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Abstract:
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Chapter 1
INTRODUCTION

Many machine elements makeléontact over extremely
small areas, for exémple’cams; gears and 5¢arings. One
member 6f this group for which stresses rise steepiy'in
the vicinity of the contacf region is ball bearings. Since
bearing failure is related to both the normal and shear
stresses, the éontact stresses ére a major faétor for the
determination of the life of ball bearing elements.

The work presented here not only treats the non-
conformal contact étress problem, as has been the case in
mosf past investigétions, but dlso includes the effects of
surface friction. Curved surfaces are non-conformal if éil'
dimensions of the contact region are small compared to the
smallest radius of curvature of either of the surfaces.
Mosf bodies can be treated as non-conformal as long as
there are no sharp changes on the surface. The assumption
of,non—&onformal surféces allows the contécting elements:to
Be treated-as flat flates.as far as the stress-strain
relationships are conéerned.‘ )

The problem of contact stresses. in the'caseJof'three
-diméhsional elastic surfaces has'beén studied by several

investigators. Hertz (6) solved the three dimensional
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problem of contacting, non-conformal, frictionless eiastic

surfaces for the class of surfaces that can be mbdeleduas,

gquadratic near the contact point, A considerable number
of investigators have expahded Herti'é work in an effort
to solve problems that can not be modeled as quadratic
surfaces. Mow, Chow and Ling (13) assumed the'surfaces to
Se fourth order parabaloids and had some limited success.
Cattaneo (4) solved the axi-symmetric contact problem for
the special case in which the 'profile function"(profilé
function is defined in the next chapter) is giveﬁ,by |
| F = AL¥R¥#2 + AQ¥R®#Y ' (1.1)
Blackketter (2) developed a method for determining the

contact stresses between finite two-dimensional élastic

bodies in which the surfaces considered are nearly rectan- .

gular with small déviafions from the rectangulér shape.
Conry and Seireg (5) proposed a solution, using lineaf
programming, in which a number of candidate points were
picked on the contact surface, andlthe pressure diStfi-
bution is approximated by diécrete forces at these points.
Kalker and Randen (7) froposed a general Qariétional
principle for.both linear and nonlinear'elaétic'contact;

Singh (15) devised a method to solve fhe.éontact

+ All ‘equations are written using FORTRAN language .
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problem in which the surfaces are frictionless and non-
conformal but otherwise arbitrary. In his work the contact
.region was divided into_célls and the normal stress distri-
bﬁtion was approximated by a constant preésure inside each
cell. With this technique Singh was able to solve a large
.nuﬁber of contact problems, although he found the problems
to be 'ill posed’ in thé sense‘that numerical difficulties
were pfesent. ' '

- In the work described in this thesis a formulafioﬁ of
the problem of a rigid sphere in contact with an elastic
half-space is made. The surfaceé are non-conformal and
can be modeied as quadratic as in Hertz's work, but the
surfaces aré not frictionless. Wheréas previous work hasl“
dealt Mainiy with frictionless surfaces and therefore only
considered nérmal surface stresses, the present work deals
with the prediction of the normal stress, shear stress and
the slip-stick region. Typical values of sliding coeffi-
cients 6f friction for metals in contact range from 0.04
to over 1.0. . The value of the coefficient of friction can
"have a significant effect on the contact stresses.

The problem considered here is that of a rigid sphere
in éontact with an elastic half-space. The sphere is nét

allowed to rotaté and the only reiative motion between the.
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two bodies is a rigid body translation of the sphere toward
the half-space. A rigid sphere is used in order to simpli-
fy the problem. In addition a rigid sphere causes the
maximum shear stress between the two surfaceSQ' The
problem posed is seen as the first step in the prediction
of the surface stresses between the rolling-bail énd the
race in a ball bearing. |

The method ﬁsed for thé solution of the'pfoﬁlem is a
form of the éollogation techniqge_in which the stress
distributions will be approximated by a series of circular
disk loads. 1In this méfhod the displacements of theée half-
space are initially assumed known. Using these 'known'
displacements the stresses are fdund. A method is then
devised to approximate the surfaEe”displaceménts by a

stepping process.




Chapter 2

FORMULATION OF THE CONTACT PROBLEM BETWEEN A RIGID SPHERE
AND AN ELASTIC HALF-SPACE

2.1 The Physical System To Be Mpdeled
| As was stated in the introduction, the system
.considered is that:df a rigid sphere and an elastic half—
space. Cylindrical coordinates are used to describé'the
system,as shown in Figure 1,with the origin at. the initial
contact point. The R and © axes lie in the_surface plane
of . the half-space and the Z axis is positive into the half—
space. The radius of the sphere is Rl. The distance from
the half-épace to the sphere as measured in the Z direction
is a function of the radial distance R from the origin and .
is known as the profile function F which is given by |
| F(R) = R1 - SQRT(R1%#2 - R#%2) S (2.1)
If an external force acting along the Z axis is '
applied'to'the cenfer of the SPhere,.this force tends to
push the sphere into the half-space and deform the surface
of the half-space. The two bodies are.no longer in
contact at a point.but are in contact over_a\circular
regioﬁ. Since the pfobiem'is axially symmetfic, displace-
‘ments of the half-space"are'in the R and Z directions only;

As the half-space deforms stresses. develop in the half-




Initial Contact Point
—= X

Z

Figure 1
Cylindrical Coordinate System In Half-space

0 Profile Function

—

Figure 2

Profile Function Between A Sphere And Half-space
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space and between the two’ bodies, which include both normal
and shear stresses. |

The force resulting from the intégral of surface
stresses over the contact région is equal in magnifude'to_
the externally applied force.

Surface shear stresses develop between the rigid
u éphere and the elastic half-space since the half-space
tends to be pushed away from the originvin the radial |
direction. Friction between.the sphere and half-space
tends to keep that part of the half-spaée in contact Qith
the rigid sphere from moving. If bofh bodies were of the
same material and therefore had the ééme elastic propertiés,.
no surface shear stresses would be developed since each
would have the same radial displacements. The radial
displacements would be the same for each body if.the
problem is considered as non-conformal. - With the assumptién
of non-conformality the displacements are those of a half-
space in both thé sphere and half-space. If both bodies
were elastic but with differént'properfies; surface-shear
stresses would develop. but the shear stresses-would‘ndt be
as large as in the case. of a rigid sphere ahd ah.elastic
.half~spac¢,‘ As the épproach distance is.inereased,.points

on the surface of the half-space not in the cpntaet'région
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are displaced in the radial and normal directions. When
these points eventually are included in the'cohtact'region
their'previous displacements have an effect upon. the
stresses., . The strésses; displacements and prior history of
motion can not be treated indépendently. They are inter-
related and it is this interrelationship which leads to
difficulties in developing a numerical procedure to solve.
the problema If either the stresses or the displacements

are known, solution of the problem is straight fdrward.

2,2 Method Used To Find The Surface Stresses If The Surface

Digsplacements Are Known

One aspect of the problem isjfhe'determination of the
displacéments and stfessés for a giveh,sét of eiastic'I.
properties and a given coefficient of friction between the’
two bodies. The procedure used is as‘fbllows. -

Initially it is assumed that the displacements of the
half-space surface in the R and Z directions are known.
With these ‘*known' displacements an approximétion of the
normal and shear stress distributions is made. _The method
used for tﬁié approximation is'a form.of the collocation
“technique, for which the coﬂtact.region,is divided into N
annular regions and'inteach region there is a collocatipn

point as shown in Figure 3. The normal and radial




RC

Y
ol

Collocation Point o
Figure 3
View Of Surface Of Half-space Showing

Collocation Points And Disk Circles
N=§
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displacements at these N collocation points are treated as
known and the stresses in the N annular regions are treated
as unknowns. The radius to the outside edge of an annular
region is RD(J) and a collocation point is a distaﬁce R(I) .
from the origin. The RD(J)'s are picked such that the width
of the rings is constant. The collocation points'a?e at
the center of each ring. | | |

Attempts to use different cdnfigﬁrations did not
result in any improvement in predicted‘stresses aﬁd usually
resulted in higher compufing time or inability to solve
the equations; With the collocation method an equation is
written expressing the dispiacement at each éollocation'
point in terms of the stress qistribﬁtioh in each of the'
.annular regions; Each eduation has N unknown normal
stresses éﬁd N unknown shear streéses. There are,two
equations for each of the collocation points,. one for the
radial diSplaéemenf and one for the normal'displacemént.
fhis resﬁlts in 2 N equationé in 2 N unknowns. |

The normal and shear stress distributions are approx-
imated by ‘a series of circular disk loadings. The normal
stress distfibution is approximated by a séries of N uniform
disk stresses of fadii'RD(J)‘and stress level P(J).. The

shear stress distribution is approximated by N shear stress
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disks of radii RD(J). These shear stress disks have zero
. shear stress at the center and the stress increases
| linearly to a shear stress of Q(J) at the outside edge as
shown in Flgure b, Each.stress d;sk has a radlus,corres—v
'~ ponding to one of the annuiar'coliocation regions.

These partlcular stress dlstrlbutlons are chosen
‘because the contact problem 1s ax1ally symmetrlc and: these
stress dlstrlbutlons can ‘be conibined to approx1mate the
expected stress d1str1but10n wh1ch is shown in Flgure 5.
.IThe normal stress dlstrlbutlon is expected to have 1ts |
maximum value at the center and zero at the‘outS1de edge.
The expected shear stress distribution has a zero‘valueﬂata
the center and outside,edge'and,a.maximum value in the
1nterlor. | |

Both the normal and shear stresses make a contrlbutlon
“to both the normal and radlal dlsplacements.' The dlSplace--~
ments at a;p01nt‘due to one of the disk loads is a.functions
of the type of lOading, either’shear or'normal,.the
direction of thefdisplacement, theAradius,to the,coilocation
point, the:radius of the disk.load. and the magnitude of the‘
. disk load. éince the-prohlem is iinear, the displacement
at a point due to a load is directiy proportional to-the

magnitude of the-load.‘~Therefore ifithe'displacementfat a.




Top View

Normal Stresses Shear Stresses

P(;I- Side View

&rp(J)

Figure 4
Shapes Of Disk Loadings

21
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Approximation To Expected Normal Stress Distribution

Approximation To Expected Shear Stress Distribution

Figure 5
Approximations To Expected Stress Distributions
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point due to é load of unit magnitude is known, the
displacement at that point due to a similar load of any
magnitude is equal to the displacement due to the unit ‘
loading times the magnitude of the loading; This»éan be

written as:

WN(I,J) = P(J)*U1(I,d) (2.2)

Wws(I,J) = a(J)*v2(I,d) ‘,'(2.3)

VN(I,d) = B(J)*U3(I,d) (2.4
and VS(I,J) = Q(J)¥Uk(I,J) | . (2:5)

where WN(I,J) is the displacement in the ﬁormal direction
at collocation point I, radius R(I) from the center, due té
a normal disk-load of magnifude P(J) and radius RD(J).
WwS(I,J) is the displacement in the riormal direction at
collocation point I dﬁe to a shear disk load of magnitude.
Q(J) and radius RD(J). VN(I,J) is the displacemént in the
radial direction at collocation point'I due to a normai
disk load of magnitude P(J) and radius RD(J). VS(I,J) is
._the displacement ih the radial direction at collosation
point I due %o a shear disk load of magnitude @(J) and
radius RD(J). U1(1I,J) is the displacement in fhe normal
direction at collocation point I due to a normal disk load
of radius RD(J) and unit mégnitude, U2(I,J) is the

-displacement in the riormal direction at collocation point I
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dué to a sheér disk load of radius RD(J)’and'uhit ﬁagnitude.
U3(I,J) is the diSblacement in the radial direction at-
collocation point I_dﬁe to a normal disk load of'radius
RD(J) and uhit magnitude. U4(I,J) is thé diéplacément in
the radiail dlrectlon at collocatlon point I due to a shear _"
dlSk load of radlus RD(J) and unlt magnltude.

The totaludlsplaqements at a collocatlonipdint~ére
given by: - | | ) |
N

L P(J)*Ul(I J) '+ T Q(J)*UZ(I I (2.6)
J=1 J=1 L

w(1)

and

v(I)

]
M=

' N I
P(J )*UB(I J) + na(J )*U4(I J) S (247)
,'J 1 = :
Where'W(I)'and.V(I).are'the total displacements in the

" normal and radlal dlrectlons respectlvely.

2.3 Approx1matlgg The Functlons U1(I J), UZLI J), U3(I, J)ijﬁ

_The functions UL(I,J); U2(I,d), U3(I,J) and UL(I,T)
can be derived ih functional form'so that'theif values can
-be found . for any comblnatlon ‘of R(I) and RD(J) 'To:
| evaluate the functlonal form of Ul(I J), U2(I J), U3(I J)
and UM(I J) the equlllbrlum equatlons for an elastlc half- -

' 'space subgected,to a point load-applled‘at-the_surfaceyare-
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used. The appropriate equations are given in Landau and
Lifshitz (8) and can be found in Appendix A. These
equations are given in Cartesian céordinétes and express
the total dlsplacements of any p01nt in a half-space
. subjected to a p01nt load applied at the surface. The
equations can be 51mp11f1ed to give the dlsplacements.of
points on the surface of the half—space by setting Zz = 0,

which results in the follow1ng set of equations:

UX = K1#FZ#X/R¥*% 24K 24 FX /R+K3* X* (FX#*XAFY*Y ) /R#* 3 (2.8)
UY = K;*FZ*Y/R*'*Q#K2*FY/R+K3*Y*(FX*X«z—FY*Y) /R¥#3 (2.9)
UZ = K2%FZ/R - K1%#(FX*X + FY*Y)/R##¥2 : _ (2.10)
where ] ‘
Kl = -(1_ + S)*(1 - 2%8)/(2*PI*E) | (2.11)
K2 = (1 - S##2) /(PI*E) - o (2.12)
K3 = S%(1 + 5)/(PI*E) C(2.13)

-

and where S is Poisson's ratio, £ is Yéung's.mpdulus,_PI =
7, R = SQRT(X*X + Y*Y),'FX,-FY and FZ are the x; y and 2z
components of the point load applied at the load applied
at.the origin, Ux, UY aﬁd UZ are the x, y and z.combonents
of displacement and X, Y and Z are the coordinates of the
point being considered. Since those equations are written ;
for 2 =.0{ Z does not'gppear in these equations. |

Kquations 2.8, 2.9 and 2.10 can be rewritten as
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UX = K2*UXX1*FX + KB*UXXZ*FX 4+ K3¥UXY¥FY + Kl*UXZ*FZ-(Z.l#)

UY = K2¥UYYL1*FY + K3%UYY2#*FY + K3%UYX#FX + K1%UYZ*FZ (2.15)

UZ = K2¥UZZ*FZ - KI¥UZX¥FX - Kl*UZY*FY (2.16)

Qhere | | |
UXXL = 1/R S | o O (2.17)
UXK2 = X#%2/R¥*3 o | (2.18)
UXY = X*Y/R##%3 S . - (2.19)
UXZ = X/R##2 o L (2.20)
UYX = X*Y/R¥#3. R | (2.21)
UYYl = 1/R - - : L (2.22)
UYY2 = Y¥2/R¥¥3 o | (2.23)
UYZ = Y/R¥*2 _ , S . (2.24)
UzX. = X/R**zl o , " (2-25)~
UZY = Y/R##2 o - . (2.26)
uzz = 1/R -~ - S (2.27)

fquations 2.14, 2.15 and 2.16 give the displacements

. of a point on the surface due to é point load. In order

to find the displacements of the surface due to a stress_,‘

distributioﬁ S(X,Y), the stress distribution is put into

vector form. . - | . A .
S(X,Y) x(x,y);-+ SY(X,Y)i + s2(X,Y)k . (2.28)

where i, J and k a ‘ré the unit vectors in the x, y and z=

directions, resPectively. By replaéihg FX, FY ghd FZ2 by,
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SK(X,Y), SY(X,Y) and SZ(X,Y) in equations. 2.14, 2'15'and
2.16 'and integrating 'over the entire reglon where the

atress dlstrlbutlon acts these equations becomes

- UX

= Kl*JUXZ*SZ(X-Y)d;x + K2¥[UXX1¥SX(X,Y)dn |
+ KW UK SX(X, Y)dn KB*JUXY*SY(X Vas (2.29)
UY = Kl*JUYZ*bZ(K Y)de + hZ*IUYYl*SY(X Dda
| + KI*[UYYZ#SY(X,Y)ds + K3*/ UYN¥SX(X, Y)dJL_ (2.30)
Uz = K 2*JUZZ*bZ(X Y)da - KA%[UZX*SX(X, Y)dJL ) |
- Kl*JUZY*bY(X Y)th ; o (2.31)

where.n. is the entlre reglon over which. the stress
distribution acts.

Since the shear.strees disfribution'is to be'approxi— |
mated 5y-the loading shown in Figure'4 ‘SX(X,YS and SY(X,Y)
.can be replaced by SR¥cose and bR*SlnG, where"SR = R/RD and
0 = aretan(X/Y)eas in Figure 6. ThlS yellds
(R/RD)* (%/R)
SY(X,Y) = mﬁmywnm)

|
i

SK(X,Y) X/RD B f' (2.32)
Y/RD. L (2.33)

Slmllarly SZ(X,Y) can be replaced by a constant value of

unity so that B oL .
S2(XY) =1 - (2.34)
The diéblaceﬁenfs UX, UY ahd‘UZ‘in'eQuatiohs 2. é9,
2,30 and 2.31 are those" of p01nts along the radlal llne‘

corresponding to’ the X axis (see Flgure 3). It-can be seen




X = R¥%cos®; Y = R*sine

SR I
o
RC -
SX = SR*cos® = (R/RD)*(X/R) = X/RD
SY = SR*sine = (R/RD)*(Y/R) = Y/RD
Figure 6

SX And SY In Terms Of X, Y And R
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that the radialldisplacemente along tnis line'are"the_Same
as UY and from symmetry must be zero. Similarly the'radial

displacements are the same as UX. The normal displacements

are UZ.

Therefore . . .
Ui = K2%[UZZ*S2(X,Y)da . - o o (2.35)
U2 = -K1%[UZX*SX(X,Y)dn -Kl*fUZY?SY(Xr?)d“:WV‘:“.(2'35)
U3 = K1%JUXZ*SZ(X,Y)ds | " L (=)
Ul = K2*IUXX1*$X(X,X)dJL' + KB*IUXXZ* X(X, Y)dsx . |

-+'K3*fUXY*bY(X.Y)d:L' _ . g (2.38)
0f the above 1ntegrals only ‘ |
JUZZ*S&(X Y)dJL

results in a commonly used functlon. This integralnresulté
‘1n elllptlc functlons.' | |

The ’ 1ntegrals in equations‘2 29,_2 30 and 2. 31 were
evaluated numerlcally (see Appendlx B for detalls) Plot3j
of the values-obtalned for the 1ntegrals for'varlous ratids
of R(I) to RD(J) are shown in Flgures 7, 8, 9 and 10. No
: plots for the y dlsplacements ‘are shown ‘since they are all
Zero as-is expected due to symmetry. Also the sum of -

| fuxxz#sx(x Y)da + JUXY*bY(A Y)an

is equal to zero. Slnce “the sum’

fU&X*bX(X Y)d:L 4 IUZY*SY(X Y)d;L
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is equal to zero cutside the contact region these two
integrals are combined and showh ﬁlotted~in‘Eigure 8.

The values obtained for ‘v

JU2z*s2(X,Y)da

by nuherical‘integration'are very cloée'tc the Values
tabulated for this elliptic intégral. The maximuﬁ error
for the values 1n81de the contact reglon is 0. 0? percent
and only flve of the thlrty values out81de the contact
region exceed 1.Q percent error. " .The errors here were_
used as a check on thé numéricai intégrafibn méthods.
Values for the erfors for eéch point are inclﬁdéd'in‘
Appehdix B together with the errors bétween the computed
~ values and cquations used to approiimate the remainder :
‘of_the integrals. | |

Approx1matlons to the remalnlng 1ntegrals were':'

\obtalned and resulted in the follow1ng:

RERD . R>RD.
Ul1/K2 = M*R*E;' A#R*(ﬁ-K*(l-(RD/R)**z)) BT (2.38)
. U2/K1 ~ RD¥PI*(1-(R/RD)**2); 0. | - c  (2.39)
U3/K1 = PI*R; - - -:'PI*RD**Z/R. _ (2'405
) & 4/3%R*é**2; 4/?I*R**2/RD*(E —K* (1 - (RD/R)**Z s

ub/K2 -
- (2. 41)
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’where elliptic integral of the first kind

= G-
1

elliptic integral'of the second kind

"‘RD = radius of the.disk load’

‘R = radius of the collocatlon p01nt _ .

0f all these equatlons only the . values - glven for U1
are exact.. The values obtained from the equatlons approx1-
mating U2 are all w1th1n 0. 34 percent of the values
obtained from-the numerlcal 1ntegratlon. The values for
the approximation to U3 ‘are w1th1n 0. 27 percent of the'j
'numerlcal 1ntegratlon values 1n81de the contact region
and w1th1n 4.0 percent outslde the contact reglon. ' The
values for ‘the approx1matlon to Ul are all w1th1n 4.6
s'percent of the computed values. - Attempts to 1mprove on-the
approx1mat10ns dld not 1mprove the results of the general |

c

‘stress calculatlon method.

'j2;4 The Numerioa;,Method Used For ‘Solving The’

Simultaneous_Eguations

The formulation of tne problem'has resulted:in 2N
'equatlons (2.6 and 2. 7) 'in the 2 ‘N unknowns, namely the
magnitudes of the N normal dlsk loadlngs and the N shear
udlsk loadlngs. All that remains to solve the problem for
known dlsplacements is to find .a solutlon to these. 2 N

81multaneous equatlons. However, there |is’ some difficulty “
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in solving these equafions. They are ill posed in the
sense that solutions are hard or even impossible to obtain
by such methods as Gaussean éliminétiqn if N is.larger/than
four or five even if double precision on a computer, which |
uses sixteen digits, is uéed. The computer fhat was used |
for all computations ié the Xerox Sigma 7.

An alternative method thét works for N about twenty is
the Gauss-Seidel iteration procedure using a subroutine
from Carnahan (3). Even this latter method does not work
if fhe collocation points are picked improperly. The
coefficient matrik tﬁat is obtained is very neariy'singular
and it is possible that small variations in any one
coefficieﬁt could causé meanless‘reSults to be obtained.
Since this is thé case, and since this was the best of the
several methods attempted, a test case using a known stress
distribution was solved in order to establish some |

confidence in this latter method.
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2.5; Test Cases Using Known Displacements

The method described in section 2.4 can be used to
find the surface stresses if the surface displacements are
known. To fest this method of solution a.set'of surfeoe.'.
dieplacemehts'corresponding to a known stress disfributioo'
was dsed-for different test cases. The‘firsf of these
used a strese distribution simiiar fo-the expected‘stress
distribution between the'rigid sphere and the elasfic half-
space. The second test case used the normal dlsplacements‘
from the Hertzian contact problem and found only the normall
stress dlstrlbutlon. | ‘

The expected normal stress distribution between the
rigid sphere and the elastic half-space is similar to the
Hetzian-stress distribution in both magﬁitude and shape.
The stress distribution used was the first quarter cycle .of
a cosine wave with 1ts maximum magnltude equal to the
max1mum magnitude of the Hertzian stress for the friction-
less contact problem with the same contact radiUs; The
expected shear stress distribution:has'a‘zero value at the
center and outside edge of the contact region and has its
maximum somewhere in between. The maximum value of the
shear stress is,expected to be between zero .and fifty |

percent of the maximum normal stress. The stress
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distribution used was-the first half cycle of a sine wave
with a maximum magnitude equal fo thirty percent of the
maximum normal stress.

To calculate the‘displacements of the half-space
surface due to these stress disfributions a»numefioel
'integration similar to the one used to find.Ul U2 U3 and
Ul was done. The program used 1s listed in Appendlx C
Using the displacements obtained from this program the
methods for finding the stresses that were developed in
sections 2.3, 2.4 and 2.5 were used to find the stress
distributions. The results obtained for. this test‘case
are shown in Figures 11 end 12. As can be seen from-
Figure 11 the normel stress‘distribution ﬁas approximated
. very well. If the value of the °‘known' normal stress at
the mid-point of each . region is compared to-the value of
the approximation:to the normal stress at this point, the ~ 
values ere within one percent of each other except at'fheA
outermost region. As can be seen from‘Figurellz the shear
stfess was also pfedioted-fairly'well. Due to the jegged
nature of the sppfokimatioh it is. difficult to compare it
to the ‘known’ shear.stress disfribution numerically. It
canvbe seen that the shear stress was under predlcted near

the center of the reglon and over predicted near the




Normal Stress (psi)

5xllO6
/

|

\\\\\\<f///,,/~"Exact Curve'

‘\\\\\\\ “////,Approximation

Figure 11

Yy R .5 .6 2 .8 9

Approximation To Known Surface Normal Stress

o€




Shear Stress (psi)

‘(//,,-Approximation

1.5x106

'‘Exact Curve'

106

5x105

1€

O R/RC—+
Figure 12 Approximation To Known Surface Shear Stress




32

outside edge..

The second test case that was tried was the Herfzian .
contact problem.  The parficular geometry that was used
. was a sphere contactlng ar half-space. In this case cnlyh,.
the normal stresses were 1ncluded. The results are shown -
in Flgure 13 The approx1matlon was ‘very good w1th.a |
max1mum error of only 2. 6 percent. Us;ng these two test
:cases as ‘a check supplles the needed confidence to ber
reasonably sure that if the dlsplacements can be found the
stresses w1ll be closely approx1mated° |

2.6 The Method For Surface Dlsplacement Determlnatlon

Now that it is poss1ble to closely approximate the
,surface streSses if the‘surface displacements are known, an’
additicnal requirement.is a method to predict the surface
displacemenfs accurately. There are some difficulties in
finding both the ncrmal and'radiai'displacements, The
" total normal displacements within the:confact regionucan-
be written ass , '4 : : | | _ “
W= APP-F 2w
where W 1s ‘the total dlsplacement at a p01nt F is the
value of the proflle functlon at the p01nt and APP 1s the
approach of the two bodles. The functlon F is glven by

equatlon 2:1. For two elastlc bodles the approach is.
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defined as the rélative aﬁproach of two points, one of
.which is in each Yody and both are far removed from the
contact regioh.' Since the sphere is rigid the entire
hormal displacement_will,take piace in fhe half-space and’
the approach is equal to the normal displacement at‘thé
origin of the half-space as shown if Figufe 2. The profile
function is known, therefore all that remains to be found
to solve for the nbrmél displacements is the apprioach.-
Theoreticaily if.is gsimple to express the approach in
. terms of the othér uﬁknowns in the problem. ‘Iﬁere aré
already 2 N equations in terms of the 2 N + 1 unknowns.
The unknowns are +the approach:énd the;N magnitudes of thé
normal disks and‘%he N magnitudéé df the shear-dﬁsks, If
one more equation is written reiating the normal displace-
ment at one more poiht to the approach and the 2 N disk .
| magnitudésf there would be 2 N + 1 equétions in 2N + 1
unknowns. However, this method yeilded equations which
were not solvable numericélly. Attempts to write the last
eduation using nofmal'displaéements at several different
points failed to help. Attempts to use the methods
developed by Sihgh (15) did nét help. . Since it was not.
ﬁossible to sél&é for the gpproach,using this method,

" another method was developed which approximated the
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epproaeh.

The normal displacements caused by a unitldisk of
shear strees are less than fifty percent of the normai
displacements caused by a unit disk of normal stress.

"Thiz fact and the fact that the maximum magnitude of the
shear stress is expected to be less then fwenty fiee
percent of the maiimum magnifude ef the normal stress
 combine to lead to the appfoximation of about twelve
percent and probably less than five or ten percent error ‘if
only the normal-strees is used to approximate the approach.
Using this rationql it is reasonable to approximate the
load versﬁs approach relationship by using the equations

of Hertz; :The Hertzian load versus approéch relationship
is |

| APP = ((3*PI*PHKL/A)*¥2/R2)%*(1/3) (2.43)
where P = total ioad'and | o

= (1 - $%%2)/(PI*E)
This equatlon is then used to approxlmate the approach in
the solutlon technlque developed. ‘

The steps in the procedure are-(l) to approximafe the_
approach using equation 2.43, (2)'to'calcﬁlate-the stresses .
‘and the total load aﬁd.(B) to use the Hertzien.loaq versus

approach relationship to iterate to a new value for: the
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approach. - The équation used fdr the new approximation of
the approach is | |
APP = R2*R2/R1*(6G*HLOAD**(2/3) - S¥HLOADL**(2/3)) (2. 4p)
where R2¥R2/R1 i.Hertzian'approach for the same contact

radius

]

" HLOAD load/Hertzian load for the same contact

radius

i

J#PRRIHPI*K] /(U*R%*3)
HLOAD1 = HLOAD from the previous step

kquation 2.44 was used rather'fﬁan eQuétion 2.43 to get a
.new'approach'because of the more rapid convergence. By
using-equatioﬁ 2.44 the method converges in four or five
iterations instead‘of forty or fifty iterationsvreguired
with direct substitution. Now that it is possible to
calculate the approach, the displacements in the normal
‘direction can be considered as knbwn. |

 Next a method is develéped to calculate. the radial
’ displacéments. 'Consider‘what actually takes place as a.
rigidjspheré is pushed into an elastic half-space. The
sphere and half¥space'are initially in contact at only one
point. As a load is applied a circular contact region
develops and points on‘the surface of the half-space are

pushed away from the‘origin in the radial direction.
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Points both inside and outside the contact region are
displaced, altﬁough points in the contact region tend to be
held back because of friction between the surfaces. _
Depending on the coefficient of friction and the ratio of
Shéaf stréss to normal stress, the. points in thé.contact'
',region either stick to'the‘sphére.or slip with respéct to
the sphere. This continuous procesé of'sticking aﬂd
slippingAmpst be bfokén down into finite steps in order to
use the collocation method.

In each step the surface displacements and-stresses
must be approximatéd. In'addition the shear stresses must
be limited to their proper values. The method ' developed
initially considers the tﬁo'bodieé in 6ontact at only one
point. Next the sphere is moved toward the half-space a
small distance until the radius of contact is R2, during
which motionlthe radial displacements are taken to be zero.
- With the given ééntact radius R2 the ‘approach is found by
using the iteratibn.probedure‘given in this’ section.

Using the calculated véluelfor the approach the normal and
shear stresses are calculated. The valﬁes ofithe shear
stresses at the collocation points are iimited‘to the
coefficient of friction times the normal stress at the

same collocation point stress is equivalent %o letting the
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' surface slip 'in reéions Where there should be slippage;
With the limited shear stresses in the next step the
.radial dis placements are calculated at the collocation
- points. ThlS completes the first step.
| For the next step the contact radius is.increased,to a
new value R2 + R2STLP, where‘RZSTEP'is the'amount tuat the
contact radius is increased. This is equivalent to pushipg
- the sphere further into the halfaspace. Everything. |
proceeds in the same manner as in the first step except
that the radial displacements are calculatedzusing the
previous stepls stress'distributions. After the approach 4
' is found and the stresses calculated and limited, the
process 1is repeated until there is.no appreciable'change'iﬁ'
the dimensionless form of the load, approach,estresses and
,displacements. This'takes about_fifty steps. |
The dimensionless forms are based on the_Hertzian
quantities for the same contact radius and are as follows;.
PSTAR = P/Hertzian load = P*Rl*j/ilr*(l—u **2)/(R2**3*E) |
| | | (2.45)
APPSTAR = APP-/.Hertzian.approach =A'1'>P*R1/R2*'*2 T (2:46)
STRL:““‘."TAH' = GTRES /Max Hertzian Stress = STRESS/PO  (2.47)
DIsPsTAR DIuP/Hertz.lan Approach DIbP*.Rl./RZ**Z (2. 48)

The dimen81onless quantlties are based on the Hertz1an o
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values since the Herfzian'results can be expressed in terms.
of only thé elastic properties and the contact radius. “
éhanges in the contact radius change the relative |
_magnitudes of the stresses and disolacements, but do not
. change the shaoes of'the-stress end.displaceﬁent curves.
 Including the effects of friction ccanges the r*hapef*vof
.these curves but the curves for a spe01flc coefflclent of -
‘frlctlon ‘are similar. | |

The methods and procedures that have been developed
were comblned An the computer program that is llsted in.
Appendlx D. This program was run several tlmes.u31ng
different coefficieﬁts of friction toVObtaiu the effects of -
'ffriotion on the various perameters inyolyed in fhe'contacf'

problem.




Chapter 3
RESULTS AND. DISCUSSION -

j.l‘ The Coefflclent Oof Frlctlon Range

g The- methods developed in the prev1ous chapter and.
; llsted 1n the computer program of Appendlx D were used to
'examlne the effects of varying the coefflclent of frlctlon
on the contact stresses. The coefflclents of frlctlon used
ere 0. 05, 0. 10 0.20 and 1nf1n1ty. These frlctlon
:v_coeff1c1ents ‘cover the range of slldlng coefflclents of
.frlctlon found in contact between metals.: Values between
0.20 and infinity were not used because a coefflclent of
'frlctlon of above about 0. 25 results 1n no- sllppage between
the sphere and half space. In actuallty s1nce the normal
:_stress goes - to zero at the out31de edge of the contact
preglon 1t appears that if the coefflclent of frlctlon 1s
finite some sllpplng w1ll occur near the out31de edge
'pHowever, 81nce the methods used approx1mate the Stresses byp
"a serles of disk- loads, the values of the normal and shear
‘-stresses are approx1mated such that a value of 0 25 for thef
coeff1c1ent of frlctlon results in no sllppage.' The results“
that were obtalned are ‘listed’ in Tables - 1 to 5 and are
| plotted 1n Flgure°'14 to 21. The values for the stresses

"'1n Tables 1 and 2 have been d1v1ded by the max1mum Hertzlan
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stress associated with the same contact radius. Similarly
the radial displacemeﬁts have been divided by the Hertzian
ﬁapproach associated with the same contact radius to put
them into dimensionless form. The value used for Young's
N modulustas-BoyOO0,000 psi and the'value-for Poisson's

ratio was 0.3. These ére'the values associated with steel.

3.2 Effects Of The Coefficient Of Friction'On The Surface

Normal Stresses

The values obtained for the dimensionless normal -
stresses at each of the collocation points are listed in-
Table 1. The maximum magnitudes of the normal stresses are
8.5't6 18.6 percent higher than the-maximdm Hertzian streSs”
associated with the same contact region. The larger the
coefficient of friction, the larger the magnitude of the
normal stress in any one region. If the normal:stresses
are compared fo the Hertzian stress asséciated with the
same load,instead of the same contact fadiusﬂthe ﬁaximum
magnitudes are from-Baé to 8.5'pércent higher than thg
maximum Hertzign stress. The values non-dimenéiona;ized
with respect‘to ﬁhe Hertzian Values associated with the
same load are given in_Table 5.

| The values from Table 1 are plotted,iﬂ Figure 14; The

' normal stress curves are similar in both shape and magnitude:
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Normal Stresses At The Collocation Points

Table 1
B - Nondimensionalized wWith Respect To The Maximum
Hertzian Stress Associated Wlth The bame Contact
Radius
-C°lé3;%:;°n M=o | M= 20| M= 10| U= .05
"1 - 1.186 1.168 1.118. 1.085
2 1.170 1.155 1.104 1 1.071
3 - 1.143 1.132 .| 1.081 1.046
4 1.104 1.097 | 1.046 | 1.011
5. ©1.055. | 1.048 0 .998 . 965
6; . 994 .986 |- .938 .908
7 .919 | .911 864 | .836- -
8 “.825 .819 W 773 - W45
9 - .701 - 702 | " .657 .628 -
10 652 | 646 _ .558 496 .
Table 2 Shear Stresses At The Collocation Points
‘ . Nondimensionalized With Respect To The Maximum
. Hertzian Stress Associated Wlth The Same Contact
Radius : :
Gollocation | ,-ww. | s= .20 | A= .10 | x= .05
17 -.028 C=.021 - -.017 -.014
2 -.072 -.050- -.039 -:033
3 -.104 -.080 . -.058 -. 044
4 -.127. -=.111 | -.,075 - -.049
5 -.142 -.133 ~-.086 -. 046
- 6. -.155 -.142 - =,088 -.045
7 -.169 -.150- -,086 - -.042
8 - -.179 -.152 - -, 077 -.037 -
‘9 -.175 -.140 . ~.066 -.031
10 -.102 -.125 - .056 -.,025
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to the nermél stress curves predicted by Hertz, therefore
the assumption that the Hertzian load versus approach
relationship ceuld be used fof the-non—Herfzian problem“
ap@ears to be reasonable. | |

| For the various:coefficiehfs of friction the predicted
. normal stresses -at the outside collocation p01nt are from
70 7 to 124, y percent higher than the Hert21an stress at
the out81de collocation- p01nt. Including friction in the
problem iﬁcreasee the normal‘strese morefaf.the.outside
edge than it does at the center of the eentact region.

3.3 bffects Of The Coeff1c1ent Of Frlctlon On The Surface -

Shear Stresses

The values obtained for the diﬁensionless shear stress
at each'pf the collocation points are listed in Table 2.
The shear stfesees are negative_becauseithey aet toWard the‘
center of the contact region and the poeitive shear stress'e
was picked as eway frem the center. The maxiﬁum value df'
the shear stress ie 0.179 times the maximum Hertzian strese
for the same contact radius. As was expected this " was for
a coefflclent of frlctlon of 1nf1n1ty As the coefflclent
of friction is decreased the magnltude of the shear stress'
in any one region is reduced. The valués from Table 2 are

plotted in Figures 15 to 18. In Figure 19 the_ehear etress
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curves that are shown are the smooth‘eurves that were-
obtained bj drawing a line through'the approximatiens to.
the shear stress curves at the collocation points. From
'Flgure 19 it can be seen that the larger the coefflclent of
friction, the farther from the center of the contact
region that the maximum value of the shear stress occure.

Listed in Table '3 are the_values of the'iocal'shear
stressidivided by the local normal stress at each of the
eolldcation points. Theéé values are.pletted in Figure 20.
From this flgure it is p0381ble to determlne the reglons of‘
‘slip and stlck. In those reglons where the shear stress
divided by the local normal stress 1s equal to the
‘ coefflclent of frlctlon the two bodleo have sllpped with
~respect to each other.- In these reglons.the shear stress
tended to be higher than the allbwable'value, S0 sllppage
took place between the sphere and the half—apace._ In those
regions where the shear stress dlvlded by the normal stress
is less -than the eoefficient of.frictidn the,stresses are
such that no slippage occurs and the tWo-bodies in effect
sfick’tb'each other. The radius to the sliplregion for'a'r
coefficient of friction of 0.20'isiabout 0;8 times RC, for-
‘a ceefficient of friction.ef 0.10 it is about 0.6‘tihes‘RC

and for a eoefficient of friction of .0.05 it“is.ahput 0.4
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Table 3 bhear Stress / Normal btreSﬁ At Collocatlon .
Points For Several Coefficients Of Frlctlon

-Collocatlon- . )
Number A= A= 0200 A =.10 /A(= -05

1 -.024 -.018 -.015 o =,013

2 -.061 -. 044 -.035 -.030

3 ~-.091 -.071 -.054 - -, 042

f L -.115 -.101" -.072 T -.048
5 -.135 - =127 ~.086 -.050 "

6 -.156 =144 -.094% | -.050

7 -.184 L =.164 -.100 . -,050

8 - -.217 ~.186 -.100 . =.050

-9 -.249 " -.200 -.100 -.050

10 -.157 .| =193 -.100 . =050

Table 4 Radial Displécements_At The Collocation Points
Nondimensionalized With Respect To The Hertzian
Approach For The Same, Contact Radius

Collocation e s . o=
C  Number ,/Z_‘ /4¥~ '20, /A{f .10 //7 05
1 .0001, .0018 L0044 - .0061
2 - }..0019 0065 | L0143 .0193
3 ©.0062 | L0122 i | .0252 .0337
L ..0133 - «0194 -1 0373 ¢ . L0493
5 ,0230 -,0291 .0509 - |- 0653
6 0346 L0412 0657 .0812
7 .0480 .0551 *| .0808 1 .0961
8 0634 .0703. - .0957 1094 -
9 - .0812 - .0868 . .1091 .| .1201.
.10 <1045 .1056 | .1210 | 1277
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Figure 20
Slip-Stick Regions For Several Coefficients Of Friction
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times RC. These also happen to be the radii to the point
where the maximum shear stresses occur. See Table 2 or
Figufe 19. |

3.4 bffects Of The Coefficients Of Friction On The

sSurface Radial Displacements

Listed in Table 4 and plotted in Figure 21 are the
radial displacements at the collocation points. The lafger:
' the coefficient of friétion, the émaller tﬁe radial
,displacemenfs.' This is due to the_fact that friction
between the two bodies tends to keep the half-space surface.
from being pushed away from the center of the.contaCt
region. As was seen in section'5.3 the larger the coeffi-
cient of frictién. the larger the stick régioﬁ and the
sméller-the slip rgion, Theréfdreuthe larger the coeffi-
cient of friction.the less the two bédies are allowed to

slip with respeéf to each other,

3.5 Effects O0f The Coefficient OF Friction On The Load

And Approach ‘ _

Listed in Taﬁle.5 are thé ldad and-épproach that have‘
been nondimenSionalized with respect to the Hertzién,;dad
"and approach for thefsame donféct radius. Also listed are’
maximum normal and shéar stresses that have been nbndimen-

-sionalized with respect to the maximum Hertzian stress
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0.15 4

0.10 =
0105 -

yoeoaddy uerz3iJaay /83uswederdsTq TBIpEy

Figure 21

Surface Radial Displacements




' Nondimensionallzed Quanfi%ies*' | M= .O? M= .lO )L(:'.ZO ‘/sz o0
Load - - 'Tl.162 t.217 | 1.900 | 1.309

Appfoach o : _ 1,l07 .-;1,140 S| t.191 .i)197

Maéimum Nofmalissress | . _~l.032 l.64?~ l.O?O 17685

- Maximum Shear Stressl l ; Y -.082 _ b0 -.163
“°j'oontac£ﬁ§adius: I l:.95l2 | L9367 | 9163 | .oth2

¥ Note:

'The ‘load and approach were nomdlmen81onallzed with resect to the

Hertzian values ass001ated with the same contact radius, while the
remalnlng-quantltles were nondimensionalized w1th respect to the
Hertzian values ass001ated with the.same load. .

Table 5 Load Approach, MaxXimum Stresses and Contact Radius
For Several Coeff1c1ents of- Frlctlon ' .

¢q
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associated with the same load. The larger the
coefficient of friction, the larger_ are the ‘load and
approach. This 1s due to the fact that the load is
dlrectly proportlonal to the normal stress and the normal
stress increases as the coefflo;ent of frlotlop increases.
Since the approach is assumed-proportiohal to tﬁe two tﬁirds.
power of the load (see equatlon 2. 44). the approach also.
~increases as, the coefflclent of frlctlon 1ncreases.

The reason that the maximum normal stress 1ncreases
as the ‘coefficient of frlctlon increases is due to the fact
that the contact reglon is smaller for a larger coefflclent

I‘of friction if the same load 1s applled




 Chapter 4
. SUMMARY AND RLCOMI NDATION&

L.1 Summary

, The frlctlonal contact problem between a rlgld sphere
‘and an elastic half-space has been modeled us1ng a form of
the collocatlon technlque in whlch the surface stresses
have-been approx1mated by a serles of dlSk loadlngs. pA

-computer program has. been wrltten using these methods to

flnd the surface shear stresses, the surface normal stre ses:

and the surface. dlsplacements for a glven oet of phy51cal
propertles,and a given coeff1q1ent of friction. The effects'
of_various'coefficients of friction on the'Stresses and -
diSplacements have been predicted. TFor thepfirst time‘it-.,ﬂ,'

' was possibie‘to approximate the surface shear strésses.

b,2 Recommendatlons ‘ _ .

o ‘Due to the. fact that the problem has been solved. by g
series of stepw1se approx1mat10ns the error in the
magnltudes of any one of the predlcted Quantltles may be .
rﬂ,a slgnlflcant amount.. The trends 1n the qualltatlve results

"such as an 1ncrease in ‘the normal stress with an increase .

“ in the coefflclent of frlctlon are probably correct

1t was found that for the method used to llmlt the
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shear-stress that a'coefficient of friction‘of_d.25‘or
greater résulted in-verytnearly the same stresses and
-dlsplacements as a coefflclent of frlctlon of 1nf1n1ty.
This is due to the fact that the stresses were approx1mated
by a series of dlSk loads ‘and the sllppage was- allowed to'
take place only inside 1nteger number of reglons.-.lt-‘”
would be des1reable if another method could be found thatﬁ
would allow sllppage in a non- 1nteger number of reglons.

The method that was used-to approx1mate the approach '
is inexact. . As was shown in sectlon 2.6 the error in the‘h
approach is less: than tWelve percent but con81der1ng the |
.extremely sens1t1ve nature of the S1multaneous equatlons_lt ;
is poss1ble a rather small érror 1n the approach could
result in large errors. in the other quantltles.» It 1s
recommended that ‘an 1mproved method for flndlng the |
approach be dev1sed. It would be best if it were ‘an exact
:.and not an approx1mate method.

" The fact that the stress curves: are dlscontlnuous ig
undes1rable. It would e better 1f smooth curves could be
used Also the way in whlch the shear stresses are'

' approx1mated results 1n -rather hlgh values at the out81de
edge of" the contact reglon where they should ‘be zero.; lf

another;method that overcomes.these,dlfflcultles ‘could be 3
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found it'wouid be desirable.

'4.3 Further Applications Of These Methods

Using the generai methods-developed‘in this thesis
several things couid be done to extend the work. Usihg the
surface stfesses that were found it would be pdésible to
examine the effects of the qbefficieht of'friction on.the-
intefior strésses. This could BeAdone,usiné Bouésinésq's
-eduationsj(see'(17);lpagé 364). Also it wéuld be of

interest to-allow the sphere to roll wifh reépecf to the

half-space or to réplace.the half-space by a curvéd'surfade

that would represent the race of a ball bearing. It is

" felt that if a method.to find thé approaéh-exactly_could
be found that thé same methods used in this.work 6ouldlﬁe
used td.solve'contact'problems bétWeeﬁ'bodies that weré'
non—cohformél’and_éxially symmetfic butibtherwisé entirely’
arbitrary.in shape. Both frictional.aﬁd frictionleés_‘

contact probiems could be solved.
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- EQUILIBRIUM EQUATIONS FOR AN ELASTIC HALF-SPACE SUBJECTED
TO A POINT LOAD:APPLIED TO THE FREE SURFACE |
Consider an elastic medlum occupylng a half space, i.e.
: bounded on one side by an 1nf1n1te plane. The surface of
the half-space is subgected to a concentrated force F, i, e.
. Oone which is applled to an area so small that is can be
regarded_as a-p01nt. -garteSLan coordinates are loeatedlln:
the half-space such that the.XQYiplane lies'eh:the free
surface of the ﬁalf—space and the 2 axis_ie ihto-the,half-
space. The point forcé'is applied at the'prigin. The |
equations defining the displacements of a point (X,Y,Z).in'~
the half-space are given by Landau and Lifshitz (8) as A
T UX = (1+s /(2*PI*E)*((X*Z/R**3 -(1- z*b)*x/R/(R+z))*Fz
+(2% (1-S)*R+2)/R/(R+Z)*FX

+(2*R*(Q*R+Z)+Z**2)*X/R**3/(R+Z)**2*(X*FX+Y*FY)% )
' A, 1

Uy . (1+s)/(2*PI*E)*((Y*z/R**3 -(lAZ*S)*Y/R/(R+Z))*FZ:

]

* (2% (1-S)*R+2)/R/(R+2)¥FY

+(2%R* (S*R42) +2%%2) #Y /R*#3/(R+Z) **2%(X*FX+Y*FY)% )
. A.2)

Uz ='(l+S)/(2*PI*E)*((2*(1;3)/R-+ Z**Z/R**B’*FZ

+ ((1-2#5)/R/(R+2) + Z/R**j)*(X*FX+Y*FY)) (. 3)
- where UX, UY and UZ are the dlsplacements of a point in the
| X, ¥ and 2 dlrectlons, FX FY and FZ are the x. y and z

components of the applied force F;-E is Young's modulus;_
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S is Poisson'é ratio; R = 'SGRT(X*X + Y*¥); PI = n; and
X, Y and Z are the coordlnates of the point.

In partlcular,~the displacements of a,p01nt onvthe:
‘surface of the médium:aré given by7puttinglz eqﬁal to Zero
in equations A. l. A.2 and A.3. :. L
| (l+b)/(2*PI*“)/R*( (1- 2*S)*X/R*FZ + 2% (1~ S)*FX

UX =
+2*“*X/R**2*(X*FX + Y*FY)) L C(A.h)
UY = (1+58)/(2%PI*E)/R¥ (- (1 2*b)*Y/R*FZ + 2*(1 o)*FA
4 DESHY/REHDH (XNFX + Y¥FY)) L ,(A,5)
Uz = (lfS)/(Z?PI*E)/R*(Z#(l—S)*FZ7 | '

+ (142¥S)/R*(X*FX + Y%FY))" L ‘-"3”_.; ' '(A.é)
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NUMERICAL INTEGRATIONS'USED TO OBTAIN U1, U2, U3 and Ul

Since it was impossible to evaluate the integrals in

'equations 2.29, 2.30 and 2.31 analytically for all values

of R/RD it was necessary to-evaluafe them by mieans of

numerical

= the conféét,regipn inside. R = RC

integration. ‘Figure B-1 shows the'syStem,thaf'_”
was used. The nomenclature that was used is as follows:
RD = Rad’iﬁs' 6f the disk load |
" R = Radlus from the center of the disk load to the
‘collocation point :
R1 = Radius from the collocation point to the '
: integration p01nt ' :
R2 = Radius from the center of the dlSk load to -the
1ntegratlon point ~
01l = Angle between R. and Rl
62 = Angle between R and R2
11 = Distaﬁce in the x direction from the.cénter of
the disk.lOad to the integration point
X2 = Disfahce in the x dlrectlon from'the”integratioﬁ
point to the collocatlon point. g
Y1l = Distance in the_y dlrectlon'from:the center of
the -disk.load to the integration point
Y2 = Distance"in the y direction from the integration -
point to the collocation point . : N
dR = Incrementel'Step size in,Rl-used for ‘integration"
- de = Incremental'étep size in,Ql'used for- integration
‘da = R1*dR*d6 |
L




R1

| X X1

RD

Figure B-1
System Used For Numerical Integrations

59




' u22

- U31
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Ul2

Ul3 =

Ulk
- U2l
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. U23 =

U2h
U1
U32

U33 =

By using
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S UXZ*d .
JUXX1%*d n.

JUXX2%d a

- Juxy*d o .

It

Juyz#d o
= JUYYi*d o
JuYyy2*d.n.

.

JUYX*da
fUZZ*dJL

H

fUZX*dIL

JUZY*3 .

Lquatlons 2.17 through 2. 27 and 2:32 through 2. 34'“

'these can be rewrltten as followsa

U1 = JSZAX1/RIoéda N(m/m)*dR*de - ffcoso*dr*do

Ul2 = JSX/RI*da ' = Jf(xz/Rc)*dR*de

fUlj = [ (SX#EX1¥#2/R1#%3)*d.q
Ulk = J(SY*X1#Y1/R1%*3)*dq

ff(XZ/RC)*(cose)**Z*dR*de

il

ff(YZ/RC)*COSQ*Slne*dR*dQ-

U2l = f(sz*Y1/R1**2)*d:L"= JJ siné*dr*de
U =f(sY/Rl)*dSL J'f(YZ/RC)*dR*dGA _
-uéB = f(bY*Yl**Z/Rl**B.*dSL =3 ff(Yz/RC)*(s1ne)**2*dR*de
U2k = [ (SXEXI#Y1/RI*¥3)#dn = ff(XZ/RC)*sinG*cose*dR*de.
= f(”Z/Ri)*d:L ‘= Ide*dei. R

U32 = J(SX*Xl/Rl**Z)*dﬂ_ ' ff(xz/RC *cosG*dR*de
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U33 = [(8Y*Y1/R1**2)*da = [J(Y2/RC)*sine*dR*de

Each -of the integrals was done ndmerically for
values of R/RD_ranging from 0.0 to 4.0. RD was fixed for
all integrationé sincé the results will be directly
propbrtionai to RD. The value for 4R was RD/iOO_and for
d6 was PI/50. -6l was varied from 0 to 2¥PI and R1 was
varied from 0 to 5%RC so that all points in.the-disk:
loading would be included. if tﬁe integration péinf:wés
" outside of the lpad'circle no contrigutidn to the results
were addgd. . For each integratidn'pqint that fell inside
the load circle cosé, sin@, X2, Y2, dR and de were
calculated'and.the incremental‘contribution added to each
'displaéemént.. | . ‘ |

A1l of the y components of displacements (U2l, U22,
U23 and Uzﬁ) wére eséntially zero. In addition Ul3 + ﬁlb
was éQual to zero and U32 + U33 was equal to zero outSide
the contact reéion. Thé.ndmerical reSulfs are given in
Table Bl and Figures 7, 8, 9 and 10.. In TablelBZIare'
listednthe‘ﬁercent'erfofs betweeh the'valuéé obtained by
numerical ihtegration ahd.the'approximations to UX, U2, U3 

‘and Uu,




Table Bi

" UZz/RD

¢« 799"

200

R/RD ek lg) UXZ/RD | UXX1/RD
- 6+2PR32 3e1416 Yol AP
.ol 642694 31121 «3135 3137
.2 62166 30127 <6300, 6167
e 3 bel424 P.B6P0 «9423 «9143

.4 6.2205 246359 - 142586 11757,
.5 5.8735 2+3598 1+5708% 14152
< 6 5.6750 2.0131 18350 16080,
.7 Se 4186 15987 2.1988% 174002
x: 541045 141294 2.5129 1eT7342
) 4. 6847 « 5949 2.8283 17171
10 349999 - NB59 31410 13341
bl 3.335% YY) T2.859 L '
1.2 5.951 L) 2.622 e 695.
1.3 2662 YR 2e 421 .
1.4 2.434 Y8 27251 . . 470
1+5. De242 000 2.099 ,
Te 6 2.086 . 000 1971 . L+ 346
1.7 1947 . 000 1.853" ' ,
1.8 1810 000 1.735 P65
1.9. 1.728 « 00 1662 L

2.0 " 1.614 .00 1+561 - 210

2.1 1553 T Q00 1506 .

2.2 o456 e R0 1418 171,

Pe3 1402 - Nl 1«368% T

2.4 1. 352 il 1321 - «143

.25 “1.981 .07 1.254. .

- 2.6 1.225.. L .00 - 1.202 <122
Pel. L 1e190 N0 1169 . | . ‘
2B 1e152 . 00 1.133 . 1Ra
29 el @5 - Q00 Le@37 .7 -
3etp 1.042 - Y 1028, ~ 090 -
3. 1. 1.022 Yy 10083 i
3e 2 1.002 « 000 C «989 XL
-3¢ 3 $978 <000 2966 -

34 «947 " « 000 «937 <069

L3e5 X T B 1 904 - L
3e6 849 . - 17,17 I 842 N2
3.7 .338 - 000 <831 .- | :

3.8 . <827 « Q00 «820 056
Yo O .




Table B2

Percent Error
R/RD UZZ/RD ———-———-UZ)}g*l;UZY UXZ/RD | UXX1/RD
7 -.000 - .20 . 000 . A0
.l - «031 - .62 210 4e 348
.2 « %53 107 -.267 44553
.3 -.050 ~e110 019 3.513
o4 054 <115 -.156 2.8717
oS -.@62 ‘-0153 -.V)@ﬂ 1-4113
“b ~ Qa7 -.123 -.002 047
.7 .04 . 220 i1 4 | -1.431
o8 17 . 139 P15 ~3.151
«9 a4 «336 -.031 -~ 4057
10 02 1Y «?19 -eN57
1.1 =~ s URY - 00 - -.105 .
) - .2 42 Y, -+153 - 770
1.3 -.270 <000 . - 181 .
1ed - +358 1.1 C-.311 -« 409
165 - .250 .00 -e219
146 - .49 N -+ 381 ~.763
147 - 324 L .00 -.270
1.8 + 663 000 « 595 -.312
1.9 ~e595 . 00 -+513
2e) « 693 - 209 . 628 « P87
2.1 -e676 - « 00 -.664 ,
2.2 «+ 830 <000 « 705 299
2.3 - «039 Q00 -.153 '
ey S -e929 000 =909 -e 160
2.5 . 189 . <000 210
2.6 e 571 s000 +525 ~e996
247 -.a53 e 0N - 466 ‘
2R -e971 - 00 -.971 -~ dl7
2.9 - . 436 e AA0 -~ 340 :
3o 14957 . 000 1867 -4
Qe ] « 504 AR 537 .
3e 0 ~-.778 - 200 ~-.733 R a3
343 "1+ 499 «00R -1.450 ,
3. s 1338 Y. ~1.388 . 630
305 -.076ﬂ .V)ﬂﬂ —-7@8
e 6 3.809 .00 3.642 -+.303
3.7 Re274 N 1.1% P2.176 :
. 3.8 L eB59 . Y, .82 ~1.135
3.9 =P80 X ~ « 58
4e ) -e913 cO0R ~ 0959 ~e243




APPENDIX C

Listed in this'éppendix is.a copy of the program that
" was used to determine the surface‘displacements of a half-
‘space subjected to the stress distribution discussed in -
séction'2.5. The methods that wefe used to do the
numericalvin%égrafions is similar %o those described ih

Appendik B.
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DIMEeNSTON RC21), UXC21)»UYC21),U2C21)
NE=PAsN11=22 '
RC=0+02545
PI=3.14159265358973
E=230. Li6
5= 3
Al=C1e+5) /(R 4PT #ED
A2=(]e~2okS) -
N3A=2ek(1o~5)
AAz2e 8 i
DO 28 [=1,10
RCIY=SRC*(CI=e5)/10e)
UXCTI)=e
UZCI)=0.0
~DlE=RC/ZNK
DU IO IT=1sNR :
RE=KC/NKYSORTCC2e 4T T4 [ [-2e4[[+1)7/2¢)
D12PI/CNTI#CT L #24=1)) " :
DO 18 IIT=1,C2401~1)4NTI
T1=20D14CHT1~e%)
Ct=CusC11)
S51=SINCT1) . , :
K22 SURTCCRCII+FRII 4420~ 20 4RCIIER14C1e-C1))
I[F (&2.GT.RC) GO 10 10
T2=ATANCRI4S1s (R14C1-RCI)))
UXCDI=UXCII+ (A4 (~A2KFZ(R2Y4C1+A3%FX(R2, T2)
& +AAKFACR2, T2)4C14CI+AA%FY(R2, T2)4C1451) )« DR4DT
UZCII=UZCI Y+ (A1« (A34FZ(R2)+A24FX(R2s T2) #C1
& +APKFY(R2, T2)4S1)YXDR&DT
10 CONTINUE
UXCII=UXCT Y %00
UZCII=UZCT )42, :
2O WRITE 103, 11) RCISUZCII UKD
1 RJRMAT CB3CTKs THEL Y 40
N D : ’
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RELL RENGTEON FZORS)
Pt A Yy
BCE {0 S a4
FLmlaCOSC0e 14159265 /2e #(REARCID
F R Ui . :
END :
REAL FUNCTION FXC(R2s712)
0216565 '
RC=0.p2545 :
FX=COSCT2Y #@45SINC3¢141592654CR2/RC))
RE TURN .
END : .
REAL FUNCTION FY(R2: T2)
G=1+ AEGS
“RC=Gu 02545 _ i
FYSSIHRCT2 Y« 0r5INC3 1 41592652 (R2/RCY)
KETURN
END




APPENDIX D

Listeq in this appendix is a copy éf the main program
that was used to solve the frictional contact'pfoblem of
a rigid sphere in contact with an elastic half—spéce. The
parameters thét are used are defined‘in the program. The
subroutines E ahd K are eiiiptic integrals of fhe first-and
second kind reSpéétively. Function F is the profile
function between a sphere and a half-space. .Fuhctibns U1,
U2, U3 and U4 afe the displacements due to the disk léads
as described in section 2.3. Subroutine GAUSED is used to

solve the simultaneous equations by.Gauss—Seidel iteration.




e T
IO TE9, ALINETME . ]
VLIMET Tk 10222 TOCREs 635 (UJ0s 120D
VEQRTEAN GO NS, 60 . , IR
C 7 MAINMLINGE TO SOLVE FOR NORMAL AMND SHEAR STRESSES

e BETWEEN RIGCID SPHERE AND ELASTIC HALFSPACE

c :
' DIMFENSTON Rf(Iﬁ)»RA(lﬂ):STR&SS(Z@),DISP(?@),A(zﬁs?l) '
DIMENSTON %rHTZ(??);X(?J)»RCA(]Q) ‘ -
COMMON E1s S» PI
COMMON FAC .
" REAL LOADs#MUs 15NN
NOW DEFINE ALL PARAMETERS
T I TMAX=MAXIMUM # OF ITERATIONS ALLOWED IN SOLVING EQS
CEI=YOUNG'S MODULUS OF HALF~SPACE
_ ‘"POL ION 'S KRATIO OF HALF-SPACE :
CMU=FRICTION COEFFICIENT - BETWEEN SPHERE AND HALF SPACE
hl‘nnDlUS OF SPHERE
Re= hADlUS OF CONTACT AREA )
thiART;RPJTrP & R2STOP ARE USED TO. INCREASE APPROACH
N=NUMBER OF COLLOCATION POINTS
FAC IS5 USED 70 DETERMINE LGAD VS APPROACH
RC=RADIUS TO COLLOCATION FOINTS:
RA=RADIUS OF DI'SK LOADS L
STRESS=CALCULATED STRESS, BOTH SHEAR AND NORMAL -
DI.SP=DISPLACEMENTS OF HALF-SPACE SURFACE
X=MAGNITUDE OF INDIVIDUAL DI'SK LOADS
"HERTZ=STRESSES PREDICTED BY HERTZ
A = COEFFICIENT MATRIX .
P & PO ARE LOAD AND MAX STRESS PREDICTED BY HERTZ
EPS=TOLERANCE USED IN SOLVING EQUATIONS '
" GAUSED IS THE - SUBROUTINE USED TO SOLVE EQUATIONS,
GAUSED USES GAUSS-SEIDEL ITERATION'
51,82 AND $3 ARE USED TO CHECK AND LIMIT SHEAR STRESSES
LOAD IS THE TOTAL LOAD AFPLIED TO THE SPHERE |
APP 1S THE "APPROACH BETWLEN THE SPHERE AND.-HALF-SPACE
[ TMAX=200 - ’ . S R ' -
TT1=30E6 |
MUZ@ 05
K1zt
CPI=3414159265
ROSTART=0.G00%
L R2STEP=0.p005
 R2810P=0.02

ks iz iz R R Rsic R Rz R iR e Ro N o RN o N ol o ol e
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Qoo aoq

12

75

N= 1

NStz O

{4 =N

FAC= 100

DUTPUT Ns“K»J»MUnITMAX:RioRQSTAR »R?STOP:R2STFP
ALL /-\RR/\Yk Af ZEROED .
DO 12 T=1-

hF(I)—ﬁeﬂLhAf1)~ﬂ §2H RCA(I) Ae?

CCONTINUE

DO 10 IT=12N2

BTRESSCIN=Ge @)

CDISP) =6

20

?M

XCII=@o M
HERTZ (T )= 3. 0

DD 1V ds12N2+)
AT 1J)~@ @

R2=R2S8T
CONTINU”

RADII OF AREAS AND RADII. OF LOLLOCAIION POINTS
ARE NOW ESTABLISHED

DO 20 I=1sN

[I=1. .
PC(I’”R?*((II—-S)/NN)
RACID)=R2+T 1 /NN

"NOW CALCULATE NORMAL STRESSES AT COLLOCATION

POINTS FOR THE CASE WHERE .THERE IN'NO FRICTION.

"THIS WILL RE USED AS -THE FIRST QUESS OF THE

TRUE "STRESS DISTRIBLUTION

P=(R2/:88@)*#3a/(RI*(le/El))

PO=0:6164(Px(E1/RID*%2.) k%C1e/30)

EPS=0G. 0201 %R0
DO 30 I=1sN

'HFH17(I)—PU¢? /3 *((1--((1-1)/N)*#9 Jx&1e5

(lc"([/l\)*"‘? )/((?n*[’lo)/N*N)*N*N
HFRF/(I+N)—(7L» 73

NOW. DI SPLACEMENTS AT COLLOCATION PTS.. ARE
CALCULATED FOR DISKS OF UNIT MAGNITUDES -

DO 3 EFAC=1, 9 - ‘

DO 49 I=1,N
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PYoan St N

fempe{iC T 2

A=Al

N Jr=i]1 0, A1)
ALy AN F=U20R, ALY

TACTENL J=U3CRAL)

ACT+N» JtNI=UACRs A)2

RO 60 I=1sN :
ACTaN2+1)=FC(RCCIDS R1s R2)
ACL+Ns N2+ )= DISPCI+N)

UALL GAUSED (AvX:NQuITMAK:EPS3

DO 70 I=isN2

STRESS(L)I=G.0

00 80 E=isN

DO BB J=I-.N’

STRESS() =5 TRKSS(I)#Y(J)

STRESSIN2Y=X(N2)

DY 9@ 1=N-1s1s=~1
SIRPCQ(I+N)“QTRFSS(]+N+I)*RA(I)/PA(I*')+X(I+N)
NOW SHEAR STRESSES ARE CHECKED AND LIMITED

- DO 182 I=1.N

102

33

Pi=1

S1=8TRESSCI) ,
S2=STRESSC(I+NI#(T1=05) /1

S3=ABSCS™

PFOS53eG1-514MUY STRESSCI+N)=S1#MU%S2/S34IT1/C11~o

CONTINUE

LOAD =60

DO 33 I=1-N

LGAD = LOAD + PI*X(I)*RA([)*RA(I)

C HLOAD=LOADAR1#3. /4e%(]e=SkS)/(R24%3e%E1).

A NEW QESS IS MADE FOR THE APPROACH:

’ FAf—é-@#(dLOAD)K*(? £3e¢)=5. Q*FAC

195

CONTINUE

CONTINUE _ '

DI SPLACEMENTS AT THE NEW COLLOCATION POINTa
ARE: CALCULATED USING STRESSES
RPA=RO+RESTEP .

RACHP2Y=STRESSINZY

DY 109 JT=N=-js1s-1

Tr=1 : . :
X(I*N)—SIRFSS(I+N)~ STRESSCI+NE 1) 411/C11+1)
CONTINUE . ,

S
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N0 110 I=1sN

Il=T .
RMOACIY=REALCCI T~ S)Y/NN)
D0 109 I=1-N2
DISFCII=(@.0

DO 126 i=1sN

O 120 J=1-N-

CRERCACIISAT=RACI)

DISP(I)"DISP(I)+Y(J)*U1(N:A1)+X(J+N)*U2tR:Al)

DISPCE+N)= DISP(I+N)+K(J)#U3(R:A1)+X(J+N)#H4(R»Al)

WRITE < 1684 c’ﬂ@) R2 ¥
ouTPUT ° ' TRESS - AFTER SLIP' |
WRITE (IGHr?ﬂl) CSTRESSCI)>T=12N2)

JOUTRUT 7. s ‘HERTZIAN STRESS'

WRITE" c)ﬂ8,awi) (HhRf&L[):l—l;N)

SGUTPUT -, s fNOPMAL STRESS/ HERTZIAN "STRESS®..

WRITE.C108,202) (STRESSCI)/HERTZC(I)»I=1sN)
QUTPUT *. °*» *STRESS 7/ MAX HERTZIAN STRESS®
WRI TEC 1085 202) (STRESSCI)/PO, I=1,N2)

OUTPUT ' 's 'SHEAR / NORMAL *

WRITE (108,222) (CTRFSQ(IrN)/STRESS(I),I—Y-N)

COUTPUT ' 's 'DI SPLACEMENTS®

101

999

WRITE (108,203) (DISPCII,I=1sN2)

JOUTPUT ** *»5 *DISP4#R1I/R24+2"

WRITEC1085202) (DISPC(I)4R1/R2%442e51=15N2)

"APP=0.0

DO- 101 I[=1sN
APP=APP+XCTI*U1(Be @:RA(I))+X(I+N)*U?(0 3 RACI))
APP1=APPLR1/R24 42,

ouTPUT * °

WRITEC]1 08, 2004) APP1

ouTPUT * :

WRITEC108, 205> HLOAD

IF (K2.GT.R2STOP) GO ‘TO. 999

R2= R2¥R2STEP -

"GO TO |}
Py

CONTINUE

CONTINUYE
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REAL FUNGTION F(M])

FORMAT €41 ' 'RADLUS

OF

FORMAT C1RC1Xs F10e2))
FOREGAT CTMIXs F16e 6))

FORMAT (18CIPETL.4)) . g
FORMATC "AFPROACH 7 HERTZIAN APPROAFH » :Fl@ 6)_-

78

CONTACT 1S NOW =% 2Xs F7e 4

FORMATC 'LOAD 7 HERTZIAN LOAD = o :FI@ 6)

LNU

 REAL M1

Al=0. 4432571 41 463,
A2=0. 06260601220

CA3=20.04757333546

A4=PeB1TR6506451)

Bi=0:24998368310

B2=0.09200180037

B3=0.04269697526

Ba=@e 00526449639 -

E= (lo+A1*Ml+A°*Ml*Ml+A3#M]*MI*M1+AA#M1*M1*M1*MI) .
& +LOG(1. /Ml)*(Bl*M1+82*M!*MI+B3*M1*MI*MI+B4*M1*MI*MI*MI)

RETURN

END

REAL FUNCTLON K(
REAL -M1

CA=1.38629436112

"C1=0ePI666344259

C2=0.083590092383
C3=M.037425637.13
C4=0 e @1&51195?1?
NA=W.S

D1=0 .12498593597[.
 D2=0.06880243576

D3= 0. 03328355346

D4a=0. mnaaz/nim1a'

.'R"(CM+LI*M!+L2#MI*MI+C?*M1RM]*M1+C4*M1*MI*M1*MI)-'
& +(DBFD1le+D2*Ml*Ml*DS*M!*Ml*Ml+D4*Ml*Ml*Ml*Ml)*LOG(I-/Ml)

RETURN
FEND
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REAL FUNCTION F(R,»R1:;R2)

COMMON E1a S, PILsFAC :
Fa R/vR)/Rl*hAC+‘QRT(R14RI~P*R)-R:
RE TLIRN -

END

REAL FUNCTION U1(RsA)

COMMON E1s8s PI-

REAL KsiMl

IF (R«GT«AY GO 70 10

MI=1e=~CR/ZAY £ 42,
Ul“A*E(Mi)*aa*(lo"S*b)/(PI*E])

G0 TO 20

Miz=1le=CA/RY&4£2.
Ul-(R#(F(Ml)-Ml*K(M]))44.)#(I.*Skd)/(PI*F])
CONTINUE

RETURN

END . .

REAL FUMCTION U2(RsA) .

COMMON E1s S, PI

IF (ReGT«AY GO TO 19

U? PI#(A+A~ R*R)/A*(]0+S)*(1.-?.*5)/(20*PI*E1)
GO "TO 29

U2="0+0

CONTINUE

RETURN
END

REAL FINCTION U3C(Rs A)
COMMON Ets S, PI

IF (R.GT+A) GO TO 106

1v3= PI*H#\ia+S)kCl-~25*S)/(2-*PI*E1)

GO TO 2o

3= PI*A*A/R*(I-+S)#(1;-2.#5)/(2.*PI*F1)
CONTINUE

RETURN

END h
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KEAL FUNCTION UaCRsAY

COMMON Els S5 11

REALL XKsMi

IF (iHaGleAs GO TC 1%

Mi=1le-{R/AY 442 o

Ua= 473 kR 4EM ) 2EMII* () om'n;*S)/Ci-?I,*IEI ,)

- G0 TO 20 - - T
10 Mt=la-CA/RY 52 : .

Ua= 40 FPLARKR/ A& CECM D =M 1#K(M1) ) 4424 4C 1o~ S£SIZ(PLAE)
CONTINUE - T . ‘
‘RE TURN
END

)
]

'SUBROUTINE ‘GAUSEDC As Xs Na I TMAX» EPS?
INTEGER FLAG . ' ‘
DIMENSLION AC20521)s X(26)
NFE1=N+1 . ‘ o
DO 3 I=tsN - o -
.ASTAR=ACTS 1) e

DO 3 J=1.NPY o

3 ACI,JI=ACL5J)/ASTAR
DO 9 ITER =1s1TMAX
FLAGZ1" '

DO 7 I=1sN
XSTAR=ACL)
XCIY=ACI»NP1)

DO 5 J=1sN .

“IF (I «EQ¢ J) GO TO S

CXCDI=RLII~ACTS J) 4X ()

S CONTINUE . . _
IF(ABS(XSTAR-XCI)) <LE. EPS) GO TO 7
FLLAG =0 ' :

7 'CONTINUE :

IF (FLAG.NE:1) GO TO 9
QUTHUT ITER o
GO TO 1 :

9 CONTINUE _ : o
OUIPUT ‘DID NOT COMVERGE" -

1 CONTINUE ‘

RETURN

. END

PLOAD (GO, -
P RUN
i FOD
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