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Abstract:
Snow on the ground is examined as a saturated two phase granular material consisting of small grains
of ice and interstitial pores filled by a single vapor. The snow is considered as a continuous mixture
comprised of the ice and vapor constituents which are themselves treated as individual but interacting
continua.

Snow is of interest, in and of itself as a commonly encountered geologic material. An improved
understanding of it, however, is of widespread benefit since it is a thermodynamically active granular
material which exists in the natural environment. Processes similar to those involved in snow
metamorphism, including phase change, occur in other materials, but usually at more extreme
thermodynamic conditions.

Mathematical modeling of the snow is accomplished using a relatively recent continuum theory for
mixtures where the individual constituents are physically separate. The approach considers the volume
fraction occupied by each constituent as an additional kinematic variable. Therefore, in addition to the
balance equations for mass, linear momentum, angular momentum and energy, usually applied in
continuum mechanics, an equation which accounts for changes in the volume fraction, called the
balance of equilibrated force, is included. Balance equations for each constituent as well as for the
mixture are considered.

The immiscible nature of the constituents allows constitutive equations which depend only on variables
pertaining to that constituent. Exchange between constituents is accounted for by interaction terms
which enter the theory through the balance equations for the constituents. Forms for these interaction
terms are developed which guarantee that the entropy inequality is not violated.

The model is used to examine isothermal and temperature gradient conditions for an ideal
homogeneous snowpack and an ideal snowpack with layers of varying density. Values are calculated
for variables as they change from the transient to the steady state response. Results, with the exception
of the vapor velocity, demonstrate an excellent correlation when compared with known and conjectured
physical phenomena associated with snow metamorphism. 
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ABSTRACT

Snow on the ground is examined as a saturated tw o  phase granular 
material consisting o f small grains o f ice and in te rs titia l pores fille d  by a 
single vapor. The snow is considered as a continuous mixture comprised o f 
the ice and vapor constituents which are themselves treated as individual 
but interacting continua.

Snow is o f  interest, in and o f  itse lf as a commonly encountered 
geologic material. An improved understanding o f  it, however, is o f 
widespread benefit since it is a thermodynamically active granular material 
which exists in the natural environment. Processes sim ilar to  those 
involved in snow metamorphism, including phase change, occur in other 
materials, but usually at more extreme thermodynamic conditions.

Mathematical modeling o f  the snow is accomplished using a re la tive ly 
recent continuum theory fo r  mixtures where the individual constituents are 
physically separate. The approach considers the volume fra c tio n  occupied 
by each constituent as an additional kinematic variable. Therefore, in 
addition to  the balance equations fo r  mass, linear momentum, angular 
momentum and energy, usually applied in continuum mechanics, an equation 
which accounts fo r  changes in the volume frac tion , called the balance o f 
equilibrated fo rce , is included. Balance equations fo r  each constituent as 
well as fo r  the mixture are considered.

The immiscible nature o f the constituents a llow s constitu tive 
equations which depend only on variables pertaining to  that constituent. 
Exchange between constituents is accounted fo r  by in te raction  terms which 
enter the theory through the balance equations fo r  the constituents. Forms 
fo r  these in teraction terms are developed which guarantee that the entropy 
inequality is not violated.

The model is used to  examine isothermal and temperature gradient 
conditions fo r  an ideal homogeneous snowpack and an ideal snowpack w ith 
layers o f  varying density. Values are calculated fo r  variables as they 
change from  the transient to  the steady state response. Results, w ith the 
exception o f the vapor ve loc ity , demonstrate an excellent co rre la tio n  when 
compared w ith known and conjectured physical phenomena associated w ith 
snow metamorphism.



CHAPTER I

INTRODUCTION

Snow

Snow on the ground is considered as a fine grained granular o r porous 

geolog ic material w ith an ice matrix (Figure I). An improved understanding 

o f  snow as a material is o f  widespread interest, since a large po rtion  o f  

the globe is seasonally o r permanently covered w ith it. The e ffe c t o f  snow 

on life -s ty le  and the environment can be enormous.

It is o f  obvious interest when considering transporta tion, watershed 

management, avalanche hazard, recreational opportunities and the like, but 

it is also o f  broad sc ie n tific  interest, since it is a naturally occurring 

material which exists at conditions and temperatures conducive to  phase 

change, coupled w ith heat flux, mass flux, and deform ational processes. As 

a material, snow is very thermodynamically active in its natural 

environment on the earth's surface, and w ill undergo a variety o f  

metamorphic processes including the sintering o r bonding o f  grains, 

complete crysta llograph ic changes o f  the ice phase, and decom position 

through melting o r sublimation. Heat and mass flux in snow take place 

through both the so lid  and vapor o r liquid phases in a manner which may 

include numerous transfe r mechanisms. Since these processes occur under 

normal atmospheric conditions, it is an excellent model medium which may 

be applied to  other granular geolog ic and engineering m ateria ls where



Figure I. The idealized three dimensional snow on the ground, which is 
considered as a granular o r porous material.



sim ilar processes can take place, but only at more extreme temperatures 

and pressures.

Metamorphic processes are active in snow from  the time o f fo rm ation  

in the atmosphere as individual ice crysta ls, until the ice either evaporates 

back in to  the atmosphere o r melts as runoff. A tm ospheric ice crysta ls 

fo rm  on condensation nuclei, such as dust, fro m  supercooled water Vapor in 

clouds. Although there are a wide variety o f  crysta l types, the basic 

crysta lline ice structure consists o f  a basal plane possessing hexagonal 

symmetry, w ith an orien ta tion  perpendicular to  the principal 

crysta llograph ic axis. Once formed, these in tricate crysta l fo rm s are in an 

unstable thermodynamic state and tend to  metamorphose toward a more 

stable con figura tion  a fte r they accumulate as snow on the ground.

In a broad sense there are basically tw o  types o f snow on the ground, 

wet and dry. Snow is considered to  be o f  the wet variety when the 

interstitial, pore spaces between the ice has an obvious liquid water phase 

present. Wet snow may be liquid-saturated, where the pore is filled  w ith 

liquid water, o r the free water may share the space w ith a vapor consisting 

o f  water vapor and air. In dry snow the liquid phase is not present. The 

model presented here is concerned w ith processes which influence dry 

snow. Dry snow on the ground is generally subcatagorized into tw o  

c lass ifica tions, sometimes based on morphology, but more frequently 

terms are used which re fle c t the processes considered: to  dominate the 

metamorphic development o f the ice form s.

In itia lly  a layer o f  the frag ile  atm ospherically generated crysta ls w ill 

settle and deteriorate in to a more stable configuration, and in the absence

3



o f  a large temperature gradient w ill tend tow ard a rounded shape. 

Development o f  this rounded fo rm  is variously termed as destructive 

metamorphism, equi-temperature metamorphism [LaChapelle,1969; 

Sommerfeld, 1969], o r the equilibrium grow th fo rm  [Colbeck, 1981]. The 

term destructive, which is no longer in widespread use, is based on the 

"destruction" o f  the delicate crysta ls  in to  the rounded form . 

Equi-temperature implies an isothermal condition, which may be misleading 

since this situation seldom, i f  ever, exists in the natural environment fo r  

dry snow. Although the process takes place when the temperature gradient 

may not be the primary driving mechanism o f form ation, it is not in general 

an isothermal situation. In fac t, some temperature gradient and heat f lo w  

between ice grains is necessary fo r  the rounded grains to  fo rm  at the rates 

seen in nature [Rerla, 1978, fro m  Colbeck, 1981]. Consequently, the 

term inology "equilibrium grow th fo rm " was introduced.

The development o f  rounded grains w ill dominate as a grow th fo rm  in 

re la tive ly low  temperature gradient conditions, when vapor d iffus ion  is the 

primary means o f  metamorphism and grow th is s low  enough so that the 

rounded equilibrium fo rm  is produced. Development o f  the equilibrium 

fo rm  involves a reduction in surface energy, approaching a minimum. In 

this process, the presumed con tro llin g  mechanism is the d ifference in 

vapor pressure at the ice surfaces due to  varia tions in radius o f  curvature. 

Mass w ill migrate fro m  regions o f  higher vapor pressure (over ice w ith a 

smaller radius o f  curvature), to  low er pressure regions. It is this 

equilibrium grow th which is responsible, as an example, fo r  the 

de terio ra tion  o f  the common six armed, star shaped ice crysta l (s te lla r

4
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dendrite) present in new snow, in to the more rounded con figura tion  more 

typical o f an o lder snow layer (Figure 2).

Due to  geothermal heating from  below, temperatures at the interface 

boundary between the ground and the snow usually remain near 0 0C 

throughout the winter, while the upper snow surface temperature is 

predominately governed by the ambient atmospheric temperature at the 

upper snow boundary. When the snow surface temperature is at o r  above, 

that at the base, melting w ill occur. If the situation persists free water 

w ill eventually bring the snOwpack to  an isothermal cond ition  typical o f  a 

liquid saturated snowpack.

Frequently, however, the surface temperature w ill be co lder than the 

underlying snow and a temperature gradient is established across the pack. 

In the presence o f  su ffic ien tly  large temperature gradients (approximately 

>10 0CZm depending on temperature, pore size, grain size etc.), a striated 

faceted crysta l, known as depth hoar, may develop. This type o f 

development is known as constructive  metamorphism, temperature gradient 

metamorphism [LaChapelle, 1969; Sommerfeld, 1969], o r the kinetic grow th 

fo rm  [Colbeck, 1981]. Temperature gradient- magnitudes o f  I to  10 0CZm 

are reported to  be typical in an alpine snowpack [Yosida, 1963], while 

gradients o f  30 0CZm are reported annually on the Greenland ice sheet 

[Benson, 1962] and normal gradients o f  100 0CZm and as high as 200 0CZm 

have been reported in central Alaska [Trabant and Benson, 1972].

A pressure gradient associated w ith thermal gradients w ill cause a 

vapor flux fro m  the low er warmer regions toward the upper co lder regions. 

Although conduction o f  heat is fac ilita ted  most readily through the so lid



6

mS f j  jyf* NEVNEW SNOW (STELLAR)

DECOMPOSING

EQUILIBRIUM GROWTH FORM 
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EQUI-TEMPERATURE GRAINS 
CROUNDEDI

Figure 2. Equilibrium grow th o r equi-temperature metamorphism, 
representing the decom position o f unstable crysta ls  into a 
more stable, rounded configuration.
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ice phase, the heat flux w ill a lso instigate a mass flux. A ll o f  the mass 

transfer, however, need no t take place through the tortuous labyrinth o f 

pores. Mass flux may a lso proceed through the so lid  matrix by a "hand to  

hand" mechanism [Yosida and Kojima, 1950, fro m  Akitaya, 1974], where ice

w ill sublime fro m  the top o f  a grain (at the bottom  o f a pore) and the water
\

vapor w ill be deposited as ice on the bottom  o f a s ligh tly  co lder grain 

above (at the top o f  the pore) (Figure 3).

A shallow  snowpack w ith d iffe ring  temperatures at the boundaries 

w ill obviously have a larger magnitude o f  temperature gradient than a 

thicker pack w ith the same thermal boundary conditions. As this cond ition  

implies, the kinetic grow th fo rm  o f crysta l is most pronounced in co lder 

atmospheric environments w ith sha llow  show cover. Low density, poo rly  

bonded snow w ill a lso prom ote faceted crysta l growth. Larger pore size 

associated w ith low er density snow w ill a llow  less restric ted  vapor 

movement, encouraging grain growth.

Thermal conductiv ity  in ice is greater than in vapor, so low er density, 

poo rly  bonded snow w ill not fa c ilita te  conductive heat flux as readily. 

Therefore, in a layered stratigraphy typical o f  a natural snowpack, the 

magnitude o f  temperature gradient in low er density, po o rly  bonded snow 

w ill be larger. Thermodynamic processes are generally accelerated at 

higher temperatures, all else being equal, so grow th o f  depth hoar crysta ls 

is most apparent in the lower, warmer, more thermodynamically active 

regions o f  the snowpack. Regions o f  depth hoar crysta l development a lso 

include small zones above and below crusts [Perla, 1978].
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Faceted Crystals or
Depth HoarIce

Grain COLDER TEMPERATURE

water vapor 
/ y  deposited 
</ 4r'" as ice /

Predominant
Direction

Heat Flow
sublimation of 

ice to 
water vapor

Vapor Flow

WARMER TEMPERATURE

Figure 3. Kinetic grow th o r temperature gradient metamorphism, 
showing the d irec tion  o f  vapor f lo w  as well as the o rien ta tion  
o f  crysta l growth.
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Importantly, in addition to  the fo rm  which individual ice grains 

assume, the overa ll strength o f  the snow is a ffected by the metamorphic 

process. In the same conditions which dominate the equilibrium grow th 

form , bonds called necks w ill develop between adjoining ice grains, in a 

process known as sintering. Presumably, radius o f  curvature differences 

w ill d irect the vapor movement tow ard the low er pressure regions over the 

concave surfaces which exist when ice grains are brought in to  contact. It 

is the deposition o f  ice at these grain con tact points which produce 

necking. This bonding together o f  the individual ice grains results in an 

overa ll strengthening o f  the snow. As the process proceeds, necks become 

larger and the grains lose volume resulting in a fine grained, s tructura lly  

strong snowpack.

When processes governed by large temperature gradients predominate, 

a snow layer w ith lit t le  structura l integrity develops. This layer consists 

o f  large faceted crysta ls  which are poo rly  bonded together. In snow which 

has previously been exposed to  equilibrium grow th fo rm  conditions, the 

rounded grains and necks w ill disappear, and the noncohesive depth hoar 

develops. The type o f  depth hoar discussed here is o f  the skeleton type, but 

there a lso exists a so lid  type which fo rm s in a low er temperature gradient 

o r at higher snow density [Akitaya, 1974]. This so lid  type does not show 

the marked reduction in strength and large crysta ls  typical o f  the skeleton 

fo rm  although it does have a faceted structure. Fine grained high density 

snow, greater than 350 kg/m 3, w ill result in so lid  type depth hoar being 

formed [Marbouty, 1980]. On the subject o f  structura l strength o f depth 

hoar, it is w orth  noting that o f  the three stages o f  crysta l development,
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anhedral (early development), subhedral (intermediate development), and 

euhedral (advanced development), the intermediate subhedral stage is the 

weakest w ith a loca l re la tive maximum temperature gradient at that point 

[Bradley, Brown and Williams, 1977; Adams and Brown, 1982].

A  natural snowpack is usually developed through a series o f  events and 

conditions over a period o f  time and w ill in general consis t o f  a complex 

layered stratigraphy. The type o f  snow precipitated w ill vary greatly from  

event to  event and w ill a lso vary in the course o f  any particu lar storm, 

depending on a myriad o f  c lim a tic  conditions e ffecting  fo rm a tion  and 

deposition. In addition, as has been mentioned, varying c lim a tic  cond itions 

between prec ip ita tion  events w ill greatly a lter the structure o f  the 

snowpack. The upper snow surface may be affected by wind, rain, sun and 

temperature causing crusts to  develop, which are then buried by subsequent 

snow fa ll. Wind acting on the surface w ill fragment ice grains and result in 

a dense strong sm ooth layer. Free water form ed at the surface fro m  so la r 

insolation, ra in o r warm atmospheric temperatures may then refreeze 

form ing a s t i f f  layer. Surface hoar which is deposited as a striated faceted 

crysta l d irec tly  fro m  the atmospheric vapor on to  the snow surface in a 

manner s im ilar to  depth hoar may fo rm  a thin weak layer in the pack a fte r 

it is buried [Lang, Leo and Brown 1984].

Layering w ill a lter the metamorphic processes due to  sudden changes 

in such things, as density, permeability, conductivity, and grain and pore 

size. Metamorphic development o f  any particu lar layer is a ffected by the 

structure o f  the entire snowpack. In addition to  weaknesses which may 

develop o r persist as a result o f  the governing thermodynamic conditions,



poor adhesion between layers frequently exist causing structura l 

weaknesses at the interface between layers.

Structural integrity o f a snow pack is o f s ign ificant interest in such 

areas as over snow vehicle m obility  and avalanche hazard evaluation. 

Failure o f  a spec ific  zone may be significant. In the case o f  a vehicle 

moving over snow it may be s ign ificant how deep it w ill sink and if  there is 

slip between some o f  the upper layers thereby causing a loss in tra c tion  

and e ffic iency. The situation fo r  an avalanche might be quite d iffe ren t 

since fa ilure at deeper regions w ill cause a much greater volume o f snow 

to  be set into m otion. Snow avalanches are extremely d if f ic u lt  to  predict, 

since the medium being dealt w ith is so complex and thermodynamically 

active. Most avalanches occur in con junction w ith a sudden increase in 

stress, most frequently caused by deposition o f  additional snow, o r from  

human involvement such as the the re la tive ly slight additional weight o f  a 

skier, climber o r vehicle. However, delayed action  avalanches also 

commonly occur, w ith no apparent warning. It is assumed that the 

combined processes o f  metamorphism including deform ation due to  stress 

must somehow lead to  this fina l c r it ic a l instability.

It is apparent that there are many varying cond itions and processes 

which are in trica te ly  interwoven and whose in teraction must be accounted 

fo r  in any comprehensive analysis o f  snow as a material. Snow, and in fa c t 

multiphase granular materials in general, have been studied by examining 

discrete processes which a ffe c t its state. The w ork presented here is an 

attempt to  develop a unified theory fo r  snow in the fie ld . Previous more 

spec ific  studies such as those involving crysta l development may then be



12

used to  assist in the in terpretation o f  quantitative results. The continuum 

theory o f  multiphase mixtures is well suited to  an application in snow. If 

the theory can be shown to  be even modestly successful, the consequences 

are quite fa r reaching, since it demonstrates that this potentia lly  powerfu l 

theory, although re la tive ly  new and w ith few  applications thus far, can be 

applied to  processes as complex as the one under consideration.

Theory o f  Multiphase Mixtures

The theory o f  mixtures deals w ith the stress, de form ation and f lo w  

o f  materials, using the basic, but broad approach o f  continuum mechanics. 

Versatility , along w ith the visual and physical c la rity  o f  results is the 

reason the continuum branch o f  mechanics is so widely used in engineering 

applications. In fac t, the strongest argument in fa vo r o f  using the method 

is the "p ro o f o f  agreement" w ith the physical processes which have been 

successfully modeled.

Analysis o f  a material as a continuous medium implies a disregard fo r  

the m olecular structure, but instead envisions a continuous body composed 

o f  indefinite ly divisible, in fin ite ly  small partic les o r points in space having 

no volume. This concept o f  a point is akin to  the concept o f  a lim it in 

d iffe ren tia l calculus. Conceptually, the idea o f  a continuum assumes that 

in the neighborhood o f  every partic le  there is material present.

Basic to  the assumptions o f  continuum mechanics is that all 

mathematical functions which are employed in a theory are continuous, 

except perhaps at surfaces o r boundaries o f  regions. There are also some 

specialized situations where functions may be discontinuous such as the



stress at a wave fro n t; displacements across cracks, where the cracks are 

not considered as boundaries; etc.

Malvern [1969] divides the study o f  the theory o f  continuum mechanics

into three d is tinct parts. These are,

"... (I) ge ne ra l p r in c ip le s , assumptions, and consequences 
applicable to  all continuous media, (2) constitutive eq ua tio ns , 

defining the particu lar idealized material, and (3) s p e c ia liz e d  
th e o r ie s  o f  each individual idealized material built on the 
foundations o f  the general principles and constitu tive  equations 
o f  that material to  the point where boundary-value problems are 
form ulated and solved fo r  application to  spec ific  problems.".

H istorica lly , the great m ajority o f  continuum models have assumed a

single continuous material. Many o f  these models have been very

successful in obtaining the desired in form ation. However, there are large

classes o f  materials fo r  which use o f  a single material is inappropriate to

obtaining some spec ific  inform ation. Fick in 1855 is generally considered

to  have been the f ir s t  person to  put fo r th  a mathematical theory dealing

w ith the m otion  o f  continuous mixtures, in what is now commonly known

as "Pick's Law". A ccord ing to  Bedford and Drumheller [1983] it was not

until 1957 that the f ir s t  balance and conservation equations fo r  mixtures

as a continuous medium were postulated, by Truesdell [1957],

Consider a continuous body comprised o f  a number o f  materials which

are intermixed. Let each material itse lf be considered a continuous body,

called a constituent. The entire c o lle c t io n  o f  these constituents taken

together is what is known as the mixture. Early w ork dealing w ith mixture

theory was prim arily concerned w ith mixtures o f  gases. A basic

assumption in this w ork is that every constituent o f  the mixture is

13
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considered to  be simultaneously present in the same d iffe ren tia l region o f  

space. Mixtures satisfying this requirement are re ferred to  as "miscible 

mixtures". One result o f  this assumption is that in order to  properly retain 

the generality o f  the theory, it is expected that any state variables 

relevant to  equations which describe the constitu tion  o f  an individual 

material (i.e. the constitu tive  equations), should incorpora te  these same 

variables in to  all constitu tive  equations fo r  all constituents o f  the 

mixture. The assumption o f  a mixture composed o f  constituents which 

are ideally m iscible is the foundation fo r  what is considered the Classical 

Theory o f  Mixtures.

It is readily apparent that, while the classica l theory is pertinent to  a 

number o f  applications, the requirement that an element o f  the mixture 

contain all o f  the constituents simultaneously is quite lim iting to  its 

scope o f  applications. Immediately, any mixture which contains 

immiscible constituents is necessarily excluded fro m  a s tr ic t application 

o f  the c lassica l theory. Examples o f  such mixtures are flu id  and/or vapor 

f lo w  in porous o r  granular material, pa rtic le  suspensions in flu id  o r vapor, 

and bubbly liquids.

Given the basis on which the theory o f  mixtures has developed, 

materials such as those just described do not even f i t  the c lassical 

de fin ition  o f  a mixture. However, adaptation to  include these types o f  

materials in the c la ss ifica tio n  as a mixture have been successfully 

accomplished. These theories are to  a large extent s t il l in the theoretical 

development stage, and applications are as yet re la tive ly few. Mixtures o f  

this type are a lternatively re ferred to  as immiscible mixtures; mixtures
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with structure o r m icrostructure, the implied structure being defined by 

the interfaces separating constituents; o r multiphase mixtures, where 

discrete phases are involved. In order to  describe the multiphased material 

' as a continuous mixture, but also retain the individual integrity o f  the 

constituents, regions defining a boundary-value problem must be very large 

re la tive to  the size o f  a grain o r pore space. An extremely important 

s im p lifica tion  results fro m  treating the constituents as discrete: the 

constitu tive  re la tions fo r  each constituent are considered independent o f 

the other constituents in the mixture.

Taken fro m  among the theories postulated to  deal w ith immiscible 

mixtures, one method is to  include the fra c tio n  o f  the volume o f each 

constituent re la tive to  the mixture, as an additional kinematic variable. 

These are called the volume fra c tio n  theories. For a co llec ted  synopsis o f  

these theories, as well an h is to rica l account on developments o f  mixtures 

o f  this type, to  1983, see Bedford and Drumheller [19831

An approach to  dealing w ith this additional kinematic variable was 

suggested by Goodman and Cowin [1972], not fo r  a mixture, but fo r  a 

granular o r porous material treated as a single continuum. A model

assuming so lid  grains w ith vacancies in the in te rs titia l pores is 

established. As an added kinematical variable, they introduce what is 

called a volume d istribu tion  function, which is representative o f that 

po rtion  o f  the volume actually occupied by the grains. For example, in the 

lim iting case, where the volume occupied by the pore goes to  zero, a so lid  

w ill remain, in which case the volume d istribution w ill have a value o f  one. 

This volume d istribution function  is equivalent to  the volume fra c tio n



when it is introduced in to  the theory o f  multiphase mixtures. Since the 

volume d istribution function  and the m otion are assumed to  be 

kinematically independent, they must be governed by an appropriate number 

o f  balance equations. Each volume distribution function, therefore, 

requires an additional balance equation to  those usually applied in 

continuum mechanics.

Passman [1977] f ir s t  proposed a theory u tiliz ing  the concepts 

presented by Goodman and Cowin [1972] fo r  a single granular continuum to  

a multiphase mixture. Each constituent is represented by its volume 

fra c tio n  o f  the mixture, and the additional balance equation is included fo r  

each constituent as well as fo r  the mixture. Nunziato and Walsh [1980] 

further refined the theory presented by Passman and extended it to  include 

chemical reactions. The development presented in this d isserta tion treats 

snow as a multiphase mixture including the mass in te raction  due to  the 

phase change. This is accomplished by applying the equivalent basic 

theories o f  Nunziato and Walsh [1980] and Passman, Nunziato and Walsh 

[1984] to  that spec ific  problem.

16
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CHAPTER 11

GENERAL PRINCIPLES FOR A MULTIPHASE MIXTURE

Kinematics

In continuum mechanics a body, £, is composed o f  a c o lle c t io n  o f 

infin itesim al volumes o f  material re ferred to  as partic les, where in a 

neighborhood o f  any partic le  there is material, re ferring  to  a continuous 

mixture, consider a mixture body, 0, which is composed o f  a number, N1 o f

chemically reacting bodies o r constituents, 3 a, where a = 1,2....N.

This presentation uses the fa ir ly  common no ta tion  that bold faced 

upper case symbols indicate a tensor and bold faced low er case symbols 

indicate a vecto r. Deviations from  this convention w ill be pla in ly noted in 

the text.

The region o f space occupied by the constituent body at any time, t, is 

re ferred to  as the constituent configuration. A reference configuration,

Bapj, is chosen at some time, t = t 0. The position  o f  a particle, Xa, o f  a

constituent body at time t = t0 is denoted by a pos ition  vecto r, X a,

measured fro m  a fixed point. Use o f  a bold faced upper case le tte r 

re ferring  to  a vec to r is emphasized here, since this deviates from  the 

standard no ta tion  as stated above. More precisely, a partic le  in the 

reference con figura tion  has a one to  one mapping, which relates a particle, 

Xa, to  its pos ition  in the reference configuration,
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Xa = A a(Xa). (2.1)

This mapping is assumed one to  one, and therefore has an inverse 

relationship,

Xa = V 1(Xa). (2.2)

A t each time, t, o ther than t = t 0, there exists a configuration, known as 

the deformed configuration, Ba. The pos ition  o f the partic le  Xa and 

therefore the deformed configuration, may change w ith time. The pos ition  

ve c to r o f  the partic le  in any deformed con figura tion  is denoted by xa, 

where

*a  = * a (X a 't)- (2-3)

Equation 2.3 can be put in terms o f the reference configuration, BaR, by 

using an inverse mapping, A ' 1 (equation 2.2). So that 

Ha = 9a (A ~ i(X a), t)

= /a#* t). (2.4)

Generally speaking, X a is re ferred to  as the reference pos ition  and Ka is 

re ferred to  as the deformed o r current position, o f  the pa rtic le  Xa.

Using these pos ition  vecto rs, there are a number o f  ways to  describe 

the m otion o f  a continuum. The type which is employed in this development 

is the spatial o r  Eulerian description. This type o f  descrip tion indicates 

that the independent variables used are the current o r instantaneous

position, xa and time, t. Use o f spatial coordinates implies a pos ition  in



space and not a spec ific  partic le  o f  matter. What it yields is the change o f  

quantities at a fixed pos ition  as a function  o f  time.

Partic les fo r  each constituent o f  a mixture do not in general move in 

unison. V e loc ities  and accelerations fo r  individual constituents must 

therefore be defined independently. Assuming the m otion, Xg (Equation 

2.4), to  be su ffic ien tly  smooth, denote the ve loc ity  o f  constituent a by,

'%a = 8[%a(Xg, t)]/3t

= v a, • (2.5)

and the acce lera tion  by;

‘va = dva/d t

= a % a (X a ,t)W ' (26)

The im plica tion in the above equations is that the ve loc ity  (Equation 2.5) o f 

a partic le  is calculated by taking the partial derivative w ith  respect to

time, holding X a constant; and s im ilarly fo r  the acce lera tion  (Equation

2.6). When the derivative is taken in th is manner, it is called the material 

time derivative. The reverse prime indicates the material time derivative 

which fo llo w s  the m otion  o f  the ath constituent.

It w ill prove useful at this point to  introduce the deform ation gradient

tensor, Fa, where

Fa = V  X3Wa, t). (2.7)

Where the del operator, V, indicates that the d iffe ren tia tion  is taken w ith 

respect to  the reference configuration, so this is re fe rring  to  the gradient

19



o f  the deform ation w ith respect to  the reference configuration. The 

deform ation gradient (Equation 2.7) maps neighborhoods o f  the partic le

positioned at X a in the reference configuration, BaRl in to  neighborhoods o f 

the deformed pos ition  &a in the deformed con figura tion  Ba.

When the derivative w ith respect to  the spatial coord inates is implied 

the gradient w ill be denoted by grad and the divergence by div. If the del 

opera tor is used in reference to  the spatial system, it  w ill be so indicated. 

Next define the ve lo c ity  gradient as

La = gradCstg), . (2.8)

and notice that by the chain rule, using Equations 2.7 and 2.8, that

'Fa = La Fa, (2.9)

so that

"Fa F a " ' = La

= grad('Ha). (2.10)

In the above, the material time derivative is used, assuming the 

reference coordinates are known. However, when the spatial description is 

used this is usually not the case, since a reference pos ition  fo r  a partic le

is usually not known. Let Ta be any scalar, vec to r o r  tensor valued

property o f  a material, given in terms o f  the spatial pos ition  and time,

^a ~ Fg(Na,t).

Since, x a is a function  o f  time, this must be taken in to  account. Then the 

to ta l time derivative, using the chain rule gives,

20
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T a = 0Fa/3 t  d t/d t + grad r a d«a/d t 

= 9Fa/8 t  + grad Fa d#a/d t.

Substituting the ve loc ity  term (Equation 2.5), gives the general fo rm  fo r  

the material time derivative fo r  any scalar, vec to r o r  tensor valued 

property in spatial coordinates,

T a = 0Fa/3 t  + grad Fa va. (2.11)

In this equation, 3Fa/9 t  gives the loca l rate o f  change in the

neighborhood o f  xa, and grad Fa va gives the convective rate o f  change in

the neighborhood o f  a partic le. For steady f lo w  the loca l rate o f  change 

w ill disappear, while in a uniform  f lo w  the convective rate w ill vanish.

The material density o f  each constituent, Zd, is defined in the usual

way fo r  that particu lar material, as the mass per unit volume fu lly  

occupied by the material. To account fo r  the discrete physical nature o f  a 

multiphase mixture, the volume fra c tio n  o f  the ath constituent, va, is

defined to  represent that part per unit volume o f the mixture which is 

f ille d  by constituent a. This implies that a value fo r  the volume fra c tio n  is

between zero  and one, 0 < va < I. In the case where v a = I, the no tion  o f  a 

multiphase mixture w ill no longer apply. These are then used to  define the 

partial density o f  constituent a, pa, as

Pa = ^ ava *

where obviously pa < Z3 in the case o f  a true multiphase mixture.

(2.12)



Up to  this point the development o f  the kinematics has been in terms 

the constituents. Next the terms relating to  the mixture are given. In the 

present theory the bulk density fo r  the mixture, p, is defined by

P = Z Pa • (2.13)

where £  indicates summation over all o f  the constituents which comprise 

the mixture. This is the no ta tion  used throughout the dissertation, unless 

otherw ise noted.

The volume fra c tio n  fo r  the mixture, v, is

v = Z V  (2.14)

where 0 < v < I. I f r =  L th e  mixture is said to  be saturated. When r  < I, 

it is unsaturated, indicating that voids exist in the mixture.

Mixture ve lo c ity  is defined in terms o f  the constituent ve loc ities  as

pv = Z Pava> (2-15)

where v  = ’is.

The leading superposed dot implies a time derivative fo r  the mixture, as 

opposed to  the use o f  the backward prime fo r  time derivatives indicating 

the constituents. The d iffus ion  ve lo c ity  fo r  a constituent Ma, which 

measures its ve lo c ity  re la tive  to  the mixture is

Ma = Va -  v. (2.16)

It then fo llo w s  fro m  Equations 2.16, 2.15 and 2.13 that 

I  Paua = E  PaIva - v)

= E  P3Va -  E  Pav

22
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= pv - pv

Sim ilar to  the constituents (Equations 2.7 and 2.11), but in terms o f % 

and t instead o f  Ma and t, the ve loc ity  gradient fo r  the mixture is,

L = grad v, (2.17)

and the material time derivative fo r  F is,

T = 8 r /8 t  + grad r v. (2.18)

Balance Equations

Generally in continuum mechanics it is assumed that mass, linear 

momentum, angular momentum, and energy are conserved. The volume 

fra c tio n  theory fo r  multiphase mixtures requires an additional balance 

equation which accounts fo r  changes in the volume fra c tio n , called the 

balance o f  equilibrated fo rce . Two com pletely equivalent sets o f  fie ld  

equations describing these conservation principles are defined fo r  a 

continuous body, when the functions involved are smooth. Starting from  an 

integral o r global fo rm  fo r  these balance equations, defined in terms o f a 

region o f  the continuum, the equivalent d iffe ren tia l o r  loca l fo rm  may be 

derived fo r  a d iffe ren tia l volume element.

In this section  the postulated integral fo rm s fo r  the constituents 

are those given in Passman, Nunziato, and Walsh [1984]. From these, the 

loca l balance equations fo r  the constituents are developed and thus shown 

to  be equivalent to  the global form . Individual balance equations fo r  each 

constituent must be related to  the other constituents in some manner. This



re lationship between constituents is given in the fo rm  o f  in teraction 

terms. These in te raction  terms, which represent an exchange between 

constituents, are not present in the usual fo rm u la tion  fo r  a single 

continuum.

The governing balance equations fo r  the mixture are the same as those 

given fo r  a single continuous body. Development fro m  the global to  loca l 

fo rm  o f  the balance equations is not presented fo r  the mixture, since the 

procedure fo llo w s  c lose ly  that displayed fo r  the constituents (although 

somewhat less involved), and the equivalence o f  these equations fo r  a 

single body has been well established. However, mixture theory requires 

that summing over all o f  the constituents fo r  the balance equations must 

result in the usual balance equations fo r  the mixture. Summing rules 

su ffic ien t to  sa tis fy  this requirement are established.

The global equations given by Passman, Nunziato and Walsh [1984] are 

consistent w ith the metaphysical principles laid down by Truesdell [1957; 

fro m  Passman, Nunziato and Walsh, 1984] and w ith the general equation o f 

balance as stated by Truesdell [1977]. The general equation o f  balance fo r  a 

property 9 is given as

'({p* d V )- f r  dS + J"p§ dV = 0,

where T  is a flux term representing the flux o f # across the boundary o f  

the region, and § is a source term.

P rio r to  the statement and development o f  the balance equations, 

several theorems which are used must be given. The Reynolds transport 

theorem is

•(Jrp dV) = J8[rp]/8t dV + Jrp v-n dS.

24
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where V is volume, F is any property o f  the material, v  is the ve locity , m is 

the unit normal directed outward fro m  the surface S at a point on the 

surface dS. The divergence theorem, a lso re ferred to  as Gauss's theorem o r 

Green's theorem, is used to  convert a surface integral to  a volume integral. 

A  very general fo rm  fo r  this is

£ n *  F dS = /  V  *  F dV, (2.20)

[Malvern, 1969], where F may be any d ifferentiab le scaler ve c to r o r tensor 

defined over the c losure o f  the region o f  integration and the star product 

may represent either the dot product o r the c ross  product. 

Conservation o f  Mass fo r  the Constituents

The global fo rm  fo r  the mass balance equation describing the principle 

o f  conservation o f  mass fo r  each constituent is given as

where c a+ is the mass in te raction  fo r  the a*h constituent.

Applying the Reynolds transport theorem (Equation 2.19) to  the term 

on the right gives,

Applying the divergence theorem (Equation 2.20) to  convert the surface 

integral to  a volume integral,

J Ca* dv = ‘(/Pa dV), (2 .21)

XJpa dV) = J8pa/3t dV + £pa va n dS. ( 2.22)

J p a v a n dS = /  [(grad pa) va + pa( div v a)] dV, (2.23)

and using the material time derivative (Equation 2.11) 

3pa/9 t  = 'Pa -  v grad pa. (2.24)

This leads fro m  Equation 2.21 by Equations 2.22, 2.23 and 2.24 to  the
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integral fo rm  fo r  the mass balance over the volume,

J[ 'Pa "  v  ' Qrad pa + (grad pa) ■ v a + pa( div va) -  Ca^ ] dV = 0 

or,

JI 'pa + pa( div va) -  ca+ ] dV = 0 (2.25)

which states that the time rate o f  change o f  the mass contained w ithin the 

arb itrary boundary w ill be the result o f  the mass flux across the boundary 

and the mass exchange.

Since the integral is taken over an arb itra ry region Equation 2.25 gives 

a loca l fo rm  fo r  the mass conservation principle, which must be true fo r  

each constituent. The Eulerian fo rm  fo r  the loca l balance o f  mass equation 

fo r  each constituent is

Ca* = 'Pa * Pa div v a- (2 -26)

Balance o f  Linear Momentum fo r  the Constituents

The global fo rm  fo r  the balance o f  linear momentum o f each 

constituent is taken as

J m a+ dV = ‘(Jpav a dV) -  f r a n dS -  J paba dV, (2.27)

where m a+ is the linear momentum interaction, Ta is the partial stress

tensor and ba is the external body fo rc e  acting on the constituent.

Applying the Reynolds transport theorem (Equation 2.19) to  the f ir s t  

term on the right hand side o f  Equation 2.27 gives 

XJpaVa dV) = J9[pav a] /8 t  dV + JtpaVaIva-Fi dS, 

and the balance o f  linear momentum becomes
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I  ma+ dV = J9(pava) /9 t  dV + ^(pava)(va-n) dS -  f T a-n dS -  / p abadV.

(2.28)

In this #[paVa]va-n dS represents the flux o f  linear momentum across the 

boundary. The term Ta n is the part o f  the to ta l stress vec to r on the

arb itrary boundary which is caused by the ath constituent. Now applying 

Gauss's theorem (Equation 2.20) to  the f ir s t  surface integral on the right in 

Equation 2.28 gives

# P a v a)v a‘n dW  Qrad (pav a>' v a + (Pav a)div v a dV- (2.29)

The div and grad terms must be assumed to  be taken fro m  the right, in 

accordance w ith the divergence theorem. To c la r ify  this, Gauss’s theorem 

is applied in spatial coord inates using the del opera tor fo rm  and employing 

index notation. The subscript indicating the constituent w ill be dropped 

when the index no ta tion  is used. The surface integral in Equation 2.29 is 

examined again.

^ P a v a)v a"n ds = $Pa(vava)' n ds 

= J lp a(v av a) lv  dv

= JKpaVaV) ■ va * PaVa(Va-V)I dV 

= J[(pvj V j) - Vj + pVj(Vj Vj)] dV

= JKp 9vj/9Xj) - Vj + pVj(9vj9xj)] dV

Converting the other surface integral in Equation 2.28 to  a volume 

integral (Equation 2.20) gives

J T a-RdS = J div Ta dV. (2.30)



The divergence is taken fro m  the right, s im ilar to  the previous application 

o f  Gauss's theorem. Using the index no ta tion  fo r  c la r if ic a tio n  as stated 

above, gives

div Ta = TjjCejS j) • 9 /9 xk Bk 

= 9 f j j / 9 x k Sjk Bj

= 9 T jj/9 x j Bj,

where Sjk is the Kronecker delta and e are the base vectors,

It should be pointed out that the stress tensor used in th is paper is the 

same as that used in Passman, Nunziato and Walsh [1984] and Truesdell 

[1969]. The transpose o f  th is stress tensor is sometimes used as well (see 

fo r  example Malvern [1969]). There the surface trac tion , t ,  used in the 

global fo rm  o f the balance o f  linear momentum is given by t = n • T, instead 

o f  the fo rm  used here (Equation 2.27).

Then, co llec ting  terms

Jld(PaVa)ZSt ♦ div (pava)va * (pava)div va

- div Ta - paba - ImatI dV = 0. 

and since the volume is arb itra ry a loca l fo rm  is

B(Pav3)Zat * grad (pava)va * (pava)div va - div Ta - paba - Uia* = 0.

(2.31)

The material time derivative (Equation 2.11) applied to  pav a is

'(PaVa) = 3(pava)/at * va grad (pava), 

which a llow s Equation 2.31 to  be rew ritten  as

28
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'(PaVa) * (PaVaM v  v a -  div Ta -  paba -  ma‘  = O 

'PaVa * Pa Va * (pav a)div Va -  div Ta -  paba -  ma* = 0.

Substitution fo r  ‘pa fro m  the loca l fo rm  fo r  the mass balance o f  the 

constituent (Equation 2.26) yields

(ca* - Pa div v > a ♦ pa va ♦ (pav a)div V3 -  div Ta -  pab a -  ma* = 0,

so the loca l fo rm  fo r  the constituent balance o f  linear momentum equation 

may be w ritten  as,

m a* =  Pa'v a -  div Ta - p ab a * c a* v a. (2.32)

Balance o f  Angular Momentum o f the Constituent

The integral fo rm  used fo r  the constituent angular momentum balance 

equation is

J[Ma+ + Ota x m a+)] dV

= '( JtHa x (PaVa)I dV) - J U a X Tan) dS -  J ta a x paba) dV,

(2.33)

where Ma+ is the angular momentum in te raction  o f  the constituent, and

represents a couple e ffe c t which may be produced by the in te raction  o f  the 

other constituents w ith constituent a.

Applying the Reynolds transport theorem (Equation 2.19) to  the f ir s t  

term on the right hand side o f  Equation 2.33 yields 

'(J lX a * (PaVa)I dV)

= J{[88a/3 t  x (pav a)l * Sa x 3(pav a) /9 t)  dV * f [ x a « (pav a)(va-n)l dS, 

then using the material time derivative (Equation 2.14),
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'( /[K a x (PaVa)] dV) = J{[ Na -  v a grad x a] x (pava) + x a * 9(pav a)/d t}d V

+ x (Pava)(va 'n)1 dS 

= J [v a -  V g i ] X (pav a) + {xa X 8(pav a)/a t}  dV

+ # [xa x (pava)(va-n)]dS (2:34)

where I is the identity tensor.

Substitution o f  Equation 2.34 in to  equation 2.33 leads to  the angular 

momentum balance fo r  the constituent as

J[f1a+ +xa x m a+] dV = J [xa x 9(pav a) /8 t]  dV + #[xa x .(pava)(va-n)] dS

-  f(xa x Tan) dS -  J (xa x paba) dV, (2.35) 

where §[na x (pava)(va-n)] dS indicates the flux o f the angular, momentum 

across the boundary, and f ( x a x Tan) dS is the moment o f  the partial stress 

ve c to r acting on the surface.

The divergence theorem (Equation 2.20) is applied to  the flux o f 

angular momentum term, using indicia! notation. The subscript indicating 

the ath constituent is dropped while the index notation is employed. This 

gives

# [x a x (pgVa)(va-n)] dS = x jp v kv ,n,] dS

= /9 [e jjk X jpvkV|]/8X| dV

= J [Bjjk 8Xj/8X| pVkV| + Bjjk Xj 8(pVk)/dX| V| + Byk XjpVk 8V|/8X|] dV

= J [ div Xa Va X (PaVa) * aa *  Va • grad (pava) ♦ s a *  pava div val dV ■

(2.36)= J [«a * V  (Fad (pava) * Ka * pava div val dV.
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where e ^  is the permutation symbol.

Using the component fo rm  fo r  the moment o f the partial stress vec to r 

acting on the surface, and again dropping the subscript fo r  the constituent 

while the index no ta tion  is employed,

# (*a  * Tan) ds = #fe|jk * j Tkp npl dS.

Now, applying the divergence theorem (Equation 2.20)

^[e jjk Xj Tkp np̂  = J Xj T^pl/dXpj dV

= J Wjjk [8Xj/8Xp T^p + Xj 8Tkp /a x p} dV 

= J Ie l-Jk [Sjp Tkp + Xj 8Tkp/8Xpj dV 

= /  ^ ip k  Tkp + eIjk Xj 9Tkp/9Xpj dV,

eipk Tkp = -  djkp Tkp are components o f  tw ice the dual o r axial vecto r, t A, 

o f  the antisymmeteric part o f  T, i.e.

2 ,A  T)k e i

= ^T32 ~ T23^ e I + (T13 "  T31 ) ^2 + (T21 ' t 1 2 ^23 

= TaT -  T a-

A lso, no tice that eyk Xj 9Tkp/8Xp are the components o f  ^ x div I ,  so

#(xa X Tan) dS = J [Sg x div T3 ♦ ( TaT - Ta ) ] dV. (2.37)

Then, co llec ting  terms,

f (*a  * 9 (Pava) /9 t  * 8a x va ' 9rad ( P a V  * sa x Pava div va

-  [Sg X diV Tg * (Tg1 ~ Tg)] " (S * pgfcg) - Mĝ  - Sg X Pltg^ tiV = 0.
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and since this must hold fo r  an arb itra ry body

“ a * 9(Pava)/9 t * ^a  * va ' 9rad (Pava) * * a " Pav3 div ^a1

- [Kg X diV Tg + (TgT - Tg)] ~ * pgbg) - Mg+ ' Xg * Mg' = 0

Noting that the f ir s t  tw o  expressions are just «a % lCpaVa), the above 

becomes,

#3 * '(PgVg) ♦ Sg X PgVg diV Vg] - [Xg X diV Tg * (TgT - Tg)]

" (*a X P a V  - Mg* - Kg X [Pg'Vg - PlV Tg " Pgbg + Cg\g] = 0.

Using loca l fo rm  fo r  the balance o f  linear momentum (Equation 2.32), 

this reduces to

* 3 x Pava * [*a x Pava div V ' ( V  - Ta) - Mg* - Ka«Ca1V3 = 0, 
in to  which the loca l mass balance fo r  constituent a (Equation 2.26) is 

substituted,

*a x 'Pava * t*a x Pava dlv va '" (TaT - Ta) - Ma*

" *a x Cpa * Pa div va) va = 0.

The loca l fo rm  fo r  the angular momentum balance equation fo r  the 

constituent is

"a *  = Ta -T a7. (2.38)

This implies that the partial stress fo r  the constituent is not necessarily 

symmetric, unless Mg1 = lO.

Balance o f  Equilibrated Force fo r  the Constituents

As mentioned earlier, when the volume fra c tio n  is adopted as an 

additional kinematic variable, an additional balance equation is included in



the theory to  account fo r  changes in the volume fra c tio n  o f  the 

constituents. This equation is called the balance o f equilibrated fo rce . The 

global fo rm  assumed by Passman, Nunziato and Walsh [1984] and which is 

adapted fro m  the theory proposed by Goodman and Cowan [1972] fo r  

granular materials is

J V  dv = 'V P akV a  d v ) '  * ha'n ds "Jpa(9a * V  d v - (2 3 9 )

It is readily apparent that this conservation princip le is sim ilar in 

fo rm  to  the global linear momentum balance equations (Equation 2.34). The 

term inology used fo r  these equilibrated terms re fle c ts  this sim ilarity. 

Here, ua+ represents the equilibrated fo rc e  interaction, ka is the

equilibrated inertia, Va is the volume frac tion , ha is the equilibrated

stress, ga is the equilibrated fo rc e  supply, and Ia is the external

equilibrated body fo rce ; all o f  the constituent.

Applying the Reynolds transport theorem (Equation 2.19) to  the f ir s t  

term on the right hand side o f  Equation 2.60 gives

'(JPakV a ) = J9 IPakW 01 dv ‘  J PakV a  Va n dS, (2.40)

then, use o f  the divergence theorem (Equation 2.25) on the surface integrals 

in Equations 2.39 and 2.40 yields,

JPakV a v '"  ds = J div (PakV a  V  dV

= J gradXpgkaV a) • v a ♦ pakaV a (div va) dv. (2.41) 

and

^ h aiHdS = Id iv h g d V .
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Appropriate substitution o f  Equations 2.41 and 2.42 into 2.39 yields 

the volume integral,

/ 1 9 [paka'v a1/9 t  * 9rad (Pakav a ) ' va * Paka'"a (div V

-  d iv  ha -  (pa(ga ‘  y "  V i d v  ^ ° '

which, since the body is arbitrary, gives a d iffe ren tia l fo rm  fo r  the balance 

o f  equilibrated fo rc e  equation fo r  the constituent,

9[pakatva1/9t + Qrad (Paka ' V ' ¥a + Paka'v a ^div V

-  div ha -  (pa(ga + la) -  y a+ = 0. (2.43)

Noting that the f ir s t  tw o  terms in Equation 2.43 are the material 

derivative o f  pakalv a, the equation gives

'(Paka ' V  * PakB^a (div V  * div ha "Pa<9a * 'a ’ ' V  = O

Pa'(ka'v a) * 'Paka'v a * Paka'v a (dlv V " dlv ha "Pa(9a * " V  = 0

Pa1(KaVa) * ka'va('pa * pa div va) - div Ha -pa(ga ♦ Ia) - va* = 0.

Substituting fro m  the loca l fo rm  fo r  the mass balance o f  the constituents 

(Equation 2.26), the loca l balance o f  equilibrated fo rc e  is achieved,

V  = Pa'(ka ' V  -  div ha " Pa (9a * V  * V kav a- (2 4 4 )
X

Balance o f  Energy fo r  the Constituents

The energy equation is a lso frequently referred to  as the f ir s t  law o f 

thermodynamics. The integral fo rm  fo r  the conservation o f  energy o f  the 

constituent is given as
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Jea* dV = '(JpaCea ♦ va-va/2  + ka'va2/2) dV)

-  #(TaTva * ha'va - qa)n dS

" JPa(ba‘wa * V a  * dV, (2.45) 

where ea*  is the energy in te raction  o f  the a *  constituent w ith the others, 

qa is the constituent heat flux, r a is the external heat supply fo r  the

constituent, and ea is the internal energy which represents all o f  the energy

o f  the constituent exclusive o f  the kinetic energy.

The Reynolds transport theorem (Equation 2.19) applied to  the f ir s t  

integral on the right in Equation 2.45 gives

‘(Jpatea + v a-va/ 2 * k a'v a2/2 )dV )

= JOlp3Cea * va-va/2 * ka'va2/2)]/3t)dV

* ^tpaCea * va-va/2  * ka‘va2/2) va-n)dS 

and substituting this in to  the energy balance equation gives

Jea* dV = J3[pa(ea + va-va/2  + kaV a2/2)l/3t dV - JpaJea * va-va/2

* ka‘va2/2) vn dS - JdarVa * ha'va - qa)-n dS

-J P a (ba 'v a + lS v B + ^ d v - (2 -46)

In this, the f ir s t  integral on the right hand side o f  the equation 

indicates the time rate o f  change o f  the to ta l instantaneous energy o f  a, 

the second indicates the flux o f  energy across the boundary, the third gives 

the w ork rate o f  the surface tractions, w ork rate o f  the trac tions  due to  

equilibrated stress and the flux o f  heat across the surface o f  the body. The



last term simply adds w ork o r energy due to  the body fo rce s  and external 

heat supply.

The surface integrals in Equation 2.46 converted to  volume integrals 

by Equation 2.20 are

#Pa(ea ‘  va"va/2  * ka'pa2/2) va n ds

= Jdiv [pa(e3 + va-va/2* ka'Pa2/2) va]dV

= /[grad(pa(ea * va-va/2  * kaV a2/2)) ■ Va

* Pâ ea * va-va/2 * ka'ya2/2) (div va)l dV

(2.47) 

and

^(T3tV3 ♦ haV a - qa)-n dS = f(vaTa * ha'ya - qa)-n dS

= jdiv(vaTa *h a'va -q a)dV 

= JIva • (div Ta) * (grad va)-Ta + (div ha)'va 

+ ha-(grad 'Va) - div qa] dV

= J[(div Ta) • va + Ta- La + (div ha)‘v a + ha -(grad 'Pa) -  div qa] dV.

(2.48)

Where, in general, the scalar product o f  tw o  tensors is defined as 

A-B = tr(A B ) = tr(B A ) = B -A

Collecting terms fro m  Equations 2.47 and 2.48 in to  2.46 under the 

volume integral yields

36
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J{9[pa(ea * Vg-Vg/2 + ka'va2/2)l/9t

*  div IpaCea + v a-va/2  *  ka'v a2/2 )v aI 

-  div (vaTa *  HaV 3 -  qa)

-  P3(ba 'v a * 'a ? a  * ra> ~ ea+> dv = 0.

and since the region is arbitrary,

SIpaCea + v a-va/2  * ka'v a2/2 ) ] /3 t  *  div IpaCea * v a-va/2  ♦ ka'v a2/2 )  v a)

-  div CvaTa ♦ h a'v a -  q a) -  PaCba Va > la'v a + r a) -  ea* = 0.

(2.49)

Applying the material time derivative (Equation 2.11) gives

'IpaCea * V v a/2  * ka'y a2/2 ) I -  v a grad IpaCea ♦ va-va/2  + ka‘v a2/2 ) ] +

grad(pa(ea ♦ v a v a/2  + ka'v a2/2 ) )v a * pa(ea * v a v a/2  * ka'i>a2/2 )(d iv  v)

-  div CvaT3 ♦ ha'v a -  q a) -  PaCba-V3 * l a'v a ♦ r a) -  ea* = 0,

which leads to

P3lCea ♦ V3-VaZZ ♦ ka v a2/2 )  * 1PaCea - v a-vaZ2 » K3 V32ZZ)

* P3Cea * Va-VaZZ + Ka1Va2ZZ) (div v) -  div CvaTa * Ha1Va -  qa)

-  PaCba Va * iB v a * V  -  ea* = 0. 

Substituting fro m  the equation fo r  mass balance o f  the constituent 

(Equation 2.33), the energy balance reduces to
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ea* = Pa'(e a * va 'v a/2  + Ka^a2 z a  * ca *(ea + va 'v a/2  * ka'v a2 /2 )

-  V3-Cdiv T3) -  (grad v a) • T3 -  (div h3)'P3 -  h3 -(grad lv 3)

+ div qa -  pa(ba-va * !a'v a * r a). (2.50)

D ifferentia ting the f ir s t  derivative on the right, and . using the chain rule 

gives

"(Ga + Vg-Vg/2 + ka'Va2/2) = ' 2 a  +a Ka + lKaVa2̂  + K3lV3llV3. (2.51)fa va ^a Ka

It w ill be useful to  no tice  fo r  the upcoming manipulations that,

'(K av a) = W ka" ^

so that the material time derivative o f  Equation 2.51 may be w ritten  as 

Xea + v a-va/2  ♦ ka'v a2/2 )  = 'ea * Va 1Va * '(Ka1Va)1P- 1K3V 32/ !  (2.52) 

Substituting Equation 2.51 in to  Equation 2.50 gives

ea* = Pa ( ea + v a"'va * 'ka'v a2 /2  * ka'v a " " a )

* c a*(ea ♦ v a-va/2  + kaV a2/2 )  -  v a-(div Ta) -  (grad v a) Ta

-  (d iv ha)V 3 -  ha -(grad V 3) ♦ div qa -  paba-va -  P3IaV 3 -  par a.

This equation is next manipulated in order to  get the energy in teraction in 

terms o f the other in teractions and using Equation 2.52

ea* = Cat Cea ♦ v a-va/2  * KaV a2/2 )  * ca* (v a-va -  v a-va * KaV a2

-  KaV a2 ) * Pa (Va-1Va ♦ '(KaV aX V )- 1KaV a2/2 )  *  P31Ba

-  (d iv Ta) 'va -  T3' La -  (d iv ha)V a -  ha (grad V a)

+ div qa -  PaSa'Va "  PaIa Ta -  par a * (paga Pa -  Pa9a T a)
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= c3*(ea '  va"va/2 " ka'"a^2) * (ca+va + pa'va - div Ta- paba)-va 

+ (ca+ka'va * Pa'(ka'"a) ‘  dlv ha " Pa^a * 9a»'v + Pa'ea '  Ta' La

- ha-(grad 'Pa) - pa'ka'Pa2/2  + paga'Pa * div qa - par a.

Then, substituting the appropriate in te raction  terms fro m  Equations 

2.32 and 2.44 into this the loca l fo rm  o f the energy equation fo r  the 

constituent is

V  " V t e a - va-va/2 - ka'va2/2) * Klgt -Va * Ogt  > t Pa'ea - Ta ; La 

- ha-(grad 'Pa) -  pa'ka'Pa2/2 * paga'Pa + div qa - para. (2.53)

Rules fo r  Summing and Mixture Balance Equations

The in te raction  terms postulated in the theory are considered to  be 

representative o f  exchanges only among constituents, and as such should 

all be in balance w ith each other. In accordance w ith this, the in teraction 

o f  all constituents sum to  zero.

Summation o f  the constituent interactions:

I  Ca' 3 ° ' (2.54)

I  IHa* = 0, (2.55)

I H g t  = O1 (2.56)

I V  = 0, (2.57)

I  V  3 0. (2.58)

Properties o f  the mixture should be defined in terms o f the properties 

o f  the constituents in such a way that the conservation principles fo r  the



mixture are the same as those defined fo r  a single continuum. Summing 

over all o f  the constituent balance equations should lead to  the standard 

fo rm s fo r  the balance equations o f  the mixture. In o rder to  satisfy these 

requirements, certa in re s tric tio n s  must be imposed. Suitable fo rm s fo r  

these re s tric tio n s  are developed here.

Summing over all o f  the constituents in the balance o f  mass equation 

(Equation 2.26), where, as mentioned previously, the summation £  symbol 

implies summation over all o f  the constituents,

E ca* = I  ['Pa ♦ Pa div v aL (2.59)

Im position o f  the summation requirement fo r  the mass in teraction 

(Equation 2.54) and using the material time derivative (Equation 2.11) on 

Equation 2.59 leads to

Z  [9pa/8 t  + Vg • grad pa + pa div v a] = 0

E [9pa/9 t  + div (pava)1 = 0

9 (Z [p al) /9 t  + div E(PgVa)] = 0

9 p /9 t + div (pv) = 0

9 p /9 t + v  div p + p div v  = 0

*p + p div v  = 0, (2.60)

which is the usual mass balance equation fo r  a single continuum, and 

the re fore  fo r  the mixture.

A useful identity which w ill be used subsequently is the material time 

derivative fo r  a mixture quantity, F1 o f  the form ,

r =E [par al/p.

40
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Now,

Pr =Z [paral.

so that

a (p r)8 t =Z9[par a]/8 t,

or, using the material time derivative in spatial coord inates fo r  the 

mixture (Equation 2.18) and fo r  the constituents (Equation 2.11) yields 

(p r)  -  v  • grad(pr) = Z  [l(par a) -  Va grad(par a),

P r - 'pr - w  grad(pr) = % IpaT a ♦ par a - va grad(par a)l.

Substituting fro m  the mass balance equation (Equation 2.33)

P F -  p r div v -  v  • grad(pr) = B p a r a + r a(ca+ '  Pa div V

-  va grad(par a)], 

so,

P r - div (prv) = z  IpaT a ♦ FaCa* - div (par ava)l.

The material time derivative fo r  r  may then be w ritten  as,

T  = {£  [paT a + r aca* -  div (par av a)] + div (p rv )} /p . (2.61)

Incidentally, this may also be w ritten  in terms o f the d iffus ion  

ve loc ity , ua, as

T  = (E IpaT a + FaCa1 - div (paFaua)]/p.

Now, sum over all o f  the balance o f  linear momentum equations 

(Equation 2.32) fo r  the constituents

Zmat = Z lp aV a - div Ta -p aba * Cat VaI.

\
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and define fo r  the mixture,

Pb = Zpgba. (2.62)

which, in con junction w ith Equation 2.55, use o f  the material time 

derivative on the mixture (Equation 2.61) gives

p'v -  Z  [VaCg+ -  div (PaVgVa) + div (pvv) + div Ta -  Cg+va] -  pb = 0 

p'v + £  [div {(pav aVg) -  (pvv) -  Tg}] -  pb = O.

Define the mixture stress to  be related to  the partial stresses as 

T = Z  [Ta -  (PaVaVg)]+ (pvv), (2.63)

then the standard fo rm  fo r  the linear momentum o f  the mixture is achieved, 

p 'v  = div T + pb. (2.64)

Summing over the constituents fo r  the loca l balance o f angular 

momentum equation (Equation 2.38),

Z M a* = E  [Ta -T3t L

and applying the angular momentum in te raction  summation re s tr ic tio n  

(Equation 2.56) and the stress re s tr ic tio n  just stated (Equation 2.63)

T + Z(PaVaVg) -  (pvv) = T t  + Z(PaVaVg) -  (pvv).

Thus the balance o f  angular momentum fo r  the mixture is in the usual fo rm  

fo r  a single material,

T = TT. (2.65)

The constituent balance o f  equilibrated fo rc e  (Equation 2.44), summed 

over all o f  the constituents, is

Z  <  = Z lp alCka Va) -  div ha -  PaT ga ♦ la) * Cat KaV a].



Define fo r  the mixture,

PO = Z PaQa- (2.66)

and

pi = I  PaIa. (2.67)

then substitute fo r  mass in te raction  fro m  the constituent mass balance 

equation (Equation 2.26) and impose the summing re s tr ic tio n  fo r  the 

equilibrated fo rc e  in te raction  terms (Equation 2.57) to  obtain

3 P a '( k a 'V  "  div ha * Cpa ♦ pa dlv v a)ka'v a] -  p (g + I) = 0.

Using the material time derivative (Equation 2.11)

^ [P aO(KalVa)Zat + v a grad (ka'v a)} -  divt»a

+ O p a/3 t  + v a gradpa + pa div v a)ka‘v a] -  p (g + 1) = 0 

Z tp a 3(kalv a)Zat + div (PaKa1VaVa) -  div ha + Ka1VaO p aZBt)]

- p ( g  + 1) = 0

ZO (P aKa1Va)Zat + d iv{(paka‘v av a) -  ha}] -  p(g + 0  = 0.

Define

pk 'v  = z  Paka'v a, (2.68)

and,

(pk 'vv ) -  h = Z  ((PaKalVaVa) -  hgj, (2.69)

then,

a(pk‘v)Zat + d iv {(pk 'vv ) -  h} -  p(g + 1) = 0

a(pk'v)Zat + v  grad(pk'v) + pk’v d iv(v) -  div h -  p(g + 0  = 0
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" ( p k »  + pk 'v  d iv(v) -  div h -  p(g + 1) =O 

p ( k »  + p ‘( k »  + p k >  d iv(v) -  div h -  p(g + 1) = 0.

Substitution fro m  the balance o f  mass o f  the mixture (Equation 2.60) 

fo r  'p, recovers the desired fo rm  fo r  the balance o f  equilibrated fo rc e  fo r  

the mixture,

p '(k 'v ) = div h + p(g + I). (2.70)

This is o f the c o rre c t loca l fo rm  required by the general equation o f 

balance, i.e. the rate o f  change o f  the mixture equilibrated inertia is 

determined by source terms and a flux term.

Finally summing over the constituents fo r  the energy balance (Equation 

2.53) yields

Z  ea* = £  Ic af Cea -  v a-va/2  -  ka v a2 /2 ) * ma* -v a *  va* 'v * pa'ea

- T a - L a -  Ha-Cgrad 'V3) - pa’k a> a2/2  * paga'v a ♦ div qa -  par a1.

which may be written in the following form, as is readily seen by referring 

to the development of the local form from the global for the constituent 

energy equation, given by Equation 2.49,

I  ea* = ZOtpaCea * va-va/2  > ka'va2Z2)]Z3t * div IpaCea ♦ va-vaZ2

* ka'va2Z2) vl -  div CTa7Va * ha‘v a - qa) - PaCbg-Va * la‘va * ra)), 

or

OZtpaCea + Va-VaZZ * ka'va2ZZ))Z3t> div EIpaCea * Va-VaZZ

♦ ka Va2ZZ) v - Ta7Va -  Ma-Va ♦ qa) -  ZpaCba Va ♦ la'va * ra)) = 0.
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If the fo llo w in g  de fin itions are made,

p(e + v v /2  + k > 2/2 )  = ^  [pa(ea + Vg Vg/2 + ka> a2/2 ) l, (2.71)

q -  T ^v  -  h P + p(e + v v / 2  + k 'v 2/2 )v

= I  (<la -  Ta7Va -  HaV a * pa(ea * Va-VaZZ + KalVa2ZzJvaJ,

(2.72)

p(b-v + I v  + r) = pa(ba-v a + IalVa + r a), (2.73)

then, using Equations 2.71, 2.72 and 2.73 and summation constra in t fo r  the 

energy in te raction  (Equation 2.58), the energy balance equation fo r  the 

mixture becomes

9[p(e + v  v /2  + k 'v 2/2 ) ] /9 t

+ div [q -  T t v  -  h 'v  + p(e + v -v /2  + k"v2/2 )v ] -  p(b*v + I v + r) = 0. 

Applying the material time derivative and expanding the divergence terms 

as in the development going fro m  the global to  loca l fo rm  fo r  the 

constituents yields,

p(e + v  v /2  + k"v2/2 )  + p'(e + v v / 2  + k"v2/2 )

-  v  -grad[p(e + v v / 2  + k 'v 2/2 ) ] + div q -  d iv T v  -  T -L - div h "v 

-h  • grad "v + v  -grad[p(e + v v/2 + k 'v 2/2 )]

+ p(e + v v / 2  + k‘v2/2 )  div v  -  p(b*v + I v + r) = 0, 

and substituting fro m  the other loca l balance equations fo r  the mixture 

Equations 2.60, 2.64 and 2.70,

(-p  div v)(e + v v / 2  + k‘v 2/2 )  + p(‘e + W  + ‘k 'v 2/2  + k 'v ' v)+ div q 

-  (p 'v  -  pb) • v  -  T -L- [p’ (k 'v ) -  p (g + 1)] "v -h  • grad v

+ p(e + v v / 2  + k"v2/2 )  div v  -  p(b-v + f  v + r) = 0
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p(‘e + "k > 2/2  + k 'v "v )  + div q -  T -L- [p ’(k ‘ v) -  pg] >

-  h ■ grad 'v  -  p r = O

p(’e + 'k 'v 2/2  + k V 'v )  + div q -  T-L -  p(‘k 'v  + k'v 'v-  g) 'v

-  h ■ grad >  -  pr = 0.

This leaves the usual loca l energy balance equation fo r  the mixture,

p‘e = T-L + h ■ grad >  -  p g >  + p 'k > 2/2  + div q + pr. (2.74)

The summation re lationships are co llec ted  here in a symmetric fo rm  

which shows a pleasing and intu itively comprehensible balance between the

mixture and the constituents.

Collected rules for summing:

pb = ZpaDa, (2.62)

T - p w  = Z O a * pvav a), (2.63)

PO = ZpaQa- (2.66)

pi = ZpaIa- (2.67)

pk 'v  = Z p aKa Va, (2.68)

. h - pk'vv = Z(ha - PaKalVaVa) , (2.69)

p(e + [V 2] v v  + [V 2] K v 2) = Zpa(ea + V 2Va Va + [V 2IKa va2), (2.71)

q -  T t v  -  h 'v  -  p(e + [V 2] v  v  + k’ v 2)v

= Zqa -  T37Va -  DgVa -  P3Cea * [V 2] V3-V3 * ka'v a2)v a, (2.72)

P ( r + b v  + 1 »  = P3Cr3 * D3-V3 * IatVa). (2.73)
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Saturated Mixtures

In the case when there are no voids present, the mixture is said to  be 

saturated. The saturation constra in t implies that

Z v a = V = I ,  (2.75)

SO

>  = 0.

This leads to  a s im p lifica tion  o f  the equilibrated fo rc e  and energy balance 

equations fo r  the mixture (Equations 2.70 and 2.74). The balance o f 

equilibrated fo rc e  fo r  a saturated mixture is

div h + p (g + I) = 0, (2.76)

and the mixture energy balance reduces to

p'e = (T-L) -  div q + pr. (2.77)

Follow ing the assertion o f Truesdell and Noll [1965] that constra in ts 

are maintained by reaction  fo rces , Passman, Nunziato and Walsh [1984] use 

the assertion that the simplest such reaction  fo rce s  are those which do no 

work. They represent the reaction  fo rc e  fo r  the saturation constra in t by tt

and let wa+ be the w ork (actually the working power) done on constituent a

by the other constituents as a result o f  the saturation. They state that the 

w ork done on constituent a, is a result o f  the reaction  fo rc e  tt and the rate 

o f  change o f  v. Since

lVa = v + va ■ grad v a,

then
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wa+ = rr^ a " va'9rad vJ-

The extra grow th o f  energy is defined as

ea e = e3 * w a*

= ea+ + TtCva -  ¥a-grad va), (2.78)

and since ^ v a = I, and ^ e a+ = 0,

Z  ea+e = 0. (2.79)

TT is interpreted to  be the interface pressure which is required to  maintain 

con tact between phases. See a lso Ishii [1975] and Bedford and Drumheller 

[1978]. Equations 2.53 and 2.78 lead to  a constituent energy balance 

equation o f  the fo rm

V e = ca*(ea " V wa/2 " ka'v a2 /2> * ma*e'v a * V e > a  * Pa'ea

■ Ta-L3 -  Ha- ( V v a) -  p a'k a'v a2/2  * V  q a -  par a, (2.80) 

w ith the extra momentum in te raction  given by

ma+e = ma+ - TT grad va. (2.81)

This additional term in the momentum in te raction  is o ften  re ferred to  as a 

buoyancy fo rce , here it represents the m icrostructura l fo rce s  near the 

constituent boundaries. The extra equilibrated fo rce  is given by,

(2.82)

These balance equations, w ith the constra in t o f  saturation, may now 

be included in the balance o f  linear momentum equation through Equations 

2.32 and 2.81

m3*e = Pa'va -  div Ta -  p3ba *  ca*v a -  ir  grad va,

V 6 = V * " *  Pa9a-

(2.83)
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and the balance o f  equilibrated fo rc e  through Equations 2.44 and 2.82

iV e = Pa'(ka'v a) " dlv ha " Pa'a * ca *ka'v a * n - (2 8 4 )

Making use o f  the summation re s tric tion s  gives the res tric tions ,

£ m a+e = 0 (2.85)

and

2 u a+e = Ntt + pg. (2.86)

A t this point it is useful, in the interest o f  c la rity , to  c o lle c t the loca l 

balance equations fo r  a general saturated multiphase mixture, such as the 

type under consideration in this dissertation.

Balance equations fo r  the constituents o f  a saturated mixture:

Balance o f  Mass fo r  the Constituent

ca* = 'Pa * Pa div

Balance of Linear Momentum for the Constituent

"•a *6 = Pa‘va " div T a *  Paba *  ca *va " ^  9rad ^a- 

Balance o f  Angular Momentum fo r  the Constituent

Ma" = T a - TaT'
Balance o f  Equilibrated Force fo r  the Constituent

V 6 = P a ' ^ a V  -  d iv h a " Pa'a '  C a ^ a '^ a *

Balance o f  Energy fo r  the Constituent

ea*e = Caf Cea - va-va/2  - kaV aV2) ♦ mafe-va ♦ ua*d V ♦ pa'ea - Ta La

- ha-(VVa) - PalKaV a2ZZ * V-qa - para.

(2.Z6)

(Z.83)

(2.38)

(2.84)

(2.80)
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Balance Equations fo r  a Saturated Mixture:

Balance o f  Mass fo r  the Mixture

‘p = -  p div v, (2.60)

Balance o f  Linear Momentum fo r  the Mixture

p 'v  = div I  + pb, (2.64)

Balance o f  Angular Momentum fo r  the Mixture

T = I 1", (2.65)

Balance o f  Equilibrated Force fo r  the Mixture

0 = div h + p (g + I), (2.76)

Balance o f Energy fo r  the Mixture

p’e = (T-L) -  div q + pr. (2.77)

The Entropy IneauaHtu

Follow ing an approach analogous to  the general balance equation the 

constituent entropy balance equation is given as,

JfRa+ dV = '( IPa-Ra dV) + #<la'n/0a) dS " J ^ a 70B5 dV* (2.87)

where T|a+ is the entropy interaction, iqa is the entropy o f  constituent a,

and ea is the temperature o f  the ath constituent.

Applying the Reynolds transport theorem (Equation 2.19) to  the f ir s t  

term on the right o f  Equation 2.87 yields

XJpa-Ra dV) = Jd(Pa-Ra)Zdt dV + f ( p a-Ra) Va n dS (2.88)

and then u tiliz ing  the divergence theorem (Equation 2.20) to  convert the 

surface integrals in Equation 2.88 to  volume integrals gives
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^ P a 1W  v a 'n dS = J[grad(pai i a) • va + (pai i a) div v] d V , 

so that

'(JPa1Ia dv) = J OCPa1Ia^9t + grad(paTia) • va » (paTia) div v] dV

= I ['(Pa1Ia) * (Pa1Ia) dlv v I d v - (2.89)

Once again applying the divergence theorem (Equation 2.25), to  the surface 

integral in Equation 2.87, yields

# (q a-n /e a) dS = Jdiv (qa/8 a) dV.

The grow th o f  entropy equation in the global fo rm  becomes,

/['P a1Ia * Pa'1) a ♦ (Pa1I a) div v a *  div (<la/6 a ) "  (par a/e a ) "  1Ia ^ dv = O- 

but, since this is an arb itra ry boundary the loca l fo rm  may be w ritten  as

'Pa1I a * P a1I a 1 (Pa1) a) div v a "  div (<la/e a ) "  (Par a/e a) "  

Substituting the equation fo r  the mass balance o f  the constituents 

(Equation 2.33), th is becomes

Cdat -  pa div VaH a *  PaH a * (Pa1Ia) div v a

* div (qa/e a) -  (par a/e a) -  = o

or,

U a* = o a* Tia t  PaH a * div ( V 93) "  (par a/e a)-

The to ta l entropy is defined as,

P1) =Epa1Ia-

Follow ing the usual assumption o f  the second law o f thermodynamics, the 

to ta l entropy grow th is non-negative,
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Z  V  -  °-

The Entropy Inequality fo r  the mixture may be w ritten  as

3 c aX  *  PallH a * div (qa/ea) -  (para/6a)l > 0. (2.90)

Using the balance o f  energy equation fo r  the constituents (Equation 2.80) to  

eliminate the term par a fro m  the inequality,

Eica1TIa ♦ PalH a * div (qa/e a) -  (CatCea - va-va/2 - kaV a2/2)

* male'Va + OatG 'v + pa‘ea - Ta-La - ha-(grad 1Va)

"  Pa Ka1Va2/2  + div qa -  eate V e a] > 0. (2.91)

Let <Pa represent the Helmholtz free energy o f  the constituent, which 

is defined as,

5 ea '  6B1H3' (2-92)

so

^a =

The term "free energy" is used since the Helmholtz free energy sets a 

maximum on the w ork energy that can be liberated in a process.

Using the chain rule,

div (qa/6 a) = div qa/e a + qa grad (1/ea)

= div qa/e a -  (qa/e a2)-grad 6a,

and substituting this in to  the dissipation inequality (Equation 2.91)
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H c aX  ♦ pa'T|a t  div qa/e a -  (qa/9 a2) • grad 9a

" (Ca"( ̂ a + 9a7la " va'va/2 '  ka'va2/2> * ma*e'va + °a*e 'v 

* Pa( fa * 'M a  * 6BltI aI - Ta-La - ha-(grad 1V3) - pa1ka'va2/2

♦ div qa -  Ba*6 } /9 a] > O

3 -  (qa/6 a2) 1 9rad 9a * qa ■ grad ( l /9 a) -  Ic at W a -  Va-VaZZ 

-  KaV a2ZZ) ♦ m ate -v3 ♦ Va*8 V  *  pa( f a ,  'ean a) -  Ta-La

-  ha-( grad V a) -  Pa1K3V a2ZZ -  ea*e}Z9al > O 

at- (<Ha/9a) ' grad 9a -  c a* ( t a -  Va-VaZZ -  KaV a2ZZ) -  m a*e-va

-  «a+e 'v " Pa<f a * '6B1Ia) * Ta'La * ha ' ^ rad 'va>

* f t ‘ka V /2  * 8a*e °-

Finally the fo rm  used fo r  the entropy inequality fo r  saturated multiphase 

mixtures is

3-paCf a * "Pa 6a) * Ta'La * M rad 'va " I a 1 (grad 9a)Z9a 

- (oa^  - Pa1KaVaZ a v a * ea*e - ma*6-va

~ e a ( f a -  Va-VaZZ -  Ka v a2ZZ)]Z9a > 0.

(2.93)

A suitable fo rm  fo r  the entropy inequality fo r  each constituent has yet 

to  be developed. The second law o f thermodynamics re s tr ic ts  the d irection  

in which a particu lar process may proceed. This inequality should not be 

vio lated by any equations which are developed to  describe processes fo r  a 

particu lar material. In particu lar the second law may be used to  impose



re s tric tio n s  on thermomechanical processes and to  impose re s tric tion s  on 

allowable fo rm s fo r  the constitu tive  equations.
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CHAPTER III

CONSTITUTIVE PRINCIPLES

Constitutive Assumptions and R estrictions

The constitu tive  variables fo r  the multiphase mixture do not adhere 

to  the Principle o f  Equipresence [Truesdell, 1951], which indicates that an 

independent variable in one constitu tive  equation should be present in all 

equations o f  the same material. Instead, the Principle o f  Phase Separation 

[Passman, Nunzjato and Walsh, 1984], deemed to  be m ore appropriate fo r  

describing the the isolated physical nature o f  the individual constituents is 

used. Passman, Nunziato and Walsh state the Principle o f  Phase Separation 

as,

“The dependent variables o f  the ath constituent that are 
m a te ria l-spec ific  depend only on the independent variables o f  the 

a**1 constituent. The grow th dependent variables depend on all o f 
the independent variables." .

The constitu tive  assumptions chosen are those suggested by Nunziato 

and Walsh [1980] fo r  multiphase mixtures w ith chemical reactions and 

diffusion:

( f a. Tla. Ta. hg, qa) = f a (Pa, wa, 'va, ua, ea, Fa ga, ca), (3.1)

(ca+, Dg+, m a+, Hg+, ea+) = Gg (v t, w t ,  lv t ,  uT, G t1 FT, g t, cT), (3.2)

ka = kg(Vg), (3.3)

where the subscript a, as usual, implies a dependence on that particu lar



constituen t and T indicates a dependence on all o f  the constituents. The 

gradients o f  the volume fra c tio n  and temperature are given as, w a = grad

va, and ga = grad 6a, and the quantities ca and c are the the mass

concentrations fo r  the constituent and mixture respectively. Mass 

concentra tion  is used as a measurement o f  how fa r a chemical reaction  has 

progressed. The mass concentra tion  is defined fo r  d iffusing mixtures as

cBr t PazP ^ ldet Fa I • (3.4)

where pR is the reference density o f  the mixture. Since the sum o f the 

partial densities yields the mixture density (Equation 2.13), then 

Z c a/ 1 det Fa I : p /p R.

Now consider the material time derivative o f the Helmholtz free 

energy, i>a, in spatial coordinates, so that it can be used in the entropy 

inequality,

> a  = 9V 9t + (Orad^a)-l Xa

= (S^aZ9 VaX 9VaZ9t) + O ^ aZdvaXgrad v a) Xa + O f aZdwaXdwaZdt)

+ O f aZdwaXgrad Wa) ' xa + O f  aZd‘VaX d V aZdt)

4 O f aZdVaXgradVaX x a * (d faZdua)(duaZdt)

+ ( d f aZdua)(grad ua)-‘ x a + ( 9 faZd6a)(d6aZdt)

+ O f aZdeaXgrad GaX x a + tr[(GfaZdFa)OFZdt)

+ (d faZdFa)(grad FaX  xa ].+ (B faZdga)O gaZdt)
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+ O V d g aXgrad Qa^a + (9'|'a/aca)Oca/8t)

+ O ^gZdcaXgrad c a)-'Ha.

Collecting terms and u tiliz ing  the de fin ition  o f  the material derivative, the 

time derivative in spatial coordinates o f  the Helmholtz free energy fo r  the 

constituent is

a = O V aV v a + O V d w a)‘w a + ^ V 9* V v a + O V 8ua),ua

+ O f a/ 8 ea)'ea + tri(8V 9 |:a)'Fa] + (9 f a / 9 9 a)'9 a + (BfaZ9 CayCa-

(3.5)

The material time derivatives fo r  the volume fra c tio n  and its gradient 

are,

V a = dva/8 t  + (grad v a>Va 

= 3va/d t  + Wa v a, 

and

'w a = 8 w a/9 t  + (grad w a)-va. (3.6)

It fo llo w s  then, that

grad lv = grad(9va/ 9 t ) + grad(wa v a)

= 9(grad v a) /9 t  + (grad w a) v a + w a La 

= 9 w a/9 t  + (grad w a)-va + La7iWa, 

and substituting 9 w a/9 t  fro m  this into Equation 3.6, gives 

'W a = grad 'Va -  La1Wa.

Now taking the time derivative o f  c a (Equation 3.4) yields
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ca = ('PazPRi I det Fa I + (pa/p R) d( I det Fa | )/d t,

and substituting fro m  the mass balance equation fo r  the constituent 

(Equation 2.26), yields

1Ca = ( [c a+ -  pa div va] /pR) I det Fa | + (pa/pR) d( | det Fa | ) /d t

= [c a+ I det Fa I ]/pR + (pa/pR) [ div va | de t-Fa | -  d(| det Fa | ) /d t l

(3.7)
But, expanding in indicia! notation, on the time derivative fo r  the 

determinant o f  the deform ation gradient, yields

d( I det Fa |) /d t  = d |F u | /d t

"F |J ' [ f I J - "FU '

F2 j l + det 'F2 j I » det f 2J

I f 3J J LF3J J

PO
u_

'Ov1ZSx1) Fu  ' ■ f Fu  I
f F,J ]

F2J + det (Sv2Zdx2) F2J ♦ det F2J

F3J - L f3J L(Sv3ZSx3) F^j.

= O v 1Zdx1 + Sv2Zdx2 + Sv3Zdx3] det | Fj j  |

= (div v a) det I Fa I , 

so that Equation 3.7 reduces to

lCa = ( |d e t Fa |ZpR) c a+. (3.8)

Equation 3.8 is then appropriately substituted into the material time 

derivative o f  the Helmholtz free energy (Equation 3.5) which is entered into 

the entropy inequality (Equation 2.93). Making these substitutions the
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inequality becomes

Z t-P aIO i y a e a) ♦ H afea -  Pa O f az81V v a " PaO f aZ8 ia ) 'ua 

" Pa O f-a/ 9ga)'aa * tr ttTa -  PaFaO f aZBFa) + pa(3 f a/ 9w a)w a!)La 

* th -  paO f a/ 9 w 3 )l-grad 'V3 -  qa-ga/ 6 a -  (ua*e -  pa'ka'? a/ 2  

* Pa 8 f ,a/ 8 va>'v a + ea+e " ma^ -v a -  c a»( pa0 f a/ 9 ca)( | det Fa | ZpR)

* f a - va'Va/2 - ka> a2/2)}/6a > 0.

(3.9)

An examination o f  the term associated w ith the mass in teraction 

shows that,

P a O fa z9 V l det Fa I /P r ) * W 9V 8ca) * f a

= 8( f aca)Z8ca' 

o r

^a = (310)

which is the de fin ition  o f  the chemical potential.

Using the argument established by Coleman and Noll [1963] some 

re s tric tion s  are implied by the second law since, fo r  specified values o f v a,

w a> va* ua- 6a- Fa, 9a- ca- the variables 1O3, "V3, lu3, g3, grad 'V3, and L3

are a rb itra rily  independent. This implies that the co e ffic ie n ts  fo r  these 

variables in the entropy inequality must go to  zero, to  insure that the 

inequality is not violated. This necessitates the fo llo w in g  res tric tions:
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r Ia = -c ifa  Zdea, (3.11)

9V 9^ a  = °- (3.12)

9,V 9ua = 0' (3.13)

9V 9Qa = ° ’ (3.14)

Ta = P a V 9V 9V  "  Pa(9V 9 w a)w a- (3.15)

^a = Pa 9V 9^a - (3.16)

These re s tric tio n s  indicate a reduction in the allowed dependence o f

the constitu tive  variables and provide spec ific  fo rm s fo r  constitu tive  

re la tions fo r  Ta, and ha. The allowed dependence on the variables in 

Equations 3.1 and 3.2 is reduced to

(tPa- r Ia- ^ 3' ~ ^a *  ^ a i ^a* ^a* ^a^ (3.17)

^a = ^a (^a- w a’ v3’ ua' ®a* ^a, 9a’ c a^

(ca+, o a+, m a+ , Ha, ea++) = B (vt, wt, 'vT, ut, et, FT_ gt, ct).

The reduced fo rm  fo r  the entropy inequality is,

£a^~ 9a'9a^®a ~ ^y a 6 ~ Pa ^a ^a ^^  * Pa ^ aZdva) v a + ea 6

- ma*e'va - Cat Cjia - va va/2 - ka'vaV2)}/ea > 0.

(3.18)

, Thermochemical Equilibrium

The entropy inequality must be satisfied at all states, and the results 

which led to  the reduced fo rm  must remain valid, even under nonequilibrium



conditions. A t this point an examination o f  the re s tric tio n s  imposed at 

thermochemical equilibrium are examined. An equilibrium state is attained 

when constituent temperatures are equal, constant and uniform, the 

ve loc ities  and mass in teractions are identically zero, and the mass 

concentrations, de form ation gradients and volume fra c tio n s  are constant. 

An asterisk, *, w ill be used to  indicate an equilibrium state, so that,
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(ea)* => 81 = @2 =... = en = e*. (3.19)

x(ga)* = o, (3.20)

('Vg)" = 0, (3.21)

(Vg)* = 0, (3.22)

(CgT = 0. (3.23)

Define the internal dissipation o f  the mixture,

8 = S(s),

as being equal to  the entropy inequality fo r  the mixture,

6(s) = E t-  <la'aa/ 6 a " (0 a*G '  PikZvZn  *  Pa 3V 9va>'v a * ea*e

-  ma,e 'Va - ca*(jia - va-va/2  - ka'va2/2)}/ea > 0,

(3.24)

where s is the state,

s = (vT, wt, 'pt, ut, et, Ft, gt, ct).

As can be seen from  the entropy inequality, the internal dissipation 

w ill vanish at thermochemical equilibrium and w ill be greater than o r equal 

to  zero  in a neighborhood o f  equilibrium,

S(s*) = 0,



&(s* + C sP )> 0 ,

This can be readily verified  by observing that £ea+e = 0 (Equation 2.79) and

that all o ther terms in Equation 3.24 vanish at equilibrium. The 

superscript, p, indicates perturbation and Csp represents a slight 

perturbation fro m  the equilibrium state, s*. C is a scalar o f  a rb itra rily  

small magnitude. The internal dissipation is therefore a loca l minimum at 

equilibrium. For ease and c la rity  o f  presentation in this part o f the 

development let 

5' = S(s* + Csp)

= + £gap)/(ea* + C©ap) - [ua+e " Pa'ka + C'vap)/2

+ Pa 99a/9 v a) ] ( 'v ^  + C'vap) + ea+e -  m a*e- (va* + Cvap)

- ca+[|ia - (va* + Cvap)V2 - kgCvg** + C,vap)2/2]}/(eaw + C©ap) > 0. 

Using this notation, a consequence o f  the loca l minimum cond ition  is, 

CdSVdOl^0 = 0, 

and,

Cd2SVdC2) I 5: 0.

The derivative of the internal dissipation is, 

dS' = (98V9[sx + Csp]) d[sK + CspL 

so in general,

dSVd£ I = (0 8 7 3 [s “  * CsMXdIs* ♦ CsP]/dO) I £=0 

= O S '/a is *  * feP]) I sP 

= (8S/3s)"sP
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= Za[(-eap/[e"P){- qa-ga/ea - (ua’ e - pa'ka> a/2

+ Pa 9V 8va>'va '  ea+e " ma*e va - Cat Cpa - va va/2

- ka'va2/2)}” * ZpO/e *)M9(-qa/ea)/3sbl" sbp ga“

- 0 (9a)/89b)"gbp(qa/ea)* - {3(oate - pa'ka‘va/2  

+ Pa 8 ta/3va)/3sb}*'SbPva" - (oa,e - PgkaV aZZ

+ Pa S4-a/9va)*[3(Va)/8Vbf > bP » OeateZ8sb)"sbP

-  [8(m ate )8st)],,sbP-»a" -  m a*6” W aZSvbIieVbP

- CatieOCpa - va-vaZ2 - ka'va2Z2)Z3sb]"sbP

- (Scat ZSsb)SbP Cpa - va-vaZ2 - KaV a2ZZ))*]

= Ea[-(eaPZ[6*l2)(Bate)* + ZbCVe *)(- {3(ga)Z3gb)”gbP(qaZea)* 

-  C V e * Pa 9-faZ9va)*[9(Va)Z3Vb]*VbP * (3eateZ3sb)*sbP

- mate*-0v aZ3vb]*vbP - (Scat ZSsb) V  Pa"]-

Now, imposing the equilibrium restrictions given by Equations 3.19 - 3.23. 

and using the fact that summation over all of the energy interaction terms 

is zero by Equation 2.79, then

EgZp Oea+e/9sb) sbP = Zp (3[Zaea+e]/9sb) sbp

= 0.

W riting out the d iffe ren tia tion  in more detail and noting that the 

terms fo r  the volume fra c tion , equilibrated stress and the deform ation do 

not necessarily go to  zero  o r any particu lar value at equilibrium,



perturbations away fro m  the equilibrium state fo r  these terms are 

meaningless, then

O = C lS V d tl^ 0

= :Ea[- (e ap/9 * X e a+e}*  -  Oap(OaZe)* -  (u a+e * Pa 3 'fa/3 v a) * 'v ap

- mate,,vap - Ma-S b(Ocat ZS1Vb)wV bP • Ocat ZSvbJw-VbP

- (Scat ZSeb)wObP* (Scat ZSgb)w ObP * Oca*ZScb)**CbpI .

In addition, what is termed a strong equilibrium cond ition  requires 

that the chemical potentia ls fo r  all o f  the constituents be equal [Nunziato 

and Walsh 1980],

( f ia)*  =* Cji1)*  = (^i2)*  = ... = (n n)*.

This in con junction w ith the fa c t that the sum o f the mass in teraction 

terms w ill be zero, yields,

O = M S V d t l^ 0

= 2 3[ - ( e aPzew)teate }w -  gap(qa/e ) w -  (o ate * pa 8 f azsva)wv ap

- K latewVapI .

which places some additional re s tric tio n s  on the fo rm s fo r  the 

constitu tive  equations at thermomechanical equilibrium. In particular at 

strong equilibrium

( V ^  = ( -P a ^ a /a ^ ) \  (3.25)

This is the negative o f  the fo rm  fo r  the con figura tion  pressure as 

presented by Baer, Benner, Gross and Nunziato [1985] and Passman, Nunziato
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and Walsh [1984] indicated that it represents the e lastic response o f  the 

partic le  assembly to  compression. Additional requirements o f  equilibrium 

are,

(e a + e f = o, (3.26)

<5a*  = 0, (127 )

m a+e*  ™ 0 - (3.28)

As noted earlier, additional re s tric tion s  on the sign o f  some terms 

w ill result fro m  the second derivative on the perturbations. Examining this 

in general,

(c|28 VdCT I = dlOS'/ats* + £sP])(d[s* ♦ fcltydOll/dS |

= d[[(3S78[s* * W D s»]/d£)II/dS [ ^ 0 

= O2SVaisw * CsfJ2) d[sw ♦ £sf)/d£) sf

<• a s v a js " *  W j  d s f / d £ | ^ o  

= s f -O 2Svajsw+ W i2 sf) I ^ 0 

= sf • J02S/8s2)* sf), 

and fo r  the constituents this is w ritten  as

Jd2SVdCTj e=0 = E J i 'Z ]  S jf O 2SaZasidsj ) -  s jf .  

where the summations are all from  I to  n.

Due to  the notational complexity o f  presentation, the second 

derivative development w ill not be carried out in as general a fo rm  as was 

shown fo r  the f ir s t  order case. Instead, several spec ific  cases involving 

individual variables w ill be demonstrated here, which show the tedious



procedure fo llo w e d  in order to  obtain the proper results. For example 

consider the a constituent o f  'P t fro m  among the constitu tive  variables. 

The f ir s t  derivative is,

a s /3 'Va = I ix { -  a iq j /a 'v a  • g y e *  -  ( a

-  (Uate  -  P a 'k a V 2 + Pa 8 ^az9va) +

-  a im ^ l /a - V g  ■ Vk  -  S k a t V a iVa ()JK -  V V 2  -  kK v KV 2 )

•  C»1t (9 IPcK1/a'VC< -  V  V 2 -  k<XV , / 6 0<-

The second partial derivative evaluated at equilibrium is,

m m a2f  = I k U -  S2IqtxIZS v a2 • GtxZetx -  (Stc^G,2ZS1Va2I1Vtx

-  2(9[oc<+e]Z91va -  pK kKZ2) * S2Ieotte IZS1Va2

-  Simotte I2ZS1Va2 • V ct -  Stccxt I2ZS1Va2 (Jiot -  Va  Va ZZ

-  k, x V /2 > ‘  2 9 I V ) / 9 '" « (8 tMo<1/ 8 'v o< -  W 2

-  kK V )  -  C o /® V z8V  -  k^) V e J "  1V3P2.

Imposing the equilibrium conditions, as indicated by Equations 3.19 -

3.23, reduces this to

O 2SZS1Va2)** = I otEi- Z(SlVtxte IZS1Va) * S2Ieotte IZS1Va2 

- 2S[ctxt ]ZS1v aO i)Jt>t]ZS1v a)}ZeKr iv aP2
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But remembering that Q1 * = e2* = ... = en*,
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= O1

since ^ cx e^*6 = 0 (Equation 2.79).

A lso,

(MJ f  = Ma' a c *

= o ,

since the chemical potentia ls fo r  the constituents are all equal at strong 

equilibrium and Equation 2.54.

Similarly,

Z *  lia[Cw+]/9'Va (a [p J /9 'V a )]|"  = M Z *  ^ + 1 / 9 '^  (a tjia J /c rva ):*

= 0 .

Then,

>P • ((32S/9'va2)* >P} = - 20[vatel/3'va)” Cva)2. 

which leaves as an equilibrium constra in t.

(3[oa*e]/3'va)* < 0. (3.29)

Proceeding as above fo r  the ve lo c ity  term. The f ir s t  derivative is 

3S/9va = Z k I -  SIqjzava ■ OtxZeoc -  (8[ o je ] Z 3v a) 'v *  + 9[eJe]/3va

- 3[m J e]/3va • Vcx - m je  - StcJVaVgt^^ - Vlx-V0/ !

- kJ v C2z2) -  c«  <9l M j /9 v a -  V j  JZecx, 

and the second partial derivative evaluated at equilibrium is,
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(32S /9va2) -  Z ix I t -  S2IqixIZSva2 • Ok ZGix -  (S2Iu ix*6IZSva2I lVx

* 92[ex *e]ZSva2 -  S2Im x le IZSv32 ■ Vx  -  23[m(x*e]ZSva

-  S2[cx *]Z9v 32()j0< -  v x  vx Z2 -  kx 'v x 2Z2)

-  2 SIcx 1IZSva (SlMx IZSva - v x )

-  Cx 1O 2I j g z s v a2 - 1) } /e x r

= Z x I IS 2Iex le IZSva2 -  2S[mx le ] /9 v a -  S2Icx 1IZSv32I mx ) .

-  2 SIcx 1IZSva (SImx IZSv3) -  Cx 1O 2Imx IZSv32 -  I ) )Zex f .

Since the temperatures are all equal at equilibrium, the other terms 

can be evaluated,

= 0,

and

Z«(Mc,;]/8Va2 = ( j i j

-  0,

(8[)iJ/9Vg)f = HdlZtx C0ZlZSVg (9[pa]/9va) r  

Sk CaO2IMjZSva2- I )  = O2IM3IZSva2 - D E x Cx1

= 0.

So that,

va • IO2SZSva2)" Va) = - 2 va ■ OImxleIZSva)" v a, 

and the constra in t result is, .
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Hg • O tm 0Z eIzeva)* na < 0. (3.30)

Carrying out a sim ilar process fo r  all o f  the other constitu tive 

variables including the cross  product terms w ill give additional 

re s tric tion s  on the d irec tion  o f  equilibrium processes. These results are

co llec ted  below,

O O a+e] /e 'v a)*  -  ° ' 1 (3.29)

v a • O tm 0Z eI z e v /  v a < O1 (3.30)

O tca+] Z e c /  < O1 (3.31)

na • O q aZ B g /  na < 0. (3.32)

In these terms, the usual fo rm s fo r  the drag coe ffic ien t,

-  Btm0Z eIZBva = drag c o e ffic ie n t (3.33)

and, the thermal conductivity,

-  BqaZBga = thermal conductivity, (3.34)

are indicated by the second derivative re s tric tion s  fro m  the entropy 

inequality.
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CHAPTER IV

SPECIFICATION TO SNOW AS A TWO PHASE MIXTURE 

Assumptions fo r  Snow

In the previous chapters the development has been approached in a 

very general manner. A t this point, some assumptions which are 

appropriate to  describing snow as a spec ific  material are discussed. The 

mixture (snow) is assumed to  be a porous material comprised o f  tw o 

constituents, a so lid  and a vapor. The so lid  constituent characterizes the 

ice phase, while the air and water vapor which f i l l  the pores constitute the 

vapor constituent. The ice constituent is considered to  be incompressible 

fo r  the environment under consideration, but the vapor density may vary. 

As a consequence o f  the incom pressibility o f  the ice the material density,

2fj, is a constant, but can vary. The ice and vapor are both considered to  

be iso trop ic .

Many o f  the terms associated w ith the equilibrated fo rc e  equations are 

not well understood yet, but interpretations fo r  some have been postulated. 

Much o f  the in terpretation fo r  these terms are derived fro m  the granular 

theory o f  Goodman and Cowin [1972], upon which the present theory fo r  

mixtures is based. The equilibrated stress is related to  the varia tion  o f  the 

Helmholtz free energy w ith the volume fra c tio n  gradient, as is apparent 

from  the fo rm  generated by the second law, equation (3.24). Nunziato and



Cowen [1979], and Nunziato and Walsh [1980] state that h = 0 when the 

matrix material is incompressible. A lso, f o r  s lightly d iffe ren t application 

o f  the same theory, Passman, Nunziato and Walsh [1984] assert that fo r  

flu id  suspensions, I ia is not s ign ificant except fo r  highly concentrated

nonhomogeneous suspensions. Based on this forego ing work the 

equilibrated stress term w ill be set to  zero  in this development,

hg= 0. (4.1)

V eloc ities  involved in snow metamorphism are very low  and the 

matrix material is incompressible, so the m icrostructu ra l inertia e ffec ts  

are assumed to  be insignificant, that is the equilibrated inertia is 

negligable,

kg = 0. (4.2!)

The equilibrated fo rc e  supply, according to  Nunziato and Walsh [1980] 

is somehow related to  the pressure in the void and the material properties 

o f the matrix. However, in the present situation fo r  a porous material 

where the matrix material is se lf supporting with lit t le  assistance fro m  

the vapor and since the curvature e ffec ts  o f the grains w ill be considered 

to  some degree by the interface pressure, the equilibrated fo rc e  supply is 

ignored in the form ula tion:

Qa = O- (4.3)

The external . equilibrated body fo rc e  fo r  the mixture, I, which is 

related to  an externally con tro lle d  body fo rc e  o r pore pressure [Jenkins, 

1975], is considered in the form ulation. The manner in which it enters the
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theory is presented in the fo llo w in g  section. A ll o f  these assumptions 

however w ill impose re s tric tion s  on the equilibrated fo rc e  supply. The 

balance o f  extra equilibrated fo rc e  (Equation 2.84), w ith the imposed 

re s tric tion s  (Equations 4.1 and 4.2), becomes

V e = - Pa'a + TT- (4.4)

So that in the present development the extra equilibrated fo rc e  gives the 

interface pressure between the constituents which is necessary fo r  the 

phases to  remain in contact, minus the term involving the external 

equilibrated body fo rce .

Assuming the helm holtz free energy, ^ a, is iso tro p ic  implies that Ta is

symmetric, so the angular momentum fo r  the constituent is identically 

zero,

Ha = 0. (4.5)
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Heat Flux and the Interaction Terms

)
In order to  come up w ith some allowable fo rm s fo r  the rest o f the 

constitu tive  equations, the dissipation inequality (Equation 3.26) is again 

utilized. The second law expanded exp lic itly  fo r  the tw o  constituents is

{- q j-g j/6 j -  (U j+e -  P j 'k j> j /2  + pj 9«|»j/8Vj)‘Vj + 2 * 2 - m j+e-Vj

-  Cj+(p j -  V j-V j/2  -  k j'? j2 /2 )} /e j + { -  qv-gv/6 v

-  (uv+e -  pv‘k v> v/2  + pv d%/dvw)'Vy + ev+e -  m v+e-vv

-  c v+(p v -  v v v v/2  -  kv,v v2/2 ) } /6 v > 0,
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where the subscript, j, indicates the ice, and v, indicates the vapor 

constituent.

A su ffic ien t , although not a necessary, cond ition  that the entropy 

inequality is not v io lated is that each o f  the individual terms is positive 

sem i-definite. Using the fa c t that the tw o constituent in te raction  terms, 

fo r  the mass (Equation 2.54) and fo r  the linear momentum (Equation 2.55), 

are negative values o f  each other and that the time rate o f change o f the 

volume fra c tio n s  are a lso negatives o f each other, the inequality may be 

w ritten  in the form ,

- Qj-QjZej2 - qv-gv/ev2 - {(Uj+e - pj,kj>j.Z2 + Pi 8^jZ8?j)Zej

- (uv+e - PvlIcvlVVZ2 + pv 8^vZ8vv)Zev}'Vj + [(IZej) - (IZev)Iej^

- ((VjZej) - (VvZev)Imj^  - Kjij - vj-vjZ2 - kj'vj2Z2)Zej

-  (p v ~ v v v vZ2 -  kv,v v2Z2)Zev}cj + > o.

(4.6)

Requiring positive coe ffic ien ts , the terms are now chosen to  insure 

that the inequality is satisfied. To arrive at a suitable fo rm  fo r  the 

constituent heat flux, set,

Qj = -%9i' (4.7)
and

<lv = ~%0%' (4.8)

so that the heat flux is p roportiona l to  the temperature gradient, and the 

p ropo rtiona lity  constant, qa , is the thermal conductiv ity which, as stated
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earlier (Equation 3.34), is qa = -9 q a/8 g a.

Next, examine the terms associated w ith the energy exchange term in 

Equation 4.6. If (1 /9 j) -  (1/0V) < 0, then obviously, Gj > ev, on the other

hand if, (1 /6 j) -  0 /6 v) > 0, then, Gj < Gv, so that an appropriate equation 

describing the extra energy in teraction would be,

This fo rm  is analogous to  Newtons law o f coo ling. Newton's law o f 

coo ling  is generally used fo r  calculating the heat flux fro m  a surface when 

convection  o f  the flu id  is involved. This w ill govern the rate and d irection  

in which the energy in te raction  w ill go, determined by the constituent 

temperatures.

The the extra in te raction  o f linear momentum has as a suitable fo rm  

to  satisfy the requirement o f Equation 4.6

Where mf = -8ma/9ua is the previously mentioned drag coefficient, which 

is consistent with Darcy's law if mjo+G is assumed to be of the form,

where (  is the flu id  v iscos ity  and x is the permeability.

The fo rm  fo r  the mass in teraction as implied by the inequality

(4.9)

STij+6 = - m v +e = m jo+ 6 { ( v v / G v )  -  ( V j / G j ) } . (4.10)

m /  = Vj 2CevZxl (4.11)

(Equation 4.7) is
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= c ,0+{(pv -  v v-vv/ 2 -  kv,v v2 /2 )/e v -  (P j -  V j-V j/2  -  kj ,v i 2/ 2) /e j )}.

In the case under consideration here, where the equilibrated inertia is 

assumed negligible,

Cj+ = -cv+ = Cjo+{(|iv/ev -|ij/e j)+  (I^X v j-VjZei-V v-VvZev)J. (4.12)

The mass in te raction  then is governed by the d ifferences in the chemical 

potentia ls fo r  the tw o  constituents, d ifferences in kinetic energy terms, 

and temperature d ifference e ffects.

It is important to  note that the fo rm s arrived at fo r  the heat fluxm 

(Equations 4.7 and 4.8), extra energy in teraction (Equation 4.9), extra 

momentum in te raction  (Equation 4.10) and mass in te raction  (Equation 

4.12) all go to  ze ro  at equilibrium as required, when it is assured that the 

chemical potentia ls are equal at equilibrium.

Finally the term associated w ith the equilibrated inertia should 

satisfy,

K'Vj = -(O Ve - P fk fiy z  + Pj ^ iZSviVei -  O V g - PvV V 2 ♦ Pv

where K is some positive value.

Rearranging terms to  get things in re la tion  to  the extra equilibrated 

fo rc e  o f the ice,

V e = ( ( V e " P v W 2 + Pv ^ V aV 70V " K^Jej

—( -  p j 'k j 'V j/2  + Pj B^j/S V j),
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Now using the relationships from  Equation 2.82 gives:

V  + PiQi + TT = « V  + PvQv + Tr - ^ k vlVv/2 + pv a fv/8vv)/ev

- K1VjlGj -( - pj'kj'V j/2 + Pj d^j/dVj).

Manipulating this, and using the constra in t, U j+ = -u v+ (Equation 2.57),

Uj+{1 + (GjZev)I = (pvQv +7T - PVkvVvz2 + Pv 3^v/8 M eiZev) " ^VjGj

- ( - P jX jV j /2 + pj a ^ j/a v j)  - Pjgj - Tt1 

so the equilibrated fo rc e  is,

V  = K pvQv +TT “  PVk v,pv/2  + Pv 9V 8pv)e i "  KVjGjGv -  ( - p j 'k jV j /2

+ pj a ^ j/a v j + Pj Qj + T r)6v}/{ev + Gj I.

As a check a s im ilar manipulation gives a fo rm  fo r  the equilibrated 

fo rc e  o f  the vapor which is properly the negative o f  this. However, the 

development fo r  the saturated mixture being used here is in terms o f the

extra equilibrated fo rc e  Uj+e so,

V 6 = ((Pv9v+ V '  PvlkVlpVz2 + Pv 9V 9V eI '  KVjGjGv

-  ( -  p j 'k jV j /2  + pj a ^ j/d V j + Pjgi + TT)GV1/{GV + Gjl + Pjgj + tt. 

and

y v+e = H p vQv - Tt -  P v k vV vZ2 + pv B fvZavvIGj + KVjGjGv

+ ( -  P j'k jV jZ 2  + pj dfjZBV j + PjQj + TT)GV1Z{GV + Gjl + pvgv + TT.

This satisfies the summation re s tr ic tio n  proposed fo r  the mixture earlier 

in the d issertation by Equation 2.86.
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Sim ilarly neglecting the appropriate terms in the extra equilibrated 

fo rc e  equation just developed,

- pjij = {(tt + pva9 v/avv)0 j - K1VjejGv - (pjdtj/dvj+ Tr)ev}/{ev + Gj). 

Notice that,

°a  ~ -  Pa’a* (4.13)

in this somewhat sim plified development. For the tw o  constituents under 

consideration here,

V  + V ^ P i 1T P v 1V

and since the sum o f the in teraction terms is zero,

Pj I j - “ Pv^v (4.14)

so that

V  = K r r  + p v  a ^ v / a v v )Gj -  K1V j G jG v -  (p j  a ^ j / a v j  + t t ) 6 v } / ( g v  + G j )

= - V -

The balance o f equilibrated fo rc e  fo r  the ice is

t i j +G = D j+ + TT, 

and fo r  the vapor,

V e = V  + 77=" V  + TT-

A sa tis fac to ry  fo rm  fo r  the extra equilibrated fo rc e  fo r  the ice, using 

the assumptions in this d issertation is

V e = ^ tt + Pv ^ V 8V 0 I " K v i e i 0v

-  (p j  a f j / a V j  + TT)GV} / { G V + G j}  + TT, (4.15)
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and the extra equilibrated fo rce  fo r  the vapor is,

V 6 = -((7T + Pv 3 V 9V ei '  K>i6i6v

- Cpi a tj/d V j + TT)ev}/{6v + 0j} + tt. (4.16)

Helmholtz Free Energies and Associated Terms

If the Helmholtz free energy is known, then fo rm s fo r  the entropy, 

partial stress and the equilibrated stress are immediately determined 

through the equations dictated by the second law (Equations 3.11, 3.15 and 

3.16). Consequently, a c o rre c t fo rm  fo r  the Helmholtz function  is crucia l 

to  the theory.

Snow is considered as a fu lly  symmetric material. This isotropy 

indicates that a s ta tic  density preserving a lte ra tion  o f  the reference 

con figura tion  w ill not a lter the material response. The manner in which 

the assumed constitu tive  variables enter the fo rm u la tion  should satisfy the 

material symmetry group. Based on the w ork o f Cross [1973] dealing w ith 

mixtures o f  flu ids and iso tro p ic  solids, a suitable choice o f functions fo r  

the constitu tive  variables may be chosen to  be,

^ a *  r Iai ~ I ^ a i ^a* ^a i ^a,Pa^ (4.17)

where,

E1 = (I/2X Fi1 Fr I). . (4.18)

Ej is the fin ite  stra in tensor sometimes called the Lagrangian stra in 

tensor.

. Constitutive equations may depend on these variables w ithout

7



v io la ting any principles, however it does not imply that they must all be 

included. Dependence on variables which a ffe c t one o f  the constituents is 

not necessarily appropriate to  describing all constituents. This is apparent 

through consideration o f  the principle o f  phase separation fo r  multiphase 

mixtures, which takes into account the discrete nature o f  the individual 

constituents.

The vapor constituent is not considered to  be affected by the 

deform ation gradient and there fore  the e lastic  stra in E (Equation 4.18) o f 

the ice constituent, so this term is not included in the constitu tive  

assumptions fo r  the vapor. The ice constituent is taken as incompressible, 

there fore  including both the volume fra c tio n  and the dispersed density as 

variables fo r  the ice is redundant. The constitu tive  variable which w ill be 

used here is the dispersed density, pj, o f the ice constituent.

The fo rm  fo r  the Helmholtz free energy fo r  both the ice and the vapor 

are approximated here as second order Taylor series expansions. The 

Helmholtz free energy expansion fo r  the ice is,

= W1I1Or E) ♦ ♦i2(6j - 6r ) * (-I3(pj - pjR) * lCj4 1 Wi I ]

+ ( I^ W jsItr(Ei)P * 2 ^ tr (E i)2 * 2 -P17O 1 - 6R)tr(Ej)

* lflI8teI " eR)2 * 2lflI9te I " eRXpi " Pir ) * 2 ^i18tPi " PifiXr(E1)

* flI11tP i " Pir )2 * flI12tw Ew P * flIl3t I w I I Or E))

+ flI141 w i I te r  eRf ‘  flIls I w i I tPi " Pir )! ♦ flIR. (4.19)

and fo r  the vapor,
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* v  = 1CvZv V '  v vR) + f v ^ v  -  eR )4 V pv "  pVR) 4 1Cv4 I w I I

4 (IZZ)W vZv V -  vv fi)2 4 2 1CvZ6V "  6RXv V -  v v R )4 -CvZ6V -  6R)2 

4 2lCv8te V "  6RXpy -  Pvr) 4 2 1CvZpV ™ PvFptv V '  vvr)

4 1Cv10tpV " pVfi)2 4 1CvlltwV wv) 4 1CvlZt I wv I tvv " vvR))

4 1Cvl31 wv I tev " 6R)4 1Cv141 wI I tpv - Pvr)' 4 1CvR- t4-2°)

Without loss o f  generality the reference temperature eR w ill be taken as 

the same fo r  both constituents.

Using the previously stated assumption (Equation 4.1) that the ' 

equilibrated stress is insignificant, hj = 0, but by Equation 3.16

hj = pj Q^j/Qwj, 

so through Equation 4.19

0 = (PZfi4 * (l/2)[2fji3(tr E) * f I14Cei - 6R)

4 1Cil5tP i " P iR )" ' 4 1Ci12w I-

This w ill hold true Is if  all o f the co e ffic ie n ts  are assumed zero. S im ilarly 

fo r  the equilibrated stress fo r  the vapor,

hv = 0,

but

hv = Pv a v 8wv

so through Equation 4.20

0 = Wv4 4 (IZ2)I1Cvl2tvV - vvr) 4 1Cv13t6V - 6r) 4 1Cv14tPv - Pvr) ' '1
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+ \ , * v .

which is equal to  zero, as above, if  all o f the coe ffic ie n ts  go to  zero.

This then e ffec tive ly  eliminates the gradient o f  the volume fra c tio n  

fro m  the Helmholtz free energy (Equations 4.19 and 4.20) and therefore 

fro m  the partial stress and entropy, Equations 3.15 and 3.11 respectively.

The fo rm  fo r  the partial stress o f  the ice (Equation 3.15) which has 

been developed is, \
Tj = PjFj(^jZaFj) ~ pj(9^j/9Wj)Wj.

An application o f  the chain rule and the fa c t that the equilibrated stress is 

not considered significant, gives a fo rm  fo r  the stress under the imposed 

res tric tions ,

Ti = P jF jO yaF i)

= P jF j(O y d E jX d E jZ a F i )

= p;Fi((8tj/aEj)F;T.

Now, if  only small strains are imposed, the deform ation gradient is 

approximated by F ~ I . This small stra in assumption implies that the 

Cauchy and the f ir s t  and second R io la -K irch o ff stress are equivalent, so 

there is no d iffic u lty  posed in dealing w ith the Lagrangian stra in tensor. 

The stress is then given by,

Tj = P jO fjZ d E j)

= P i l f i l I ♦ f I5Ir (E j) I ♦ 2 f jgEj ♦ f i7(6j -  eR)1 * -CiloCpi -  p iR) l ).

(4.21)
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Taking the stra in to  be ze ro  in the reference state leaves,

P i V  = T iR'

as the reference stress o f  the ice.

This fo rm  fo r  the stress is s im ilar to  the Duhamel-Neumann law 

[S oko ln iko ff, 1956] fo r  a therm oelastic material, but is further 

com plicated by the reference stress and the term involving the partial 

density. This provides a way to  obtain values fo r  several o f  the 

coe ffic ien ts . Using X and 6  as the Lame' constants and <x as the 

c o e ffic ie n t o f  linear expansion, d irect com parison with the

Duhamel-Neumann law yields

P i^ i5 = x .

P i f i6 = &  

and

= -<x(3X + 26).

G is also known as the modulus o f rig id ity  o r shear modulus. These Lame 

constants are related to  Young's modulus, Y and Poisson's ra tio , $, as,

X = $Y/((I + $)(1-2$)) 

and

G = Y/2(1 + $).

The entropy o f  the ice, by Equation 3.11, is Ttj = /9 8 ,, so fo r  this

expansion,

I i  = -  I f i 2* I 1I7Ir(E i ) * ^ i8Cei -  eR) ♦ * ig(pj -  Pi f i )]. (4.22)
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This then gives,

- 1Ci2 = 1HiR,

as the reference entropy.

A t equilibrium the equilibrated fo rc e  fo r  the ice is given by

( V e)*  = ( -P i9V 9 v i) *

= I- Pjffjtyj3 * % (0j -  eR) » ^jloIr(El) * -Pjll(pj -  p,R))]*.

so that

-PiR^ifi3 = 0IRte-

gives the reference equilibrated fo rce .

This w ill a llow  ^  to  be determined as,

^ j3 = -(27r-2fvR6R)/(p jR2fj), (4.23)

which w ill be shown when the reference equilibrated fo rc e  fo r  the vapor is 

determined.

Since, = ea -  OaTta (Equation- 2.92), the internal energy may 

immediately be w ritten,

Bj = Wj1Ctr E) + ^j2Cej - 0R) + ^j3Cpj - pjR)] + (1/2)Wj5.[tr(Ej)]2 

+ 2 ^j6MEj)2 + 2 tPj7COj - ©Rjtr(Ej) + tPj8COj - Or )2 

+ ^jgCej - eR)(pj - pjR) + 2 tPj10Cpj - PjFptr(Ej) + tPj11Cpj - pjR)2]

+ îR - ei N y  Viytr(Ej) + tPj8COj - eR) + tPj9Cpi - PjR)]
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= It j1Ctr E) - t j2eR * t j3(pj - pjR)] * (IZ^)ItjsItr(Ej)]2 * 2 t |6tr(Ej)2 

- 2 lCj7Qj0tr(E|) -  CjgO j2 - eR2) -  2 tig6jo(pj - piR)

* 2 f i ,o (Pi "  P iF lM E j)  ♦ -Cjf l (pj -  P(R)2I + 1C1R- 

Follow ing the example o f  Passman and Batra [1984] and using an 

approach sim ilar to  that used fo r  the time derivative fo r  the Helmholtz 

free energy which was developed earlier, lBj is,

8 j = tr[(9ej/8Ej)‘Ej] + Oej/86j)l6j + (3ej/8pj)‘pj

= M 1Bji1Ej) + 1Bj21Gj + 1Bj31Pj, (4.24)

where, as an exception to  the usual notation, the low er case boldface e 
w ill represent a tensor in this case.

The c o e ffic ie n t associated w ith the time derivative o f the

temperature, 1Bj2, is related to  the spec ific  heat o f ice at constant volume.

The other co e ffic ie n ts  in Equation 4.24 represent the latent heats as a 

result o f  stra in and partial density. This w ill a llow  some additional 

insight into the co e ffic ie n ts  in the Helmholtz equation. Latent heat o f  the 

ice w ith respect to  the stra in is given by,

1Bj1 = 9ej/9Ej

= ICjl * 'Cj5Ifr(Ej)] * 2 -Cj6Ej - -Cj7Qj0 * -Cj10(Pj -  PIR)].

Specific  heat o f the ice is,

1Bj2 =(Sej Zdej )

= -  -Ci8Si-
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Latent heat due to  a change in dispersed density is,

'Bj3 = O e j Zapj )

= [ V  V i o + V r t ^  * V pi ~ p jR)]-

The chemical potential o f  the ice may be w ritten  in terms o f the 

derivative o f  the expansion fo r  the Helmholtz free energy as,

Pj = 3 (p j* j) /8 p j  

= t j  + Pj d fj/dp j

= ^jlCtr E) + ^j2Oj - ©pj)+ ^j3Cpj - pjp) + (l/2)['|'j5[tr(Ej)]2 

+ 2 ^ jg tr(E j )2 + 2 ^ j7O i -  GpXr(Ej) + ^ igO i -  ©R)2

+ 2 tjg (© j -  QpXpj -  PjR) + 2 ^ j10(pj -  P jpX r(E j) + ^ j11Cpj -  P jp R  

+ ^iP  + P j I t j3 + t jg O j -  eR) + t j 10tr(E j) + t j / p j  -  Pjp)]

= ^ j1Ctr E) + 9 j2(©j -  9p) + t j 3(2pj -  p jp ) + ( l /2 ) [^ jg[tr (E j) ]2 

+ 2 ^ jg tr(E j )2 + 2 ^ j7Cej -  OpXr(Ej ) + ^ jg(0j -  6R)2 '

+ ^ t jg O j -  6p)(2pj -  Pjp) + 2 ^ jio(2pj -  P jpX r(E j)

+ ^ j11 (3 p j2 -  4 p jp jR + P jp2)] + ^ jp . (4.25)

The reference Helmholtz free energy is determined in th is development 

by assuming it is valued such that it w ill yield a zero chemical potential at 

reference. This gives the reference Helmholtz free energy as,

lCi3PiR =■ 1CiR-

The manner in which ^ ( t r  E) and (2pj -  p jp )tr(E j)  should e ffe c t



the chemical potential is not known, so in the interest o f  s im p lifica tion  it 

is assumed that when the partial density is equal to  the reference value, 

these terms w ill cancel each other in the chemical potential equation, thus,

tiro  = "  * i/P iR -

The Taylor series representation which is to  be used fo r  the 

Helmholtz free energy is assumed to  be an approximation o f  the fo rm  fo r  

the free energy given fo r  an ideal gas as represented by the fo rm  given in 

Sears and Salinger [19751 A sim ilar appropriate representation fo r  the ice 

is not available, so in order to  maintain a com patib ility  between the 

equations fo r  the ice and vapor, the approximating expansion is used fo r  

both. The fo rm  given in Sears and Salinger fo r  an ideal gas is,

"  C(6V -  0pj) -  C9V lh[ev/e R] -  R9v(ln[2fvR/2fv]) -  T}vR(0v -  9r) + ^ vq 

= C(6V -  0pp -  C9V [Inev -  ln0R] -  R9v(!n2fvpj + IntvvZpvD

"  W 6V - e R ^  >vR-

where C is the spec ific  heat capacity at constant volume, R is the gas 

constant, and t\ is the entropy.

Evaluating the coe ffic ie n ts  in the usual way fo r  the Taylor series 

expansion results with:

1JlV1 = aV a v VlR

= "  fieRzvVR'

tv 2  = a * v zaev lR
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= -  tIvR.
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fv, = 3fv/9pvlR

-  r6RzPvR-

= RGrZpv r 2,

^ v 6 = 82V 96V8pV I R

-  ~ r / pvR-

^ v ^ a^ V ae ^ lp

= ■ c /e R,

K e = S ^ v z96V9PvI R

= rzPvR'

1Cv9 = 9 V 9Pv9vV I R

= 0 ,

I1V10 = 92lCvz9Pv2 1R

= " fieRzPvR2'

Substitution o f these coe ffic ie n ts  in to  Equation 4.20 gives 

t v = “ (rV pVrX v v -  v vR) -  Ti vrCgv -  eR) + (R6R/p vR)(pv -  pvR)

+ (1/2)[(RGvR/ v vR2)(v v -  v vR)2 -  (2R /v vR)(Gv -  Gr )(p v -  vvR)

-  (c / gvR)(gv -  gr )2 + (2RZ pvR)(gv -  GR)(pv -  pvR)

- (RGRZpvR2)(pv -  pvR)21 + t VR.
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The ob jective fo rm  fo r  the partial stress in the vapor as shown in 

Nunziato and Walsh [1980] is

tv = -Pv2Câ vZapv)! - PvO fvZawv) * v,

since hv = O the partial stress fo r  the vapor is,

Tv = -p v2O V 3 p v)1

= -Pv2Ify3/  I-V8IeV " 6R) * I-V10IPv " Pvfi)1 

= -P v2Kr6RzPvr) * (rzPvrX 6V "  6r ) "  (R6vR/p vR2)(pv -  pvR)ll

= -R6r Pv2/ PvrI2 - (Pv/Pvfi) * I6V " 6r)/6 vR̂  • (4.26)

In the reference state this yields a stress which is simply the negative 

partial pressure fo r  an ideal gas,

t vR = - ReR PvR-

A t equilibrium the equilibrated fo rc e  fo r  the vapor is given by

o / G ) *  = c-pv9 f  vzavv)*,

"Pyl fv ,  * f V5(VV " yVfi) * V 6V " 6R)!

= -  PvI-(R O p i^vR )+ (R8vp|Zyvp|2)(yv -  v vFi) -  (RZvvFiX6v -  6R)]. 

Examination o f this at the reference state, gives the reference extra 

equilibrated fo rce ,

« W e) " Pv^ 6R/ vvr)

=

which is the pressure fo r  an ideal gas.
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A slight re trog ress ion  at this point is helpful in ascertaining an 

appropriate value fo r  the reference equilibrated fo rc e  o f  the ice. Since 

w ith the assumptions which have been made,

Z V 6 = NTT,

then,

( V ® ) *  = 2it r *  -  ^ vr6R. 

and

'f 'i;  - ^ V ^ R ^ P iR ^ ) '

as stated previously in Equation 4.23.

The vapor entropy is by Equation 3.11 is

Tlv = ' 9V aeV

= -  I f v 2 * V v V -  v Vfi) * V 0 V '  6R) * fvg tP v -  PvR))

= TivR+ (R /vvr)(vv -  vvR) * (CZefiXev -  6r) -  (RZpvfiXpv -  pvR),

(4.27)

and since, = ea -  Oa^ a (Equation 2.92), the internal energy may be 

w ritten  as

eV = t v / ^ v  -  Vv fi) * f V2(ev -  eR) ,  ^ ( P v -  Pvfi) + (iZ2)WV5(vv -  Vvfi)2 

* 2 ' I V ^ v  -  eRXv V "  vvr) '  lIlV7te V " eR)2 + 2^ v 8te V "  Gf iXpv -  Pv r)

* I v lot Pv -  Pvfi)2) * I1VR "  ev l t v 2 + I v 6tv V "  v v fi) * I 1V7teV "  efi)

* tv /P v  " PvR))
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= fv/Vv - vVfi) - +V20R + V pV " PvRj * 0/2)WV5(vv - pvR)2

-  2'l'V6eR(v v -  v vR) -  lJ-V7O v2 -  eR2) -  2'J'v88Rtpv -  pvR) 

t W P V P v R j i l ^ v R

= -  (ReR/v vRXvv -  PvRj  * 'HvR6R * (R6vR/ PvRj (Pv "  PvRj

* (l/2 )[(R eR/ v vR2)(pv -  vvR)2 + (2R /PvrXv v -  v vr)

♦ (C O vr)O v2 "  6R2j ‘  (2R/PvR)eR(pv "  Pvr)

-  (ReR/p v R2)(pv -  Pvr)2) ♦ 1J1VR- (4.28)

Using a development sim ilar to  that fo r  the ice (Equation 4.52), the

time rate o f  change fo r  the internal energy o f  the vapor is,

'Bv = V v "  V v  + ( 4. 29)  

Latent heat due to  a change in the volume fra c tio n  is,

'eV| = SevO v v

= tv ,  * lflV5tv V -  v VRj -  W r 

= -  tf i6 RzPvRj * tf ie RzvVR2 jtvV "  v vRj  * tfiZvvRje R 

= (ReR/P vR2)(pv -  pvR).

The spec ific  heat o f  the vapor in Equation 4.29 is given by

'Bv2 = BevZ96V

= W 76V

= (C/9pj)0v>



91

A t the reference state this yields the spec ific  heat, as it m ust

' S  = C-

The latent heat w ith respect to  the partial density o f  the vapor in 

Equation 4.29 is

^ v 3 = 9ev/9pv

= ^ v 3 ' I1V86B * +Vu/Pv - PvR1 
= (R6r /p vR) -  (R /pvR)6R "  (R6vR/ PvR2Xpv "  PvR1 

= -  (R6vR/p vR2)(pv -  p vR),

The chemical potential o f the vapor using the fina l constitu tive 

variables [Nunziato and Walsh, 1980] is

Pv -  ^ P v ’J 'v ^ P v

= V  Pv 9*v/8Pv

= t v ^ v  -  VvR1 ‘  f v / 6v -  6R1 * ^ v 3CPv -  PvR1 * (IZa)Wv5Cvv -  vvR)2

♦ Z ty 6Cev -  eR)(v v -  vvR) * t v?(ev -  eR)2 ♦ Z t vgCev -  eR)(pv -  pvR)

♦ 2 t Vg(pv -  Pv0X v v -  VvR) » t V|0(pv -  Pv/ ]  ♦ t VR

♦ P v^fv3 * f v g(6v -  6R1 * fy g f rv  -  v Vfi1 * * v 10(Pv -  PvfiX

= f v / v  - v Vfi1 * fv ^ 6v " 6 R 1 * fv 3(2pv - Pyfi1 ♦ OZZXtv5Cvv - Vvr)2
* Z fv 6C6V " 6FiXvv -  vVfi) ‘  t V7(ev -  eR)2 * Z t vgCev -  eR)(zp v -  pvR)

* 2 f Vg(2pv -  PvfiXvv -  VvR) » t V]0(3pv2 -  4 p vpvR * Pyfi2)] ♦ t vR.

(4 .30)
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As fo r  the ice, the reference Helmholtz free energy is determined in 

this development by assuming it is valued such that it w ill yield a zero  

chemical potential at reference. This requires the reference Helmholtz free 

energy to  be,

fvR  =" lIlV3PvR-

A t equilibrium the temperatures o f  the tw o  constituents are the same, 

ev = 6j = 6, and the chemical potentia ls must at be equal, so

It itCtr E) * t i2(e - eR) * t j3(2pi - piR)] ♦ 0/2)[tj5[tr(Ej)P

♦ Z t j6Ir (E i)2 * 2 t j 7(e  -  BfiM E j )  * t jg (e  -  6 fi)2

* 2^igte " 9RX2pj -  Pjf i) * 2 t j10(2pj -  PjfiM E j )

* t j t|(3pj2 -4p ,p iR ^pifi2M t jR

= Yv1Cvv -  vv fi) ♦ Yv2Ce -  eR) * Yv3CZpv -  Pvr)

-  (1/2)[YV5(vv -  vvfi)2 * Z tv 6Ce -  eR)(v v -  vvfi) 

* Yv7C9  -  Gr)2 * 2Yv8C6 " GfiXZpv -  pvR)

+ 2 YvgCZpv -  PvfiX v v -  V vfi)

t Yv10C3Pv2" 4PvPvR  ̂PvR2)! * Yvfi.

A t this point, and l̂ 11 are s till undefined. The necessity o f

equivalence o f the chemical potentials at equilibrium suggests a means to  

ascertain possible values fo r  these terms. The terms are examined in the 

reference state fo r  a ll variables except the temperature, since this should



be the dominant term indicating the d ifference in chemical potential. This 

is an a r tif ic ia l means to  determine the values, but, the reference conditions 

in the so lu tion  w ill be chosen as the in itia l values fo r  the variables, so 

that, except fo r  the temperature these values w ill not stray very far from  

the reference values fo r  the time duration and conditions to  be considered.

First, , is a rb itra rily  set to  zero  since an appropriate value fo r  it is not 

known, and ^ ( S p j 2 -  4 p jp jR + pjR2), w ill not contribute appreciably as 

long as the partial density o f  the ice does not vary fa r fro m  the reference. 

A value fo r  ^ jg is determined by equating coe ffic ie n ts  o f  sim ilar variables.

Although this fo rce s  a dependence o f  the ice co e ffic ie n t on the vapor 

constituent, choosing the value at the reference state fixes it as constant, 

and it is assumed that the resulting value would be the appropriate one fo r  

this ice coe ffic ien t, independent o f  the vapor.

Examining everything in the reference state except temperature and 

co llec ting  the remaining temperature related terms fro m  the chemical 

potential (Equations 4.25 and 4.30) at equilibrium,

W1I2 * * l9 PiR XG " 6Rj ‘  *1,(6 " Sr)2

= (Vv2 * %  PvrX® "  9r) * V e " 6Rj2' 

so that by equating coe ffic ien ts , ^ jg can be determined in terms o f known 

quantities,

4% = Cfv2" fvgPv/PiR. 

but another im plica tion is that,
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This last result requires that the spec ific  heats fo r  the ice and vapor 

must be equal, in order to  satisfy the requirement that the chemical 

potentia ls are equivalent at equilibrium. Although this is probably 

inappropriate in general, this constra in t w ill be adhered to  in the present 

case, until more precise values fo r  the other coe ffic ien ts  can be developed, 

which w ill presumably balance the equilibrium chemical potential, to  make 

this requirement unnecessary.

Material Frame Indifference

Equations describing a material response, the constitu tive  equations, 

should not change based on any particu lar cho ice o f  reference frame. This 

is the basis fo r  the principle o f  material frame indifference, also called 

the principle o f  material ob jectiv ity . Material frame indifference does 

not require that a time dependent change o f  reference, such as Newton's 

Second Law o f Motion, be invariant, only those equations describing the 

material response must remain unchanged under a change o f  reference 

frame. Two d iffe ren t frames o f  reference are considered equivalent if  

they agree about; i) the distance between tw o  points in a body, i.i) the 

order in which events occur, iii) the o rien ta tion  o f  a line segment, and iv) 

the time interval between events.

Consider tw o  reference frames RF and (RF)*, and define c (t) as the
*  *

pos ition  vec to r relating the o rig in  o f  RF, 0 , from  the o rig in  o f  (RF) , O , 

and Q(t) as the orthogonal tensor which ro ta tes the reference frame (RF)*



in to the orien ta tion  o f  the other reference frame (RF). Scaler point 

functions are not a ffected by a change o f  frame. Functions and fie lds are 

material frame indifferent, i f  while scaler values remain unchanged, 

vecto r, and tensor functions transfo rm  according to  the fo llo w in g  rules fo r  

a change o f  frame [Malvern, 1969]:

1. Events {x, t } : x *  = c (t) + Q(t) x
t *  = t -  a

2. V ecto rs v  : v *  = Q(t) v
(here v  implies any general vec to r)

3. Second order tensors T o r 5 regarded as linear vec to r
transform ations:

y = T v  o r U = VS 
T *  = Q(t) T Q (t)T 
5 *  = Q(t) S Q (t)T

(here the no tation implies general vec to rs  and.tensors)
4. Deform ation gradient F(X, t)

F* = Q(t)F
(This tw o -p o in t tensor transform s as a vec to r under a change o f 

frame at time t)

Now the spec ific  constitu tive  equations which have been developed are 

examined to  see if  they are objective. The the constitu tive  equations are

irIa- ^a- ^a- c a - y a - m a - ea •

Since ^ 3, r ia, c a+, u a+, Ba"1" are scaler functions, they w ill

autom atically be satisfied. The partial stress fo r  the ice is given by 

Equation 4.24 as

Tj = Piifj1I ♦ "I1l5Ir(Ej)I « 2 -Cj6Ei ♦ -Ci7Cei -  eR)l » -CiloCpi - piR)1). 

Bg orthogona lity  Qt = Q- ' , so
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I * = Q I Qt

= I.

The only o ther thing to  be shown fo r  the partial stress o f  the ice is Ej 

(Equation 4.18), where

Ei =OZaXFi7 Fi - I ) ,  

so,

Ei* = (1/2X Fi7* Fi* - I *)

= OZaXFi7 Q7 QFl - D

= O za X F i7F i - D  

and

E ie = Ei .

The partial stress fo r  the vapor (Equation 4.26) is material frame 

ind ifferent since it contains only the identity tensor.

For the heat flux,

qa* = (eaVK*)(¥x*s)

= (9aV K* ) C f 1

" 9 a QT 

" Q 9a-

The constitu tive  equation fo r  the momentum in te raction  which was 

earlier derived fro m  the dissipation inequality is,

m j+e = -m v+e = mio+e{( v v/6 v) -  ( Vj Zej )).
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For either ve loc ity , say simply V j= V v = v, then fo r  a change o f  frame, 

x *  = c  + Qx1

The material time derivative gives the ve locity , 

v *  = "c + Qx + Qv.

So the ve loc ity  is not objective.

It is argued here that the non-ob jec tiv ity  o f the constitu tive  fo rm  fo r  

the extra momentum in te raction  is not inappropriate, since it enters the 

theory through a fundamental law o f dynamics, the equation o f m otion 

(balance o f  linear momentum equation), which itse lf is not material frame 

indifferent. However, as an aside, it is pointed out that if  the temperatures 

are equal, the ve lo c ity  d ifference term which results, is frame indifferent,

v v*  -  Vj *  = 'c  + Qxv + Qvv -  'c  -  "QXj -  QVj 

= ‘Qxv + Qvv -  'QXj -  Q vjs 

but Xv = X jl so

Vv* - Vj* = Q (v v-  V j).
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CHAPTER V

APPLICATION OF THE THEORY 

One Dimensional Solution

A pp lica tion  o f  the theory which has been developed fo r  snow, is 

carried out in one dimension. This one dimensional approach is applied in 

the vertica l, slope normal d irection, simulating a snowpack on a horizon ta l 

fie ld . This one dimensional model is obviously lim iting to  the scope o f  

problems, as well as being inadequate to  properly describe some processes. 

However, this is the log ica l f ir s t  step tow ard implementing the theory o f  

multiphase mixtures w ith  phase change to  physical problems.

In this application the ve lo c ity  o f  the ice is assumed negligible, 

since the settlement ve lo c ity  due to  gravity would be very slow . A lso , 

given the granular nature o f  the material, settlement involves a c lose r 

packing o f  grains as they move la tera lly and downward in to  voids, an e ffe c t 

which is not applicable in a one dimensional model. Vapor ve loc ity  is 

considered in the form ula tion, but the one dimensional approach cannot 

account fo r  convection  cells. Since the vapor is considered as a single 

constituent, any d iffu s ion  o f  water vapor through the air is not 

independently calculated, but is included as a part o f  the to ta l vapor flux,

In the numerical so lu tion  to  the problem, derivatives are put in a fin ite  

d iffe rence form . The derivatives on space are in general central 

differenced, except at the bottom  and top nodes where they are



appropriately fo rw a rd  and backward differenced. The derivatives on time 

are fo rw a rd  differenced.

The basic approach to  the exp lic it numerical so lu tion  used, is quite 

stra ight fo rw ard . Values fo r  variables which do no t involve time 

derivatives are calculated at the in itia l o r current time fo r  each time 

interval ite ra tion  o r  program loop. The balance equations are then used to  

find the rate o f  change o f  those variables which exp lic itly  vary w ith time 

as indicated by the equations. For each ite ra tion  o r  loop, variables are 

recalculated to  re fle c t what the value is at the end o f  the period which is 

used to  step fo rw a rd  in time. These updated values are then assumed as the 

variables which are used in the balance equations fo r  the next loop. This 

iterative process is progressively stepped fo rw ard  in time, until the 

desired to ta l time is achieved.

Proceeding as above, the manner in which the balance equations are 

u tilized should be noted. The time rate o f  change fo r  the volume fra c tio n  

o f  the ice is d irec tly  calculated through the equation o f  mass balance fo r  

the ice, and the time rate o f  change o f  the partial density o f  the vapor is 

given by the mass balance fo r  the vapor (Equation 3.26).

Since the ice ve lo c ity  is assumed always zero, the acce leration is 

zero, and the linear momentum balance equation (2.26) may be used to  

calculate the partial stress o f  the ice constituent. Then, since a fo rm  fo r  

the stress is a lso given through the derivative o f  the Helmholtz free 

energy, as required by the second law (Equation 4.21), the stra in  o f  the ice 

may be calculated. Using this calculated stra in in con junction  w ith the 

stra in  fro m  the previous iteration, an approximation to  the stra in rate is
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found, which is needed in the energy balance equation (Equation 2.80). The 

vapor ve loc ity  is approximated fro m  the linear momentum balance fo r  the 

vapor (Equation 2.83), the manner in which this is accomplished is outlined 

below.

The equilibrated fo rc e  in te raction  fo r  the ice and vapor is given by the 

balance equations fo r  the equilibrated fo rc e  (Equations 4.15 and 4.16). It 

is important to  note that the time rate o f  change o f  the volume fra c tio n  

must be calculated p rio r, since it is necessary in order to  so lve the balance 

o f  equilibrated fo rc e  equations. Time rate o f  change o f  temperature fo r  

the ice and vapor is calculated through the constituent energy balance 

equations (Equation 2.80), p r io r to  which the mass balance equations and 

the momentum balance fo r  the ice must be solved, since the time rate o f  

change o f  these variables are needed.

Boundary and in itia l conditions must be assumed in order to  solve the 

system o f equations. A t both the upper and low er boundaries the 

temperatures fo r  the ice and vapor are taken to  be constant and equal. 

Holding the temperatures constant is reasonable fo r  the steady state 

problem, but the assumption that the boundary constituent temperatures 

remain equal is quite likely incorrect. No physical data are available to  

suggest what re a lis tic  constituent temperature d iffe rences might be, 

therefore, the constituent temperatures at the boundary are taken to  be 

equal, while the temperatures w ith in the pack are permitted to  vary 

separately. Although this equality at the boundary surely e ffe c ts  how the 

constituent temperature d ifference varies throughout the pack, it is 

perhaps the m ost reasonable assumption to  use until re liable data become
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available. The vapor ve lo c ity  at the ground is assumed to  remain zero, 

simulating an impermeable boundary.

Initia lly, the vapor ve lo c ity  is assumed ze ro  everywhere. The in itia l 

temperature cond itions w ith in the pack, excluding the upper surface 

boundary, are assumed isothermal w ith the temperature at the ground-snow 

interface boundary. The upper and low er surface temperatures are fixed at 

whatever temperature is desired to  simulate the prescribed thermal regime, 

and the stress on the ice surface is a constant.

Numerical determ ination o f  the vapor ve loc ity  is the most 

unsatisfying aspect o f  the entire development presented in this 

dissertation. The balance o f  linear momentum (Equation 2.83) is used to  

calculate the ve lo c ity  o f  the vapor, but due to  d iffic u ltie s  encountered in 

the numerical evaluation, a discussion o f  th is balance equation is required. 

A standard fin ite  d iffe rence equation using the boundary and in itia l 

conditions as mentioned above was at f ir s t  attempted, but instantaneously 

imposing accelerations due to  gravity and the pressure gradient gave values 

fo r  the ve lo c ity  which were to o  large, and caused program instability. An 

attempt to  provide in itia l density gradients to  compensate fo r  the in itia l 

assumptions were found to  give results which were numerically unstable. 

This instability is attributed to  the rounding e rro rs  inherent to  numerical 

analysis which involved a series o f  ca lcu la tions involving small 

d ifferences o f  very large numbers. This gave numerical values which are 

very c lose to  zero, w ith random o s c illa tio n  o f  sign.

The in itia l values fo r  the vapor ve loc ities, as stated, are all assumed 

zero. When instantaneous accelerations are imposed through the linear



momentum equation, large ve lo c ity  values are immediately calculated. To 

smooth these sudden ve lo c ity  jumps, which result fro m  the im position o f  

instantaneous accelerations, the vapor ve loc ity  was solved fo r  d irectly, 

using an analytic so lu tion  to  the d iffe ren tia l equation. Details o f  the 

so lu tion  to  the d iffe ren tia l equation is shown in appendix A. However, the 

transient e ffe c ts  fo r  the ve lo c ity  calculated fro m  the balance o f  linear 

momentum seemingly react much more quickly than do the other balance 

equations. Due to  the coupling o f  equations, this causes the entire program 

to  become numerically unstable. The dominant terms determining the vapor 

ve loc itie s  are the d iffe rence in the gradient o f  the partial vapor stress and 

gravity e ffec ts . In fa c t i f  these terms are not allowed to  e ffe c t the linear 

momentum equation, a ze ro  vapor ve lo c ity  w ill be maintained in the case o f  

a homogeneous snowcover.

In order to  s low  the vapor ve lo c ity  response at each incremental time 

adjustment, the particu lar part o f  the so lu tion  is a r t if ic ia lly  scaled down. 

The "a" c o e ffic ie n t noted in the appendix is chosen as the scaling 

m ultip lier. This is used, although somewhat arb itra rily , because it is the 

value which was divided through the orig inal d iffe ren tia l equation to  

achieve a fo rm  fo r  the cubic equation which is used to  find the particu lar 

so lu tion. This c o e ffic ie n t is always positive  and should not e ffe c t the 

d irec tion  o f  the calculated vapor f lo w , only the magnitude. The necessity 

o f  this a r tif ic ia l adjustment o f  the vapor ve lo c ity  magnitude is 

displeasing. But, w ith th is computational problem noted, results from  the 

theory are presented, looking tow ard a reso lu tion  in future work.
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The value fo r  the interface pressure, tt, the pressure necessary in a 

saturated mixture fo r  the phases to  remain in contact, is assumed to  be 

approximated by the vapor pressure over a surface at equilibrium. The 

equilibrium vapor pressure over an ice grain w ill vary w ith  temperature, 6, 

and the mean radius o f  curvature, r [Colbeck, 19801. The well known 

Clausius-Clapeyron and Kelvin equations may be used in a combined fo rm  to  

give the equilibrium vapor pressure over a grain in terms o f  the desired 

variables [Adams and Brown, 1982; 1983; Gubler, 1985]. The 

Clausius-Clapeyron equation which gives the vapor pressure as a function  

o f  temperature is,

P(G) = Pr exp[L/R(e_1 -  Or " 1)],

where P is the equilibrium vapor pressure over the surface and L is the 

latent heat o f  sublimation. The vapor pressure in terms o f  the mean radius 

o f  curvature, w, is given by Kelvin's equation,

P(O)) = Pr exp[2a/2fjR6RO)],

where O is the in te rfac ia l energy. Assuming the fixed reference 

temperature is the same as the reference temperature to  be used in the 

Clausius-Clapeyron equation, the tw o  equations may be combined,

P(G,w) = Pr exp[2o/2fjR6RO)l exp[L/R(6-1 -  Gr" 1)].

The leading c o e ffic ie n t involved in the mass in te raction  equation, c ^ * ,

is assumed to  be p roportiona l to  th is in terface pressure as well. The 

magnitude o f  the p ropo rtion a lity  is assumed small since the density change 

in snow as the result o f  metamorphism in dry snow is small. A lthough the 

c o e ffic ie n t fo r  the energy is not known, it is a rb itra rily  assumed to  be on



an order o f  magnitude equivalent fo r  Newton's law o f  coo ling  fo r  air 

flow ing  over a f la t plate.

Young's Modulus is approximated by fittin g  to  a curve in M ellor's 

Review o f Basic Snow Mechanics [19741 The equation used in the 

ca lcu la tions presented here to  approximate the curve fo r  a density range o f  

approximately, 150 kg/m 3 to  375 kg/m 3, is

Y = 10 exp(10Vj + 4).

Material values used fo r  the ice and vapor are shown in the input f ile  

listed w ith the program in appendix B. These values are fo r  ice and vapor 

which is considered to  be water vapor saturated air at 273 0C.

Results fro m  the Analysis

Several idealized situations fo r  snow are examined in order to  

ascertain the success o f  the theore tica l model which has been presented. 

Two ideal snowpacks o f  one meter depth are considered: a perfectly  

homogeneous sample and a sample exhibiting stra tigraphic density layering. 

The homogeneous snow is taken to  have an ice volume fra c tio n  o f  0.3, 

which is equivalent to  snow w ith a density o f  approximately 276 kg/m 3. 

The other is considered to  be o f  the same ove ra ll density as the 

homogeneous, but w ith  tw o  distinct, isolated layers 15 cm thick. One o f 

these layers is greater and one is o f  lesser density than the rest o f  the 

snowpack. The high density layer is assumed to  have an ice volume fra c tio n  

o f  0.4, which corresponds to  a snow density o f  368 kg/m 3, while the low  

density layer is represented by an ice volume fra c tio n  o f  0.2, o r a snow 

density 184 kg/m 3. These densities are in a range typical fo r  alpine snow.
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The varia tion  o f  snow cover properties o f  these snowpack types are 

examined, using the theory, fo r  in itia l isothermal cond itions o f  0 0C 

throughout, and fo r  a snowpack w ith a temperature o f  0 0C fro m  the base up 

to, but not including, the surface, which is at a temperature o f  -20  0C 

Boundary temperatures fo r  both the ice and the vapor are held constant and 

equal. The actual ca lcu la tions are made using the Kelvin temperature scale. 

Stress on the ice at the surface is assumed to  be equal to  the same 

atmospheric pressure in all situations.

Sign convention fo r  stress is used in the normal engineering manner, 

which implies a positive  sign fo r  tension and a negative fo r  compression. 

Stress fo r  both the ice and vapor are considered in this manner. This is 

pointed out, since a frequent usage when considering pressure scalars, as is 

common in flu id  and vapor analysis, is to  consider pressure to  be positive 

in compression. This paper considers all values noted, o f  both 

constituents, to  be in terms o f the stress sign convention. Likewise, stra in 

is, correspondingly, negative in compression. Measurement o f  pos ition  in 

the snowpack is fro m  the ground upward tow ard the surface.

Examination o f  the homogeneous snowpack w ith the equal thermal 

boundary cond itions gives results which are characte ris tic  o f  a purely 

mechanical system. The results are illustra ted in figures 4 - 7 .  The partial 

stress o f  the ice constituent is shown to  increase in magnitude in a linear 

fash ion fro m  top to  bottom  (Figure 4). This increase is log ica lly  the result 

o f  the overburden o f  the snowpack itse lf. There is a va ria tion  in the stra in 

(Figure 5) which corresponds d irec tly  to  the stress d is tribu tion  as a result 

o f  the mechanical loading. Strain in the ice at the top surface is nonzero,
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Figure 4. Partial stress o f the ice re la tive to  pos ition  in an isothermal homogeneous
snowpack. Stress is negative in compression.
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Figure 5. Strain in the ice re la tive to  pos ition  in an isothermal homogeneous
snowpack. Strain is negative in compression.
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since a partial stress is applied to the ice constituent by atmospheric 

pressure.

The partial stress considered fo r the vapor constituent is constant 

throughout, since the description fo r the vapor stress did not include the 

gradient due to gravity. The stress considered is absolute stress measured 

relative to a zero stress environment (i.e. it is not a gauge pressure type of 

value). No vapor velocity is established in the homogeneous isothermal 

snowpack.

The time rate o f change of the volume fraction fo r  the homogeneous 

isothermal consideration, on inspection o f figure 6, reveals that there will 

be an overall decrease in the portion o f the total volume occupied by the 

ice, and that this decrease is amplified with depth. This phenomena is the 

result o f the the difference of the chemical potentials o f the constituents, 

caused by the variation in the strain o f the ice on the chemical potential of 

that constituent. The effect is relatively slight, and as w ill be seen in the 

non-isothermal situation, is so small as to not have any meaningful effect 

on the results in that case.

The equilibrated fo rc e  is included in this theory to account fo r those 

dynamical effects which occur in conjunction with volume fraction changes 

o f the constituents. The development presented here fo r the equilibrated 

force interaction o f a constituent is derived to be equal to the negative of 

the external equilibrated body force times the partial density, fo r that 

same constituent, it is also the negative of the equilibrated force 

interaction fo r the other constituent.
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Time rate o f change o f the volume fraction o f the ice relative to position 
in an isothermal homogeneous snowpack.
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As stated earlie r the. the external equilibrated body fo rc e  fo r  the 

mixture has been related in some manner to  an externally con tro lle d  pore 

pressure, but a c lear understanding particu larly in regard to  the 

constituents has not yet been established. Values calculated fo r  the

equilibrated fo rc e  in te raction  terms are presented here (Figure 7), but an 

ind ication o f  whether o r not these values are reasonable cannot be 

determined based on any physical o r  intu itive knowledge, at this time. 

Current research on granular materials is attempting to  define these 

variables more precisely.

Now consider th is same homogeneous snowpack subjected to  the 

in itia l and boundary conditions. For both constituents the low er boundary 

temperature is set and held at 0 0C1 the upper boundary is held at -2 0  0C and 

in itia lly  the rest o f  the snow is set to  0 0C. Partial stress o f  the ice at the 

surface is assumed constant. Initial vapor ve loc ities  are all assumed zero  

and the low er boundary ve lo c ity  is held at this value. Values o f  calculated 

results are shown fo r  several time increments a fte r the in itia l, so that the 

transient varia tion  may be observed. These are illustra ted in figures 8 -  

19.

V aria tion  o f  temperature fo r  the vapor (Figure 8) and ice (Figure 9) are 

seen to  react quite reasonably. A t the end o f  a very sho rt time period, I 

hour, most o f  the snow remains at the in itia l temperature w ith a very large 

temperature varia tion  in the uppermost region. Passing o f  time shows the 

temperature p ro file  w ith respect to  pos ition  to  be migrating toward a 

linear function.
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Figure 7. Equilibrated force interaction of the ice relative to position in an 
isothermal homogeneous snowpack.
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Figure 8. Temperature o f the vapor re la tive to  pos ition  in a homogeneous snowpack.
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Figure 9. Temperature o f the ice re la tive to  pos ition  in a homogeneous snowpack.



Corresponding to  this temperature curve is the temperature gradient 

varia tion  w ith pos ition  (Figures 10, 11, and 12). A  very large negative 

temperature gradient is established in the upper region o f  the snowpack fo r  

a short time. This temperature gradient in the uppermost section  begins to  

low er w ith the passage o f  time, as the temperature permeates deeper into 

the snow, inducing a gradient throughout the snowpack. This thermal 

gradient which is larger near the surface and low er near the bottom  

gradually moves tow ard a constant value which is the same as the gross 

in itia l value measured across the fu ll meter, -  20 0CZm (Figure 13).

When the surface o f  the snowpack is suddenly coo led  as in the 

situation presented here, where the surface is in itia lly  20 0C co lder than 

the rest o f  the snow, the underlying snowpack temperature w ill begin to  be 

lowered also, as has just been demonstrated in the model. But, the mixture 

is composed o f  tw o  d istinct materials w ith d iffe ring  thermal 

conductiv ities. These constituents should not be expected to  change 

temperature at the same rate. Here to o  the model seems to  be predicting 

some very plausible results (Figure 13), although no known physical data 

exist fo r  snow in regard to  d ifferences in temperature between the ice and 

vapor phases. Notice in the figure that it is early in the developing 

situation and in the upper, more active region where the m ost substantial 

d ifference in constituent temperatures is occurring.

Ice has a much higher thermal conductiv ity  than does the vapor and 

consequently w i l l  react to  the imposed boundary temperature more quickly. 

This is the reason the vapor is at a warmer temperature than the ice, and 

the temperature d iffe rence between the phases is most pronounced when
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Figure 10. Temperature gradient o f the vapor re lative to  position  in a homogeneous
snowpack, w ith base temperature O 0C and surface temperature -20  0C.
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Figure 11. Temperature gradient o f the ice relative to  position  in a homogeneous
snowpack, w ith base temperature O 0C and surface temperature -20 0C.
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Figure 12. Temperature gradient o f the ice relative to position in a homogeneous 
snowpack. with base temperature O 0C and surface temperature -20 0C. 
Same as figure 11, but with the firs t two transient profiles removed to 
increase resolution.
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Figure 13. Difference in constituent temperature, (ev - e,), relative to position in a

homogeneous snowpack, with base temperature O 0C and surface 
temperature -20 0C.
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the temperature gradient is the largest. As a result o f  the boundary 

temperatures being held constant and equal fo r  both constituents, it may be 

readily seen that, as the processes move tow ard a steady state situation 

the constituent temperatures tend to  equilibrate (Figure 14).

Partial stress in the ice, calculated through the linear momentum 

balance equation does not yield values, fo r  this case, which constitute a 

perceptible change fro m  the isothermal values, so the figure w ill not be 

represented again. Strain, computed through the derived fo rm  analogous to  

the Duhamel-Neumann law fo r  a therm oelastic material is dependent on the 

calculated stress and temperature. Recall that the stra in in the ice fo r  the 

isothermal problem was found to  increase slightly in magnitude w ith depth 

(Figure 5), as expected fo r  a purely mechanical situation. Strain resulting 

fro m  simply the overburden o f  the snow itse lf however is no t as large as 

that imposed through thermal con trac tion , fo r  the depth and snow density 

considered here. Strain then, in accordance w ith the varia tion  in 

temperature fo r  the present situation, w ill be a maximum in the coldest 

region at the surface (Figure 15).

Partial stress in the vapor (i.e. the negative o f  the partial vapor 

pressure) is highly temperature dependent and fo llo w s  a transient pattern 

which varies in a manner sim ilar to  that described fo r  the thermal regime 

(Figure 16). A t the end o f  the f ir s t  time period examined, the partial vapor 

stress in the low er po rtion  o f  the snowpack is unaffected, and as the 

co lder region near the surface is approached, the magnitude o f  the stress 

decreases abruptly over a short span. Examination o f  the varia tion  w ith 

time shows that this large gradient near the surface decreases, w ith the
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Figure 14. Difference in constituent temperature, (ev -  Gj), relative to position in a

homogeneous snowpack, with base temperature O 0C and surface 
temperature -20 0C. Same as figure 13, but with the firs t two transient 
profiles removed to increase resolution.
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Figure 15. Strain in the ice re lative to  pos ition  in a homogeneous snowpack, with base
temperature O 0C and surface temperature -20  0C.
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partial stress in the vapor fina lly  settling toward a linear p ro file  across 

this homogeneous snowpack. The greatest stress is at the warmer base.

Inspection o f  the time rate o f  change o f  the volume fra c tio n  o f the 

ice (Figure 17) indicates that fo r  a short time a fte r the in itia l conditions 

have been imposed, there is a re la tive ly rapid loss o f  ice volume in the very 

thermodynamically active region located in the upper transitiona l zone o f 

the snowpack. This re la tive ly rapid volume loss is then substantially 

lowered w ith the advance o f  time, as the gradient terms and temperature 

d ifference between constituents are reduced. An active zone fo r  ice 

volume loss, indicated by a bulge in the curve, migrates down through the 

snowpack w ith time, but at a greatly reduced magnitude. Finally, as the 

steady state is approached the region o f  maximum ice volume loss is 

located at the bottom  o f  the snowpack, where the temperature is the 

warmest, and it is the most thermodynamically active.

A t this point, the assumption is made that this calculated loss in 

volume fra c tio n  o f  the ice is indicative o f  the development o f  depth hoar. 

This kinetic grow th fo rm  as indicated in the in troduction  is known to  be 

most apparent in con junction w ith large temperature gradients and warm 

temperatures. RecrystaIization is generally seen to  develop at o r near the 

ground, but it is a lso seen, in con junction w ith abrupt stratigraphic 

layering. Although a change in density has not been measured in 

con junction w ith temperature gradient metamorphism, this loss o f density 

might be to o  small to  be measured w ith the instrumentation used, o r could 

well be slight enough to  be o ffs e t by gravity settlement on this weakened 

structure. In any case, it is certa in ly plausible and in tu itive ly probable
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Figure 17. Time rate o f change o f the volume fra c tio n  o f the ice relative to  position
in a homogeneous snowpack, w ith base temperature O 0C and surface
temperature -20  0C.



that there is some loss o f  the ice mass in con junction  w ith this 

metamorphic re c rys ta lliza tio n  process.

Consider the isothermal situation again, in regard to  the e rro r implied 

in the time rate o f  change o f  the volume fra c tio n  (Figure 6), It can be seen 

now that the magnitude o f  the e rro r introduced is negligible when 

examining situations where the temperature gradient e ffe c t is significant.

The influence o f  the transient pattern which has been established 

among all o f  the interconnected processes, is apparent a lso  in the values 

calculated here fo r  the vapor ve loc ity . It is during the early transitional 

period when the largest vapor ve loc itie s  are attained, as expected, in the 

very active upper region o f  the snowpack, w ith no e ffe c t being fe lt in the 

low er regions at this stage (Figure 18). Subsequent transient vapor 

ve loc ity  p ro file s  show the ve loc ity  becoming established, progressively 

deeper in the pack. Eventually, as the steady state is approached, the 

ve loc ity  p ro file  becomes more linear, and is the greatest near the warmer 

base. Recall that the ve lo c ity  at the low er boundary was chosen to  be zero. 

This boundary cond ition  may not be re a lis tic  fo r  a snow cover resting on 

top o f  a porous m oist so il base.

Examination o f  the equilibrated fo rc e  interaction, reveals that this 

derived term has a transient varia tion  sim ilar in pattern to  the temperature 

(Figure 19). Boundary values remain essentially unchanged fro m  the in itia l 

ones as the p ro file  varies in the now fam ilia r trans ition  fro m  a steep 

gradient near the top, w ith no change in the low er regions, to  a linear 

additional overburden loading which, accumulating, is then maintained until 

the high density layer is encountered. The e ffe c t o f  this layer on the

125



Homogeneous Snowpack

20 °C D iffe re n c e  in  Boundary Temperatures

Position in Snoepack m

I hour

6 hours

I day
♦

3 days

5 days 
O

Figure 18. Vapor ve loc ity  re lative to  pos ition  in a homogeneous snowpack, w ith base
temperature O 0C and surface temperature -20  0C.
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Figure 19. Equilibrated force interaction o f the ice relative to position in a 
homogeneous snowpack, with base temperature 0 0C and surface 
temperature -20 0C.



p ro file  between the upper and low er values. The final base value and the 

calculated early transient values removed from  the surface e ffec ts  are the 

same as fo r  the isothermal condition.

Next the more com plicated idealized stra tigraphica lly layered 

snowpack (Figure 20) is considered under isothermal conditions. This 

environment, as expected, reveals no change fo r  the d irect thermal values 

calculated, but mechanical e ffec ts  due to  the layering produce some very 

reasonable results. Partial vapor stress values fo r  this nonhomogeneous 

snowpack vary d irectly  w ith the layering (Figure 21). Since this term is 

reckoned w ith respect to  constituent fra c tio n  o f the mixture, the largest 

magnitude is in the low  mixture density layer which corresponds to  the 

region w ith the largest vapor frac tion .

Partial stress o f  the ice is a lso shown to  vary w ith the imposed 

layering (Figure 22). The top section varies in precisely the same manner 

as the corresponding section o f the homogeneous sample (Figure 23), then 

the gradient o f partial stress at the trans ition  to  the low  density layer 

abruptly decreases. This is caused by the sudden change in the volume 

fra c tio n  at the in terface and the interface pressure term at that point. A 

linear p ro file  exists through the low  density layer, but w ith a gradient 

which is s lightly less than that in the upper section. This low er gradient is 

simply the result o f  the fa c t that the accumulating additional weight o f  the 

low er density overburden snow through this section is less. The change in 

volume fra c tio n  at the low er interface between the layers is the result o f  

the same term in the linear momentum balance equation which caused the. 

trans ition  at the upper surface. A constant gradient in keeping w ith the
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Figure 20. Idealized density p ro file  which is examined.



Layered Snowpack

Isotherm al

-60000

-65000

u) -70000

w  -75000

-80000

-85000

Position in Snow m

400

300
□

200

100

CA3
5
Om3WH-
3
TT
OX3 W

O

Figure 21. Partial stress o f the vapor re la tive to  position in a layered isothermal
snowpack.
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Figure 22. Partial stress o f the ice re la tive to  pos ition  in a layered isothermal
snowpack.
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ice partial stress p ro file  may be described by d irect com parison with that 

explained fo r  the low  density, but w ith the obvious transposition. Total 

snow overburden is the same fo r  corresponding pos ition  in the tw o 

snowpacks at the low est zone, so the partial stress fo r  the homogeneous 

and layered samples are equal.

The ice must account fo r  the structura l integrity o f  the snow. It 

seems intuitive then, that fo r  the same loading, a low er density layer 

would be expected to  support a higher stress in the ice and conversely fo r  a 

high density zone. Although not readily apparent at f ir s t  examination o f 

the partial stress p ro file , this is im p lic itly  accounted fo r  in the volume 

fra c tio n  theory.

It is instructive, as an aside to  the theory being considered, to  

examine the stress referenced to  a complete unit o f  ice, instead o f as the 

partial fra c tio n  o f  the mixture. .This is accomplished by simply dividing the 

partial stress w ith that fra c tio n  o f  the whole mixture which it represents. 

This gives an ind ication o f  what the stress would be fo r  a unit composed 

to ta lly  o f  the ice constituent, i.e. the type o f  stress which the ice alone 

would be expected to  experience in a more traditional analysis (Figure 24). 

The stress varia tion  when examined in this manner indeed satisfies the 

intuitive sense.

A sim ilar examination o f  the partial stress fo r  the vapor, yields a 

constant value fo r  the to ta l stress o f  the vapor when considered in the 

same sense as fo r  the to ta l stress in the ice. The inference is that, as 

expected intuitively, the to ta l stress attributed to  only the vapor in any 

individual pore space, fo r  isothermal conditions is the same.
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Figure 24. Total stress o f the ice alone, re lative to  pos ition  in a layered isothermal
snowpack.



Strain in the ice is greatest in the low  density layer and minimum in 

the high density layer (Figure 25). The Young's modulus which was used, as 

stated previously, is based on values determined fo r  snow. This is 

appropriate in the present context, since these values are essentially 

determined by the ice constituent alone, and based on the snow density o r 

volume fra c tio n  o f  the ice.

The time rate o f change o f the volume fra c tio n  fo r  the isothermal 

s ituation in a layered snowpack (Figure 26), is seen to  vary w ith the stra in 

in the ice (Figure 25). This is caused, as discussed fo r  the homogeneous 

isothermal snowpack, by the e ffe c t o f the stra in on the chemical potential 

o f  the ice. As the stra in becomes more negative, the chemical potential fo r  

the ice responds accordingly. The strain, in this isothermal case, 

su ffic ien tly  e ffec ts  the d ifference in chemical potentia ls between 

constituents to  produce the noted results. This e ffe c t is negligible when 

compared to  snow w ith a s ign ificant temperature gradient. This w ill be 

seen when the layered snowpack w ith an imposed temperature is examined.

Vapor ve loc itie s  are indicated, at the interfaces o f  abrupt changes in 

the snow density (Figure 27). These ve loc ities  are generated by the large 

gradient in the volume fra c tio n  at these in te r-layer zones. Vapor f lo w  is 

fro m  low er density tow ard higher density regions.

The equilibrated fo rc e  in te raction  (Equation 28) is seen to  be affected 

by the layering, w ith a demonstrated increase in the low er density region 

and is conversely influenced in the high density zone. Corresponding 

positions in the homogeneous and layered snowpack which are o f equal 

density give equivalent values fo r  the equilibrated fo rc e  interaction.
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layered isothermal snowpack.
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Figure 27. Vapor ve loc ity  re la tive to  pos ition  in a layered isothermal snowpack.
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Figure 28. Equilibrated fo rce  in teraction o f the ice re la tive to  position in a layered 
isothermal snowpack.



As fo r  the case o f  the homogeneous sample w ith the imposed thermal 

boundary conditions, the transient so lu tions fo r  the layered snowpack are 

considered. Temperature varia tions fo r  the vapor and the ice (Figures 29 

and 30) reveal trends which are sim ilar to  that demonstrated in the 

homogeneous example. In the early ca lcu la tions no change in the 

temperature fro m  the in itia l cond itions have taken place in the low er 

section, but the upper region shows large temperature changes between 

nodes. However, as the temperature advances downward settling into the 

steady state, instead o f  developing a perfectly  linear p ro file  as fo r  the 

homogeneous snowpack, perturbations fro m  the linear are seen in 

con junction w ith the disrupting layers.

The gradient o f  these transient temperature p ro file s  (Figures 31 and 

32) show that a fte r a re la tive ly short time period the very large gradient in 

the upper region drops as the temperature e ffe c ts  permeate more deeply 

into the snow. The gradient through the low er density layer which is 

located higher in the pack is greater than in the surrounding show, and as 

the temperature becomes established in the low er region, the temperature 

gradient in the higher density layer is less than in the adjoining snow 

(Figure 33).

This result is what should be expected, since the thermal conductiv ity 

o f  snow is known to  be governed to  a large extent by the snow density 

[Mellor, 1964]. Calculations in this model however, did not rely on this 

in fo rm ation  but naturally handled it through consideration o f  only the 

volume fra c tio n  and the individual conductiv ities o f  the constituents. 

Refinements could made fo r  varia tions in snow type, by considering how
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Figure 29. Temperature o f  the vapor re lative to  pos ition  in a layered snowpack.
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Figure 30. Temperature o f  the ice re la tive to  pos ition  in a layered snowpack.
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Figure 31. Temperature gradient o f the vapor re lative to  position  in a layered
snowpack, w ith base temperature 0 0C and surface temperature -20  0C.
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Figure 32. Temperature gradient o f the ice relative to  position  in a layered snowpack
with base temperature 0 0C and surface temperature -20  0C.
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bonding and grain con figura tion  might a ffe c t the thermal conductiv ities o f  

the constituents.

The manner in which layering a ffe c ts  how the calculated individual 

constituent temperatures vary w ith respect to  each other (Figure 34) is 

quite interesting. Temperature d ifferences computed a fte r the f ir s t  hour 

display the expected large temperature d ifference expected in the upper 

region, w ith the higher thermal conductiv ity o f  the ice causing it to  c o o l 

more quickly than the vapor. A t the upper interface o f  the low er density 

layer fo r  th is same time frame however, there is another smaller jump in 

the difference, with, the ice at a low er temperature than the vapor. Six 

hours a fte r the start, th is temperature d iffe rence jump is accentuated and 

another jump just below this layer has developed, but here the vapor is 

c o o le r than the ice.

Migration o f  the temperature down in to  the snowpack w ith the passage 

o f  additional time reveals that a s im ilar but opposite trend, involving the 

magnitude o f  the temperature d iffe rence jumps, has developed in 

con junction w ith the high density layer. Above the high density layer the 

vapor is coo le r, and below it the ice is. While this situa tion is developing 

in the low er region, where the reaction  to  the transient temperature 

penetration is being fe lt  most strongly, temperature d iffe rences nearer to  

the surface are becoming smaller as the temperatures in th is upper region 

begin to  equilibrate. This anomaly is fe lt  to  be induced by the vapor 

ve loc ity  which is associated w ith the layering, as described earlier fo r  the 

isothermal layering situation. Recall that the d irec tion  o f  this vapor flux 

is fro m  the low er tow ard the higher density snow. The e ffe c t o f  this on
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the temperature differences is postulated as fo llo w s . As the imposed 

upper surface boundary temperature penetrates the snowpack, thermal 

conduction w ill cause the more highly conductive ice to  change temperature 

more readily than the vapor. However, when there is even slight vapor 

m otion, such as that which exists fo r  the vapor at the layer interfaces, the 

heat flux w ill be effected.

In the instance where the low er density snow overla in  w ith the 

higher density snow is in itia lly  being impacted by the thermal changes, the 

upward heat flux due to  the vapor ve lo c ity  w ill impede the rate at which 

the vapor w ill co o l, since the warmer vapor is being transported upward 

from  below. In the reverse situation where the low  density snow is on top, 

the com bination o f  the downward vapor ve loc ity  in con junction w ith the 

conductive heat flux causes the vapor to  c o o l more rapidly than the ice.

The partial stress p ro file s  o f  the ice does not d iffe r perceptibly fro m  

the stress p ro file s  fo r  the isothermal case. The stra in (Figure 35) and the 

partial stress o f  the vapor (Figure 36) are influenced by the thermal 

varia tion  in a s im ilar manner to  that previously discussed fo r  the 

homogeneous snow, w ith the obvious varia tion  due to  the e ffe c t o f  layering 

as noted fo r  the isothermal instance. The maximum stra in  in the layered 

snowpack, in itia lly  in the low  density layer, remains there and becomes 

more pronounced when the temperature is lowered. The partia l stress o f 

the vapor as noted earlie r is temperature sensitive and decreases in 

magnitude as it coo ls .

Indication o f  some interesting phenomena are demonstrated in the 

results calculated fo r  the time rate o f  change o f  the volume fra c tio n
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(Figure 37). The upper surface is once again indicated to  be the most active 

zone as the in itia l changes are taking place. However, o f  particu lar 

interest is the way in which layering a ffe c ts  the change in volume frac tion , 

since it is in apparent agreement w ith observed physical phenomena. Depth 

hoar crysta ls  have been observed in the natural environment to  grow  above 

and below dense layers and crusts [Per I a, 1978], and have been observed by 

the author as well. Regions o f  high density such as compacted snow from  a 

ski track have been observed to  increase in density at the obvious expense 

o f  the low er density snow surrounding it [Reid, 1984; Oakberg, personal 

communication].

Using the assumption asserted earlier, that a rapid decrease in ice 

volume fra c tio n  implies development o f  depth hoar, the indicated e ffe c t o f 

the layering is to  enhance depth hoar grow th above and below the high 

density layer as well as in the low  density snow and at the base. A lso  

indicated by the model is the increase in density o f  the higher density 

snow, at the expense o f  the lower. It should be noted that these phenomena 

are particu la rly  pronounced during the period when the thermal e ffec ts  are 

being established. The ind ication o f  these trends are encouraging since the 

phenomena indicated by the model are indeed real. However, it is fe lt that 

the rates o f  change indicated may be to o  large re la tive to  the magnitude o f 

the results given fo r  the temperature gradient e ffec ts  alone. Until precise 

physical measurements o f  the density change fo r  the various situations are 

taken, no conclusive judgement as to  the what the re la tive  rates fo r  the 

d iffe ren t cond itions should be, can be made.
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Figure 37. Time rate o f  change o f  the volume fra c tio n  relative to  position  in a layered
snowpack, w ith base temperature 0 0C and surface temperature -20 0C.



The vapor ve loc ity  fo r  the layered snowpack (Figure 38) has its 

maximum values in itia lly  at the trans ition  interface between the density 

layers. Then, as the thermal e ffe c ts  o f  the imposed surface temperature 

in filtra te  the snow the magnitude o f  the ve loc ity  decreases markedly. 

Finally, the e ffe c ts  o f  layering on the equilibrated fo rc e  in te raction  (Figure 

39) are seen to  deviate fro m  the trends noted fo r  the homogeneous snow in 

much the same manner that noted fo r  the temperature p ro file  as the result 

o f  layering.
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Figure 38. Vapor ve loc ity  re la tive to  pos ition  in a layered snowpack, with base
temperature 0 0C and surface temperature -20  0C.
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Chapter Vl 

SUMMARY 

Recommendations

Since the equations used in the application have been developed 

entirely w ith in the guidelines governing the modern theory Of multiphase 

mixtures, a number o f  the co e ffic ie n ts  involved in these newly established 

equations are not yet well understood. In light o f this, continuing research 

which would yield more accurate values fo r  the co e ffic ie n ts  are warranted.

In the fo rm u la tion  presented here, the in te raction  terms as generated 

fro m  the second law produce equations which intu itively seem appropriate. 

The fa c t that these equations are generated through the dissipation 

inequality w ith in the fram ew ork o f  the theory is appealing, since it serves 

to  sustain the coherent nature o f  the approach.

Although the fo rm s derived fo r  the in te raction  terms are reasonable, 

the positive co e ffic ie n ts  involved in the equations are not in general well 

known. Even the m ost stra ight fo rw a rd  coe ffic ien ts , when applied to  a 

mixture, may be less transparent than fo r  a single constituent. For 

example, the c o e ffic ie n t relating to  the heat flux, the thermal conductivity, 

requires a c lose r examination. The usual thermal conductiv ity  coe ffic ien ts  

fo r  the ice and vapor are used in the application. As a result o f  the volume 

fra c tio n  concept, the thermal conductiv ity  o f  the snow mixture varies w ith
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the snow density. This is in keeping w ith the usual concept associated 

w ith thermal conductiv ity  in snow. Density is most commonly considered 

to  be the predominant variable a ffecting  thermal conduction in a snowpack 

[Mellor, 1964]. Future w ork however, should consider the manner in which 

temperature, grain bonding and con figura tion  a ffe c t the constituent 

thermal conductiv ity coe ffic ien ts .

The co e ffic ie n t used fo r  the energy in te raction  is based on Newton's 

law fo r  coo ling , and might be refined in future applications. The K 

c o e ffic ie n t involved in the extra equilibrated fo rc e  term is not known o r 

understood, and consequently it was a rb itra rily  chosen to  be fa ir ly  small. 

The positive mass in te raction  co e ffic ie n t which is used in this paper is 

assumed to  be proportiona l to  the interface pressure, since this term 

varies w ith temperature and grain configuration. The p ropo rtiona lity  used 

is assumed to  be very small, in order to  maintain a mass exchange between 

constituents which is plausible. Snow density change due to  metamorphic 

processes alone are so small that they have not yet been physically 

measured. Future investigation would appropriately w ork toward a more 

complete understanding o f  th is coe ffic ien t.

Part o f  the appeal o f  the theory presented is the coherent, se lf 

contained nature o f  the approach. Central to  this is the manner in which 

the Helmholtz free energy d irectly  and naturally defines the stresses, 

entropy and equilibrated stress, based on the general theoretica l 

requirements. The Helmholtz energies are approximated by a Taylor series 

expansion, as explained in the development presented previously in the text.
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The ideal gas law is assumed to  apply to  the vapor free energy and is used 

to  ascertain values fo r  the co e ffic ie n ts  o f  the series. A  number o f  

coe ffic ie n ts  fo r  the ice are arrived at by s im ila rity  to  established form s. 

For example, s im ila rity  o f  the fo rm  arrived at fo r  the stress w ith a 

therm oelastic material was utilized. Other co e ffic ie n ts  fo r  the free 

energy o f  the ice were calculated by equating suitable values to  arrive at a 

balance w ith the chemical potential fo r  the vapor at equilibrium. This 

method o f  determining coe ffic ien ts , i.e. by com parison w ith processes 

involved fo r  a separate constituent, o ffe rs  a method to  calcu late values at 

certa in conditions. The results, seem to  indicate that these values are also 

appropriate at states other than those fo r  which the coe ffic ie n ts  were 

chosen to  satisfy. These might be chosen by more independent methods in 

future work.

A sign ificant stumbling b lock which must be addressed in future work, 

is the numerical ca lcu la tion  o f  the vapor ve locity . The predominant 

emphasis o f  the present w ork is theore tica l in nature w ith a fa ir ly  straight 

fo rw ard  numerical approach. Continuation o f  the research should perhaps 

involve a more sophisticated numerical analysis, which would better 

address the instability associated w ith the balance o f  linear momentum 

equation fo r  the vapor. Examination o f  the assumption o f  ze ro  equilibrated 

stress might be addressed in future work, since it e ffe c ts  the ca lcu la tion  

o f  vapor stress through Equations 3.15 and 3.16 and the re fo re  may e ffe c t 

the vapor ve lo c ity  which is calculated through the balance o f  linear 

momentum.
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Solutions to  the homogeneous snow problem appear to  be extremely 

good. As stated in the discussion o f  results, the e ffec ts  o f  layering appear 

to  be c o rre c tly  described by the theory developed here. The predicted 

results correspond quite nicely w ith physical evidence showing that dense 

layers adjacent to  layers o f  low er density snow become more dense at the 

expense o f  the low er density layer. Although the model predicts this 

process co rre c tly , the rate at which it is calculated is fe lt  to  be to o  high, 

re la tive to  the calculated rate governed by temperature gradient e ffects. 

Further physical and analytic investigation is required fo r  a reso lu tion  o f  

th is possible discrepancy. Until additional research is accomplished, 

whether o r not these calculated values are indeed to o  large cannot w ith any 

certainty be determined.

The theore tica l development presented in the d isserta tion is fo r  a 

fu lly  dimensional model. However, the numerical scheme which is used to  

test the form ula tion, sim plified the application to  one dimension. There 

are obvious lim ita tions imposed when this is done. An expansion o f  the 

quantitative analysis to  tw o  and three dimensions would be a log ica l 

extension o f  the application presented here.

The ice constituent in the present development is considered as a 

therm oelastic material. When considering an extended time frame, 

modeling the ice as a the rm o-v iscoe lastic  material would be a desirable 

approach in a more sophisticated analysis.

Finally, the vapor, which is considered as a single constituent might be 

successfully subdivided, considering the a ir and water vapor as tw o
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d istinct constituents. This obviously implies a three constituent mixture, 

which is necessarily more complicated. The three constituent model would 

have the advantage o f  distinguishing between the more thermodynamically 

active water vapor which is changing phase, and the essentially inert a ir 

constituent. The re la tive d iffus ion  between the tw o  vapor constituents 

could then be distinguished as well. It is quite possible that treating the 

air and water vapor as independent constituents would lead to  more 

suitable values when determining the ve loc itie s  as calculated through the 

linear momentum equations. As a w ord  of. caution on this approach; since 

the vapors are not physically separated it may not be suitable to  apply the 

immiscible assumption to  these tw o  constituents.

Conclusions

Perhaps the most appealing aspect o f  the theory presented is the fac t 

that it is essentially se lf contained. Fo llow ing the basic tenants o f 

standard continuum mechanics, including the very im portant re s tric tion s  

imposed by the entropy inequality, a set o f  in trica te ly  interconnected 

relationships are developed.

Development o f  the multiphase mixture theory to  snow is the product 

o f  a s tra igh tfo rw ard  approach fo llo w in g  guidelines set down in previous 

theoretica l work. S tr ic t adherence to  the basic princip les o f  continuum 

mechanics w ith assurance that requisite requirements o r re s tric tion s  are 

not violated, led to  a model which is specialized to  snow. Although 

considerable manipulation and specialized fo rm u la tion  are considered, it is
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all carried out w ith in the established fram ework o f  the theory o f  

multiphase mixtures.

The strength o f  the theory is in its  completeness. It does not isolate 

individual processes fo r  examination, but instead requires that 

interre lationships be accounted fo r . Consideration o f  the snow as a 

continuum does not exp lic itly  indicate the type o f  crysta l development 

which is occurring, except by inference to  the physical grow th which is 

associated w ith the cond itions predicted by the model.

The descrip tion o f  snow, o r any material, as a mixture consisting o f 

tw o  constituents a llow s fo r  considerable s im p lifica tion  over a mixture 

requiring additional constituents. This is particu larly  evident in reference 

to  the constituent in te raction  terms. These in te raction  terms are the 

negative values o f  each other, when only tw o  constituents are considered. 

Consequently, when a fo rm  fo r  one term is established, values fo r  both are 

immediately known. The time rate o f  change o f  the volume fra c tio n  fo r  

each constituent w ill a lso be negatives o f  each other.

Consideration o f  physically separated phases as autonomous materials 

except in reference to  the constituent in te raction  terms, is important when 

making the trans ition  fro m  theory to  application. This independent 

consideration o f  the individual constituents does not produce equations 

which are so unwieldy as to  be im practical. The dem onstration that this 

immiscible mixture concept may yield plausible results fo r  physical 

situations such as the one examined in this paper, adds credence to  the 

approach.
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The theory is applied to  several idealized snow conditions. 

Homogeneous and layered snowpacks one meter in depth are considered fo r  

isothermal conditions and w ith the boundary temperatures held constant, 

20 0C apart. In itia lly  the snowpack is assumed to  be at the same 

temperature throughout, except at the upper surface. The processes such as 

temperature change, mass interaction, vapor flux, etc. and their trans ition  

fro m  the in itia l conditions are evaluated. Results fro m  the theory 

presented are quite good.

The idealized homogeneous sample gives very plausible results. An ice 

volume fra c tio n  o f  0.3 is assumed, which corresponds to  a snow density o f  

approximately 275 kg/m 3. The isothermal cond ition  gives results which 

show lit t le  varia tion  throughout the snowpack fo r  predominantly 

thermodynamic processes, as would be expected fo r  th is simple situation. 

With only mechanical e ffe c ts  driving them, processes such as the partial 

stress and stra in  o f  the ice are seen to  increase in magnitude w ith depth 

from  simply the overburden o f  the snow above. The partial stress o f  the 

vapor is constant throughout and the vapor ve loc ity  is zero.

The homogeneous snowpack is examined to  see the trans ito ry  

varia tion  o f  processes w ith time, a fte r the in itia l thermal boundary 

conditions are imposed. Inspection o f the homogeneous model one hour 

a fte r the start, shows the processes near the surface to  be very active. 

Large gradients o f  the temperature, vapor pressure, thermal stra in and 

equilibrated fo rc e  in te raction  near the surface are apparent as well as 

re la tive ly large vapor ve loc itie s  and a rapid decrease in the volume
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fra c tio n  o f  the ice. Because it has a higher thermal conductiv ity, the ice 

c o o ls  more rapidly than the vapor, and near the surface the temperature o f 

the ice drops substantially below that o f  the vapor constituent at the same 

loca tion . A t the end o f  the f ir s t  hour, there is very lit t le  change from  the 

in itia l conditions fu rther down into the snowpack.

Inspection o f  the processes as time progresses reveals a particu larly 

active zone, sim ilar to  those in the upper region noted a fte r one hour, 

which moves downward w ith time in a wavelike fashion. However, the 

abrupt radical jumps in the terms described are less pronounced as this 

active zone moves downward through the snowpack. A fte r  five  days the 

steady state is being approached, indicated by the approach o f constant 

gradients fo r  the terms mentioned above, and the equilibrating o f  

constituent temperatures at corresponding layers.

Interestingly, the stra in p ro file , in accordance w ith  the changing 

temperature regime, has been altered as the result o f  thermal expansion, to  

the point where the magnitude o f  the stra in  becomes greater as the c o o le r 

surface is approached.

The time rate o f  change o f  the ice volume fra c tio n  is m ost pronounced 

fo r  the homogeneous situation in the low er warmer, more

thermodynamically active region. The decreasing volume fra c tio n  o f  the 

ice is assumed in th is application to  indicate the development o f  the 

kinetic grow th form .

The idealized snowpack used to  test the e ffe c t o f  stratigraphy is 

considered to  be a snowpack o f  predominantly 0.3 ice volume fra c tio n  w ith
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a 15 cm layer o f  0.4 ice volume fra c tio n  and a low er density layer o f  the 

same thickness w ith an ice volume fra c tio n  o f  0.2. These correspond to  

approximately 367 kg/m 3 and 183 kg/m 3 snow densities respectively.

When the stra tigraphica lly  layered snow is considered as in itia lly  

isothermal, temperatures remain constant and equal. The greatest stra in 

fo r  the ice constituent is calculated in the low  density layer, and the least 

is in the high density layer. The partia l vapor stress varies w ith the 

layering, but as discussed in the previous chapter, when considered w ith 

respect to  a unit o f  pure vapor it remains constant throughout. That is if  

only the vapor were to  be considered the vapor stress in all o f  the 

individual pores would be equal. Partial stress fo r  the ice increases in 

magnitude w ith depth and exhibits perturbations through the layering. 

Scrutin izing this ice stress, it is seen that larger stresses per unit o f  the 

ice alone are sustained in low er density snow.

Vapor ve loc ity  is everywhere zero, except at the interfaces between 

layers. The d irec tion  o f  the ve loc itie s  at the interfaces shows a f lo w  from  

low er density regions tow ard zones o f higher density.

When the d iffe ring  boundary temperatures are imposed on the layered 

snowpack, a transient pattern s im ilar to  that seen in the homogeneous 

snow takes place. This s im ila rity  exists in the sense that there are 

in itia lly  large gradient and rate functions near the surface, which become 

less pronounced as this in itia l wave o f  trans ition  physically progresses 

downward through the snow w ith time. There are, as expected, notable 

d ifferences due to  the varied stratigraphy. Curve p ro file s  o f processes
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varying w ith pos ition  are not sm ooth functions progressing tow ard a linear 

form , as in the homogeneous example. There are perturbations which 

coincide w ith the layering.

Temperature gradients develop which are strongest through the low  

density layer and weakest in the high. The change in volume fra c tio n  

indicates that a dense layer sandwiched between low er density snow w ill
v

become more dense as the adjacent low er density snow decreases in 

density. Sim ilarly, the low er density snow w ill lose ice as the adjacent 

higher density snow gains. This result is encouraging, since it has been 

observed in natural snow cover [Reid, 1984; Oakberg, personal 

communication, 1984]. Although the anomaly is quite likely real, it is fe lt 

that the e ffe c t o f  layering indicated by the model is to o  large re la tive to  

the calculated temperature gradient e ffec ts . Although, as stated earlier, 

w ithout further research this question cannot be answered.

Ice stresses are essentially the same as those calculated fo r  the 

isothermal, and the partial vapor stress maintains the same basic response 

as fo r  the isothermal situation, but decreases somewhat along w ith 

temperature. The vapor ve lo c ity  response to  layering remains a fte r the 

thermal processes have permeated the snowpack, but is shown to  s low  w ith 

time.

The theory o f multiphase mixtures o ffe rs  a unified, coherent, 

comprehensive approach to  analyzing the myriad o f  in trica te ly  interrelated 

processes involved in thermodynamically active granular o r porous 

materials. Results fro m  the in itia l attempt presented in th is d issertation

I /
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to  model snow on the ground by application o f  the theory are quite 

promising. O f course, considerable future w ork remains in development o f  

the application, but the thesis demonstrates that th is re la tive ly new 

theoretica l approach may be successfully used fo r  modeling processes as 

complex as the one presented. The thrust o f  this paper is concerned w ith 

an ongoing development o f  an enhanced understanding o f  snow as a 

material. But, the most sign ificant accomplishment is quite probably the 

demonstration o f  the usefulness o f  the potentia lly  pow erfu l theory, which 

has had re la tive ly few  applications, to  a broad range o f  problems.
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NOTATION AND NOMENCLATURE
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Notation

In general, except where exp lic itly  noted in the text, bold upper case 

symbols indicate second order tensors, bold low er case symbols indicate 

vec to rs  and scalars are represented by standard print symbols. A backward 

prime preceding a symbol ,T a, indicates a material time derivative on the

constituent property, and a preceding superscript dot preceding a symbol, 

T , indicates a material time derivative fo r  the mixture.

Subscripts associated w ith symbols imply a property associated w ith 

the constituent, and symbols w ithout a subscript imply a property 

associated w ith the mixture. Subscripts fo r  spec ific  constituents i and v 

(Fj and Tv) represent the ice and vapor respectively. A subscript R implies

a reference state.

Nomenclature

Ba con figura tion  o f  constituent a.

BaR reference con figura tion  o f  constituent a

ba, b body fo rc e

ca, c mass concentrations

ca+ mass in te raction

Ea stra in  tensor f o r constituent a

ea, e internal energy

ea+ energy in teraction

ea+e extra energy in teraction

Pa, F de form ation gradients

6  Lame' constant, modulus o f  rig id ity
ga, g equilibrated fo rc e  supply



temperature gradient

equilibrated stress

equilibrated inertia

ve loc ity  gradients

heat o f  sublimation 
external equilibrated body fo rc e

angular momentum interaction 

momentum in teraction 

extra momentum in te raction  

unit normal vec to r directed outward 

heat flux

gas constant 
external heat supply

the state o f  a variable 
equilibrium state
perturbation away fro m  the equilibrium state 
stress tensors

time
d iffus ion  ve lo c ity  fo r  constituent a

ve loc ity  vec to rs

volume fra c tio n  gradient

pos ition  vec to rs  in the reference con figura tion

pos ition  vec to rs  in spacial coordinates

Young's modulus 
c o e ffic ie n t o f  linear expansion 

, body o f  constituent a, mixture body

any general scalar, vec to r o r  tensor valued property

material density o f  constituent a

internal d issipation o f  the mixture
slight perturbation fro m  equilibrium state o f  8
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C
1Ia l n
^ a +

e a
6R
K
X

^a

v a-

I
TT

P
Pa
S
a
T
y

+
a

u +e
a

$

^a
( X )

flu id  v iscos ity  
entropy

entropy in te raction

constituent temperature

reference temperature

permeability 
Lame's constant 
chemical potential

volume fra c tio n

scalar o f  a rb itra rily  small magnitude 
interphase pressure between phases 
bulk density o f  the mixture 
partial density o f  constituent a

a general source term 
in te rfac ia l energy 
a general flux term 
equilibrated fo rc e  in te raction

extra equilibrated fo rc e  in teraction

Poisson's ra tio  
a general property 
Helmholtz free energy

mean radius o f  curvature
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APPENDIX A

Vapor V e loc ity  fro m  the Balance o f  Linear Momentum Equation



The one dimensional balance o f  Wnear momentum equation fo r  the 

vapor is

mv+ = pvV v -  8Tv/3 x v -  pvbv + c v\  -  tt 8vv/ 9 xv> 

or, rearranging terms

V v = (9Tv/9 x v + pvbv -  Cv4Vv + TT 8vv/8 x v + mv+) /p v. 

Substituting fo r  the in te raction  terms gives

V v = (9Tv/d x v + pvbv + [c io+{( j iv "  vv*vv/ 2 -  kv,v v2/2 ) /6 v

-  CjJij -  Vj Vj/2 -  k j ,V j 2 / 2 ) / © j ) } ] v v  + tt 9 v v / 9 x v

- lmio,et(vv/ev) - (ViZeiMl)Zpv.

Rearranging and co lle c tin g  terms

V v + [Cjg /(2© vpv)] vv3 + {- [Cj0 k j iy  _ kv v,v2/2 ) /0 v

-  CjJij -  Vj-Vj/2 -  k jV j2/2 ) /6 j) }  + mjo+e/9 v] /p v j  vv

= [9Tv/8 x v + pvbv + TT 9 vv/9 x v + mjo+e(V j/0 j)1 /pv, 

o r w ith the obvious substitutions 

V v + a vv3 + b vv = c.

This is a f i r s t  order but nonlinear d iffe ren tia l equation. However, the 

homogeneous part is readily solved since it  is in the class o f  Bernoulli 

Equations.

Multiplying the homogeneous part by vv" 3 gives 

vv' 3 V v + b vv" 2 = -a.

Now set y = vv" 2 so that .
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V 3 Vv = " V2,

and the equation to  be solved is simply 

‘y -  2b y = 2a, 

which has the so lu tion  

y = k exp(2bt) -  a/b,

so that the homogeneous so lu tion  to  the orig inal d iffe ren tia l equation is 

v = [k exp(2bt) -  a/b]~1/2.

The particu lar so lu tion  is arrived at by finding the cube ro o t o f the 

equation

v3 + d v + e = 0, 

where

d = b/a & e = -  c /a .

For the so lu tion  to  the cubic equation, let 

A = IN /2  + [(e2/4 )  + (d3/27)]1/2B1/3 

and

B = [ - e /2  -  [(e2/4 )  * (d3/27)],/2 ] ' /3  

and since

e2/4  + d3/2 7  > 0,

(th is is continuously checked in the computer program) there is only one 

real real ro o t, which is used as the particu la r so lu tion  p,

P = A + B.

The com plete so lu tion  to  the d iffe ren tia l equation is then 

v = [k exp(2bt) -  a /b ]-1^2 + p.

Using as an in itia l cond ition
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@t = 0: v = vInitial • 

yields

vInitial = k  '  a /b l" '^  * p.

SO

k = ^initia l -P )"2 , a/b. 

and finally

v = [((VjnjtiaI - p )'2 + a/b) exp(2bt) - a/b]'1/2 + p.
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Computer Program



Figure 40. Computer program, EASNOM1X, which is used to  calculate results.

PROGRAM EASNOMI X<INPUT, OUTPUT, EACOEF, EAOUT>;

CONST N=2 I ;
M= 7;

TYPE VECTOR=ARRAYC I . . N I  OF REAL;

VAR GAMMA!,R1TEMPRfSPHTV,SPHTI,THERMEXP,K IR ,KVR,MASINSCALE,
■ ENTROPVR,ENTROPIR, ENERI NTR, DT, DTH, DZ,

BF ,TIME,TOTLTIME,V ISC, PERMEAB, PIR, SI GMA, L , PSIV2, PSI12,
HEIGHT, POISSON, K;REAL;

I , J, I K,CK,OUTINTV: INTEGER;

NUV1NUI,ROI,ROV1VV,TEMPV1TEMPI,E, GAMMAV,MUV ,MUI,MASI NTI ,MOMI NTI ,
ENERINTI,PI,DPDNI,DPDNVfEQFRl,EQFRINI,EQFRINVfEQFSV,STRESSI,STRESSS, 
STRESSV, ENTROPI, ENTROPV, ENGYI, ENGYV,QI1QVfLV,MOMI NTR ,TRCNUI,TRCROV, 
TRCTEMPI,TRCTEMPV, LATHTROI, LATHTNUV, LATHTROV, LATHTSTR,
TRCE , EPRE ,KI , W  ,NUVR ,NUIR, GAMMAiVR , RCVR, ROIR,
PSIVR1P S IV l,PSIV3,PSIV5,PSIV6,PSI110 ,PS IIB fMASINTR,
P s iv s ip s iv io 1P s iIR 1P S I l l ,P S I13 ,P S IIS 1PSI16 ,PSI17 ,PSI19 ,RADIUS, BND1KON1 
TGI,TGV,YOUNGMOD, LAMBDA, SHRMOD, PSIV7, PRESS,VS, DVV, DVI,ROSfROOTEST,
ACOEF, BCOEF, CCOEF, DCOEF, ECOEF,VVPARTA,VVPARTB,VVPARTI C, CUBEA, CUBEB:VECTOR;

INCOEF, OUTFILEfOutfi I e l , O u t f i Ie V fO u tf I Ie S 1O u tf i Ie X :TEXT;

PROCEDURE INITIAL;
VAR I ; INTEGER;
rvrr-TKi



D C U J I N

PSIV2:=-ENTROPVRi 
PSI12 :=-ENTR0PIR;
Ur i te l n<0ut-f i I el ,N,M) ; 
Ur i tel n(0ut-f i I eV,N,M); 
Wr i teln(0ut-f i I eS,N,M); 
U rite ln (O ut-f i leX ,N ,M );

FOR I :=1 TO N DO 
BEGIN

R O im  i=NUI[I]*GAMMAI ;
NUVm I = I - N U im  ;
NUIRCIIi=NUI[ I I ;
NUVRCII I=NUVCI I ;
G A M M A V C 1 1 1 =  1 . 2 9 ;
G A M M A V R C 1 1  I = G A M M A V C U ;

. R O V C 1 1  I = N U V C  1 1 S G A M M A V C 1 1 ;
R O S C 1 1  I = R O I C  1 1  +  R O V C 1 1 ;
ROIRCII!=ROICII;
ROVRC11 I=ROVCI I ;
P IC II  i=PIR«(EXP< <2#SIGMA>/< GAMMAI *R*TEMPR*RADI USC I D )  

SEXP< <L/R>#< < l/TEMPR)-( 1/TEMPI C U ) ) ) ) ;

PSIVl 111i=-R*TEMPR/NUVRC11;
PSIV3C11i=R*TEMPR/ROVRC11;
PSIV5C11i=R*TEMPR/SQR(NUVRCID;
PSIV6C11i=-R/NUVRC11 ;

PSIV8C11i=R/ROVRC11;
p s i v i o c 1 1 1 = R s t e m p r x s q r < R O V R C 1 1 ) ;
PSI11 Cl I I=-RsTEMPRsROVRCIIXROIRCI I ;
P S I I l p m  I = - P S I I l  m / R O I R C I I ;
PSIV7C11 I=-SPHTVXTEMPR;
PSII8C11 I=-SPHTIXTEMPR;



PSI13 [ I ]:= -<  2 *P I [ I ]-GAMMAVR[I ]#RsTEMRR}/< ROIRCI ] sGAMMAI);
YOUNGMODm :=EXP( C 1 0 *N U im + 4 )*L N a o :)) ;
LAMBDA!13 :=<Y0UNGM0D[13 #P0ISSON) / ( < 1 + P0ISS0N)*(I -2 *P 0 ISSON) ) ;
SHRMOD[13 :=YOUNGMOD[ 13/< 2#<I + POISSON) ) :
PSI15 [ 13 :=LAMBDA[I 3/ROIRt 13;
PSI I<$[ 13 :=SHRMOD[ 13/ROI RE 13;
PSII ?[ 13 :="-THERMEXP'#< 3*PSI IS E I3 + 2sPSI I <S[ 13) ; 
P S II9 [ I3 := ((P S IV2-PS II2 )+P S IV8[I3 *R 0V R [I3 )/R 0 IR E I3;
PSIVRE13 :=-PSIV3En*R0VRL13;
PSII RE 13 :={PSIVRE13 + PSIV3E13 *ROVRE133-ROIRE13 *PS I13E13;

W E 13 :=0 ;
VSE13 :=0;
DVIE13 :=0;
DVVE13 ;=0;
TRCEEI 3 :=0;
LVE13 :=0;STRESSSE13:=0;

END;

STRESSIEN3:=-GAMMAVREN3*253*R;
FOR I :=N-1 DOWNTO I DO 
BEGIN

STRESSIE13:=< STRESSIE14 13 + ( BF*ROlEI 3 ) *DZ4PI[ 13*(NUIE1413-NUIE13 ) ) ;  
END;
FOR I :=1 TO N DO 
BEGIN

EE13 := (STRESSIE13/ROIEI 3-P S I11E13-P S II ?EI 3*<TEMPIE13-TEMPR) -P S I110E13 
*<ROIEI 3-ROIRE13 > >A  PSII SE 1142*PSIIdE 13);

END;
END;



PROCEDURE INTERACT; (CALCULATE VALUES FOR INTERACTION TERMS)
VAR I !INTEGER;
B E G I N

FOR I :=1 TO N DO 
BEGIN

YOUNGMOD111:=EXP < < I O*NU 1113 + 4  :> *LN< I O >);
L A M B D A C 1 3 : = ( Y O U N G M O D C 1 3 * P O I S S O N ) / (  ( l + P O I S S O N ) * ( l - 2 s P O I S S O N ) ) ;

SHRMODC13!=YOUNGMODC 13/<2sU  +POISSON) ) ;
P S I I 5 C I 3 : = L A M B D A C I 3 / R O I R C I 3 ;
P S I I 6 C I 3  : = S H R M O D C I 3 / R O I R C I 3 ;
PSI17C13 :=-THERMEXPs( SsPSI I SC 13 + 2SPSII <5C I 3 ) ;
LATHTNUVC13!=PSIVSC 13*<NUVC13-NUVRC13);
LATHTROVC13:=PSIV1QC13s(R0VC13-ROVRCI 3);
L A T H T R O I C 1 3 ! = P S I I S C  1 3 - P S I I P C 1 3 s T E M P R + P S I I I O C 1 3 s E C  I  3 ;
LATHTSTRCT3:=PSII l C I 3 + <PSII5CI3 + 2*PSII6CI3 )*ECI 3-P S I17C13sTEMPR+PSII IOC13s 

( ROIC13-ROIRC13);
KIC13:=BNDC13 SKI RsNUIC I3;
K V C I 3  ! = K V R s N U V C n  ;

M U V C 1 3 ! = P S I V l C 1 3 s < N U V C 1 3 - N U V R C I  3 )  +  P S I V 2 s ( T E M P V C 1 3 - T E M P R >  +  P S I V 3 C 1 3  

s < 2 « R 0 V C I 3 - R O V R C 1 3 ) +
f  I / 2 ' ) S i ' P S I V 5 C 1 3 s S Q R ( N U V C  I  3 - N U V R C I  3  )  +  2 s R S I V 6 C  1 3 * < T E M P V C  I  3 - T E M P R ) S
( N U V C 1 3 - N U V R C 1 3  3  +  P S I V 7 C  H s S Q R t T E M P V C  1 3 - T E M P R ) + 2 s P S I V 8 C 1 3 s < T E M P V C I 3 - T E M P R ) *
< 2 * R 0 V C I 3 - R O V R C 1 3 ) (  +  P S I V I O C 1 3 s t 3 « S Q R t R 0 V C 1 3 ) - 4 * R 0 V C 1 3 * R 0 V R C 1 3  +

S Q R t R O V R C 1 3 > ) ) )  +  P S I V R C 1 3 ;  M i r T ,  o n t D r i l w
M U I C 1 3 : = P S I 1 1 C I 3 S E C l 3  +  P S I I 2 s t T E M P I C 1 3 - T E M P R )  + P S I I S C I 3 * t 2 # R 0 I C 1 3 - R O I R C 1 3 )  +

•' l / 2 ' ) * t  t  P S I I 5 C 1 3 + 2 * P S I  I 6 C 1 3  ) s S Q R t E C  1 3  )  +  2 * P S I  I 7 C 1 3 * t T E M P I  C 1 3 -
T E M P R ) s E C  1 3  +  P S I  I B C  H s S Q R t T E M P I  C 1 3 - T E M P R )  +  2 s P S I  I P C  H S t T E M P I  C 1 3 - T E M P R ) s

, 2 s R O I C I 3 - R O I R C I 3 )  +  2 s P S I I 1 0 C I 3 * t 2 s R O I C n - R O I R C I 3 > s E C I 3 >  +  P S I I R C I 3  5

m a s  i  N T  R 1 1 3  ! = M a s i n s c a l e s p i  c n ;  
m a s i N T i c i 3 : = m a s i n t r c i 3 s t M U v e i 3 / t e m p v c i 3  

- t  S Q R t V V C  1 3  V T E M P V  C 1 3  > / 2 )  ;

- M U I C  1 3 / T E M P I  C 1 3

M O M I N T R C I  3 : = t S Q R t N U I C 1 3  > * T E M P V C 1 3 s V I  S C V t P E R M E A B ) ;  
M O M I N T I C 1 3 ! = M O M I N T R C I  I s t V V C  1 3 / T E M P V C 1 3 ) ;

C o
U l



E N E R I N T I C I ] : = E N E R I N T R * ( T E M P V E I ] - T E M P I  E I ] ) ;
D P D N I [ I ] I = G A M M A I P S I I 3 [ I ]  + P S I I R C I 3 * ( T E M P I [ I I - T E M P R )  + P S 1 1  I O t  I ] s £ [  1 3 ) ;
D P D N V C I ] : = P S I V i C I I + P S I V S C 1 1 * ( N U V C 1 1 - N U V R C 1 3  >  + P S I V A C 1 3  * ( T E M P V C 1 3 - T E M P R ) ;
STRESSVC13:=<-SQR< ROVC13 > * < PSI V3C13 + PSI V3C13 *<TEMPVC13-TEMPR) +

P S I V l O  C 1 3  # < R O V C 1 3 - R O V R C 1 3 ) >  > ;
E N T R O P I C 1 3 : = - < P S I 1 2 + P S T  I ? C 1 3 * E C 1 3  +  P S I I 8 C 1 3 * < T E M P I C 1 3 - T E M P R )  +  P S I I 9 C 1 3  

* ( R 0 I C I 3 - R 0 I R C I 3 ) ) ;
E N T R O P V C 1 3 : = - < P S I V 2 + P S I V A C I 3 * ( N U I R C I  3 - N U I C I  3  >  +  P S T V ? C 1 3 * < T E M P V C I  3 - T E M P R )

+ P S I V 8 C 1 3 a < R 0 V C 1 3 - R O V R C 1 3 ) ) ;
E N G Y V C 1 3 : = P S I V 1 C 1 3 * ( N U V C 1 3 - N U V R C 1 3 ) - P S I V 2 * T E M P R + P S I V 3 C 1 3  s < R 0 V C 1 3 - R O V R C 1 3 )  +

<  1 / 2 ) s t P S I V S C 1 3 S S Q R t N U V C  1 3 - N U V R C 1 3 ) - 2 S P S I V A C 1 3  s T E M P R s t N U V C 1 3 - N U V R C 1 3 )
- P S I V 7 C I 3 s t S Q R t T E M P V C  1 3 ) - S Q R t T E M P R ) ) - 2 * P S I V 8 C H s T E M P R s t R O V C  I  3 - R 0 V R C 1 3 )  +

P S I V l 0  C 1 3  s S Q R t  R O V C I  3 - R O V R C 1 3 ) ) + P S I V R C 1 3 ;
E N G Y I C I 3  ! = P S I I  1 C I 3 S E C I 3 - P S I 1 2 S T E M P R + P S I 1 3 C I 3 s t R O I t n - R O I R C I 3 )  +

< 1 / 2 ) s < t  P S I I  S C  1 3  +  2 * P S I I  A C  1 3 ) s S Q R t E C 1 3 ) - 2 s P S I 1 7 C 1 3  s T E M P R s E C I  3
- P S I I 8 C H s t S Q R t T E M P I C  1 3 ) - S Q R t T E M P R ) ) - 2 s p S I I ? C 1 3 s T E M P R s t R O I C I 3 - R O I R C I 3 )  +
2 * P S I  I l O C H s t  R O I C I 3 - R O I R C 1 3 )  s E C I 3 ) + P S  I I R C H  ;

E N D ;  _
E N D ;  C d

O'

P R O C E D U R E  B A L A N C E ;
V A R  I : I N T E G E R ;

B E G I N
I : = 1 ; ( N O D E  A T  T H E  G R O U N D  U S E  F O R W A R D  D I F F E R E N C E )

T G I C H  :  =  t T E M P I C I  +  l  3 - T E M P I  C U  ) / t D Z )  ;
TGVC13:= t TEMPVCI + H-TEMPVCI 3 ) / 1D2) ;
Q I C  1 3 : = - K I C 1 3 s t T E M P I C I  + 1 3 - T E M P I  C 1 3 ) / t DZ) ;
Q V C H  : = - K V C  H s t T E M P V C  1  +  1 3 - T E M P V C 1 3  ) / t D 2 ) ;
L V C  I  3  : = t  V V C I  +  H - V V C 1 3  ) / <  D Z ) ;

T R C N U I C 1 3 S = M A S I N t i C 1 3 / G A M M A I ;
T R C R O V C 1 3 S = - M A S I N T i C 1 3 - R O V C 1 3 s t V V C 1  +  1 3 - V V C 1 3 ) / D Z ;
E Q F R l C 1 3  s = t  t P I C I  3 +  R O V C 1 3 s D P D N V C 1 3 ) s T E M P I C 1 3 - t P I C 1 3  +  R O I C I  I s D P D N I C 1 3 )

S T E M P V C 1 3 - K s T E M P I C 1 3 s T E M P V C 1 3  s T R C N U I C 1 3 V t T E M P V C  1 3 + T E M P I  C  H ) ;
E Q F R I N I C  H  S = E Q F R l C n +  P I C I 3  ;
E Q F R I N V C 1 3  S = - E Q F R l C 1 3  +  P I C 1 3 ;

V V C 1 3 s = 0 ;



T R C T E M P I [ 1 3 : = 0 ;
T R C T E M P V m  S = O ;

I : = N ; { N O D E  A T  T H E  S U R F A C E  U S E  B A C K  D I F F E R E N C E )  
T G i m s = ( T E M P i m - T E M P i n - I D A D Z ) ;

T G U m  S = ( T E M P U m - T E M P M n - I D A D Z )  ;
Q I[ I ) s=-KIC13*(TEMPI[ I I -T E M P IC I - I I ) /D Z ;
QVC11 S=-KVC 11s(TEMPU[11-TEMPVCI-II ) /D Z ;
LVCII S = (W m -W C I - IJ )Z D Z s  
T R C N U I C11 S=MASINTi C11/ G A M M A I ;
TRCROVC11 S=-MASINtICII-ROVCIJAWCIJ-VVCI-IJ) /D Z ;
A C O E F C I J S = M A S I N T R C  I J / ( 2 * R 0 V C I J * T E M P V C 1 1 ) ;
B C O E F C 1 1 s = ( ( M O M I N T R C I J / T E M P V C 1 1 ) - M A S I N T R C I D K  ( M U V C I J / T E M P V C 1 1 )

- ( M U I C I  J / T E M P I  C U ) ) ) / R O V C 1 1 ;
. C C O E F C I J s = ( ( S T R E S S V C I J - S T R E S S V C I - I J ) / D Z  +  R O V C I J * B F +

P I  C I  J A N U V C I J  - N U V C I - I I  ) / D Z ) / R O V C  1 1 ;
. DCOEFCI J S=BCOEFC I J/ACOEFC11;

E C O E F C 1 1  s = (  - C C O E F C I  J / A C O E F C  I D ;
R O O T E S T C I J  s = ( S Q R ( - C C O E F C I J ) / 4 ) A S Q R ( B C O E F C 1 1 ) * D C O E F C I J / 2 7 ) ;
I F  R O O T E S T C I J < 0  T H E N

W R I T E L N ( O U T F I L E , ' T H R E E  R E A L  R O O T S ' , R O O T E S T C I J ) ;
C U B E A C I J  S = - E C O E F C I J A 1 / A C O E F C I J ) * S Q R T ( R O O T E S T C l  J ) ;
C U B E B C I J  S = - E C O E F C  I  J - (  1 / A C O E F C  I  I ) * S Q R T ( R O O T E S T C  I D ;
V V P A R T A C I J s = E X P ( ( l / 3 ) * L N ( A B S ( C U B E A C I J ) ) ) ;
IF CUBEAC I J <0 THEN 

WPARTACI J S=-VVPARTAC I J;
W R A R T B C I J  s = E X P ( (  1 / 3 )  * L N ( A B S (  C U B E B C  I D ) ) ;
I F  C U B E B C I K O  T H E N

VVPARTBCI J S=-WPARTBc I J ;
WPARTICCIJ S=ACOEFC IJ *(VVPARTACI J+WPARTBCI D  ;

EQFRl CU :=( (PI Cl J+ROVCI J*DPDNVC I J )*TEMPI CI J -(P I CI J + ROICI J*DPDNI CU)
#TEMPV CI J -KsTEMPI CI J STEM PV CI J sTRCNUI CI J )/(TEMPVC I J +TEMPI C U );  

EQFRINICI JS=EQFRlCI J + P lCU;
EQFRI NVCI J S=-EQFRlCI J+PI Cl J ;



TRCTEMPimi=O;
T R C T E M P V C I ] : = 0 ;

F O R  I i = 2  T O  N - I  D O  
B E G I N

T G I 1 1 1  C = C T E M P l  1 1  + 1 3 - T E M P I [ 1 - 1 3  > / < 2 * D 2 ) ;
TGV C11:=(TEMPV[ I +11-TEMPV11- 11) / ( 2*DZ);
Q IC I I := -K IC1I*(TEMPICI + I I -TEMPI C I - I I ) / (2 # D Z ) ;
Q V C 1 1  S = - K V C  1 1  *  C T E M P V  C I  + 1 1 - T E M P V C I - I D A  2 * D Z )  ;

E N D ;

F O R  I : = 2  T O  N - I  D O  
B E G I N

TRCNUIC11 S=MASINTIC11/GAMMAI ;
TRCROV C11 S=-MAS INTI C11-ROV C11 *  C VV CI +11-VV CI - 111 /'< 2*DZ) ;

ACOEFC11 S=Masintrc h a  2 *rovc I i  stempvc i n  •,
BCOEFC11 S=CCMOMI NTRCI I/TEMPVC11)-MASINTRCI I * C CMUVCI I/TEMPVC11) 

-CMUIC11/TEMPI C U ))  I/ROVC11;
CCOEFC11 s=C C STRESSV CI +11-STRESSVCI - I D / C  2*DZ) +ROVC11 *BF 

+ PICI HfCNUVC I +11-NUVCI-II I/C2*DZ)I/ROVC11;
D C O E F C 1 1  S = B C O E F C  1 1 / A C O E F C 1 1 ;
E C O E F C 1 1  S = C - C C O E F C  1 1 / A C O E F C  I D ;
ROOTESTC11s=CSQRC-CCOEFC11> / 4 ) + CSQRCBCOEFC11)*DCOEFC11/27 );
IF ROOTESTCIKO THEN

WRITELNCOUTFILEf 'THREE REAL ROOTS',ROOTESTC11);
CUBEAC11 S=-ECOEFC 11 + C1/ACOEFC11) #SGRTC ROOTESTCI I ) ;
CUBEBC11 S=-ECOEFC 11-C1/ACOEFC11)*SQRTCROOTESTCII);
W PARTAC11 S=EXPC C1/3ALNCA6SCCUBEAC I l ) ) ) ;
I F  C U B E A C I  H O  T H E N  

V V P A R T A C 1 1  S = - V V P A R T A C  1 1 ;
V V P A R T B C 1 1  S = E X P C  C 1 / 3 ) * L N C A B S C  C U B E B C I l ) ) ) ;
I F  C U B E B C I  K O  T H E N

V V P A R T B C 1 1  S = - V V P A R T B C  I  I ;



WPARTI C [ 13 :=ACOEFC I HK WPARTA C13 +W PA RT B C13);
EQFRl C13 :=<: (PI CI 3+ ROVC13*DPDWC 13 )*TEMPI C13-<PI E13+ ROIC13#DPDNI C13)

#TEM PU C13-KsTEMPI C13 STEM PU C UsTRCNUI C13 ) / CT EMPU C13+TEMPI C U );  
EQFRINIC13 !=EQFRlC13 +PIC13;
EQFRINUC13:=-EQFRlCI 3 + P IC13;
TRCTEMPIC13!=C-LATHTSTRCUsTRCECU-LATHTROIC13sGAMMAIsTRCNUI CI 3 

-C QICI +13-Q IC I -U  >/C 2*D2) -MASINTI C U *
CENGYIC13 ) + ENERINTI E U -
EQFRINIC13sTRCNUIE13 VCROICUsSPHTI ) ;

TRCTEMPUC13 !=CLATHTNUUC UsTRCNUI C U-LATHTROUE IIsTRCROUC U  + STRESSUE13
*LUCU-CQUCI+13-QUCI - I 3)/C2*DZ)+MASINTICUSCENGYUCU-SQRCUUCU) /2 )  
+MOM I NT I C USUUC U-ENERINTIC13+EQFRINUE IIsTRCNUI C13 XAROUE UsSPHTU) ;

END; 
END;

PROCEDURE UPDATE;
U A R  I  ! I N T E G E R ;
B E G I N

F O R  I  1 =  I  T O  N  D O  
B E G I N

E P R E C I 3 : = E C I 3 ;
N U I C 1 3  ! = T R C N U I  C U s D T + N U I  C U ;
N U U C 1 3 ! = C l - N U I C 1 3 ) ;
R O I C U  ! = G A M M A I  s N U I  C U ;
R O U C U  : = T R C R O U C  U  s D T + R O U C  U  ;
R O S C U  : = R 0 I C U + R 0 U E U  ;
G A M M A U C 1 3  ! = R O U C  1 3 / C  I  - N U I  C U ) ;
T E M P I  E 1 3  ! = T R C T E M P I  C U s D T + T E M P I  C U ;
T E M P U C 1 3 : = T R C T E M P U C 1 3 s D T + T E M P U C 1 3 ;
UUC U := I / CSORTC C CI / CSQRCUUC13-UUPARTICE U ) ) ) +ACOEFC13/BCOEFE13) 

SEXPC2*BC0EFC13*DT)-ACOEFC13/BCOEFE1 3 ) )+UUPARTICC 13;
U S E  1 3 ! = R O U C  1 3  S U U C 1 3 / R O S E  1 3 ;
D U U C U  ! = U U C U - U S C U  ;



D V im  := - V S [ I ] ;
P H I ]  :=PIR*( EXP < < 2*SI GMA) / ( GAMMAI *R*TEMPR*RAD1 USE 13))

*EXP(<L /R ) * ( <1/TEMPR)- ( I /TEMPI C l ] ) ) ) ) ;
END;

WC l ] :=0;

STRESS!CN3:=-GAMMAVRCN]*253*R+M0MINTICN3*DZ+PICN3*<NUICNl-NUICN-I] ) ;
FOR I ;=N-1 DOWNTO I DO 
BEGIN

S T R E S S ! C I ] : = < S T R E S S ! C 1 4 1 ]  +  < B F s R O I C I ] + M O M I N T I  C l ] ) * D 2 + P I C 1 3 * < N U I C I  + 1 ] - N U I  C l ] ) ) ;  
E N D ;

FOR I :=1 TO N DO 
BEGIN

ECU :=< STRESS! C13/ROIC I l -P S l  I lC I  3-P S II7CI ]*.(TEMPI CI ]-TEMPR)-PSI I IOC13 
*(R O IC13-ROIRC13 ) ) /<P S II5C 13 + 2*PSIISC13);

TRCEC13: = <EE13-EPREC13) /D T ;
STRESSSC13:=STRESSIC 13 + STRESSVE13 + ( ROVCI IsSQR1: VVC I ] ) ) *

<I -(ROVC13 / ( ROVC13+ ROI C l ] ) ) ) ;
END;

FOR I :=2 TO N-I DO 
BEGIN

LVC13: = <VVCI +13-VVCI - 1 3)/< 2sOZ) ;
END;
LVC13 :=<VVC23-VVC 13 ) / ( D 2 ) ;.
LVCN3 :=(VVCN3-VVCN-13 V ( D Z ) ;

END;

BEGIN (MAIN PROGRAM)

RESET( INCOEF', ' -#12-EACOEF .TEXT"') ;
REWRITE( OUTFI LE, ' 12-EAOUT.TEXT' ) ;
Rewr i te (  Q u t f i le i  , ■'-HI 2 - CT19871 l ic e  .TEXT"') ;



Rewrite  < Ou H i I eV, ' I 2 - {T19881)Vapor.TEXT");
Rewr i te< Ou t-f i I eS," -S i 2 - {T198?I } Snow .TEXT ") ; '
Rewr i t e < Ou t-f i I eXV - # I 2 - -CT19901 JXTRA .TEXT ' )  ;
READLN( INCOEF,OUTINTV);
READLN(INCOEFfDTH) ; READLN ( INCOEF ,DZ) ; READLN ( INCOEF ,TOTLTI ME) ; READLI-K I NCOEF, GAMMAI) ; 
READLN( INCOEF, EMTROPVR);READLN( INCOEF, ENTROPI R ) ;
READLN(INCOEFfR ) ;READLN( INCOEF,TEMPR);READLN( INCOEFfPOISSON);  
READLN(INCOEFfTHERMEXP) ;READLN( I NCOEF, SPHTV) ;READLN-; INCOEF ,SPHTI) ;
READLN( INCOEFfK IR );READLN( INCOEF, KVR);
READLN( INCOEFfMASINSCALE);READLN( INCOEFfENERINTR);
READLN(INCOEFfBF);READLN(INCOEFfK ) ;READLN(INCOEF,VI SC);READLN(INCOEFfPERMEAB); 
READLN(INCOEFfSIGMA);READLN(INCOEF, P IR ) ;READLN( INCOEFfD ;

FOR I :=1 TO N DO
READLI-K INCOEF ,NUI C U , RADIUS! 11 , BN D! 11 ,TEMPI C11 ,TEMPVE I D ;

INITIAL;(CALL PROCEDURE)

DT :=DTH*60;
T IM E :-0 ; CTIMESTEP)
IK:= 0;
CK:= OUTINTV;
WHILE TIME < TOTLTI ME DO 

BEGIN
INTERACT; (CALL PROCEDURE} 
BALANCE; {CALL PROCEDURE) 
UPDATE; (CALL PROCEDURE) 

TIME:=TIME+DTH;

IK:= IK + I ;
IF IK = CK THEN 
BEGIN

CK:= CK + OUTINTV;



WRITELN(OL)TFILE, •TIME = ' , T I M E , '  M I N ' ) ;

H E I G H T : = 0 ;

FOR I :=1 TO N DO

t e l  n  ( Ou  t - f  i I  e  I  , H e  i Q h  t , R O I 111 , T e m p  i C H  , T G I 113 , T R C N U I 113 ,

Wr i te I n( O u tm  ! ' I ! Hei Qht^ROVI 13 ,TEMPVII 3 ,TGVI13 ,TRCROVI13 ,STRESSVI13 ,

Wri t e l n ( O u t f i I ! s , He ight ,ROSI13 ,STRESSSI13,MASINTI113,MOMINTI113,
ENERINTIII3 ,EQFRlI13); M lltr f .

Wr i teln(Out-f i I eX, He iqht , P I113 ,EQFRINI113 ,EQFRINVt 13 ,Mill 113 ,
MUVII3,GAMMAVI13);

HEIGHT:=HE1GHT+D2; 
END;

END;
END;
CLOSEdNCOEF,LOCK) ; 
CLOSE-:OUTFILE,LOCK) ;
Cl ose<out-f i Ie I  , lock) ;
Cl ose ( ou t t  i I eV, I ock.);
Cl ose( ou t-f i I eS, I o ck );
Cl ose( ou t-f i I eX, I o ck );

<oro

END.



Figure 41. Sample input f ile  used in conjunction w ith EASNOMIX.

7200
i
0.05
7200
9 1 7
6.867E3 
2.306E3 
287 
273 

' 2E-1- 
50E-6 
2065 
2065 
2.2
0.0026
IE-12
10
-9 .81  
I E-6 
1.3E-5  
IE-8  
109E-3 

■ 600 
2.831E6

OUTI NTV [TO INCREMENT OUTPUT]
DTH {MINUTES}
DZ {METER}
TOTLTI ME {MINUTES}
GAMMAI {ICE DENSITY}
ENTROPVR {REFERENCE ENTROPY VAPOR} ■
ENTROPI R {REFERENCE ENTROPY VAPOR}
R {GAS CONSTANT}
TEMPR {REFERENCE TEMPERATURE)
POISSON {POISSON'S RATIO}
THERMEXP {THERMAL EXPANSION OF ICE} •
SPHTV [SPECIFIC HEAT OF VAPOR}
SPHTI {SPECIFIC HEAT IF ICE "CHOSEN AS FOR VAPOR SEE TEXT”} 
KIR {THERMAL CONDUCTIVITY ICE}
KVR (THERMAL CONDUCTIVITY ICE}
MASI NSCALE (COEFFICIENT FOR MASS INTERACTION}
ENERI NTR {COEFFICIENT FOR ENERGY INTERACTION}
BF (BODY FORCE, GRACITY}
K {COEFFICIENT FOR EQUILIBRATED FORCE INTERACTION}
VISC KI NOMATI C (KINEMATIC VISCOSITY}
PERMEA {PERMEABILITY}
SIGMA [INTERFACE ENERGY}
PIR (REFERENCE PRESSURE)
L {LATENT HEAT OF SUBLIMATION);



0.3 0.005 I .0
0.3 0.005 I .0
0 .3 0.005 I .0
0.3 0.005 I .0
0 .4  0.005 I .0
0.4 0.005 I .0
0 .4 0.005 I .0
0.3 0.005 I .0
0 .3 0.005 I .0
0.3 0.005 I .0
0 .3 0.005 I .0
0.3 0.005 I .0
0 .2 0.005 I .0
0.2 0.005 I .0
0.2 0.005 I .0
0.3 0.005 I .0
0 .3 0.005 I .0
0.3 0.005 I .0
0 .3 0.005 I .0
0.3 0.005 I .0
0 .3 0.005 I .0

273.0 273.0
273.0 273.0
273.0 273.0
273.0 273.0
273.0 273.0
273.0 273.0
273.0 273.0
273.0 273.0
273.0 273.0
273.0 273.0
273.0 273.0
273.0 273.0
273.0 273.0
273.0 273.0
273.0 273.0
273.0 273.0
273.0 273.0
273.0 273.0
273.0 273.0
273.0 273.0
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( I N I T I A L  I N P U T  V A L U E S  F O R  I C E  V O L U M E  F R A C T I O N ,  
G R A I N  R A D I U S ,  B O N D  V A L U E ,  I C E  T E M P E R A T U R E ,  
V A P O R  T E M P E R A T U R E }

( A L L  V A L U E S  I N  S I  U N I T S  -  M K S }
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