 

sol utions 

- Proje ct i ncl u d e s a compa rison of multi p le sol u tion s, 

wi th j u s tificati on f or t he fi n al choi c e ba se d o n evi d e nc e 

or data 

- Wo rk Incl u d es at le as t one r el e va n t e q u a ti on, 

c al culati on, or gr a p h r el at e d to t h e pr o jec t 

- Ma them a tical w ork i s connec ted to the m ai n p r oble m 

- P ro je c t Incl u d es ex pl ana tions of ho w the m a th 

supports the s ol u tion 

- Wo rk Incl u d es c orrect u s e o t m a th e matical notati o n 

a n d la b e ls 

- Pr o ject Incl u d es multip le repres entations ( e g. . 

e q u a ti ons, graph s , tabl e s} and connec ts t h e m to j u s tif y 

t h e soluti o n 

- Wa rk i ncl u d es evi d enc e t hat g roup mem b e rs 

pa rti ci p at e d in disc u s si o n le. g . m eeti n g nod e s, 

a u di o/ video ci p s, or wri tt en su mmar ies! 

- Proje ct i ncl u d e s at lea st ore i n s ta n ce of gr oup 

m e m bers sha ring i dea s 

- Proje ct i ncl u d es do c um e n ta tion of gr o u p m ember s 

respo n di ng to ea ch ot h er' s i dea s le. g . q u e s tions, 

cla rificati o n s, or fee d b ac k) 

- Wo rk i ncl u d es evi d enc e of gr o up m e mb er s li st e ni n g 

a n d i nc o rpora ting fe e d bac k 

- Proje c t in cl u d es a summar y o f h o w group 

com municati o n c ontri b ut ed t o the fi nal sol utia n or 

pr od u ct. wi th e xa m p les of eff ecti ve col labora ti on 

- Wa rk i ncl u d e s a c ompl e ted 3D model that addresses 

t h e mai n questi o n o r pr o b lem 

- Pr o du c t i ncludes a basi c expla n a ti o n o f t h e so luti o n 

- Product i ncludes su ppor ting e vide n ce l eg., da ta, 

cal cul ati ons, r e se ar ch) fa r the sol u tion 

- Product i ncludes a j ustifi ca tion f o r t h e soluti o n 

- Product i ncludes a r e fl ecti o n o n t h e p roc es s, 

li m itati o n s, and p o ssi ll e i m prov e m e n ts, a nd c o n n ec t s 

t h e soluti o n to br oader c o n c ept s o r real -wo rld 

a p p li cati o n s 


	INQUIRY TO ENHANCE MATH CURRICULUM AND
	ENGAGE STUDENTS IN ACTIVE LEARNING
	©COPYRIGHT
	DEDICATION
	ACKNOWLEDGEMENTS
	TABLE OF CONTENTS
	LIST OF TABLES
	LIST OF FIGURES
	ABSTRACT
	INTRODUCTION AND BACKGROUND
	Context of the Study
	Purpose of Study
	Focus Statement

	CONCEPTUAL FRAMEWORK
	Introduction
	Challenges in Secondary Math Classrooms
	Traditional Instruction vs Active Engagement
	Cognitive Development and Representation in Mathematics
	Active Learning as a Theoretical Approach to Instruction
	Engagement and Inquiry in Secondary Mathematics

	INSTRUCTIONAL DESIGN FOR ACTIVE LEARNING IN SECONDARY MATHEMATICS
	Overview of Instructional Approach
	Instructional Sequence and Structure
	Daily Lesson Structure
	Integration of Instructional Components

	Core Instructional Resources
	Concrete, Representational, and Abstract Strategies
	Inquiry-Based Learning Tasks
	Collaborative Learning Structures
	Extended Learning: Project-Based Applications

	Instructional Design Rationale
	Using These Resources in Practice
	Appendices Overview

	VALUE: REASONING AND REFLECTION
	Instructional Significance
	Conceptual Implications
	Implications for Classroom Practice
	Implications for Student Learning
	Professional Reflection
	Future Directions
	Conclusion

	REFERENCES CITED
	APPENDICES
	APPENDIX A: CRA MAT
	APPENDIX B: INVESTIGATION CARDS
	APPENDIX C: EXTENSTION CARDS
	APPENDIX D: PROJECT: SLOPE AND WATERSHEDS 5E LESSON PLAN
	Engage
	Explore
	Explain
	Extend
	Evaluate
	APPENDIX E: CHATGPT TRANSCRIPT
	APPENDIX F: GROUP WORK RUBRIC
	APPENDIX G: PBL RUBRIC


