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Abstract:

Snow on the ground is examined as a saturated two phase granular material consisting of small grains
of ice and interstitial pores filled by a single vapor. The snow is considered as a continuous mixture
comprised of the ice and vapor constituents which are themselves treated as individual but interacting
continua.

Snow is of interest, in and of itself as a commonly encountered geologic material. An improved
understanding of it, however, is of widespread benefit since it is a thermodynamically active granular
material which exists in the natural environment. Processes similar to those involved in snow
metamorphism, including phase change, occur in other materials, but usually at more extreme
thermodynamic conditions.

Mathematical modeling of the snow is accomplished using a relatively recent continuum theory for
mixtures where the individual constituents are physically separate. The approach considers the volume
fraction occupied by each constituent as an additional kinematic variable. Therefore, in addition to the
balance equations for mass, linear momentum, angular momentum and energy, usually applied in
continuum mechanics, an equation which accounts for changes in the volume fraction, called the
balance of equilibrated force, is included. Balance equations for each constituent as well as for the
mixture are considered.

The immiscible nature of the constituents allows constitutive equations which depend only on variables
pertaining to that constituent. Exchange between constituents is accounted for by interaction terms
which enter the theory through the balance equations for the constituents. Forms for these interaction
terms are developed which guarantee that the entropy inequality is not violated.

The model is used to examine isothermal and temperature gradient conditions for an ideal
homogeneous snowpack and an ideal snowpack with layers of varying density. Values are calculated
for variables as they change from the transient to the steady state response. Results, with the exception
of the vapor velocity, demonstrate an excellent correlation when compared with known and conjectured
physical phenomena associated with snow metamorphism.
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ABSTRACT

Snow on the ground is examined as a saturated two phase granular
material consisting of -small grains of ice and interstitial pores filled by a
single vapor. The snow is considered as a continuous mixture comprised of -
the ice and vapor constituents which are themselves treated as individual
but interacting continua. :

Snow is of interest, in and of itself as a commonlg encountered
geologic material. An improved understanding of it, however, is of
widespread benefit since it is a thermodynamically active granular material
which exists in the natural environment. Processes similar to those
involved in snow metamorphism, including phase change, occur in other
materials, but usually at more extreme thermodynamic conditions.

Mathematical modeling of .the snow is accomplished using a relatively
recent continuum theory for mixtures where the individual constituents are
physically separate. The approach considers the volume fraction occupied
by each constituent as an -additional kinematic variable. Therefore, in
addition to the balance equations for mass, linear momentum, angular
momentum and enerqgy, usually applied in continuum mechanics, an equation
which accounts for changes in the volume fraction, called the balance of-
equilibrated force, is included. Balance equations for each constit-uent as
well as for the mixture are considered.

The immiscible nature of the constituents allows constltutwe
equations which depend only on variables pertaining to that constituent.
Exchange between constituents is accounted for by interaction terms which
enter the theory through the balance equations for the constituents. Forms
for these interaction terms are developed which guarantee that the entropy
inequality is not violated.

The model is used to examine lsothermal and temperature gradient
conditions for an ideal homogeneous snowpack and an ideal snowpack with
layers of varying density. Values are calculated for variables as they
change from the transient to the steady state response. Results, with the
exception of the vapor velocity, demonstrate an excellent correlation when
compared with known and conjectured phgsmal phenomena associated WIth
SNOow metamorphlsm




CHAPTER |
INTRODUCTION

SNowW

Snow on the ground is considered as a fine grained granular or porous
geologic material with an ice matrix (Figure 1). An improved understanding
of snow as a material is of widespread interest, since a large portion of
the globe is seasonally or permanently covered with it. The effect of snow
on life-style and the environment can be enormous. |

It is of obvious interest when considering transportation, watershed
management, avalanche hazard, recreational opportunities and the like, but
it is also of broad scientific interest, since it is a naturally occurring
material which egists at conditions and temperatures conducive to phase
change, coupled with heat flux, mass flux, and deformational processes. As
a material, snow is very thermodynamically active in its natural
environment on the earth’s surface, and will undergo a variety of
metamorphic processes including the sinterihg or bonding of grains,
complete crystallographic changes of the ice phase, and decomposition
through melting or sublimation. Heat and mass flug in snow take place
through both the solid and vapor or liquid phases in a manner which may
include numerous transfer mechanisms. Sihce these processes occur under
normal atmospheric conditions, it is an excellent model medium which may

be applied to other granular geologic and engineering materials where




Figure 1. The idealized three dimensional snow on the ground, which is
considered as a granular or porous material.
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similar processes can take place, but only at more extreme terﬁperétures
and pressures.

Metamorphic processes are active in snow from the time of formation
in the atmosphere as individual ice crystals, until the ice either evaporates
back into the atmosphere or melts as runoff. Atmospheric ice grgstals
form on condensation nuclei, such as dust, f rom supercooled waierrfvapor in
clouds. Although there are a wide variety of crystal types, the basic
crystalline ice structure consists of a basal plane possessing hexagonal
symmetry, with an orientation perpendicular to thé principal
crystallographic axis. Once f ormed, these intricate 'crgstal forms are in an
unstable thermodynamic state and tend to metamorphose toward a more
stable configuration after they accumulate as snow on the ground.

In a broad sense there are basically two types of show on the ground,
wet and dry. Show is considered fo be of the wet varietg' when the
interstitial pore spaces between the ice has an obvious liquid water phase
present. Wet snow may be liqu‘id—sat'urated, where the por'e is filled.with
liquid water, or the free water may share the épace with a vapor consisting
of water vapor and air. In dry snow the liquid phase is not present. The
model presented here is concefned with processes which influence dry
snow. Dry snow on the ground is generally subcatagorized into two
classifications, sometimes based on morphology, but more fre.quentlg‘
terms are used which reflect the br‘oce'_s‘sesv considered to domihaté the
metamorphic development of the ice forms. | -

Initially a layer of the fragile atmospherically generated crgstals will

settle and deterjorate into a more. stable configuration, and in the absence
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of a large temperature gradient will tend toward a rounded shape.
Development of this rounded form is variously termed as destructive
metamorphism, equi-temperature metamorphism [LaChapelle,1969;
Sommerfeid, 1969], or the equilibrium growth form [Colbeck, 1981l The
term destructive, which is no longer in widespread use, is based on the
“destruction® of the delicate crystals into the rounded form.
Equi-temperature implies an isothermal condition, which may be mis‘leading
since this situation seldom, if ever, exists in the natural environment for
dry snow. Although the process takes place when the temperature gradient
may not be the primary driving mechanism of formation, it is not in general
an isothermal situation. In fact, some temperature gradient and heat flow
between ice grains is necessary for the rounded grains to form at the rates
seen in nature [Perla, 1978, from Colbeck, 1981], Consequently, the
terminology “equilibrium growth form” was introduced.

The development of rounded grains will dominate as a growth form in
relatively low temperature gradient conditions, when vapor diffusion is the
primary meahs of metamorphism and growth is slow enough so that the
rounded equilibrium form is produced. Development of the equilibrium
form involves a reduction in surface energy, approaching a minimum. In
this process, the presumed controlling mechanism is the difference in
vapor pressure at the ice surfaces due to variations in radius of curvature.
Mass will migrate from regions of higher vapor pressure (over ice with a
smaller radius of curvature), to lower pressure regions. It is th_is
equilibrium growth which is responsible, as an example, for the

deterioration of the common six armed, star shaped ice crystal (stellar
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dendrite) present in new snow, into the more rounded conf iguration more
typical of an older snow layer (Figure 2).

Due to geothermal heating from below, temperatures at the interface
boundary between the ground and the snow usually remain near 0 0C
throughout the winter, while the upper snow surface temperature is
predominately governed by the ambient atmospheric temperature at the
upper snow boundary. When the snow surface temperature is at or above.
that at the base, melting will occur. If the situation persists free water
will eventually bring the snowpack to an isothermal condition typical of a
liquid saturated snowpack.

Frequently, however, the surface temperature will be colder than the
underlying snow and a temperature gradient is established across the pack.
In the presence of sufficiently large temperature gradients (approximately
>10 9C/m depending on temperature, pore size, grain size etc.), a striated
faceted crystal, known as depth hoar, may develop. This type of
development is known as constructive metamorphism, temperature gradient
metamorphism [LaChapelle, 1969; Sommerfeld, 1969}, or the kinetic growth
form [Colbeck, 1981]. Temperature gradient magnitudes of 1 to 10 0C/m
are reported to be typical in an alpine snowpack [Yosida, 1963], while
gradients of 30 9C/m are reported annually on the Greenland ice sheet
[Benson, 1962] and normal gradients of 100 9C/m and as high as 200 9C/m
have been reported in central Alaska [Trabant and Benson, 19721,

A pressure gradient associated with thermal gradients will cause a
vapor flux from the lower warmer r;egions toward the upper colder regions.

Although conduction of heat is facilitated most readily through the solid
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Figure 2. Equilibrium  growth or equi-temperature  metamorphism,

representing the decomposition of unstable crystals into a
more stable, rounded configuration.
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ice phase, the heat flux will also instigate a mass flux. All of the mass
transfer, however, need not take place through the tortuous labyrinth of
pores. Mass flux may also proceed through the solid matrix by a “hand to
hand” mechaniém [Yosida and Kojima, 1950, from Akitaya, 1974], where ice
will sublime from the top of a grain (at the bottom of a pore) and the water
vapor will be deposited as ice on the botiom of a slightlg colder grain
above (at the top of the pore) (Figure 3).

A shallow snowpack with differing temperatures at the boundaries
WIII obviously have a larger magnitude of temperature gradient than a
thicker pack with the same thermal boundary conditions. As this condition
implies, the kinetic growth form of crystal is most pronounced in colder (
atmospheric environments with shallow show cover. Low density, poorly
bonded snow will also promote faceted crystal growth. Larger'pore size
associated with lower density snow will allow leés restricted vapor
movement, encouraging grain growth.

Thermal cdnduct‘ivitg in ice is greater than in vapor, so lower density,
poorly bonded snow will not facilitate conductive heat flux as readily.
Therefore, in a layered stratigraphy typical of a natural snowpack, the
magnitude of temperature gradient in lower density, poorly bonded snow
will be larger. Thermodynamic processes are generally accelerated at
higher temperatures, all else being equal, so growth of depth hoar crystals
is most apparent in the lower, warmer, more thermodynamically active
regions of the snowpack. Regions of depth hoar crystal development also

include small zones above and below crusts [Perla, 1978).
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Figure 3. Kinetic growth or temperature gradient metamorphism,
showing the direction of vapor flow as well as the orientation
of crystal growth.
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Importantly, in addition to the form which individual ice grains
assume, the overall strength of the snow is affected by the metamorphic
process. In the same conditions which dominate the equilibrium growth
form, bonds called necks will develop between adjoining ice grains, in a
process known as sintering. Presumably, radius of curvature differences
will direct the vapor movement toward the lower pressure regions over the
concave surfaces which exist when ice grains are brought into contact. It
is the deposition of ice at these grain contact points which produce
necking. This bonding together of the individual ice grains results in an
overall strengthening of the snow. As the process proceeds, necks become
larger and the grains lose volume resulting in a fine grained, structurally
strong snowpack.

when processes governed by large temperature gradients predominate,
a snow layer with little structural integrity develops. This layer consists
of large faceted crystals which are poorly bonded together. In snow which
has previously been exposed to equilibrium growth form conditions, the
rounded grains and necks will disappear, and the noncohesive depth hoar
develops. The type of depth hoar discussed here is of the skeleton type, but
there also exists a solid type which forms in a lower temperature gradient
or at higher snow density [Akitaya, 1974]. This solid type does not show
the marked reduction in strength and large crystals typical of the skeleton
form although it does have a faceted structure. Fine grained high density
snow, greater than 350 kg/m3, will result in solid type depth hoar being
formed [Marbouty, 1980]. On the subject of structural strength of depth

hoar, it is worth noting that of the three stages of crystal development, -
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anhedral (early development), subhedral (intermediate development), and
euhedral .(advanced development), the intermediate subhedral stage is the
weakest with a local relative maxirﬁum temperature gradient at that point
[Bradley, Brown and Williams, 1977;-Aclams and Brown, 1982].

A natural snowpack is usually developed through a series of events and
conditions over a period of time and will in general consist of a compiex
layered stratigraphy. The type of . snow precipitated will vary greatly from
event to event and will also vary in the course of any particular storm,
depending on a myriad of climatic conditions effecting formation and
deposition. In addition, as has been mentioned, varying climatic .conditions
between precipitation events will greatly alter the structure of the
snowpack. The upper snow surface may be affected by wind, rain, sun and
teniperature causing crusts to develop, which are then buried by subsequent
snowfall. Wind acting on the surface will fragment ice grains and result in
a dense strong smooth layer. Free water formed at the surface from solar
insolation, rain or warm atmospheric temperatures may then refreeze
forming a stiff layer. Surface hoar which is deposited as a striated faceted
crystal directly from the atmospheric vapor onto the snow surface in a
manner similar to depth hoar may form a thin weak layer in the pack after
it is buried [Lang, Leo ah_d Brown 1984].

Layering will alter the metamorphic processes due to sudden changes
in such things. as density, permeability, conductivity, and grain and pore
size. Metamorphic development of any particular layer is affected by the
structure of the entire snowpack. In addition to weaknesses which may

develop or persist as a result of the governing thermodynamic conditions,
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poor adnhesion between layers frequently exist causing structural
weaknesses at the interface between layers.

Structural integritg of a snow pack is of significant interest in such
areas as over snow vehicle mobility and avalanche hazard evaluation.
Failure of a specific zone may be significant. In the case of a vehicle
moving over snow it may be significant how deep .it will sink and if there is
slip between some of the upper layers thereby causing a loss in traction
and efficiency. - The sithation for an av.alanche might be quite different
since failure at deeper regions will cause a much greater volume of snow
to be set into motion. Snow avalanches are extremely difficult to predict,
since the medium being dealt with is so [complex and thermodynamically
active. Most avalanches occur in conjunction with a sudden increase in
stress, most frequentiy caused by deposition of additional snow, or from
human involvement such as the the relatively slight additional weight of a
skier, climber or vehicle. However, delayed action avalanches also
commonly occur, with no apparent warning. It is assumed that the
combined processes of metamorphism including deformation due to stress
must somehow lead to this final critical instability.

It is apparent that there are many varying conditions and processes
which are intricately interwoven and whose interaction must be accounted
for in any comprehensive analgsis of snow as a material. Snow, and in fact
multiphase granular materials in general, have been studied by examining
discrete processes which affect its state. The work presented here is an
attempt to develop a unified theory for snow in the field. Previous more

specific studies such as those involving crystal development may then be
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used to assist in the interpretation of quantitative results. The continuum
theory of multiphase mixtures is well suited to an application in snow. If
the theory can be shown to be even modestly successful, the consequences
are quite far reaching, since it demonstrates that this potentially powerful
theory, although relatively new and with few applications ‘thus far, can be
applied to processes as complex as the one under consideration.
I  Multipt Mistur

The theory of mixtures deais with the stress, deformation and flow
of materials, using the basic, but broad approach of continuum mechanics.
Versatility, along with the visual and physical clarity of resuits is the
reason the continuum branch of mechanics is so widely used in engineering
applications. In fact, the strongest argument in favor of using the method
is the “proof of agreement” with the physical processes which have been
successfully modeled.

Analysis of a material as a continuous medium implies a disregard for
the molecular structure, but instead envisions a continuous body composed
of indefinitely divisible, infinitely small particles or points in space having
no volume. This concept of a point is akin to the concept of a limit in
differential calculus. Conceptually, the idea of a continuum assumes that
in the neighborhood of every particle there is material present.

Basic to the a'ssumptions of continuum mechanics is that all
mathematical functions which are employed in a théorg are continuous,
except perhaps at surfaces or boundaries of regions. There are also some

specialized situations where functions may be discontinuous such as the
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stress at a wave.f ront: displacements across cracks, where the cracks are
not considered as boundaries: etc:
Malvern [1969] divides the study of the theory of continuum mechanics
into three distinct parts. These are,

".. (1) general principles, assumptions, and consequences

applicable to all continuous media, (2) constitutive equations,
defining the particular idealized material, and (3) specialized
theoriegs of each individual idealized material built on the
foundations of the general principles and constitutive equations
of that material to the point where boundary-value problems are
formulated and solved for application to specific problems.”.

Historically, the great majority of continuum models have assumed a
single continuous material. Many of these models have been very
successful in obtaining the desired information. However, there are large
classes of materials for which use of a single material is» inappropriate to
obtaining some specific information. Fick in 1855 is generally considered
to have been the first person to put f orth a mathematical theory dealing
with the motion of continuous mixtures, in what is now commonly known
as "Fick's Law”. According to Bedford and 'Drumheller [1983] it was not
until 1957 that the first balance and conservation équat‘ions for mixtures
as a continuous medium were postulated, by Truesdell [1957]. |

Consider a continuous body comprised of a number of materials which
are intermised. Let each material itself be considered a continuous body,
called a constituent. The entire collection of these constituents takén
together is what is known as the mixture. Early work dealing with mixture
theory was prlmarllu concerned with mixtures of gases. A basic

assumption in this work is that every constituent of the mlxture is
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considered to be ‘simultaneouslg present in the same differential region of
space. Mixtures satiéfging this requirement are referred to as "miscible
mixtures®. One result of this assumption is that in order to properly retain
the generality of the theory, it is expected that any state variables
relevant to equations _which describe the constitution of an individual
material (i.e. the constitutive equations), should incorporate these same
variables into all constitutive equations for all constituehts of the
mixture. The assumption of a mixture composed of constituents which
are ideally miscible is the foundation for what is considered the Classical
Theory of Mixtures.

It is readily appafent that, while the classical theory is pertinent to a
number of applications, the requirement that an element of the mixture
contain all of the constituents simultaneously is quite limiting to its
scope of applications. Immediately, any misture which contains
immiscible constituents is necessarily excluded from a strict application
of the classical theory. Examples of such mixtures'are fluid and/or vapor
flow in porous or granular material, particle suspensions in f Iuid or vapor,
and bubbly liquids. | »

Given the basis on which the theory of mixtures has developed,
materials such as those just described do not even fit the classical
definition of a misture. However, adaptation to include these types of
materials in the 'clas‘sificati'on as a mixture have been successfullg
accomplished. ‘These theories are to a large extent still in the theoretical
development stage, and applications are as et relatively few. Mixtures of

this type are alternatively referred to as immiscible mixtures: mistures
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with structure or microstructure, the implied structure being defined by
the interfaces separating .constituents; or multiphase mistures, where
discrete phases are involved. In order to describe the multiphased material
"as a continuous mixture, but also retain the individual integrity of the
constituents, regions defining a boundary-value problem must be very large
relative to the size of a grain or pore space. An extremely important
simplification results from treating the constituents as discrete: the
constitutive relations for each constituent are considered independent of
the other constituents in the mixture.

Taken from among the theories postulated to deal with immiscible
mixtures, one method is to include the fraction of the volume of each
constituent relative to the mixture, as an additional kinematic variable.
These are called the volume fraction theories. For a collected sgnopsis of
these theories, as well an historical account on developments of mixtures
of this type, to 1983, see Bedford and Drumheller [1983]

An approach to dealing with this additional kinematic variable was
suggested by Goodman and Cowin [1972], not for a misture, but for a '
granular or porous material treated as a sihgle continuum. A model
assuming solid grains with vacancies in the interstitial pores is
established. As an added kinematical variable, they introduce what is
called a volume distribution function, which is representative of that
portion of the volume actually occupied by the grains. For example, in the
limiting case, where the volume occupied by the pore goes to zero, a solid
will remain, in which case the volume distribution will have a value of one.

This volume distribution function is equivalent to the volume fraction
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when it is introduced into the theory df multiphase mixtures. Since the
volume distribution function and the motion are assumed to be
kinematically inde‘pendent. they must be governed by an appropriate number
of balance equations. Each volume distribution function, therefore,
requires an additional balance equation to those usually applied in
continuum mechanics.

Passman [1977] first proposed a theory utilizing the concepts
presented by Goodman and Cowin (1972} for. a single granular continuum to
a multiphase mixture. Each constituent is represented by its volume
- fraction of the mixture, and the additional balance equation is included for

each constituent as well as for the misture. Nunziato and Walsh [1980]

further refined the theory presented by Passman and extended it to include -

chemical reactions. The development presented in this dissertatio.n treats
snow as a multiphase mixture including the mass interaction due to the
phase change. | This is accomplished bg‘ applying the equiva‘lent basic
theories of Nunziato and Walsh [1980] and Passman, Nunziato and Walsh

[1984] to that specific problem.
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CHAPTER 1i

GENERAL.PRINCIPLE.S FOR A MULTIPHASE MIXTURE

i '
In continuum mechanics a body, §, is composed of a collection of

infinitesimal volumes of material referred to as particles, where in a

-neighborhood of any particle there is material.- referring to a continuous

misture, consider a mixture body, 8, which is composed of a number, N, of

chemically reacting bodies or constituents, 8,, where a = 12N,

This presentation uses the fairly common notation that bold faced
upper case symbols indicate a tensor and bold faced lower case symbois
indicate a vector. Deviations from this convention will be plainly noted in
the text.

The region of space occupied by the constituent body at any time, t, is

referred to as the constituent configuration. A reference configuration,

BaR- is chosen at some time, t =t The position of a particle, Xa' of a

constituent body at time t = ty is denoted by a position vector, X,

measured from a fixed point. Use of a bold faced upper case letter
referring to a vector is emphasized here, since this deviates from the
standard notation ‘as stated above. More precisely, a particle in the

" reference configuration has a one to one mapping, which relates a particle,

Xy 1O its position in the reference configuration,
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Xa= Ag(Xy). - | | 2.0

This mapping is assumed one to one, and therefore has an inverse
relationship,
Xa = g (X)) | (2.2)

At each time, t, other than t = t,, there exists a configuration, known as

the deformed configuration, Bé. The position of the particle X, and

therefore the deformed configuration, may change with time. The position

vector of the particie in any deformed configuration is denoted by X,
where |

Ry = 94X, 1. : (2.3)
Equation 2.3 can be put in terms of the reference configuration, BéR. by
using an inveree mapping, A! (equation 2.2). So that |

1y = P(ATIKY, D) |

= Hy (X 0. (2.4)

Generally speaking, X, is ref erred to as the reference position and %q i

referred to as the deformed or current position, of the particie Xa.

Using these position vectdrs, there are a number of ways to describe
the motion of a continuum. The type which is employed in this development
is the spatial or Eulerian description. This type of description indicates

that the independent variables used are the current or instantaheous

position, ®, and time, t. Use of spatial coordinates implies a position in
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space and not a specific particle of matter. What it yields is the change of
quantities at a fixed position as a function of time.
Particles for each constituent of a mixture do not in general move in

unison. Velocities and accelerations for individual constituents must

therefore be defined independently.  Assuming the motion, ¥, (Equation
2.4), to be sufficiently smdoth, denote the velocity of constituent a bg,
‘%, = A(Ky DI/
= v, . o . : (2.5)
and the acceleration by; |
'V, = 0v,/0t
= Q24X 5, DI/, | @)
The implication in the above equations is that the velocity (Equaiion 2.5) of
a particle is calculated by taking the partial derivative with resbect to

time, holding X, constant; and similarly for the acceleration (Equation

26). When the derivative is taken in this manner, it is called the material
time derivative. The reverse prime indicates the material time derivative
which follows. the motion of the ath constituent.

It will prove useful at this point to introduce the def ormation gradient

tensor, Fa, where
Fa= ¥ XolXg V). @7

Where the del operator, V, indicates that the differentiation is taken with

respect to the reference conf iguration, so this is referring to the gradient
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of the deformation with respect to the reference configuration. The

deformation gradient (Equation 2.7) maps neighborhoods of the particle

positioned at X, in the reference configuration, B,p, into neighborhoods of

the deformed position %y in the deformed configuration By

when the derivative with respect to the spatial coordinates is implied
the gradient will be denoted by grad and the qivergence‘bg div. If the del
operator is used in reference to. the spatial sgstem," it will be so indicated.

Next define the velocity gradient as

L= grad(‘xa),. : (2.8)

and notice that by the chain rule, using Equations 2.7 and 2.8, that

'Fo=Ll, Fy | - (29)
so that
F F =L,
= grad(‘s,). (2.10)

In the above, the material time derivative is used, assuming the
reference coordinates are known. However, when the spatial description is

used this is usually not the case, since a reference position for a particle

is usually not known. Let T, be ang’scalar, ‘vgctor or tensor valued
property of a material, given in terms of the spatial position and time,

Iy = Tylka ). -
since, %, is a function’ of time, this must be taken into account. Then the

total time derivative, using the chain rule gives,
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T, = O ,/3t dt/dt + grad T', dt,/at
=0l,/3t + grad T'5 d# ;/dt.

Substituting the velocity term (Equation 2.5), gives the general form for
the material time derivative for any scalar, vector or tensor valued

property in spatial coordinates,

T, = OT,/dt + grad T, v, (2.1
In this equation, Or,/ot gives the local rate of change in the

neighborhood of %5, and grad T, v, gives the convective rate of change in

the neighborhood of a particle. For steady flow the local rate of change

will disappear, while in a uniform flow the convective rate will vanish.

The material density of each constituent, ¥,, is defined in the usual

way for that particular material, as the mass per- unit volume fully

occupied by the material. To account for the discrete physical nature of a

multiphase mixture, the volume fraction of the ath constituent, v, is

defined to represent that part per unit volume of the mixture which is

filled by constituent a. This implies that a value for the volume fraction is _

between zero and one, 0 < v, < 1. In the case where v, = 1, the notion of a
multiphase mixture will no longer apply. These are then used to define the

partial density of constituent a, p,, as
Pa=UaPas (2.12)

where obviously p, < ¥4 in the case of a trué multiphase mixture.
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Up to this point the development of the kinematics has been in terms
the constituents. Next the terms relating to the mixture are given. In the

present theory the bulk density for the misture, o, is defined by

P . - (2.13)
where Y indicates summation over all of the constituents which comprise
the mixture. This is the notation used throughout the dissertation, uniess

otherwise noted..

The volume fraction for the mixture, v, is
V=2 P, _ | (2.14)
where 0 < v < I. If » = |, the mixture is said to be saturated. When v < i,

it is unsaturated, indicating that voids exist in the mixture.

Mixture veloc'itg is defined in terms of the constituent velocities as
V=T pavy | | (2.15)
where v = &,

The leading superposed dot implies a time derivative for the mixture, as

opposed to the use of the backward prime for time derivatives indicating

the constituents. The dif fusion'velocitg for a constituent 6, which
measures itsﬁ velocity relative to the mixture is
Uy =V, - V. " (2.16)
It then follows from Equations 2.16, 2.15 and 2.13 that
2 Palia = 2. Pal¥a ~ V)
=2 Pa¥a ~ z Pa¥




23
= py - py
= 0.
Similar to the constituents (Equations 2.7 and 2.11), but in terms of &

and t instead of xa and-t, the velocity gradient for the mixture is,

L =gradv, - (217)
and the material time derivative for T is,
T=0r/ot+grad T v. (2.18)
1 ion

Generally in continuum mechanics it is assumed that mass, linear
momentum, angular momentum, and energy are conserved. The volume
fraction theory for multiphase mistures requires an additional balance
equation which accounts for changes in the volume fraction, called the
balance of equilibrated force. Two completely equivalient sets of field
equations describing these conservation principles are defined for a
continuous body, when the functions invo-l‘ved are smooth. Starting from an
integral or global form for these balance equations, defined in terms of a
region of the continuum, the equivalent differential or local form may be
derived for a differential volume eliement.

In this section the postulated integral forms for the constituents
are those given in Passman, Nunziato, and Waish [1984]. From these, the
local balance equations for the constituents are developed and thus shown
to be equivalent to the global form. Individual balance equations for each

constituent must be related to the other constituents in some manner. This
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relationship between constituents is given in the form of interaction
terms. These interaction terms, which represent an exchange between
constituents, are nqt present in -the usual formulation for a single
continuum.

The governing balance equations for the mixture are the same as those
given for a single continuous body. Development from the global to local
form of the balance equations is not presented for the mixture, since the
procedure follows closely that displayed for the constituents (although
somewhat less involved), and the equivalence of these equations for a
single body has been well established. However, mixture theory requires
that summing over all of the constituents for the balance equations must
result in the usual balance equations for the mixture. Summing rules
sufficient to satisfy this requirement are established. |

The global equations given by Passman, Nunziato and Walsh [1984] are
consistent with the metaphysical principles laid down by Truesdell [1957;
from Passman, Nunziato and Walsh, 1984] and with the general equation of
balance as stated by Truesdell {1977]. The general equation of balance for a
property ¥ is given as

(fp¥ aV) - T dS + [p§ dv = 0,
where Y is a flux term representing the flux of ¥ across the boundary of
the region, and § is a source term. |

Prior to the statement and development of the balance equation_s,
several theorems which are used must be given. The Regnolds transport
theorem is '

'(JTp dV) = [8lpl/3t dV + ¢I'p v-n dS, (2.19)
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where V is volume, T is any property of the material, v is the velocity, n is
the unit normal directed outward from the surface S at a point on the
surface dS. The divergence theorem, also referred to as Gauss's theorem or
Green’s theorem, is used to convert a surface integral to a volume integral.

A very general form for this is
$nxTdS=[VxTaV, (2.20)
[Malvern, 1969], where T' may be any differentiable scaler vector or tensor

defined over the closure of the region of integration and the star product

may represent either the dot product or the cross product.

Consgrvatioh of Mass for the Constituents
The global form for the mass balance equation describing the principle

of conservation of mass for each constituent is given as
Jeg" dv="(Jp,dv). (2.21)
where ca+ is the mass interaction for the al" constituent.

Applying the Reynolds transport theorem (Equation 2.19) to the term

on the right gives,

([py dV) = [8p,/8t 4V + $p, vn dS. - (222)
Applying the divergence theorem (Equation 2.20) to convert the surface
integral to a volume integral,

$pavan dS = [ [(grad py) vy + py(div vyl dv, (2.23) |
and using the material time derivative (Equation 2.11)

9p,/0t = 'py - v grad p,. (2.24)

This leads from Equation 2.21 by Equations 2.22, 2.23 and 2.24 to the
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integral form for the mass balance over the volume,

JU'py-v-grad p,+ (grad py) - v,y + pa(divy) ~ ¢ 1dV=0

or, |

JU'pg* paldivey) - ¢y’ 1dv=0 (2.25)
which states that the time rate of change of the mass contained within the
arbitrary boundary will be the result of the mass flux across the boundary
and the mass exchange.

Since the integral is taken over an arbitrary region Equation 2.25 gives |
a local form for the mass conservation principle, which must be true for

each constituent. The Eulerian form for the local balance of mass equation

for each constituent is
='py * Py div v, (2.26)

Balance of Li o or nstituent
The global form for the balance of linear momentum of each

constituent is taken as

fmgtav= (fpavadV) - §TyndS - [ paby dv, (2.27)
where ma+ is the linear momentum interaction, T, is the partial stress |

tensor and b, is the external body force acting on the constituent.

Applying the Reynolds transport theorem (Equatlon 2.19) to the first

term on the right hand side of Equation 2. 27 gives
([pa¥q dV) = [Blpav,1/ot dV + §lpavalvan dS,

and the balance of linear momentum becomes
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fmy" av = [8(pava)/Bt AV + §(pava)vym) dS - §TyndS - [p,bydv.
(2.28)

In this §[pava]va-n dS represents the flux of linear momentum across the

boundary. The term Ty n is the part of the total stress vector on the

arbitrary boundary which is caused by the at" constituent. Now applying
Gauss’s theorem (Equation 2.20) to the first surface integral on the right in
Equation 2.28 gives

$(pa¥a)vyn dS = [ grad (pava) - vy + (pavy)div vy V. . (2.29)

The div and grad terms must be assumed to be taken from the right, in
accordance with the divergence theorem. To clarify this, Gauss’s theorem
is applied in spatial coordinates using the del operator form and employing
index notation. The subscript indicating the constituent will be dropped
when the index notation is used. The surface integral in Equation 2.29 is

examined again.
$(p ¥ V5N 05 = $pa(vova)n dS
= flpa(vav )1V av
= [[pava¥) - vy *+ pava(vy V) aV
= Jllpw; V7)) - v; + pyj(v; VI av
= [l(p av,-/axj) "Vt pvi(avj axj)] dv

Converting the other surface integral in Equation 2.28 to a volume

integral (Equation 2.20) gives
$TyndS = [ div T, av. (230
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The divergence is taken from the right, similar to the previous application
of Gauss’s theorem. Using the index notation for clarification as stated

above, gives
div T, = Tij (e,-ej) * 0/0%, gy
= a'rij /Oy Sjk 2;
= aTij /axj- e,
where § i is the Kronecker deita and e are the base vectors,

It should be pointed out that the stress tensor used in this paper is the
same as that used in Passman, Nunziato and Walsh [1984] and Truesdell
[1969]. The transpose of this stress tensor is sometimes used as well (see
for example Malvern [1969]). There the surface traction, t, used in the
global form of the balance of linear momentum is givenby t =n - T, instead
of the form used here (Equation 2.27).

Then, collecting terms
Ji3(pav,)/3t + div (pavy)v, + (pava)div vy
- div Ty - pgby - my'1dv =0,
and since the volume is arbitrary a local form is
O(p,v,)/0t + grad (pavalv, + (pavr)div vy - div Ty - paby, - m," = 0.
| (2.31)

The material time derivative (Equation 2.11) applied to pyv, is

(pa¥q) = O(p,¥y)/ot + vy grad (pava),

which allows Equation 2.31 to be rewritten as
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(pava) * (pa¥a)div v, - div T, —pab-m, = 0
'Pa¥a * Pa V¥ * (Pa¥pdiv v, - div T, - pb, -m," = 0.
Substitution for ‘p, from the local form for the mass balance of the
constituent (Equation 2.26) yields
(Ca™ = g div Vv, + pa'vy + (pava)div vy - div T, - paba-my" = 0,
so the local form for the constituent baiance of linear momentum equation

may be written as,

+

my" = pyvy -divT, -paby + 5 vy, (232)

Balance of Angular Momentum of the Constituent

The integral form used for the constituent angular momentum balance
equation is
M, + (xy xmy ") av
='(flxy x (pa¥ )1 AV) - $( 5 x To0) dS - [(r, x paby) AV,
(2.33)
wheré r‘ia+ is the angular momentum interaction of the constituent, and

represents a couple effect which may be produced by the interaction of the
other constituents with constituent a.

Applying the Reynolds transport theorem (Equation 2.19) to the first
term on the right hand side of Equation 2.33 yields

(flry x (pavy)1 dV)
= [{[On /0t x (pavy)] + 8y x a(pava)/at} av + ﬂ’f‘a x (pa¥va)(vyn)l dS,

then using the material time derivative (Equation 2.14),
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(flrg x (pavl dV) = [{l 8, - V, grad ] x (bava) + Ry x 0(pav,)/0tldV
| +§lu g x (pava)(va'n)}'ds
; Jlvg - vyt] x (pavy) + (&, x B(p,v,)/Bt) AV
+ §lxg * (pv ) (v, MIGS (234)
where 1 is the identity tensor.

Substitution of Equation 2.34 into equation 2.33 leads to the angular

momentum balance for the constituent as
ST e rg xmyT1AV = [ K, x 3(pava)/Btl dV + $lr, % (pav,)(vyn)) dS
- §(ky x Ton) dS - [(#y x paby) AV, (2.35)
where §lx, x (pav,)(v,n)) dS indicates the fluk of the angular. momentum

acf*oss the boundary, and é(xa X Tan) ds is the moment of the partial' stress

vector acting on the surface.

The divergehce theorem (Equation 2.20) -is applied to the flux of
angular momentum term, using indicial notation. The subscript indicating
‘the ath constituent is dropped while the index notation is employed. This
gives

$lxg * (pava)(va )l dS = lejy, x jpvkvlnll dS

= [Blejj ¥j vV 1/Bx AV ,
=f [Qijk axj/ax, PVIV * Bk ¥ S(pyk)/axl VI * ey xjpvk ov;/ox|1dv . |
= [ L divrg vy x(pa¥y) + 8y x vy grad (pavy) + 85 X pavy divvgladv -

= [ [y x vy~ grad (pavy) + %5 X pav, div vyl dv, (2.36)
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where ejj Is the permutation symbol.

Using the compbnent form for the moment of the partial stress vector
acting on the surface, and again dropping the subscript for the constituent

while the index notation is employed,
§(1a % Tgn) dS = flejy ¥j Typ npl dS.
Now, applying the divergence theorem (Equation 2.20)
ﬁgijk K Tp Npl 05 = | {a[\eijk K Tipl/Bxpy av
= e [98;/0%) Ty * %) BTy /0%,) AV
= [ e [8jp Typ + ¥ OTp/Orpy AV
= {Qi'pk Thp * @ijc %j OTyp/Oxpy AV,
Cipk Tkp = ~ Gjkp Tkp are components of twice the dual or axial vector, tA
of the antisymmeteric part of T, ie.
24h= - ey Ty
=(T3p-To)ey +(Tjz - T3y ) ep+ (Ty ~Tpp)es
=T, - T, |
Also, notice that e; ik %] 8Tkp‘/8xp afe the components Of % x div T, so
§ky x Ty S = [ [ty x div T, + (T, ~T,) V. (2.37)
Then, collecting terms, o |
[ Ay xBlpauy)/ot + w4 x vy~ grad (pavy) + Xy X pavy div Vg

g ¥ OV Ty * (T] = Tl = (1 % pgbg) - Hg" -~ xmy") av =0,
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and since this must hold for an arbitrary body

Ry % D(pa¥a)/Ot + [x, x vy - grad (pavy,) + 8, X pav, div v
- [1gy x div T+ (T, - THl-(xpb)-M," -2, xm," =0
Noting that the first two expressions are just }za x (pa¥y) the above
becomes,

Ra X (pa¥y) + 8y X pa¥, div vyl - [, x div T4+ (TaT - T,

= (R X paby) =My — %y x[p'vy ~div T, - paby +cytv,l= 0.
| Using local form for the balance of linear momentum (Equation 2.32),
this reduces to |

Ry X 'Pa¥y + (8, X pavy div vyl - (T, - To) - My - #,%c, v, =0,
into which the local mass balance for constituent a (Equation 2.26) 1s
substituted,

Ky X 'Pa¥q * (8 X pavy div vyl - (TaT -T)-My

| ~Ry % (py * Py divy) v, =0

The local form for the angular momentum balance equation for the

constituent is | |
+ o T T '

Myt =T, T, | (2.38)
This implies that the partial stress for the constituent is not necessarily
symmetric, unless M,"='0.

lance of Equili r
As mentioned earlier, when the volume fraction is adopted as an

additional kinematic variable,-an"additional balance equation is included in
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the theory to account for changes in the volume fraction of the
constituents. This equation is called the balance of equilibrated force. The
global form assumed by Passman, Nunziato and Walsh [1984] and which is
adapted from the theory proposed by Goodman and Cowan [1972] for
granular materials is

Jou" av = (fpaka'v, dV) - $agyndS -fpa(g, + 1) dV. (2.39)

It is readily apparent that this conservation principle is similar in
form to the global linear momentum balance equations (Equatioh 2.34). The

terminology used for these equilibrated terms reflects this similarity.

Here, 'Oa+ represents the equilibrated force interaction, k, is the
equilibrated inertia, v, is the volume fraction, h, is the equilibrated

stress, g, is the equilibrated force supply, and 1, is the external

equilibrated body f orce; all of the constituent.
Applying the Reynolds transport theorem (Equation 2. 19) to the first

term on the right hand side of Equation 2.60 gives
(kg Py = [Olpaky vl 0t av + § kg Pa¥ndsS, (2.40)
then, use of the divergence theorem (Equation 2.25) on the surf ace integrals
in Equations 2.39 and 2.40 yields, o
$p K5V a¥ N dS = [ div (pak, v, ¥y) AV
= [ grad.(pakav ) Vg * Paka Py (div vy) dv, (2.41)
and

$nynds = [ div hy av. (2.42)
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Appropriate substitution of Equations 2.41 and 2.42 into 2.39 yields

the volume integral,
JTBlpak P al/0t + grad (paka'va) * Wy + paka'vy (div vy)
- divhy - (palgs + 15) - v Tav = 0,

which, since the body is arbitrary, gives a differential form for the balance

of equilibrated force equation for the constituent,

olpak,'vl/at + grad (paka‘va) "Wat Pk P, (divivy)

 —div Ry-  (palgy+ 1y) -0, = 0. (2.43)

Noting that the first two terms in Equation 2.43 are the material
derivative of pk;'v,, the equation gives o

(paKa'Va) * Paka Vg (div vy) - divhy —pa(gy + 1) -0, =0

Paka'Pa) + 'pakaPa * Paka'Pa (div ¥y) - div iy —py(ga *+ 1) - v," = 0

PatkaPa) + kaPal'pa * pa div vy) = div g ~pa(gy + 1) - v, = 0.
Substituting from the local form for the mass balance of the constituents

(Equation 2.26), the local balance of equilibrated force is achieved,

0y = pakag) - divhy - palgy*ly) + Ca+kal"'a\- (2.44)
Balance of Energy for the Constituents

The energy equation is also frequéntlg referred to as the first law of
thermodynamics. The ‘integral form for the conservation of energy of the

constituent is given as
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Jeg" AV ="(fpale, + vy¥,/2 + ky'V42/2) AV)
- §(TaTva + MgV, - Q)i ndS
= [pa(byvy + 1395+ 1)) av, (2.45)
where 9a+ is the energy interaction of the ath constituent with the others,

qy is the constituent heat fiux, ry is the external heat supply for the

constituent, and e, is the internal energy which represents all of. the energy

of the constituent exclusive of the kinetic energy.
The Reynolds transport theorem (Equation 2.19) applied to the first

integral on the right in Equation 2.45 gives
(pgleg + v Vv,/2 + ky'v42/2)dV)
= [{Blpyle, + vy v /2 + ky'v 42/2)1/3t)V
+ §lpaleg + Vava/2 + Ky 'V 42/2) vy rnidS
and substitutihg this into the energy balance equation gives
fey" dV = [Blpyley + vyva/2 + Ky'P 2/ 2)1/BE AV + $pale, + vyv,/2
+ky',2/2) v dS - §(T, v, + MW, - Q)N dS
- pa(ba-vha +laPatry)dv. (2.46)
In this, the first int'egral on the right hand side of the equation
indicates the time rate of change of the total instantaneous energy of a,
the second indiéates the flux of energy across the boundary, the third gives

the work rate of the surface tractions, work rate of the tractions due to

equilibrated stress and the flux of heat across the surface of the body. The
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last term simply adds work or energy due to the body forces and external

heat supply.

The surface integrals in Equation 2.46 converted to volume integrals

by Equation 2.20 are
$paley + Va¥a/2 + kv 2/2) v dS
= [div [pyley * v,/ 2+ ky'p22/2) wildV
= flgrad(pyley + v4¥a/2 + Ky 42/2)) - v,
+ paleg + Va¥a/2 + k3 2/2) (div )l dV
(2.47)
and
§(TaTva Vo - Q) dS = $va Ty + hy'vy - @) ndS
= Jdiv (vaTy + hyv,y - Gp) AV
= [lvy " (div Tp) + (grad vp)- T, + (div hy)'v,
+g(grad 'vy) - div gyl av
= JlldivT,) vy + Ty Ly + (div hy)'vy + hy (grad 'vy) - div qgl dv.
(2.48)
Where, in general, the scalar product of two tensors is defined as
AB = tr(AB) = tr(BA) = B'A
Collecting terms from Equations 2.47 and 2.48 into 2.46 under the

volume integral yields
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Jlolpyle, + vava/2 + Ky'v 2/ 2)1/0t
+div [pyleg + v va/2 + ky'v 2/ 2)v,]
- div (vaTy+ hy'vy - qy)
- pa(by vy + 1P, + 1) - ey dv =0,
and since the region is arbitrary,
dlpyley + Vuva/2 + Ky'v 2/ 2)1/8t + div [pyley + v v,/2 + kv ,2/2) v,]
- div (v, T, * hé‘va =qy) - palbyvgt IV tr) -ey" = 0.
| (2.49)

Applying the material time derivative (Equation 2.11) gives
Tpgley + vava/2 + k3 2/ 2)] - v, grad [py(ey + vav,/2 + Ky w2/ 2)] +
grad(pyle, + VoV ,o/2 + Ka'P 2/ 20y + paley + vava/2 + ky'V22/2)(div v)
- div (v Ty + hy'pg - Q) — palbyvy + 157+ ra) -e," =0,

which leads to
Paly* ¥ va/2 4 k'p 2/2) + 'ple, + Vv /2 + ka'p 32/ 2)
+paley + va¥a/2 + kv 2/2) (div ) - div (vaTy + iy vy - qp)

- palbyvy * 1P+ rg) - eyt = 0.
Substituting from the equation for mass balance of the constituent

(Equation 2.33), the energy balance reduces to
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ey = pa eyt V¥ 2+ K02/ 2) + cy Ry + WY,/ 2 + KV 2/ 2)
- v (div To) - (grad vp) - T, - (div hy)'v, - hy (grad 'vy)
+div gy - pa(byvy + 1575+ 1y). . (2.50)
Differentiating the first derivative on the right, and .using the chain ruie
gives
(g * Va¥a/2 + Ky'Pa?/2) = ey + ¥y 'y + KV 2/ 2 + Ky Vo (251)
It will be useful to notice for the upcoming manipulations that,
(ka'Va) = KgPa * kg'Pa
so that the material time derivative of Equation 2.51 may be written as
eyt Wa¥a/2 + Ky 0 2/2) = ey + Wy vy + (kg V) P- Ky'a2/2. (252)
Substituting Equation 2.51 into Equation 2.50 gives
ey = pa(leyt vy, ‘ké‘an/Z +Ky VgV y)
+cytley * Wy Va/2 + Ky 'va2/2) - valdiv Tp) - (grad v,) Ty

- (div hg) v, - By (grad 'vy) + div g — pabyva = PalaVa ~ Pala:

This equation is next manipulated in order to get the energy interaction in

terms of the other interac'ti.ons and using Equation 2.52
e, = Cyt (et Wy W,/ 2 + Ky P2/ 2) ¢ O (g — WV + KV 4P
~KkaPa?) * pa (Vg7'v, + (kg Pa)(V)- 'ké‘vaz/_ 2) * Paq

- (div T)v, - Ty Ly - (div hy)'vy, - by (grad 'vy)

+div @y - paDyV¥a ~ PalaPa~ Para* (PadaPa ~ PadaPa)
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= 'Ry = Va¥a/2 - Ky p2/2) + (¢ vy + po'vy = div Ty- paba)y,
*(Cq kg Py * PalkaVg) = diving - paliy + g)V + pey - Ty Ly
- hy(grad 'vy) - paka'va%/2 + paga'va + div Gy - pora.
Then, substituting the appropriate interaction terms from Equations

232 and 2.44 into this the local form of the energy equation for the
constituent is

ey =Cy (g~ Vv 2Ky P2/ 2) vy v 0" W pale - Tt Ly
-hy(grad ') - paka' P22 + pada Py * div gy - Pafa  (253)
Rules for Summing and Mixture Balance Equations

The interaction terms postuléted in the theory are considered to be
representative of exchanges only among constituents, and as such should
all be in balance with each other. In accordance with this, the interaction
of all constituents sum to zero.

Summation of the constituent interactions:

2Cq" =0, (2.54)
Sm, =0, (255)
2 Hy =0, | | (2.56)
2 vy =0, (2.57)
Z e, =0. (2.58)

Properties of the mixture should be defined in terms of the properties

of the constituents in such a way that the conservation principles for the
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mixture are the same as those defined for a single continuum. Summing
over all of the constituent balance equations should lead to the standard
forms for the balance equations of the misture. In order to satisfy these
réquirements, certain restrictions must be imposed. Suitable forms for
these restrictions are developed here.

Summing o"ver all of the constituents in the balance of mass equation
(Equation 2.26), where, as mentioned previously, the summation 3 symbol

implies summation over all of the constituents,
2Cs" =2 [Py * pydiv gl (2.59)
Imposition of the summation requirement for the mass interaction

(Equation 2.54) and using the material time derivative (Equation 2.11) on

Equation 2.59 leads to
2. [8p,/3t + v, grad p, + p, divvyl=0

2. [8p,/0t + div (pav )= 0

3(Xlp /8t + div S(pavy) = 0

dp/dt + div (pv) = 0

dp/ot +vdivp+pdivy=0

prpdivy=0, (2.60)
which is the usual mass balance equation for a single continuum, and

therefore for the mixture.
A useful identity which will be used subsequently is the material time

derivative for a misture quantity, I', of the form,

I =3 [paTa)/p.
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Now,

pr =3 [paT ol
50 that
a(pr)at =28[pal”a]/8t,

or, using the material time derivative in spatial coordinates for the

mixture (Equation 2.18) and for the constituents (Equation 2.11) yields
(pr) - v - grad(pl) = 3 ['(p,l',) - v, grad(p,T,),
pT - plr-v-grad(pl) =2 [p T4 + 'paly - V5 grad(p,l o)l
Substituting from the mass balance equation (Equation 2.33)
pT - pIdivy-v-grad(pl) = Jlp, T, * Talcy" - py div vy)
- v grad(p,T )l
50,
pT - div (pIv) = 5 [p Ty + Tacy” - div (p,Tavp)l
The material time derivative for T' may then be written as,
T={3[paT 4+ Tacy - div (pTavl + div (pTv)l/p. (2.61)
Incidentally, this may also be written in terms of the diffusion
velocity, 4, as
T={Z[p T4+ Tcy - div(pTu)l/p.
Now, sum over all of the balance of linear momentum equations
(Equation 2.32) for the constituents | |

oMyt = 3 lpa'vy —div T, - paby *+Cytv,l




42
and define for the mixture,

pb=3p b, (2.62)

which, in conjUnction with Equation 255, use of the material time

derivative on the mixture (Equation 2.61) gives
pY -2 lvacy" - div (pavavy) + div (pww) + div Ty -c,'vyl - pb = 0
py+ 2 [div {(pavgvy) - (pwv) - Tyl - pb = 0. |
Define the mixture stress to be related to the partial stresses as
T=21T,- (pavavy)l + (pwv), - (263)
then the standard form for the linear momentum of the mixture is achieved,
pv=div T+ pb. (2.64)
Summing over the constituents for the local balance of anguiar
momentum equation (Equation 2.38),
T My = ST, -T,T
and applying the angular momentum interaction summation restriction
(Equation 2.56) and the stress restriction just stated (Equation 2.63)
T+ 3(pavaVy) - (pyw) = T + 2(pa¥a¥y) - (pvv).
Thus the balance of angular momentum for the mixture is in the rusﬁal form
for a single material, |
T=11, (2.65)

The constituent balance of equilibrated force (Equation 2.44), sumrhed

over all of the constituents, is -

> °a+ = 2lpakavy) - div h, - Pa;(ga" Iy + ca*ka‘va].




43
Define for the mixture,
PY =2 Pada | (2.66)
and
pl=3 pala, - (267)
then substitute for mass interaction from the constituent mass balance

equation (Equation 2.26) and impose the summing restriction for the

equilibrated force interaction terms (Equation 2.57) to obtain
2lpalkavy) - divig + (p, + Pa div gk Pyl - p(g+1)=0.
| Using the material time derivative (Equation 2.11)
2lpaldlkyv )/t + v, grad (ko)) - divig
+ (Bpy/0t + vy gradp, + py divvgk,val- pg+1)=0

21pga Ak Vo) 8t +div (paky 'V oava) - div iy + kv (8p,/01)]

-p (g +1) =0
210(p k3 V)8t + divi(paka P av,) ~ gl - plg+ 1) = 0.
Define
pK'Y =3 pk Vo, (2.68)
and, |
(pkvv) - =2 {(paky v av,) - hyy, (2.69)
then..

A(pk v)/3t + divi(pk' vw) -h} - p(g+1) =0

A(pk v)/3t + v grad(pk ») + pk v div(v) - divh - p(g+1) =0
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(pk'v) + pk v div(v) - divh - p(g+1)=0
pkv)+pkv)+pk'vdiviv)-divh - p(g+1)=0.
Substitution from the balance of mass of the mixture (Equation 2.60)

for "p, recovers the desired form for the balance of equilibrated force for

the mixture,

p(kv)=divh+ p(g+ 1. (270)
This isAof the correct iocal form required by the general equation of
balance, i.e. the rate of change of the mixture equilibrated inertia is
determined by source terms and a flux term.

Finally summing over the constituents for the energy balance (Equation
2.53) yields |

S ga+ =5 [(;a"(ga -V V,/2 - ka‘Vaz/Q) + ma+'Va * Ua+ P *paea

=T,y Ly -hy(grad 'vy) - p kv ,2/2 g Pa0a' V4 * div @y - paral,

which may be written in the following form, as is readily seen by referring
to the development of the local form from the global for the constituent

energy equation, given by Equation'2.49.
eyt = {Blpyley + vav /2 + kW 2/ 2)1/8t + div [pyle, + vav,/2
+ kg ,2/2) v - div (To T, + NP, = Q) - palbyvg + 157+ 1)),
or | |
{(82lpaey + vyv,a/2 + Ky'v 2/ 2))/0t + div 2lpyle, + va'v,/2

Ky P22V - T g =V, + Q) - Spa(byvy + 1%, + 1) =0,
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If the following def initfons are made,
ple +vv/2 + kKv2/2) = 3 [pye, + vyvya/2 + kv 42/2)), (2.71)
q-TIlv-nv+ple+vv/2+Kv2/2v
=2 {a, - TaTVa N PR NCIR R WA ka‘va2/2)va}.
(2.72)
plo-v + 1'v + 7) = palbyvy + 10, + 1), (2.73)
then, using Equations 2.71, 2.72 and 2.73 and summation constraint for the
energy interaction (Equation 2.58), the energy balance equati'on for the
mixture becomes
Alp(e + vv/2 + kK v2/2)1/0t
sdivig-TTw-hp + ple + v-v/2 + Kv2/2)v] - pbv + v + 1) = 0.
Applying the material time derivative and expanding the divergence terms
as in the development going from the global to local form for the
constituents yields,
ple +wv/2 +Kv2/2) + ple +vy/2 + Kv2/2)
- v -gradip(e + vv/2 + Kv2/2)] + div q - divi'v - T'L-divh v
-h-grad ‘v + v gradip(e + v-v/2 + k v2/2)]
+p(e +vv/2+Kkv2/2) divy - plbv +1v+r)=0,
and substituting from the other local balance equations for the mixture
Equations 2.60, 2.64 and 2.70, |
(-p div v)e + vv/2 + Kv2/2) + p(e + ‘wy + K'v2/2 + KV )+ div g
-(pv-pb) v-TL-[pkv)-p(g+ 1] 'v-h-grad v
+ple+vv/2+kv2/2)dive-pbv+1v+r)=0
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ple+kv¥/2+Kkv v)+divg-TL-[pk'v)-pgl v

~h-grad v-pr=0

ple+ kp2/2+kv v)+divg-TL-p(kv+kv'v-g) v

-h-grad v-pr=0.

This leaves the usual local energy balance equation for the mixture,

pe=TL+h-grad v -pgv+pkv2/2 +div q+ pr.

(2.74)

The summation relationships are collected here in a sgmmetr'ic form

which shows a pleasing and intuitively comprehensible balance between the

mixture and the constituents.

Collected rules for summing:
pb = 2.poby,
T - pyv = X(T, - pyavy),
P9 = 20305
pl = 20405
pk'hv = 2PKaVa
h-pkvy = 2(hy - pakaVavy)
ple s /51wy + [V K'¥2) = Sp ey + Vv + [Vglky v,2),
q-Tlv-h'v- ple +[1/,] vy + K vy
=245 " TaT"a - Vo~ Paley * [/l vy + kv 2y,

plr + bV +19) = pylry + byvg + 15395).

(2.62)
(2.63)
(2.66)
(2.67)
(2.68)
(2.69)

(2.71)

(2.72)

(2.73)
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Saturated Mixtures

In the case when there are no voids present, the misture is said to be

saturated. The saturation constraint implies that

Sva=v=l | | - (2.75)
50

p=0.
This leads to a simplification of the equilibrated force and energy balance
equations for the mixture (Equations 2.70 and 2.74). The balance of
equilibrated force for a saturated mixture is

divh + p(@g+1)=0, (2.76)
and the mixture energy balance reduces to

pe =(T-L) - divg+pr. | (2.77)

Following the assertion of Truesdell and Noll [1965] that constraints
are maintained by reaction forces, Passman, Nunziato and Walsh [1984] use

the assertion that the simplest such reaction forces are those which do no

work. They represent the reaction force for the saturation constraint by 7

and let Wa+ bé the work (.actuallg_the working power) done on constituent a

by the other constituents as a result of the saturation. They state that the
work done on constituent a, is a result of thé reaction force 1t and the rate

of change of ». Since
Vy= Py, grad vy,

then
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wy' = 1.'r(‘va - v grad ).

The extra growth of energy is defined as

ea"l-e - ea+ + wa+
=e," + (v, - vygrad vy), (2.78)
and since v, =1, and Ye,* =0,
2 e, =0. (2.79)

T is interpreted to be the interface pressure which is required to maintain
contact between phases. See also Ishii [1975] and Bedford and Drumheller
[1978]. Equations 2.53 and 2.78 lead to a constituent energy balance

equation of the form
+ - - - [} - [} [}
ey € =Cy ey - v va/2 - Ky 2/2) vy 8w, + 0" 'y pes
- Tyl,- ha-(V'va) - pa‘k,a‘vazl_ 2+V-q,- paa (2.80)
with the extra momentum interaction given by
my"¢=my’ -mgradv, (2.81)
This additional term in the momentum interaction is often referred to as a

buoyancy force, here it represents the microstructural forces near the

constituent boundaries. The extra equilibrated force is given by,
0, € =07+ T+ pog,. - (282)
These balance equations, with the constraint of saturation, may now -

be included in the balance of linear momentum equation through Equations
2.32 and 2.81

M€= pyvy - div T, - paby +Cyv, - T grad vy, (2.83)
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and the balance of equilibrated force through Equations 2.44 and 2.82

0" = pa'k ) - divihy - pgla * kgt T (2.84)
Making use of the summation restrictions gives the restrictions,

>m,€=0 | (2.85)
and

20,"€ = NI + pg. (2.86)

At this point it is useful, in the interest of clarity, to collect the tocal

balance equations for a general saturated multiphase misture, such as the

type under consideration in this dissertation. |

Balance of Mass for the Constituent

Cy' =Py * Pa divyy, | ' (2.26)
Balance of Linear Momentum for the Constituent

Mm% = pa'vy —divTy - paby +Cy'v, - T grad vy, | (2.83)
Balance of Angular Momentum for the Constituent

* - 1T

My" =T, -T,' . (2.38)
Balance of Equilibrated Force for the Constituent

0" = palkyPg) - diving - paly * Cy'kg Pyt T (2.84)
Balance of Energy for the Constituent
e, 8= ey - vyva/2 - Ky v 2/2) + g g v 0"+ prten - ol

~hg (V') - pakava?/2+ V-qa - Pl o (2.80)

b
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i ations for r

Balance of Mass for the Mixture

p=-pdivy, (2.60)
~ Balance of Linear Momentum for the Mixture

pv = divT + pb, (2.64)
Balance of Angular Momentum for the Mixture

T=10 . (2.65)
Balance of Equilibrated Force for the Mixture

0= divh + p(g+1), | (2.76)
Balance of Energy for the Mixture

pe =(TL)-divg+pr. . (2.77)
The Entr nequali

Following an approach analogous to the general balance equation the

constituent entropy balance equation is given as,

fg av ="(fpang dV) + §(an/6,) dS - [(para/oy) dV. (2.87)
where Tla+ is the entropy interaction, Mg iS the entropy of constituent a,

and 9, is the temperature of the ath constituent.

Applying the Reynolds transport theorem (Equation 2.19) to the first
term on the right of Equation 2.87 yields
'(JpaTig dV) = [8(pan p)/0t dV + $(pam ) van dS (2.88)

and then utilizing the divergence theorem (Equation 2.20) to convert the

surface integrals in Equation 2.88 to volume integrals gives
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$(paNa) Von S = flgrad(pn,) - v, + (pany) div vidv,
50 that

(paMg aV) = [ [8(pany)/0t + grad(p,n,) - v, + (pymy) div vidv

= [[{pany) + (pamy) div vl av. (2.89)

Once again applying the divergence theorem (Equation 2.25), to the surface
integral in Equation 2.87, yields

$(ayn/6,) dS = [div (q,/6,) dV.

The growth of entropy equation in the global form Decomes,.

JlpaMa * paMa * (paMy) div vy + div (44/0,) - (pra/6y) - My'ldV = 0,
but, since this is an arbitrary boundary the local form may be written as

Pafa * Pa Mg * (PaNy) div vy + div (g/0,) - (para/8y) - My = 0.

Substituting the equation for the mass balance of the constituents

(Equation 2.33), this becomes
(cy'- py div v, . Pa Mg * (paMy) div vy,
| + div (Q5/6,) - (para/ea) "M =0
or,
Mg =C3 Ma* Pafg* div(ay/6,) - (pra/ey).
The total entropy is defined as,
PN =2PgM g

Following the usual assumption of the second law of thermodynamics, the

total entropy growth is non-negative,
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2 Mg 20,
The Entropy Inequality for the mixture may be written as
2lCa Mg * Pa Mg + div (Gy/05) - (para/6)12 0. (2.90)
Using the balance of energy equation for the constituents (Equation 2.80) to

eliminate the term Para from the inequality,

zk;% +Pa'M g+ div (g,/6,) ’,{Ca+(9a - V¥, 2 - Ky'v,2/2)

+my v,y v 08w pie, - Tl - h(grad ‘va)
- pakgP2/2 ¢ div g -e, @002 0. (291

Let ¥, represent the Helmholtz free energy of the constituent, which
is defined as, |

Ya =25 6,M, | (2.92)
50

3= ¥a* OaNa
The term “free energy” is used since the Helmholtz free energy sets a

maximum on the work energy that can be liberated in a process.

Using the chain ruie,
div (q5/6,) = div ,/6, + g grad (1/6,)
= div q,/8, - (g,/6,2)grad 6,

and substituting this into the dissipation inequality (Equation 2.91)
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2lcy Mg * Pa My + div G576, - (4576, - grad o,

~{c, " (Yg 0 M, - vy vy/2 - ka'V5?/2) + my Gy, + 0,

+pa( Y3+ '04Ma + 03N ) - Tyl, - hy(grad 'vy) - pak,v,2/2
+div gy -ey¢ /0,12 0.

21~ (q/6,2) " grad 04 + @, * grad (1/6,) - {c (Y4 - v v,/2

~kaVa?/2) * My "0 vy + 0"V + py(g + 0Ny - Tyl

-y grad 'vy) - kv ,2/2 - 2,70 6,12 0
I~ (qa/ea)' "grad 0, - Cy (¥, - VaV,a/2 -k 1,2/2) - my ey,
=0, ¢ - pa(¥, +'9My) + Tyly + g (grad 'vy)
+pka'Pa2/2 e, "8 Mo ) 2 0.

Finally the form used for the entropy inequality for saturated multiphase

mixtures is
2lpa(Ya+ Ma0y) * Tyly + hygrad ‘v, - @, - (grad 0,)/0,
- (0,8 - pk Vo 2V, t 2,8 - my Ty,
+ [}

—Cqy (Y5 - ¥ v,/2 - Ky 1232/.2)]/9a > 0.
| (2.93)
A suitable form for the entropy inequality for each constituent has yet
to be developed. The second law of thermodynamics restricts the direction
in which a particular process may proceed. This inequality should not be

violated by any equations which are developed to describe processes for a

particular material. In particular the second law may be used to impose
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restrictions on thermomechanical processes and to impose restrictions on

allowable forms for the constitutive equations.
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CHAPTER 1II

CONSTITUTIVE PRINCIPLES

Constitutive Assumptions and Restrictions

The constitutive variables for the multiphase mixture do not adhere

to the Principle of Equipresence [Truesdell, 1951], which indicates that an
independent variable in one constitutive equation should be present in all
equations of the same material. lnsteéd, the Principle of Phase Separation
[Passman, Nunzjato and Walsh, 1984], deemed to be more appropriate for
describing the the isolated physical nature of the individual constituents is
used. Passman, Nunziato and Walsh state the Principle of Phase Separation
as,

"The dependent variables of the ath constituent that are
material-specific depend only on the independent variables of the
alh constituent. The growth dependent variables depend on all of
the independent variables.” .

The constitutive assumptions chosen are those suggested by Nunziato
and Walsh [1980] for multiphase mixtures with chemical reactions and
diffusion:

(\pa‘ nal Tas hao Qa) = 3:|a (van wal ‘val uao ean Fa‘ ga- Ca)l (3-])

(cg", vy my" Hyte") = G, (01, wt, vt ut, o1 FT gl ch),  (3.2)

Ka=ka(Pa), | (3.3)

where the subscript a, as usual, implies a dependence on that particular
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constituent, and T indicates a dependence on all of the constituents. The

gradients of the volume fraction and temperature are given as, w, = grad

v, and gy = grad ©4 and the quantities ¢, and ¢ are the the mass

concentrations for the constituent and mixture respectively. Mass
concentration is used as a measurement of how far a chemical reaction has

progressed. The mass concentration is defined for diffusing mixtures as

cy = (pa/pR)|det F |, (3.4)
where pr is the reference density of the mixture. Since the sum of the
partial densities yields the mixture density (Equation 2.13), then |

YCy/ |det Fy| = p/pp.

Now consider the material time derivative of the Helmhoitz free

energy, ¥, in spatial coordinates, so that it can be used in the entropy |
inequality,
Yo =0¢,/0t + (grady, ) x,

= (8¢a/8va)(ava/8t) + (0y,/0v,)(grad Vy) Hg (atpa/awa)(awa/at) |

+ (09,/0w)(grad w,) vy + (39,/0' v )37 ,/81)

+(09,/0v)(arad'v o) v, + (84 ,/8u,)(du,/0t)

+ (atpa/aua)(grad IPORS P (axpa/aea)(aea/at)

+(0Y,/80,)(grad 6,)" 1, + tr{(0y,/0F ,)(3F /3t)

+ (8Y,/0F ;)(grad F )8, 1.+ (39,/9g,)(3g,/3t)
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+(8Y,/0g,)(grad @) s 5 + (0Y,/8¢,)(8c,/3t)
+ (0y,/0c¢,)(grad Cy) 8 |

Collecting terms and utilizing the definition of the material derivative, the
time derivative in spatial coordinates of the Helmholtz free energy for the

constituent is
"o = (89,/0v) v, + (39, /0w ) Wy + (B9,/8'0,) v, + (3Y,/0u,)'u,
+ (axpa/aea)‘ea + tr[(al}"a/aFa)‘Fa] + (alpa/Bga)'ga + (allla/aca)‘ca.
(3.9)

The material time derivatives for the volume fraction and its gradient

are,
'V, = 0V,/0t + (grad vy) v,
= 0v,/0t + Wy vy,
and
‘W, = 0w, /3t + (grad w ) v, | (3.6)
It follows then, that
grad 'v = grad(9v,/3t) + grad(w 5 v,)
= 9(grad v,)/0t + (grad w ) v, + WL,
= Ow,/0t + (grad w, v, + L Tw,,
and substituting ow,/3t from this into Equation 3.6, gives
‘w, = grad v, - LaTwa.

Now taking the time derivative of ¢, (Equation 3.4) yields
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'y = (pa/oR)|det Fy| + (pg/pR) d(|det Fyl)/at,
and substituting from the mass balance equation for the constituent
(Equation 2.26), yields |

'cy = (ley” - pg div vyl /pg)|det Fo| + (pa/pR) d(|det Fjy|)/at

=[cy" |det Fu|)/pR + (py/pp) [ div vy|det-Fy| - d(|det Fy|)/dtl
(3.7)

But, expanding in indicial notation, on the time derivative for the
determinant of the deformation gradient, yields

d(|det F,|)/dt = d|F, ] /dt

iy F1J F1y
=det|Fy; | + det ‘F2J|+de; Fo
Fzy F3y {'FBJ
=det]  Fo + det {(vy/dxp) Fpj | + det Fo

= (8vy/ 3y + Bvy/BKy + Bvg/Bxz] det |F, |
= (div v,) dét|Fa .
so that Equa£ion 3.7 reduces to
ey = (et Fy|/pRley”. (3.8)
Equation 3.8 is then appropriatelg substituted into the material time

derivative of the Helmholtz free energy (Equation 3.5) which is entered into

the entropy inequality (Equation 2.93). Making these substitutions the
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inequality becomes

2.-p,l(@y,/86,) + 10, - p, (09,70 v )y, - pa(at}'a/aué)‘ua
= Pa (89,/00,)'gy + tr {[T, - pF (89 ,/0F,) + pa(atpa/éwa)wa]}l.a
+[h - pa(awa/éwa)]'grad g~ Q' 0a/0, - (078 - pk V72
* g 0¥a/Ova)' vy + 23" - my "%y, - ot (pa(8%,/9¢,)( | det Fy|/pR)
Yy Va2 Ky 2/ 26, 2 0,

: (3.9
An egamination of the term associated with the mass interaction

shows that,
Pa(8¥ /8 )| det Fy|/pR) + ¥, = c,(39,/3¢,) + ¥,
= 3(¥,¢5)/0¢,,
or
fa= 3(Yac)/0c, (3.10)

which is the definition of the chemical potential.

Using the argument established by Coleman and Noll [1963] some
restrictions are implied by the second law since, Tor specified values of Yy
Wao Vg Uy, O Fa_, 0y Co the variables 'O, "Py, Uy Ga grad ‘v, and Ly
are arbitrarily independent. This implies that the coefficients for these

variables in the entropy inequality must go to zero, to insure that the

inequality is not violated. This necessitates the following restrictions:
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Ny = -0¥, /00,
QY /3, = o;
0y ,/0u, = 0,
0¥,/0g, = 0,
Ty = paFa(%,/0F,) - pa(39 /0w )w

hy = p, 39,/3w,,

(3.11)
(3.12)
(3.13)
(3.14)
(3.19)

(3.16)

These restrictions indicate a reduction in the allowed dependence of

the constitutive variables and provide specific forms for constitutive

relations for T,, M, and hy. The allowed dependence on the variables in

Equations 3.1 and 3.2 is reduced to

(lpa» ,rlal Ta) ha) = ?(va) Wa) ea- Fa) Ca)v ‘
G = G5 (Vg W5 Vg Ug 65 Fa Ga Ca).
+ _ e
(Ca+. Da+- my’ . Ha. ea++) =@ (v1, WT: vT, ut, o, FT‘ gt, ch).
The reduced form for the entropy inequality is,

al™ Q30,705 ~ (0570 - pakg'Va/2 + py BY,/BV,)V, + 0570

(3.17)

-y ey, -y (ly ~ Yy Va2 - Ky P2/ 2016, 2 0.

Thermoch_emical Equilibrium

- (3.18)

The entropy inequality must be satisfied at all states, and the results

which led to the reduced form must remain valid, even under nonequilibrium
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conditions. At this point an examination of the restrictions imposed at
thermochemical equilibrium are examined. An equilibrium state is attained
when constituent temperatures are equal, constant and uniform, the
velocities and mass interactions are identically zero, and the mass
concentrations, deformation gradients and voiume f ractions are constant.

An asterisk, *, will be used to indicate an equilibrium state, so that,

(65)% = 61 = 6, = .. = O, = 6%, | (3.19)
‘\(ga)* =0, - (3.20)
(v* =0, o (3.21)
(wg* =0, | (3.22)
(cy")" = 0. o (3.23)

Define the internal dissipation of the mixture,
§ = 8(s),
as being equal to the entropy inequality for the mixture,
8(s) = $1- Q50,705 ~ (0,78 = pak 'V a/2 + py BY,/8V) v, + €y "C
-my 8y, -y (g - vy 2 - kv 2 206, 2 0,
(3.24)
where s is the state,
s = (pT, wt, ‘v?, ul, o, FT, gT‘, ch).
As can be seen from the entropy inequality, the internal dissipation
will vanish at thermochemical equilibrium and will be greater than or equal

to zero in a neighborhood of equilibrium,
§(s*) =0,
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8(s* + &sP) 2 0,
This can be readily verified by observing that Ye,*® = 0 (Equation 2.79) and
that all other terms in Equation 3.24 wvanish at equilibrium. The
superscript, P, indicates perturbation and EsP represents a slight
perturbation from the equilibrium state, s*, £ is a scalar of arbitrarily
small magnitude. The internal dissipation is therefore a local minimum at
equilibrium. For ease and clarity of presentation in this part of the
development let |

8 = 8(s* + £sP)

= 2{- a5y + £gP) /(0% + £0,P) - 0,78 - p kg (v % + Ev,P)/2
* 5 0Ya/8V IV + Ev P+ g8 - my e (v 4 &v,P)
= Cylhg = (v + EwPY2/2 - k(v ¢ + £ P2/ 211/ (8, + E6P) 2 0.

Using this notation, a consequence of the [ocal minimum condition is,

(d8'/0)] p=q = O, |
and,

(d28°/dE2)| = 2 0.

The derivative of the internal dissipation is,

ds’ = (36°/3[s* + £sP)) dls* + EsP],
SO in general,

d8°'/dE | g = {(36°/8ls* + EsP(dls* + ESPVAEN | =g
= (38'/3[s* + £sPY)| £=0 P
= (85/8s) " sP
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= $l-6,P/16" - ay0,/6, - (0,78 - pk gV /2
* Pa 8Ya/0va) vy &%~y Cvy -y (g - vy vy 2
- kg 2/ 2 + Zp(1/e “')‘{[a(—qa/ea)/asbl* SpP" Ga*
- (8(g,)/3gy) g, (a,/0,)" - (80, . Pk V472
+ g 0Y/0V)/B8p) 5 Pv " - (0,78 - p ok v, /2
+ Dy 09,/87,) 180V ,)/av v, P + (Be,8/8sy) s, P
- [8(m,"®)3sp) " s,P v, - m, " {Bv, /8w, P
- ¢ 8y, - Va2 - k' 2/2)/Bs] 5P
- (8¢, " /8sp)spP (g = vyvy/2 - ka"vaz/ 21
= Sl-(0,P/16™12)e,"8) + S (1/6 ")~ (8(g,)/3a,} “a,P(q,/6,)"
- (0" + py B\Pa_/ava)ﬁ[8(‘ﬁa)/.8‘vb]*‘vbp + (3e,"%/8s) 5,
- m, " {0,/ v - (Bcy"/95,) 5P g
Now, imposing the equilibrium restrictions given by Equations 3.19 - 3.23,

and using the fact that summation over all of the energy interaction terms

is zero by Equation 2.79, then .
Zazb (89a+9/asb)*sbp = ZD (a[zaea+e]/8‘sb)*sbp '
= 0. '
writing out the differentiation in more detail and noting that the

terms for the volume fraction, equilibrated stress and the deformation do

not necessarily go to zero or any particular value at equilibrium,
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perturbations away from the equilibrium state for these terms are

meaningless, then

0 =d8'/d | =g

= 2ol (6,P/07)e, ") - g;P(@,70)" - (0,78 + py 3Y,/9v) P

-m, "¢ v,P - T D{(aca”*/a‘vb)*‘vDP +(3c," /8vp) " v,P
+(3c,"/86p) 0pP+ (3c, ' /gy g,P + (8c,” /8¢y opPl.
In addition, what is termed a strong equilibrium condition requires

that the chemical potentiais for all of the constituents be equal [Nunziato
and Walsh 1980],

(g = (™ = ()* = . = ()
This in conjunction with the fact that the sum of the mass interaction
terms will be zero, yields, “
0=d8"/dE|z-g
= Za[-(eap/e*){ea‘“?}* - gap(qa/efe - (0,78 + p, BY,/3v,) VP
-m,*® v, P,
which places some additional restrictions on the forms for  the

constitutive equations at therm'omechanical equilibrium. In particular at

strong equilibrium
(0,78)" = (-p,8¥,/3v,)", - (3.25)
This is the negative of the form for the conf lguratlon pressure as

presented by Baer, Benner, Gross and Nunziato [1985] and Passman, Nunziato
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and Walsh [1984] indicated that it represents the elastic response of the

particle assembly to compressidn. Additional requirements of equilibrium

are,
(e,"8)" =0, (3.26)
a4 =0,  (327)
m,"¢" = 0, (3.28)

As noted earlier, additional restrictions on the sign of some terms
will result from the second derivative on the perturbations. Examining this

in general,
(d28'/0E2) | g = dll(38'/3ls* + EsPIN(dls* + EsP1/aE)D/dE -0
= dll(38°/3[s* + £sP1) sP1/d&)/dE | £=0
= (326'/3[s* + £5P)2) d[s* + EsP)/dE) P
+ 98'/8[s* + LsP1dsP/aE | 5
= sP - (825'/3[s* + £sP]2 sP) |£=0
= sP - {(326/8s2)" sP},
and for the constituents this is written as
(d26'/dE2) | =g = Z“Zizj 5, (9%5,/05;85)) 5 P,
where the summations are all from 1 to n.
Due to the notational complexity of presentation, the second
derivative development will not be carried out in as general a form as was

shown for the first order case. Instead, several specific cases involving

individual variabies will be demonstrated here, vsfhich show the tedious
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procedure followed ‘in‘ order to obtain the proper results. For example
consider the a constituent of ‘v from among the constitutive variables.

The first derivative is,
08/8V 5 = 2 (-0l J/8'V 4 " g, /0, ~ (Blo, €UV, - p K /2P,
= (03" - pk P/ 2 * py BY,/0v,) + e, 01/,
- 3lm,, el - v, - dlc, VoV, (i, - v v /2 -k v 212)
- co:(a[po(]/a‘vo‘( =V Y, /2 -k Y N6
The second partial derivative evaluated at equilibrium is,
(828/9v,2)" = 3, [{ - 92q /37,2 - g./0, - (Blv, CR/8V 2V,
- 28[v, Vv, - p(x‘k o/ 2) + 8%e TC1/BY 2
- a[mo(+912/8‘va2 "y, ~0lc, /3 2 (o - v v,/2
KooV o2/ 2) - 28[c VAV o (Bl /8P o - v Vo /2
kP ) - cg Bl J2rav 2 -k ) e I v P
lmposihg the equilibrium conditions, as indicated by Equations 3.19 -
3.23, reduces this to |
(828/8v,2)" = 3 [l{- 2(8lv, *0V/8'v,) + 82le, 18V 2
~3lc, 1B/ov 42 p,)
- 28[c, "1/ Blu /v /e I v P

But remembering that &, = ©,% = ... = en*,
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+p . 3 _ . 3
2o (0%le CVBY 2" = (92 e, C1/BY,2)
=0 ,

since 2, e, '€ = 0 (Equation 2.79).
Also,

> o [8lc, 1278 2 (T = p* 8IS, ¢, 1278 ;2

=0 \

since the chemical potentials for the constituents are all equal at strong

equilibrium and Equation 2.54.

Similarly,
2o I8lc, 178w, (3lp, )73 va)]] = IIBIZO( Co 13V 4 (Blp, 173 va)ll
= 0.
Then,
P {(828/8,2)" WPY = - 28lo, 018 v, (v,
which leaves as an equilibrium constraint,
(8lv,"8)/8v,)" <. (3.29)
Proceeding as above for the velocity term. The first derivative is
88/, = 2 (- 8l J/Bv, " g,/0, - (Blo, El/dv,)v  + Ble, €)/dv,
- 3lm,"€)/3v, - v, - m - Blc 18w, - v Y, /2
- Ky 2/2) - ¢, (Blp J/8v, - v ) )6

and the second bartial derivative evaluated at equilibrium is,
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(826/8va2) = 2o - 82q,J/3v,2 - g /0, - (3%v, "C1/dv,2)v

+ 32e "E1/0v,2 - 8m "0l Ov,2 - v, - ‘28[mo<+e]/8va

- 32c, VOV A - W ¥, /2 - K P 2/2)

- 28lc," /3w, (8lu, /B, - v,)

- e e Va2 -1))e I

= 3o [02e, "®1/8v,2 - 28[m "€1/Bv,, - 8%c, "1/av,2p )
- 28[c,"Vav, (Blp J/dvy) - ¢, f 32y J/av,2 - 1) Ve I

. Smce the temperatures are all equal at equmbrlum the other terms

can be evaluated
Y o (822, B1/Bv,2)" = (925, e, "0)/ov,2)"
=0,
and |

> o 082c  V/3v2 (T = ()" (BUZ, ¢, 1/ov,D)"

= 0’
2 ocl8le,1/Bv, (Bl /Bl =T8T, ¢, 1oV, (Blugl/avyl”
. = O‘ | |
ZocCoc (B2 d/OvR7 = 1) = (Bp,l/dv 2 - 1) 3 e
=0. -

So that,
v, [(828/8va2)* vyl = - 2y, (a[m;%/ava)* vy

and the constraint result is, .
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n, " (Alm,€l/dv,) n, <o, \ (3.30)
Carrying out a similar process for all of the other constitutive

variables ncluding the cross product terms will give additional

restrictions on the direction of equilibrium processes. These results are

collected below,

(B, €10, <0, S (3.29)
v, (3lm_'81/8v,)" v, <0, (3.30)
(8lcy"V/8cy)” <0, (330
n, - (aqa/aga)* n, < 0. (3.32)

In these terms, the usual forms for the drag coefficient,

- 8lm , "€1/8v,, = drag coefficient (3.33)
and, the thermal conductivity, |

- 8q,/0g, = thermal conductivity, (3.34)

are indicated by the second derivative restrictions from the entropy

inequality.
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CHAPTER IV
SPECIFICATION TO SNOW AS A TWO PHASE MIXTURE
umpti { W
In the previous chapters the development has been approached in a
very general manner. At this point, some assumptions which are
appropriate to describing snow as a specific material are discussed. The
mixture (snow) is assumed to be a porous material comprised of two
conétituents, a solid and a vapor. 'The solid constituent characterizes the
ice phase, while the air and water vapor which fill the pores constitute the
vapor constituent. The ice constituent is considered to be incompressible

for the environment under consideration, but the vapor density may vary.

As a consequence of the incompressibility of the ice the material density,
¥, is a constant, but ¥ v. canvary. The ice and vapor are both considered to

be isotropic.

Many of the terms associated with the equilibrated force equations are
not well understobd yet, but interbretations for some have been ‘postulated.
Much of the interpretation for these terms are derived from fhe granular
theory of Goodmén and Cowin [1972], upon which the present theory for |
mistures is based. The equilibrated stress is related to the variation of the
Helmholtz free énergg with theA volume fraction gradient, as is épparent

from the form generated by the second law, equation (3.24). Nunziato and
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Cowen [1979], and Nunziato and Walsh [1980] state that h = 0 when the
matrix material .is incompressible. Also, for slightly different application

of the same theory, Passman, Nunziato and Walsh [1984] assert that for

fluid suspensibns, hy is not significant except for highly concentrated

nonhomogeneous suspensions.  Based on this foregoing work the

equilibrated stress term will be set to zero in this development,
hy=0. (40
Velocities involved in snow metamorphism are very low and the
matrix material is incompressibie, so the microstructural inertia effects
are assumed to be insignificant, that is the equilibrated inertia is

negligable,
ky=0. : (4.2)

The equilibrated force supply, according to Nunziato and Walsh [1980]
is somehow related to the pressure in the void and the material properties
of the matrix. However, in the present situation for a porous material
where the matrix material is self supporting with little assistance from
the vapor and since the curvature effects of the grains will be considered
to some degree by the interface pressure, the equilibrated force supply is

ignored in the formulation:
gy = 0. ‘ (4.3)
The external equilibrated body force for the misture, 1, which is

related to an externally controlled body force or pore pressure [Jenkins,

1975], is considered in the formulation. The manner in which it enters the
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theory is presented in the following section. All of these assumptions
however will impose restrictions on the equilibrated force supply. The
balance of extra equilibrated force (Equation 2.84), with the imposed

restrictions (Equations 4.1 and 4.2), becomes
0,82 - paly (4.4)

so that in the present development the extra equilibrated force gives the
Interface pressure between the constituents which is necessary for the
phases to remain in contact, minus the term involving the external

equilibrated body force.

Assuming the heimholtz free energy, ¥,, is isotropic implies that T is
symmetric, so the angular momentum for the constituent is identically
zero,

H, = 0. | (4.5)

Heat Flux and the Interaction Terms

)
In order to come up with some allowable forms for the rest of the

constitutive equations, the dissipation inequality (Equation 3.26) is again

utitized. The second law expanded explicitly for the two constituents 1s
(- 47gi/8; ~ (08 = pk;'w;/2 + p; 0%;/Ov ) + 7% - mi"C vy
- ¢ (i - v vi/2 - ki v/ M8 + (- a9,/8,
- (0,"8 - pykyP /2 + py B9/BV )P+ 08 - m "o

- ¢, My = Yy ¥,/2 - kv 2/ 218, 2 0,
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where the subscript, j, indicates the ice, and ,, indicates the vapor

constituent.

A sufficient , although not a necessary, condition that the entropy
inequality is not violated is that each of the individual terms 1s positive
semi-definite. Using the fact that the two constituent int'eractivon terms,
for the mass (Equation 2.54) and for the linear momentum (Equation 2.'55),
are negative values of each other and that the time rate of change of the
volume fractions are also negatives of each other, the ineqﬂalitg may be

written in the form,
- G;°9i/6i2 - 4,0,/6,2 - {(0;"® - pi'k{'vi/2 + p; 3Y;/3V;)/8;
- (0" - pyky P2 * py, BBV /61 + (176)) - (1/6)]e;
- {(v/6;) - (v, /0)Im; ™ - {(js; - viv;/2 - k;'v;2/2)/8;
- (g - vy /2 - kv 2/2)/0)" 2 0.
(4.6)
Requiring positive coefficients, the terms are now chosen to insure

that the inequélitg is satisfied. To arrive at-a suitable form for the

constituent heat flux, set,

q; = =G, Gj. . ~ (4.7)
and
qV = _qugVn | . (4.8)

so that the heat flux is proportional to the temperature gradient, and the

proportionality constant, qaf is the thermal conductivity which, as stated




74
earlier (Equation 3.34), is Qg = -0q,/0g,.
Next, examine the terms associated with the energy exchange term in

Equation 4.6. If (1/6;) - (1/8,) <0, then obviously, 6; > &, on the other

hand if, (1/6;) - (1/6,) > 0, then, 6; < 8, so that an appropriate equation
describing the extra energy interaction would be,

g)"¢ = -g, "¢ = ei0+e(ev -9)). (4.9)

This form is analogous to Newtons law of cooling. Newton's law of
cooling is generally used for calculating the heat flux from a surface when
convection of the fluid is involved. This will govern the rate and direction
in which the energy interaction will go, determined by the constituent
temperatures. '

The the extra interaction of linear momentum has as a suitable form

to satisfy the requirement of Equation 4.6

m;'e = -m,' = m; "Cllvy/0,) - (vi/ep) (4.10)

where m;" = -om,/du, is the previously mentioned drag coefficient, which
is consistent with Darcy's law if mi0+9 is assumed to be of the form,

my* = vL8,/X, | (4.11)
where C is the fluid viscosity and x is the permeability. |

The form for the mass interaction as implied by the inequality

(Equation 4.7) is
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Ci :_CV
= ¢ lny = vy v /2 - kv 272)/6, - (i - vy v /2 - ki'vi?/Z)/ei)}.

In the case under consideration here, where the equi'iibrated inertia 1s

assumed negligible,

+

¢ = -¢) =c,-0+{'(p\-,/ev- RiZep + (1/2)vyvi/65- vyv/6))  (412)
The mass interaction then is governed by the differences in the chemical
potentials for the two constituents, differences in kinetic energy terms,
and temperature difference effects.

It is important to note that. the forms arrived at for the heat fluxm
(Equations 4.7 and 4.8), extra energy interaction (Equation 4.9), extra
momentum interaction (Equation. 4.10) and mass interaction (Equation
4.12) all go to zero at equilibrium as required, when it is assured that the
chemical potentials are equal at equ'ilibrium.

Finally the term associated with the equilibrated inertia should

satisfy, _

Kvi = -{(0;"¢ - pyki'vi/2 + p; 8Y/3v))/8; - (0,"8 - pk,V/2 + p,
oY, /0v))/6,},
where K is some positive value.

Rearranging terms to get things in relation to the extra equilibrated

force of the ice,
0% = (0" - pykyV/2 4 py BY/BV /0, - K'Pyle;

“( - pinki'pi/z + pi aapi/avi).
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Now using the relationships from Equation 2.82 gives:

+

0"+ pigy = {0, + pygy + T - pyky P/ 2 + py, BY,,/3V )6,
- K365 =( - pi'ky'pi/2 + py 8Y;/3v)).

Manipulating this, and using the constraint, Ui+ = —uv+ (Equation 2.57),

0; {1 + (870} = (pygy +17 = p kP72 + py 3%, /0, )(8;/0,) - K'V;8;

= (- pi’ki'vi/2 + py BY;/3v)) - pigi - T,

50 the equilibrated force is,

0i" = {(pygy 10 - Pk P2 + py BY/BV)8; - K88, - (-pi'ki'i/2
+ pi 09;/0v; + pig; + OO I8, + 6},

As a check a similar manipulation gives a form for the equilibrated
force of the vapor which is properly the negative of this.” However, the

development for the saturated mixture being used here is in terms of the

extra equilibrated force v;"€ so,
0;"¢ = ((pygy * 0 - pykyV/2 + py, B9,/8)6; - K'vi8;0,
- (= piki'vi/2 + pj 0%;/0v; + pig; * TIOYN/(B, + 6i} + pig; + T,
and o
0y = Hlpygy * T - pyky P2 py BY/BP)6; + K'Vi6;6,,
+ (= pi’ki'vy/2 + pi 09;/0v; : pigi + M8 /{8,, * 6} + pyg, * 7.

This satisfies the summation restriction proposed for the mixture earlier

in the dissertation by Equation 2.86.
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Similarly neglecting the appropriate terms in the extra equilibrated

force equation just developed,
- p]]' = {(']T + pvﬁtpv/@vv)ei - K‘Vieiev - (piaipi/av,* 'IT)@V}/{GV + 9]}
Notice that, -

0" == pala (4.13)

in this somewhat simplified development. For the two constituents under -

consideration here,
+ T

OOy =Tl vl
and since the sum of the interaction terms is zero,

pili == pyly (4.14)
so that

Ui+ = {('IT + pV a‘{»’v/avv)ei - KlVieiev - (p‘ a\PI/SV‘ + ﬂ)ev}/{ev + ei}
==, .
The balance of equilibrated force for the ice is

0;"C =y + m,
and for the vapor,

0, ¢ =0, +m=-0" ¢ |

A satisfactory form for the extra equilibrated force for the ice, using
_the assumptions in this dissertation is
Ui+e = {('IT + pV 8'~Pv/avv)ei "‘ K‘vieiev _

- (p; B%;/8v; + OB/, + 6} + T, (4.15)
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and the extra equilibrated force for the vapor is,

v, "¢ == {(r + p, BY,/3v,)8; - K'p;0;8,

- (P] a‘;‘i/avi + ﬂ)ev}/{ev + ei} + 1. (4.16)

Helmholtz Free Energies and Associated Terms

If the Heimholtz free energy is known, then forms for the entropy,
partial stress and the equilibrated stress are immediately determined
through the equations dictated by the second law (Equations 3.1, 3.15 and
3.16). Consequently, a correct form for the Helmholtz fUncfion-is crucial
to the theory.

Snow is considered as a fully symmetric material. This isotropy
indicates that a static densitg preserving alteration of the reference
configuration will not alter the material response. The manner in which
the assumed constitutive variables enter the formulation should satisfy the
material symmetry group. Based on the work of Cross [1973] dealing with
mixtures of fluids and isotropic solids, a suitable choice of functions for

the constitutive variables may DQ chosen to be,
(Y5 Mg Tg) = vy Wy, 05 E4 pa), (4.17)
where, | |
= 2(FTF-1). (4.18)
E; is the finite strain tensor sohetimeé called the Lagrangian strain

tensor.

. Constitutive equations may depend on these variables without
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violating any principles, however it does not imply that they must all be
included. Dependence on variables which affect one of the constituents is
not necessarily appropriate to describing all constituents. This is apparent
through consideration of the principle of phase separation for multiphase
mixtures, which takes into éccdunt the discrete nature of the individual
constituents. a |

The vapor constituent is not considered to be affected by the
deformation gradient and therefore the elastic strain E (Equation 4.18) of
the ice constituent, so this term is not included in the constitutive
assumptions for the vapor. The ice constituent is taken as incompressible,
therefore including both the volume fraction and the dispersed density as

variables for the ice is redundant. The constitutive variable which will be
used here is the dispersed dénsitg, p;, Of the ice constituent.

The form for the Helmholtz free energy for both the ice and the vapor
are approximated here as second order Taylor series expansions. The

Helmholtz free energy expansion for the ice is,
¥i =19 (tr B+ 91,001 - 0) + ¥ (pj - pig) * i, [ wi ]
+ (17203 [tr(E))12 + 2 ¥i tr(EZ + 29 (6 - ORr(E;)
*¥i5(8) - 0R)* + 29 (6; - 6R)(p; - piR) * 2 ¥ (pj - piRIr(E})
i (P = PiR)? + iy (wirwy) + 9y (fw | (tr D)
Yy, Wil (0 - 0p) + 9i | wi|(pj —pip)l + ¥, (4.19)

and for the vapor,
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Yy = ¥y Py = PyR) * ¥y, (6~ BR) + Yy (py - pyg) + Yy, Wil
+ (1 2)[‘}’\,5(1’\, - VPyRZ 2 YuelOy ~ BRIV, - PyR) + Py 0y - 6R)?
* 29440y - Og)py - pyR) + 2 ‘.}’Vg(pv ~ PRy - PyR)
“YulPy = PR + By (wywy) + by (Jwy |0y - vyR)
* v | wyl(ey-eg)+ ‘Pvml wi | (py - pyR) * Yyp (4.20)
Without loss of generality the reference temperature 6g will be taken as

the same for both constituents.

Using the previously stated assumption (Equation 4.1) that the -
equilibrated stress is insignificant, b; = 0, but by Equation 3.16
hi = p] a‘f‘]/awl,
s0 through Equation 4.19
0= {Pi{'{’i‘d‘ + ‘(1/2)[2’{’113(““ E)+ ‘f‘im(ei - GR)
* ‘Pils(Pi - piplit + Lpilzwi‘
This will hold true is if all of the coefficients are assumed zero. Similarly

for the equilibrated stress for the vapor,
h, =0,

but
h, = p, 9¥,/0w,,

so through Equation 4.20

0 = {‘Pv4 + (1/2)[‘{'\/]2(]}\/ - vvR) + lPVB(eV - eR) + q"V]4(PV - pvR)]}‘
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vy ¥y

which is equal to zero, as above, if all of the coefficients go to zero.

This then effectively eliminates the gradient of the volume fraction
from the Helmholtz free energy (Equations 4.19 and 4.20) and therefore
from the partial stress and entropy, Equations 3.15 and 3.11 respectively.

The form for the partial stress of the ice (Equation 2.15) which has
been developed is,

Tj = piFi(0F{/9F;) - p;(0¥;/3w)w;.
. An application of the chain rule and the fact that the equilibrated stress is
not considered significant, gives a form for the stress under the imposed

14

restrictions,
Ti = piFi(a‘Pi/SFi)
= piF{(3¥;/0E;)(3E;/SF};)
= piF;{(39;/3E)F; 1. -
Now, if only small strains are imposed, the deformation gradient is
approximated by F = 1. This small strain assumption implies that the
Cauchy and the first and second Piola-Kirchoff stress are equivalent, so

there is no difficulty posed in dealing with the Lagrangian strain tensor.

The stress is then given by,
T; = p;(3y;/3E;)
= pi{xoh'a * PG rEDY + 29 E; + ;.65 - 0p)l + ¥y (p; - pight ).
(4.21)
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Taking the strain to be zero in the reference state leaves,

Pi¥il = Tims
as the reference stress of the ice.

This form for the stress is similar to the Duhamei-Neumann law
[Sokolnikoff, 1956] for a thermoelastic material, but is further
complicated by th‘e reference streés and the term involving the partial
density. This provides a way to obtain values for several of the
coefficients. Using A and G as the Lame’ constants and « as the
coefficient of linear expansion, direct comparison with the

Duhamel-Neumann law yields

Pi¥ic =N

Pi¥i = G
and

‘f’i? = -x(3A + 26).
G is also known as the modulus of rigidity or shear modulus. These Lame
constants are related to Young’s modulus, Y and Poisson’s ratio, ¢, as,

A = dY/((1 + 8)(1-28))
and

G=Y/2(1+9).

The entropy of the ice, by Equation 3.11, is n; = -9y; /06;, so for this
expansion, |

m; = - [x_pi2+ lPi?tr(Ei) ¥ 4’18(91 - o)+ ‘pig(Pi - pipdl (4.22)
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This then gives,
_‘piz = TllF\"
as the reference entropy.

At equilibrium the equilibrated force for the ice is given by
(0;"9)" = (-p;8¢;/3v))"
= [‘Pigi{‘f’b + *P"g(ei - o)+ *Piwtr(Ei) t ‘pi"(Pi - pi_R)}]*'

50 that ‘ '

X G = et

PiR%i¥i; = ViR

gives the reference equilibrated force.

This will allow xpiz to be determined as,

‘Pi3 = -(21 - ¥, ReR)/(pig¥i), ' (4.23)
which will be shown when the reference equilibrated force for the vapor 1s

determined.
Since, $5 = ey - 95M, (Equation- 2.92), the internal energy may
immediately be written, | |
e; = 1yj (tr E) + ¥;, (61 - 0g) * ¥ (pj - pig)] + (V2 [tr(EI?
‘2 xpistr(Ei)z + 29 (8- QR)tr(Ei) AT oR)? |
* 291,(8 - OR)p; - PiR) * 2 ¥ (91 - PIRIITED + ¥, (91 - pig)?)

*Yig - 9;[%2* “4"17“”(51) * q’ie(ei i} OR) + "Pig(pi - Pir)!
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= 19, ) ~ 1,08 * ¥1,(p; -~ pig)] + (/Ui [tr(ER » 2 9, tr(E; )2
= 29,8, tr(Ej) - ¥;,(6;% - 6g7) - 29, 8; (p; - piR)
* 295, (pi - PiRMr(E) + ¥y, (py - piR)?1 * Y-

Following the example of Passman and Batra [1984] and using an

approach similar to that used for the time derivative for the Helmholtz

free energy which was developed earlier, ‘e; is,
tQi = tr[(aei/aEi)‘Ei] + (aei/aei)‘ei + (82'/8)0')‘;)'
= tr(lgil‘Ei) + ‘Qiz‘ei + ‘Qi?"pi, (424)
where, as an exception to the usual notation, the lower case boldface e

will represent a tensor in this case.

The coefficient associated with the time derivative of the
temperature, ‘eiz. is related to the specific heat of ice at cbnstant volume.
The other coefficients in Equation 4.24 represent the latent heats as a
result of strain and paftial density.  This will allow some additional

insight into the coefficients in the Heimholtz equation. Latent heat of the

ice with respect to the strain is given by,
‘e, = 3e;/0F, -
= [‘Ph + \Pis[tr(Ei)] + 2 ‘J’isEi ~ _“Pi7eig + ‘Pim(pi - pipl
Specific heat of the ice is, | |
‘e, = (ae',./aei) ,

== '{'iaei.
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Latent heat due to a change in dispersed density is,

‘Qi3 = (ael/ap,)
=19, = ¥ig®iy * Vi, tr(E;) + ¥i, (pi - piR)}

The chemical potential of the ice may be written in terms of the
derivative of the expansion for the Helmholtz free energy as,

#i = 8lp;j¥)/0p;
=¥j * pj 0Y;/3p; _
=¥, (tr E) + 9, (61 - 0p) + ¥i.(pj - pig) + (V2N [tr(E)P
+2%Jdﬁﬂ+2%#q—eawwﬂ+%éq—9@2 |
* 291,061 - ORX(p; - piR) + 2 ¥ (p; - PIRITCED * ¥, (91 - pip?]
*YiR * PilYi; * ¥ig(0) - Og) + ¥ tr(Ep) + ¥y (i - piR)]
= i, (tr )+ 1,08 - 0) * ¥1.(2p; - pig) + (/2 [tr(EDP
*é%J“ﬁV*2¢w@;‘%ﬁ“ﬁ)*ﬁéﬁ‘eﬁz
» 29, (6; - 0)(2p) - piR) * 24, (2p; - PRNT(ED |
¥, Gpi® - 4pipiR * PRI+ ¥iR- (4.25)
The reference Helmholtz free energy is detgrmined in this development

by assuming it is valued such that it will yield a zero chemical potential at

reference. This gives the reference Helmholtz free energy as,

YiPiR =~ YiR-

The manner in which ¢; (tr E) and ¥; (2p; - pigtr(E;) should effect
ARV : o Pi = PiR I
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the chemical potential is not known. so in the interest of simplification it

is assumed that when the partial density is eqUa! to the reference value,

these terms will cancel each other in the chemical potential equation, thus,
Vi =~ ¥i,/PiR-

The Taylor series representation which is to be used for the
Helmholtz free energy is assumed to be an approximation Qf the form for
the free energy given for an ideal gas as represented by the form given in
Sears and Salinger [19751. A similar appropriate representation for the ice
is not available, sO in order to maintain a‘compatibilitg between the
equations for the ice and vapor, the apbroximating expansion is used for

both. The form given in Sears and Salinger for an ideal gas is,
‘PV = C(ev - OR) - Cev m[ev/eR] = Rev(ln['b’vR/b’v]) - nVR(eV - eR) + 4’\’0
= C(e,, - 6R) - Co,, lIng,, - Inogl - RO, (In¥ 5 + In[v,,/p, 1)
- MyR{Gy ~ 8R) * YR,
where C is the specific heat capacity at constant volume, R is the gas

constant, and 1 is the entropy.
Evaluating the coefficients in the usual way for the Taylor series

expansion ‘results with:
Yy, @ 09y/9vy | R
== RGR/VVR.
‘Pvz = 8‘Pv/aevl R

=~ MyR
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Yy, = 0%y/9py | R
- = Rop/pim
Yye = 2y /2[R
= Rep/v g%
Yy © 32y,,/36,9v, | 5
= - R/vp, |
‘I’v? = 0%9,,/08,2 | R
=-C/6p,
¥yg = 829,/90,8py | 5
= R/pym |
Vyg 82y,/8p,Bv, | g
= 0,
by = 920y/302 5
= - ReR/pvRQ.
Substitution of these coeff ilcients into Equation 4.20 gives
Yy = - (RER/PyRIVy - Pyr) — MyR(By ~ OR) * (RER/pyR)py ~ PyR)
+ (11 2)URE R/ PyrA(V, — Pyp)? ~ (2R/VyR)8,, - OR)(V, - Vyp)
- (C/ByRN6, - 8R)? * (ZR/pRN6, - 8R)P, - PyR)

- (ReR/psz)(Pv - PVR)2] ¥ lPVR‘
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The objective form for the partial stress in the vapor as shown in
Nunziato and Walsh [1980] is

T, = -p,20y,/3p ) - p(8Y,/3w,)w,,
since h, = 0 the pértial stress for the vapor is,
T, = -p,X38¥,/3p 1
==pylYy, * Pugly = Op) * Fy oy = pup)!
= -p2lReR/pyR) * (R/pyR6,, - 8R) - (Reya/pyr(py = Pyl
= A5 02/ purd2 - (By/puR) * 6, - SR)ELgI (4.26)

In the reference state this.gields a stress which is simply the negative

partial pressure for an ideal gas,
Tyr = -ROR PR
At equilibrium the equilibrated force for the vapor is given by
(0,"8)" = (-p,d9,,/8v,)",
R Y, * ugPy ™ PuR) * Py (8 - 6R)]
=~ pl(Rog/vyp) + ROyR/ PRIy - Pyg) - (RIV NG, - BR)l
Examination of this at the reference state, gives the reference extra

equilibrated force,
(oyR™)" = py(ReR/PyR)
= ¥ ROR,
which is the pressure 6r an ideal gas.

\
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A slight retrogfession at this point is helpful in ascertaining an
appropriate value for the reference equilibrated force of the ice. Since

with the assumptions which have been made,
204 € = NTT,
then,
(0ig"®)" = 21 - ¥, Rep,
and
¥i; =-(2mR" - B ReR)/(pig¥y).
as stated previouslg in Equation 4.23.

The vapor entropy is by Equation 3.11 is
Ny = ~0%,/06,
==y, * YyPy = PuR) * Yy 0y~ BR) + Yy (py - pypR)]
= NyR * (R/vyg)(vy, - yR) + (C/6R)(0,, - 6g) - (R/pyR)py - PyR)
(4.27)
and since, Y3 = 25 ~ O5M5 (E.quat'ion 2.92), the internal energy may be
written as
0y = Yy Py~ R * Oy~ O Yy By - PuR) * (V2 (7, - mp)?
* 29y8y - o)y - V) * 'yv7(9'v - OR)2 * 29,8y - BR)(Dy - pyR)
PPy PR Fum - Oy, * gy - PuR) * Yy (0, - O)

+ ,‘pvs(pv - pvR)]
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=Yy = Pur) - Yy, 0R * Yy lpy - pyR) + (I 209y vy - Pyp)2
= 29y ORPy = PyR) - ¥y (62 - OR%) = 29y BR(Py ~ PyR)
" PuplPy - PuRY?1+ Yyp |
=~ (ROR/VPyRI(Py - VyR) * MyRER * (ROVR/PYRI(Py - PyR)
+ (1/2)[(ROR/ P g2V, - V)2 + (2R/VyR)(V,, - VyR)
+(C/6,p)(0,2 - 652) - (2R/pyR)eR(py - PuR)
- (ReR/ PPy - Py Yy (429

Using a development similar to that for the ice (Equation 4.52), the

time rate of change for-the internal energy of the vapor is,
By =y, Py 2y, 0y By Py | (4.29)
Latent heat due to a change in the volume fraction is,
'ew = de,,/ov,,
=¥y, SuglPy ~PvR) = dy BR
= = (Rop/vyR) *+ (ReR/V gAY, - vyp) + (R/V RIER
= (Rog/ v g2 )(vy, - vyR).
The specific heat of the vapor in Equation 4.29 is given by
ey, =0,/08, B
=~ Yy,by

= (C/eR)ev,
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At the reference state this yields the specific heat, as it must,

ey, = C.

The latent heat with respect to the partial density of the vapor in

Equation 4.29 is
ey, = de,/dp,,
= Fy3 = PugfR * Yy Py~ PuR)
= (Rop/pyR) ~ (R/pyR)eR ~ (REyR/pyrD)py - pyR)

=~ (ReyR/PyRA Py = PyR).

The chemical potential of the vapor using the final constitutive

variables [Nunziato and Walsh, 1980] is
Ky = 3lpy¥y)/3p,
=¥y * Py 99y/0py
= Yy (Py = PyR) * By, (8y ~ OR) + Yy (py - pyg) + (112 (v - pyg)?
* 29y,(0y = OR)V, - Pyp) + ¥y (6 - OR)? + 2940y - 8R)py = pyR)
* 29y (py = Py )Py - Pyp) wvm(py = Pyl YR
* by * Py(Oy = OR) + Fy vy~ vyp) + By, (py - pyR)]
=¥y, Py = PuR) * ¥y, (04 ~ OR) * ¥y (20y - pyp) + (V2)1Yy [Py - PyR)?
* 29y,(8y - OR)(Py - YyR) *+ ¥y (B ~ BR)2 + 29, (8, - BR)(2p, - pyR)

"2 TVQ(ZP v ARy - V\/R_)'+ Yu,o(3Pv ~ 4PuPuR * PVRAIT* YR
" (430)
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As for the ice, the reference Helmholtz free energy is determined in

this development by assuming it is valued such that it will yield a zero
chemical potential at reference. This requires the reference Helmholtz free

energy to be,

YoR == Yy PuR
At equilibrium the temperatures of the two constituents are the same,

8, = ©; = 6, and the chemical potentials must at be equal, so
19,4 E) + ;,(6 - 85) + ¥;.(2p; - pig)] + (V¥ ltr(EP
+ 2xpi6tr(Ei)2 +2 npi?(e - Optr(E;) + lpis(e - 6R)°
+ 29i,(6 - 0R)(2p; - piR) * 29 (2p; - piRIr(E;)
" ¥1,Gpi - 4pipiR * PRI+ ¥R
=y, (Py - PyR) * Y, (0 - 8R) + ¥y (2py - pyR)
(V2P Py = Vg * 20y (6 - 830 - 1)
+ 9, (8 - 02 + 24, (6 - 6p)X2p,, - o)
*2 ‘;’vg(épy ~puRy - PyR)
* $uip(3y? - 4pupyr * PRI * Yup
At this point, \pigand xyi“ are still undefined. The necessity Qf

equivalence of the chemical potentials at equilibrium suggésts a means to
ascertain possible values for these terms. The terms are examined in the

reference state for all variables except the temperature, since this should
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be the dominant term indicating the difference in chemical potential. This
is an artificial means to determine the values, but, the reference conditions
in the solution will be chosen as the initial values for the variables, so |
that, except for the temperature these values will not stray very far from

the reference values for the time duration and conditions to be cpnsidered.

First, q;]-", is arbitrarily set to zero since an appropriate value for it is not
known, and xpi"(?)pi? - 4pipiR * PR, will hot contribute appreciably as
long as the partial density of the ice does not vary far from the reference.
A value for ‘}’ig Is determined by equating coefficients of similar variables.

Although this forces a dependence of the ice coefficient on the vapor
constituent, choosing the value at the reference state fixes it as constant,
and it is assumed that the resulting value would be the appropriate one for |
this ice coefficient, independent of the vapor.

Examining everything in the reference state except temperature and
collecting the remaining temperature related terms from the chemical
potential (Equations 4.25 and 4.30) at equilibrium,

(‘J’iz * i, PiR X6 -6p)+ 4’;8(9 - GR)z

= (“Pvz + "va pvR)(e - OR) + wv?(e - eR)z,
- 50 that by equating coefficients, ‘Pig can be determined in terrﬁs of known
quantities,

\Pig = (KPVZ - ‘Pi2+ ?VngO)/piR‘

but another implication is that,
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Yig = Yo

This last result requires that the specific heats for the ice and vapor
must be equal, in order to satisfy the requirement that the chemical
potentials are equivalent at equilibrium.  Although this is probably
inappropriate in general, this constraint will be adhered to in the preseht
case, until more precise values for the other coefficients can be developed,
which will presumably balance the equilibrium chemical potential, to make

this requirement unnecessary.

Material Frame Indifference

Equations describing a r_naterial response, the consti@utive equations,
should not change based on any particular choice of reference frame. This
is the basis for the principle of material frame indifference, also called
the principle of material objectivity. Matekial frame indi'fference does
not require that a time dependent change of reference, such as Newton's
Second Law of Motion, be invariant, only those equations describing the
material response must remain unchanged under a change of reference
frame. Two different frames of reference are considered equivalent .lf
they agree about; i) the distance between two points in a body, ii) the
order in which events occur, iii) the orientation of a line segment, and iv)
the time interval between events. ’ |

Consider two reference frames RF and (RF)", and define c(t) as the
position vector relating the origin of RF, O, from the origin of (RF)", 07,

and Q(t) as the orthogonal tensor which rotates the reference frame (RF)™
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into the orientation of the other reference frame (RF). Scaler point
functions are not affected by a change of frame. Functions and fields are
material frame indifferent, if while scaler values remain unchanged,
vector, and tensor functions transform according to the following rules for
a change of frame [Malvern, 1969}:
I Events {%, t}: %" = c(t) + Q(t) %
t =t-a
E3
2.Vectorsv:v =Q(t) v
(here v implies any general vector)
3. Second order tensors T or S regarded as linear vector
transformations: ,
u=Tv or #=v3
#
T =aM Tam!
s =amsam’
~ (here the notation implies general vectors and.tensors)
4. Deformation gradient F(X, t) ‘
3#
F'=Q(F
(This two-point tensor transforms as a vector under a change of
frame at time t)

Now the specific constitutive equations which have been developed are

examined to see if they are objective. The the constitutive equations are
Ya Na Ta 9 Cq Vg » My . €5
Since ¥, Mg C5+ Vg . By are scaler functions, they will
automatically be satisfied. The partial stress for the ice is given by
Equation 4.24 as |
T =gy DY + 29+ ¥ (65 -8R * ¥y (py - pipi )

1

By orthogonatity Q' =0a7, s0
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1"=q10Q7
=1
The only other thing to be shown for the partial stress of the ice is E;

(Equation 4.18), where
Ei = (1V2)(F{TF;-1),

S0,
B = (V2(F T F-17)
=(/2)(FiTa' QF-1)
= (1/2)(F;TF - 1)
and

The partial stress for the vapor (Equation 4.26) is material frame
indifferent since it contains only the identity tensor.

For the heat flux,
Qg = (6,V, )V x)
JCA N
= g, al
=Q g,
The constitutive equation for. the momentum interaction which was
earlier derived f rom the q,issipation inequality is, |

mfe = —mv+e = mio+9{( Vv/ev) -( vi/ei)}.
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For either velocity, say simply v; = v,, = v, then for a change of frame,
8=+ Qx,
The material time derivative gives the velocity,
v ='c+ Q% +Qy.
So the velocity is not objective.

It is argued here that the non-objectivity of the constitutive form for
the extra momentum interaction is not inappropriate, since it enters the
theory through a fundamental law of dgnémics, the equation of motion
(balance of linear momentum equation), which itself is not material frame
indifferent. Howevér, as an aside, it is pointed out thét if the temperatures

are equal, the velocity diff erence term which results, is frame indifferent,
vv*—v,-* ='c+ Qu,+Qv,- - Qx; - Qv |
='Qu, + Qv, - Qx; - Qv;,
but k, = ¥;, 50

VV* - Vi* =Q (VV‘ Vi).
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CHAPTERV

APPLICATION OF THE THEORY
One Dimensional Solution
Application of the theory which has been developed for snow, is
carried out in one dimension. This one dimensionél approach is applied in
the vertical, slope normal directibn, simulating-a snowpack on a horizontal
field. This one dimensional model is obviously limiting to the scope of
problems., as well as being inadequate to properly describe some processes.
However, this is the logical first step toward implementing the theory of
multiphase mixtures with phase change to physical problems.

In this application the'velocitg of the ice is assumed negligible,
since the settlement velocity due to gravity would be very slow. Also,
given the granular nature of the material, settlement involves a closer
packing of grains as they move laterally and downward into voids, an effect
which is not applicable in a one dimensional model. Vapor velocitglis
considered in the formulation, but the one diménsional approach cannot
account for convection éells. Since the vapor is cohsidered as a single
constituent, any diffusion of water vapor through the air is not
independently calculated, but is included as a part”of the total vapor f lu#,

In the numerica-p solution to the problem, dérivatives are put in a finite
difference form. The derivatives on space are in general central

differenced, except at the bottom and top_ nodes where they are
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appropriately forward and backward differenced. The derivatives on time
are forward differenced. |

The basic approach to the explicit numerical solution used, is quite
straight forward. Values for variables which do not involve time
derivatives are calculated at the initial or current time for each time
interval iteration or program ioop. The balance equations are then used to
find the rate of change of those variables which esplicitly vary with time
- as indicated by the equations. For each iteration or loop, variables are
recalculated to reflect what the value is at the end of -the period which is
used to step f orward in time. These updated values are then assumed as the
variables which are used in the balance equations for the next loop. This
iterative process is progressively stepped forward in time, until the
desired total time is achieved.

Proceeding as above, the manner in which the balance equations are
utilized should be noted. The time rate of change for the volume fraction
of the ice is directly calculated through the equation of mass balance for
the ice, and the time rate of change of the partial density of the vapor is
given by the mass balance for the vapor (Equation 3.26):

Since the ice velocity is assumed always zero, the acceleration is
zero, and the linear momentum-balance equation (2.26) may be used to
calculate the partial stress of the ice constituent. Then, since a form for
the étress is also given through the derivative of the Helmholtz free
energy, as required by the second law (Equation 4.21), the strain of the ice
may be calculated. Using this calculated strain in conjunction with the

strain from the previous iteration, an approximation to the strain rate is
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found, which is needed in the energy balance equation (Equation 2.80). The

vapor velocity is approximated from the linear momentum balance for the
- vapor (Equation 2.83), the manner in which this is accomplished is outlined
below.

The equilibrated force interaction for the ice and vapor is given by the
balance equations for the equilibrated force (Equations 4.15 and 4.16). It
is important to note that the t.ime rate of change of the volume fraction
must be calculated prior, since it is necessary in order to solve the balance
of equilibrated force equations. Time rate of change of temperature for
the ice and vapor is calculated through the constituent energy balance
equations (Equation 2.80), prior to which the mass balance equations and
the momentum balance for the ice must be solved, since the time rate of
change of these variables are needed.

Boundary and initial conditions must be assumed in order to solve the
system of equations. At both the upper and lower boundaries the
temperatures for the ice and vapor are taken to be constaht and equal.
Holding the temperatures constant is reasonable for the steady state
problem, but the assumption that the boundary constituent temperatures
remain equal is quite likely incorrect. No physical data are available to
suggest what realistic constituent  temperature differences might be,
therefore, the constituent temperatures at the boundary are taken to be
equal, while the temperatures within the péck are perm‘itted‘ to vary
separately. Although this equality at the boundary surely effects how the
constituent temperature difference varies throughout the pack, it is

perhaps the most reasonable assumption to use until reliable data become
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available. The vapor veloc_:ity at the ground is assumed to remain zero,
simulating an impermeable boundary. |

Initially, the vapor velocity is assumed zero everywhere. The initial
temperature conditions within the pack, excluding the upper surface
boundary, are assumed isothermal with the temperature at the ground-snow
interface boundary. The upper and lower surface temperatures are fised at
whatever temperature is desired to simulate the prescribed thermal regime,
and the stress on the ice surface is a constant.

Numerical determination of the vapor velocity is the most
unsatisfying aspect of the entire development presented in this
dissertation. The balance of linear momentum (Equation 2.83) is used to
calculate the velocity of the vapor, but due to difficulties encountered in
the numerical evaluation, a discussion of this balance equation is required.
A standard finite difference equation using the boundary and initial
conditions as mentioned above was at first attempted, but instantaneously
imposing accelerations due to gravity and the pressure gradient gave values
for the velocity which were too large, and caused program instability. An
attempt to provide initial density gradients to compensate for the initial
assumptions were found to give results which were numerically unstable.
This instability is attributed to the rounding errors inherent to numerica_'l
analysis which involved a series of calculations involving small
differences of very large numbers. This gave numerical values which are
very close to zero, with random osciliation of sign; _

The initial values for the vapor velocities, as stated, are all assumed

zero. Wwhen instantaneous accelerations are imposed through the linear
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momentum equation, large velocity values are immediately calculated. To
smooth these sudden velocity jumps, which result from the imposition of
instantaneous accelerations, the vapor velocity was solved for .directly,
using an analytic solution to the differential equation. Details of the
solution to the differential equation is shown in appendix A. However, the
transient effects for the velocity calculated from the balance of linear
momentum seemingly react much more quickly than do the other balance
equations. Due to the coupling of equafions, this causes the entire program
to become numerically unstable. The dominant terms determining the vapqr'
velocities are the difference in the'gradient of the partial vapor stress and
gravity effects. In fact if these terms are not allowed to effect the linear
momentum equation, a zero vapor velocity will be maintained in the case of
ahomogeneous snowcover.

In order to slow the vapor velocity response at each incremental time
adjustment, the particular part of the soiution is artificially scaled down.
The "a* coefficient noted in the appendiX is chosen as the scaling
multipiier. This is used, although somewhat arbitrarily, because it is the
value which was divided through the original differential equation to
achieve a form for the cubic equation which is used to find the particular
solution. This coefficient is always positive and should not effect the
direction of the calculated vapor flow, only the magnitude. The necessity
of this artificial adjustment of the vapbr velocity magnitude is
displeasing. But, with this computational problem noted, resuits from the

theory are presented, 1ooking toward a resolution in future work.
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The value for the interface pressure, 1, the pressure necessary in a
saturated mixture for the phases to remain in contact, is assumed to be
approximated by the vapor pressure over a surface at equilibrium. The
equilibrium vapor pressure over an ice grain will vary with temperature, 6,
and the mean radius of curvature, r [Colbeck, 1980]. The well known
Clausius-Clapeyron and Kelvin equations may be used 'in a combined form to
give the equilibrium vapor pressure over a grain in terms of the desired
variables [Adams and Brown, 1982; 1983; Gubler, 1985]. The
Clausius-Clapeyron equation which gives the vapor pressure as a function

of temperature is,
P(6) = Pg expIL/R(6™ - g )l

where P is the equilibrium vapor pressure over the surface and L is the
latent heat of sublimation. The vapor pressure in terr_ns of the mean radius
of curvature, w, is given by Kelvin's equation,

P(w) = PR expl20/%;RORw],

where o is the interfacial energy. Assuming the fixed reference
temperature is the same as the reference temperature to be used in the

Clausius-Clapeyron equation, the two equations mag' be combined,

P(6,0) = P expl20/% Repw] explL/R(6™ - 657 )L

+

~ The leading coefficient involved in the mass interaction equation, S

is assumed to be proportional to this interface pressure as well. The
magnitude of the proportionality is assumed small since the density change
in SNOW as the result of metamorphism in dry snow is small. Although the

coefficient for the energy is not known, it is arbitrarily assumed to be on
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an order of magnitude equivalent for Newton's law of cooling for air
flowing over a flat plate.

Young's Modulus is approximated by fitting to a curve in Mellor’s
Review of Basic Snow Mechanics [1974]. The equation used in the
calculations presented here to approximate the curve for a density range of
approximately, 150 kg/m3 to 375 kg/m3, is |

Y =10 exp(10v; + 4).

Material values used for the ice and vapor are shown in the input file
listed with the program in appendix B. These values are for ice and vapor

which is considered to be water vapor saturated air at 273 CC.
Besults from the Analysis
Several idealized situations for snow are examined in order to

ascertain the success of the theoretical model which has been presented.
Two ideal snowpacks of one meter depth are considered: a perfectly
homogeneous sample and a sample exhibiting stratigraphic density layering.
The homogeneous snow is taken to have an ice volume fraction of 0.3,
which is equivalent to snow with a density of approximately 276 kg/m3.
The other is considered to be of the same overall density as the
homogeneous, but with two distinct, isolated layers 15 ¢m thick. One of
these layers is greater and one is of lesser density than the rest of the
snowpack. The high density layer is assumed to have an ice volume fraction
of 0.4, which corresponds to a snow density of 368 kg/m3, while the low

density layer is represented by an ice volume fraction of 0.2, or a snow

density 184 kg/m3. These densities are in a range typical f or alpine snow.
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The .variation of snowcover properties of these snowpack types are
examined, using the theory, for initial isothermal conditions of 0 O¢C
throughout, and for a snowpack with a temperature of 0 0C from the base up
to, but not inciuding, the surface, which is at a temperature of -20 0C.
Boundary temperatures for both the ice and the vapor are held constant and
equal. The actual calculations are made using the Kelvin temperature_scale.
Stress on the ice at the surface is assumed to be equal to the same
atmospheric pressure in all situations.

Sign convention for stress is used in the normal engineering manner,
which implies a positive sign for tension and a negative for compression.
Stress for both the ice and vapor are considered in this manner. This is
pointed out, since a frequent usage when considering pressure scalars, as is
common in f luid and vapor analysis, is to consider pressure to be positive
in compression.  This paper considers all values noted, of both
constituents, to be in terms of the stress sign convention. Likewise, strain
is, correspondingly, negative in compression. Measurement of position in
the snowpack is from the ground upward toward the surface. = |

Examination of the homogeneous snowpack with the equal thermal
boundary conditions gives results which are characteristic of a purely
mechanical system. The results are illustrated in figures 4 - 7. The partial
stress of the ice constituent is shown to increase in magnitude in a linear
fashion from top to bottom (Figure 4). This increase is logically the result
of the overburden of -the snowpack itself. There is a variation in the stra‘ih
(F igﬁre 5) which corresponds directly to the stress distribution as a result

of the mechanical loading. Strain in the ice at the top surface is nonzero,
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Figure 4. Partial stress of the ice relative to position in an isothermal homogeneous

snowpack. Stress is negative in compression.
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Figure 5. Strain in the ice relative to position in an isothermal homogeneous
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since a partial stress is applied to the ice constituent by atmospheric

pressure.

The partial stress considered for the vapor constituent is constant
throughout, since the description for the vapor stress did not include the
gradient due to gravity. The stress considered is absolute stress measured
relative to a zero stress environment (i.e. it is not a gauge pressure type of
value). No vapor velocity is established in the homogeneous isothermal
snowpack.

The time rate of change of the volume fraction for the homogeneous
isothermal consideration, on inspection of figure 6, reveals that there will
be an overall decrease in the portion of the total volume occupied by the
ice, and that this decrease is amplified with depth. This phenomena is the
result of the the difference of the chemical potentials of the constituents,
caused by the variation in the strain of the ice on the chemical potential of
that constituent. The effect is relatively slight, and as will be seen in the
non-isothermal situation, is so small as to not have any meaningful effect
on the results in that case.

The equilibrated force is included in this theory to account for those
dynamical effects which occur in conjunction with volume fraction changes
of_the constituents. The development presented here for the equilibrated
force interaction of a constituent is derived to be equal to the negative of
the external equilibrated body force times the partial density, for that
same constituent, it is also the negative of the equilibrated force

interaction for the other constituent.
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Figure 6. Time rate of change of the volume fraction of the ice relative to position
in an isothermal homogeneous snowpack.
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As stated earlier the, the external equilibrated body force for the
mixture has been related in some manner to an externally con;trolled pdre
pressure, but a clear understanding particularly in regard to the
constituents has not yet been established. Values calculated for the
equilibrated force interaction terms are presented here (Figure 7), but an
indication of whether or not these values are reasonable cannot be
determined based on any physical or intuitive knowledge, at this time.
Current research on granular materials is attempting to define these
variables more precisely. |

Now consider this same homogeneous showpack subjected to the
initial and boundary conditions. For both constituents the lower boundary
temperature is set and held at 0 9C, the upper boundary is held at -20 0C and
initially the rest of the snow is set to 0 9C. Partial stress of the ice at the
surface is assumed constant. Initial vapor velocities are all assumed zero
and the lower boundary velocity is held at this value. Values of calculated
results are shown for several time increments after the initial, so that the
transient variation may be observed. These are illustrated in figures 8 -
19. |

Variation of temperature for the vapor (Figure 8) and ice (Figure 9) are
seen to react quite reasonably. At the end of a very short time period, 1
hour, most of the snow remains at- the initial temperature with a very large
temperature variation in the uppermost region. Passing of time shows the
temperature profile with respect to pbsition to be migrating toward a

linear function.




Homogeneous Snowpack

Isothermal

-100160
b
3 -100180
4
éf -100200
&
5? -100220
.O
% -100240
H
H
3 -100260
a
U

Position In Snowpack m
Figure 7. Equilibrated force interaction of the ice relative to position in an

isothermal homogeneous snowpack.
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Figure 8. Temperature of the vapor relative to position in a homogeneous snowpack.
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Figure 9. Temperature of the ice relative to position in a homogeneous snowpack.
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Corresponding to this temperature curve is the temperature gradient
variation with position (Figures 10, 11, and 12). A very large negative
temperature gradient is established in the upper region of the snowpack for
a short time. This temperature gradient in the uppermost section begins to
lower with the passage of time, as the temperature permeates deeper into
the snow, inducing a Qradient throughout the snowpack. This thermal
gradient which is larger near the surface and lower near the bottom
gradually moves toward a constant value which is the same as the gross
initial value measured acress the full meter, -~ 20 8C/m (Figure 13).

When the surface of the snowpack is suddenly cooled as in the
situation presented here, where the surface is initially 20 °C colder than
the rest of the snow, the underlying snowpack temperature will begin to be
lowered also, as has just been demonstrated in the model. But, the mixture
is composed of two distinct materials with differing thermal
conductivities. These constituents should not be expected to change
temperature at the same \rate. Here too the model seems to be predicting
some very plausible results '(Figure 13), although no known physical data
exist for snow inregard to differences in temperature between the ice and
vapor phases. Notice in the figure that it is early in the developing
situation and in the upper, more active region where the most substantial
difference in constituent temperatures is occurring.

Ice has a much higher thermal conductivity than does the vapor and
consequentlg will. react to the imposed boundary temperature more quickly.
This is the reason the vapor is at a warmer temperature than the ice, and

the temperature dif ference between the phases is most pronounced when
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Figure 10. Temperature gradient of the vapor relative to position in a homogeneous
snowpack, with base temperature O OC and surface temperature -20 0C
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Figure 11 Temperature gradient of the ice relative to position in a homogeneous
snowpack, with base temperature O OC and surface temperature -20 0OC.
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Temperature gradient of the ice relative to position in a homogeneous
snowpack. with base temperature O OC and surface temperature -20 0C

Same as figure 1 but with the first two transient profiles removed to
increase resolution.
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Figure 13 Difference in constituent temperature, (ev - e,), relative to position in a

homogeneous snowpack, with base temperature O 0OC and surface
temperature -20 OC
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the temperature gradient is the largest. As a result of the boundary
temperatures being held constant and equal for both éonstituents. it may be
readily seen that, as the processes move toward a steady state situation
the constituent terﬁperaturés tend to equilibrate (Figure 14).

Partial stress in the ice, calculated through the linear momentum
balance equation does not yield values, for this case, which constitute a
perceptible change from the isothermal values, so the f igure will not be
represented again. Strain, computed through the deriveq form analogous to
the Duhamel-Neumann law for a thermoelastic material is dependent on the -
calculated stress and temperature. Recall that the strain in the ice for the
isothermal problem was found to increase slightly in magnitude with depth
(Figure 5), as espected for a purely mechanical situation. Strain resulting
from simply the overburden of the snow itself however is not as large as
that imposed through thermal contraction, for the depth and snow density
considered here.  Strain then, in accordance with the variation in
temperature for the present situation, will be a magimum in the coldest
region at the surface (Figure 15).

Partial stress in the vapor (i.e. the negative o% the partial vapor
pressure) is highly temperature dependent and follows a transient pattern
which varies in a manner similar to that described for the thermal regime
(Fvigure 16). At the end of the f irsf time period examined, the partial vapor
stress in the lower portion of the snowpack is unaffected, and as the
colder region near the surface is approached, the magnitude of the stress
decreases abrubtlg over a short spén. Examination of ‘the variation with

time shows that this large gradient near the surface decreases, with the
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Difference in constituent temperature, (ev - G), relative to position in a

homogeneous snowpack, with base temperature O 0C and surface

temperature -20 0C Same as figure 13 but with the first two transient
profiles removed to increase resolution.
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Figure 15.  Strain in the ice relative to position in a homogeneous snowpack, with base
temperature OOC and surface temperature -20 OC
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-Figure 16. Partial stress of the vapor constituent relative to position in a
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temperature -20 OC.
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partial stress in the vapor finally settling toward a linear profile across
this homogeneous snowpack. The greétest stress is at the warmer base.

Inspection of the time rate of change of the voiume fraction of the
ice (Figure 17) indicates that for a short time after the initial conditions
have been imposed, there is a relatively rapid loss of ice volume in the very
thermodynamically active region located in the upper transitional zone of
the snowpack. This relatively rapid volume loss is then substantially
lowered with the advance of time, as the gradient terms and temperature
difference between constituents are reduced. An a&tive zone for ice
volume loss, indicated by a bulge in the curve, migrates down through the
snowpack with time, but at a greatly reduced magnitude. Finally, as the
steady state is approached the région of maximum ice volume loss is
located at the bottom of the snowpack, where the temperature is the
warmest, and it is the most thermodynamically active.

At this point, the assumption is made that this calculated loss in
vélume fraction of the ice is indicative of the development <'>f" depth hoar.
This kinetic growth form as indicated in the introduction is known to be
most apparent in conjunction with large temperature gradients and warm
temperatures. Recrgs,tal.iz.at‘ion i5 generally seen to develop at or near the
~ground, but it is also seen. in conjunction with abrupt stratigraphic
layering.  Although a change in density has not been measured in
conjunction with temperature gradient metamorphism, this loss of density
might be too small to be measured with the instrumentation used, or could
well be slight enough to be offset by gravity settiement on this weakened

structure. In any case, it is certainly plausible and intuitively probable
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Figure 17. Time rate of change of the volume fraction of the ice relative to position
in a homogeneous snowpack, with base temperature O 0OC and surface
temperature -20 0OC.
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that there is some loss of the ice mass in conjunction with this
metamorphic recrystallization process.

Consider the isothermal situation again, in regard to the error implied
in the time rate of change of the volume f ractioh (Figure 6). It can be seen
now that the magnitude of the error introduced is négligible when
examining situations where the temperature gradient effect is significant.

The influence of the transient pattern which has been established
among all of the interconnected processes, is apparent also in'the values
calculated here for the vapor velocitg.‘ It is during the early transitional
period when the largest vapor velocities are attained, as expected, in the
very active upper region of the snowpack, with no effect being felt in the
lower régions at this stage (Figure 18). Subsequent fransient vapor
velocity profiles show the velocity becoming established, progressivelg

deeper in the pack. Eventually, as the steady state is approached, the

velocity profile becomes more linear, and is the greatest near the warmer

base. Recall that the velocity at the lower boundary was chosen to be zero.
This boundary condition may not be realistic for a snowcover resting on
top of a porous moist soil base. |

Examination of the equilibrated force interaction, reveals that this
derived term has a tra'nsient' yariation similar in pattern to the temperature
(Figure 19). Boundary values remain essentially unchanged from the initial
ones as the profile varies in the now familiar transition from a steep
gradient near the top, with no change in the lower regions, to a linear
additional overburden loading which, accumulating, is then maintained until

the high density layer is encountered. The effect of this layer on the
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Figure 18 Vapor velocity relative to position in a homogeneous snowpack, with base
temperature O 0C and surface temperature -20 0C.
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Figure 19. Equilibrated force interaction of the ice relative to position in a
homogeneous snowpack, with base temperature 0 O0C and surface
temperature -20 0C
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profile between the upper and lower values. The final base value and the
calculated early transient values removed from the surface effects are the
same as for the isothermal condition.

Next the more compli.cated idealized stratigraphically layered
snowpack (Figure 20) is considered under isothermal conditions. This
environment, as expected, reveals no change for the direct thermal yalues
calculated, but mechanical effécts due to the layering produce some very
reasonable results. Partial vapor stress values for this nonhomogeneous
snowpack vary directly with the layering (Figure 21). Since this term is
reckoned with respect to constituent fraction of the mixture, the largest
magnitude is in the low mixture density layer which corresponds to the
region with the largest vapor fraction.

Partial stress of the ice is also shown to vary with the imposed
layering (Figure 22). The top section varies in precisely the same manner
as the corresponding section of the homogeneous sample (Figure 23), then
the gradient of partial stress at the transition to the low density layer
abruptly decreases. This is caused by the sudden change in the volume
fraction at the interface and the interface pressure term at that point. A
linear profile exists through the low density layer, but with a gradient
which is slightly less than that in the upper section. This Iower gradient is
simply the result of the fact that the accumulating additional weight of the
lower density overburden snow through this section is less. The change in
volume fraction at the lower interface between the layers is the result of
the same term in the linear momentum balance equation which caused the.

transition at the upper surface. A constant gradient in keeping with the
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Idealized density profile which is examined.
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Figure 21. Partial stress of the vapor relative to position in a layered isothermal
snowpack.
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Figure 22. Partial stress of the ice relative to position in a layered isothermal
snowpack.
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Figure 23. Comparison of the partial stresses in the ice relative to position in
isothermal homogeneous and layered snowpacks.
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ice partial stress profile may be described by direct comparison with that
explained for the low density, but with the obvious transposition. Total
snow overburden is the same for corresponding position in the two
snowpacks at the lowest zone, so the partial stress for the homogeneous
and layered samples are equal.

The ice must account for the structural integrity of the snow. it
seems intuitive then, that for the same loading, a lower density layer
would be expected to support a higher stress in the ice and conversely for a
high density zone. Although not readily apparent at first examination of
the partial stress profile, this is implicitly aécounted for in the volume
fraction theory. | |

It is instructive, as an aside to the thedrg being considered, to
examine the stress referenced to a complete unit of ice, instead of as the
partial f_raction of the mixture. _Thi‘s is accomplished by simply dividing the
partial stress with that fraction Qf the whole mixkture which it represents.
This gives an indication of what ’ihe stress would be for a unit composed
totally of the ice constituent, i.e. the tupe of stress which the ice alone
would be expected to experience in a more traditional analysis (Figure 24).
The stress variation when examined in this manner indeed satisfies the
intuitive sense. |

A similar examination of the partial stress for the vapor, yields a
constant value for the total stress of the vapor when considered in the
same sense as for the total streés in the ice. The inference is that, as
expected intuitively, the total stress attributed to only the vapor in any

individual pore space, for isothermal conditions is the same.
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Figure 24. Total stress of the ice alone, relative to position in a layered isothermal
snowpack.
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Strain in the ice isl greatest .in the low density layer and minimum in
the high density layer (Figure 25). The Young's modulus which was used, as
stated previously, is based on values determined for snow. This is
appropriate in the present context, since these values are essentially
determined by the ice constituent alone, ahd based on the snow density or
volume fraction of the ice.

The time rate of change of the volume fraction for the isothermal
situation in a layered snowpack (Figure 26), is seen to vary with the strain
in the ice (Figure 25). This is caused, as discussed for the homogeneous
isothermal snowpack, by the effect bf the strain on the chémzical potential -
of the ice. As the strain becomes more negative, the chemical potential for
the ice responds accordingly. The strain, in this isothermal case,
sufficiently effects the difference in chemical potentials between
constituents to produce the noted results. This effect is negligible when
compared to snow with a significant temperature gradient. This will be
seen when the layered snowpack with an imposed températur-e is examined.

Vapor velocities are indicated, at the interfaces of abrupt changes in
the snow density (Figure 27). These velocities are'generat‘ed by the large
gradient in the volume fraction at these inter-layer zones. Vapor flow is
from lower density tow'ard'high'er density regions.

The equilibrated force interaction (Equation 28) is seen to be affected
by the layering, with a demonstrated increase- in the lower density region
and is conversely influenced in the high density zone. Cofresponding,
positions in the homogeneous and layered snowpack which are of equal

density give equivalent values for the equilibrated force interaction.
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Figure 27. Vapor velocity relative to position in a layered isothermal snowpack.
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Figure 28. Equilibrated force interaction of the ice relative to position in a layered

isothermal snowpack.
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- As for the case of the homogeneous sample with the imposed thermal
boundary conditions, the transient solutions or the layered snowpack are
~ considered. Temperature variations for the vapor and the ice (F igureé 29
and 30) reveal trends which are similar to that demonstrated in the
homogeneous example. In the early calculations no change in the
temperature from the initial f\condi‘tions have™ taken. place in the lower
section, but the upper region shows large temperature changes between
nodes. However, as the température advances downward settling into the
steady state, instead of deve!dpi‘ng a perfectly linear prof i‘le‘as for the
homogeneous snowpack, | perturbations from the linear are seen in
conjunction with the disrupting layers.

The gradient of these tranéient temperatdr'ef profiles (Figures 31 and
32) show that after a relatively short time beriod the very largé gradient in
the upper region drops as the temperature effects permeate more deeply
into" the snow. The gradient through the lower density layer which is
located higher in the pack is greater than in the surrounding show, and as
the temperature becomes established in.the lower region,— the temperature
gradient in the higher density layer is less than in the adjoining snow
(Figure 33).

This result is what should be expected, since the thermal conductivity
of snow is known to be governed to a large extent by the snow density
[Mellor, 1964]. Calculations in this model however, did not rely on this
_information but naturally handled it through consideration of only the
volume fraction and the individual conductivities of the constituents.

Refinements could made for variations in snow type, by considering how
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Figure 29. Temperature of the vapor relative to position in a layered snowpack.
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Temperature of the ice relative to position in a layered snowpack.



Temperature Gradient Vapor °C/m

Figure 3L

Layered Snowpack
20 °C Difference in Boundary Temperatures

I hour
u

6 hours

| day
¢

3 days
v

Snow Density 5 days
100-400 kg/m o

scale

Position in Snowpack m

Temperature gradient of the vapor relative to position in a layered
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Temperature gradient of the ice relative to position in a layered snowpack.

Same as in figure 32, but with first two transient profiles removed to
increase resolution.
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bonding and grain configuration might affect the thermal conductivities of
the constituents. ' ' |

The manner in which layering affects how the calculated individual
constituent temperatures vary with respect to each other (Figure 34) is
quite interesting. Temperature differences computed after the first hoﬁr
display the expected large temperature difference expected in the upper
region, with the higher thermal conductivity of the ice causing it to cool
more quickly than the vapor. At the upber interface of the lower density
layer for this same time frame however, there is another smaller jump in
the difference, with. the ice at a lower temperature than the vapor. Six
hours after the start, this temperature difference jump is accentuated and
another jump just below this layer has developed, but here the vapor is
cooler than the ice.

Migration of the temperature down into the snowpack with the passage
of additional time reveals that a similar but opposite trend, involving the
magnitude of the temperature difference jumps, has developed in
conjunction with the high density layer. Above the high density layer the
vapor is cooler, and below it the ice is. While this situation is developing
in the lower region, where the reaction to the transient temperature
penetration is being felt most strongly, temperature differences nearer to |
the surface are becoming smaller as the temperatures in this upper region
begin to equilibrate. This -anomaly is felt td be induced by the vapor
velocity which is associated with the layering, as described earlier for the
isothermal layering situation. Recall that the direction of this vapor flux

is from the lower toward the higher density snow. The effect of this on
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Figure 34. Difference in constituent temperatures, (9V- 6j), relative to position in a

layered snowpack. base temperature 0 OC and surface temperature -20 OC.
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the temperature differences is postulated as follows. As the imposed
upper surface boundary temperature penetrates the snowpack, thermal
conduction will cause the more highly conductive ice to change temperature
| more readily than the vapor. However, when there is even slight vapor
motion, such as that which exists for the vapor at the layer interfaces, the
heat flux will be effected.

In the instance where the lower density snow overlain with the
higher density snow is initially being impacted by the thermal changes, the
upward heat fiux due to the vapor velocity will impede the rate at which’
the vapor will cool, since the warmer vapor is being transported upward
from below. In the reverse situation where the low density snow is on top,
the combination of the downward vapor velocity in conjunction with the
conductive heat flux causes the vapor tb cool more rapidly than the ice.

The partial stress profiles of the ice does not differ perceptibly from
the stress profiles for the isothermal case. The strain (Figure 35) and the
partial stress of the vapor (Figure 36) are influenced by the thermal
variation in a similar manner to that previously discussed for the
homogeneous snow, with the obvious variation due to the effect of layering
as noted for the isothermal instance. The maximum strain in the layered
snowpack, initially in the low density layer, remains there and becomes
more pronounced when the temperature is lowered. The partial stress of
the vapor as noted earlier is temperature sensitive and decreases in
magnitude as it cools. |

Indication of some interesting phenomena are demonstrated in the

results calculated for the time rate of change of the volume fraction
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Figure 35. Strain in the ice relative to position in a layered snowpack, with base
temperature 0 OC and surface temperature -20 OC.
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Figure 36. Partial stress of the vapor relative to position in a layered snowpack, with
base temperature 0 OC and surface temperature -20 0C,
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(Figure 37). The upper surface is once again indicated to be the most active
zone as the initial changes are taking place. However, of particular
interest is the way in which layering affects the change in volume fraction,
since it is in apparent agréement with observed physical phenomena. Depth
hoar crystals have been observed in the natural environment to grow above
and below dense layers and crusts [Perla, 1978], and have been observed by
the author as well. Regions of high density such as compacted snow from a
ski track have been observed to increase in density at the obvious expense
of the lower density snow surrounding it [Reid, 1984; Oakberg, personal
communication]. |

Using the assumption asserted earlier, that a rapid decrease in ice
volume fraction implies development of depth hoar, the indicated effect of
the layering is to enhance depth hoar growth above and below the high
density layer as well as in the low density snow and at the base. Also
indicated by the model is the increase in density of the higher dehsitg
snow, at the expense of the lower. [t should be noted that these phenomena
are particularly pronounced during t_he period when the thermal effects are
being established. The indication of these trends are encouraging since the
phenomena indicated by the model are indeed real. H'o'wever, it is felt that
the rates of change indicated may be too large relative to the magnitude of
the results given for- the temperature gradient effects alone. Until precise
physical measurements of the density change for the various situations are
taken, no conclusive judgement as to the what the relative rates for the

different conditions should be, can be made.

“
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Figure 37. Time rate of change of the volume fraction relative to position in a layered
snowpack, with base temperature 0 OC and surface temperature -20 OC
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The vapor velocity for the layered snowpack (Figure 38) has its
maximum valxues initially at the transition interface between the density
layers. Then, as the thermal effects of the imposed surface temperature
infiltrate the snow the magnitude of the velocity decreaées markedly.
Finally, the effects of layering on the equilibrated force interaction (Figure
39) are seen to deviate from the trends noted for the homogeneous snow in
much the same manner that noted for the temperature profile as the result

of layering.
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Figure 38. Vapor velocity relative to position in a layered snowpack, with base
temperature 0 OC and surface temperature -20 0C.
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Figure 39. Equilibrated force interaction of the ice relative to position in a layered
snowpack, with base temperature O OC and surface temperature -20 OC.
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Chapter VI

SUMMARY
Recommendations
Since the equations used ih the application have been developed
entirely within the guidelines governing the modern theory of muitiphase
mixtures, a number of the coefficients involved in these newly established
equations are not yet weli understood. In light of this, continuing research
which would yield more accurate values for the coefficients are warranted.
" In the formulation presented here, the interaction terms as generated
from the second law produce equations which intuitively seem appropriate.
The fact that these equations are genérated throUgh the dissipation
inequality within the framework of the theory is appealing, since it serves
to sustain the coherent nature of the approach. |
Although the forms derived for the interaction terms are reasonable,
the positive coefficients involved in the equations are not in general well
known. Even the mos‘t straight forward coefficients, when applied to a
mixture, may be less t_ransparent than for a single -constituent. For
example, the coefficient relating to the heat flux, the thermél conductivity,
requires a closer examination. The usual thermal conductivity coefficients
for the ice and vapor afe used in‘the application. | As a result of the volume

fraction concept, the thermal conductivity of the snow mixtufe varies with
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the snow density. This is in keeping with the usual concept ‘associated
with thermal conductivity in snow. Dénsitg is most commonly considered
to be the predominant variable affecting thermal conduction in a snowpack
[Mellor, 1964]. Future work however, should consider the manner in which
temperature, grain bonding and configuration affect the constituent
thermal conductivity coefficients.

The coefficient used for the energy interaction is based on Newton's
law for cooling, and might bé refined in future applications. The K
coefficient /involved in the extra equilibrated force tefm is not known or
understood, and consequently it was arbitrarily chosen to be fairly small.
The positive mass interaction coefficient which is used in this paper is
assumed to be proportional to the intefface pressure, since this term
varies with temperature énd grain configuration. The proportionality used
is assumed to be very small, in order to maintain a mass exchange between
constituents which is plausible. Snow density change due to metamorphic
processes alone are so small that they have not yet been physically
measured. Future investigation would approp_ri}atel\g work toward a more
complete understanding of this coefficient.

Part of the appeal of the theorg presented is the coherent, self \
contained nature of the approach. Central to this is the manner in which
the Helmholtz free energy .directly and naturally defines the stresses,
entropy and equilibrated stress,_ ‘based on the general theoretical
requirements. The Helmholtz energies are approximated by a Taylor series

. expansion, as explained-in the development presented previoUslg in the text.
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The ideal gas law is assumed to apply to the vapor free energy and is used
to ascertain values for the coefficients of the series. A number of
coefficients for the ice are arrived at by similarity to established forms.
For example, similarity of the form arrived at for the stres’s with a
thermoelastic material was utilized. Other coefficients for the free
energy of the ice were célculated by equating suitable values to arrive at a
balance with the chemical potential for the vapor at equilibrium. This
method of determining coefficients, i.e. by comparison with processes
involved for a separate constituent, offers a method to calculafe values at
certain conditions. The results, seem to indicate that these values are aiso
appropriate at states other than those for which the coefficients were
chosen to satisfy. These might be chosen by more independent methods in
future work. '

A significant stumbling block which must be addressed in future work,
is the numerical calculation of the vapor velocity. The pr‘edominant
emphasis of the present work is theoretical in nature with a fairly straight
forward numerical approach; Con'tinAuation of the research should perhaps
involve a more sophisticated numerical analysis, which would better
address the instability associated with the balance of linear momentum
equation for the vapor. Examination of the assumption of zerb equilibrated
stress might be addressed in fdture work, since it effects the calculation
of vapor stress through Equations 3.1S and 3.16 and therefore may effect
the vapor velocity which is calculated through the balance of linear

momentum.
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Solutions to the homogeneous snow. problem appear to be extremely
good. As stated in the discussion of results, the effects of Iagéring appear
to be correctly described by the theory developed here. The predicted
results correspond quite nicely with physical evidence showing thaf dense
layers adjacent to layers of lower density snow become more dense at the
expense of the lower density layer. AlthoUgh the model predicts this
process correctly, the rate at which ‘it is calculated is feit tq be t‘oo high,
relative to the calculated rate governed by temperature gradient effects.
Further physical and analgtic invéstigation is required for é resolution of
this possible discrepancy. Until additional research is accomplished,
whether or not these calculated ’valuies are indeed too large cannot with any
certainty be determined. ‘

The theoretical developfnent presented in the dissertation is for a
fully dimensional model. However, the numerical scheme which is used to
test the formulation, simplif ied‘ the application to one dimension. There
are obvious limitations imposed when this is dohe. An expahsion of the
quantitative analysis to two and three dimensions would be a logical
extension of the applicatibn presented here. "

The ice constituent in the present development is considered as a
thermoelastic material.  When considering an extended time frame,
modeling the ice as a thermo-viscoelastic material would be a desirable
approach in a more sophisticated analysis. |

Finally, the vapor, which is considered as a single constituent might be

successfully subdivided, considering the air and water vapor as two
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distinct constituents. This obviously implies a three constituent mixture,
which is necessarily more complicated. The three constituent model would
have the advantage of distinguishing between the more thermodynamically
active water vapor which is changing phase, and the essentially inert air
constituent. The relative diffusion between the two vapor constituents
could then be distinguished as well. It is quite possible that treating the
air and water vapor as independent constituents would lead to more
suitable values when determining the velocities as calculated through the

linear momentum equations. As a word of. caution on this approach; since

the vapors are not physically separated it may not be suitable to apply the

immiscible assumption to these two constituents.

Conclusions

Perhaps the most appealing aspect of the theorg presented is the fact
that it is essentially self contained. Following the basic tenants of
standard continuum mecﬁanics, including the very important restrictions
imposed by the entropy inequality, a set of intricately interconnected
relationships are developed.

Development of the multiphase' mixture 'theorg to snow is the product
of a straightforward approach ‘following guidelines set down in previous
theoretical work. Strict adherence to the basic principlés of continuum
mechanics with assurance that requisite requirements or restrictions are
not violated, led to a modg‘l which is specializéd to snow. Although

considerable manipulation and. speéialized formulation are considered, it is
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all carried out within the established framework of the theory of
multiphase mixtures.

The strength of the theory is in its completeness. It does not isolate
individual  processes for examination, but instead requires that
interrelationships be accounted for. Consideratioh of the snow as a
continuum does not explicitly indicate the type of crystal development
which is occurring, except by inference to the physical growth which is
associated with the conditions predicted by the model.

The description of SnOW, Or any material, as a misture consisting of
two constituents allows for considerable sifnplification over a mixture
requiring additional constituents.. This is particulérlg evident in reference
to the constituent interaction terms. Thése interaction terms are the
negative values of each other, when only two constituents are considered.
Consequently, when a form for one term is established, values for both are
immediately known. The' time rate of change of the volume fraction for
each constituent will also be negatives of each other.

Consideration of physically separated phases as autonomous materials
except in reference to the constituent interaction terms, is important when
making the transition from theory to application.  This independent
consideration of the individual constituents does not produce equations
which are so unwieldy as to be impractical. The demonstration that this
immiscible mixture concept may yield plausible results for physical
situations such as thé ‘one 'examiﬁed in this paper, adds credence to the

approach.
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The theory is applied to ‘several idealized snow conditions.
Homogeneous and layered snowpacks one meter in depth are considered for
isothermal conditions and with the boundary temperatures held constant,
20 0C apart. Initially the snowpack is assumed to be at the same
temperature throughout, except at the .upper surface. The processes such as
temperature change, mass interaction, vapor flux, etc. and their transition
from the initial conditions are evaluated. Results from the theory
presented are quite good.

The idealized homogeneous sample gives very plausible results. Anice
volume fraction of 0.3 is assumed, which corresponds to a snow density of
approximately 275 kg/m3. The isothermal condition gives results which
show little variation throughout the snowpack for predominantiy
thermodynamic processes, as would be expected for this simple situation.
With only mechanical effects driving them, processes such as the partial'
stress and strain of the ice are seen to increaée in magnitude with depth
from simply the overburden of the snow above. The partial ‘sfress of the
vapor is constant throughout and the vapor velocity is zero.

The homogeneous ‘snowpack is examined to see the transitory
variation of processes with tAime, after the initial thermal boundary
conditions are imposed. Inspection of the homogeneous model one hour
after the start, shows the processes near the surface to be very active.
Large gradients of the tembérature, vapor pressure, thermal strain gnd
equilibrated force interaction near the surface -are apparent as well as

relatively large vapor velocities and a rapid decrease in the volume
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fraction of the ice. Because it has a higher thermal conductivity, the ice
cools more rapidly than the vapor, and near the surface the temperature of
the ice drops substantially below tha_t of the vapof constituent at the same
location. At the end of the first hour, there is very little change from the
initial conditions further down into the snowpack. |
Inspection of the processes as time progresses reveals a particularly
active zone, similar to those in the upper region noted after one hour,
which moves downward with time in a wavelike féshion. However, the
abrupt radical jumps in the terms described are less pronounced as thié
active zone moves downward through the snowpack. After five days the
steady state is being approached, indicated by the approach of constant
gradients for the terms mentioned above, and the equilibrating of
constituent temperatures at corresponding layers. |
Interestingly, the strain profile, in accordance with the changing
temperature regime, has been altered as the resuft of thgrmal 'expansi,on, to
the point where the magnitude of the strain becomes greater as the cooler
.surf ace is approached. | | |
The time rate of change of the ice volume fraction is most pronounced
for the homogeneous .situatién in the lower warmer, more
fhermodgnamicallg active region. .The decreasing volume fraction of the
ice is assumed in this application to'indicate the development of the
kinetic growth form. | |
The idealized snowpack used to test the effect of stratigraphy is

considered to be a snowpack of predominantly 0.3 ice volume fraction with
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a 15 c¢cm layer of 0.4 ice volume fraction and a lower density layer of the
same.thickness with an ice volume fracfion of 0.2. These correspond to
approximately 367 kg/m3 and 183 kg/m3 snow densities respectively.

When the stratigraphically lagered snow is considered as initially
isothermal, temperatures remain- constant and equal. The greatest strain
for the ice constituent is calculated in the low density layer, and the least
is in the high density layer. The partial vapor stress varies with the
layering, but as discussed in the previous chapter, when considered with
respect to a unit of pure vapor it remains constant throughout. That is if
only the vapor were to be considered the vapor stress in all of the
individual pores would be equal. Partial stress for the ice increases in
magnitude with depth and exhibits perturbations through the layering.
Scrutinizing this ice stress, it is seen that larger stresses per unit of the
ice alone are sustained in lower density snow.

Vapor velocity is everywhere.zero, except at the interfaces between
layers. The direction of the veloéities at the intérf aces shows a flow from
lower density regions toward zones of higher density. |

When the differing boundary temperatures are imposed on the layered
snowpack, a transient pattern similar to that seen in the homogeneous
snow takes -place. This similarity exists in the sense that there are
initially large gradient and ra‘te functions near the surface, which become
less pronounced és‘ this initial wave of transition physically progfesses
downward through the snow. with "time. There are, as expected, notable

differences due to the varied stratigraphy. Curve profiles of processes
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varying with position are not smooth functions progressing toward a tinear
form, as in the homogeneous example. There are' perturbations which
coincide with the layering. |

Temperéture gradients develop which are strongest through the low
density layer and weakest in the high. The change in volume fraction
indicates that a dense layer sandwiched between lower density snow will
become tnore' dense as the adjacent lower density snow decreases in
density. Similarly, the lower density snow will lose ice as the adjacent
higher density snow gains. This result is encouragtng, since it has been
observed in natural snowcover [Reid, 1984; Oakberq, personal
communication, 1984]. 'Although the anomaly is quite likely real, it is feit
that the effect of layering indicated by the model is too large relative to
the calculated temperature gradieht effécts. Although, as stated earlier,
without further research this question cannot be answered.

Ice stresses are essentially ‘the same as those calculated for the
isothermal, and the partial vapor stress maintains the same basic res'ponse
as for the iéothermal situation, but decreases somewhat along with
temperature. The vapor veIOCItg response to Iagerlng remains after the
thermal processes have permeated the snowpack but is shown to slow Wlth
time.

The theory of muttiphase mixtures offers a unified, coherent,
comprehensive approactt to analyzing the myriad of intricately interrelated
processes involved in thermodgnamtcallg active granular or porous

materials. Results from the lnmat attempt presented ln this dlssertatton

-

l—'L { /
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to model snow on the ground by application of the theory are quite
promising. Of course, considerable future work remains in development of
the application, but the thesis demonstrates that this relatively new
theoretical approach may be successfully used for modeling processes as
complex as the one presented. The thrust df this paper is concerned with
an ongoing development of an enhanced understanding of snow. as a
material. But, the most significant accomplishment is quite’ probably thg
demonstration of the usefulness of the potentially powerful theory, which

has had relatively few applications, to a broad range of problems.
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NOTATION AND NOMENCLATURE
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Notation

In general, except where explicitly noted in the text, bold upper case

symbols indicate second order tensors, bold lower case symbols indicate

vectors and scalars are represented by standard print symbols. A backward

prime preceding a symbol ,T,, indicates a material time derivative on the

constituent property, and a preceding superscript dot preceding a symbol,

T, indicates a material time derivative for the mixture.

Subscripts associated with symbols imply a property associated with

the constituent, and ‘symbols without a subscript imply a property

associated with the mixture. Subsc;ripts for specific constit'uehts iand v

(Tj and T',) represent the ice and vapor respectively. A subscript R implies

a reference state.

Nomenclature

B, configuration of constituent a.

BaR ~ reference configuration of constituent a
b, b bodyforce '
Cy C mass concentrations -

cy' mass interaction

Ey strain tensor for constituent a

ey e internal” energy

ey’ energy interaction

e, "¢ extra energy interaction

Fa F deformation gradients

G Lame’ constant, modulus of rigidity

4 G equilibrated force supply




Vo K VL R

o o
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temperature gradient
equilibrated stress
equilibrated inertia
velocity gradients

heat of sublimation
external equilibrated body force

angular momentum interaction
momentum interaction

extra momentum interaction

unit normal vector dirécted outward
heat flux

gas constant _
external heat supply

the state of a variable

equilibrium state

perturbation away from the equilibrium state
stress tensors

time

diffusion velocity for constituent a

velocity vectors

volume fraction gradient

position vectors in the reference configuration
position vectors in spacial coordinates

Young’'s modulus
coefficient of linear expansion

.body of constituent a, mixture body

any general scalar, vector or tensor valued property
material density of constituent a

internal dissipation of the mixture
slight perturbation from equilibrium state of §
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fluid viscosity
entropy

entropy interaction
constituent temperature
reference temperature

permeability
Lame’s constant
chemical potential

volume fraction

scalar of arbitrarily small magnitude
interphase pressure between phases
bulk density of the mixture

partial density of constituent a

a general source term
interfacial energy .

a general flux term
equilibrated force interaction

extra equilibrated force interaction

Poisson's ratio
a general property
Helmholtz free energy

mean radius of curvature
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APPENDIX A

Vapor Velocity from the Balance of Linear Momentum Equation
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The one dimensional balance of linear momentum equation for the
vapdr is |
my’ = pyVy — T /By - pyby *Cyvy - T vy/Bxy,
or, rearranging terms |
vy = @Ty/0%, + pby - ovy T BR/BR, + myT) p,,
Substituting for the interaction terms gives
', =(3T,/3x,, + pQDV +[¢; 0"{'(-11\, -/ 2 - kv 2 2)/8,
- (j_li - Vi‘Vi/2 - ki"vi2/2)‘(ei)}]vv + 7 avvlaxv
- [mi0+9{(vv/ev) - v/ py,.
Rearranging and collecting terms
vy +lej T/(20yp vy P+ (- [Cio+-{(“v - ky' /28,
- (j.ll - vi-vi/2 - kikvi2/2)/9i)} + mi0+e/9V]/pv} Vy
= [OTy/Bxy + pyby * T 8V /Bxy, + my "(v;/0)V/py,
or with the obvious substitutions
vytavyitby,=c
This is a first order but nonlinear differential equation. However, the

homogeneous part is readily solved since it is in the class of Bernoulli

Equations.

Multiplying the homogeneous part by v,,”3 gives
vy Sy *bv, %= -a

Now set y = v, 2 so that -
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vy 3 vy T Y2,
and the equation to be solved is simply
‘y-2by=2a, o
which has the solution
y = k exp(2bt) ~ a/b,
so that the homogeneous solution to the original differential equation is
v = [k exp(2bt) - a/o)™/2. | |
The particular solution is arrived at by finding the cube root of the
equation - -
vi+dv+e=0,
where
d=b/a & e=-c/a. |
For the solution to the cubic equation, let
A = [-e/2 +[(e2/4) + (@3/27)1/21/3
and -
B = [-e/2 - [(e%/4) + (03/27)1" 2]'/3
and since |
e2/4 +d3/27 > 0,
(this is continuously checked in the computer program) there is only one
real real root, which is used as the particular solution p,
p=A+B. '
The complete solution. to the differential equatior_\ is then
v = [k exp(2bt) - a/b]‘v 24+p, - |

Using as an initial condition
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@L=0:i V= Vinitial
yields
- '
Vinitial = k- a/b]"/2+p,
o) .
K= (Vinitial ~P)2+a/b,
and finally

V= [{(Vinitial - p)~2 + a/b} exp(2bt) - a/bl™/2 + D.
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APPENDIX B

Computer Program




Figure 40.  Computer program, EASNOMIX, which is used to calculate resuits.

PROGRAM EASNOMIX{IMPUT ,OUTPUT,EACOEF (EAOUT ) ;

CONST N=21:

M=73
TYPE vECTUR=ARRAY[1..NJ OF REAL:

UQR GAMMAT R, TEMPR SPHTV,SPHTI , THERMEXP ,KIR ,KVR MASINSCALE,
ENTRGPUR ENTRGPIR ENERINTR pDT,DTH DL,
BF,TIME, TDTLTIME UISC PERMEAB PIR, 51GMA,L,PSIV2,PSIIZ,
HEIGHT PUIQSON K: REQL,

1,J,1K,CK,QUTINTY: INTEGER;

MUY ,NUI ,ROI ROV W, TEMPY, TEMFI (E , GAMMAY MUY ,MUT ,MASINTI ,MOMINTI,
ENERINTI,PI,DPDNI,DPDNV EGFR1 ,EQFRINI ,EGFRINV,EGFSY,STRESSI,STRESSS,
STRESSY,ENTROPI ,ENTROPV,ENGY1,ENGYY, Q1 ,GV,LV ,MOMINTR ,TRCNUI ,TRCROV,
TRCTEMPI ,TRCTEMPY ,LATHTROI ,LATHTNUW ,LATHTROV ,LATHTSTR,

TRCE ,EPRE, K1 KV ,NUVR,NUIR , GAMMAYR ,ROVR ,ROIR,
PSIVR,PSIVi,PSIV3,PSIVS,PSIVS,PSII10,PS118,MASINTR,
PsIVE,P5IV10,P511R,PSI11,P5113,PST15,PS114,PS117,PS117,RADIUS,BND KON,
TG1,T6V,YOUNGMOD ,LAMBDA , SHRMOD ,PSIV7 ,PRESS,V5,DW,DVI ,ROS ,ROOTEST,

ACOEF ,BCOEF ,CCOEF ,DCOEF ,ECOEF ,VUPARTA,WPARTE,YWPARTIC ,CUBEA ,CUBER :VECTOR

INCOEF ,OUTFILE,Qutfilel,DutfileV,Dutfiles,OutfileXsTEXT;

PROCEDURE - INITIAL;
VAR T:INTEGER;

s Th

Z8l




DL
PEIVZ :=-ENTROPYR;
PS112:=-ENTROPIR;
Writeln{Qutfiltel ,N,M)y
Writeln(Dutfilel,N,Md;
lWriteln{COutfiles N,MI;
WritelniOutfileX,N,M);

FOR 1:=1 TO N DO
BEGIN ’
ROICTI :=NUILII*GAMMAI ;
NUVLTIT:=1-NUILI1;
MUIRLTII:=NUILIJ;
CNUVRLIT:=NUVIII];
GAMMAVIT ] 1=1.2%9;
GAMMAVRI T Y :=GAMMAVII];
ROV 1D :=HNUVL T 1%GAMMAVIT ]
ROSCLI1:=ROILII+ROVII];
ROIRLII:=ROILII;
ROVRLI1:=ROVLII;
PIL11:=PIR%{EXP{{2*516MaA)/{GAMMA] #R*¥TEMPR#RADIUSI{112)
#EXPC(L/Ry#{(1/TEMPR) - {1/TEMPIL1323233

PSIVIL1]:=-R¥TEMPR/NUVRII];
PSIV3L11:=R#*#TEMPR/ROVRII];
PSIVSI 1] :=R*TEMPR/SGR(NUVRIT]) ;
PSIVSLI]:=-R/NUVRLI];

PSIVBLI1]:=R/ROVRI11; )

PSIVIOLT ] :=R*¥TEMPR/SGR(ROVRII1Z
PSIT1[13:=-R*TEMPR*ROVRLII/ROIRLI;
PSIT1001):=-PSIT11L11/ROIRLID;
PSIV7L11:=-SPHTU/TEMPR;
PS118L011:=-SPHTI/TEMPR;
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PSII3[1]:=~{2%PI1[1)-GAMMAVRI1J#R*¥TEMPR)/{ROIRI I11%GAMMAI);
YOUNGMODLI1 :=EXP{(10#NUTLTII+4)%LN{103);

LAMBODAL 11 :=(YOUNGMODI 1 1#POISSONI/{{1+POISSON) %{1-2%POISSON) 3
SHRMODLI1:=YOUMNGMODII11/(2%{1+PBISSON)) ;
PSTIS[I]:=LAMBDALI}/ROIRLI1;

PSI14011:=SHRMODL11/ROIRLI];
PSII7013:=-THERMEXP#(3%PSIIS[I11+2%PSII&[I12;
PSII?LI1:={{PSIV2-PSI12)+PSIVBI1]*#ROVRII1I)I/ROIRI1];

PSIVRIT) :=-PSIV3LIT1#ROVRLI;
PSIIRLII:={PSIVRLII+PSIV3[I11#ROVRLIIZ-ROIRLII*PSII3I1];

WIIl:=
CUSLIY:=

DVILIY:=0;

DVWI11:=0;

TRCEL11:=0;

LULI1:=0;

STRESSS[1):=0;

END;

STRESSIINI :=-GAMMAVRINI #253#R;

FOR I:=N-1 DOWNTO 1 DO

BEGIN
STRESSI{I1):=({STRESSILI+1]1+{BF*ROILTII)*DZ+PILII=#{NUILTI+1]-NUIL11));

END;

FOR 1:=1f TO N DO

BEGIN
E[I1:=(STRESSILI1-ROILII-PSITILII-PSIIFII]I*{TEMPILI]1-TEMPR)-PSII10[]]

#(ROILII-ROIRLIIII/{PSIIGLII+2%PSII&4L113;
. END; '
END;
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PROCEDURE INTERACT; {CALCULATE VALUES FOR INTERACTIOM TERMS?
VAR T:INTEGER:
BEGIM
FOR 1:=! TG N DO
BEGIN
YOUNGMODL 13 1=EXP{(10¥NUTTI1+4)%LN(103)
LAMBDAL 11 :=(YOUNGMODL 1 1#POISSONY/{ {1+POISSON) #(1-2%POISSON) ) §
SHRMODL 13 :=YOUNGMODL 11/ {Z%{1+POISSONI D¢
PSIIS[I1:=LAMBDALTII/ROIRLIT;
PSI14011:=5HRMODIII/ROIRIIT;
PSI17[11:=-THERMEXP#*{3xPSIIS[11+2#PSI14111);
LATHTNUVE 1] :=PSIVSLII#<NUIII-NUWRI11)
LATHTROVL 11 :=PSIVI0LI11%{ROVITI-ROVRITI]) §
LATHTROILI11:=PSI13[11-PSIIPL1I*TEMPR+PSIT100T1*ELL];
LATHTSTRIT1:=PSII11[11+{PSIIS[11+2%PSI14L11)#E(I1-PSII7III#TEMPR+PSII10[1]%
’ (ROILII-ROIRCID) g
KITI3:=BND[II#KIR#NUILIl;
KVLTT:=KVUR#NUY{11:

MUU[I]:=PSIV1[I]*iNUU[I]-NUUR[I])+PSIVZ*(TEMPU[I]—TEMPR)+PSIU3[I]
#(2Z%¥ROVI11-ROVRL112+ '
il!Z)*iPSIUS[I]*SQR(NUV[I]-NUVR[I])+2*PSIUé[IJ*(TEMPU[I]—TEMPR?*
(NUU[I]—NUUR[I])+PSIU?[I]*SQR(TEMPV[I]—TEMPR)+2*PSIU8[I]*iTEMPU[I]-TEMPR)ﬁ
(2*RUU[I]—ROVR[I]){+P81010[l]*(3*SQR(RUU[I])-4*ROU[I]*RUUR[I]+
SGR(ROVRI112)3)+PSIVRITI; )

MUI[I]:=PSIll[I]§E[I]+PSII2*(TEMPI[I)FTEMPR)+FSI13[l]*(2*RDI[I]-RGIR[I])+

(1/2)*((PSIIS[I]+2*P8116[l])*SQR(E[I])+2*PSII?[I]*(TEMPI[I]-
TEMPR)*E[I]+PSIIB[I]§SGR(TEMPI[I]-TEMPR)+2*PSII9[l]§(TEMPI[I]—TEMPR)§
(Z*RUI[I]-RUIR[I])+2*PSI110[I]*(E*RDI[I]—ROIR[I])*E[I]3+PSIIR[I];

MASINTRI 13 :=MASINSCALE*PILI1; ..

MASINTI[I]:=MASINTR[I]*(MUU[I]/TEMPV[I]-MUI[I]!TEMPI[I]

-¢SARIWIIII/TEMPULL) YA 2) %
MOMINTRE T :=¢ SERINUIL11)*TEMPUL11#/18C)/{PERMEAB) ;
MOMINTICI ) :=MOMINTRIII*{WIT1/TEMPVLT1)
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ENERIMTILI] :=ENERINTR#{TEMPULII~TEMPILI1);
DPONIT1]:=GAMMAI#{PSII3LI]+PSIISIII*(TEMPILII-TEMPR)+PSI110011%E[1]);
DPDNVI T :=PSIVHLII+PSIVSIII*{NUVITI-NUVRITI}+PSIVSLTII#{TEMPVLI]1~-TEMPR) ;
STRESSVII1:=¢{-S5QRIROMLII)*{PSIVILII+PSIVELIII£{TEMPVLI]~-TEMPR)} +
PSIVIOLTII#(ROVIII-ROVRITI1I )
ENTROPILI] :=-{PSII2+PSI17013%E[11+PSIIBII)#{TEMPILII]I-TEMPR)+PSII%?[1]
*{ROILII-ROIREIIDD;
ENTROPVI 1] s=—{PSIV2+PSIVAL T I#{NUIR[1I-NUILI12+PSIVZIII1#{TEMPVL I11-TEMPR}
+PSIVBIII#(ROVLII-ROVRIIID )
ENGYUL 1] :=PSIVILII*{NUVL1I-NUVRLI1)-PSIVZ2*¥TEMPR+PSIV3[11#{(ROVIII-ROVRI1])+
‘ (1/72)%(PSIVST I I%SAR(NUVE T I-NUVRL 111 -2%PSIVSL T 15 TEMPR*{NUVL I 1-NUVRI 11>
~PSIVZL I 1% {SAR(TEMPVL11)-SAR(TEMPR) ) ~2*PSIVBI 1 1*TEMPR%<{ROVI 1 1-ROVRI 11+
PSIVIOLTI#SER{ROVIITI-ROVRIII))+PSIVRII;
ENGYILI):=PSIT1LI11#ELI)-PSII1Z%TEMPR+PSII3[I1*{ROITII-ROIRITI])+
(1/2)%({PSI150T11+2%PSI14L11)%5QRC(ELI1~2#PSII7[11+TEMPR*EL]]
~PSI118L11%({SQGR(TEMPILI1)-SAR{TEMPR) )-2%PSI19L1J#TEMPR*{ROILI]I-ROIRLI1)+
. C2%PSIT10[I1#(ROILII-ROIRLITI*ELIII+PSIIRII];
~ END; - . T
END3

PRAQCEDURE BALANCE;
VAR 1:IMTEGER;
BEGIN
1:=1:{NODE AT THE GROUMD USE FORWARD DIFFERENCE:
TGILI] :=<TEMPILI+{]-TEMPILI1)/<D2Z);
TEULI) :={TEMPVII+1]-TEMP\M11)/{D2) 3.
BILIY:=-KILI1=({TEMPITI+1)-TEMPILI1)/{D2);
GULTYs=-KVLTI1%(TEMPVII+11-TEMPVI11)/4D2) 5
LVIITe=CULTI+1T1-UYTT]0./0D2);
TRCNUI[I]'"MASINTI[I]/GAMMAI
TRCROVLI1:=-MASINTI{I1- RUU[I]*(UU[I+1]—VU[I])/DZ
EQFRICIV:=((PILIJ+ROMIII=DPDNVETII®TEMPILI]- VPI[I]+ROI[I]*DPDNI[I])
*TEMPVI 11~ K*TEMPI[I]*TEMPV[I]*TRCNUI[I])’(TEMPU[I)+TEMPI[I])'

EQFRINILI):=EQFRILI}+PI[11];
EQFRINVIT ] :=-EQFRILII+PILI];
VW) =0
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TRCTEMPILI1:=0;
TRCTEMP“[I]"O;

I:=N;{NODE AT THE SURFACE USE BACK DIFFERENCE}
TGILIT:=(TEMPILII-TEMPILI-113/{D2);

TEVLI] :=(TEMPUYLII-TEMPVLI-11)/{D2);

QICI] e=~KILI3%<(TEMPILII-TEMPILI-11)/D2;

OVIT Y e=-KUYITI=*{TEMPVLII-TEMPVLI-11)/D2;

LULTIYe={WITI-WII-112/D2;

TRCNUILT] :=MASINTILI1/6AMMAL ;

TRCROVI 1] :=-MASINTILI]- RUU[I]*(UU[I]-UU[I 112702

ACOEFL 11 :=MASINTRI11/{2%ROVI11*TEMPUL11);

'BCGEF[I]:=((MOMINTR[I]/TEMPU[I))-MASINTR[I]*((MUU[I]/TEMPU[I])
=(MUITII/TEMPILI1)))/ROVII];

. CCOEFL11:={{STRESSVI1]-STRESSVII-11)/DZ+ROVL11%BF+

PICII#{NUJLII-NUYII-113/D22/ROVIIT;

. DCOEFL11:=BCOEFT11/ACOEFL1];
ECOEF{1]:=(~CCOEFLI)/ACOEFL11);
ROOTESTIIJ:=(SQR{-CCOEFL11)/4)+{SAR(BCOEF[{11)*DCOEF[11/27);
IF ROOTESTLII<0 THEM .

WRITELN(OUTFILE, THREE REAL ROOTS‘,ROOTESTII1);
CUBEAL11:=-ECOEFLI1+{1/ACOEFL11)#SQRT(ROOTESTLI1);
CUBEBL1]:=-ECOEFLI1-{1/ACOEF[11)#SART{ROOTESTII1);
VWPARTALT ] :=EXP({1/3)#LN(ABS{CUBEALI1)));
IF CUBEAL11<0 THEN

VUPARTAL 11 :=-UUPARTALI];
VWPARTBL 1] :=EXP{(1/3)#LN{ABS(CUBEBL11)));
IF CUBEBLII<{0 THEN

VUPARTBL 1] :=-VUPARTBIL11;
UUPARTIC[I]'=ACDEF[I]*(UUPQRTA[I]+UUPARTB[I])

EGFRICIT :=((PILT11+ROVIII*DPDNVII1)*TEMPILI1-<PILI1I+ROIL11%DPDNILI1)
¥TEMPVL I -K4TEMPIL I I#TEMPVLI1#TRCNUILI 1) A(TEMPVL I I+ TEMPILI 1) ;

EQFRINICI]:=EQFRILII+PI[1];

EQFRINVI 1] :=-EQFRILII4+PITI];
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TRCTEMPIL1]:=0;
TRCTEMPYL11:=0;

FOR 1:=2 70 N~-1 DO

BEGIN -~
TGILI3:=(TEMPILI+13-TEMRILI-13)/{2%D2);
TGVLI1:=(TEMPULI+11-TEMPVLI-110/{2%DZ)

QILTY:=-KIL13}%{TEMPILI+131-TEMPILI-113)0/(24D2)2;
GULT]i=~KULI1#(TEMPVII+11-TEMPVLT-130/{24D2)
END

FOR 1:=2 TO N-1 DO
BEGIM
TRCMUILT1:=MASINTIL[11/GAMMAI ;
TRCROVIII: -MﬁSINTI[I] RUU[I}*'UU[I+1]-UU[I 1137(2%D2);

HCDEF[I) =MASINTRII1/{2%ROVL T I#TEMPVIT1)

BCOEFL11:={{(MOMINTRII1/TEMPVLT1I)-MASINTRIII*#((MUVLII/TEMPVII]
~MUILII/TEMPICIZN))/ROMITD

CCOEFLI1:={{STRESSVLI+1]1-STRESSVI1~11)/{2%D2)+ROVI1]1#BF
+PILTI#(NUVIT+1]-NUVII-12)/702%D2))/ROVLT]

DCOEFL11:=BCOEFLI1/ACOEFI1];

ECOEF{1]:=(-CCOEFLI11/ACOEFLI1);

ROOTESTET ] := fSGR‘-CCUEF[I]?f4)+fSQR(BCUEF[I])*DCUEF[IIJ27)

IF ROOTESTII1<0 THEN

WRITELN<OUTFILE, THREE REAL ROOTS®,ROOTESTLII1);
CUBEALI11:=-ECOEF[11+{1/ACOEFL13)*SQRT{ROOTESTI1]);
CUBEBL1]:=-ECOEF[11-{1/ACOEFLI1)>*8ART{RODTESTIID);
WURARTALT Y :=EXP{{1./3>#LN{ABS{CUBEAL 1123}

IF CUBEAL11<0 THEN

- WUPARTAL 1) :=-WPFARTAL1];

VJPARTBLI1 :=EXP({1/30%#LN(ABRS(CUBEBL11)]3);

IF CUBEBLI11<0 THEN
UYUPARTBL 11 :=-YUPARTBIL11;
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VUPARTICET Y +=&COEFLI I CUUPARTAL I I +VJPARTBLI D )
EGFRILII:=({PI[IJ+ROVIITI*DPDNVITII®TEMPILII-(PILTI+ROILTI*DPONILIT)
*TEMPUL T 1-K#TEMPIL I I#TEMPUL I I%#TRENUIL 112 /< TEMPVLII+TEMPILI )
EQFRINILII:=EQFRILII+PILI];
EQFRINVIII :=-EQFRILII+PILI1;
TRCTEMPILI 1 :=¢(~-LATHTSTRIII*¥TRCEII1-LATHTROIL I ) #GAMMAT*TRCNUILI]
~{QILTI+11-QILI-110/C2%D2)-MASINTIL]1]%
CEMGYILIJ)+ENERINTILI-
EQFRINILII#TRCNUILII/(ROITII*SPHTI) ;
TRCTEMPYL 11 :={LATHTNUVL I J#TRCNUITII-LATHTROVI 1 J#TRCROVL 11+8STRESSVL )
#LULTI-(QUIT+1]-GUITI-11)/(2%DZ)+MASINTIT T 1% CENGYVLII-5QR{WII1)/2)
+MOMINTILTI*UVET]-ENERINTIETJ+EQFRINVIII*TRCNUT L1132/ {ROVL11#8PHTV) ;

EMD 3
END;

PROCEDURE UPDATE;
VAR 1:INTEGER;
BEGIN
FOR I:= 1 TO N DO
BEGIN
EPRELI1]1:=E[1);
NUILI):=TRCNUILI1#DT+NUILI];
MNUJTTY:={1-NUI[1]3;
ROICI1:=GAMMAI=NUILI];
ROVII) :=TRCROVI11%DT+ROVII];
ROS[IJ:=ROICII+ROMIIL;
GAMMAVII ] :=ROVII1/C1-NUILI1)
TEMPILI]:=TRCTEMPILI1*DT+TEMPILI];
TEMPULTY :=TRCTEMPUL11#DT+TEMPUIT]
WHI11e=12 kSQRT"fi/»SQR'UU[I]—UUPARTIC[Ili))+QCOEF[I]/BCOEF[I])
. ®EXP(2#BCOEFLI1%DT)-ACOEFLT}/ BCGEF[I]))+UOPQRTIC[I]'
USTTT:=ROVLTI®WIET1/ROSII;
DUWII3:=UWI11-VS[1];
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DVILIT:=-YS[I1;
PILI):=PIR*{EXF{{2%S1GMA)/{GAMMAT *R*TEMPR*RADIUSI11))
*EXP¢ {L/RY#{ {1/ TEMPR) ={ 1/TEMPILI1))3);
END;

UYE1]:=0;

STRESSTIN] :=-GAMMAVRINI %253#R+MOMINT 1IN %D2+PT INI#<NUTINI-NUTIN-11)

FOR I:=N-1 DOWNTO 1 DO

BEGIN
STRESSILI]:={STRESSI[1+11+{BF*ROILII+MOMINTILI1)*D2+PTLI1%{NUILI+11-NUILI1))

END; '

FOR I:=1 TO N DO
BEGIN
© EL1] —'STRESSI[I]’RUI[I] PSITI[I1-PSIIZLII*%{TEMPILII-TEMPR)~PSII10[1]
#(ROILI1-ROIRIIINI CPSIISII1+2%PSII4L11);
CTRCEL13:={E[1]-EPREL11)>/DT;
STRESSS[IJ'—STRESSI[I]+STRESSU[I]+(ROU[I]§SQR&UU[I]))*
(1-(ROVITI/{ROMITI+ROILIIDD

1

_ END;
FOR 1:=2 TO N-1 DO
BEGIN
LYLTD:=CWILT+11-WII-11)/(2%D2)
END3

LVI1):={WI21-WI11)/(D2) ;.
LVINT t={UUINT-WIN-112/¢D2) ;
END;

BEGIN {MAIN PROGRAM}
RESET(INCOEF;’—#IE—EACDEF.TEXT’);

REWRITE{OUTFILE,“ -#12-EAOUT . TEXT ")
“Rewrite{Dutfilel, -H#1Z-{T1987131ce.TEXT )
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RewritedOutfiteV, -#12-{T178E61 M apor . TEXT 3,

Rewrite{Outfile3, -#12-{T198%135now.TEXT)

Rewrite{Outfilex, -#1Z2-{T17701 ¥XTRA.TEXT 2

READLN{ IMCOEF , OUT INTW) §

READLN{ INCOEF ,[TH) 3 READLNY{ INCOEF, D) s RESDLNC INCOEF , TOTLTIMES 3 REQDLH(INCUEF GAMMAT )
READLN{ INCOEF, EHTRUPUR3 s READLNC INCGEF (ENTROPIR)

READLMI lNCDEF_FJ READLM{ INCOEF TEMPR)_FEHDLH IMCOEF ,POISEOND §

READLN{ INCOEF , THERMEXP) ; READLN< INCOEF , SPHTW) s READLNY INCOEF ,SPHTI)

RESDLMNC INCOEF ,KIR) ; READLNY IMCOEF (KMRD 3

READLNY INCOEF HﬁaINbCéLE) READLMY INCUEF EHERINTRI-

READLMC INCOEF ,EF ) jREADLNY INCUEF_F)_REQDLN INCOEF ,MIS8C) ;READLNC IMCOEF , PERMEAE) ;
REQDLNiINCUEF,SIGMﬁ);REﬁDLNiIHCGEF,PIR};REQDLNiINCUEF,L);

FOR I:=1 TO N DO
RESDLNCINCOEF ,MUILTY RADIUSIITLENDLT], TEMPIL1],TEMPYIID) ;

INITIAL; {CALL PROCEDUREZ

DT :=DTHx40;
TIME:=0; {TIMESTEP:
IK:= 0;
CK:= OUTINTY;
WHILE TIME < TOTLTIME DO
BEGIN
INTERACT ; {CALL FROCEDURE?
BALANCE ; {CALL PROCEDURE:
UFDATE ; {CALL PROCEDURE:
TIME:=TIME+DTH;

IK:= 1K + 13
" IF IK = Ck THEM
 BEGIN

CK:= CH + OUTINTY:
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WRITELN{OUTFILE, ——————=—~ TIME = *,TIME,” MIN"};

HEIGHT :=03
FOR 1:=1 TO N DO
BEGIN
Writeln(Outfitel Height,ROILI],Tempilld,TGITI],TRONUILIT,
STRESSILI1,ELID);
Writeln¢OutfileV,Height ROVITI, TEMPVI1], TGV, TRCROVIT],STRESSVLLT,
WLTI1);
Writeln(OutfileS,Height,ROSI13,5TRESSEIT],MASINTILI] MOMINTILIT,
ENERINTILI,EQFRILI1);
Writeln{OutfileX,Height,PI[1],EGFRINILI]EQFRINVIIT,MUITTY,
MUVLI1,BAMMAVETT)

HEIGHT :=HEI1GHT+DZ 3
EMND
END;
END; :

- CLOSE« INCOEF ,LOCK) §
CLOSE<OUTFILE,LOCK)
Cloce(outfilel ,1ock);
ClosesoutfileV,lock);
Closef{outfileS, lockd;
ClosefoutfileX,lock);

END.
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Figure 41.

0.0024
1E-12
16
~5.81
1E-6
1.3E-5
1E-&
109E-3
- 400
2.831E4

Sample input file used in conjunction with EASNOMIX.

QUTINTY [TC INCREMENT OUTPUTI
OTH {(MIMUTESZ
D2 {METERZ

TOTLTIME {MIMNUTESZ

GAMMAT {ICE DENSITY2

ENTROPYR {REFERENCE ENTROPY U&PORZ -

ENTROPIR {REFEREMCE ENTROPY YAPCOR:

R {GAS COMSTANT?

TEMPR {REFERENCE TEMPERATURE}

POISSOM {POISSOM’S RATIOX

THERMEXKP {THERMAL EXPANSION OF ICE}

SPHTY {SPECIFIC HEAT OF VAPOR}

SPHTT {SPECIFIC HEAT IF ICE "CHOSEN A5 FOR VAFOR SEE TEXT"?
KIR {THERMAL COWDUCTIVITY ICEX

FUR {THERMAL COWDUCTIVITY ICEZ

MASINSCALE {COEFFICIEMT FOR MASS INTERACTION:
EMERINTR {COEFFICIENT FOR ENERGY INTERACTIONZ
BF. {BODY FOGRCE, GRACITYZ

K {COEFFICIENT FOR EQUILIBRATED FORCE IMTERACTION?
VISC KIMOMATIC {KIMNEMATIC “ISCOSITY:

PERMEA {PERMEABILITY: '

S816GMa {INTERFACE EMERGY:

FIR {REFERENCE PRESSUREZ ,

L {LATENT HEAT OF SUBLIMATIONY -
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WHWWWWNRNNWWWD WD B DWwww

OO0 o OO OO0 O00000O000Q

0.005 1.0 273.0 273.0 {INITIAL INPUT VALUES FOR ICE VOLUME FRACTION,
0.003 1.0 273.0 273.0 GRAIN RADIUS, BOND VWALUE, ICE TEMPERATURE,
0.005 1.0 273.0 273.0 UAPOR TEMPERATUREZ

0.005 1.0 273.0 273.0

0.005 1.0 273.0 273.0 {ALL VALUES IN SI UNITE - MKS2
0.005 1.0 273.0 273.0

0.005 1.0 273.0 273.0

0.005 1.0 273.0 273.0

0.003 1.0 273.0 273.0

0.005 1.0 273.0 273.0

0.005 1.0 273.0 273.0

0.005 1.0 273.0 273.0

0.003 1.0 273.0 273.0

0.003 1.0 273.0 273.0

g.005 1.0 273.0 273.0

0.003 1.0 273.0 273.0

0.005 1.0 273.0 273.0

0.003 1.0 273.0 273.0

0.005 1.0 273.0 273.0

0.003 1.0 273.0 273.0

0.003 1.0 233.0 253.0
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