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vi
ABSTRACT

The response of an alrplane to a blast load is studied. The
effects of rigid body translation and rigid body rotation are taken
into account. Linear and non-linear solutions are compared. The
non~linearities result from use of a non-linear stress-strain rela-
tion and from geometry changes due to large deflection.

It is concluded that the response of an airplane to a dy-
namic load is definitely influenced by the effects of rigid kody
translaticn and rotation. For larce loads the non-linear solution
predicts a larger wing deflection and a longer period of wing oscil-
lation than does the linear solution.




CHAPTER I
INTRODUCT ION

Design loads for accelerated airplane structures are frequent-
ly based on the assumption that the wing is perfectly rigid. This
may lead to failure due to dynamic overstress. For example, a gust
load may produce wing bending moments at the fuselage that are 15-

20% greater than those calculated on the assumption of a rigid wipg.
Dynamic loads cause translation and rotation of the airplane as a
whole and also cause vibrations of the structure. Dynamic overstress
is produced by the additional inertia férces associated with the
structure vibrations.

The load distribution on the wing is also affected by the
wing deformation and vibration. Determining the load distribution
on the basis of a rigid wing may lead to results that are toco much
in error to be useful. There may also be serious loss of aileron,
elevator, and rudder control effectiveness due to deformation of
the structure. In this paper only the airplane response to a dy-
nanic load will be.considered. The effect of this response on the
wing load distribution and control effectiveness will not be analyved.

The response of an airplane to dynamic loads has been

frequently studied. In scme studies (11)1 the airplane was con-

1 Numbers in parenthesis refer to literature consulted.
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sidered to be perfectly rigid. In othe? studies (7,10) the wings were
cOnsideréd to be elastic but the éffects of rigid body translation

and rotation of the airplane were neglected. Bisplinghoff (4) and
Houbolt (5) included the effects of rigid body translation in their
studies. However, they considered only dynamic loads that were uni-
form across the alrplane so that no rigid body rotation occurred.

Most of the studies that have been made do not include the
effects of both rigid bédy rotation'and translation. The possibil-
ity of large non-linear wingydeflections is considered in oniy very'
few studies.

The purpose of this paper is to study the response of an air-
plane to a dynamic load. The effects of rigid body rotation and trans-
lation and wing vibrations will be considered.

A combination of the modified Galerkin method and Hamming's
modified predictor-corrector method will be used to solve the gov-

erning partial differential equations.




CHAPTER II
FORMULAT IOV OF THE PRORLEM
SYSTEM DESCRIPT ION

The system selected for study is shown in figure 1. It is-
intended to be a simple representatién of an airplane. It consists
of a free-free beam with a lumped mass at the center. The lumped
mass simulates the fuselage of the airplane and the left and riéht
portions of the beam represent the wings. The dynamic load acts
across the enti;e wing cfoss-section, but only the rectangular por-
tion of the wing is assumed to carfy any load. The material proper-
ties are assumed to be homogeneous throughout each wing. This systeﬁ
is identical to one used by Bisplinghoff (10) in his study of aero-
elasticity. '

Three coordinant systems are used to describe the motion of
the sysfem. The fixed coordinants X-Y with unit vectors E:and-g are
used to describe the rigid body translétion and rotation of the sys-~
tem. The moving coordinants Xl_yi and x

g=¥, With unit ‘vect‘o.rs _il,

El and Eé,'gz,.respectively are used to measure the deflection of

the wings relative to the fuselage.
EQUATIONS OF RIGID BODY MOT ION

The response of the system can be specified by four equations

of motion. The equations describe the rigid body trahslation, the
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rigid body rotation, the relative displacement of the left wing, and
the relative displacemen* of the ri~ht wing. The two equations of
ricgid body metion can he determined by considering the forces acting
on the fuselage.

The forces acting on the fuselage are shown in ficure 2. Tt
is assumed that the weisht of the airplane and the lift on the wincs
cancel each other. Therefore, these terms are not ineluded in the
derivation of the gover ing equations. Another simplifying approxi-

mation is that no forciro function acts on +he fuselaoe.

X

Figure 2. Forces on the Fuselage
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The equation for rigid body rotation can be obtained by sum-

ming moments about the center of the fuselage. This yvields:

s =[r(Vl SV, M, - M1] /1 (1)

where Y is the rigid body rotation, r is the radius of the fuselage,

V1 and V,, are shears, MM and MZ are internal moments, and Ib is the

2
mass moment of inertia of the fuselage. A dot ,' , above a quantity
indicates differentiation with respect to time and a prime , /, indi-
cates differentiation with respect to position.

By summing forces in the 5 direction the equation for rigid

body translation can be shown to be:
Y=~ (Vi +.V2) cos /[ Mb (2)
where Mb is the mass of the fuselage.
LINEAR EQUATION OF WING MOTION

The fuselage of the airplane can both displace.and rotate.
Since the wings are rigidly attached to the fuselage, any motion of
the fuselage will result in a corresponding motion of the wings.
In addition the wings can also move relative to the fuselage.

If it is assumed that cross~sectional planes remain plane
and if shear deformation and rotary inertia of bending are neglected,

then the linear equations for the relative motion of the winas can
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be written as: (see appendix B)

i o ) "e s ’eo . 2
~E Iy +w(x,t) =u [Y’c SY - XY = X0 <V -y AU ] 3
1 1'% osY W Wty -y Vg (3)

- nn = L2 e 0 . e _ * 2
EIyyt wz(xz,t) u [Y’cosjy'+ Y R v, yz\p } (4)

where Y is the rigid-body translation, v is the rigid body rotation,
xl and XZ are positions along the wings, y1 and y2 are the relative

displacements of the wings, wi and w2 are the forcino functions, and

u is the mass per unit length of wing..
NON-LINEAR EQUATIONS OF WING MOTIOW

The non-linear wing equations include the effects of geom-
etry changes due to large deflections and also account for the pos-
sibility of strains that are in the non-linea; portisn of the stress-
strain curve.

Consider an element of the right wing as shown in figure 3.
Again assume plane sections remain plane and neglect shear deform-
ation and rotary inertia of bending.

The equations of motion of the wings with respect to thé_

fuselage can be shown to be: (see appendix C)
{ ! 1 te
M P sin(zd)) - v cos?(§) +w TP QLY sin(24)/ 12 +

| y I, - (5)
wl(xl,t) =\ [? cos(V) - ry - XlVf + yl - quv ]
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/ /

1 2 ) Fiiyie
2@‘52 sin(2 @2) - M2 cos (¢2) - u T?(D2l/f si':(?,CDZ) +

M

(£)
e ‘e .e . 'a
w2(x2,‘c) =y [Y cos(VY) + ryr o+ xgﬂu + y2 - yz“d/ J

Where T is the wing thickness, and ¢ isg the rYotation of the win~

in the moving coordingnt System,

M +3~1i11 éx

1 axl 1

/ Figure 3, Beam Element
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The inverse tanyent function can be used to represent the
true stress—strain relation of a material. The stress can be ex

pressed as:
O = tan (a€) / b (7)

where 0 is the stress, £ 1is the strain, and a and b are éurvé—
fitting constants.

Assuming that the neutral plane of a wing always passes
through the centroid of the area and recalling the assumption that

plane sections remain plane, the strain can be written as:
E =32 ¢/ (8)

where z is the distance from the neutral axis to the fiber being
strained.

The internal moment can be expressed in terms of the stress,
and the bending angle, q), can be expressed in £erms of y'. There-
fore, by proper substitutions the equations of ﬁotion'of the wing

elements can be written as:

' .t ’ .o e . 2
wl(xl,t) - Fl[yl(xl’t)] - u[Y cos (V) - r\r - xl'\]f + yl - Y1W}= 0 (9)

where Fl and F_ are non-linear differential operators as defined in

2
appendix C.
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INITIAL AND BOUNDARY CONDITIONS

The motion of the system is described By four differential
equations. Two of the equations are partial differential eguations
that are fourth order with respect to position and second order‘with
respect~to time. The-remaining two equations are ordinary differen-
tial equatioﬁs thaf are second order with respect to time. There~
fore, it will be necessary to have a total of 16 initial and boundary
conditions. Four ipitial conditions are necessary to specify the
rigid body motion. The relative motion of the wings can be specified
by four “natural boundary conditions”, four “forced boundary condi-
tions’, and four initial conditions. The 16 initial and boundary

conditions are:
Initial Conditions

' _ Y(x,0) =0
Rigid Body Translation : :
' Y(x,0) =0

Y (x,0) =0

Rigid Body Rotation .
WV(x,0) =0

v {x.,0) =0
Initial Relative Wing Displacement 11
' : Ly (x ,0) =0

2 2 ’
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| v, (x,t) =0
Initial Relative Wing Velocity 1
yz(xz,t) =0
Boundary Conditions
_ yl(O,t) = 0
Relative Wing Displacement at the
Fuselage y (0,t) =0
2
I3
: -y (0,t) =0
Relative Wing Slope at the 1
Fuselage . _ yé(O,t) =0
My (L,t)] =0
Moment at Tip of Wing 1
M[yZ(L,t)] =0
vy (L,t)] =0
Shear at Tip of Wing -1
v[yz(L,t)] =0

DESCRIPTION OF THE FORCING FUNCT ION

The forcing function is an approximation of a bomb blast.

The force on the wings will be independent of position if the source

of the blast is a large distance from the airplane and the wings of

the airplane are parallel to the blast front.
Under these conditions a blast load can be approximated

very closely bys:

: -8t
w(it) =w P e A
- e ©

'(ll)
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where Po is the maximum pressure, v is the effective winc width,
t is time, and #& 1is g blast decay constant.
If the wings of the airplane are not parallel to the blast
front then the load on the airplane will be a function of both
position and time. The loading for such a condition is represented

by figure 4.

Blast Center

s )

Figurc 4. Blast Pressure Decay
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The blast pressure decays as the square of the distance
from the blast center (12). The pressure at some position A can

be expressed as:

2

Lo
Py = P e (12)

where PO is the maximum pressure, /A 1is the distance from the blast
center to the end of the left wing, A is the distance from the blast‘

center to the position A, and P, is the pressure at A.

A
The blast pressure also decays with time. At some position

B the pressure is:

~ ~o(t-tw)
B PA e (13)

P2 - a(t-td)

Pp=P, 73 © (14)

where B 1is the blast decay constant and t. is the time required

for the blast front to reach position A..

Referring to figure 5, t. can be expressed as:

X«sin Y

'tokl)a= c

where ¥ is the angle 5etween the blast front and the wing, ¢ is .
the speed of the blast front, and x. is the distance from the end
of the left wing to the point under consideration on the airplane.
Subseript 1 refers to-the right wing and subseript- 2 refers *to the

left wing.




]

Blast Center

Blast Front at Time t

Blast Front at
time t + tog

Figure 5. Arrival Time of Blaét

The expression for t.is valid only when the radius of the

blast front, Fo . 18 larce. By making the proper substitutions

the expressions for t‘*a , can be shown to be:
)
t = [{l=x;) cos [siﬁ(slﬁnﬂ (16)
=(Z c
ty = (L+2r+x,) cos [siﬁﬁs/ﬁoﬂ (17)
2 c

where s is the vertical distance from the blast center to the fuselane.




CHAPTER TIT
METHOD OF SOLUTION
MODTF IED GALERKIN METHOD

One method of solution of the equations developed is the
modified Galerkin method. The modified Galerkin method is a version
of the method pf weighted residuals as described by Finlayson and
Scriven (9). To solve a set of equations‘that are functions of both
time and position the first step in this method is to assume a com-
plete solution to the set of equations. The complete solution will
consist of individual solutions for each of the dependent_variables.
The individual solutions will be of the form:

. 18
v*(x,1) =Zq,;(t) 6, (x) (18)
i=1
The O (x) terms must satisfy the “forced boundary conditions” but
do not have to satisfy the “natural boundary conditions”.

The next step is to substitute the assﬁmed solutions into
the differential equations to determine the equationnresiduals,
R(x,t). Since the assumed solutions were not required to satisfy
the “natural boundary conditions” there will’be boundary errors or
residualé. Finaliy the weighted integrallof the residual plus the

weighted boundary errors are set ecqual to zero for each of the equations.

R(x,t) O.(x) dx + E_6:(x) +E B (x) = 0 (19)
; J v m J

omain
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.Ev is the boundary shear error and Em is the boundary moment error.
Equation 19 will‘yield a set of simultaneous differential equations
in time for each of the terms of the complete assumed solution.
These equations can then be solved to determine the q;(t) terms.
Multiplying the g; (t) terms times the G%jx) terms and summing them

- for each of the dependent variables will yield the complete solution

for the set of eguations.
APPLICATION OF THE MODIFIED GALERKIN METHOD

The four equations that describe the motion of the system
can be reduced to three equations by substi{uting the expression
for Y into the equations for the relative motion of the wings.

The resulting equations are:
2 o ’e X} . _
wl(xl,t) - Nl[?l(xl,tﬂ - u[}(vl+vz?cos \p/ME-ruf—xiqf+ylfyfﬁ]— 0 (20)

.e .t .e .2
wz(xz,t) - N2 yz(xz,tﬂ - u[}(V1+V2)coszyf/Mb+rqf+xéW‘+y2-yé¢}= 0 (21)

o= rl:(Vl-V2)+M2— 1:|/Ib (22)

where Ni and NZ are differential operators.
By applving the modified Galerkin method the eguations
for the relative motipn of the wings can be reduced to equations

in time alone. The solution of the equations can be greatly simpli-

fied by restricting the assumed solutions for the modified Galerkin
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method to one term. Under this restriction the system reduces to

three coupled equations in qg_, qz, and Qp‘. They are:

1
.. .2 . 9
9, = CiW‘ql + Céuf + 03 cos”y + C4 (23)
a = D’@}q + D ﬁ} +'D ‘coszﬂy + D
2 17 2 2 3 4
Wo=e E’l’qu

where Cl, Cz, 03, 04, Dl’ DZ’ D3, and D4 are constants and Q is a
differential operator on ql and qz.

can now be solved numerically using the Hamming’s modified predictor-

The three coupled equations

corrector method.
The deflection shape chosen for the wihgs was the deflec-

tion shape produced by a uniform static load on a cantilever beam.

The deflection shape was normalized to 1 at the end of the wings.
The physical dimensions of the system were selected to
approximate a small airplane. The wings are 250 inches long, 10
inches wide, 4.6 inches thick and are made of 6061 T6 alﬁminum.
The wing width and thickness are small so that the wing stiffness
more closely appfoximates thaf of a real wing. The blast load
is assumed to act on an effective wing width of 100 inches. The
mass of the body is-20.7 1b. sec./in.
Thg stress~strain diagram for the wing material is shownm

in figure 6 alorg with the function used to approximate it.
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CHAPTER IV
RESULTS AND CONCLUSIONS
UNIFORM LOAD

If the blast load is uniform across the airplane the deflec-
tion of the wings will be symmetrical and there will be no rigid-
body fotation. Thﬁs, under the restriction of a uniform load‘the
three governing equations can be reduced to 1 equation.

Fof the purpose of discussion a Blast-load will be considered
"small” if it produces a stress which is in the linear portion of
the stress-strain diagram. PFurther it will be referred to as uni-
~ form if it is a function of time only and non-uniform if it is a
funetion of position and time. The linear and non-linear solutions
give nearly identical results for “small” loads. Figure 7 shows
typical displacement, velocity, and acceleration diagrams of the
wing tip for “small” loads.

Figure 7 shows that the wing response for both the linear
and non-linear case is sinusoidal and has a period of approximately
.85 seconds. The period for an equivalent cantilever beam vibra-
ting in its fundamental mode is .43 seconds. It is reasonable to
expect that the wing would have a longer period because it is not
truly fixed at the fuselage. That is, it is allowed to translate.

When the loads become.large the linear and non-linear

solutions no longer give the same results. The response calculated
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using the non-linear eguation is much greater than the response
indicated by the linear equation. The main rcason for the dif-
ference is that the non-linear solution takes into éccount the
flattening off of the stress-strain curve for larce strain and
the linear solution does not. Figure 8 compares linear and non-
linear solution for large uniform loads.

Another difference ié that for lérge loads the non-linear
solution predicts a longer period than does the linear solution.
This indicates that the non-linear wing stiffness decreases for
large strain. The period of oscillation increases due to the re-
duced wing stiffness. The reduced stiffness of the non-linear

wing is also due to the flattening off of the stress-strain curve.
NON.-UNIFORM ILOAD

The response of the airplane to a non-uniform blast load
is much more complicated‘than its respénse to a uniform blast load.
A non-uniform blast load causes non-symmetric wing response as well
as rigid body rotation.

For small non-~uniform loads the linear and non-linear
solutions again, as in the case of uniform loads, are nearly ident-
ical. They, however, are not simply sinusoidal as indicated by
fiqure 9.

There is a "flutter” super-imposed on the wing displace-
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ment. The flutter is apparently a résult of the rigid body rota-
tion effects.

Large non-uniform loads have the same effect as did the
large ﬁniform loads. Thaf is, for large non-uniform loads the
non-linear solution indicates a larger response and a longer period
of oscillation than‘dées the linear solution. This can be seen by
looking at figure 10; |

The inclusion of the effects of rigid body rotatioﬁ and
translatioh and large deflection do affect the system respénée.

The effect of including rigid body translation is to increase
the period of wing vibration and decrease the wing displacement.
Wing "“flutter” is caused by the effects of rigid body rotation.

The non-~linear or large deflection solution indicates a greater

system'response_and an increased period for large loads.
FURTHER STUDIES

The response of an airplane to a dynamic load was defér~ .
mined in this study. A logical next step would be to détermine the
effects of the response on the control effectiveness of the airplane.
It would also be of interest to invéstigate the effects of damping
on the system response.

- The’ stress-strain relation used in the non-linear section

is valid only for loading of the system. If the strain is large
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the system will not unload along the same path as the loading §c—
curred. The cyclic response of the system for large loads could
be studied if the stress-strain relation were propefly defined to
account for unloading.

The analysis presented in this paper coculd be applied to
a wide variety of airplanes. It would not be valid, however, if
there were a large variation in wing stiffﬁess. Also a large lumped
mass, such as an engine, on the wings would render the analysis in-

valid.
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APPENDIX A
ACCELERAT ION EXPRESSIONS

Consider the acceleration of some point a on the left wing.

The position vector to point a is:

?a =Y -rcosYI+rsinyj + x2'§2 + Yzjgz

The acceleration of point a can be determined by differen-
tiating the position vector twice. Doing this yields the Ffollowing

acceleration expression:

?é = (¥+rﬁ}cosuf-rﬁ;;inﬂf)'3 + (r{ﬁsinur+rﬁfbosqr) 1+
oo . 2 . * () —_ . . ve .e ' 2 -
(kgm2g¥ —2V5W =V5Y) 1y + (2xW W 4y,-vy) g

The above expression is the total acceleration of point a.
In deriving the equations of motion only the acceleration in the:
?2 direction is considered. The acceleration in the-gz direction
can be shown to be:
_'_:_V_Y- +'n.+ ..+,‘, s 2
rav— cosY+ ry x| Yy = yzﬂu
Ja
In the same manner the acceleration of some point b on

the right wing can be shown to be:

—_ .o . . X3 eo . 2
rb5= Y cosVY - xY- xl'q)’ + yl - yl’\p‘

\

(1)

(3)
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APPENDIX B
LINEAR EQUATTONS OF WING MOTION

From elementary beam theory the equation of motion of a

beam can be shown to be:

-EI yMI+ wix,t) =u a

where E is the modulas of elasticity of the beam material, I is the

cross~sectional moment of inertia, u is the mass per unit length,
~and a is the acceleration. The accelefation expressions for the
. left and right wing are determined in appendix A. By making the
proper substitutions for the acéeleration terms the équations of

motion for the left and right wings become:

Right Wing
“E I “”+w (x. t) =u[:I: cos r"'._x'“+” .z:l‘

Left Wing

I

1l [ ae .a .o .2
~E Iy, wz(xz,t) u[? cosY + rY + XU + Yy - yéW"]

(1)

(2)
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APPENDIX C
NON-LINEAR EQUATIONS OF WING MOT ION

Consider the forces on an element of the right wing as
shown in figure 3. By summing the moments about the right face

of the element the shear expression can be shown to be:
V= M/cosq5i +u T2y cos @, - (1)

where V is the shear and M is the moment. Differentiatina the

shear éxpression yields: :
! ¢ .e
V'= M cos ¢, - MPsing, -u TZW ¢, sin ¢, / 12 (2)

Next sum the forces in the 52 direction. This yields:

[9%)
~—

v CPL'sin o, - V' cos (D1+ wl(xl,t) =u a : (

where a is the acceleration. Now substitute the expressions for
v, V: and a into the above equation. This gives the equation of

motion of the right wing in the form:

M Q] sin(2 00+ u 77 sin(2@) 712 - Mo () +w (x,b) = )
o e : (4
u‘[%[ cos (V) - Y - Y oty - Yl'\lfa]

Define a non-linear differential operator Fl.

F1 l}l (xl,t)_] =-Ml(1>; sin(2 (1)_1) - (p;u T2 sin(2 d)i) /'12 + M“cosz( Q)i) (5)
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Then the equation of motion of the right wing can be written as:
: - . e s .2 ‘
- - - - 4 ~ =
wl(xl,t) Fl yi(xl,t:} u[Y cosY - ry xim‘ yl yfp} 0 (6)

In the same manner the equation of motion of the left wing

can be shown to be:

‘e e L) . -2'
- F ,t,] - [Y i+ +. + - ]: 7
wz(xz,t) Z[YZ(XZ ) ulY cosy+ ry xéqf y2 yéw‘ = 0 (7)
where F2 is the same as F1~except it is written in terms of x2
instead of xl.

Now once the moment, bending éngle, strain, and stress
are defined the eguation of motion will be completely specified.

" The bending angle can be expressed as:

O = tan X - (8)
ox

'The strain can be defined ass

Q
5

(9)

m

]

Ny
]

where z is £he distance from the neutral axis‘td the fiber being
strained.

The stress can be written in terms of the strain in the
forms |

-1\

U" = tan(at) ' . : (10)

o2 L

-Finaliy the moment can be written in terms of the stress. .
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<1
M=Wf%tan (af) z dz

. T

z
W is the width of the beanm.
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