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ABSTRACT

The complete Hamiltonian to order v2/c2 for two interacting
Pauli particles is derived in this thesis. First, the wave equations
for Dirac and Pauli particles are exhibited, together with certain
properties pertinent to the discussion. Lorentz-covariant operators
for spin, Dirac moment, and Pauli moment are formulated and the
interaction with the electromagnetic field is explicitly stated in
terms of these operators. The classical Hamiltonian method in quantum
mechanics is applied to the problem of several-particle interactions,
in which the limitations and deficiencies of the method, as well as
its advantages, are exhibited. Approximate wave equations to order
v~/c”N are derived. The description of collisions by the method of
M/1ler is next outlined. This method is Lorentz-covariant to all
orders, but is applicable only to the first power in the interaction.
The Miller Hamiltonian for two Pauli particles is derived and
compared with that obtained earlier. Free-particle solutions for
use with the Miller Hamiltonian are given in an appendix, as is the
explicit form of the Dirac matrices used in this paper.
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I. INTRODUCTION
AIn this‘paper we will investigate the form of the relativistic

wave equation for particles of spin 1/2 undér the'assumptipn that-all
forces acting are electromagnetic. This hypothesis on the néture of
the forces is exactly correct for a single particle moving in an
external electro-magnetic field, and is nearly precise in the presence
" of gravitational and weak-interaction forces, for these are quite
small cémpared to the electric forces. The weak-interaction forces
are, in particular, of almost unimaginable impotence even compared to
‘gravitational forces. The principal neglect will be that of the
nuclear, or meson, forces; These forces are ofilimited rénge

(about 10713 ém.), but within this range théir effects predominate
over those of the elecfri; forces by many orders of magnitude.
Satisfactory wave equétions-including the meson forces are not cufrently
available, although intensive researches have been in progress for.
over twe decades.

Qualitatively, and semi-quanfitatively, the mesén—force phenemena
are wéll—known. Simply stated, the massive.particles (nucleons and‘
hyperons) possess-a compliéated inner stru;ture that is intimately
associated with the apparent or virtual -presence of intermediate-mass
particles (light mesons), which are the corpusculaf manifestations of
a néw field, the meson field. Any precise theory must include this
structure. Currently, nucleong are iﬁvestigatéditheoretically by |

describing them with the Dirac equation, in accordance with the
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magnitude of their spin. In the presenée of interaction this equation
is modified by adding certain descriptive terms. Although these terﬁg
are rigorous in themselves, their introduction is empirical.,

Electromagnetically, the important effect of the coﬁplex structure
of the nucleon is the appeaiance of a magnetic moment in excess of the
ameunt a‘simple charged particle‘would exhibit. This can be so simply
stated by virtue of the rather bomplete knowledge of the electromagnetic
field that has been attained. For the meson field, thié degree of
understanding does not currently exist; we cannot therefore state
the effects of the nucleaf interaction precisely. The best that has
been done is to list all possible types of interactions allowed, and
to test them, one by one. Since this empirical method has met with no
great success, we are carried back to the fundamental problem: to find
the precise nature of the meson field. ‘

This péper‘does not treat these great and interesting problems;
we deal here only with thé electromagnefic field. .This study however,
has three important uses, and one distinct advantage: it is somewhat
soluble. The uses are: first, the equatiens hold for particles that do
not appro;ch too closelys secona, in the presénce of other forces the
equétions can be used to subtraet thé electric effects, revealing the
other forces for studys; third, the Various.terms give clues to possible
forms of interactions,; particularly the velqéity—dependent ones, and
Qith appropriate médification may be used to déscribe nuclear forces.

"Throughout this paper we shall use relativistic quantum mechanics.

A
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Introductory material on the quantum mechanics may be found in the
‘books of Dirac (17), Mott and Sneqdqn‘(47), ‘and Pauli (53), in review
articles by Hill and Landshoff (35) and by Feshbach and Villars -(27),
and in the discovery articles of Dirac (19) (20). The matrix notation
is completely described by Good (33).: Bade and Jehle (1) have written
an excellent and accessbile article on the spinor analysis. Although we
will not explicitly employ spinors, this work is mentioned because of
its large bibliography on relativistic quantum mechanics. A list of
selected references would also include Darwin (16), Klein (41), Sauter
(57), Dirac (22) (23), Beck (2), Thomas (61), and Taub {60). .The.
extension to non-electric forées is discusséd by Kemmer (40), Inglis
. (37) (38), Furry (29), Wigner (65), and Wheeler (63). The textbooks
of Mdller (45) Panofsk§ and Phillips (49), and GOIdstein (32) contain
a good background in the theory of relativity and électrodynamics.
Swann (59) has written an excellent review article on relativity and
electrodynamics.

- The more penetrating questions on the interaction of particles
with the electromagnetic field belong to quantum electrodynamics.
The most famous and readable introduction to this field was written by
Fermi’(26). For further references and recent work, see Dirah (18)
(21), Eliezer (25), Pauli (50) (51) (52), Podolsky and Schwed (54),
Weisskopf (62), Wheeler and Feynman (64), Heitler (34) and Jauch and

Rohrlich (39).
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II. WAVE EQUATIONS
A. Introduction. In the absence of an external fieldba Dirac

particle is described by the Lorentz-invariant wave equation
(1) 5
mc
(BXJH WAl

Each term of this equation has units cm_1 (energy divided by hec), and-

the repeated greek index indicates a summation for p =1, 2, 3, 4.

The four coordinates are Xy Xp x3, x4 = ict, m is the proper mass,
and the v are hermitian Dirac matrices in the representation

2 ' = k=1, 2, 3

( ) ’ _Xk_ L@“K 9 ’

Y4=—-@

These matrices are written explicitly in Appendix B. The fundamental

algebraic property of the ¥ is.their anticommutativity and idempotency:

(3)
’ X/«AY’V + YrYu = ZB/U_V

The four components of the wave function ¢ correspond to the four
" possible values of the spin coordinates ¢ has five degrees of freedom.
The ¥ matricés are representations of the abstract vy operators in spin

space, here with diagonal. From the basic ¥'s,unity, and the prdducts

T4
of the Y's a l6-element basis (i.e., linearly independent basis) of
Dirac operator space can be constructed such that any Dirac operator

has a unique expansien in terms of the elements of the basis. Any two
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Dirac operator spaces are related by a similarity transformation.
The adjoint wave equation, analogous to the conjugate wave

equation of nonrelativistic quantum mechanics, is written:
(4) 3 L
(0= v o WAy,

The "A" indicates adjoint, and the "H" indicates hermitian, or
transposed, conjugate. Simce the Y now operate on ¢ from the right,
an arrow is written under the ¥ to indicate this explicitlyf

The four-vector ic ¢AYM¢ is interpreted as the particle current
density. Its x,—component divided by ic is cometimes called probability

4

density. The wave function is normalized for a finite system according

to theé condition
(5) SWAKA\V dv =8w“q_rdfr=l.

The. integration egtends over the entire configufation space. A beam of
particles is normalized according to ¢A Y4 P =1 (i.e., one particle
per unit vélume). This normalizétion is not’Lorentz—invariant;
renormalization is necessary after a Lorentz transformation. The wave
functions transform as spinors,; -but-the iepresemtation oflthe Y is-
ihvariant.

. The four-vector‘jp = —iedA YP {» where e is the electric charge of
the particle, is the current density vector in e.m.u. Premultiplying

eq. 1 by ie ¢A, postmultiplying eq. 4 by ie ¢, and adding the two, it
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is easily shown that
6 OJum A
? 9 AT
expressing thé conservatioh‘of current and charge. Conservation of
the particle density is exhibited in the same manner.

In the presence of an electromagnetic field, terms expressing the
intéraction must be added te eq. 1. These interaction terms, in addition
to satisfying other requirements, must be Lorentz—covariant. The
covariance is autom%tic if they are constructed ffom Lorentz tensors
in such a manner that each term is the very same kind of tensor. Aﬂ
inspection of eq; l-reveals that they must be écalars, In the next
two sectiens the two pertinent examples are éonstructed.

B. Dirac Particles. Ciassical analogy immediately provides us
with an interaction term expressiblé in quantum—mechanical ianguage:
thde A= (A, id) is the potential of the external field; A is the
vector potential and ¢ is the scalar potential. Rep}acing jp by its
Operator;ier,'and dividing by hc to conform with the units in the.

rest of the equation, we find the wave equation

2 e - e
(ax/u?f/* i3 A»*XM* T)‘\“O-
2 Le
P

—_— — /%/L s the equation assumes the form

._;/L Ae

Writing ﬂ# =
" ' me '
(g = H )= 0.
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This is the wave equation of a simple charged particle of éharge e. The
automatic appearance of spin and intrinsic mohent, which we shall show
later, is a portentious result that has vastly extended the knowledge

of the fundamental particles. Eq. 7 describes electrons and positrons
simultaneously with great accuracy. Pending further knowledge in the
field of quantum electrodynamics, this equation is believed to describe
electrons and positrons exactly.

C. Pauli Particles. The term "Pauli particle" will be used to
denote a particle of spin-1/2 thét-exhibits a magnetic moment in excess
of the intrinsic moment of a simple charged particle. The interaction
due to the charge of a Paull particle is identical to that expressed
in eq. 7. It is now ﬁecesgary to add terms descriptive of the inferaction
of the.ekcess magpetic moment with the field. The méa&uré of the excess
moment will be denoted by p. |

The correct relativistic. expression of a magnetic moment density
is én antisymmetric tensor of rank two, usqally called a six-vector. A
system which has a pure magnetic moment at rest will in general appear
to have a cgrtain electric moment when it moves with respect to the
observer. The decomposition into the electric and‘magnetic parts' is
not unique, analogously to the decomposition 6f the electromagnetic field
into its magnetic and electric parts. Ihe magnetic moﬁent is an
axial vector, and the electric moment is_a-polar vector, in any
given decomposition of the electromégnetic moment six-vectqr.

Explicitly, this six-vector is
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(8) r .
O Mg -4#, —¢F

//Z - '—A4% o : M, ‘L.Fi
Sad /¢12 - A4/ @) -L‘E%‘
.-"PI L‘Pz ng O

)

where the Mi are components of the magnetization and the éi are
components of the polarization. The'electromagnetic field six-vector
is ‘

() | [ O Hy -Hj '_""’El-
| °H3 O H\ *l‘,Ez
A7 Hy-H, O =-(Ej
LE, LE, By O

The Hi are components of the magnetic fileld, and the Ei are compenents
of the electric intensity. Classically, the interaction energy is )
half the scalar‘product of the moment and-field six-vectors:
(10) | :

“z P fourw -
To pass to quantum mechanics, we must find the Dirac operator for

the moment. The requirement that it must form a six-vector leads

unambigously to the Dirac six-vector May -.-.-/,L-,é- CB{“XV_X'V(/") . It

. . ' L

is convenient to set ¢, = = . The "modified Dirac
L) (XMXV - Y Y¥ )

equation™ then follows: )
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(11)
L IRVINLE me .
<a></¢?§/* Qe Euv/x/w + T)W=O .

This equation describes a neutral particle that, at rest, has a
permanent mégnetic moment M. _With;ﬁt exténsive modifications of
the theory, there is no place for a particle of similar permanent
electric moment. No such particle is known. Eg. 11 was used by
Carlson and Oppenheimer (13) fér the then-hypothetical neutron, just
prior to the confirmation of its discovery.

The extension to a particle with both charge and excess magnetic

moment is immediate:

(12)

The prbton is an egample of a particle of this last type.

The excess, or anomalous, moment may arise from at. least two
sources, the interaction of a particle with its own field, or through
a complex structure. The former leads to a very small moment, even
for the very light electron, whilé the latter produces a moment of
the same order as the intrindic moment. Table I lists the

electromagnetic properties of the common spin-1/2 particles.
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Table I. Electromagnetic Properties of Spin-1/2 Particles

particle charge Dirac mom. Anom. mom,
neutrino 0 o - probably O
electron te ) 0.001145
p-meson - te 1 ' ?
proton te 1 | 1.79275
neutron -0 : 0 -1.9128

(moments are given in magnetons for the usual charge state)
D. Discussion of the Operators. The Dirac interaction term is
not hermitian:

(13) .
le % 8
(_ A/“X“> .‘ﬁ_c,A/“ X/‘ = \;c Aka 'V\ 4\64 '

The behavior of this term is complementary to that of é%; ’&;A
Cal

where the imaginary x4—coordinate behaves differently from the firs't
three. At first glance this mighf be attributed to the choice of
coordinates, but the metric properties of the relativistic (3 + 1)-space
require a similar behavior for any choice of coordinates. The physical
. result of this property is the charge-ceonjugation ppe:ation and the
consequent appearance of antiparticles in the theor?.

Since.I&p'v is not hermitian, the Pauli term is also non-hermitian.

Cuv is, of course, hermitian. The sign of the Pauli term changes in

charge conjugation, as it should. Therefore, the operation of charge
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-conjugation produces the correct sign changes in both types of terms.
For a free particle, the moment six-vector can be expressed as

an equivalent current density. First, premultiply ed. 1 by vyt

(5% Yoy + ) be0.

Interchanging Y“ and v, in the first term,

ax,,,X/A)’v ‘W‘C‘W =0,

.Adding and adjusting the signs,
(14)

Treating eq. 4, the adjoint equation, in a similar manner we find

’

‘that

(15)

;;W<WA%v>f cwxc lelf

Finally, multiplying eq. 14 by ¢A and eq. 15 by ¢ and adding:

(16) QLW\G

> .
B&(lp Cf-vW)- WA)/V qu
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Multiplying by eh/2mc, we obtain the relation between the Dirac
current and the corresponding moment density:

(17)
.D

ZX/"(W /u/”'w)' “ellf Y ==dv,
where p£v=eh/2mc. The field due to the moment can now be found by

MaxWell's equations:

(18)
Sy = 4TIm Am/“Bx (W5, ¥).

In the general case, the current density due to the moment is
no lenger simply proportional to i¢AYp¢, buf we assert that the current
is still given'by the covariant derivative of the moment six-vector,
as in the last term on the right of eq. 18. The divergence of this
current is always zero, expressing the conservation of charge.

The spin angular momentum is represented in this formalism by
the pseudovector (completely antisymmetric tenso£ of rank 3) Sp=-ig YsYu;

wherevY5 = Note that the magnetic moment is not simply

Y, Yy Y3 Y4°
proportional to this quantity. -

Each operatér mehtioned to this point,.and the ané equations
themselves, are Lorentz—covariant and agree completely in their
algebraic properties, including their behavior under-spacé reflection,

time reflection, and charge conjugation, with their classical analogues.

The spin and magnetic moment commute, as required, with the central~

i
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field Hamiltonian and have the expeétéd proper values. We shall now
assume that thésé operators are established, aqd proceed to examine
the interactions with the field.

B. Interaction with the Field. In order to express the interactions

in térms of the resolved electiic and magnetic fields, thé matrices j,
defined by eq. 19, are introduced.
(19) _ | _

\65\&'(: ('ejk‘l‘:l + SJK 3s ks 1 =1, 2, 3
Where eijk is the usual completely antisymmeﬁric three-index-symbol
that is zero if ahy two’indices are alike, and +1 or -1 as i, j, k is an
even or odd permutation of 1, 2, 3. Explicitly, the matri¥ is then:
(20)-

O -6;3 6, &,
6z © ‘ﬁ_“f\ P!
-_~"-6’?_ o O Kz
|~ X'\, -0y - Xz O

o

It.follows thats
(21)
_ A M _
2eh v Gy = E‘%*(W“ E"&)-

. The Dirac interaction is expressed in terms of the vector and scalar

potentials:
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(22)
Le e -
- s - _ - e¢
S A - Ed =
i ch ch
E, ﬁ, K, and ¢ are the fields and potentials measured by an observer
at rest. From these expressions we obtain the operators for the
properties of the moving particle as seen by an observer at rests
(23) current: 5é;< ' magnetie moments p—
charge: PBe electric moments: 'ip&
.The Hamiltonian that we haﬁe,uséd till now is the convenient
one for discussions of general properties. Its terms are homogeneous
and simple, and’ the units are especially convenient in the choice
h=§=l. For detailed calculations, however, it is usual to consider
the Hamiltonian obtained from the one previously employed by
postmultiplication by phc. In this case eq. 21 becomes:
../“ﬁH'q..‘ b@E‘-Nc ‘
Eqgi 22 becomes<eit ' ' '
(25) Wikt T iy ...;- ' N
. eA’N - Q# +
The new operators are:
{26) current: -ex ' magnetic moment: pp—

charges .e electric moment: —ipga
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F. Nonrelativistic Limit. In the notation just introduced, the

wave equation is:
(27)

(L’Rg—t+tch -V et e A3 -eb MR- T - (u BE W)b=0

' 2 .
Making the substitution ¢ = (¢s, ¢L) exp Efii, we get two coupled

equations:s

(28) TS _ -
(Zwme®+ ik s-t -ed + uh 2 )We+ ((h v+ e +e5-ANFo

(L'k?_—-t -ects ..../),T{:?)Ib‘_ -+ CCCIV\ & V- CMEE ~+ eE:Z\)l\JS?;O

in order to avoid a multitude of higher-order terﬁs due to t%e
simultaneous presence of charge and anomalous moment, {he’two cases

. will be treated separately. Ihe purpose of the analysis is to attempt
an approximate solution of the equations in the form of a two-component
wave function which satisfies a Pauli-type Schrodinger equation.

Such a2 solution will exhibit the effects of the electromagnetic
interaction in-a form that can be interpreted in terms of‘elementary
considerations, and‘will verify that the interaction terms behave
properly«ét zg;g»yelgcity; -t will be pointed out that certain
difficulties arise inm the application of the reduced equations. If
possible, it is better to solQe the system of eq. 27 in terms of a
four-component wave function.

The substitution leadiné to eq. 28 causes one of the two-component
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wave functions, ¢s’ to become small compared to the o£her, ¢L,
when the energy of the particle is small compared to the proper energy
m02° In the limit of zero velocity, the small components vanish.

For a Dirac parficle, the equations become:

(2mc’2'+ Lh% -eb s+ (o V+eo. AN, =
(Lhéa?& -ed) ¥, + (ieh&-7 +e5, A)P3=0
Solving for ¢s symbolically:

(30)

. o, _
L\)S= - (Zw\cz+ 'd?\a@-t —ed;) <LC.JV\ sV +es, A >1bL. )

o (l % - ed
C‘L

Ame?

) ((hE V+es A )1\3\_)

“i)s” - L (l— mét Cds)(m‘hof V+eoo A)I!JLO

2wWe*

This approximation will give terms to order vz/cz. Substituting eq. 30

in the lower of egs. 29: %g

. h %L ~¢
\ & vied AU p > LGT\«SV*-@&A
{u‘h;—a-.—-t-_edp + ¢ | ( Imer /C )}w'

- Q'YY\GZ L
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. 2} e ! — ' - r '
Let ]]:k==h — —'—EAK ° Theng LCJRO’lv-+e6'A:"CE-:H,

52 -eb-AlE (- 2 )ar o

Making use of the equationss

(32) .
(\ eds - LRB/é-E> f[ ) ﬁ( e<b..i.’ﬁa/5t let; _
QW\ 2 - 2wmex -ng 3
(33) z -
+3af - 5 Bxd-nvE e e,
(34)

— = o = k== =2
g =-S5 H+ 107,

We now obtain from éq. 31 the wave equatibn;

(35) : N

17 - . eh - E.
€k _T \2 +L""""‘E"" aH+ ) EE> _=0O.
2me IMe ameadmet~ ot dwe <
Wh for th ke of simplicity, the fact (\ + 1w Lsﬁaét
ere, or e sake O s1mMPL1CLTY, e actor
: amer

that multiplies the third and fourth terms has been.approximated'by

unity. This factor represents the relativistic "variation of mass."
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: Dy ' ‘
Since (e¢ —ihéﬁa ) is about equal to half the kinetic energy, this

term can be written

(36) % .
WR=<‘+e$—L’E"§t~\_T P T 4
e W= T M =g+
2 S0 (grg . dimersionles |
Where 7V, =YTC Y = 3.9 x 10 (this factor is dimensionless). For

easier interpretation, We write eg. 35 in the wusual Hamiltonian farms

(37)

T eh - ExT ek E-U
{Zm q’ o’2wxc, §-H ~ame S ame T S

ek R o= Lch % AT '
L Sh h oH E
émcam¢'VE+ aw»oavnczg ot ¥,

Note the appearance of non-hermitian terms (those containing i)
in the approximation to this order. These terms indicate that we
have not achieved a elean separation into small and iarge components,
and that the negative-mass solutions are making themselves felt. To
order v2/02, the ¢L alone do not describe a complete set of states, in
the presence of an external field. ‘In the absehce of a field, however,
the large and small components separate strictly.

The non-hermitian terms arise from odd operaters in the Dirac
H‘a‘m.iltSnian° “Even operators are diagonal and odd operators are
antidiggonal in the matrixlrepresentation. Any Operator‘hay be

separated into ah even and an odd part. Foldy and Wouthuysen (28)
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describe a method by which the birac Hamiltonian may be freed of
odd operators to any desired order by means of a series of increasingly
complex unitary transformations. The resulting two-component
Hamiltonians are then free of non-hermitian eperators to the same order.
This procedure, particulariy as extended and illuminated by Feshbach
and Villars (27), provides an excellent interpretation of the nature
of relativistic operators.

In the limit of zero velocity, only four terms of eq. 37 remain.

The electrostatic and magnetic dipole potential energies are

represented by the terms ec‘:) and n%c coH . The in‘tri'ﬁsic ‘

moment 515:& appears as a fundamental property of a Dirac particle.
" ame s .
The Darwin term, ﬁzamc Ve E ».has no classipal

analogue. The factor-—EE is the approximate linear extent of the
region swept by the rapid excursions (Zitterbewegung) of the relativistic
particle. To this apbroximation we do not care té follow the parficle
in these jumps of velocity equal to that of light, and merely averagé
the effect of the field over the region. This process is not to be'
confused with the "smearing" due to tﬁe ordinary, inacéurate,
interpretation of probability density in nonrelativistic quantum
mechanics. In a region where Ye¢E = O the Da;win term vanishes,

but in the case of an s-electron wﬁich strongly penetrates an atomic
nucleus (as most do) it produces a small, detectable shift in the
energy levels (not the.Lamb-Rethérford shift). For further discussion,

refer to Darwin (16):
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The non—hermitian term remaining for Zero veiocity is thé average
energy of the electric dipole in the electric field in’ the direction
of fhe dipole. The perfinent elgctric field is produced by a vafying
magnetic fields the effect of the static electric field averéges‘to

.zero.” A descriptive qualitative analysis of this effect is easily

constructed:

= 13 = &% % = DH
VxE=-z 3% “‘P‘Eav""'l‘&mc wer € ' S%
Eds-_lo T4z |
= Y Y= e

ov =T E3TE 2

This term is small if the magnetic field varies slowly.

The other three terms of eq. 37 appear for nonvanishing
velocities., The first term, a familiar one,_represents the kinetic
energy. The other two rep:egent the energy of the magnetic dipole

in two types of magnetic field produced by the motion of the partiecle.
eh = E % IL
gdwe 2wmce
The field H is produced by the average velocity of the particle,

The spin-orbit term is easily recognized: ~—

Jl/émnc o The term is usually named after Thomas, who explained

. why the term was only half as large as was expected,
. 1 = b

el E-TT

dwe <

moment, has a similar interpretation. This is a sort of spin-orbit

The non-hermitian term s peculiar to the Dirac

term for the electric moment, roughly speaking.

Many of the terms mentioned above will appear also for the
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anomalous moment, verifying our cﬁoice'of the interaction term. It
is instructive to compare the two sets of terms.

The reduction for a particle possessing an anomalous momeht is
analogous to that followed for a3 Dirac particle,'and will be made

largely without comment in what follows. The wave equation is:

(38)

(27Y\¢1+LJW§*€ -ed "/U'ﬂ " 3)1\;5 - (L&E-V - L}MO-’-'E)'LDEO .
(52 ~eh T )0+ ((hE Vo uF-E Vb=

We make a simpler approximation for Pg

. (39)
C,Ct{ 2' V= L: 2’1 TE
We= = QNM;{ AN
’Therefore,,
(40)

RN L (onr e BN F V- U E))
{uﬁ;:t-eciw/wH-a’f  2wer }IPLT'Q

And we obtain, in Hamiltonian form,

(41)

b, -
b'\7\ - {M—/MJ'H/AG +/M;) V' E +

(p3 E)‘%
/*ch“z’ atj “wcE Ve,
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(Cf. eq. 37), where p = =ih\/. N
C,{AO’I E>
Zme®

electric dipole energy multiplied by its ratio to. the proper energyo

The tgrmsvare all familiar except for s which is the
This term has become hermitian by the multiplication of two
anti-hermitian terms. | .

In general, fhe reduction of Hamiltonians follows the plan
outlined above. In any case of average complexity, the result is
a multiplicity of terms, some of doubtful significance. The expansion
is never neatl? in powers of v/c, but tﬁe relative magnitude of the
terms -depends upon the field strengths and their rate of variation in

space and time.
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III. THE ELECTROMAGNETIC HAMILTONIAN

A. Introddction._ The interaction of two static electric
charges is elementary: the force between them is obtained by

differentiation of the potential ©1°2. should the.charges.be in
I

motion, the potential of the interaction is no longer elementary.
Iﬁ general, such a potential cannot be written in finite form.
The reason for this complibation is that the eleétromagnetic
interaction is a field interaction, which propagates at a finite
speed: - the speed of light. The forces in the field depend on more:
than the instantaneous positions of the interacting particles, since
the forces must also depend on the previous dynamical motions.
| If the particles move slowly compared to the velocity ef light,
and with small accelerations, the past action of the éystem may well
be described by the derivatives of the‘positions of the particles at any
desired instant. In this case it may be possible to write a potential
from which the forces are'obtained by differentiation, bqt this
potential function will generally depend on the time derivatives of
the positions of the particles. A pofential involving the velocities
is termed a veldcity-dépendent potential, especially if it does not
contain higher derivatives.

It is difficult to write potentials involvihg the .,accelerations
and higher derivatives. The familiar Lagrangian formulation of
classical mechanics employs certain types of velocity~-dependent

potentials with ease, a common example being the description of the
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motion of a charged particle. The inclusion of higher aéfivatives
involves a reworking of the entire theory, seo that the higher
differentiations may be included in the equations of motion.
Quantum mechanies is generally based on the Lagrangian or Hamiltonian
formuiations Qf classical mechanics, so that difficulties in the‘
classical théofy are usually translated into difficulties in the
quantum theory. Indeed, a fundamental difficulty is e&perienced
with higher time defivatives, as in the case of the early development
of the Klein—-Gordon equation.

One difficulty that carries over im slightly modified form into
quantﬁm mechanics is the problem of radiation of an accelerated

charge. The classical and quantum viewpoints on radiation are widely

' divergent, the viewpoint of classical mechanics not being in accord

with the properties of matter, and the quantum viewpoint lacking a
satisfactory formulation. It is doubtful that allow1ng for the
classical reaction of radiation on the motion of a partlcle would
lead to any sort of satisfactory wave equation.

The usual method of obtaining a wave equation, or quantum

-Hamiltonian,.from a classical Hamiltonian 1s the substitution of the

proper operators for the dynamical variables in the classical
expression. Two difficulties may arise at once. First, the order of
the generally noncommuting quantum-mechanical operators is quite
important. The classical dynamical variables, ho&ever, commute.

The difficﬁlty here is then the interpretation of the order of the
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factors. Second, there exist dynamical variagles that have no
safisfadtofy operator. A good example of this is the acceleration.
If an acceleration should appear in a classical Hamiltonian, the
quantum—mechanical expression of the Hamiltonian would be in doubt.
From the two preceding considerations, wé see that our results will:
be of dubious value unless the classical Hamiltonian for several
~charged particles neither gives rise to an ambiguous order of
factors, nor includes the accelerations and hﬁgher derivatives.

As pointed out by Breit (6), thelusual properties of the quantum
operators and wave equations must not be modified or destroyed. This
means that the conservation of particleé and charge must hold, that |
the wave . function must retain its interpretation, and‘that the
quantum system must have the prOper-classical limit, among other
fhings. |

It must be conceded from the ﬁreceding arguments that under the
present formulation -of quantum mechanics it is impossible to derive
a wave equation from the classical Hamiltomian that will include

" retarded interactioms rigorously. However, it will be seen that
approximate gquations of some.utility and convenience are eaéily
constructed.

As a starting point, we consider the non-retarded interaction

of two charges. The pértinent potential function is then:
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(42) _

The first term is the electrostatic interaction. The second term is

the energy of the.current ( ég ) of one particle in the vector

potential (- 3%) produced by the other. This equation i§ symmetrical
"in the two particles, as is required by a very general argument: it
should make no difference which particle is called "1" and which "2"..
Gaunt and Eddington (30) (31) t24) used this expression for the
interaction of two electrons, adding the sum of the free—particle
Hamiltonians to complete the wave equation; It should be noted that
it is not correct to insert the potentials caﬁsed by one charge into
the wave equation of'the other. As is éasily seen, this is a:
procedgre that radically modifies the iﬁterpretation of the operators,
and leads to incorreéf conclusions. In a twojparticle system, the
interaction must appear in a term symmetricai in the péiticle§ which
includes all information about the interactipn.’

B. Dirac Particles to Order v24c2.

Darwin (15), before the advent of wave mechanics, found the
approximate classical lagrangian for two charged particles to order
v2/02. This expression was derived on the basis of the Lienard
retarded potentials for point chérges, and ifs correctness to the
order indicated was shown. Any higher approximation involved both

the effects of radiation and the appearance of higher derivatives.
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DarWin used the expression to study the problem of the Helium atom
in thé old quantum theory.
In applying Darwin's equation to relativistic quantum mechanics,

we begin with the lagrangian:s

(43) L = - YV\'Q’Z \} /c"‘ - "W\ CQ\‘ “"' VQZ‘/C“Z, “elcbl = ez‘b’z

e T = T - _ €&, JoVa  Vie¥ Vpo¥ N
+EA\OV|+?A'L)’V2, D Qz + \(\7-

The proper masses, charges, and velocities of the.particles are
represented by Mys Moy €5 €55 Vys and Vo A s AQ ﬁ? ’ and 4}2

the vector and scalar potentials at the positions of the two particles.
The distance between the particles is r, and ¢ denotes the speed of
light.

The canonical moments are obtained from eq. 43 by differentiation:

D 3L .MV e | €&, ¥ Vyer >
i — e ererr—erai ___l [, N7 B 9.,
[ 2 AT &wcﬁ--(vz s>

Proceed in a similaxr manner for 52. The classical Hamiltonian is

now written after performing the wsual Lagrange transformation:

(45)
A=y L e Wal™
e R T T T e ke

e.e | /°V, V. V¥ Voov
&2 \+_< (zz+ l zo_ .
v g’ Q\ CY\L o
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. Now the Hamiltonian is exﬁressed as a function of the p's and q's after
condensing all the veptor potential in eq. 44 into a sihgle'te;m.
First,
(46) MV

23— 8¢, =
R T e

Then it follows that:

GO

= el mPc+ (P, - "E Q) ] é-&- c,,[ﬁ_mz_c7‘+ (Pa- ?-a)z)i]}'?

' \ ee | /| © Vpi§
red dtedpy + __\l(\z[\+%(__y|c\§ -+ :Zii >]

Howeﬁer, since the interaction terms are given only to order v /c » it
1s permitted to expand the radicals to the same approximation. This
will allow placing all the interaction in a single term, as desired.

The expansion, after a little algebra, leads to the result:

(48) . 4
H = owye® "”Q G- 24 - gms CP\ A)

+ . (=_ € = _ e \4
(W\élc‘z .\_QYY\Q(P” 'E?Ab)"’ mz(P% CL 9.\)
e.ez_ \/ PV E S

-eel\:l v v +V'°: Va: )] + O(%).

ek
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The first two lines of eq. 48 are terms of the expansion of the
familiar free-particle Hamiltonian c[(w\ e® (»P_ € A) ] ) s 50

that to order v2/c2 we may write:

(49) H = ~¢Y‘(YM.?‘GZI-\— (5‘_ %»&\32,]12-'- ‘C"LJ\MEQQ-{— (f‘é,‘— %RQ)’Z]\VZ.

e,\e
+ed, + @by, +

This’expression has the desirea form, since it is the sum of the
Hamiltonlans for two non-interacting particles plus an expression
yielding their interaction. In.order to make the passage to auantum
mechanics, we note that the velocities occur similai to current
densities, and replape-% by -&o Breit (7) was. the inventor of this
substitution. The free-particle Hamiltonians, of course;, have well

known quantum-mechanical equivalents. These substitutions lead to

the Dirac Hamiltenian for twe Dirac particles:

(50 1
) Hp= - ¢ & T -—CstLc + etd* - e, FI_ (g
=T = =T =
T e7e” T— 1 0(=‘ro/-\r>
+eci: o( = :'

This equation was first derived and used by Breit (6), in ‘the
study of Helium fine structure. It agrees better with experiment
than fhé equation éf Gaunt and Eddington.

When the operator substitution for the velocify was madé,'the

interaction between the intrinsic moments was automatically included, |
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as in eq. 7. This important point should not be overlooked. To
find the interaction of pgrticles possessing an anemalous moment, it is
only necessary to add terms descriptive of the additiomal moment.

Co Pauli Pafticles to Order yf[gg. There ard-four principal
contributions to £he mutual energy of the anomalous moments:

1. The energy of the magnetic dipoles-in thelr mutual field.

2. The energy of the electric dipoles in their mutual field.

3. The energy of the magnetic dipoles in the magnetic¢ field of
- the moving charges.

4. The energy of the electric dipoles in the electric field of
the charges.
The electric dipole mentioned is again the apparent electric dipéle of
the moving particle. This apparent moment is in the “directiqn“ of
the vector o, and its magnitude is v/c times the magnitude of the
l magnetic moment. Of the energies listed above, only the first remains
at zero velocity. Interéctions 3 and 4 are‘likely to be the strongest
at moderate velocities, while interaction 2 will be about v/c times
the first contribution. | |

The higher-order effects,‘eQen-without retardation, become
quite numerous. For example, the moving magnetic dipole will establish
an.electric field that will interact with the electric Qipole of the -
other particle. The interaction of this electric field with the
charge of.the other particle is, of course, interactioﬂ 3 from a

different point of view. These terms will be very small compared +o
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the listed terms.

The effect of retardation deserves a closer look. In o;der'to
assess its importance, it is necessary to consider the absolute size
of the terms as well as their v/c dependence. Due to the sizp.of the
basic term, thelretardation correction to the inferaction of the phafges
bredominates; For moderate velocities, it cam be expected to be of the
same oraer of magnitude as the magnetic dipole energy. At low
velocities, however, the magnetic dipole interaction will be more
’ importan'to It is evideﬁt that the importance of the various terms
depends sensitively on the problem under consideration.

For this reason we shall not attempt to consider retarded
interactions of the.anomalousymomentso The major effect of these terms
will be felt at the lower velocities, and at higher velocities the
ﬁeglected part of the retarded interaction of the charges will mask
any correction to the anomalous moment terms. The basic expression
.for each type of jmporfant interaction will be included, however.

Under certain conditions, the mere presence or absence of a small
term has a deciding influence on the conclusions that may be drawn.

The interaction terms are constructed from classical analogyy
using the operators exﬁibited in part II, eq. 26. The interaction of

the electric dipole and the electric field is then:

(51) -
v S

s T.T iy €0 o _ ,
(L/M@d) =, TeeToTE,
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The magnetic moment interacts with the magnetic field of the moving

charge:

(52) C o —
_ x CO
(pipta®). & —5—

©

Symmetrizing the terms of eq. 51 and eq. 52, we now have:

(53)

—

II"(‘“ LT 11 R (-F)

LQ/A(&T‘

I T m-T *x&F I T. T F)xo

=\—e/4,1€,o(- 3+e/MFo( o

Classiéally; we obtain the field due to a dipole by diffe;entiation
of the scalar potential for an elect¥ic dipole, and-of the vector
potential for a magnetic dipole. The basic result for‘a aipole field
iss

(54)

— | (SR _
Fvvien(3he -8,

The electric-dipole energy is then:

(55)
r.T
_L/U’F>< b/M ) O-(IUF aI'F - r _TTr
3 3 v2 e
I, T %K —T -~ =7 =
_ __/“//‘(5(% 30( Yo{'Y—E/I.aI
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In the magnetic case,'we get an additional term containing the
Dirac delta fumction. This arises from the interaption of the dipole
with the magﬁetization producing the field. The magnetic dipolé

energy is written in eq. 56, where the mégnetization can be taken as

I - ._1r__ N\
a <3

t -%»W@"ﬁ“ SEHOF

Collecting all the terms in one equation, we have the following

interaction Hamiltonian for two Pauli particles:

(57) .
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Extension of the results to the case of several particles is
madé by comsidering the interactions pair by pair. For N particles,
there will be AN(N - 1) terms of the above types; three particles
:will give rise to twenty-four interaction terms. As an example, the

Dirac interaction of three particles is:

(58) - i Ee .
To XX o iy '
e'é l <-r r XAy e NV /_r_m
I IRTEEA AL P, S
Yia 2 . i ¥ Yﬁs{; \ A o
T M — . _ I
+ X O s et | o/ =% = &?Fz'b NaArt
2 + | - _<0< v X T
15 , AET 2 Y "

D. Reduction of the Hamiltonian. Solution of the wavé equation in

terms of wave functions requires that the equations for the componénts

of the wave function be written exblicitl?. In the case of two particlés,
there is a system\of_sixteen simultaneous first-order partial differential
equations in seven variables and sixteep unknown functions. Iﬁ genéfal,
if there are n'particles, 5ne has 4" unknown f;nnctions° It is wusually |
convenient to distinguish the wave function components by a.set of n
subscripts,.each running from 1 to 4. Of these, the components
containing only 3's and 4's in the subscripts will be large components.
Thus, fer two particles, there are four large components and.twelve

small. The general procedure is to approximate the small components

and then solve for the‘large ones.

Dirac operators for twe particles should actually involve a system
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of 16 x 16 matrices, but in this case it is possible to éontinue the
use of the much more convenient 4 x 4 matrix space through a few |
alterations in the algebra. The wave function is written as a 4 x 4,
with the indices corresponding to the two particles increaéing,
respectively, across the top and down the front edge of the matrix.
The operators cprresponding tq one particle are then transposed and

operate from the other side of the wave function. For example, if

(59) ] ) , ]
‘\Vn\&]zlvm.\mk | O o © W
1}5"= wz:wzzlpzsww and - (§= O I o o
Wy, lrszlpaslgm _ O O ==l O
L1¥4|1w§a 4512m i r() QO (j'-\_
then '

- (60) | ’Fﬂw\l‘ WY

' @T@K’qy — Wy Woi¥as 24
TV W%Q-\f 3311)64
N \\f4\—‘-l&_\ 2WazsWaal

For more than two particles, the easiest route is to forsake the

matrix algebra and proceed from definition, operating directly on the

indices of the wave-funetion components.
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IV. THE MZLLER CORRESPONDENCE METHOD
A. Introduction. It is possiblé, under certain restrictions,

to treat collisions in a strictly relativistic way by a method due
to Mdller (42). A collision may be defined ag the interaction of two
particles such that before and after the éollision they are widely
separated in space, but during the collision they are close tégether.
For instance, let an initially free primary particle in the state O
approach a target particle in‘state A from infinity, andtsupﬁose it is
scattered into state 1 while the target particle jumps tb state B as
a result of their interaection. Knowing tbe initial and final states
of the primary, the transition current between the states can be'
written. The traﬁgition cgrrent is the current due to an incident
beam of state O which is subseéuently scattered into state 1. The'
notion itself is purely quantum*mechanical, but the classical analogue
is easily visualized. Analytically, the transition current is written

n&;A j/AEuII "« Since the sta#e~0 and'l greifree—particle
states with wave functions of the form Ue.- L/'h Et » the space and
the time dependency of the transition turrent separates easily:

UoA j,“ e%‘: <E°-E')'E . It must be remembered, of .course,'that
the states 0 and 1 are the states of é beam of particles with'
specified vector momentum. With the restriction that the result’
ﬁust be interpreted wholly quantum—mechaﬁically, the precige computation

of the retarded potentials due to the transition current is now

possible.
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The form of the results obtained in expressing the retarded
potentials in terms of the transition current suggests that the method
be used in computing the matrix element for the associated trénsitioh
as in the ordinary first—-order perturbation theory of quantum. mechanics.
The expression "to the-first order in the interaction™ refers to this
‘application of the method.
The transition probabiiity is, to the first order in thé
interactin, given by the expression:
(61) P . :
o= | Qi;\ S(Bo+Es—E, -Ep).
The delta-function expresses the conservation of energ? with regard
to the inifial and final energies of the trénFiatory motion of the
colliding particles. Radiationless collisions‘without change in the
intefnal states of the particleg, or of systems to which they may
belong, are here under consideratioﬁ. Qi; is %he matrix element of the
perturbing Hamiltonian between the initial staées O, A and the final
states 1, B; Explicitly, |
(62) N
Qils = Sg mkoA Q W, Wy, AT dv’

Since we wish to calculate Q from a known transition current,
the matrix element for the transition induced on the target may be

written
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(63)
ol

Q, g Py QO\ Wg dr = S AQ® uge%<EA-EB)§+

L3

QOl is expressed now as a Fourier integral:

(64)

oo _ . o0 _t
o' ge,Zm-ut S C e ralny’ at

-0

L(EsE
remembering that Q is time-dependent. But ®‘01=SUOA%‘U‘€ﬁ( fo} \)’BT,
and we can retard the contributions to the Fourier integral by the
substitution t' = t" + r/c.

Then we have:

(65)

QO\___'SUOAS ALY d\'VS ; e'% ‘('EO—EDJC;ZWWGC%%)dr‘t”

0 dT.

—0o g

The operator g may include functions of the positions of the
~particles and operators for both particless we assume oniy that it

is not explicitly time-dependent. With i/h (Eo - El) = -2ﬂivo, we’

obtain:

' vt g (G-t
eZTYL'UGZ\TL'che '-( A o\’{: Uldfr,

—-Q0
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Remembering that

(67) o . " ‘
S ez““(“/'%)to\t": g@_%)

we can perform the integration of .y and obtain:

) 7 1/ (6+ %)
=7 )
QO\" g Uo'A 3 e : o, dr.

Substitution in eq. 63 gives the matrix element:

(69) .
ol "2“' Va -‘t— V .
QA?; gg UoAUAAc% e ¢ G)CJIUBd’T’d’T‘ '

The effect of retardation is to multiply the operator describing
the nonretarded interaction by exp(-2miv, [}—r/c ). Any
differentiations with respect to time or position musf operate on
this factor as well as on'the part of the expression descr;bing the
nonretardéd interaction. The procedure will now be illustrated by
applying it to the interaction of two Dirac partiéles.

‘B. Interaction of the Dirac Currents. The contribution of the
Dirac current to %he-vector potential (four-potential) is:

(70) -

. A -
D K— ’L\)G A/"‘w']’t-r/c
A |
\(\ p=1, 2, 3y 4o




- (75)

| T i e
Using free-particle wave functions ’"LIJO:‘OO e . 5 'L‘)‘--U,e s

ﬁd=g A [6 e?m-l/gt]
v 'y

(71)

t-Y%
e, dT-
A is expressed as a Fourier integral:
P‘.
o0 e

I U :
(72) D AS -7 \‘U't S [d/ue o v '
'AP = SUO € TV v Mce?mwolo( U, AT
_ _2. o
= Al —'Zm\ﬂ: Ju ’ZWL,(‘I/—‘\/ ot
Sub_g)ce S (4] Z“LV édo(l U‘d’T‘

: e e 0 ‘ . \
_ S o S %& 82nc?5-e—2wtﬂ‘£je7—ﬂt C’U"Ub)ddo(' u,dT

Z\/ﬁ _ g A JM -zmé(Jc- AN 0, 4T

(73)

With the Dirac .interaction —Kpjp;-the perturbing "Hamiltonian" is:

(74) : . : N
QAB’—"'SUAA A/k \\/M euw‘t Ugd’r)

E;‘E}_ Eg‘;EA

where a)':(ZTI"Uo'-'- 5 = ) . Superscript II refers to the

primary, and superscript I to the target. The matrix element, using

eq. 73, becomes:

ot A A J/J‘J/f‘ —-‘uf; '
QA-B_ SUA o © e ‘ < U%U' d'-rd"rf
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The interaction term becomes

(76) ‘ 6317'6311' . >7
~T -T\ -
(- am e et

)

after the substitution j}L = ierlahdmultiplicétion f;om the right

by Bl ﬁII. This is the simple nonretarded interaction of eq. 42 if the
exponential is neglected. Compare eq.. 76 with the approximate retarded
interaction of eq. 50. '

1 :C. Interaction of Pauli Particles. The interaction. terms are:

(77) - - -
Ry= et. A -ed +’/q(53=—|5 - u/u(ﬁo(- E,-
. where B is written for H since we now consider a density of

magﬁetization. We have already found the Dirac potentials:

(78) A% - (o ?%ZGCLUC'E— %)y, dT
&P SQOA %edw@:——r/c) U;AT»-

The total potential is split.into a Dirac part and a Pauli part:

- —D - . D i
P e
Fields are obtained by the usual differentiations:

B-vxA, E=-Vb-g

(79)

(80)

\Y O~
=1
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Finally, eq. 77 is expressed in terms of a Dirac interaction and
an anomalous interaction:
(81)

= (e?(o-Z\P- e¢D>+ e A~ ec{:P-t-/u éng—c‘/M(S(;(“E .

The first term of eq. 81 is already known (eq. 76). "

The vector and scalar potehtials of the anomalous moment can
be expressed in terms of the polarization, magnetization, and their
derivatives. Let ﬁ and E denote the vector magnetization ahd‘
polarization, réspéctively,'both in the general sense and in the

operator sense. The brackets denote a retarded quantity.

(82) &{U’] V—- s 'Y\g dr,

.'&P,: S%Wl\?g_ clv gi]} g{H‘V t3 AM] V'r cviat]}d“’

o SWH

PP - uf Pty M- ot Reinty
é‘? A s L a~— [ O.rt
SE: Ly wPe“‘rt‘m ) SE = uaAuwMeL Uy .
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A . \
P +%5'—t = U, ?(\ + L.oqg)e."’wt U,
- E:E)KR A - ‘ ok
M+ S3E * Y M(\-\-c’w%)@"w O,
(85)

ST G DG PRMRATEE

AP g 0" X_(Mxv.{,)(mw <)- “;-f—’-gﬁjexp w-5)odr

. Replace M and P by their operator equivalents (eq. 86).

(86)

fs
A<¢‘/4 é&,vl -';,)(H'dw‘g)ax? L (t-5)u,dr,
(o]

! [(/A (SEW.{:)(H o E)-%@a]wtw&.g)u.dn

| .ﬂ=/u§3) | Pe i

(87) CFF:_SUO
AR

(A careful observer will.note the vector potential due to a moving
electric dipole in the last of eqgs. 87.)

In order to find the fields, we avail ourselves of the following
differentiation formulae and vector identities, which are easily

proved by elementary means:
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(89)
(90)
(91)
(92)
(93)
(94)
(95)
(96)
(97)

(98)
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el (VRO - L8 et (%)

VxV (Xexpiuw &%)s (\7_\( V() - g?\? XV (r))exp w 66—‘%.)

SaE VE evp l“’(f',@’ Lo T exp Lo (% - Yﬂ/c):. :

VR i+ cwg)expcw_(£~_-vc)=[§l+cngv'.;+%’Z;~Q] explw(e-72)

V¥ (14 0 Yexpia () L( i )77+ ‘;—‘é’ ?N]@xp LLU(‘E %)

§7\=‘"§7

\7-;': * - |

7V (X-vix) %S@?“’:‘,‘.{ -&)

Vxﬁ-; = o "%3 |

7 % (WV;L\,): --\\:3 <3;i'5~ a’>+ 415 S

The fields may now be written by inspection from eqs. 78 and 87:

Dirac

fields:

P

it

d cy#

<: e _ LCUE&?’>(2)<F>CUJ<ﬁ?‘¥zaf) .

W (Lo XXE W dxT \
v “< s T lov e TR >€”‘P°_°~?G‘:’ %)
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(99) ) '

- i} & - -

e | (< %‘ﬂ%w@— %),
(100) e

BPre (H- Lz )exP aw(é— *7)

Pauli (anomalous) fields: °

(101)

U RP 1 TN o
VxRS b@ \F3 3?6\(\2 - 5>+4T‘8(‘?ﬂ<\+i%
b T o R,
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(lO%) “’9:%/‘13 <5Fi ) >+ 41&«,«@5&(\”)%@ (SFE

-5
w - G Luz f ==
—G)—' — o W — - — X g  _
Q/A% K\? cZ/“(S( ‘(\7- -— +
L —

The terms containing w will be known as retarded terms. We
‘now write the nonretarded fields:

(103)

E”- %%PC““Q“‘%), B - \,5 QMPLwCJc >
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Using eq. 81, we find the following additional interaction terms

(nonretarded) .
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Writing this symmetrically,
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Compare eqgs. 105 and 57.

The retarded terms may be written just as easily. Eq. 105
verifies the analysis leading to eq. 57 for the nonretarded terms.
Retardation is introduced in é different manner in the two»Hamiltonians.

Mdller's correspondence method has beende¥£ehded to the case of
radiative collisions by Mdller (32) (35), and to bound systems by
',Hulme (36). Carlson and Oppenheimer (13) treat several problems by
this meﬁhod, including the collisions of electrons with neutrons.
Befer also to Rosenfeld (55). The method has not as yet been
extensively used for nucleon scattering. |

The general correctness of the method is evidenced by its
early success in the description of electron-electron scattering
and.thé passage of fast electrons through matter.

Further informatién‘about the general theory of scattering can
be obtained from the works of Mott and Massey (48), Condon and

Morse (14), Morse (46), and Williams (65). Nucleon scattering is
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introduced in any textbook of theoretical nuclear physicss for
example, see Bethe and Morrison (3) or Sachs (56). More advanced
information, and an introddctioﬁ to the literature, can be obtained

from Breit (12), Breit, Condon and Present (8), and Blatt and

Jackson (5).
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V. CONCLUSION.

We have met with a degree of success in the theoretical
description of the elebtromagﬂetic interaction of spin-1/2 particles
that have an anomaloué moment. Thelapproximate wave equation of’
Part III is correct to order vz/c2 in its principal term, and is at
least correct to order v/c in the less important terms. In addition,
it contains all first 6rder effects. This equation will describe
the actions of nucleons at moderate energies, Where our neglect of

their complex structure is not too serious. At higher energies the

basic hypothesis of the applicabiiity of the modified Dirac eduation

is in doubt. At moderate energies particularly simple descriptions of
the nuclear interaction are available. In a series of articlés,
Breit (9) (10) (11) has developed épprdximately relativistic equations
for nucleons, and has applied his results to the deuteron and to
scattering.

A particular exampie of the application of the results of Part
III is given by Schwinger (58) in the article which led to the
initiation of the present study. -The thesis of the article is that
the difference between the proton-proton and neutron-proton interactions
is just the difference between their electromagnetic interactions.
This demonstration would prove the valuable property of the charge‘
independence of nucléar force. Our interest is in the Hamiltonian that
is exhibited as-; starting point for his discussion. This expression

is equivalent.{o our eq. 57, except that the term involving the
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electric dipoles is absent. We believe that this term ought to be
included. The reasoning in support of this asseftion has already
begn given. Because of its size, its inclusion should not materially
affect the conclusions drawn in its absence, since the particular
problem under consideration was not sensitive to.its presence. As
a rough estimate, its magnitudé should be no more than v/c timés
the magnitude of the magnetic dipole term (v/c.= 0.2 for 20-Mev protons).

Turning to the Mgller method of Part IV, we remark that much the.
same use can be made of this method in subtracting the electromagnetic
effects in ‘thé analysis Qf scattering data. Here'tﬂe results are
cérrect to gll oxrders of v/c, and may therefore be used at high
energies. Since we used only the basic interactien term, and not the
entire wave equation, the results should apply up to énergies at which
the electric forces become negligible by comparison fo thé Ruclear
forceé—-perhaps at sevefal hundred Mev.

The two approache§ give information over complementary energy

ranges. Problems involving explicit wave functions, such as the

 theory of the deuteron and some low-energy scattering, may use the

waQe equation of Part III to advantage. High-energy scattering méy
be treated by the M#ller method, and explicit wave'functions are not
needed.

In éonclusion, I would {hank Proféssor Frank Wooeds for his
éuggestions, encouragement,'and untiring interest in this projeﬁt,

which would not have béen undertaken without his influence and help.
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APPENDIX A. FREE PARTICLE SOLUTION

From the wave equation for a free particle,

> e
CASEIIE

the following system of four equations results:
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Factoring i/h from each equation, we obtain the followiné equations for

the four constants:

(P=p)Ca + PuCs + (% +me)C, =0
(& +CPL)CA$ ~ PsCat+ (B +W\c> G=0
T Ca =Py € 4 (me- BYGE O
e (P|+CPJC, 4 PaCyt (wme- B)cu=o
This system of homogeneous equations possesses nontrivial solutions
only if the determinant of the coefficients vanishes:

mc + E/c 0 Py P -ip,

0 ‘ mci + E/c p1+p2 | -p3 %
. ¢
Py F(pl—lp2) me E/c 0
'(p1+1P2) : P3 0 .. mc - E/ci
This may be writtent:

H + . -3

| me E/c 0 P3 p,~ip,

i _p3 _(pl—lpz) mC"' E/C 0 |

I 0 mc + E/c pl+1p2 Py !
I

= (p +ip'2) Py 0 mc - E/c!

1
By Laplace's expansion in 2 x 2 determinants, this yields:

2 _ 0

!,( m?c?- E2/c2) + p? + p2 + p32-.
of,

y 1
. B = i‘c(p2 + m2c2)§} both roots double.
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Because of the multiplicity of the roots, two of the four constants
are arbitrary. Let C3 = A and C4 = B be the arbitrary constants.
Solutions for C, and ‘Cy that satisfy all four equations are then

easily found to be:
¢, =-cP3t 7 (py-ipy)B Cy=-c PP (pyFip,)A

E + 'mcb2 _ E + mcz

If we had chosen as a solution ”L[JK._._. Cw e‘%ﬂ (\3-§+ E'b} ’
the equations would develop similarly. This is the case of a beam of
particles moving to the left (for positive p) instead of to'the right.,
If the primes denote the constants in this case, the solution is

! = - ! = = 1 = v 1 = R
o 3 Cl C 4 ‘Cz c 1 ,03 . o 2 94

In summary, the free;particle solutions of Dirac's equation are:

‘ _RA T (Pi- B - | é

E;Q:'+ mC , WA ( \ 5]5
| - PR+ (py+pA | k(5580 BAGripe)D 1y
TERN‘ - = ;?LWHf eﬁ(P){ TI%D: E%&+-MAC. Q?@'+E£>:
A 'ﬁﬁ5+CPﬁ¢E)A
B B+ me

L - L

Normalization to unit flux in the beam leads to a condition
similar to

2(A*A + B*B) = 1 + mc2/E.
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APPENDIX B. DIRAC MATRICES
The 2 ¥ 2 Péuli spin matrices aré fhe basic elements. These
three matrices énd the unit matrix are a representation of a
quatérnion algebra.

. |o Goéi |\t ol Vo
Tl o : 2‘. 6t © , Gy o -| = o |

§

In terms of the.spin métrices, the Dirac matrices di;and B axe:
N S.o c».} y &o &y o o3 W o
’: 2= (3= G%:
6'\ c . S, O Sy © 0 -1
The Y'mafriceé-are: o P by

I I S =1, =
J s, o] ¥lis, © L; ley © LR

The following matrices, together with the Y, form a basis of Dirac
operator space: '
o | o -

lX‘OOI LR () S Pl =N AV B

Ly, LTG0 . -6z 0] 7B 8
TATEET oma TET RN ol g | F U 6 -g
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