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CONVENTIONS

Geometric units, G = c = 1, are used throughout this dissertation. However,

frequencies are given in Hertz. The sign conventions for general relativity used in this

dissertation follow those used in Gravitation by Misner, Thorne, and Wheeler [1].

Rank-2 tensors are designated by plain bold symbols, T, while four-vectors are

denoted by italicized bold symbols, v. Purely spatial vectors are designated with a

vector symbol over the variable ~x.

When using spacetime indices, Greek letters are used to range over the time and

spatial components 0, 1, 2, 3, while Latin letters are used for spatial components only.

A bar over the index, or any coordinate label, denotes a change in coordinates,

ξµ̄ = Λµ̄
αξ

α. (1)

Partial differentiation follows the standard comma notation,

ξµ
,ν = ∂νξ

µ =
∂ξµ

∂xν
. (2)

Covariant differentiation is signified with a semicolon,

ξµ
;ν =

∂ξµ

∂xν
+ ξαΓµ

αν . (3)
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ABSTRACT

With the launch of the Laser Interferometer Space Antenna (LISA) expected for
the next decade, the nascent field of gravitational wave astronomy will be taking a
giant leap forward. The data that will be gathered from space-borne gravitational
wave detectors such as LISA will provide an expansive look through a new window on
the Universe. This dissertation is presented to help open that window by exploring
some of the techniques and methods that will be needed to understand the data from
these detectors.

The first original work presented here investigates the resolution of LISA and
follow-on space-based gravitational wave missions. This work presents the methods
of measuring the precision of these detectors and gives results for their resolving power
for a large class of expected gravitational wave sources.

The second original investigation involves the effect that multiple gravitational
wave sources will have on the resolution of LISA. Previous results concerning detector
resolution were limited to isolated sources of gravitational waves. As LISA is an all-
sky detector, it is necessary to understand the role played by concurrent detection of
numerous sources. This work derives an extension of the Fisher Information Matrix
approach for determining parameter resolution, and applies it to multiple sources for
LISA.

The next original work is an exploration of the method of genetic algorithms on the
problem of extracting the binary parameters of gravitational wave sources from the
LISA data stream. These are global algorithms providing a means to cover the entire
search space of parameter values. This work describes the basics of and provides the
results for such genetic algorithm-based searches, with a focus on improving algorithm
efficiency.

The last original work included is a study of Markov Chain Monte Carlo (MCMC)
methods applied to parameter extraction of gravitational wave sources in the LISA
data stream. This work shows how an MCMC approach provides a global means
of both searching for and characterizing the distributions of the source parameters.
Results also show that distributions found by this global method match with previous
approaches that were limited to regions local to the source parameters.
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CHAPTER 1

GRAVITATIONAL WAVES IN GENERAL RELATIVITY

Introduction

In 1864, James Clerk Maxwell presented to the Royal Society of London for the

Improvement of Natural Knowledge the complete set of equations that describe classi-

cal electromagnetism. This set of equations, which have become known as Maxwell’s

Equations, were built from the works of previous physicists and mathematicians in-

cluding Michael Faraday, Karl Friedrich Gauss, Charles Coloumb, and Andrè-Marie

Ampère. The genius of Maxwell was to include a new set of terms that corrected

an inconsistency in Ampère’s Law. This set of terms described the effect of a time-

varying electric field on electric currents and magnetic fields in materials. In his

search to find a solution to the inconsistency in Ampère’s Law, Maxwell found the

key that opened the door to a new description of the universe.

A year after his initial presentation, Maxwell discovered that with his new terms

in place, he could solve the complete set of equations using a simple sine wave [2].

Even more simple was the fact that the solution was limited to one group velocity for

the waves; a velocity that was independent of the person observing the wave. The

group velocity Maxwell calculated for these waves was so close to the speed of light

it gave him reason to conclude light itself was probably a type of electromagnetic

disturbance.

Up until that time all of the types of waves that physicists were familiar with

traveled in one type of media or another, for example, sound waves traveled through

liquids, gases, and solids. So the natural assumption of the physicists of the time was
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that light waves must also travel through some type of as yet undetected medium,

and the group velocity that Maxwell had calculated was with respect to that medium.

The name they gave to the medium was the luminiferous ether.

In 1887 Albert Michelson and Edward Morley attempted to show the existence of

the luminiferous ether. In their experiment light was directed along two paths that

were at right angles to each other [3]. The expectation was that they would measure

different velocities for the two light waves, due to differences in how they moved with

respect to the luminiferous ether. Their expectation was not met. Instead, their

experiment became one of the most famous null results in the history of physics. The

implication was not only that light waves propagated through vacua, but also that

the speed with which light propagates through a vacuum is a constant for any and

all observers.

In 1905, Albert Einstein used the constancy of the speed of light in vacuum as the

first of two postulates he would set forth as the foundation of his theory of Special

Relativity [4]. The second of the postulates mandated that the laws of physics had

to be the same in any inertial (non-accelerating) reference frame. From these two

postulates Special Relativity explained the results of the Michelson-Morley experi-

ment, led to the joining of space and time into one physical construct, spacetime, and

showed the relationship between mass and energy. In 1907, while seeking to generalize

Special Relativity, Einstein introduced a third postulate, known as the Equivalence

Principle, which stated that a uniform acceleration is equivalent to a gravitational

field [5]. From this realization, Einstein was able to expand the theory of Special

Relativity into the theory of General Relativity [6].

General Relativity is encapsulated in ten independent, non-linear partial differen-

tial equations, known as the Einstein Equations, which can be written in a shorthand
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notation as:

G = 8πT , (1.1)

where G is the Einstein tensor describing the curvature of the spacetime, and T is the

stress-energy tensor, describing the distribution of mass and energy in the spacetime.

A consequence of the nature of T as the distribution of mass and energy is that it

follows the conservation law,

T µν
;ν = 0. (1.2)

As these partial differential equations are non-linear, solutions are difficult to

determine. In fact, only a handful of physically useful solutions, dealing with idealized

situations, have been found to the Einstein Equations and no general solution exists.

To simplify the task of understanding General Relativity, and how it predicts the

presence of gravitational waves, we will begin by looking at what happens in the

theory when we restrict ourselves to the weak-field limit.

Linearized General Relativity

In the weak-field limit of General Relativity, a small metric perturbation, h, is

added to a flat spacetime. The smallness of the perturbation is measured relative to

the flat spacetime metric of Special Relativity, ηµν = diag(−1, 1, 1, 1).

gµν = ηµν + hµν |hµν | ≪ 1 (1.3)

For the weak-field limit an expansion of (1.1) in powers of hµν , the terms that are

higher than first-order in hµν will be negligible. Thus they may be discarded without

an appreciable loss of accuracy. This leaves only the terms that are linear in hµν .

This formalism is known as “the linearized theory of gravity.” The Einstein tensor
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to first-order in hµν is given by:

Gµν = −1

2
(hµν,α

,α +ηµνhαβ
,αβ +hα

α,µν −hµα,ν
,α −hνα,µ

,α −ηµνh
α

α,β
,β)+O[h2]. (1.4)

Defining a so-called trace-reversed perturbation as:

h̄µν = hµν −
1

2
ηµνhα

α , (1.5)

one can simplify (1.4) to,

Gµν = −1

2
(h̄µν,α

,α + ηµν h̄αβ
,αβ − h̄µα,ν

,α − h̄να,µ
,α) + O[h̄2]. (1.6)

This is further simplified if h̄αβ
,β = 0, since only the first linear term in (1.6) would

remain. However, to impose these four conditions at least one gauge must exist in

which these conditions are true. A class of such gauges does exist and these gauges

are known collectively, and somewhat ungrammatically, as the Lorentz gauge. The

condition for a gauge transformation,

hµν → hµν − ξµ,ν − ξν,µ , (1.7)

to be a member of the Lorentz gauge is that ξµ is a solution to the source-free wave

equation:

ξµν,α
,α = 0. (1.8)

Thus the field equations for linearized General Relativity in the Lorentz gauge are

simply:

h̄µν,α
,α = −16πTµν . (1.9)
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Gravitational Waves

Clearly, when Tµν = 0 the field equations shown in (1.9) reduce to the source-free

wave equation. Just as Maxwell’s Equations admit wave solutions in a vacuum for

light waves in electromagnetism, the Einstein Equations admit wave solutions in a

vacuum for gravitational waves in linearized General Relativity. One class of solutions

to these equations are monochromatic plane waves:

h̄µν = ℜ [Aµν exp (ikαx
α)] . (1.10)

Enforcing the Lorentz gauge on the first derivative of (1.10) shows that Aµν is

orthogonal to k, Aµνkν = 0. These orthogonality constraints take up four degrees of

freedom for the wave. Another four will be taken up when a specific gauge is chosen

(as shown below), leaving Aµν with just two degrees of freedom out of the starting

ten that show up in the Einstein Equations.

A useful choice of gauge to show how these two degrees of freedom manifest

themselves in gravitational waves is known as the transverse-traceless (TT) gauge.

The transverse nature of the gauge is set by the requirement that Aµνu
ν = 0, where

u is a 4-velocity of some general observer. The gauge is traceless in that it also

requires Aµ
µ = 0. A quick glance at (1.5) shows that the traceless condition mandates

h̄µν = hµν .

Explicitly applying these conditions to a gravitational wave allows one to see the

nature of the gravitational wave in the TT gauge. For someone at rest with the

general observer (u → (1, 0, 0, 0)), the transverse conditions leads to the condition

on the gravitational wave, hµ0 = 0, since Aµ0u
0 = 0. This information used in

conjunction with the orthogonality of the gravitational wave with the wave vector

leads to the condition, hij,j = 0 (summing over j). If one assumes a gravitational
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wave traveling along the positive z-axis, hµz = 0, since k → (ω, 0, 0, k). Lastly,

applying the traceless condition gives hxx = −hyy. Thus, a gravitational wave in the

TT gauge traveling along the z-axis has an amplitude tensor given by:

ATT
µν =



















0 0 0 0

0 Axx Axy 0

0 Axy −Axx 0

0 0 0 0



















. (1.11)

This representation can be decomposed into two distinct tensors, one depending

only on Axx, and the other only depending on Axy. These represent the two po-

larizations of the gravitational wave. Defining A+ ≡ Axx and A× ≡ Axy, and the

polarization tensors e+ = x̂⊗ x̂− ŷ⊗ ŷ and e× = x̂⊗ ŷ+ ŷ⊗ x̂, the amplitude tensor

is written as:

ATT = A+e+ + A×e×. (1.12)

Substituting this into Equation (1.10), we arrive at an expression for the solution to

gravitational waves in the TT gauge in the weak field limit:

h̄TT = ℜ
[

A+e+ + A×e×
]

exp (ik · x) . (1.13)

Thus the effect caused by introducing this perturbation, h, is an oscillatory dis-

ruption of the background metric. This disruption can be detected by observing how

the oscillation of the metric affects distances between freely moving objects in the

spacetime. Figure 1.1 [7] shows the responses of a ring of test masses to the two

polarizations (+ and ×) of a gravitational wave passing though the ring in the pos-

itive z-direction. These motions are a measurable effect that will allow us to detect

the presence of gravitational waves. Details of some of the past, present, and future
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detectors are included in the Detecting Gravitational Waves section of this chapter

and in Chapter 2.

-0.2

0.2

’+’

’x’

h/2 t

Figure 1.1: The responses of a ring of test masses as a gravitational wave passes
through the ring traveling in the positive z-direction. The top row shows the effect
of a gravitational wave with a + polarization. The bottom row shows the effect of a
gravitational wave with a × polarization. The effects of the two waves are similar,
but rotated 45◦ from each other, caused by the spin-2 nature of the graviton.

The superposition of plane waves of the type shown in Equation (1.13), without

being restricted to travel in the positive z-direction, is the most general solution to

the source-free wave equation:

h̄TT
µν = ℜ

[∫ ∞

∞

Aµν exp (ikαx
α)d~k

]

. (1.14)

Generation of Gravitational Waves by
Binary Systems

As this work focuses on the gravitational waves emanating from binary systems,

preference will be given here to the generation of gravitational waves from such sys-
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tems. The remaining question regards the nature of the amplitudes A+ and A× ap-

pearing in Aµν of Equation (1.14). To understand the form of these amplitudes one

looks to an approximate solution to Equation (1.9) with a simplified source term. The

assumptions made here are that the source is slow-moving, localized, and oscillating

at an angular frequency, ω.

Tµν = Ξµν exp (−iωt). (1.15)

Solutions exist for the gravitational wave produced by this type of source, and are

of the form:

h̄µν = Sµν exp (−iωt). (1.16)

As one moves away from the location of the source, Sµν asymptotically takes the form

of a combination of inward and outward traveling spherical waves:

Sµν =
Aµν

r
exp (iωt) +

Bµν

r
exp (−iωt). (1.17)

Being interested in the gravitational waves emitted by the source, the term describing

inward traveling waves is set to zero (Bµν = 0).

With this solution, integrating both sides of Equation (1.9) over the volume of a

sphere completely containing the source, neglecting terms of order r−2 and r−1 terms

which are second order in the light travel time across the radius of the source volume,

leads to

Zµν = 4 exp (iωt)

∫

T µν d3x , (1.18)

where Zµν = Aµν exp (iωt). One can use the localized nature of the source in con-
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junction with Equation (1.2) and Gauss’ Law to arrive at,

ωtZµ0 = 4i exp (iωt)

∮

T µknk dS , (1.19)

where the surface for the integral is outside of the source, so the stress-energy tensor

is zero. This leads to the conclusion that Zµ0 = Aµ0 = 0.

Using the slow motion assumption, T 00 ≈ ρ (the Newtonian mass density), with

the virial theorem,

∂2

∂t2

∫

T 00xixj d3x = 2

∫

T ij d3x , (1.20)

one identifies the left hand side of the equation as the second derivative with respect

to time of the quadrupole moment tensor of the source, I ij ≡
∫

ρxixjd3x. Thus one

can write the solution for the generated gravitational wave as:

h̄ij = −2ω2Iij(t) exp (iωr)/r. (1.21)

Transforming to the TT gauge this solution is:

h̄TT
xx = −h̄TT

yy = −ω2(Ixx − Iyy) exp (iωr)/r , (1.22)

h̄TT
xy = −2ω2(Ixy) exp (iωr)/r , (1.23)

h̄TT
zi = 0. (1.24)

where Iij ≡ Iij − 1
3
δijI

k
k is the reduced quadrupole moment tensor.

In the case of a system of two stars, separated from each other and spherical, with

masses M1 and M2, orbiting the center of mass of the system with orbital frequency

Ω, at distances R1 and R2 in the xy plane, the quadrupole moment tensor is given
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by:

Ixx =
1

2
(M1R

2
1 +M2R

2
2)(1 + cos(2Ωt+ ϕo)) , (1.25)

Iyy =
1

2
(M1R

2
1 +M2R

2
2)(1 − cos(2Ωt+ ϕo)) , (1.26)

Ixy =
1

2
(M1R

2
1 +M2R

2
2) sin(2Ωt+ ϕo) , (1.27)

Izi = 0, (1.28)

where ϕo sets the initial azimuthal position of the system with respect to the positive

x-axis. This leads to a solution for those gravitational waves propagating perpendic-

ular to the orbital plane (assumed here to be the positive z-direction):

h̄xx = −h̄yy = −4M1M2

rR
cos(2Ω(t− r) + ϕo) , (1.29)

h̄xy = −4M1M2

rR
sin(2Ω(t− r) + ϕo) , (1.30)

h̄zi = 0 , (1.31)

where R is the binary separation distance given by Kepler’s Third Law, R3Ω2 =

(M1 +M2).

These results may be generalized to gravitational waves propagating in the k̂-

direction by introducing an orthonormal triad {p̂, q̂, k̂}, in which p̂ is perpendicular

to k̂, and q̂ = p̂× k̂. Astronomers define the angle of inclination of the orbital plane

of the binary system, ι, as the angle between the angular momentum vector of the

binary system and the line of sight of an observer to the center of mass of the binary

system. Applying this definition and orthonormal basis the non-zero components of

the gravitational wave tensor in the TT gauge are given by:

h̄TT
pp = −h̄TT

qq =
2M1M2

rR
(1 + cos2(ι)) cos(2Ω(t− r) + ϕo) , (1.32)
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h̄TT
pq =

4M1M2

rR
cos(ι) sin(2Ω(t− r) + ϕo). (1.33)

With this general expression one can determine the effect of gravitational waves

on a detector built either on the Earth, or in space.

Detecting Gravitational Waves

In Figure 1.1 the reaction of test masses to gravitational waves was shown. Look-

ing at the effect of the masses, one can imagine a simple description of a gravitational

wave detector. By measuring the positions of a grouping of freely moving masses,

one can look for the changes in distance between the masses that are predicted by

theory. Detection of a gravitational waves will not simply provide a theoretical boon,

supporting the theory of General Relativity, but it will also provide us with informa-

tion about the sources of the waves. Thus, operational gravitational wave detectors

will open up the new field of Gravitational Wave Astronomy. What is simple in con-

cept, however, is sometimes not as simple to design and build. The remainder of this

chapter will focus on the broad features of the design of three classes of gravitational

wave detectors.

The detectors that most intuitively follow from imaging the motions of freely

moving masses under the influence of a gravitational wave are the currently proposed

space-based detectors. The Laser Interferometer Space Antenna (LISA) [8] is made

of three freely moving spacecraft orbiting the sun in a triangular arrangement whose

sides are 5×109 meters long. Each spacecraft is a protective shell for two proof masses

which are falling on geodesics around the sun. The spacecraft also contain a laser

system which will be used to determine changes in the positions of the proof masses

as a function of time. The LISA mission will focus on detecting gravitational waves

from supermassive black hole (SMBH) binary systems merging, extreme mass ratio

inspirals (EMRIs), and galactic binary systems. Chapter 2 will give a more detailed
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treatment of space-based gravitational wave detectors, including noise sources and

their effects.

One class of ground-based detectors, which are similar to the space-based de-

tectors, are the detectors which also use interferometry. Detectors like the Laser

Interferometer Gravitational wave Observatory (LIGO) in the United States, the

Gravitational wave Earth Observatory 600 (GEO600) in Germany, VIRGO in Italy,

and the Tokyo Advanced Mediumscale Antenna 300 (TAMA300) in Japan use lasers

to precisely measure the changes in the optical path length of two orthogonal cavi-

ties oriented, similar to those used in the Michelson-Morley experiment, in the shape

of an ‘L.’ These detectors are searching for gravitational waves from the last stages

of the inspiral for stellar remnant binary systems, distorted spinning neutron stars,

supernovae, and cosmic string cusps. For ground-based detectors gravitational gra-

dients and seismic events in the Earth are a large factor at lower frequencies (< 10

mHz) making detection at such frequencies impossible. Currently LIGO, with its

two facilities located near Livingston, Louisiana and Hanford, Washington (shown

in Figure 1.2), is the only detector operating at design sensitivity. Providing that

theoretical predictions of General Relativity are correct, detection of a gravitational

wave by LIGO will depend on the rate at which inspirals occur in the volume of space

close enough to Earth that its signal can be found amidst the noise. Advanced LIGO

is a follow-on project to the LIGO detector which is expected to exceed LIGO’s sen-

sitivity by about a factor of fifteen. This improvement will lead to a volume coverage

of the advanced detector that is over 3, 000 times greater than the current LIGO.

Also, the frequency range is expanded for Advanced LIGO, which will be sensitive to

gravitational waves between ∼ 10 Hz and ∼ 2.5 kHz.

The other prevalent class of ground-based detectors are the resonant mass or

“bar detectors.” The names come from fact that these detectors should resonate at
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Figure 1.2: Aerial photographs of the LIGO facilities in Washington (top) and
Louisiana (bottom).
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certain, narrow frequency bands when gravitational waves pass through them and

many are bar-like in shape (though spherical “bar detector” designs are being inves-

tigated). Current detectors include the Gravitational Radiation Antenna In Leiden

(GRAIL) located in the Netherlands (with a second MiniGRAIL being constructed in

Brazil), ALLEGRO in the United States, the Antenna Ultracriogenica Risonante per

l’Indagine Gravitazionale Astronomica (AURIGA) and the the Nautilus and Exporer

detectors of the Rome One Group (ROG) in Italy. The galactic sources they are

searching for include gravitational collapse of stars, merger and ringdown of compact

objects with masses ∼ 10M⊙, and non-axisymmetric instabilities of spinning com-

pact objects. Resonant mass detectors are super-cooled to limit thermal noise within

the mass. Acoustic and seismic noise also place limits on the sensitivities of these

detectors.
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CHAPTER 2

SPACE-BASED GRAVITATIONAL WAVE DETECTORS

Introduction

The first gravitational wave detectors were conceived and built by Joseph Weber in

the late 1950s and 1960s. Weber’s resonant mass detectors used aluminum cylinders

suspended by wires from the ceiling of his laboratory at the University of Maryland,

and also at the Argonne National Laboratory in Illinois. Weber’s attempts to measure

gravitational waves [9, 10] did not produce results that were accepted by the scientific

community, but his ideas laid the groundwork for the gravitational wave detectors

that would follow.

One of Weber’s ideas was to use an interferometer, not unlike the one used by

Michelson and Morley in their famous experiment, to measure the distance along two

paths. This idea was furthered by Weiss [11] and Forward [12]. This idea has now been

implemented in ground-based observatories around the world. At the present time

there are four such detectors: LIGO, with is two facilities located near Livingston,

Louisiana and Hanford, Washington; GEO 600 located near Hannover, Germany;

VIRGO near Pisa, Italy; and TAMA 300, near Tokyo, Japan. These detectors are

each searching for small variations in the length along their two orthogonal paths,

which are laid out in the shape of an ‘L’. They are searching for gravitational wave

sources with frequencies between roughly 10 and 10, 000 Hz. This range is sometimes

called the “high frequency range.” In the high frequency range, gravitational wave

sources are not long-lived, and astrophysical estimates for the rates of occurrence vary

by orders of magnitude. The current best estimates suggest that positive detection for
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these detectors will be difficult for observation times even as long as a decade, with

the detectors operating at design sensitivity. Lower frequencies are not detectable

by ground-based observatories due to the gravitational and vibrational disturbances

present in and on the Earth. This limitation has led the gravitational wave community

to look to space.

LISA is a proposed space-based gravitational wave detector. It will be sensitive to

frequencies in the range ∼ 10−4 to ∼ 1 Hz. In this “low frequency range” there will be

many thousands of sources, which will be emitting gravitational waves continuously,

above the design sensitivity level of LISA, providing almost immediate detection of

gravitational waves when LISA is operational.

The LISA observatory employs three free-flying spacecraft that will form an in-

terferometer in space (see Figure 2.1, taken from [13]). Their orbital paths will keep

them located at the vertices of a nearly equilateral triangle, with sides 5× 109 meters

long. The guiding center of LISA will follow the same orbit around the Sun as the

Earth (R = 1 AU), trailing the Earth by 20◦. The plane containing the three space-

craft will be inclined 60◦ with respect to the ecliptic. Figure 2.2, taken from [7] shows

the orbital path of LISA around the Sun. Each of the three spacecraft will contain

two lasers directed toward the other two spacecraft. The lasers will provide a means

to measure the small changes in distance along each of the three arms of the detector.

Detector Operation

Once LISA is operational, it will act as an all-sky antenna. Though Figure 2.3,

taken from [14] shows that LISA is more sensitive to sources located in directions

perpendicular to the plane of the detector, gravitational waves coming from any

direction will affect the antenna. Given the free-fall requirements of the orbital path

for LISA, one cannot point the antenna as can be done with a telescope. Gravitational
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Figure 2.1: Orbital configuration of LISA.

waves from any source in the Universe will affect the motion of the LISA proof masses

as they pass through the detector, but most of these waves will be too weak to detect

above the inherent noise of the detector. There will still be many thousands of

sources whose signals will be detectable above the noise with proper data analysis

techniques. The ability to do gravitational wave astronomy with LISA depends on

ability to do four things. First is the ability to model the gravitational waveforms

of the various sources of gravitational waves. Second is the ability to include the

motions and sensitivities of LISA with those models so that the theoretical data will

closely resemble the true LISA responses. Third is the ability of LISA to accurately

measure the small changes in spacecraft separation induced by the interaction with

the actual waveforms. Fourth is the ability to perform the necessary data analysis,

working backwards from the LISA data, through the models of detector orbit and

waveform generation to determine the parameters of the myriad gravitational wave

sources.
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Figure 2.2: Orbital path of LISA around the sun.

Interferometry with LISA

Inside each of the three spacecraft are two proof masses, which will be falling

freely along their geodesics around the Sun during operation. One of the purposes

of the spacecraft is to protect the proof masses from external perturbations (e.g.

the solar wind). A second purpose of the spacecraft is to provide platforms for the

laser systems. The proof masses are the reference points for the laser systems from

which phase information will be taken. By noting the changes in the phase, one can

determine the change in distance traveled by the laser photons to exquisite precision

and accuracy. With LISA the distances across which the light is traveling is great

(5 × 109 m), allowing for ultra-precise measurements of the strain (defined as the

change in length of the arm divided by its overall length, strain = ∆L/L) induced
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Figure 2.3: Representations of the detector beam patters F+ and F× in the low
frequency limit.

by the passage of a gravitational wave. The goal for LISA is to measure the strain to

∼ 10−21, which corresponds to arm length changes of ∼ 1 pm.

The current design for LISA is to use heterodyning to develop accurate phase

measurement. The required precision is < 40pm/
√

Hz. This precision is to be met

by locking one laser to its reference cavity, while the other lasers are offset locked to

it (two directly, three indirectly). The differing offset frequencies, set by oscillators

on each spacecraft, will provide beat frequencies in the range of 75 to 125 kHz. Thus,

LISA will be a virtual interferometer. It will not be measuring fringes as with a

standard interferometer, but instead the phase differences will be combined on Earth.

A Michelson signal can created by combining these phase differences:

S1(t) = Φ12(t− L) + Φ21(t− L) − Φ13(t3) − Φ31(t) , (2.1)

where Φij(t) is the phase difference between the signal transmitted by spacecraft i

and received by spacecraft j at time t. However, Michelson-type combinations would

be overcome by phase noise, so other combinations must be used. Some examples

of more advanced combinations, such as the A and E channels [15], contain the
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detector response to gravitational waves, while another combination, known as the

T-channel [15], is insensitive to low frequency gravitational waves, and can be used

to monitor noise in the detector.

Noise Sources and Effects on Sensitivity

For interferometry the precise measurement of the phase of the laser light is neces-

sary. The precision of these measurements is complicated by the presence of sources

of experimental noise in the system. Noise in the case of LISA are effects and/or

actions that cause fluctuations in these phase measurements. There are both internal

and external sources of noise.

For space-based gravitational wave detectors, external sources of noise involve

things such as solar wind, dust, debris, and possibly asteroids or comets passing near

enough to the spacecraft to cause a non-negligible gravitational disturbance. Also,

any of these items could pass through the path of the laser beam, possibly causing

spurious signals.

Internal sources of noise involve uncertainties in the measurement apparatus.

Laser (or position) noise is a general classification given to types of noise directly

involving the laser system. Types of laser noise include photon shot noise and laser

phase noise (due to power and phase fluctuations of the laser system), laser point-

ing noise (due to fluctuations in the directing of the laser beams), and clock noise

(due to inaccuracies of the onboard timing system). Acceleration noise is the general

classification of types of noise involving unexpected accelerations of the proof masses.

Types of acceleration noise that are internal to the spacecraft include thermal noise

(due to distortions of the spacecraft, the cavity containing the proof masses, and the

telescope), electrical noise (due to electrical charging of spacecraft components by

cosmic rays and Brownian motion due to dielectric losses), and magnetic noise (due

to a proof mass, charged by cosmic rays, moving through the interplanetary magnetic
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field). These sources of noise can mimic changes in the optical path of the beam.

Many expected sources will be too weak to be detectable above these noise sources,

even with the best of data analysis techniques.

The size of the effect on the length of the optical path by significant sources of

position noise are listed Table 2.1 [8]. These are caused by fluctuations in the laser

and timing systems. Table 2.2 [8] lists the significant acceleration noise sources, also

with the resulting error in measurement of the length of the optical path.

Table 2.1: Significant sources of noise in length measurement of the optical-path.

Error Source Error Size (×10−12 m/
√

Hz) Number of Effects
Detector Shot Noise 11 4
Master Clock Noise 10 1
Residual Phase Noise 10 1
Laser beam-pointing instability 10 4
Laser phase measurement and offset lock 5 4
Scattered-light effects 5 4
Other substantial effects 3 32

Total path difference 40 = measurement error in L2 − L1

Table 2.2: Significant sources of acceleration noise.

Error Source Error Size (×10−15 m s−2/
√

Hz) Number of Effects
Thermal distortion of spacecraft 1 1
Thermal distortion of payload 0.5 1
Noise due to dielectric losses 1 1
Gravity noise due to spacecraft displacement 0.5 1
Temperature difference variations across the cavity 1 1
Electrical force on charged proof masses 1 1
Lorentz forces on charged proof masses 1 1
Residual gas impacts on proof masses 1 1
Thermal expansion of telescope 0.5 1
Magnetic forces on proof masses 0.5 1
Other substantial effects 0.5 4
Other smaller effects 0.3 16

Total effect of acceleration 3 for one inertial sensor

Effect in optical path 12 = variation in ∂2

∂t2
L2 − L1

Figure 2.4 shows the LISA sensitivity curve. The acceleration noise sources dom-

inate at the lower end of the frequency range, but decrease as the square of the
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frequency. Position noise, on the other hand, is relatively constant across the LISA

band and surpasses the acceleration noise on the higher end of the frequency range.

These effects appear below the LISA sensitivity curve due to averaging over all source

polarizations and directions. Also affecting the higher end of the LISA sensitivity

curve is the transfer function. The transfer function is due to interactions between

the gravitational wave with the detector. Waves with frequencies above the transfer

frequency (f∗ ≡ c
2πL

) will have periods less than the light crossing time of LISA’s

arms. This gives rise to a self-cancellation of the detected wave.
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Figure 2.4: LISA sensitivity curve showing the instrumental sensitivity and the all-sky
averaged overall sensitivity.

Modulations of the Signal

The orbital motion of LISA (shown in Figure 2.2) and the antenna pattern of LISA

(shown in Figure 2.3) combine to modulate the gravitational waves passing through
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the detector. These modulations are called Doppler and amplitude modulations.

They introduce variations into the signal due to a gravitational wave based on the

location of the source.

Doppler modulation is caused when the orbital motion of LISA is moving the

detector toward (or away from) a gravitational wave source. The movement of the

detector increases (or decreases) the rate at which the wavefronts of the gravitational

waves are passing through the antenna, creating a Doppler shift in the gravitational

wave frequency. The amount of the shift at any given time depends on the relative

position between detector and source. Thus, armed with the orbital specifics of LISA

and a good model of the gravitational waveform produced by a source, one can arrive

at the approximate location of the source.

Amplitude modulation is due to the shape of LISA’s directional sensitivity com-

bined with the 60◦ incline of the plane containing the three spacecraft with respect to

the ecliptic. As LISA orbits over the course of a year, the sensitivity pattern varies

across the sky. A gravitational wave source at any given location will undergo a

modulation due to the variations in directional sensitivity.

The third modulation of the signal in a gravitational wave detector is known as

phase modulation. This is different from Doppler modulation, which is a type of

modulation of the gravitational wave phase. Phase modulation, in this case, is due to

the presence of two polarizations in gravitational waves passing through the detector.

The two polarizations have distinct amplitude modulations, which will introduce a

varying phase difference between them.

These modulations affect all of the gravitational waves detected by LISA, but it

is easiest to understand the effect by imagining a gravitational wave source continu-

ously emitting at a specific frequency (such sources are labeled monochromatic). The

Doppler, amplitude and phase modulation will spread the signal in the LISA data in
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multiples of its orbital frequency (fm = 1/year), producing sidebands in the fourier

transform of the signal. The bandwidths of the amplitude and phase modulations are

∼ 10−4 mHz. The bandwidths for Doppler modulation show a large range across the

LISA band. However, for most sources, which will be emitting below 10 mHz, the

bandwidths of equatorial sources will range from ∼ 8.3× 10−5 mHz (for fsource = 0.1

mHz) to 1.0 × 10−3 mHz (for fsource = 10 mHz).

Gravitational Wave Sources for LISA

This section will give a brief introduction to a number of general types of gravita-

tional wave sources that are expected [16, 17, 18, 19] to be sources in the LISA band.

These will provide an excellent means of testing General Relativity’s predictions of

the presence of gravitational waves, solidifying our knowledge of the astrophysics of

the various system types, and providing detailed information about their spatial dis-

tributions. Yet, the sources that are known are only part of the picture. There will

almost certainly also be unexpected gravitational wave sources. Part of the process

in determining the nature of the unexpected sources will be the identification of the

known sources, and the removal of their effects on the data, allowing a clearer look

at how these unexpected sources affected LISA.

Galactic Binaries

While our galaxy is not particularly special in terms of the distribution of star

systems contained inside it, those star systems do have the benefit of being close. Since

the amplitudes of gravitational waves fall off as 1/r, gravitational wave sources inside

our galaxy will have much larger “apparent magnitudes.” This will allow for LISA to

detect many types of sources that will be undetectable in other galaxies. Examples

of these “quiet” sources are neutron star (NS) binaries, close white dwarf binaries,
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stellar mass black hole binaries, helium cataclysmic variable binaries (made up of

a helium star and a white dwarf), and “unevolved” binaries (made up of relatively

young stars who are neither giants nor in the helium burning stage).

Though all the systems in each of these types of binaries is evolving toward a final

coalescence through the loss of energy and angular momentum as gravitational waves

are emitted, for many systems the pace of the evolution is so slow as to be negligible.

These systems are the so-called monochromatic binaries, systems whose gravitational

wave frequency is (effectively) unchanged during the time of observation.

A large segment of the galactic binaries that will be emitting gravitational waves in

the low frequency regime will form what is sometimes referred to as the Gravitational

Wave Confusion Background (GWCB). These binaries represent a possible barrier

to the discovery of unexpected sources of gravitational waves. The GWCB and the

nature of this barrier will be further discussed in Chapter 3.

Binary Mergers Involving Massive Black
Holes

As was shown in Chapter 1, the magnitude of the gravitational waves generated

by a binary depends directly on the product of the binary constituent masses. Thus

binary systems where one or both objects is a massive black hole (MBH) will emit

gravitational waves that will be detectible by LISA at great distances. For example,

LISA would be able to detect a coalescing binary with masses 105M⊙ and 1M⊙ out

to distances of ∼ 1 Gpc, while a 105M⊙ equal mass binary system merging anywhere

in the Universe will be detectable.

As the two objects in the binary system spiral into each other, they increase

their orbital and gravitational wave frequencies as well as the amplitude of the wave,

providing a signature of the event known as the “chirp.” The strongest emission of

gravitational waves occurs at the end of the chirp, just before the actual merging
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of the binary constituents. This combination of signal strength and well modeled

signature will allow for precise tests of General Relativity in the strong field regime.

Detections will also provide information about the rate at which such events occur,

and help test theories concerning black hole formation.

Gravitational Wave Background

The primordial Gravitational Wave Background (GWB) is an expected relic of the

Big Bang, and is the least well understood of the proposed sources for LISA. A thermal

GWB would have a temperature of ∼ 0.9 K, and its amplitude in the LISA frequency

band would be far below the LISA sensitivity curve. However, a non-thermal GWB

may be detectable by LISA. Such a detection could provide information about early

density fluctuations in the Universe. One possible cause that is receiving attention

these days is the presence of cosmic superstrings [20, 21, 22].

Future Space-Based Gravitational Wave Detectors

Though LISA is still about a decade from launch, space-based follow-on missions

are already being proposed. They each share the same basic operational design of

LISA, interfometers involving three spacecraft or multiple groupings of three space-

craft, orbiting the Sun. Capabilities of the the follow-on missions detailed here are

examined in detail in Chapter 4.

Laser Interferometer Space Antenna in
Stereo

The Laser Interferometer Space Antenna in Stereo (LISAS) [23] is the simplest

follow-on to LISA. While LISA consists of one constellation of three spacecraft in a

20◦ Earth-trailing orbit, LISAS would consist of two such constellations, one in the

20◦ Earth-trailing orbit and another in a 20◦ Earth-leading orbit. The parameters
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for the components and configurations of each of the spacecraft (and constellations of

spacecraft) would be identical to LISA. Thus should the LISA mission outlive its cur-

rent five year lifetime, the LISAS mission could be implemented by the launch of just

the second constellation. The benefit gained by the presence of the second, separated

constellation is added angular resolution, which is greatly enhanced for coalescing

MBH binaries. The exact nature of these improvements is shown in Chapter 4

Advanced Laser Interferometer Antenna
and Advanced Laser Interferometer
Antenna in Stereo

The Advanced Laser Interferometer Antenna (ALIA) [24] is a single constellation

of three spacecraft as in the LISA configuration, with the spacecraft separation only

one-tenth that of LISA (5 × 108 m). Also, the proposed level for the acceleration

noise of ALIA is one-tenth that of LISA, while the proposed position noise level is one

two-hundredth of LISA. These changes increase the sensitivity at higher frequencies

compared to that of LISA (or LISAS). This allows ALIA more detailed observations

involving coalescing intermediate mass black holes (IMBHs) with masses in the range

of 50M⊙ to 50, 000M⊙. This information will help test theories of IMBH formation

and population distribution.

The Advanced Laser Interferometer Antenna in Stereo (ALIAS) [23] is two con-

stellations of three spacecraft with the same parameters as ALIA. The two constella-

tions are separated by 40◦ (one trailing and one leading the Earth by 20◦). As with

LISAS the second, separated constellation provides a much improved resolution for

the coalescence of IMBHs (see Chapter 4 for details) beyond the capabilities of ALIA.

Big Bang Observer

The Big Bang Observer (BBO) [25] is another follow-on mission with up to four

constellations of three spacecraft each, with armlengths one-hundredth that of LISA
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(5 × 107 m). Similarly its acceleration noise budget is one-hundredth that of LISA,

and its position noise budget is one-millionth that of LISA. The BBO is designed to

detect GWB created shortly after the Big Bang, during the inflationary period of the

Universe. The orbital configuration of the constellations is shown in Figure 2.5.

The initial phase of the BBO is two constellations in a 20◦ Earth-trailing orbit.

The two constellations overlap each other forming the shape of a six pointed star. This

design allows for optimal cross-correlation of the gravitational wave signals between

the constellations, with a minimum of correlated noise [14]. Thus, over the observation

time, the correlated signals will grow while the uncorrelated noise will tend to average

toward zero. This will allow for the extremely sensitive levels of detection that will

be necessary to measure the GWB.
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Figure 2.5: The proposed orbital configuration of the Big Bang Observer.

The next phase of the BBO involves the addition of two more constellations,

separated from the star and each other by 120◦ in the plane of the ecliptic around the

Sun. These constellations provide remarkable resolution capabilities for coalescing
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binary systems. The initial expectation was that the extreme resolution would be

needed in order to accurately remove the signals due to low amplitude sources such as

NS-NS binary systems. However, recent studies [26] bring the need for such extremes

in resolution into question.
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CHAPTER 3

DATA ANALYSIS FOR GRAVITATIONAL WAVES

Introduction

In scientific experiments, generally speaking, there are two basic questions to be

answered. The first question is, ‘what is the measured value of the result being

sought.’ The second question is, ‘to what precision is that the result known.’ The

field of data analysis seeks to provide the answers to these questions, which for LISA

means working backward from the data to the parameters of the gravitational wave

sources. Due to the presence of noise in the data this “inversion problem” is ill-posed,

and data analysis techniques will be required to obtain those parameters. While the

field of data analysis is quite broad and includes numerous techniques and methods,

the scope of this chapter will be limited to those techniques and methods being used to

prepare for answering those two basic questions concerning the data from space-based

gravitational wave detectors.

The heart of LISA data is a series of phase measurements of the laser light that

will be used to derive the corresponding strains of the detectors arms. By modeling

the gravitational waveforms produced by a source the strain of the detector arms can

be predicted. Matching prediction to the data will allow for detection.

There are various approaches to statistical inference in data analysis. One such

approach is the frequentist approach. In terms of gravitational wave detection this is

exemplified by repeated measurements of a well-defined experiment involving random

noise. One type of a frequentist’s approach to measuring detector resolution involves

repeated attempts at extracting the parameters of a specific binary system under



31

multiple noise realizations. While this can help in understanding the resolution of

a detector before it is operational, the measurements that functioning space-based

detectors will be making are of an entirely different nature. There will be no chance

to sample different noise realizations.

Another approach is the Bayesian approach. Bayes’ theorem, which lays at the

heart of this approach, tells how one is to update or change the degree of belief held in

a proposition with the introduction of new evidence. The updating process is known

as Bayesian inference, and it is a statistical analog to the scientific method. Thus, this

approach will closely model the operational period of gravitational wave detectors.

What will be used in this work is labeled by some as the “eclectic” approach,

in that both frequentist and Bayesian approaches will be used in the cases they are

best fit to handle. Chapters 4 and 5 use a frequentist approach, determining the

resolving power of various detectors under differing conditions. Chapters 6 and 7 use

a Bayesian approach, searching specific data streams to extract the parameters of the

gravitational wave sources used to create the data.

The succeeding chapters, which will use the techniques described below, follow

the progression of data analysis needs for the development of a detector. First, one

needs to understand the detector’s capabilities. In Chapter 4 an investigation of

detector resolution for a single source is presented. When required precision in a

simple case is assured, complexity is added to the model. Chapter 5 provides a study

of the effects on parameter resolution due to the presence of multiple gravitational

wave source. Next, one must know if the parameters being sought will be able to be

determined form the detector’s data. Chapter 6 contains a survey of a search method

that will extract source parameter values from a data snippet with several sources.

And Chapter 7 develops an algorithm that will both search for and characterize the

distributions of the source parameter from a data snippet containing multiple binary
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systems.

Before delving into specific techniques, a few useful definitions are provided. The

noise weighted inner product is given by:

(a|b) = 2

∫ ∞

0

ã∗(f)b̃(f) + ã(f)b̃∗(f)

Sn(f)
df, (3.1)

where a and b are gravitational waveforms, an asterisk denotes the waveform’s com-

plex conjugate, a tilde denotes its Fourier transform, and Sn(f) is the noise spectral

density. Thus the signal to noise ratio (SNR) is defined as:

SNR2 =
∑

α

(hα|hα) , (3.2)

where the inner product of the gravitational waves, hα, is summed over the indepen-

dent channels of the detector.

Also, one can write the output the LISA data stream from detector α as:

sα(t) = hα(t, ~λ) + nα(t) =
N
∑

i=1

hi
α(t, ~λi) + nα(t) , (3.3)

where ~λ is the complete set of parameters describing the N sources of the superposed

gravitational waves, hi
α(t, ~λi), whose individual parameters are ~λi, and nα(t) is the

detector noise.

Matched Filtering

The inherent weakness of the interaction between the spacecraft (or any mass)

and gravitational waves will mandate a method to pull many of the weaker signals

out from the detector noise. The optimal method, called matched filtering, requires a

known model for the gravitational wave source. Matched filtering is the primary data
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analysis technique of modeled sources for LISA, and may be used in conjunction with

other techniques. Matched filtering is used extensively in all fields of science, and is

a popular data analysis technique in ground based gravitational wave astronomy [27,

28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38].

The LISA data can be filtered through the various models, and source parameter

values, to extract the matches that may exist. By filtering, or projecting, the signal

onto a specific model and parameter set, called a template, one can get a measure of

their agreement or overlap. If the noise in the detector is gaussian with a zero mean,

the probability, also known as the likelihood, of such a match between a signal, s,

and a gravitational wave from a source with parameters, ~λ, is given by [39]:

p(s|~λ) = C exp
[

− 1

2

(

(s− h(~λ))|(s− h(~λ))
)

]

(3.4)

where C is a normalization constant, independent of both signal and template.

One flavor of best fit parameters is found by maximizing the likelihood (or alterna-

tively the SNR). Another measure whose maximization gives the best fit parameters,

will be referred to as the log likelihood (though it is truly involves an inversion and

rescaling of the logarithm of (3.4)), is given by:

logL = (s|h(~λ)) − 1

2
(h(~λ)|h(~λ)). (3.5)

Note that if the gravitational wave signals is uncorrelated with the noise:

〈logL(~λ)〉 =
1

2
SNR2 . (3.6)

In this section the angle brackets 〈〉 denote an expectation value.

To search for possible sources hidden in the noise, one could imagine matching
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distinct templates that have been distributed across the space of parameters. Such

grid-based template searches are reliable, but for LISA, where parameters for single

sources will number as high as 17, are expected to be computationally prohibitive

without marked improvements in either computer speed or efficiency of template

spacing.

Fisher Information Matrix

While a template search using matched filtering is a global technique, allowing

for the measurement of matches across the parameter space, the Fisher Information

Matrix (FIM) approach is specific to a localized area around the best fit parameter

values. It is one example of a Maximum Likelihood (ML) Estimation Method, in

which the ML estimator maximizes ratio of the likelihood (3.4) to the prior probability

distribution of the data set, p(~x). That is the ML estimator is the parameter set that

simultaneously solves the ML equation,

∂Λ(~λ, ~x)

∂λi

= 0 , (3.7)

for each of the parameters, i, in the model, with Λ(~λ, ~x) ≡ p(s(~x)|λ)
p(~x)

. Please note

that there is not universal agreement on the definition of the ML estimator. The

definition used here is the standard definition used by statisticians and some [40, 41]

in the gravitational wave community. Others [31, 39] refer to the dominant mode of

the posterior distribution, p(~λ|s), as a maximum likelihood estimator. The latter has

the advantage of incorporating prior information, but the disadvantage of not being

invariant under parameter space coordinate transformations. The former definition,

while it does not take into account prior information, is coordinate invariant. The

two definitions give the same result for uniform priors, and very similar results in
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most cases (the exception being where the priors have a large gradient at maximum

likelihood).

The FIM, Γ, is given as the negative of the expectation value of the Hessian

evaluated at maximum likelihood:

Γij = −
〈∂2 logL
∂λi∂λj

〉

ML
= (h,i|h,j)ML , (3.8)

where h,i ≡ ∂h
∂λi . The variance-covariance matrix, C is estimated by the inverse of Γ.

The lower bound on the variances are given by the Cramer-Rao bound.

Cii ≥ (Γ−1)ii. (3.9)

The first order error in this estimate is inversely proportional to the SNR of the source.

For large SNR the estimated parameter uncertainties, ∆λi, will have the Gaussian

probability distribution given by [31]:

p(∆λi) =

√

detΓ

2π
exp

(

−1

2
Γij∆λ

i∆λj

)

. (3.10)

As the variance-covariance,

Cij = 〈∆λi∆λj〉 . (3.11)

provides estimates for the parameter uncertainties and correlation, the square root of

the diagonal elements of the variance-covariance matrix, ∆λi = (Cii)1/2, will be used

to evaluate parameter uncertainties with the FIM approach. From equations (3.5)

and (3.8) it follows that the parameter uncertainties scale inversely with the SNR.

Parameter Estimation

The discussion here is applied to a single monochromatic binary system. Chap-
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ter 4 applies the method to coalescing binaries (which requires only a change of the

parameter set which grows from seven to nine parameters), and Chapter 5 extends

the method to multiple sources.

Typical galactic binaries can be treated as circular and monochromatic. They

are described by seven parameters: sky location (θ, φ); gravitational wave frequency

f ; amplitude A; inclination and polarization angles (ι, ψ); and the initial orbital

phase ϕ0. The response of a space-borne detector to a gravitational wave source is

encoded in the (Micheleson-like) Xi(t) time-delay interferometry variables [42]. Here

the subscript i denotes the vertex at which the signal is read out. This work employs

the rigid adiabatic approximation [43] to describe these variables.

If the analysis to be done is limited to low frequencies, f ≪ f∗ ≡ c
2πL

, where L is

the length of the detector arms, one can work with the orthogonal combinations such

as [44]:

SI(t) = X1(t), SII(t) =
1√
3

(X1(t) + 2X2(t)) . (3.12)

If higher frequencies are involved, in the equal-armlength limit, the TDI signal Xi(t)

can be formed from a time-delayed differencing of Michelson signals Mi(t) that will

cancel the laser phase noise, while preserving the gravitational wave signal:

Xi(t) = Mi(t) −Mi(t− 2L) . (3.13)

Thus one can use orthogonal combinations such as [45]:

A(t) =

√

3

2
(Sa(t) − Sa(t− L)) ,

E(t) =

√

3

2
(Se(t) − Se(t− L)) , (3.14)
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where

Se(t) =
1

3
(2M1(t) −M2(t) −M3(t)) ,

Sa(t) =
1√
3

(M2(t) −M3(t)) . (3.15)

The A,E combinations cancel the laser phase noise that would otherwise dominate

the Michelson signals. At high frequencies, f > f∗, a third independent data channel

T (t) becomes available. For frequencies below f∗ the T -channel is insensitive to

gravitational waves and can be used as an instrument noise monitor. To simplify the

analysis this work does not use the T -channel. Including this channel would not have

any great effect on the results as most of the signal to noise ratio accumulates below

the respective transfer frequencies of the detectors considered. In the low frequency

limit the variables A(t) and E(t) reduce to the independent data channels defined by

(3.12).

In the low frequency limit the signal of a monochromatic source can be written [44]:

s1(t) = A(t) cos[Φ(t; f, θ, φ) + ϕ0] , (3.16)

where

A(t) = [A2
+F

+2
(t) + A2

×F
×2

(t)]1/2 (3.17)

is the amplitude of the signal and the gravitational wave phase is

Φ(t; f, θ, φ) = 2πft+ φD(t; f, θ, φ) + φP (t, θ, φ), (3.18)

While

φD(t) = 2πfAU sin θ cos (2πfmt− φ) (3.19)
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is the phase shift due to Doppler modulation and fm = 1/year is the modulation

frequency, and

φP (t) = −arctan
(A×F

×(t)

A+F+(t)

)

(3.20)

is the phase modulation due to combining the two polarizations of the gravitational

wave.

The beam pattern factors, F+(t) and F×(t), in these equations are given by:

F+(t) =
1

2

(

cos 2ψD+(t) − sin 2ψD×(t)
)

F×(t) =
1

2

(

sin 2ψD+(t) + cos 2ψD×(t)
)

, (3.21)

where ψ is the polarization angle of the gravitational wave source, the amplitudes of

the two polarizations are:

A+ = (1 + cos2 ι)A

A× = −2 cos ιA , (3.22)

and the detector pattern functions D+(t) and D×(t) are to linear order [43] in the

eccentricity of Keplerian orbits:

D+(t) =

√
3

64

[

− 36 sin2(θ) sin
(

2α(t) − 2λ
)

+
(

3 + cos(2θ)
)

(

cos(2φ)
(

9 sin(2λ)

− sin
(

4α(t) − 2λ
)

)

+ sin(2φ)
(

cos
(

4α(t) − 2λ
)

− 9 cos(2λ)
)

)

−4
√

3 sin(2θ)
(

sin
(

3α(t) − 2λ− φ
)

− 3 sin
(

α(t) − 2λ+ φ
)

)

]

(3.23)

D×(t) =
1

16

[

√
3 cos(θ)

(

9 cos
(

2λ− 2φ
)

− cos
(

4α(t) − 2λ− 2φ
)

)

−6 sin(θ)
(

cos
(

3α(t) − 2λ− φ
)

+ 3 cos
(

α(t) − 2λ+ φ
)

)

]

. (3.24)
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Applying this formalism to an isolated galactic binary yields the parameter un-

certainties shown in Figures 3.1 and 3.2. The plots were generated by taking the

median values for 105 different sources, each normalized to a signal-to-noise ratio of

SNR = 10. The uncertainty in the frequency has been increased by a factor of 106

for plotting purposes.
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Figure 3.1: Median parameter uncertainties versus frequency for isolated monochro-
matic binary sources with one year of observation and fixed signal-to-noise ratios of
SNR = 10. The parameters are f, lnA, θ, φ, ι, ψ, ϕ0.

As can be seen in Figure 3.1, the uncertainties in five of the seven parameters

are fairly constant across the LISA band. The two exceptions are the sky location

variables (θ, φ), which show a marked decrease in their uncertainties above 1 mHz.

This behavior can be traced to the time varying Doppler shift, which is one of the two

ways LISA is able to locate sources on the sky. The Doppler shift increases linearly

with f , which translates into a 1/f decrease in the positional uncertainties above
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1 mHz. Below this frequency the angular resolution comes mainly from the time

varying antenna sweep, which is weakly dependent on f below the transfer frequency

f∗ ≃ 10 mHz.
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Figure 3.2: Parameter uncertainties versus time for isolated monochromatic binary
sources with f = 1 mHz and fixed signal-to-noise ratios of SNR = 10. The parameters
are ln f, lnA, θ, φ, ι, ψ, ϕ0.

As can be seen in Figure 3.2, the uncertainties in six of the seven parameters

decrease as 1/
√
Tobs for observation times longer than a year, in accordance with

the standard
√
Tobs increase in the SNR. The one exception is the frequency, which

benefits from an additional 1/Tobs shrinkage in the width of the frequency bins, leading

to an overall 1/T
3/2
obs decay in the frequency uncertainty. The shrinkage in the size of

the frequency bins is illustrated in Figure 3.3, where the discrete Fourier transform

of a typical signal is shown after one year and after ten years of observation. In

Chapter 5 it will be seen how this improved resolution of the sidebands helps reduce
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source confusion when multiple overlapping sources are present. For observation times

less than one year the positional uncertainties also decay as 1/T
3/2
obs . The additional

factor of 1/Tobs can be traced to the two mechanisms (modulations) by which LISA

can locate a source: antenna sweep and Doppler shift. The angular resolution due

to antenna sweep depends on the angle through which the antenna has been swept,

which increases as Tobs for Tobs < year. The angular resolution due to the variable

Doppler shift can be thought of as a form of long baseline interferometery. The

resolution improves with the length of the synthesized baseline, which grows as Tobs

for Tobs < year.

 0

 5e-26

 1e-25

 1.5e-25

 2e-25

 0.9998  0.9999  1  1.0001  1.0002

Frequency (in mHz)

 0

 5e-26

 1e-25

 1.5e-25

 2e-25

 0.9998  0.9999  1  1.0001  1.0002

Frequency (in mHz)

Figure 3.3: Fourier transforms of a typical signal for observation times of one and ten
years.

The Cocktail Party Problem

When space-based detectors are operational they will be affected by millions of

low SNR sources at frequencies below 3 mHz.

Extracting the parameters of each individual source from the combined response

to all sources defines the LISA cocktail party problem. In practice it will be impossible

to resolve all of the millions of signals that contribute to the LISA data streams. For
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one, there will not be enough bits of information in the entire LISA data archive to

describe all N sources in the Universe with signals that fall within the LISA band.

Moreover, most sources will produce signals that are well below the instrument noise

level, and even after optimal filtering most of these sources will have signal to noise

ratios below one. A more reasonable goal might be to provide estimates for the

parameters describing each of the N ′ sources that have integrated signal to noise

ratios (SNR) above some threshold (such as SNR > 5), where it is now understood

that the noise includes the instrument noise, residuals from the regression of bright

sources, and the signals from unresolved sources. While the noise will be neither

stationary nor Gaussian, it is not unreasonable to hope that the departures from

Gaussianity and stationarity will be mild. It is well know that matched filtering is

the optimal linear signal processing technique for signals with stationary Gaussian

noise [46, 47].

In the Fourier domain, the signal can be written as s̃α(f) = h̃α(f,~λ′)+ñα(f), where

ñα(f) includes instrument noise and confusion noise, and the signals are described by

parameters ~λ′. Using the standard noise weighted inner product for the independent

data channels over a finite observation time T ,

(a|b) =
2

T

∑

α

∑

f

ã∗α(f)b̃α(f) + ãα(f)b̃∗α(f)

Sα
n (f)

, (3.25)

a Wiener filter statistic can be defined:

ρ(~λ) =
(s|h(~λ))

√

(h(~λ)|h(~λ))
. (3.26)

The noise spectral density Sn(f) is given in terms of the autocorrelation of the noise

〈n(f)n∗(f ′)〉 =
T

2
δff ′Sn(f) . (3.27)
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The number of parameters di required to describe a source ranges from 7 for a

slowly evolving circular galactic binary to 17 for a massive black hole binary. A rea-

sonable estimate [48] for N ′ is around 104, so the full parameter space has dimension

D =
∑

i di ∼ 105. Since the number of templates required to uniformly cover a pa-

rameter space grows exponentially with D, a grid based search using the full optimal

matched filter is out of the question. Clearly an alternative approach has to be found.

Moreover, the number of resolvable sources N ′ is not known a priori, so some stopping

criteria must be found to avoid over-fitting the data.

Most approaches to the LISA cocktail party problem employ iterative schemes.

The first such approach was dubbed “gCLEAN” [49] due to its similarity with the

“CLEAN” [50] algorithm that is used for astronomical image reconstruction. The

“gCLEAN” procedure identifies and records the brightest source that remains in

the data stream, then subtracts a small amount of this source. The procedure is

iterated until a prescribed residual is reached, at which time the individual sources

are reconstructed from the subtraction record. A much faster iterative approach

dubbed “Slice & Dice” [51] was recently proposed that proceeds by identifying and

fully subtracting the brightest source that remains in the data stream. A global

least squares re-fit to all the current list of sources is then performed, and the new

parameter record is used to produce a regressed data stream for the next iteration.

Bayes factors are used to provide a stopping criteria.

There is always the danger with iterative approaches that the procedure “gets

off on the wrong foot,” and is unable to find its way back to the optimal solution.

This can happen when two signals have a high degree of overlap. A very different

approach to the LISA source confusion problem is to solve for all sources simulta-

neously using ergodic sampling techniques, such as the Markov Chain Monte Carlo

(MCMC) [52, 53, 54] method or Genetic Algorithms (GAs) [55, 56]. While both of
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these approaches provide a means for searching the data for optimal parameter fits

with very large parameter spaces, MCMC methods also allow for an estimate of the

posterior distribution, p(~λ|s).

The MCMC method is now in widespread use in many fields, and is starting to

be used by astronomers and cosmologists. One of the advantages of MCMC is that it

combines detection, parameter estimation, and the calculation of confidence intervals

in one procedure, as everything one can ask about a model is contained in the posterior

distribution. Another nice feature of MCMC is that there are implementations that

allow the number of parameters in the model to be variable, with built-in penalties for

using too many parameters in the fit. In an MCMC approach, parameter estimates

from Wiener matched filtering are replaced by the Bayes estimator [57]

λi
B(s) =

∫

λi p(~λ|s) d~λ , (3.28)

which requires knowledge of p(~λ|s) - the posterior distribution of ~λ (i.e. the distribu-

tion of ~λ conditioned on the data s). By Bayes theorem, the posterior distribution is

related to the prior distribution p(~λ) and the likelihood p(s|~λ) by

p(~λ|s) =
p(~λ)p(s|~λ)

∫

p(~λ′)p(s|~λ′) d~λ′
. (3.29)

Until recently the Bayes estimator was little used in practical applications as the

integrals appearing in (3.28) and (3.29) are often analytically intractable. The tra-

ditional solution has been to use approximations to the Bayes estimator, such as

the maximum likelihood estimator described above, however advances in the MCMC

technique allow direct numerical estimates to be made. Recalling that when the noise

n(t) is a normal process with zero mean, the likelihood is given by (3.4), and in the

large SNR limit the Bayes estimator can be approximated by finding the dominant
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mode of the posterior distribution, p(~λ|s).

The expectation value of the maximum of the log likelihood is:

〈logL(~λML)〉 =
SNR2 +D

2
. (3.30)

This value exceeds that found in (3.6) by an amount that depends on the total number

of parameters used in the fit, D, reflecting the fact that models with more parameters

generally give better fits to the data. Deciding how many parameters to allow in the

fit is an important issue in LISA data analysis as the number of resolvable sources is

not known a priori. This issue does not usually arise for ground based gravitational

wave detectors as most high frequency gravitational wave sources are transient. The

relevant question there is whether or not a gravitational wave signal is present in

a section of the data stream, and this question can be dealt with by the Neyman-

Pearson test or other similar tests that use thresholds on the likelihood, L, that are

related to the false alarm and false dismissal rates. Demanding that L > 1 - so it

is more likely that a signal is present than not - and setting a detection threshold of

ρ = 5 yields a false alarm probability of 0.006 and a detection probability of 0.994

(if the noise is stationary and Gaussian). A simple acceptance threshold of ρ = 5 for

each individual signal used to fit the LISA data would help restrict the total number

of parameters in the fit, however there are better criteria that can be employed.

The simplest is related to the Neyman-Pearson test and compares the likelihoods of

models with different numbers of parameters. For nested models this ratio has an

approximately chi squared distribution which allows the significance of adding extra

parameters to be determined from standard statistical tables. A better approach is

to compute the Bayes factor,

BXY =
pX(s)

pY (s)
, (3.31)
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which gives the relative weight of evidence for models X and Y in terms of the ratio

of marginal likelihoods

pX(s) =

∫

p(s|~λ,X)p(~λ,X) d~λ . (3.32)

Here p(s|~λ,X) is the likelihood distribution for model X and p(~λ,X) is the prior

distribution for model X. The difficulty with this approach is that the integral in

(3.32) is hard to calculate, though estimates can be made using the Laplace approxi-

mation or the Bayesian Information Criterion (BIC) [58]. The Laplace approximation

is based on the method of steepest descents, and for uniform priors yields

pX(s) ≃ p(s|~λML, X)

(

∆VX

VX

)

, (3.33)

where p(s|~λML, X) is the maximum likelihood for the model, VX is the volume of

the model’s parameter space, and ∆VX is the volume of the uncertainty ellipsoid

(estimated using the FIM). Models with more parameters generally provide a better

fit to the data and a higher maximum likelihood, but they get penalized by the

∆VX/VX term which acts as a built-in Occam’s razor.

Generalized F-Statistic

The F-statistic was originally introduced [41] in the context of ground based

searches for gravitational wave signals from rotating NSs. The F-statistic has since

been used to search for monochromatic galactic binaries using simulated LISA data [51,

59]. By using multiple linear filters, the F-statistic is able to automatically extremize

the log likelihood over extrinsic parameters, thus reducing the dimension of the search

space (the parameter space dimension remains the same).

In the low-frequency limit the LISA response to a gravitational wave with polar-
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ization content h+(t), h×(t) can be written as

h(t) = h+(t)F+(t) + h×(t)F×(t) . (3.34)

h(t) =
4
∑

i=1

ai(A,ψ, ι, ϕ0)A
i(t; f, θ, φ) , (3.35)

where the time-independent amplitudes ai are given by

a1 =
A

2

(

(1 + cos2 ι) cosϕ0 cos 2ψ − 2 cos ι sinϕ0 sin 2ψ
)

,

a2 = −A
2

(

2 cos ι sinϕ0 cos 2ψ + (1 + cos2 ι) cosϕ0 sin 2ψ
)

,

a3 = −A
2

(

2 cos ι cosϕ0 sin 2ψ + (1 + cos2 ι) sinϕ0 cos 2ψ
)

,

a4 =
A

2

(

(1 + cos2 ι) sinϕ0 sin 2ψ − 2 cos ι cosϕ0 cos 2ψ
)

,

(3.36)

and the time-dependent functions Ai(t) are given by

A1(t) = D+(t; θ, φ) cos Φ(t; f, θ, φ)

A2(t) = D×(t; θ, φ) cos Φ(t; f, θ, φ)

A3(t) = D+(t; θ, φ) sin Φ(t; f, θ, φ)

A4(t) = D×(t; θ, φ) sin Φ(t; f, θ, φ) . (3.37)

Defining the four constants N i = (s|Ai) and using (3.35) yields a solution for the

amplitudes ai:

ai = (M−1)ijN
j , (3.38)

where M ij = (Ai|Aj). The output of the four linear filters, N i, and the 4 × 4 matrix

M ij can be calculated using the same fast Fourier space techniques [48] used to
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generate the full waveforms. Substituting (3.35) and (3.38) into expression (3.5) for

the log likelihood yields the F-statistic

F = logL =
1

2
(M−1)ijN

iN j . (3.39)

The F-statistic automatically maximizes the log likelihood over the extrinsic param-

eters A, ι, ψ and ϕ0, and reduces the search to the sub-space spanned by f, θ and φ.

The extrinsic parameters can be recovered from the ai’s via

A =
A+ +

√

A2
+ − A2

×

2

ψ =
1

2
arctan

(

A+a4 − A×a1

−(A×a2 + A+a3)

)

ι = arccos

(

−A×

A+ +
√

A2
+ − A2

×

)

ϕ0 = arctan

(

c(A+a4 − A×a1)

−c(A+a2 + A×a3)

)

(3.40)

where

A+ =
√

(a1 + a4)2 + (a2 − a3)2

+
√

(a1 − a4)2 + (a2 + a3)2

A× =
√

(a1 + a4)2 + (a2 − a3)2

−
√

(a1 − a4)2 + (a2 + a3)2

c = sign(sin(2ψ)) . (3.41)

The preceding description of the F-statistic automatically incorporates the two

independent LISA channels through the use of the dual-channel noise weighted inner

product (a|b). The basic F-statistic can easily be generalized to handle N sources.
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Writing i = 4K+ l, where K labels the source and l = 1 → 4 labels the four filters for

each source, the F-statistic (3.39) keeps the same form as before, but now there are

4N linear filters N i, and M ij is a 4N × 4N dimensional matrix. For slowly evolving

galactic binaries, which dominate the confusion problem, the limited bandwidth of

each individual signal means that the M ij is band diagonal, and thus easily inverted

despite its large size.
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CHAPTER 4

DATA ANALYSIS OF A SINGLE COALESCING BINARY SYSTEM

Introduction

This chapter focuses on the response of space-based gravitational wave detectors

to waveforms emanating from coalescing binary systems. The bulk of this work was

first published in Ref. [23].

ALIA and BBO have been proposed [24, 25] as follow on missions to LISA. Here

a study of the capabilities of these observatories is undertaken. Also included is a

discussion of how these capabilities relate to the science goals of the missions. These

studies indicate that by including a second identical constellation of spacecraft in a

20◦ Earth-leading orbit, providing a constellation separation of 40◦, the parameter

resolution will be greatly improved and will go considerably further toward meeting

ALIA’s main scientific goal of studying IMBHs. This dual constellation configuration

will be called the ALIAS. Also addressed is the natural question, given the increases in

precision that ALIAS provides relative to ALIA, of what would be gained by adding a

second constellation to the LISA mission - a configuration which will be called LISAS.

Lastly, the parameter resolution of the BBO is analyzed for NSs, 10M⊙, and 100M⊙

black holes (BHs), and for the initial deployment phase of the BBO, which will be

called BBO Star, containing the two star constellations of the BBO configuration, but

not the outrigger constellations. It is shown that parameter resolution of the BBO

and BBO Star should be sufficient to detect foreground binary systems, out to and

beyond a redshift of z = 3.

This chapter is organized as follows: After the executive summary, the basic sci-
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entific goals of each of the proposed gravitational wave detectors is briefly covered,

followed by a description of how a pair of separated detectors can significantly im-

prove the angular resolution for transient sources. Then results for the ALIA and

ALIAS missions for both equal and unequal mass binary systems are given. Next,

is a comparison of the LISA and LISAS missions. The final examinations look at

missions involving the full BBO mission and a mission involving only the BBO Star

constellations.

Chapter Executive Summary

While the survey presented in this chapter is by no means comprehensive, it will

help to map out the science that can be done with the ALIA and BBO missions. It

will show that ALIAS, which is a modest extension to the ALIA mission, would be

able to return a far more accurate census of the IMBH population. In addition the

studies will show that a similar extension to LISA would greatly improve its ability

to locate the host galaxies of coalescing binaries. On the other hand, a willingness

to give up some of the precision astronomy offered by the full BBO, would allow

for filling the primary science goal of the BBO with just the first phase of the BBO

deployment. The BBO Star configuration could satisfy the primary goal of detecting

the GWB, while still providing a detailed binary census.

Space-based Detector Mission Science Goals

It is hoped that LISA will be the first of several efforts to explore the low frequency

portion of the gravitational wave spectrum accessible to space borne interferometers.

LISA is sensitive to gravitational waves with frequencies ranging between roughly 0.1

mHz and 100 mHz. This bandwith will be a source-rich region of monochromatic

binary systems in the galaxy. Also expected to exist in this frequency band are coa-
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lescing SMBH binaries with masses above ∼ 103M⊙. While such events are thought

to be rare, the sensitivity of LISA combined with the power of the gravitational waves

created by such an occurrence should allow detections even out to redshifts greater

than ten, so the volume of the Universe observable in which such events are detectable

by LISA is immense.

The primary mission of ALIA will be detecting IMBHs, with masses in the range

50 − 50, 000M⊙. These black holes coalesce at higher frequencies than the SMBHs

and produce an inherently weaker gravitational wave. ALIA features a spacecraft

configuration that is similar to that of LISA, with arm lengths a tenth the size, a

position noise budget 200 times smaller than LISA, and an acceleration noise budget

10 times smaller than LISA. These changes improve the sensitivity at frequencies

greater than 10 mHz and provide the ability to detect the weaker IMBH signals.

Such detections will provide information on populations, locations, and event rates

that could greatly enhance theories of black hole formation and evolution.

The proposed BBO mission will be an extremely sensitive antenna that is designed

to detect the GWB left by the Big Bang. According to the standard cosmological

picture, the GWB is a relic of the early inflationary period of the Universe. Just as

the COsmic Background Explorer (COBE) and the Wilkinson Microwave Anisotropy

Probe (WMAP) missions provided information about the Universe around the time

of last scattering, the BBO should be able to provide information about the earliest

moments in the history of the Universe. The current BBO proposal calls for four

LISA-like spacecraft constellations with arm lengths 100 times smaller than LISA, a

position noise budget one million times smaller than LISA, and an acceleration noise

budget 100 times smaller than LISA. This will push the sensitivity of the detector

to higher frequencies ∼ 0.1 Hz. Two of the constellations will be centered on a

20◦ Earth-trailing orbit, rotated 60◦ with respect to each other in the plane of the



53

constellations (see Figure 2.5). These constellations will be referred to as the star

constellations, as the legs of the constellation sketch out a six pointed star. The

remaining two constellations are to be placed in an Earth-like orbit 120◦ ahead and

behind the star constellations. These two constellations will be referred to as the

outrigger constellations. The purpose of the outrigger constellations is to provide

greater angular resolution for foreground sources (see Section 4 for details). The

star constellations provide maximum cross-correlation of gravitational wave signals

between the two constellations, with minimal correlated noise [14]. The noise in each

detector is expected to be independent, so over time the overlap of the noise between

the two constellations will tend to average to zero, while the overlap of the signal will

grow. The plan is to deploy the BBO in stages, starting with the star constellation,

then adding the outrigger constellations at a later date.

Figure 4.1 shows the detector sensitivities for LISA, ALIA, and BBO, a level for

the expected extra-galactic background confusion noise [60], and optimally filtered

amplitude plots for equal mass binaries in their last year before coalescence at redshift

z = 1. The squares shown on the amplitude plots denote the frequency of the signal

one week before coalescence. The signal from coalescing equal mass binaries at z = 1

with masses above 101M⊙ will be detectable by both ALIA and BBO. The BBO will

also be able to detect lower mass systems such as NS binaries. However, for coalescing

binaries, a large portion of the signal strength is due to the rapid inspiral in the last

week, and for 10M⊙ binaries at z = 1 or greater, much of this power is deposited

after the signal has crossed the ALIA sensitivity curve.

Table 4.1 lists the instrument parameters used in this study of the LISA, ALIA

and BBO missions. The instrument noise in the A and E channels was modeled
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by [45]

Sn(f) = 8 sin2(f/2f∗)[
(

2 + cos2(f/f∗)
)

Spos

+2 (3 + 2 cos(f/f∗) + cos(2f/f∗))
Saccl

(2πf)4
)] (4.1)

where Spos and Saccl are the one-way position and acceleration noise contributions.
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Figure 4.1: Sensitivity curves for LISA, ALIA, and BBO with optimally filtered
amplitude plots for equal mass binaries at z = 1 in their last year before coalescence.
The masses shown are in units of solar masses. The squares denote the frequency one
week from coalescence.

Multiple Constellation Detection

Detectors such as LISA and ALIA determine the positions of gravitational wave

sources through both amplitude and frequency modulation. The angular resolution
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Table 4.1: Instrument Parameters

Parameter LISA ALIA BBO

Spos (m2 Hz−1) 4 × 10−22 1 × 10−26 2 × 10−34

Saccel (m2 s−4 Hz−1) 9 × 10−30 9 × 10−32 9 × 10−34

L (m) 5 × 109 5 × 108 5 × 107

improves with time due to the accumulation of SNR and the synthesis of a long

baseline as the detectors move in their orbit. In contrast, a detector array like the

BBO has widely separated elements, and thus has a built-in baseline. Adding a second

widely separated constellation to LISA or ALIA would increase the SNR by a factor of
√

2, but the main gain in angular resolution for transient sources would be due to the

built-in baseline. The advantage of a multi-element array can be understood from the

following toy model. Suppose that there is a gravitational wave of known amplitude

and frequency. Neglecting the effects of amplitude modulation, the detector response

is given by:

h = A cos(2πf(t+R sin(θ) cos(2πfmt+ κ− φ))) (4.2)

Here f is the source frequency, R is the distance from solar barycenter to the guid-

ing center of the constellation, fm = 1/year is the modulation frequency, κ is the

azimuthal location (along Earth’s orbit) of the guiding center, and θ and φ give the

source location on the sky.

With this two parameter (θ and φ) signal one can analytically derive the uncer-

tainty in the solid angle for a source observed for a time, Tobs, by a single constellation

∆Ωsingle =
2Sn(f)

(AπfR)2 sin(2θ)Tobs

√

(1 − sinc2(2πfmTobs))
. (4.3)

For small observation times, ∆Ωsingle scales as T−2
obs , while for large observation times

it scales as T−1
obs .
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Turning to the dual detector case, one can simply add together the FIMs for each

individual detector. For two constellations separated by an angle ∆κ, this yields a

solid angle uncertainty of

∆Ωdual =
Sn(f)

(AπfR)2 sin(2θ)Tobs

√

(1 − sinc2(2πfmTobs) cos2(∆κ))
. (4.4)

For small observation times and non-zero ∆κ, ∆Ωdual scales as T−1
obs . In other words,

the built-in baseline leads to a much improved angular resolution for short observation

times. This is very important for coalescing binaries as most of the SNR accumulates

in the final days or weeks prior to merger. Note that if the two constellations are

co-located, ∆κ = 0, the uncertainty in the solid angle is reduced by a factor of two

relative to the single detector case by virtue of the increased SNR. Also, note that this

toy model only includes Doppler modulation, thus the symmetry between ∆κ = 0

and ∆κ = π. Including the amplitude modulation breaks this symmetry.

Coalescing Binary Systems

Coalescing binary systems, in contrast to the so-called monochromatic binaries,

show large notable increases in their orbital and gravitational wave frequencies dur-

ing a relatively limited time of observation. In general, the closer a binary system

is to coalescence the more rapid its frequency changes. This is one aspect of the

gravitational wave chirp, mentioned in Chapter 2. For monochromatic sources, the

frequency of the gravitational wave was treated as a fixed parameter of the system,

that is not the case for coalescing systems. Also, monochromatic binary systems were

fully described by a set of 7 parameters, while coalescing systems, with circular orbits

and non-spinning constituent masses, require 9 parameters.

Looking at the nature of the gravitational wave frequency for a coalescing system
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one can discover how the extra parameters enter into the problem. To first order in

the (small) post-Newtonian expansion parameter

x ≡
(

π(M1 +M2)(1 + z)f
)2/3

, (4.5)

where z is the redshift of the binary, the frequency evolves according to:

f(t) =
( 5

tc − t

)3/8 1

8π(M(1 + z))5/8

(

1 +
1

2
(
743

336
+

11µ

4(M1 +M2)
x)
)

. (4.6)

Here µ ≡ M1M2

M1+M2
, is the standard reduced mass of the binary system, M ≡ (M1M2)3/5

(M1+M2)1/5

is the chirp mass of the binary system, and tc is the time of coalescence for the binary

system. These three parameters will be needed to describe the gravitational wave

frequency of a coalescing binary system at any given time, t. The parameter set,

{µ, M, tc}, for coalescing binary systems replace the frequency parameter used to

describe monochromatic binaries.

The other aspect of the chirp involves the increasing of the gravitational wave

amplitude as the two objects spiraled toward each other. This varying amplitude of

the wave is given, to lowest order, by [44]:

A(t) =
( 5

96

)1/2 (M(1 + z))5/6

π2/3DL

f(t)−7/6 , (4.7)

where DL is the luminosity distance to the binary system. The luminosity distance

will take the place of the monochromatic amplitude parameter to fill out the set of 9

parameters.

Results

The data shown here is for sources at a redshift of z = 1 for ALIA, ALIAS, LISA,
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and LISAS and sources at redshift z = 3 for BBO, and BBO Star. These correspond to

luminosity distances of 6.63 Gpc and 25.8 Gpc, respectively, using the best fit WMAP

cosmology [61]. The uncertainties in the nine parameters are determined using a FIM

approach. Each binary system is observed for the last year before coalescence. Each

data point is distilled from 105 random samples of θ, φ, ι, ψ, and ϕ0. For tc, DL,

M, and µ logarithmic derivatives are used so that the uncertainties listed have been

scaled by the value of the parameters. The uncertainty in sky location is simply the

root of the solid angle uncertainty (
√

∆Ω). The remaining angular parameters, ι, ψ,

and ϕ0, have not been scaled. The signals are modeled using a restricted second-Post

Newtonian (2PN) approximation [62], whereby the amplitude is kept to Newtonian

order while the phase is kept to second order. In other words, only the dominant

second harmonic of the orbital frequency is included.

The angular variables were chosen by using a Monte Carlo method. The values for

cos(θ) and cos(ι) were chosen from a random draw on [−1, 1]. Values for φ, ψ, and ϕ0

were each chosen from random draws on [0, 2π]. The parameters M and DL were set

for each Monte Carlo run (though they changed between runs). Time to coalescence,

tc, was set to 1 year plus a small offset so that during the year of observation the

binary did not reach a relativistic regime that would not be properly modeled by the

2PN approximations used.

The mean SNRs quoted in this chapter are calculated by taking the square root of

the average of the squares of the individual SNRs. For this analysis, positive detection

will be restricted to SNRs above 5.

Results for ALIA

Table 4.2 summarizes the medians and means of parameter uncertainties for de-

tections by ALIA of equal mass binaries with masses of 102M⊙, 103M⊙, 104M⊙, and

105M⊙. The SNRs for this range of masses shows that ALIA should get positive de-
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tection of 99+% of coalescing IMBHs located at z = 1 or closer, which would provide

good information on the coalescence rates. The great precision in the measurement of

M and µ will provide a clear picture of the constituent masses of the binary systems.

Furthermore, the sub-degree precision in the sky location, combined with luminosity

distances known to a few percent, will facilitate the construction of a three dimen-

sional distribution of IMBHs with which to test theoretical predictions (see Ref. [63]

for a related discussion concering LISA and supermassive black holes).

The uncertainties in tc a month from coalescence (using 11 months of data) will

be on the order of a few minutes. This will provide warning time for ground-based

gravitational wave detectors, as well as other systems (telescopes, neutrino detectors,

etc.) to gather as much and as varied data as possible about the coalescence.

The shapes of the histograms shown in Figure 4.2, which are from the 103M⊙ data,

are representative of the histograms for each of the detectors covered in this work.

Note that for ι, ψ, and ϕ0, the tails of the histograms run far beyond the range of

the plots shown, raising the values of the means considerably above their respective

median values. For example, while the median value of the uncertainty in ϕ0 for

equal mass binaries with masses 102M⊙ is 12.2◦ its mean value is 2185◦, which is well

beyond the [0, 2π] range of ϕ0. Uncertainty ranges that are larger than the possible

range of the parameter show that the parameter is indeterminate. When uncertainty

ranges exceed the possible range of a parameter, one may drop that parameter from

the FIM analysis. For this analysis parameters were not discarded. As an example

of how this affects the analysis, consider the 102M⊙ study where the mean value of

the uncertainties that lie in the [0, 2π] range for ϕ0 would be 36.3◦, while its median

would be 9.79◦. However, for 16.9% of the binaries, the ϕ0 parameter would be

indeterminate.

Figure 4.3 shows the SNR histograms for 10M⊙ equal mass binaries for ALIA (and
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Figure 4.2: Histograms of the parameter uncertainties and SNR, for equal mass bi-
naries of 103M⊙ at z = 1, as detected by ALIA.

Table 4.2: SNR and parameter uncertainties for ALIA with sources at z = 1.

102M⊙ 103M⊙ 104M⊙ 105M⊙

median mean median mean median mean median mean
SNR 71.7 76.2 466 567 2937 3641 6481 7970
Sky Loc. 0.169◦ 0.201◦ 0.234◦ 0.264◦ 0.382◦ 0.417◦ 0.518◦ 0.546◦

ln(tc) × 10−8 1.38 1.58 2.74 3.11 4.41 5.16 5.38 6.47
ln(M) × 10−8 9.56 11.0 12.1 13.9 31.3 35.7 136 152
ln(µ) × 10−5 46.8 53.6 5.10 5.86 1.76 2.03 2.66 3.03
ln(DL) × 10−2 6.25 32.7 1.34 6.44 1.08 3.50 1.15 3.08
ι 3.99◦ 125◦ 0.762◦ 22.4◦ 0.513◦ 8.00◦ 0.515◦ 5.66◦

ψ 5.44◦ 1092◦ 1.08◦ 176◦ 0.840◦ 42.3◦ 0.931◦ 24.7◦

ϕ0 12.2◦ 2185◦ 4.15◦ 352◦ 2.79◦ 85.4◦ 2.51◦ 50.0◦

ALIAS). As was expected from Figure 4.1, the SNR values for ALIA are low, with

nearly 60% too low for a positive detection. Of note, though, is that the SNR scales



61

 0.015

 0.01

 0.005

 0
 8 7 6 5 4 3 2 1 0

ALIA

 0.015

 0.01

 0.005

 0
 8 7 6 5 4 3 2 1 0

Signal to Noise Ratio

ALIAS

Figure 4.3: SNR histogram for ALIA and ALIAS from 10M⊙ equal mass binaries at
z = 1.

roughly as the luminosity distance. This suggests that ALIA should be able to detect

nearly all 10M⊙ binaries with luminosity distances less than 2 Gpc. For binaries with

masses beyond 15M⊙ the low end of the range of SNRs is above 5, meaning that equal

mass binaries with masses in the range of IMBHs should be detectable out beyond

z = 1.

Results for ALIAS

The main purpose of ALIA is gathering information about IMBHs; these data

show it is capable of doing this with some success. A more accurate IMBH census

could be derived from a dual constellation version of ALIA that is called ALIA in

Stereo or ALIAS. Each component of the ALIAS constellation would be offset from

the Earth by 20◦, one in an Earth-trailing and the other in an Earth-leading orbit,
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giving a 40◦ separation in order to provide increased parameter resolution in the

IMBH range.

Table 4.3 summarizes the medians and means of the parameter resolutions that

could be achieved by the ALIAS mission. Results are given for equal mass binaries

with masses of 102M⊙, 103M⊙, 104M⊙, and 105M⊙. As expected, the mean SNR

increases by
√

2 relative to ALIA. The improvements in parameter resolution are,

however, considerably larger. At the upper end of the IMBH mass range the angu-

lar resolution improves by a factor of ∼ 90 and the luminosity distance resolution

improves by a factor of ∼ 23.

For masses below ∼ 102M⊙, ALIAS provides roughly a factor of
√

2 increase in

the median values of each of the parameter uncertainties. This can be seen in the

102M⊙ data in Tables 4.2 and 4.3, as well as in Figure 4.4 and Figure 4.5, which plot

the uncertainty in the sky location and luminosity distance, respectively, against the

chirp mass of the binaries. The trend shown in these figures holds true for DL, ι,

and ψ in that mass range, while the increases in tc, µ, ϕ0, and M are slightly larger,

∼ 1.55 better than the values for ALIA. However, the median SNRs are below 5 for

equal mass binaries with chirp masses below ∼ 8M⊙ for ALIAS (below ∼ 10M⊙ for

ALIA).

Figure 4.4 also shows that the benefits of a dual constellation becomes even more

significant when the final chirp of the binary occurs above the detector noise (see

Figure 4.1). The main improvement is in the angular resolution, but the decreased

covariances between the sky location and other parameters lead to improved measure-

ments of tc, DL, ι, and ψ at the upper end of the IMBH mass range. The resolution

of these parameters improves (relative to ALIA) by a factors of 33, 23, 18, and 21,

respectively. The parameters M, µ, and ϕ0 only see a factor of ∼ 2 improvement in

resolution.
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Figure 4.4: Uncertainty in the sky location for both ALIA and ALIAS plotted against
binary chirp mass. Binary system constituents in this plot have equal masses and are
located at z = 1.

Comparing Figure 4.5 with Figure 4.4, one can see that the increased resolution

in the luminosity distance corresponds with the increased precision in sky location

due to their large covariance. A similar effect was seen in the work of Hughes and

Holz [64], where the addition of electromagnetic information to fix the sky location of

a BH merger resulted in a marked increase in resolution of the luminosity distance.

In the present case, the degeneracy is broken by the improved angular resolution

afforded by the baseline between the ALIAS detectors. These improvements in sky

location and luminosity distance resolution will provide an even more detailed three

dimensional distribution of the IMBHs than that provided by ALIA. Increasing the

3D resolution of the distribution of IMBHs by roughly a factor of 6 on the low

end of the mass range (50M⊙) up to ∼ 200, 000 on the high end of the mass range
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(50, 000M⊙), would provide much more detailed information compared to ALIA, with

which to test theoretical predictions about IMBHs.
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Figure 4.5: Uncertainty in the luminosity distance of both ALIA and ALIAS plotted
against binary chirp mass. Binary system constituents in this plot have equal masses
and are located at z = 1.

Table 4.3: SNR and parameter uncertainties for ALIAS with sources at at z = 1.

102M⊙ 103M⊙ 104M⊙ 105M⊙

median mean median mean median mean median mean
SNR 102 108 688 802 4402 5164 9630 11371
Sky Loc. 0.0620◦ 0.0769◦ 0.0284◦ 0.0330◦ 0.00786◦ 0.00905◦ 0.00757◦ 0.00846◦

ln(tc) × 10−9 7.84 9.01 10.6 11.9 3.33 4.42 2.19 2.82
ln(M) × 10−8 6.04 6.86 6.64 7.61 18.3 21.1 80.8 93.0
ln(µ) × 10−5 23.0 26.2 2.46 2.8 1.05 1.19 1.7 1.94
ln(DL) × 10−3 43.7 231 6.67 34.9 1.15 5.88 0.553 2.78
ι 2.80◦ 89.7◦ 0.413◦ 13.1◦ 0.0678◦ 2.17◦ 0.0324◦ 1.03◦

ψ 3.86◦ 794◦ 0.575◦ 112◦ 0.105◦ 18.2◦ 0.0501◦ 8.61◦

ϕ0 7.96◦ 1589◦ 2.27◦ 226◦ 1.34◦ 37.1◦ 1.23◦ 18.0◦
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Figure 4.3 shows the SNR histogram for 10M⊙ equal mass binaries for ALIA and

ALIAS. While more than two-thirds of the sources at z = 1 would be positively de-

tected, nearly one-third would be missed. However, these results suggest that ALIAS

will be able to detect nearly all of the 10M⊙ binaries with luminosity distances less

than 3 Gpc. This is roughly in keeping with the general trend of ALIAS’s capabilities

compared to ALIA.

As was seen in Figure 4.1 for masses below 10M⊙, the source’s signal lies below

the sensitivity curve for the week prior to coalescence. For larger masses, more of the

binary’s final chirp will be detectable. This is why the angular resolution of ALIAS

becomes so much better than ALIA’s at the upper end of the IMBH mass range. For

masses above 105M⊙ the final chirp occurs before the sweet spot of the sensitivity

curve, which diminishes ALIAS’s advantage over ALIA.

Results for ALIA and ALIAS for Unequal
Mass Binaries

Equal mass binaries are the easiest to study, but they can give an overly optimistic

picture of the instrument capabilities as they yield the smallest parameter uncertain-

ties. To study this bias and provide a more realistic picture of the capabilities of ALIA

and ALIAS, the case is considered where the masses of the components in the binary

are drawn from logarithmic distributions in the range 1−108M⊙ (i.e. a distinct mass

was drawn for each set of angular parameters, with the mass of the second binary

constituent then determined by the current value of the chirp mass). The results are

still presented as a function of chirp mass, but the mass ratios reflect the underlying

mass distribution.

Figure 4.6 shows the plot of sky location uncertainty against chirp mass. The

uncertainties in sky location for masses above 102M⊙ are larger than those shown in

Figure 4.4. The increase in sky angle uncertainty relative to the equal mass case was
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a factor of ∼ 2 for ALIA. Similarly, other parameters show a factor of ∼ 3 increase

in their uncertainties relative to the equal mass study.

However, ALIAS still maintains an advantage in locating binaries. In fact, for

chirp masses below ∼ 500M⊙ the increase in precision for ALIAS over ALIA in

locating unequal binaries is nearly the same as it was for equal mass binaries, a factor

of roughly
√

2. At higher chirp masses one sees less of a difference in angular resolution

than in the equal mass study (factors of ∼ 9 compared to ∼ 90). This trend holds

for tc, DL, ι, and ψ, which show maximum increases in precision ∼ 4 for ALIAS over

ALIA, while M, µ, and ϕ0 show maximum increases in precision ∼ 2 for ALIAS over

ALIA (as they did for equal mass binaries). Thus the increased resolution in the 3D

distribution of IMBHs for ALIAS over ALIA for unequal mass binaries ranges from

a factor of ∼ 6 up to ∼ 300.

Results for LISA and LISAS

Figure 4.7 compares the sky location uncertainties for the LISA mission to the

LISAS mission. As was seen with ALIA and ALIAS, the addition of a second constel-

lation to LISA provides a marked increase in parameter resolution. The increases in

parameter resolution for LISAS over LISA are similar to those found between ALIAS

and ALIA. The angular resolution showed a maximum improvement of ∼ 25 just

above 105M⊙. Also, a lesser benefit than that shown in Figure 4.7 occurs in the tc,

DL, ι, and ψ parameters (with factors of maximum increase ∼ 12 just above 105M⊙),

while M, µ, and ϕ0 show only a modest maximum improvement by a factor of ∼ 2.

These results are in the same range as those found by Seto [65] for sources detected

by LISA that have undergone strong gravitational lensing. In that case the extended

baseline was provided by the time delay in the arrival of the signals, which effectively

turned a single LISA detector into a LISAS system. Seto also gave brief consideration

to the performance of a dual LISA mission, and found the ratio of angular resolution
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Figure 4.6: Uncertainty in the sky location for both ALIA and ALIAS plotted against
binary chirp mass. Binary system constituents in this plot have unequal masses and
are located at z = 1.

between LISAS and LISA to be larger than that seen in these simulations. The dis-

crepancy can be traced to Seto including a large galactic confusion background which

limits the time that the sources are in-band, thus magnifying the advantage of the

dual configuration.

The shift in the placement of the minimum uncertainties, compared to ALIA and

ALIAS, can be understood from Figure 4.1. The signal from a 103M⊙ equal mass

binary is passing below the LISA sensitivity curve in the last week before coalescence,

and before the final chirp of the binary. This is evident in Figure 4.7, where the

angular resolution of the single and dual configurations is similar for masses below

103M⊙. The sweet spot of the LISA sensitivity curve is at ∼ 5 mHz, which is where

105M⊙ binaries experience their final chirp. Above 105M⊙, less of the final chirp
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Figure 4.7: Uncertainty in the sky location for both LISA and LISAS plotted against
binary chirp mass. Binary system constituents in this plot have equal masses and are
located at z = 1.

occurs near the sweet spot, and the difference in the angular resolution diminishes.

Figure 4.8 shows how this shift corresponds precisely to the shift in the maximum

SNR of the LISA and LISAS missions. The plot shows how the increase in the mean

SNR (i.e.
√

2) is uniform across the range of chirp masses. Also, it shows again how

the resolution in DL improves with the addition of more information in the form of

increased angular resolution.

Results for BBO

Table 4.4 summarizes the medians and means of the parameter uncertainties for

detections of equal mass binaries with masses of 1.4M⊙, 10M⊙, and 102M⊙ for the

BBO. Histograms for these data have the same general shapes as those shown in
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Figure 4.2 and so are not shown.

As can be seen from the data, the BBO is an extremely sensitive detector. The

SNRs show that if the BBO meets design specifications there will be positive detection

of coalescing stellar mass binaries out to (indeed well beyond) a redshift of z = 3.

Similarly, the BBO will provide a precise picture of coalescence rates, including how

these rates relate to luminosity distance. With a combination of sky location and

luminosity distance the BBO should be able to pick out the host galaxy of the majority

of coalescing binaries. Data taken by the BBO up to a month before coalescence

(using 11 months of data) will determine tc to within seconds, again providing ample

warning time for other detectors to gather data on the coalescence.
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Table 4.4: SNR and parameter uncertainties for BBO with sources at z = 3.

1.4M⊙ 10M⊙ 102M⊙

median mean median mean median mean
SNR 156 162 809 843 4958 5189
Sky Loc. 3.31” 4.49” 0.673” 0.920” 0.176” 0.246”
ln(tc) × 10−12 179 207 32.1 37.2 8.09 9.28
ln(M) × 10−9 63.1 72.7 7.02 8.09 30.4 35.0
ln(µ) × 10−6 173 200 16.3 18.8 4.97 5.70
ln(DL) × 10−3 28.9 150 5.58 29.1 0.927 4.73
ι 1.86◦ 57.3◦ 0.360◦ 11.1◦ 0.0592◦ 1.78◦

ψ 2.54◦ 497◦ 0.492◦ 96.1◦ 0.0806◦ 15.2◦

ϕ0 7.71◦ 996◦ 3.93◦ 194◦ 2.82◦ 32.3◦

Results for BBO Star

As can be seen in Figure 4.1, the final chirp of solar mass or NS coalescing binaries

occurs below the noise level of the BBO. Thus the outrigger constellations do not

provide an extended baseline for the last few days of NS chirp. Positive detection

of NS binaries at z = 3 can be accomplished with the initial deployment of the two

constellations that make up the star, while still providing the cross-correlating needed

to detect the GWB.

Table 4.5 summarizes the medians and means of the parameter uncertainties for

the detection of equal mass binaries with masses of 1.4M⊙, 10M⊙, and 102M⊙ for the

BBO Star. Histograms for these data have the same general shapes as those shown

in Figure 4.2 and so are not shown.

Figure 4.9 plots the uncertainty in sky location against chirp mass for the BBO

and BBO Star. As can be seen, the effect of the outrigger constellations is significant,

providing for increased parameter resolution for the full BBO throughout the range of

chirp masses shown, with a maximum increase of ∼ 3700 around 200M⊙. Similar to

the ALIA/ALIAS comparison, this extra precision increases until all of the final chirp

lies above the sensitivity curve (see Figure 4.1), and begins to decrease as less and
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less of the final chirp occurs in the frequency range of the sweet spot of the sensitivity

curve (which for BBO is ∼ 1 mHz). The improvement in the mean SNR for BBO

over BBO Star is the expected
√

2. Also, the improvement in the resolution of tc

(∼ 3550) is comparable to that seen in the angular resolution. More modest increases

occur for DL, ι, and ψ, which increase by factors of 52, 35, and 47, respectively. Only

slight (∼ 2.5)increases are seen for M, µ, and ϕ0.

The SNRs from BBO Star are sufficient for positive detection of binaries with

constituents less than one solar mass out to, and beyond, z = 3. While the full BBO

offers considerable advantages for doing precision gravitational wave astronomy, BBO

Star could fulfill the main science objective of detecting the cosmic gravitational wave

background while still providing useful information about binary populations.

Table 4.5: SNR and parameter uncertainties for BBO star constellations with sources
at z = 3.

1.4M⊙ 10M⊙ 102M⊙

median mean median mean median mean
SNR 96.9 114 484 598 3022 3697
Sky Loc. 82.6” 107” 214” 256” 516” 596”
ln(tc) × 10−9 2.98 3.43 7.52 8.60 19.8 22.3
ln(M) × 10−8 13.1 15.1 2.00 2.29 6.95 7.92
ln(µ) × 10−5 3.70 4.28 3.70 4.31 1.23 1.53
ln(DL) × 10−3 49.9 257 12.5 68.0 6.51 31.9
ι 3.02◦ 95.8◦ 0.767◦ 22.9◦ 0.310◦ 7.43◦

ψ 4.07◦ 815◦ 1.04◦ 176◦ 0.529◦ 40.6◦

ϕ0 14.1◦ 1633◦ 9.56◦ 357◦ 6.99◦ 84.9◦
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Figure 4.9: Uncertainty in sky location versus chirp mass for the standard BBO design
and the star constellations of the BBO. Binary system constituents in this plot have
equal masses and are located at z = 3.
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CHAPTER 5

DATA ANALYSIS OF MULTIPLE MONOCHROMATIC SOURCES

Introduction

This chapter focuses on how the presence of multiple monochromatic sources af-

fects the resolution of LISA. The bulk of this work was first published in Ref. [66].

These studies show that the parameter estimation uncertainties grow exponen-

tially with the number, N , of overlapping sources. This should be contrasted to

the
√
N increase one would predict if the other sources were treated as stationary,

Gaussian noise (SGN). The degredation in resolution was found to be nearly uniform

across the seven parameters that LISA will measure for a galactic binary system.

As one might expect, the parameter uncertainties are a strong function of the signal

cross-correlations. It is found that as the two signals become more correlated, the

parameter estimation uncertainties grow at a rate that is faster than exponential.

Importantly, it is shown that the parameter uncertainties decrease rapidly as the ob-

servation time T is increased - far more rapidly than the usual 1/
√
T improvement

one expects when competing with SGN.

In the low frequency portion of the gravitational wave spectrum there are expected

to be many thousands of compact galactic binaries. The problem of source confusion

will be most pronounced below ∼ 2 mHz, where it is expected that many tens to

tens of thousands of galactic binaries will have signals that overlap in each frequency

bin [67]. Thus, attention is focused on low frequency galactic binaries that are close

to one another in frequency. A natural question to ask is how the resolution of the

source parameters, such as sky location, amplitude and binary orientation, of these
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binaries will be affected by the presence of other binary systems in the LISA data

stream. Estimates of the parameter resolution have been given for compact galactic

binaries [44, 68, 69], supermassive black hole binaries [23, 44, 68, 70, 71, 72], and

extreme mass ratio inspirals [73]. These studies focused on the problem of identifying

one source at a time, and did not address the problem of source confusion. The large

signal from the galactic population of close white dwarf binaries was not ignored, but

it was treated as an additional source of SGN to be added to the instrument noise.

The study presented in this chapter shows that this is not a good approximation.

The chapter is organized as follows: After the executive summary is an extension

to the FIM approach detailed in Chapter 3 to N sources. Next is a look at the

how parameter resolution and source confusion are affected by the observation time.

Then is an analysis of the effect of the separation in frequency of the nearest neighbor

binary systems, followed by a study of the relationship between the amount of signal

overlap and level of source confusion. Then there is an exploration of how source

confusion changes with the frequency of the binary systems. To conclude the chapter

a brief information theory perspective is presented.

Chapter Executive Summary

The studies presented in this chapter will show that source confusion is going to

significantly impact LISA’s ability to resolve individual galactic binaries. It is found

that source confusion affects parameter estimation fairly uniformly across the seven

paramters that describe a monochromatic galactic binary.

The two most significant findings show that source confusion grows exponentially

with the number of correlated sources, and that source confusion decreases rapidly

with time of observation.

Source confusion will be a significant problem in the frequency range between
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0.01 and 3 mHz, where it is estimated that there are upwards of 107 galactic binary

systems. The decrease in the parameter uncertainties with time of observation is far

greater than the usual 1/
√
Tobs decay that occurs when competing against SGN. The

fast improvement will be shown in this chapter to be due to the 1/Tobs decrease in the

source cross-correlation, and the sensitive dependence of the parameter uncertainties

on the degree of cross-correlation.

These findings suggest that earlier work that treated the galactic background as

SGN should be revisited, and that every effort should be made to extend the LISA

mission lifetime beyond its nominal 3 year duration.

Multiple Sources

The FIM approach to estimating parameter uncertainties given in Chapter 3 was

limited to a single source. The approach can be easily generalized to multiple sources.

It is necessary to understand the effect of multiple, correlated sources as there will

be a large number of such sources on the low end of the LISA frequency band. For

N circular, monochromatic binary systems, the parameter space is 7N dimensional,

and the parameters are combined in the parameter vector

~Λ = (~λ1, ~λ2, . . . , ~λN . (5.1)

The notation λA refers to all 7 parameters of the Ath binary. The total signal

S = SI or S = SII will be the sum of the signals for the individual binary systems,

S = S1 + S2 + S3 . . .+ SN , (5.2)

where SA is the signal due to the Ath binary. Since ∂SA/∂λB = 0 for A 6= B, the full
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FIM has a simple structure. Defining

ΓAB =
∑

α=I,II

〈∂SA
α

∂ΛA

|∂S
B
α

∂ΛB

〉

, (5.3)

each diagonal block ΓAA is the usual 7 × 7 FIM for the Ath source, while the off-

diagonal blocks ΓAB describe how the parameter estimation for source A is influenced

by the presence of source B and vice-versa. If all the sources are un-correlated (for

example, they might be widely spaced in frequency), then the off-diagonal blocks will

be zero, and the full FIM will be block diagonal. Upon inverting to get the variance-

covariance matrix the block diagonal structure will be preserved, with each 7×7 block

equal to the inverse of the corresponding single source FIM. However, if the sources

are overlapping, the off-diagonal blocks will be non-zero, which will affect the values

of the diagonal elements in the full variance-covariance matrix. The number of off-

diagonal elements grows quadratically with the number of sources, while the number

of diagonal elements grows linearly with the number of sources. Thus, it is anticipated

that the ability to resolve a particular source’s parameters will degrade rapidly as the

number of correlated sources increases. The volume of the nσ uncertainty ellipsoid

in the D dimensional parameter space is

VD =
πD/2nd

Γ(D/2 + 1)

√

detCij , (5.4)

where the Γ in the denominator is the Gamma-function.

The parameter uncertainties are also anticipated to depend strongly on the degree

of correlation between sources. The correlation between two signals SA and SB is

defined by:

κAB =
(SA|SB)

(SA|SA)1/2(SB|SB)1/2
(5.5)
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In analyzing the results, two similar approaches will be used to obtain a quan-

titative measure of the increase in the parameter estimation uncertainties. First is

a global comparison of the uncertainties. The uncertainties form an ellipsoid in the

parameter space whose volume is given by the determinant of the variance-covariance

matrix. One measure of the uncertainty increase due to the correlation of the binary

systems is given by a ratio of the geometric mean of the uncertainties (GMUR),

GMUR ≡
(

det Γ
∏

A det ΓAA

)1/7N

. (5.6)

The GMUR describes the mean increase in the parameter uncertainties due to source

confusion.

A second measure of the uncertainty increase is a parameter by parameter com-

parison, looking at the ratio of the parameter uncertainty (PUR) between the uncer-

tainty of a particular parameter calculated in the 7N -dimensional variance-covariance

matrix, ∆ΛA
x , and the uncertainty of the same parameter calculated in the isolated

binary’s variance-covariance matrix, ∆λA
x .

PUR ≡ ∆Λi
x

∆λi
x

. (5.7)

This definition for the PUR is independent of the amplitudes of the sources, as

can be seen in the simple case of two sources, each described by a parameter α. The

PUR for α1 is given by:

PURα1
=

∆Λα1

∆λα1

=
1

√

1 − Σ2
α1α2

, (5.8)

where

Σα1α2
≡ Γα1α2
√

Γα1α1
Γα2α2

. (5.9)
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The independence of the degree of confusion on the source amplitudes would seem

to imply that an arbitarily weak source can affect parameter estimation to the same

degree as an arbitarily strong source. Clearly, this makes no sense in the limit that the

amplitude of the weak source goes to zero. The resolution to this apparent paradox

is that the FIM approach is only meaningful for sources with SNR ≫ 1, so arbitarily

weak sources are not permitted in the analysis.

Results

The parameter space for N slowly evolving binaries is 7N dimensional. This large

dimensionality makes it difficult to carry out an exhaustive exploration of all the

circumstances that can affect parameter estimation. These studies focus on sources

that were close in frequency, and the other source parameters were chosen randomly.

The frequency chosen for the first binary fixes the base frequency fbase of a data

run. The frequencies of the remaining N − 1 binaries were assigned frequencies of

fbase+(i+x)fm, where fm = 1/year is the modulation frequency, i is an integer, and x

is a random number between 0 and 1. Thus the remaining binaries are between i and

i+ 1 modulation frequency units from the base frequency. Sky locations were chosen

by two methods, the first being a random draw on cos(θ) ∈ [−1, 1] and φ ∈ [0, 2π)

with a fixed distance to the binary of 1 kiloparsec, the second being a random draw

from a galactic distribution [67] of θ, φ, and binary distance. These two methods are

referred to as all-sky and galactic draws, respectively. The values of the polarization ψ

and orbital phase ϕo were randomly drawn between 0 and π and 0 and 2π respectively.

The inclination ι was taken from a random draw on cos(ι) ∈ [−1, 1], but with values

outside of the range ι ∈ [1◦, 179◦] rejected to avoid the degeneracy in the gravitational

wave produced by a circular binary viewed along its axis. Masses were taken to equal

0.5M⊙, modeling white dwarf binaries.
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In what follows, we will typically quote our results in terms of uncertainty ratios.

These ratios will compare the parameter resolution when one or more overlapping

sources are present to the parameter resolution that would be possible if each source

were isolated. To arrive at the absolute uncertainties one needs to multiply the

uncertainty ratios by the isolated source uncertainties quoted in Chapter 3.

Varying Time of Observation

The current lifespan of LISA is estimated to be five years. The data show that

the longer LISA observes the binary systems, the less the effect of confusion between

sources. Figure 5.1 shows the median parameter uncertainty ratios (PURs) from

all sky draws of two, three, and four binary systems located in a single modulation

frequency bin based at 1 mHz as a function of the time of observation. Figure 5.2

shows the median geometric mean uncertainty ratio (GMUR) for the same data.

Each set of PUR data in Figure 5.1 contains the uncertainty ratios for all seven

parameters, and as can be seen in the figures, the uncertainty ratios for each of the

seven parameters are closely related. This relationship holds true for other frequencies

in the LISA band. It is this uniformity in the increase in parameter uncertainties that

motivates the use of the GMUR as a global estimate for the individual PURs. Thus,

subsequent results will be given in terms of the GMUR.

Figure 5.3 shows how the median GMUR increases with the number of binaries for

one year of observation, at base frequencies of 0.1, 1, and 5 mHz. Figure 5.4 shows how

extending the time of observation affects the GMUR. In both instances, the parameter

uncertainties increase roughly exponentially with the number of overlapping sources.

Figure 5.5 shows the median of the magnitude of the correlation between the

signals of two binary systems with a base frequency of 1 mHz taken from an all sky

draw. As expected, the correlation magnitude falls off as 1/Tobs for observation times

greater than a year (the numerator in (5.5) oscillates, while the denominator grows
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Figure 5.1: Median PUR versus time of observation for two, three, and four binaries
with base frequencies of 1 mHz from an all sky draw.

as Tobs). The 1/Tobs fall-off in the signal correlation should be contrasted with the

much faster fall-off in the GMUR seen in Figure 5.4. The reason for this difference in

fall-off will become clear in the Uncertainty Ratios as a Function of Signal Correlation

Section.

Uncertainty Ratios as a Function of
Frequency Difference

Figure 5.6 shows how the median parameter uncertainties depend on the frequency

separation when two binary systems are present. The base frequency, fbase, for the

first binary was held fixed at 1 mHz, while the frequency of the second binary was

randomly chosen between fbase and fbase + ifm for i between 0 and 20. Figure 5.6

shows the plots for GMUR versus i for all sky and galactic draws for one year of
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Figure 5.2: Median GMUR versus time of observation for two, three, and four binaries
with base frequencies of 1 mHz from an all sky draw.

observation.

The uncertainty ratio drops rapidly as the frequency separation increases, ap-

proaching unity by the time the binaries are ∼ 5fm apart. The frequency difference

of ∼ 5fm corresponds to the typical half-bandwidth of a source at 1 mHz. In other

words, 1 mHz sources seperated by > 5fm have almost no overlap, and thus there is

little source confusion for i > 5.

Uncertainty Ratios as a Function of Signal
Correlation

Figure 5.7 plots the median GMUR versus the signal correlation for a galactic

draw when two binaries are present within δf = fm of each other. The plot shows

that the GMURs increase faster than exponentially as the signal correlation increases.
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Figure 5.3: Median GMUR plotted against the number of binary systems for one year
of observation at base frequencies of 0.1, 1, and 5 mHz.

While a link between signal correlation and uncertainty ratios is to be expected, the

super-exponential nature of the relationship came as a suprise. Figures 5.8 and 5.9

show the spreads for correlation and GMUR in the same data run. As can be seen

in the log-linear scale of Figure 5.9, the GMUR falls off exponentially from its most

frequent value of 1.2.

While Figure 5.8 shows the results for two correlating binaries, its results can be

extended to multiple correlating binaries. For example, in the figure one can see that

87% of the pairs of binaries have correlation magnitudes |κ| < 0.5. Thus with N

binaries the probability that there will be a pair of binaries with |κ| > 0.5 grows as

1− 0.87(N(N−1)/2). As binaries overlapping in frequency are expected to number from

tens to tens of thousands, the probability of having high correlation is very close to
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Figure 5.4: Median GMUR plotted against the number of binary systems for one,
two, and three years of observation at a base frequency of 1 mHz.

1.

The rapid increase in the parameter uncertainties with signal correlation explains

the results seen in the Varying time of observation Section. The 1/Tobs decrease in the

signal correlation translates into a much faster decrease in the GMUR as a function

of observation time.

Uncertainty Ratios as a Function of Base
Frequency

Figure 5.10 shows how the parameter uncertainty ratios depend on base frequency.

The plots are for all sky and galactic draws with two binaries for one year of obser-

vation. The base frequency, fbase, was varied between 0.01 and 10 mHz, while the

frequency of the second binary was randomly chosen between fbase and fbase + fm.
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Figure 5.5: Median Correlation magnitude versus time of observation for two binaries
with a base frequency of 1 mHz from an all sky draw.

The GMUR was found to be fairly constant below 1 mHz, followed by a rapid decrease

at frequencies above 1 mHz. This behavior can be traced to the different Doppler

shifts experienced by each source. The motion of LISA relative to a source located

at (θ, φ) imparts a Doppler shift equal to

δfD ≃ π sin θ sin(2πfmt− φ)

(

f

mHz

)

fm. (5.10)

The magnitude of δfD becomes comparable to the frequency resolution δf = 1/Tobs =

1/year for f ∼ 0.3 mHz. Sources that are well seperated in ecliptic azimuth φ will

experience Doppler shifts that differ in sign, as LISA will be moving toward one source

and away from the other. Thus, it is expected that the degree of source confusion
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Figure 5.6: Median GMUR plotted against modulation frequency bin difference of
two binaries from an all sky and a galactic draw with a base frequency of 1 mHz and
one year of observation

will depend on the azimuthal separation of the two sources. These expectations are

confirmed in Figure 5.11, where the dependence of the GMUR on azimuthal separation

is plotted for base frequencies of 0.1 and 1 mHz. Unfortunately, most galactic sources

are within ∼ 20◦ degrees of each other in ecliptic azimuth, which helps explain the

larger GMURs for the galactic distribution as compared to the all-sky distribution.

Information Theory Perspective

There have been several attempts to understand LISA source confusion in the

framework of information theory [74, 75, 76]. According to Shannon [77], the max-

imum amount of information that can be transmitted over a noisy channel with
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Figure 5.7: The median GMUR plotted against signal correlation of two binaries from
a galactic sky draw with a base frequency of 1 mHz and one year of observation

bandwidth B in a time Tobs is

IS = B Tobs log2

(

1 +
Ph

Pn

)

. (5.11)

Here Ph and Pn are, respectively, the signal and noise power across the bandwidth.

(Note: The SNR ratio is related to these quantites by SNR2 ≃ B TobsPh/Pn). As an

example, a typical bright galactic source at 1 mHz with Ph/Pn ∼ 10 can transmit

at most IS ≃ 70 bits of information in one year via the two independent LISA data

channels SI and SII . In practice the actual information content will be somewhat

less due to sub-optimal encoding. It takes log2(x/∆x) bits of information to store a

number x to accuracy ∆x, thus the total amount of information required to describe
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Figure 5.8: A histogram of the correlation of two binaries from a galactic draw with
a base frequency of 1 mHz and one year of observation

a monochromatic binary to a precision ∆~λ is

I∆ = log2

(

f

∆f

)

+ log2

(

A

∆A

)

+ log2

( π

∆θ

)

+ log2

(

2π

∆φ

)

+ log2

(

π

∆ψ

)

+ log2

( π

∆ι

)

+ log2

(

2π

∆γ

)

(5.12)

Using the results in Figure 3.1 for a bright galactic source at 1 mHz with Ph/Pn ∼

10, it is found that I∆ ≃ 45, which indicates that the encoding, while sub-optimal, is

quiet respectable.

One might hope that information theory could be used to predict some of the

other results described in Section 5. Unfortunately, this proves not to be the case,
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Figure 5.9: A histogram of the GMUR of two binaries from a galactic draw with a
base frequency of 1 mHz and one year of observation

for while information theory sets limits on how well one might do, it sets no limits

on how poorly. The scaling of the GMUR as a function of the number of sources is a

good example. The information needed to localize N galactic sources is equal to

I∆(N) = log2

(

V7N

∆V7N

)

(5.13)

where ∆V7N is given by (5.4) and V7N = V N
7 is the volume of the 7N dimensional pa-

rameter space. Requiring that I∆(N) < IS(N) yields a lower bound on the geometric

mean of the parameter uncertainties (GMU) of

GMU >
V 7

7

(1 + Ps/Pn)BT/7N
. (5.14)
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Figure 5.10: Median GMUR plotted against base frequency of two binaries from all
sky and galactic draws with one year of observation

Consider first the case of N isolated binaries of similar brightness. The power

ratio Ps/Pn will be independent of N , and the bandwidth will be the sum of the

bandwidths of each signal, so B will grow linearly with N . Thus, Equation (5.14)

implies that for isolated binaries, the parameter uncertainties will be independent

of the number of sources. This is indeed the case, as the FIM is block diagonal for

isolated sources. Now consider the case of N overlapping binaries sharing the same

fixed bandwidth B. The power Ps will grow approximately linearly with N , leading

to the prediction that the GMU must grow faster than (1/N)(1/N). The actual scaling

seen in Figures 5.3 and 5.4 tell a different story, with the GMUR increasing as ∼ NN .

Thus, while information theory provides a lower bound on how quickly the parameter

uncertainties must increase with the number of overlapping sources, the bound is too
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Figure 5.11: Median GMUR plotted against azimuthal sky separation for two pairs
of binaries from a galactic draw with one year of observation with base frequencies of
0.1 and 1 mHz.

weak to be of any real use. The weakness of the bound is probably related to how

poorly the information for multiple overlapping binaries is encoded.
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CHAPTER 6

GENETIC ALGORITHMS AS A SEARCH METHOD

Introduction

This chapter focuses on the use of GAs as a method of searching the LISA data

stream to determine the source parameters of the monochromatic binary systems used

to create the simulated LISA signal. The bulk of this work was first published in [56].

Previous approaches to the extraction of parameters from the LISA data stream

have used several methods. Grid based template searches using optimal filtering

provide a systematic method to search through all possible combinations of gravita-

tional wave sources, but the computational cost of such a search appears to make it

unfeasible [78]. Other techniques applied to simulated LISA data involve iterative

refinement of a sequential search of sources [49, 51], a tomographic approach [79],

global iterative refinement, and ergodic exploration of the parameter space such as

MCMC methods [54]. At this time, however, it is not clear which of these techniques,

or which combination of techniques will provide the best solution to the so-called

Cocktail Party Problem discussed in Chapter 3.

Here an application of the method of genetic algorithms [55] to the challenge

of extracting parameters from a simulated LISA data stream containing multiple

monochromatic gravitational wave sources is presented. The strength of this method

lies in its searching capabilities. Several studies [48, 60, 80, 81, 82, 83, 84, 85] have

indicated that the confusion noise may dominate instrument noise at the low end of

the LISA frequency range, so that other sources of interest may be buried beneath

the confusion background. For this reason a key goal of LISA data analysis is to
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reduce the level of the confusion noise as much as possible. GAs might be used as

the first step in dealing with the many thousands of these low frequency, effectively

monochromatic sources that constitute confusion background. The initial solution

could then be handed off to a MCMC algorithm similar to the one discussed in

Chapter 7, which specializes in determining the nature of the posterior distribution

function.

The chapter is organized as follows: After the executive summary, basic terms are

defined, a bare-bones algorithm is introduced, and succeeding layers of complexity are

added to this algorithm. An emphasis is placed on developing an efficient algorithm

which is robust enough to handle the entire low frequency regime of the LISA detector.

Applications of the advanced algorithms to multiple source cases are shown, followed

by an GA incorporating directed search methods. The chapter concludes with a

discussion of future improvements and plans for the application of genetic algorithms

to LISA data analysis.

Chapter Executive Summary

This chapter is an introduction to and an application of a genetic algorithm to

the search of gravitational wave source parameters. It will show that the method is a

feasible search method capable of handling multiple sources in a restricted frequency

range. While the bare bones algorithm will demonstrate the ability to function as

a search method, advancements in the algorithm will provide a large increase in

computational efficiency. The advanced genetic-genetic version of algorithm is seen

to perform solidly even in the low SNR regime.

Genetic Search Algorithms

The fundamental idea behind a genetic algorithm is the survival of the fittest.
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It is because of this that genetic algorithms are often referred to as evolutionary

algorithms, though Darwin [86] would probably have considered GAs as “Variation

under Domestication” since the breeding is directed toward a predetermined goal.

Through the process of continually evolving solutions to the given problem, genetic

algorithms provide a means to search the large parameter space that exists in the low

frequency region of the LISA band.

A few definitions are in order before delving into the applications of genetic algo-

rithms to LISA data analysis. These definitions will refer to a hypothetical search of

the LISA data stream for N monochromatic gravitational wave sources. The search

will take advantage of the F-statistic to reduce the search space to 3N parameters.

The hypothetical search will also involve the use of n simultaneous, competing solu-

tion sets.

An organism is a particular 3N parameter set that is a possible solution for the

source parameters.

A gene is an individual parameter within an organism.

A generation is the set of all n concurrent organisms.

Breeding or cross-over is the process through which a new organism is formed from

one or more organisms of the previous generation.

Mutation is a process which allows for variation of a organism as it is bred from the

organisms of the previous generation.

Elitism is the technique of carrying over one or more of the best organisms in one

generation to the next generation.

A simplified genetic algorithm begins with a set of n organisms that comprise the

first generation. The genes of this generation may be chosen at random or selected

through some other process. The organisms of each generation are checked for fitness,

and those with the best fitness are more likely to breed, with mutation, to form
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the organisms of the next generation. With passing generations the organisms tend

toward better solutions to the source parameters. The F-statistic is used to measure

the fitness of each organism.

Basic Implementation

For these investigations source frequencies were chosen to lie within the range

f ∈ [0.999995, 1.003164] mHz. This range spans 100 frequency bins of width ∆f =

1/year. Amplitudes were restricted to the range A ∈ [10−23, 10−21]. By use of the

F-statistic the searches are reduced to frequency f , and sky location θ and φ. For

a detailed description of the F-statistic and its use in reducing the search space see

Chapter 3.

A simple approach is to represent the values of each search parameter with binary

strings. The length of the strings determines the precision of the search, e.g. repre-

senting θ with a binary string of 8 digits gives precision to 0.7◦. Resolution is given

by, (parameter range)/2L, where L is the length of the binary string. Such a binary

representation allows for ease of mutation and breeding. This work employed binary

strings of length L = 16 for f , L = 13 for θ and L = 14 for φ.

In this basic scheme, the parent’s parameter strings are first mutated, and then

the mutated gametes are bred together. Simple mutation consists of flipping the

binary digits of the parent’s parameter strings with probability PMR, the parameter

mutation rate. A large PMR will tend to result in more variation in the gametes,

and thus the offspring, while a small PMR will lessen variation, resulting in more

offspring that resemble their parents.

This study uses a breeding pattern known as 1-point crossover, which consists

of the combination of complimentary sections of the binary strings of two parent

organisms. The cross-over point can be chosen at random or fixed in advance. For

simplicity, a fixed cross-over with the cross-over point occurring at the midpoint of
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the strings. As an example, Table 6.1 shows the breeding of a parameter represented

by strings that are 8 digits long.

Table 6.1: Midpoint crossover for an 8 bit string

Parent 1 0100 1110
Parent 2 0011 0011
Offspring 0011 1110

The basic search will use 10 organisms in each generation. The first generation

has the genes of its organisms chosen at random from their respective ranges. The

probability of each of these organisms being chosen for reproduction is proportional

to its likelihood, L (known as fitness proportionate breeding). Mutated gametes are

formed using a PMR of 0.04, and are bred using a single midpoint crossover.

Figure 6.1 shows trace plots of the log likelihood, frequency, θ, and φ for a source

with SNR = 15.4464 and parameters: A = 1.97703 × 10−22, f = 1.000848032 mHz,

θ = 1.2713, φ = 5.34003, ι = 2.73836, ψ = 1.43093, and γo = 5.59719 (it is this source

that will be used repeatedly throughout the paper). The plotted values were for the

organism with the best fit in each generation. As can be seen the parameters are well

determined with even this basic scheme, though the noise in the data stream pushes

them off their true values. The parameter values are shifted by δf = −1.5× 10−9 Hz,

δθ = 2.9◦ and δφ = −1.5◦ from their input values. These shifts are consistent with

the error predictions from a Fisher Information Matrix analysis: ∆f = 1.7 × 10−9

Hz, ∆θ = 3.5◦ and ∆φ = 1.9◦. The cost of the search is measured in terms of the

number of calls to the F-statistic routine and is given by $ = n × g, where g is the

generation number. Typical runs of the basic genetic algorithm cost $ = 32650 calls.

This should be compared to a grid based search across the same frequency range,

which, for a minimal match of MM = 0.9, would require $ = 110, 000 calls to the

F-statistic routine (this value is 23/2 larger than that quoted in Ref. [54] as the earlier
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Figure 6.1: Basic Algorithm: Trace plots for (a) log likelihood, (b) frequency, (c), θ,
and (d) φ for the basic implementation of a genetic algorithm. The y-axes are the
parameter values and log likelihoods of the best fit organism for each generation. The
x-axes are generation number.

While the basic algorithm is sufficient for finding a solution, it is not efficient.

Next adjustments to the algorithm that will improve its efficiency are introduced and

analyzed, making the algorithm considerably cheaper than a grid-based search.

Aspects of Mutation

In the previous example the PMR was set at the fairly low value of 0.04. Figure 6.2

shows trace plots for the same search, but with PMR = 0.1. While the PMR = 0.04

example shows a tendency for small deviations from the improving solutions, the
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larger PMR search allows large swings in the solution away from a good fit to the

true source parameters. On the other hand, Figure 6.3 shows how a small PMR

(0.001) can cause the rate of progress to be greatly slowed. A small mutation rate

slows the exploration of the likelihood surface.

As these examples show, choosing the proper PMR can have a significant effect

on the efficiency of the algorithm. Knowing which value is the proper choice a priori

is impossible. Furthermore, at different phases of the search, different values of the

PMR will be more efficient than those same values at other phases. Early on in

the search a large PMR is desirable for increased exploration. Once convergence to

the solution has begun, a smaller PMR is preferable, to prevent suddenly mutating

away from the solution. One can imagine a process which changes the PMR in a

manner analogous to the simulated annealing process, where at the start the PMR

high (hot) and it is lowered (cooled) it in succeeding generations. In fact, this process

in sometimes called simulated annealing in the GA literature. Figure 6.4 shows trace

plots for the same source, using a genetic (PMR) simulated annealing scheme given

by:

PMR =











PMRf

(

PMRi

PMRf

)

gcool−g

gcool 0 < g < gcool

PMRf g ≥ gcool

(6.1)

where PMRi = 0.2, PMRf = 0.01, g is the generation number, and gcool = 1000 is

the last generation of the cooling process. The best choice of values for this scheme

is again impossible to know a priori. In the Giving More Control to the Algorithm

Section one will see how “Genetic Genetic Algorithms” are able to provide a natural

solution to this problem.

The Effect of Organism Number on
Efficiency

While choosing the PMR is one degree of freedom in the basic schema, another
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Figure 6.2: Large Mutation Rate: Trace plots for (a) log likelihood, (b) frequency,
(c), θ, and (d) φ for the basic implementation of a genetic algorithm with PMR = 0.1.
The y-axes are the parameter values and log likelihoods of the best fit organism for
each generation. The x-axes are generation number.

is the number of organisms used in the search. One can look at how the choice of

the number of organisms effects the efficiency of the algorithm. The efficiency is

inversely related to the computational cost $, which is measured by the number of

calls to the function calculating the F-statistic (where the bulk of calculations for

an organism are performed), which occurs once per newly formed organism. For

example, in Figure 6.1 there are 10 organisms in the search and the search surpasses

the true parameter log likelihood value at 3851 generations. Thus its computational

cost is $ = 38510 (function calls).

The data in Figure 6.5 shows the interplay of the number of organisms with the

PMR (held constant within each data run) and their effects on the computational
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Figure 6.3: Small Mutation Rate: Trace plots for (a) log likelihood, (b) frequency, (c),
θ, and (d) φ for the basic implementation of a genetic algorithm with PMR = 0.001.
The y-axes are the parameter values and log likelihoods of the best fit organism for
each generation. The x-axes are generation number.

cost. One would expect that relatively large PMRs would be less efficient as was

seen in the Aspects of Mutation Section (and will show up in Figure 6.7). The size

of the effect, however, is modified by the number of organisms in the search. For

example, one can find from Figure 6.5 that the minimum cost ($ = 4492) for a 20

organism search occurs when PMR = 0.1, however for 400 organisms in the search

the minimum cost ($ = 7490) is at PMR = 0.14.

The addition of more organisms in the search provides a kind of stability to the

system that decreases the chances of mutating away from good solutions. With just

a handful of organisms, and a large PMR, the chances are higher of each organism

undergoing a large mutation in at least one parameter. However, with hundreds of
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Figure 6.4: Genetic Simulated Annealing: Trace plots for (a) log likelihood, (b)
frequency, (c), θ, and (d) φ for the basic implementation of a genetic algorithm with
the inclusion of genetic simulated annealing. The y-axes are the parameter values and
log likelihoods of the best fit organism for each generation. The x-axes are generation
number.

organisms the probability of all organisms undergoing such a mutation drops appre-

ciably. Then in the succeeding generation, those organisms that remained a good fit

are much more likely to breed the offspring of the next generation. However, this does

not hinder great leaps forward. To illustrate this point the data shown in Figure 6.1

is used. In going from the 7th to the 8th generation the value of the likelihood of the

best fit organism jumps from 1.48×1013 to 6.02×1020. As the probability of breeding

is set by the value of the organism likelihood, that new best fit organism is going to

be the primary breeder of the next generation (though it is possible that a second

organism has also jumped to a point in parameter space with a similar likelihood
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value).

Increasing the number of organisms not only provides this stabilizing effect, it

also provides more chances per generation for improvements due to mutations. One

cannot, however, simply throw more organisms at the problem without paying a price;

that price will be an eventual drop in efficiency. As an extreme example, imagine using

the basic scheme described in the Basic Implementation Section and putting 40000

organisms into the search. Even if one of the randomly chosen organisms matched

the best fit parameters, the computational cost ($ = 40000) is already larger than the

cost of using 10 organisms ($ = 38510). Figure 6.5 provides a snapshot of the how

this choice effects efficiency.
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searches.
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Elitism

Elitism is akin to cloning. It allows for a perfect copy of an organism or organisms

to be carried over into the next generation. Including elitism is another way to

provide a stabilizing force across generations. This allows for a larger PMR to enhance

exploration without the danger of moving off the best fit solution.

Figure 6.6 shows trace plots for the nominal source with PMR = 0.1 and a single

elite organism being cloned at each generation. As expected there is increased explo-

ration (compared to results shown in Figure 6.1) due to the larger PMR, but unlike

the results shown in Figure 6.2, convergence is now helped by the cloned organism.
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Figure 6.6: Elitism: Trace plots for (a) log likelihood, (b) frequency, (c), θ, and (d)
φ for the basic implementation of a genetic algorithm with PMR = 0.1 and single
organism elitism. The y-axes are the parameter values and log likelihoods of the best
fit organism for each generation. The x-axes are generation number.

Figure 6.7 shows a plot relating the average computational cost to the PMR for the



103

case of no elitism, and the case where a single organism is cloned. Computational cost

is now derived from the average number of newly formed organisms (note: a cloned

organism does not increase computational cost, as all of its associated values are

already known). The plot shows the average computational cost of 100 searches, using

20 organisms, of a given source (SNR = 19.2335 and parameters: A = 1.61486e− 22,

f = 1.003 mHz, θ = 0.8, φ = 2.14, ι = 0.93245, ψ = 2.24587, and γo = 5.29165).

As was expected, elitism has allowed for a larger PMR, compared to the zero elitism

case, increasing the parameter space exploration without sacrificing efficiency.
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Figure 6.7: Average Computational Cost for no elitism and single organism elitism.
Data points are determined by the average of 100 distinct searches.

If one decides to use elitism there is the additional choice of how many elite

organisms will be cloned at each generation. At one extreme all organisms are cloned,

in which case there is no exploration beyond the first generation. At the other extreme
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of no elitism the algorithm is unstable against large PMR values, as was seen in

Figure 6.2. There is a balance to be struck between the amount of elitism and the

size of the PMR that will provide the most efficient scheme, but the exact nature of

the balance can depend on the nature of the search. A solution to this problem is

described in the Giving More Control to the Algorithm Section.

Simulated Annealing

Simulated annealing is a technique that effectively makes the detector more noisy,

thus lessing the range of the likelihood function. This increases the probability of

choosing poorer sources for reproduction, which allows for a more thorough ex-

ploration of the likelihood surface. Think of the likelihood as a partition function

Z = C exp(−βE), in which the role of the energy is played by the log likelihood,

E = (s − h|s − h), and β plays the role of the inverse temperature. Heating up the

system (lowering β) lowers the likelihood range, providing for increased exploration.

Starting hot, a power law cooling schedule is used.

β =











β0

(

1
2β0

)g/gcool

0 < g < gcool

1
2

g ≥ gcool

(6.2)

where β0 is the initial value of the inverse temperature, g is the generation number,

and gcool is the last generation of the cooling process (subsequent generations have

β = 1/2). As the likelihood is a sharply peaked function, it was found that for a

single source an initial value of β0 ∼ 1/100 was sufficient to speed the process. For

multiple source searches increasing that by factors of 3 to 5 produced more efficient

explorations. Similarly, for multiple sources an increase in gcool was needed to properly

explore the surface. This increase scaled roughly linearly with the number of sources.

This mode of simulated annealing, which will be referred to as standard simu-
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lated annealing, is markedly different than the genetic version of simulated annealing

discussed in the Aspects of Mutation Section. Standard simulated annealing alters

the search space, using the heat/energy to smooth the likelihood surface, whereas in

genetic simulated annealing the search space was left unchanged and the heat/energy

of the organisms was increased via the larger PMRs.

Figure 6.8 shows trace plots of the log likelihood, frequency, θ, and φ searching

for the same source as in Figure 6.4. The only change between the two examples is

the type of annealing process. For this run PMR = 0.04, β0 = 1/100, and gcool = 300.
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Figure 6.8: Standard Simulated Annealing: Trace plots for (a) log likelihood, (b)
frequency, (c), θ, and (d) φ for the basic implementation of a genetic algorithm with
the inclusion of standard simulated annealing and PMR = 0.04. The y-axes are the
parameter values and log likelihoods of the best fit organism for each generation. The
x-axes are generation number.
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Giving More Control to the Algorithm

In the previous examples, choices were required as to what PMR or which degree of

elitism should be used with a particular source to provide the most efficient search. In

making those choices, one is searching for a solution that depends on the information

in the data stream. Just as the power of the genetic algorithm can be used to search for

the parameters of the gravitational wave sources that contribute to the data stream,

one can also use that same power to search for efficient values for PMR or elitism.

Treating the PMR, elitism, or other factors in the genetic algorithm like a source

parameter these factors can be elevated, or one might say demoted, to the same level

as the source parameters. This was mentioned at then end of the Aspects of Mutation

Section, and here it is implemented for the PMR. The initial PMR for each organism

is chosen randomly, and the PMR for each organism in the next generation is bred

just as f , θ, and φ are, based on organism fitness. This changes the nature of the

algorithm from a simple genetic algorithm to a genetic-genetic algorithm (GGA), in

which a factor, or factors, determining the search for the source parameters evolve

along with the organisms.

Figure 6.9 shows trace plots for a GGA with the PMR evolving with the organisms.

This run includes the simulated annealing scheme used in the previous example and

elitism of the single best fit organism. Figure 6.10 shows the evolution of the PMR

for the same run. The “genetic simulated annealing” scheme is visible in the plot

with the larger PMRs more efficient earlier on, and smaller PMRs dominating in the

later stages. As the evolving PMR values range over nearly two orders of magnitude,

it is easy to see why a single, constant choice for the PMR would be so much less

efficient. Also, as one can see from the data presented, the variations in the frequency

are significantly smaller than those of θ and φ. This idea of tailored PMRs can be

extended beyond the organism, and down to the gene. Giving a separate PMR to
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each parameter will allow for even better adaptation. (In the natural world organisms

control their mutation rates by building in DNA repair mechanisms to counteract the

externally determined mutation rate set by cosmic rays and other pathogens).
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Figure 6.9: Genetic-Genetic Algorithm: Trace plots for (a) log likelihood, (b) fre-
quency, (c), θ, and (d) φ for a genetic-genetic algorithm in which the PMR evolves
with the organisms. The y-axes are the parameter values and log likelihoods of the
best fit organism for each generation. The x-axes are generation number.

Performance in the Low SNR Regime

It is natural to question how well genetic algorithms perform in the low SNR

regime. The first step is to establish a reasonable estimate for what defines the low

SNR regime. This is done by applying the GGA described in the previous section to

multiple realizations of a source-free data segment. A test for robustness is imple-

mented by applying repeated GGA searches to a data stream containing a single low
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Figure 6.10: Genetic-Genetic Simulated Annealing of the PMR: Trace plots for the
PMR as it evolves with the organisms. The data for this plot is from the same run
that produced the data in Figure 6.9.

SNR source. Next searches of multiple realizations of low SNR, single source data

streams are performed, where both the source and the noise are different in each real-

ization. Finally, a focus is placed on a particular source that was missed by the GGA

in the previous example, and the search is repeated with different noise realizations.

In each case the GGA uses 10 organisms in the search.

The term “low SNR” can be defined as the SNR at which the rate of false positive

and/or false negatives reach some threshold. The SNR threshold for false positives

can be estimated by applying the GGA search to source-free data streams. The GGA

searching for a source instead fits to the noise, and returns a false source parameter

set. The SNR of the false sources returned by 1000 searches of source-free data sets

were calcuated. Figure 6.11 shows the cumulative probability distribution of the
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recovered SNRs. A false positive rate of 2% is achieved by setting a SNR threshold of

SNR > 5.9. Sources with 6 < SNR < 8 are considered to be in the low SNR regime.

It should be noted that the SNR > 5.9 threshold only applies to single source searches

over data segments of 100fm = 3.15µHz in width. Multi-source searches and searches

over larger data segments will yield higher thresholds.
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Figure 6.11: The cumulative probability distribution for the SNR of false positives
found by searching source-free data.

For the repeated GGA search of a single data segment, the system used had

SNR = 7.173 and parameters: A = 1.19092 × 10−22, f = 1.003132267 mHz, θ =

0.598052, φ = 5.64625, ι = 1.27899, ψ = 1.88816, and γo = 4.43056. There were

100 randomly started GGA searches performed. The searches took somewhat longer

than the higher SNR examples discussed earlier, but in all 100 cases the source was

properly recovered.

The multiple data realization study was restricted to sources with SNRs in the
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range [6.5, 7.5]. There were 100 data realizations, and each was searched once by a

GGA. Here the GGAs found the source they were seeking in 99 of the 100 cases. The

failed attempt involved a source with SNR = 6.68439. With this SNR the expectation

value of the log likelihood is 22.3, however, for the random noise realization used in

the simulation the source came out to have a log likelihood of 12.57. This implies that

this particular realization was very unlucky, as the noise had managed to significantly

deconstructively interfere with the signal. While the GGA found the true source early

in the search, it then moved off the true solution and settled on a match that was

a fit to pure noise, a full 22fm away from the true solution. To test this hypothesis

that an unlucky noise realization had tripped up the search, another 100 searches were

performed using the same source parameters, but with 100 different noise realizations.

The GGA found the source in 97 of these 100 attempts. In each instance that the

GGA failed to find the source it instead found a region of higher log likelihood by

matching instrument noise. In that sense, the GGAs never failed in their assigned

task, as any likelihood based data analysis procedure would have found the same false

positives.

Multiple Sources in the Data Stream

At the low end of the LISA band there will be many thousands of sources. Thus,

one expects to see multiple sources even in small segments of the data stream such as

the one under consideration in this work. Simulations point to bright source densities

of up to one source per two modulation frequency bins (fmod = 1/year) [48]. Thus,

any search algorithm must be able to perform multiple source searches at the low end

of the LISA band.

Figure 6.12 shows an implementation of the GGA with standard simulated an-

nealing to a LISA data stream snippet of width 100fmod, containing five monochro-

matic binary systems. The standard simulated annealing was completed in the first
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gcool = 4000 generations, by which time the GGA had separated out the values for the

source frequencies and co-latitudes. The grouping of azimuthal angles was separated

soon thereafter, with minor modifications of the parameters occurring over the next

5000 generations. Search results are summarized in Table 6.2. The GGA accurately

recovered the source parameters in this and similar multiple (3− 5) source data sets,

converging to a best fit solution in less than 5000 generations per source with 10

organisms per generation, so long as the source correlation coefficients were below

∼ 0.25. The intrinsic parameters for the sources were recovered to within 2σ of the

true parameters (based on a Fisher Information Matrix estimate of the uncertainties

of the recovered parameters). When highly correlated sources are used, the GGA

spends a correspondingly longer time to pick out the source parameters. Investiga-

tions in this area were limited. A full study of the affect of source correlation on

computational cost is to be carried out in the future.

Table 6.2: GGA search for 5 galactic binaries. The frequencies are quoted relative to
1 mHz as f = 1 mHz + δf with δf in µHz. All angles are quoted in radians.

SNR A (10−22) δf θ φ ψ ι ϕ0

True 12.7 1.02 1.638 2.77 1.48 2.28 0.886 0.273
GA ML 11.6 1.08 1.635 2.86 1.40 2.63 1.02 5.94
True 19.3 2.23 0.7000 2.41 5.87 0.435 1.88 4.29
GA ML 17.7 2.11 0.7008 2.43 5.90 0.460 1.86 4.20
True 17.8 1.74 0.3937 0.756 1.85 1.41 2.02 3.09
GA ML 17.0 1.80 0.3942 0.777 1.84 1.27 1.95 2.57
True 15.8 2.16 1.002 1.53 1.30 1.35 1.70 4.63
GA ML 14.8 2.17 1.002 1.59 1.28 1.37 1.68 4.68
True 12.1 0.836 1.944 0.872 0.802 1.56 0.805 3.87
GA ML 11.8 1.09 1.950 0.876 0.803 2.87 1.09 3.48

Using Active Organisms

So far all of the organisms that have been discussed are passive organisms. They

are passive in the sense that once they are bred, the organisms themselves remain
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Figure 6.12: Genetic algorithm search for 5 sources: Trace plots for (a) log likelihood,
(b) frequency, (c), θ, and (d) φ for a genetic algorithm searching for the presence
of five gravitational wave sources in the data stream. The y-axes are the parameter
values and log likelihoods of the best fit organism for each generation. The x-axes
are generation number.

unchanged, and are simply used to breed the next generation. One can imagine organ-

isms that ‘learn’ during their lifetime, advancing toward a better solution. Directed

search methods such as an uphill simplex, i.e. an amoeba, provide a means for organ-

isms to advance within a generation. As the likelihood surface is not entirely smooth,

the simplex may get stuck in a local maximum that is removed from the global max-

imum. So the generational process is still necessary to ensure full exploration of the

surface. One approach is to use the the parameters bred from one generation as the

centroid of the simplex (amoeba), which will then proceed to move uphill across the

likelihood surface. Another approach, that will be described in a future publication,
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is to use ‘Genetic Amoeba’, where genes code for each vertex of the simplex. The

amoeba are allowed to breed after they have found enough food (i.e. increased their

likelihood by a specified amount). Amoeba that eat well get to breed the most often

and have the most offspring.

Figure 6.13 shows trace plots for an implementation of a GGA with a single

directed organism per generation. The other 9 organisms were the standard passive

organisms. There was elitism with a single organism being cloned into the succeeding

generation, and there was no standard simulated annealing. What is missing from

the plot is the computational cost. While computational cost can easily be derived

from the plots with passive organisms, active organisms, such as an uphill simplex

involve multiple calls to the F-statistic function within a single generation. At the 8th

generation, where the search surpasses the true likelihood value, the computational

cost is $ = 876. This cost is slightly lower than the cost of a GGA with only passive

organisms at the point where its search surpasses the likelihood value for the true

parameters. However, for true LISA data, we will not know the true parameters, and

thus will have to allow the algorithms to undergo extended runs to ensure they have

fully explored the space and found the global maximum. The higher computational

cost per generation of the simplex method (which averages ∼ 100 calls to find a

local maximum) will quickly lead to a higher total cost of the search. Other directed

methods that are more efficient than an uphill simplex may provide an alternative

that will provide an overall improvement in efficiency. Future work will include an

examination of other possibly more efficient directed methods, and a detailed study

of the Genetic Amoeba algorithm.

Future Plans

The next step is to investigate the limits of the algorithm both in terms of source
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Figure 6.13: GGA with a directed organism: Trace plots for (a) log likelihood, (b)
frequency, (c), θ, and (d) φ for a GGA with a single directed organism. The y-axes are
the parameter values and log likelihoods of the best fit organism for each generation.
The x-axes are generation number.

number and source density across the low frequency regime of the LISA band. While

an optimal solution would employ a matched filter that includes every resolvable

source in the LISA band [54], it is unlikely that a direct search for this “super

template” is the best way to proceed. A better approach may be to start with a

collection of “single cell” organism that each code for a single source (or possibly

small collections of highly correlated sources), then combine these cells into a multi-

cellular organism that searches for the super template. This approach is motivated

by the cellular slime molds Dictyostelida and Acrasida, which spend most of their

lives as separate single-celled amoeboid protists, but upon the release of a chemical

signal, the individual cells aggregate into a great swarm that acts as a single multi-
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celluar organism, capable of movement and the formation of large fruiting bodies.

Future work will also include investigations into algorithm optimization and adapta-

tion of the algorithm to other source types (e.g. coalescing binaries). Furthermore,

a thorough study comparing the computational cost and resolution capabilities of an

optimized genetic algorithm to other (optimized) search methods like Markov Chain

Monte Carlo searches, gClean, Slice & Dice, and Maximum Entropy methods would

provide guidance on how to proceed in solving the LISA Data Analysis Challenge.
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CHAPTER 7

MARKOV CHAIN MONTE CARLO: SEARCHING AND STATISTICS

Introduction

This chapter focuses on the use of MCMC algorithms as methods for searching the

LISA data stream to determine the source parameters of the monochromatic binary

systems used to create the simulated LISA signal, and for providing an estimate of

the posterior distributions of those recovered parameters. The bulk of this work was

first published in Ref. [54].

MCMC methods have been used to study the extraction of coalescing binary [87]

and spinning NS [88] signals from terrestrial interferometers. Recently, MCMC meth-

ods have been applied to a simplified toy problem [89] that shares some of the features

of the LISA Cocktail Party Problem described in Chapter 3. These studies have shown

that MCMC methods hold considerable promise for gravitational wave data analysis,

and offer many advantages over the standard template grid searches. For example,

the EMRI data analysis problem [73, 78] is often cited as the greatest challenge fac-

ing LISA science. Neglecting the spin of the smaller body yields a 14 dimensional

parameter space, which would require ∼ 1040 templates to explore in a grid based

search [78]. This huge computational cost arises because grid based searches scale

geometrically with the parameter space dimension D. In contrast, the computational

cost of MCMC based searches scale linearly with D. In fields such as finance, MCMC

methods are routinely applied to problems with D > 1000, making the LISA EMRI

problem seem trivial in comparison.

In the case of compact stellar binaries [80, 81, 82, 83, 84] and EMRIs [73, 78],
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the number of sources is likely to be so large that it will be impossible to resolve

all the sources individually, so that there will be a residual signal that is variously

referred to as a confusion limited background or confusion noise. It is important that

this confusion noise be made as small as possible so as not to hinder the detection

of other high value targets. Several estimates of the confusion noise level have been

made [48, 60, 80, 81, 84, 85], and they all suggest that unresolved signals will be

the dominant source of low frequency noise for LISA. However, these estimates are

based on assumptions about the efficacy of the data analysis algorithms that will be

used to identify and regress sources from the LISA data stream, and it is unclear at

present how reasonable these assumptions might be. The upshot is that the LISA

data stream will contain the signals from tens of thousands of individual sources, and

ways must be found to isolate individual voices from the crowd. This Cocktail Party

Problem is the central issue in LISA data analysis.

As described in Chapter 3, optimal filtering of the LISA data would require the

construction of a filter bank that described the signals from every source that con-

tributes to the data stream. In principle one could construct a vast template bank

describing all possible sources and look for the best match with the data. In practice

the enormous size of the search space and the presence of unmodeled sources ren-

ders this direct approach impractical. Possible alternatives to a full template based

search include iterative refinement of a source-by-source search, ergodic exploration

of the parameter space using MCMC algorithms , Darwinian optimization by genetic

algorithms similar to those discussed in Chapter 6, and global iterative refinement

using the Maximum Entropy Method (MEM). Each approach has its strengths and

weakness, and at this stage it is not obvious which approach will prove superior. In

this work the popular MCMC [90, 91] method is applied to simulated LISA data.

The simulated data streams contain the signals from multiple galactic binaries.
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After the executive summary of results, the structure of this chapter follows the

development sequence taken to arrive at a fast and robust MCMC algorithm. A

basic MCMC algorithm is introduced and then applied to a full 7 parameter search

for a single galactic binary. The performance of a basic MCMC algorithm that uses

the F-statistic is then studied and a number of problems with this simple approach

are identified. A more advanced mixed MCMC algorithm that incorporates simulated

annealing is then introduced and is successfully applied to multi-source searches. The

issue of model selection is then addressed and approximate Bayes factor are calculated

by super-cooling the Markov Chains to extract maximum likelihood estimates. At

the end of the chapter is a discussion of future refinements and extensions of this

approach.

Chapter Summary

This application of the MCMC method to LISA data analysis will demonstrate

the method to have considerable promise. This work confirms that an F-statistic

based MCMC algorithm can handle a source density of one source per ten frequency

bins across a one hundred bin snippet. Some evidence will be seen that high local

source densities pose a challenge to the latest algorithm. The lesson, as will be shown,

is that adding new, specially tailored proposal distributions to the mix helps to keep

the chain from sticking at secondary modes of the posterior (it takes a cocktail to

solve the Cocktail Party Problem). On the other hand, evidence will indicate the

presence of strong multi-modalities whereby the secondary modes have likelihoods

within a few percent of the global maximum. In those cases the chain will tend to

jump back and forth between modes before being forced into a decision by the super-

cooling process that follows the main MCMC run. Indeed, these algorithms may

already be pushing the limits of what is possible using any data analysis method. For
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example, a 10 source search will use a model with 70 parameters to fit 400 pieces of

data (2 channels × 2 Fourier components × 100 bins). One of the goals is to better

understand the theoretical limits of what can be achieved so that it is known when

to stop trying to improve the algorithm!

Markov Chain Monte Carlo

These investigations began by implementing a basic MCMC search for galactic bi-

naries that spans the full D = 7N dimensional parameter space using the Metropolis-

Hastings [91] algorithm. The idea is to generate a set of samples, {~x}, that correspond

to draws from the posterior distribution, p(~λ|s). To do this one starts at a randomly

chosen point ~x and generates a Markov chain according to the following algorithm:

Using a proposal distribution q(·|~x), draw a new point ~y. Evaluate the Hastings ratio

H =
p(~y)p(s|~y)q(~x|~y)
p(~x)p(s|~x)q(~y|~x) . (7.1)

Accept the candidate point ~y with probability α = min(1, H), otherwise remain at

the current state ~x (Metropolis rejection [90]). Remarkably, this sampling scheme

produces a Markov chain with a stationary distribution equal to the posterior dis-

tribution of interest, p(~λ|s), regardless of the choice of proposal distribution [52]. A

concise introduction to MCMC methods can be found in the review paper by Andrieu

et al [92].

On the other hand, a poor choice of the proposal distribution will result in the

algorithm taking a very long time to converge to the stationary distribution (known

as the burn-in time). Elements of the Markov chain produced during the burn-in

phase have to be discarded as they do not represent the stationary distribution.

When dealing with large parameter spaces the burn-in time can be very long if poor
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techniques are used. For example, the Metropolis sampler, which uses symmetric

proposal distributions, explores the parameter space with an efficiency of at most

∼ 0.3/D, making it a poor choice for high dimension searches. Regardless of the

sampling scheme, the mixing of the Markov chain can be inhibited by the presence of

strongly correlated parameters. Correlated parameters can be dealt with by making

a local coordinate transformation at ~x to a new set of coordinates that diagonalises

the FIM, Γij(~x).

A number of proposal distributions and update schemes to search for a single

galactic binary were tried. The results were very disappointing. Bold proposals that

attempted large jumps had a very poor acceptance rate, while timid proposals that

attempted small jumps had a good acceptance rate, but they explored the parameter

space very slowly, and got stuck at local modes of the posterior. Lorentzian proposal

distributions fared the best as their heavy tails and concentrated peaks lead to a

mixture of bold and timid jumps, but the burn in times were still very long and the

subsequent mixing of the chain was torpid. The MCMC literature is full of similar

examples of slow exploration of large parameter spaces, and a host of schemes have

been suggested to speed up the burn-in. Many of the accelerated algorithms use

adaptation to tune the proposal distribution. This violates the Markov nature of

the chain as the updates depend on the history of the chain. More complicated

adaptive algorithms have been invented that restore the Markov property by using

additional Metropolis rejection steps. The popular Delayed Rejection Method [93]

and Reversible Jump Method [94] are examples of adaptive MCMC algorithms. A

simpler approach is to use a non-Markov scheme during burn-in, such as adaptation

or simulated annealing, then transition to a Markov scheme after burn-in. Since the

burn-in portion of the chain is discarded, it does not matter if the MCMC rules are

broken (the burn-in phase is more like Las Vegas than Monte Carlo).
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Before resorting to complex acceleration schemes a much simpler approach was

applied that proved to be very successful. When using the Metropolis-Hastings algo-

rithm there is no reason to restrict the updates to a single proposal distribution. For

example, every update could use a different proposal distribution so long as the choice

of distribution is not based on the history of the chain. The proposal distributions to

be used at each update can be chosen at random, or they can be applied in a fixed

sequence. The experience gained with single proposal distributions suggested that a

scheme that combined a very bold proposal with a very timid proposal would lead

to fast burn-in and efficient mixing. For the bold proposal a uniform distribution

was chosen for each of the source parameters ~λ → (A, f, θ, φ, ψ, ι, ϕ0). Here A is the

amplitude, f is the gravitational wave frequency, θ and φ are the ecliptic co-latitude

and longitude, ψ is the polarization angle, ι is the inclination of the orbital plane, and

ϕ0 is the orbital phase at some fiducial time. The amplitudes were restricted to the

range A ∈ [10−23, 10−21] and the frequencies were restricted to lie within the range of

the data snippet f ∈ [0.999995, 1.003164] mHz (the data snippet contained 100 fre-

quency bins of width ∆f = 1/year). A better choice would have been to use a cosine

distribution for the co-latitude θ and inclination ι, but the choice is not particularly

important. When multiple sources were present each source was updated separately

during the bold proposal stage. For the timid proposal a normal distribution was

used for each eigendirection of the FIM, Γij(~x). The standard deviation σk̂ for each

eigendirection k was set equal to σk̂ = 1/
√

αk̂D, where αk̂ is the corresponding eigen-

value of Γij(~x), and D = 7N is the search dimension. The factor of 1/
√
D ensures a

healthy acceptance rate as the typical total jump is then ∼ 1σ. All N sources were up-

dated simultaneously during the timid proposal stage. Note that the timid proposal

distributions are not symmetric since Γij(~x) 6= Γij(~y). One set of bold proposals (one

for each source) was followed by ten timid proposals in a repeating cycle. The ratio



122

Table 7.1: 7 parameter MCMC search for a single galactic binary

A (10−22) f (mHz) θ φ ψ ι ϕ0

~λTrue 1.73 1.0005853 0.98 4.46 2.55 1.47 0.12
~λMCMC 1.44 1.0005837 1.07 4.42 2.56 1.52 0.15
σFIM 0.14 2.2e-06 0.085 0.051 0.054 0.050 0.22
σMCMC 0.14 2.4e-06 0.089 0.055 0.058 0.052 0.23

of the number of bold to timid proposals impacted the burn-in times and the final

mixing rate, but ratios anywhere from 1:1 to 1:100 worked well. Uniform priors were

used, p(~x) = const., for all the parameters, though once again a cosine distribution

would have been better for θ and ι. Two independent LISA data channels were simu-

lated directly in the frequency domain using the method described in Ref. [48], with

the sources chosen at random using the same uniform distributions employed by the

bold proposal. The data covers 1 year of observations, and the data snippet contains

100 frequency bins (of width 1/year). The instrument noise was assumed to be sta-

tionary and Gaussian, with position noise spectral density Spos
n = 4× 10−22 m2 Hz−1

and acceleration noise spectral density Saccel
n = 9 × 10−30 m2 s−4 Hz−1.

Table 7.1 summarizes the results of one MCMC run using a model with one source

to search for a single source in the data snippet. Burn-in lasted ∼ 2000 iterations, and

post burn-in the chain was run for 106 iterations with a proposal acceptance rate of

77% (the full run took 20 minutes on a Mac G5 2 GHz processor). The chain was used

to calculate means and variances for all the parameters. The parameter uncertainty

estimates extracted from the MCMC output are compared to the FIM estimates

evaluated at the mean values of the parameters. The source had true SNR = 12.9, and

MCMC recovered SNR = 10.7. Histograms of the posterior parameter distributions

are shown in Figure 7.1, where they are compared to the Gaussian approximation to

the posterior given by the FIM. The agreement is impressive, especially considering
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that the bandwidth of the source is roughly 10 frequency bins, so there are very few

noise samples to work with. Similar results were found for other MCMC runs on the

same source, and for MCMC runs with other sources. Typical burn-in times were of

order 3000 iterations, and the proposal acceptance rate was around 75%.

The algorithm was run successfully on two and three source searches (the model

dimension was chosen to match the number of sources in each instance), but on

occasions the chain would get stuck at a local mode of the posterior for a large

number of iterations. Before attempting to cure this problem with a more refined

MCMC algorithm, it was decided to eliminate the extrinsic parameters A, ι, ψ, ϕ0

from the search by using a multi-filter generalized F-statistic. This reduces the search

dimension to D = 3N , with the added benefit that the projection onto the (f, θ, φ)

sub-space yields a softer target for the MCMC search.

F-Statistic MCMC

An F-statistic based MCMC algorithm was implemented using the F-statistic

approach described in Chapter 3, but with the full likelihood replaced by the F-

statistic and the full FIM replaced by the projected FIM. Applying the F-MCMC

search to the same data set as before yields the results summarized in Figure 7.2 and

Table 7.2. The recovered source parameters and signal-to-noise ratio (SNR = 10.4)

are very similar to those found using the full 7-parameter search, but the F-MCMC

estimates for the errors in the extrinsic parameters are very different. This is because

the chain does not explore extrinsic parameters, but rather relies upon the F-statistic

to find the extrinsic parameters that give the largest log likelihood based on the

current values for the intrinsic parameters. The effect is very pronounced in the

histograms shown in Figure 7.2. Similar results were found for other F-MCMC runs

on the same source, and for F-MCMC runs with other sources. Typical burn-in times
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Figure 7.1: Histograms showing the posterior distribution (grey) of the parameters.
Also shown (black line) is the Gaussian approximation to the posterior distribution
based on the FIM. The mean values have been subtracted, and the parameters have
been scaled by the square root of the variances calculated from the MCMC chains.
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Table 7.2: F-MCMC search for a single galactic binary

A (10−22) f (mHz) θ φ ψ ι ϕ0

~λTrue 1.73 1.0005853 0.98 4.46 2.55 1.47 0.12
~λF−MCMC 1.38 1.0005835 1.09 4.42 2.56 1.51 0.17
σFIM 0.14 2.2e-06 0.089 0.052 0.055 0.051 0.22
σMCMC 0.02 2.5e-06 0.093 0.056 0.027 0.016 0.21

were of order 1000 iterations, and the proposal acceptance rate was around 60%. As

expected, the F-MCMC algorithm gave shorter burn-in times than the full parameter

MCMC, and a comparable mixing rate.

Of note is that since the search is now over the projected sub-space {fJ , θJ , φJ}

of the full parameter space, and the full FIM, Γij(~x), was replaced by the projected

FIM, γij(~x), the projection of the kth parameter is given by

Γn−1
ij = Γn

ij −
Γn

ikΓ
n
jk

Γn
kk

, (7.2)

where n denotes the dimension of the projected matrix. Repeated application of the

above projection yields γij = Γ3N
ij . Inverting γij yields the same uncertainty estimates

for the intrinsic parameters as one gets from the full FIM, but the covariances are much

larger. The large covariances make it imperative that the proposal distributions use

the eigenvalues and eigenvectors of γij, as using the parameter directions themselves

would lead to a slowly mixing chain.

It is interesting to compare the computational cost of the F-MCMC search to a

traditional F-Statistic based search on a uniformly spaced template grid. To cover

the parameter space of one source (which for the current example extends over the

full sky and 100 frequency bins) with a minimal match [37] of MM = 0.9 requires

39,000 templates [95]. A typical F-MCMC run uses less than 1000 templates to cover

the same search space. The comparison becomes even more lopsided if one considers
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Figure 7.2: Histograms showing the posterior distribution (grey) of the parameters.
Also shown (black line) is the Gaussian approximation to the posterior distribution
based on the FIM. The mean values have been subtracted, and the parameters have
been scaled by the square root of the variances calculated from the F-MCMC chains.
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Figure 7.3: Trace plots of the sky location parameters for two F-MCMC runs on the
same data set. Both chains initially locked onto a secondary mode of the posterior,
but one of the chains (light colored line) transitioned to the correct mode after 13,000
iterations.

simultaneous searches for multiple sources. A grid based simultaneous search for

two sources using the F-statistic would take (39, 000)2 ≃ 1.5 × 109 templates, while

the basic F-MCMC algorithm typically converges on the two sources in just 2000

steps. As the number of sources in the model increases the computation cost of the

grid based search grows geometrically while the cost of the F-MCMC search grows

linearly. It is hard to imagine a scenario (other than quantum computers) where

non-iterative grid based searches could play a role in LISA data analysis.

While testing the F-MCMC algorithm on different sources instances were discov-

ered where the chain became stuck at secondary modes of the posterior. A good exam-

ple occurred for a source with parameters (A, f, θ, φ, ψ, ι, ϕ0)=(1.4e-22, 1.0020802 mHz,
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0.399, 5.71, 1.3, 0.96, 1.0) and SNR = 16.09. Most MCMC runs returned good fits to

the source parameters, with an average log likelihood of lnL = 132, mean intrinsic

parameter values (f, θ, φ) = (1.0020809 mHz, 0.391, 5.75) and SNR = 16.26. However,

some runs locked into a secondary mode with average log likelihood lnL = 100, mean

intrinsic parameter values (f, θ, φ) = (1.0020858 mHz, 2.876, 5.20) and SNR = 14.15.

It could sometimes take hundreds of thousands of iterations for the chain to discover

the dominant mode. Figure 7.4 shows plots of the (inverted) likelihood L and the log

likelihood lnL as a function of sky location for fixed f = 1.0020802 mHz. The log

likelihood plot reveals the problematic secondary mode near the south pole, while the

likelihood plot shows just how small a target the dominant mode presents to the F-

MCMC search. Similar problems with secondary modes were encountered in the f−φ

plane, where the chain would get stuck a full bin away from the correct frequency.

These problems with the basic F-MCMC algorithm motivated the embellishments

described in the following section.

Multiple Proposals and Heating

The LISA data analysis problem belongs to a particularly challenging class of

MCMC problems known as “mixture models.” As the name suggests, a mixture

model contains a number of components, some or all of which may be of the same

type. In this present study all the components are slowly evolving, circular binaries,

and each component is described by the same set of seven parameters. There is

nothing to stop two components in the search model from latching on to the same

source, nor is there anything to stop one component in the search model from latching

on to a blend of two overlapping sources. In the former instance the likelihood is

little improved by using two components to model one source, so over time one of the

components will tend to wander off in search of another source. In the latter instance
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130

it may prove impossible for any data analysis method to de-blend the sources (the

marginal likelihood for the single component fit to the blended sources may exceed

the marginal likelihood of the “correct” solution).

The difficulties encountered with the single source searches getting stuck at sec-

ondary modes of the posterior are exacerbated in the multi-source case. Source

overlaps can create additional secondary modes that are not present in the non-

overlapping case. Two techniques were empolyed to speed burn-in and to reduce the

chance of the chain getting stuck at a secondary mode: simulated annealing and mul-

tiple proposal distributions. Simulated annealing works by softening the likelihood

function, making it easier for the chain to move between modes. The likelihood (3.4)

can be thought of as a partition function Z = C exp(−βE) with the “energy” of the

system given by E = (s− h|s− h) and the “inverse temperature” equal to β = 1/2.

The goal is to find the template h that minimizes the energy of the system. Heating

up the system by setting β < 1/2 allows the Markov Chain to rapidly explore the

likelihood surface. A standard power law cooling schedule was used,

β =











β0

(

1
2β0

)t/Tc

0 < t < Tc

1
2

t ≥ Tc

(7.3)

where t is the number of steps in the chain, Tc is the cooling time and β0 is the

initial inverse temperature. It took some trial and error to find good values of Tc and

β0. If some of the sources have very high SNR it is a good idea to start at a high

temperature β0 ∼ 1/50, but in most cases it was found β0 = 1/10 to be sufficient. The

optimal choice for the cooling time depends on the number of sources and the initial

temperature. It was necessary to increase Tc roughly linearly with the the number

of sources and the initial temperature. Setting Tc = 105 for a model with N = 10

sources and an initial temperature of β0 = 1/10 gave fairly reliable results, but it is
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always a good idea to allow longer cooling times if the computational resources are

available. The portion of the chain generated during the annealing phase has to be

discarded as the cooling introduces an arrow of time which necessarily violates the

reversibility requirement of a Markov Chain.

After cooling to β = 1/2 the chain can explore the likelihood surface for the

purpose of extracting parameter estimates and error estimates. Finally, one can

extract maximum likelihood estimates by “super cooling” the chain to some very low

temperature (β ∼ 104 was used here).

The second ingredient in the advanced F-MCMC algorithm is a large variety

of proposal distributions. The following types of proposal distribution were used:

Uniform(·, ~x, i) - a uniform draw on all the parameters that describe source i, using the

full parameter ranges, with all other sources held fixed; Normal(·, ~x) - a multivariate

normal distribution with variance-covariance matrix given by 3N × γ(~x); Sky(·, ~x, i)

- a uniform draw on the sky location for source i; σ-Uniform(·, ~x, i) - a uniform

draw on all the parameters that describe source i, using a parameter range given

by some multiple of the standard deviations given by γ(~x). The Uniform(·, ~x, i) and

Normal(·, ~x) proposal distributions are the same as those used in the basic F-MCMC

algorithm. The Sky(·, ~x, i) proposal proved to be very useful at getting the chain away

from secondary modes like the one seen in Figure 7.4, while the σ-Uniform(·, ~x, i)

proposal helped to move the chain from secondary modes in the f−φ or f−θ planes.

During the initial annealing phase the various proposal distributions were used in a

cycle with one set of the bold distributions (Uniform, Sky and σ−Uniform) for every

10 draws from the timid multivariate normal distribution. During the main MCMC

run at β = 1/2 the ratio of timid to bold proposals was increased by a factor of 10,

and in the final super-cooling phase only the timid multivariate normal distribution

was used.



132

 1.8e-19

 1e-19

 2e-20

 1  1.0005  1.001  1.0015  1.002  1.0025  1.003

s
I

 1.8e-19

 1e-19

 2e-20

 1  1.0005  1.001  1.0015  1.002  1.0025  1.003

s
I

 1.8e-19

 1e-19

 2e-20

 1  1.0005  1.001  1.0015  1.002  1.0025  1.003

s
II

f  (mHz)

 1.8e-19

 1e-19

 2e-20

 1  1.0005  1.001  1.0015  1.002  1.0025  1.003

s
II

f  (mHz)

Figure 7.5: Simulated LISA data with 10 galactic binaries. The solid lines show the
total signal plus noise, while the dashed lines show the instrument noise contribution.

The current algorithm is intended to give a proof of principle, and is certainly far

from optimal. This choice of proposal mixtures was based on a few hundred runs

using several different mixtures. There is little doubt that a better algorithm could

be constructed that uses a larger variety of proposal distributions in a more optimal

mixture.

The improved F-MCMC algorithm was tested on a variety of simulated data sets

that included up to 10 sources in a 100 bin snippet (once again one year of observation

is being used). The algorithm performed very well, and was able to accurately recover

all sources with SNR > 5 so long as the degree of source correlation was not too

large. Generally the algorithm could de-blend sources that had correlation coefficients

C12 = (h1|h2)/
√

(h1|h1)(h2|h2) below 0.3. A full investigation of the de-blending of

highly correlated sources is deferred to a subsequent study. For now one representative

example from the 10 source searches is presented.
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Figure 7.6: Trace plots of the frequencies for two of the model sources. During the
annealing phase (# < 105) the chain explores large regions of parameter space. The
inset shows a zoomed in view of the chain during the MCMC run at β = 1/2 and the
final super cooling which starts at # = 1.2 × 105.

Table 7.3: F-MCMC search for 10 galactic binaries using a model with 10 sources.
The frequencies are quoted relative to 1 mHz as f = 1 mHz + δf with δf in µHz.

SNR A (10−22) δf θ φ ψ ι ϕ0

True 8.1 0.56 0.623 1.18 4.15 2.24 2.31 1.45
MCMC ML 8.6 0.76 0.619 1.13 4.16 1.86 2.07 1.01
True 9.0 0.47 0.725 0.80 0.69 0.18 0.21 2.90
MCMC ML 11.3 0.97 0.725 0.67 0.70 0.82 0.99 1.41
True 5.1 0.46 0.907 2.35 0.86 0.01 2.09 2.15
MCMC ML 6.0 0.67 0.910 2.07 0.61 3.13 1.88 2.28
True 8.3 1.05 1.126 1.48 2.91 0.46 1.42 1.67
MCMC ML 6.9 0.75 1.114 1.24 3.01 0.40 1.26 2.88
True 8.2 0.54 1.732 1.45 0.82 1.58 0.79 2.05
MCMC ML 7.7 0.77 1.730 1.99 0.69 1.27 1.18 2.73
True 14.7 1.16 1.969 1.92 0.01 1.04 2.17 5.70
MCMC ML 12.8 1.20 1.964 1.97 6.16 0.97 2.00 6.15
True 4.9 0.41 2.057 2.19 1.12 1.04 2.13 3.95
MCMC ML 5.2 0.66 1.275 0.57 2.81 0.57 1.82 3.93
True 8.8 0.85 2.186 2.21 4.65 3.13 2.01 4.52
MCMC ML 10.0 1.01 2.182 2.43 5.06 0.26 2.00 5.54
True 7.6 0.58 2.530 2.57 0.01 0.06 0.86 0.50
MCMC ML 6.7 0.98 2.582 2.55 6.03 2.71 1.52 5.58
True 11.7 0.69 2.632 1.17 3.14 0.45 2.53 0.69
MCMC ML 13.5 1.39 2.627 1.55 3.07 3.08 1.94 6.07
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A set of 10 galactic sources was randomly selected from the frequency range

f ∈ [0.999995, 1.003164] mHz and their signals were processed through a model of

the LISA instrument response. The root spectral densities in the two independent

LISA data channels are shown in Figure 7.5, and the source parameters are listed

in Table 7.3. Note that one of the sources had a SNR below 5. The data was then

search using the improved F-MCMC algorithm using a model with 10 sources (70

parameters). The annealing time was set at 105 steps, and this was followed by a

short MCMC run of 2×104 steps and a super cooling phase that lasted 2×104 steps.

The main MCMC run was kept short, since this portion of the work was focused on

extracting maximum likelihood estimates. Figure 7.6 shows a trace plot of the chain

that focuses on the frequencies of two of the model sources. During the early hot

phase the chain moves all over parameter space, but as the system cools to β = 1/2

the chain settles down and locks onto the sources. During the final super cooling

phase the movement of the chain is exponentially damped as the model is trapped at

a mode of shrinking width and increasing height.

The list of recovered sources can be found in Table 7.3. The low SNR source

(SNR = 4.9) was not recovered, but because the model was asked to find 10 sources

it instead dug up a spurious source with SNR = 5.2. With two exceptions, the intrinsic

parameters for the other 9 sources were recovered to within 3σ of the true parameters

(using the FIM estimate of the parameter recovery errors). The two misses were the

frequency of the source at f = 1.00253 mHz (out by 19σ) and the co-latitude of the

source at f = 1.002632 mHz (out by 6σ). It is no co-incidence that these misses

occurred for the two most highly correlated sources (C9,10 = −0.23). The full source

cross-correlation matrix is listed in (7.4).

Cij =
(hi|hj)

√

(hi|hi)(hj|hj)
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Cij =



























































1 0.08 0 0.01 0 0 0 0 0 0

0.08 1 0.02 0.01 0 0 0 0 0 0

0 0.02 1 -0.06 0 0 0 0 0 0
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(7.4)

The MCMC derived maximum likelihood estimates for the the source parameters

can be used to regress the sources from the data streams. Figure 7.7 compares

the residual signal to the instrument noise. The total residual power is below the

instrument noise level as some of the noise has been incorporated into the recovered

signals.

Model Selection

In the preceding examples models were used that had the same number of compo-

nents as there were sources in the data snippet. This luxury will not be available with

the real LISA data. A realistic data analysis procedure will have to explore model

space as well as parameter space. It is possible to generalize the MCMC approach to

simultaneously explore both spaces by incorporating trans-dimensional moves in the

proposal distributions. In other words, proposals that change the number of sources
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Figure 7.7: The LISA data channels with the sources regressed using the maximum
likelihood parameter estimates from the F-MCMC search. The solid lines show the
residuals, while the dashed lines show the instrument noise contribution.

being used in the fit. One popular method for doing this is Reverse Jump MCMC [94],

but there are other simpler methods that can be used. When trans-dimensional moves

are built into the MCMC algorithm the odds ratio for the competing models is given

by the fraction of the time that the chain spends exploring each model. While trans-

dimensional searches provide an elegant solution to the model determination problem

in principle, they can perform very poorly in practice as the chain is often reluctant

to accept a trans-dimensional move.

A simpler alternative is to compare the outputs of MCMC runs using models of

fixed dimension. The odds ratio can then be calculated using Bayes factors. Calcu-
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lating the marginal likelihood of a model is generally very difficult as it involves an

integral over all of parameter space:

pX(s) =

∫

p(s|~λ,X)p(~λ,X)d~λ . (7.5)

Unfortunately, this integrand is not weighted by the posterior distribution, so one

cannot use the output of the MCMC algorithm to compute the integral. When the

likelihood distribution has a single dominant mode, the integrand can be approxi-

mated using the Laplace approximation:

p(~λ,X)p(s|~λ,X) ≃ p(~λML, X)p(s|~λML, X) exp

(

−(~λ− ~λML) · F · (~λ− ~λML)

2

)

.(7.6)

where F is given by the Hessian

Fij =
∂2 ln(p(~λ,X)p(s|~λ,X))

∂λi∂λj

∣

∣

∣

~λ=~λML

. (7.7)

When the priors p(~λ,X) are uniform or at least slowly varying at maximum likelihood,

Fij is equal to the FIM Γij. The integral is now straightforward and yields

pX(s) ≃ p(~λML, X)p(s|~λML, X)
(2π)D/2

√
detF

. (7.8)

With uniform priors p(~λML, X)=1/V , where V is the volume of parameter space, and

(2π)D/2/detF=∆V , where ∆V is the volume of the error ellipsoid. Recalling (3.33)

one can see how the marginal likelihood is a product of the maximum likelihood and

the Occam factor.

To illustrate how the Bayes factor can be used in model selection, the F-MCMC

search described in the previous section was repeated, but this time using a model

with 9 sources. The results of a typical run are presented in Table 7.4. The parameters
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Table 7.4: F-MCMC search for 10 galactic binaries using a model with 9 sources.
The frequencies are quoted relative to 1 mHz as f = 1 mHz + δf with δf in µHz.

SNR A (10−22) δf θ φ ψ ι ϕ0

True 8.1 0.56 0.623 1.18 4.15 2.24 2.31 1.45
MCMC ML 8.6 0.77 0.619 1.12 4.16 1.86 2.06 1.02
True 9.0 0.47 0.725 0.80 0.69 0.18 0.21 2.90
MCMC ML 11.3 0.95 0.725 0.67 0.70 0.84 0.98 1.30
True 5.1 0.46 0.907 2.35 0.86 0.01 2.09 2.15
MCMC ML 6.2 0.75 0.910 2.09 0.61 3.09 1.82 2.21
True 8.3 1.05 1.126 1.48 2.91 0.46 1.42 1.67
MCMC ML 7.0 0.81 1.112 1.24 2.95 0.45 1.31 2.55
True 8.2 0.54 1.732 1.45 0.82 1.58 0.79 2.05
MCMC ML 7.5 0.76 1.730 1.95 0.70 1.23 1.19 2.68
True 14.7 1.16 1.969 1.92 0.01 1.04 2.17 5.70
MCMC ML 12.9 1.23 1.965 1.97 6.17 0.99 1.99 6.11
True 4.9 0.41 2.057 2.19 1.12 1.04 2.13 3.95
MCMC ML - - - - - - - -
True 8.8 0.85 2.186 2.21 4.65 3.13 2.01 4.52
MCMC ML 10.0 1.00 2.182 2.41 5.05 0.23 2.00 5.59
True 7.6 0.58 2.530 2.57 0.01 0.06 0.86 0.50
MCMC ML 5.8 0.72 2.536 0.58 5.70 3.04 1.52 4.64
True 11.7 0.69 2.632 1.17 3.14 0.45 2.53 0.69
MCMC ML 13.2 1.21 2.631 1.41 2.97 0.46 2.02 0.50

of the 9 brightest sources were all recovered to within 3σ of the input values, save

for the sky location of the source with frequency f = 1.00253 mHz. It appears

that confusion with the source at f = 1.002632 mHz may have caused the chain to

favour a secondary mode like the one seen in Figure 7.4. Using (7.8) to estimate the

marginal likelihoods for the 9 and 10 parameter models it was found ln p9(s) = −384.3

and ln p10(s) = −394.9, which gives an odds ratio of 1 : 4 × 104 in favour of the 9

parameter model. In contrast, a naive comparison of log likelihoods, lnL9 = 413.1

and lnL10 = 425.7 would have favoured the 10 parameter model.

It is also interesting to compare the output of the 10 source MCMC search to the

maximum likelihood one gets by starting at the true source parameters then applying

the super cooling procedure (in other words, cheat by starting in the neighborhood of
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the true solution). It was found that pcheat(s) = −394.5, and lnLcheat = 421.5, which

show that the MCMC solution, while getting two of the source parameters wrong,

provides an equally good fit to the data. In other words, there is no data analysis

algorithm that can fully deblend the two highly overlapping sources.

Future Plans

The next step is to push the existing algorithm until it breaks. Simulations of

the galactic background suggest that bright galactic sources reach a peak density

of one source per two 1/year frequency bins [48]. Yet to be attempted is a search

involving larger numbers of sources as the current version of the algorithm employs

the full D = 7N dimensional FIM in many of the updates, which leads to a large

computational overhead. The process of modifying the algorithm so that sources

are first grouped into blocks that have strong overlap is under development. Each

block is effectively independent of the others. This allows each block to be updated

separately, while still taking care of any strongly correlated parameters that might

impede mixing of the chain.

It would be interesting to compare the performance of the different methods that

have been proposed to solve the LISA cocktail party problem. Do iterative methods

like gCLEAN [49] and Slice & Dice [96] or global maximization methods like Maximum

Entropy have different strengths and weakness compared to MCMC methods, or do

they all fail in the same way as they approach the confusion limit? It may well be that

methods that perform better with idealized, stationary, Gaussian instrument noise

will not prove to be the best when faced with real instrumental noise.
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APPENDIX A: LIST OF ACRONYMS

ALIA Advanced Laser Interferometer Antenna
ALIAS Advanced Laser Interferometer Antenna in Stero
AURIGA Antenna Ultracriogenica Risonante per l’Indagine Gravitazionale Astronomica
BBO Big Bang Observer
BH Black Hole
BIC Bayesian Information Criterion
COBE COsmic Background Explorer
EMRI Extreme Mass Ratio Inspiral
FIM Fisher Information Matrix
GA Genetic Algorithm
GGA Genetic-Genetic Algorithm
GEO600 Gravitational wave Earth Observatory 600
GMU Geometric Mean of the parameter Uncertainties
GMUR Geometric Mean Uncertainty Ratio
GRAIL Gravitational Radiation Antenna In Leiden
GWB Gravitational Wave Background
IMBH Intermediate Mass Black Hole
LIGO Laser Interferometer Gravitational wave Observatory
LISA Laser Interferometer Space Antenna
LISAS Laser Interferometer Space Antenna in Stereo
MCMC Markov Chain Monte Carlo
MBH Massive Black Hole
ML Maximum Likelihood
NS Neutron Star
PMR Parameter Mutation Rate
PUR Parameter Uncertainty Ratio
ROG Rome One Group
SNR Signal to Noise Ratio
SGN Stationary, Gaussian Noise
SMBH Supermassive Black Hole
TAMA300 Tokyo Advanced Mediumscale Antenna 300
TT Transverse Traceless
WMAP Wilkinson Microwave Anisotropy Probe


