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L.
ABSTRACT

This thesis is concerned with an examination of significance levels
in -variance testing in the case of sampling from a bivariate normal den-
sity with a nonzero correlation coefficient. - The density related to this
situation is derived from the Wishart distribution. Using this basic
density, a characterization is made with the emphasis being placed on
the behavior of the density for special cases. A tabulation of the den-
sity follows, and conclusions are drawn as to the effect of the correla-
tion coefficient on signiflcance levels in testing for homogeneity of
varience. The numerical analysis techniques, tables, and IBM 650 pro-
grams necessary for the numerical exsminations are included. '
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I. INTRODUCTION AND STATEMENT OF ‘THE PROBLEM

An importaﬁt‘phageﬂéf statistical inférenqe is testing fo?.homoggpé;‘
ity of variance. The assumption'of homogeneity of variance is necessary
;n analysis of va;iance techniques fér tests of hypotheses, e.g.y ”1 =
M. = ¢ o & = pki,gnd, if there is question as to the validity of this

2
- assumption, thg tgst for hompgeneiﬁy should be made bqfore proceeding to
thg tests of hypoﬁheégs qoncerning’lopétion pérametgrs; There are al?o
‘many ﬁimes when the tést for homdgeneity oflvaqiancé is itself the pr?n- .
cipal object of the experiment. |

In the general case of k variances,;an approximate test due to
Baftlettfis available. In the case of two varlances, an exact test'ié
made using the F distribution. In the usual var;apce'testing situati§n,
‘because of the assumption of stochastic independence, corﬁelation co-
effiqients'are irreievant in null and alternative hypothesis Qist:ibu-
tions. ;If, however, sgmpling is from a multivaria$e ﬁormal distribu- f
tion, the.vgrious,correlapion coefficients a@pegr in tﬁe Joint distri7
bution of the sample variances aqd covarianceé. In the case of gamﬁligg
frqﬁza.bivarié$e population, there is a singig‘corrélation céefficiept,
p{_té bg_considéreq;:agd we no ;onge; hgye~ty6 ;ndepeﬁ@ent ﬁaqp;egxwith
the resulting independent estimates of two'Qariagces,;bﬁt'ramhe?.a-éiﬁéle
bivariate sample,froﬁ which we obtain two estimates of possiblj_differgnt.

variances whose Jjoint Qist;ibution involves p.
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A test for eqﬁality :of ,varia,ﬁcés is sometimes required when we have
a single sample f_rqm_ a blvariate normal distribution. ‘i‘he question. then
arises as to the effect of p upon the true significancei levels if ti;e ususal
test is made for equality ofl variances té.kirig the :critiqa.l points from'
the F distributii.dr_l,' which, éf course, is not the appropriate one in this
case. The particula;c distribution required is. fhat of . the cij;otieﬁt of
the ratio of eaph unbiased sample varisnce 1';o‘ the corresponding pépuia-
fion variance; and th;l.s_ distribution i{l\volves py the ratiq of 1.;he true
variances, and n (the bivariate sample size minus one), Investigation
of significance léveis_implies exarqing,tion of the null hypothesis dis- -
tribution; i.e; s the case of equal variances, so that the raticsof the
frue -va,riance.s 'becbines unifcy, _énd qnly p end the sample size appear as
'par'amete‘rs 1n the distribution. | |

The problem is then (1) that of t:.a:bulating..i;he_ appliéab;l.e'd.istri-
bution for various valuqé of :p land n in order t‘o obtain pé'rqent’ag'e 'p.csints
and ‘prq'pabilit;i.es a;SSOciate_d with pgrcen#age points of the F distribu-
tion, and (ii) examin;l.ng' analytically ah;l characte_r:ti;.ng f.hé dis‘tri})u-
Eiép. The fiistribution is not a simple function, and.l its fgbuiation was
a;._’qg'.s(k’ of & magnitude sufficient t0 require extensive use of an electrbni'c

~digital computer.
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I1. ANALYTIC EXAMINATIONS OF 'I‘HE DENSITY FUNCTION

A. Derivation of the Density

We W].Sh to find the joint distri'butlon of r, the sample correlation

1/"

coefficient, and v = /62 where sll,a;nd Sy, aTe the upbf!.ased semple

\_rai’ian;:gs. fi'om the 'bj.nfa,xjia.te normal -populat:j.oh and Ull and. 622 are -th.?
eorrespen@ing ﬁopulation variances. This distxjibu’cipn wi'll._pé; oﬁe in
which the population correlation _coefficient.-ié not necessgrily Zero.
Upon simplification, the distri'buti_onvw:'_.ll be ;‘_educgd, to a funetion of
v alongsy - . 3
~We shall begin with thg Wishart distribution in the form taken from

Anderson [1] ‘This form is a

. ( Matep - 12) 2. 5"

(1) epelvyyy vipy vpp) =¥ h:rf'(n (V11720 = V10!
* exp| - Y 2 , ‘

expl: 1/2( 17791 * ‘ 12v12 + ?&22v22):| |

s dv__av @
%11 T2 Tae

where the v, denote the sample varianc'es and covariances, and }... 3 de~
-1 o
note the elements of Z and Z is the dispersion matrix, i.e., the

matrix of the population variances and covariances.
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From the definition of sample and population correlation coeffi-

cients, we have

. Vi o
12
2 =

@) == I
(7 11720)

- A

. 12

p= A
(1122

and the density may be simplified by the change of variables

u u
1 Up - -
P Tt e Tt e
(gq2 22)

where the ranges of the new variables are

(h) O<u1<eo

0<u2<oo

oo < W< °

Upon substituting these values into the_Wishai‘t distribution, we obtain

} ' 'n ) n-3
(5) e.p.(u,u w):(l-p) (uue-we) -2 /’-mr'(n l)

. epr: 1/2(111 - 2pw + ugﬂ d, du dw
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From (2) and (3) it is apparent that
" 1
(6) = =vw/(am,) "
(€ r = W/"z).l1.12 :

1

@ = (ayn,)
wo= (uqu, dr.
Upon making these substitutions in (5), the Wishart becomes

n-53 n-2'
(1) eepelog, gy x) =1 - °) ° <1-r> 2 (uu) / b [An-1)

. exp{ l: 2pr(u s u:l

B dul.duz dr .

s

It is convgﬁient_ at this time to recmll the relationships

1
3
(8) s =lr,, /n)
1
5= (Vpp /0 *

which gives the value of v .a.s'

1 _ 1
(9) v= (v ) (v o)

L 4

%/%11
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Also, from the matrix relationship

- _ — -1 -
- ] by - A
. 22 12
g._ ¢ —==. e =
?l_O) 1 12 'lll 112 D D.
-2 A
5 o A2 12 1
12 22_J 12 22 D D
[ : — - L : N
L 2 '
where D = }‘ll.}.”22 - 7\12 and from the definition of equality of matrices we
have
i -1 X - .1
2

=B -
Fll.) o,/ 9, = {,,022’). ‘ (Ull.) ° . (lll/D')e,(lza/Pi) = OL:L].)2 g}‘22,_)'

so that _
1 .1 1 1
2 5 2
! (or
2
‘13) up = uv
.1
2
(u u, ) =u, v

2

dn. =20 v dv .
1 - 2

Making these substitutions in (7) yields

a n-3

2 .
(1%) g.p.(v, Uy r) = (1 - p2_) (1 - 1'2‘)'2 vn - n 1/ 2x P(n 1)

L. s
~

QY [ o
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1 : : '
, 2 :
°exp]:-"'2"(v2-2prv+lzldvdu2dr

r and upon integrating u2 over its range fhe Joint distriinution of v and r
is obtained.

If a change of variable is made by letting -

= I : .
(15) t=u2(v -20rv+1l)/2 0<t<e

du, = 2 % / (v2'-2prv+;|._)

. and substituting into (1%) gives

n ' n_-3
(16) eopo(vy &, r) = (1 -0 ) (1-r 4y 2 2

-~ ~

n-1- n-l n=1
t

[ r’(n l)(v - 201V + l)] -t dv dr db
The inbtegral over t is r’ (n), hence the joip’c density of v and r becomes
(17) eop.(v,r) =,(n-l)2n-l_n(1-p2.) 2 (1L-r
‘l::t(v? -l‘2pr\f"+.,l)il]  av ar .

To find the distribution of v, r must be integrated out of (17).

Ma.kmg ‘the su'bstltutions

u(l+2pv+v)-(l-u) (1-2pv+v)
,u(l+2pv+v)+(l-u) (l-apv-l-v)

’ (18) r =




a=1 +.v2

b =‘29V n
n-1 2.2 -1

k=2 (n-1)1-p ) =

the transformation becomes

(19) r = (2au - a +b)(2bu + a - b)™

Cdr . é:(a? - b2)(2b{i.'+ a - b)-a'du
_where tfxe rangeon r is -1 <r <1,

When r =--1, Wwe have 2u(a + b) =.0 which yields the possibilities
that u =0 if a+b £0 since a+bd ;_-'o is a triﬁal_ case. Th.,ia: is, .
v2 > 2& 4+ 1 =0 and upon exemining the discriminant '(ll-pz- - 4)2" we
see that it is real only if |p| = 1. When r = 1, we'hé.ve- after simplifi-
cation 2u(a-.‘b)'_‘= 2(a-b). Since u ='1~,. if a - b# 0, we have a case
amenable ‘;o the samé arglmeﬁt as gbove} i.e., the discriminant is tﬁe
same in this case. o |

Appearing in'the density are the quantities (1 - ra) and (a - br),
and upon evgluating ’ghese it is found that ‘

(20) 1 - fa g'h}{(l ;,u)(g?'_- b2,.)(2i>u__+.a. - b)-'a.

a - br = ;(aa - ba)(_zbu +a- b)-l.'

| Substituting these values in (17) yields




15, (n-!—l)
-5
-2 n-l 2 2

-Db )

s | . "
(l-u) +(a-b)l:,2 (lu) ‘|

da dv .

(21) e.po(vy u)

[ 3

Upon integmting u over its range, the Beta function is obtained, '

and the density becomes

i _(n+l>
2 pi1,2 .2 2
(22) eepo(v) =k 22 1 (&© - v°) :
) ‘ . . n4l . n-1 . _n-‘ll ne-l
, |2pB(2 , 2 )+ (a-D)B(2 5 2 )| av.

Simplifying the quantity in brackets in (22) gilves

(25) o° A [ -1)

* and upon substituting for k, e.p.(v) becomes

n
n-2 n -1 2 n-1_
(24) ¢~P~»(v;)— (n na -5 2 | aF- )

n-i-l av .

ﬁ(a —'b) 'z r'(n 1)

Using Euler's relation , we find that

_ o hm
(25) [T () =22 T 2(a - 1)

F(,_,




ik,
Replacing the values of a and b by those of (18), and making use of the
relatlonship between the 'beta and gamma, func'!;ions s We have

' (1 - )n n-1 - (Ei-]-') '
(26) eup-(v) = ) v = 1-4f s |V B ey,

3(2 20 ) R+v ) ‘ (1+v2)?,

The formula - (26) is a dens:.ty hav:u_ng the correlation coefficient, p, -

as a factor. The quant:.ty ve = Sl / Gl is of little use since the popu-

2 /o,

2'/ 2

lation variances are genérally not known. Since we are concerned with the
: ‘ g ' .2 C

null hypothesis distribution in testing Gi = 2 s we.leb Gl' = Qg and then

v2 becomes the ratleo of two sample variances.

Tn order to simplify the form of (26), let

(27) N - 1
au=2vdv 2u2 av

and upon substituting these values mto (26) we ha.ve

n-2

n«a-l
. - -n
(28) e.p.(u)=Lu 2 (l.f,u) ]:_l - )-I-p u(l + u) j >

where n n
: 2

-
_(};92)_ _ (- oz) Mn)
(2:'.') |—1 (.1.21.) )

(29) L =g
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With some minor simplifications, we have the density that is to be

considered in this thesis, i.e.,

n=2" (Bl

: ' : 2
(30) fa) du=epuf@)=Lu (L+u)[uf+(2-k)u+l] au.
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B Verification of the Reciprocal Relationship for Percentage Points

As stated in the numerical methods séction, only the 90, 95, 97.5,
99, and 99.5 p_ercentage_points_aré isolated since the values of the 1olwer
percentage. points are ‘simply thé reciprocals of the corresponding upper
percentage points. For example, suppose that, for some pa:cticular--va.‘l.ues
of the parsmeters n:and ¢, the value of u which has 97.5 percent of.the
ar_c_ea-under the cuﬁe to the left of it is u = 5. Then the value of u
that ha,s 2.5 percent of the ares to thé left of it is equal to 1/5 or
420 .

The nature of the. statistic considered indicates that its reciprocal
should have the- samé density as .the'sta‘_ci‘stic itself. That this is actu-
: ally the case is easily verified by makiné the. change of x'(a;'iable W = 2t
in (30) of ‘S_ee't_i'oﬁ II, Part A. The differéential becomes dau = w_e dw, and

substituting these values into (30) of Seetion II, Part A, we have

n-2 '
Lw(—-- (l+wl)w2"
(l) espe (v) 1 4V

2 4 (2+1Lp )w :l—_

Simplifying the denominator yields the form

-5l : o n+1
eepo(W) = Ly, ° (l +W l) W~2 (iw | '
L ' n+l ‘ :
' B +(2-11-p )w-l-]
n : n +
| 2", ( )
(?) =Lw (l+w) W +(2-1Lp)w+
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The form of (2) is the same as that of (30) of Section I, Part A,
and this verifies the fact that the lower pércentage points. are the

reciprocals of the upper percentage points for a fixed n and p.
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\

€. An Equation for the Mode

Since the density is unimodal, the nonzero val_ue of u for Vhich ‘f:he
first derivative of the d_erisity eguals zero is the modal valﬁe." In this
part, we will exalﬁine the first derivative and find an eqqatiop for the
mode « B |

‘Teking the derivative of (30) Section II, Part A, we have

(1) £t(u) = R(AuB_-_l-, ].31;_2”-!- Cu + D)

where ' n ‘n-h.
(1-2F w2
[ua + (2-)-l-p2-.)q+£l 2
pe -{n+2)
2

4P -6 - n

C= -3+ 692;-1-'_‘121.'

n-~2_
2

Upon setting £'(u) equal to zero, it is seen ‘that R =0 only if u =0 or
P !é_:l-_', 1. lZI."}:le values of p =+ 1 represenﬁ the degenerate cases.
This leaves only the possibility of the cubic expression

' 2
(3) .,Aq? +Bu +6u+D=0
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.This equation is one which, when solved for u, yiélds the modal vd;ue.for
any'fixed7p and‘n 2_5. The cases. n < 33will be cogsidered iﬁvalléter dis-

cussion.
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D. Behavior of the Density for Small n

In 'l:h;i._S pa.ift of the thes_is we will examine the. behavior of the density
for small values of n as we let the variable u become small. We sha.ll con=-
sider three cases for small u.

The first case is, when.n =1, what the limit of £(u) will be as
u + 0. That is, since | |

n n n-2

3. =p
(1) 2@) = < ’Vn)<7 +Z;1)

{‘ey<f+m+m2

where P = 2 '~ 11-92, we wish to examine

Lo A % 1

2,2 2
(2) 1im f(u) _(1—2‘3 ) @) 1im ?2 s
u '?’ e "l ; _.(%) u+0 (1_1‘ + Pu+ 1)

Since ’chis'.limit becomes infinite as u-+ 0, we see that for the case when
.=_ 1, £(u) 'a'.pproac':hes infinity as u + 0, i.eo, t:he density roughly: re-:
semble'é ‘the ﬁpper ha,lf of the hyperbola Xy = A.
___ The .second case’ 1s when n = S Agaa.n, we -é;'e _:@n’;_erest,e;i in the
Alim:.t of f(u) as u +'0. Setting n =2 in (l), .'.v"r,e ha.Ve
u-2>m> e (Awu)

"(3) Lim £(d) =" Lim
- w0 | F(l) u”°(u +Pu+1)

Since the limit approaches 1 -a's?u_» 0, we see that for the case n =2,

£(u) epproaches 1 - p2 as u becomes small.
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The third case to be considered is what the limit of f(u) will be

when u +» O for n> 3. Putting n = 3 in (1), we have

()+) Lim - £(a) = (a-07) r’.(_'f)) 1im ~ 1%2 + U -
_ u-)-q . PQ(E;_) ‘u >0 (u + Pu + 1)

Since u appears as a 'facto-r in each term in the numerator *‘of tﬁe ?raation-,
we see that for n > 3, f(u) approaches zero as u bicomes small

In- (2) Section II, Part C, the q_uant:.ty d%— appears as a factor
in tha éxpression for the first derivabive of the funetion. This raises
the question as to the method of approach of the function to the origir_l.'
As no‘ced above, for. the ease n = l, the f‘tmct::.on becomes mf:mn.te as
u + 0 so. that in this case the first derivative. is meaningless. For
n = 2, the funetion approaches 1 - p2‘and £'(u) approaches infinity;
hence, we have tangency to }.:he. f(u) axis. For n = 3, the function ap-
_proaches zero as u ->.0, “but again £*(u) approaches infinity which im-
pl:.es we have tangency to the f(u) axis« For n = 4, the fu.nct::.on ap-
proaches zero, and £ (u) is finite and positive implying intersect:.on with
ft_)gth axes at the origin. Finally, for n P 5,_"the _fungtlo;_l appr_'o_aphes zZero
as u > 0; and £*(u) is zero, implying that the f'unction.is— tangeﬁt to the
u axis with the order of contact increasing as n increases.

This co@ietes the discussion for the variou_s cases as u > Q, .and .we
arrive at.the conclusion that the density exhibits the seme characteris-

tics for small n as the F distribution.
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E. ‘Moments of the Density

~ -Bince a.]_'L moments exist for the F distribution, the guestions .arises

as to whether the moments exist when. p #£0. We will show that after a

certain point, £{u) of (30), Section II, Pa.rt A, is less than g(u) where

g(u) is the F dlstrl'but:.on, and hehece that moments of all orders exist.

‘Recalling
| 2F o | -——— )
(1) £(u) = ﬂ = ) P(n) = = U‘:o,-l-l
P (") Lu2 + (2-4p )u+]}
- B=2 1
(o) (@2 +v°)
g(u) = 2 ) n+l R

_we see that the ratio f(u) / g(u) is

n+l

eu) © (1-0°) (1+u)
(2) glu) : o+l

[u2+(2-hp)u+l]2.'

Taking the limit as u becomes large gives

Mol

n ) 'n.+ 1
2 {1 +w)
(1 - 62)° 1im (

i

(5) 1 53

u+e . ' u—>-ooE1+(2 Ll_p)u.,.]T

NiB

- o)

n <+l
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sinee ‘the highest power of the polynomial in the nmumerator is the same as

the highest power of the polynomial in the denominator.

. 2-%
The quantity (1 - p%)

| is always less than one, and this implies
that £(u) is bounded by g(u) for all u greater than éomé value say a.
It is apparent that the introduction of the factor u’ in (u) amd glu)-
of (1) will produce the seme result in the limit. . ‘

Refervring to Widder D[] we have as a theorem on the convergenece of:

improper integrals

(4) Theorem
‘ 1. £(u), glu)Ec a<u<w
2 0< f(ul)_ < g(u) a<u<o

3 fg(u) dw.z <

a
o
— f £(u) & < w
e
To show that condition ohe holds, let us examine f(u) and glu) for continu-
ity. 8ince the ratio of two pqiynom;als is continﬁou,s at a.ll points ex=~
cept where the denomingtor is equal to zero, let us solvé the qqadratic

in the denominator of £(u). Soliring by the quadratig formula, we see that
- 1

(5) u= (2 -1)2z -1




N

are the only possible roots. However,'the_qnantity (92_- i) 'is imaginéry
in the.interval |p| < 1, so all of the roots are imaéinary. Similarly, -

u #Fﬁl is~the only root of the dgnominétor of g(u); and, since u is defined
to have the fange 0<u < o, there are”po points yhere g(uj'becomes ﬁn-
defined. Tﬁus, f(u) and g(u) aré continuous.

Since ¥(u) is a density function, it is greatef than zero; and we ﬁavg
shown iﬁ!(B) above that, for u sufficiently large, f£(u) < g(u). ‘Thué;
conditién 2 isAsatisfied; ;As the moments of the F distribution are known
to exis#, we havé satisfied all of the hypqtheseg 6f the theo;emg'pheré-

fore, we may conclude that moments of all orders of the density exist.
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III. NUMERICAL ANALYSIS
A. Formula for Progra_mniﬁg the IBM-650

Due to the complexity of the form of e.p.(u) in (30) of Section II,
‘Part A, a closed form could not be found for the integral of the density,
and ﬁu;nerical method.s are used to £ind the cri’tica.il.,pe'rcentage points of
the cumulative distribution.

To facilitai_:e the programming of the IBM 650, logarithms to the base

10 of the density are taken. :This form of the density is

| '(l) log [f(uﬂ = (n/2) log(i- - p?) + 1og [(n) + log(l + u)- 210gP(ﬁ/2)

-2 - 1 2 2
+ (na ) log u-(E'g--) logEl +(2-bp u+ :L:l .

Th_e_ integration program of the Appendix uses this formula as the inteA—‘

grand. _ _ o _ o
As a check on £h¢ va.lidity of the deriva.tions preceding' (1 ), we may.

substitute the value of p = 0 into (30) of Section II, Part. A. The

e.pe (u) should reduce to e.p. (F) where F is the ratio of two independent

ch:.-square va:ciables. '

Proceeding with p =0, we find that
mow 2

(2) e.p.(u)=Lu"2 (l+u)

where




(6) eoPoFF).= eop,@) - _’jz.g%_.._’

26.

(3) L=fin—)

2/
RS
for this special case., The F distribution is
o A~ O WY Y e )
F(%fn% 5 7 gt , 5
(k) e.p.(F) = 2 ny  n, °F -("n2+nl“F) ' aF

Tn \ /T ¢
r(zVtE)
where .
(5) 0<F<w
| n, + 1 = number bf-o'bs_ervgtions in sample 1
n, + 1.= nunber of observations in sample 2

2 2
F=Sl/82

. ) ’ -2 2
Recalling the fact that we have let o, =0, in our null

hypothesis distribution, it is seen that F =u and n = o) =n,. Making

-these su'bstif.u‘bions in (4) gives the relationship

ne2
2 -n
u o (L4u) du

-2

Therefore, for the special case p = 0, we have that e.p.(u) = e.p.(F).
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B. Numerical Methods

An importsnt portion of the problem is 4o evaluate the integral of
the density in (30) of'Sectj.ox; 11, Part A.  Due to tl}e, complexity of
tl}e density, nuJ;xqriggl methods. are emléyed in the isolation of critical
points of the qumu}.atj:vg dig,tribution.

Since numleric_alk‘e‘m_alysis techniques are e{nlzq.oyed, errors are intro;.
duced into the tabulated values; however, by tg,k.ing i;lcrémer;ts of u
to be .01, it is '?eliévgd. that reasona’bly accurate results are g'btained‘..
In order to assess the accuracy .of the tabulgt’ic?n, a table of values .
of the cumulative distrlibutio‘r; ce;lculafced when .p'=.0 has been ,inéludeda
It is seen that these values agree with the yalues of the cumulative
F distribution. | |
| For the numerical integration', Simpson's rule h_ajs ‘been éeleched
beqause of the simpil.é coefficients involved. An h ya]_.,ue of .D;L was
choser;, and cumylative probabilities are tabulated. -Values of the cumu~-
lative distrib}.;ztion are obtained for n= 6, 8, 10, 12, 15, 20y 25', 30
with p =_Oa0(0.l)005(0.5m)0.,8 for each _n; Since p, g;ppear.,s__only. as oo
in (30) of Séction I];I, Part A, only positive valtigs of p are considered,
and. -_’ohe ta?bula.ped values are applicable for'nega‘cive_ Po
| The program to accomplish the integration is Program A of the
Append_i;c. The fomula, programmed is Siﬁpson's rule with (l) of Section

III, Part A, being used to evaluate e.ps(u).
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After the tabulation of the cumlative areas for a given n snd Ps
the next step is to isolste the criti;:al!. perceqtage points_ of the .cwrxula‘-
tive distribution. The 90, 95, 97.5, 99, and 99.5 points are 'relevant
in the testing of hypotheses. As shown in Section II, Part B, the dens:.ty
of W= ufl is of the same form as tha,t of u; hence, only the upper per-
centsge paints are t_abulated.. The lowesr points are found by taking the
recipfocal of the tabulated utper percentage points_c |

To isolate the percentz_age points, it ;‘.s necessary to use a numerical
tschnique for inverse interpolation. . Laogrange®s interpolation for_mula
has been selected with the primary reason, a,ga,i_r_l, _Fbeing the ease in the
programming of the IBM 650. A third degree poi:y'nomia‘l is used with the'"

formula being taken ‘from Kunz [2] . The formula is

(1) x= T 70 - ) - :Y';z,) N (v - .vo)(y - )y - yj)

(yo yl)(yo Va)(Vo ¥3) o (vl yo)(yl 'yg)(Yl y;) B
(y - yo)(y yl)(y - y3) | . T30 - yl)(y “¥p) o -
(y2 yo)(yg yl)(sr2 y5) (y5 yo)(y3 yl)(y5 Yp)

A c E G

=B Xq + DXy + F %o +"ﬁx3'
where the correspondence is:

(2) y = percentage point desired

X'= w value of percentage point desired
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. ui
vy = f £(u) du
O :
x, = u values corresponding to the Yy

As; By o o o H = notation: used.in TBM 650.program.

Two values of y; are chosen on each side of the desired percentage

point. The program fs_o z_a,ccomplish the _in’qerpc_;_la.tion is ._lfrograml B _of.‘~
the‘ Appendix.. - The vglues of xl and. y; necessary for the program are
obtaipegi f;‘om Prog'r_am. A of the App.endix.._

The maalcimxm values of the density are also the va..';.ues of the mode
for each n'and_ p» To facilitate graphing and. to aid in the study of
the characteristies of the dens:‘z,.t;)_'r, the f;rs’é deriyative of the dez;sjjty :
mst be found. -Up_qn examination of the .vqiues.obtaine_d :m the ta‘bu_]_.a%—
tion of ‘the density, it is seen that there is only one hmax:-h‘:aum for a
-giver;'n and p,o: There_foxfe} 1‘0 _ish_gufficien‘c to find the va,lué of u Tor
which the first _derivatiye chapges, sign. N

~ The formula selected is taken from Nielsen [3] and wa;s d_.erived by
“taking the first derivative of Newton®s Forward -In’cerpola’qipn formila.

The simplified ferm is

(3) y'(a) = 2/83 D, A g,
. 1_ ’
where

R c-%; \:(w -1 D (v -1 2) bﬂ

N




1 .
bigq = E;E[?i (w -1+ li}
p =1

and the correspondehce is:

u -1 .
(5) v= —5'—9' 5 u ='initial guess; uo = value corresponding to yo;,
h =

°l§ yi = f(ui) °

Three values qf.yi”are ‘chosen on each side of the estimated value of
f(u) where the first derivative is equal to zero. -The program to accom-
plish.the differentiation is given as Program C of the Appendii;& The

values of y. aré the evaluation of f(u) as given in (30) of Section II
- i S : ’

.Pa.rt A,
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IV. NUMERICAL EXAMINATIONS OF DATA AND CONCLUSIONS

In Table T, the percentaée points for n = '6, 8, 10, 12, 15, 20, 25,
30 with p = 0.0(0,1)0.5(0.5)0.,8'31'8 tabulated. As n increases for a
Tixed p and a fihxed perc;entage point, the value of u required in a test
of a hypothesis becomes smaller. For a fixed n énd percentage point,
the value of 1 decreases as p increases.

ﬁ?his implies that, if one is tes_ting at the ¢ level. of significance,
the upper‘cri'bical poiﬁt for a two~tailed test deéreases. For example,
suppose one was making a test at the 5 percent level of significance and
had taken samples of size T-» 'Realizing that the tables are tdbulated for
the sample s:.ze minus 1, it is seen in ‘I‘able I that for p = O and n - 6,
_ the upper cribical point is 5.82. However,, :|.f there is reason to bel:.eve'
that |p| actually is eqﬁal to 0.5, then the critical point for the test
should. be 4,78,

For small values of p; the differencesin the values of u for a fixed
n and pementgge point are very smalls However; as p ‘inereases the' differ=
ences become quite a.pprecia,'ble.‘ When & test is made at a higher’_]_.evgl__qf
s:.gn:.f:l.cance, the’ re-lat:.ve d:.fferences in u become grea.ter. If there- is
resson to believe that |p| is as great. as 0.k, then the cr:.t:.cal points
for rejection are smaller thaq; those for the cas_é when p = 0o

As n takes on integral values" beginning with one, the shlape' of the

graphs of the denéity show considerable variation. As péinted out in
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Seetion II, Part D on the analytic exam_ina.'.bion of the density, for
n = 1 the densit.;y 'becomé infinite as u + O and for n= 2 the demsity
aséumes the value of 1 =~ p2 as u + 0. For values of n._>__ 3, the density.
approaches zero as u - Q.

These fgcts have 'béen represented graphically in Figure 1 at the
end. of this section. Forn =1 and n = 2, the graph of the density
would show that there is no maximm value. For n > 3, the maximm value,
or mode of tﬁe density, is given by the equation (3) of Seection II, Part C.
It is further observed that for large values of n the dispérsion ai)pea.rs |
tg? be decreased. For the values of n and p tal'oula’ced, the mode and its
abscissa increase as n and p increase. | .

Table IT shows the effeet of p upon the cumulative di'sﬁri'ﬁutipn for
_a'given u and n. The first two columns of the body of the table give u
and the percentage points 1t represents fof the F distribution. The re-
mainder of the table gives the associated cumilative probabil:itieé for
the indicated va.lge of p.

U}ﬁon examination -of these values s it is seen that if one u,ées the
value of u for the case when p = O, the test is actuéily at a lower level
of- significance; :"y.e., the test is more stringent, when fﬁere is :njea;sqr.l '
to believe that p £ 0. For e,;»cample, if a 'sé@le of size '? is taken, Iso
that n =. 6, ‘the' vaiue of w té be used as the upper critical poiﬁt at the.
5 perceﬁ’c level of significance Wheﬁ p- =0 is 5.,82; However, if Ipl is

‘actually 0.5, the test would be made at the 3 percent level of significance.
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These facts have been illustrated by Figure 2 at the end of this
section. ' The values of & have been plotted against varying p values
for the case n'=.10. From thé graph, it is seen that o décrc-{a,ses vas
n increases. For example, a 10 percent level test is aqtually con=
dueted ab the T.6 percent level for [p] equal to G:k.
In Figure 3 at the end of this section, the function f(t:%’) has 'beéq
plotted Tor varying values of u when n = 10. For a Ffixed n, the dis-;
| peicsion of the density deéreases as p increases. Also, as p increases,
the mode and its absecissa, inergasén The cﬁfve p =.0 is the F distri-
bu.‘ci_oz':.t, and for n = 10 the curves p = 0.3 and p = 0.8 are bounded.-by't_he
F distribution as u becomes large. Th_is is as expected from our ana,iytie
considerations of the density. ‘ | |
"In conclusion; 'this thesis has been concerned with the_a:t_mé;_’y‘cic and
tabular examinations o'f.a clgnsity where the correlation coefficient betweeh
. two random vé.xjia'blés “is not necessarily zero. The following results havé
been ‘obtained : | |
l. The density satisfies a reciproca.l relatiqnship for percentage
points. 'Th:i?s requires tabula.tiop of only upper-tail critical
points. |
2. | The .dex_lsjait;;lr. exhibits f@pdaﬁle_n’_oal.changes in cya\rae{c_e}'“fqg:j_ swall
y'_alués of n. For the éase n=1, “the fupction becomes infinite
as u +~ 03 for n = é, tﬁe function approaches (1 - 92) as u - 0;

and for n' > 3y the funetion spproaches zero as u-.-r_o,o




3k,

3« The median of the cumulative distribution is at u = 1, re-

1!’5

gardless of the value of n and p. As n and p increase, the
value of the mode and its.sbscissa both increase. The -
equation for the mode is a cubic, and the density has no

mode for n = 1 and n = 2. In general, the variance of the

density decreases as p imcreases for a fixed n.

When mak:‘_.ng tests of hypotheses on the equality of va.riances,l
if the assumption is made that p = O when actually §. # 05
then the test is being made at a iower level of significanceo
Also, the critical peim:;_ for‘ the. rejection of the hypebhesis

is greater when p = O than when p # O for a fixed n.




Figure 1

Graph of f(u) for p = 0.5

50



36

P
Figure 2

Graph of a versus p for n = 10
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Figure 3
Graph u versus f(u) for n = 10

P=o A p=0.3; -e—e—p=o0.8
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Table.IIv-\F(u)_for Upper Percentage Points of the F Distribution

u 0.0 0,1 0.2 0.3 0k 0.5 0.8

3,05 900 901 ok %9 - 916 926 973
- 4.28 950 951 953 . 956 961 967 991
5.82 975 9715 977 979 981 985 997
8.47 9% 9% 991 = 992: 993 9% 999
9% 995 . 995 - 9% 997 . 997 100

%0 %L %Pk 909 orT ey 976
950 951 %53 956 %2 968 995"

ok
O ©

9% - 9% 991 9%2 . ol 995 100
9% 995 996 996 991 998 100

00 . 01 o0k 910 9_18 928 978
950 BL 953 957 962: 969 o9k
95 - 915 . 971 o9 983 986 998
9% 9% 991 -. 9% ok . 9% 100
9% 9% 9% 9% 997 998 100

00 %1 9ok 910 918 929 979
B0 - Bl 953 BT 962 - 969 995
975 976 977 979 983 . 987 999
9% 9% 991 992 9%k -.. 99 106.
995 995 996 996 997 998 100

WO - OL 904 910 . 918 929 980
950 951 953 BT 963 970 995
975. 976 977 980 983 . 987 999
9% 9% 991 992 99k 996 100
995 995 996 996 997 998 100

L]

iy ). .
43 975 9715 91T 979 982 g86 998
<03 9%, 9% 991 992 993 995 999
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20

9715
9%
995

900
950
915

9%

995
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Teble II (Continued)

0.1 - 0.2 0.3

01 90k 910
951 953 %57
976 oT7 980
990 991 992
9% 996 996

91 ook 910
Dl 953 BT
976 977 980
9% . 991 9%
995 996 996

0.8

981
9% -
999
100
100

982'
996
999
100
100




' 1"2 o '
VI. APPENDIX

The IBM 650 progréms‘ of Parts A; B, and C are written using the
Bell Statistical Interpretive System. The :5|,<3.vantaa.gés~ of using this system
are the floating éecima,l point type of arithmétic which eliminates the
computer scaling problems and the 'built-in subroutines T}F.uch as the gamma
function; logarithms, and looping.

Part € gi%res a tabulation of the density and cumlative distribu-
tion. The listing was done by the IBM 402 accounting machine which is
not equipped with.a decimal.symbolo\ Therefore-, each element in the p
column is actually preceded by a decimals. ' Similarly, the u column is'
actually 10u, i.e., 15 is 1.5. The f(u) column gives the value of the
function'of (30) Section 1T, Part A, and. F(u) is the cumtila.tive area from
0 tou incluéive. | The decimal point. is located by the' exponen’q followin_g
the column, e.g., 6525 lrf is actually .006525 end 12345 50 should be read

1.2345. L
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Program for Numerical

[ole)e)

(ole)e]

10 4

105

10O

O 05

Oo0o

101

112

114

117

10S

Read a caxd

n

Integration

n/2

n/2

n/2 + 1/2
-(n/2 + 1/2)

PM

P(n/2)
log P(n)
Iog PC/2 D

-2 logP (n/2)

P

2

a2

log(l —p2)

Remarks

2
n/2 log(l —p >

log(l + u)

@2 - 4p2)u

U

2

+

U



235

114

12 4a

Il 1o
l=2s
Il Is

l=24a

0 oo
o oo

0 oo

Remarks

u2 + @ - 2)u

u2+ Q —4§')u+ [

loggi + 2 - 4p2)u + 1]
-(n/2+1/2) logjjt2 + (2-4p2 )u+lj
log U

/2 - 1) log u

n/2 log(l - p2) + log p(h)

log

XO0loiCftuL Ff(u) - 71
u+ih

Alter Store

loop uz2
Initialize /7 f(u) du
GiYi .

Xoop

h/3 "~ "fIZi W f@U) du
Af(u) du 1

Correct u + ih
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020

000

000

000

000

000

000

000

000

000

45

Remarks
(W
Punch
Initialize Store Address
Loop box for p
Variable loop for p
Inttialize loop box for

Repeat

Constants



Loc.

311

319

313

314

46

O O ONj

ooolL

O OO

Remarks
°9
cio
h/73

Constant

Initializing Zeroes
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B. Program for Interpolation of Percentages

02 -A

O 16

O 17

O 17

47.

Read Cards
Move Xi
Move yi
Loop 5 times
y -0

y -
Y-Y2

?1 " yo
yoO - y2
y2 - y0
20 -

y -y
3 o
yi-y»
?2 -?1
yl "y3
Yg -y,
ys _y2



Loc.

26S

269

oOo0o

oOo0o

o4a45

o220

o223

o34

Oo0o

48

Oo0o

o4 1

O oo-

Oo0o

Remarks

A/B
A/B

Cx1Zd
A/B ><q +C/DX1

E

E/F Xg

G x©

G/H =
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Loc. Q 0g-A B C Remarks

289 | O 2 044 047 A/B xq + C/D X1 + E/F Xg

290 [ 047 046 003 A/B >gq+ C/D X1+ E/F >+ G/H >
291 9 ooo 015 o004 Move Percentage

292 0 410 001 004 Punch n, p, u,Percentage

293 0 203 000 246 Repeat



10 4
10 5

10 6

10T
10S

O HO

C. Program forNumerical Differentiation

@O

B

oJo) |
ool
00l
00l
101
00T

000

C

ooe
oTI
ooe
onl
010

100

101

Remarks
Read Master
Move Master
Read Details
Move Details
Change Move
Read 7 cards

Initialize move

Ayo

2yl

y2 - 2yl
A2yo

>2

yJ ->2

3yl

36 - 5y2 + Syl
a3 yo

N+ 20+ 4/2
PL +y,

Myl + y5)
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LoCc. OI 0 =D B C Remarks
-

Tic? 2 203 o000 =203
120 =2 o666 o016 =zZ04a
12 1 2 026 056 00O

Vi T yA4a
122 3 00O 404 oOO0O 564 — @
12 3 [ 204 00O =zZ04a

V5hHhe + 5QrvE — W
1z2-a =2 046 036 00O
1z 6 1 204 00O =zZ04a
12T 2 O7 1 013 OO0OOo U —u
1z2o 4a 00O 407 4a4Zzo0

h

129 =2 420 400 a4z 1 W-1
130 2 420 401 a=z2>=2 w — 2
13 1 2 420 402 a=23 w— 3
132 =2 420 ao03 4a4=z24a w— I
133 4a 420 401 430

b=
13-4 3 430 421 OOO b2 - v — D
135 4a 00O 402 a3 1 S
136 4 431 403 00O TBA
137 3 00O azZz a3z \
138 O 00O 400 250 D1
1zo | 420 421 00O W+ v — D

140 4a leYeYe! 401 25 1 L2 w+ v — D] = D2



Loc.

14
14
14
14
14
14
14
14
14
15
15
15
15
15

15

15
15
15
16
16

16

000

001

000

252
000
000

000
000

52

Remarks

(v - 2) D2
“ " b2

v -2)Dg+ (w-1)bg

1/5 (¢ -2)p2 + (w-1Jhgj =05
W - 5) p3

W -2y b3

(v-3D + (v -2)b

174 [(V - 3)D5+(w - 2)13~] = D4
W - 4)psa

W - 5)bu

(W - 4)D4 + (v - 3)b4

1/5 RV - 4)da~ + (w - 33XRJ =D
Initialize 300

D1 AL yQ (Negative Instruction)
Z=: al *0

Loop 5 times

Move U

u + Au

VhAD1ALY0 = y"(U)
Transfer until negative
Punchn, p, u, y"(u)

Read new cards



Loc.

<10 1

-10 2

Ooo

oOo0o

oOo0o

ool

Oo0o

53

Remarks

Constants

Initialization of 101

Au

Initialize zero
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Tabulation of the Density and Cumulative Distribution

D400 L WN =

(W

16934215
40 18vVv5a
5593Vv5VvO0o
63V 4aa904as
6584362 1
6a4a3Vv3o0o0s
609 0089S
56450293
5165 169S
468\Vva909 1
4232439009
38 10 1985
3a424a 4490
30oT6e8Vvas
2VvV6 a4voo >
2ase6l 1az
223Vv8vVvs80
20 1VOos56 2
18 20vo84a
16460905
14990698 1
13522voo90
1228a 33V
111 85aAdada
101 99 82V
93 165024
8523003 1
vs 1 1522a
TIV O I1vas
659 IVOs 1
60693405
55966 14 6
5 16 8 189 2
avvozs836
aazs5vo34
4103Vv321
38 10 1099
354 19368
32066 5Vv3

AAMDMDADMDIDIDANDMDIADNDIMADNDMAMNNMDADNADMDNMADMDMDRNND
DNOWOoO0OOOOOOVWOOOOOLOOLOLOLOLOOOOOOO

F(uw

6525928V
3549388 1
8428 120 1
144V 0166
2098Ve659
2Vv520V5sS
3IBVO6 153
39668 T52
450Vva4896
5000000 1
5444a45v542
5s4av588YVv
62090902Vv4a
65338059
68255999
VO8TSTO2
v32383VsS
V5363686
vv28064V
VOO 12344
805VvoOo234a
81999396
832s8Vv83
8446 1462
8552983V
86504850
8V396160
86212303
88960831
89648435
9028 1053
90863960
91401852
O 18989 15
92358886
o2Vv85 109
93 1805VvS8
9354VOVO
93889V 28
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0000000V OLUOLOOOOOOOOLOOOOOOOLOOOOOOOOOOOMmMCL
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