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Abstract:
The response of an airplane to a blast load is studied. The effects of rigid body translation and rigid
body rotation are taken into account. Linear and non-linear solutions are compared. The non-linearities
result from use of a non-linear stress-strain relation and from geometry changes due to large deflection.

It is concluded that the response of an airplane to a dynamic load is definitely influenced by the effects
of rigid body translation and rotation. For large loads the non-linear solution predicts a larger wing
deflection and a longer period of wing oscillation than does the linear solution. 
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ABSTRACT

The re sp o n se  o f  an a i rp la n e  t o  a b l a s t  lo a d  i s  s tu d ie d .  The 
e f f e c t s  o f r i g i d  body t r a n s l a t i o n  and r i g i d  body r o t a t i o n  a re  ta k en  
in to  a c c o u n t. L in e a r  and n o n - l in e a r  s o lu t io n s  a re  com pared. The 
n o n - l i n e a r i t i e s  r e s u l t  from use  o f a n o n - l in e a r  s t r e s s - s t r a i n  r e l a ­
t i o n  and from  geom etry  changes due to  la rg e  d e f l e c t i o n .

I t  i s  c o n c lu d ed  t h a t  th e  re sp o n se  o f an a i r p la n e  to  a dy­
namic lo a d  i s  d e f i n i t e l y  in f lu e n c e d  by  th e  e f f e c t s  o f  r i g i d  body 
t r a n s l a t i o n  and r o t a t i o n .  For la r g e  lo a d s  th e  n o n - l in e a r  s o lu t io n  
p r e d i c t s  a l a r g e r  w ing d e f l e c t i o n  and a lo n g e r  p e r io d  o f  wing o s c i l ­
l a t i o n  th a n  does th e  l i n e a r  s o lu t io n .



CHAPTER I

INTRODUCTION

D esign lo a d s  f o r  a c c e le r a te d  a i rp la n e  s t r u c t u r e s  a re  f re q u e n t 

I y  b ased  on th e  assum ption  th a t  th e  w ing i s  p e r f e c t l y  r i g i d . ' T h is 

may le a d  to  f a i l u r e  due to  dynamic o v e r s t r e s s . F or exam ple, a g u s t 

lo a d  may p roduce  w ing b en d in g  moments a t  th e  fu s e la g e  t h a t  a re  15- 

20% g r e a t e r  th a n  th o se  c a l c u la te d  on th e  assum ption  o f  a r i g i d  w ing. 

Dynamic lo a d s  cau se  t r a n s l a t i o n  and r o t a t i o n  o f th e  a i rp la n e  as a 

w hole and a l s o  cau se  v ib r a t io n s  o f th e  s t r u c t u r e .  Dynamic o v e r s t r e s s  

i s  p rod u ced  by th e  a d d i t io n a l  i n e r t i a  fo rc e s  a s s o c ia te d  w ith  th e  

s t r u c t u r e  v ib r a t i o n s .

The lo a d  d i s t r i b u t i o n  on th e  w ing i s  a l s o  a f f e c t e d  by th e  

w ing d e fo rm a tio n  and v ib r a t i o n .  D eterm in ing  th e  lo a d  d i s t r i b u t i o n  

on th e  b a s i s  o f  a  r i g i d  w ing may le a d  to  r e s u l t s  t h a t  a re  to o  much 

in  e r r o r  t o  be u s e f u l . T here may a ls o  be s e r io u s  lo s s  o f  a i le r o n ,  

e l e v a to r ,  and ru d d e r  c o n t ro l  e f f e c t iv e n e s s  due to  d e fo rm a tio n  o f 

th e  s t r u c t u r e .  In t h i s  p a p e r  o n ly  th e  a i rp la n e  re sp o n se  t o  a dy­

namic lo a d  w i l l  be c o n s id e re d . The e f f e c t  o f  t h i s  re sp o n se  on th e  

w ing lo a d  d i s t r i b u t i o n  and c o n t ro l  e f f e c t iv e n e s s  w i l l  n o t be a n a ly se d

The re sp o n se  o f  an a i rp la n e  t o  dynamic lo a d s  has  been 

f r e q u e n t ly  s tu d ie d .  In some s tu d ie s  ( 1 1 ) th e  a i r p la n e  was con-

1 Numbers in  p a r e n th e s i s  r e f e r  t o  l i t e r a t u r e  c o n s u l te d .
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s id e r e d  to  be p e r f e c t l y  r i g i d .  In o th e r  s tu d ie s  (7 ,1 0 ) th e  w ings w ere 

c o n s id e re d  to  be e l a s t i c  b u t th e  e f f e c t s  o f  r i g i d  body t r a n s l a t i o n  

and r o t a t i o n  o f  th e  a i rp la n e  w ere n e g le c te d .  B is p l in g h o f f  (4) and 

H oubolt (5) in c lu d e d  th e  e f f e c t s  o f r i g i d  body t r a n s l a t i o n  in  t h e i r  

s t u d i e s .  However, th e y  c o n s id e re d  o n ly  dynamic lo a d s  t h a t  were u n i ­

form  a c ro s s  th e  a i r p la n e  so t h a t  no r i g i d  body r o t a t i o n  o c c u rre d .

Most o f  th e  s tu d ie s  t h a t  have been  made do n o t in c lu d e  th e  

e f f e c t s  o f  b o th  r i g i d  body r o t a t i o n  and t r a n s l a t i o n .  The p o s s i b i l ­

i t y  o f  la r g e  n o n - l in e a r  w ing d e f l e c t i o n s  i s  c o n s id e re d  in  o n ly  v e ry  

few s tu d i e s .

The p u rp o se  o f  t h i s  p a p e r  i s  t o  s tu d y  th e  re sp o n se  o f an a i r ­

p la n e  t o  a dynam ic lo a d . The e f f e c t s  o f  r i g i d  body r o t a t i o n  and t r a n s ­

l a t i o n  and w ing v ib r a t io n s  w i l l  be c o n s id e re d .

A co m b in a tio n  o f  th e  m o d if ie d  G a le rk in  m ethod and Hamming's 

m o d ifie d  p r e d i c to r - c o r r e c t o r  m ethod w i l l  be u sed  to  so lv e  th e  gov­

e rn in g  p a r t i a l  d i f f e r e n t i a l  e q u a t io n s .



CHAPTER II

FORMULATION OF THE PROBLEM 

SYSTEM DESCRIPTION

The system  s e le c te d  f o r  s tu d y  i s  shown in  f ig u r e  I .  I t  i s  ' 

in te n d e d  to  be a  s im p le  r e p r e s e n ta t io n  o f  an a i r p l a n e . I t  c o n s is t s  

o f  a f r e e - f r e e  beam w ith  a lumped mass a t  th e  c e n te r .  The lumped 

mass s im u la te s  th e  fu s e la g e  o f th e  a i r p la n e  and th e  l e f t  and r ig h t  

p o r t io n s  o f  th e  beam r e p r e s e n t  th e  w in g s . The dynamic lo a d  a c ts  

a c ro s s  th e  e n t i r e  w ing c r o s s - s e c t io n ,  b u t o n ly  th e  r e c ta n g u la r  p o r­

t i o n  o f  th e  w ing i s  assumed to  c a r r y  any lo a d . The m a te r ia l  p ro p e r­

t i e s  a re  assum ed to  be homogeneous th ro u g h o u t each w ing . T h is  system  

i s  i d e n t i c a l  t o  one u sed  by B is p l in g h o f f  (10) in  h i s  s tu d y  o f a e ro -  

e l a s t i c i t y .

T hree c o o rd in a n t system s a re  u sed  to  d e s c r ib e  th e  m otion  o f 

th e  sy stem . The f ix e d  c o o rd ih a n ts  X-Y w ith  u n i t  v e c to r s  i  and j a re  

u sed  t o  d e s c r ib e  th e  r i g i d  body t r a n s l a t i o n  and r o t a t i o n  o f th e  sy s ­

tem . The moving c o o rd in a n ts  x ^ -y^  and x ^-y^  w ith  u n i t  v e c to r s  i_^, 

and i ^ ,  j . r e s p e c t i v e l y  a re  u sed  t o  m easure th e  d e f l e c t i o n  o f 

th e  w ings r e l a t i v e  t o  th e  f u s e la g e .

EQUATIONS OF RIGID BODY MOTION

The response o f th e  system  can be s p e c if ie d  by four equations

o f  m otion . The eq u ation s d escr ib e  th e  r ig id  body t r a n s la t io n ,  the
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O rig in a l  P o s i t io n

D isp la c e d  P o s i t io n

Wing C ro s s - s e c t io n

Figure I .  The A irp lane Model
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r ' .q id  body r o t a t i o n ,  th e  r o t a t i v e  d isp la c e m e n t o f th e  l e f t  w ing , and 

th e  r e l a t i v e  d isp la c e m e n t o f  th e  r ig h t  w ing. The two e q u a t io n s  o f 

r i g i d  body m o tion  can  be d e te rm in e d  by c o n s id e r in g  th e  fo rc e s  a c t in g  

on th e  fu s e ]a g e .

The f o r c e s  a c t in g  on th e  fu s e la g e  a re  shown in  f ig u r e  2. I t  

i s  assumed t h a t  th e  w e ig h t o f  th e  a i r p la n e  and th e  l i f t  on th e  w ings 

c a n c e l each  o th e r .  T h e re fo re , th e s e  te rm s a re  no t in c lu d e d  in  th e  

d e r iv a t io n  o f  th e  g o v e rn in g  e q u a t io n s .  A nother s im p l ify in g  a p p ro x i­

m ation  i s  t h a t  no fo r c in g  fu n c tio n  a c t s  on th e  f u s e la g e .

X
--------------

V Y

Figure 2. Forces on th e Fuselage
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The e q u a t io n  f o r  r i g i d  body r o t a t i o n  can  be o b ta in e d  by sum­

ming moments abou t th e  c e n te r  o f  th e  f u s e la g e .  T h is  y i e ld s :

r  (V1 - V -HM2 -
/  1M ( I )

w here TJ/ i s  th e  r i g i d  body r o t a t i o n ,  r  i s  th e  r a d iu s  o f  th e  fu s e la g e ,  

and V2 a re  s h e a r s ,  Mj and M_ a re  in t e r n a l  moments, and i s  th e  

mass moment o f  i n e r t i a  o f  th e  f u s e la g e . A do t , , above a q u a n t i ty

in d i c a te s  d i f f e r e n t i a t i o n  w ith  r e s p e c t  t o  tim e  and a  prim e , % in d i ­

c a t e s  d i f f e r e n t i a t i o n  w ith  r e s p e c t  t o  p o s i t i o n .

By summing fo r c e s  in  th e  j d i r e c t i o n  th e  e q u a t io n  f o r  r i g i d  

body t r a n s l a t i o n  can  be shown to  b e :

Y = -  (V1 + V2 ) cos TJ/ /  Mb ( 2 )

w here Mj3 i s  th e  mass o f  th e  f u s e la g e .

LINEAR EQUATION OF WING MOTION

The fu s e la g e  o f  th e  a i rp la n e  can  b o th  d is p la c e  and r o t a t e .  

S in c e  th e  w ings a re  r i g i d l y  a t ta c h e d  t o  th e  fu s e la g e ,  any m otion o f 

th e  fu s e la g e  w i l l  r e s u l t  in  a c o rre sp o n d in g  m otion  o f  th e  w ings.

In  a d d i t io n  th e  w ings can  a ls o  move r e l a t i v e  to  th e  f u s e l a g e .

I f  i t  i s  assum ed t h a t  c r o s s - s e c t io n a l  p la n e s  rem ain  p lan e  

and i f  s h e a r  d e fo rm a tio n  and r o ta r y  i n e r t i a  o f b en d in g  a re  n e g le c te d , 

th e n  th e  l i n e a r  e q u a t io n s  f o r  th e  r e l a t i v e  m otion  o f  th e  w ings can
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be w r i t t e n  a s :  (see  append ix  B)

Illl
- E  I  Y1 + (xl r t )  

- E I  y''" + w (x , t )

= u

= U

<• • I • . ..
I CosrY  ~ r  Y  -  X1Y " +  Y^ 

p  cos Y  + r  Y  + XgY + y

Y1Y ^ (3)

(4)

w here Y i s  th e  r i g i d  body t r a n s l a t i o n ,  y  i s  th e  r i g i d  body r o t a t i o n ,  

x^ and. Xg a re  p o s i t i o n s  a lo n g  th e  w in g s , y^ and y a re  th e  r e l a t i v e  

d isp la c e m e n ts  o f  th e  w in g s , W1 arid w^ a re  th e  f o r c in a  f u n c t io n s ,  and 

u i s  th e  mass p e r  u n i t  le n g th  o f  w in g .

NON-LINEAR EQUATIONS OF WING MOTION

The n o n - l in e a r  w ing e q u a t io n s  in c lu d e  th e  e f f e c t s  o f  geom­

e t r y  changes due to  la rg e  d e f l e c t i o n s  and a ls o  accoun t f o r  th e  pos­

s i b i l i t y  o f  s t r a i n s  t h a t  a re  in  th e  n o n - l in e a r  p o r t io n  o f  th e  s t r e s s -  

s t r a i n  c u r v e .

C o n s id e r an e lem en t o f  th e  r i g h t  w ing as shown in  f ig u re  3. 

A gain assume p la n e  s e c t io n s  rem ain  p la n e  and n e g le c t  s h e a r  deform ­

a t io n  and r o t a r y  i n e r t i a  o f  b en d in g .

The e q u a t io n s  o f  m otion  o f  th e  w ings w ith  r e s p e c t  to  th e  

fu s e la g e  can  be shown to  b e : (see  ap p en d ix  C)

m V  sin(2cf> ) - M % ° s2( V  + u T2(J)V sinfE 4\)/ 12 +I  I  J - I  I I  I

w ^ (x ^ ,t )  =  U jjf c o s C y )  -  r Y  -  X1Y  + Y  -  'y
(5)
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M2 ^ o  s i n ( 2 ( p c ) -  M.
2 0 0 s f ^  - U  ,

,  u [ y
c o s ( T )  + rijjr + x T  + y -  y T ^

"  ^  2 -

where T i s  th e  wing th ic k n e s s , and 0  i s  th e  ro ta t io n  o f th e  
in  th e  moving c o o rd in a n t system .

( 6 )

wt no

_____ Il— — —

f ig u r e  3. Eoam Element
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The in v e rs e  ta n g e n t fu n c t io n  can  be u sed  to  r e p re s e n t  th e  

t r u e  s t r e s s - s t r a i n  r e l a t i o n  o f  a  m a te r i a l .  The s t r e s s  can  be ex 

p re s s e d  a s :

O'  = t a n  (a C ) /  b (7)

where a ~  i s  th e  s t r e s s ,  £. i s  th e  s t r a i n ,  and a and b  a re  c u rv e ­

f i t t i n g  c o n s ta n t s .

Assuming th a t  th e  n e u t r a l  p la n e  o f  a w ing alw ays p a s se s  

th ro u g h  th e  c e n t r o id  o f  th e  a re a  and r e c a l l i n g  th e  assum ption  th a t  

p la n e  s e c t io n s  rem ain  p la n e ,  th e  s t r a i n  can  be w r i t t e n  a s :

£  = z Cj) (8)

where z  i s  th e  d is ta n c e  from  th e  n e u t r a l  a x is  t o  th e  f i b e r  b e in g  

s t r a i n e d .

The i n t e r n a l  moment can  be e x p re s se d  in  te rm s o f  th e  s t r e s s ,  

and th e  b en d in g  a n g le , (j) , can  be e x p re s se d  in  te rm s o f  y ' .  T here­

f o r e ,  by  p ro p e r  s u b s t i t u t i o n s  th e  e q u a tio n s  o f  m o tion  o f  th e  wing 

e lem en ts  can  be w r i t t e n  a s :

W (X1̂ t )  -  F1 T lx V t '
-  U Y co s(h |f)  -  r'Xjf -  x Tjf + y -  y-Y

I I t J

V v t l  -  F2 W 1
-  U Y cos (Y )  + r \ j f  + X2Tjf + y -  y^jf

(9)

(10)

w here and a re  n o n - l in e a r  d i f f e r e n t i a l  o p e ra to r s  as d e f in e d  in  

append ix  C.
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IMITIAL and boundary conditions

The m o tion  o f  th e  system  i s  d e s c r ib e d  by fo u r  d i f f e r e n t i a l  

e q u a t io n s . Two o f  th e  e q u a tio n s  a re  p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  

t h a t  a re  fo u r th  o rd e r  w ith  r e s p e c t  to  p o s i t i o n  and second  o rd e r  w ith  

r e s p e c t  to  tim e . The rem a in in g  two e q u a t io n s  a re  o rd in a ry  d i f f e r e n ­

t i a l  e q u a t io n s  t h a t  a re  second  o rd e r  w ith  r e s p e c t  to  tim e . There­

f o r e ,  i t  w i l l  be n e c e s s a ry  t o  have a  t o t a l  o f  16 i n i t i a l  and boundary 

c o n d i t io n s .  Four i n i t i a l  c o n d i t io n s  a re  n e c e s sa ry  to  s p e c if y  th e  

r i g i d  body m o tio n . The r e l a t i v e  m o tio n  o f  th e  w ings can  be s p e c i f i e d  

by  fo u r  " n a tu r a l  boundary  c o n d i t io n s " ,  f o u r  " fo rc e d  boundary  co n d i­

t i o n s " ,  and fo u r  i n i t i a l  c o n d i t io n s .  The 16 i n i t i a l  and boundary 

c o n d i t io n s  a r e :

I n i t i a l  C o n d itio n s

R ig id  Body T r a n s la t io n

R ig id  Body R o ta t io n

I n i t i a l  R e la t iv e  Wing D isp lacem ent



O

-1 1 -

I n i t i a l  R e la t iv e  Wing V e lo c i ty
Y1 ( X ^ t)

V v t l
0

Boundary C o n d itio n s

R e la t iv e  Wing D isp lacem ent a t  th e  
F u se lag e

R e la t iv e  Wing S lope  a t  th e  
F u se lag e

Moment a t  T ip  o f  Wing

S h ear a t  T ip  o f Wing

Y1 ( 0 , t )  = 0

y ( 0 , t )  = 0 
2

f  y N o , t ) = o

JT g(O ft) = 0

( I . , t  j] = 0

M[y2 (L' t ) ] “ 0

V[y (Lrt ) ] .  = 0 

v [y 2 (L ,t)] = 0

DESCRIPTION OF THE FORCING FUNCTION

The f o r c in g  fu n c t io n  i s  an ap p ro x im atio n  o f a  bomb b l a s t .

The fo r c e  on th e  w ings w i l l  be in d ep en d en t o f  p o s i t i o n  i f  th e  so u rce  

o f  th e  b l a s t  i s  a  la rg e  d is ta n c e  from th e  a i rp la n e  and th e  w ings o f 

th e  a i rp la n e  a re  p a r a l l e l  to  th e  b l a s t  f r o n t .

Under th e s e  c o n d i t io n s  a b l a s t  lo a d  can be approx im ated  

v e ry  c l o s e l y  by :

w (t) =  W
e

P
o

-/S t
e ( 11)
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v;here Pq i s  th e  maximum p r e s s u r e ,  Wq i s  th e  e f f e c t iv e  w ing w id th , 

t  i s  tim e , and /9 i s  a b l a s t  decay  c o n s ta n t .

I f  th e  w ings o f  th e  a i rp la n e  a re  no t p a r a l l e l  to  th e  b la s t  

f r o n t  th e n  th e  lo a d  on th e  a i rp la n e  w i l l  be a fu n c tio n  o f  b o th  

p o s i t i o n  and tim e . The lo a d in g  f o r  such  a c o n d it io n  i s  r e p re s e n te d

B la s t  C e n te r

Figure 4. B la s t  Pressure Decay



- 1 3 -

The b l a s t  p r e s s u r e  decays as th e  sq u are  o f th e  d is ta n c e  

from  th e  b l a s t  c e n t e r  (1 2 ) . The p r e s s u r e  a t  some p o s i t i o n  A can 

be e x p re s s e d  a s :

PA (12)

w here Pq i s  th e  maximum p r e s s u r e ,  P a i s  th e  d is ta n c e  from  th e  b l a s t  

c e n te r  to  th e  end  o f  th e  l e f t  w ing , p  i s  th e  d is ta n c e  from  th e  b l a s t  

c e n t e r  to  th e  p o s i t i o n  A, and P^ i s  th e  p re s s u re  a t  A.

The b l a s t  p r e s s u r e  a ls o  decays w ith  tim e . At some p o s i t io n  

B th e  p r e s s u re  i s :

PB -  PA 6 (13)

ZL2- - /9 ( t -  t« .)
= Po e (14)

where /3 i s  th e b la s t  decay constant and t ^  is  the time required  

fo r  the b la s t  fron t to  reach p o s it io n  A.

R e fe r r in g  to  f ig u r e  5, t,* can  be e x p re s se d  a s :

x * s in Y

w here Y i s  th e  a n g le  betw een th e  b l a s t  f r o n t  and th e  w ing , c i s  . 

th e  sp eed  o f  th e  b l a s t  f r o n t ,  and X^ i s  th e  d is ta n c e  from  th e  end 

o f  th e  l e f t  w ing to  th e  p o in t  un d er c o n s id e r a t io n  on th e  a i r p l a n e . 

S u b s c r ip t  I  r e f e r s  t o  th e  r i g h t  w ing and s u b s c r ip t  2 r e f e r s  to  th e

l e f t  wing.
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B la s t  C e n te r

B la s t  F ro n t a t  Time t

B la s t  F ron t a t  
tim e  t  + toe

F ig u re  5 . A r r iv a l  Time o f  B la s t

The e x p re s s io n  f o r  t ^ i s  v a l id  o n ly  when th e  r a d iu s  o f th e  

b l a s t  f r o n t ,  , i s  l a r g e . By m aking th e  p ro p e r  s u b s t i t u t i o n s  

th e  e x p re s s io n s  f o r  t  ^  can be shown to  h e :
lIi

t  = (L-Xz) cos [ s in f s / z M ]
*2. c

t  = (L + Z r+ xJ cos C sin V s//^ )]
c

(16)

(17)

w here s i s  th e  v e r t i c a l  d is ta n c e  from th e  b l a s t  c e n t e r  t o  th e  fu s e la g e .



CHAPTER I I I

METHOD OF SOLUTION 

MODIFIED GALERKIN'METHOD

One m ethod o f  s o lu t io n  o f  th e  e q u a tio n s  d ev e lo p ed  i s  th e  

m o d if ie d  G a le rk in  m ethod. The m o d if ie d  G a le rk in  m ethod i s  a  v e r s io n  

o f  th e  m ethod o f  w e ig h ted  r e s id u a l s  as d e s c r ib e d  by  F in la y so n  and 

S c r iv e n  (9 ) .  To so lv e  a  s e t  o f  e q u a t io n s  t h a t  a re  fu n c t io n s  o f  b o th  

tim e  and p o s i t i o n  th e  f i r s t  s te p  in  t h i s  m ethod i s  t o  assume a  com­

p l e t e  s o lu t io n  to  th e  s e t  o f e q u a t io n s .  The com plete  s o lu t io n  w i l l  

c o n s i s t  o f  in d iv id u a l  s o lu t io n s  f o r  each  o f  th e  dependen t v a r i a b le s .  

The in d iv id u a l  s o lu t io n s  w i l l  be o f  th e  form :

The © (x) te rm s m ust s a t i s f y  th e  " fo rc e d  boundary  c o n d i t io n s "  b u t 

do n o t have to  s a t i s f y  th e  " n a tu r a l  boundary  c o n d i t io n s " .

The n e x t s te p  i s  t o  s u b s t i t u t e  th e  assumed s o lu t io n s  in to  

th e  d i f f e r e n t i a l  e q u a t io n s  t o  d e te rm in e  th e  e q u a t io n  r e s id u a l s ,

R ( x , t ) . S in c e  th e  assumed s o lu t io n s  w ere no t r e q u ir e d  to  s a t i s f y  

th e  " n a tu r a l  boundary  c o n d i t io n s "  th e r e  w i l l  be boundary  e r r o r s  o r  

r e s i d u a l s . F in a l ly  th e  w e ig h te d  i n t e g r a l  o f th e  r e s id u a l  p lu s  th e  

w e ig h ted  boundary  e r r o r s  a re  s e t  e q u a l t o  ze ro  f o r  each  o f th e  e q u a t io n s

(18)

d o main

R (x ,t)  ©• (x) dx + E 0: (x) + E 0: (x) = O 
J V J  m J

(19)
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E i s  th e  boundary  s h e a r  e r r o r  and E i s  th e  boundary moment e r r o r ,  v m

E q u a tio n  19 w i l l  y i e ld  a s e t  o f  s im u lta n e o u s  d i f f e r e n t i a l  e q u a tio n s  

in  tim e  f o r  each  o f  th e  te rm s o f  th e  com plete  assumed s o lu t io n .

These e q u a t io n s  can  th e n  be so lv e d  to  d e te rm in e  th e  q ^ ( t )  te rm s . 

M u ltip ly in g  th e  q^ ( t )  te rm s tim e s  th e  Q j J . x )  te rm s and summing them 

f o r  each  o f th e  dependen t v a r ia b le s  w i l l  y i e ld  th e  com plete  s o lu t io n  

f o r  th e  s e t  o f  e q u a t io n s .

APPLICATION OF THE MODIFIED GALERKH METHOD

The fo u r  e q u a t io n s  t h a t  d e s c r ib e  th e  m otion  o f  th e  system  

can  be red u ced  to  th r e e  e q u a tio n s  by  s u b s t i t u t i n g  th e  e x p re s s io n  

f o r  Y in to  th e  e q u a t io n s  f o r  th e  r e l a t i v e  m otion  o f  th e  w ings.

The r e s u l t i n g  e q u a t io n s  a r e :

w^ (X^, t ) -  N1 ^y1 (X1 , t )  -  u -(V 1TV3 )C os2Y Z ^ r i j f - X 1Y  +Y^y-jV" 

w2 (X g ,t)  -  Nr2 I j 2 ^ g z tT j -  u - (Y1TVg)c o s ^ / M ^ T r Y +XgY+ y ^ y g -f

T  -  r  [(V1 -  Y H-M2 - M 1 / I1b

O (20)  

0 (21) 

( 22 )

where N1 and Ng a re  d i f f e r e n t i a l  o p e r a t o r s .

By a p p ly in g  th e  m o d if ie d  G a le rk in  m ethod th e  e q u a t io n s  

f o r  th e  r e l a t i v e  m o tion  o f  th e  w ings can  be red u ced  to  e q u a tio n s  

in  tim e  a lo n e . The s o lu t io n  o f  th e  e q u a t io n s  can  be g r e a t l y  s im p li­

f i e d  by r e s t r i c t i n g  th e  assumed s o lu t io n s  f o r  th e  m o d if ie d  G a le rk in
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m ethod to  one te rm . U nder t h i s  r e s t r i c t i o n  th e  system  re d u c e s  to  

t h r e e  co u p led  e q u a t io n s  in  q  q  and UJ/ . They a re ; .

. 2.
q  = C/UT q  + C Iff + C cos  Tir + C 

I  I  I  2 r  3 Y 4

= DTJ/'qg + DgY + c o s \  +

(23)

IjT = Q q V q 2

w here , Cg, C^, C^, D^, D^, D^, and a re  c o n s ta n ts  and Q i s  a 

d i f f e r e n t i a l  o p e r a to r  on q^ and q ^ . The th r e e  co u p led  e q u a tio n s  

can  now be s o lv e d  n u m e ric a lly  u s in g  th e  Hamming's m o d if ie d  p r e d ic to r -  

c o r r e c t o r  m ethod.

The d e f l e c t i o n  shape chosen  f o r  th e  w ings was th e  d e f le c ­

t i o n  shape p ro d u ced  by  a  un ifo rm  s t a t i c  lo a d  on a c a n t i l e v e r  beam.

The d e f l e c t i o n  shape was n o rm a lize d  t o  I  a t  th e  end  o f  th e  w in g s .

The p h y s ic a l  d im ensions o f  th e  system  w ere s e l e c t e d . t o  

ap p ro x im ate  a sm a ll a i r p l a n e .  The w ings a re  250 in c h e s  lo n g , 10 

in c h e s  w id e , 4 .6  in c h e s  th i c k  and a re  made o f 6061 T6 aluminum.

The w ing w id th  and th ic k n e s s  a re  sm a ll so t h a t  th e  w ing s t i f f n e s s  

more c l o s e l y  ap p ro x im ate s  t h a t  o f  a r e a l  w ing. The b l a s t  lo a d  

i s  assum ed to  a c t  on an e f f e c t iv e  w ing w id th  o f  100 in c h e s .  The 

mass o f  th e  body i s  20 .7  l b .  s e c . / i n .

The s t r e s s - s t r a i n  d iagram  f o r  th e  wing m a te r ia l  i s  shown 

in  f ig u r e  6 a lo n g  w ith  th e  fu n c t io n  u sed  to  approx im ate  i t .



S t r e s s
(1000 p s i )

C om pression

-  ta n  (a £ )

T ension

3.272  x 10

S t r a in  ( i n . / i n . )  
F ig u re  6 . S t r e s s - S t r a i n  Curve



CHAPTER IV

RESULTS MD CONCLUSIONS 

UNIFORM LOAD

I f  th e  b l a s t  lo a d  i s  u n ifo rm  a c ro s s  th e  a i r p la n e  th e  d e f le c ­

t i o n  o f  th e  w ings w i l l  be sym m etrica l and th e r e  w i l l  be no r i g i d -  

body r o t a t i o n .  Thus, un d er th e  r e s t r i c t i o n  o f  a  u n ifo rm  lo a d  th e  

th r e e  g o v e rn in g  e q u a t io n s  can b e ' red u ce d  to  I  e q u a t io n .

For th e  p u rp o se  o f  d is c u s s io n  a b l a s t  lo a d  w i l l  be c o n s id e re d  

" s m a ll"  i f  i t  p ro d u ces  a  s t r e s s  w hich  i s  in  th e  l i n e a r  p o r t io n  o f  

th e  s t r e s s - s t r a i n  d iag ram . F u r th e r  i t  w i l l  be r e f e r r e d  t o  as u n i­

form  i f  i t  i s  a  f u n c t io n  o f  tim e  o n ly  and n o n -un ifo rm  i f  i t  i s  a 

fu n c t io n  o f  p o s i t i o n  and tim e . The l i n e a r  and n o n - l in e a r  s o lu t io n s  

g iv e  n e a r ly  i d e n t i c a l  r e s u l t s  f o r  " s m a ll"  lo a d s . F ig u re  7 shows 

t y p i c a l  d is p la c e m e n t, v e l o c i ty ,  and a c c e le r a t io n  d iag ram s o f  th e  

w ing t i p  f o r  " s m a ll"  lo a d s .

F ig u re  7 shows t h a t  th e  w ing re sp o n se  f o r  b o th  th e  l i n e a r  

and n o n - l in e a r  c a se  i s  s in u s o id a l  and h as  a  p e r io d  o f  a p p ro x im a te ly  

.85 s e c o n d s . The p e r io d  f o r  an e q u iv a le n t  c a n t i l e v e r  beam v ib r a ­

t i n g  in  i t s  fu n d am en ta l mode i s  .43 s e c o n d s . I t  i s  re a s o n a b le  to  

e x p e c t t h a t  th e  w ing w ould have a lo n g e r  p e r io d  b eca u se  i t  i s  no t 

t r u l y  f ix e d  a t  th e  f u s e la g e .  T hat i s ,  i t  i s  a llo w ed  t o  t r a n s l a t e .

When th e  lo a d s  become la r g e  th e  l in e a r  and n o n -lin ea r

s o lu t io n s  no lo n g er  g iv e  th e same r e s u l t s . The response c a lc u la te d



Displacem ent -2 0 -

V e lo c i ty

A c c e le ra tio n

max. 2
135,450 i n . / s e c .

.30 s e c .

Fiaure 7 . T yp ica l L inear and Non-Linear Wina Tip Response fo r
Small Uniform Load
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V e lo c i ty

337 i n . / s e c .

N on-L inear

.30 se c .tim e

L in e a r

A c c e le ra tio n

2 ,664  i n . / s e c .

Figure 8 . Comparison o f Linear and Non-Linear S o lu t io n s  fo r  a
Large Uniform Load
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u s in a  th e  n o n - l in e a r  e q u a tio n  i s  much g r e a t e r  th a n  th e  re sp o n se  

in d ic a te d  by th e  l i n e a r  e q u a t io n . The m ain re a so n  f o r  th e  d i f ­

fe re n c e  i s  t h a t  th e  n o n - l in e a r  s o lu t io n  ta k e s  in to  acco u n t th e  

f l a t t e n i n g  o f f  o f th e  s t r e s s - s t r a i n  cu rv e  f o r  la r g e  s t r a i n  and 

th e  l i n e a r  s o lu t io n  does n o t .  F ig u re  8 com pares l i n e a r  and non­

l i n e a r  s o lu t io n  f o r  la rg e  u n ifo rm  lo a d s .

A no ther d i f f e r e n c e  i s  t h a t  f o r  la rg e  lo a d s  th e  n o n - l in e a r  

s o lu t io n  p r e d i c t s  a lo n g e r  p e r io d  th a n  does th e  l i n e a r  s o lu t io n .  

T h is  in d i c a te s  t h a t  th e  n o n - l in e a r  w ing s t i f f n e s s  d e c re a s e s  fo r  

la rg e  s t r a i n .  The p e r io d  o f  o s c i l l a t i o n  in c re a s e s  due to  th e  r e ­

duced w ing s t i f f n e s s .  The red u ced  s t i f f n e s s  o f th e  n o n - l in e a r  

wing i s  a l s o  due to  th e  f l a t t e n i n g  o f f  o f  th e  s t r e s s - s t r a i n  c u rv e .

NON-UNIFORM LOAD

The re sp o n se  o f  th e  a i rp la n e  t o  a n o n -un ifo rm  b l a s t  lo a d  

i s  much more c o m p lic a te d  th a n  i t s  re sp o n se  t o  a u n ifo rm  b l a s t  lo a d . 

A n o n -un ifo rm  b l a s t  lo a d  c a u se s  non-sym m e'tric wing re sp o n se  as w e ll 

as r i g i d  body r o t a t i o n .

F or sm a ll n o n -un ifo rm  lo a d s  th e  l i n e a r  and n o n - l in e a r  

s o lu t io n s  a g a in , as in  th e  ca se  o f un ifo rm  lo a d s , a re  n e a r ly  id e n t ­

i c a l .  They, how ever, a re  no t s im p ly  s in u s o id a l  as in d ic a te d  by 

f ig u r e  9.

T here i s  a " f l u t t e r "  su p e r-im p o sed  on th e  w ing d is p la c e -



15 In .

Y2 (L) -2 3 -

tim e .30 s e c .

11 in .

.30 se c .

F ig u re  9. T ypical L inear and Non-Linear System D isplacem ents
fo r  a Small Non-Uniform Load
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N on-L inear

36 in .

L in ea r

.30 s e c .

N on-L inear

34 in .

L in e a r

.30 s e c .

.096 r a d .
N on-L inear

.30 s e c .tim e

L in e a r

120,000 p s i

F ig u re  10. Com parison o f  L in e a r  and N on-L inear S o lu t io n s  f o r
Large Non-Uniform Loads
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m e n t. The f l u t t e r  i s  a p p a re n t ly  a r e s u l t  o f th e  r i g i d  body r o t a ­

t i o n  e f f e c t s .

L arge n o n -un ifo rm  lo a d s  have th e  same e f f e c t  as d id  th e  

la rg e  u n ifo rm  lo a d s . T hat i s ,  f o r  la rg e  non -un ifo rm  lo a d s  th e  

n o n - l in e a r  s o lu t io n  in d i c a te s  a l a r g e r  re sp o n se  and a  lo n g e r  p e r io d  

o f  o s c i l l a t i o n  th a n  does th e  l i n e a r  s o lu t io n .  T h is  can  be seen  by 

lo o k in g  a t  f ig u r e  10.

The in c lu s io n  o f  th e  e f f e c t s  o f  r i g i d  body r o t a t i o n  and 

t r a n s l a t i o n  and la rg e  d e f l e c t i o n  do a f f e c t  th e  system  re sp o n se .

The e f f e c t  o f  in c lu d in g  r i g i d  body t r a n s l a t i o n  i s  to  in c re a s e  

th e  p e r io d  o f  w ing v ib r a t i o n  and d e c re a se  th e  wing d isp la c e m e n t.

Wing " f l u t t e r "  i s  c a u se d  by th e  e f f e c t s  o f  r ig id ,  body r o t a t i o n .

The n o n - l in e a r  o r  la rg e  d e f l e c t i o n  s o lu t io n  in d i c a te s  a g r e a t e r  

sy s te m 're s p o n s e  and an in c re a s e d  p e r io d  f o r  la rg e  lo a d s .

FURTHER STUDIES

The re sp o n se  o f  an a i r p la n e  t o  a dynamic lo a d  was d e t e r -  . 

m ined in  t h i s  s tu d y . A lo g i c a l  n ex t s te p  w ould be to  d e te rm in e  th e  

e f f e c t s  o f  th e  re sp o n se  on th e  c o n t r o l  e f f e c t iv e n e s s  o f  th e  a i r p la n e .  

I t  w ould a ls o  be o f  i n t e r e s t  to  in v e s t ig a t e  th e  e f f e c t s  o f  damping 

on th e  sy stem  r e s p o n s e .

• The s t r e s s - s t r a i n  r e l a t i o n  u sed  in  th e  n o n - l in e a r  s e c t io n  

i s  v a l i d  o n ly  f o r  lo a d in g  o f  th e  sy stem . I f  th e  s t r a i n  i s  la rg e
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th e  system  w i l l  n o t u n lo ad  a lo n g  th e  same p a th  as  th e  lo a d in g  oc­

c u r re d .  The c y c l ic  re sp o n se  o f  th e  system  f o r  la r g e  lo a d s  co u ld  

be s tu d ie d  i f  th e  s t r e s s - s t r a i n  r e l a t i o n  were p r o p e r ly  d e f in e d  to  

accoun t f o r  u n lo a d in g .

The a n a ly s i s  p r e s e n te d  in  t h i s  p a p e r co u ld  be a p p lie d  to  

a  w ide v a r i e t y  o f  a i r p l a n e s .  I t  w ould n o t be v a l id ,  how ever, i f  

th e r e  w ere a la rg e  v a r i a t i o n  in  w ing s t i f f n e s s .  A lso  a la rg e  lumped 

m ass, such  as an e n g in e , on th e  w ings would re n d e r  th e  a n a ly s is  i n ­

v a l id .
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APPENDIX A

ACCELERATION EXPRESSIONS

C o n sid e r th e  a c c e le r a t io n  o f  some p o in t  a on th e  l e f t  w ing. 

The p o s i t i o n  v e c to r  t o  p o in t  a i s :

r a = Y j  -  r  coshjT I  + r  sinhJT ^  + x 2 *2 + y2 ^ 2

The a c c e le r a t io n  o f p o in t  a can  be d e te rm in ed  by d i f f e r e n ­

t i a t i n g  th e  p o s i t i o n  v e c to r  tw ic e . Doing t h i s  y ie ld s  th e  fo llo w in g  

a c c e le r a t io n  e x p re s s io n :

— •• . 2. — . .  . I  —
r Q = (Y + ry  co s ig  -r l)7 s in h jr ) j + ( rn g s in lg  +rig co sig  ) i  +

(x2- x 2Y ^-2y2Y  - y 2i|> ) I g + (2 x ^ g + x ^ g  + ^ - y ^ / )  J g

The above e x p re s s io n  i s  th e  t o t a l  a c c e le r a t io n  o f p o in t a . 

In d e r iv in g  th e  e q u a t io n s  o f  m otion  o n ly  th e  a c c e le r a t io n  in  th e  

J 2 d i r e c t i o n  i s  c o n s id e re d . The a c c e le r a t io n  in  th e  j d i r e c t io n  

can  be shown to  b e :

( I )

( 2 )

r  = Y  c o s ig  + r ig  + x^\g + -  YgljT
a j2.

In th e  same m anner th e  a c c e le r a t io n  o f some p o in t  b on 

th e  r i g h t  w ing can  be shown to  b e :

(3)

r^  = Y co s ig  -  r ig  -  x^lg + y -  y Ig
J i
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LINEAR EQUATIONS OF WING MOTION

From e le m e n ta ry  beam th e o ry  th e  e q u a tio n  o f m otion  o f a 

beam can  be shown to  b e :

APPENDIX B

w here E i s  th e  m odulas o f  e l a s t i c i t y  o f  th e  beam m a te r i a l ,  I  i s  th e  

c r o s s - s e c t io n a l  moment o f  i n e r t i a ,  u i s  th e  mass p e r  u n i t  le n g th , 

and a  i s  th e  a c c e l e r a t i o n . The a c c e le r a t io n  e x p re s s io n s  f o r  th e  

l e f t  and r i g h t  w ing a re  d e te rm in e d  in  appendix  A. By m aking th e  

p ro p e r  s u b s t i t u t i o n s  f o r  th e  a c c e le r a t io n  te rm s th e  e q u a t io n s  o f 

m o tion  f o r  th e  l e f t  and r i g h t  w ings becom e:

- E  I y ' 11+ w (x ,t )  = u a

R ig h t Wing

-  E I  y^ + W^( x ^ , t ;  = u|_Y c o s Y -  r i f f -  x̂ Xjf + Y1 -  Y^Y ( I )

L e ft Wing
mi , p 1

- E  I  y_ + w ( x . , t )  = u Y co s ip  +
2 2 L

(2)
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NON-LINEAR EQUATIONS OF WING MOTION

C o n sid e r  th e  fo r c e s  on an elem en t o f  th e  r i g h t  wing as 

shown in  f ig u r e  3. By summing th e  moments about th e  r i g h t  face  

o f  th e  e lem en t th e  s h e a r  e x p re s s io n  can  be shown t o  b e ;

APPENDIX C

V = M cos + u T^ KjT cos  (p , ( I )

(3)

w here V i s  th e  s h e a r  and M i s  th e  moment. D i f f e r e n t i a t i n g  th e  

s h e a r  e x p re s s io n  y ie ld s ;

Vf= M co s (J)1 - M  (J)1S i n (J)1 -  u T^Y- (J)1 s in  ^1 / 12 (2)

Next sum th e  f o r c e s  in  th e  d i r e c t i o n .  T h is  y ie ld s ;

V (J)1 s in  (J)1 - V  cos (J)1 + w^ ( x ^ , t )  = u a

w here a i s  th e  a c c e le r a t io n .  Now s u b s t i t u t e  th e  e x p re s s io n s  fo r  
/

V, V, and a  in to  th e  above e q u a t io n .  T liis g iv e s  th e  e q u a tio n  o f 

m otion  o f  th e  r i g h t  w ing in  th e  form ;

M (J)1 s in  (2 (J)1)+ u T2 s i n (2 (J)) (J)1/ ! 2 -  M Cos^((J)1) + w ^ (x ^ ,t )  = 

u [y co s  (OjT) -  r i j f  -  X j Y  + Y j -  Y-jY '2']

D efin e  a n o n - l in e a r  d i f f e r e n t i a l  o p e ra to r  F .

Yf (x I ' t )- (J)1 s i n (2 (J)) -(J)1U T^ s in ( 2 ( ^ ) /1 2  + M Cos2 ( ^ i ) (5)

(4)
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Then th e  e q u a t io n  o f  m o tion  o f th e  r i g h t  w ing can  be w r i t t e n  a s :

wI lx V t l  '  F1 I (* 1 , t  -  u Y CosTfr -  r'rr -  x i f  +

wZlx2' 11 -  F2 Ly2t x Zft1 .
r..

-  u
Zl

Y cosl|f + Tljf + .x l|f  + y -  y rXjT

w here F i s  th e  same as  F e x ce p t i t  i s  w r i t t e n  in  te rm s o f x 
" I  2

in s te a d  o f  X^.

Now once th e  moment, b en d in g  a n g le ,  s t r a i n ,  and s t r e s s  

a re  d e f in e d  th e  e q u a t io n  o f  m otion  w i l l  be c o m p le te ly  s p e c i f i e d .  

The b en d in g  an g le  can  be e x p re s se d  a s :

(b <= ta n  SLY 
T d x

The s t r a i n  can  be d e f in e d  a s :

£ = z 9 x

w here z i s  th e  d i s ta n c e  from  th e  n e u t r a l  a x is  to  th e  f i b e r  b e in g  

s t r a i n e d .

The s t r e s s  can  be w r i t t e n  in  te rm s  o f  th e  s t r a i n  in  th e

form :

I ~'
O-  = T - t a n ( a  E.)■ b

(6)

In  th e  same m anner th e  e q u a t io n  o f m otion o f th e  l e f t  wing 

can  be shown to  b e :

(7)

( 8 )

(9)

(10)

F in a l ly  th e  moment can  be w r i t t e n  in  te rm s o f th e  s t r e s s ,
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I  ' 1
-  t a n  (a  E.) z dz b

W i s  th e  w id th  o f th e  beam.
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