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Abstract:

The object of this investigation was to produce an accurate analysis of the contact stress distribution on
a three-dimensional body. The case presented in this thesis was a photoelastic study of an elastic body
with surface discontinuities, loaded between rigid planes.

A model, shaped similar to a roller bearing, was machined from an epoxy resin and loaded under a
constant weight. The "frozen stress" method was then used in an analysis of the strains (stress) in the
body and in the contact region in particular. Contact stresses were calculated using a Fortran program
of the shear-difference equations and source data obtained from photographs of the photoelastic stress
patterns in model slices.

The results of this investigation were compared with theoretical predictions of contact stresses for a
two-dimensional body of similar shape. The two-dimensional theory predicted higher contact stresses
in the regions of discontinuities than were found actually to occur in the three-dimensional body.
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Abstract

The object of this investigation was to broduce an accurate

" analysis of the contact stress distribution on a three-dimensional

body. The case presented in this thesis was a photoelastic study of
an elastic body with surface distontinuities, loaded between rigid
planes.

A model, shaped similar to a roller bearing, was machined from
an epoxy resin and loaded under a constant weight. The "frozen stress"
method was then used in an analysis of the strains (stress) in the body
and in the contact region in particular. -Contact stresses were’
calculated using a Fortran program of the shear-difference equations
and source data obtained from photographs of the photoelastic stress

_ patterns in model slices.

The results of this investigation were compared with theoretical
predictions of -contact stresses for a two-dimensional body of similar
shape. The two-dimensiomnal theory predicted higher contact stresses in
the regions of discontinuities than were found actually to occur in the
three-dimensional body.

L1,
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CHAPTER I

INTRODUCTION ANb PROBLEM STATEMENT

& rather special problem facing researphnand design people
today, particularly in the bearing industry, is the determination
of contact stresses between eiastic Bodies, Solutions have béen
' foﬁnd by both theoretiéal and experimental means for three-dimensional -
contact stresses.(17,5),l but. these solﬁtions are curfent;y restricted

to a small number of configurations. Unfortunately there is notf a-

vailable a general analytical procedure for solving -the contact stress e

problem. The theory of elasticity.does provide.a system.of differ-
ential eqﬁations that can be solved for three-~dimensional stresses,
but because of their complexity a solution is usually possible only

for véry simple shapes.

In most cases an'exa;t analytical solution to the 6ontéct stress
' probleﬁ is unavailable, and so efforts to solve aﬁy particular contact
problem often turn to the methods of experimental stress analysis.
Since there is little chance of obtaining an accuraﬁevsolution to an
unsolved:configuration by extrapol;ting available e%éerimental solu-"
fions, each new contact problem wi;l usually reQuire a separate in- -
vestigation. As might be expected, the number of experimentalljy-
solved probleas.is small, which makes the need for a rélatively simple

and genéfal analytical method of determining contact stresses obvious..

Numbers in parenthesis refer to the reference list at the end of
the paper. : ' : - o
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The methods of photoelasticity have.proven to be the most
sgtisfactory for expgrimentally detéfmining the contactnstress dis;
tribution in a'threé;dimensionél Ebdy. .The étresées ;ré not usuaiiy
found. for the prototype or body of interest but must %e analyzed in a
"model manufactured out of a special plastic. The stress distribution
in~the‘modellqan.bé shown to be.identiCal to the-stresses'ip the logded

body, éubject_tb certain restrictions explained by Goodier (10).

This épproach.of using a model to determiné the stresses in
-another loadéd body raises important questions onAhow the model must
be construdted'to insure a_simiiarit& in the stress distrigutions.
Obvious requirements are that‘the shape énd loading of the modél be
dimensionally-similar to that of the prototyée. The exact require-
ments of model similarity have been developed in Appendix (&) by - |
»applying the érinciplés of'dimensional apglysisg'the results are
expressed in equations which must be satisfied for the model and pro-
totype to ha&é proportional stresé disﬁributions. The proéortionality

of stress 1s expressed as -

Dimensional aﬁalysis provides a justific;tion ofvﬁhotoelas—
ticity, (which will'be the expefimental method uséd in this paper),
aﬁd illustrates the required conditign model similarity. In general,
an expérimen£al”solution'for_a contact streés:problem cannot be éx-

tended to other configurations. TFor instance, experimental solutions
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for contact sfresses between spheres cannot bé ekteﬂdéd'to find the
contact stresses between cylinders. What is desired, theh, is a
general analytical methddﬂof finding a solution t; the contact stress

problem that is convenient and inexpensive.’

An analytical technique for two-dimensional elasticity has been
‘developed by Blackketter (1) that frées aﬁ.aﬁalysis.of contact stresses
" from the restrzints imposed by the expe%imenﬁal method. Attempts are
being made to expsnd this two-dimensional theory and to deveiop other-
analytical tools for accurately predicting three-dimensional contact

stress distributions.

For the accuracy of any analytical scheme to be evaluated some
reference is needed, éome standard for bomparison. Though the ex~
perimental method of determining stresses by photoelasticity has many
shortcomings, it also has the outstanding strength of_geing.éuiée
accurate., Taking advantage of the accuracy of photoelasticity and
using the hffozen stress' technique, this paper Qill pfesent an inves-’
tigation of contact stress on a three-dimensional body. .The results
willlbe used as a refgrehoe for ‘an éﬁalytidal solution usiﬁg Black-
ketter's method for tﬁe stress distribution on a plane 6f the three-
dimensional body.. It'is hoped that ﬁhe comparison might sgbstantiatg
Blackketter's theory for three—dimensioﬁs or at least suggest new

approaches to an analytical solution.




CHAPTER II
THREE~DIMENSIONAL STRESS ANALYSTS BY PHOTOELASTICITY
2.1 An Oﬁfline of the Erozen Stress Methoa

In the nineteenth century, Max@ell, who was doing research
on torsion, heated an iéinglass cyliqder-and applied a torsional load
to it. After permitting the cylindér to cool under‘load, he found
that the strains remained after the load was removed aﬁd if the’cylin—
der was placed in polarized light it exhibitea a photbelastic'gffect.
This effeét was épparently dismissed-uhtil feéently wheﬁ M. Hetenyi
developed many of the techniques associated with the frozen stress

type of analysis.

The procedufe of freeziné stresses in’ a body for photoelastic
purposes involves heating a plastic model to a certain temperature
‘(referred to as the critical Femperature), loading the model at this
high temperature, and slowiy cooling while maintaining the load. At
room temperature the load is'removed and the strains are found to be
permanently 100kedlor annegled in the model. It is known that these
deformations repfesent an elastic distribution of stress if the yield
point of fhe plastic was not exceeded at the elevated temperature.
Slices‘rQMOved from the model will not significantly distrub theiori—
ginal elastic distribution of stress, ana when viewed ia a polariséope,
produce the same type éf information as a-tyo—dimensional photoelastic
analysis. The isochréﬁatié-fringe patﬁerns répresent the differgnce

in maxifum and minimum normal stresses in the plane of the slice: these




B O N { Y S

el
stresses are referred to as secondary principal stresseé and are
usually different from the principal .stresses. The isochromatics
result from a relative refafdation of light waves passing through. the
slice and so are an integral effect clésely approximating the stresses
on the central plane of the slice. The photoelastic fringe pattern
moré accurately represents the shearing stress on a central élane of
a slice as the slice is made thinner. It'is‘particularly desirable

to make the slices as thin as possible in regioms of high stress

gradient.

2.2 Properties of Plastics"

The physical behavior of the plastic used in three-dimension-
al photoelasticity provides the basis for the experimental procedupe.
The re;uireménts for a material to be used in a "frozen stress" an-
alysis are that the strainsnproduced in the model under load at the
high téﬁperature must remain in the piastié after cooliﬁg and all
strains must represént an elastic streéss distribution. The plastic’
shéuld also be machinablé into thin flat pla%es without disturbing the

original stress distribution, and the strains in the model should

duplicate strains in the profptype (model similarity).

The behavior of plastics that exhibit this property of‘

: locking.in the strains ié explained by-aidiphase theory; .it is:assumed
that the plastic is structured of a completely polymerized internal
skeleton of molecules and of.a surrounding amorphpus'phaSe. The

strength of the molecular skeleton does not change much with tempera~
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ture, but at the critical temperature the amorphous phase becomes

soft and carries only a minute portion of the total load. When the

-plastic model in this invesfigation was heated to its critical tem-

perature of 280°F, the modulus.of elasticity dropped.from 500,000 psi

to 2000 psi.

If the model is slowly cooled from the critical temperature
under stress, the soft viscous component will solidify around the
primary network holdiné 6r locking in the "stress and displagement§
the model underwent when loaded at the high temperature. ~The cooled

model has a stress system in the primary network balanced by stresses

in the solidified viscous phase. Because these stresses are in equil- -

ibrium on a microscopic scale, sawing of the model will not appreci-
ably disturb £he displacements in the plastic. Any planes removed from
such a model will exhibit the photqelastic effect, the only differenée
from the two~dimensional problem being that the birefringence is pro-
duced by the-secondary principal stresses (principal stresses in the

plane of the slice) instead of the principal stresses.

The properties of certain plastics.that permit an éla;tié
stress distribution to be.frozen into a loaded model ané-slices to be
cut from the mode% without disturbing the stress equilibrium make a
three~dimensional analysis possible. Photoelastic data obtained from
certain slices in conjunction with the shear-differénce equétions (sée

Chapter 4) make it possible to deterhine all six components of stress

at any point in the body. In the case to be considered in this inves-
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tigation, all that is required is one normal component ~- the contact
stress. Because it_is not possible to determine this stress direétly
in the contact area: i.e., on the loaded surface, a somewhat indirect

method as explained in Chaptéer 4 will be used.

2.3 Requiréments of a "Frozen Stress" Analysis

Although the aetailsAof a photoelastic analysis will vary
from problem to problem, the general procedure usually involves the
construction of a model out of plastic, determining the optical pro-
perties of the:plastib, loadihg and freezing a défofmation into the
plastic, slicing, recording the isoclinic and isochromatic f?inge
patterns, and the reduction of the photoelastic data into meaningful
graphs. The“basic‘equibment requireq for .carrying out these steps in
a three—dimeﬁsional analysis includes a polariscope, an annealing oven
with programmed te@peraﬁure EOntrol, loading framg, machine tools,

polishing wheels and photographic equipment and darkroom.

~




CHAPTER III

MODEL CONFIGURATION AND FABRICATION

3.1 Model Configuratién
'The model configuration of a neafl& rigﬁt Eircular cylinder.
with ena tapers:that was used in this analysis is shown in Figure 1.
The‘seléotion of a configuratioh took into account the limitations of
the two-dimensiohal analytical solution that the.results of this paper
were to be compared with, optical and materiél properties of the plas-

tic, and the difficulty of accurately machining the model.

Restraints on the two-dimensional theoretical development
required that the @aximum deviation from contact of the sﬁrface of
'the elastic body be of the order of the magnitude of the maximum
strain displacement in the body. Also, the surface-defining equations
must be continuous fﬁnctions of position and £heir derivatives should
“be smali. These limitations require that the slopes of all points on
the surface be small but permit such complications as changes in cur-
vature of the surface and transitions from a plane surface to a

curved one.

3.2 Selection of a élastic
Perhaps the most important perfo;mance feature of a photo-
élastic material ié its optical sensitivity; this propert& is expreséed
as the amount of shearing stress requiréd to produce a fringe. High
optical sensifi&ity in a plaétic is shown by é low fringe contrast.

For instance, epoxy resin and plexiglass have material fringe con-
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Fig. (1) Model Loading. Contact stresses were calculated by the two-
dimensional method of ref. (1) for the central plane ABCD of the model.,
Plane PQRS is the longitudinal slice removed for the analysis.
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stants, f, of 30 psi;in./fringe and 380 psi-in./fringe, respectively,
showiﬁg that the epoxy is almost 13 times as sensiti&e to stress as
plexiglass. The ratio of thé material fringe constant to the modulus -
of elasticity of the material is a common way of evaluating the de-
sirabiiity of a three—dimensionai phofoelastic plaétic. Thié rafio

gives a term commonly referred to as the figure of merit.

Q = B/f
'Q = Figure of Merit
Other qualities of a plastic being equal, the highest figure.of merit -

indiéates the most desirable model material.

An ‘epoxy, Hysol 4290, was finallyAsettled upon and ordered
from ghe Hysol Corporation. The material, ordered in a cast cy;inder
4 in. in diameter and 36 in. long, satisfied the above requirements
in addition to other importanf Qualities of a photoelastic material
such as cost, avajlability, and a minimum of creep and time edge
effects. The resin had a figure of merit of about 2000/.603 = 3320 at

the critical temperatufé, which made it more desirable from the op-

tical standpoint than any other material considered.
3.3 Model Fabrication
The model shape‘used in this investigation is shown in

Figure 2. Ease in machining this model to close tolerances and a

.straightforward formulation of the analytical computations were de-

ciding factors in choosing this model configuration. The cantact
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configuration of the two-dimensional contact stress problem solved

analytically.
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problem was selected to be the tapered cylinder loaded between two
rigid planes; this condition was approximated by loading.the elastic

~body in diametral compression between two steel plates.

To obtain the ﬁecessary photoelastic information, a model
had to be machined, loaded and anne%led, and theﬁ sliced before the
analysis could be madg. Using a high'cuttihg speed and an open skip-
" tooth blade on a bandsaw, a 7-in. length was first cut from the cast
cylinder, providing>enough material for both a modél qnd-the‘necessary
calibration disk. After annealing to remove any residual stresses,.the
piece was turned to a right circular cylinder. Tapers wére then cut
on each end with the taper'attachment, Jeaving enough_matérial in the
center section for it to be turned_down to the design width. This
material is highly abrasive, guickly dulling and even burning tool steel
cutters., Since the surface finish deteriorated so guickly uéing tool
steel, it was found to be a good practice to use.only a new carbide
tool reserved for work on these models. A cutting speed of 680 feet

per minute was-used along with a slow feed of .5 in. per minute to-

produce an excellent surface finish.

Affer machining, ‘the actual.taper runout and other physioal
‘dimensions were measqred on an optical comparator that was accurate to
within + 0.0001 in. Because the taper runout Was_so‘hard to set ac~
curately and machine on the lathe to the tolerance required, + 0.0005
in., it was sometimes necessary to machine the surface configuration

two or three times before symmetry was achieved.
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3.4 Model Loading ana Slicing

Loading tﬁe model.while.it‘was being annealed meant that a
special loading frame had to be designed and built. A constant .weight
loading arrangement was designed»and built and appears iﬁ Figure (3).
Both the loading frame for the médel and the calibration disk were
fabricated from channel and angle iron. For the model loadiﬁg fraﬁe
the uppér bar'was constréined to move vertically b& rollers on each
end, horizontal movenlent was controlled by a set screﬁ througﬂ the
left vertical support. Ground steel plates were écrewed-to the chan--
nel for flat loadigg surfaces witﬁ pieces of plate glass placed be- |
tween the steel plates and the model in an attempt to reduce surface

friction.

The small calibration frame, seen to the left of fhe model
loading frame in Figure (3); waé made specifically for disks to be
loaded in diametral compression. Scribe marks on fﬁe frame and disk
in conjunction with the parallel flat clamped to the rear of the frame

insured correct placement of the disk for symmetrical loading.

The model was loaded by placing weights across the upper
charinel and on the auxiliéry,loading flat. These weights Weré'posi-
tioned prior. to starting the annealing or freezing cycle and held off
of the model by nuts on the threaded vertical suppdrts. The model was
heated slowly to the critical temperafure of 280°F at a ratéléf 10°F
‘per hour so .that induced thermal stresses would be kept éo a minimum.

After the critical temperature had begﬁ reached and the model was in
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thermal equilibrium, the oven was opened and the'npts loosened so that
the upper_chanﬁel rested on the model. Loading of'the calibration |
specimen at the same timg was handled b& removing a support that kept .
all wéight off of the disk; in this way, both model and diék.ha@:the
same temperature and loading history; Two hours elapsed at a con-
stant temperature‘of 280°C- before load was applied; then the model

was soaked fpr four hours before cooling beibw the critical tempera-
ture. The model was cooled at a rate of 5°F/hr. to room temperature.
This same cycle was used as én"énnealing cycle. to relieve residual

stresses from the cylinder before machining.

The final step after ”lockiné in" the stresses prior to .
recording photoelastic data is the removal of certain planes from the
model. The selection of these planes is e#plained in the secﬁion on .
reduction of data. The model was sliced in a milling machine using a
3/16~in. alternzte-tooth side milling cutter, Figure (4-b). A4 four—_'
jaw chuck was used to hold the work for the longitudinal slice. The
slowest feed speed of the milling table of 1/2~inch per minute was

used along with a cutter speed of 142 feet per minute. Higher cutter

speeds induced chatter and resulted in a poor surface finish.

3.5 Recording Isoclinics and Isochromatics
The photoelastic data consisted of photographs of the iso-
chromatic patterns and of sketches made on trécing paper of the iso-

clinic lines (Appendix (C) ). To obtain this data the slicing plan shown
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in Figure (5) was followed, each slice being analyzed in the polari-
scope in exactly the same manner as if it were a two~dimensional

problen.

Isoclinics were recorded first -to provide a reference in

using Tardy's method of compensatidn for determining fractional fringe

orders. Isoclinics were traced over the image thrown on the ground

.glass camera screen in a Pplane polariscope setup. Extreme care was

taken in finding‘isoclinicﬁcurves so that later computations iar
shearing stress would have as sﬁall an error as possibler Isoclinic
curves often appeared in the image as broad black bands, making it
difficult té accurately find the,éctual center of the line. To aid
in traFing these lines the paper was taped to -the top of the screen

so that it could be lifted and the image viewed directly. Points were
then picked that lay in the center of thg curve and their positions
carefully notéd on the screen; thelpoint was then transferred to the
tracing paper and its position rechecked. After several poiﬁts were

located, particularly in the contact region, a smooth curve was drawn

and the final line again compared with the image.

Drawing the isoclinic lines for the top longiﬁﬁdinal élice
was difficult because of the végue~appearancé af the cﬁrves. For an
idea of the general éositions of’these lines, the slice was.watched
durihg several rapid,:otatiqns of polgrizer and analyzer. This-pro- '
cédure gave an idea df.the isoclinic deve;opment; each isoclinié line

was then sketched on a separate sheet of paper and a final sketch was
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Fig. (5) Slicing Plan, A typical line of
integration CD is shown for a subslice, The
arrow indicates the direction of the polarized
light. Fringe photographs for these slices
are presented in the appendix.
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made of all lines on one sheet. This last sketch was a valuable guide

in sketching isoclinics under high magnification.

A consideraﬁle reduction in time and effort was effected by
making the isoclinic diagraﬁs quite large for the regions of interest
and then ﬁaking isochromatic prints to the same scale. The lines of
integration were.then drawn on the photographic ﬁrints as in Figure

(6, and the isoclinic tracing fastened over the print.

Isochromatics were evaluated using a monochromatic light
source, circular pqlariscqpé, and photographing the resulting fringe
.pattern. Tardy's method of compensation was used tOvdetermine fractién—
al fringe orders to with i_l/25'fringe (11). This method depends upon
the fact that if the axis of the polarizer and analyze? are aligned
parallel ﬁo the directions qf the principal stresses in the model slice,
a rotation of ﬁhe analyzer will giveAa.proportional_shifting of the
fringes to a higher or lower order. if‘the polariscope is aligned to
find the fringe order at a point and a rotation of the analyzer from
a dark field'éetup meves the fringe through the point towards a highér
order fringe, the-fringé order is found from the relation

n = lower order fringe +.-angle-§§orotatlon

. If the fringe moves from the higher order to the lower order fringe
the following relationship is used.

n = highes order fringe- o08LE ;’gorotatlon
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The fringe order for a rotation of 90° of the analyzer

n = fringe order 90 fringe order + 1/2

180

is just the relative retardation observed in a light field polériscope.

A limitation of the above method of compensation is that only frac-
tional orders of fringes can be found. The absolute magnitude must
be found from a knowledge of the- fringe pattern, examination in a -

plane polariscope, or compensation by some other method.

3.6 Equipment

A great deal of effort was spent trying to get 2 parallel,
uniform field of light and high fringé resolﬁfion. .The original polar-
iscope left much to be desired in these respects and many different
setups were tried before a final arrangement was settlea upon.. The
final polariscope setup is shown in Figure (4-a). For a uniform field
of light a diffuser made of sanded Luqite was placed over the hole used
to approximate a point'source of light. The effects of parallel light
needed for a-sharp boundary and good fringe definition was apprgximated
by making the distance between the condensor lens and model slice as
long as possible and by stopping down the apefture of the ‘camera lens.
These techniques made poséible a clear resolution of friﬁges in the

region of high stress gradient (11).

Light and dark field isochromatic fringe patterns were re-
corded on photographs, two for each transverse slice and two for the

longitudinal slices. Kodak contrast process panchromatic film was
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developed in HC-110 developer for'maximuh contrast negatives. Prints

were made on Kodak medalist F-4 photographic paper. Exposure time

ran up to 30 seconds with a shutter opening of f-32.




CHAPTER IV

COMPUTATION OF CONTACT STRESSES

k.1 Shear-Differeunce Equations

A complete solution of the three-dimensional stress problem
requires the determination of the six independent cartesian stress
.componeﬁts from six equations; however, this investigaticn is con~
cerned with finding only contact stresses. The orientation of the co-
ordinate system, Figure (1), makes the problem one of finding a& along
the contact surface. Of the methods available, the shear-difference
.method, which has been used extensively in two-dimensional elasticity

(7), was chosen as being the most direct and least troublesome for

the determination of the contact stress distribution. -

The shear~difference method utilizes the equations of equi-
librium from the theory of elasticity. Neglecting body forces, the

equilibrium equations for a three-dimensional body are

0%, T, P
2 ¥ 2 2z
20 oC T

2, —— 'Xy+£zy=o
2V g x 2z

5 29 4 rﬂ”'xz aryz -

R a x 3y
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Fig. (6) Subslice No., 3. Dark Field photograph of transverse
lice no., 3 and the lines along which (Tuy) i

ug av...
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Assume that the distribution of stress is known and let
points i and j bé general points in the body, Figﬁre (5). To deter-
mine one normal component of stress at;a point, only one of the-equi—
librium equations need be solved gecause the orientation of a co-

ordinate system is arbitrary.

Thus, equation 3 can be written in the form

I 50 o, I 5t
9XdX = = ——é'ldx - -_'—?-{%:_dx
g 9% i v by 20

resulting in

i T, {3
Lk, (o), = (o), - —2L ax - T 4z
X i 5 2y 5 3 2 ax

Bquation 4 is referred to as the shear-difference eguation and by
rewriting it in finite difference form it will be of most use in

this analysis.

‘AT’ X J Arrzx
5. (0, = @) - E—gy—gm -§~AZAX
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Calculating ((yx)i usually requires an analysis of photo-
elastic data at the free boundaries of the model in the Xy or xz planes.
An initial value of (O ). was calculated in this‘analysis from a trans-

verse slice of the model, see Figure (7).

On a slice in the xy plane

where p and g are secondary principal stresses and n is the fringe
order at a particular point. At thé boundary, p becomes zero and g

is found experimentally to be compression; therefore -

7. -q = oanF

Fringe values n were taken from graphs of shearing stress
distribution along the x axis, see Figure (8). To determine a value

of cfx an infinitesimal element was examined at the boundary of the

_slice, Figure (7). Summation of forces on the element gives

C 2 2
8. ( X)O = g cos ©@ = 2nF cos ©

If a curve were to be plotted of the rate of change of

o
2 §x

- j
shearing stress in the xy plane with respect to y, the j’ >y
: i

T

term would represent the area under the ~—Z§%- curve plotted as a
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' ‘ i o7,

function of x. In finite-difference form the integral b[ ——;§§~ dx
R 1
J AT, .

may be expressed as 2; -—:z-y Ax. To best approximate the area

i

9T'xy .

under a curve of ~*5—§- a mean value of zyfxy is used, a value

located halfway between points i and j.

Graphs of shearing stress along auxiliary lines 4B and EF
(Figure (6) were drawn, Figure (8), from photoelastic data and the
g 3 P
AZ’xy distribution was plotted as a difference in these curves. A

value of AT
. xy

A~

was taken from the graph of .AT;y halfway between
neighboring points i and j. The A x and Ay terms are the distances

between i and j and the auxiliary lines, respectively. Similar com-
' A

Tlxz
AX
-

o

putations in, the xz plane yielded a value for thezz

term in equation 7. Complete information for determining z&T&y and

AT,, is given by the curves of Figure (8).

Care should be taken in using a sign corvention for zifxy,
A Xy, AY, and Az. For the right-handed coordinate system us=d, A x,
ANy, and’A z will have a positive value when integrating from i to j.

The sign of ZST%y and AST%Z deperids on the magnitudes of shearing
stress on the auxiliary lines.

Computation of 0; vas done with the aid of the computer program
in Appendix (D). The normal stress component 0} at a general point jJ

can be calculated from values of Cf% and photoelaétic information in
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Fig. (7) Surface Element, Examination of an
infinitesmal element at the free boundary of
a transverse subslice to determine Oy.
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x axis to same scale as fig (7)
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Fig (2) Photoelastic data for
transverse subslice
no. 3, xy plane

CURVE I (p-q)/2 on line AB
CURVE II (p-q)/2 on line CD
CURVE III (p-q)/2 on line EF
CURVE 1V TXy on line AB

_N\\\\\\\\\\ CURVE V 1 on line EF
Xy
111 CURVE VI ATxy
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‘the xy plane from the equation
(0 - o). = (p-q). cos® 6.
X y - J - J
9. (O'.). = (&), - 2n.F cos® @,

v x’] 3 J _ ;

Values of ny had to belcomputed below the surface because
the fringes photographed ig the model slices pepfesented an average '
stress assumed to exist at the center of each slice. If the longi-
tudinal slices afe approximately_o.l in. thick, the sheéring stresses
computed from the fringes in Figure (9) will represent.vglues of 7:xz
on a plane of .05 in., below the contact surface and values calculéted

for O;'in equation 5 can be no closer than this to the contact

surface.

4.2 Sample Computation
As an example of tﬁe computation of &V& at a point on the
line of integrafion, consider slice #3 in Figure (5). Assume that cfx'
has been found for a point on the line CD, that will be designated as
station 9, and cfx is to be calculated for statién ld. .Compleﬁe photo;
eléstic information is given in Figure (8) and Figure (10). Using

shear-difference equation no. 5

= (& - AT Lx - Ax
(dx)lo .( x)'9 A Xy * AY sz Az
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* x axis to same scale as fig (7)
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Fig. QO Photoelastic data for line no. 3, xz plane

CURVE I Ty OO line qr
CURVE II T on line mn
Xz

CURVE III At
XZ
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As has been mentioned, mean values of AT must be used. Taking

values from the graphs of ziégy and ZYgé in Figures (8) and (10),

respectively
AT = 1.30 fri = (1. ; .87 B
£ - 30 fringes (1.30 frlngés). (2.87 fringe)
= 3.73 psi
T L )
pAY o 0.53 psi -

Moving from point 9 to point 10 along the x axis gives a &x
AX

of 1/4 inch. Values.of X nd ~=~ are found to be
! Ay ] Az

Ax _ 250 _ .625

Ay 40O
Lx 052
az = 5 = P
and 0; at point 10 is
(0;)ié ='.-l7.98 - (3.73)(6.25) - (~.53)(.138)
= 20.23 psi
'Equaﬁion 13 gives (5&)10 = (f;)lo‘ - 2nlo F cos 2&910

The fringe order at point 10 on line CD is found from Figure (8) to be

n, = 4.68

For slice no. 3 the model fringe value is

F = 2.87 ‘
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and the isoclinic parameter
o = 63°
The isoclinic parameter is found from Appendix (C)e The

model fringe value F is calculated from the méterial fringe value f

and the thickness of each subslice, using the .equation

=
i
(.UH,

For slice no.

psi_~ in
.603 fringe

~.210 in.

2.87 I_)E_l__.__,_

fringe

2
n

Now.calculatiﬁg Lc§ at point 10~

(€); = *-h.b3 psi

- This sample calculation is.a summary of. the computing procedure.-

A printout of values for oa_located on a plane .05 in.

below the contact surface of the model is found in Appendix (D).
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CHAPTER V

EXPERIMENTAL AND ANALYTICAL RESULTS

5.1 A Comparison of Experimental Resulté with a TWd—Dimensional

Analytical Solution

A.solution for- the contact stress distribution on the cen-
tral yz plane of the model, using a two—dimensional analytical method,
ref. (1), is compared with the three-dimensional experimental results
of this investigation in Figure (11). In the graph of expgrimental
contact stresses the values plotted for the surface were taken from
. the expefimental results on a plane 0.0Sﬂin. below the contact sur-
face. It is seen that the fheoretical solu?ion contact length.was com- -
puted to be the same length>as that found éxperimenfally. The area
underethe two~dimensional curve was made equal to the area under the
experimeﬁtal cufﬁe, so that the actual loading of.£he modelland the
assumed 1oading in the theoretical case Qere equal., .By dividing these
areas by the-commoﬁ contact length a mezn stress can be foﬁnd. Com~
paring the maximum tTheoretical stress to the mean stress and the maxi-

mum experimental stress to the mean stress gives

1b

..G/ ———

.. " max . 86.2 in
1. Theoretical comparison P = T
mean —_—

: Lz,3 in
TR 1b_

o

. L max 63.0 3n°
2. Experimental comparison = T T
me_‘an.l N "-2

43,3 in
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start of taper

11 CURVE I Experimental contact stress
distribution

CURVE II Theoretical contact stress
distribution

mean stress

End of contact

z 1ok

Fig (11) Comparison of theoretical two-dimensional contact stress distribution
for the surface configuration of the central plane of the model
and the experimental results on that plane.
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The ratios of maximum streés to mean stress and the curves
of contact stresses in Figure (}l) show the twq~dimensional solution'
to give a much highe; stress cgnceﬁtratioﬁ than was found to exist in
‘the three-dimensional model."'Referring to Figurg (11), it appears
that the plane stress probiem is moré,sensitive to changes in the sur-
face slope than is the three-dimensional case. The three-dimensional
experimental resulté indicate.a more even distribﬁtion of stress over

the contact surface than is predicted theoreticaliy by the two—dimen-‘

sional solution.

When observed in an optical comparator, it appeared that
the maximum width of the.confact area in the xy plane occurred about
.1 in. before the taper began in the centrzl portion of the slice. In
Figuréb(ll), the two-dimensional theoretical solution predicts the

maximum stress at the taper or shortly after the taper began, which

does not quite agree with the experimental results.

The contacf stresses on the surface were approximgted by extending'
the.experimentai stresses found on the plane of integration ;o.the sur-
face. (The plane of integration on which all experimeﬁtal values were
calculated is located .O5tin. below fhe contact.éurface.) Three pro-
perties of the stress distfibution on a transvérse subslice of unit
thickness, were uséd to make this extension of normal stress componentﬁl

0} to the 'surface.

By carefully meésuring the contact width in an optical comparator

it was possible to plot the point where the contact stress distribution
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goes to zero. In this investigation the relative magnitudes of the
contact stresses in fhe central portion of the contact width assured
a fairly accurate curve définition. It was assumed that the contact
stress distribution had essentially the same shape as  the normal
stféssés on the plane of integratién in the region where the values

d‘e&waelmg&

The third consideration was a requirement. that the stresses
on the plane of integration be in equilibrium with stresses on the con-
tact surface.  Integration of the subsurface stress curve yielded a

value required for .the area of the contact stress curve.

The contact stress distribution in the xz plane was obtained
by using the shape of the curve on the plane of integration in regions
of high normal stress, fequiring that this.cﬁrve'go through-the point‘
where contact ends, and scaling the curve so that its-area as measured
with a plainimeter was equal to the nét area of the nérmal stresses
on the plane of integration. This resulted in the contact stress dis-
tributions pictured in Figures (12-16). It is thought fhat these
distributions cl&sely approximate the trqe contac£ stresses.

A static equiiibrium check was madg on the experimental re-

sults by computing the approximate total volume under the predicted

contact stress distribution and comparing it to.the known léading.
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- End of contact width
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‘ 5 Plane of integration
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&
)
/ \X~1 ne.
x axis scaled from isoclinic
sketch fig (22)
20T I Fig (12) Slice no. 1
CURVE 1 Experimental stress distribution
on plane of integration
CURVE II Predicted contact stress on
40 T surface
60 T
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End of contact width
//f_ Plane of integration
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X axis scaled from isoclinic
sketch fig (22)

Fig (13) Slice no. 2

CURVE I Experimental stress distribution
on plane of integration

CURVE II Predicted contact stress on
surface
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Fig (14) Slice no. 3

CURVE

CURVE

I Experimental stress distribution
on plane of integration

IT Predicted contact stress on sur-

face
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Fig i(15) Slice no. 4

CURVE I Experimental stress distribution
on plane of integration

CURVE II Predicted contact stress on surface
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CURVE I

CURVE II

X axis scaled from isoclinic
sketch fig (22)

Slice no. 5

Experimental stress distribution
on plane of integration

Predicted contact stress on
surface
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b,2. Conclusipﬁé
The three—diﬁensiqnal experimenfal results of this paper
cannot be predicted accurafely by fhe two—dimensiéﬁal theory of ref-
erence (1). In geneval, the contact stress,distfibution in three-
diménsional problems.differs significantly from two—dimensipnal soiu—
tions. However clever and ingeneous the assumptions, it does not
seem possible to accurately predict the contact strgs;es on a'three~

dimensional body using two-dimensional solutions.

It is believed that the results of this paper provide an
accurate reference for comparison with analytical methods for predic-

ting contact stresses on three-dimensional bodies.
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APPENDIX A

MODEL SIMILARITY BY DIMENSIONAL ANALYSIS -

A list of the variables that uniquely define the stress.in a
body is nécessary before a dimensional énalysis can be made. A‘list
of defining parameters for the externally loaded elastic body in-

this inyestigatidn would be expressed as

(s,x,y,z,E,u,a,rl,ra, . . .,P,rl',ra', . . .,rl”,r‘”, . e W)

a = characteristic length

P = a reference load
E = Young's modulus
u = Poisson's ratio

X,¥,z = coordinates.
s = stress
. = ratios of all 1ehgths to a

rl,ra, o o

ratios of all other loads to P

ri',rz', o o

rl",rz”, . « . = ratios defining directions

All of the quantities in this'list can be defined by a force P

and léngth'a, two fundamental units in the standard engineering system -

_of units.

‘The idea in a dimensional analysis of a physical sysiem is to
arrange all of the defining parameters into groups so that the units
“in the numerator of each group cancel the units of the denominator._

Such a grouping for the above list. would be
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< .
- = .= u —_— T r e s o', T
P ,a, a, 2, ' Eaz, i "2 1°?

2', . ».
These groupings are now made into equations that show the relationship
between variables regardless of the specific case under consideration;
Buchingham, one of the original investigators into this type of anal-
ysis, came to the conclusioﬁ that the number of independent aimension—
less groupings was equal to the number of system parameters iess the
numbexr -of fundamental'units.2 THe resulting stress formula for.the
systen considered in this paper, expressed as a functioﬁ_of the in-~

dependent dimensionless numbers, is '

2 .
B2 & XXy E_ Yoy Ty o o ag Vg 'y o o oy, roMyel Mt L,
P ay ay a, ' p2 1772 1Y T2 Yy e
, _ .

All stress formulas for elastic bodies must take the above form.
For a model to have exactly the same stress distribution, all of the

above terms on the right must be the same for both the model and .the

.)

profoty@e. Dimensional analysis indicates: that the ratio of model stress

to prototype stress is ‘directly proportional to the ratio of Young's

modulus.,

2 This is the Buchingham =77 Theorenm.




APPENDIX B

DETERMINATICN OF MATERIAL FRINGE VALUE

.In the usuzl statement of the stress-optic law written in terms

of fringe order
max

where F is known as the model stress fringe value, one of the basic
photoelastic constanfs. However, F is an expression for the bptical
proverties of a payticular‘model, or in this case, a particular slice
from the "frozen'" model. This model fringe valué can be.related to a

material fringe value

f.
Fo= t

where f is the fringe value of a model of unit thickness.

The matérial fringe jalue is found by solving soﬁe simple stress
" problem theoretically such as a beam in pure bending or a standard
tension specimen, and relating the theoretical solution to’thé fringe
pattérn in 2 photoelastic model. In "frozen stress" work, the cali-
bration piece should have.exactly the same loadiné and temperature his-
tory as the model, insuring that optical gffects of the plastic such

as creep and rélaxation are aﬁﬁomatically accounted for when slices.
from the model are anal&zed. The mate?ial stress fringe value should °
be calculated at the same time that slices from the .model are photo-

graphed.,




7o

" Since most of the mbdel machining was done on the lathe, it was
a simple job to'turn a disk off of one end. The stress distribution.
for a disk in diametfal.compreSSion has .2 theoretical solution that
is easily correlated. to e%perimental results. Durelli (4), mekes such
~a correlation and expresses £he material fringe value f as

Lp g(EJ

£ = Dn D

In this investigation these variables had the following values:

g(%) = a function usually evaluated at the center '
of a disk g (0) = 1 .or midway between the .
center and boundary g (.25) = 0.480

P = load = L4.73% 1bs.

D = diameter = 2.08 in.

n = fringe order along a horizontal diameter taken

from the graph in Figure (18) = 2.30

The material shear stress fringe value is then

(L) (473 1bs.)
4~ (2.00 in.)(2.h) (.480)

.603 psi - in./fringe
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Fig (17) Dark (a) and light (b) field
photographs of calibration
disk




fringe order n

..1;9_.
5
4
3
2
1
825 sl W s 1
x/R

Fig (18) Fringe order n on a horizontal radius of the
calibration disk, photoelastic information was
taken from the photographs in fig (17).




APPENDIX C

PHOTOELASTIC DATA
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Fig (19) Dark (a) and light (b) field photographs
of longitudinal slice
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b. Subslice no. 4
c. Subslice no. 3

d. ' Subslice' no. 2
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Light field photographs of transverse subslices
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APPENDIX D

COMPUTER PROGRAM FOR CALCULATING :); AND RESULTS
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SCHARER Fortran program for computing
o2 (SIGMAX) and OY (SIGMAY)
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>E 204
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