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Abstract:

The purpose of this paper is to present an analytical method for calculating the maximum deflection of
a simply supported circular flat plate which is subjected to a blast loading. The method is based on the
Modified Galerkin Method, and uses a non-linear stress-strain relationship together with non-linear
geometry. Equations of equilibrium are reduced to an ordinary differential equation which, when
solved, yields an approximation of the maximum plate deflection.

Calculated maximum deflections are compared to experimental test results of permanently deformed
plates.

The calculated deflections are approximately 72% of the magnitude of the test results.
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ABSTRACT

The purpose of this paper is to present an analytlcal
method for calculating the maximum deflection of & simply
supported circular flat plate which is subjected to a blast:
loading. The method is based on fhe Modified Galerkin Method,
and ﬁées a non-linear stress-~strain relationship together with
non-linear geometry. Equations of equilibrium are reduced to
an ordinary differential equation which, when solved, yilelds
an approximation of the maximum plate deflection.

Calculated maximum deflections are”oompared to experi-
mental test results of permanently deformed plates. '

. The calculated deflectlons are approx1mately 72% of the
magnitude of the test resultu,f




CHAPTER I
INTRODUCTION AND STATEMENT OF PROBLEM

This paper studies. the Tesponse of simply-supported
circular plates which are subaected to a blast pressure
applied to one side of the plate. ILarge plate deflections
may be obtained if the applied blast pressuré is of adequate
magnitude and if it is imposed on the plate for a sufficient
period of time.

During the deflection of a plate; ény element of the
plate 1is subjebted to both bénding moments, and'membrahe
forces, either of which may be dominant, depending on whether
the deflection 1s small or large. Also, when undergoing
large deflections, the plate material may be stressed beyond
its yield poinf into the non-linear stress-strain region.
The complete analysis of the blast loaded plaﬁe deflection
problem should consider deformations through the regions of
both elaSulC and non-linear strains while also recownlzlng
bendlng and stretchlng effects.

Wang (1)* developed ametthod of calculatlng the per-
manent deformation of a simply supported circular plate. '
subjected to a blast loading based on aﬁﬂas%ic rigid theory.
The method considered bending moments dominaﬁt9 and did not
include membrane forces. _ '

Hoffman (2). used Wang's plastic rigid theory in his
thesis to calculate the permanent deflection of simply
supported circular aluminum plates subjected to air blasts.

*Numbers within parenthesis refer to references.
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As part of his thesis, Hoffman also did experimental work
and fired explosive charges on several test plates, then
compared the actual deformation with the theoretical results.
He found that Wang's theory greatly overestimates the pléte
deflecf‘:ion,> especially for small plate thicknesses.

May (3), in his thesis presented to Montana State
University, developed an analytical method incorporating a
non-linear stress~strain relationship to predict deflections
of circular plates subjected to blast loads. The analysig
considered bending effects, but did not consider stretching
of the middle plane of the plate. May's analysis also over-
estimated the plafé deflection, and he uggested that both
bending “and stretching effects be considered.

Jones (4) extended Wang's work and considered both
bending moments and membrane ‘forces in his analysis of a
simply Supported circular plate., The'analysis consideréd
small deflections, and used a plastic rigid theory.

The purpose of this paper is Lo present the develop=-
ment of an analytical method for calculating the deflection
of a simply supported circular flat plate subjected to a
blast type loading. The method recognizes large deflectlons
and uses equilibrium equations together with a non-~linear .
stress-strain relationship while considering both bénding‘
and stretohiné effects. The Modified Galerkin Method was
used to reduce the governing partial differential equations
of equilibrium to a nohnlinear ordinary .differential equation
in time} A solution to the ordinary dlfferentlal equation
expressed the deflection as a function of time. The time
derivative .of. the deflection solution was.used to eXpress:.
the plate velocity as a function of time. By solving “the
deflection and ve1001ty equations 31mu1taneously, the maxi-
mum plate deflection could be calculated N




B
This method determines only the maximum deflection
of a blast loaded circular flat plate. A method of pre=

dicting the permanent deformation resulting from a given

maximun deflection has not been developed.
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CHAPTER TIT
THEORETICAL ANALYSIS

2.1 Fguilibrium Equations

A cylindrical coordinate system (r, ©, z) with its
origin at the center of the undeformed middle surface of
the plate was chosen with the positive z axis directed
downward (Fig. 1).

D'Alembert's principle was used to express the
dyrnamic problem as a static problema The principle states
that a mechanical system in motlon 1é always in a state of
dynamic eguilibrium under all Uhe forces, including the
inertia Iorces, which act on the system (5).

An element of unit thickness from the deférmed
plate in an equilibrium position is shown in Fig; 2 with
all the forces acting on it including an inertia:force
and an applied pressure. The forces and moments'shown-
are force per unit length, and moment per unit length,
respectively. Subséripts r and t signify the radial‘and
tangential directions. : L ' '

Loading is assumed to be symmetric about the center
of the plate; therefore, shear forces are not developed
on the tangential face. : '

_ A summatlon of forces in the 2z dlrecflon was
expressed .as follows

N | -
N rd6 sin(-6) - (W "ﬁ d;) (r +dr)de sin(=8+ 44

IR S | .
-erdQ cos(;ﬁ)#-(@r+ ig% dr)(r 4+ dr)de cos(=8+ d48)

/’rdrdgw +Prdrd® = 0 S (L)

Equation (1) was then 51mp11fled by neglectln@ hlgher
than second order terms and re-~written in the follow1ng
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form:
éNr
=F, = (-N_ sin(=4) - 3z- ¢ sin(2d) + Q, cos(=4)
. - : E
-+arr r cos(~=48) 7ﬁ&r-+PT§drd@ _ : (2)

Where, A is the mass of the plate per unit area.

' ﬁ.is the acceleration of the plate in the z
direction, -

A is the angle that the radial centerline of the
element makes with the radial axis.

Nr is the normal force per unit length on. the
radial face of the element.

Qr is Tthe shear force per unit length on the
radial face,

P is the applied blast pressure.
To simplify the summation, angle =&+ d4 was considered
equal to angle -4,

"

A summation of forces in the radial direction
which, for simplicity, neglected the horizontal compon-
ents of the pressure and inertia forces gave:

, Sy , o
N, rde cos(oA) + (W + 31—;13 dr) (r + dr)ae cos(% +d4)

LR ~
~Qra0 sin(=8) + (Q+ Sp= ) (x +3dr)de sin(=d+44)

o, 28 g = o . . ~ o (3)

t 2
 Equation (3) was also simplified by neglecting higher
than seconrd order terms and was re-written as:
- . gl\TI. ,\ ‘» :
EEFr = §Nr cos(7€)+:ré§r cos(;ﬁ)i—Qr gin(nﬁ)
L9, N |
.?§5~ 51n(:AD-Nt§dr§9 | ()
Where Nﬁ is the mormal fqrce per unit length acting on

PR T T s R
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‘the tangential face.

A summation of moments about the right-~hand radial
face of the element was expressed as follows:

. M rd® -N rdedr sin(=8) + N_rdedw cos: (=4)

+Q,rdedr cos (=4) + Q rdedw sin(=4)

QM
~(M+ 57Ear) (r + ar)de + 21\T Ldfd dg“f + 2M, d29 ar
~Prardd G +4pirarae F = 0 (5)°

Equatlon (5) was then simplified by discarding the higher
order terms, and rearranged to express the shear force

Q

- in terms of the bending moments as:

Q. = §;£ cos(ﬁﬁ)+-% M cos(,@) - ; M, cos(=8) - (6)
Where N& and'Mt are the moments per unit length acting
on the fadial and tangential faces, respectively.
could then be eliminated from equations (2) and (4) by
expressing 1t in terms of the moments. A

The radial and tangential forces per unit length
were then expressed in terms-of the radial and tangen-
tial stresses as follows: '

Uy "'_/{i_ L N (2

.m i sk . :
N Vyaz (8)
Where h is the thickness of the‘blate,
The radial ‘and tungentlal beadlng moments per unit
length were defined by summing momentb about the center-
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line of the plate in the ollowing manners;

ol

M =) V;z*dz* | | (9)

. “2.“ . : : .
= * ;
M, j/;- Viz*az* (10)
-a--é- . .

Where z* is the distance from a radial center-line to the
element where the normal or tangential stress is acting.
z* is at all times normal to the plate center-line.

The equilibrium equations (2) and (4) are the
wverning partial differential equations of the system.

¢
1’\)133"

2f2 Stress~5train Relationship

The radial strain was expressed in terms of the
displacement. ' | ‘

In Fig. 3, line A-B of length dr is oriented in an
T2 coordinaté~system, "Line A-B is displaced in the
plane of the coordinate system to position A'-B' and in
the final position has attained the length ds. The dis-

' placement components of point 4 with respect to the r-z

coordinate system are u and w, respectively..  The elonga-
tion of line A-B in the r direction is g% dr, and the
elongation in, the z direction ils gg dr. The 1eng%h of
line A'-B' is calculated by the pythagorean theorem as:

‘(dr + 32 dr)’g-}j _.(»3-%’ ar)?

By performing the internal multiplication and then ex-
pressing ds with.a binomial expaunsion conéidering terms
no higher than second order, ds may be expressed as:

NS 2
2u 4 X (_ég) o L fow
Qs 'dr[l 3 TEen T 2<&r
The  strain in the radial direction, €., could then.
be defined in terms of the displacements u and w as:
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. 2
dg-dr . Ju %{gg) s 1 i;)

Because of the symmetry of deformed shapes that

(11)

have resulted from blast induced deflections, the tan-
gential strain was'éxpreséed as a function of the radial
displébement only. In Fig. 4, line C-D of length rd® is
oriented in an r-6 coordinate system. ILine C-D is dis-
placed in the radial direction an amount u to the
position *C'-D'. The straiun in the bvangential direction

- was then defined in terms of the radial displacement u aé:

= {r + u)ds - rde _ u
€y rdd =7

The following non-linear stress-strain relation~

(12)

ship was used to approximate the actual stress—-strain
- relation of the plate material:

V = £ tenh a€ (13)
By selecting the proper constants a and b, the linear
slope and overall position of a certain stress-strain
curve could be approximated. , ‘

Fig. 5 shows a stress-strain curve for 6061-T6
aluminum, the material ﬁsed in the test plates., Fig. 5
also shows the non-linear stress-strain curve as com-
pared to the actual curve for a one-dimensional stress-
strain relationsb.ip° _

Deta for the actual stress»strain curve (6) is a
composite of varlous rates of loading from 07 in./in.-
sec. through 2700 in./in.-sec. This indicates +that the
test material is not strain-rate sensitive at relatively
low loading rates. Test data, however, was not available
for higher rates of strain. B

The following relatiqnshiﬁs were assumed to express
The stresses in terms of the strains for the two-dimension-
al stress system: ’ '
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, for the radial direction,

e L bapy foBof | 5
yr = p tand {1-ng 5r+UEtJ} (14)
and for the tangential direction9

- X a - '
vt = p tank {ng [€s + vfr]} (15)

Where a valgg of V= ,3 was assumed for Poisson's ratio.

By incorporating equations (11), (12), (13), (14)
and (15) into equations (7) and (8), the radial and
tangential forces per unit length could be redefined in
terms of the displacements as:

h . 5 2
.[2 12 a5 (duyl (am)T, 1 ('_9_1@) : y) .
N.C Z;l_. b tanh 1-UL (&I‘+2 (ar/ + 2 al‘ UI; <(]i_g>
>
% a. "y Ju. 1 (w)e 1 Qw.g ,
N “ﬁ E taph{‘i:‘ﬁ?—f 2 3 (53)+ 3(3) Jlerr a9

. Also, equations (9) and (10), the radial and tangential
moments per unit length could be. redefined in’terms of
"the displacements as:

Thus the governing equations (2) and (4) can be expressed
. in terms of the displacements u and w.

The analysis up to this poin’t may be summarized
as follows: F ' | : ’
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The equilibrium equations (2) and (4) were develecped to
form the governing partial differential eguations of
the system and are in terms of the forces acting on the .
plate element.
All internal plate forces and moments were then expressed
in terms ofﬂradial and tangential stresses.
Relatioﬁships were developed to define:the strains in
terms of radial and transverse displacements u and w.
A non~linear stress-strain relationship was then used
together with strain-displacement relationships to ex-
press the interné] plate forces in terms of the dis-—~
placements u and w.
By substituting equations (6) and (16) through (19),
into the governing partial differential equations (2),
and (4), all terms except the pressure and inertia
termé could be expressed in terms of the displacements
u and w. '
Loading‘Function

The applied blast pressure loading P was repre—

sénted,by the following decaying exponential function:

P = pe KV (20)

Fig. © shows the pressure-~time relationship of an actual
bomb blast compared %o'the exponential'function°

As part of his research, Hoffman (2) experi-
mentally determined the peak pressure p and the impulse
I; for each of a series of blast loadings on plates of
various thicknesses. The impulse I.ig defined as the
positiVe‘aréa under the pressure-time curve of an actual
bomb blast. For this analysis, Hoffman's impulse date
was redefined 1n terms of a decaying exponentla] func-
tlon as: ‘
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oo foiv) - o) .
T = [ray o [pe0 at =k (21)
S (o]
Hoffman's pressure and impulse data could then be used

to define the constant K in equation (21) as:

K =2 : L (22)

Governing Differential Bauations
The'elemental'eQUiiibrium equations (2) and (&)
form the governing differential equations of the system.
A simulbaneous solution of these equabions would describe
the plate deflection. In abreviated form, equations (2)
and (4) become, for the horizontal or radial direction:

ZF, =0 - - (23)
and for the vertical or transverse directioun:
=F, =0 - - (24)

Bquation (24), if rewritten  to separate pressure and
inertia terms becomes: '

| “w Pr+SF =~ Pr | (25)
where the ﬁz summation signifies that the pressure and
inertia terms have been separated from fthe total FZ
summation. .

The governing partial differential equations as
expressed above are not readily solvable by cqnventional
techniques. ' | ‘ S
Modified Galerkin Method

The Modified Galerkin Method was used to reduce
the governing partial differential egquations to an -~

ordinary non-linear differential equation in time which
when solved would. permit the plate- displacement to be

13

determined.
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The Modified Galerkin Method is one version of
the method of weighted residuals. This method uses
assumed solutions to the governing equations.which
satisfy the displacement boundary conditions, but not
necessarily the force boundary counditions. Assumed
solutions to the governing differentiél eguations
probably will not satisfy the equatious at every loca-
tion in the plate; therefore, errors, or residuals will"
fesult° Since the terms:of the governing equations
represent a summation of forces, the residuals will be
the errors in those forces. If the.force residuals are-
then given virtual displacements considered +to be
weighting functions, in the assumed displacement modes,
the force times diépladement products may be considered
to have the units of work. The Modified Galerkin Method
may be interpreted as requiring that the virtual work
done by all forces during a virtual displacement in each
of the assumed modes from an assumed displacement shape
be identically zero. The modified method isg different
from'Galerkin}s conventional wethod in that the éssumed‘
displacement mode shapes, or rather the assumed solu-
tions to the differential equations do mnot have o
satisfy the force boundary counditions. Only the disg-
placement boundary counditions must be satisfied.' If the
assﬁmed solution does not satisfy thé force boundary
conditions, then the virtual work done by forces at the
boundary, or plate édge, during the virtual displace~
ment must be added to the virtual work done. by the . '
- internal forces. , o

Test results (2) have indicated that a simply
$upported circular plate whicﬁ has been permanently de-—
formed by a blast loading acquires a dished shape
symmetric about the plate‘center. The test results also




N

w1l B
showed that for any large transverse deflection, there is
an accompanying radial deflection diregﬁed inward towards
the center of the plate. This implies that the governing
partial differential equations (24) and (25) are each
functions of both the radial and the transverse displace~
ments u and w,

Bquations were selected to act as a set of assumed
solutions to the set of governing partial differential
eguations. The assumed solutions for the transverse and:
radial displacements are:

W = g, COB T ' (26),:
u = g (1-zfz*) sine<r (27)
Where o< =0 and where R is the radius of the simple
2R ? .
support circle. '

These assumed solutiouns approximate the  deformed plate
shape and also satisfy the displacement boundary condi-
tions. For the transverse deflection w, equation .(26)
permits maximum deflection to be obtained at the plate -
center (r = 0), and satisfies the displacement boundary
conditions by allowing no deflection to occur at the
radius of ‘the simple support (r = R), It also describes
deflections as being symmetric about the radial center
of the plate. From equation,(26)3‘the virtual displace— -~
ment or weighting function for the vertical‘mode,A§2, |
was defined as:

ey

o m'~%§2 =.cos &<r S (28)

Internal bending moments were declared identically
zero in the development of an expression fo: the shear
force Qra - However, bending moments might be calculated
at the plate edge if the assumed solution did not satisfy
the edge boundary coﬁditioﬁ,{ To aqcouﬁt for this error,
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the virtual work wag also calculated at the plate edge
for a virtual rotatlon The virtual displacement in the
rotational mode was defined as: '
i
ém = §<8V) = ~o¢sin exr (29)
OQ2
The angle & that the radial center line of +he
deformed plate makes with the radial axis, as shown in
Fig. 2, could then be described from the assumed solution

as: :
1 €L aw) g -

«/9 = tan ~ (7 9r) = tan” (q2 e sin & 1) (20)

The sine and cosine of anglc,@ were then defined in terms

of the assumed solution (26) .as:

- dw Qp e<sin e<r
- 2y =\ Apl g 3o = 7 ... -
sin (24) = ara+~8w “l +lq2 =« “sinecr 5y
T

cos (=@) = “ér +we = Ql +'q2a§xzsin2c<r; (32)
The assumed eo]ution (26) was also used to define
the acceleration for the inertial force term in equation

(25) as:

M Sgg = 32 COS o T _ R (33)
In the assumed solution to the radial displace-
ment, egquation (27), the sine function permits no radial
displacement to ocecur at the plate center? and describes
a maximum radial displacement at the sucport radius. A
value of Zf equal to minus one~fourth was selected to
account for the additional radlal dlup]acement durlng
bendlng, of any plate element located above or below
the radial center-line of the plate. The magnitude of
Z was selected to represent“an'aVerage plate deflec-
tion of about two inches. ' It should be -noted that the
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varying. of Zf'by several orders of magnitude had no
noticeable effect on the end result of the deflectioh
calculation. _ '
From equation (27), the virtual displacement in
the radial mode, §l’ was defined as: '

. .
91 & Sal = (1 - Lo )sin =<1 | pFB#)

The radial and tangential force and moment
expressions, equations (16) through (19), had previously
been defined in terms of the displaoeménts u and w. The
assumed solutions for u and w, equations (26) and (27),
were Tthen used to expréss the displacement components of
the force and moment equations as: '

aw

Sy - ~Qqme< sinedr l (35)

2 N e .

L ot o
%% = qlcx<1fé 7 )eosexT (37) :

, | ‘
%E%%g ok 2 2(1..24 A 22 2 coser  (38)

T2 4 £
It was then obv1ous that all force and moment
expressions were.functions of both the radial and tangen-
tial displacements a4y and Ao The governing differential
equations were coupled by the btwo displacement modes.
The virtual work for the radiél or first displace-

ment mode, §W1, was defined in terms of equations (23)

and (34) as:
' gWl - j/;I* T § dvol J[é ér exterFT inter. |gq )§<ii?gi
© (39

This expression also considered the force boundary condi-~

tions not satisfied by the assumed solution in conform-
‘ance with the Modified Galerkin Method. '
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The external radial forces, Pr external’

at the,
plate edge were known to be identically zero.

However,
any error in the assumed solution would cause a nou-zero
internal radial force, F

- internal’;to be calculated at
the plate edge.

In a similar manner, the virtual work for the
second displacement mode, 5WP, was expressed using equa-
tions (25), (28) and (29) as;

&«J = /W/Orfg dvol +/EF ‘é dvol-!— E(F

&e & external

-z, 1nternal§ea) §é ~dedge - d'r%'—CMexterna1 {,
- = - : 1
“1ntefnall@@ )Pm ‘dedge _/gregr ﬁ2 .darea (40) 1

This expression .again considers any error in the assumed }
solution by evaluating the virtual work done at the edge |
-of the plate by the edge moments and forces. fxternal ‘ »,ﬁw
moments and forces are identically zeroj; however, inter- \
nal moments and forces'could be calculated at the ‘plate ;
edge because of the inaccuracy of the assumed solubion. ﬁ




CHAPTER ITIT
PLATE DEFLECTION

3.1 Integration of Governing Differential Bguatious

The goveruning equations of the system are each
functions of both qq and Ao Since the purpose of this
analysis was to determine only the transverse deflection .
of the plate 4o it was necessary that the second mode
virtual work expression, equation (40), be reduced to a
function of ds alone. This was accomplished by numeri-
cally integrating the first mode virtual work expression,
equation (39), through a range of arbitrarily selected
radial and transverse displacements. Because of the
complexity of the eouatiéns, numerical intevratibn was
performed with the aid of a digital compute . The
relationship between the two assumed dlelacement modes
was obtained by noting which arbitrarily assigned numer-
ical values of dq and do would cause the calculated
virtual work SW to be identically zero. Fig. 7 shows
the line of zero Vlrtual work calculated through the

 assumed radial and bransverse displacement ranges for
plate thickness of 1/8, 1/4 and 3/8 inches. From the
curve of Fig. 7/, a7 could be expressed as a polynomial
function of an of the form
ay = ~,OOO464q25‘?,00349q24 —,00605q23 ~,02199,%+,00872q,

( | (41)

This relablonshlp was valid for the three plate thlck~
nesses considered by this analysis.

With the radial displacemeht'ql then defined as a
function of the transverse displacement q2j,the second
mode virtual work expression, equation (40), could be
expressed as a function of g, only. '
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The virtual work in the second displacement mode,
§W2, was then calculated, using the digital computer and
numerical techniques, over a range of transvere dis-
placements for several different plate thicknesses. The
fesults are illustrated in Fig. 8.

The virtual work as a function of the assumed
displacement was counsidered comparable to a non-linear
force vs. deflection relationsﬁip of a spring, as would

.be part of a vibrations-type problem.

Governing Differential Equation

The system was then ready to be expressed as a
non~-homogenous second-order ordinary differential equa-
tion having one degree of freedom, énd)resembliﬁé the
forced vibrations-type problem. The equation of motion
was of the form:

~kt

Ag, + B(qé>92 = CPe (42)

The B<q2) prefix to the displacement term q, is

the slope of some finite section of the second mode

virtual work vs. d, curve, which will be covered later
in thls paper. »

A and C, the prefixes to the acceleratlon and
pressure terms respectively, were calculated by inte-
grating the elemental forces with their virtual =
displacements over the region of the plate as follows:

ng pressure j[ )fPr égdrde where P= pl-ktiyh
= 27 (52 ])p ko |
Cp -kt _‘ .. . T . .' (4_5)
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2T ~rv + 1
5v12 inerbia / / rq2coso<r§2 drde

= oTr [ <r: 15 (r+1)ilor<11§°«(r+1>>

-4_cosGX(r+l)) - 1 ] 32 (445,

Bex @ gex2
= AE_I2 .
The limits of the iwntegrals were chosen to match

the test (2) conditions. Hoffman's test plates were 26 .

inches in diameter, and were simply supported on a 24
inch diameter support ring. However, the plates were
shielded so that no blast pressure could be applied
outside of the support ring of radius r, where » = 12
inches. The inertia of that portion of the plate which
extended one inch beyond the éupport circle was to be
considered, hence, the integratioﬁ limit of r  -plus -one
inch. - '

- The general.solution to the governing differen-
tial equation, is of the following form: ' :

4o = g, complementary + g, particular ' N (45)

for which: : — ' .
q, complementary = D. &in BCQQD t+E com B(q2)j:(46)
e e SedE T Bt

and; ‘ c

P % JIE T, )
q, particular = 2. ekt . (47)

2. B
K=+ “(q5)
‘ A- - . -
The constants D and E were then evaluated from the

following initial conditions: ‘
1. qe(o) = 0; at time zero the ‘plate has no
- initial dlsplacement°
2, &2(0) O; at time zero the plate starts
from rest.
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The complete displacement and velocity solutions for
the system were then expressed as ds and 52, where:

C B o C
a, = 5P . sin|| (92) § — P
2 1B . A B
B, . C._ =kt
‘cos (q2) t + ipe
A B
y (48)
B
. c B (a5) ¢
4y = Kip cos (q2) t kK &P
B A
2 Slap) k2. (ay)
A A
B -kt
sin|| (9p) § -~  Egpe
A B
2 (a,) . :
K 2 .
runl (49)

5.3 Bolution of the Differential Foguation
The maximum deflection of the plate would be

attained at the same instant. in time that the velocity
of the plate had first decayed to zero. A trial and
error simultaneous solution to the velocity and dis~
placement eguationswwould be. complicated. by. the non-
linear stiffness of the. system during its deflection.

As a simplification, the. stiffness, or rather the
virtual work vs. displacemént curve as plotted in Fig. 8
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‘was considered to be made up of several linear segments

each having a different slope, or stiffness. TFlg. 8 was
replotted to describe the varying stiffnesses and 1is
shown in Fig. 9. A constant slope or stiffness Béq2)

could then be determined by .inspection from each linear .
segment of the replotted curve. All terms of the dis~
placement and velocity solutions equations (48) and (49)
had then.been defined. o ' ‘ '
A series of trial and error solutions, consid-
ering the variable stiffnesses, were then made by
computer to determine the first non-zero time that the
plate velocity reached zero. The maximum plate deflec=-
~tion was then calculated for that elapsed time. :

5.4 Results and Discussion

A comparison of the calculated maximum deflection
vs. permanent deformations from experimental tests (2)
is made in Table I.

TABLE T

DEFLECTION OF SIMPLY SUPPORTED
CIRCULAR ATLUMINUM (6061-T6) PLATE
SUBJECTED TO BLAST LOADING

Text Results Calculated

’ Permanent Maximum
Thickness ... Pressure Impulse Deformation. Deflection
(inches) (Psi) (Psi-Sec) (inches) (inches).
.128 185, 0712 0 1.238 .89
. 128 281,17 0837 - 1,784 , 1.12
1/4 582. . 1482 1.519 ‘ 1.06
1/4 1080, . 1965 2.273% 1.57
3/8 620. .189% 1.218 .87
3/8 . 2100, . 3600 ‘ 2.648 1.96

The deflection measured from a permanently de=-
formed plate will always be less than the maximum
deflection required to obtain that pgrmanent deformation.
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The plate will rebound elastically to the flnal perma—
nently deformed position.

" A calculated maximum deflection will probably be
less than an actual maximum deflection if the chosen
deflection mode shape is. not exactly equal to the true
deflection shape. It has been shown that in linear
systems, a beam would be deformed to a position which
requires a minimum amount of potential energy (7). If
the minimum potential energy concept could be extended
to apply to the n6n~linear'system5 the relative magni-
tude of the calculated deflections can be explained as
follows: Dby not selecting an exact mode shape for the
calculation procedure, the theoretical analysis requires
the plate to absorb something more than the minimum
amount of energy to deform to the shape of the selected
mode. TIor any given blast pressure and impulse there
is only some finite amount of energy available to deform
the plate to the shape of the selected mode. The calcu-

lated deflections are approximately 72% of the magnitude

of the test deflections because of the additional plate
stiffness induced by the' inaccuracy of the selected mode
shape, However, these resgults are several hundied per-
cent more.accurate than tlhose obtained by other calcu-
lation procedures (2) and (3).

Conclusions

The following conclusions were based on the results
of this analysis:

1. TFor large def]ectlons, ‘the primary resistance
: to. deflection is'offered by membrane forces.

2. ' The procedure u31ng the Modified Galerkin
Method appears to have merit for analyzing
the blast-loaded plate deflection problem.
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Further work should be undertaken to define more
accurate deflection mode shapes. For very small trans-
verse deflections in the linear stress-strain region, no
radial deflection of the plate center-line will occur.
This tends to confirm that the plate stiffness for the
small deflections 1s a fuunction of bending moments alone.
Radial displacement, however, will occur within the plate
at any finite dlstance away from the plate center-line.
The factor ZfZ as used in this analysis to describe-
radial deflections of any non center~line point should,
therefore, be associated with the transverse deflection -

"4, as part of an assumed solution of the form:

u = (g -q-EZfZ*) sinetr : o (50) -
This form of assumed solution would create no difficulties
in the basic calculation procedure. |

It.is also suggested that a seriee~type assumed
solution be investigated for describing the transvefse
‘displacements. A solution of the following fefm_is
proposed; . : , .

w = qé (A cosxXr + B cos2e<1) ’ - (51)

Where; A+B = 1

and - AD>>B

This series form of solution gives a bebtter approximation

to the permanently deformed plate shapes obtained by
Hoffman (2) Hoffman's test plates were not of a pure
sinusoidal shepe bubt .were dished more deeply in the
center sectlons. ;

The basic deflectlon calculatlon might also be
extended to handlé- rectangular platés and consider
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different edge support conditions.

A procedure should be developed Lo predict the
‘permanent deformation and/drrrupture that would result
from any given maximum deflection. ' S




Fig. 1. Cylindrical coordinate system.




I'ig. 3, Displacement of an element in the radial
and transverse directions.
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Fig. 4. Displacement of a line in the radial direction.
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