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Abstract In this paper, we study the problem of computing a consensus tra-
jectory of a vehicle given the history of Points of Interest (POIs) visited by the
vehicle over a certain period of time. The problem arises when a system tries
to establish the social connection between two vehicles in a vehicular network,
where three versions of the problem are studied. Formally, given a set of m
trajectories, the first version of the problem is to compute a target (median)
sequence T over X' such that the sum of similarity measure (i.e., number of
adjacencies) between T and all S;’s is maximized. For this version, we show
that the problem is NP-hard and we present a simple factor-2 approximation
based on a greedy method. We implement the greedy algorithm and a vari-
ation of it which is based on a more natural greedy search on a new data
structure called adjacency map. In the second version of the problem where
the sequence T is restricted to be a permutation, we show that the problem
remains NP-hard but the approximation factor can be improved to 1.5. In the
third version where the sequence T has to contain all letters of X', we again
prove that it is NP-hard. We implement a simple greedy algorithm and a vari-
ation of the 1.5-approximation algorithm for the second version, and which
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are used to construct solution for the third version. Our algorithms are tested
on the simulation data and the empirical results are very promising.

Keywords Consensus Trajectory - NP-hardness - Approximation Algorithm -
Heuristic Algorithm

1 Introduction

Comparing the similarity among different trajectories has a broad applications
in different vehicular networks. For example, we can build a trustful system
based on the similar behavior of different vehicles in a vehicular ad hoc network
(VANET). In addition, we also can design a transportation network with a
risk equity based on the similarity of different paths in a hazardous materials
transportation.

In a vehicular ad hoc network (VANET), building a trustful communication
environment is a critical privacy issue due to a property of high flexible topol-
ogy of VANET. Vehicles can communicate to exchange useful information.
However, to determine the trustfulness among vehicles is a challenging prob-
lem. A few trust models have been developed to address this security problem
due to the special safey requirement of VANET. Its main functions include
traffic control, accident avoidance and parking management (Hartenstein and
Laberteaux, 2010; Papadimitratos et al., 2008).

A variety of attacks has been observed in VANET. For instance, fake mes-
sage could be disseminated by the sender to compete the parking space during
rush hour. The Sybil attacks could generate fake identities to falter the func-
tioning of the whole system (Douceur, 2002; Shrestha et al., 2014). Thus, it is
important to build a trust management system in VANET (Zhang, 2011; Liu
et al., 2014; Patel and Jhaveri, 2015; Liu et al., 2017; Kchaou et al., 2018).

To build the initial trustfulness, we propose to use the Point of Interests
(POISs) visited by each vehicle to establish some level of similarity, which serves
as a starting point for determining the trustfulness of vehicles. Of course, to
protect privacy, all sensitive information regarding the location of POlIs, time
a POI is visited, etc, could be erased for our purpose. Hence, the examples of
POIs could be “home”, “office”, “restaurant”, “coffee shop”, “gym”, etc. (To
further protect privacy, we could use numbers or letters to represent POIs. An
example is shown in Fig.1.)

gym — office —coffee shop — office —| restaurant | office — gym

Fig. 1 The POlIs visited by a white-collared professional during a typical working day. We
use 1, 2,3, and 4 to represent ‘gym’; ‘office’, ‘coffee shop’, and ‘restaurant’ respectively, and
the trajectory could be represented as a sequence (1,2,3,2,4,2,1).

On the other hand, comparing the similarity between different paths is
also useful for designing a hazardous materials transportation network with
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risk equity. The hazardous materials (hazmat) transportation network design
problem involves two parties, the government and the carrier. The government
can restrict some edges of transportation network to minimize the overall risk
over the hazardous materials transportation network. Then, the hazmat car-
riers choose the paths with the least transportation cost from the designated
network by government. However, it is more likely that multiple hazmat car-
riers choose the same segment of paths in order to save their transportation
cost. This leads to some edges in the transportation network having higher
risks which makes it is more dangerous for surrounding areas once the acci-
dent happens (Xin et al., 2015; Kara and Verter, 2004).

Now suppose we have a list of POIs visited by each vehicle over certain
period of time. The problem is how we compare these sequences of POIs to
identify the similarity between these trajectories? Inspired by computing the
consensus DNA sequence in the computational biology, we adopt an adjacency
metric to determine the consensus path for each vehicle which can further be
used to compare the similarities among different trajectories (Angibaud et al.,
2009; Jiang et al., 2011, 2012). In a nutshell, once two consensus trajectories,
Ty and T5, for each vehicle are computed, we can then compare T7 and T5
directly. (The latter comparison could be done naively by counting the num-
ber of adjacencies between T; and T5; and, to make the computation more
accurate, we could even delete some redundant POIs — the latter research
has been covered in (Qingge et al., 2019, 2021).) This paper focuses on the
problem of computing the consensus trajectories.

In this formulation, the trustfulness level between vehicles is evaluated by
the similarity of different trajectories. The more similar between trajectories,
the more trustfulness given between vehicles. In the hazardous materials trans-
portation network design problem, the government can avoid similarity paths
when considering the risk equity. Because the more similar between paths, the
more risk imposed around that paths.

Given a set of sequences, computing a consensus sequence is an important
problem in computational biology, using different distance measures. For ex-
ample, given a set of DNA sequences {57, 59, ..., Sy, }, computing a median se-
quence T of length at most L such that >, dg (7T, .S;) is minimized, where dg ()
is the famous Hamming distance, is an important problem in molecular biology
for computing conserved regions (Li et al., 2002). When the input sequences
are genomes (i.e., with a larger alphabet compared with DNA sqeuences) and
the distance measure is the breakpoint distance, then a natural problem is the
breakpoint median problem (Bryant, 1998; Pe’er and Shamir, 1998; Tannier
et al., 2009). It is known that all these problems are NP-hard; in fact, for the
breakpoint median problem it is NP-hard even if there are only three input
genomes (Bryant, 1998). Nonetheless, this problem is different from ours. For
example, if we have three permutations A, = abed, Ay = bdca, A3 = cbda then
any permutation median like M = abcd could only contribute at most 5 ad-
jacencies between M and the input permutations A;’s. On the other hand, if
the median does not have to be a permutation, as in our case, then M’ = bedb
would contribute 6 adjacencies instead.
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In summary, while the problems we investigate in this paper are similar
to some previous works, they are different in several different ways. Firstly,
the number of adjacencies between two sequences is not a distance measure;
instead, it is a similarity measure featuring “the more number of adjacencies
between two sequences, the more similar they are”. Secondly, let the alphabet
be the set of POlIs, then it is not necessarily a small constant; moreover,
POIs are certainly allowed to repeat in any input sequence. For instance, we
can use adjacencies ab and bc to represent two distinct edges in a vehicular
network. Thirdly, the length of the median trajectory is bounded (otherwise,
the problem would be trivial) and the median trajectory is not a permutation
in general. All these make the design of efficient (approximation) algorithms
more challenging; in fact, for one of the three versions we do not know how to
design a constant-factor approximation at all.

We comment that the conference version of this paper appeared in (Zou
et al., 2019), though a lot of details are omitted due to space constraint. In
this paper, we fill all the omitted details. In addition, we add new heuristic
algorithms for the third version of the problem, together with new empirical
results.

The paper is organized as follows. In Section 2, we give necessary definitions
and define three versions of the problem. In Section 3, we give NP-hardness
proofs for all the three versions of the problem. In Section 4, we present two
approximation algorithms for the first and second version of the problem,
with approximation factor 2 and 1.5 respectively. In Section 5, we present
two practical algorithms based on these approximation algorithms and some
additional heuristic methods for the first and third version of the problem and
show extensive empirical results. In Section 6, we conclude the paper.

2 Preliminaries

We first give some necessary definitions. Given a set X of POIs (which will
also be called elements, letters, or nodes), a string P is called a permutation
if each letter in X appears exactly once in P. We use ¢(P) to denote the
set of elements in the permutation P. A string A is called a sequence (or a
trajectory) if some POIs appear more than once in A, and ¢(A) denotes the
multi-set of POIs in A. (In this paper, any trajectory will be preprocessed so
that consecutive identical letters will always be reduced as a single letter. For
example, A = beddddaba would be preprocessed as A = bedaba.) For instance,
Y =Aa, b, ¢, d}, A = abedacdb, c¢(A) = {a, a, b, b, ¢, ¢, d, d}. A substring
with k letters (in a sequence A) is called a k-substring, and a 2-substring is
also called a pair. Throughout this paper, the relative order of the two letters
of a pair does not matter, i.e., the pair xy is equal to the pair yx. Given a
sequence A=ajasas - - - a,, we define Py = {ajaz,azas,...,an—10,} as the set
of pairs in A.

Definition 1 Given two sequences A=ajas - - - a, and B=b1bs - - - b, if a;a;41
= bjbj_H (OI‘ aiai+1:bj+1bj), where a;Q;41 € P, and b]'bj+1 € Pp, we say
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that a;a;41 and bjb;y1 are matched to each other. (This naturally defines
a bipartite graph G(A, B), where the vertices are pairs in A and B.) In a
maximum matching of G(A, B), or of pairs in P4 and Pp, a matched pair is
called an adjacency, and an unmatched pair is called a breakpoint in A and
B respectively.

Following the above definitions, clearly sequences (trajectories) A and B
contain the same set of adjacencies but distinct breakpoints. The matched pairs
in A and B, corresponding to the maximum matching, form the adjacency set
between A and B, denoted as a(A, B). The unmatched pairs in A (resp. B)
form the breakpoints in A (resp. B), denoted as ba (A, B) (resp. bp(A, B)). In
Fig. 2, we show a detailed example with respect to these definitions.

sequence A= (cabdabae)
sequence B = ({acbdabd)
Py = {ca,ab,bd,da, ab, ba, ac}
Pg = {ac, cb,bd, da, ab, bd}
matched pairs : (ca,ac),(ab,ab), (bd,bd), (da,da)
a(A, B) = {ca,ab,bd, da}
ba(A, B) = {ab,ba,ae}
bp(A, B) = {cb,ad}

Fig. 2 A detailed example for adjacency, breakpoint and the related definitions.

We proceed to define the problems to be investigated in this paper. We use
the decision versions in the definition, certainly in designing (approximation)
algorithms we need to focus on the corresponding optimization versions.

Definition 2 Median Trajectory Problem.

Input: A set of m sequences/trajectories S;’s (i = 1..m), over a POI set X
(|X] = n), and two positive integers k and £.

Question: Is there a trajectory T with £ elements over X' such that ) . |a(T, S;)| >
k?

We call T as a median trajectory throughout the paper. When the median
trajectory is restricted to be a permutation, we have a different version of the
problem. We comment that this version does not seem to be directly related
to vehicular networks, and we study it mainly for a theoretical purpose. But
a solution of it could be used to solve the (more practical) median canonical
trajectory problem (to be defined).

Definition 3 Median Permutation Problem.

Input: A set of m sequences/trajectories S;’s (i = 1..m), over a POI set X
(|X] = n), and a positive integers k.

Question: Is there a permutation M (with n elements) over X such that
>ila(M, S;)| = k?
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When the median trajectory must cover a superset of all the POIs in X,
and some POIs must appear multiple times (resulting in a trajectory with
length strictly longer than |X|), we have the third version of the problem as
follows.

Definition 4 Median Canonical Trajectory Problem.

Input: A set of m sequences/trajectories S;’s (i = 1..m), over a POI set X'
(|X] = n), and two positive integers k and £ > n.

Question: Is there a trajectory Z with £ elements over X' such that ), |a(Z, S;)| >
kand ¢(Z) 2 X7

In the next section, we prove that all the three versions are NP-hard.

3 Hardness Results

First of all, as all the three decision problems are obviously in NP, in this
section we will focus on the corresponding NP-hardness reductions.

Theorem 1 The decision version of the Median Trajectory problem is NP-
complete.

Proof We reduce the Hamiltonian Path problem to the Median Trajectory
problem with a bounded length 3n. Without loss of generality, let G = (V, E)
be an undirected graph with vertex degree deg(u) > 2 for each v € V. For
each vertex u € V, let u!,u?, - ,u?9™ be the list of vertices adjacent to
u ordered by their indices. For each u, we define a set L(u) of 4 trajectories

{L1(u), La(w), L3(u), Ly(u)}. We define L;(u) as follows:
Li(u) = # cuul - #2 uu? - #3 ... #Zeg(u) cuuded(w)
Subsequently, we define three identical trajectories
Lj(u) =u$yu,
for 7 = 2,3,4. Thirdly, we define
L(u) = {L1(u), La(u), Ly(w), La(u)}-

Let V = {v1,v9,...,v,}, and we simply write #{fi and $,, as #¥ and $;, for
i = 1..n. It should be noted that #f are POIs which occur only once in all
trajectories. Finally, we construct a set L of 4n trajectories as

L = L(v1) UL(v2) U L(v3) U---U L(vy).

Note that ¥ =V U {$,Jv € V}U{#/|i = 1..n,j = 1..deg(v;)}.
Let P(V) = (Vr(1), Vx(2), " » Vn(n)) De a permutation of V. We claim that
P(V) is a Hamiltonian path for G if and only if

T = <U7'r(1)7 $7'r(1)7 Ur (1) Un(2)5 $7r(2)7 Ur(2)y "

Ur(n)s $7T(7L) ; Uﬂ'(’ﬂ)> )
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which is of / = 3n elements, is a median trajectory with a total of 8n — 2
adjacencies between T and L.

“If part”: If P(V) is a Hamiltonian path, then in T each 3-substring
V(i) $Ur (i) Un (i), © = 1..n, contributes 6 adjacencies with La(vr(;)), L3(vx(;)) and
L4(vr(y) in L(vg(;)) (which are three identical trajectories among the four in
L(vy(;y)). In addition, each 2-substring v, (;yvx(i+1),% = 1..n — 1, contributes 2
adjacencies (one with Lj(vr(;)), the other with Li(vy(i41)). This results in a
total of 6n 4+ 2(n —1) = 8n — 2 adjacencies between T all the trajectories in L.

“Only-if part” If T is a median trajectory of length 3n for L forming a
total of 8n—2 adjacencies from T to L()’s, the first to note is that 7" has length
3n, therefore to form 8n — 2 adjacencies we cannot use any POI #f since #fvi
or v;#% in T could each form only one adjacency with the trajectories in L.
Hence, to maximize the number of adjacencies between 7" and L, we must only
use POIs in V U {$,|v € V}. Since v;(;)8v(5)vx(;) contributes 6 adjacencies
with L(vx(;)), including all of them in the median trajectory naturally gives
us 6n adjacencies. Now, to increase the total number of adjacencies between
T and L to 8n — 2, we make use of the 2(n — 1) adjacencies in the form of
U (i) Ur (i+1), Which implies that vz ;v (;41) must be an edge in G, therefore the
2 adjacencies are formed with L;(vy(;y) and Li(vg(i11)) respectively. Clearly,
the order of such vy (;vr(i+1)’s gives us a Hamiltonian path for G.

The reduction clearly takes O(|V| + |E|) time. Therefore, the theorem is
proven.

Theorem 2 The decision version of the Median Permutation problem is NP-
complete.

Proof Again, we reduce the Hamiltonian Path problem to the Median Per-
mutation problem. Without loss of generality, let G = (V,E) be an undi-
rected graph with vertex degree deg(u) > 2 for each u € V. For each vertex
u € V, we define Li(u) = La(u) = uu'. For each edge e = (u,w) € E, we
define L3(e) = w'w and Ly(e) = uw’. L contains a set of 2|V| 4 2|E| tra-
jectories. Let 7(i) be a permutation on [1..n], then for V = {vy,vs, -+ ,v,},
M = (vr(1),Vx(2)," " »Ur(n)) 15 @ permutation on V. We claim that G' admits
a Hamiltonian path M if and only if 7" is a median permutation for L in one
of the two formats:

LT= <”7r(1)’U;r(1)’“7r(2)’”;r(2)7 T 7U7T(n)’v;r(n)>’ or

2.T= <v;r(1)’vw(l)’v;@)’v“@)’ e ’U;T(n)’v”"(")>’

which is of length £ = 2n elements, is a median permutation trajectory with
a total of 3n — 1 adjacencies between T and L. Be reminded that n is the
number of vertices in G.

“If part”: If M is a Hamiltonian path, then in T" each 2-substring vﬂ(i)v;(i), i
= 1l..n, contributes 2 adjacencies with Lj(vy@;)) and La(vr()) in L (con-
taining 2 trajectories). Moreover, each 2-substring Uﬂ(i)v;(iﬂ) or v;(i)vﬂ(iﬂ),
i = 1.n — 1, contributes 1 adjacency (with either Ls(vs(;)vx(i+1)) or with
L4(vr(i)r(i+1))). This gives us a total of 2n +n — 1 = 3n — 1 adjacencies
between T and all the trajectories in L.
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“Only-if part” If T is a median permutation trajectory of length 2n for L
forming a total of 3n — 1 adjacencies from T to L(4)’s, the first thing to notice
is that T has length 2n, in which each adjacent POls vw(i)fu;(i),i =1lninT
contributes 2 adjacencies with L. Thus, we have a total number of 2n adjacen-
cies in T'. In order to obtain the total adjacencies between T" and L to 3n — 1,
we need to form another n — 1 adjacencies in T'. According to our construc-
tion of trajectory L, only edges in graph G can contribute n — 1 adjacencies.
In other words, v(;)vr(i+1) must form an edge of G so that 1 adjacency is
formed with L3(vx(i)Vr(it1)) OF With L4(vr(;)vr(it1)). Hence, a total number
of n — 1 adjacencies are formed and the corresponding vy (;)vr(i+1)’s give us a
Hamiltonian path for G.

The reduction takes O(|V| + |E|) time. Hence the theorem is proven.

Theorem 3 The decision version of the Median Canonical Trajectory problem
is NP-complete.

Proof This reduction is slightly different from the previous ones. Instead of
Hamiltonian Path, we will reduce the Hamiltonian Cycle problem to the Me-
dian Canonical Trajectory problem. Given an undirected graph G = (V, E),
without loss of generality, we need to compute a Hamiltonian Cycle starting
from some vertex, say v1. For each edge e = (v;, vj), we construct a trajectory

L(e) = vv;.
For the vertex v, we construct two trajectories

Ll(vl) = LQ(vl) = <$S;#17#27' o 5#77017#“/7#’7—1’
#1584

Let the set of trajectories be L = {L(e)le € E} U{L1(v1), L2(v1)}. Clearly, in
L we have m = |E| + 2 trajectories, with |X| = n + v 4 2 (v is some positive
integer).

Let m(¢) be a permutation on [n], with w(1) = 1. We claim that G has a
Hamiltonian Cycle if and only if T' (of £ = n + 27 4 3 elements) is a median
canonical trajectory for L in one of the two formats:

Ty = (Ss, #1, 2, 5 #ys V1, Un(2)s 5 Un(n)s
VL Fy Fy1, 000 F1,8e), 00

Ty = (St #1, #F2, s #4: V1, Vn(2) " > Vn(n)
'Ula#'vv#’yflv"' 7#17$5>;

in addition, there are n + 4y + 4 adjacencies between T" and L.

If G has a Hamiltonian Cycle, without loss of generality, let it be defined by
some permutation m, with 7(1) = 1, then the Hamiltonian cycle can be written
as (U1,Vr(2), " »Vn(n), V1). Clearly, the n edges v (;)vx(it1) (and vr(n)v1) in
the Hamiltonian cycle each contributes one adjacency, with either T} or Ts.
Between Lj(v1) (resp. La(v1)) and either Ty or To there are 2+ 2 adjacencies.
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Therefore, the total number of adjacencies between L and either T7 or T is
n+2(2y+2)=n+4y+4.

For the reverse direction, suppose that between the median 7" and L there
are n + 4y + 4 adjacencies. By the construction, the trajectories L(e)’s can
contribute at most n adjacencies. As the median T must be canonical, it must
contain the other y+2 (non-vertex) letters in X. As the length of T' is n+2v+3,
Li(v1) = La(v1) and their length is 2y + 3, all the pairs in Lq(vy) and La(vy)
must form adjacencies with T'. Therefore, there must be n trajectories in L(e)
which correspond to a permutation of n vertices, which forms a substring of
length n» + 1 in 7. For enforcing this permutation to have the property of
m(1) = 1 (equivalent to reordering the vertices in G), we have a Hamiltonian
cycle in G.

The reduction obviously takes O(|V| + | E|) time. Hence we have the the-
orem.

4 Approximation Algorithms

In this section we first present two simple approximation algorithms for the
median trajectory and the median permutation problems respectively. (They
will both be implemented later.) It is still open whether a constant factor
approximation for the median canonical trajectory problem can be obtained.

4.1 A 2-Approximation for the Median Trajectory Problem

Recall that the median trajectory problem is defined as: given a set of m trajec-
tories § = {851,592, , S} over the same alphabet X, we need to compute a
median trajectory T with £ nodes such that >, _, |a(T*,S;)| is maximized.
We depict our approximation algorithm as follows.

Our algorithm selects | /2] edges uv in a greedy way such that uv appears
in § the maximum number of times, then we subtract one copy of the edge uv
(or vu) from the corresponding S;’s that uv or vu appears, update S;’s and
finally repeat until [£/2] edges are selected. These edges are then concatenated
arbitrarily into a trajectory T. If ¢ is odd, then we arbitrarily concatenate
another POI at the end of T.

Since a POI could appear in T (and also in T*) multiple times, by the
greedy search, the selected |£/2] edges form the maximum number of adja-
cencies with §. This in turns implies that >, _; |a(T,S;)| is greater than or
equal to the adjacencies formed between any [¢/2] edges in T with the tra-
jectories in S. Therefore, > la(T, S;)| > 25, ., la(T*,S;)|. We then
have the following theorem.

i=1l..m

Theorem 4 The Median Trajectory problem admits a factor-2 polynomial-
time approximation.
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We comment that even though the approximation algorithm is simple, the
2 factor is in fact tight for the algorithm. An example can be constructed as
follows. Let m = £ and let ¢ be even. We first construct a set of ¢ (disjoint)
(-permutations @ = {Q1,Q2,--- ,Q¢}, i.e., Q; and @Q; share no letter at all
and |Q;| = ¢. Then for ¢ = 1..¢, we construct S; as a;b;’s, j = 1..£, separated
by ¢ — 1 permutation segments in @ — {Q;}. For instance,

S1=a1by - Q2 - azby - Q3 -azbz---ap_1bp_1- Q¢ - arby,
Sz = aiby - Q1 - azbz - Q3 -azbz---ap_1bp_1 - Q¢ - arby,

etc. Since the approximation algorithm is greedy, it will select and concatenate
/2 number of a;b;’s as the median, which results in total of £(¢/2) = (?/2
adjacencies. The optimal algorithm is to select any ;, which appears ¢ — 1
times in S;’s and results in a total of (¢ —1)- (£ —1) = (¢ — 1)? adjacencies.
Clearly, )
lim (k)

=2
£—~00 62/2

An interesting theoretical question is whether a better approximation can be
designed for Median Trajectory.

4.2 A 1.5-Approximation for the Median Permutation Problem

Recall that the median permutation problem is defined as: given a set of m
trajectories S = {51,592, - ,Sm} over the same alphabet X, we are sup-
posed to compute a median permutation M* with n = |X| nodes such that
Y i1 ma(M*,S;) is maximized. Due to the restriction on this problem, we
are able to give a factor-1.5 approximation. The details are given as follows.

Note that |M*| = |X| = n. In this case, we first construct a weighted graph
G such that the vertices are all the (distinct) POIs. Two vertices u and v form
an edge e = (u,v) if wv is an adjacency in some L;; moreover, the weight of e,
W (e), is the total number of L;’s that e appears at least once. The algorithm
is to compute the maximum path-cycle cover PC(G) of G, which is a set of
disjoint paths/cycles with the maximum total edge weights. It is well-known
that PC(G) can be reduced to the maximum weight matching problem, hence
can be computed in polynomial time (Edmonds and Johnson, 2001; Shiloach,
1981).

Let PC(GQ) = {P1, P, - ,P,} U{C1,C4,---,C,}, where P;’s are paths
and C;’s are cycles in PC(G). Let |P;| be the total weight of the edges in P,
and let |C;| be the total weight of the edges in C;’. Let |PC(G)| be the total
weight of the edges in F;’s and C}’s.

Then we just delete the edge with the minimum weight in each C; to have
a path C; . We then concatenate all P;’s and C; ’s arbitrarily to have an
approximate median M.

Note that the optimal solution M*, with OPT = .,  |a(M*,S;)],
provides a feasible solution for the corresponding path-cycle cover for G. Then,
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by the optimality of PC(G), which contains a disjoint set of ¢ paths and r
cycles, we have

OPT < |PC(G)| = > |+ Y [Cyl.

i=1l..q j=1l..r

As each cycle C; has at least 3 edges, and the minimum weight edge is deleted
to obtain Cj_, we have

_ 2
512 Zlc,

for j = 1..r. Hence,

M= P+ Y (o)

1=1..q j=l.r
2
> > IPI+3 > G
i=1..q j=1l..r
> 2OPT
=3 .

In other words, this gives us a factor-1.5 approximation for the median per-
mutation problem.

Theorem 5 The Median Permutation problem admits a factor-1.5 polynomial-
time approximation.

We comment that the median permutation problem is mainly of theoretical
meaning only: in practice, it is hardly the case that the median trajectory must
be a permutation. However, we could use it as a subroutine for a heuristic
solution for the median canonical trajectory problem. (Nonetheless, again,
whether it is possible to design a better approximation for Median Permutation
is an interesting theoretical problem.)

In the next section, we present some practical solutions, based on these two
approximation algorithms, for the median trajectory and median canonical
trajectory problems.

5 Empirical Results
5.1 Heuristic Method for the Median Trajectory Problem

The 2-approximation algorithm presented in the previous section might not be
good enough practically. Hence we present a slightly different heuristic method
based on the 2-approximation algorithm. Later, we compare the performance
of these two algorithms using some simulated data presumed over a 2-month
period.
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sequence =(abadcabe)
sequence Sg =(bcdabad)
sequence Sz =(baecabca f)

AM (ab) = (3,3,1)

AM (ac) = (2,1)

AM (cd) = (2)

AM (ad) = (2,1)

Fig. 3 An example for the adjacency map, with m = 3 and X = {a,b,c,d, e, f}. If £ = 6,
the 2-approximation would compute and return 7' = ab - ab - ac, which incurs a total of 9
adjacencies with S;’s. The optimal solution would be abacda, which incurs 12 adjacencies.

To make the presentation more clear, we formally define the concept of
adjacency map as follows. Let ab be a 2-substring which appears in some
Siy1 < i < m. The adjacency map of ab, denoted as AM (ab), is a vector

AM (ab) = (w1 (ab),wa(abd), -, we(ab))

with wy(ab) > wa(ab) > --- > wy(ab) > 0 and we(adb) = 0, such that w;(ab)
is recursively defined as the number of S;’s that contains either ab or ba as a
2-substring after w;_1(ab) number of 2-substrings in the form of ab or ba have
been removed, one each from the corresponding S;’s containing ab or ba. In
Fig. 3, we show an example to explain this definition.

Following this new concept, the original 2-approximation can be thought
of a simple greedy search in the space (of adjacency maps) M = {w;(ab)|i >
0, ab is a 2-substring in some S;}. To be more precise, the algorithm repeatedly
selects 2-substrings ab without replacement such that w;(ab) is the current
maximum. Note that when ab is selected the corresponding w;(ab) is deleted
from the search space. Our new heuristic algorithm is to extend this greedy
search by searching more carefully to possibly extend existing solutions.

We first present the one-step implementation of the 2-approximation greedy
search method, named as Greedyl. This implementation is mainly used for
the comparison purpose. Throughout the heuristic algorithms, k& is a global
variable representing the total number of adjacencies between the selected
2-substrings in the current solution 7" and all the input sequences.

Algorithm 1 Greedyl

Input: adjacency map M, temporary solution 7'

Output: adjacency map M, temporary solution 7T, global integer variable
k

1: find a 2-substring ab with the maximum value w;(ab) =t in M.

2: put ab in T and update k < k + t.

3: remove w;(ab) from M.
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Note that in this implementation k does not contain the adjacencies in-
curred by additonal 2-substrings between the selected ones, e.g., we would
count k as 3+3+2=8 for the solution ab- ab- ac in Fig. 3 (without considering
the contribution of ba). To improve the greedy search method, which adds a
2-substring to the solution at each step, we make the following observations.
In principle, the final solution T is a concatenation of mazimal substrings
11,15, -, Ty such that breakpoints only exist between T; and T;y;. More
specifically, let T; = (T;[1], T3[2], - - - , Ti[|T5]), then wy (Ti[|T;]]Tiv1[1]) = 0 for
any x — in other words, T;[|T;|]T;+1[1] does not even exist in M. (To simplify
the presentation, we will also use left(T;) and right(T;) to represent T;[1] and
T;[|T;]] respectively.) With the above observation, if ab is first selected with
Greedyl and uv would be selected next with Greedyl, then we could select
cd instead if wq(be) + wi(ed) > wi(uv). This implies that if we could natu-
rally extend ab into abced, then it is better than ab - uv, where b - u could be a
breakpoint.

Algorithm 2 Greedy2

Input: adjacency map M, temporary solution 7'
Output: adjacency map M, temporary solution 7T, global integer variable
k

: for a maximal substring S in the temporary solution 7' do
find a 2-substring ab s.t. L = w;(ab) 4+ w;((b,left(S))) is maximum.
find a 2-substring cd s.t. R = wy ({right(S), c)) +w;(cd) is maximum.
update temp < max(L, R).
update k < max(k, temp).

end for

update S < ab- S if temp = L, and update S < S - cd if temp = R.

: remove w;(ab) and w;((b,left(S))) from M if temp = L.

: remove wy ((right(S), c)) and w;/(cd) from M if temp = R.

© 0D T W

Likewise, we can also present another one-step implementation which adds
a new node x to the left or right of the current solution 7. In this case, of
course, x is selected of that the w-value for either x - left(T) or right(T) - x is
maximized. We name this greedy method as Addl.

Algorithm 3 Addl

Input: adjacency map M, temporary solution T’

Output: adjacency map M, temporary solution 7T, global integer variable

k
1: extend a maximal substring S of T by a new node x such that templ =
max(w; ((z, left(S))), w; ((right(S), z))) is maximized over all S and z.

: update k < k + templ.

: update S < x - S if templ = w;((z, left(S))).

: update S < S -z if templ = w;({right(S), z)).

: remove templ from M.

U W N




14 Peng Zou et al.

We are now ready to give the heuristic algorithm for the median trajectory
problem, based on Greedyl, Greedy2 and Add1. (Add1 will also be used a bit
later for the other version.) Note that as the heuristic algorithm subsumes the
2-approximation algorithm, it provides a performance guarantee of at most 2
as well. Unfortunately, this is the best we could say regarding its theoretical
performance. We show next that with randomly generated simulated data, the
actual performance (approximation factor) is always between 1.48 and 1.6.

Algorithm 4 Heuristic Algorithm for Median Trajectory
Input: sequences S;(i = 1..m), integer ¢

Output: sequence T with £ nodes, number k of adjacencies between T and
Si’s.

1: T+ €, k<« 0.

2: compute the adjacency map M from S;’s.
3: (M, T, k) < Greedyl(M,T)
4: b+ L—2

5: while £ > 2 do
6.

7
8

if Greedyl(M,T).k > Greedy2(M,T).k then
(M, T, k) + Greedyl(M,T)

: else
9: (M, T, k) < Greedy2(M,T)
10: end if

11: L+ 0—2

12: end while

13: if £ > 0 then

14: (M, T, k) + Add1(M,T)
15: end if

5.2 Empirical Results for the Median Trajectory Problem

For the empirical results, we first generate 60 sequences randomly (presumably
for 60 days or 2 months), each with a length in the range [2|X| — 5, 2| X + 5].
With different target lengths ¢, we then run the 2-approximation algorithm
and the heuristic algorithm to obtain the median trajectories 7; and 75 respec-
tively. We run this 10 times to obtain the average of the maximum frequency
(the maximum number of time a node, or POI, appearing in any sequence S;),
and the averages of 7; and 7o — the last two being rounded to the largest
integers below. The result is summarized in Table 1.

We present additional empirical results in Table 2, using some variations
to the simulated data (e.g., the range of ¢ is larger). With the 2-approximation
algorithm, we have App; > Opt/2, or equivalently, Opt < 2- App,. (For practi-
cal reason, here we can take App; roughly the same as |7;|.) Hence, the actual
performance (aka. approximation factor) can be bounded from above by R,
with

_ 2Tl _ Opt

T2l T Tl
which is always between 1.48 and 1.6 for the data in both tables.
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Table 1 Comparison of the 2-approximation and the heuristic algorithms for the Median
Trajectory problem. Here we have |S;| € [2|X| — 5,2|X| 4 5]. The results are averaged over

10 tries.
(X £ Avg. of max frequency |71] (2-App) | 72| (Heuristic) R
40 35 8.4 283 361 1.57
40 40 8.1 310 404 1.53
40 45 8.1 360 450 1.60
50 45 8.0 322 411 1.57
50 50 7.8 349 450 1.55
50 55 8.2 387 495 1.56
60 55 8.7 353 451 1.57
60 60 8.4 373 493 1.51
60 65 8.3 412 528 1.56
70 65 8.5 378 493 1.53
70 70 8.8 406 534 1.52
70 75 8.3 439 565 1.55
80 75 9.0 397 530 1.50
80 80 8.5 427 568 1.50
80 85 8.7 450 600 1.50

We next present heuristic algorithms for the Median Canonical Trajectory
problem, which we believe is more practical and interesting compared with the
Median Permutation Trajectory problem.

5.3 Heuristic Algorithms for the Median Canonical Trajectory Problem

First of all, it should be noted that the solution sequence for the median
canonical trajectory problem needs to contain all the letters of X', and its
length must be longer than the size of 2. We design two heuristic algorithms for
this problem. The first contains two steps. In the first step of the algorithm we
construct a permutation sequence for the median permutation problem, using
a greedy method. In the second step, we extend the permutation sequence to
satisfy the required length of the problem.
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Algorithm 5 The Greedy Permutation Algorithm (GPA)

Input: adjacency map M, [ = |X|

Output: sequence T with length I, number r of adjacencies between T and
Si’s.

1: T+ ¢, T « ¢

2: M, T,r) + Greedyl-c(M,T,)

3: while T # T’ do

4 T «T

5. if Greedyl-c(M,T').r > Greedy2-c(M,T").r then
6: (M, T,r) + Greedyl-c(M,T")
7.
8
9

else
(M, T,r) + Greedy2-c¢(M,T")
: end if
10: end while
11: if |T| < I then
12: (M, T,r) + Addl-c(M,T")
13:  whileT#7 do

14 T «T

15: (M, T,r) + Addl-c(M,T")
16: end while

17: end if

18: if |T| < I then
1990 T+« T+I\T)
20: end if

The first heuristic algorithm is fully based on the greedy idea. We use an
idea similar to that of Algorithm 4. As a permutation sequence needs to be
generated in the first step, we add one constraint to the Greedy1, Greedy2 and
Add1 algorithms to force that only the letters which are not in the temporary
sequence T' can be selected. These modified algorithms are called Greedyl-
¢, Greedy2-c¢ and Addl-c respectively. These are summarized in Algorithm
5, which returns a sequence which is a permutation. After the permutation
sequence is obtained, we use Greedyl, Greedy2 and Addl to construct the
final solution to meet the length constraint. The whole greedy algorithm is
shown in Algorithm 6, which we also call it GPA+Greedy.

We also implement another heuristic algorithm which is similar to Algo-
rithm 6 (GPA+Greedy). The difference is to replace the GPA algorithm with
the 1.5-approximation to construct a permutation trajectory first, but it still
uses the greedy idea to extend the sequence to a target length. We loosely
call this algorithm the 1.5-approximation algorithm (1.5-App + Greedy, for
short).

5.4 Empirical Results for the Median Canonical Trajectory Problem

We use the same setup to generate all the test sequences and test these two
heuristic algorithms. All the test results are in Table 3 and Table 4 for the cor-
responding datasets. From these empirical results, we can see that the second
heuristic algorithm has a little bit better performance (always 2.6-6.7% better).
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Table 2 Comparison of the 2-approximation and the heuristic algorithms for the Median
Trajectory problem. Here the data have a larger range, |S;| € [2|X] — 10,2|X| + 10] and
similarly for ¢. The results are averaged over 10 tries.

X ¢ Avg. of max frequency |T1] (2-App) |T2| (Heuristic) R
40 30 8.3 247 310 1.59
40 35 8.1 286 357 1.60
40 40 8.2 317 406 1.56
40 45 7.8 361 453 1.59
40 50 8.4 395 504 1.58
50 40 8.1 284 369 1.54
50 45 8.4 314 404 1.55
50 50 8.3 349 450 1.55
50 55 8.6 385 496 1.55
50 60 8.0 414 534 1.55
60 50 8.8 313 416 1.50
60 55 8.3 353 452 1.56
60 60 8.4 373 492 1.52
60 65 8.6 407 527 1.54
60 70 8.2 432 565 1.53
70 60 8.6 346 460 1.50
70 65 8.7 380 493 1.54
70 70 8.8 405 531 1.53
70 75 8.8 431 564 1.53
70 80 8.4 453 599 1.51
80 70 8.4 373 503 1.48
80 75 8.8 396 530 1.49
80 80 8.5 420 566 1.48
80 85 8.5 444 598 1.48
80 90 8.6 473 630 1.50

We comment that in this case the comparison is mainly on Algorithm 6 (i.e.,
GPA+Greedy) and the 1.5-approximation algorithm (1.5-App + Greedy). We
are not able to say anything regarding the approximation factor in this case —
since no approximation is known for the median canonical trajectory problem

at the point.
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Algorithm 6 The Greedy Median Canonical Trajectory Algorithm
Input: sequences S;(i = 1..m), I = | X/, integer £ > I

Output: sequence T with length ¢, number r of adjacencies between T and
Si’s.

1: T+ e, r<+ 0.

2: compute the adjacency map M from S;’s.

3: (M, T,r) < GPA(M,I)

4: 0+ 0—1

5: while ¢ > 1 do
6:  if Greedyl(M,T).r > Greedy2(M,T).r then

7.
8
9

(M, T,r) + Greedyl(M,T)
else
: (M, T,r) + Greedy2(M,T)
10: end if
11: b+ €—2
12: end while
13: if £ > 0 then
14: (M, T,r) + Add1(M,T)
15: end if

Table 3 Comparison of the greedy and the 1.5-approximation algorithms for the Median
Canonical Trajectory problem. Here we have |S;| € [2|X| — 5,2|X] 4+ 5]. The results are
averaged over 10 tries.

[ Avg. of max frequency |T1] [T2]
(GPA + Greedy) (1.5-App + Greedy)
40 45 7.0 346 361
40 50 6.7 385 399
40 55 6.8 422 437
50 55 7.1 370 389
50 60 6.9 410 428
50 65 6.7 440 458
60 65 7.3 399 423
60 70 7.6 429 453
60 75 7.3 470 490
70 75 7.3 428 453
70 80 7.3 456 480
70 85 7.2 487 513
80 85 7.4 455 480
80 90 7.3 480 508
80 95 7.3 513 540

6 Concluding Remarks

Applying (and extending) the concept of adjacency from computational ge-
nomics, we try to compare the similarity of trajectories in a vehicular network,
which we propose to use as the first step to build trustfulness in vehicular net-
works. Naturally, a trajectory is a sequence of POIs visited by a vehicle in
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Table 4 Comparison of the greedy and the 1.5-approximation algorithms for the Median
Canonical Trajectory problem. Here the data have a larger range, |S;| € [2|X|—10,2|X|+10]
and similarly for ¢. The data are averaged over 10 tries.

|2 L Avg. of max frequency |71] | T2|
(GPA + Greedy) (1.5-App + Greedy)
40 45 7.0 341 357
40 50 7.7 386 401
40 55 7.0 427 441
40 60 6.9 463 480
40 65 7.2 499 512
50 55 7.2 371 390
50 60 7.1 406 426
50 65 7.1 444 462
50 70 7.1 475 494
50 75 7.1 512 527
60 65 7.4 397 420
60 70 7.5 432 452
60 75 6.9 467 789
60 80 6.9 499 520
60 85 7.0 533 551
70 75 7.5 422 448
70 80 7.5 562 487
70 85 7.5 490 517
70 90 7.5 519 542
70 95 7.0 548 573
80 85 7.3 453 483
80 90 7.2 485 513
80 95 7.7 509 535
80 100 7.8 540 568
80 105 7.4 568 595

one day. Given a set of such trajectories, this paper focuses on computing a
consensus trajectory, where the objective is to maximize the total number of
adjacencies between the consensus trajectory and the input trajectories. We
investigate three versions of the problem: Median Trajectory, Median Permuta-
tion and Median Canonical Trajectory, which we prove are all NP-hard. For the
first two problems, we are able to give factor-2 and factor-1.5 approximation al-
gorithms. To handle practical datasets, for the Median Trajectory problem, we
also design a heuristic algorithm based on a new ‘adjacency map’ data struc-
ture. This heuristic outperforms the 2-approximation algorithm when tested
over articulately generated simulated datasets. The actual approximation fac-
tor is in the range [1.48,1.6], even though in theory the factor 2 is what we
can prove in this paper.

For the Median Canonical Trajectory problem, we implement and test two
heuristic algorithms. The first heuristic algorithm is a simple greedy algorithm.
The second heuristic algorithm is based on the 1.5-approximation algorithm
for the Median Permutation problem. The empirical results show that the
second heuristic algorithm has a slightly better performance, i.e., about 2.6-
6.7% better.
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There are still some open questions on this research. For instance, does
Median Canonical Trajectory admit a constant factor approximation? Can
the approximation factor for Median Trajectory be improved to be below 27
Can the approximation factor for Median Permutation be improved to be be-
low 1.57 Are there any corresponding inapproximability lower bounds? These
questions definitely deserve some further research.
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