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Abstract:

Regression equations were developed for the individual common ions versus electrical conductivity
(EC), and the individual common ions versus EC and flow (Q). These regression equations relate the
instantaneous concentration of common ions in Meq/L to the instantaneous EC and Q in pumhos/ cm @
25°c and cfs, respectively. The regression equations relating the common ion concentrations to EC
produced relatively good results. A cation-anion balance was used to determine the quality of the
simulated common ion concentrations.

Water quantity and quality models based upon the principle of conservation of matter and employing
the macro-to-micro philosophy were developed on an annual basis. A methodology for obtaining the
quality model from the quantity model was developed. The quantity model simulates the amounts of
flow associated with the various flow components; and the quality model simulates the EC associated
with the various flow components. The use of EC in the quality model provides the necessary
parameter for the use of the regression equations involving the common ion concentrations.

Both the quantity and quality models provide reasonable results that would be expected on an annual
basis.
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ABSTRACT

Regression equations were developed for the individual common ions
versus electrical conductivity (EC), and the individual common ions versus
EC and flow (Q). These regression equations relate the instantaneous con-
centration of common ions in Meq/L to the instantaneous EC and @ in pmhos/
cm @ 25°c and cfs, respectively. The regression equations relating the
common lon concentrations to EC produced relatively good results. A cation-~
anion balance was used to determine the quality of the simulated common ion
concentrations, .

Vater quantity and quality models based upon the principle of con-
servation of matter and employing the macro-to-micro philosophy were
developed on an annual basis. A methodology for obtaining the quality
model from the quantity model was developed. The quantity model simulates
the amounts of flow associated with the various flow components; and the
quality model simulates the EC associated with the various flow components.
The use of EC in the quality model provides the necessary parameter for the
use of the regression equations involving the common ion concentrations.
Both the quantity and quality models provide reasonable results that would
be expected on an annual basis, i




CHAPTER I .-
Introductiohf;i":

The passagé of the Federal Water Po;lgtion Conirol Act Amend-
ments of 1972, Public Law 92-500, éxemplifiésTa ma jor concern for the
protection of water quality in the nation's waters. Congress stated
that the goals of the Act were to restore and maintain the chemical,
fhysical, and biological integrity of these wateis (Ref.'l). Thus,
the Act implied the need to describe natural variation in the chemical;

- physical, and biological behavior of the water ecosystem. These
descriptions are needed in order that rational management decisions,
can be made with respect to water quality.

In résp@nse to P. L. 92-500, many gdveinmental agencieé that
are concerned Qitﬁ—water resource management have been collecting water
quality data on the nation's watérways. "As watei quality data increases
in amount, it is necessary to analyze the data for relationships which
can be used to determine what the natural variations of the various
factors are in the ecosystem. These relationships can also provide
predictions needed in water quality managemen;. Further, such relation-
ships may identify those parameters for which more data is needed and
those parameters for which data collection can be discontinued.

Recent concern for the water quality in the Yellowstone River
Basin in Montana has increased due to the increase in coal and energy

related developments in the middle portion of the basin. An intent of

this study was to analyze the available data for relations that would
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aid in the water quality management of this area of the Yellowstone
Rivep Basin,

The invgrse relationship between the concentration of dissolved
constituents and flow (Q) has been well documented in the literature.
This hyperbolic relationship has been pursued in a number of inves-
tigations on natural waters to determine regression equations. These
regression equations are generally in terms bf the logarithm of con-
stituent concentration versus the logarithm of the flow (Ref. 7-11).
Total dissolved solids (TDS) has received by far the most attention in
its inverse relationship with Q (Ref. 8, 9). To date, these regression
equations have involved the concentration of dissolved constituents in
mass per volume units. In this study, however, the concentration of
the common ions used in régression equations are in terms of milli-
equi&élence per 1i£re (Meq/L) which is a measure of the number of
charged ion particles per volume. The regression equations are in terms
of these concentrations for the common ions versus the measured electri-
cal conductivity (ECM) and Q. In a recent investigation by Leonard
Frost,'Jr. (Ref. 5), linear regression analysis was performed on a
number of dissolved.constituents,including the common ions in mass per
volume units of concentration, with ECM. .

The majority of water quantity and quality models documented
in the literature develop an extremely detailed model of a small incre—A
mental element of a basin., Often times, because of the extremely |

complex nature of the interacting components of a real world hydrologic
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system, the model is either unsolvable, or because of generalizations

and appfoximations does not give realistic results. In this study,

the macro-to-micro philosophy of modeling of large scale systems was

enployed. This approach proviqes a number of advantages. First of
all, it provides a working model of the system from the very beginning.
Even though the model at the most macro level may not produce usable
results, it provides a stepping stone toward the micro level. The
formulation of relationships at the mécro level provide structure that
can be built upon at the next level of modeling. Thus, a systematic
develépment of working models is produced ﬁhich allows for feedback of
information. The next level of modeling, toward the micro, providés a
check on the model at the previous level., Another advantage to this
method of modeling is that in many instances usaﬁle results can be

obtained from the first few levels (Ref. 2).

Scope and Objectives

The scope and objectives of this study were:

1. To deveiop a system of feéression equations for predicting
the level (conqentratioﬁ) of selected water qualify parameters at
specific points along the Yellowétone River and its major tributaries
between Billings and Miles City, Montana. Relationships were sought
between the common ions - calcium (Ca), magnesium (Mg), sodium (Na),
potassium (X), bicaxl'bonate.(HCO3), carbonate (CO3), sulfate (SOy), and

chloride (Cl) - and the measured electrical conductivity (ECM), and flow




-
(Q). The specific-points on the Yellowstone River were the U. S.
Geological Survey water quality and quanfity stations at Billings and
Miles City. The poihts on the major tributaries were the U. S. Geolog-
ical Survey water quality and quantity stations on the Bighorn River
near its confluehée with the Yellowstone River at Bighorn, Montana, and
on the Tongue River near its confluence with the Yellowstone River at
Miles City. |

2. To initialize an approach to the large scale modeling
required to describe incremental changes in water quality parameters as
a result of various water use categories in the Yellowstone River Basin.
The Montana State Department of Natural Resources and Conservation's
water planning model was calibrated on an annual'basis for>the Yellow~"
stone River sub-basin 42KJA (Ref. 2, 3). The water planning model is a
flow, hydrologié, or "quantity" moﬁel which has the potential of provid-
ing the flow éomponent quantities required in modeling water quality.
After the calibration of the water quantity model for sub-basin 42KJA
on an annual. basis, thié model was employed in developing a water quality

model,

Physical Description of the Study Area

Figure 1 shows a sketch map of the middle portion of the Yellow-
stone River Basin. This portion of the Yellowstone River Basin is on
the western edge of the Great Plains. The basin is generally an area of

rolling hills with gentle to moderate relief., The major surface water
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6.

inflows to the study area are the Yellowstone and Bighorn Rivers. The
confluence of the Yellowstone and Tongue.Rivers mark the eastern bound-
ary of the study area. The Tongue River is not inclﬁded as an iﬁflow to
sub-basin 42KJA.

_ Mountains to the west and southwest of the middle portion of
the Yellowstone River Basin create a moisture shadow. Air masses
moving toward the basin from these directions must rise to get bver
the mountains, and thus lose most of their moisture before.reaching the
basin. Average annual precipitation for the area ranges from 11 to 16
inéhes per year (Ref. Ly,

Abéut 75 percent of the land in the middle portioﬁ of the Yel-
lowstone River Basin is used for pasture and'rahge land in the production
of livestock., Of the irrigated iands; aﬁoht 70 fercen{ is used in the
ﬁroduction of hay, pasture and sugar beets. There is also a subétantial
amount of dryland farming for the production of grains, With the'renewed
interest in coal development, certain areés of this portion of the basin
may, in the future, be supporting vast strip mines.,

Agricultural irrigétion is ;he primary water use in the basin,
With the increase in coal and energy.developmént expected to occur, the
amount of water needed for industrial use will increase, but agricultural

uses will probabiy still dominate because of existing water rights,




CHAPTER II

Ion Concentration Versus Electrical

Conductivity and Flow Relationships

In this study, the dissolved constituents of interest are the
common ions. The common ions represent the major cations and anions‘
dissolved in natural waters. These ionic species are the positive
(cations) and negative (anions) components of salts that have beéome
dissolved in the water. These common ion constituents of natural waters
are most likely derived from direct chemical solution of minerals in
' ro;ks-and in soils in which the water comes into contacf.

The common ion concentrations are generally expressed in milli-
grams per litre (Mg/L). This is a mass (weight) concentration. The
mass of an ionic constituent divided by its equivalent combining mass
_ (weight), termed equivalent weight, gives a measure of the number of
jonic charges (positive or negative) of that specie in the water solution.
The equivalent weights of the common ion, listed in Table 1, can be
found in any general chemistry textbook. The result of the division of
the mass concentration of an ionic ;pecie in Mg/L by its equivalent
welght has the units milli-equivalenée per litre (Meq/L). In all natural
watef solutions there exists electrical neutrality, i.e. the number of
positive charges equals the number of negative charges. Thus, by
sumning the concentration in Meq/L, of all fhe positively charged ions
(cations) and subtracting the sum of all the negatively charged ions .

(anions) the result should be zero. Of course, there are many other
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TABLE 1
Equivalent Weights and Conductance

FPactors for the Common Ions

Common Ion Equivalent Weight . Conductance Factor

(abbr.) (Mg/Meq) (pmhos/cm @ 25°¢/Meq/L)
Ca 20,040 52,0
Mg 12,156 b6,6
Na, o 22.990 | ‘ 48.9
X : 39,102 72.0
HCO3 60.998 - . 436
CO3 | 29.995 | 84.6
SOy 48.030 73,9

Ccl 35.453 759
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constituents dissolved in natural waters‘besides the common ions.
Generally, the total aﬁount of these other constituents is so small
compared to the total amount of the common ions that they add little to
the sum of either cations or anions and are well within the experimental
error involved in measuring the common ions. Thué, in determining the
sum of cations and anions in natural waters only the common ions are
considered. The difference between the sum of cafions and the sum ;f
anions is termed the cation-anion balance. The cation-anion balance is
generally used to indicate the quality of a chemical analysis performed
on a sample of natural water. |
Since the common ions exist in natural waters as charged‘species,
natural waters are electrolytic; i.e., they are qapable of carrying an
electric current. The conductance of a water solution is related to the
amount and type of dissolved ionic constituents. For example, a solu-
tion with a high concentration of common ions has a higher conductance
‘than does a solution with a low concentration of common ions. Also,
under identical conditions, potassium ions are better conductors than
calcium ions., This is an innate feature of the individual ions. Thus,
each ionic specie in a solution of natural water makes a contribution_to
the overall conductance of that solution, Tﬁe conductance for‘strong
electrolytes as the common ions are classified, approachés a definite
value at infinite dillution. That is, when no other ions are present
and the conqentration of a particular ion is decreased, the conductivity

due to that ion approaches a limiting value. This limiting value is
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generally termed the conductance factor of the particular ion. Values of
the conductance factor for the common ions are given in Table 1 in the
uni;s of micro-pmhos per centimeter at 250 per Meq/L (umhos/cm @ 25°¢c/
Meq/L). The common unit of conductance reported in the analysis of natu-
ral waters is umhos/cm @ 250c. Of course, solutions of natural waters are
not infinitely dilute and thus, an electrical conductivity calculated from
the amounts of the various common ions'(ECC) is generally higher in value
than the actual measured electrical condﬁctivity (ECM), This is primar-
ily due to the perturbing effect the ions have on one another, which
decreases their mobility. As a part of this study, an investigation was
made to determine whether a statistical relationship existed between ECH
and ECC, an& the individual common ions. Ali relationships between common
lons, electrical conductivity and flow rate employ Meq/L for common ion _

concentration, pmhos/cm @ 25°%¢ for electrical conductivity, and cubic feet

per second (cfs) for flow.

Data Availability and Preparation

For the common ion and ECM data available.a£ the selected sites,
there are two types, composite and instantaneous. Composite data are
obtained by combining a number of samples together according to the
value of the flow at the instant each samplg was taken. Thus, a com-
posite gives a flow weighted average over a partiéular-timg ;nterval.
Composite data for the selected sites are available from U. S. Geological
Survey annual water resources reports (Ref..6). Instantaneous data are

obtained from individual samples taken at any instant in time. The term
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grab sample data is often used to imply instantaneous dat%. Instanta-
neous data is available from thé U. S. Geological Survey annual reports
and from the Montana State Water Quality Bureau. Siﬂce one of the
objectives of the study was to determine relationships between common
ion concentration, ECHM, and Q, the instantaneousidata were preferred to
the composite. Also, once the regression equations for the com;on ions
vere developed the compqsite data would poésibly provide a check; much
like the split record approach of validation in modeling. Data from
the Water Quality Bureau was generally incomplete; i.e., missing certain
vaiueé of common ion parameters or not having instantaneous flow values.
The period of recoxrd for which data arelavailable at tﬁe four sites is
tabulated in Table 2. Only data predating Yellowtail Reservior (1967)
were used for the sife on the Bighorn River, ‘Tﬁe data is usually taken
at monthly intervals. The earlier data are generally composite and
the later data, instantaneous. - Another reason for preferring the
instantaneous data in the construction of the regression equations is
that the most current data has the benefit‘of'Better technology.

As previousiy mentioned, thé cation-anion balance is commonly
used to determine the quality of é common ion analysis. This same idea -
was extended to determine the quality of the available instantaneous
data. By using the cation-anion balance, a screening process was devel-
oped to exclude any sample data for which there was a high probability

of error either in the chemical analysis or in the printing of the data

for publication. A data point consists of the measured concentrations of
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TABLE 2 -

Data Availability for the Four Sites

o 5 o+ e AR X aee ten

Type of Data

Site Period of Collection
Yellowstone River 10/50 - 9/58 Composite
at Billings 7/63 - 12/69 Composite
1/70 - Current Instantaneous
Bighorn River 11/45 - 8/47 Composite
at Bighorn 3/49 ~ 12/50 Composite
1/51 - 12/69 Composite
1/70 - Current . Instantaneous
Tongue River 9/48 - 9/49 Composite
at Miles City 1/51 - 12/69 Composite
1/70 - Current Instantaneous
Yellowstone River 10/68 - Current Composite/
at Miles City™ Instantaneous

*For the site, Yellowstone River at Miles City, the flow is
taken below the confluence with the Tongue River and the common ion
and electrical conductivity data are taken above the confluence.

PrEc——r
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the various common ions in Meq/L, the measured electrical conductivity
(ECM) in umhos/cm @ 25°¢ and the measured flow (Q) in cfs. The cation-

anion balance which was termed the difference between the sum of the

.cations and the sum of the anions is not in itself a good gage. For

example, suppose that the sum of the cations and the sum of the aqions»
were 2.00 and 1.50 Meq/L, respectively. Then tﬁe cation-anion balance
would be .50 Meq/L. Now suppose for another sample %he sum of the
cations and the sum of the anions were 5.00 and 4,50 Meq/L respectively.,

Again, the cation-anion balance would be .50 Meg/L, but clearly the - -

 cation-anion balance in the former case is more seriously in -error than

in the latter case. 1In order to use the cation-anion balance for com-
pafison to determine qualify, the balance was normalized by dividiné by the
average of the sum of cations.and.anions. This normalized cation-anion

balance was termed the error of balance (ERR) and is given algebraically

by:

(= cations - s anions) (1)
(= cations - =anions)/2

ERR =
Tables A through D in Appendix I are tabulations of the raw data for
each of the four sites. The concentration of the common ions for this
data is in Mg/L. Tables E through H in Appendix T give the concentration
of the common ions in Meq/L, the value of'ERR, the ERR sample mean

(ERR), and the ERR sample standard deviation (Sgrg) for each data point

'at the four sites.

For a’given data point, the values of bicarbonate (HOC3) and
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carbonate (CO3) together make up what is termed the alkalinity (AILK).
In natural waters, especially in this region, HCO3 is by far_the ma jor
contributor to ALK. This is basically due to the fact that CO3 can only
exist in natural waters ﬁhen the pH is greatér than 8.3. At a pH of 8.3,
any CO3 present is chemically converted to HCO3. HCO3 also has another
source besides the solution of minerals from rocks and soils; photo~
synthesis. Photosynthesis produces éarbon dioxide (CO2) which combines
with water (Hz0) to produce HCO3. CO3 seems to be significant when pre-
sent, but most often'it is not present. AIK and HCO3 were used in this
study rather than HCO3 and CO3. When good regression equations exist for
AIX and HCO3, the concentration of 003 can be determined from the dif-
ference in ALK and HCOs. |

For the data points at each of the four sites, the EﬁR values
were statistically tested for normal distribution with population mean
(ugrR) equal to zero. A chi-square goodness'of fit was employed to test
fhis hypothesis. .Rejection of the hypothesis could imply thé following
conditidns:

1. The sample is not representati&e of one having an underlying
normal distribution.

2. The population mean (uggrg) is not zero.

3. Both, ngpg is not equal to zero and the underlying distri-
bution is not normal. »
A rejection of the hypothesis because ugpp is significantly different than

zero could mean that the assumption of the -common ions being the major
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catiéns and anions in natural water solutions is not upheld. Neglécting
a significant constituent in the determination of ERR would-caﬁse HERR
to be different than zero. Figures 2 through 5 show flots oﬁ normél

probability éaper of the ERR data associated with each site. If the
.ERR data falls along a straight line this indicates the possibility of an
underlying normal distribution. The chi-square goodness of fit test for
the ERR data for the Yellowstone River at Billings is shown in Appendix
II. The chi-square goodness of fit tests for the other three sites
were performed similarly. For each site, except the Yellowstone River
at Miles City, the underlying distribution was determined to be normal:
Wwith pgRR equal to zero. The level of significance (e0) for the chi—
square goodnesé of fit tests was set at .05. Since the hypothesis of
a norﬁal distribution with uggg equal to zero was rejected for the Yel-
lowstone River at Miles City, a hypothesis was set up to test whether or
not ugRrp was significantly different than zero. The z test statistic
was employed for testing this hypothesis. The actual hypothesis test is
shown in Appendix II. The resu1£s of these hypothesis tesits are summa-
rized in Table 3. |

Using the normal distribution, upper and lower limits were

determined on the ERR data for a 95 percent probability of occurrence.

Pr(L < ERR < u) = .95

L - pgrR , ERR - MERR , U - BERR \

Pr< { (——] = .95
OBRR SERR ORRR

Thus, the lower limit, L, is given by: '
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Site

TABLE 3 .

Summary of Hypothesis Testing for the Various Sites

~

Hypothesis Test

Test Statistic

Degrees of Freedom

Critical Test*
Statistic Limit

Yellowstone River.

at Billings

Bighorn River
. at Bighorn

Tongue River
at Miles City

Yellowstone River
at Miles City

Yellowstone River,

at Miles City

Ch14square
Goodness of Fit

Chi-square
Goodness of Fit

Chi-square
Goodness of Fit

Chi-squafe
Goodness of Fit

7Z Test
for Means

X2 = 5.28

X2 = 2.90

»s
N
|

3.67

~
N
0

17.77

0.51

5

X2 = 11.07
7.81
X2 = 7.81
X2 = 7.81

1.96

N

<
N

14+

*X= ,05 level of significance for all tests

(074
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L'= -1.96"65mg
and the upper limit, U, is given by
U = 1.96*6%zg
- The sample standard deviation (SERR) was used as an approximation to
6fRR. These upper and lower limits, termed acceptance limits, wére ﬁsgd
to screen the data. For example, consider a data point whose ERR Qalue
falls outside the interval created by the acéeptance limits, Such a
data point has a probability of occurrence of only .05. Since errors can
be made-in the chemical anaiysis of a water sample or in the tabulation
and publishing of the data, there is a relatively high probability that
some of tﬁe data for this data point is incorrect. By rejecting data
points whose ERR values lie outside the interval, only good quality data_
is used in the development of the regression equations, One of the char-
acteristics of least-square regression analysis is that minimum variance -
rather than minimum deviation is used., Thus, if erroneous_data is used
there is the possibility of the analysis showing little or no statistical
correlation when in fact one does exist. Since the hypothesis of ﬁ
normal distribution for ERR was rejected for the Yellowstone River at Milesz N
City, no'attemp£ waé made to screen this data. This screening process \
resulted in the rejection of 3 data points'ffom the 68 data points for
the Yellowstone River at Billings, 3 data poiﬁts from the 66 data pointé
for the Bighorn River at Bighérn, and 2 da&a‘points from the 66 data

points. for the Tongue River at Miles City.
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Regression Analysis

At each of the four sites, lineaf regression'anélyses.ﬁéré per-

- formed on the acceptable défa.' A value for the calculéted‘electrical
conduéti?ity (ECG).was determined for each data point at each éité using
the conductance factors'in Table 1.- | | |

Be ==y Ky (lem)i (2)

Where Ki is the conductance factor for the ith ion, and-

(ion); is the concentration in lMeg/L of the 1th ion,

The BCC along witﬁ fhe coﬁmon lons were regressed individually:with.the A
natural logarithm of the ECM as the independent variable. .Thelresulis of.:
the linear regreséion anél}ses for the fouf'éitgé are shéwn in Tablgé-& -
through 7. The general form of the regression equations is: j T

.i(ion>i = bi log(ECH) - ai ) -

Where: B - - l

(i0n); is concentration of the ith
ion in Meg/L-or ECC - o

ail and bi are the regression .
" -constants for the ith ion

HCM is in umhos/cm é~2§éc_ 
The regreésion equations haVe'high R? values gxqep£ fqr:thoseiof:k and. .
Cl. - The Rzlvaiues for!thése fﬁqlioné are consisten%ly low for each site;
The t—v#lues listed in_fableé b throﬁgh 7'fefer'tq'tbe significancg of...
the coefficient bi on the independent variable. The..Oﬁ:significaﬁcé '

level («) for. the regression




TABLE 4
Summary of Linear Regression Fquations with Log (ECM) as the

Independent Variable for the Yellowstone River at Billings

\?:.g;g%izt g Regression Equation R2 Vaiue
ECC ECC = 359.68° Log (ECM) - 1699.03 959 38.60
Ca Ca = 1.322+ 1og (ECM) - 6.004 .923 27.45
Mg Mg = 0.8547° log (ECM) - 4.022 939 31.02
Na _ Na = 0.9595°* Log (ECM) - 4.595 .891 22.68
K | K = .05645« 1og (ECM) - .2509 - . 561 8.97
ALK ALK = 1.543 « 1og (ECM) - 6.716 .963 40,41
HCO4 HCO3=  1.538 - log (ECM) - 6.686 - .962 39.65
SOy S0y, = 1.454 « Tog (ECM) - 7.153 .908 | 24,87
¢l cl = .1409 * 1og (ECM) - .6565 : . 669 11.29

€2




TABLE 5

Summary of Linear Regression Equations with log (ECM) as the

Independent Variable for the Bighorn River at Bighorn

Dependent T

Variable Regression Equation R2 Value
ECC ECC = 1116 « Log (ECM) - 6479 .926 27.66
Ca Ca = 3.047 « Log (ECM) - 16.91 .822 16.75
Mg Mg = 2.420 « 1og (®CM) - 14.17 791 15.19
Na Na = 4,194 « Tog (mCM) - 24.90 .854 18.85
K X = .07011 « Log (ECM) - .3750 396 6.33
ALK ALK = 2.132 « Log (ECM) - 11.04 .736 13.03
HCO3 HCO3= 2.092 « Log (ECM) - 10.78 .707 12.13
SOy soy = 7.018 « Log (ECM) - 41.66 .892 22.50
¢l ) o 2846 + Log (ECM) - 1.635 «571 9.01




TABLE 6
Summary of Linear Regression Equations with Log (ECM) as the

Independent Variable for the Tongue River at Miles City

3:£i2%§2t : Regression Equation R? Vaiue
ECC ECC = 1023 + log (ECM) - 5813 .940 31.27
.Ca Ca = 2.278 « log (ECM) - 12.15 .807 16.09
Mg Mg = 3.756 + log (ECM) - 21.64 .898 23.35
Na Na = 3,067 . log (ECM) - 17.84 . - 811 16.30
X " K = ,09219 * Log (ECM) - .4877 514 8.09
ALK ALK = 3.448 + Log (ECM) - 18.56 .830 1737
HCO3 HCO3=  3.411 + log (ECM) - 18.33 ‘ 822 16,94
SOy S0y = 5.595 * log (ECM) - 32.65 .898 | 23.38
45 Cl = .09498 » Log (ECM) - .5214 535 8.45

G2




TABLE 7

Summary of Linear Regression Equations with Log (ECM) as the

Independent Variable for the Yellowstone River at Miles City

325:2%5? Regression Equation R2 Va]t.ue
ECC ECC = 625.6 *+ log (ECM) - 3272 960 26.86
Ca Ca = 1.834 . log (ECM) - 9.130 933 20.50
Mg Mg = 1.355+ Log (ECM) - 7.070 .907 17.14
Na Na = 2,207 + Log (ECM) - 11.83 .9u8 23.34
X K = .0620 * Log (ECM) - .3069 .837 12.41
ALK AIK = 1,660 « Log (ECM) - 7.816 .960 26,84
HCO3 HCO3= 1.637 + Log (ECM) - 7.688 .957 25.92
S0y, SOy = 3.610 + log (ECM) - 19.56 .927 19. 57
i €l = .1926 + Log (ECM) - 1.006 .840 12.56

92
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constant, bi, is + 1.96. If the t-value is greater than 1.96 or less
than -1.96, then the regression coefficient has §tatistical significance.
Thus, the ééefficients, bi, are all significant, e&en those for the
regression equations of K and C1. The low R2 values-for the K and C1 -
regression equations may suggest fhat the variations in.k and ¢1 are not
sufficiently measu;able with variationé in ECM. The magnitude of tﬁe K
‘and Cl concentrations are relatively émall in compariéon t? those of £he
other common ions. K and Cl concentrations are reported generally to
only two significant figures. The current analytical methods for deter-
mining K and Gl céncentrations can yie}d more accurate results than
have been published.__The publishing of X and C1l concentrations to only
two significant figures is probably due to historical publishing and the
fact that more accurate results have little effect on the cétion-anion
balance., By replacing the regression equations for K and C1 with the
regression equation for ECC and the cation-anion balance equation, a
better set of regressions might be produced( The procedure would be té
calculate all the common ion concentrations, except for K apd cl, from
their respective regression equations and theh solve {he ECC regression_
equation and the cation-anion balance equation simultaneously for K and
Cl. In the ECC regression equation, ECC would be replaced by its
_expression from eduation (2). ' The undesirable aspect of this system 6f
equations is that the cation-anion balance equation is lost as a check
on the predictéd valués of the common ions. The possibility of using

the ECC regression equation to show consistency is also lost.
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The form of the regression equation for ECC may be quite'realis—
tic, i.e. a physical regression equation as opposed to a purely
statistical regression equation. For high ECM values the ECC values
would.tend to be quite a bit larger than the ECM values, whereas at
low ECM values the ECC values would tend to be closer to the ECM values,

_Physically, this may be due to increased interference with ion.mobility
and the possible lack of full ionization of the salt molecules at high
ECM values.' The high,Rz values assoqiéted with the regression equations
for the common ions may indicate that the relative proportions of the
commoﬁ ions in natural water solutions remain somewhat constant. For
example, suppose that the fraction, (ion);/ECC, eqﬁaled a constant:

(30n);/ECC = C4 (%)
Then from the regression equation for ECC '
ECC = B log (ECM) - A

upon suﬁstituting for ECC from equation (4) and rearranging terms, the
following relation is obtained: |

" (ion)y = (C4°B) log (EcM) - (Cy-A)
This is the form of the regression equations for the -common ions, equa-
tion (3) where (Cj+B) would be bi and (C4+A) would be ai.

Using the regression equations in Tabies 4 to 7, and the ECM data
from which the regression equations weré originally generated, values of
the common ions were simulated. These simulated values for the common
ions for the four sites are shown in T#bles 8. through 11. The common ion

concentrations have been converted back to Mg/L for comparison with




TABLE 8
Simulated Common ion Data in Mg/L for

the Yellowstone River at Billings

Ca Mg Na K HCO3 €03 SOy cl (umho/cm @ 259¢)
(Mg/L) (wg/L) (Meg/L) (we/L) (Mg/L) (Mg/L) (Me/L) (Mg/L)  ERR ECM' ECM
7.0 - 13.2 - 264 b 1R 50 - 7,6 6.6 -.0046 391 393
37.7 1%.4 25.9 3.4 351,77 o0 72.9 6.5 -.0048 387 389

‘38,3 13.3  26.4 Fobt 51598 0. Ph.5 6.6 -.0044 396 398

L2 .4 14.9 29.8 £ 168.4 .0 85.4 7.4  -,0021 459 Lé5
40,8 14.3 28.5 3.6 162.8 .0 81.2 7.1 -.0029 L34 438
43,2 15.2 30.5 3.8 171.2 0 87.4 7.6 -.0018 473 479
38.7 13.5 26.8 3.4 1555 50 75:7 6.7 -.0041 402 405
32.1 10.9 29,1 2.9 131.9 .0 58.2 5.5 =.0090 316 315
6.1 7 = b o7 39.7 .0 =-10.4 6 -.2120 123 118
18.0 53 9.5 1.7 81.9 .0 21.0 2.8 -.0332 190 185
L % 10.5 20.5 2.8 128.6 .0 55.7 5.3 -.0098 306 304
4.5 11.8 23.3 3.1 1%0.4 0 64,5 5.9 =-.0070 345 345
D 13.0 25.7 3.3 151.0 .0 724 6.5 -.0049 384 386
38.3 13.3 26,5 3.4 154.1 .0 h.7 6.6 -.0043 397 399
37.5 13.0 25,7 - 151.0 = .0 72.4 6.5 -.0049 384 386

34.1 11.7 22.9 3.1 139.1 .0 63.5 5.8

.0073 340 340

62




Table 8 (Cont.)

Ca Mg Na K HCO3  CO03  SO4 cl (umho/em @ 250¢)
(Meg/1) (Mg/L) (Mg/L) (Mg/L) (Me/L) (Me/L) (Mg/L) (Mg/L)  ERR ECM" ECM
37.9 13.1 26.1 3.4 1524 =..0 3.5 6.6 -.0046 390 392
.9  H3E 28,6 3.6 21633 71 .0 - BGS 7.1 -.0029 436 440
40.3 14.1 28.1 3.5 160.9 .0 79.8 7.0 =-.0032 425 429
23.2 7.4 13.8 2.1 108.3 " *,0 34,7 3.8 -.0204 229 225
14.3 3.9 6.5 1.4 68.9 .0 11.3 2,1 -.0492 166 161
17.1 5.0 8.8 1.6 8.8 .0 18.7 2.6 -.0363 184 179
273 9.0 17.3 2.5 1150 - .0 45,6 b6 -,0141 266 263
32.3 11.0 21.5 2.9 132.8 - .0 58.8 5.5 =.0087 319 318
33.0 i1.2 22.0 3.0 135 % 0 60.6 5.6 -.,0082 327 326
36.5 12.6 24,9 i % 147.5 - a0 69.8 6.3 -.0055 371 372
38.3 13.3 26.4 3.4 153.8 & .0 74.5 6.6 -.0044 396 398
43.5 15.4 30.8 3.8 3724 .0 88.3 7.6 -.0016 478 485
40.3 14.1 28.1 3.6 16049 - <0 79.8 7.0 -.0032 425 429
39.8 13.9 27.7 55 159.3 .0 78.6 6.9 -.0035 419 422
40.9 14.3 28.6 3.6 163.0 - .0 81.4 7.1 -.0029 435 439
46,8 16.6 33.5 44 184.0 .0 97.0 8.2 -.0002 539 549
22,2 78 13.0 % | 96.9 .0 32.2 3.6 -,0223 221 217
16.8 4,9 B:S 1.6 77,8 0 17.9 2,6 -.0374 182 197

0t




Table 8 (Cont.)

HCO3 (umho/cm @ 259¢)

() (ve) (vejn) (vef) (vef) () (nefD) (v mw mHe | ECH
.5 1380 25.7 3.3 151.0 .0  72.4 6.5 -.0049 38l 386
37.2 12.9 25551 %3 150.0 .0 71.6 6.4 -,0051 380 382
43.1  15.2  30.4 2.8 0 17908 0. 8.2 7.5 -.0018 471 477
89,2 176 - 3.8 B3 1927 50 1034 8.7  .0007 588 602
9.0 13.6 270 3.5 1564 ° 10 w98l 6.8 -.0040 406 409
4.2 144 28,8 3.6, 1641 0. - B2.2 72 - 0028 439 Lyly
8.3 Hi.5'" 289 % - q6h.5 o0 8205 7.2 =.0027 ] L6
W,3 157 31.4 3.9 . 1754 = .0 - 903 7.8  -.0013 492 499
23.2 P 13.8 2.4 TTH00.Y S0 Sl 3.8 ~.0204 229 225
18.5 5.6  10.0 1.8 84.0 .0  22.5 2.9 -.0314 194 189
28.6 9.5 18.3 2.6  119.5 = .0 k8.9 4,8 -.0125 279 276
36.1 12,5  24.6 3.2 146.2 .0 68,8 6.2 -.0058 366 367
38.4  13.4  26.5 34 143 .0 7.9 6.7 -.0043 398 400
38.5 13.4 26.6 3.4 154.8 .0 75,2 6.7 -.0042 400 Lo2
41.9 14,7 2905 g 166.,8 .0 84,2 7.3 =.0024 452 457
19.9 6, R =110 1.9 88.8 .0  26.1 3.2 =-.0275 204 199
40.8 14.3 28.5 3.6 162.8 .0 81.2 7.1 =-.0029 L3y 438

40,7 14.3 28.4 3:6 162.4 .0 80.9 7.1 =-.,0030 432 436

49




Table 8 (Cont.)

Ca Mg Na K HCO3  CO3 SOy c1 (umho/em @ 250¢)
(vg/L) (Mg/L) (Me/L) (Mg/L) (Mg/L) (Mg/L) (Mg/L) (Mg/L)  ERR ECM ' ECM
43.9 15 v 01l 3.9 173.7 0 803 7.7 -.0014 485 492
5.0 - 18.2 “H08 3.8 1060 - 850 7.5 -.0018 470 u76
43.4 15,3  30.7 3.8. 1750 .0 5 -88.0 7.6 -.0017 476 483
39.1 13.6 27.1 3e3 156.9 .0 76.8 6.8 -.0039 Lo8 h11
30.3 10.2 19.8 2.7 125.7 20 53.6 5.1 -.0106 297 295
- | 3.0 4,6 iz 61,0 - D 5.4 1.7 =-.0651 153 148
12.8 3.3 5.2 1.3 63.5 .0 73 1.8 =-.0593 157 152
26.2 8.5 <16, 2ol 110,990 = b826 4.3 -.0156 255 252
36,6 12.6° 25.0 9.3  CAWABEE 0 2050 6.3 -.0055 372 373
40,9 14.3  28.6 3.6° 6307 .0 Bl 7.1 -.0029 435 439
38.8 135 26.9 3.4 1557 %0 75.9 6.7 -.0041 403 Loé
4o.2 14.1 28.0 3.6 1680.7 * .0 79.6 7.0 -.0033 Loy 428
9.8 “ 1380 - 27.2 3.5 9. 00 PEh 6.9 -.0035 418 421
39.5 13.8  27.4 35 185:2 . 0 2.8 6.9 -.0037 Ll 417
19.9 6.1 - 151 1.9 BB.8 <0 26,4 3.2 -.0275 204 199
2.2 10,9 - 21.5 -1 TR v S, M 5.5 -.0088 318 317

2€




TABLE 9

Simulated Common ion Data in Mg/L for

the Bighorn River at Bighorn

Ca Mg Na K HCO3 CO3 S04 ol
(we/1) (Me/L) (Me/L) (Me/L) (wg/L) (Mg/L) (ve/L) (Mg/L)  ERR

(umho/em @ 250¢)

ECM'

ECM

81.8
76.9
82.2
80.2
79.8
80.5
81.1
79.5
75.8
72.3
64.5
49.7
77.2
65.5
76.2
65.1

30.4
28.1
30.6
29.7
29.4
29.8
30.1
29.3
27.5
25.8
22l
14.9
28.2
22,6
27.7
22.4

91.8
84,1
92.4
89.4
88.6
89.8
90.7
88.2
82.4
76.8
64,6
41.1
84.5
66.1
82.9
65.5

4,2
4.0
4.2
b.2
b.1
4.2
b.2
b1
4.0
3.8
3.4
2.8
4.0
3.5
4.0
3.5

2217
211.4
222,5
218.4
2575
218.9
220.1
216.9
209.1
201.7
185.6
154.5
212.0
187.6
209.8
186.8

.0
.0
.0
.0
.0
.0
.0
.0
.0
.0
.0
.0

.0
.0

321.4
294.2
323.4
312.7
310.2
314.1
317.2
308.8
288.2
268.7
226.0
143.9
295.7
231.4
290.1
229.2

11.5
10.7
11.6
i1.3
11.2
11.3
11.4
11.2
10.6
10.0

8.7

6.2
10.8

8.9
10.6

8.8

.0021
-.0001
.0023
.0015
.0013
.0016
.0018
.0011
-.0007
-.0026
.0077
0237
,0000
.0069
.0005
-.0072

982
906
988
957
950
961
970
946
890
8u41
741
581
910
753
895
748

982
906
988
957
950
961
970
L6
890
840
740
580
910
752
895
747

59




Table 9 (Cont.)

Ca Mg Na K HCO co S0y, cl (umho/em @ 25°¢)
(g/1) (Mg/L) (Mg/L) (Mg/L) (Mg/Z) (Mg/2> (Mg/L) (Mg/L)  ERR ECM" ECM
72.0 25.7 76.3 3.8 201.1° .0 267.1 9.9 -.0027 837 836
?1.0 252 7.8 3.7 199.1 .0 261.8 9.8 -.0033 82k 823
76.6 27.9 83.7 4,0 210.8 %0 292.7 10.7 -.0002 902 902
77.9 28.5 85.7 4,0 213.5 .0 299.8 10.9 0004 921 921
92.5 35.6. 4087 L.7 24,0 1.0 380.4 13.3 .0061 1173 1170
68.8 24,1 71.2 3.6 194.4 .0 249.3 9.4  -,0047 794 793
73.6 . 26,5 = 98.8 1.9 . 204.5 .0 - 275.9 “10:F 0 =.0018 859 858
7.4 28.3 84.9 4.0 242.5 - .0 297.2 10.8 .0002 914 914
71.0 25,2 74.8 37 199.1 .0 261.8 9.8 -.0033 824 823
75.0 27.1 81.1 3.9 207.4 .0 283.7 10.4 -,0011 879 878
69.8 24,6 72.8 37 196.5 .0 254,8 9.6 -.,0041 807 806
73.6 26.5 78.9 3.9 204.6 .0 272643 . 10.2 - ~.0018 860 859
66.3 23.0 67.4 3.5 189.3 .0 235.9 9.0 -.0064 763 762
78.2 28,7 86.2 L,q 212 .0 301.6 11,0 .0005 926 926
733 26.3 78.4 3.8 203,95 .0 274.3  10.1  -.0020 855 854
4.5 26.9 80.3 3.9 206.4 .0 281.0 10.3 -.0013 872 871
26.6 - 27.9 83.5 4,0 240.7- 40 292.4 10.7 -.0003 901 901

78.9 29.0 87.2 h.1 295.6 .0 305.2 11.1 .0008 936 936

s




Table 9 (Cont.)

| HCO cl (pmho /en @ 250¢)
(o) () Mgy (me) (/D) (g ey (v e G pow
79.5 29.3 88.2 b,1 216.9 .0 308.8 11.2 .0011 L6 946
28,0 . 286 B9 oGl T FE13.8 S 005300, 5 0.9 .0004 923 923
64,5 22,1 6l4.6 3.4 185.6 .0 226.0 8.7 =-.0077 741 740
65.1 2.0 1 5655 3.5 186.8 0 229,2 8.8 -.0072 748 747
81.9 30.5 91.9 h,2 220.8 =0 321.7  11.6 .0022 983 983
2.3 - o292 87,9 b1 2168 .0 WHT 11.1 0011 943 oL43
80.0 B R B b1 2180 = 0 55 1 90 o L 0014 954 954
78.2 28.7 86.2 b 214.2. .0 301.6  11.0 .0005 926 926
51.6 15.9 44,2 2.9 158,6 .0 154.8 6.6 -,0208 600 599
51.5 15.8 , 44,0 2.9 158.4 .0 154.2 6.5 =-.0210 599 598
52.6 16.4 45.8 2.9 160.7 .0 160.3 6.7 -.0195 610 609
82.1 .5 922 ¥.2  gop el 322.8 11.6 .0022 986 986
82.6 30.8 93.0 T i o Y LA 125:5 417 .0024 994 994
80.6 29.8  90.0 2. 219.2.° .0 314.8  11.4 .0016 963 963
83.5 31.3 9.6 B3 o 228035140 330.9 11.8 .0028 1013 1010
93.0 35.8 109.6 4,7 - 245.1 1.0 383.3 134 .0062 1183 1180
85.9  32.4 98,3 bt  230.2 1.0 344,0 12,2 .0038 1053 1050

78.7 28.9 86.9 h.1 215.1 .0 304.1 11.0 .0008 933 933

Ge




Table 9 (Cont.)

K HCO cl (umho/em @ 259¢)

(Mg/L) (Mg/L) (Mg/L) (Mg/L) (Mg/ﬁ) (Me/ g) (Mg/L) (Mg/L)  ERR ECH" ECM

76.4 27.8 83.3 4,0 210.4 .0 291.6 10.7 -.0003 899 899

W25 26,8 9.8 3.9 208,80 L2ME 03 T L0015 868 867

65,2 - B0 675 3.5 189.1 .0 2354 9,0 -.0064 762 761

76.5 27.9 83.4 4,0 210.6 .0 292.0 10.7 =-.0003 900 900

74 28,3 849 B0 T 212,50 2977 7 10,8 .0002 914 914

7h4,1 26.7 79.7 3.9 205.6 .0 279.0 10.3 -.0015 867 866

SES 5 2.6 8.5 %0 209.4 .0 289.0 10.6 =-.0006 892 892

78.8 28,9  87.0 4,1 2153 .0  304.5 11.0 .0008 934 934 -

95.0 1 29.4: 84,1 3.9 . 2078 .07 -Z283,7 4040 =i0014 879 878 o

63.1 21.4 62.3 3.4 182.6 .0 218.2 8.5 =-.0088 724 723

92.0 35.3 107.9 L,7 242.9 1.0 27755 -13.2 .0059 1163 1160

89.8  34.3 104.5 $.6° “238.5 1.0 " 365.7 = 12,9 .0052 1123 1120

55.4 17.7 50.1 3.0 166.4 .0 175.5 P2 =060 638 637

87.1 32.9 100.1 4,5 232.,6 1.0 303 125 ,0042 1073 1070




TABLE 10

Simulated Common ion Data in Mg/L for

the Tongue River in Miles City

Ca Mg Na K HCO co S0y, 4} (umho/em @ 250¢)
(ve/t) (we/t) (We/v) (We/r) (ve/D) (Me/o) (e/D) (Me/i) —wmm BN BN
59.0 39.5 57.1 4.8 260,8 .0 212.6 3.8 -.0023 752 755
61.8 42,3 61.4 5.0 273.3 1.0 228.8 4,0 -,0018 801 802
77.0 57.5 84.9 6.2 342.9 1.0 318.6 5.2 .0001 1117 1120
81.3 61.8 91.5 6.6 362.4 1.0 343.8 5.5 .0005 1227 1230
7.3 51.8 76.1 5.8 316.8 1.0 284,9 L,7 -.0005 986 988
69.8 50.2 V37 5.7 309.7 1.0 275.8 4.6 -.0007 953 955
77.8 58.3 86.2 6.3 346.5 1.0 323.4 5,2 .0002 1137 1140
67.8 48,2 , 70.6 85 300.6 1.0 264.0 h,5 -,0009 912 914
50.4  30.9 43,6 b, 221.4 .0 161.8 3.2 -.0044 623 625
25.9 6.3 5.9 2.2 109.5 .0 17.3 1.4 -,0282 364 365
50.6 311 L, 4.2 222.4 .0 163.1 3.2 =.,0043 626 628
54,3 34,7 49,7 RAp o 239,00 184.5 3.5 =.0033 677 680
70.9 51.4 75.5 5.8 315. £ 1.0 282.7 4,7 -.0005 978 980
6l b4 Ll ,9 65.4 5.2 285,2 1.0 2Uh, 1 h,2 -,0014 848 849
65.9 46.3 67.7 5.4  292.0 1.0 252.9 4,3 -,0012 875 877
73.2 53.7 79.0 5.9 325.4 1.0 296.1 4,9 -,0003 1028 1030

LE




Table 10 (Cont.)

K HCO ¢l (umho/cm @ 259¢)
(M) (Mgt (Men) (Me/n) (vefd) (ne/d) (vef) (nefn) Em mone o
774 57.9  85.5 6o a7 Al STPN.0 T 5.2 7. 0008 1127 1130
M.t 6 B 6.0 T 3294 1.0 - 301.3 b9 -,0002 1048 1050
M7 S D 6.0  327.% 1.0 - 298,7 4,9 ~-.0002 1038 1040
79.0  59.5 88,0 6.4 352,0 1.0 330.3 5.3  .0003 1167 1170
66.3  U46.8  68.4 5.4 294,14 1.0 255.6 4.4 -,0011 88l 886
3.9 154  19.8 2.9 350,29 .50 9045 2.0 -,0125 Iy b5
3.3 198w 2608 3.3 . 1008 .0 96.4 2.4 -.0091 489 490
48.5 28,9 40,8 BiQ PRI 0 - A 3,000, 0050 597 599
S5 87 36,3 w522 67 2h6.2 .0 193.8 . 3.6 =,0030 701 204

7.4 376 . 2 B9 b 283, AL ERES R R 0027 721 o2l

3.2 53.7 79.0 5.9 325.4 1.0 296.1 L,9 -,0003 1028 1030
75.4 55,9 8.4 6.1 3353 1.0 3088 5.0 =-,0001 1077 1080
770 57,5 .. Bh9 . %2320 4.0 318.6 - 5.2 " ,0001 1117 1120
.2 - 56,7 836 - B2UEIINN 10 3138 5. 5.1 50000 1097 1100
36,7 | 19.24 22,67 3.1 4550 0o 8.2 2.2 20110 462 163
67,0 47.5  69.5 . Bh 207,14 1.0 259.5 bk ~,0010 897 899

76.2 56,7 . 836 6,2 - 9.4 10 338 83 0000 1097 1100
3. o 258 3.8 3.6 189.1 .0 120.0 2.7 .0070 533 535

8t




Table 10 (Cont.)

(el () (e (e () () (el (e ma o e o o
62.9 43,4  63.1 5.1 278.5 1.0 235.5 4,1 -,0016 821 822
67.2 47.6  69.7 5.5 297.8 1.0 2604 4.4 -,0010 900 902
7183 51.8 76.1 5.8 316.8 1.0 284.9 h,7 -,0005 986 988
70.3 50.8  74.5 b s gt s Y B 278.8 4,7 -,0006 964 966
57.2 3747 54.3 L, 9. 25,3 - .0 201.7 . 3.7 -.0027 722 725
77.8 58.3 86.2 6.3 346.5 1.0 el b 52 .0002 1137 1140
8.2 - W86 M2 5.5  302.4 1.0 266,3 4,5 =-,0009 920 922
321 12.6° =252 et 160.8- .0 83.5 - 2.2 -,0106 466 467
2.4 32,9 46.9 4,3 26 O 173.6 3.3 -.0038 651 653
66.1 46,6 68.0 5.4  292,9 1.0 254.,1 4,3 -.,0012 879 881
59.3 39.7 57.5 4,8 261,97 0 214.0 3.8 -.0023 756 759
79.0 59.5 88.0 Gl o 352.0 ;1.6 330.3 5.3 .0003 1167 1170
78.2 58.7  86.8 6.3 348.4 1.0 325.7 5.2 .0002 1147 1150
71.9 2.9 76.9 5:8 319.3 1.0 288.1 4,8 -.0004 998 1000
69.0 49.5 72,5 5.6  306.2 1.0 271.2 4,6 -,0008 937 939
69.9 50.4 73.9 5.7 310.3 1.0 276.6 L,6 -.0007 956 958
66.4  U46.9 68.5 g4 -l ooh.3 1.6 255.9 4,4 -,0011 885 887

L4o.5 21.0 28.5 3.4 176.2.. .0 103.5 2.5 -.0084 502 503

6€




Table 10 (Cont.)

c1 (umho/cm @ 25°c¢)

. A o e e (R e mow' Bow
49.3 29.8 . 42i 4.0 216.4 .0 155.3 3.1 -.0047 608 610
47,0 27,5 538587 . 3.9 205.9 .0 141.7 2.9 -.0055 578 580
56,8 37.3 53.7 L,6 25006 = 199.5 3.7 =-.0028 716 719
71.7 59 8 76.7 5.8 318.6 1.0 287.3 4.8 -.0004 995 997
68.3 u8,7 71.4 5.5 302.8 1.0 266.9 4,5 -,0009 922 924
62.4 42,9 62.3 5.1 296.2 1.0 292.5 W =0017 812 813
64.9 L5, 66.2 5.3 287.6 1.0 247.3 L,3 -,0013 857 859
70.1 50.6 4.3 5.7 1.0 1.0 278.0 L,6 -.0006 961 963
53.4 33,8 48,4 L4 2350 .0 199:3 7347 <0036 664 667
50.6 31.0 44,0 b.1 222.1 B 162.7 3.2 -,0043 625 627
72.8 53.2 78.3 5.9 323.4 1.0 293.5 4,8 -.,0003 1018 1020
70.4 50.9 4.7 547 312.7 1.0 279.7 L,7 -.,0006 967 969
59.3 39.7 575 W8 = 261,99 .0 214,0 3.8 -.0023 756 759
67.1 b7.5 69.5 5¢5 297.3 1.0 259.8 L4  -,0010 898 900




TABLE 11

Simulated Common ion Data in Mg/L for

the Yellowstone River at Miles City

(Mg/t) (Me/) (e/u) (ng/m e/ (ue)d) (mel) (gt

(umho/em @ 259¢)

ERR ECM" ECM
56.8 21.5 59.0 3.8 48,5105 191.7 8.9 .0021 681 681
0.9  23.4 647 b1 193.7 1.0  211.1 9.6 .0019 762 762
64,0 24,7  68.9 4.5 - 2020 1.0 225,85 >~ 14.2 - 0017 827 828
65,2 253 w09 Bl  205.5 1.0 231.5  10.4 .0016 856 857
627 - il Z o 672 B2 1986 £.0 . 21,6 10,0 _ .004B 800 800
50.0 18.5  49.6 3.4 1640 1.0  159.6 7.6 .0026 566 566
33.9 11.2 27.4 23 $20.2 .0 83.5 L.,6 0047 364 365
23.3 6.5 12.8 1.6 9496 20 33.8 2.7 .0084 274 274
35.8 -5 12,4000 S00T 2.5 425,50 .0 92.8 5.0  .0043 384 385
B39 7 15.2- 8.3 3.0 $82.6 T30 13100 6.5 ' 003} 478 480
55.6 - 24,0 59K 3.7 179 11,0 - 1862 8.7 .0021 660 660
63.8 24,6 68.7 4.3 201.6 1.0 224,77 10.2  .0017 824 824
56,3 21.3  SEB 3.8 ' 1810 1.0 8.8 ,0021 671 671

189.1

2]




Table 11 (Cont.)

Ca Mg Na K HCO co SOy €1 (mmho/cm @ 250¢)
(Mg/1) (Me/r) (Mg/r) (Me/r) (ve/t) (we/T) (we/T) (we/r) mmm mme gow
6.2 12.3 < 30.6 2.5 126.6 .0 ok.6 5.1 L0042 388 389
57.9 22,0 60.5 3.9 185.4 1.0  196.7 9.1 .0020 701 701
55.7 21,0  57.5 3.7 179.5 1.0  186.5 8.7 .0021 661 661
19.5 4.8 7.6 1.4 81.2 .0 15.8 2,0 .0115 2147 247
43,6 15.6 40,7 2.9 146.5 .0 129.2 6.4 ,0032 473 C 475
56,1 21.2 58,0 3.8  180.6 1.0  188.3 8.7 .0021 668 668
60.1 23.0 63.7 4,0 191.6 1.0 207.5 9.5 .0019 746 746
58,0 22.0  60.6 %9 1857 1.60 " 197.2 9.1  .0020 703 703
37.5 12.9  32.4 B.55. 13051 .0 T 00gE 5.3  .0040 1402 403
B9 108 - T 3.2 158.2 .0 - .149.% 7.2 ,0027 532 534
61.0 23.4  64.9 4 > 194,07 1.0 '~ 214:b 9.7 .0018 6L 76l
66.% w25 " onm 4.4 208,5 1.0 236.7 10.7 .0016 882 883
Lo,7 14.3 36.7 2.8 138.7° 40 115.5 5.9 0035 438 439
63:6 - 20.4% .7 3.6 1739 1.0 176.8 8.3 .0023 625 625
50,3  18.6  50.1 3.4 1649 1.0  161.1 77 550025 571 571
57,9 22,0 - 60:6 3.9 185.5 1.0  196.9 9.1  .0020 702 702
60.2 23,1  63.8 4,0 :191.9° 4.0 .7 207%.9 9.5 .0019 748 748
19.8 4.9 8.0 1.4 82.0 .0 1258 2.0 0112 249 249

59.0 22.5 62.1 4,0 188.6 1.0 202.3 9.3 .0019 724 724

ch
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Tables A to D in Appendix I. Included in Tables 8 to 11 are the values;

.éf the ERR determined from the simulated values for the common ions. Also

included in these Tables is a’ predlcated value,’ EGW‘, of ECHM and the

actual value of ECM. ECM® was obtained by determining a value for ECC,

ECC*' from thé simulated results:df the common ion concentrations-(equa~-.'

tion 2) and then by solving the regre531on.equatlon for ECC (equatlon 4)p

for ECH's _ ' ECo* == iKi(lon)i (@
ECC* = B log (ECM®) - A (W) -
maw' = me( (1/8) - Boox + (4/B) ) (5)

By substituting into equation (2) the regression equation expression.for.
each of the common ions given by equation (3) and then substifuting this

into equation (5), the following expression is obtaineds - -~ ° -~ -

Bon' = ( (man)1/BGKPL) ) (mxp (a/B) (BXP (-1/B. (=Kgal) ) fo

In order for ECM' to equal ECM in equation (6), the following must hold:
B A7)
A (8

I

EiKybl

=3Kjal
The closeness of the values of ECM' and ECM 1n-Tables 8 fo ll further-
supports the conjecture that the relative proportions of the common ion
concentrations remain somewhat consiant 17l natural waters, .
The Yellowstone River at Billings is the only site.of the four.
above which there is no major fegulation of flow;' The Bighorn‘River at
Bighorn is regulated quite heavily by Yellowtail ﬁeservoir ﬁhiég.is on -

the Bighorn River mainstem approximately 100 river miles upstream. The ..

Tongue River at Miles City'is regulated to some extent by the Tongue River- |




Ly

; Reseryoir, but not to the degree of the Bighorn River (Ref. 12). The
site on the Yellowstone River at Miles City being above the confluence
with the Tongue River is only influenced by Yellowtail Reservoir. Tables
8 to 11 may indicate that flow regulation reinforces or maintains this
relative proportioning of the common ions. The simulated values in
Tables 8 to 11, with the observed data in Tables A to D in Appendix I,
compare favorabiy in most cases. The values of the ERR in Tables 8 to 11
give an indication of the quality of the simulated common ion concentra-
tions, Of particular interest is the fact that in Tables 8 to 11, the
largest absolute values of ERR occur consistently for the lowest ECM
values._ The relative proportions of the common ions break down or are
altered at apparently low ECM conditions. Low ECM values are generally
assoclated with relatively high flow conditions. To improve the regres-
sion equations at low ECM conditions, the addition of a flow dimension was
conéidered.

As previously mentioned, as Q increases the concentration of
dissolved éonstituents decreases., Regression equations involving the
concentration of. dissolved constituents wi£h Q are generélly developea on
the basis of the logarithm of the concentration in Mg/L versus the loga-
rithm of @ as the independent variable, The‘fopm of these equations is:

log(ion); = log(ai) - bi log(q) (9)
These regression equations are then solved for the ion concentration to
give:

(ion); = ai(Q)~Pt (10)




A5

Where: |
(ion); is the concentration of the ith ion
Q is the flo% .
‘al and bi are regression constants.

By altering the régression equations,.the corresponding Rz‘valués are not
necessarily éppliéable,. és?;s especiaily trueiwhen the ;eéfeésion equa-
tiohs.ére méré Statisticallthan physical in éharicter, .Aé ﬁféfi&uélf".
mentioned, TBS has received thé most interest in.ité inverse rélationship
with Q. ECGM and'TDS_cofrelate very strongly as might;be expec%ed since
. they essentially ﬁeésufe the same thing, ’Table 12 shows reéreésion equa- .

tions of the form:

log (ECM) = log (A) - B 1og(Qj1‘ B (ilj/f
for the four siteé; The'extrémely'lov R? Qélﬁes for the Bigho;n-aﬁd.Ton;
gue Rivers are most likely indicative of their ﬁ?stréam regulation. MNote:
that‘thé t~value for the Bighorn-Rivei at Bighorn.indicatesfthat,the-
coéfficient on thexlbg(Q)-térm.is hot signifiééntl§‘éifferéﬁflthég ZeT0 .
This indicates no épprecigble relationshié between‘EGﬁ and Q. This sarie
’situation of idw Rzivalues was found for regreésions ih&oiviﬁg.the'hatufal.
logarithm of the individpal common ions, in Meq /L concentrétioﬁs, with-{he .
natural logérithm of flow. |

Tables 13:£hrough 16 Shéw ééts'af regression gquatioﬁé for each of
the four sites. These regression equations involve the}néiurél‘lqgarithmé
of ECHM and Q as indepeﬁdéhﬁ variables and the’ngfuréi logafifhﬁ‘of the’,‘

individual common ion concentrations as dependent variables. ~The .form




TABLE 12

log (ECM) vs. log Q Linear Regression Equations for the Four Sites

Site Regression Equation R2 +-Value

Yellowstone at ' log (ECM) = 9.501 - .4218..1og Q .871 » -20,66"
Billings R

Bighorn at log (ECM) = 7.175 - .04B15-log Q .023 - 1.202

" Bighorn

Tongue at . log (BOM) = 7.764 - ,1763. log Q .322 - 5,123
Miles Clty :

Yellowstone at log (ECM) = 10.57 - 444l «1og Q . 706 ‘ - 8.043
Miles City : .

9t




log (ion) vs., Log (ECM) & log (Q) Regression Equations

TABLE 13

for Yellowstone River at Billings

3:?:2%§2t Regression Equations R2 t-Value
log (ECC) log (ECC) = 1.044-log (ECM) - .01531+1og () - .03149 .992 31.29
“log (Ca) log (Ca) = .8129+log (ECM) - .05760°1log (Q) - 3.760 963 -1%:2;6
log (Mg) log (Mg) = .9948+log (ECM) - .05535°1log (Q) - 5.430 .983 '1323§8
log (Na) log (Na) = 1.308-1log (ECM) + .03793+log (Q) - 8.042 | <964 -1§:283
log (K) log (K) = ,5696+*1log (ECM) - .1226° log (Q) - 4.859 <759 3:2239
log (AIK) log (ALK) = .8578+log (ECM) + .02842°:log (Q) - 4.462 .978 -23:2?9
log (HCO3) log (HCO3) = .8529:log (ECM) + .02709:log (Q) - 4.423 977 1;:222
log (SOy) log (SOy) = 1.450<log (ECM) - .02274+log (Q) - 8.098 .967 1&:23
log (C1) log (C1) = .5552+log (ECM) - .2867* log (Q) - 2.641 798 5 22223

- 3,043

i




TABLE 14
Log (ion) vs. lLog (ECM) & Log (Q) Regression Equation

for Bighorn River at Bighorn

Nependent

Variable Regression Equations R? t-Value
log (ECC) log (ECC) = 1.096°log (ECM) - .001001+log (Q) - .4425 947 32,45
log (Ca) log (Ca) = .8956+log (ECM) + .03341 « log (Q) - 5.037 842 1722336
log (Mg) log (Mg) = 1.117:log (ECM) - .005305+log (Q) - 6.739 .8l 1%36
log Na) log (Na) = 1.274:log (ECM) - .OMA34 «1og (Q) - 7.033 .867 193?27
log (K) log (X) = ,7306+log (ECM) + .05444 « 1og (Q) - 7.718 431 - 2:;?%
log (ALK) log (ALK) = .6712<log (ECM) + .03059 * log (Q) - 3.583 w2 11:221
log (HCO3) log (HCO3) = .6612:log (ECM) + .03386° log (Q) - 3.545 746 15:83
log (SOy) log (S0y) = 1.271:log (ECM) - .01324- log (Q) - 6.747 .929 2?2%2
log (C1) log (C1) = 1.117+log (ECM) + .04076+ log (Q) - 9.153 .606 -9.5326

1.107




Log (lon) vs. log (ECM) & log (Q) Regression Equations

Dependent

TABLE 15

for Tongue River at Miles City

Variable Regression Equation R2 t-Value
log (ECC) log (ECC) =  1.124+log (ECM) - .001299:log (Q) - .6289 977 42,06
log (Ca) log (Ca) = .8215:log (ECM) + .007594-1log (Q) - 4.433 .852 -15:é2
log (Mg) log (Mg) = 1.273+log (ECM) + .02187 . log (Q) - 7.458 940 26:326
log (Na) log (Na) = 1,207+log (ECM) - .06028. log (Q) - 6.807 .902 1%:32
log (X) log (X) = ,8247.1og (ECM) + .02084 . log (Q) - 7.729 .635 3 3133
log (ALK) log (ALK) = ,7586+log (ECM) - ,04305. log (Q) - 3.344 .896 16:;§
log (HCO3) log (HCO3) = .7511-log (ECM) - .04319.« log (Q) - 3.297 .892 :1§:§§
log (SOy) log (SOy) = 1.403+log (ECM) + .02590 . log (Q) - 8.049 .958 31.87
log (C1) log (C1) = .9806:log (ECM) - .001571-log (Q) - 8.787 « 550 %:gg

64




TABLE 16
log (ion) vs. Log (ECM) & log (Q) Regression Equations

for Yellowstone River at Miles City

Dependent

Variable Regression Equations R2 t-Value
log (ECC) log (ECC) = 1.105-log (ECM) + .003845:1log (Q) - .5665 .994 36, 57
log (Ca) log (Ca) = .9648+log (ECM) + .06474 « log (Q) - 5.860 .954 12:?3
log (Mg) log (Mg) = 1.012:log (ECM) - .05641 ¢ log (Q) - 5.539 935 éiZ?
log (Na) log (Na) = 1.252:log (ECM) - .02602+ log (Q) - 7.016 .989 -2§:2§ &
log () log (X) = .8509:log (ECM) - .01299 * log (Q) - 7.779 Ao é:?é
log (ALK) log (AIK) = .6012+log (ECM) - .07205 -+ log (Q) - 2.165 .970 -1o:$g
log (HCO3) log (HCO3) = .6089:log (ECM) - .0624 + log (Q) - 2.310 .966 -12:35
log (SOy) log (SOy) = 1.468:10g (ECM) + .05844 + log (Q) - 8.765 .981 -2§:§g
log (C1) log (C1) = 1.003+log (ECM) - .1048 + log (Q) - 6.977 .868 é:gg

- 1.20




- st
of these regression equations is given by: '
log(ion); = ail log(ECM) 4 bi log(Q) - log(ci) - (12)
Where ai, bl and el are regression constants. Comparing these sets of
regression equations with those in Tables 4 to 11, it is apparent that

the R? values are generally larger for the sets involving Q. Many of the

t-values for the regression constants bi, which are the coefficlients on the

log(Q) term, indicate that bi is not significantly different than zero.

These t-values are the lower values shown for each regression equation in

~ Tables 13 to 16. These regression equations reduce to:

log(ion)y = ai log(ECM) - log(ci) (13)
From which the following relation for (ion)i'is obtained:
(1on)y = 1/ci(mam)ad ()
Since the regression equations in Tables 13 to 16 must be altered to
obtain values for the comﬁon ion conéentrations, the corresponding R2

values are not directly applicable. Although, these RZ values should

- glve an indication of the fit of the altered regression equations, espe-

cially if the equations involve some underlying physical relation.
Using the regression'equa£ions in Tables 13 to 16 and the ECM
and Q data from which the regression equations were generated, values
for the éommon ion concentrations were simulated. These simulated values -
for the common ions for the four sites are sﬁown in Tables 17 through 20.
Included in. these Tables are values of ERR caleulated from the simulated
common ion concentrations. The values in Tables 17 to 20 are comparable'

to the values in Tables 8 to 11 and Tables A to D observed in Appéndix




TABLE 17 .

Simulated Common ion Data for the

Yellowstone River at Billings in Mg/L

Ca Mg Na K HCO3  CO3 SOy ¢l ERR ECM Q
(pmho/cm @ 259¢) (cfs)
36.3 12.5 25.5 Fed 151.3 .0 69.3 5.7 =-.0142 393 6090
. 36.6 12.6 - 24,9 Y2 148.9 .0 68.7 6.2 -.0054 389 4640
37.7 13.0 25.4 3.4 150.9 0 71.3 6.7 -.0004 398 3700
4y, 2 15.7 30.5 3.9 169.9 .0 90.5 8.4 .0024 465 2180
41.3 14,5 28.6 3.6 162.8 .0 82.4 7.5 =-,0011 438 2970
43,1 15.4 327 3.6 178.2 .0 92.7 6.8 =-.0222 479 5000
38.3 133 " -26.0 3.4 153 R0 73.2 6.7 -.0015 405 3690
30,3 - 100 - 19.1 . 2.8 42540 .00 ik 8002 FE.0. 7 < 0018 315 6230
12.2 3.4 5.7 e 5261 0 11.6 1.7 -.0456 118 41300
18.6 5.6 9.9 1.8 81.8 2t 227 2.8 -.0150 185 16500
29.2 9.6 18.3 2.7 122.0° .0 47.6 4.8 -,0037 - 304 7020
32.6 - 14,0 2155 2:9 . 1355 0 57.2 5.2 -.0083 345 6510
36.2 12.5 - 24.% 3.2 148.2 0 67.8 6.0 -.0067 386 4930
37.6 13.0 25.6 s $51,2 71.4 6.4 -.,0041 399 4180
36.6 12.6  2h.5 For 147.5 .0 68.1 6.3 -.0017 386 4160
v 11.0 20.9 3.0 132.9 0 56,4 5.6 .0018 340 4840




Table 17 (Cont.)

Ca Mg Na K HCO3  CO3 SOy c1 ERR ECM Q
(pmho/em @ 250¢)  (cfs)
2.7 13.0 24,7 3.4 148.3 .0 70.1 6.9 .0057 392 3110
k1.5 14.6 28,7 =+ 37 1634 -0 82.9 7.5 =.0012 ) 2940
Lo.4 14.1 27.9 3.5 160.4 .0 79.7 a2y~ 0027 429 3330
22.0 6.9 12.7 2:1 96.1 0 30.3 3.3 -.0140 225 13700
16.2 4.8 8.4 1.6 7305 .0 18.4 2,3 -.0274 161 24400
17.6 B3 9.6 1.7 806 . .0 21.4 2.4 -,0337 179 27000
25.6 8.2 15.3 2.4 108,5 .0 38.3 Lo1  -.0047 263 8890
30.2 10.0 19.5 2.9 1978 .70 50.7 4.8 -,0080 318 7440
3%1.1 10.4  20.0 2.8 29,2 "0 52.7 5.1 -.0048 326 6460
35.0 11.9 23.6 3.1 143.9 .0 64,1 5.8 -.0069 372 5370
37.4 12.9 25.6 3 151.6 5,0 71.0 6.3 -.0056 398 Lo
45,7 16.4 32.2 4.0 176.0 .0 96.2 8.7 -.0005 485 2140
40.5 14,2 27.9 3.6 1602 1.0 79.8 7.3 -.0013 429 3160
39.7 13.9 27.4 3.5 15830500 77.8 7.0 -,0027 422 3470
40,7 14.3 29.0 3.5 164.4 .0 82.1 6.9 -.0093 439 3970
u6,7 17.2 39.9 8.0 22031 5D 111.6 6.3 =-.0469 549 8500
21 6.6 iy 2.0 93.5 .0 28.7 3.2 -.0166 217 15200
17.8 5.3 9.4 1.7 798 - 0 21.2 2,7 -.0183 177 18500
36.8 12.7 24 L 3.3 147.0 .0 68.3 6.6 .0021 386 3650

159




Table 17 (Cont.)

Ca Mg Na K HCO3  CO3 SOy cl ERR ECM Q
(pmho/em @ 250¢) (cfs)
35.5 §2.:2 24,5 i % | 147.6 .0 66.5 5.7 =-.0118 382 5970
4,2 15.8 2.0 . 38 1751 =0 93.2 7.8 -.0083 477 3030
56.0 20.8  42.0 4,8 208.9 .0 1330 1125 =i0087 602 1330
39.0 13.6  26.1 3.5 15360 .0 74.5 T2 .0034 409 3030
41.8 14,7 29.1 3.7 164.7 .0 84.0 7.5 =-.0022 Ldyly 2970
b1.5 14,6 29.4 3.6 166.1 84,2 7.2 -.0075 46 3560
45,0 16.2 34.3 3.8 183.7 98.7 7.3 -.0208 499 4240
21.3 6.7 12.9 1.9 b a0 29.9 2.8 -.0353 225 24200
18.8 5.7 10.2 1.8 83.4 .0 23.4 2.8 -.0181 189 17600
26.6 8.6 16.3 2.4 113.1 %0 b1.1 4,2 -.0073 276 9000
35,2 12.0 22.9 5 55 181,05 50 63.3 6.3 .0036 367 3890
37.8 13,4 25.6 3.3 1510 - 71.8 6.6 -.0017 400 3830
38.0 1%, 25,7 3.4 152.2 0 72.4 6.7 -.0012 402 3720
42,6 15.1 30.3 3.7 169.0 .0 87.5 7.5 =.0059 457 3140
18.9 5.8 11,2 % 1 X S 24,8 2.4 ~,0446 199 33400
40.3 14.2 29.0 3.4 164.7 .0 81.6 6.6 -.0134 438 L610
40,2 14.1 28.8 3.5 1639 0 81.1 6.6 -.0121 436 Ly50
45,7 160 9 3.9 179.2 .0 97,7 8.2 -.0075 492 2680
Uy Ly 15.9 3162 3.9 g 5 93.1 8.0 -.0053 476 2730

HS




Table 17 (Cont.)

Ca Mg Na K  HO3 €03 SO,  Cl ERR ECM Q
(pmho/cm @ 259¢) (efs)

b5,.1 16.4. 33 3.9 - 175,2 4.0 95.3 - 8.2 -.0047 483 2550
8.7 . 13,5 . 2680 a5 ateis Fol 4.7 6.7 -.0031 411 3770
28.7 9.4  17.5 26" 118,250 45,6 4.8 .0006 295 6440
14.8 4,3 7.6 1.4 69.2 .0 16.1 2.0 -.0451 148 38600
15.3 4.5 7.8 1.5 70.3 .0 16.8 2.1 -.0346 152 29800
24,7 7.9 14.5 23 104.7 .0 36.0 4,0 -,0041 252 9210
35.2 12.0 23.6 3.1 14,0 .0 é4.5 5.9 -.0051 3 5040
0.7 32940 3.5 1 16hb 0 82.1 6.9 -.0092 439 3950

38.7 13.h  25.9 Fe5 < W28 50 73.7 7.0  ,0028 406 3150

119

39.8 13.9 28.1 3.4 164,31 5. .0 79.1 6.7 -.0088 428 4160
39.4 13.8 27.4 3.4 158.5 .0 723 6.8 -.0054 424 3850
39.4 13.7 26.9 3.5 156.6 .0 76.5 7.0 -.0006 L17 3320
18.9 5.8 1.2 1.7 B8B.7 % 20 24,8 2.4 -,0446 199 33400

30.0 10.0 19.4 2.7 127.0 .0 50.4 L,7

.0112 317 8250




TABLE 18

Simulated Common ion Data for the

Bighorn River at Bighorn in Mg/L

Ca Mg Na X HCO3  CO3 SOy c1 ERR ECM Q
(mmho/em @ 250¢)  (cfs)
83.2 30.2 89.5 3 2250 .0 319.4 11.8 -.0035 982 5970
PRl 26 80.8 4,0 213,13 =4l 288.4 10.7 -.0056 906 5830
80.5 30.6 94,9 4,0 217.3. 1.0 326.8 11.3 .0056 988 1900
79.9  29.4 88.7 b1 2§7.2 - 20 311.3 11.2 -,0001 957 3500
79.5  29.2 87.7 4,1 216,50 308.2 11.1 -.0007 950 3650
81.1 29.5 87.8 4.2 2204 .0  311.5 11.4 -.0027 961 4960
81.9 29.8  88.6 h,2 228,235 30 315.0 11.5 =-.0029 970 5230
80.9 29.0 84,7 4,2 220:6 =20 304.0 11.4 -,0057 oué 6950
76.9 27.0 78.0 L,o 242.8 -7 .0 280.8 10.7 -.0084 890 7900
P28 < pully T LIRS 3.8 :203.2-° 0 261.7 9.9 -.0085 840 6270
63.6 22,3 63.7 3.4 157" D 224,13 8.4 -,0093 740 3740
51.0 16.8 46,9 2.8 15590 164,.7 6.4 -.0202 580 3470
75.9 27.9 83.8 3.9 208.8 .0 292.7 10.5 -.0001 910 2900
64.3 22,5 65,4 3.4 184.9 .0 229.3 8.5 =-.0077 752 3310
2 R 85.1 M s R 289.7 10.0 . 0062 895 1280
6.l 22.3 6l4.1 3.4 185.7 - .0 226.6 8.6 -.0100 747 4300

95




Table 18 (Cont.)

Ca Mg Na K HCO4 CO3 SOy ¢l ERR ECM Q
(pmho/em @ 259¢) (cfs)
71.2 25.3 74.0 3.7 5, 20005 0 261.5 9.7 ~.0058 836 4260
69.9 24,9 72.9 37 197.0 .0 256.8 9.5 -.0053 823 3740
26 ALY E 82.5 3.9 208.3 .0 289.0 10.4 -,0012 902 3240
- % 28.2 84.6 4,0 211.4 .0 296.7 10.7 -.0008 921 3320
98.0 6.7 - 110.9 4.9 295,25 0 398.0 14,4 -,0013 1170 7220
69.2 23.8 67.6 3.7 196.6 .0 242.8 9.3 -.0116 793 7260
72.6 26.1 76.9 3.8 202.6 "0 270.7 9.9 -.0039 858 3760
74,5  28.1 86.8 %81 L20hE 150 297.0 10.3 .0055 914 1490
69.8 2L .9 73.1 37 196.7 " .0 256.9 9.5 -.0048 823 3540
75.1 26.7 77.9 3.9 208,3 " .0 277.3 10.3 -.0061 878 5500
69.4 24,2 69.9 6 s 196.6 .0 248.9 9.4 -,0087 806 5280
2.4 HP6AT TR 38 202,00 .05 20%.5 9.9 ~.00% 859 3360
65.5 22,8 65.9 3,5 187.8 4.0 232.6 8.7 -.0087 762 4060
77.9 28.4 84.5 4,0 2135 - 5D 298.0 10.8 -,0021 926 4000
73.9 25.8 4.3 3.9 200,53 .- .0 266.8 10.1 -.0089 854 7070
75.2 26.4 76.2 4,0 209.1 273.6 10,4 -,0083 871 7170
77.4 27.4 79.7 4,1 213.4 285.8 10.7 -.0068 901 6750
2.7 28.8 87.1 L,0 2405 0 303.6 . 10.8 .0011 936 2760
78.6  29.1 88.0 4,0 214.4 .0 307.4  11.0 .0009 SIS 2970

(29




Table 18 (Cont.)

Ca Mg Na K HCO3 CO3 SOy cl ERR ECM Q
(umho/cm @ 259¢) (cfs)
77.0 28.3 85.1 4.0 211.2 .0 297.8 10.7 -.0002 923 3100
637 251 63.6 . 3.4 184,0 .0 224.,2 8.4 -,0097 740 3930
65.3 22,3 62.9 B 188.3 .0 225.3 8.7 -.0131 747 6500
82.7 30.3 90.4 4,2 223.5 .0 320.7 11.7 -.0019 983 4820
80.5  28.9 84.7 4,2 219.6 .0 303.1 11.3 -.0052 L3 6420
81.3 29.2 86.0 L,2 2252 = 0 307.6 11.4  -,0047 954 6340
80.1 28.2 B1.5 L,2 219,67 :2,0 294.,7 11.2 -,0083 926 9160
5L 17.4 47.5 3.0 162,55 .0 170.3 6.8 -.0231 599 6300
9.1 17.4  47.9 3.0 161.2 . -.0 170.4 6.7 - =,0216 598 5100
53,0 17.8 50.2 2.9 160,3 - .0 175.6 6.7 -.0165 609 3030
8.9, 3047 - 999 B2 - 22002 - 0 325 11.5  7L.0010-= 986 3340
82.9 30.7 92.6 4,2 223:5 © B 326,72 AL T 0000 994 3900
80.5  29.6 89.1 b.1 218.6 .0 313.5 11.3 -.0004 963 3720
84,9 51,2 93.4 4.3 229.9. 4.0 331.8 12.1 -.0016 1010 5040
94,6 37.3 118.6 L.,6  245.0 1.0  409.2 13.8 .0087 1180 2040
86.2 32,7 100,56 4.3 229.4 1.0 3911428 .0037 1050 2880
79.3 28.5 8.1 L,1 217.0 .0 299.5 11.1 -.004L4 933 5610
78.5 27.3 77.8 4,2 246.7 .0 283.,1 10.9 -.0105 899 11100
728" 264 78.6 3.8 5 202:6 .0 275.0 10,0 -,0020 867 3080

8%




Table 18 (Cont.)

Ca Mg Na K HCO3  CO3 SOy cl ERR ECM Q
(pmho/cm @ 250¢)  (efs)
63.9 22.9 67.8 3.4 183.3 0 234.3 8.5 -.0034 761 2060
76.1 27.5 81.3 . 3.9 209.9 .0 287.2 10.5 -.0033 900 4230
726 < 27.9 82.3 4.0 213:3+ 0 292.2 10.8 -,0042 914 5030
732 26.3 77.8 3.8 203.8 .0 273.9 10.0 -.0036 866 3750
76.3 273 79.3 4,0 210.9 .0 282.8 10.6 -,0060 892 5800
78.8 28,6 85.0 .1 245,60 300.8 11.0 -,0027 934 4500
7T 26.6 75.0 b1 2144 .0 274.3 10.7 -.0122 878 12800
62.1 21,5 62.1 3.3 180.3 .0 218.0 8.2 -.0095 723 3420
91.8 36.7 118.3 .5 238.6 1.0 H02.7 " 133 0122 1160 1310
Ot 935,71 " 400.3 4,5 239.4 1.0 32 . 13.2 .0051 1120 2860
55.0 18.7 535 3.0 1644 .0 186.3 7.0 -.0131 637 2630
84.2 33.6 108.9 b.1 222,8 1.0 365.6 12.0 0145 1070 840

65




TABLE 19
Simulated Common ion Data for the

Tongue River at Miles City in Mg/L

Ca Mg Na K HCO3  CO3 SOy cl ERR ECM Q
(umho/cm @ 259¢)  (efs)
57.7  36.9 52,4 8.6 251, .0 196.0 3.6 -.0008 755 o
60.7 40.0 55.7 L.9 261.2 1.0 2144 3.8 .0004 802 539
79.2 59.9 88.8 6.3 351.3 - 1.0 113,93 5.2 .0017 1120 188
85.7 67.7 98.5 6.8 374.2 1.0 381.8 5.8 .0011 1230 Sce
71.8 51.7 73.7 T A A P S e o e O .0010 988 340
69,9, - W97 0.2 5.6 - -302.0.-1.0 27161, 5 .0010 955 389
80.5 61.6 8.3 6.4 3519 1.0 344.0 5.3 .0012 1140 245
67.6  47.4  65.0 5.8 5 28757 1,0 2509 . 4.3 .0011 914 569
49,6  29.4  40.2 4,0 22,7 - 0 152.7 3.0 -,001k4 625 815
32.0 15.0 20.4 2.6 19.2 L0 72.7 1.7 -.0143 365 1310
49.2 28,6 ML 3.9 2283 .0 147.7 3.0 -.0097 628 173
52,7 = 32,0 3.6 b2 2XNT .0 167.1 3.2 -.0049 680 270
70,8 - 50,2 77.0 5.6 3.8 1.0 2953 - 8.6 .0011 980 140
63.5 B2.7 61,0 Sed 2720 4.0 230.0: - 4.0 .0002 849 372
65.2 4h,6  63.2 §:2 L2830y o 0 Lidhin e e .0006 877 395
23,5 52,8 84,7 oS B G 289.7 4.8 .0021 1030 78

09




Table 19 (Cont.)

Cl

Ca Mg Na K HCO3  CO3 SOy ERR ECM Q
(umho/em @ 250¢)  (cfs)
79.8 60.6 89.6 6.3 353.1 1.0 337.8 5.3 .0017 1130 195
75.3 55.6 80.4 6.0 329.5 1.0 307.3 L.9 .0012 1050 270
75.0 55.5 77.3 6.0 320.6 1.0 306.9 4.9 .0009 1040 430
82.1 63.2 93.9 6.5 363.8 1.0 353.9 5.5 .0018 1170 179
66.2 Lé.1 60.6 5.4 274.3 1.0 250.4 L,2 .0017 886 983
37.8 19.5  25.3 31 158:7-. 5.0 97.0 2.1 -.0029 Lhs 1950
40.5 21.4 30.7 3.2 1802 .0 107.5 2.3 7140410 490 550
§7.5°1 27.2 41.0 3.8 7521656500 139.7 2.8 -.0091 599 257
544 33.6 48.8 4,3 241,0 .0 176.7 3.3 -.0028 704 361
55.7 34.9 50,1 L,5 2bL,7 .0 184.4 3.4 -,0018 724 410
74,3 Sh.5. ' 77.5 5.9 321.5 1.0 301.0 4.8 .0010 1030 341
53 57.9 82.0 6.2 333.0 1.0 321.7 5.1 .0009 1080 345
79.0 59.4 90.9 6.2 357,2 73.0 330.0 5.3 .0024 1120 128
78.1 58.6 86.7 6.2 345.8 1.0 325.4 B .0016 1100 198
39.1 20.6 26.0 5 ) 161.0 .0 103:5 = = 2i2 .0014 463 2800
67.1 47,2 60.8 5.4 274.6 1.0 257.1 4,2 .0019 899 1230
78.8 60.0 81.0 6.3 329.5 1.0 335.0 5 .0000 1100 604
43,9 24,5 31.9 3.6 183.6 .0 125.1 2.5 .0001 535 1660
61.6  L40.7 59.9 4.9 274,2 1.0 218.0 3.9 -.0008 822 269

19




Table 19, (Cont.)

Ca Mg Na K HCO3 CO3 SOy cl ERR 0umho/cﬁcg P (C%S)
66.5 45,8 66.9 5.3 293.8 1.0 2u8.4 4,2 .0004 902 272
71.6 51.2 75:5 Sl 317.1 1.0 280.9 4,6 .0011 988 227
70.1 49,5 4.7 55 315:5 1.0 270.2 L,s .0009 966 172
56.2 35.8 47.3 4,5 2350 =0 189.4 3.4 .0017 725 1070
81.4 63.4 82.4 6.6 332.2 1.0 356.1 5.3 =-.0012 1140 930
68.4 48,5 63.4 55 281.9 1.0 265.2 4.3 .0015 922 1040
39.3 20.7 26.9 g 165.0 .0 103.6 2.2 -,0021 L67 1840
51.0 30.4 45,0 L,1 299,56 . .0 158.3 3.1 -.0055 653 300
64,6 43,2 70.6 5.0 306.3 1.0 231.9 L,2 -,0015 881 69
57.9 37.2 52.7 L,6 252.6 . .0 197.5 3.6 -.0007 759 L7
81.9 62.7 96.0 8.5 369.4 1.0 350,6 S .0026 1170 125
80.8 61.6 93.0 6.4 361.8 1.0 343.9 5.4 0022 1150 150
72.4 52,2 75.9 5.8 179 1:0 286.9 L,7 .0011 1000 265
68.9 48,5  69.2 5.5 299.6 1.0 264.5 4,4  ,0009 939 350
70.2 50,2 69.1 50 298.8 1.0 274.9 k.5 .0010 958 526
66.0 45,6 62.5 5.3 280.5 1.0 247.6 L,2 .0011 887 596
42,0 23.0 28.4 3.4 170.0 .0 116.8 2.4 L0044 503 3360
48,3 28.0 4.0 3.9 216,30 144, 5 2.9 =-.0065 610 363
46,2 26.1 39.5 o Moy e K R 133.3 2.8 -.0107 580 243

29




Table 19 (Cont.)

Ca Mg Na K HCO3 Co3 SOy cl ERR ECM Q
(umho/em @ 259¢)  (cfs)
55,1 3,2 51.3 L4 29,4 L0 180.0 3.4 -,0040 719 235
72,2 52.0 TS50 = a8 W0 1.0 285.7 4.7 .0011 997 267
67.7 46.9 70.2 5.4 303.2 1.0 254,9 4,3 .0004 924 200
60.9 39.8 60.4 4,8 276.4 1.0 292.5 3.8 -.0018 813 184
64.1 43,4 61.8 5.1 279.2 1.0 233.9 4,0 .0004 859 380
70.6 50.6 69.3 57 299.0 1.0 2775 4.5 .0011 963 567
525 32,3 u2.4 4,3 219.2" " .0 169.3 31 .0017 667 1270
49,6 29.3 41,2 4,0 236:% .0 152.0 3.0 -.0032 627 575
72,4 51.2 88.1 5.6 353.0 1.0 279.4 4,8 .0025 1020 33
20,7 50.5 71.6 5:6 305.9 1.0 276.9 4.5 .0010 969 373
57,5 36,3 56.3 L,s 264.,8 .0 192.0 3.6 -.0041 759 150
65.6 44,1 5.7 51 315.1 1.0 2372 h,2 -,0012 900 52

€9




TABLE 20

Simulated Common ion Data for the

Yellowstone River at Miles City in Mg/L

Ca Mg Na K HCO4 CO3 SOy cl ERR ~ ECM Q
(pmho/cm @ 250¢)  (cfs)
551 21.3 57.7 3.8 184.4 1.0 182.1 9.0 .0013 681 7460
61.9 2.7 66.1 4,1 195.8 1.0 216.5 10,0 .0003 762 8530
66.8  25.9 235 4,4  207.0 1.0 243.4 10,9 -.0023 828 7880
69.1 26.7 76.7 b -=241.1 4.0 256.2 11.3 ' ~-.0036 857 8000
65.0 24,8 70.3 4.3 201.5 1.0 232.7 10.4 -,0011 800 8680
48,2 17.0 L9 %2 152.8< 50 144,5 7.0 .0061 566 14800
33.7 10.3 25.3 2.2 133.5.. .0 80.4 4,0 .0100 365 40200
26.1 7.5 17:5 1.7 g3 0 54.0 2.9 .0009 274 58400
33.9 11.3 275 2.3 §22.5 .0 83.5 L,6 -,0022 385 19900
40.2 14,6 36.9 2.8 145.8 1.0 111.2 6.1 -.0022 480 10600
53.6 20.6 55.4 3.7 180.3 1.0 174.5 8.7 .0017 660 7860
65.9 25.9 73.3 b4  208,1 1.0 239.8 11.0 -.0020 824 6900
55.0 20.7 56.3 3.7 180.6 1.0 180.2 8.7 .0024 671 9000
35.0 11.2 27.6 243 120,6° .0 86.6 4,5 .0059 389 28600
58.0 21.5 59.2 3.8 183.5 0 194.1 8.9 .0027 701 10700
57.4 19.4 54.0 3.6 169.2 .0 185.7 7.8 .0070 661 22000




Table 20 (Cont.)

Ca Mg Na K HCO4 CO3 SOy cl ERR (tho/cﬁcg 56) (C%S)
23.4 6.9 15.4 1.5 88.5 .0 45,8 2.7 -.0148 247 48400
39.8 14.5 b 2.7 145.0 1.0 109.4 6.1 -.0030 475 10400
53.8 21.0 56.4 Fe? 183.2 1.0 176.1 8.9 .0008 668 6840
60.5 23.2 64.5 L,1 193.9 1.0 209.2 9.8 .0006 746 8100
59.3 21,2 59.0 3.8 180.4 .0 198.3 8.7 .0036 703 14400
36.5 11.5 28,8 2.4 1223 . W0 91.8 4,6 .0096 403 32000
Ly, 5 16.3 42,2 3.0 155.8 1.0 129.9 6.8 .0012 534 10300
61.2 24,0 66.7 b,1 198.9 1.0 214.,4 10,2 -,0002 764 6800
7.4 27,5  79.5 4.7 2141 1.0 268.9 11.5 -.0051 883 8600
39.6 12.6 32.1 2.5 1291 - .0 103.9 5.0 .0119 439 31100
50.3 19.6 51.9 3.5 170:3 1.0 159.4 8.4 -.,0000 625 6610
L7.6 17.4  45.8 32 161.9 1.0 143.6 73 .0030 571 10700
56,8 21.9  59.9 3.8 187.5 1.0 190.7 9.3 .0013 702 7640
61.4  23.0 64l 4,0 191.9 1.0 2.0 9,6 .0010 748 9800
227 7.1 15.8 1.6 22,1 .0 Ll ,9 2,9 =-.0330 249 27400
58,1 22.7 62.4 b.o 192.3 1.0 198.3 9.7 .0006 724 6900

59




66
I, The ERR values in Tableé 17 to 20 are generally smailer than those
corresponding values-in Tables 8 to 11, but the largest values of ERR
still occur predominately at low ECM values. Although, the values of
ERR for the simulated common ions in Tables 17 to 20 are not excessively
iarge even at low ECM values, .None.of the ERR values for a particular A
~site are larger in magnitude than thé'acceptanqe limits used in screening
the original data. For examéle, the lowest ECM value for tﬁe Yellowstone
River at Billings in Table 17 has a value of 118 umho/cm @ 25%. The
ERR corresponding to this data point is -,0456, which is about one-half
the lower acceptance limit of -.0913 used to screen the data.

Table 21 shows a typical set of composite data collected by the
U. S. Geoiogical Survey and a set of instantaneous data coilected by the
Montana State Water Quality Bureau for the Tongue River at Miles City.
Table 22 shows the simulated values of the common ions obtained from the
set of regression equations in Table 15 and the values of ECM and § from
Table 21. The simulated data compare favorably with the méasured values
of the common lons.and are qﬁite_adequate for the degree to which common
ion data is essential in characterizing the water chemistry.

The ERR values indicate tﬁat no serious errors are occurring for
thé sets of regression equations at high ECM values, as occur at low ECM
valugs. High ECM values generally occur at low flow conditions. The
condition of low Q and high'ECM is generally the most criitical to the
Water eco-system, and is the condition at which the highest concentrations

of dissolved constituents can occur.




TABLE 21

Composite Data from the U, S. Geological Survey and

Instantaneous Data from the Montana State W.Q.B. for

the Tongue River at Miles City

HCO3 EC

(Mg/L) (Mg/L) (Mg/L) (Mg/L) (Ms/L) (Mg/?,) (Mg/L) (Ms/L) (pmho/cm g 250c) (c%s)
89 68 90 5.6 398 0 349 5.5 1200 143
61 57 85 5.5 311 0 307 8.5 1040 85.2
76 50 56 4,2 3.5 0 243 901 354
50 31 41 5.2 220 0 152 2.5 630 704
38 11 27 4,9 156 0 67 2.6 396 2800
35 14 13 2:0 148 0 50 1.5 327 1827
53 29 45 4,2 225 0 152 2.9 645 309
v 55 128 2.7 382 0 351 5.8 1240 21.7
100 77 146 7.9 ) 0 508 8.4 1540 400
60 L5 48 4,2 254 0 216 5.6 798 L6k
59 Lo 38 b.2 235 0 190 3.2 721 1139
38 15 13 2,7 153 0 56 2.0 361 3205
96 66 83 5.9 390 0 355 5.6 1200 15%
48 26 38 199 e 139 1.7 572 300

49




Table 21 (Cont.)

Ca Mg Na K HCO3  CO3 SOy cl ECM Q
(Mg/L) (Mg/L) (Mg/L) (Mg/L) (Mg/L) (Mg/L) (Mg/L) (Mg/L)  (mmho/cm @ 250¢)  (cfs)
71 61 79 320 N 320 3.0 1060 245
37 17.8 V.o ok 151 0 88 155 420 1330
67 46 60 266 0 245 4,0 862 661
72 48 68 280 0 289 by 950 428
63 42 60 262 5 228 3.5 840 176
oLk 45,6 54 5.3 261 0 240 2.5 832 1510
3.7 182 18.0 5 6. 137 0 70 0.6 362 4510
68 48,5 75 B2 301 5 280 4,2 956 144
b6.9 259 32.0 3.0 206 4 120 1.7 540 715
68 56 77 5.4 306 0 300 L,6 1069 218
67 67 101 5.4 321 0 370 7.0 1135 150
68 58 90 5.5 319 1 5 5.0 1104 185
89 72 155 8.6 L3k 0 475 7.8 1537 70

89




TABLE 22 .
Simulated Common ion Data for Composife U. S. G. S. and

Instantaneous W.Q.B. Data for the Tongue River at Miles City

Ca Mg Na K HCO3 S0y Cl ECM Q
(Mg/L) (Mg/L) (Mg/L) - (Mg/L) (Mg/L) (Mg/L) (Mg/L) ERR (pmho/cm @ 250¢) (efs)

82.7 65.0  98.1 6.6 376.8 7364,8 5.6 =.0016 1200 143
- 73.3 935 85.1 5.8 345.7 294.4 4,9 -.0019 1040 85
65.8 46.0 65.7 5.3 291.6 249.8 4,2 -,0036 901 354
49.3 29.6  40.9 4,0 215.8 154.0 3.0 -,0067 630 704
34.0 16.9 . 21.5 2.8 143.0 83.2 1.9 =-.0078 396 2800
29.0 13.1 17.5 2.4 125.9 62,9 1.6 -.0203 327 1827 2
50.0 30,0 44,2 4,0 227.6 155.8 3.1 -.0103 645 309
83.8 650 1142 6.5 418.8 363.8 5.8 0043 1240 22
100.6 86.8 143.1 7.9 481.0 500.8 7.2  ,0039 1540 40
59.7 39.7  55.8 4,8 262.,9 212.2 3.8 -.0044 798 N
55.3 35.5  46.8 4,5 234.1 188.4 3.4 -,0027 721 1139
31.6 154 19.1 2.6 5 1825 753 1.7 -.0093 361 3205
82.8 65.0  97.7 6.6 376.0 365.3 5.6 =.0017 1200 151
45.3 25.7 38.3 4.6 208,1-A81.5 2.7 -.0145 572 300
75.0 56.1  81.7 6.0 335.1 310.8 5.0 -,0028 1069 245
35.5 17.9 24,1 2.9 154.4 88.6 2,0 -,0136 420 1330




Table 22 (Cont.)

Ca Mg Na < HCO SOy cl ECM Q
(Mg/L) (Meg/1) (Mg/L) (Me/L) (Mg/z) (Mg/L) (Mg/L) ERR (umho/cm @ 259¢)  (cfs)
63.8 4,1 60.0 5.2 274.,5 238.6 4,0 -.0032 862 661
68.9 b 69,25 8,65 3041 2704 4,5 -.0033 950 428
61.8 .4 63.0 4.9 2849 222,3 4.0 -.0055 840 176
62.4 43.0  54.5 5.1 = 252.3 232.3 3.9 =-.0017 832 1590
31.7 15.2 - 18:% 2.6 130.8 74,3 1.7 =-.0052 362 4510
68.7 48,6  74.5 5.5 "AIY 265.2 4,5 =-.0034 956 144
k3.5 244 33.9 3.5 191.8 124.1 2,6 -.0106 540 715
75.5 56.6  83.1 6.1 339.0 313.6 5.0 -.0026 1069 218
79.1 60.6  91.4 6.3 360.5 337.8 5.3 =-.0018 1135 150 3
774 58,7  87.3 6.2 349.8 326,7 5.2 =,0023 1104 185

100.9 87.6 138,0 8.0 468.9 506.7 7.2  .0007 1537 70
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The inadequacy of the regression equations at low ECM values,
which generally occur at high fiows, is indicativé of a change in the
re}ative‘proportions of the common ions. At low ECM and high Q, the run
off component contribtutes a greater proportion. The common_ions in the
run off component may also exist in some constant rélative proportion
vwhich is quite different from the rest of the water making up the total
flow. To improve further on the regression equations, i.e., provide
better predictiohs at low ECM and high é conditions, would require know-=
ledge of the amounts of the different components of the flow and the ECM
values assoclated with these various flow components.- The flow factor |
is dealt with in Chapter I1I, where a first level of modeling incorpor-

4

ating flows is developed.




~ CHAPTER III
Large Scale Water Quality Model Employing

Flow and Electrical Conductivity

As was méntioned at the end of Chapter II, the lnadequacy éf
the set of regréssion equations in describing the common ion concentrations
at low ECM and high Q has lead’to the need to partition thg flow into
its various aggregate components such as run off, ground.water dis-
‘charge and instream flow. The set of regression equations ére aléo
somevhat static in pharacter.‘ That is, they represent the current
-situation but may not be applicable under a different set of circumstances,
e.g. different water use policies. The question coul& be asked, "1f a
different water use policy was employed, how might this affect the .
regression coefficients?". To be able to predict ion concentrations for .
.different water use policies will also require knowledge of the quan-
4tities of the different flow components. For example, suppose agricultural
and industrial uses of water in sub-basin 42KJA increased to the point
vwhere irrigation refurn flows became a substantial contributor to the
total flow in the Yellowstone River. Knowledge of how this mighf
affect stream quality is of utmost importance, but the regression con-
stants for thé set of regression equations can be different under these
circumstances. Another example would be the building of a reservoir on
the Yellowstone River mainstem. The regression constants could be dif-
ferent 1f the Yellowstone River werehregulated. To be able to predict

these changes requires a large scale model that breaks the flow into its
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various components as well as appropriating the amounts of the common
ions associated with the various 6omponents.

A state water planning model developed by Boyd'and Williams
(Ref. 2) is currently being employed by the Mbntana-State Department of
Natural Resources and‘Conservation as a tool in managing water resources.
" This model represenis.the various components of flow and has been applied
" with relative success. The state water planning model is an application.
of the macro-to-micro philosophy.of modeling large scale systems.

This modeling approach %as employed in the Yellowstone River
sub-basin, 42KJA. Sub-basin 42KJA is a hybrid sub-basin comprising 42KJ
and 424, U2KJ is a sub-basin of the Yellowstone River and 42A is the
Rosebud Creek drainage (see Figure 1). Sub:basin 42KJ was previously .
calibrated (Ref. 3), but after a review of the calibraéién of ﬁZKJ, b2 A
was included. The lack of data for 42A necessitated the change. An annual
water quantity model was applied to sub-basin 42KJA. Once this model
. Was calibrated, it was used to build an annual water quality model for

L42KJA. Both of these models represent the first or most macro level of

modeling.

Quaﬁtity Model

| The quantity model 1s based upon balancing the volume of water
that arises from the different flow éomﬁonents over a specified time.
The model essentially employs the principle of the conservation of
matter. . Volumes of water are supplied to and demanded from the various

sub-systems of the model. Figure 6 shows a schematic of the water quantity
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__ALmagphgzig__E;; Atmospheric __Aimnspheric__EE>
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Figure 6. Schematic of a Sub-basin for an Annual Flow Model
(Ref. 2)
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model for a sub-basin at the annual levéi,ndeéictipg.theIvarious sub-
systems, For any of the sub-systems, the. supplies and demands must'
balance; i.e., the volume of water entering must equal the &oluﬁe of -
Water leafing, plus storage and loss. For example, consider the éurface
sub-system in Figure 6, surface inflow, precipitation, and ground water
' discharge represent volumes entering (supplies). Sufface outflow,
evaporation and percolation represent volumes leaving (demands); éince
thefe cﬁn be changes in the amount of storage in the surface water sub-
system, a change in storage can be either a supply or a demand.l These
componehﬁs combine additively to produce a balance of supply and demand,
which results in an equation tefmed a balance equation. Thus, a balance
equation exists for every.sub—system. When there are mofe unknown cém—
ponents than balance equations, regression equations must be supplied.
ﬁegression equations have the following form: A

Xy == C(k,5)X;  (15)

. Where:

X3 is the parameter determined from.thé regreésion equation.,
Xj's are the paiameters comprising the independent variables,
‘ .C(k,j)'s are the coefficients of the Xj's.
k is the equation number of the sequence,*
' Regression equations express the relationships that exist witﬁin the
system. The coefficients of the regression equations ére selected on

the basis of a systems analysis, The systems analysis will often involve

#The numbering sequence is developed in .the solution technique (Ref. 2).
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expert ofinion or most likely guesses, Tﬁese regression equations can
contain statistical and/or physical reiationships. Physical regression
equations are generally an aggregated form of a balanEéAequation that

will émerge when a sub-system at a more micro'level of modéling is defined.

| .The quantity model applied to L2KJA was slightly modified from

that in Figure 6. Only thg surface water aqd ground water sub-systems'
along with the linkages between the surface ﬁatef‘and atmospheric water
sub-systems were considered, Figure 7 shows a schematié of this model.,

The paramete;s used in Figure 7 are defined as follows:

X1 = Volume of water that leaves the surface water sub-system
as. outflow in a one-year period.
. X2 = Volume of water that enters the surface water sub-system
as inflow in a one-year period.
X3 = Volume of water stored in the surface water sub-system

at the beginning of the one-year period.

X4 = Volume of water stored in the surface water sub-system
at the beginning of_the one~-year period.

X5 = Volume of water that enters the surface water sub-system
as precipitation in a one-year period.

X6 = Volume of water that leaves the surface water sub-system
as evaporation in a one-year period.

X7 = Volume of wéter that leaves the ground water sub-system
as outflow in a one-year period.

X8 = Volume of water that enters the ground water sub-system
as inflow in a one-year period.

X9'= Volume avallable for water storage in the ground water
sub-system at the beginning of the one-year period.

X10= Volume available for water storage in the ground water
sub-system at the end of the one-year period.
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Figure 7. Schematic of Quantity Model used in Sub-basin 42KJA
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X11 = Volume of water that ieaves the surface water sub-system. -
entering the ground water sub-system as percolation in
a one-year period.

XiZ2 = Volume of watexr ithat leaves the ground water sub-sysiem

entering the surface water sub-system as ground water
discharge in a one-year period,

Applyling the balancing condition for fhe two sub-sysfems yields thé
following two balance equations. . _ | ‘

X1 4+ X2 4 X5 - X6 - X411 + X42 - (X4 - x3) =0  (16)

LX7 4 K8 + X11 - X12 + (X10 - x9) =0 - (17)

Equation (16) is the surface water sub-system balance equation and equa-
tion (17) is the ground water sub-system balaﬁce-equation. The changes -
in the amounts of storage in the'surface water and ground water sub-systems-
are explained in Figures 8 and 9 respectively. X10 and X9 of-ﬁhe ground _”_;.n
water étorage are much like X4 and X3 of'the surféce wager storaée, excep£
that X4 and X3 meésure volumes of water stored, and X10 and X9 measure the . .
available volumes for storage of water.‘ This seeming inconsistency in o
defining X10 and X9 WaSAanaitemp£ tofaecilitate their méasurément as .
parameters; i.e., X10 and X9 as defined have'the‘capability Qf'beiﬁg
obtained from "specific yield” measurements, | .

Equations (15) and (17) indicate th;t 12 ‘parameters are essential
to define the system. These parameters are cléssified.inio,tWO groups,
those for which data are available (primary parameters) and those for .
‘'which no data are available (secondary parameters). Data were available =
for only 5 of the 12 essential parameters; X1, X2, X3, X4, and X5. These-

were the primary parameters. Annmual data for X1, X2, and X5 for the-jé
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ti t(1+1)

X4 - X3>0 Means the storage volume increased
over the time interval, a demand.

X4 - X3< 0 Means the storage volume decreased
over the time interval, a supply.

Figure 8, Schematic of Surface Water Storage
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———————————— — X10

ty t(i+1)

X10 - X9 > 0: Means the available volume for -
storage increased over the time
interval, a supply.

X16 - X9< 0O: Means the available volume for

storage decreased over the time
interval, a demand,

Figure 9. Schematic of Ground Water Storage




(1)

8;

‘year period,-1944 to 1973 were provided by the Montapa State.Departmént of
Naturzal Resources and Conservation{ Xj-and X4 were ééro for each year,
The remaining 7 parameters; X6,~X7, XB,‘X9, X10, X11 and X12; were the
secondary parameters. Since there are th 5a1an;e equations, 2 af the 7
seéondary parameters can be determined from these eguations. Thié leavés.
five secondary parameters for which regression equations must be éupplied.
The regression coeffipients were determined on a subjective basis using
average:énnual values of the parameters as a guide (Ref, 2). The regres; )
sion equations and coefficients used in the model for sﬁbubasin L2vIA
follow quite closely to those used in sub-basins 43Q and 42KJ (Ref. 2,‘3),

The . evaporation, X6, was determined from equation (16), the sur-
face water sub-system balance equation. |

The ground-ﬁater inflow, XB,'gnd the ground water outflow, X7,
were assumed to follow the alluvium of the surfacelbasin and to consist
of two components: a.. étatisti¢al component correlated to the correspondiﬁg
surface flow (X2 or Xi)land‘a constant flow component. This resulted in‘

the following two regression equations for X7 and X8 respectiﬁely:

X7 = G(Q, 1)X1 0(2;';3)X13 ‘, (18)

X8 = a(3, 2)x2 + ¢(3, 13)x13 . (19)

[

 Where X13 is an exégenous constant with uniiy.value as required by the
solution techniéue. The sum of the average annual grouﬁd vwater flows,
(27 * E@) was assumed to be approximately 3 pérceﬁt of the sum of the
éverage annual surface Wéter flows, (EE + fi), »From Tablé'I in Appendix i;

X1 = 8.317425 Million Acre-Feet (MAF),
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X2 = 8.223250 MAF.
Thus,
(X7 + X8) = 496220 MAF.
Further, assuming X7 equéled aboﬁt 97 percent of K8, 
X7 = (.97)X8
then

X8

it

.251888 MAF,

<]
2
|

= 244332 MAF.

The initial avalilable ground wafer storage, X9, is equal to the
final avallable ground water storage, X10, of the preceding yéar. The
final'available ground water storage, Xi0, is determihed from equ#tion 
(17), the ground water sub—éystem.balance-equéiions.: A stablé treﬁd for - s
the average annual available ground water gtorage ﬁgé assumed, i,ea, i§'

equals X10. Thus, an initial value of X9(X9O) was specified for the 30-

. year period subject to X9 equaling Xi0. An approximation of the average
annual final available ground water storage, XiO, was'obtained,from the
sum of the average anmual surface water inflow, X2, for the entire Yellow-

stone basin and the average annual precipitation, X5, for sub-basin L2KJA,
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A proportion of this sum was allocated to sub-basin 42KJA based upén the
ratio (77) of the area of 42KJA to the area of the entire Yellowstone Basin.
X9 = X10 =77(i§ entire basin) + (X5 of 42KJA). - | ‘
X10 = 5.241101 MAR,

X% ﬁas determined subject to this average annual value.
The percolatlon was assumed tp have theiform of a physical.

regression:equa£ion« |

X11 = (e(5,2)%2 + ¢(5,3,4) (X3 + X4)/2 + C(5,5)X5 + 0(5,12)x12)s§
: , : C : 20

~

Where SF is a scaling factor such that‘on the average the water table
remalns stable. This is consistent with X9 equaling'ffa. The value of
SF was determined from average annual values of.iz, X3, X%, X5, X11 and
%?55 The following numerical values were used fb?rthe.COefficients in
the régression eQuaﬁioﬁ for X11:
(5,2) = 1.0 -
©(5,3,4) = 0,57
a(5,5) = 2.0
c{5,12) = 0,5
The ground water discharge, X12, was also assumed tb be given by
a physical regression equation. )
X12 = ¢(6,13)%13 - ¢(6;9,10) (X9 + X10)/2 (21) .
The-averagé annual ground water Qischarge,-iia, was aséumed‘to be approx- -
imately 7 percent of the average annual surfaée water outflow, Xi. Thus,

Xi2 = ,582220 MAF
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¢(6,13) was assumed to equal twice the value of X12. Thus,

C(6,13) = 1.164439 MAF

Then from equation (21) on an average annual basis:

¢(6;9,10) = .111087
. A value of Xil was obtained from equation (17) on an average
annual basis., This enabled a value for SPF to be deterﬁined:
SF = ,0360523 ' ~

Table 23 summarizes the equatlions for deterﬁining the values of the second-
ary parametefs for the quantity model.

The model was balanced (calibrated) by ad justing the value of
X9, for the year 1944, until

X9 = X10 = 5.241101 MAF

Appendix III gives a listing of the simulated seéondary parameter values
#nd the annual 42KJA computer program.

The validation method for the quantity model is outlined in
Reference 2. A validation of the quantity model is not shown here since
valﬁes of the various flow components are neéded'in the qualiiy model,

and a validation.is presented for the quality model.

Quality Model

By mﬁltiplying the various flow components X3 by the density of
water, the volume system could be changed to a mass system. The under-
lying principle would still be the  conservation of matter. Suppose now,

that the concentration of TDS (mass/volume) for the various components
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TABLE 23

Summary of Equations for Quantity Model

. Secondary Parameter

Equafion

Evaporation
X6

Ground water outflow
X7

Ground water inflow
: X8

Final available ground
water storage
X10

Pércolation
X11

Ground water discharge
Xi2

Initial available ground

water storage

X9

x6
X7

X8

X10

X11

X12

X9¢

X1+ X2 4 X3 - X4+ X5 - X11 + X12

= J015X1 + .127127

0015X2 + ,120983

= X7 - X8 + X9 -~ X11 + X12

(x2 + .25(X3 + 24) + 2,0X5 + .5X12)
»0360523

1,164439 - ,0555435(X9 + X10)

= X103 - 4
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of flow were known. By multiplyiﬁg the various volumes of flow for the
time peripd by the'average TDS concentration for the time period an.
average value of the mass of TDS associated with the various flow com-
ponents over the time period would result, Let T4 represent the .7

concentration of TDS associated with flow component X3y then,

Iy = X34°Ty (22)

Where

Ly is the mass of TDS associated with flow component Xj

Ii is generally termed the ioad. As an example, consider the balance
equation for the. surface water sub-systenm, equation_(16). By multiplying
the various Xi's by the appropriate T4 a balance equation is obtained for
the Li's,

c-Li 4+ 12 + L5 - L6 - 111 +~L12 - (14 -13) =0 (23) )
Equation (23) expresses the balancing (supply versus demand) of the mass
of TDS arising from the various flow components in the surface water sub-
system, Now if the regression equations for the quantity model were all
physidal regression equations, then the regression equations for the
quality model would be: |

Ly ==3 C(k,J)X;T; (24)

ﬁowever, the regression equations for the quantity model are not all
physiéal. In fact, only the regression equations for Xi1i and Xi2 are
assumed to have physical character., Problems also arise with individual
components.l For example, X5 in the quantity model gives rise directly to

run off. In the quality model the concentration that would be associated
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with the precipitation and run_off are quite different. Run off has come
into contact with the solil and as a result becomes highly concentrated
in TDS as compared to the cohcentration of TDS in the precipitation., The

evaporation component (X6) has no associated concentration of TDS; i.e.,

T6 equals zero, and therefore, L6 equals zero. L3 and IX are analogous

to X3 and X4 of the quantity model but 19 and 110 differ,
L9 = X9'+T9
L10 = X10'-T10

Where X9' and X10' represent the volume of stored water in the ground
water sub-system as opposed to X9 and X10 which represent the available
volume for storage.

| Figure 10 shows a schematic of the quality model for sub-basin:
42KJA on an annual basis. The’parameters used in Figure 10 are defined
as follows: ’

L1 = Mass of TDS that leaves the surface water sub-system via
the outflow, X1, in a one-year period.

12 = Mass of TDS that enters the surface water sub-system via
the inflow, X2, in a one-year period.

I3 = Mass of TDS stored in the surface water sub-system at the
beginning of the period.

14 = Mass of TDS stored in the surface water sub-system at the
end of the perlod.

L5 = Mass of TDS that enters the surface water sub-system in
one period.

L7 = Mass of TDS that leaves the ground water sub-system via
outflow, X7, in one period.
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Figure 10. Schematic of Quality Model Used in Sub-basin 42KJA
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18 = Mass of TDS that enters the ground water sub-system via
inflow, X8, in one period.

19 = Mass of Tds stored in the ground water sub—sjstem at the
beginning of the period.

L10 = Mass of TDS stored in the ground water subwsystem at the
end of the period.

L11 = Mass of TDS that is transferred from the surface water to
the ground water sub-systems in one period.

112 = Mass of TDS that is transferred from the ground water to
the surface water sub-systems in one period.

Analbgous to the quantity model, fhere are two sﬁb—systems shown in
Figure 10 ibr the gquality model, The balance equations for the two sub-
systems are: | | '
11+ 12 4+ L5 - L1 + 142 - (L4 - 13) = 0 (23)
o174+ 18 + L1t - 112 - (L10 - 19) = 0 (25)°
As has been previously mentioned ECM and TDS values correlate '
highly. That is, for any particular site it has been well established
that:
ECM = «<(TDS) (26)
Where: _ - |
o, is a proportionality constant (Ref. 7)
ECM values were use& in place of TDS in the quality model., This sub-
stitution does not present any particuiar problem; the system is a pseudo
nass balance, but the conservation of matter is still the underlying
principle,
Iy = Xi'By ' (27)
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Where: |

| Eg is the ECM associaﬁed with flow component X3
No units are explicitly expressed with the flow weighted ECM, Xj°Ej,
‘although it is 1mplicitly understood fh;t the values.represent an amount
of natter., More data were available inlthe form of ECM than TDS and the
use of ECM provides the necessary paraméter for the use of the regression
equationé for the common ions.

The primary parameters for the water quality model are L1, I2, I3
and 14, L3 and LI are zero for each year, since X3 and X4 are zero for
each year. Average annual values Wwere avallable for ECM for the 5-year
period, 1969 to 1973, from the U. S. Geological Survey (Ref. 6). ﬁsing
the regreésion equations in Table 12 fbr the Yellowstone River'at Billings
and the Bighorn River at Bighorn,average'annual values of ECM were célcu-
lated from a, the average annual value . of Q. The regression equations in
Table 12 relate the ECM to instantaneous Q values; The value of § used
for the Yellowstone River was increased in proportion +to the amount of
drainage area between Billings and ?he confluence with the Bighorn River.
12 was set equal to the sum of the annual ECM loads (flow weighted Ecﬂ)
for the Yellowstone and Bighorn Riyefs near their confluenée. Using the
regression equation in Table 12 for the Yellowstone River at Miles City,
average annual values of ECM were calculated from the average annual
values of Q. The values of Q for the Tongue River at Miles City Wwere
subtracted from the values of Q for the Yellowstone River at Miles City, _'

since the values of Q fbr the Yellowstone River are taken below the
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confluence with the Tongue River and the values of ECM are taken above
the confluence., L1 was set équal-to the annual BCM load for the Yellow-'
stone River at Miles City. Regression values for both L1 and L2 were
generated using équation (27) and the regression equations of Table‘iZ,
for the 25-year period, 1944 to 1968. The quality model was calibrated
with these 25 years of data and then‘applied to the 5 years, 1969 to 1973,
.for which actual ECM data are available. The values of ECGM for Li aﬁd 12
are tabulated in Table J of Appendix I.

. Two of the seven‘secondary parameters cen be determlined from the
balance equatiéns (23) and (25). 19 and L10 azé\éésumed to be eéual for
each year; i.e., there is no yearl& change in the mass of dgssoived
materials stored in the ground water sub-system. This assumpfion is.
based upon the extremely large volume of water étored in the ground water

sub-system, the presumably small fluctuation ihat“océ@rs in this volume - '
1from yeér to year, and the relaﬁively cbnstant.value of ECﬁ associated
' with ground water storage, .So X9 minus,kio equalé zero for each yeara".‘
This leaves five secondary parameters for which regréssi;n equations mﬁst
be supplied, |
L5, tﬁe run off load is determined from the bélance equation for‘
the surface water sub-system, equation (23).

L7, the ground water sub-systen outfio# is.determiﬁed,from
equation (25), the ground water sub-system balance equa{ion. .

More mass on the average is expected to enter thé ground. water

. sub~-system via L1l than 18, The following propértion was assumed:
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18/(18 + 111) = 1/b
leading to:
18 = (1/3)L11 (28)

L11 was determined by employing the regression equation for X11
from the quantity model. |

141 = (12 + 2.0L5 + .05L12)SF*  (29)
Where SF' is again a scaling factor and is deﬁermined from averaging
values of 12, L5, Lil and L12.

Since the definitions of L9 and L10 correspond to X9' and X10°
rather than X9 and X10, the physical regression equation X12 in the
quantity model was not applicable to the quality model., Instead the
assumption was made that the annual average values of ECM associated with
L7 and 112 were equal, i.e., E7 = E12 for each year. From this assump-
tion the following regression equation was obtained: |

' 112 = (X12/X7)*L? (30)

- The fraction (X12/k7) varies from year to year and is obtained from the
quantity model. . The ECM values of Rosebud C?eek in the fall of the year:
range from 1500 to 2000 umhos/cm @ 250¢ (Ref. 13). The water in Rosebud
Creek at this time of the year was assumed to be primarily due to ground
water discharge (X12). The concentration assoclated with this water was
assumed to be representative of the concentration (E12) due to X12 fofl
the entire sub-basin. The average annual volume of water from ground
water discharge (i??) for the 25 year period, 1944 to 1968, was obtalned

from the quantity model.
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Xi2 = ,579220 MAF
This value of ground water discharge was multiplied by the range Qf ECM
values for Rosebud Creek to get an estimate of thé average annual load
(T12). T1Z ranged from 868.83 to 1158.4%, From the quantity model, the
average annual value of the fraction (X12/X?) was determined to be
2.281907. Using 1000,00 for the value of 112, L7 equaled 438,23, From
.equations (25) and (28) on an average annual basis L11 and I8 were deter-
mined to be 1078.6725 and 359.558 respectively, Using the values of I1-
and T2 along with eqﬁation (23) on an average annual basis, 15 was deter-
mined to be 1030.98, SF* was then determined to be .165170., An initial
value of 18 (18,) is assumed such that I8 = (1/3)I11. Table 24 summarizes
the equations for determining the values of the secondary parameters for
the quality model, | '

The quality model computer program'and data output for tﬁe 25-year
period, 1944-1968, are shown in Appendix IV. The model achieved a reason- |
able balance with I8, equal to 380 and SF"equal to .187. The data output
gives E(M values in pmhos/cm @ 25%¢ for the.various flow components. For
L5, the assocliated run off flow component (XS‘) was assumed to be the dif-
ference between the precipitation, X5, and the percolation, X11 (XS'.=
X5 - X11).

The quality model was validated by“interchangihg the roles of 11
- and LS;‘i.e., L5 was assumed_to be an exogenoﬁs parameter and L1, endoge-
nous, was simulated by the model. The datalfor the 25-year period, 1944

to 1968, were used (Appendix IV). The simulated values of the parameters
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TABIE 24 -

summary of Equations for the Quality Model

Secondary Parameter . :_ ."Equation'
Run off ) - C L
L5 . o L5=11 - 12 + 111 - Li2
Ground water outflow ' :
' L7 ' . L? = 18 + L11 - 112
Ground water inflow o :
18 | - L8 = 1/3L11
Percolation . - L : o
: L1t . L1t = (12 + 2.065 + 0.5L12) 1651696

Ground water discharge :
112 - , 112

(x12/x7) 17 .
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using I2 and L5 as exoéenous are shown in Table 25. The valﬁes of the
parameters in Table 25 are comparable to the optﬁuf data shown in Appen-
"dix IV. The favorable comparison of these values indicateé_how well the
model reiterates the data, that is, its ability to reéroduce historical
record., With the model set up for I5 as an exégenous parameter, the
values of L5 were perturbed. Increased coél mining and agriqﬁltuial activ-
jties in the basin could possibly increase éhg concentiation in the run off
component, The values of L5 were increased by 25 percent. Using the
perturbed values of L5, the values of the essential parametefs simulated
by'thg model are shown in Table 26. The values in Table 26 are comparable
to those in the data output in Appendix IV, As ﬁould be expected to ocecur,
the vﬁlues of ECM associafed with the outflow, Ei, show ah increase‘when'
the perturbed valﬁes of L5 were used as exogenous data, The averagé
increase in Eil over the 25-year period was about 5 percent with a high of
9 percent and a low of 2 percent,

Using L1 and‘LZ as exogenous parameters, theAquality model‘was
applied to the 30-&ear period, 1944 to 1973, where available ECM values
Wwere used for-the last five years. ‘The data output for the 30-year.p¢r-
~ lod is also shown in Appendix IV, The simulated secondary parameter
values of ECM for the last five years (1969 - 1973) are consistent with
those for the previous 25 years (1944 - 1968),

The values of ECM for the secondary parameters generated by the
quality model are reasonable, given the aggregating nature of annual aver-

aging on fhe ECM values assocliated with the various flow components.




TABLE 25.
ECM Values for the Essential Parameters of the Quality Model,
1944 to 1968, Using 12 and L5 as Exogenous

units = pmhos/cm @ 25°¢c)
i

Year El E2 E3 E4 E5 E6 E? E8 E11 E12

1944  612.3 567.8 .0 .0  189.8 .0  2041,2  1485.6  1883.0 = 2041,2
1945  596.7 542.7 .0 .0  205.4 .0  1880.4  1958.4  2104.9  1880.4
1946 628.9 532.4 .0 .0 209.0 .0 1788.6  1684.6  1899.9  1788.6
1947  575.8 540.2 .0 .0 89.4 .0  1761.3  1439.7  1855.6  1761.3
1948  574.2 493.6 .0 .0 279.6 .0  1926.4  1505.1  2088.8  1926.4
1949  638.2 517.4 .0 .0 3944 .0 1862.8 1920.9  2428.7  1862.8
1950  586.6 496.2 .0 .0 314.2 .0  19%8.2  1510.9  2146.6  1958.2
1951  S564.6  506.1 .0 .0 259.2 .0  2003.8 1653.1  2109.5  2003.8
1952  599.9  447.4 .0 .0  659.5 .0  2097.0  1789.8  2676.7  2097.0
1953  664.1  BOL.B T30 0 . 351.0 o ,0° 0 1950.5  2063.h . 2181.% - 19%0.5
1954  664.1 478.9 .0 .0 439.3 .0 1919.1  1732.9  2376.6  1919.1
1955. 683.9 . 526,85 .0 0 3327 g 18k - riB1.60 ) (2230.0 - 1845 4
1956  603.9 448.5 .0 .0  523.9 .0  2110.1  1451,6  2463.1  2110.1
1957 568.2 118.2 .0 .0 47,0 . ,0. 2321.2 1715.5  2222.h  2321.2
1958 636.5 539.2 " .0 268.1 .0 1993.5 2177.6 2190.3 1993.5
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Table 25 (Cont.)

Year El E2 E3 E4 E5 E6 E? ES E11 E12

1959  639.2  466.4 .0 .0  428.1 B2 20172 1611.2  2312.1  2017.2
1960 23:5 5013 .0 .0 559.6 .0 1903.6  2067.0  2724,7  1903.6
1961 775.9  490.3 ° .0 Q.- h53.2 .0 1816.0 1828.5  2425,9  1816.0
1962 584,1 476.7 .0 0  311.6 0 2127.2 1276.5  2049.9  2127.2
1963 611.6  512.9 .0 .0 198.8 .0  2067.4  1868.6 1860.6  2067,4
1964  590.7  522.1 .0 .0 196.0 .0 1994.8  1556.7 1941.9 1994.8
1965 543.6  497.7 .0 .0 184,7 .0  2082.5 1443,0 1908.1 2082,5
1966  705.2  439.3 .0 .0 623.5 O 20395+ "22%2.0 - 27181 . 20%9.5
1967 560.9 L6k, 7 0 .0 314.6 .0 2136.6 1387.0 2060.4 2136.5
1968  563.9  486.9 .0 T L R L 1900.5 2142.5

\O
3




TABLE 26

ECM Values for the Essentlial Parameters of the Quality Model,

1944 to 1968, Employing Perturbed Values of L5

E3

units = umho/cm @ 259¢)
am

Year E1 E2 E4 E5 E6 E7 E8 E11 E12

1944 634,8 567.8 .0 5 TN g .0 2152.0 1485.6  2012,1 2152.0
1945 614.6 542.7 .0 .0 256.7 .0 1987.4 2092.6 2214,6 1987.4
1946 654.9 532.1 .0 .0 261.2 .0 1909.1 1772.4  2037.9 1909.1
1947 584.6 540.2 .0 .0 111.7 .0 1827.4 1544.,2 1904,0 1827.4
1948 596.5  493.6 .0 .0 349,5 .0 2042,7 15844 2236.1 2042,7
1949 669.1 517.4 .0 .0 493,0 .0 2009.3 2056.4  2627.4  2009.3
1950 615.1 496,2 .0 .0 392.7 .0 2119.6 1634.4  2323.9  2119.6
1951 585.1 506.1 .0 .0 324,0 .0 2140.1 1789.6 2242,8  2140.1
1952 639.3 U7 .0 .0 824 .4 .0 2298.9 1902.9 2963.4  2298,9
1953 709.3 491.4 .0 .0 438,7 .0 2159.1 22844  2414,2  2159.1
1954 711.6 478.9 .0 0 549.1 .0 2131.6 1918.1 2662,7 © 2131.6
1955  725.0 526,5 .0 .0 415.9 .0 2029.4  2036.7 2ull,2  2029.4
1956 6464 L48, 5 .0 .0 654.9 .0 2340,0 1590.9 2739.7 2340.0
1957 609.0 418,2 .0 .0 558.7 .0 2583.6 1908.1 2474,0  2583,6
1958 6644 539.2 .0 .0 335.1 .0 2161.2 24242 2345,9  2161.2
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Table 26 (Cont.)

Year E1l E2 E3 E4 E5 E6 E? E8 E11 E12

1959  683.3 4664 .0 .0 5351 .0  2222.6 1725.6 2568.8  2222.6
1960 .. J78.8:50 504,30 L0 6995 L0 21250 Tasoh s Fanky ad  oron i
1961 847,14 490.3 - .0 .0 566.5 .0  2053.2 2042.9  2754.2  2053.2
1962° -~ 617.0 " WIBLT 0 0% 389,570 298,85  hhS,y " 22904 - 23S
1063~ 636.5 - 512.9 .0 40 248,50 . 2223.5 208447 1980,0 - 2223.%
1964  610.2 522,41 .0 .0 2450 .0 2116.8 1664.1  2055.8  2116.8
1965 .- 558,727 . M97.7.: TS0 . 0 290.9 .0 - 2102.8 197,90 2005.3 . 2192.2
1966  767.4 439.3 .0 .0 779.4 .0  2265.6 2345.7  3085.4  2265.6
1967  589.7 W64.7 W0 .0  393.2 .0 2340.5 15744  2235.2  2340.5
1968  587.4 486,9 .0 .0 283.4 .0 2303.2 1923.1 2036.5 2303.2 8
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At this macro le§e1 of modeiing the regression equations for the
common ions, which involve instantaneous ECM values, could.be applied to
get annual average concentrations, The assumption made is that for each
flow componeﬁt, the common ion regression eqﬁations have the same form .
(e.g. equation 3). The model must be extended further toward the micro
to obtain an indication of how the ions are associated with the various
flow components on a shorter time period, The'Montaﬁa State Depariment
of Natural Resources and Conservation has recently completed calibrating

a monthly water quantity model for sub-basin 42KJA, which might also be

used to generate flow for a monthly water quality model. -




-+ CHAPTER IV .
Concluding Remarks .

Current Utility

The regression equations fbr the common ions for this reach of the
Yellowstone River are quite useful as they now stand, With the exception
of high flow when ECM values will be low, excellent continuous values of
the common ions can be simulated from continuogs monitoring of ECM and Q.
Devises for continuous monitoring of ECM and Q arg‘currently avallable,
Continuous flow recording devises have been employed fof a number of years
by the U. S. Geological Survey and the use of continuoué recording ECM
devises is currently increasing. The monitoring of ECM 1is of less cost -
than the analyzing of water samples for common ioﬁ conéentrations. ~This
aspect could release funds for’sampling and analysis of parameters fof
which little data exists, Nutrients are an example of parameters fof
which 1little data are available. Analyses for nutrients cost consider-
correlate well with either @ or ECM (Ref. 5; 10) .

"The regrgssion analysis has also, pointed out the possible need
_for better measurements of K and Cl ion concentrations. Better tech-
niques for analysis of X and Cl are available,

In trying to apply the regression equationé to the concentration
of other dissolved constituents, e.g. nutrients and metals, two problems
are apparent., First, the ability to measure these other constituents is

hampered by thelr relatively low concentrations. Thus, they may suffer
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from the same problem as X and Cl.- Secbndly, soms coﬁsiifuents, like
mutrients are nonconser&ative; i.e., the ionic form of the constituent
may change in-the water solution. For éksmﬁle{'bacterical action on
ammonia (NH3) can change it to nitrate (¥o3). "
The regression equations for the common ions could also be used
)

for quality control in the laboratory analyses. The values generated by

the regression equations could provide a check.on the chemical analyses,

-Recommendation for Future Research

The regression equations involving the lon concentratlons as
‘exﬁressed in terms of the natural logarithm of ECM seems to reveal some
- underlying physicallcharacter of natural-waters, This logafithmic rela~
sionship needs to be tested further. Because data are collected in a
periodical fashion at the four sites (e.g. monthly, daily), the distri-
bution of the data over the range of flow values is biased. As a
consequence of periodic.sampling, more data are available at median flow
values. This has a definite effect on the ability of the regression equations
to predict lon concentrations at high and low:flow conditions, The weak-
ness of the lon regression equatlions at high Q, low ECM conditions
indicates the need of including § in the regression equations. The way
in which Q was intsoduced into the iegression analysis (equation 3) did
not alleviate the problem at low ECM values.,  Further lnvestigation 1s
needed to determine how the Q dimension could 5e introduced. An sxample

would be to let the regression coefficients of equation 3, bi, ai, be
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linear functions of Q; e.g..

bi c1eQ # di (31)

eieg+ £f  (32)

L

al

More study is needed on other streams and different reaches of
the same streams., Streams that cut through different geological sfrata
may show diffe;ent charaqteristic distribuﬁions for the common ion
concentrations, Different reaches of the same stream may also show a
different distribution of the common ion concentrations, even though the'
geological features are similar, due to different flow regimes. Invest-
igating the applicatioﬁ of the common ion fegression equations to
different streams and reaches of streams, and the variéus methods of
introducing a flow dimension may not onif increase thelr uééfulness}but
- may yleld a better undérstaﬁding of the physical phenomenalinvolved.~.
Even .in situations where the given regresslon equation form is not appli-
cable, further investigation would be useful.

An investigation as to how the regression constants change with
flow.regulatioﬁ would be of value. For example, by studying a stream
for which sufficient data ex@sts before and after the implementation of
a reservoir, the change in the regréssién éoefficients due to regulation
could be determined. Thﬁs, an iﬁdication-of how the distribution of
common lons may change for a similar stream might be predicted.

In this study, the first level of a large-scale, water quality
model was investigated as a possible method of obtaining information on

the amounts of ECM associated with the various flow components., The
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model produced reasonable results in the first level, but application of
the commén ion regression equations would yield only annual average com-
mon lon concentrations. Since the common ion regression equations
involve insténtaneous values of ECM and Q, tﬁey are at a much more micro
level. By developing the model to a more micro level, the application of
the common lon regression equations would yield more useful results. A
Since the monthly quantity model for 42KJA has been calibrated and is
available, the development of a monthly quality model would be an appro-
priate next step. At the monthly level, the application of the regression
equations for the common ioﬁ concentrations would yleld monthly average -
‘values. Monthly average values of the common lon concentrations would be |
more useful to water quality planners and managers.

After the monthly water quality model for sub-basin 42KJA, the
next more micro level of modeling might focus on a smaller geological
unit, For example, the modeling of a drainage area of similar geologic
features may be appropr?ate. This level of modeling might be coupled
with an investigation of the .common lon regression equations to the same

drainage area.
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Raw Data-

Contenté

Tables of raw data points for the Yellowstione Rlver at Biliings,
the Bighorn River at Bighorn, the Tongue River at Miles City, and the
| Yellowstone Biver at Miles City. This data was obtained from U. S.
Geological Survey annual report of quality of surface waters in Montana
(Ref. 6). '
 Table of annual inflow and outflow and precipitation for sub-

basin 42KJA.
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TABLE A

Raw Data for the Yellowstone River at Billings

(Mg/L) (Mg/L) (Mg/L) (Mz/L) (Ms/B) (Ms/L) (Mg/L) (Mg/%) (nth/cgﬁg 250¢) (cgs)
97.0 > 13.0 = 23.6 2.8 155 77 3.7 0.0 393 6090
37,0 =~ 12.0 23,0 2.5 150 68 50 0,0 389 1640
38.0 13.0 24,0 el 151 77 6.6 0.0 398 3700
45,0 15.0 26,0 9.2 171 89 10,0 0.0 465 2180
4,0 14,0  25.0 3.5 170 87 10,0 0.0 438 2970
45,0 14,0  35.0 3.5 172° 797 8.6 0.0 479 5000
9.0  13.0  27.0 3.1 151 74 7.8 0.0 405 3690
30.0 9.9  19.0 3.6 118 51 5.7 0.0 315 6230
14,0 3.3 5.8 1.3 5% 12 £ 0.0 118 41300
18,0 6,0  11.0 1.9 - 99 Gl 2.7 0.0 185 16500
29.0 10.0 19.0 2:+5 130 L6 L.bL 0.0 304 7020
31,0 11.0  20.0 4,2 138 58 4,5 0.0 345 6510
38,0 - 13.0 25,0 3.2 156 67 59 0.0 386 4930
37,0 "13.0- 28,0 3t 153 76 6.4 0.0 399 14180
38,0  12.0  25.0 2.8 17 7 6,3 0.0 386 4160
36,0 10,0  25.0 4.1 134 49 6.4 0.0 340 4840
41,0 11.0  26.0 3.5 155 - 5B 6.3 0.0 392 3110

0t




Table A (Cont.)

Ca Mg Na K HCO SOy Cl © EM Q
(Mg/L) (Me/L) (Mg/L) (Mg/L) (Mg/%) (Mg/L) (Me/L) (Mg/g) (umho/cm @ 25°¢) (efs)
43,0 15.0 28,0 %7 171 70 8.5 0.0 ) 2940
43,0 14,0 0. 3.6 160 88 7.9 0.0 429 3330
24,0 7.1 11.0 3.3 104 22 3.6 0.0 225 13700
16.0 5.0 7.3 $.2 7% 19 2.0 . 0.0 161 24400
15.0 5.2 10.0 1.7 26 22 3.0, 70,0 179 27000
24,0 8.3 16.0 2.4 119 39 3.9 D 263 8890
30.0  10.0 19.0 2.7 146 L6 4,8 0.0 318 2440
30,0 . 11.0  _20.0 2.6 128 59 5.7 0.0 326 6460
34,0 12.0 21:0° - 2.6 140 64 6.0 0.0 372 5370
3.0 13.0 - 250 2.8 151 77 6.0 0.0 398 Ly
50.0 17.0 ' 31.0 3.9 186 96 7.9 . 0,0 485 2140
46,0 130 = 25.0 345 161 84 2.9 0.0 429 3160
39.0 13.0  27.0 3.4 153 84 8.1 0.0 422 3470
41,0 14,0 29,0 3.2 162 79 6.6 0.0 439 3970
46,0 18.0 46,0 3.3 197 120 Yi2 o 0.0 549 8500
21.0 6.5 . '13.0 1.8 96 133 3.7 .00 217 15200
17.0 5.7 9.7 1.6 75 e 2.8 0,0 177 18500
35.0 13.0  26.0 3.0 138 62 £.% 00 386 3650
37:.0. .. 13,0 250 2.9 157 69 52" 0.0 382 5970
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Table A (Cont.)

Ca Mg Na K HOa SO al EQM Q
- (Meg/L) (Mg/L) (Mg/L) (Mg/L) (Mg/f) (Ms/ﬂ) (Mg/L) (Mg/E) (umho/em @ 259¢) (efs)

46.0 16.0 31.0 b.1 178 88 2.3 0.0 477 3030
50.0  20.0 ¥0.0. ol 202 118 9.0 0.0 602 1330
36.0 15.0 25.0 b,2 152 77 4.4 0,0 409 3030
39.0 14.0 31.0 4,5 158 86 10.0 0.0 Lyl 2970
4.0 14.0 31.0 4,6 162 88 728 . % 0.0 L6 3560
38.0 16.0 37.0 2.7 174 97 8.8 0.0 499 4240
22.0 6.3 12.0 S0 o 27 2.5 0.0 225 24200
18.0 5.7 11.0 N 78 24 7.9 0.0 189 17600
22.0 8.4 18.0 28,5 108 39 4.3 0.0 276 9000 i
36.0 13.0 26,0 3.6 147 68 6.6 0.0 367 3890 ®
38.0 13.0 - 24,0 3,2 153 65 6.8 . 0.0 400 3830
37.0 12.0. - 260 3.6 146 74 2.0 0.0 402 3720
38.0 16.0 30.0 4,1 173 77 6.0 0.0 k57 3140
21.0 5.5 10.0 1.8 o 24 2.1 0.0 199 33400
Lo,0 15.0 31.0 g % 156 9L 6.5 3.0 438 L610
43,0 15.0 29.0 3.2 167 .70 7.6- . 0.0 436 Ll50
49.0 17.0 28.0 3.8 180 86 8.7 " 0.0 492 2680
48,0 16.0 30.0 3.6 171 98 7.6 0.0 476 2730

L7.0 16.0 32.0 3.9 165 91 7.7 2.0 483 2550




Table A (Cont.)

Ca Mg Na K HCO S0y, cl (%%) ECM Q
(Mg/L) (Me/L) (Me/t) (Me/t) (Mg/T) (Me/T) (Me/t) (Me/L)  (pmho/em @ 250¢)  (cfs)
39.0 13.0 28.0 3.4 149 78 6.4 0.0 b1 3770
30,0 9.7 24,0 2.8 114 63 73 0.0 295 6440
14.0 L1 - 6.8 1.4 67 13 1.8 0.0 148 38600
10.0 53 8.8 3 67 21 2.0 0.0 152 29800
25,0 8.1 16.0 2D 103 42 35 0.0 259 9210
36,0 13.0 33,0 31 143 63 5ol . 2.0 373 5040
41,0 16.0 27.0 Lol 169 79 6.0 0.0 439 3950
38,0 14,0 25,0 3.0 158 67 6.6 0.0 406 3150
38.0 15.0 30.0 o 164 75 5.6 0.0 428 4160
38,0  14.0  27.0 3.4 149 83 6.6 . . 0.0 421 3850
hO,0 .. 130 - 2ne 2.8 162 76 6.6 0.0 417 3320
210 55 10,0 1.8 9L 24 2ol 0.0 199 33400
29,0 10.0 19.0 2.4 131 L9 4,5 0.0 317 8250
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TABLE B

Raw Data for the Bighorn River at Bighorn

Ca Mg Na K HCO SOy cl co ECM Q
(Mg/L) (Mg/L) (Mg/L) (Mg/L) (Mg/ﬁ) (Mg/L) (Mg/L) (Mg/E) (umho/em @ 250c) (cfs)
77 25 82 4,7 210 310 11.0 0 982 5970
77 27 81 3.6 207 290 11.0 0 906 5830
87 32 86 3.9 206 330 12.0 8 988 1900
92 26 95 3.8 214" 320 14.0 1 957 3500
81 29 84 b,1 216 300 11.0 0 950 3650
75 28 82 3.9 218 290 11.0 0 961 4960
86 31 85 4.3 210 300 12.0 6 970 5230 .
85 30 81 3.9 231 300 12.0 0 U6 6950 T
80 28 72 5.2 233 280 14,0 0 890 7900
77 27 66 5.3 214 250 11.0 0 840 6270
62 23 61 3.6 180 210 7.6 0 740 3740
48 17 46 3.0 149 160 6.1 0 580 3470
65 26 7% 32 173 250 10.0 b 910 2900
63 22 66 B 183 230 9.3 0 752 3310
76 26 80 3.9 202 290 10.0 0 895 1280
72 25 80 3.7 200 260 11.0 0 747 4300
71 25 75 3.3 195 270 10.0 0 836 4260




Table B (Cont.)

Ca Mg Na K HCO S0y Cl CO ECM Q
(Met) (Me/u) (Mg/t) (Me/) (Me/D) (Me/L) (Me/L) (Me/D)  (umbo/em @ 259¢)  (cfs)

73 24 73 3.5 203 . 270 10.0 0 823 3740
81 28 L A 221 290 11.0 0 902 3240
80 29 85 3.3 223 280 10.0 0 921 3320
91 Ly 120 5.0 212 450 11.0 0 1170 7220
73 - L 3.6 217 230 10.0 0 793 7260
73 26 71 3.6 216 260 12.0 0 858 3760
76 29 86 3.8 215 300 12.0 0 914 1490
70 24 72 4,0 195 260 10.0 0 823 3540
72 25 76 ‘3.4 200 290 2.3 0 878 5500 2:
64 22 76 31 185 250 8.8 0 806 5280 o
70 25 & "% 3.5 197 250 10.0 0 859 3360
68 22 70 3.5 183 240 9.1 0 762 4060
78 27 81 4,2 216 290 12.0 0 926 4000
75 25 71 4,3 204 270 11.0 0 854 7070
72 25 76 4,2 207 270 12.0 0 871 7170
77 26 81 4,0 202 . 280 12.0 0 901 6750
79 29 95 4,2 204 340 11.0 0 936 2760
77 27 94 3.3 215 % 320 1.0 0 946 - 2970
7 28 84 2.3 209 280 8.4 0 923 3100




Table B (Cont.)

Ca Mg Na K HCO SOy cl co3 ECM Q
(Mg/L) (Mg/L) (Me/L) (Mg/L) (Mg/L) (Mg/L) (Mg/L) (Mg/L)  (mmho/cm @ 250c) (efs)
20 24 69 3.9 191 2% 8.1 0 740 3930
72 23 70 4,2 191 260 15 ] 0 47 6500
83 32 8. . 3.9 oxh. 300" Hap .0 983 4820
83 29 85 3.9 29 A . 11,0 0 943 6420
85 30 81 6.1 226 ° 290 '+ 13.0 0 954 6340
75 28 90 3.4 213 270 9.8 0 926 9160
58 22 33 3.1 176 150 7.6 0 599 6300
49 16 52 2.5 160 170 5.5 0 598 5100
50 18 52 3.0 160 180 6.9 0 609 3030
80 28 98 4.3 220 P9 - 1.0 0 986 3340
75 32 93 4,7 226 . 326 11,0 0 994 3900
80 31 92 4,6 ., L R L W 0 963 3720
83 31 100 5.1 235 334 13.0 0 1010 5040
88 L5 123 5.5 279 418  10.0 0 1180 2040
84 34 110 5.7 23L 2557 0 0 1050 2880
88 b1 81 3.7 246 302 7.4 0 933 5610
85 29 81 by 230 284 13,0 0 899 11100
71 28 84 3.9 236 5. 2975 11D 0 867 3080
64 24 72 4,0 187 237 7.2 0 761 2060
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Table B (Cont.)

Ca Mg Na K HCO SO0y Cl CO ECM Q
(Mg/L) (Mg/1) (Mg/L) (Me/L) (Ms/g) (Mg/L) (Mg/L) (Ms/z) (mmho/em @ 250¢) (cfs)

73 26 84 3.6 218 988 130 0 900 4230
80 27 83 = B2 219 295 . 11.0 0 914 5030
70 24 8l b,1 188 284 9.4 0 866 3750
68 22 73 3.9 190 260 8.0 0 892 5800
78 29 87 b1 229 01 . 11.0 0 934 4500
73 26 79 4,0 210 271 9.6 0 878 12800
60 21 6 3.4 172 220 7.7 0 723 3420 :
96 5 SRS e 3.9. 228 400  15.0 0 1160 1310 4
92 37 106 4,5 266 373 14.0 0 1120 2860
52 17 61 3.2 150 187 5.0 0 637 : 2630
87 35 100 b4 229 34 14,0 0 1070 840




TABLE C

Raw Data for the Tongue River at Miles City

‘ Ca Mg Na K HCO SOy Cl €03 ECM Q
(Mg/L) (Mg/L) (Mg/L) (Mg/L) (Ms/?-) (Mg/L) (Mg/L) (Mg/L)  (mmho/em @ 25°c) (efs)

58 42 47 542 262 190 b1 0 755 iy
65 Ls L9 4,0 279 200 3.5 5 802 539
85 62 83 b,7 396 310 8.2 0 1120 188
95 69 88 6.1 448 350 6.0 0 1230 222
77 52 70 5.5 325 270 b4 0 988 340
63 L7 68 L,6 300 260 4,3 0 955 389
77 62 92 6.1 334 350 5.4 3 1140 245 o
71 50 55 5.1 280 280 5.0 0 914 569 ®
46 30 4o 3.6 208 160 2.6 0 625 ; 815
33 16 17 1.9 139 68 1.4 0 365 1310
46 26 43 3.6 230 130 3.4 0 628 173
52 31 46 4.3 239 160 3.0 0 680 270
57 41 60 4,9 266 210 4,2 3 980 140
65 L5 58 b,b4 277... 2% bo1 0 849 372
65 L9 61 4,5 300 2Lo L,5 0 877 395
86 64 92 6.3 329 90 6.3 0 1030 78
76 54 7 5.1 372 280 4,8 0 1130 195




Table C (Cont.)

Ca Mg Na K HCO SOy 0. ECM Q
(mg/L) (Mefr) (Mef1) (Me/i) (we/D) (Me/D) (Me/i) (e/l)  (umho/em e 2%c)  (efs)
78 57 75 5.2 372 280 5.3 0 1050 270
64 48 90 5.5 299 320 4.9 0 1040 430
73 59 100 6.4 W3 340 5.4 0 1170 179
68 51 54 4,8 282 260 b.b 0 886 983
36 20 26 2.8 157 89 2.8 0 445 1950
41 22 28 3.6 188 100 3.5 0 490 554
52 30 46 L. b 242 160 3.4 0 599 257
45 25 68 5.0 226 170 3.0 0 704 361
Ly 27 70 4,9 219 210 2.3 0 724 410 -
69 50 82 5.2 318 290 3.4 0 1030 341
75 55 88 5.3 334 330 5.3 0 1080 345
80 58 88 4,8 363 330 6.3 0 1120 128
84 59 78 5.5 388 310 5.2 0 1100 198
31 17 39 5.2 139 120 2.8 0 463 2800
20 47 64 6.0 263 270 L.7 0 899 1230
68 51 110 8.4 283 360 5.7 0 1100 604
L4s 25 30 1.2 169 130 2.4 0 535 1660
64 L3 59 5.1 272 230 4.8 0 822 269
68 47 65 4,9 304 250 4,6 0 902 272

611




Table C (Cont.)

ECM

Q
(Ms/L) (Ms/L) (Ms/L) (Ms/L) (Ms/z) (Hs/L) (Ms/L) (Ms/L) (umho/cm @ 25°¢) (cfs)

75 51 74 5.7 346 280 6.0 0 988 227
91 5k s, 369 280 4,5 0 966 172
65 37 42 6.0 255 190 L. b4 0 725 1070
78 57 9L 8.2 293 360 b4 0 1140 : 930
72 51 67 7.8 259 300 5.0 0 922 1040
35 20 33 3.0 152 110 5.4 0 L67 1840
51 31 ) 3.7 231 160 2.7 0 653 300
57 37 79 4.5 287 230 35 0 881 69
53 34 59 4.7 238 190 2.8 0 759 I o
62 65 121 6.8 301 396 5.8 0 1170 125 =
85 ot R - 6.3 389 337 4,2 0 1150 150
70 sk 74 5.8 334 282 4,2 0 1000 265
68 L9 74 6.0 315 .. 260 4,6 0 939 350
73 53 71 82 310 278 4.2 0 958 526
64 L7 66 6.6 268 265 4,2 0 887 596
49 23 25 5.3 196 114 0.8 0 503 3360
48 2% 43 4,2 220 145 3.0 0 610 363
45 26 40 3.5 213 134 2.6 0 580 243
b7 30 52 5.2 252 276 2.9 0 719 235




Table C (Cont.)

Ca Mg Na K HCO SOy cl o ECM Q

(Mg/L) (Mg/L) (Me/t) (Mg/L) (Me/T) (Me/t) (Mg/i) (Me/T)  (umho/em @ 250¢)  (cfs)
76 54 73 5.1 227 276 4.8 9 997 267
70 L8 64 4,5 330 243 4.4 0 924 200
63 L 62 5.9 227 211 3.4 0 813 184
63 L5 65 5:0 288 234 52 0 859 380
65 sS4 70 5.3 303 267 L.,6 9 963 567
53 35 36 4.1 228 1721 2.4 0 667 1270
53 31 34 3.5 237 143 2.2 0 627 575
76 54 100 9.9 339 345 5.0 0 1020 33
65 49 65 5.0 266 283 3.6 > 969 373
58 38 56 L,7 250 199 Lal 0 759 150
60 42 79 5.6 274 245 35 L 900 52
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TABLE D

Raw Data for the Yellowstone River at Miles City

Ca Me Na K HCO S0 cL  co ECM Q
Mgty (Mg/t) (Mg/t) (Me/L) (M&/D) (Me/L) (Me/L) (MefL) (umho/em @ 250%€)  (cfs)
58 22,0 55 3.6 183 180 9.2 7 681 7460
fan 23.0 63 1.5 193 210  10.0 0 762 8530
65 25.0 74 3.9 205 250 9.3 0 828 7880
72 27.0 76 4.3 203 250 120 2 857 8000
65 24,0 68 L.0 201 230 10.0 0 800 8680
53 18.0 43 3.1 162 140 25 0 566 14800
Lo 7.9 25 2.3 116 85 4.8 0 365 L0200
28 7.6 1?7 1.7 90 49 3.8 0 274 58400
33 12.0 27 2.7 116 82 4.0 0 385 19900
38 16.0 39 27 153 110 5.8 0 L80 10600
50 19.0 52 3.5 162 150 27 5 660 7860
66 25.0 70 el 200 220 1150 0 824 6900
56 20,0 57 3.4 184 170 10.0 0 671 9000
33 12.0 28 2+1 119 81 5.6 0 389 28600
54 22.0 62 4,2 187 190 9.5 0 701 10700
L 19.0 60 4,2 163 200 9.1 0 661 22000
23 7.0 15 =S 83 47 2.8 0 247 48400

A4




Table D (Cont.)

( g/L) (Ms/L) (MG/L) (Mg/L) (Ms/3) (Mg/L) (Ms/L) (Ms/%) (nth/c:S; 250¢) (c§S)
38 15.0 37 2.7 151 110 5.8 0 475 10400
58 21.0 . e 192 190 9.8 0 668 6840
an 30.0 62 I 189 230 7.9 0 26 8100
58 24,0 59 4,1 204 200 9.5 0 203 14400
36 12,0 29 1.9 123 98 3.9 0 403 32000
1 15.0 16 3l 167 130 8.1 0 534 10300
61 25,0 69 b4 196 223 9.0 0 26l 6800
68 26,0 80 5.3 196 266  11.0 0 883 8600
39 14,0 30 2.6 142 91 3.2 0 439 31100
51 18.0 54 b1 178 166 9.2 0 625 6610
50 16,0 45 2.9 160 152 7.0 0 571 10700
57 22,0 61 3.9 189 202 9.6 0 202 2640
63 22.0 64 4,5 196 220 11.0 0 748 9800
23 7.5 16 1.9 91 u6 2.8 0 249 27400
59 23.0 20 4.3 196 210 6.8 0 72l 6900

£ct




TABLE E
Common Ion Data for the Yellowstone River

at Billings in Meq/L

Ca Mg ~ Na K ALK SOy cl ERR
1.8463 1.0694 1.0004 .0716 2, 5402 1.6031 1044 -.0631
1.8463 +9872 1.0004 .0639 2,4583 °  1.4157 .1410 -.0296
1.8962 1.0694 1.0439 .0793 2.4746 1.6031 .1862 -.0419
2,2455 1.2340 1.1309 .0818 2.8024 1.8529 .2821 -.0509
2.1956 1,1517 1.0874 .0895 2.7860 1.8113 .2821 -.0755
2,2455 1.1517 1.5224 .0895 2.8188 2.0195 2426 -.0142 ¥
1.9461 1.0694 1.1744 .0793 24746 1.5406 .2200 .0080 2
1.4970 8144 8264 0921 1.9338 1.0618 .1608 .0230
.6986 2715 2523 0332 <9177 2498 .0310 064
.8982 4936 4785 0486 1.2947 4997 .0762 .0255
1.4471 .8226 .8264 .0639 2.1305 .9577 L1241 -.0164
1. 5469 .9049 .8699 «1074 2,2616 1.2075 «1269 -.0475
1.8962 1.0694 1.0874 .0818 2.5566 1.3949 « 1664 +0041
1.8463 1.0694 1.2179 .0793 2.5074 1.5823 .1805 -.0135
1.8962 .9872 1.0874 .0716 2.4091 1. 5406 1777 -.0208

1.7964 .8226 1.0874 .1049 2.1960 1.0202 .1805 1150




Table E (Cont.)

Ca Mg Na K ALK SOy cl ERR
2.0459 .9049 1.1309 . 0895 2,5402 1.2075 1777 .0607
2.1457 1.2340 1.2179 0946 2.8024 1.4574 .2398 0419
2,1457 1.1517 ©1,3049 .0921 2.6221 1.8321 .2228 .0037
1.1976 . 5841 4785 0844 1.7044 4580 .1015 .0350

. 7984 4113 3175 .0307 1.2127 3956 0564 -.0663

. 7485 4278 4350 .0435 1.2455 4580 .0846 -.0775
1.1976 .6828 .6960 L0614 1.9502 .8120 <1044 -.0831
1.4970 .8226 . 8264 .0691 2.3927 9577 «1354 -.0808
1.4970 .9049 +8699 .0665 2.0977 1.2283 .1608 -.0435
1.6966 - .9872 9134 .0665 2.2944 1.3324 .1692 -.0355
1.8962 1.0694 1.0874 .0716 2.4746 1.6031 .1692 -.0292
2.4950 1.3985 1.3484 .0997 3.0482 1.9987 .2228 .0136
2.2954 1.0694 1.0874 .0895 2.6385 1.7488 .2228 -.0149
1.9461 1.0694 1.1744 .0870 2.5074 1.7488 2285 -.047h
2.0459 1.1517 1.2614 .0818 2.6549 1.6447 .1862 .0122
2.2954 1.4808 2.0009 0844 3.2285 2.4983 .2031 -.0116
1.0479 . 5347 . 5655 0460 1.5733 .6870 1044 -.0748

. 8483 4689 4219 .0409 1.2291 4580 .0790 .0078
1.7465 1.0694 1.1309 .0767 2.2616 1.2908 .1508 .0802
1.8463 1.0694 1.0874 0742 2.5730 1.4365 1467 -.0192

gzt




Table E (Cont.)

Ca Mg Na K ALK SOy cl ERR
2.2954 1.3162 1.3484 <1049 2.917 1.8321 .2059 .0219
2.4950 1.6453 1.7399 1560 3.3104 2,4567 2539 .0025
1.7964 1.2340 - 1.0874 .1074 2.4910 1.6031 1241 .0017
1.9461 1.1517 1.3484 2115] 2., 5894 1.7905 .2821 -.0218
2.0459 1.1517 1.3484 .1176 2.6549 1.8321 .2087 -.0069

. 1.8962 1.3162 1.6094 <1969 2.8516 2.0195 2482 -.0198
1.0978 . 5183 . 5220 0435 1.5405 . 5621 0677 .0051

.8982 L4689 4785 0537 1.2783 4997 .2228 -.0521
1.0978 .6910 7829 .0639 1.7699 .8120 .1213 -.0253
1.7964 1.0694 1.1309 .0921 2.4091 1.4157 1862 .0192
1.8962 1.0694 1.0439 .0818 2, 5074 1.3533 .1918 .0096
1,8463 .9872 1.1309 .0921 2.3927 1. 5406 .2031 -.0195
1.8962 1.3162 1.3049 .1049 2.8352 1.6031 .1692 .0032
1.0479 4525 4350 L0460 1.5405 4997 .0592 -.0579
1.9960 1.2340 1.3484 .0793 2.6566 1.9570 1833 -.0295
2.1457 1.2340 1.2614 .0818 2.7369 1.4574 2144 .0688
2.4451 1.3985 1.2179 .0972 2.9499 1.7905 «2454 0341
2.3952 1.3162 1.3049 .0921 2.8024 2.0403 2144 .0101
2.3453 1.3162 1.3919 .0997 2.7707 1.8946 2Y72 .0539
1,9461 1.0694 1.2179 .0870 2.4419 1.6239 .1805 .0173

92T




Table E (Cont.)

SERR =

<0466

Ca Mg Na K ALK SOy Cl ERR
1.4970 . 7980 1.0439 0716 1.8683 1.3116 «2059 .0073

.6986 3373 © 42958 .0358 1.0980 «2707 .0508 -.0373

+4990 4360 © 43828 .0435 1.0980 4372 0564 -.1560
1.2475 6663 . 6960 .0639 1.6880 87U .0987 .0047
1.7964 1.0694 1.4354 .0793 2,4102 1.3116 1580 .1212
.2,0459 1.3162 1.1744 0691 2.7696 1.6447 «1692 .0048
1.8962 1.1517 1.0874 0767 2. 5894 1.3949 .1862 .0099
1.8962 1.2340 1.3049 .0818 2,6877 1.5615 .1580 0246
1.8962 1.1517 1. 1744 .0870 2.4419 1.7280 .1862 -.0108
1.9960 1.0694 1.1744 .0716 2,6549 1.5823 .1862 -.0256
1.0479 4525 4350 0460 1.5405 4997 .0592 -.0579
1.4471 .8226 8264 0614 2,1469 1,0202 1269 -.0423

ERR = =-.0092

421




TABLE F
Common Ton Data for the Bighorn River

at Bighorn in Meq/L

Ca Mg Na K ALK SOy cl ERR

3.8423 2.0566 4,0017 .1202 3.4416 6.4540 3103 -.0183
3.8423 2.2211 3.5233 .0921 3.3924 6.0376 3103 -.0063
4.3413 2,6324 3.7408 .0997 3.6426 6.8704 3385 -.0034
4, 5908 2.1389 4,1322 .0972 3.4913 6.6622 3949 .0382
4,0419 2,3857 3.6538 . 1049 3. 5399 6.2458 .3103 .0089
3,7425 2.3034 3. 5668 .0997 3.5727 6.0376 3103 -.0212
4,2914 2.5502 3.6973 .1100 3.6415 6.2458 3385 .0405
4,2415 2.4679 3. 5233 .0997 3.7857 6.2458 3385 -.0036
3.9920 2.3034 3.1318 .1330 3.8185 5.8294 3949 -.0492
3.8423 2.2211 2.8708 0844 3.5071 5.2049 3103 -,0004
3.0938 1.8921 2.6533 .0921 2.9499 4,3721 2144 .0255
2.3952 1.3985 2.0009 0767 2.4419 3.3311 1721 -.0125
3.2435 2.1389 3.2188 .0818 2.9685 5.2049 .2821 .0266
3.1437 1.8098 2.8708 .0844 2.9991 4,7885 2623 -.0177
3.7924 2.1389 3.4798 .0997 3.3104 6.0376 .2821 -.0125

3.5928 2.0566 3.4798 0946 32777 5.4131 3103 .0245

gzt




Table F (Cont.)

S0y

Ca Mg Na K ALK cl ERR

3. 5429 2.0566 3.2623 0844 3.1957 5.6213 .2821 -.0169
3.6427 1.9743 3.1753 .0895 3.3268 5.6213 .2821 -.0385
4,0419 2.3034 3.5233 0946 3.6218 6.0376 3103 -.0007
3.9920 2.3857 3.6973 0844 3.6546 5.8294 .2821 .0395
L, 5409 3.3728 5.2197 1279 3.4743 9.3688 .3103 .0082
3,6427 2.0566 2,6968 .0921 3. 5563 4,7885 2821 -.0162
3.6427 2.1389 3.0883 .0921 3.5399 5.4131 .3385 -.0361
3.7924 2.3857 3.7408 .0972 3.5235 6.2458 3385 -.0091
3.4930 1.9743 3.1318 .1023 3.1957 5.4131 .2821 -.0215
3.5928 2.0566 3.3058 .0870 3.2777 6.0376 .2059 -.0516
3.1936 1.8098 3.3058 .0793 3.0318 5.2049 2482 -.0114
3.4930 2.0566 3.3058 .0895 3,2285 5,2049 .2821 .0260
3.3932 1.8098 3.0448 .0895 2.9991 4,9967 2567 .0102
3,8922 2.2211 3.5233 .1074 3.5399 6.0376 .3385 -.0175
3.7425 2.0566 3.0883 .1100 3.3432 5.6213 .3103 -.0304
3.5928 2,0566 3.3058 1074 3,3924 5.6213 .3385 -.0314
3.8423 2.1389 3. 5233 .1023 3.3104 5.8294 3385 .0135
3.9421 2.3857 4,1322 .1074 3.3432 7.0786 .3103 -.0155
3.8423 2.2211 4,0887 0844 3.5235 6.6622 +3103 -.0250

621




Table F (Cont.)

Ca Mg Na X ALK SOy cl ERR
3.6926 2.3034 3.6538 .0588 3.4252 5.8294 2369 0226
3.4930 1.9743 3.0013 0997 3.1302 5.2049 .2285 .0006
3.5928 1.8921 - 3,0448 <1074 3.1302 5.4131 .2567 -.0187
4,1417 2.6324 3.8278 .0997 3.7038 6.2458 .3385 .0394
L,1417 2.3857 3.6973 .0997 3.7693 6.6622 «3103 -.0396
L4,2415 2.4679 3.5233 «1560 3.7038 6.0376 . 3667 L0274
3.7425 2.3034 3.9147 .0870 3.4907 5.6213 2764 .0678
2.8942 1.8098 1.4354 .0793 2.8843 3.1229 2144 -.0005
2.4451 1.3162 2.2619 .0639 2,6221 3.5393 .1551 -.0370
2.4950 1.4808 2.2619 .0767 2.6221 3.7475 .1946 -.0388
3.9920 2.3034 4,2627 1100 3.6054 6.8496 .3103 -.0091
3.7425 2.6324 L4,0452 1202 3.7038 6.7871 .3103 -.024l
3.9920 2.5502 4,0017 .1176 3.6710 6.5789 .3103 .0096
b, 1417 2.5502 4,3497 «1304 3.8513 6.9537 3667 .0000
4,3912 3.7019 5.3502 1407 L, 5723 8.7025 .2821 .0020
4,1916 2.7970 L, 7847 . 1458 3.8676 7.4325 .2821 .0287
4,3912 2.5502 3.5233 L0946 4,0315 6.2875 .2087 .0030
4,2415 2.3857 3. 5233 .1125 3.7693 5.9127 3667 0211
3. 5429 2,3034 3.6538 .0997 3.5399 5.7670 3103 -.0018
3.1936 1.9743 3.1318 .1023 3.0646 4,9342 .2031 .0241
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Table F (Cont.)

Ca Mg Na K ALK S0y Cl ERR
3.6427 2.1389 3.6538 .0921 3. 4743 5.9960 <3667 -.0320
3.9920 2.2211 3.6103 1074 3. 5890 6.1417 3103 -.0110
3.4930 1.9743 '3.6538 .1049 3.0810 5.9127 «2651 -.0036
3.3932 1.8098 3.1753 0997 3.1138 5.4131 «2257 -.0319
3.8922 2.3857 3.7843 .1049 3.7529 6.2667 3103 -.0159
3,6427 2.1389 3.4363 .1023 3.4416 5.6421 .2708 -.0037
2.9940 1.7275 2.7838 .0870 2.8188 L4, 5803 2172 -.0031
4, 7904 2.7970 5.0892 .0997 3.7365 8.3278 L4231 0229
4, 5908 3.0438 4,6107 <1151 4,0315 7.7657 3949 0137
2,5948 1.3985 2,6533 .0818 2.4583 3.8932 +1410 .0357
b.3413 2.8792 4.3497 .1125 3.7529 7.2660 3949 .0233

ERR = -.0020
SERR = 0251
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TABLE G
Common Ion Data for the Tongue River

at Miles City in Meq/L

Ca Mg Na K ALK S0y g1 ERR
2,8942 3.4551 2.0444 +1330 4,2937 3.9557 1156 .0191
3.2435 3.7019 2.1314 1023 L4,7390 4,1639 .0987 .0195
4,245 5.1004 3.6193 2225 6.4898 6.4540 .2313 -.0000
L4,7405 5.6762 3.8278 1560 7.3420 7.2868 1692 -.0272
3.8423 4.2777 3.0448 . 1407 5.3262 5.6213 <1241 .0209
3.1437 3.8664 2.9578 1176 4.,9165 . 5.4131 .1213 -.0356 2
3.8423 5.1004 4,0017 1560 5.5737 7.2868 1523 .0067 b
3. 5429 4,1132 2.3923 <1304 L, 5887 5,829 1410 -.0367
2.2954 2.4679 1.7399 .0921 3.4088 33311 .0733 -.0325
1.6467 1.3162 «7395 0486 2.2780 1.4157 .0395 .0048
2.2954 2.1389 1.8704 .0921 3.7693 2.7065 .0959 -.0270
2.5948 2.5502 2.0009 1100 3.9168 3.3311 .0846 -.0105
2.8443 3.3728 2.6098 .1253 4,4593 4,3721 .1185 .0003
3.2435 3.7019 2.5228 .1125 L4,5396 4,7885 01156 L0144
3.2435 4.0309 2,6533 1151 4,9165 4.9967 .1269 .0003

4,2914 5.2649 4,0017 1611 5.2934 7.7032 <1777 0405




Table G (Cont.)

Ca Mg Na K AIX S0y Cl ERR
3.7924 4, 4423 3.3493 «1304 6.0965 5.8294 1354 -.0292
3.8922 4,6890 3.2623 .1330 6.0965 5.8294 .1495 -.0082
3.1936 3.9487 " 3.9147 1407 4.9001 6.6622 .1382 -.0439
3.6427 4,8536 4,3497 1637 5.6212 7.0786 «1523 .0122
3.3932 4,1955 2,3488 .1228 4,6215 5.4131 .1241 -.0097
1.7964 1.6453 1.1309 .0716 2.5730 1.8529 .0790 .0305
2.0459 1.8098 1.2179 .0921 3.0810 2.0819 .0987 -.0184
2.5948 2.4679 2.0009 .1125 3.9660 3.3311 .0959 -.0298
2.2455 2.0566 2.9578 .1279 3.7038 3.5393 .0846 .0082
2.1956 2.2211 3.0448 «1253 3. 5890 4,3721 0649 -.0563
3.4431 b,1132 3. 5668 <1330 5.2115 6.0376 0959 -.0079
3.7425 b, 5245 3.8278 1355 5.4737 6.8704 1495 -.0213
3.9920 L,7713 3.8278 .1228 5.9490 6.8704 <1777 -.0220
4,1916 4,8536 3.3928 1407 6.3587 6.4540 1467 -.0298
1. 5469 1.3985 1.6964 .1330 2.2780 2.4983 .0790 -.0167
3.4930 3.8664 2.7838 «1534 k.3101 5.6213 .1326 .0229
3.3932 4.1955 4, 7847 2148 4,6379 7.4950 .1608 .0237
2.2455 2.0566 1.3049 .0818 2.7696 2.7065 0677 .0258
3.1936 3.5373 2.5663 «1304 4,576 4,7885 “.1354 .0049

€t




Table G (Cont.)

Ca Mg Na K ALK SOy cl ERR

3.3932 3.8664 2.8273 .1253 4,9821 5.2049 1297 -.0102
3,7425 4,1955 - 3,2188 .1458 5.6704 5.8294 1692 -.0319
L, 5409 4, 4423 - 3.1318 .1381 6.0473 5,8294 .1269 .0206
3.2435 3.0438 1.8269 1534 4,1790 3.9557 1241 .0011
3.8922 4,6890 L4,0887 2097 4,8018 7.4950 1241 .0363
3.5928 4.1955 2.9143 .1995 L, 2u46 6.2458 <1410 .0251
1.7465 1.6453 1.4354 .0767 2.4910 2.2901 .1523 -.0060
2. 5449 2.5502 2.0009 0946 3.7857 3.3311 .0762 -.0003
2.8443 3.0438 3.4363 1151 4,7035 . .4,7885 .0931 -.0153
2,6447 2.7970 2,5663 .1202 3.9004 3.9557 .0790 0240
3.0938 5.3472 5.2632 «1739 4.9329 8.2445 1636 .0395
4,2415 5.7585 3.7843 1611 6.3751 7.0162 .1185 .0317
3.4930 b, 4423 3.2188 1483 5.4737 5.8711 .1185 -.0141
3.3932 14,0309 3.2188 .1534 5.1623 5.4131 1297 .0085
3.6427 4 ,3600 3.0883 .1586 5.0804 5.7878 .1185 .0236
3.1936 3.8664 2.8708 .1688 4,3921 5.5172 1185 .0071
2.4451 1.8921 1.0874 L0844 3.2121 2.3734 .0226 -.0178
2.3952 2.2211 1.8704 1074 3.6054 3.0188 0846 -.0173
2.2455 2.1389 1.7399 .0895 3.4907 2,7898 .0733 -.0223

HeT




Table G (Cont.)

Ca Mg Na K ALK S0y b ERR
2.8u443 2.4679 2.2619 1330 4,1299 3. 6642 .0818 -.0217
3,7924 4, 4423 13,1753 .1304 5.6589 5. 7462 1354 -.0000
3.4930 3.9487 -2,7838 1151 5.4082 5.0591 1241 -.0240
3.1437 3.3728 2,6968 .1509 3.7202 4.3929 .0959 «1315
3.1437 3.7019 2.8273 <1279 4.7198 4,8718 L1467 .0064
3.2435 b, bl23 3.0448 .1355 5.2656 5.5588 .1297 -.0081
2.6u447 2.8792 1.5659 .1049 3.7365 3. 5601 0677 -.0233
2.6447 2,5502 1.4789 .0895 3.8840 2.9772 .0621 -.0234
3.7924 b.4423 b.3497 2532 5.5556 7.1827 .1410 -.0033
3.2435 4.0309 2,8273 <1279 L, 5926 5.8919 .1015 -.0342
2.8942 3.1260 2.4358 .1202 4,0971 L, 1431 0621 .0325
2.9940 3.4551 3.4363 (1432 4,6237 5.1008 .0987 .0207

ERR = -,0011
SERR = .0282

Gel




Common Ion Data for the Yellowstone River

TABLE H

at Miles City in Meq/L

Ca Mg Na K ALK S0y Ccl ERR
2.8942 1.8098 2.3923 .0921 3.2324 3.7475 «2595 -.0071
3.1936 1.8921 2,7403 .0895 3.1629 L,3721 .2821 .0125
3.2435 2.0566 3.2188 .0997 3.3596 5.2049 2623 -.0239
3.5928 2.2241 3.3058 .1100 3.3935 5.2049 .3385 .0322

~ 3.2435 1.9743 2.9578 .1023 3.2941 4,7885 .2821 -.0104
2.6447 1.4808 1.8704 .0793 2.6549 2.9147 2115 0496
1.9960 6499 1.0874 .0588 1.9010 1.7697 <1354 -.0037
1.3972 6252 7395 .0435 1.4750 1.0202 .1072 .0751
1.6467 «9872 1.1744 .0691 1.9010 1.7072 .1128 0411
1.8962 1.3162 1.6964 .0691 2.5074 2.2901 .1636 .0034
2.4950 1.5630 2.2619 0844 2.8215 3.1229 2172 .0386
3.2934 2.0566 3,0448 .0946 3.2777 4, 5803 .3103 .0386
2.7944 1.6453 2.4793 .0870 3.0155 3.5393 .2821 0244
1.6467 .9872 1.2179 0537 1.9502 1.6864 +1580 .0288
2,6946 1.8098 2,6968 «1074 3.0646 3.9557 .2680 .0028
2.5948 1. 5630 2.6098 <1074 2,.6713 4.1639 «2567 -.0310

9Lt




Table H (Cont.)

Ca Mg Na K ALK SOy Cl ERR
1.1477 . 5758 .6525 .0384 1.3602 .9785 +0790 -.0014
1.8962 1.2340 1.6094 .0691 2.4746 2.2901 1636 -.0246
2,8942 $.7275 © 2.3923 .1049 3.1466 3.9557 2764 -.0358
3.1936 2.4679 2.6968 .1125 3.0974 4 ,7885 .2228 . 0437
2.8942 1.9743 2.5663 . 1049 3.3432 L,1629 «2680 -.0307
1.7964 9872 1.2614 0486 2.0158 2,0403 .1100 -.0176
2.0459 1.2340 2.0009 .0870 2.7369 2.7065 .2285 -.0551
3,0439 2.0566 3.0013 .1125 3.2121 4, 6427 «2539 .0129
3.3932 2.1389 3.4798 «1355 3.2121 5.5380 .3103 .0096
1.9461 1.1517 1.3049 .0665 2.3271 1.8946 .0903 .0358
2.5449 1.4808 2.3488 .1049 2.9171 3.4560 <2595 -.0234
2.4950 1.3162 1.9574 0742 2.6221 3.1646 <1974 -.0239
2.8443 1.8098 2.6533 .0997 3.0974 4,2055 .2708 -.0222
3.1437 1.8098 2.7838 1151 3.2121 L4, 5803 3103 -.0314
1.1477 .6170 6960 0486 1.4913 <9577 .0790 -.0075
2.9441 1.8921 3.0448 .1100 3.2121 4,3721 1918 .0273

ERR = .0019
SERR = .0211

LET




138 -
TABLE I
Primary Flow Data 30 Years (1944 - 1973)
in Million Acre Feet (MAF)
Yellowstone Bighorn Yellowstone
Year Bighorn Bighorn Miles City Precipitation
1944 L4, 4294732 L, 558000 9.662717 5.976344
1945 4,903299 3.401000 8.537485 3.412980
1946 4, 536863 2.856000 7.488556 4, 494581
1947 5. 598576 3.983000 9.333501 3.853739
1948 6.032406 3.284000 9.396159 3.923335
1949 k4, 556255 2.600000 7.219993 2.763u41
1950 5.628138 3.034000 8.911475 3.987130
1951 6.012505 3. 543000 9.801787 3.752250
1952 5.988362 2.340000 8.426226 2.656153
1953 4,391895 2.030000 6.538806 3.876938
1954 L, 567656 1.958000 6. 538840 3.381083
1955 3.870799 2.178000 6.076215 3.439079
1956 5.892619 2.302000 8.287723 3.427480
1957 7. 134494 2,435000 9.648042 4.378593
1958 4,337206 2.813000 7.267318 3.279590
1959 5.077166 2.098000 7.191112 3.702952
1960 3.639390 1.614000 5.280476 2.461868
1961 3.237737 1.175000 b4, 434866 3.241898
1962 6.013068 2.917000 9.004552 4,627968
1963 5.151859 3.000000 8.029416 4,593173
1964 5.400421 3.397000 8.755631 4,204611
1965 6.816616 3.967000 10,775285 4,419186
1966 4,327211 1.240000 5.629292 2.818538
1967 6.784331 3.184000 9.962166 b4.410489




Table I (Cont.)

139

Yellowstone Bighorn Yellowstone

Year Bighorn Bighorn Miles City Precipitation
1968 6.334088 34359000 9.831044 k4,857047
1969 5.623566 2.881000 8.635795 4,123416
1970 6.349800 2,851000 9.349343 4, 384390
1971 7.077032 3.634000 10.880866 3. 804442
1972 6.342625 3.667000 10.210567 4.857046
5.163317 3.180000 8.417696 4, 558376

1973
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TABLE J
Simulated Values of ECM for the 25 Years

1944 to 1968 Associated with Li and 12

Year EO EI
1944 612.3 567.8
1945 596.7 542.7
1946 628.9 532.1
1947 575.8 540.2
1948 5742 493.6
1949 638.2 517.4
1950 586.6 496,2
1951 564, 6 506.1
1952 599.9 Ly7.4
1953 664.1 491.4
1954 664.1 478.9
1955 683.9 526.5
1956 603.9 448, 5
1957 568.2 418.2
1958 636.5 539.2
1959 639.2 466.4
1960 723.5 501.3
1961 775.9 490.3
1962 584.1 476.7
1963 611.6 512.9
1964 590.7 522.1
1965 543.6 b97.7
1966 705.2 439.3
1967 560.9 L6k,7
1968 563.9 486.9




APPENDIX II

Contents

Chi-square goodness of Fit Tests for the error of balance, ERR,
for common ion data for the specified sites: Yellowstone River at Bil-
lings, Bighorn River at Bighorn, Tongue River at Miles City, and

~ Yellowstone River at Miles City.

Cross Reference

Pages iv . and 15
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X2 Goodness of Fit for ERR for Yellowsitone River at Billings

Hypothesis: ERRA N(u, 02) with u = 0, 6@ = Sfgg = ,0022, ot = .05, n = 68
r (Obsj - Expj)?

X25=% Where:
J=1 Exp 5 .
- : r = number of intervals
= (2R - 1) ' Obs = observed frequency
OFRR: . Exp = expected frequency
ERR Z . s 2,
" Tnterval - TInterval Obs 5 - Expj X5
- @ -,07 - & -1.502 6 - b, 522 483
-.07 & -,05 . -1,502 & -1.073 6 ‘5107 2156
=054 ~,03 -1.073 @ - .64k 9 8.036 116
: --003lﬁ -001 ‘ - 964“' 6 - 9215 14 10&5’4’5 10132
-.01 <> ,01 = 215 «..215 12 11.580 015
.01 ¢ .03 0215 ¢— 6Lk 11 10. 545 .020
03¢y 00 Ol & 00 10 17,665 3.326
k = the number of sample statistics used X2 = 5,248
d0ofe =7 ~k - 1 here k = 1(S?) so d.o.f. = 5

X2 = 11.07- so X2< X%, and the hypothesis can not be rejected
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Z-Test of pngpp for the Yellowstone River at Miles City

t

Hot pgpr = O

Hi: pgrg % 0

&= ,05

BRR = .0019; Sggg = .0211

Since n = 32 >730 Sggr Was used to approximate Ofgpg
_ ERR - MERR

) ofirrRANT

Za‘—/z = 11 . 96

= .509

Z<Z“/2 so the hypothesis can not.be rejected
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Quantity Model
1944 - 1973

Contents
Primary data and simulated secondary data output for the 30 year

period 1944 - 1973 annual 42KJA computer program.
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COOIOOMMPERENE R RN FRERR R R ERE R RN R RN R R R R RN RE RN RE LR RN RN MR RN RN RN AR RN N
COOVOS 'APPLICATION M At 0K KM a0 0O M3 R H KM A 0 R R B R RO R R RN

c 42K JASUB=BASINs ANNUAL: SOLUTION FOR YEARS 1344 THROUGH 1973
c SIMULATE SECONDARY DATAs
c OUTPUT: PRIMARY AND SECONDARY DATAW

COOVAO0IDIMENSIONS ' Mr ¥k kX E ¥ XK KRR R ARER RSN FERNAN AR RRE RN R R RN RN R AR RN B RN RN NN
C NP = NUMBER OF PERIODS»
NR=6JNC=13:NP=30
c DIMENSION INSTRUCTIONS!DINRxNC)2Z(NC=NR),BIN)IXINR),
c WLINR)IWRINR)2Y(NR)IAINRYNR)ILINC)2SINCIaCINRING)
DIMENSION D(78)2Z1(7),3(6))K(6)sWLI6)sWRLE)IYIE)IA136),L113)sS(13),
#»C(6213),FY(30)2FBI(130)

INTEGER P
COQ 000 MM M350 R M AR N X 0 A 0 M 2R M IO N ORI AN AR KR MR MO AR M RN R
c INITIALIZE Z AND Co

JimNC=NR!) U2=NC#NR
DO 10 J=1,01
10 Z2(J)=1,»
EQUIVALENCE (DsC)
DO 15 JsilaJe
15 D(J)=0.
CORe0ORMAFARXRRRARREARREERERBEERRMANRR AR R RRRRRRE R RN R RN RN RN R R R RN RN
c INPUT SOLUTION SUBSCRIPTSs, INITIAL EXOGENQUS VALUES? AND SYSTEM CONSTANTSe
NAMELIST K22Z,C .
INPUT
INPUT
INPUT
CORI0ONAANRMERERBRRRE NN RN RN NP RR R R R RPN RR RPN RE NP EREER RN RN R R B E R RRRR R RFRR NP RN
o ESTABLISH SOLUTION CODE VECTOR®
CALL CODEt(KsNRsNCoL) ,
CONCOONATFRRARRRRRRNRE RN R REER R AR R RRR AR PR R R RN R RN R E R R R RN R RN R R RN R R RR R RN RN
c ESTABLISH EXQOGENOUS VECTOR®
CALL EXOGENOUSI(L2ZsNCsS)
CO4oO05 ' INITIAL VALUES ' 2 XX AMARFKRRRRRRRRAREE LR SRR R ERFRERLRRRRBRRRARRRRR AR RN RN
SUM7=0s ) SUMB=0e;SUMLI120¢)SUM10=04)SUME=O s SUML2m]0
42 X9I=2(6):S(19)mZ(6))H0LD=0;SFmwe0360523

Shi




Ci5,11)m=l  /SF
D0 91 Jm1,NP

COX040 1 MAKE EXOGENOUS CHANGES | Mo aa woa s a2 MMM M KM 8 KM 0 KK A0 MR RN KR KN
READ(S24100)FY(J)2F3(J)2S(1),s5(5) ERRRRRARRRY

S(2)=FY(JI+FB(J)
4100 FORMAT(4Xs»F94643F1006)
IF(JeGTel) S(9)mY( k)

S(4)=0¢;S(3)aHOLDIHOLO=S(4)
Coso0044!4¥¥§4¥¥¥444¥¥44!!¥¥!!444&444444!!4&4444!%%!%#¥¥¢¥l¥¥l¥m4mmm4¥¥44m¥4m4;m
¢ ESTABLISH ENDOGENOJS CTFCNT MATRIX»

CALL DELETE COLUMN(J2w2NIINCIA)

COBIOORF AR B RN AR IRRRMNFERRREREN RN RN PR RN PR RRRRRN PR RRER RN AR AR RRR RN R R B RN RN NN
= COMPUTE INVERSE OF THE CSfCNT MATRIXe

CALL INVERSE(AJINR2412W2)
COTI00MMEXRRRRLXARERNKFARNFRERERR RPN RN RRRRRRRRRNNRE R R RN RN RN RN R XN
c COMPUTE RIGHT=HAND=SIDZ COLUMN VECTOR?

CALL MULTIpLY(DsS2sNRINC1,B)

DO 70 JJ=1,NR

70 Bl(JJ)==B(JY)
COBIOOXKARNRURRRNRRF MR RBEFRRR RN RERRRRRRRARERRRRRR R ERERRRRR RN R RRRR R R RRR R R AR N
c y=A¥B= ENDOGENOUS SYSTEM SOLUTION®
80 CALL MULTIpLY(AsBINRINRIL,Y)
COBIOS ' TEST FOR ODUTPUT I ¥RXXARFFRRRRARNERNEERRINNREERERRERANRERERRRRNERRNRNRR A XN
COOoO0 MMM R XXM R S FRERBERREE R BB RN RN RRRR B RER RN R R R ERREERR R R ARRRRRRRRRLRRRR R RN RN
c ADJUST ARGUMENTS FOR DESIRED OUTPUT APPLICATION®
90 CALL OUTPUTI(YsS»J) .
C
CO09¢0S1TEST FOR FINAL ITERATION 'xamyssyyfdXyxsmyu bbb pn b buXp gy R npp o pprxxppry
SUM6=SUME+Y(1)3SUM7uSUM74Y(2);SUMBaSUMB+Y(3))SJIM10=SUMI0+Y (4)
gUM11=SUM11+Y(5)iSJM12=5UMI2+4Y(6)
91 CONTINUE
C09¢151FOO0TNOTE REPORT I My ¥ b u b X mu X ap X R R XN RN RN RN R R MR N LR AR RN R RRE R LR RR R Y
97 QUTPUT SUM6,SUM77304,5U%87304,SUM10/30e,8UM11/30+,5yM12/30
END

ont




10

10
20

10

SUBROUTINE CODE(KsNRaNCIL)

L=SOLUTION CODE VECTOR! '41=mEXOGENOUSs '0V'=ENDIGENOUS,
DIMENSION K(1)aL (1)
I=1

DO 10 J=1,NC

LiJ)=1e
IF(K(I)eEQeJ) LIJ)ImOo
IF(I+EQ«NRT GO TO 10
IFIKII)eEQeJ) InmI4}
CONTINUE

RETURN

END

SUBROUTINE DELETE ZOLUMNIDsLINRINC2A)

A=ENDOGENOUS CFFCNT MATRIx OBTAINE ELETING £

DIMENSION A(112D(1)0sL(1) D T s R LU
M=0iN=0

DO 20 I=1»NC

IF(LII)eNECDOS) GO TO 20

DO 10 J=1JNR

N-N+1

AIN)=DIM+J)

MaM+NR

RETURN

END

SUBROUTigE EXOGENOJS(L2ZINC2S)

FORMULATE 8 FROM L 'ONES! RE ;

AT Tt G Y R ?LACED BY INITIAL EXOGENOUS VALUES.
DIMENSION L(1)25(1)22(1)

1=0

DO 10 J=1,NC

S(J)mbl(J)

IF(S(J)eEQele) Imisl

IF(S(J)sEQele) S(J)mZ(T)

CONTINUE

RETURN

END

~ng s

[l




10

20

25

30
35

38

SUBROUTINE INVERSE(AsNsL2M)
REAL LsM
DIMENSION Al1)aLL(2)aM(Y)

‘D=1.0

NK==N
DO 80 K=1,N
NK=NK+N
LIK)=K
M(K)=K
KK=NK+K
BIGA=A(KK)
DO 20 J=KiN
1Z2=N*(J=1)
DO 20 I=K»N
a +1
i#(lias(BIGA’- ABS(AlIJ))) 15,20,20
BIGA=A(IJ)
LIK)=I
MIK)=J
CONTINUE
JeL(K)
IF(J=K) 35,35,25
KImK=N
DO 30 I=i.N
KI=KI+N
MOLD==A(KI1)
JIeKI=K+J
AlKII=A(JI)
A(JI) =HOLD

I=M(K) -
I;(I-K) 45145,38

JPuN¥(1=1)
DO 40 J=1ON
JKENK+J
JInJP+J

INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER

INVER
INVER

INVER
INVER
INVER
INVER

WoNOIFWN

st




40
s
46

1000

: A EpPENDEN
+ »HALTEDs CHECK'/'FOR ALL ZERO ROW OR COLUMN AND FOR LINEAR DEP
»CE BETWEEN EQUATIUNSe')

48

50

55

60

65

70
75

80

HOLD==A(JUK)

ALJK)=ALJL)

A(JI) =HOLD

IF(BIGA) 48, 46048

D=0+0 .
Hgégiito?;:gogéTER!INAVT OF 1 1AV 118 ZEROQe THEREFDRE EXECUTION WAS
F .

CALL EXI1IT
DO 55 I=1sN
IFlI=K) 50,55,50
IK=NK*I
A(IK)=A(IK)/(=BIGA)
ONTINUE
go 65 I=1)N
IKaNK+I
IJml=N
DO 65 Jm=1.N
I1J=IJ+N
IFlI=K) 60,65,60
IF(J=K) 62,65,62
KJslJ=I+K
ALTJ)I=ALIK)®AIKJI)+ALTJ)
CONTINUE
KJ=K=N
DO 75 Js=1uN
KJaKJ+N
FlJ=K) 70,75,70
i(KJ)-A(KJY/BIGA
CONTINUE :
Dm VALUE UF THE DETERMINANT .
D=Dx*BIGA
A(KK)=1+.0/BIGA
CONTINUE

INVER
INVER
INVER
INVER
INVER

INVER

INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER

INVER
INVER

INVER
INVER
INVER

36
37
38
39
40

42
43
LY
45
be
47
48
49
50
51
52
53

55
56
57
58
59
60

61
62

63

64
65

ol




100
105

108

110
120

125

130
150

K=N

Km(K=1)

IF(K) 150415021085

T=l(K)

1IF(I=K) 120,120,108

JO=N»*(K=1)

JR-N¥(I'1’

DO 110 J=1,N

JK=JQ+J

HOLD=A( JK)

JImJR+J

A(JK)ms=A(JT)

AlJI) =HOLD

JeM(K)

IF(J=K) 100,400,125
N

Sé 130 I=1,N

KIaKI+N

HOLD=AI(KI)

JInKI=K+ )

A(KIl==A(J])

AlJI) =HOLD

GO TO 100

RETURN

END

SUBROUTINE MULTIPLY(A232NsMsLsR)

DIMENSION A(11/B(1)2R(1)

IR=0

IKI-M

DO 10 K=iasL

IK=IK+M

DO 10 JmisN

IR=IR+1

JIlmJ=N

Ig=IK

INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER
INVER

66
67
68
69
70
21
72
73
74
75
76
7
78
79
80
81
82
83
B4
85
86
87
88
89
90

05t




R(IR)I=0Q
Dp 10 I=1,M
JI=JI+N
IB=IB+1

10 R{IR)=R(IR)+A(JI)#3(1IB)
RETURN
END
SUBROUTINE OUTPUTIY»S2J)

c OUTPUT PRIMARY ANU SECONDARY

DIMENSION Y(1),S(1)
Mu1943+J

VALUES

WRITE(108,1001Ms811),8(2),8(3),8(4)sv(1),8(6)ayl2),

¥S(8)2S(9)28(10)sY(3)aY(H)

100 FORMATI(I4s2F8e1,2F4el,)78e1,F4e1,2F801,2F441,)2F801)

RETURN
END

s NelzgNe)

SUBROUTINE CONDUCT(QsS»Y)

C CALCULATION OF CONDUCTIVITIES
DIMENSION S(1)2Y(1),Q(1)
Q(S)=Q(S5)=Q(11)
S(1)=S(1)/70(1):8(2)=S(2)/7Q(2
Y(2)=Y(2)/Q(7)iS(8)=5(8)/Q(8
RETURN

END

)mY(1)/Q(5)

Jiv(1l
)iY(3)=Y(3)/Q(11)IY(%)mY(4)/0(12)
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Year

1944

X1
X7

9.662°717
0272068
8e537485
« 255189
7488556
¢ 239455
9»3334% 31
0267130
94394159
W 26R049
7.21°QQ3
235427
80911475
0250799
9080]727
274154

" Belhpppnb

¢ 253520

6-5323j6

225209
6+¢533%4()
0225210
60076P15
212270
Re287723
0?51403
906QRUQ3
0P71548
7267318
*236137
Tel91112
«23499%

X2
X8

ReIRT7432
0 25579
S¢304299
e 245547
70392863
0231876
9,5815764
264707
9316406
'260729
7.156255
« 228327
8662138
« 250015
F¢ 555505
« 264316
R¢308362
» 245908
he4p1895
0217311
60525656
\218858
6.048799
s 211715
8194619
e 243992
e 5()91}94
e 2645245
7160206
e 278036
7175166
228610

X3
X9

« 000000
44958027
« 000000
4¢8p8998
+ 000000
44905658
* 000000
44929637
+ 000000
4915237
*+ 000000
40911296
*+ 000000
5060693
* 000000
Se062124
* 000000
Se 048882

* 000000

‘54151797

* 000000
5226043
* 000000
5432149
*+00000N
50“196C4
* 000000
50435936
* 000000
54338334
* 000000
5409232

X4
X10

« 000000
#0828998
« 000000
42905658
* 000000
40929637
*0"0CO00
40915237
*0NO00O0
40911296
* 000000
5+060693
* 000000
5e062124
* 000000
SeO4B8RP
* 000000
50151797
* 000000
5¢226043
*0N0000
S5¢321490
* 000000
5e419604
» 000000
54435936
* 000000
5338334
«000000
5¢409232
* 000000
S5e441556

X5
X11

5:976344
766131
3+412980
556724
44494581
«601753
3.853739
634443
34923336
629920
2763441
468262
3.987130
610635
34752250
625919
24656153
0502555
3¢876938
-521669
3.,381083
v 489486
3.439079
v 476283
3.42748p
«552693
44378593
0670922
3.279590
504484
3.702952
«535807

X6
X12

5¢155762
2620834
30246812
2623742
40415288
*618152
4084991
0617620
3+ 832301
e 618639
2842000
2610560
3+72934%p
* 602182
32482887
+602838
24653592
0597858
34826376
588017
3457005
*578592
3503221
¢ 567841
30343167
' 561484
41951722
565998
3225475
*567484
3712947
1561748

&1




1960
.1qu1
1962
1963
1964
1945

1966

1967
1968
1369
1970
1974
1379

1973

5.280476
v 206334
404343ﬁ6
« 193650
90004552
026?1q§
Re0p%416
0247558
8755631
0 258461

1 28R756
q.éeqaqa
211565
9eV601 66
' 276559
68310144
«P744%93
Be537795
« 2546464
9e249343
«267367
1)+889860
e ?9034N
13+210567
-2802Q6
8-“17606

253392

54253390
a19978“
4e 412737
0187174
20930068
¢ 254934
Re 151859
« 243261
Re797421
252944
10-783616
» 282737

5567211 .

204491
9.968331
» 270508
90693038
!256379
80504566
« 248551
200300
e PRR995
10711032
281643
10009625
«271127
34343317
« 246133

* 000000
5-“41556

* 000000
Beb21256
* Q00000
5757701
* 000000
5631567

* 000000
Se544664

*00000N
5472395

* 000000

5325504

* 000000
5482589
*G0000Nn
52363141
* 000009
5236975
* 000000
5214559
* 000000
54153062
* 000009
5+086252
« 200000
40978802

000000
5621256
* 070000
50757701
* 000000
50631567
000000
5e544664
* 000000
5472395
*0N0000
5325504
* 000000
Se 482589
*+ 000000
5¢3631414
* 000000
50236975
*000000
5214559
*+ 000000
50153062
* 000000
5:086252
+ 000000
42978802
» 000000
44958056

2.461868
v»376823
3.241898
shQ2442
4627968
665234
4$.593173
.634882

_he204611

630299
be419186
0717597
2818538
v 414109
4.410489
687529
4857047
+ 710051

 he123416

0614452
40384390
-658455
3.804442
0671213
44857046
+721998
4,558376
640517

2260793
2549972
3¢349738
+ 532412
42420089
+531839
4e 624406
2543672
40168615
» 552513
Le274606
* 564686
22906467
v564120
40291154
v562029
44584717
v 575672
3¢961659
1583924
44165977
*» 588585
3¢559106
595712
44539496
* 605391
44455991
v612511

€51




.APPENDIX IV

Quality Model
1944 - 1968
19544 - 1973
Contents

Primary data and secondary output for the 25 year period 1944-1968

and the 30 year period 1944-1973, Computer program for'sub-basin L3KJIA.

Cross Reference

Pages v, 93 and 95




COO0OO¢44%444¢44mm4n44&¥4~¥¢mt¥»44444444*444;4m44vn#n¥m¥m4¥;444;4;*;,4,4,;¥***¥,
COO0sO0SIAPPLICATION 2k w ¥ b MR XX MR RNIN RN NN KKK AR AU O R R R AR N
C 42KJA SB=BASIN,LOAD MIJEL!
¢ ANNUAL SOLUTION FOR THE YEARS 1944=1968
C SIMULATE SECONDARY DATA
c OUTPUT: PRIMARY AND SEZCONDARY DATAe
CO0CA0 I DIMENSTONS s d o s s 3 M3 46 K a A MO X KA R R IO AR X
¢ NP = NUMBER OF PERIODS.

NRs4INC=12)NP=30
c DIMENSION INSTRUCTIONS!D(NR®*NC)»Z(INC=NR)IBINRIIKINR))
E wi(NR)JNE‘NR)AY(NR)}A(VR¥NR)JL(NC)IS(NC))C(VQ:QC)

DIMENSION D(48)22(B)a3(4)sK(4)aWLIH)IWR2I4)2YIH))ALL6),L112)0S(12),

¥Cl4,12),ET1(30)2E0(30)23(12)

INTEGER P

COLIOOXNNNMRRAR A KR NNERRREE RN RN R RN RN RN RR RN A RN Y] X%
- INITIALIZE 2 AND Co NERRRRRRR R NN RN R RN R RN RN RR R RN R R RR RN

J1sNC=NR! J2=NCxNR

po 10 J=l,4l

10 2(J)=1. ,
EQUIVALENCE (DJsC)
DO 15 J=1,2

15 D(J)=00
c02o004m;4;*4&»44;;;444;4#;v;umm&&mm»v»m*&vmummmv¥4¥¥4m#44444#*4*&4#m4m¥mm4m44¥4
c INPUT SOLUTION SUBSCRIPTS, INITIAL EXOGENQUS VYALUES, A SYSTE T

NAMELIST K22,C : ND M CONSTANTS®

INPUT

INPUT

INPUT
COBI0ONMANFRRNNERNNRRNEN R RN RN ANAN KRR RRRRRNRRRRRCR RN RENA RN RRRRERL X EAN
¢ ESTABLISH SOLUTION CODE VECTORe

CALL CODE(K)NRsNCs4)

T L L L L e LR e R L L

c ESTABLISH EXOGENOUS VECTORS s e e
CALL EXOGENOUS(LJZsNCsS)

c°~.°5'INII;;L VALUES ' ¥ XX ¥R R X SRR R RN RRNRNRRR RN R RN RN RN AR R RN BN RN RN R RN RR
QF m,

19




sunc-OolSUHt-OolSUHEIOoJSUMS-O.8SUM7-00JSUﬂ11IDolSUM12-Oo
SUM8=0+
Cl3,11)m=mli/SFiIS(6)=0!S(9)=5(10)=0.

42 X8I=2(6))S(B)=Z(6)1HOLI=0.

DO 91 J=s1sNP

COQ.iO'MAKE EXOGENOUS CHANGE S ! wumymmm v s s d N pp R R R SRR RN RN R KRR RPN RN RN R NN

READ(5,4100) (Q(1),I=1,12)

READ(15,4105)E0(J)s»21(J)

S(1)=Q(1)*E0(J)

S(2)=Q(2)*EI(J)

cl&,7)=Q(12)/Q17)

4100 FORMATI(S5Xs6F12¢6/5Xs6F1206)
4105 FORMATI(2F741)

IF(JeGT41) S(BImY(3)/3

Sl4)=0e:S13)=HOLD/HOLO=S(4)
COSO00#'*****#*****#********¥¥¥¥¥¥¥¥¥’¥¥¥l¥¥4¥¥444¥‘!¥¥¥¥¥¥¥!¥¥444¥¥¥4m¥¥¥¥4¥»m4
G ESTABLISH ENDOGENOJS CFFCNT MATRIX. : '

CALL DELETE COLUMN(D2L2sNRINC2A) A
coso00;4444&444444»¥¥vm¥4vnv;mm;***&#v»#%m&&m&&muv%v%¥!¥44m44¥¥&mm;44444;¥mm~mm;8{
c COMPUTE INVERSE OF THE CTFCNT MATRIX:®

CALL INVERSE(AINR2W1242)
COT000RFXRRRRMANRRXRRERFRNERRE RN R RN RRR RN R RE RN R R R RERERE R R RN RN RR RN R AR RN AR XY
c COMPUTE RIGHT=HAND=SIDZ COLUMN VECTORe®

CALL MULTIpLY(D2sS2NRINC212B)

DO 70 JJ=1,NR

70 B(JJ)==B(JJ)
COBGOONNMMRXRR AN A RXNBRBERES AR SN RN RERRME RN BN RRR R RPN RR RN NN AR R LR A RRR RN AR RN R Y
¢ y=A¥B= ENDOGENOUS SYSTZIM SOLUTION®

80 CALL MULTIPLY(A2BINRINRIL,Y)
COBe0S!TEST FOR OUTPUT I ¥ ¥ ¥y s uxx X r RN R R RRRRRRRERRRE RN RN RRRR R R R RN
COOIODOXMEXNRAFRARRRURN KRR E RN RN YN RR RN PR RN RN RN RRNA RN AR RN PR RN RN RN
c ADJUST ARGUMENTS FOR DZISIRED OUTPUT ApPpLICATION®

CALL CONDUCT(QsSaY)
90 CALL OQUTPUTI(Y»S,J)




C09+05'TEST FOR FINAL ITERATION "#smmumas¥uupsrpdr bR R AR R RN R AR R R RR RPN R R NN
SUMS=SUMS+Y(41)JSUM7=SUM7+4Y(2)3SUM11=SUM114Y(3)ISUM12eSUMLI24Y(4)
SUMC=SUMC*+C(427)1SuMi=SUML+S(1)SUM2=SyuM2+S(2)ISIMBmgUMB+S(8)
S(8)wS(8)%Q(8)iY(3)my(3)xQ(11)

91 CONTINUE
CO9¢15'FOOTNOTE REPORT 'SR F ¥ ¥R XRAN R R RRRRRRERRRERMNEF R R R BB RERRR RN R R R R R RRRR RN
97 OUTPUT SUMS/30¢,SUM7/304»)SUM11/304,5UM12/3045J41/730,,
xSUM2/30+,SUM8B/30
END
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Year

1944
1945
1946
1947
1948
1949
1950
1951
192
19353
1954
1955
1956
1957
1958
1955
1960
1964
1362
1363
1964
1965
1966
196?
196%

E1
61203
5960q
62807
57508
5747
6382
58602

Gho
299.9
26401
664-&
683'9
6(}30
56R¢2
63he5
6397
72302
775"
538401
61106
59307
5#3.6
705'2
560 -
5639

E2
5678
54207
K321
54002
49346
5174
496'2
EN6a ]
7o
:;104
47849
P65
44805
418D
5392
LbBey
581'3
.o.
:7607
5129
5221
49747
4393
uék-?
48643

E3 EA
o) o
o0 0
B R g
¢ e
*0 0
(Ne) o0
o) 50
0 -0
ekl )
*0 0
oG 0
oo (o)
0 o0
(Ne) * 0
o0 0
e 0 A.O
(X0 o0
e (Xo)
0 0
o0 (X0
55 S 1S
) =0
®0 +0
(s} o)
oo .E

f%%os
2054
209+0
89 4
27946
39#02

4o
gégOE
659¢5
35140
4393
33247
5239
44740
26841
42841
55946
45302
3116
198.8
19640
184e7
6235
31406
20607

E6
0
*0
'
°0
0
21
'n
o)
'0
0
°0
*0
'0
'0
'0
AL
*'0
*0
N
*0
*0
°0
*0
N
W50,

E?7 2
4o
§38003
178%45
17613
1926-3
18620
195802
2003+ 8
209740
195704
1919+
184403
211002
23212
199305
2017-%
1903
181640
21273
2nN670 4
1994.2
820
5839-2
213606
2142

E8 ;
485,
i95803
168445
1439.6
150500
19208
15108
1653+1
1789.8
206304
17328
18315
14515
1715.:5
217706
161142
2066.9
182844
1276.5
186806
155647
144341
223201
138700
177246

0
0
0
0
* 0
0
' 0
0
v 0
0
0
0
0
*0
' 0
o0
' 0
0
0
+0
e 0
0
' 0
0
°Q

°0
0
°0
0
*0
0
°0
*0
0
*0
0
0
0
0
0
'0
LH0)
' 0
°0
0
0
*0
*0
*0
Q0

Ei1
138202
104
?899-8
185545
208847
24p8e6
214606
210945
é676'7
218190
23766
222949
246302
22224
21903
23120
272446
242549
2050°0
1860-8
9420
i90802
271801
2060+ 3
190006

E12
204142
18803
178845
17613
192643
1826247
195802
20038
209700
1950+ 4
19191
184443
2110'2

321
ig9go?
z ©
fgéz-g

0 -
é{g?-a&
2067+ 4
199402

82
283905
2136e6
214246




Year
194
1555
1944
1947
1948
1949
195n
1954
1952
1953
laga
1955
1956
1947
19H&
1969
1960
’nbl
1969
19¢3
19¢ 4
19¢5

1966°

19¢.7
1968
1269
1970
g s
1972

1973

El
6123

59447

62309
5758
5742
632
58b'6
36446
599.9
66“01
56“01
6839
603°
5682
6365
5397
7235
77549
58441
61].6
5907
54346
7052
56‘09
56%-9
Ep2e?
6b8-5
5320
5770
633N

E2

56748
5427
5321
5402
49346
5174
49692
50601
4h7 ey
4914
4789
5265
4485
h18e2
53902
46644
S01+3
“90'3
47647
5129
5221
4977
4393
46447
4E6e9
F32e4
556.1
5086
507 ey

S56pe7

E3
0
0
0
<0
0
‘0
0
0
0
0
o U
*0
0
0
‘0

.+0

*0
+0
0
0

0

.0

0
0
*0
*0
*0
e 0

:0

E4
*0

0
*0
.5
oy
0
*0
0
D
«C
0
0
*0

N

0
*0
0
o
o0
LR
* 0
*0
0
0
0
°0
0
0
*0

-

E5
189.8
205-“
207«0

8T ey
27906
394 4
3142
25902
65945
3510
439.3
3327
5239
44740
6841
42841
559.6
4532
3116

19848
196-0
1847
6235
31heb
2267
2658
3564
333.7
21908
1692

0
LN¢)
*°0
°0
*0
*0
°Q
0
*0
°0
s 0
*0
'0
*0
*0
0
*0
0
'
0
48,
0
*0
*0
2.0)
*0
*0
e
0
* 0

E?

20412

18803
17885
176103
192643
186pe7
195842
20038
20970
19505
191901
18#4.3
21192
23212
1993+5
201741
19035
18160
2127+3
20675
199449
?082-5
20395
©136¢6
214206
2093e4
2353.8
P33 4
2]7406
197447

E8
148546
1958.3
168405
143946
150500
192048
1510+8
165301
17898
206304
1732,8
18315
1451'5
171545
217746
1611.2
206609
182844
127645
186806
155647
144341
223?01
138700
177246
180909
1685, 8
1873.8
129340
191 343

0
0
0
*0
0
0
0
v 0
0
*0
0
«0
e 0
00
*0
0
«0
0
*0
o0
0
*0
0
0
0
*0
*0
*0
0
0

*0
0
' 0
0
0
*0
0
00
0
0
o0
0
LJ0)
0
0
0
0
0
LN0]
e 0
0
0
*0
0
*0
'C
0
0
o0
v 0

Ei1
188249
210448
18998
185545
208847
24p8e6
214696
2109+5
267647
2181+0
237646
22299
24632
Pepeh
21903
231240
272446
24259
20500
186006
194240
19082
271841
20603
1900¢7
21318
2“04-5
2294
195647
19344

E12
20412
1880+ 3
178845
1761+3
192643
186247
195842
20038
209700
195045
1919.1
184443
211092
23212
199345
201741
1903+5
181640
212703
20675
1924.9
208245
203945
213646
214246
2093¢ 4
235948
233344
21746
197407

651
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