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Abstract:
Shortest path problems in networks constitute a branch of optimization theory wherein system network
models with paths which are characterized by path lengths are of concern.

This work is an extension of the classical shortest path problem; here additional cost constraints are
imposed on the network model.

A dynamic programming solution approach is first formulated. It is solved by an iterative scheme in
which the cost bound variable is incremented by a unit at the end of each iteration where the shortest
paths with path costs not exceeding the cost bound variable are found. The concept of "stepping cost" is
introduced representing the path cost at which a change of shortest path length occurs. A theorem is
proved on the procedure to locate the "immediate stepping cost" and the associated stepping-cost path
length; thus, an acceleration of the iterative scheme is feasible. As a result, a combinatorial algorithm is
developed with computational effort being the order of the square of the number of stepping costs.

Further extensions to networks with more than one path cost constraint are presented.

The constrained shortest path algorithms are applied to flow networks and to networks with
probabilistic weighted branch costs. FORTRAN computer programs are given to implement the
algorithms. 
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ABSTRACT

Shortest path problems in networks constitute a branch of optimi­
zation theory wherein system network models with paths which are 
characterized by path lengths are of concern.

This work is an extension of the classical shortest path problem; 
here additional cost constraints are imposed on the network model.

A dynamic programming solution approach is first formulated. It 
is solved by an iterative scheme in which the cost bound variable is 
incremented by a unit at the end of each iteration where the shortest 
paths with path costs not exceeding the cost bound variable are found. 
The concept of "stepping cost" is introduced representing the path 
cost at which a change of shortest path length occurs. A theorem is 
proved on the procedure to locate the "immediate stepping cost" and 
the associated stepping-cost path length; thus, an acceleration of 
the iterative scheme is feasible. As a result, a combinatorial 
algorithm is developed with computational effort being the order of 
the square of the number of stepping costs.

Further extensions to networks with more than one path cost con­
straint are presented.

The constrained shortest path algorithms are applied to flow 
networks and to networks with probabilistic weighted;branch costs.■ 
FORTRAN computer programs are given to implement the'algorithms.



CHAPTER I

INTRODUCTION AND PRELIMINARY CONCEPTS

1.1 Introduction

Because of the existence and availability of digital computers, the 

past few decades have seen a rapid growth in the application of scienti­

fic methods to solve problems for which there was virtually no hope of 

solution before. Optimization theory has.emerged as a very'important 

discipline common to many diverse problem areas.

Loosely speaking, optimization can be defined as finding the best 

way to carry out an action or to produce a result. More accurately; it 

can be said that one wishes to define a system of some type, to identify 

its variables and the conditions they must satisfy, to define a measure 

of effectiveness of the system, and then to seek the state of the system 

that gives the most desirable measure of effectiveness.

Problems in optimal control usually involve a measure of effective-
>ness in the fozhn of a time integral, and their solution requires that a 

' 1
set of boundary-value equations be solved, in general. With appropriate 

modifications, the control problem can often be posed such that the scope 

of solution methods includes dynamic programming. The problem of finding 

a minimal value of a function of several variables requires the appli­

cation of mathematical programming. When only linear algebraic equa­

tions are involved in the optimizing function and constraints, linear 

programming ishised; otherwise, nonlinear programming is applicable.
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The Simplex Method, originated by G. B. Dantzig .[1], is a widely' . 

used linear programming method. Recent research has shown that large 

problems are likely to be decomposable into a number of smaller sized 

linear optimization problems; problems with several thousand variables 

and constraints have been solved successfully.

Nonlinear programming solutions are found through various search 

techniques. Concepts such as steepest descent, the Lagrange multiplier, 

Newton-Raphson search, and conjugate-directions are incorporated in some 

of the popularly used methods [35].

Dynamic programming, originated by R. Bellman [2,3], is applicable 

when the system can be modelled as a multistage decision process where 

a recurrence relation is obtained to relate the optimal decision of one 

stage to that of the next, so that the remaining decision is expressible 

in terms of the previous decision and the state of the system. Whereas 

both linear and' nonlinear programming are suitable for Sbiviti^ systbiriM 

described by well-behaved functions of the system state, dynamic pro­

gramming is well suited for problems with discontinuities because of 

the discrete nature of the technique.

Of all the system optimization problems, network optimization has
i

been considered, as a highly important subdiscipline. In general, all

problems in the field have the following in common: They comprise
; :

components and 1 parts which are interconnected, and the interconnection

can be described by a graph. The constituents or variables in the

r. ' . *
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networks are interdependent yet some of them are loosely coupled, thus 

allowing simplified solution. Certain constraints and goals are pre­

scribed. The objective is, by and large, the optimization of such items 

as speed, cost, or reliability. .

In transportation networks where commodities are transported, through 

the network between specified pairs of source and destination nodes, 

the maximum flow problem [4] has an objective to find the optimal flow 

pattern so that as much flow as possible can be shipped without causing 

an overflow of the network capacity; the minimum cost flow problem [5] 

concerns the cost of shipping as the measure of effectiveness when a 

set of flow requirements between the source and destination pairs is 

prescribed. The placement of power lines [6], pipelines [7,8] are 

special kinds of Steiner's problem where the objective is to minimize 

the total interconnection length (or cost) subject to a limited budget. '

As small sCize products are in continuous demandthe placement of 

logic units, the interconnection of wires [9,10], and the ordering of 

logic boards [11] of complicated electronic devices to minimize total 

wire length become nontrivial problems for which only heuristic solu-
V

tion methods exist at present. •

Computer networks, which link data processors at different loca­

tions to form communication networks, are used to facilitate high speed 

information handling and transmission in addition to resource sharing. 

Rapid advances i[12,13,14,15,16,17,18,19,20] have been seen in optimize^
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tion objective areas such as flow control, routing, message switching, 

delay, and reliability.

The problem of finding shortest paths in networks is a type o f ■ 

multistage decision process where the dynamic programming solution 

approach has been most efficient [21,22], The problem first appears as 

a commuting problem. [23] in which given a road map the shortest route 

from one city to another is sought. Under appropriate definitions, 

the shortest path has been used as an analytic tool to relate network 

performance; for example, packets or messages are forwarded to their 

destinations along the "shortest" route [24], "shortest" in the sense of 

minimal time-delay [16], maximal reliability [25,26], or maximal utiliza­

tion of network capability [27]. The ordering of logic boards in a 

complicated electronic system, so that the total interconnection wire 

length is minimized, turns out to be a problem of finding the shortest 

path between a .'unique pair of source and sink nodes Of a network model

[ii] • '
Shortest paths with special features have been studied in some 

works. In [28,-29], consideration is given to the shortest path distri­

bution in a probabilistic weighted network; in [30], the shortest path 

problem is formulated in a network with time-dependent weights; in [31], 

a study that corresponds to an optimal traveling scheme through a trans­

portation netwofk with time restrictions for the accessibility and
r; ‘ ' -

parking on certain nodes is treated; the problem of finding shortest5 -
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paths that must pass through a given subset of nodes is discussed in 

[32]; and in [33], the optimal route to traverse a road network with 

penalties or prohibitions in making a turn is found as an application of 

the shortest path problem.

In this thesis, shortest paths that satisfy a constraint are 

treated. Section 1.2 introduces the problem of finding the constrained 

shortest path in a network, with the dynamic programming formulation 

stated in Section 1.3. Section 1.4 cites some of the basic graph 

definitions. Pertinent history and some of the solution approaches for 

the unconstrained shortest path problem are listed in Sections 1.5 and 

1.6. The contribution of this research work is outlined in Section 1.7.

1.2 Fundamental Definitions '

A network G(V,B) of n nodes and m branches is characterized by the

set of nodes V, and the set of branches B, where each member of B
' thconnects a distinct pair of nodes in V. Let V^ be the i node, and K

be the Jth branch, so that V =  (v , v , ..., v }, B = {b , b_, ..., b }._l z n J - Z  in
Let (i,j) denote a branch b if V^ is the initial node of b , and 

v . is the terminal node of b . In a directed networki b is said to bej q q
directed from v . to v.; if the network is undirected, b is said to be i j  q
incident at v. and v ..i j

A weighted network is one in which numbers, called weights, are 

associated with the branches of the network. Throughout this work,
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each branch (i,j) of B is assumed to be assigned a pair of weights, d ^  

and h ^ , represented by = (d^ , h y ), which we call the length and 

cost of (i,j), respectively. In real networks, the weights may repre­

sent things such as distance (wire, road), amount of flow (commodity), 

cost, capacity (road, communication channel), probability measure (reli­

ability) , or delay (time to traverse the branch).

A chain is a sequence of nodes and branches, say V^ ,b^, v\ ,bg,
I 2

v. ,b, ., v. , where each branch b . incidents at v.
V i  \   ̂ 1J-

2..... k-1. A loop is an unidirectional chain where i^ = i^. A path tt

and v. , j
"j+l 1J

I,

is an unidirectional chain where the nodes are distinct. [fr| is used 

to denote the length of tt which is the sum of the lengths of the con­

stituent branches. C(Tr) is used to denote the cost of ir which is the 

sum of the costs of the constituent branches.

An i->j path, denoted as ir. ., is a path from node i to node j . When3* > j
paths from a common initial node, say node I, are under consideration»

TTj represents a l->j path.

A network-G(V,B) is said to be connected if, for any node pair v^

and v., an i->j path exists.J
A tree of 'undirected network is a subset of branches that connects 

the set of nodes V and that has the property that one and only one path . 

exists between each pair of nodes.

A cut (X,X) is the set of branches (i,j) where i C X, j CE X, and 

X is a subset of V with X denoting its node complement V-X.
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In Fig. 1.1, a directed network G with 5 nodes, and 8 branches, is 

shown. G is connected. The branches (1,5), (4,5), (5,2) are undirected. 

The set of l-»5 paths are {(1,5)}, {(1,2), (2,5)}, { (1,2) , (2,3) , (3,5)}, 

{(1,2),(2,3),(3,4),(4,5)}. If X = {v^, X = (V25V3sV4jV5L  (X,X) = 

{(1,2), (1,5)}. If X = (Vr V4L  (X5X) = {(1,2),(1,5),(4,5)}.

Fig. 1.1. Illustration of graph fundamentals.

1.3 The Problem Statement

Given a directed network G(V5B), a set of length weights {d_}

a set of nonnegative cost weights {bu^}, and a nonnegative constant c,

find the set of shortest l->i paths Tr1, i = 2, 3, ..., n, if they exist,

such that C(TT1) <_ c, for all i f I.
If {tt. , TT. , ..., it . } represents the set of I-H paths, and TT1 is 

1I 1Z \
the shortest 1-i path such that C(^1) <_ c, then the length Itt1 | of TT1

+The branch lengths may be negative. However, a practical assump­
tion is that all loop lengths must be nonnegative.
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is such that

I it . I = minimuin{ | tt |, such that C(ir. ) j< c} (1-3-1)
1 . j i .

Equation (1-3-1) contains a minimizing operation that selects the 

minimum value of |ir. | for tt that satisfies the path cost requirement
3J Jto be the shortest l->-i path length.

Intuitively, one may find the optimal path by straightforward path

enumeration. However, when the size of the network is large, which is

quite usual for practical network models, a large number of feasible
+ 'paths exist, and naive"path enumeration may become a tedious task.

1.4 The Dynamic Programming Formulation

The principle of optimality, when applied to the problem in 

Section 1.3, yields a set of equations,tt

I tt (c) I = minimum {d + |ir (c-h ) |}, for s = '2, 3,
» t ^ . h ^ c  "

■ I TT̂  (c) I = 0 • (-4-2)

subject to the condition,

Itts (C) I £  Itts (Ct) I, for cT £  c, s = 2, 3, ..., n (1-4-3)

......- ■ ...

^For a network with n nodes, the number of paths between'a pair of 
nodes with n-2 intermediate nodes may be as large a s .(n-2)!.

ttA derivation of equation (1-4-1) is presented in Chapter II.

o  •  •  9 I X

(1-4-1)
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where c is a nonnegative constant, and r^(c) is the shortest 1-s path 

with.a path cost that is no bigger than c.

Equation (1-4-1) is a set of n-1 equations which relate each of the 

optimal' l->s paths to the rest of the optimal paths as a function of the 

cost bound c . Equation (1-4-2) simply points out the fact that the 

optimal path from node I to itself is a trivial path with zero path 

length. Inequality (1-4-3) is a statement of the fact that the optimal 

Ifs paths are nonincreasing functions of the cost bound variable c.

The multistage decision process of finding the shortest paths is 

such that whatever the initial cost bound c (state) and the last inter­

mediate node (decision) are, the remaining decisions of intermediate 

nodes must contribute an optimal policy with regard to the cost bound 

resulting from the decision of the last intermediate node.

If all branch costs of the network assume zero value, a degenerate 

problem results: ' The unconstrained l->s shortest paths tî 's are sought.

(1-4-4) 

(1-4-5)

The variable c is eliminated, since any feasible l->s path has zero 

path cost. Then-I unknown variables are sought. A large number of 

solution methods exist in the literature to solve (1-4-4); some of them 

are presented in the latter part of this chapter.

Equations (1-4-1) and (1-4-2) become

I Tr I = minimum{d + | tt I }, for s ^ I 
.S tfs tS C
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1.5 A Historical Review . .

One of the most efficient procedures to find the unconstrained

shortest paths was described by Dijkstra [34], and by Whiting and

Hillier [23] for networks with nonnegative branch lengths. For networks -
with possible negative branch lengths, a modified network can be found . 

by simply adding a fixed positive amount to each of the branch lengths 

in the original network, so that all branch lengths become nonnegative, 

and Dijkstra's method is then applicable. Bellman [21], Ford [36], and 

Moore [37] proposed a set of functional equations by the application of 

the principle of optimality to relate the set of unconstrained shortest 

paths from a common initial node to all other terminal nodes. The equa­

tions are then solved by an iterative scheme. Yen [38,39]' modified the 

above method, reducing computational effort by an integral factor.

While the above methods are able to find the set of I^s shortest 

paths, for all s ^ I, Floyd [40], Shimbel [41] published a matrix pro­

cedure, based on the work of Marshall [42], to find the unconstrained 

shortest paths between all node pairs. Yen [43] reduced the amount of 

computational effort by repetitive application of Dijkstra’s algorithm. 

Winograd and Hoffman.[44] suggested a pseudomultiplication method 

through network partitioning. Hu [45], Land et al. [46], Mills [47], . 

taking advantage of the loosely-connected nature of many large order 

networks, suggested a decomposition method which reduces the problem to 
a set of problems of smaller size.
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When the shortest path is not available because of possible net­

work restrictions, the second shortest path is sought. Hoffman and 

Pavley [48] proposed a method to find the second-best path between a 

node pair by enumerating all of the possible deviation paths of the 

shortest path, and by selecting the best to be the second shortest path. 

Bellman and Kalaba’s' [50] functional formulation is a generalized
tilexpression. Dreyfus [51] suggested a general expression for the k 

best path; Based on the work of Murty [52] and Yen [53], Lawler's 

enumeration method [54] for the k ^  best path is obviously more effi­

cient.

Some of the unconstrained shortest path methods are presented in 

the following section as they contribute to the solution of the problem 

in Section 1.3.

1.6 Some Solution Methods

1.6.1 The Dynamic Programming Approach

The principle of optimality states that: Whatever the initial

state and the initial decision are, the remaining decisions must con­

stitute an optimal policy with regard to the state resulting from the 

initial decision.

In finding the set of l-»s shortest paths, according to the 

principle of optimality, if the initial decision is to take branch (t.,s) 

to be the last branch in the l-»s path, then the remaining portion of
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the path, namely, the l->t path, must be the shortest l->t path. The 

system of equations

Iir I = minimum{d + Itt I ) ,  f o r  s ^ I  
s t^s tS t

Itt1 I = 0
(1—6—1—1)

thus constitute a necessary condition for the set of path lengths (In1g I); 

to be optimal. In fact, it is shown, in Chapter II as a special case 

that the solution to equation (1-6-1-1) is also unique, so that the 

equation is indeed both a necessary and a sufficient condition for the 

set {|TTg |} to be the shortest l->s path lengths.

Although these equations are interlinked in such a fashion that 

they, cannot be solved recursively, they may be solved by defining a new 

sequence (Ing J ^ )  in the following iterative scheme.

d. , for s f I Is

0
(1—6—1—2)

and

it ' y = minimum {d,_ 
s t H  ts

T, I (k+1) -  0
(1-6-1—3)

for k = 0, I, ... Then the sequence { I 7 r g I converges in a monoton- 

ically decreasing fashion to the sequence {|mg |} as k*«>. In fact, k 

need never be determined beyond the value n-2. Observe that, for s ^ I,
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Itt' I ^  = minimum{d + | tts tfa ts 1 t 1 -  Is (1-6-1-4)

since t = I is an admissible choice; and that

Iir I ^  = minimum{d^ + I Tr̂  I } < minimum{di. + Iir I
t^s t^s

(I) (1-6-1-5)

Hence, by induction, the sequence { | ir | } is such that |ir.[^ <_■s s
I ir I ̂  I) for k >_ I and s f I.
S •

From equation (1-6-1-1), the shortest l»s path length is

minimum{dtg + |%^|} I. dls 
t^s

(1- 6-1- 6)

and

minimum{d + | ir I } £  minimum{d t  | Tr | ^  }■ 
t^s ' tS 1 tfs . tS C

= I TTg I , for s ^ .1 (1-6—1-7)

Through induction, the sequence { |ir I ̂  }

U > U  I ^  >  . . .  > U _ |^ k  ̂ > I it.—  1 S —  S (1-6-1—8)

The fact that the sequence in equation (1-6-1-3) will terminate for 

k <_ n-2 follows from the fact that |,ir | ̂  is the shortest l-»s path ■
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that is restricted to contain at most k+1 branches, and there can be at
fmost n-1 branches in any loopless path.

1.6.2 DijkstratS Method

In essence, this method is an extension of the dynamic programming 

formulation when the branch lengths of the network are nonnegative.

DEFINITION 1.1. The a-restricted shortest l->s path, denoted as

it , is the shortest l-ts path.of which the intermediate nodes are s,a
restricted to be members of a nonnull subset a of V = {1, 2, n}.

Node I is an essential member of a.

Again, a set of equations that governs the a-restricted shortest 

l-»s paths are found by the application of the principle of optimality. /

ti* *'Tr I = minimum{dj_ + nr }, for s ^ I 
ofs.tec. tS ■-

I - (1-6-2-1)

The only way that equation (1-6-2-1) differs from equation (l-*6-l-l) 

is the restriction that the minimization operation is now taken over a 

subset a of V. In other words, when a = V, the two equations become 

equal.

4.A loop with negative length would be detected if convergence is 
not attained for k = n-2.

tt .The subset a may or may not contain s.
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Dijkstra's method is a direct consequence of the following theorem:

Theorem 1.1 Given a nonnull proper subset a of the set of nodes 

V = {1, 2, ..., n}, where node I is an essential member, and that

1 s,a' ' s
such that ITT

TTg I for all s 6 ct, then there exists a node, say 3, $ ^  a,

. I = IirraI. Also, 3 is the node that satisfies 3,a 3

(1-6—2-2)I Tr0 I =  minimum I ir
B-a , £ a

Assertion 1.1 If a^, are subsets of V, and 3  a^, then I i r g  a  I ±
s,a. for all s f I.

Lemma 1.1 For any subset a of V, if q £ a , then | rrI ^ xx- I

Proof. From the last assertion we have |ir

• q,a. q.a^q'

< hrq,a1 ' —  q.c^-q
If, however, the path ir contains the node q as one of its inter-q,a^

mediate nodes, then ir can be expressed as a concatenation of ir
q,01l

and some loop containing node q. Since the branch lengths are non­

negative, the loop is of nonnegative length, and it must follow that

q.o^-q

ir > ir1 q,ct1 l —  1 q,a^-q . The conclusion is that itq»«i |lTq,%i-q'

Lemma 1.2 For any node r where r ̂  a, and a node q, q # r, then

i\,a U q 1 ‘ minlmum{J,,r>al- V  + bq,ol) (1—6—2—3)

Proof. According to equation (1-6-2-1),
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I Tr I =  minimum {d + |tt |}
■ r’a q  t^r.t a q  tr 9

= minimum{minimum{d + |it | }, d + |tt | }tJr t a tr t,aq qr q,“ q 1 
. a (1-6-2-4)

By the definition of a, and that t a, |tt | = |ir | = |ir this1 t,a q 1 1 t 1 ' 1 t.ot1 ’
with the result of Lemma 1.2 reduces equation (1-6-2-4) to

[mi:tt I = minimum{minimum{dtr + Iirfc ^ | }, d^fc + | rr^ ^ | }r,a q'

minimum{|lrr>c(|, dqr + |»q>„|} (1-6-2-5)

Proof of Theorem 1.1.

Let r, p, and q be distinct nodes not belonging to the subset a. 

Extending the result of Lemma 1.2, equation (1-6-2-5). is

r,ct. q p minimum{minimum{ d . + | ir | }, d + | i r+- v 1 +■ n/ n 1 nir 1tfr,t a

d + ITT I }pr 1 p,a q p 1

t,a q p q,a q p'

1 r,a

”p >

, d + I ir. | , d + |ir I }qr 1 q , a  p pr 1 P,a q 1

, d + |ir L d  + d + I ir | ,qr 1 q,a qr pq P 5Oi1

d + d + I tt I} pr qp 1 q,ot1 (1-6

By induction, if Q is the set such that Q = V-a = {£^, ..., 5,̂ },

then
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\

path through the .set Q} (1-6-2-7)

The node r has been arbitrarily chosen. Instead, let r be the node 

such that

and equation (1-6-2-7) becomes

K r I -  l " r > J
and 3 of equation (1-6-2-2) is equal to r.

Equations (1-6-2-2) and (1-6-2-3) automatically suggest an algorithm 

to find the set of unconstrained shortest l->s paths: Given the set a,

and the a-restricted l->s paths, a new member of a, node 3, can be found 

by equation (1-6-2-2). With this node 3, the set of (OUS)-^estricted 

shortest l->s paths for all s aUS can be found by equation (1-6-2-3) . 

Since 3 is a new member of a, aUS replaces a. New members of a can then 

be found by repetitive application of the procedure until a becomes V.

Dij kstra's Algorithm

(1-6—2—8)

Because the branch lengths are nonnegative, so is any path length.

Step I. a = {!), k - I, U  I = d ,' for r ^ I.r,a xr
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Step 2.

Step 3. 

Step 4.

Find 8, , where 8 ^  a, such that

I17R J = minimum I Tr I
Pk ,a r ^ a r ’a

a = aU8^. If a ^ V, go to Step 4; otherwise terminate.

For all r ^

l \ J  - i.inlmmi(|7,rj<i_^|, + I r r ^ J )  ' 

Let k = k+l. Return to Step 2.

2 2The computation requires n comparisons and n /2 additions, while
3the dynamic programming method mentioned before requires up to n 

comparisons and additions. Dijkstra's method is the most efficient 

method developed so far.

A combinatorial algorithm for the constrained shortest path which 

is similar to the rationale of Dijkstra's. method is presented in 

Chapter III.

1.6.3 The Matrix Method

The matrix method originated by Marshall, and presented in an 

algorithmic form by Floyd, is most elegant in that it is simple to 

program and shortest paths between all node pairs are found simultan­

eously. r
Let fix . denote the shortest i+j path subject to the condition i, J ■ ■ Q

that it may only pass through nodes I, 2, ..., k. it̂  j‘ the branch
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(i,j), if it exists;.otherwise a large value is assigned for the path

length.

Again the principle of optimality asserts that given the set of

oroptimal i-M paths ., then Tr̂ r*""!" must be either equal to .i,J
k kequal to the concatenation of ir. . and tt ■- .x,k+1 k+1,j Since if ■ does i,l ■

not contain node k+1, T r must equal .; if ir̂ +"l" contains node k+1,i,l i,l i,l
the portion of i->-j path from i to k+1 must be the shortest path, and 

the other portion of i->j path from k+1 to j must also be the shortest 

path.

The matrix algorithm starts with I i r ^  j I =  ^  . The minimization

= m i n i m u ^ l ^ . j ,  (tt̂ i I + |Tr^i,.|} ' ; . (1-6-3-1)-

is in effect for all i,j k+1.

Equation (1-6-3-1) is performed for k = 0, I, ..., n-3. The set 

of shortest i-j paths is obtained when k = n-3.

1.6.4 Observations .

The methods presented in this section to find the unconstrained 

shortest paths are efficient and easy to program; moreover, from these 

methods, constrained shortest path algorithms to solve the problem in 

Section 1.3 may be derived as an extension.

The dynamic programming method finds the optimal paths through the 

solution of a set of equations where the solution approach', based on
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the shortest paths that may contain at most k branches, is to generate ' 

the shortest paths that may contain k+1 branches in an iterative manner. 

The matrix method is similar in that, based on the shortest paths that 

may contain a subset of nodes as intermediate nodes, the shortest paths 

that may contain an additional intermediate .node are found iteratively. 

Dijkstra's method is. a labelling scheme where nodes are labelled in a 

sequential manner.

Lawler [54] suggested an algorithm that requires computational
3effort in the order of kn to find the first k best paths between a

given node pair. The method is essentially an enumeration type. Intui-
tiltively one may apply the scheme to find the k+1 best path if all of 

the first k best paths fail to satisfy the path cost requirement. 

However, no practical upper bound on the computational effort can be 

guaranteed, and the method is not recommended for further study.

1.7 Contribution of the Research

In this work the problem of constrained shortest paths is investi­

gated. Several existing methods for the unconstrained shortest path 

problem from which possible extensions to the solution of the con­

strained shortest path problem are studied.

A set of necessary and sufficient conditions for constrained 

shortest paths is first established through an application of the 

principle of optimality. Two methods of solving constrained shortest
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path problems are introduced, as briefly described in the following two 

paragraphs.

An iterative scheme to solve the set of equations for the case where 

branch.costs are integer valued is presented first. This scheme is 

extended to .the case where branch costs may be any real values by using 

discrete approximations; this results in suboptimal solutions wherein 

the degree of closeness to optimality is specified by a given error 

bound. It is shown that the computational effort is inversely propor­

tional to this error bound.

The second solution method involves the notion of "stepping.costs"

which is introduced in this thesis to accelerate convergence of the

iterative scheme. As a result, a combinatorial algorithm is generated

which locates the stepping costs and the associated constrained shortest

paths in a sequential manner. No integer valued limitation for the

branch costs is required. If the number of stepping costs is mn, the

computational effort (number of additions or comparisons) is found to
2be of the order of (mn) .

Certain optimal paths in probabilistic weighted networks are found 

to be constrained shortest paths. The design of computer networks may 

be facilitated by a study of some constrained shortest paths. Applica­

tions in other areas are presented through computational examples.



CHAPTER II

■ THE CONSTRAINED SHORTEST PATH

2.1 Introduction

There exists a wide variety of literature on the problem of finding

unconstrained shortest paths in networks. However, in practice, one 
■' ■

may be interested in finding a shortest path which, in addition to being 

shortest in length, satisfies certain requirements. In this chapter, 

a particular kind of shortest path, one for which there is a cost that ■ 

is defined as the sum of the costs of the constituent branches and 

that satisfies a given cost bound, is investigated. We will call such 

an optimal path the cost constrained shortest path, or in short, the 

constrained shortest path —  optimal in the sense of. being shortest 

in path length while the path cost satisfies a cost bound. Furthermore, 

if c represents the cost bound, the phrase c-constrained shortest path 

will denote such an optimal path.

2.2 The Constrained Shortest Path

Given is a network in which each of the branches (i,j) is weighted 

with the pair (d^jh^), where d „  and h y  are, respectively, the length 

and the cost to traverse.the branch. Let the cost of a path be the 

summation of the constituent branch costs. Then the problem is, given 

a nonnegative real valutas the cost bound for any allowed path, find 

the shortest path from node I to node s, such that the path cost is ho 

bigger than the cost bound.
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If-Cfr , tt it } is the set of l->-s paths, and c the cost

S1 S2 Sq
bound, the shortest l->s path TTg that satisfies the cost bound is the 

path with

length of tt = minimum {length of ir such that cost of ■
S 36(1,2,...,q) . Sj .

TT < c} (2-2-1)
sj -

2.3 Solution Formulation

Define d̂ _g to be the length of the branch (t,s),

h to be the cost of the branch (t,s), ts
TTg (c) to be the c-constrained shortest l->s path, and

I it I to be the length of the path tt.

Now consider the particular case where the terminal node of interest

is node s. If (t,s) is the last branch in the path Ug (c), where t ^ s,

then the principle of optimality asserts that the optimal l->s path must

be the union of the branch (t,s), and the (c-h )-constrained l->-t path
ts .

ITt(C-Iitg) . Hg (c) can be written as

Hg (c) = iTt (c-htg) U  (t,s) (2-3-1)

and the length |iTg(c) | of Hg (c) is then

IHg (c)| = |nt(c-htg)| + dtg (2-3-2)

Also,
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I TTfl (c) I I  K .  (c-h. ) I + d , for j / t, h < c (2-3-3)b J Jb JS Jfa

This situation is illustrated by the following figure:

.(c-h )

JS JS

Fig. 2.1. Concatenation of paths.

Note that equation (2-3-2) can also be true for t = I. For under 

this situation, the optimal 1+s path is simply the direct branch (l,s) 

with length dlg, cost h^g, and n^(c-h^g) being a trivial path from 

node I to itself with zero path length.

The above arguments suggest the optimal l->s path, for s f I, can 

be represented by the system of equations,

ITT (c) I = minimum {d + Jtt (c-h ) | )"*" (2-3-4)
S t/s,h <c tS t tSts—

4.In fact, without loss of generality, the condition hts £  c can be 
dropped, since any path with a negative cost bound does not exist, and 
a very large value can be assigned for its length in computation.
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K 1 (C) I = O (2-3-5)

The fact that | t t  ( c )  | is a nonincreasing function of the cost bound s
c is expressed as the following inequality:

ITrs (c) I I  K g (c') I , for C  <  C (2-3-6)

Equations (2-3-4) to (2-3-6) form a set of necessary conditions 

that govern the n-1 shortest distance functions K g (C)I1S in terms of

the cost variable c.

2.4 Proof of Validity

In the previous section,.it has been shown that, the set of optimal 

path lengths satisfy the necessary conditions (2-3-4) to (2-3-6). If 

the solution of equations (2-3-4) to (2-3-6) is unique, then it must 

also be the set of optimal path lengths. The proof of uniqueness of 

the solution is given in the following.
For a given cost variable c, let {|n\(c)|}, {|n^(c)|} be two sets 

of solutions. Suppose k is the label where the finite difference 

K 1(C) I - K1(C)I achieves its maximum. Then K̂ (c)|, KjKc) I are ^oth 
finite valued, and there must be an r and s, where r ^ k, s ^ k, with 

the property that

(2-4-1).
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l ” k ( o )  I ■ ' I i r S f c - h S k j  I +  d S k  -  I" r fĉ rkj I + d i (2-4-2)

From (2-4t I) and (2-4-2), the following inequality is obtained:

Kk(C)I - Kk(C)I < Ks(C-Hsk) I - K*(C-Hsk)I (2-4-3)

1 * 1  I A  . ISince Ki (c)| is finite, and K  (c-H 1 ) |, being the length of partA C  S -  S K
of the optimal "l->k path, must be finite, too. Then there must be a

t .label p, p 4- k , such that

K  ( C 8 ) I  =  K  ( c S - h  ) ' | +  d (2-4-4)

i s A ,where c = c-h , .sk
Following arguments similar to the ones above  ̂ the following 

inequality is in order,

T T g ( C s )  I T  IT T g ( C s )  I I  I % ( C 8 - H n f i )  | - I % ( ^ - H ^ )  |* ,  S (2-4-5)

and ITT (cS-h ) I must also be finite. In accordance, a sequence of 1 p ps 1
distinct labels s, p, . with the property that

Kk(c)I - Kk(c)I i  Ks(Cs) I - Ks(cs) I i  Kp(Cp) I - Kp(Cp) I I - - .
(2-4-6)

can be found, where again cP = cS-hps, and that the corresponding

costs form a nonincreasing sequence
.

If p = k, the condition in (2-3-6) will be violated,

I
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c = cS >_ >_ . .. (2-4-7).

Eventually, the label I must occur in the.sequence so that differ­

ences in (2-4-6) remain finite, and (2-4-6) becomes

Iirk Cc)I - K*(c)|.<_ K s (Cs)I - KgCcs) I i ... i  K 1 Cc1)!

- K 1 Ce1) I = 0 (2-4-8)

which shows that, for an arbitrary cost variable c, each finite member ■ 

of the set of {ir. (c) } is no greater than the corresponding member of the 

set { t t ^ ( c )  } . We would like to show that the reverse is also true in the 

following.

Similarly, let I be the label where K 1 Cc) | - 17i\ (c) | achieves its 

minimum. It can be found that there exists a sequence of inequalities

o = . . .  i  K j l C c ) I -  K * ( c ) |  i  • • •  i  K k C c ) I -  K k C c ) I i . . .  = 0

(2-4-9)

The above procedure establishes the fact that the corresponding 

members of the sets { K 1 Cc)|} and { K 1 Cc) | } are of equal value, assuming 

they are finite.

To complete the proof, suppose K^(c)| is of infinite value, while 

K k (c)| is finite. From (2-3-4), K k Cc) I can be expressed by
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l \ Cc)l = IirJ c-hSk ^  + dsk = I7rP cc8-hP S ^  + dps + dsk

irJ clJ  + dIq + + dpd + dsk = dIq + + dPs + dps ■ sk 

(2-4-10)

But in the same way, the right-hand side of (2-4-10) can.be an 

expression for |n^(c)| having a finite value, which leads to a contra­

diction of the infinite-value assumption.

2.5 The Stepping Costs

Before the computational method is introduced in the next section,

we would like to present some of the properties of the constrained

shortest paths of networks through the concept of "Stepping Costs."

Let the set of l-»s paths, denoted as {rr }, be divided into subsets
Si

according to their path costs, so that L(c) is the subset of 1-s paths 

the costs of which are equal to c. With this division of paths, the 

c-constrained shortest Its path Tig(c) is then the one whose length 

I Trg (C) I satisfies

I it (c) I = minimum { | Tr |} ■ (2-5-1)
s TTgCL(Ct) ,c'lc Si

which can be rewritten as

| rr (c) I = minimum{minimum{ I i t  | } , minimum ■ • {J  n  | }  }  (2-5-2)
s TT GL(Ic) Si Tr GL(Ct) ,Ct<c Si

' Si . Si
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(1,4)

Fig. 2.2. A five-node network with W..
< W -

I115 (C) I

Fig. 2.3. ITT̂ (c) I of the five-node network in
Fig. 2.2.
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To simplify notation, define Jtt | = minimum{ |iTg I }; (2-5-2) is then
SC TrSi6L(.c) 1

ITT (c) I = minimum{|ir | , | tt (c1) | } , (2-5-3)s c T<c S C S

which relates the c-constrained shortest path to the c'-constrained 

shortest path.

It becomes obvious that, through (2-5-3), K g (C)I is a non­

increasing piecewise linear function of the cost variable c.

To illustrate, a five-node network is presented in Fig. 2.2, with 

I tt,.(c) | plotted in Fig. 2.3.

DEFINITION 2.1. Stepping costs are those costs for which an incre­

mental increase in cost results in a decrease in shortest path length; 

the corresponding path is called a stepping-cost path.

For example, in Fig. 2.3, the stepping costs are 6, 7, 9, and 11; 

the 1-5 stepping-cost path at cost equal to 11 is the sequence of 

branches (1,2), (2,3), (3,5).

Property I . At a stepping cost Cq , I i t s I c  = I i r s  I*
O

Property 2. For each finite constrained shortest path tt̂  (c) ,

there exists a stepping cost Cq , CQ c> such that

IlrsIc " Ks^ I'o
For c being a stepping cost, the above statement is trivially true. 

If c is not a stepping cost, by Definition 2.1, the cost c ', c' < c, is 

such that I Trg (c')| = |rrg([c) | . The cost, c' can then be tested to see if
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it is a stepping cost. Since K g (c)| is finite, by (2-5-3), eventually

there must exist a.stepping cost c , such that Iir I =lir(c)| = ...=-o 1 S 1Cq ' s o

17rS (c') f = 17rS (c) I *

2.6 The Constrained Shortest Path Algorithm

In order to provide a computationally efficient method for finding 

the constrained shortest path length, we shall assume the branch costs 

h 's are restricted to assume only nonnegative integer values J (For ■ 

less restriction, a nonnegative real unit can be.used instead of the 

integer-valued restriction.) Accordingly, constrained shortest paths 

with costs no bigger than a member of the set (O, I, 2, ..., t}, denoted 
as Sj5 are of interest, where t represents the largest integer cost 
bound.

Equations (2-3-4) through (2-3-6) for c € Sj can now be rewritten 

as
j t

I t: (c) I = minimum {d + (tt (c-h ) |}, for s T5 I (2-6-1)

I TTg (c) | = 0  (2-6-2)

ITTg(c) I £  ITTg (cT) I , for c ’ £  c (2-6-3)

First, consider a special case where all branch.costs are zero; the 

constrained shortest paths will then become the unconstrained ones. The 

set of unconstrained shortest paths can be found using the successive

This assumption is removed in the next chapter.
4.



approximation method discussed in Chapter I, i.e.,

l%l (0) = 00, for s ^ I (2-6-4)

Iir | _ m inimum{d +■ |tt | ̂ ^ }, -for .s ^ I . (2-6-5)
S t^sr tS t

• 32

and iterates with k = 0, I, 2, ...

A similar approach can be used for the general case. The algorithm 

is described by the following steps.

Step I. c = 0; |TT (c-1) | = °°, for s j4 I.

Step 2. |7rg(c) I

Step 3. I i r 8 ( C )  I

ft = <

s
(0) = 

(k+1)

ITTg (c-1) I , for s f I; k = 0.

= minimum -{d. + f }, for s I, where
t^s,hts<c

K t ( C ) I 0 0 ,

K t(C-I) I , ,  if hts > 0
if h.

(k+1) _ l„ /_\ I (k) 

otherwise k = k+1, go to Step 3.

Step 4. If K g ( c )  I 1ITg (c) I ' for all s ^ I, 'go to Step 5;

Step 5. K g ( c )  I =  K s (c) I (k+1), for s # I; if c < t , c = c+1, go to 

Step 2; otherwise stop.

Essentially, Step 2 through Step 4 are the same.successive approxi­

mation scheme described in Chapter I; except in Step 3, the minimizing 

operation is taken over.the set of shortest path lengths with costs no 

greater than c, c-1, ...» 0, depending on the value Iifcg.'. The |ng(c)|'s
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are found by iterating on the inner loop of .Steps 2 through 4, until

the maximum cost bound r is reached. Since the amount of computation in
3the inner loop is bounded from above by n , the total amount of computa-

3tion is bounded from above by Tn However, in general, there are

relatively few branches with zero cost, and the amount of computation 
3is well under rn . In fact, it is quite often true that all branches

have nonzero costs, in which case |TTg (c) | can be found .by two passes
2on Step 3, and the computation is reduced to 2rn .

The computation associated with (2-3-4) can often be reduced by

observing that no finite valued shortest l^s path exists for cost less

than min h , since if (t,s) is the last branch in the optimal path, 
t^s ts ■

the path cost must be no less than the branch cost Hfcg; and t can be

any label other than s. Thus, no finite valued shortest paths exist

for cost less than c . = minimum{min h . } - minimum7h . In Step I
- S tifs ts ts

c can have c . as its starting value instead of zero, m m

2.7 The Extended Algorithm

The constrained shortest path problem analyzed above falls short 

of wide-range applicability in that the branch costs are restricted to 

be integer-valued or to be multiples of some real unit, a restriction 

which limits the applicability of the algorithm to a small subset of 

physical system networks models. Hence, an effort is made in this 

section to determine if a compromise exists between the algorithm and
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the network model. .It first seems reasonable to modify the algorithm ■ 

so that the integer-valued branch cost .requirement is no longer 

necessary. Depending on how this is done, the computational effort may 

greatly increase, and the method may not offer an advantage over the 

naive path enumeration approach. So we turn our attention to the 

aspect of network remodeling.

In essence, we will try to find suboptimal paths by solving for 

the constrained shortest path of an approximate network through the 

algorithm described in the last section. The degree of accuracy of 

the approximation versus the amount of computational effort will then 

be discussed.

Let Ga denote a network that is similar to the original network G 

for which the constrained shortest paths are required. G has the same 

network structure as that of G, i.e., the two networks (G,Ga) have the
I

same set of nodes and the same set of branches. Also, each branch of 

G01 is associated with the same length as that of G. The only differ­

ence between the two networks is, for each branch, the branch costs are 

related by a multiplicative factor a, such that h“  ̂ = h_̂ _./a, where 

h“ .,h . . are, respectively, the (i, j ) branch cost of network G01,G.

Because of the similarity of the two networks, one tends to con­

jecture that the L-constrained shortest l->s path of G is the same as 

the (L/a)-constrained shortest i»s path of G01. In fact, this conjecture

h ■ y.
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is true. The proof is straightforward and will.be omitted here. The
CLnetwork G is said to be equivalent to G.

Now let G01 be modified; .let the branch cost h“ be taken as aiJ .
CL 'truncated multiple of the unit a, so that h ^  '= ct [ h ^ /a], where [.] 

denotes the largest integer not exceeding the value •. G01 .is no longer

an equivalent network of G, unless, of course, the branch costs bu^'s
' aare integral multiplies of a. However, if a is small, ĥ _. ~ h „ , since 

the truncation error is bounded from above by the quantity a, which 

approaches zero as a approaches zero. Ga can then be called an approxi­

mate network of G. With this multiplicity nature, the constrained 

shortest path algorithm is applicable to G , where the cost variable c 

increments a unit a for each step of iteration. The constrained shortest, 

paths of G are then a set of. suboptimal paths of the original network G.

One would^observe that a largest common divisor exists for a set of 

real values. When taken to be the cost increment a, Ga becomes equiva­

lent to G, and the suboptimal paths are therefore the optimal paths of 

G. This choice of a appears plausible at first sight but falls short 

of reality in that this value of a could be so small that computational ■ 

effort could become formidably large.

In general, a starting unit size a would be chosen which results 

in an amount of computation well under a given bound. Then a decrease 

in the unit ct by an integral factor would be made and the procedure

I
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repeated until either the computational bound is exceeded or satis-
•. ' 1

factory suboptimal paths are obtained.. .

It remains to find the relationship between the unit and the 

approximation accuracy. To facilitate this, a network G, along with its
I

approximate-network G are shown in Fig. 2.4a and Fig. 2.4b. The. con­

strained shortest l-»5 path lengths |ir^(c)|, |.tt^ ( c ) | of G, G"*", respec­

tively, are plotted in Fig. 2.4c.

First, observe that |m^(c)| is less than or equal to |ir̂ (c)| for 

any cost variable c. This occurs because some path costs are reduced 

through truncation, whereas no path costs are increased in G.

Secondly, for every stepping cost of G1, the corresponding stepping 

cost in network G occurs at a larger value of c.

Due to discontinuities in the path length, it is not practical 

to define the degree of approximation by the amount of change in 

shortest path lengths; instead, the amount of change of path cost will 

be used.

CtDEFINITION 2.2 The degree of approximation, of the network G to 

G by truncating the branch cost of G to integral multiples of the unit 

a, is the maximum decrease of the costs of paths which correspond to
Otthe set of stepping costs of G .

Let {c01 } be the set of l->s stepping costs in G01, {tt } be the
8J : - Sj . ,

corresponding set of l->-s paths, and '{c } be. the corresponding set of
8J
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An approximate network G
of G in Fig. 2.4a with unit metric.
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K1c(C) I

----I

Fig. 2.4c. Constrained shortest 1+5 paths of 
G, G-*- of Figs. 2.4a and 2.4b.
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path costs in G. We .denote the I-̂ s .degree of approximation by 

A^s is accordingly

A? = minimum{c Is . s3:.'V
(2-7-1)

If A™g is less than a given error bound, then G01 is said" to be within 

satisfactory accuracy as far as the constrained shortest l-»s path is 

concerned.

The extended algorithm is displayed as follows:

Step I. Initialize a, s.

Step 2. Generate network G .

Step 3. Evaluate |n | of G through the constrained shortest path 

algorithm, for all s ^ I, for c = {0, a, 2a, ..., a[T/a]}.

s . - <£.>•Step 4. Evaluate A1 = maximum{c
a S I .EJ JStep 5. If A^g <_ e, terminate; otherwise go to Step 6,

Step 6. a/2; go to Step 2.
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2.8 Networks With.Several Cost Weights

Shortest path problems of networks with several cost weights are 

natural extensions of the previously treated constrained shortest path 

problem.
1 2  KSuppose there are K nonnegative cost weights, h ^ ,  h ^ ,  ..., h^,

associated with each branch (j,i) of the network, so that the joint •
1 2  Kweight Wji of (j,i) can be written as W^i = (d^, h^ ,  hji, ..., hji). 

The problem is to find, for a given node pair and a set of cost bounds 

Tl’ T2’ * * ‘ ’ tk ’ such that the shortest path Tr satisfies

Ck (Tr) T^, for k = I, 2, ...,K (2-8-1)

where

C-(Tr)' = I h^ ' (2-8-2)
k (J^i)CTTjl

is called the type k path cost. ,

Similar to the arguments for the constrained shortest path of a 

network with a single branch cost, let tt̂ c^  c^, . ., c^)'denote the 

shortest l->i path such that the type k path cost is not greater than

the nonnegative value c^, k = I, 2..... K; ^(c^, ^ ,  ...» ĉ .) then

is the solution of the following set of equations,

ITT. (c- , c„, ..., O  I = minimum-'
J^ijhkiIck , for k = I, 2, ...,K

c
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*dji + I7rJ ̂ cI “ hji’ C2 ~ hji’ '' ' c k  “ hji..... cK " hji^l '

for i T4 I (2-8-3) '

I i r 1 C c 1 9  C2’ '•••>. cK^ I = 0 (2-8-4)

K i Cc1, c2, cK)| <_ K i (c.̂ , c^, cp|, for c' < ck ,

k = I, 2..... K . (2-8-5)

Equations (2-8-3) through (2-8-5) express the shortest Ir̂ i path of 

type k path cost not greater than c^ in terms of other shortest 

paths of type k path cost.not greater than c^, for k = !, 2, ..., K. 

Hence, if the path costs assume oniy integer vaiues, the constrained 

shortest path algorithm can be appiied in an iterative manner to find 

TTi Cci, C 2 ,  cK), for i f ! ,  for cR =  {0, !, 2, . . . ,  which is

shown as foUows: /

Step i. C f c  =  0 ,  for k  =  ! ,  2, ..., K; K s C c 1 *  c 2 ’  • • • *  C K )  I =  0 0  if 
there is a ck < 0, for s ^ !. Let k  = 0.

Step ii • | Tr̂  Cc1, C2, • • •, CR) I — I Tr̂  (Ci"!, C2-!, • • •, c-̂ -"™!)-1, for

s ! .

Step iii. K 0Cc1 , c„, c^) | Ck4"1  ̂ = minimum
t^s,h]g<Cj,for j=1 ,2,...,K
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{dts + l \ (cr hts> c2-hts..... CK"hts,(k).}» for s ^ I.

Step iv. If ITrg Cc1, c2, ..., CK) I ^ k * 1   ̂ = I i r s C c 1 ,  c2 , cK)|(k)

for all s f I, go to Step I; otherwise k = ̂k+1, return to 

Step iii.

Step I. If = c +1, return to Step ii; otherwise go to

Step 2.

Step 2. If C ^ 1 < T ^ 1,' C ^ 1 = C ^ 1+!, Cr  = 0, return to Step ii; 

otherwise go to Step 3.

Step k. If =K_k+;L < Vfcfl’ cK-Id-I " cK-Id-I+1' ci * °’ f°r 1 = K’
K+1, ..., K-k+2, return to Step, ii; otherwise go to Step k+1.

Step K. If C1 < T1, C1 = C1+!, Cr 

Step ii; otherwise stop.

Cr  = 0, return to

Essentially, the above steps form K do-loops with the resulting
K 2computational effort being the order of x n (assuming x = T1 = T2 =

2... = tr), where n is the computational effort required in carrying 

out Steps 3 and 4. An alternative solution is discussed in Chapter III.



CHAPTER III

THE COMBINATORIAL ALGORITHM

3.1 Introduction

The constrained shortest path algorithm presented in Chapter II is

an iterative scheme in which the cost bound variable c is incremented

by a unit at the end of each iteration where stepping costs, if they

exist, along with the corresponding stepping-cost paths are found. The
2same amount of computation, of order of n , is needed for each iteration 

step without prior knowledge of whether there exist any stepping costs 

for the current cost bound.

In this chapter, a combinatorial approach is employed to locate 

the stepping costs and the corresponding stepping-cost paths so that the 

cost bound variable may be increased to the value of the next stepping 

cost. Hopefully, in doing this, we will have a more efficient algorithm 

to solve the problem of Section 1.3.

3.2 The Immediate Stepping Cost

Let cJ. denote the j I-H. stepping cost, and denote the corre­

sponding Jt*1 l->i stepping-cost path, so that c^ < c? < for i = I,

2, ..., n. By the definition of stepping cost, it is obvious, that 
1 2 -I TT̂  I > j tk j > The situation is illustrated by the following network

and its set of constrained shortest paths.

Define, for all i, K. to be the number of I-HL stepping costs not 

exceeding the current cost bound c.

J.i
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Fig. 3.1 A five-node undirected network with Wij d̂ij ,hij^
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Iit1Cc) I
c

I t t 2 C c )  I

I t t 3 C q )  I I
4 I----------
3 • _________

2.5 6
6 8 10

Fig. 3.2. The set of stepping costs and the stepping-cost path lengths 
of the network in Fig. 3.1. For c = 5, = I, K„ = I, K =
0, = I, K = 0.
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For ^ I, define the set of nodes S . to be
K.

= {k, such that + where K(k) is

the smallest integer satisfying the inequality} (3-2-1)

.and define the real constant c^ to be

c . = minimum{ of ̂  + h, . (3-2-2)
1 • kCS k

Assertion 3.1 If k is the last intermediate node on the (K.+l)l->i
Ki+! Ki+! x

stepping-cost path Tri , then the 1+k path in Tri is a stepping-cost

path.

• K.+l *
Lemma 3.1 c . < c.---------  i —  i

*Proof. Let k be the node where c. attains its minimum value, so thati
K(k) + ^ = c.. Now TL"̂  + d . is a feasible (K.+l)l->i stepping-k ki i k kx x

.1 K . j + 1  K  *
cost path, so Ci —  ck + “ ci*

DEFINITION 3.1. The immediate stepping cost (abbreviated as IMSC) 

is the stepping cost that is hot less than the current cost bound c, 

having no other stepping cost between c and IMSC.

f AIn case Si is null, Ci may be assigned an infinite value *
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The goal at this point is to find IMSC, and have the cost bound 

variable c increased to this value, instead of having to use a step-by- 

step computation.

Assertion 3.2 IMSC = min c
Ki+! .■

3.3 The Combinatorial Theorem
*Theorem 3.1 IMSC = ĉ , where r is the node such that

*  Ac = minimum c .
r i 1

(3-3-1)

Kj.+!
By the definition of IMSC, we have IMSC = min c.1 . Moreover,

K i + 1  i  1  A  A  . '< min c . = c  . It
* i - “  i 1 r

from the result of Lemma 3.1, IMSC = min Ci

remains to be proved that IMSC >_ c^.

Lemma 3.2 If the immediate stepping cost is associated with a node*

say node i, and k is the last intermediate node on the (Ki+!) I-H
Ki+!

stepping-co st path, then k 6 (L; moreover, Ci >_ Ci .

K +1
Proof. From Assertion 3.1, the I-Hc path in tt . is a stepping-cost

Kk.path. Let c, denote the cost of the I-Hc path*, then c <_ c .
k K.+l K.+l ■

For if not, C 1 = C . 1  ' - h. . < c.1 = IMSC, then by the definitionk i ki —  i
of IMSC, the 1+k path must be a stepping cost path with stepping cost

K1 lSenot exceeding C 1 which contradicts the C 1 > c assumption. Now that
IC 1 <  C 1  ,  and that the I-He path is a stepping-cost path, by the assump- k —  k

t
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tion of the.lemma and the definition.of S^1 k 6 

integer '<_ such.' that c^ ' R

Accordingly,

Let K(k) .be the

Ki+!
Ck + \ i =KCk) * * * > - < (3-3-2)

The rest of the proof of Theorem 3.1 becomes immediate after Lemma 3.2 

is established. Assume the immediate stepping cost is associated with 

a node, say node i; then the definition of node r in the theorem state­

ment asserts that .

a A A  Ki+!
c = min c. < c. < c. =. IMSC r i i — i — i (3-3-3)

3.4 The Combinatorial Algorithm

The results of the arguments presented so far can.be summarized 

as follows:

1) No stepping cost exists between the open.real interval (c,IMSC)-

by the definition of IMSC. So that we can have c advanced to the value 
AIMSC ,■ a value less than IMSC.

2) An immediate stepping cost has been found with value. IMSC =

minimum{minimum{c^k^ + h  . } }.
. i W=Si k kx

I
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3) Since is the candidateyyalue for .the CK^rKL)t .stepping cost.,

1 4 + 1
as far as the algorithm is- concerned, we may~.let c^A == c^ = ■ minimum

k € S .

.Rewrite C3^2t-1) , C3-.2^2) for further .reference

Si - {k, .such that | | + dki < | Trj.1 1 , where K(k). <_ Kfc is the

smallest integer satisfying the inequality} (3-4-1)

Ki+1 A'. , . . ■ r K(k) , , ■ ,c. = minimum{c- + h, }̂i k s Ki
i

(3-4-2)

and.define the minimizing last intermediate node i of Si such that

I I + di*i = minimum
kesi,c%(t)+hk^ c 4

(3-4-3)

Then

IMSC = minimum c
Ki+!

(3—4—4)

and IMSC is associated with the node, say node r, if r is such that

(3-4-5)
K +1 , : .. K.+l
c = minimum c . 
r i

and

■ l 5 r*) I + dr*r = jninlmum { 17ri*:L*) I + di*i}r r r K ,+I K +1
i, such that c ^  =C^r ""(3-4-6)

The algorithm is a straightforward implementation of equations
'

(3-4—1) through (3-4-6).
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Let {tt. } denote the set of unconstrained shortest paths of 

the network, using any appropriate methods mentioned in Chapter I.

Step I. Initialization.

.Let I = {2, 3..... n}, = I, 0, C1 = 0.

For all i E I, let K. = 0, |-rr. | = «, S . =  {!>, c
Kj+!

'i 1 "i1 ’ “i ~i li'
I, K(i ) = I.

Step 2. Locate the node, r, with which the IMSC is associated, r is 

such that

K +1 Ki+!
c = minimum c . 
r 161

and
K +1 r I K(r*)

+ d Ar = minimum . {|tt *
' K.+l K +1 i r x,ci =cr

K(i*)
+ d .

K +1
Step 3. If |irrr | <_ |nr |, I = I - r.

AStep 4. If I =  ̂T= null set, terminate.

Step 5. For all nodes i,i ^ r, and r 0,S±:
K +1 ri) If |-rrrr I + dri >_ Jiri1 I go to Step 6; otherwise,, go to ii

i i )  r  E Si ; and f u r th e r  i f
K +1 K.+l K i+! K +1 *

iii) c /  + hri < Cj,1 , then Cj1 = c ^  .+ hri, i = r,

and K(i*) = Kj.+!; or if
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K +1. K.+l K +1 w  V  ■ '

iv) cr + hri = c.1 , and I + ^ .  < } | + d.*.,

then i = r, and K(i ) = Ky+1.

Step 6. . i) Kr = Kr+1; for all k € Sr, if there exists a smallest

' integer Kl £  K^ such that I7r̂ l  + d^r < | |, then k

remains in Sr , K(k) = Kl; otherwise Sr = Sr - k.

K +1 f ,
ii) c = minimum{c.  ̂ + h, }

k€S k krr

iii) r 6 S is such that for all k 6 S where c?^^ + h1 
K +1 r * ■ r k kr
C r . , IS r 1 I + d . < | < (k>| + dw .

Step 7. Go to Step 2.

Steps 2 through 6 form one sequence of steps to find an immediate

stepping cost. • When the last stepping cost has been found, the node is

exempted from further consideration in Step 3. The algorithm terminates

when all stepping costs have been found —  when the set I becomes null,

and essentially no nodes are left to contribute to form another stepping

cost. Step 2 locates the immediate stepping cost and evaluates the

stepping-cost path length. Step 5 updates the sets S^, i ^ r, and the
A tilnominated last intermediate node i for the (KJ-I) l+i stepping-cost

path. Step 6 updates the set Sr , the nominated last,intermediate node 
Ar , and increments K -.
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The computational effort is analyzed as follows: Step 2 requires

2n comparisons to .locate node r. For each node i ^ r, four comparisons

are needed in Step 5. The computational effort in Step 6 depends on

the size of where k .£ S^. Assume there are at most m stepping costs

for each node k in S , then stage I of Step'6 requires at most nm+n

comparisons, stage 2 requires at most n comparisons, and stage 3

requires at most 2n comparisonsSo the total number of comparisons

needed in finding one stepping cost is bounded from above by (9+m)n~ nm.

Since there are at most nm stepping costs, the algorithm will terminate
2with the maximum number of comparisons of the order of (nm) .

3.5 A Comparison

The constrained shortest path algorithm of Chapter II for networks
2with integer-valued branch costs requires of the order of 2rn compari­

sons where t is the maximum value of the stepping costs. Since a stepping- 

cost path may contain as many as n-1 branches, if the maximum

value of the branch costs, then t is bounded above by nh . The combi-
2 2natorial algorithm requires computational effort on the order of m n 

where m is the average number of stepping costs for each node. It is 

obvious that both t and m depend on the network topology and on the 

distribution of branch weights. Perhaps only through experience or 

intuitive judgment can one prefer one method over the other.
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However, the combinatorial algorithm has a definite advantage over 

the other in that no integer-type limitation is imposed, whereas only 

suboptimal paths are attainable by the constrained shortest path 

algorithm for networks with real branch costs.

The computational effort of the combinatorial algorithm is recorded 

for complete networks (networks with a branch between every distinct 

node pair) of different sizes whose branch weights are generated by a 

uniform random number generating routine with a maximum value of the 

branch weights being 5. The average number of comparison operations is 

taken over 5 randomly generated networks of the same size. Table 3.1 

contains the computational effort of networks of starting from 14 nodes, 

up to 21 nodes. The average number of comparison operations over the 

theoretical upper bound is plotted in Fig. 3.3.

The ratio is greater than one when the network size is less than 15.
I .This is because.the number of comparison operations associated with ' 

indexing (which is included as part of the computer code but is not part 

of the theoretical upper . bound) dominates when the number of stepping 

costs is small. The ratio is a decreasing function of the network size 

which indicates that the theoretical upper bound is generally conserva- 

tive as the network size increases. Since the networks are generated in

a random fashion, whereas the number of stepping costs depends on the
• ■ . ?

network topology and the branch weights, no attempt has been made to 

find the asymptotic value of the ratio.



Table 3.1. Computational Effort Using the Combinatorial Algorithm., Il = number of compari­
sons required, 12 = number of stepping costs, Il = average of II, 12 = average 
of 12.

Run
No.

14-node 15-node 16-node 17-node 18-node 20-node 21-node
Il 12 Il 12 Il . 12 Il 12 Il 12 Il 12 Il 12

I 2481 40 3971 60 4563 62 6502 83 8153 101 12977 147 11337 119

2 2941 45 5484 . 81 5570 76 5170 68 9226 113 7764 88 13998 137

3 3999 65 4568 65 4912 66 6071 79 6790 85 9421 107 15160 ' 156

4 3210 50 2992 44 4637 66 ■6314 83 6568 79 8388 91 10395 107 ui4S
5 3930 64 3812 57 4660 65 5228 70 5631 71 .6774 . 76 12124 129

01,12) 3312 53 4166 61 4868 67 5857 77 7274 90 9065 102 12603 130

_  ■_ --- 1.015 .964 .956 .890 .819 . .804 .702
12(12+9) . -
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3.6 Networks With Doubly-Labelled Branch Cost Weights

In this section shortest paths of networks where each branch (i,j)
I 2has two associated cost weights, h _  , h _  , are treated. Let W „  =

I 2(dijlhIj'hIj) denote the joint weight of (i,j). Similar to the defini­

tion of stepping costs of networks with a single branch cost weight, a 

stepping cost for the present network is defined.

DEFINITION 3.2. (c^jC^) is a l+i stepping cost of networks with 

doubly-labelled cost weights, if and only if c^ and c^ are, respectively, 

the type I and type 2 cost of a l-+i path, tt̂ Cc^jC^), and for any

Il
12(12 + 9)

1.000-

.900-

Fig. 3.3. The computational effort vs. the number of nodes in the net­
work using the combinatorial algorithm.
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< c^, and < c^, if follows that

l7ri (C!,C2) I < I7rI^cIicP  I (3-6-1)

and that

liri(cl,C2) I < l7ri (cl,c2) I (3-6-2)

The associated. l->i. path, ^ ( c - p c p  is called a l->i stepping-cost 

path. Besides, c^ and (Cg)C^) are said to be associated with c^, as 

far as the stepping cost is concerned, and vice versa.

The combinatorial approach is to locate each stepping cost in a

sequential manner such that the type 2 I-HL costs.associated with c ,JL
are to be located only when all cj-associated type 2 l->i costs have 

been located, for c' < C1 .
I 2 K11Let be the number of type I l-»-i costs ...,C^

where a nonnull number of associated type 2 l->i costs have been

located. Let K' be the number of located type 2 costs associated
K (i) K (i)

with a type I cost c^ ', K^(I) <. And let c^ denote the

K2(i)th type 2 cost associated with (i), with K2(i) £  K ^ .  In
I 2 ^2iparticular, let be the number of type 2 l->i costs c^, c^, ..., c^

Kp. 1 1 1associated with ĉ ,11. Note that each of the terms Kg(I), Kgi' an^

K2i îas n° mea^^n§ by itself; a certain type I cost has to be
4 lc. ttlspecified to make. it meaningful. And let Tn 1 denote the k l->i
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stepping-cost path associated with c'?. We assume that no other I^i
1 Kli 'stepping cost exists with.its associated type I cost less than dL ; 

and no other 1-̂-i stepping cost exists with its type I cost equal to
~Kli K2iCi , and its type 2 cost less than c± .

The approach then is to locate the immediate stepping cost which

is defined as follows.

I 2DEFINITION 3.3.- The immediate stepping cost (c^^c^). is the 

stepping cost which is not in the set of located stepping costs, and 

for which there is no other stepping cost, say that satisfies

either

cI < cIM

cI CIM and C2 < CIM

Now define, for all i £ I, |m^(c)| to be a function of c such that

, * |A , K (i),K (i)
I ir. (c) I = minimum | Tr,
i Ki (I)IKii I
K2 (i)

(3-6-3)

where Ci , K2(i) £  K2i, is the type 2 l->i cost associated with Ki (I) 

such that

K9(i) K (i)+l 
c € [ c . Z ,c/ ]
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Define, for all i £ I, the set of nodes S^,

Si = {k if there exists a smallest integer (k) ^

associated smallest integer (k) <_ such that

and.its

K^W.KgCk) , * S W  ,
+ dki " l’i(ck + W  D (3-6-4)

Essentially, if k 6 Si, then k is a feasible last intermediate
K1(fc),K_(k)

U  (k,i) is a possible next l->i steppingnode such that Tr1
Ki(k) 1

cost, with type I path cost S1 + h, . and type 2 path cost K (k) % ki
c^ + h^., which satisifes (3-6-1) and (3-6-2) . (k) is chosen

to be the smallest possible so that the next I-H  stepping cost is of

smallest type. I cost, and Kg(k) is the associated smallest possible 

integer, such that the type 2 cost of the next I-HL stepping cost is as 

small as possible.
* *Define for all i ? I, the values C^i, Cgi to be

* A . . r~Kl(k  ̂j. . I C1 . = minimumic. + h, . >u  k e S i  k  k i

* 6 . . . , K2 ^  2 ,C 9 - =  m i n i m u m i c .  +  h ,  . }zi kes  ̂ K

(3-6-5)

(3-6-6)

where the .■ above minimization is restricted by, 

K (k) *
Sk + % i  - =Ii
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and define i £ to be the node such that

K (i*),KgCi*)
I Ti I + d A = minimumi |irk e s ±

K (k),K (k)
J + \ i J (3-6-7)

where the minimization is restricted by,

and

K_(k) ,
ck + hki

Hence, for all possible last intermediate nodes for the next l->i
* * stepping-cost path, c ^  is the smallest possible type I path cost; Cgi,

*associated with C^i, is the smallest possible type 2 path cost; and

i is the minimizing last intermediate node to result in a next I-H

'* c* )'Ii1 2i;stepping cost (c* ,c* ).

* %Assertion 3.3 If C1 . = c. , then there exists a next l->-i stepping
Kli ■ K2i+1 *cost with type I cost Ci , and with type 2 cost Ci <_ Cgi. If

* j
c.n , > £. then there exists a next l-̂-i stepping cost with type I cost lx I K1 .+I A
=I11 I = I V  ' . ft A

Define the node r, along with its associated clr and c2r ’ such

that

minimum{c1 .} 
i X1

(3-6-8)



60

minimum A A < 4 >
and that

(3-6-9).

K (r*),K,(r*)
I v , I+ dr*r

K1 ( ^ ) tK (i*)
minimum{ + *i*i}

(3-6-10)

where the above minimization is restricted by.

cIi cIr

and

C2i C2r

By the above definition, r is the node with a possible next stepping 

cost of smallest type I path cost. And of all other nodes with a 

possible next stepping cost of the same type I path cost, the type 2 

path cost associated.with node r is the smallest one. .Finally, of all 

other nodes with the same possible stepping cost, the length of the 

stepping-cost path associated with node r is the smallest one.

Shown in Fig. 3.4a is a 5-node network with its l->5 paths listed 
in Table 3.2, along with the associated path lengths and both type I 

and type 2 path costs. The >5 stepping costs are shown in Fig.

3.4b..
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I

Fig. 3.4a. A 5-node network with Wji (dji,hji,hji) *
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2.0 _

1.5 _

1.0 -

Fig. 3.4b. The 1-+5 stepping costs.
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Table 3.2. The Set of I*5 Paths of the Network in Fig. 3.4a.

rrS U 5 I , C2(IT5)

1-2-5 1 7.8 1.0 .5
1-3-5 5.9 1.5 .5
1—4—5 5.6 ■ 1.0 2.0
I-2-3-5 12.2 2.0 .5
1-3-2-5 4.0 2.0 3.0
I-3-4-5 5.7 2.0 2.5
1—4—2—5 5.8 2.0 1.0I
1-2-3-4-5 12.0 2.5 2.5
1—3—4—2—5 5.9 3.0 1.5
1—4—2—3—5 10.2 3.0 1.0
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For example, the IMSC, say :(2, I), is not associated with node 5 

until the 1+5 stepping costs (1.5, .5), (I, .5), and (I, 2) are located

Theorem 3.2 Let C ^  denote the type I cost of the IMSC; then 

I * •
IM Ir

where r is the node that satisfies (3-6-8),to (3-6-10).

(3-6-11)

I  AIt is obvious that, for all i, c ^  ̂  c^_ because, for each nonnull

S^, there exists a possible new 1+i stepping-cost path with type I
Apath cost not smaller than c^.

I *It remains to be shown that C ^  c^r to complete the proof.

Lemma 3.3 If IMSC is associated with a node, say node i, and k is

the last intermediate node on the new 1+i stepping-cost path, then
I Ak C Si; moreover, . cIM >_ C^i.

The proof is essentially the same as that of Lemma 3.2.

Proof of Lemma 3.3.

It is obvious that the 1+k path in the IMSC path is itself a

stepping-cost path. Let A, denote the type I path cost of this path;

then A < G1 k —  k
1 1 1We have A1 = cT„ - h, . < cTM. Then by the definition of IMSC, k IM . kx —  IM

and the definition of as the number of type I costs each of which
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has a nonzero number of associated stepping costs, the IrMk path must be
Klka stepping-cost path with type I cost not exceeding C1 ; hence

A k  'A, c . Thus, by the assumption of the Lemma and the definition
K (k) .

of S^, k € S^. Let (k) be the integer <_ such that = c^ 

Accordingly, by (3-6-5),

K1 (k)
cIM Ak + ' hki ck + hki -  cIi (3-6-12)

Proof of Theorem 3.2.

Assume IMSC is associated with node i; then from (3-6-8) and 

(3-6-12),

c*Ir = minimum c 
i '

*
Ii -

* I
cIi -  cIM (3-6-13)

I 2Once Cjm  is found, we seek to find CjM , the associated type 2

cost of the immediate stepping cost.

, .■ Theorem 3.3 Cj m =

Proof. ;
* * 1 2 *It is obvious that, if i is such that c, . = c. = C1.,., C11., < c„..Ii Ir IM IM —  2i

2 . . *The problem that remains is to show that CjM c2±‘
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Lemma 3.4 If IMSC is associated with node i, and k is the last inter-
. 2 *mediate node on the new I^i stepping-cost path, then c ^  ^i*

Proof of Lemma 3.4.

From Lemma 3.3, K € S .. . Let B denote the type. 2 path cost of the 
%2k ^l-*k path; then <_ C^ , where is the number of l->k stepping costs

K1Ck) x !
associated with the type I cost c, = Cti., - h, .. The fact thatk IM ki

2 2 2B1 = Ct., - h . . < Cti, shows, by the same argument as that of Lemma 3.3, k IM j i —  IM
K'

that B1 < C1 . Hence, there is an integer Kn(k) < K' such that K, — K Z — ZK
K . W

Bk = Ck , and

2 ' , 2  = K2(k) 2 *
cIM Bk + hki ck + hki -  c2i

2 awith the final result, C ^  ̂  c^.

. The results of Theorem 3.2 and Theorem 3.3 are summarized as 

follows:

1) The immediate stepping cost IMSC is characterized by
a a y< a

IMSC = (cir,c2r^’ where cir’ C2r are defined by equations (3-6-8) 

and (3-6-9).

2) The node r with which the IMSC associates can be located by 

(3-6-8). to (3-6-10).
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3) The I-Mr IMSC path and the associated length is defined in 

(3-6-10).
* AOnce the IMSC is located, the set S^, and the values c^, c2±>

Ai , are to be updated by using (3-6-3) through (3-6-7), and further 

IMSC are sought until none exists.

3.7 The Constrained Shortest Path Algorithm for Networks with 
Two Branch Cost Weights

The procedure to solve the constrained shortest path problem of 

networks with two branch cost weights is illustrated in the following:

Step I. Initialization 

I {2, 3, ..., n}, K11 = Kg1 = I, Itt1I!. i i’ 1 =■ 0, C1 = 0, Cg = 0

For i. € I, Kli = I, Kg1 = 0, Iir1I , I , ,1'i00, C. = <», C_.---,

Si = <f>, K1(I) = Kg(i) = I, i = 1 ,  Cli = Cgi

for c >_ 0.

I I I ‘For i such that h ^  < °°, cT = h ^ ,  Cg = h^ ,  Iiri* | = dli..1 . 1  1 . 2h.
• . ft I  *Si = {!>, Cli = Ii11, Cgi - Hli2 ' I *  . , fthn .; I it . (c) I = d , for C >_c2i*

Step 2. Locate node r, such that r is the node that satisfies

Clr = minimum Cli (3-7-1)

ft ; ■ r *c„_ = minimum {cn .)'2r . (3-7-2)

l€I,cli cIr
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where 

and ■

Step

Step

Step

Step

K (r*),K (r*) .
I v -  I +■.Vr " minimum̂ Vi€I

K1 Ci*),K2(IA)
+ .di*i}

(3-7-3)
the above minimization is restricted by,

3Ii ” Clr

32i ” C2r

* jxI y3. If c, £  c , go to Step 4; otherwise Klr = V + l ,  K2r = 0,

, „ Ir * ■and £r = Clr-

4. ' hrK l r ' V l ,
K1(r*),K2(r*)
r* + dr*r

If k rlr,K2r+1| < 11Tr I»" !■ “ I - r.

(3-7-4)

(3-7-5)

5. If I = <f>, terminate.

6. For all nodes i such that r £  S^,
K1 ,K0 +1 A A o

i) If |Trrlr 2r I + V  < liri(c2r + \i)l' go to Step 7;
otherwise continue with ii•

ii) Let A. ^ clr + hd ., B. ^ c*r + h2 .. IfA. < c^, then

cIi = A i’ c2i = Bi’ ** = r$ Kl (iA) = Klr’ and K 2(i ) = K2r+1

tTTr is the precomputed unconstrained shortest l->r path.



Step

iii) Or, if Ai = Cli, and Bi < Cgi, then Cgi = Bi, i = r, 

K1 Ci*) = Klr, and Kg(i ) = Kgr+1.

iv) Or, if Ai = Cli, Bi = Cgi, and

, Kir'%2r+1, ,Ur1 I + dri < Itt1J -I + diA., then
i* = r, K1 Ci*) = Klr, and Kg(i*) = Kgr+1. ■

2r *
7' %2r = Kzr+l: =r " =2r

K K
i) | i r r ( c )  I = minimum{ | T T r ( c )  I ,  l ^ 117 2r | } ,  for c >_ (3-7-6)

ii) ■ For all nodes k 6  Sr , if there exists a smallest integer
K1(Ic) £  K1^, and an associated smallest integer Kg(k) £  K2k’

where K L  is the number of I-Hk type 2 costs associated with 2k
K1(k), such that

k remains in Sr ; otherwise Sr r

kr

S — k.

iii) c = minimum{c
lr' Kesi

K1 (k)
k + >4rJ

* . . ■ , K2 ®  2 , 
c2r - + V 1

i

(3-7-7)

(3-7-8)

(3-7-9).

where the above minimization is restricted by 

*.K1 (k) -

t h I r - cIr
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r € is.such that

K (r*),K„(r*)
I V  I +,Vr

. K (k),K (k) 
minimum{ tt, 
k€S k

TC
+ V 1

(3-7-10)

where the above minimization is. restricted by,

- V w  , .1 '* .
=Ik + hkr - =Ir

and

K, (k)
C2k C2r

Step 8. Return to Step 2.

The computational effort for the above procedure is evaluated as 

follows.

Assume there are at most m type I stepping costs associated with

each node, and m type 2 costs associated with each type I stepping cost

hence, for each node, the number of stepping costs is bounded from 
2above by m .

Equations (3-7-1) through (3-7-3) require at most 3n comparisons.

The computational effort in Steps 3 through 5 is trivial. In pro-
*cedure i of Step 6, the function rV  is itself a stepping function, and

hence, requires at most m comparisons. Procedures i.i through iv of

Step 6 require at most 3 comparisons. Thus Step 6. needs at most
2n(m+3) comparisons. For (3-7-6) in Step 7, at most m, comparisons are
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required. In (3-7-7), m comparisons are needed to locate
* ^2 2 2

vT (C2yi + ) , for a given (k) ; and since at most m .stepping
3costs are associated with node k, m comparisons are needed for each

3k in . Hence the number of comparisons is bounded from above by nm . 

Equations (3-7-8) through (3-7-10) again require at most 3n comparisons

The total number of comparisons to locate one stepping cost is
3 - 2  3 2 3found to be nm + 3n + m . + n(m+3) + 3n = n(m + 9 + m) + m ~ n m .

2Since there exists at most nm stepping costs, the algorithm terminates
2 5within the order of n m comparisons, which is of the order of the 

square of the total number of stepping costs.

3.8 An Example

The combinatorial approach for finding shortest paths in a doubly- 

labelled cost weighted network is illustrated here by finding the set 

of stepping costs and the associated stepping-cost path for the net­

work in Fig. 3.5.
To start the procedure, we know there is the trivial I-KL path with 

one and only one stepping cost, i.e., (0; 0). So we-have - Kgi = ^ 

I it1’1 I = 0, c?"‘= 0, C^ = 0. And for all i ^ I, no stepping cost is
I  I  ^  'TC

known, Kli = I, Kgi = 0, ^ i J =  ” , C1 can be assigned an infinite

value,: frr^c) I = °° for c >_ 0.

According to (3-6-3) and (3-6—4), only node I  satisfies (3-6-4). 

Hence Si = {1} if (I, i) exists, with K1(I) = Kg(I) = I. Thus,

J
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I

ji

,.1.5)

Fig. 3.5. A 5-node network with W d̂ji,hji’hJi^'
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~1for i = 2, 3, 4, Sj. = (l), Cĵ = c2i = h ^ ;  S5 = <f>.

The first IMSC is found by evaluating (3-6-8) to (3-6-10). Node 

3 is found to be the minimizing'node,' since in (3-6-10)

minimum{d^2,d^g,d^^} = minimum{5.9,.6,I .5} = .6 = d ^

while Cr .5, and C1 .5. Hence,"23 "22 "24 “““ "13 12 14
IMSC = (.5, .5) with the associated path length = .6. The curve.

A! ^ ( c )  I is thus modified as shown in Fig. 3.6a.

Note that S^ becomes null since node I is no longer in S^. 

and c^^ are assigned infinite values. Node 3 becomes a member 

in the set of S^'s, so S2 = {l,3>, S^ = {l,3>, S5 = '{3>, with

K1 (S) = K2(3) = I. Hence, from (3-6-5) and (3-6-6),

C10 = miniIn0, c0 + h00> = min{.5,.5 + 1} = .5

C1, = min{h^/, C0 + h ^ }  = min{ .5, .5 + 1} = .5

* ~1 , , C1 = c0 + h

14'

I 1.5

* _  . 2 
C22 h12 .5

c24 h14 .5
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Further comparisons by (3^6-10) shows that the second IMSC is associ­

ated with node 4, with IMSC = (.5, .5). |it̂ (c)| is shown in Fig. 3.6b.

The second IMSC does not contribute node 3 to a stepping-cost ■
+ ■path, so Sg remains null; and S^ becomes null. = {1,3,4},

S5 = {3,4}.- From (3-6-5),

c12 = ™in{h^2* C5 + + h ^ ^  = min{ .5,1.5,1.5} = .5

c^^ = min{cg + h^g, c^ + h ^ }  = min{1.5,l} = I.

Thus, the third IMSC is associated with node 2, with IMSC = (.5, .5). 

1̂ 2(0) I is shown in Fig. 3.6c.

S3 and S^ remain null, Sg ~ {3,4}, and S5 = {2,3,4}. Again,

c*2 = min{Cg + hgg, + h^g} = mih{1.5,1.5} = 1.5
« '

C15 = min^e2 + ^25' ^3 + h35> + h^g} = min{l,1.5,l} = I

Cg2 = min{Cg + hgg, cJ + h^g} = min{3,l} = 1

Cg5 = min{Cg + hgg, cj + h^g} = min{.5,2} = .5

Hence, the fourth IMSC is associated with node 5, with IMSC = (I, .5).

ITTg(c) [ is shown in Fig. 3.6d.

^In fact ITTg’ = ITTgI, so node 3 is exempt from further consider­
ation by (3-7-5). .
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In^(C)I

Fig. 3.6a. Jtt3(C) | .

!"!(c)I
t«

1.5 - ---------------

.5
■> c

Fig. 3.6b. |tt̂ (c ) I .

!"1(01
H

5.9-

.5
■> c

Fig. 3.6c. Itt2(C) I •
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■ A . A
Node 2 is no longer in S^, = {3,4}. S^, c^2’ an<̂  C22 rema^n

unchanged; = minfc^ + h^ ,  + h ^ }  = min{l.5,l} = I;

C o c  = c} + h?c = 2. So the fifth IMSC is still associated with node 25 4 45
5, with IMSC = (I; 2). | ir (c) | is updated and shown in Fig. 3.6e.

Now S5- = {3} with C15 = 1.5, C25 = C3 + h ^ .5. S2 remains
unchanged. Hence the sixth IMSC is associated with node 5, with

AIMSC = (1.5, .5). IH ,.(c) I is updated and shown in Fig. 3.6f.

S^ becomes null while S2 = {3,4} is the only nonnull set. Hence 

the seventh IMSC is associated with node 2, with IMSC = (1.5, I).

Iir9(c) I is updated and shown in Fig. 3 .6g.
Now Sg = {3}, and 2 becomes a member of Sg with Sg = {2}.

A „1 , I
C + h _ -. 12 C3 32

A I , 2CMCM
U

C3 + h32
A _2 IC -  _ + h : r15 C2 25
A I , 2

C25 S= C2 + h25

1.5

.5 + 2.5

1.5 + .5

1 + 0

Hence, the eighth IMSC is associated with node 2, .with IMSC.=. (1.5, 3)

Iir2(C) I is updated and shown in Fig. 3.6h.
Sg becomes null. The ninth IMSC is automatically associated with

• A  ,the only nonnull set, Sg. IMSC = (2, I). |TTg(c) | is updated and 

shown in Fig. 3.6i.
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1 ^ ( 0 1
y

7.8-

.5

Fig. 3.6d. ITT, (c) I •

Kc(C) I

I^(C)I
5.9- 
5.6 -

j____I
.5 I ->• c
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1 ^ ( 0 1
Z.

3.9 - ----------------
2.1 -  —

I I I I c
.5 1 2 3

Fig. 3.61. ITr5(C) I .

Itt̂ (C) I

5.8-

Fig. 3.6j . ITr5(C) I .
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Finally, S5 = {2} with C15 = + h^ ,  C35 = = 3 + 0 = 3 .

IMSC = (2, 3). |tt*(c ) I is updated and shown in Fig. 3.6j .

The set of stepping costs and the associated stepping-cost path 

lengths are shown in Fig. 3.7. The l->5 paths are listed in Table 3.3.

=l("5>

Fig. 3.7a. The 1+5 stepping costs.
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C1C 3)
A

.6

.5-

i
.5 C 2 (V

Fig. 3.7b. The l->3 stepping costs. Fig. 3.7c. The l-»-4 stepping costs.

Ci 0 9

Fig. 3.7d. The l-»2 stepping costs.
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Table 3.3. The Set of If5 Paths of the Network in Fig. 3.7a.

’ s ' K 5 I C 1 O r 5 ) c 2 ( r r 5 )  . '
1-2-5 7.8 1.0 .5
1-3-5 5.9 ' 1.5 .5
1-4-5 5.6 ' 1.0 ■ 2.0
1-2-3-5 12.2 2.0 .5
1-3-2-5 4.0 2.0 3.0
1-3-4-5 5.7 . 2.0 2.5
1-4-2-5 5.8 2.0 1.0
1—2—3—4—5 12.0 2.5 2.5
1—3—4—2—5 5.9 3.0 1.5
1-4-2-3-5 . 10.2 3.0 1.0



CHAPTER IV

SOME OPTIMAL PATHS IN PROBABILISTIC WEIGHTED NETWORKS

4.1 Introduction

The general problem of finding the constrained shortest paths in 

deterministic weighted networks has been discussed in earlier chapters. 

In practical situations, however, the length of a.branch, which may be 

a measure of the cost or the time needed to traverse that branch, is 

often a random variable. It may be random by nature, or because of 

errors in measurements. ■ Hence, the shortest paths are a function of 

random events characterized by probability distributions. We would 

like to examine properties of such networks and to introduce definitions

of some types of optimal paths. Finally, methods to find such optimal
-■ '

paths are discussed, and shown to be applications of constrained shortest 

path algorithms.
y

• 4.2 Probability Distribution of the Shortest Path.

Let W./ be a random branch length associated with branch b^, i = I,

2, ..., m, of an n-node m-branch network. Assume that W^ is continuously

distributed and that the joint probability density function P^(w^, w^,
A T. . ., w ) of the random vector W = (W^,. W^, ..., W^) of which W =

T A(Wf, Wg, ..., wm) is a sample value, is given. Let n = ifg» •••>

Tr̂ } be the set of 1+s paths of the network, and let |tt | = K 2 I5

..., Kq|)T be the random vector representing the set of l->s path

lengths. Then the length of the shortest l->s path, denoted as M, can
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be written as

minxmuni{ I it . I } = minimum{ , J W. } (4-2-1)
i bJeirI

Since the ’s are random variables, the shortest l->-s path length 

M is also a random variable characterized by its probability distribu­

tion function F(&), where

F(Jl) = Prob[M < Z] (4-2-2)

is the cumulative probability that M is not greater than a real value I.

To compute F(Jl) we must first find the probability density function 

P I7rj (Xi , X 2 , ..., X q) of ITTI where x = (x^, Xg, ..., xq)T is the sample 

vector of |tt|. F(Jl) can then be easily found as
OO CO OO

F(Jl) = I - / / ... / P (X1, x2, ..., xq)dx1 dx2 .... dxq
• ^ ^ 1 (4-2-3)

The rest of this section is devoted to the evaluation of

P I I (x- > > .... » x ) .■ I tt| I 2 • q
The sample value x of the l->s path length |tt| can be expressed as

x = Aw (4-2-4)

where A = [A^ ] is a q x m matrix of zeroes and ones such that A ^  = 1 

if and only if the branch b .€tt ..
J 1T TLet £  = ((X1, a2, ..t, ctm ) , £  = (8^, B2, ..., Bq) , and let 

l̂w > ^IitI (D be' the characteristic functions of W and |tt|, respectively

a
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By .definition.

$ (a) = E{exp(jaTW)} = J  J ... / exp(j Ji a.w.)00 00

-.00 „00 i=l i i

Ptt(w , w 0, ..., w )dw. dw0 ... dw (4-2-5) w ± z in j. z m

and
00 00

$ I „ I (I) = E{exp(jJ3 ITTI) ' = / / ... / exp(j J B. x )
11 i=l

P |tt|(x 1’ X2’ Xq)dXl dX2 dxq
(4-2-6)

Then, since x = Aw and since the expectation, of a function of a . 

random variable can be computed as the integral of that function and 

the original variable,

■” q m
/ / ••• / exP U  I I A w )

i=l k=l

PW CW1» w2..... wm)dwl dw2>-* dwm
oo Co • Co . in q ■

J J ... / exp{j J ( J 3 A  )w > •
-CO -00 -CO k=l i=l

' V “l’ w2.... "m)d"l ••• dwB

-Sw (At S) (4-2-7)

Now that the characteristics function $ i ,(B) of |tt| is known, we. hr
can attempt to find the probability density function of |ir|'by inversion. 

However, although $ i i(B) is well defined, the corresponding density may
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not be unless the rank r of A is q. Suppose r < then, instead of

. finding the density function of |tt|, we must find the density function

Pi^i of I it I = (| ir |, ITT1 |, | TT. |)T where | tt I is a set of inde-
11 I 1Z \  ■ .

pendent variables of |ir | . The density function of | tt | is the inversion

of its characteristic function $|*|(8) which is now

(S) - * * ( % (4-2-8)

where JB = (8. , g ...... . g. ) , and A is the submatrix of A corre-
1I 12 1r

spending to a set of linearly independent rows i^, i^, i^ of A.

The relation between the set of independent and dependent path

lengths can be expressed by a q x r matrix A' = [A! ] obtained by
3 k

Gauss reducing the matrix A, written as

Xj I A' x^ , for j = 1 ,  2, q
k=l jlk \

(4-2—9)

Finally,' F(Jl) is found as

F(Jl) = I - J J ... J P IA I (x. , x . ..... x. )dx. dx. ... dx.
Q IirI 1I 2 r 1I 12 r

(4-2-10)

where fi is the convex region defined by the set of linear inequalities

r . •
X. = J a!. X. >_ a, for j = I, 2, ..., q (4-2-11)
3 k=l 3^k \
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2For a complete network of n nodes and n branches, the number of

1+s paths may be as many as

I + (n - 2) + (n - 2) (n - 3) + .. . + (n-2) !

So, in general, there are many more paths than branches, justifying 

the conclusion that in a complete network, most of the l->s paths are 

linearly dependent.

Example 4.1

In Fig. 4.1, a 5-node and 12-branch directed network is shown. The 

set of l->5 paths are listed in the following:

Tr1 = (1,2),(2,5) 

Tr2 = (1,3), (3,5) 

TT3 = (1,4) , (4,5)

TT4 = (1,2),(2,3),(3,5) 

TT5 = (1,2),(2,4),(4,5) 

tt6 = (1,3),(3,2),(2,5) 

Tr7 = (1,3),(3,4),(4,5) 

TTg = (1,4), (4,2), (2,5)

w

W 5

TTg = (1,4) , (4,3) , (3,5) Fig. 4.1. A 5-node 12-branch network.

tt10 = (1,2),(2,3),(3,4),(4,5) 

TT11 = (1,2), (2,4), (4,3), (3,5) 

tt12 = (1,3),(3,2),(2,4),(4,5)

)
I
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TT13 = (1,3),(3,4),(4,2),(2,5) 

Ti14 = (1,4),(4,2),(2,3),(3,5) 

Tr15 = (1,4),(4,3),(3,2),(2,5)

The A matrix is then

7
8 
9

10
11
12
13
14
15

2 3 4

I I 

I
I

I
I

I

I I 
I I
I.

I

12

I

I

I

After Gauss reduction the equation Aw = Ix becomes
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4 5 6 7

3
7
8 
9

10
11
12
13
14
15

I
I

-I

-I
I

I
-I
I

-I
I

-I
I

I
-I

-I
I
I

5 6

1
2
4
5
6 
3
7
8 
9

10
11
12
13
14
15

-I

—  I  — I  —

■1
I
■1
I

I
I
I

I -I 
I

-I

I
-I

I -I 
I 
I

"l"

I
-I
I
I
-I
I
-I
I

-I
-I -I

-I

-I -I 
-I

-I

-I

(4-2-13)

where w* = (w^, w^, W 3 , w^, W 5 , W 55 W 71 w g, W 33, W^g, wg, , and I

is a 15 x 15 identity matrix. It is found for the example that the
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rank r of A is r =. 9. Let us select as a linear independent set of l-fS 

paths

it Ctt1, ^9 ^79 ^8*

and let ir* = (tt̂ ,  ^13* ^15). denote the linearly depen­

dent set of 1-+5 paths. ■ From the lower half submatrix of the right-hand 

side of the above equation (4-2-13), define a matrix B.

-I

-I

-I

-I

-I

-I

I

I

I

I.

Then ir * = Bit (4-2-14)

and Q is simply the region defined by

"  I " I9

=3 I VB a

where Ig is a 9 % 9 identity matrix.

(4-2-15)
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4.3 Some Optimal Paths

In the previous section, an exact analysis of the shortest path in 

a probabilistic weighted network was presented. It is found that given 

the probabilistic characteristics of the network, the probabilistic 

density function of the shortest path can be calculated by a multiple 

integration. The evaluation of the integration becomes much more diffi­

cult when there exist some dependent paths, such that a convex region is 

needed to specify the region of integration. The calculation may become 

simpler if the branch weights are discretely distributed and the branch 

weights can only assume a value from a small set of real values. Frank 

[28] treated the analysis problem by statistical methods. Even though 

the probabilistic characteristics of the shortest path is completely 

known, the problem of finding the shortest path is still not yet solved.

Knowing that the shortest path length is indeed.a random variable, • 

additional deterministic objectives are needed in order to define an 

optimal path. Examples of such deterministic objectives are as follows: 

(I) the optimal path such that the expectation of the path length is 

smallest; (2) the minimum mean path such that the path length variance is 

limited; (3) the minimum mean path such that the probability of the path 

length exceeding a given amount will not be freater than a given frac­

tion; (4) the optimal path such that the probability,of the path length 

exceeding a given amount is minimized;';'. These deterministic paths will
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be discussed in the following for a network with a set.of stochastically 

independent random branch weights.

DEFINITION 4.1. The minimal mean !"̂ s path is the path which is 

minimal in the mean value of the l*s path lengths.

The minimal mean l->-s path is the path with minimal path length 

on the average and is trivial to obtain since it is simply the shortest 

l-»s path of the averaged network; that is, the network whose branches 

are labeled by the mean value of the original weight.

.The biggest drawback of this minimal mean path is the absence of 

knowledge of its variance. It may be that since the variance of the 

path length is so large that one is forced to accept a path with a 

larger mean value but having much less variance. Thus, minimal mean 

paths that satisfy a certain variance constraint are of practical
I 7interest.

Similar to the concept of the constrained shortest paths in a 

network with a length and a cost associated with each branch, let the 

mean value and the variance of the random branch weight in the prob­

abilistic weighted network be the length and cost weights, respectively, 

associated with each branch of a deterministic weighted network of the 

same network topology. The cost constrained shortest paths of this net­

work are then the variance constrained minimal mean paths..

'' 9 ■
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Let the symbols P and o denote the mean and the variance, res­

pectively. Let Tr(CT) denote the constrained minimal mean l->s path such
2that the variance of the path.length is not greater than CT .

4.3.1 The Minimal Mean Path of Confidence Level q^at 
- ^

DEFINITION 4.2. The minimal mean path ir of confidence level at 

Zq is the minimal mean path such that the probability of the path length 

exceeding is not greater than a positive fraction q^.

When the random branch weights are normally distributed, then the
A

probability condition that ir has to satisfy can be written as .

Prob [ I ir I > &q ] = I - N{(&Q - mean of |-ir | )/standard deviation

, ' . of M  }■ "Iq0 ' (4-3-1-1)

where

X
N(x) = / — —  exp’(-y^/2)dy (4-3-1-2)

-CO \| 2TT

is the cumulative distribution function of a normalized zero-mean and 

unit-variance Gaussian random variable. Define N "*"(•) as the inverse 

function of.N('), and let

Let Pq and 

(4-3-1-1)

(I - qQ) . (4-3-1-3)

denote, respectively, the mean and variance of |r|; then
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ZO
0O —  N0 (4-3-1-4)

Thus we have changed the probabilistic requirement into its determin­

istic equivalent of which the mean and variance of the length of the 

constrained minimal mean path it must satisfy.

it can be found by first finding the set of constrained minimal mean
2paths Tr(O) with variance not greater than o , and then searching over 

the set of paths n(o) that satisfies (4-3-1-4); the one with minimal 

mean path length is tt.

Fig. 4.2 illustrates the evaluation of tt. In Fig. 4.2, the minimal
2

mean path with variance not greater than o^ satisfies (4-3-1-4) is 

the path with minimal mean.

Itt(O) I

FEASIBLE

REGION

0 I
Fig. 4.2. A confidence level curve and the feasible region.
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The stepping-deviation path Tr(ô ) is also a candidate for ir. In 

the algorithm presented in previous chapters, only the set of stepping-
A

cost paths are retained. So we can choose ttCOq ) as it.

Assertion 4.1 Let {ir(0.)} be the set of stepping-deviation 1-ts paths. j
with mean p(a.) and variance a.i then the constrained minimal mean l-»s

/> ■ A
path it can be found as the stepping-deviation l-»s path with mean p and

■

its corresponding stepping deviation a that satisfies

y = minimum {y(a )}
UCaj^ s0

where S^ is that subset of stepping-deviation paths that satisfy

" V (Cf.)
(4-3-1-5)

4.3.2 The Maximal Confidence Level Jl̂  Path

. DEFINITION 4.3 The maximal confidence level path is that path 

which is minimal in the probability of the path length exceeding

It is obvious that the maximal confidence level path must be a 

variance constrained minimal mean path. For if not, a path with the 

same variance but with a smaller mean would result in a smaller prob­

ability of the path length exceeding Fq . This is true because N(x) is 

a strictly increasing function of x.
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Secondly, the maximal confidence level 4. path must be a stepping- 

deviation path. For if not, there exists a stepping-deviation path with 

the same mean but with a smaller deviation, again resulting in a smaller 

probability of the path length exceeding So if {iT(â  )} is the set of

stepping-deviation !'►s paths with mean b(a  ̂) , deviation 0̂  , the maximal 

confidence level path tt with the mean p, variance is the stepping- 

deviation path such that

*o ~ y max
j

(4-3-1-6)

The selection of tt is illustrated in Fig. 4.3.

Fig. 4.3. The maximal confidence level SL̂  path.

q > ^max
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In Fig. 4.3 the confidence level curves starting from the right-

hand side to the left are in an order of increasing confidence level.
 ̂2The maximum confidence.level q is found at variance cr with themax

associated path tt (a) and mean P (cr) .

The assumption of the branch weights being normally distributed 

can be relaxed by the fact that under very general conditions, sums of 

random variables are approximately normally distributed [55].

4.4 Stochastically Dependent Weights

In the preceding treatment of certain optimal paths the branch 

weights are assumed stochastically independent. For networks whose 

branch weights may be stochastically dependent, a 1-r-s path still has 

the sum of its constituent branch means as the mean of the path length; 

however, the path variance, depending on the choice of constituent 

branches, and the stochastically dependence relationship between the 

branches, may not be the simple sum of the constituent branch variancesi 

This creates a new dimension for constrained shortest paths problems and 

is recommended for future research*

Let it denote a path in an m-branch network with an associated 

random weight W_. for each branch b^ . Express |tt|, the length of tt , as 

m
|ir| = Jj a.W. ' (4-4-1)

3 3

where.
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a. = I if b. € it; .otherwise a. =0. J J , J

Suppose the mean and variance for W / s  are known, and the covar­

iance between any two random weights are also known. By definition.

a? = E[W - E(W,)]2 = E[W2] - E2[W.] J -J J J J (4-4-2)

<*,, = E[W - E(W )][W - E(W.) ] = E[W.W. ] - E[W.]E[W.] (4-4-3)-lJ x J J x J I J

Then E [ |tt | ] is

E[|tt|] = E [ % a W ] = I a E [W ] 
j=l 3 3  J=I 3 3

m-1 m
E t M 2] = E[ I a2W2 + 2 I I a a W W.] = j a2E[W2] 

i=l 1 i=l j=i+l 1 J 1 J -  i=r 1 1

m— I m
+ 2 I I' a a E[W W ] 

i=l j=i+l 1 3  1 3

(4-4-4)

(4-4-5)

Hence, the variance cr of (TT isTT

2, „22̂ _ „ r I _ I 2, „2 r I _ I , ™ 2 2 ma = E[|7r| ] - E [|ir|] = % a a + 2 % £ a a a
i=l 1 i=l j=i+l 1 3 13

(4-4—6)

Thus

ri 2 22, a a. = sum of the constituent branch weight variances
i=l 1 •L (4-4-7)

only if.
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cr_ = 0, for all bu,bj 6 T 

which justifies the above statement./

S



CHAPTER V •

SHORTEST PATHS IN FLOW NETWORKS

5.1 .Introduction

A flow network is a network where each branch (i,j) is associated

with a nonnegative weight c .. called the branch capacity which repre- ■1J
sents the maximal amount of commodity that can arrive at node j from 

node i along (i,j) per unit time. The commodity may be messages in a 

communication network, traffic in a road network, or oil in a pipeline 

network, etc. A natural question is: What is the maximal amount of

commodity flow that can be shipped between an initial-destination node 

pair through the network? Or, if an additional cost weight is assigned 

to the branch representing the unit cost of commodity flow along (i,j), 

then a question is: Given the requirement of flow from one node to

another, how should the commodity be routed through the network so that 

the total cost is minimized?

Ford and Fulkerson [56] contributed most of the fundamental work 

for the maximum network flow problem in Section 2 and the well-known 

problem of constructing flow at minimum cost of Section 3. Section 4 

treats the minimum cost flow problem with an additional transit delay 

requirement where the constrained shortest paths approach contributes 

to a suboptimal solution. Section 5 discusses some practical paths in 

flow networks.

T
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5.2 Maximum Flow in Networks

Let nodes s and t be, respectively, the source and sink of the 

commodity flow in a directed network G(V1B). Let F denote the set of 

flows {f } associated with the set of branches in G(V1B) ; F is called 

a flow pattern. The flow pattern F is said to.be feasible if it 

satisfies

- Z f 1k e v
S t  >  1 £  1  "  5

{ 0 , if i T4 s,t
-f*. , if i = t

(5-2-1)

and

cy  i  fU  -  0 (5-2-2)

where V = {1, 2, ..., n} is the set of nodes in G(V1B)1 and f is the 

amount of ŝ -t flow.

Equation (5-2-1) expresses the assumption that flow is restricted 

to be conserved at all nodes except nodes s and t. Equation (5-2-2) 

indicates that the flow f .. in each branch is one directional —  along 

the direction of the branch, and is bounded from above by the associated

branch capacity. „ Fig. 5.1 illustrates a flow pattern of value 2.
■*.

■*v.

\



101

(1,3)

Fig. 5.1. A flow pattern where Wij

Let it denote a chain from node s to node t. With respect to s,t
77 , the flow f . . of branch (i,j) is said to be a forward flow ifs, t IJ
(i,j) is a forward branch in TT̂  t; f ^  is said to be a backward flow 

if (i,j) is a backward branch in TTg The forward flows in TTg t = 

{(s,j),(j,i),(l,t)> in Fig. 5.1 are fgj = 0 and fit = I; the backward 

flow is f^  = I.

DEFINITION 5.1. Residual capacity y (tt_ J  of an s->t chain  ̂ in--- S ) L b J L
a directed network is a nonnegative value defined as

Y(tt ) = minimum{minimum {f },minimum . ^Cab~^ab^
s,t backward branches J forward branches

(i,j)€7Tg^  (a»b)f\,t

(5-2-3)

A chain tt is said to be saturated if Y(tt ) = 0, and to be s, t s, c
unsaturated otherwise. If a chain tt is not saturated, then one cans , t

i
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add the amount "of flow y (tt ) to all forward flows in the chain and ■s,t
subtract the amount of flow Y(TTg from all backward flows, thereby- 

obtaining a new flow pattern for which flow is still conserved and 

branch capacities are not exceeded. The new flow pattern then corre­

sponds to a -larger amount of s->t flow that is transmitted from node s 

to node t.

DEFINITION 5.2. An s+t augmentation path n _ is an unsaturateds,t
s-vt chain.

A procedure to find the maximum s-»t flow automatically follows:

Step I. 

Step 2. 

Step 3.

Let f .. = 0, for all (i,j) € B.1J -
Find an s->t augmentation path ir ; if none exists, terminate.s,t .
Increase the flow in the augmentation path ir by y Cir +.)>s, t s, t
return to Step 2.

DEFINITION 5.3. A cut (X,X) is the set of branches (i,j) where 

i € X, j € X, and X is a subset of V with X denoting its node comple­

ment V-X. (X,X) is called an s-vt cut if s £ X, t £ X, and is denoted

as Ast*
For example, {(s,i),(s,j)}, {(i,t),(j,t)}, {(s,i),(i,j),(i,t)}, 

and {(s,i),(j,t)} are cuts, of the network in Fig. 5.1 with X. being, 

respectively, {s>, {s,i,j},'{s,i}, and {s,j}; in addition, they are 

S-Vt cuts.

r
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DEFINITION 5.4. The value G’(X,X) of a cut (X,X) is the sum of the 

branch capacities of the cut. C(Agfc) denotes the value of an s->t cut.

The values of cuts for the above example are respectively 6, 4, 11 

and 3.

A famous theorem which specifies the maximum s-̂ t flow value in 

terms of the network characteristics is proved independently by Ford 

and Fulkerson [56], Dantzig, ej: al [57], and Elias, _et_ al [58] and is 

presented in the following.

Theorem 5.1. The Max-Flow Min-Cut Theorem. Let Tgfc be the value 

of the minimum s->t cut, that is,

T . = min{C(Ak )} (5-2-4)
st k st

where {Ak } is the set of s+t cuts; then for any feasible flow pattern st
*F with s->t flow value f ,
st

maximum{f■.} = minimum{C(Ak )} = T  (5-2-5)
F St k St St .

ALemma 5.1. f  < T “ st “  st

Proof.

From (5-2-1),
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jlvf=j - I 4 (5-2-6)
k€V

and

0 = Z f±1 " I fki > for 1 * s»fcjev 3 kev
(5-2-7)

Thus, for any nonnull proper subset X of V such that s £  X and t 6 X,

I  ( I  f y  -  I f k l .) *  £.ic-xjc-v13 kev.
(5-2-8)

iL Sex'y + l e / u  " Jxfki " Jxfki'
(5-2-9)

The first and third terms in (5-2-9) cancel, and (5-2-9) is therefore

L iM i i " J x fkil
(5-2-10)

However, since by (5-2-2), all flows are nonnegative, £ f . >_ 0;
iCX kex

therefore (5-2-10) is .

f s t  i  I L f i1icx jex 3 (5-2-11)

Using (5-2-il) arid the fact that f <_ c ^ ,

fst 1  i x  jexCi3
(5-2-12)

)
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However, the right-hand side is the value of an s t cut, and X is 

arbitrary, so

fS t i V  ' (5-2-13)

Proof of the Max-Flow Min-Cut Theorem.

In the procedure shown before to construct the maximum flow pattern,

an s->t augmentation path is sought on which additional s-H: flow is
*routed. We want to show that when the procedure terminates, f ^  t ■. 

Define a set of nodes L such that

s E L  ' (5-2-14)

and

j £  L, if there is an i 6 L such that c ^  > f „  or f ^  > 0

(5-2-15)

We know that t E  L because otherwise there would be an s-̂ t augmentation 

path contradicting the assumption that the procedure has terminated. 

Hence L is not empty. .From (5-2-10)*

*fst I ■' L fi€L jCL ij I Ui€L k€L ki (5-2-16)

But from the definition of L if (i,j) E (LjL), the f^  , and if

(k,i) E ( L jL), then f, . = 0; hence
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I  L f l jiCL j€L
I L c
1€L j€L ij

And

I L fki = oi€L k€t 

So

f*st I L cIGL j€L ij "

which completes the proof.

(5-2-17)

(5-2-18)

(5-2-19)

5.3 The Minimum Cost Flow

In more practical situations one has supply of a commodity at. a

certain node in a flow network, demand at another, and the objective

is to satisfy the demand from the supply at minimum cost.

Let an additional weight h.. be associated with each branch repre-• ij
seating the unit cost of flow transmitted through the branch.

The problem is to minimize

I hij,f(i,j)€B 13 ij
(5-3-1)

rhere f .. is the flow of (i,j) satisfying 1J *
requirements in (5-2-1) and (5-2-2); fgt 

lemand of s->t flow.

the conservation and capacity 

in (5-2-1) represents the
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DEFINITION 5.5. The minimum cost s->t augmentation path tt is ------------------------ ----------- ---- Sjt
an unsaturated s+t chain with minimum cost which is the sum of the

branch costs over the forward branches minus the corresponding sum

over the backward branches in the chain, and is the minimum cost of

sending one unit of additional s->t flow through the network.

In Fig. 5.2 is shown a minimum cost s-»t augmentation path tt =s, t
{ (s ,1) , (I, 2) , (2, t) } . The forward branches are (s,l), <2,t) ; the back­

ward branch is (1,2). ir is of cost 2 - 1 4 - 4  = 5 and residuals, t
capacity = I. The s-*-t chain { (s,I) , (1,2) , (2,3) , (3, t) } is also unsat­

urated but with cost 6.

I

Fig. 5.2. A minimum cost s+t augmentation path where 
Wij = (fij,cij,hij)*
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Assertion 5.1 Let F be the minimum cost set flow pattern of require- 
*

ment f ; then the flow pattern obtained by sending additional flow 

Y (Its t) on TTg t results in the minimum cost flow pattern of an amount

fB H +rtirSftP- ■
A procedure similar to the one for the maximum flow problem is 

displayed as follows.

Step I. 

Step 2.

Step 3.

Step 4.

Set f^  = 0 for all (i,j) £ B .

Find the minimum cost s->t augmentation path ir . If nones , t
exists, terminate.

Y = min {y (it ), f - f }; increase s->t flow along tt byS j L ,  St st Sjt

the amount y 
AIf f . < f . return to Step 2, otherwise, terminate, st st

The problem that remains is how to find tt in Step 2.
s,t . . .

Theorem 5.2 Let G (V,B ') be a network generated from G(V,B) such

that G(V5B t) contains the same set of nodes, and (i,j) £ B' if either

(i, j) 6 B and f ^  < Cĵ , f = 0, or (j ,i) £ B and f^  > 0. Define the

cost h*. . of (i, j) in G(V5B t) as ij

h. , if f . . < c . . and f . . = ' 0 ij ij iJ Ji

if f > 0
(5-3-2)
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Then the minimum cost s->t path tt' of G(V,B') is the minimum costs, t
s->t augmentation path tt of G(V,B) .s, t

Lemma 5.1 Any s->t path of G(V1B t) is ah s->-t augmentation path of 

G(V1B).

Proof. '

Consider a branch (i,j) in an s-M: path of G(V1B t) . From Theorem.

5.2, it must be either that f .. < c .. and f .. = O1 or that f .. >0;
■ ij ij J i  Ji

these are exactly the conditions that (i,j) may be a member of an 

s-M: augmentation path.

The branch cost h \  of (i,j) in an s-M: path of G(V1B t) corre­

sponds to the cost of sending an additional unit flow along the forward

branch in ir if hi. is positive, or the saying of reducing a unit s, t ij
flow from the backward branch in it if h! . is negative. . Hence, thes j t ij

: . ■ ,minimum cost s->t path of G(V,BT) is the minimum cost s->t augmentation

path of G(V1B).

The combinations of branch generation from G(V1B) are shown in 

Figs.-5.3a through 5.8b.

In Figs. 5.3a and 5.5a, f _  < C ^ 1 then (i,j) C B t with unit flow 

cost equal to h. .; and if (i, j) € n' . , then (i, j) ^ ir is a forward' IJ S , L S , L
branch where additional flow may be sent through (I1J). Furthermore, 

if f > O1 then (J1I) G  B t with unit flow cost equal to - h ^ ; if 

(Jji) € H"1 j then (i,j) G tr  ̂ and is a backward branch where theSet S ; t



Fig. 5.3a. (i,j) £ B, (j,i) C B. Fig. 5.3b. Branches generated from Fig. 5.3a.

Fig. 5.5a. (i,j),(j,i) C B. Fig. 5.5b. Branches generated from Fig. 5.5a.

HO



Fig. 5.7a. C B. Fig. 5.7b. Branches generated from Fig. 5.7a.

I -3> j

Fig. 5.8a. (i,j) C B. Fig. 5.8b. Branches generated from Fig. 5.8a.

Ill
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branch flow may be reduced. In Figs. 5.7a and 5.8a, f = 0, then

(i,j) 6 B' with unit flow cost equal to h.., and (i,j) may be a for-’ij
ward branch in tt . In Fig. 5.7a, (j,i) may also be a forward branchS , L
in TT . In Figs. 5.4a and 5.6a, f .. = c .., (i,j) is saturated and sJt 1J - I J
only reduction of flow is possible; hence, (j,i) € B' with a negative 

unit flow cost. If (j,i) £ Tr̂  t> then (i,j) € TTg and is a backward 

branch.

In Step 2 of the previous scheme to find the minimum cost flow, 

once G(V,B') is generated from the flow network G(V,B) under the

current flow situation, the minimum cost s->t path ir' then corre-s, t
spends to the minimum cost s->t augmentation path tts, t

As a special case, when the s->t flow requirement f = I, and all 

branch capacities are equal to one unit of flow, the minimum cost flow 

problem reduces to a shortest path problem.

5.4 The Minimum Cost Flow Problem with Transit-Time Delay

The problem considered in this section is that of finding the 

minimum cost s->t flow pattern which, besides satisfying the given s->t 

flow requirement, must also satisfy a transit-time delay constraint.

A transit-time .delay is defined as the time required for the flow to 

travel from its source to the sink and is the sum of the transit-time 

delay on the constituent branches in the flow path.
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A weight d.., in addition to the flow f .., capacity c .., and unit 1J -lJ 1J
flow cost h .., is associated with each branch of the network repre- 

senting the time required to traverse the branch (i,j). In flow net­

works, such as communication networks or computer networks, this 

weight dj,̂  is a function of the branch residual capacity —  the branch 

capacity minus the present branch flow, the message processing time 

which is the time required for decoding or encoding the heading 

message, reassembling of the message, etc., before it is ready to be ■ 

transmitted when the channel is available, the arriving pattern of 

messages, and the propagation time through the branch [20]. Neverthe­

less, the weight d ^  may be assigned a fixed value (say, through 

estimation), to result in a simplified model so that efficient compu­

tation is feasible.

When the minimum cost s->t augmentation path which satisfies the 

transit-time delay requirement contains only forward branches, addi­

tional flow may be sent through this s->t path to yield a new minimum 

cost flow pattern of larger s->t flow value. However, if the minimum 

cost s->t augmentation path contains backward branches, care must be 

taken to assure that the.resulting flow paths satisfy the transit-time

delay requirement, which is a tedious process. A practical solution
■ . > .

is to adopt a suboptimal minimum cost flow scheme that allows only 

forward branches for the minimum cost s-*-t augmentation paths so that 

the constrained shortest path scheme is applicable.
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Suppose the minimum cost s+t augmentation path tt contains somes,t
backward branches; flow on the backward branches is to be switched

into the succeeding forward path in r while letting additional s-»ts, t
flow to be sent through the preceding forward path in it , as illus-s , t
trated by the following figure with tt = { (s, j) , (j , i) , (i, t) } . Ifs, t
tt ' =TT . U  (i. j) U  tt . is a previous minimum cost s+t augmentation S, t S, I I, t
path through which part of the flow on (i,j) has been sent, then

(s,j) (J ir. and it . IJ (i,t) are two new s+t forward flow paths J »t s, I
that result from sending additional flow through the forward branches 

(s,3) and (i,t), while reducing the same flow amount from the backward 

branch (j,i). A question is: Do these paths satisfy the transit-time

delay requirement?
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One way of assuring that is to keep a record of the set of

existing s+t forward flow paths {tt }; then check to see if theres, t
exists an s->t flow path, say = ir̂ . U  (i,j) U  tt. , which

contains (i,j), such that the new s+t forward flow paths, (s,j) U  t

and it1 . U  (i,t), satisfy the transit-time delay requirement. If no s,i
such tt1 exists, tt is not feasible.SjL SjL

The procedure becomes tedious when the set {ir̂  ̂ } contains a large 

number of s-»t forward flow paths because every path in the set {tt }SjL
has to be checked once to discard tt • Also, the checking efforts, t
is proportional to the number of backward branches in TTg

Consider the following tt that contains two backward branchess, t
b and b„. The first step is to find a subset {tt }. of {tt }» a I 2 S , C i t > , L
member tt̂   ̂of which contains b^, rrQj “ 77S,!^ ^  71Jjt* suc 1̂
that tt U  Tr̂ satisfies the delay requirement, s, J J,t

Fig. 5.10. A ir with two backward branches, s, t
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Then find the Subset {tt ■}„ of {ir }, a member ir of which containss,t 2 s,t s,t
h2’ ns,t U  bn U  Tr̂  ^, such that Tr̂  . U  tt „ U  tt̂  . satisfies the s ,m Z Z 9 1  s,i i, Xt x,»t

 ̂ CZ TT1 is a member of {tt̂  ' Finally,
3 3find the subset {tt of {ir a member of which is ttj ir . con-s,t 3 s,t 2 s,t s,t

delay requirement, where TTg ^ TTg t

tains b g , such that tt U tt  ̂ satisfies the delay requirement, tt  ̂s,m v m, t  ̂ s,t •
is discarded when either {tt ■}., {tt }_, or {tt }„ is null, and is

S > u J. S y L  Z S y L  U

said to be feasible otherwise.

A scheme to find the minimum cost s->t flow pattern with transit-time 

delay not greater than a given value d^ is described as follows.

Step I. Set all branch flows to zero. Let {irg denote the set of
existing s->t forward flow paths. Let d(ir) denote the delay of 

path if,.
Step 2. Find a: minimum cost s->t augmentation path tt . . If none exists,s, t

terminate.
Step 3. Suppose tt contains no backward branches: - If d(ir ). <_ dn,

S y L  S y L  U

let Y = 00, go to Step 8; otherwise return to Step 2.

Step 4. Suppose tt . contains b_, b„, ..., b , consecutively as back-
S y L  X Z . CJ

ward branches which is shown in Fig. 5.11. Let b^ = {i^,i^},
+ -k = I, 2, ..., q. Let k = I, i^+^ = t and i^ = s, {iTg =

s,s
Step 5* Find (tt' . }. of {ir }, a member tt̂  of which contains b, ,, S y L  K SyL SyL K - .

TTg t  =' TTg >  U b U TrL , such th a t  - d(TTg_^_ ) + d ClTi -. +) 
s , t  s ,x k . k xkt  Sslck-1 k -1 , k

dCir̂ + ..) < d-. • If' '{tt. }, = <t>, return to Step 2.. V t -  U . s,t Jt
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Step 6. k = k+1. If k £  q, return to Step 5, otherwise go to Step 7. 

Step 7. Let Y = minimum f
k rV k

Step 8. y (tt ) = minimumfY, minimum (c. . - f. .)}
s,t forward branches

(i,j) € ns , t

Step 9. Increase s->t flow on it Let the set of s+t forward flows,t
paths associated with ■n be new members of (tt }.s, t °» L

Step 10. fgt
Af + Y(T )• If f _ < f return to Step 2; st s, t st st

otherwise terminate.

s,tFig. 5.11. A m with q backward branches.
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The above procedure is a path enumeration process and often 

requires a large amount of computational effort. . However, if no back­

ward branches are allowed in the minimum cost s->t augmentation path, 

then an efficient computational scheme exists to find a subopt.imal 

solution to the minimum cost flow problem with transit-time delay 

constraint.

The scheme is to associate each branch (i,j) of the G(V,BT) net­

work with a transit-time delay weight d „  I then the d^-constrained 

minimal cost s->t path of G(V,B') is the minimum cost s-M: augmentation 

forward path of G(V,B) which satisfies the delay requirement. The 

new flow pattern obtained by sending an additional amount of s->t 

flow through this path is a suboptimal solution to the problem.

5.5 The Maximum Capacity Reliability Constrained Path

This problem involves a network where each branch has an associated 

capacity weight and a reliability weight which may be interpreted as 

the probability that the branch becomes available, or unavailable, 

and the objective is to find the path with maximum capacity that 

satisfies a given path reliability requirement.

Frisch [19,49] discussed the evaluation of the optimal path by 

a ranking process in which the k ^  subnetwork that corresponds to the 

maximal capacity path is generated in a sequential manner, until
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the subnetwork yields the maximal capacity path that satisfies the 
given reliability requirement.

Instead, an approach to find the above mentioned optimal path 
through the application of the constrained shortest path algorithm is 

suggested in the following.
Let p !. be the reliability weight of the branch (i,j) representing 1I

the probability that the branch becomes available; then the constraint 
that a path will become available with probability no less than a 

given fraction p^ is expressed as

P(Tf) = H .p! >_ p' ■ (5-5-1)
(1,3)677 13 U

br equivalently,

-In p (tt) - ~l In p' <_ -In p' 
(1,3)677 U

Hence, define

‘ A 1 , . V. .. P0 = "In P0

and

(5-5-2)

(5-5-3)

Pij - -in;p:j (5-5-4)

to be the equivalent reliability weight. The path constraint is

I ' P
■ (1,3)677 Ij (5-5-6)
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The maximum capacity path with reliability no less than a fraction 

Pq is then the Py-constrained maximum capacity path where the sum of 

the equivalent reliability weight is to be not greater than p^.

According to the principle of optimality, the set of constrained 

maximum capacity 1-hL paths 7i\ (p) are governed by the equations

|ir.(p)| = maximum{minimum{c; ., |ir. (p - p..)]}}, for i f I (5-5-7)
j'l'Pji I & .. ^

I (p) I =  CO ■ (5-5-8)

I7ri (P) I .1 I7ri Cp') I » for p' >_ p (5-5-9)

Equations (5-5-7) through (5-5-9) differ from (2-3-74) to (2-3-6) . 

only in that a minimization operation appears instead of the addition 

in (2-3-4) and a maximization operation replaces the minimization in 

(2-3-4). The fact that the constrained maximum capacity path is non­

decreasing is illustrated by (5-5-9). Equation (5-5-8) states the 

fact that the trivial I-KL optimal path has infinite capacity.

Due to the similarity of (5-5-7) to (5-5-9), the constrained 

maximum capacity paths can be easily.found through an appropriate 

modification of the constrained shortest path algorithm.



CHAPTER VI

COMPUTER PROGRAM AND COMPUTATIONAL EXPERIENCE

6.1 The Computer Program

A computer program is written to solve the constrained shortest 

paths problem. The computer program consists of four phases each of 

which is represented by a subroutine as shown in the following block 

diagram. ■ .

(st a r t)

Call NETWRK

Call SELECT

. Call PATH

Call Shortest Path 
routines: DYNAMC

or CMBINT

Fig. 6.1. Block diagram for the computer program.

Subroutine NETWRK handles the construction of the network. It 

reads in the network parameters —  the number of nodes in the network 

the set of branch weights, and the optimal path criterion. It then
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evaluates the set of unconstrained shortest paths which are to be

used in the shortest path routines as the stepping criterion. Two

shortest path routines, subroutine CMBINT and DYNAMC, are presented

where CMBINT finds the constrained shortest paths in a sequential

manner, and DYNAMC employs the dynamic programming approach to find

the constrained shortest paths of a network with integer-valued branch

costs in an iterative fashion. Subroutine SELECT selects the appropriate

stepping-cost path according to the given optimal path criterion, and

subroutine PATH traces the optimal path.

Flow-charts for subroutines NETWRK, DYNAMC, CMBINT, and PATH are

presented in Figs. 6.2, 6.3, 6.4, and 6.5, respectively. Fig. 6.6

contains a sample routine to find the maximum confidence l-»i path.

Nomenclature of symbols used in the flow charts:

n = number of nodes in the network

D = (d..) is the branch distance matrix Ji
H =  (h..) is the branch cost matrix 

Tr. = unconstrained shortest I^i pathI
c| = Jt^ l->i. stepping cost 

TT̂  = Jt*1 l-»i stepping-cost path

CMBINT treats networks with a single branch cost weight. The 
constrained shortest path algorithm for networks with two branch cost . 
weights is similar in rationale to that of CMBINT, and its program is 
included in Appendix A.
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!FLAG = O ?

Output n, D, H

!FLAG

A; !FLAG = IFLAG+1

Fig. 6.2. A sample routine for NETWRK where the procedure to find 
{ I1Tri I }, the unconstrained shortest path lengths, is
illustrated.
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!FLAG

JFLAG(j)

Initialize the starting cost bound: 
c = minimum{ininimum h. . c = c-1

K(k,j) = K(k,j)+1
then

Obtain from NETWRK
Initialize: S

Fig. 6.3. Flow chart for DYNAMC.
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Have all nodes

been obtained?

!FLAG = !FLAG + I

Obtain a node j from S

NEXTSTEP(j,K.)

JFLAG (j )

NEXT(j,K. )

Let j be the node such that

minimum{d
W j  r

K(k,j) + JFLAG(k)

I}, where

Fig. 6.3. (continued).
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!FLAG

JFLAG (j) = I?

Obtain a node j from S

For all k, such that h

Fig. 6.3• (continued).
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K . + I

Have all nodes in 
S been
obtained?____

Is S null ?

(r e t u r n )

Fig. 6.3. (continued).
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Is S null?

Output c

Find the node r with which IMSC is associated:
IMSC

minimum

minimum ci e s  v

Obtain from NETWRK, D, H 
Initialize: S = {2, 3,

NEXTSTEP(i,I)

NEXT(i,I)

Fig. 6.4. Flow chart for CMBINT.
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Have all nodes 
in S

been obtained?

K.-l

Obtain a node i from S 
such that r

Fig. 6.4. (continued).
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Obtain a node i from S

Fig. 6.4. (continued)
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Have all nodes 
in

been obtained?

Fig. 6.4. (continued)
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(s t a r t )

NPATH(j)

NPATH(I)

NEXTSTEP(NPATH(j-I), k)

NPATH(j) = NEXT(NPATH(j-I), k)

Output Tc {NPATH(j), NPATH(j-I),

Fig. 6.5. Flow chart for PATH.
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(start )

(r e t u r n)

Output i , TT

-1.E15

Input the length the terminal node i
Obtain from CMBINT or DYNAMC,

Fig. 6.6. A sample routine for Subroutine SELECT where the 
maximum confidence level l-»i path is sought.
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l->i .stepping-cost path to be found 

K(j,i) is such that (j,i) is the candidate l->i

stepping-cost path

j* = NEXT(i,K.) and K* = NEXTSTEP(i,K.) = K(j*,i) are such thatI J . 1*K. K .
- 7rJ ^ U  (j »i) is the l->i stepping-cost path

Si = {k, such that there is a smallest integer K(k,i) £  such 

■ that |Tr̂ (k,l) I + dki < Iri1 |}

6.2 A Maximum Capacity Reliability Constrained Path Problem

The maximum capacity l->5 path is to be found for the following 

5-node network with reliability of path not smaller than .20. The 

joint branch weight of (i,j); is W^i = (c^.p^) .

The equivalent reliability weights p^'s are defined as.

pji ’ - l n  pji

So that the equivalent path reliability constraint p^ is

Pq = -In(.20) = 1.6

The network weights are listed in Table 6.1.

The values p^/s are rounded to integral multiples of .1, as 

shown in Table 6.1. Thus the dynamic programming solution approach 

is feasible.

v



Fig. 6.7. A 5-node network with Wji
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Table 6.1. The Branch Weights of the Network in Fig. 6.7.

(i,i)\ , "ji »31 P3i
(1,2) 1.8 .44 . .82 . ..8
(1,3) 7.2 .86 .15 .2
(1,4) . 8.0 .63 .46 .5
(1,5) 1.9 . .97 .03 ,0
(2,1) ' 7.0. .90 .11 ! .1
(2,3) 1.6 . 66 .42 .4
(2,4) 1.5 .82 .20 • .2
(2,5) 7.0 .50 . .69 .7
(3,2) 4.0 .51 .67 . .7
(3,4) 9.0 .87 .14 .1
(3,5) 2.0 .82 .20 .2
(4,2) 9.1 .72 .33 .3
(4,3) 1.7 .81 .21 .2
(4,5) 3.1 .74 .30 .3
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The set of r*5 paths and the associated path capacities and the

rounded path equivalent reliabilities are listed in Table 6.2.
th'The computational result of the & . l->i stepping-reliability path

with capacity, |ir̂ .|, equivalent reliability (rounded), c(n^), last inter
thmediate node, k, and integer Kl, where the Kl l->k stepping-reliability

&
path forms the path , are listed in Table 6.3.

' Since the equivalent path reliability constraint is pA = 1.6, theu
optimal l->5 path, from Table 6i3, is the stepping-reliability path with, 

equivalent reliability = 1.3. The capacity of the optimal path is 7.0. 

To trace the optimal path, we have k = 2 as the last intermediate
Inode with Kl = I, so is the l->2 path. The next to last inter­

mediate node is 4 with Kl = I, and so on. The optimal path is 

1—3—4—2—5.

6.3 A Min-Cost Flow Problem With Transit-Time Delay

The following 5-node network represents a communication network, 

where each branch between two nodes is a communication channel with a 

known capacity* Suppose the message time to traverse a branch is known 

and given as a constant branch parameter. The network is to be 

analyzed in terms of message transmission cost. Given an initial- 

terminal node pair, say (1,5), and .6 units of message requirement 

between the two nodes, what is the minimum cost flow pattern of sending 

the message through the network so that the message will arrive at 

the terminal node within a given time period, say 14 units of time?
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Table 6.2. The Path Capacities and Reliabilities

i Path Capacity
Path Equivalent Reliability 
'(Rounded to Integral Mul­

tiple of .1)

I (1,5) 1.9 0.0
2 (1,2,5) 1.8 ' 1.5
3 (1,3,5) 2.0 .4
4 (1,4,5) 3,1 .8
5 (!,2,3,5) 1.6 1.4
6 (I,2,4,5) 1-5 1.3
7 (!,3,2,5) 4.0 1.6'
8 (I,3,4,5) 3.1 .6
9 (!,4,2,5) 7.0 1.5

10 (!,4,3,5) 1.7 .9
11 (I,2,3,4,5) 1.6 1.6
12 (1,2,4,3,5). 1.5 1.4
13 (1,3,2,4,5). 1.5 1.4
14 ■ (I,3,4,2,5) 7.0 1.3
15 . (1,4,2,3,5) 1.6 ■ 1.4
16 (I,4,3,2,5) 1.7 ■ 2.1

Table 6.3. Computational Results. "

i JLC(Tri) . It l I \ H ■ k Kl-

■ 5 .0 1.9 I ■ I . ' I
3 .2 7.2 I I I
4 .3 7.2 • I 3 . I
5 .4 2.0 2 . 3 ■ I
4 .5 8.0 2 I ' I
2 . 6 7.2 I ' 4 .1
5 . 6 3.1 3 4 I
2 .8 8.0 2 4 • 2
5 1.3 7.0 4 2 ■ I
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(0,6.7,0)

Fig. 6.8. A 5-node network with = (h^ . d ^ . c ^ )  .
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The problem is solved by applying the constrained shortest path 

algorithm to find the minimum cost I-̂ S path with time delay of no more 

than 14. And then the message is sent through this path in the amount 

of the path residual capacity. The saturated branches are deleted from 

the network, and further minimum cost l->5 paths are located sequen­

tially, until the l->5 flow requirement is satisfied or no more l->5 

paths exist.

The 1-H. stepping-delay paths are shown in Table 6.4, where =
TZI 0TT̂  U  (k,i), and d(n^) represents the time delay of the & l->-i

stepping-delay path* The optimal l->5 path is obviously the fifth 

stepping-delay path. The path is traced as follows:

= Tr̂  U (2,5) = ^ U  (4,2).U. (2,5) = ^ U  (3,4) U (,42)

U (2,5) = {(1,3),(3,4),(4,2),(2,5)}-

The path residual capacity is found to be .2 and that amount of flow 

is sent through the optimal path. Since c ^  = .2, (3,4) is saturated 

and deleted from further consideration.

The set of 1+i stepping-delay paths are listed in Table 6.5. Note 

that the third stepping-delay path no longer appears in Table 6.4, 

since the path is {.(1,3),(3,4),(4,5)}, where (3;4) is saturated.
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Table 6.4. The Stepping Delays of the Network in Fig. 6.8.

i d(TT*) I-: I ' ' l' . k Kl ''

5 .3 7.8 I I ' I
3 . - .4 8.5 • I ■ 5. . I
3 1.5 . 6 2 I ■ I
5 . 1.7 • 5.9 2 • 3 2
4 1.8 8.7 I 3 I
4 2.9 .8 2 3 2
5 3.2 4.9 3 4 2
4 4.6 .2 3 I I
5 4.9 4.3 4 .. 4 3
2 5.0 9.4 I 4 I
2 6.1 1.5 2 4 2
2 7.8 .9 3 4 3
2 8.2 .5 4 I I
5 13.1 3.4 5 2 2
5 . 14,8 2.8 6 2 3
5 15.2 2*4 7 2 4
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Table 6.5. The Stepping Delays of the Network in Fig. 6.8

with (3,4) Deleted.

i a
d^ i) . K i  ■ & k . Kl

5 .3 7.8 . I I I
3 .4 8.5 I 5 I
3 1.5 .6 2 I I

. 5 1.7 5.9 2 . 3 , 2
4 4.6 ■ .2 I I ‘ I

■ 5 4.9 4.3 3 4 I
2 ' 7.1 8.5 I ■ , 3 I
2 7.8 .9 2 4 I
2 8.2 .5 3 . I I
5 14.8 2.8 4 ' 2 . . 2
5 15.2 2.4 . . 5 2 3
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The Optimal l->5 path is the third stepping-delay path in Table

6.5.

*5 = irj U  (4 ,5) = (1 ,4) U (4 ,5) ,

The path residual capacity is found to be .2, and that amount of flow 

is again sent through the optimal path with (1,4) saturated.
The set of. l->i stepping-delay paths are again found and listed 

in Table 6.6.

Table 6.6. The Stepping Delays of the Network of Fig. 6.8 
with (1,4), (3,4) Deleted.

i d(n*) I^l Z . k Kl

5 .3 7.8 I I" I
3 .4 8.5 . I 5 I
3 1.5 . .6 . 2 I . I
5 1.7 •5.9 2 3 • 2
2 7.1 8.5 I "  3 - I
2 8.2 .5 2 I . I
4 . 9.1 8.7 I 2 I
4 10.2 .7 2 2 2
5 10.5 . 4.8 3 . 4 2
5' 15.2 2.4 4 .2 2
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The optimal l->5 path is the third stepping-delay path in Table

6. 6.

*5 = U (4,5) = LI (2,4) U (4,5) = (1,2) U (2,4) U (4,5)

The path residual capacity is again .2, and that amount of flow is 

again sent through the optimal path.

Since .6 units of l->-5 flow have been sent, the flow requirement is 

met. And the optimal flow pattern is shown in the following figure.

I

' Fig. 6.9. Final flow pattern.
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6.4 A Message Transmission Problem

Consider a 5-node communication network model shown in Fig. 6.10, 

for which an optimal message transmission path is to be found from 

node I to node 5.

I

Fig. 6.10. A 5-node communication network model 
with — (hj^,y ^,0^^) .
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In Fig. 6.10, W_.̂  represents the joint branch weight of (j,i), .

where h ^  is the cost of transmitting a message through the branch,
2and V^i, CTji are, respectively, the mean and variance of the message 

traverse time through the branch. The set of branch traverse time 

weights are assumed to be stochastically independent and normally 

distributed.

The optimal transmission.path is defined to be the minimal cost

path such that there exists a 95 percent confidence level that the

path traverse time is within 2.5 units of time.

Let TT be the optimal path with path cost |ir |, the traverse time
2d(rr), the mean of d(n), v (tt), and the variance of d(m), o (tt) . The 

probabilistic constraint is

Prob[d(Tr) >  2.5] < .05 (6-4-1)

or equivalently,

I - N[(2.5 - V(TO)ZctOt)] < .05 (6-4-2)

or

(2.5 - V(TO)Zcr(Tr) >_ N-1 (.95) = 1.65 (6-4-3)

where, similar to (4-3-1-1) and (4-3-1-2), N(«) is the cumulative 

distribution function of a zero-mean unit-variance normal random 

variable’, N (•) is the inverse function.



147

The optimal path tt is then the minimal cost path with its mean 

and variance of the path traverse time satisfying the deterministic 

inequality (6-4-3).

The optimal path tt can be found using the constrained shortest

path algorithm in Section 3.6, by letting the mean and variance
.

weights, respectively, represent the type I and type 2 cost weights, 

and letting the unit cost of message transmission represent the branch 

length. Let denote the set of l->-5 stepping-cost paths, with

type I costs {p^} and type 2 costs {(a^)^’k }. Thus .|tt| is

|tt| = minimum ■{ |ir̂ ,k|} (6-4-4)
' j,k, such that (2.5-p^)/o^’k>1.65

where a^,k = /(o^)4'k is the standard deviation of the ktk l->i stepping-
■ *1 V 4 ■cost path TC > associated with the j type I 1-kL stepping cost.

The reason that tt is a l->5 stepping-cost path is as follows: If
2

tt is the shortest l->-5 path with mean p(fr) and variance a (it) of the
2path traverse time that satisfies (6-4-3), and if (p(n), o (tt)) is not

a l->5 stepping cost, then, according to the definition of stepping
2 2cost in Section 3.9, there exists a p and a such that (p, a ) is a 

l-*5 stepping cost with a path length.no longer than |ir | , and that
2 2 2y <_ P(Tr), o <_ -.o (ir), and that when replacing p (ir) and a (tt) , inequality 

(6-4-3) is still satisfied. Hence ir is a l->5 stepping-cost path, and 

equation (6-4-4) is justified.

At
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The set of l->5 paths are listed in Table 6.7 for reference.

The computed set of l->i stepping-cost paths are listed in Table 6.8,
* i k * *where i is the last intermediate node for in1 ; and j , k are such

that

TTj ,ki =■' TTj*,k*i* U

and

*±1 +

(g2)j,k 2 J*,k* + 0,

(6—4—6)

(6-4-7)

The l->5 stepping-cost paths that satisfy the inequality (6-4-3)
1 1 1 2  21 12 are , and . Hence the optimal path is ir̂ ’ , with mean

of traverse time 1.0, variance .4, and path cost 5.6. From Table 
I 2 :6.8, ir̂ ’ is traced as follows:

TT^2 = TT^1 U (4 ,5) = (1 ,4) u  (4 ,5) (6-4—8)
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Table 6.7. The Set of I-̂ S Paths.

TT M y  ( t t ) O 2 ( T T ) Prob[d( t t )  >_ 2.5]

1-2-5 7.8 1.0 .1 I - N[1.5/4l] =' 0.0
1-3-5 5.9 1.5 .1 i  - n [i .o//7i ] = o . o
1-4-5 5.6 1.0 .4 I - N[1.5//74] = .01
1-2-3-5 12.2 2.0 .1 I - N[0.5//7I] = .06
I-3-2-5 4.0 2.0 .6 I - N[0.5//T6] = .26
1—3—4-5 5.7 2.0 .5- I - N[0.5/775] = .24
1—4—2—5 5.8 2.0 .2 I - N[0.5//iI] ~ .13
1—2—3—4—5 12.0 2.5 .5 I - N[0.0/775] = .50
1-3-4-2-5 5.9 3.0 .3 I - N[-.5/773] =. .82
1—4—2—3—5 10.7 3.0 .2 I - N[-.5/772] s .87

Table 6.8* The Set of 1-kL Stepping-Cost Paths.

i j k 7 (0y - k U i skI
&i ft

j
ftk Prob [d k) I  2.5]

3 I I .5 .i .6 I I I I - N[2.0/73] = 0.0
4 I I .5 .i 1.5 I ' I I I - N[2.0/771] ~ 0.0
2 I I .5 .1 5.9 I I I I - N[2.0/771] ~ 0.0
5 I I 1.0 .1 7.8 2 I I I - N[l.5/771] = 0.0
5 I 2 1.0 .4 5.6 4 I I I - N[l.5/774] ~ .01
5 .2 I 1.5 .1 ' 5.9 3 I I I -:n [i .o/TTl] : 0.0
2 2 I 1.5 _ .2 3.9 4 I I I - N [1.0/772] = .01
2 2 2 1.5 . 6 2.1 3 I I I - N[l.0/776] ~ .20
5 3 I 2.0 .6 4.0 2 2 2 I - N[0.5/776] : *26



CHAPTER VII

CONCLUSION AND FUTURE RESEARCH SUGGESTIONS 

7.1 Conclusion

The general shortest path problem is studied and extended by con­

sidering an additional nonnegative cost weight associated with each 

branch of the network model. A cost constraint is thus imposed on the 

shortest path, and shortest paths that satisfy a cost constraint are 

sought.

The problem solution is first formulated through a dynamic 

programming approach where the problem is solved as a multistage deci­

sion process by incrementing the cost bound variable as the stage 

increases. The approach is easy to implement. However, only sub- 

optimal shortest paths are attainable when the cost weights are of 

real values. A combinatorial approach is then evolved in an attempt
Jto accelerate the decision process by advancing the cost bound to the 

stepping costs —  costs at which a step change occurs in the associated 

path lengths. A reduction in computational effort is obtained where 

the optimal paths can be found with comparison operations as well as 

addition operations being in the order of the square of the number of 

stepping costs.

The approach is extended to include networks with more than one 

branch cost weight. A combinatorial algorithm for networks with two 

branch cost weights is presented.

,
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Several optimal paths are discussed in a probabilistic weighted 

network. When probabilistic constraints are transformed into the 

deterministic equivalent, the deterministic optimal path can often be 

found by applying the constrained shortest path algorithm.

Problems in flow networks are studied where a time-delay con­

straint is imposed on the network flow. A suboptimal flow pattern is 

achieved which satisfies a given node pair flow requirement; flows 

are shipped from the supply node to the demand node in minimal cost 

while the delay of each flow path is no larger than a given trans­

mission time. . The problem of finding the maximal capacity path in a 

network with possible branch failure is solved through a modified form 

of the constrained shortest path algorithm. Several examples of flow 

networks and probabilistic weighted networks are solved and discussed.

7.2 Future Research Suggestions

Two constrained shortest path algorithms employing the combina­

torial approaches are written and tested by solving practical examples 

on networks with respectively one and two branch cost weights. 

Theoretically, the combinatorial approach may be extended to include

networks with multiple branch cost weights at the expense of a more
.complicated solution procedure. It seems reasonable to conjecture that 

the computational effort for finding the constrained shortest paths in 

networks with a multiple number of branch cost weights will be of the

, 1.
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order of the square of the number of stepping costs involved. Because 

of time limitations, the author leaves this for future research 

endeavors.

The computational effort of the constrained shortest paths in net­

works with up to two branch cost weights has been found to be in the 

order of the square of the number of stepping costs. However, no effort 

has been undertaken to investigate the relation between the order of 

the network versus the number of stepping costs in order to establish 

an upper bound in terms of the network size.

Throughout this work, consideration has been exclusively given to 

networks for which the path cost, where a constraint is imposed, is a 

simple sum of the constituent branch costs. For example, with prob­

abilistic weighted networks in which some of the branch lengths are 

stochastically dependent, path length variance is no longer a simple

sum of the constituent branch length variances, but depends on the
-

choice of the path branches, and the covariance between them. Future 

work on such problems may be fruitful.

In treating flow networks, where the minimum cost flow pattern for 

a. given flow requirement between a node pair is considered, the flow 

paths are restricted to be of traverse time not greater than a given 

time period. A suboptimal approach is given. The optimal solution 

involves a checking procedure to assure that the traverse time of a 

flow path is within the given bound. For shortest paths it is

I
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desirable to generate a solution formulation which includes the 

checking procedure, thus resulting in a set of solutions which auto­

matically satisfy the traverse time requirement. Such a procedure 

has not been developed here, and future work toward this area is 

recommended.

The shortest path problems discussed in this work are such that 

the simultaneous choice of a set of optimal paths do not affect each 

other. For example, in a flow network, the flow on one of the optimal 

paths decreases the effective capacities of the constituent branches; 

thus a simultaneous choice of other optimal paths is affected. More 

work in this area is encouraged in the future.
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APPENDIX



APPENDIX A

THE PROGRAM LISTINGS

Two programs for finding the constrained shortest paths in net­

works are listed. They are coded in FORTRAN-IV and were run using the 

XDS Sigma 7 computer in the Montana State University Computing Center. 

The first program solves a minimum cost flow problem through the 

application of the algorithm in Section 3.4 where the flow network is 

modeled by a single branch cost network. The second program solves a 

message transmission problem in a communication network with prob­

abilistic weighted transmission time through the network branches. The 

network is modeled by a two branch costs network with the mean and 

variance of the message traverse time through the branch representing 

the type I and type 2 branch cost weights. The algorithm in Section

3.7 is applied.

The programs are initiated by inputing the number of nodes in . 

the network, the branch weights, the optimal path criteria, and the 

terminal node of the optimal path.

The output consists of the set of stepping costs, the associated - . . •
stepping-cost paths, the last intermediate node of the stepping-cost 

paths, and its associated stepping cost for tracing the optimal path.

The rationale of the program is adequately disclosed by comment 

statements in front of each subroutine.
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t h i s  p r o g r a m  e m p l o y s  a c o m e T k a t g r i a l  a p p r o a c h  to.f i n d  a SoeopTIMAL FLOW PATTERN FOR A B=NODE NETWORK TO SATISFY A GIVEN NODE PAIR f l o w  r e q u i r e m e n t , t h e  FLOW 
PATH TRANVERSE TIME ARE To EE WITHIN A GIVEN TIME REQUIREMENT.'-
DIMENSION D(10#10)jFlNAltlC)<F(10il5)iH(lC#lO)
DIMENSION NSTEP (10 ) j NCOST ( 1C> 15 ) JtNEXTPT (1C, 15 >DIMENSION c A P (IO , IC i / F L C W' {1C, IC ), NP ATH (10 ),NESTEP (10,15 I 
DIMENSION I D t10 ) ,M I R (1C,10)REAL NCOSTiLO
d a t a  f l o w ,c a p ',f s t / o ./
At At At At V At At At At At At At A'- A< V A'- V- A< A'- AtVVV -V At At At ¥ V At A'- ¥ At ¥ At ¥ V ¥ V ¥ ¥ V ¥ ¥ V ¥ V ¥ ¥ V ¥ ¥ V ¥ V ¥ V¥ ¥ ¥ ¥ V ¥ ¥ CALL NETWRK FOR NETWORK CHARACTERISTICS ¥¥¥¥V¥¥VV 
¥ ¥ ¥ ¥ v ¥ -Y- ¥ At ¥ ¥ ¥ V ¥ V ¥ ¥ ¥ ¥ ¥ V ¥ ¥¥¥¥¥¥¥¥¥¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ V ¥ ¥ V ¥ ¥ ¥ ¥ ¥ ¥ ¥ V ¥ ¥ ¥ V
CALL NETWRK ( N,MM, H,CAP,D , ID,MIR,LO,NODE,DELAY)
¥ ¥ ¥ -Y- ¥ ¥ ¥ ¥ ¥ ¥ ¥¥¥¥•¥¥-¥¥¥¥ V ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ V ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ V ¥ ¥ ¥ ¥ ¥ ¥ ¥ V ¥ ¥ ¥ V¥¥¥¥¥¥¥ EVALUATE THE UNCONSTRAINED MINIMUM COST PATH W ¥ V
¥¥¥¥¥¥¥ LENGTHS ® = FINAL TC BE USED IN SUBROUTINE *¥¥¥ .....  - -
¥¥¥¥¥¥¥ CMB INTl AS A STOPPING CRITERION ¥¥¥V 'H¥ ¥ ¥ ¥ ¥ ¥ -V- V- ¥ ¥ ¥ ¥ V ¥ V ¥ ¥ ¥ ¥ ¥ V ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ V ¥ ¥ V- ¥ ¥ ¥ ¥ V ¥ V ¥ ¥ ¥ ¥ ¥ V ¥ ¥ V V ■ Ln

' W R I T E (5,500)I DC 2C 1=2,N 20 F I N A L ( I i= 1 .ElS FINAL (I)=G.
DC AC 1=1,N - IFLAG=O DC 30 L =2,N 
DC 3C K=IiID(L)

' M=MlR(LiK)A = F I N A L ( M H D i M i L )IFiA ‘ G E . F I N A L ( L ) ) GO TO 
FINAL(L)=A

30 COh;flNIJELAG + 1 40 IF( IFLAG.LE.O) GO TC SC

30

¥ ¥ V- ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ V ¥ V ¥ ¥ ¥ ¥ ¥ ¥¥¥¥¥¥¥¥ V- ¥ ¥ ¥ ¥ ¥ At ¥ ¥ ¥ ¥ ¥ At ¥ ¥ ¥ ¥ ¥ ¥ V- ¥ ¥ ¥ « ¥ ¥ ¥ ¥ V-¥-Y-A'-a5VA'-A1 A'- EVALUATE THE CONSTRAINED MINIMUM CC-ST PATHS W v V¥ ¥ ¥ -v v At -V V -V ¥■¥¥¥¥ V ¥ V- ¥ ¥ ¥ V -Y- V- ¥ ¥ ¥ ¥ ¥ V ¥ ¥ ¥ A'- ¥ ¥ ¥ V ¥ ¥ V- ¥ A'- ¥ ¥ V ¥ ¥ ¥ ¥ ¥ ¥ ¥ V ¥ V ¥ V
SO CALL CMB I N T l (Ni MM,D,HiF;NSTEP,NCGSTiNEXTPT,NEgTEPi FINAL)

C ¥ -Y- ¥ ¥ V- V- ¥ ¥ V- ¥ ¥ ¥ ¥ ¥ V ¥ V- ¥ ¥ ¥ V- ¥ V- V- ¥ ¥ ¥ ¥ V ¥ V- ¥ ¥ ¥ ¥ ¥ V V- V- ¥ ¥ V ¥ ¥ V ¥ ¥ ¥ ¥ ¥ ¥ ¥ V- ¥ V ¥ V
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n # V v J1'.-V- >!• Jr- SELECT THE MINIMUM COST AUGMENTATION PATH * * * % * %  

W W **v* IF NOT EXISTS TERMINATE
W  V  Ji'- V  J.- Jf- Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf JfJfJfJf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf V  Jf Jf Jf -V- Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf v

CALL SELECTt Ni NSTEP# NCOSTi NODE;-NOSTEP J> DELAY)
■ Jf Jf Jf ;f Jf V  Jf Jf Jf J,'. Jf Jf Jf Jf Jf Jf *  Jf Jf Jf -V- Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf *  Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf ̂  Jf Jf Jf ¥  Jf Jf Jf Jf

IF(N0STEP*LE*0') GO t o 70
Jf Jf Jf Jf Jf Jf Jf Jf- Jf Jf Jf ¥  Jf. Jf Jf Jf Jf -Y- if Jf jf Jf Jf Jf jf J1I Jf Jf jf Jf Jf Jf J1. Jf Jf Jf Jf Jit V  jf Jf JfJfJfY Jf Jf jf Jf jf JfJfJfJf -f Jf Jf

- j f j f j f j fJfj fJfJf- TRACE THE OPTIMAL PATH JfJfJfJfJfJfJfJf-r--v-JfJfJf# * * # # * * ? * # * *
Jf Jf Jf Jf Jf V  Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf V  Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf -V- Jf f  Jf Jf Jf Jf Jf Jf Jf J,< Jf Jf Jf Jf Jf

CALL PATHtNiNODEiNOsTEPiCiHiF ( NODEi KOSTEP ) iCApi-FLOW j ■ I JiNCOST(NODEiNOSTEPliNEXTRTiNESTEPiNPATHiREslDUAL ) WRITE(SiSlO)' NODEiNCOSTt NODEiNOSTEP IiRESIDUALi 
IF(NODEiNCSTEP)^tNPATH(Klik=Uili=I)B=LOfcFST , '■ I F (RESIDUAL.GT'B) RESIDUAL=B 
DO &0 I=JiSibiI'FLOV/(NPATH ( I ) iNpATHt I = I ) )=FLCW ( NPATHt I 5 iNPATht I = I ) )+RES I DUAL 
IFtFLCW(NPATHtDiNPATHtI = I) )«LT.C A P (NPATHt I IiNPATH(I = I ) ) )IGO TO 60DtNPATHt I IiNPATHtI»l) I=I-ElE 

" H (N P A T H (I JiNPATH t I ® 1 ) )=I •EI 5 60 CONTINUE
f s t = f s t + r e s i d u a l
W R I T E (Si 584) NDDEiFST _ . . . .  ..
*  -Y- v  -Y' -V- -Y- -Y' ^ V* * # * * * * * * # * ? * * * * * * * * * * *  V- v V V J<- v V V V v  v V v  v  v  V V V v  V V V V******** FIND ANOTHER OPTIMAL FLOW PATH IF FLOW ******** ******** REQUIREMENT HAS NOT BEEN SATISFIED ***************** * * * **** * **** * * * ********v* **********************

70 i S K I I l H M ’ G° T° 1CO SC I=IiN .........
W R I T E (Si 981)80 W R I T E (SiS S 2 ) D tF L O W (D J )iJ = I i N )

SCO F C H M A T (TlOi «THE L TH I = I STEPPING = CELAY PATH WITH COST 1i 
I/Tl Oi..1 Ft IiL ) i DELAY C t I i D i  LAST INTERMEDIATE NODE Ki A N D D  2/TI O i tKli WHERE THE Kl TH I = K STEPP I NG = DELAY PATH FORMS F (I, AVTlOi 1 IS SUCH THAT) i i .3 / / TIS i » F(IiL)=F(KiKl)+D(KiI)'
4/TlSi ' Ct IiLl=CtKiKl H-HtKi I )'/)

L ) '

910 F O R M A T (//T2i 1 THE MINIMUM 
1/THi 1 PATH DELAY ' iF5»2> ' COST 1=' j 12* 1 AUGMENTATION PATH W I T H D  RESIDUAL CAPACITY *iF5'2i' AND PATH D
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2 / T 2 j ,CCST' j F5«2, I IS THE SEQUENCE CF NODES I .• j 1C( I2>3X)//) 920 FORMA T (T2i I THE PRESENT AMOUNT OF 1 = 5 FLOW Is! U F 5«2//)
980 F O R M A T (TIE , 1 ******* OPTIMAL FLOW PATTERN #¥*¥#*#■////

ITIS j 'I'iSXj '2*j S X j '3 ' i8X* t4»i8Xi 'S'//)581 FORMAT!//)982 FCRMAT(3X^I2v5Xjl0(E7s2j2X))
984 F O R M A T (//T2i 't h e  PRESENT I= f > I 2 V  FLOW is 1 ,F5*2*/1K1)

STOPEND
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I=I STEPP" IS A CAN=
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V V >!• >!■ -V- V A- V V f V- A- V 'V A'- V V V V- V V V V V V V V V V V V V V V V W  V V V At V V V V V V V V V V # V V V V V V V A1 V V V V V V .SUBROUTINE c n b i n t i  COMPUTES .t h e  s e t  OF STEPPING COSTS a n d  THE CORRESPONDING STEPPING=CCST PATHS CF A NETWORK 
WITH A SINGLE BRANCH COST WEIGHT ASSOCIATED WITH EACH OF THE BRANCH IN THE NETWORK*NOMENCLATURE:
D D(I j J) IS THE LENGTH OF (Ij J)H H(I j J) IS THE COST CF (Ij J)NEXTPT NEXTPT(IjL) IS THE LAST INTERMEDIATE NODE OF- THE L TH I=I STEPPING=COST PATH*
.NSTEP NSTEP(I)=I IS THE NUMBER OF EXISTING ING COSTS j WHERE THE NSTEP(I) TH ONE DIDATE"
NCOS! NCGST(I j L) IS THE VALUE OF.THE'L,TH ING COST.LOSTEp IF J IS A FEASIBLE LAST INTERMEDIATE NODE OF THE I=I 

PATH' THEN THE PROPOSED LENGTH IS THE SUM OF.
D(JjI) AND THE LENGTH CF THE LOSTEp(JjI)TH STEPPING=COST I=J PATH*

NESTEp If J = N E X T P T (Ij L )j THEN THE NESTEP(I j L)TH . I = JSTEPPING-COST PATH IS PART OF THE [TH 1= I.........STEPPING=COST PATH*F F(I j L) IS THE LENGTH.GF THE L TH I=I STEPPING=COST PATH,
F c l l o ^I n St a l e  QF t h e  algorith^ is e x p l a i n e d  i n. t h e
LET s m  DENOTE THE SET OF NODES K TOGETHER WITH AN 
INTEGER KI j WHERE KI=LCST e P(K j I) IS THE SMALLEST INTEGER LESS THAN NSTEP(K) SATISFYING THE INEQUALITY! 
F ( K j K i )+D(Kj I)"LT.F( I j NSTEP(I) b I)" ' ■
t h e  c a n d i d a t e  v a l u e  o f t h e  n s t e p i i i t h  i - i s t e p p i n g  
c o s t  is:
NccsT(IjNSTEP(I))=MINlMUh CF NCOST (K jKl ) +H (K j I )j FOR ALL MEMBERS OF S(I), -INITIALTZATIONS•
t h e  Im m e d i a t e  s t e p p i n g  c o s t  is a s s o c i a t e d  w i t h  n o d e . R •
IF N C 0 ST(R j NSTEP( r ) )= K I M M U M  OF NCOsT(IjNSTEP(I))J 
AND F(R j NSTEP(R) )=MINI m UM OF F ( I j NSTEP I I ) ) j FOR ALL NODE I SUCH THAT N C G S m  > N s t e p  ( I ) ) = Nc o s t  ( R j NSTEP ( R ) ) .
IF ALL STEPPING COSTS ASSOCIATED.WITH NODE R HAVE BEEN 
LOCATED, NODE R Is EXEMPTED FROM FURTHER CONSIDERATION•IF ALL. STEPPING COSTS HAVE BEEN LGC a TEO j TERMINATE.FOR AL.L I SUCH THAT R IS NOT A MEMBER OF S( I ) j DO THE THE FOLLOWING:'
DEFINE: F123=F(R j NSTEP(R)H-Q(R j I). ’IF FT23.LT.Ft I'NSTEPI D = D j THEN R BECOMES A MEMBER 
OF S(I)J AND LOSTEP(RjI)=NETEP(R); AND FURTHER IF 
N C O S T (Rj N S T E P (R > )+H(R j I I"LI.NCGST(Ij N S T E P (I ) > j' THEN
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n F ( I ^ S T E P ( I ))=F123, NEXTRT(IiNSTEp(I))=Ri AND NESTLPI IiNSTEpt D l = N S T E P ( R ) ;  CR IF . . . .
NCOS"! (Ri NSTEP)R) )+H(Ri I).£Q.NCCST( I > NS TEP ( I ) )i AND F123'LT*F(IiNSTEp(I)), THEN 

• F ( IiNSTFPl I ) ) = F1 2 3 1 NEXTPT(IiNSTEP(I))=Ri AND NESTE p i IiNSTEp(I)IeNSTEP(R).6« UPDATE NSTEP(R) BY! NSTEP(R)=NSTEP(R)+!.FOR ALL K CF S(R)i IF THERE IS A Kl • L T •NS T E P (K )i SUCH 
THAT FIKiKl )+D(KiR).LT.F ( R i NSTEP(R)=I)
K REN a INS IN S(R) OTHERWISE K IS DELETED FROM S( R ) ... AND LCSTEP(KiR)=Kl.
THEN NCOST(RiN5TEP(R))= MINIMUM OF NCOST(KiKl)+H(KiR),FOR ALL NODES K In S(R)i WITH K1=LCSTEP(KiR)'
t h e  n o d e  n e x t p t (r ,n s t e p (r >) is t h e  n o d e  i , i f •n o d e  i is
SUCH THAT F(IiIl)+D(IiR)= MINIMUM OF F(KiKl)+DlKiR), FOR ALL NODE K SUCH THAT N C G S T (K, k ! )+ H (K i R )=NCOST(R,NSTEP(R> I, - WHERE 
Il=LCSTEP(IiR)I AND K1=L0STEP(KiR)7." THE ABOVE COMPLETES A SET C F .OPERATIONS TO FlND 'AN
i m m e d i a t e  s t e p p i n g  c o s t  * f r c g r a m  is d i r e c t e d  t o s t e p  2UNTIL NO FURTHER STEPPING COSTS CAN BE FOUND"
SUBROUTINE CM6INT1(N i M N i D j H i F i NSTEP i NCOST i NEXTPT i NESTEP i FIN a L)
DIMENSION D(10 i 10) i F ( 1 C i 15) i H(1C i 10) hDIMENSION N S T E P (10IiNCOST(1C,15IiNExTPT(IGilS) ^
DIMENSION LOSTEp(jOilC )i CAP(1C i 10), f LCW(IOiiO) °DIMENSION FINAL (10) ,LABEL (1C IiNESTEP (10,15) • ' 'DIMENSION I N d C l i N  I N d O i i I  NT E R d O i l O l i  N INTER (10,10)
REAL NCOST
K- -V V V V V V V V V v V V V V V V V V V V V V V V V V V V V V V V V V v V V V V V V V V v V V ¥ V V V V V VV ¥ V V v V * * ¥ V v v V ¥ ¥ STEP I I INITIALIZATION ¥ ¥ ¥ ¥ ¥ V- ¥ v- ¥ ¥ V ¥ ¥
¥ ¥ ¥ ¥ ¥ V- ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ V ¥ ¥ ¥ ¥ ¥ V ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ ¥ % ¥NSTEP(I)=S 
F(Iil)=C N C O S T i l i i )=oL a b e l . < i ) = i
NIN(I)=O .
LPER=EDC 300 I = SiN ................. . . . . . .
LABELi I) = I 
NSTEP(I)=I F(Iil)=D(IiI)N C O S d  Iil )=H(li I ) ......  ............. •....... ..............NEXTPT ( I i D = II M I i J l i : !IN(I)=I .............
INTEH(Iil)=I N I M  I ) =NssS
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K = C . .
DC 300 J=2,N
I F ( J « E Q « I ) GO t O 3 0 0K = K + 1M N T h R  (IzK)=J 

3 0 0  c o n t i n u eV if. if. ***% if. i/. >i- V VVVV V- V V -Y- V V V V V V V V V V V V V W V V  V VVVVVV V V V V V V V V*************** STEP 2 ! LOCATE IMMEDIATE STEPPING COST
V V V V V V V VVVV V'V V V v v v  V V v V V V V V V V V V V V V V V V v V V V V V V v V V V V V V V V v V 
W R I T E ( 5 *  SOG)

3 1 0  A 1 2 3 - 1 a E l 5
LR=LPER
B 1 2 3 = F ( L A B E L ( L R ) , N S T E P ( L A B E L ( L R ) ) ) , ,  ............ .

' DO 3 2 0  J 1 2 3 = L P E R j n
I = L A B E L ( J 1 2 2 ) ' -
I F I N C O S T I I , N S T E P (  I  ) ) » Al  2 3  ) 3 1 5 , 3 1 7 , 3 2 0  

3 1 5  AT 2 3  = N C 0 S T ( I , NSTEPI  I ) ) .  ........................

B 1 2 3 = H ! , N S T E P ( I ) )
GO TO 3 2 0

3 1 7  I F i F t  I ,  NSTEP ( D )  ' L T a B l E S l G G  TC 3 1 6  ......................... .
3 2 0  CONTI NUE

L a b e L r = L a B E L ( LR )
J 1 2 3  = N E X T P T ( L A 6 E L R , N S T E P ( L A B E L R )  )
W R I T E ( S v S S O )  L A B E L R , N C C S T i L A B E L R , N S T E P ( L A R E L R ) ) '

I F ( L A B E L P , N S T E P ( L A B F L R )  ) , NSTEP ( L A B E L R ) , NEXTPT ( L A8ELR,
2 N S T E P ( L A B E L R ) ) ' N E S T E P <L A B E L R , N S T E P ( L A B E L R ) )

v V V V V V V V V W W W  V V V V V V V V V V V V W  V V V V V V V v V V V V W v  v v v V V V V V v 
W V W V V V v w W v v STEP 3 : EXEMPT LABELR FROM FURTHER W  
vv v v v v v v v v v v v v v CONSI DERAT I ON W
V v V V V V V V V V V V V v V- Wv V V V V V V V v V W  V V V V V V W  v V V V V V V v w-  v V V v W  
I F ( F < L A E E L R , N S T E P ( L A B E L R ) ) « G T ' F I N A L  ( L A B E L R ) ) -GO TO 3 2 5  
M 1 2 3 = L A 6 E L ( L P E R )
L A B E L ( L P E R ) = L A B E L R
L A e - E L ( L R ) = M l P S
L P E R = L P E R + !
V v V V v V V V V W v V v V  W v  V W  VV V W v v V  V V V V V V v V V. W  W  w  V V v V V V V V v V V
w v W- V V V V V V w - W  STEP 4 : TEST CF PROGRAM T ERMI NAT I ON V W
V V V V- v V V V V V v W  V v V V V V V V V V V W  V V v V V V W  VV v V V V V W  V V V V V V V W  v V V
I F ( L P E R • G T . N ) GO TO 4 3 0
V V V V V V V V V V v W  V V V V V V V v v v V w v W  V V V W  V V v V V V V W  v v V v V V W  W  W
V V W V v V W w W V V  STEP 5 i FOR I  ' N E ' L A B E L R ,  UPDATE THE w v  
v v v W v - Y- v v v v Wv v  ST EPPI NG COSTS W W
v v V V v -Y- V V V V V V V V V V V V V V v V V V V V VVVV V V W V V  v V W W V  V V v v V V V V V v V V

3 2 5  CONTI NUE
I F  < M N  ( LABELR ) * LE . 0  ) GO To 3 8 0  
J = I

3 3 0  I = N I N T E R t L A B E L M J )



o n
o o

. 3 3 5  
3 4 0

331

IF(I ' N E , LABEL (LPER = I)) GO TC 331
M N T E R  ( L ABELR ji-M =NINTER ( LABELR> M N  ( LABELR ) )NI N (I ABELRJ=N IN( L a BELR)*!J = J-IlGG TC 370 .
Bl23eF I LABELR*NSTEP(LABELR) H D (LABELRf I )IF (N S T E P (I )•GT * I ) GO TC 335' 'IF ( B'I 2 3 I « E15 ) 340,370 >370IF ( Bl?3*F < I > NSTEp ( D  = I) ) 34C> 37C> 370
LGSTEp(LABELRf I J=NSTEP(L A B E L R )IN(I) = IN(I)+!.
INTERiIfIN(I)J=LABELRM N T E R  ( LABELRf J J=MNTERiLABELRf M N  (LABELR) ) 'N IN ( LARELR ) = M N  ( LABELR H l

' A123-NC0ST(LABELRfNsTEPfLABELR))+H(LABELRf I) 
' IF(Al23-NC0ST(IiNSTEP(I))J -35C>36Cf37C 350 N C O S T ( I , NSTEPt I  ) ) = A123  355 NEXTPT(IfNSTEP(I))=LABELRNESTEpf If NSTEPi I ) )= N S T E P (L A B E L R )

Ft  If N S T E P ( I ) ) = B 1 23  
GO TC 3 7 0  '360 CONTINUE
I F (B123.LT,F(IfNSTEPfI) I) GC TO 355 370 J=Jtl
IF( J - M N ( L A B E L R )  ) 3 3 0 f  3 3 0 f  2SC
>(■ 9 J,( n- f v v y- v * * * * * * *  * * * **************** * * * * * * * * * * * * * x
IlitUliSlttiltSTEP 61 ^ T^ ^ RsTEPPIKG c o s t  pOR* * * * * * * * * * * * * * * * * " * * * * V * * * *************** * * * * -Y- ****** *

380 375
GO TO 4 3 0

375 NCOST (LABELRfNSTEPTLABElR) H H E l S  IF I I N (L A B E L R )'LE,C I GG TO 21C J = I390 K=INTFR(LABELRfJ) .
DC 4 0 o Kl=LOSTEP(KfLABELRIfNSTEP(K)=T B123 = F (K f K l )+D(KfLABELR II F ( B 1 2 3 , LT = F (LABELRfNSTEPfLABELR )=1 ) ) GO TO 4l0 ' 400 CONTINUE405 NIN(K)=NIN(K)+! "NINTER(KfNIN(K))=LABELRINTEKlLAOELRfJJ=INTERtLABELfifIN(LABELR))
IN (LARELR) = IN(LABELR)b I J = J--I 
GO TC 420

410 A123 = N C 0 S T (K f K l J + H (KfLABELR I
(
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y

L O S T E p (K i L A R E L R )=Kl 
.ICQsICO+1
1F(Al23-NC0ST(LABELRiNSTEP(LABELR))) 415,418,420415 N C d s T (LABELR,NSTEPfLAREL R ) )=A123416 NEXTPT(LABELRjNSTEP(LABELR))=K NESTEp(LAeELPjNSTEP(LABELR))=Kl 
F(LABELRjNSTEP(LABELR))=BlESGO TO 420 

418 CONTINUE' IF (Bl23.LT.F(LABELRjNSTEP(LABELR)I) GO TO- 41'6 
420 J = J t I  - ,I F U iiiIN(LABELR)) 350/350,310
430 DO 450 J = IjN-=I ............. ......I = LABEL(J) „ , ,450 NSTEP ( I ) '= N S T E P ( I )»l
SCO F O R M A T (/ T 3 j 'I ', 3 X , 'C( I,L ) I /3X, • F ( I,L ) ',4X# * L ',4 X , •K •,4 X , »K l « 

I//) ...............SSO F0RMAT(T2,I2,3X>F6.2,3X,FB«2,4X,3{12,3X1)RETURN
END
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no
nn

nr
Vn

nn
nn

nn
no

nn
no

on
nn

or
in

no
nn

nn
nn

 n ' V -Z- V V- V- V V V- V V V v V- V v V V- V V V V V V V V v V V V V V V V V V V V- V V V At At At v V V- At V V V V V V * V V V V V * V V V -V V V «SUBROUTINE NE-TWRK READS IN THE NETWORK CHARACTERISTICS#
RETURNS MATRICES D j Hi» CAR FOR FINDING A SU b O r TIMAL FLO w PATTERN FOR t h e  GIVEN NODE FAIR*
n o m e n c l a t u r e ;N .IS t h e  n u m b e r  o f NODES IN THE NETWRKa
NODE IS t h e  TERMINAL n o d e  CF FLOWS FROM THE GIVENINITIAL NODE ONE*
LO IS THE FLOW REQUIREMENT BETWEEN THE INITIAL "AND TERMINAL ■NODE*
'"DELAY ' IS THE MAXIMUM VALUE' OF TRANSIT-TIME DELAY ALLOWED >0'R EACH FORMARD FLOW PATH *
MM IS THE MAXIMUM NUMBER OF-STEPPING COSTS. FOR EACH NODE#' MMsIS FOR THIS PARTICULAR EXAMPLE. - 
IR j IC j D I j 02# 03 ARE A- SET CF DATA FOR EACH BRANCH; WHERE IR IS THE INITIAL NCDE j IC IS THE TERMINAL NODE# Cl IS THE UNIT COST OF FLOW THROUGH THE BRANCH; DB IS THE 

t r a n s i t , t i m e  d e l a y  f g r  t h e  f l o w  t o t r a v e r s e  t h e  b r a n c h ,D3 IS_ THE CAPACITY OF THE BRA'NCH.DATA CARD ONE: FIELD ONE
FIELD TWO

N 
MM
NODELG
DELAY

f i e l d  THREE ■FIELD FOUR 
FIELD FIVE FORMAT (211,3 F 4 •2)

e a c h  s u c c e e d i n g  c a r d  a f t e r  c a r d  o n e :FIELD ONE
f i e l d  TwoH I t B
f i e l d  f i v eFORMAT t S (2 11# 3F3 • I ) )

IRICB I
D3

V V V V V V V V V V v V v V v VVV V J1I V V VV V v v V V V V V V V V v V V VVV V V V V V V V V V v V v V V V v V V V v V V V V V V 
SUBROUTINE NETWRK < N j MM>-h; CAP ; C; ID, M IR, LO # NODE# DELAY >DIMENSION -'•D(IQj IO'),C A f M  C j I O'Ij ID(IO); M IR(10j 10)>H(1C#1C)DIMENSION D l (8)#D 2 (g )j IN (g ) , I C (S ) j D 3 (8) " ....REAL LO
G ^ ? a i ! i 975o ? W ^ g ^ i Ly°'DELiY
B g g I - J = U K  " ■ ■.........
H(IiJ)- = IaElS CAP ( I Jjl=Ga 
D (IjJl=IaElS' "0(1,11=0.
CAP(IjI)=IaElS

**
**

**
**

* 
**

 * 
**

**
**

**
**

**
**

**
**

**



OSIO

20
21

100

200

SCO

SSO370

TO 21

ID(I)=O
R E A D } I O S j  3 9 0 )  ( I R ( I  ) J  I  C ( I ) j C I ( I ) J D 2 ( I ) J C 3 ( I ) j I  =  1 J 8 )
DO 2C K =  I j  8 -J=IR(K)I=IC(K)IF (J «I £ * C ) GO 
I D ( I I = IDI I ) +1 MIR(I j ID(I))=J D ( J j I) =Dl(K)
H ( J j I ) = D 2 (K )C A P (J , I )= D 3 (K)
CONTINUE 
GC TO 10 CONTINUE'
W R I T E (5,1020)DO lOQ 1=1,N 
W R I T U (5,1000)W R I T E (5,1040)WR I Tb. ( 5, IOlO )W R I T E (5,1030)
DO 200 I=Ij N W R I T E (5,1000 I 
W R I T E (5,1040)WRITEf 5,1010)
W R I T E (5,1060)DO 300 I=I j N W R I T E (5 j 1000)
WR I T E (5,1040)
WRI T E (5,IOlO I F O R M A T ("3 12,2 F 5 '2)FORiiAnf2, ipROGRAM TO. FIND THE OPTIMAL .FLOW PATTERN OF A FLOW*

I, (D (I J J )>J = l, N )

I, ( H (I,J)iJ = t,N)

I , I C A P ( I , J ) j J  = 1 , N  )

REQUIREMENT ARE ....
OF -I ,F5'2'

S S O  F O R M A T ( 8 ( 2 l i , 3 F 3 , l ))I C O C  F C R M A T ( 3 X , I 2 , S X , 1 0 ( E 7 . 2 , 2 X ) ) ......  . . . . . . . . . . . .1 0 1 0  F O R M A T (I H l )1 0 2 0  F O R M A T (T l 2 j 1 * * * * * * * * *  C O S T  M A T R I X  * * * * * * 4 * * * « / / / /
I Tl 5, 'I i ,ax, »2' ,SX, '3 ' ,SX, *4' ,8X, '5'//!1 0 3 0  F O R M A T (T 1 2 j ' * * * * * * * * *  D E L A Y  M A T R I X  * * * * * * * ^ * * * * 4 * / / / /1T15,'1',8X,'2',8X,'3',8X,i4',8X,'5'//)

1 0 4 0  F OR MA T t / )  
1 0 6 0  FORMAT( T 1 2I T15 j ' I ',ax,

r e t u r n
END

,'********* CAPACITY MATRIX 
•2',SX, '3',8X, I 4 ' ,S X , '5'//)

-V- -Y *  *  *  9  *  V  *  *  -H V  1 / / / /
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n n
no

DIMENSION NS-TEp'{ 10 ) i NCOST I ICi 15 »REAL NCOSTDC 10 NOSTEP = NSTEP I NODE Iil,al
IF (N C O S T (NODE i N C S T E P )«LE.DEL AYj RETURNCONTINUE . . . . . .
.RETURNEND

HOxOx

-Ic-
Jt



O
O

O «  « ... M V J. » " V v- f * * *  A'- *  V- v  V V V V v  V V V V V V V -','• V A'. V V V V V V V V V V V W V V V V  V v  v  V V V v  V V V V V v
SUBROUTINE PATH TRACES THE OPTIMAL P A T H • *
V V V  V V V V V V V V  V V V V V V V V V V V V V V V V V V V V V V V *  V V V V v  V V v  V v  V V V v  V *  V V V v  V V W  V V V V V vSUBROUTINE P A T H (N j NODEiNOSTEPiD#Hj F j C AR,FLOW*J iNCOSTi 

REAL NCOSTRESIDUAL=IeEiSi . ' „ . . . .IF(n 0STEP«GT*0) GO TO 5U R I T E ( S i S O O )RETURN. 5 NPATH ( I ) =NODE ..... ... .L L = N O S T E P  -DO IG J = SiN
SSiJSpf ifSliSiSI I Hf W KI dU 15 i Wom kp*th « j i. w*th o
i f ! ^ ^ V 3 V : i 5 : J t ’Rl T C ^ UAL=AA10 LL = NE s t e p  I N P A T H (J » 1 )iL L )

SCO FORMAT (//T30i 'NO SUCH PATH 1 ) ... - .
' RETURN
e n d

i ))

HCT\



PROGRAM T u  f i n d  THE OPTIMAL FLOW PATTERN OF A FLOW NETWORK FOR THE 1= 5 FLOW REQUIREMENT OF »59
°F W N S I T

%****%%** COST MATRIX ***%******

I 2- 3 4 5

. I • COE. OO »50E OO • 60E CO • 20E OO «78E Cl .

' 2 • I 4E Ol .OOE OO ‘ IOE Cl • 20E OO * 19 E. •Ol

3 •ICE. 16 • OOE OO •COE CO •2CE OO • S3E Cl.

4 • IOE 16 . 70E OO .ECE CO • OOE CO • 41E Ol

5 •10E 16 .IOE 16 •70E CO »IOE 16 • OOE CO
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v * * * v v- v v DELAY MATRIX * -Y- V V V V V v V V V- V V

I 2 3 4 5

I * OOE CO • S2E- Ol - • ISE Cl * 46E Ol .SCE OO

2 • H E Cl .. •OOE OO •AIE Cl • 20E Ol * 70E Cl

3 •ICE. 1 6 •67E Ol • OOE ' OC • 14E Cl .20E CO

4 •10E 16 . «32E Cl. . •21E Cl • OOE CO .SOE OC

5 •10E 16 .IOE 16 «ICE CO .IOE 16 .COE CO
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********* c a p a c i t y  m a t r i x  *************

I 2 ■ 3 4 5

I •10E 16 »50E CO »60E CO * 2GE OO • 78£ Cl

2 * 14E Ol .IOE 16 «1CE Cl •2CE OC .!SE Ol

3 ‘COE CO • «OGE OO • IOE 16 •2CE OO • 53E- Cl

4 * OOE GO •7GE OC • EiCE CO •ICE 16 •4IE Cl

5 COE CO • OOE 00 7 0 E  CO • OOE OO . I O E  16



t h e  L TH I-I STEPPING-DELAY PATH WITH COST 
F ( I j L ) J  DELAY C ( I j L ) J  LAST INTERMEDIATE NODE Kj AND 
Klj WHERE THE Kl Th I = K STEPPlNG = OELAY P a TH FORMS F ( U L )  IS SUCH t h a t :

F ( 1 1 L ) =jr < K j Kl j +D ( K j I )
■ C ( I j L )s c (K j KlJ + H (K j I )

I C ( U L ) F ( U L ) L . K Kl

5 .3c 7* SC I I I
3 .40 ' 8.50 I 5 I3 1.50 «60 2 I I
5 1 .70 5.50 2 3 2
4 . I .SC 8.70 . I 3 . I
4 2,50 , so ■ 2 3' ' 25 3.20 4.50 3 4 24 4 * 6 O .20 3 I I5 • 4 ,50 4 «30 4 4 32 5.00 9.40 . I 4 I2 6.10 1.50 2 4 22 7,SO .50 3 4 22 8.20 .50 4 ' I • I
5 " 13.10 3.40 5 2 2
5 14*80 2.80 6 2 3
S 15.20 2 • 40 7 . 2 • 4

THE MINIMUM COST 1= 5 .AUGMENTATION PATH WITH ,PATH DELAY 13.10 RESIDUAL CAPACITY «20 AND PATH
COST 3.40 IS THE SEQUENCE OF NODES: 1 - 3  4 2 5

THE PRESENT 1« 5. FLOW IS. «20
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I C ( I j L) Ft  I t D L ■ K Kl

S »3 C ■ 7 . 8 0 I I I
3 ' , 4 0 . S «50 I 5 I '
3 I  . 5 0 • 6 O 2 I • I
S I  »7c 5 . 9 0 2 3 2
4 4 * 6 0 , 2 0 I I I
5 4 * SO 4 • 3 O 3 " 4 ' I
2 7 * 10 8 * 5 0 I . 3 I
2 7 ,SC «90 2 4 ' I
2 8.20 . 5 0 3 I I
5 1 4 . 8 0 ' 2 . 8 0 4 2 ' 2
5 1 5 . 2 0 2 « 4 0 5 ' 2 3

THE MINIMUM COST 1= 5 AUGMENTATION PATH WITH PATH D E L a Y 4»90 RESIDUAL CAPACITY «20 AND PATH COST 4.30 IS THE SEQUENCE CF NODES! ' 1 4 5

THE PRESENT I- 5 FLOW is «40 172



I C(IjL) F(I*L> L K ' Kl

5 ,30 " 7*80 I I I3 ,40 8.50 I 5 • I3 I « 50 «60 2 I I5 1.70 5.90 2 3 2
2 7.10 8.50 I 3 ' I
2 . 8,20 .50 2 I I4 9.10 8,70 I 2 I4 10«2C .70 2 2 25 10,50 4«S0 3 4 2
5' 15.20 2.40 4 2 2

THE MINIMUM COST 1» 5 AUGMENTATION PATH VjITH 
PATH DEL a Y 10.50 RESIDUAL CAPACITY «20 AND PATH COST 4,20 IS THE SEQUENCE OF NODES! I 2

THE PRESENT 1» 5 FLOW IS «59



**%?%** OPTIMAL FLOW PATTERN %***%%*

I . ‘ 2 3 4 5

I •COE OO .!SE OO • 20E CO • 2QE OO • COE CO

2 . •COE OO «OCE OO • OOE CO' • ISE OO ' • 2QE OO

3 • OOE OO • .OOE OO • OOE CO • 20E OO • OOE OO

4 •COE OO • 20E OC »OOE CO • OCE OC ' «39E OO

5 « GOE OO s OOE OO • COE CO • OOE Co • OOE OO
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on
nn

rt
nn

nn
nn

C
C

%  Jf Jf Jf Jf Jf Jf Jf Jf j f  Jf Jf Jf Jf V- V  Jf Jf Jf Jf Jf Jf j f  J1J Jf Jit  Jf Jf v  v  Jf V  V  V V  V  V  V  i f  i f  Jf V  Jf J1I V  j f  V  V  V  -V Jf Jf V  v  -Y- V- V  Jf V  V  v  Jf V  V  V  j f  Jf

THIS PROGRAM COMPUTES THE MINIMAL COST 1«5 PATH OF A 5-NODE NETWORK WHERE EACH BRANCH OF THE NETWORK IS ASSOCIATED -WITH A RANDOMLY DISTRIBUTED TRANSIT TIME WEIGHT.
THE MINIMAL CQST 1 - 5  PATH IE TO BE SUCH THAT THE PROBABILITY 
OF THE TRANSIT TI m E EXCEEDING A GIVEN LENGTH OF TIME IS NOT 
GREATER THAN A GIVEN FRACTION'4IN CMRINTB THE TERM "LENGTH" REPRESENTS COST, AND THE TERM "COST" REPRESENTS THE TRAVERSE -TlME4
Jf Jf Jf Jf j f  Jf Jf Jf Jf Jf Jf j f  j f  Jf V  i f  Jf Jf Jf Jf j f  Jf V  Jf V  Jf Jf Jf V  V  Jf V  -V Jf Jf Jf V  Jf -Y- Jf j f  J1- j f  Jf V  -? V  Jf V  Jf Jf j f  j? Jf Jf V  Jf Jf Jf j f  Jf Jf i f  Jf -V Jf

DIMENSION 0(10,10),I D (10),M I R (10,10),F l (10,g,8 I,Hl H O , 10),1 H 2 H O , 10),N S T E P l (I O ),NS TE P B (IO ,S ) ,NCOS TI (10,8),NC 0 S T 2 (10>8,S ),
2 F I N A L H O ) , K l l S T E P H 0 , 8 , 8 ) , K l 2 S T E P n 0 , 8 , 8 ) , N E X T P T l ( l O , 8 , 8 ) , N p A T H
3(10)REAL NCOSTl,NC0ST2,L0

' CALL NETWRKtNiMM,HI,H2,D,ID,MIR,FINAL,LOiNODE,FRACTION)
■ CALL CMBlNT2(N,MM,Hl,H2,D,NSTEPl,NSTEP2,NC0sTliNC0ST2,Fl,
INEXTP Tl,Kl 1STEP,K12STEP,FINAL ) .....................
CALL SELECT(N,NSTEPl,NSTEP2iNC0STl,NCCST2,Fl,NODE,NOSTEpl,'. 1N0STEP2,FRACTION,LO,A A )
IF(NCSTEP2.GT,0)G0 TO 500 '
WRITE(5,920)

500 CALL P A T H (N,NODE,NOSTEPI ,NOSTEPS,NExTPTI,KlI STEP,K 1 2 STEP,I N P A T H i J )WRITEiS,930) N C O S T l (NODE,N C S T E P l ),NCGSTS(NODE,NCSTEPl,NQSTEp2)1,FI (NODE,N0STEP1,N0STEP2),(NPATH(K),K=J,l,=l)
920 F O R M A T  ( T15, ' NO SUCH PATH.') „930 F O R M A T (//TSi iTHE OPTIMAL PATH WITH MEAN OF TRAVERSE TIME !*

1F5 -Si /T2> 1 VARIANCE OF' TRAVERSE TIME S F S 4S,' AND PflTH COST ',2F5.» ?, / T 2 , ' IS THE SEQUENCE OF NODES ! ',IO(ISiSX)///)
"STOP . . .  . . .  .....  .......................END

H
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it 
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no
n 

no
on

on
oo

nn
nn

nn
nn

nn
nn

nn
on

no
nn

oo
n *r V- -Y- J1'- Y J,'. Jf Y Jf- V- v  V v  V V V V V V V V V V V jf- Jf v  J f VVV V V V J1J Jf V Jf V V V V  V Jf Jf V V V V V Jf Jf V Jf V V V Jf v  Jf V v V V V V JfSUBROUTINE NETWRk READS IN THE NETWORK CHARACTERISTICS^

RETURNS MATRICES D, Hij H2 j ID j MIR TO THE MAIN PROGRAM*
n o m e n c l a t u r e :N IS t h e  NUMBER OF NODES IN THE NETwRK»
NODE LS- THE TERMINAL NODE OF THE OPTIMAL PATH TC RE FOUND*LC IS THE UPPER BOUND FOR THE OPTIMAL PATH -TRANSIT TIME.
FRACTION IS THE MAXIMUM PROBABILITY FOR THE OPTIMAL PATH TANSIT 
TIME TO EXCEED THE VALUE LG.MM IS THE MAXIMUM NUMfiER OF STEPPING TIME FOR EACH NQDEJ
IRj ICjhDl-? ' D ^ ^ D S ^ I REP AR SE;?UCFR DATAMFbR ‘EACH. BRAN'CHj WHERE 

IR IS_ THE INITIAL,NOCE j IC IS THE TERMINAL NODE j DlIS THE BRANCH COST j TRANSIT TIME j D3 Is BRANCH TR a NSIT TIME
. d a t a  c a r d  o n e : f i e l d  o n e

D2 I-S THE MEAN OF THE BRANCH THE STANDARD DEVIATION OF THE

FIELD TWO 
FIELD THREE • FIELD FOUR

FORMAT . H i V S F S J H  ■
EACH SUCCEEDING CARD AFTER CARD O N E :

NMMNODELO
FRACTION

FIELD ONE ' IR 
FIELD TWO IC
FIELD- THREE DlFIELD FOUR CEFIELD -FIVE D3FORMAT ' ( 8 ( 2 I U3F3*1) )

SUBROUTINE NETWRK<Nj MMj H 1 j H 2 j D j IDjM I R j F I N A L j L O j NODEj F RACTION > 
D I ME N S I ON  D ( 1 0 j I O J j H 2 ( 1 0 j 1 C ) j I D ( 1 0 ) j M I R ( 1 C j 1 0 ) j Hl ( I O j I O )
D I M E N S I O N . F I N A L ( I O ) j D i !8 > j D B(3 5 j IR (8 j J IC < S )J D 3 ( 8)REAL LO
V V V V V v V V V V Jf V V jf V V V v V Jf V V V V V V V V V V V V V v  V V V V V V V Y V V Y
-VVVJfJfV, INPUT NETWORK CHARACTERISTICS #****#*#
V v V V V Jf V V v  V V V V V V v v v v  V V V V V V V V V V V V V V V V V v  V V V V v  V v V
R E A D ( I  o s  J S 5 0 ) NJ M M J NODEJLOJ FRACT I ON WRITEi 5 j 970) NODE j L-Oj FR ACT I ON 
DO OS- I = I j N
DO OS J  =  I j N ' ' "- '
H K  I j J  J = K E l S  
HS  ( I j J l = K E l S
F I N a L-! I  K K E l B  D ( I>J)=1.ElB 
D ( I j I ) = O .
H 2 ( I j I  1 = 0 .

-
S
*
*
*
*
*
*
 -
K-
K-
K-
K-
K-
It
-K
-I
c-
K-
R 
*
*
*
*
*
*
*
*
*
*
 *



nn
n

OS10

30
4050

100

200

300

IDtIi=O
HI(I j I)=O*READ!105,990 I <IR ( I ) , I C ( I ) ,CI(I),D 2 (I ),D 3 (I I, I = 1,8) 
DO 20 K = l,8 ■J=IR(K)
I=IC(K) ' TIF(JsLE=O) GC TO 21 
ID(I)=ID(I)+!M I R ( I, IDt I ) )=J D(J j I ) = D l (K )HI(J j I) =02 ( K-)H S (J, I )=D3(K)
CONTINUE GO. TC 10 
CONTINUE '
4- -Y-1,4 j,4 Y Y Y Y V -V- Y-V-YY Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y
V Y Y Y V Y  FIND THE UNCONSTRAINED SHORTEST PATHS v y y
Y Y Y Y Y Y Y Y Y Y Y  Y Y  Y Y Y Y Y Y Y V Y Y  Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ,FlNALiii=O=
DO 4 o I=IzN IFLa G=O 
DC 3 0 L = 2> N DO 30 K= l , ID(L)
M=MIR(L j K)A= F I h A L t M )+D(M,L! - ..I F (A » GE * F IN AL (L ) ) QO TO 30
F I N a L(L)=A
IFL a G=IFLAG+1CONTINUE .. . .I F ( IFLAG.LE.O) GO TO 50 CONTINUE
Y Y Y Y Y Y YY  Y VY  Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y  Y Y Y Y YYYYY y y Y o u t p u t  m a t r i c e s  y y y y y y y
Y V Y Y Y V Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y - Y Y Y Y Y  Y
WRI T E (5,1020) 
DO I  Co 1 = 1 , N W R I T E (5, l COO )

W R I T E (5,1030) DO 200 I=1,N WRI T E (5,1000) WR H E  ( 5,1 O 40 ) 
W R I T E (5,1010) W r i t E( S j IC ajQ) 
DO 300 1= 1,N WRITE(5,1000) W R I T E (5,1040)

I J ( D ( I, J) ,-J = I j M

I, (H1(I,J),J=I j N)

I>(H2(I j J ) j J=1,N)
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CC
CCC
C-CCC
CCC
C-CCC
CCCCE
CC
CCCC
CE
C C 
C C C 
C C 
C 
C - C 
C C C 
C C 
C

ND(J/I)
HI(J j I) 
HS(J j I)NCOSTl(I j J)
■ N C 0  S T 2 ( I j J j K )

ISISISIS

2 I=I COST
I=I s t e p p i n g

if- -Y- V  -Y -Y- Y  Y- Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y Y Y Y  Y  Y  Y Y Y  Y  Y Y Y Y Y Y  Y  Y  V  Y  Y  Y  Y  Y Y Y Y Y Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  V  Y Y Y  Y  'SUBROUTINE CMBINTS COMPUTES THE SET CF STEPPING COSTS AND THE *
ASSOCIATED s TEPPING-COST p a t h s  o f  a d o u b l y -l a b e l l e d  c o s t  NETWORK in a s e q u e n t i a l  m a n n e r • 
n o m e n c l a t u r e :

t h e  NUMBER OF NODES IN THE N ETWORK« 
t h e  l e n g t h  WEIGHT O F •THE BRANCH (JiI)* 
t h e  t y p e  I COST OF THE BRANCH (Jj I ).
THE TYPE 2 COST OF THE BRANCH (J j I ) *IS THE J TH TYPE I I-I STEPPING COST-
IS THE K TH TYPE 2 I=I COST ASSOCIATED WITHN C O S T l (I,J )*
IS THE NUMBER OF TYPE I I=I STEPPING COST*

. IS THE K TH TYPE 2 I=I COST a s s o c i a t e d  WITHNCOSTl(I j J) WHICH IS TO BE FOUND.IS THE LENGTH OF THE STEPPING-COST PATH ASSOCIATED 
WITH THE STEPPING CCST ( N'C-CS Tl ( I, J ) j NC OS T2 ( I j J j K ) ) <is t h e  n o m i n a t e d  v a l u e  f o r  t h e  t y p e  i 1 =1 c o s t
o f  THE NEXT I=I STEPPING COST.is t h e  n o m i n a t e d  v a l u e  f o r  t h e  t y p e
is t h e  N o m i n a t e d s V a l B e n F c r 0 TI e n e x t  
c o s t  p a t h  l e n g t h *.. _____  IS THE LAST INTERMEDIATE NODE o f FI(I j J j K)*

N E X T P T I I I j J j K )J Jl=KllSTEPf Ij J j K ) J AND Kl = K l2STEP(I J J J K )'THEN J I j KI ARE SUCH THAT F I (IjJ >KJ = F l (11jJ l jK l )+’• D ( H j I)J NCCSTl ( Ij J ) =NCOSTl ( Il j Jl )+Hl ( M j I ) j AND
NC0ST2( I jJ j KI=NCCST2(11j Jl >K l )+ H 2 (U j I )*

LET F y ( U C )  = MINIMUM OF F H  H K U  I IjK S ( H ) '  WHERE Kl(I).LE*N S T E P l ( T H  AND K 2 ( I ) is SUCH THAT THE INTERVAL BETWEEN ■
N C C S T 2 ( I J K l ( I  ) j K2 (  I  ) ) AND N C 0 S T 2 ( I  J K l ( I ) J K 2 ( I ) + 1 )  I NCLUDES THE 
VALUE C .
F C ( U J )  IS THE J TH STEPPING VALUE OF F y ( U C ) '  NCOSTC(I j J) IS THE J TH STEPPING COST CF F y (Ij C)J a ND N S T E P O (I ) IS THE 
NUMBER OF STEPPING COSTS ASSOCIATED WITH F Y ( U C ) *
DElFNE THE SET OF POSSIBLE LAST INTERMEDIATE NODES' S(I)' FOR THE 
PATH F l (U n S T E P I ( I >'NSTEP2( Ij N S T E P I (I ))j TO BE THE NODES K SUCH THAT K BELONGS TO S(I) %F THERE EXISTS A SMALLEST INTEGER Kl(K)
• L£« N STEPl(K)' AND AN ASSOCIATED K2 ( K ) * LE * NSTEP2 ( K ' NS-TEpl ( Kl ( K ) ) )
J»LE- n s t EP o H N ' I ^  SIJc h 2Ih A T + ?HE ̂ INTERVAL <BE^WEENHNCOSTO( U  J)
AND N C O s T O f U J + i ) INCLUDES THE POINT NC C S T 2 (K J K l (K >JK 2 (K ))•
THE RATIONALE OF THE ALGORITHM IS AS FOLLOWS J . " .
s t e p  i : i n i t i a l i z a t i o n s *- . - ■STEP 25 Th e  IMSC IS ASSOCIATED WITH NODE R IF R I.) Nl(R)=MINI m UM OF Nl(I)J FOR ALL NODES

NSTEPl ( U J )
N S T E P 2 ( U J jK)
Fl ( U J j K )

NI ( I }
N2( I )
F(I)
NE X T P T I (U  J j  K ) LET Il "

IS SUCH U K THAT
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STEP
STEP
STEP

STEP

2« I NS(R)=MIfNlMUM CF NI (I)=Nl(R)i AND3 - ’  B l ? j T a S ¥ f B V r  M i S 1 E K ! , ^
4.) IF N l ( R ) ‘GT*NCOST!(RiNSTEPl(R) ) j 

NSTEPl (R)=NST E P l (R )+li 
N S T E P S t R ^ N S T E P K R l  ) = K  NEXTpTl(R^NSTEPl(R)iI)

NS(I)i FOR ALL NODES I SUCH THAT
NODES I SUCH THAT

t h e n

KllSTEP(RiN S T E P K R )  
KlSSTEPtRiNSTEPl(R)

N E X T P T K R iNSTEPl(R)=Ii
NSTEPS(RiN S T E P K R ) O l )  K  

I )=K11STEP (RiN S T E P K  R K K  " NSTEPS(RiNSTEPl(R)=I)),
I I = KlSSTEp(RiN S T E P K R ) = I i NSTEPS(RiNSTEPl(R)=I)).Si) F l ( R iN s T E p l ( R ) i N S T E P S ( R iN S T E P l ( R ) ) ) = F ( R ) '

3 : e x a k p t  n o d e  r f r o m  f u r t h e r  c o n s i d e r a t i o n  if a l l4: TpRMINATE IF ALL STEPPING COSTS HAVE BEEN LOCATED«STEPPING COSTS ASSOCIATED WITH NODE R HAVE BEEN LOCATED.5 1 FOR AL L NODES I SUCH THAT R-. IS Nq T A MEMBER OF S(I)
I.) LET J BE THE J TH STEPPING COST NCOSTCl I> J) OF F K  IiC K  SUCH THAT THE INTERVAL NCOSTOf K U )  AND NC O S T O (IiJ + l ) INCLUDES THE POINT NS ( R H H S f R i I Ii THENi IF 

F ( R H D i R iI) . L H F O ( I i J ) i NODE R BECOMES A MEMBER OF - S(I)J OTHERWISE GO TO STEP 6« , . * „ ,3.) LET A = Nl ( R ) +Hl (Ri I)i B = NS ( R !+HSfRi I ) t AND C = F ( R H D ( R i I ) i
3 .  ) A-LTiNl(I)i THEN Nl(I)=Ai NE(I)=Bi F(I)=Ci' NEXTPTl ( I i N S T E P K I ) i NST EP E(IiN S T E P l ( D ) ) = R i 

KllSTEPi K N S T E P K  I ) j NSTEPg ( I > N S T E P K  I ) ) ) = N S T E P K  R H  KlESTEPt K N S T E P K  I > H S TEPE ( I j N S T E P K  I )) H N S T E P S i R i '
N S T E P l ( R ) K4 .  ) OR IF A,E Q , N K  I H  An D B-LT-NE(I) i THENNE(I)=Bi F(I)=CiN E X T P T K  K N S T E P K  I ) iNSTEPEI IiNSTEPl ( I )) H R i

5 .  ) OR IF A.EQ.Nl(I)i B = KE(I)i AND CiLT-Ff I H  THEN• F(I)=C- N E X T P T K  K N S T E P K  I JiNSTEPEt IiNSTEPl ( I ) i )=Ri 
KllSTEPf KNST-EPl ( I ) i-NSTEPE ( K N S T E P 1  ( I ) ) J=NSTEPl(R)i 
KlESTEPf I - N S T E P l (I IiN S T E P E t K N S T E P l (I )))=NSTEPS(R i

NSTEPl(R) ) •6! FOR NODE R1«) NSTEPS (R-NS T E P K  Ri I=NSTEPE(RiN S T E P K R )  H lE-) FV- CRiO = M I N I M U M  OF F K R i O  AND F(R)i WHERE C IS SUCH 'THAT C-GE-NEfRl-3.) FOR ALL NODES K BEING A MEMBER OF S(R)i IF THERE EXISTS 
' A SMALLEST INTEGER Kl(K)i AND AN ASSOCIATED SMALLEST INTEGER KE(K)i .SUCH THAT Kl(K) - L E - N S T E P K K J i KS(K)-LE. NSTEPEtKiKl(K) K  AND THATF K  K iK K  X ) iKE( K ) H D  ( K i I HLT - F O t  R i J ) - WHERE -J IS SUCH

*
J?v
V ' V 9  -9 9 
9  9  9  9  - 9  
4 9  9  9  9  9  9  9

IF 9
■ 99999999999999999• 999
. *1 # 
* 
*

HOOO
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n THAT THF INTERVAL NCOSTC(I>J) AND NCOsTOII,J+l) 

INCLUDES t h e  POINT n CCST2(K>K1(K)#K2( k 1)> THEN

=LARGE VALUE, AND
K REMAINS IN SIR) »OTHERWISE S(R)=S(R)=X 

4» ) NI(R)=L a RGE VALUE; N:2(R)F ( R ) = L A R G E  V A L U b «
5«? Nl(R)=MINlMUM OF N C O S T l (K ,K l (K ))+ H l (K , R )» FOR ALL K 6 . I NE (R)=M I NIMUM OF NCOS!2(K i K l (K I#K 2 (K I)+ H 2 (X; R ) ; FOR 

NODE K SUCH THAT N C O S T K K i K l ( K ) ) +  Hl(KjR)=Nl(R)* - 7.) F(R)=MlNIMUM OF F l (K#K K K )>K 2 (K ) !+O(Kj R)J FOR ALL KSUCH THAT NC0.ST1 ( K j k K K )  J = N K  R ).j NC0ST2( K j K K  K U K E ( K )  )
STEP I \ RETURN TO STEP 2«THE ABOVE STEPS FORM ONE COMPLETE SEQUENCE TO LOCATE ONE 

Im S O - T H E  IMMEDIATE STEPPING C O S T .*  *  *  4  a - -y. * * % % * * * % *  *  f  -V- -Y- Y  Y  V  Y  Y Y Y Y Y Y Y  Y  Y Y Y Y Y Y  Y  Y  Y  Y  Y  Y  Y  V Y  Y  Y  Y Y  Y  V  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  V  Y  Y  Y

IN, S(R) ALL .

:N'2(R ) a

SUBROUTINE C M B INT2(NJMMJHl j h 2 j D j NSTEPl <NSTEp2j NCOSTlJNC0ST2>
I F l  , N E  X  T P T 1 j K K s T E P j K 1 2 S T E P j F I N AL)

D I M E N S I O N  D ( l C J l 0 1 i I D ( l G ) i M I R ( 1 0 j l C ) j F O ( l C j a ) j F K l O j 8 j . 8 ) j

2 N S T E P 1  K o ] ? n S T E P 2 ? i o ? 8 ! ? N C G S T C  ( I O j g  ) I n C o P k I o I ^ J n c C S T S
3 ( 1 0 ,  B j g l i F I  N . A L ( 1 0 ) j LABEL ( 1 0 . j j I N T E R  ( I O j I O ) J  N O T l N T E R d C j l O U
4 I N (1 0 ) , N I N ( 1 0 ) J K l l S T E P ( l O , S i 2 ) j K l 2 S T E P ( I O i 8,8)JNEXTPTl II 0 i 8 j 8 ) j
5 L C S T E P ( 1 0 j 1 0 ) j NPa T H { 1 G ) j F 3 ( 8 ) j F 4 ( S )REAL NCOSTGj Nc OST I  j N C C S T 2 j L C j M j N2Y  Y  Y  -V- -V v V  -V- Y  Y  Y  Y  Y  Y  Y  Y  Y  Y Y Y V Y Y Y Y Y Y Y Y  Y  Y  Y Y Y Y Y Y Y Y Y Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  V  Y Y Y Y V v  Y Y Y Y  y W - y Y  STEP I  ! ■ I N I T I A L I Z A T I O N  Y  Y  v  Y  Y  V  Y  Y  Y  Y  y  Y  y  Y  V  v  Y  YY  Y  Y  Y  Y  V  Y  V- Y  V- Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y Y Y Y Y Y Y Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  Y  V  Y  Y  Y  Y  Y  Y  Y  Y  V

N S T E P E ( I j l ) = ZN S T E P l (I ) Nl(I)=O* NS(I)=O* F(I)=CoPfTffSill
= 1

= 1 = O «
FO(Iil)=O* 
NCOSTCII j IJ=O.NCOsTl(IjI)=O. 
N C O S T 2(1,1,!) = NIN(I)=O LABEL (I)=I 
DO 300 I=S j N LABEL (I) = I 
N S T E H O ( I )=2 
NSTFPl(I)=I NSTEPS ( U D = I  NI ( I I = D E l B
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3C0

310

315316317318

F ( I ) = I a E l S
F l  ( I  ■* I  j I  ) =1 • E15
N C O s T C i1, 1 ) = G . _
N C O S T C ( I j g ) = I 8 E l S  
N C O S T i ( I j I ) = 1 «  E l S  
N C O S T g f I j l j l ) = l * E l 5  .
N E X T P T l i 1 , 1 , 1  I =1 
K l i s T E P f  I , l , . l  ) =1  
K 1 2 S T E P ( I > 1 , 1 ) =1  
L O S T E p ( l , I ) = l
IN(I)=O : ' ‘ '
N I N ( I ) = N e 2 
K = O
DO 2 9 0  J = 2 , N  ■ ..........
I F ( J - E G .  I  ) GO TO 2 9 0  
K = K t l
NOT I NTERI  I j KJ=O 
CONTI NUE
I F ( H l ( I , I ) . G E . N C O S T l ( I j D ) G C  TO 3 0 0R E B i I i i  n
N I ( D  = H l ( I j I )

.....  ..................
F l ( I J l j l ) = D ( I j I )
I N ( I ) = I

......  ' '
LPER=S
f  Sj. V J1-. JJ -Y- -Y- -Y- J,-. Y- Y Y Y "• Y Y Y Y Y Y Y Y Y Y V Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y Y ^
y y y y y y  s t e p  2 !  l o c a t e  n o d e  l z  w i t h  w h i c h  t h e  I ms c  i s  * * * *
Y Y Y Y Y y ASSOCI ATED YYYY
Y Y Y Y Y Y Y YY Y Y Y YYYYYY Y Y YY Y Y V Y Y Y Y Y Y Y Y Y Y Y YY Y Y Y Y Y Y V Y Y Y Y Y Y Y Y Y Y YY 
WR I T E i  5 , 5 1 0
L R  = L P E R  ........ .  '
A t S S = N l ( L A B E L ( L R ) )
B l S S  = NSt  L A B E L ( L R ) )

. ■
I = L A t i E L ( J 1 2 3 ) . - - '
I F  ( N i  ( I  ) « A 1 2 3 )  3 1 7 , 3 1 5 , 3 2 . 0
I F ( N 2 ( I ) - B 1 2 3 ) 3 1 8 j 3 1 6 , 3 2 0  ■ - ;  .
I F t F i I  ) » C l 2 3 ) 3 l S , 3 2 0 , 5 2 C  
A l S S = N l ( I )
B l S S = N S ( I )

N S ( I ) = I . E l S
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3 1 5  Cl23-F'( I )
LR=-JlSS 9  .3 2 0  C O N T I N U E
I f T n i ^ L ? )  » L E « N C 0 S T 1  ( L Z ^ N S T E F K L Z )  ) )G0 t o  2 2 2  N S T F R l ( L Z ) = N S T E P i ( L Z ) + 1 A N C O S T I  ( L Z / N S T E P K L Z )  J=Nl(LZ)'N S T E R ? (L Z i N S T E P l (L Z ))= 1N E x T R T l (L Z i N S T E P i ( L Z ) * I I = N E x T F T K L Z ' N S T E P l (L Z ) = 1 / N S T E P 2 (1 L Z ; N S T E P l ( L Z ) = I ) IK l l S T E P i L Z i N S T E P l  ( LZl.il ) = K l l S T E P t L Z ,  N S T E P l  (LZ) =Ii N S T E P 2  I ( L Z i N S T E P l ( L Z ) = I ) )
K 1 2 S T F P  I L Z i N S T E P K L Z  ) ,1 ) = K 1 S S T E P  ( L Z , N S T E P K  LZ ) “ 1 # N S T E P 2 (  

ILZiNSTFPl(LZ)=I))
F K L K N S T E P l ( L Z ) , N S T E P E t L Z i N S T E P l ( L Z H ) = F ( L Z )  \
N C 0 S T 2 (  LZ, N S T E P K L Z l i  N S T E P E t  LZi N S T E P l  (LZ) ) > = N 2 ( L Z )  . .J 1 2 3  = N E X T P T 1  ( L Z i N S T E P K  L Z l i N S T E P K L Z i N S T E P K  LZ I ) ) "
di:DUlTB!bI(!!ITIKItilJ!SHIPIiti5i:mEl!timW R I T E ( S i S S O )  L Z i N S T E P l ( L Z l i N S T E P E i L Z i N S T E P l ( L Z ) )i N K L Z )i N1S (L Z )i A F t L Z ) > J 1 2 3 i J l i J2
>:■ -v JT- J1IJ1IV- -V- % V V- -V- V -V- >1- V v V v V V- V- V- V Jf V V- jA V -V- * V- v V v * “• V V- V V V V V v V V V V V V V V V V vvvwvv S T E P  3 : E X A M p T  LZ  F R C M  F U R T H E R  "V v v v * v v v * v v v * v * * *. * * vvv w v C O N S  I D E R  AT ICN -wvv w v w v  w v v w v v v  .
V  V  V  V  v v V V  V  V  K  w  V  v V  V  V  V  V  v V  V  V  v V  V  V  V  V V  V  V  V  V  v v V V  V  V  v v V V V  V V V  V V  v  V V W V  I F ( F i L Z ) . G T . F I N A L ( L Z ) 5GC TO  3 2 5  
M 1 2 3 = L A R F L ( L P E R )' L a r e L ( L P E R ) = L Z  L a D E L ( L R ) = M 1 2 3  L P E R = L P E R + 1v v v -v- v v V v v v V v v v v v v v v w v v v  V V V v v v v v v v v v v v v v v v v v v v v v v v v v v v v v 
v v v v v v  S T E P  4: T E S T  OF P R O G R A M  T E R M I N A T I O N  v v v v v w v v v v v v  v v v -v- v v v v v v v v v v v v * v- v v v v v v v v v v v v v v v v v v v v v  v v v v v v v v v v v v v v v v v
I F (L P E R  « G T •N )G G  T O  4 3 0
v v v v -r- v v v v v v v v v v v v v v v v v w  v v v v v v v v v v v v v v v v v v v v v v v v v v v v v v v v v VVVWVV STEP 5 : FOR K  NE. LZi UPDATE NI < I ) j NE ( I 5 i F ( I ) *v*

' V V V V V V V V V V V V V V v V v V V V v V V Vvv  V W V  V V V V V V v V V V V V V v v V V V V V v W  V V W
325 ^ Z J t T E z l-LE-O1GO TO 380 ’ :

J=I330 I=NOT i n TER(LZ j J)
IF(I"NE.LABEL (LPER = I)) GO TO 321 NOTlNTER(LZiJ)=NOTINTERtLZiMN(LZ) )
NlN(LZ)=NlN(LZ)=I J = J»1

183
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331

335
337340

350 • 322 360 362 "363

3.7 0

'380

375

381

GO. TG 370.
B 1 2 3  = K 2 ( L 2 K * H 2 < L Z j I!C 1 2 3  = F (L Z )+D < LZ  * I )D O  335 K = I j N S T E P O ( I )I F ( N C C S T 0 ( I i K ) • G T . B 1 2 3 ) G 0  TO 3 3 7  
C O N T I N U EIF ( Cl 2 3 - F C  ( I i K toI ) ) 3 4 0 i  370jF 3 7 0  L G S T E p {L Zi  I )= N S T E P l  I L Z ) I N ( I ) = I N ( I ) + !  ,I N T E R  I l i I N ( I )  )= LZN C T I N  T E R I L z  i.J J = N O T I N T E R l L Z i N l N ( L Z ) )  N l N ( L Z ) = N l N ( L Z ) toI

gg ilili®  :.•....
U = J + !IF ( J-NIN(LZ) )'33Ci230i 2 8 0  '

v  V  v  V  V  V  V  V  V  V  -r V  ^ V- V  V  V  V - V V V V  V  V  V  V V  V V V  V- V V  V- V  V V  V  V- V  V  V- V  V  V  V  V  V  V  V  v V V  V  v* * * * * * *  S T E P  6: U P D A T E  T H E  S T E P P I N G  C O S T  F O R  N O D E  L Z  * * * *
V v  V *  V V *  V *  v  *  V V  V V *  *  V *  *  v. V V v  *  *  V V V V V V V- V V *  V V V V V V V *  V V V V V *  *  *  *  V V *  V
NC C S T K L Z i  NS T EF K L Z H = M ( L Z )N S T E P 2 ( LZiNSTEPKLZS )=NSTEP2(LZiNSTEPT(LZ))+l IFlNSTEPE(LZiNSTEPKLZ) H L E t M M C O  TO 379 WR I TE(Si 540)GO TO  4 3 0  IFLAG=O 
Kl = I
V v  V V V V *  V V V *  V v  V v  V V V V V V V V V V V V V V V v v  v  v  v  v v  MODIFY Fv(LZiC) v *  V v V v ' 
v  V V V V V V V V V V V v  V V V V V V V v  V V V V V V V V V
DO 323 K=IiNSTEPOtLZ)'IFlNOOSTO(LZiK) •LT*N'2(LZ) )GC TC 382 IF(FGfLZiK) . L f F ( L Z )  )G0 To 382
^ ^ h 6 E lGTlOIGO T0 383
F 3 (Kl)=F(LZ)FJIKII=N21LZ., ..............................
If l a G=IFLAG+!GO TO 383
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' 3 2 2  C O N T I N U E  ' - ■ F3( K l J = F O ( L Z f K )- F 4 ( K l ) = N C 0 S T 0 ( L 2 , K )K l = K l +1I F ( N C C S T O ( L Z f K ) ' G E * N E ( L Z ) I G C  TO  3 8 3  ' I F (K C C S T O (L Z i K + 1 ) , L E » N 2 ( L Z I ) G O  TO  3 8 3  I F l F C J L Z i K + ! ) . G E * F ( L Z ) )G0 TC 3 8 3  • G O  TC 3 S I * 383. C O N T I N U E
V- V V V v- V V V V V V V V V v  V V V V V v  V V V V v  V V V V V V V V V V v  V V V V
Wv-v-v-vv U P D A T E  Ni  ( LZ ) f N S  ( LZ  I f F ( L Z  I v v v v v v
V V V V V v V V V V V V v V V V V V V V V  V V V V V V V V V V V V V V V v V V V V

" F 3 (KlI=FS^KlfciI )
.n s t e h g i l z )=ki■ DO 385 K=IfKlFO(LZ j K)=FS(K) ..............

325 NCOS I Q (LZ>K J=F^(K)
- NS(LZ)=I.£15 Nl(LZ)=I.E15
• F(LZ)=I*E15 ' ^ ' .... .'IF < IN(LZ)« L E 'O )GO TO 310 J = I350 K=I n TER(LZ j J)DO 400 Kl= L O S T E P (KjLZ)iNSTEPl(K)
■ DG 400 KS=IiNSTEPZ(KiKi)-I 

8123=NC0ST2(KfKljK2)+HS(KiLZ)DO 40Q K3 = li NsTEPQfL Z-) .
IF(Bl23.GE.NCQSTOfLZiK3))G0 TO 400 I F ((Fl(KiKliKS!+D(KiLZ) I•L T .F 0(LZiK 3 - 1 ))G0 400 CONTINUENIN(K)=NlN(K)+!NOTINTERIKiNlN(K))=LZ

TO 410

I N T E R  ( L Z j J) = I N T E R ( L Z i I N ( L Z ) J  I N ( L Z ) = I N ( L Z ) = I  ' J=J-I G O  TC 4 2 04 1 0  AlSS=NCOSTl(KiKl!+Hl(KiLZ)ClSS = F l (KiKl'KE)+D(KiLZ I LO S T E p (K i L Z )=KlI F (A l S S - N l ( L Z ) ) 4 l 7 i 4 l l i 4 2 04 1 1  I F (B l S S - N S (L Z ))418 j 4 l S i 4 2 0 '4 1 2  IF(ClSS=FLLZl)4 1 9 , 4 2 0 i 4 2 0  4 1 /  M ( L Z ) = A l S S418 N S (L Z )=BlSS 
415 F(Lz)=C"123. N E X T P T U  L Z i N S T E P K  LZ )i N S T E P E  < LZi NS T E P K  LZ )> )=K K l I S T E P ! L Z i N S T E P l ( L Z l i N S T E P E t L Z i N S T E P l ( L Z l I ) = K I



Ki 2KTEP I LZiNSTEPl (LZ> J NSTEP2( LZ *NSTEP1.(LZ> ) )=K2 420 CONTINUE J = J + !IFtJ-IN(LZ))390,350,310 430 DC 450 J=IiN .. I = LABEL(J)DO 450 K=IiNSTEpl(I)IF(J»FQ»N«ANDiK.EQ.NSTEPl(I))G0 TC 450 NSTEP2( IiK I=NSTEP? ( IiKJi=I CONTINUE
1/T2.2/T2. ____ - _ ___ .3/T2> 'WITH Cl(I'J ) AND C2( I,JiK)i ARE 4T2;'F(IiJiK)=FtIliJliKll+0(IliI)'i 5/T2i'Cl (IiJ)=ClIIliJl!+Hi(IliI)'/6T2i 'Cg(IiJiK)=CS(IliJliKl)+RE (IliI)'/// --3T2i ' I i i4Xj ' J1>4Xi 1K'i6Xi 'Cl 1 >6Xi • C21i6Xi1F'i4XiI Il Ii3Xi 4'Jlii3Xi 'Kl'// ) ,520 FORMAT I TlSi'NO SUCH PATH')540 F O R M A T(TlSi ' THE NUMBER CF STEPPING COSTS HAS EXCEEDING* 1/TlSi'PROVIDED STORAGE LIMIT'//)RETURN-END
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v  X  J1- f  * , K  Jf f  Jf Jf Jf Jf Jf Jf J fJ fJ f  Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Af Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf Jf At Jf f  Jf Jf i f  Jf Jf Jf Jf Jf Jf Jf V Jf Jf j f  Jf At Jf j f  At Jf -V At

SUBROUTINE SELECT SELECTS THE SHORTEST STERpING=COST PATH ■ Fl(Iij,K) SUCH THAT THE TYPE I AND TYPE 2 COSTS-SATISFY. THE
^LO = N C C S T l (Ti J )/SQRT(NC0ST2(I'J i K ) ])*GT.FRACTION*
At Jf Jf Jf Jf j,'. Jf Jf At Jf Jf Jf Jf Jf Jf Ai  Jf Jf Jf Jf A'- Jf Jf Jf Jf Jf j f  Jf Jf Jf At Jf At Jf A'- Jf At A< A* Jf Jf A'- Jf Jf A'- At At Jf A1- Jf Jf Jf Jf Jf Jf A« ¥• Jf V  Jf Ae Jf Jf A'- Jf Jf Jf

SUBROUTINE S E L E C T (N j NS TEPl jN STtR2jNCOSTliNCdSTSiFliNODE*
iDlMENsION0 N S T E P l K O  NNS T E P 2 ( l c !  8 JiNCCSTl (IciS)JNCOSTS(IOiSig) j 
I F K i G iSiS)
REAL NCOSTliNCOSTSiLO 
A = K  El 5NCSTE pi = O .... . . .......NGST E-PS = ODO SC I=NSTEPl( NODE)Jli=I B = L o kiNCOSTTI NODEi I ) • •

- D O  IO J = NSTEP2<N0DE>I) j 1 j =1 ...........  -C = B / S C R T (NC0ST2(N0DEiIiU))IF(C‘GT,FRACTION) GO TO 15 
) CONTINUEGO TO SOIF(A -LEeFl(NODEj I

A = F l (NODEi IiJT 
N o s t E p i =I 
NOSTE p s =J 
A a = C
c o n t i n u eRETURNEND

i J) ).GC TC 20
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SUBROUTINE TRACES THE OPTIMAL PATH F l (NODE *n OSTEPI,NCSTEPS> v
V V V V- V V- V V V V V V v -V -V- V V V- V V v V V V W v v  V V V V V  V V V V  V V V V  V V V V  V V V V  V v  W  V V V  v  V V V V V- V V -Y- V V

' SUBROUTINE P A T H < N# n o d e *NOSTEPl *N0STEP2#NEXTpTl* KIISTE p j K lSSTEpJ 
INPATH* J )DIMENSION N E X T P T 1 (10*8*S )i K H S T E P (IOiSiS) *K lEsTEp(10*8*8>*INPATh(IO)
REAL NC0ST1*NC0ST2 N P A T H (I )=NGDEtnnm ■ ...................... .....................  'DO I G J= 2* N 'N F A T h (J )=NEXT p T I (n p a T H (J * ! >*L 1 * L 2 )IF(NRATHiJ) .EQ«1 ) RETURN -
Ll=KliSTEP(NPATH)J-I)*Li*L2)10 L2 = K12STEP (NPATH ( J=-I ) *L1*L2 )

- -RETURN . . .............  ..-END
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P R O G R A M  TC F I N D  T H E  M I N = C O S T  1= 5 P A T H  S U C H  T H A T  T H E  P R O B A B I L I T Y  O F  T H E  P A T H  T R A N S I T  T I M E  E X C E E D I N G  A V A L U E  2 » 5  o BE  N O T  G R E A T E R  T H A N  A G I V E N  F R A C T I O N  I ^ N t  2 . 0 0 ) .

********* COST MATRIX **********

I 2 2' 4 5

I •COE OO •59E Ol • 60E CO •15E Ol • 10E 16

2 •ICE 16 «OOE bo • 10E Cl • 10E 16 • I SE Ol

3 •10E 16 »15E '01 • COE OO • 10E Ol «53E Ol

4 •10E 16 • 24E. Ol • 10E 16 • 00 E .00 • AlE Ol

5 •10E 16 • IOE 16 • 10E 16 • • IOE 16 • COE OO

G I V E N
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■■ ********* TRANSIT MEAN MATRIX *************

?• ■

I 2 3 4 5

I • • CCE CO »50E CO •50E CO • 50E OO »i o e 16

2 ' •ICE 16 . .OCE Op »5CE CO . • IOE 16 .SOE OO

3 •10E 16 .IOE Ol ' • OOE. CO ' .IOE Ol • i Oe■ -k Ol

4- •IDE 16 ' .IOE Ol •ICE 16 • COE GO .SOE CO

5 • IDE 16 . IOE 16 • IOE 16 • ICE 16 .OOE CO
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******v-#-Y- t r a n s i t  v a r i a n c e  m a t r i x  *************

I ' 2. 3 4 5

I ‘COE OO • 10E OO- • ICE CO • IOE OO •10E 16

.2 •ICE 16 . • o o e OO • COE OC • 10E 16 •OOE CO

3 •ICE 16 • 50E OC • OOE CO • ICE .00 •COE OO

4 •ICE 16 ; »1OE OO •10E .16. • OOE OC •3C E .CO

5 •10E 16 «IOE 16 • 10E 16 • ICE 16 •COE CO
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THE J TH I-I TYPE I STEPPING COST, Cl(IiJ), THE
AND ThEEl^ICsfEpp ING-CO s t 'p a t h ^ f i I i ^J^ k II1 a s s o c i a t e d  
w i t h  Cl(IiJ) AND C2(I,J;K); ARE INTERRELATED SUCH THAT
F iI/J,K)= P iII;J l i K l )+ D ( II; I )C K  I i J i = C K  I l i J l  ) + H K  I l i D  C2( I i J i K J s=CSf I l i J l i K l  ) +H 2(  H i  I)

I J K Cl

3 I I ' ■ *504 I I * 5 O
2 . I I • 505 I I I «00
5 ' I 2 • 1*00
5 2 I I »go
2 2 I 1*50
2 2 2 1*50
S 3 I 2*00
5 3 2 2*00

THE OPTIMAL, PATH WITH MEAN VARIANCE OF t r a v e r s e  t i m e  
IS THE SEQUENCE OF NODES:

CE F . Il Jl . Kl

10 ' *60 I I IIC 1*50 I • I I10 5 -SC I ■ I I10 7*80 2 I IAC 5*60 4 I I10 E * SO 3 I I20 3 • S C 4 I I60 2*10 3 I - IEC 5*80 2 2 I60 4*00’ E .2 2

OF TRAVERSE TIME ' I* OO*40 AND PATH COST 5*61. I 4 5
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